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The two-dimensional Hubbard model is widely believed to capture key ingredients of high-Tc

superconductivity in cuprate materials. However, compelling evidence remains elusive. In particular,
various magnetic orders may emerge as strong competitors of superconducting orders. Here, we study the
ground state properties of the doped two-dimensional t-t0 Hubbard model on a square lattice via the infinite
projected entangled-pair state method with U(1) or SU(2) spin symmetry. The former is compatible with
antiferromagnetic orders, while the latter forbids them. Therefore, we obtain by comparison a detailed
understanding of the magnetic impact on superconductivity. Moreover, an additional t0 term accommodates
the particle-hole asymmetry, which facilitates studies on the discrepancies between electron- and hole-
doped systems. We demonstrate that (i) a positive t0=t significantly amplifies the strength of super-
conducting orders; (ii) at sufficiently large doping levels, the t-t0 Hubbard model favors a uniform state with
superconducting orders instead of stripe states with charge and spin modulations; and (iii) the enhancement
of magnetic frustration, by increasing either the strength of next-nearest neighbor interactions or the charge
doping, impairs stripe orders and helps stabilize superconductivity.
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Introduction—Despite continuous efforts during the past
few decades, the physics of high-Tc superconductivity in
cuprate materials [1] remains unclear [2,3]. The two-
dimensional (2D) Hubbard model [4] on a square lattice
is believed to capture the essential low-energy features of
cuprates. Various numerical methods [5–10] have been
used to tackle this issue. Nevertheless, previous computa-
tional attempts generate numerous candidate ground states
[11,12] very close in energies with abundant combinations
of charge and spin orders. Experiments [13–20] also
confirm simultaneous charge and spin modulated states
coexisting or competing with superconductivity. This
triggers our curiosity on the interplay between the anti-
ferromagnetic (AFM) background and the high-Tc super-
conductivity in cuprates.
Typical candidates encompass a uniform state [21–38]

and various stripe states [11,33,39–52]. The former features
a uniform charge density and is commonly associated with
d-wave superconductivity, while the latter often exhibit
charge-density and spin-density waves with diverse peri-
ods, with only part of them displaying coexisting super-
conductivity. For the nearest neighbor (NN) minimal
Hubbard model, a series of advanced numerical methods

reached a consensus [11] that the ground state at 1=8 hole
doping is a filled (one hole per unit cell of the charge order)
period 8 stripe state devoid of superconducting orders. The
half-filled period 4 stripe state [13,20,53] favored more in,
e.g., LaSrCuO materials emerges primarily with negative
next-nearest neighbor (NNN) hopping, as demonstrated in
numerous computational simulations [48,51,54–59]. This
motivates our investigations beyond the minimal Hubbard
model.
Concurrently, multiple recent studies [60–62] focusing

on the extended t-J model have uncovered substantially
more robust superconducting orders in electron-doped
settings as opposed to hole-doped configurations, a finding
that contradicts experimental observations. Explorations of
the extended Hubbard model using the density matrix
renormalization group have yielded inconsistent outcomes
[63,64], further underscoring the significance of research
beyond the minimal Hubbard model.
In this Letter, we use the infinite projected entangled-pair

state (iPEPS) [9,10] ansatz and simple update algorithm
[65] to study the ground state properties of the t-t0 Hubbard
model. Our iPEPS ansatz is less susceptible to finite-size
effects than the density matrix renormalization group on
cylinders. Leveraging our cutting-edge QSpace tensor
library [66,67], we are capable of conducting simulations
with U(1) or SU(2) spin symmetry, where the former
admits local magnetic moments and the latter forbids them.
This allows us to scrutinize the impact of magnetic orders
on pairing properties. Our simulations demonstrate that (i) a
positive t0=t significantly amplifies the strength of
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superconducting orders; (ii) at sufficiently large doping, the
t-t0 Hubbard model favors an SU(2) uniform state with d-
wave pairing orders instead of a U(1) stripe state in [51];
and (iii) the enhancement of magnetic frustration, by
increasing either the strength of NNN interactions or the
charge doping, impairs stripe orders and helps stabilize
superconductivity.
Model—The 2D t-t0 Hubbard model on a square lattice is

defined via the following Hamiltonian:

H ¼ −
X

i;j;σ

tij½c†iσcjσ þ H:c:� þ U
X

i

ni↑ni↓: ð1Þ

Here, tij ¼ t or t0 for NN or NNN, respectively, and zero
otherwise; U measures the on-site Coulomb repulsion.
Throughout this Letter, we use U=t ¼ 10, as established to
be realistic for cuprate materials [68,69], and set t ¼ 1 for
convenience.

