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This thesis is concerned with experiments done by D.C. Ralph and R.A. Buhrman
[RB92,Ralph93] at Cornell University on zero-bias anomalies in conductance sig-
nals through metal nanoconstrictions. They have suggested that their data is in
accord with the assumption that conduction electrons interact with two-level tun-
neling systems in the constriction region according to the non-magnetic 2-channel
Kondo model.

We quantitatively analyze their data within the theoretical framework of the
2-channel Kondo model, in the regime of very low temperatures (7") and voltages
(V). This regime is governed by the strong-coupling 7' = V = 0 fixed point of
the 2-channel Kondo model, at which the exact conformal field theory solution
of Affleck and Ludwig [AL93] applies.

Near the strong-coupling fixed point, the conductance G(V,T) is predicted

[RLvDB94] to obey the following scaling relation:

G(V,T) — G(0,T)
T

— B[[(Az) —1] .



Here I'(x) is a universal scaling function, and the universal exponent « is pre-
dicted to have the value a = % We show that the data of Ralph and Buhrman
indeed obey the above scaling relation, with a = 0.5 & 0.05; this we take as
strong evidence that their samples can plausibly be described by a simple one-
dimensional 2-channel Kondo model.

The bulk of this thesis is concerned with analytically calculating I'(x), which
is a “fingerprint” of the 2-channel Kondo problem, in order to compare it to
experiment.

Conceptually new is our treatment of non-equilibrium effects: we show that
Hershfield’s formulation of non-equilibrium problems [Hers93] can be combined
with Affleck and Ludwig’s conformal field theory approach to deal with the V' # 0
situation.

When our results for I'(x) are combined with recent numerical (NCA) re-
sults [HKH94] for the same model, good quantitative agreement with the data
is obtained, indicating that the 2-channel Kondo model is in accord with all ex-
perimental facts. However, the theoretical justification for the model employed
here has recently been called into question [MF95 WAMO5]|, indicating that more
theoretical work is needed before the experiment can be regarded as completely
understood.

The thesis contains six lengthy appendices, intended as a pedagogical intro-
duction to Affleck and Ludwig’s conformal field theory solution of the Kondo

problem.
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Chapter 1

Introduction and Overview

The work described in this thesis is an attempt to understand certain zero-bias
anomalies (ZBA) that were investigated by Dan Ralph and Robert Buhrman
[RB92] in the course of their studies of the I-V' curves of metallic point contacts.
Taking up a suggestion put forth by Ralph and Buhrman, we ascribe the observed
anomalies to the scattering of non-equilibrium conduction electrons off degenerate
two-level systems, with which they interact according to the non-magnetic 2-
channel Kondo model of Zawadowski [VZ83]. Therefore, in this thesis we develop
the theory for a (weakly) non-equilibrium 2-channel Kondo problem and apply it
to experiment. Combining our results with recent numerical results by Hettler,
Kroha and Hershfield [HKH94], we conclude that the 2-channel Kondo model
is in qualitative and quantitative agreement with all experimental facts, though
some questions regarding the theoretical justification for the model remain.

An outline of the thesis itself, and suggestions for “how to read this thesis if
you are interested in ...” are given in section 1.6. Let us first outline the main

train of thought that underlies this thesis.



1.1 Statement of the Experimental Problem

Ralph and Buhrman have developed a new technique which allows them to probe
individual processes that occur on an atomic scale inside metals. They fabricate
so-called nanoconstrictions, i.e. metal constrictions of diameters as small as 3 nm
(see Fig. 2.1) and study the current I through the constriction as a function of
voltage (V), temperature (7') and magnetic field (H). Since their constrictions
are so small, they are able to detect electron scattering due to individual impuri-
ties or defects in the constriction. The energy dependence of the scattering rate
can be extracted from the voltage dependence of the resistance. Thus, they essen-
tially have developed a very-low-energy electron microscope, capable of energy-
analyzing electron scattering from single defects within a metal, with which they
have already discovered several new and unexpected phenomena [Ralph93].

The particular application of this versatile toy that attracted our interest
was in the study of the zero-bias anomalies found for rather clean constrictions.
These anomalies showed logarithmic 7- and V- dependencies reminiscent of the
magnetic Kondo effect. However, Ralph and Buhrman could demonstrate that
their devices contained not magnetic impurities but structural defects, such as
two-level systems (TLS). It was shown by Zawadowski [Zaw80,VZ83] that the
interaction of conduction electrons with TLSs can be described by the so-called
non-magnetic 2-channel Kondo model, which also gives rise to Kondo logarithms.
Therefore Ralph and Buhrman proposed that their zero-bias anomalies were due
to the non-magnetic 2-channel Kondo scattering of conduction electrons off a
small number of TLSs in the constriction.

We set ourselves the task of developing the picture proposed by Ralph and



Buhrman into a theory that could make quantitative predictions, testable against
experiment. Specifically, we decided to calculate the I-V curve, assuming non-
magnetic 2-channel Kondo scattering and drawing upon the vast existing litera-

ture on the Kondo problem.