Method—In our computations, we apply the fermionic
iPEPS [70–77] ansatz, a tensor network method targeting
2D lattice models, to simulate the t-t0 Hubbard model in the
thermodynamic limit. The ansatz exploits translational
symmetry by assuming that the infinite tensor network
consists of periodically repeated supercells of tensors. Each
supercell comprises several rank-5 tensors with one physi-
cal index carrying states in the local Hilbert space, and four
auxiliary indices connecting neighboring sites. The accu-
racy of the simulation can be controlled by the bond
dimensions of the auxiliary indices. Different supercell
sizes yield stripe states with different periods in charge or
spin orders. Previous research [51,60,63] on the Hubbard
model or the t-J model has identified stripe states with
period 4 charge orders as a representative stripe state.
Therefore, we hereby focus on the period 4 stripe state.
Further discussions and details regarding stripes with
longer periods can be found in Supplemental Material [78].

FIG. 1. The ground state energy per site (a), (b) and singlet pairing (c), (d) vs doping δ of the t-t0 Hubbard model at U=t ¼ 10 and (a),
(c) t0=t ¼ −0.25 or (b), (d) t0=t ¼ 0.25, computed via U(1) iPEPS (red squares) on an 8 × 2 supercell at bond dimension D ¼ 12 and
SU(2) iPEPS (blue circles) on a 4 × 2 supercell keeping D� ¼ 7 multiplets (bond dimension D ¼ 12). Green and yellow arrows,
respectively, indicate the NN (including on site) and NNN contributions to the energy for several typical data points. Inset: enlargement
of the region near 1=8 doping. (e)–(g) Details of the U(1) and SU(2) symmetric ground states on 8 × 2, 4 × 2, and 2 × 2 supercells. Radii
of red circles and lengths of black arrows are proportional to the charge density (top rows) and the local moments (bottom rows),
respectively. Bond widths indicate NN singlet pairing amplitudes and two different colors indicate opposite signs. For (f), (g), we used
D�½D� ¼ 8½13� for reasons explained in Supplemental Material [78].
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The optimization is performed via imaginary time
evolution [79] in which projector expf−τðH − μNÞg
(τ is a small number, H the Hamiltonian, μ the chemical
potential, and N the charge density) is repeatedly applied to
some random initial state until the ground state energy
converges. Models with NNN interactions are computa-
tionally very expensive. Therefore, we choose the simple
update scheme [65,70,71] for a balance between accuracy
and computational complexity. Observables are extracted
by contracting the tensor network using the corner transfer
matrix method [70,72,80–83]. The QSpace tensor library
[66,67,84] is used to implement either U(1) or SU(2) spin
symmetry.
The U(1) iPEPS simulations are conducted on an 8 × 2

supercell at bond dimension D ¼ 12. This is required for
capturing the period 4 charge orders, as the corresponding
spin order periods are typically twice as long as the charge
periods. The SU(2) iPEPS simulations are performed on a
4 × 2 or 2 × 2 supercell by keeping D� ¼ 7 symmetry
multiplets (corresponding to a bond dimension D ¼ 12)
[66]. Spin orders are suppressed upon enforcing SU(2)
symmetry, making a 4 × 2 supercell adequate to detect any
potential period 4 orders, while the 2 × 2 supercell is
employed to ascertain the uniformity of the ground state.
Charge doping is adjusted by tuning the chemical potential.
Energetics—Figures 1(a) and 1(b) show the ground state

energy per site of the t-t0 Hubbard model as a function of
doping under U=t ¼ 10 and t0=t ¼∓ 0.25, computed via
the U(1) and SU(2) iPEPS and denoted as e1 (red) and e2
(blue), respectively. Figures 1(c) and 1(d) show the corre-
sponding singlet pairing amplitudes. Figures 1(e)
and 1(f) display, respectively, the detailed characteristics
of the U(1) and SU(2) ground states with a negative t0=t at
the predominantly studied 1=8 doping. Figure 1(g) presents
SU(2) ground states with a positive t0=t, showcasing
numerically significant d-wave singlet pairing orders.
Utilizing an 8 × 2 supercell, our U(1) iPEPS generates a

nonsuperconducting stripe state with a period 4 charge-
density wave and a period 8 antiferromagnetically ordered
spin-density wave. These attributes, along with the ground
state energy acquired, are generally consistent with the
findings in [51]. By contrast, when we enforce the
SU(2) symmetry and suppress spin orders, we find a
uniform state without any charge orders, at odds with
finite-size studies [56,60,63]. Moreover, strong d-wave
pairing emerges for positive t0=t, which implies super-
conductivity. The SU(2) iPEPS on 4 × 2 and 2 × 2 super-
cells produces physically identical states, confirming the
uniformity of the ground state.
Near zero doping, we find e2 > e1. This is consistent

with the well-established fact that the Heisenberg model on
a square lattice has an AFM ground state that breaks SU(2)
symmetry. However, as the doping increases, e2 decreases
faster than e1. They intersect at δc ≈ 0.25 for t0=t ¼ −0.25
and δc ≈ 0.08 for t0=t ¼ 0.25 (first order transition), as

depicted in Figs. 1(a) and 1(b), in agreement with prior
observations [51] that a negative or positive t0=t favors
stripe or uniform states, respectively. Intuitively, a positive
t0=t promotes diagonal hopping of the doped charges,
which in turn disrupts the AFM background in the vicinity
of the domain wall within the stripe states, rendering the
presence of domain walls less desirable [45].
The lower energy of the SU(2) relative to the U(1)

ground state at large doping can be understood as the result
of magnetic frustration induced by the NNN hoppings. The
U(1) stripe state still accommodates AFM orders and thus
suffers strongly from magnetic frustrations with NNN
hopping. By contrast, the SU(2) uniform state is less
frustrated since it hosts no local spin orders. Indeed, the
NNN terms contribute much less to lowering the energy e1
of the stripe state than to the energy e2 of the uniform state,
as indicated via the yellow arrows in Figs. 1(a) and 2(b).
This issue is further elaborated in Figs. 2(a) and 2(b),

showing the contribution of NN (including on site) and
NNN terms to the total energy per site as a function of
doping, respectively. Throughout the entire doping range in

FIG. 2. The contribution of (a) the NN (including on site) and
(b) the NNN terms to the total energy per site in the U(1) and
SU(2) ground states, respectively, as a function of doping. (c) The
NN and (d) NNN spin-spin correlators in the U(1) and SU(2)
ground states, respectively.
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our study, the NN contribution is marginally lower in the
U(1) states than in the SU(2) states. Conversely, the NNN
contribution is substantially lower in the SU(2) than the
U(1) cases, ultimately leading to a lower overall energy for
the SU(2) states at large doping levels. As a comparison,
Figs. 2(c) and 2(d) show the NN and NNN spin-spin
correlators, respectively. The NN correlations stay negative
for both the U(1) and SU(2) states, reflecting the overall
AFM background. The NNN correlations, however, turn
negative considerably sooner for the SU(2) states than for
the U(1) states, echoing the findings in ultracold atom
experiments that doped charges drive the NNN spin-spin
correlation negative [85–89]. This indicates that the SU(2)
state better reconciles the magnetic frustration, thereby
achieving a lower NNN energy. Such behaviors exemplify
how the enhancement of magnetic frustration through NNN
hopping inhibits the formation of stripes and promotes the
emergence of superconductivity.
Pairing order—The superconducting order can be

characterized by the singlet pairing amplitude Δr;s ¼
hcr↑cs↓ − cr↓cs↑i. Specifically, we focus on the NN singlet
pairing. As illustrated in Figs. 1(e)–1(g), we observe finite
singlet pairing orders for both U(1) and SU(2) ground
states. However, the pairing amplitude (averaged over the
supercell) of the SU(2) states can be substantially larger
than that in the U(1) states throughout the entire doping
range for positive t0=t, as presented in Fig. 1(d). This can be
attributed to the fact that the SU(2) iPEPS is, by con-
struction, a spin-singlet state. Indeed, the latter can be
interpreted as a generalized version of the resonating
valence bond state [90]. Therefore, the existence of
d-wave pairing order is reminiscent of Anderson’s original
resonating valence bond proposal [91,92].
Moreover, we discover that the singlet pairing for positive

t0=t can be considerably larger than that for negative t0=t.
Intuitively, this could be perceived as pair formation being
enhanced (reduced) by the constructive (destructive) inter-
ferencebetweenNNandNNNhoppingat positive (negative)
t0=t [93]. This is in linewith prior findings in the extended t-J
model [60–62,94] and Hubbard model [63] using density
matrix renormalization group. Electronic structure analysis
[68,69,95,96] suggests that positive (negative) t0=t corre-
sponds to electron (hole) doped cuprates. Consequently, the
numerics so far yield outcomes that are opposite to the
experimental observations, where hole-doped cuprates
exhibit stronger superconductivity. This emphasizes the
necessity for further investigations regarding the appropriate
parameter settings in the effective models [61,97,98].
Long-range order—Figure 3(a) displays the long-range

spin-spin Srs ¼ hSr · Ssi − hSri · hSsi and pair-pair Prs ¼
hΔy

rΔy
si − hΔy

rihΔy
si (where Δα

r ¼ Δr;rþα and α ¼ x; y is
the horizontal or vertical unit vector) correlators for two
specific ground states with U(1) or SU(2) symmetry for
t0=t > 0. Figure 3(b) shows the corresponding correlation
lengths. Our data indicate that all these correlators decay
exponentially, and the correlation lengths never exceed two

units throughout the entire doping range. This suggests no
connected long-range spin or pairing orders in both
scenarios. Accordingly, a minor local pairing order suffi-
ciently signals weak superconductivity in the stripe states.

FIG. 3. (a) The long-range spin-spin and pair-pair correlators in
the U(1) and SU(2) ground states, respectively. All these
correlators exhibit an exponential decay behavior. (b) The cor-
responding correlation lengths as a function of doping.

FIG. 4. The ground state phase diagram of the t-t0 Hubbard
model with respect to doping and t0=t. The color scale indicates
e1 − e2, obtained via linear interpolation from a discrete set of
scanning points (white). The gray dashed line marks e1 ¼ e2.
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Phase diagram—Figure 4 presents a schematic ground
state phase diagram for t0=t > 0 derived via linear inter-
polation from a discrete set of scanning points. The U(1)
stripe states are energetically favored in the bottom-left
corner, and the SU(2) uniform states in the top-right corner.
This is largely consistent with previous studies of the t-t0-J
model [60]. Therefore, an increase of either charge doping
or the NNN hopping, which both intensify magnetic
frustration, will drive the ground state from striped to
uniform states. Recall that the uniform ground states are
typically accompanied by strong superconductivity. The
phase diagram thus supports the conclusion that the
enhancement of magnetic frustration helps stabilize
superconductivity.
Discussion—In this research, we have studied the ground

state properties and the phase diagram of the t-t0 Hubbard
model via the U(1) and SU(2) symmetric iPEPS method.
We discovered an SU(2) uniform state with strong d-wave
superconducting orders, with a lower energy than the
striped U(1) states at large doping levels. Although
the variational space of the U(1) iPEPS is larger than that
of the SU(2) iPEPS, the fact that the U(1) iPEPS has so far
failed to yield a uniform ground state suggests that the U(1)
iPEPS has difficulty handling the subspace devoid of
magnetic orders. This highlights the importance of explor-
ing quantum states with several different global symmetries
in tensor network simulations. We note, however, that it is
possible to recover the SU(2) ground states via a U(1)
implementation with a priori guidance about the SU(2)
compatible settings; see Supplemental Material [78] for
more details.
Also, we have demonstrated the interplay between local

magnetic orders and superconductivity. The additional
NNN interaction terms introduce extra magnetic frustration
and help suppress the AFM orders, favoring strong d-wave
superconductivity at large doping levels. Besides, a positive
t0=t frustrates the domain walls and stimulates pair for-
mation. This suggests that the superconductivity in cuprate
materials can be enhanced, and Tc incremented, by
elevating the strength of NNN hopping.
Outlook—The novel SU(2) ground state, expressed in

terms of an iPEPS tensor network, contains information on
dominant contributions from the many-body Hilbert space.
Consequently, it is possible to generate various snapshots
of the type accessible via quantum gas microscopy in the
ultracold atom experiments [86,87], enabling a direct
comparison with experimental analysis [89,99]. Such
information would facilitate further investigations regard-
ing the dopant mobility through high-order correlators
[100,101] or string patterns using suitable pattern recog-
nition algorithms [88]. Also, similar SU(2) symmetric
tensor techniques can be applied to some thermal tensor
network methods, such as finite temperature PEPS
[102–104], exponential tensor renormalization group
[99,105,106], or tangent space tensor renormalization

group [107], to explore physics at finite temperatures
where strange metal behavior is observed experimentally.
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