1.2 So what’s so new about 2-channel Kondo
physics?

The Kondo problem, of course, has enjoyed 30 years of unceasing theoretical
attention from theorists as a prototypical quantum impurity problem. Some of
the most recent advances were made by Affleck and Ludwig (AL). In a by now
lengthy series of papers [Aff90,AL.91a,A1.91b,AL91¢c,AL91d,AL.92a,A1.92b,A1.93,
AL94,Lud9%4a, Lud94b, MLI5], they developed an exact conformal field theory
(CFT) solution for the T' = 0 fixed point. Amongst many other quantities, it
allows the exact analytic calculation of all equilibrium Green’s functions in the
regime (T < Tk) governed by the T" = 0 fixed point.

Moreover, AL showed that in the T" < Tk regime the 2-channel Kondo model
(and other multi-channel versions) display unusual and exotic non-Fermi liquid
properties: the presence of a quantum impurity leads to a separation of charge,
spin, and flavor degrees of freedom for the conduction electrons, which leads to
non-Fermi liquid behavior for various quantities such as the conductivity, suscep-
tibility, specific heat, etc. (It is this non-Fermi liquid behavior that is responsible
for the current strong theoretical interest in multi-channel Kondo models, since
various tenuous connections to the unusual normal-state properties of high-T, su-

perconductivity materials have been suggested [CJJ89,EK92,GVR93].) However,



prior to 1993, no convincing experimental realization of the 2-channel Kondo
model was known (though some heavy-fermion compounds were under investiga-
tion as possible candidates [Cox87,SML91,AT91]), and hence the exotic phenom-
ena that were predicted were yet to be observed.

In the spring of 1993, Andreas Ludwig became involved in our project. He sug-
gested to us that if one assumed that some of the TLSs were practically degenerate
(with a level splitting of A < 1K), then a regime of lowest temperatures (7' < 5K)
and voltages (V' < 5meV) explored in the Ralph-Buhrman experiment might in
fact fall in the regime dominated by the 7" = 0 fixed point of the 2-channel Kondo
problem. If correct, this would imply that his exact T" = 0 solution was directly
applicable to the experiment; Ralph and Buhrman would have found the first un-
ambiguous experimental realization of a 2-channel Kondo model, and observed
some of its associated exotic behavior; their zero-bias anomaly would be elevated
from being a mere anomaly to a beautiful experimental realization of some very

exotic theory. The stakes had clearly been raised considerably!

1.3 Scaling Prediction for Conductance

Drawing on his experience with his exact solution, Ludwig immediately made
a strong, testable prediction. He predicted that in the regime T" < Tk and
V <« Tk, and assuming degenerate TLSs, the conductance G(V,T') should obey

a scaling relation of the following form:

G(V,T) — G(0,T)
T

= F(eV/k,T) (1.1)

where F(z) is a sample-dependent scaling function. In the 2-channel Kondo

problem, the universal scaling exponent « is predicted to have the non-Fermi-



liquid value o = % Moreover, by scaling out non-universal constants, it should
be possible to extract a universal scaling curve I'(x) from F(z).

It turned out that the data of Ralph and Buhrman indeed obey the above
scaling relation, with o = 0.5+0.05, in remarkably good agreement with Ludwig’s
prediction; furthermore, I'(x) was indeed the same for all three samples studied
in detail. We took this as strong evidence that their samples can plausibly be
described by the simplest possible one-dimensional 2-channel Kondo model (since
Ludwig’s prediction was based on such a model).

However, it is quite conceivable that other theories could also reproduce this
scaling behavior, in particular since an exponent of o = % is not all that un-
common in condensed matter physics. Indeed, an alternative theory that ac-
complishes this but is based not on Kondo physics but the physics of disorder,
has recently been proposed [WAMO95| (although we believe it contradicts other
important experimental facts, see section 2.4, page 30).

Therefore we decided to calculate the universal scaling function T'(x), and
compare it to experiment. This curve is a fingerprint of the 2-channel Kondo
problem, and being universal, should be independent of the details of the sample.
If agreement were found, the case in favor of the 2-channel Kondo problem would

be considerably strengthened. A different (non-Kondo) theory is expected to give

a different scaling curve.

1.4 The Non-Equilibrium Problem

The conceptually new aspect of our work is that we need a non-equilibrium

theory to describe the non-equilibrium situation found in Ralph and Buhrman’s



experiments, whereas the exact conformal field theory solution of AL applies to
the equilibrium situation. Thus the conceptual challenge that we had to address
(and that is of general interest, beyond that of the present application), was:
how does one approach a strongly interacting non-equilibrium problem of which
the equilibrium solution is known exactly?

We were not able to find a general, exact solution to the particular non-
equilibrium generalization of the 2-channel Kondo problem relevant to the exper-
imental situation (though another, related non-equilibrium model can be solved
exactly [SH95a]). However, we argue that for our purposes this is not necessary:

¢

if one assumes that the experiments are in the regime V < Tk, i.e. the “weakly
non-equilibrium regime”; it suffices to extract information for this regime from
the exact equilibrium solution of AL. “Truly non-equilibrium” effects need only
be treated in perturbation theory in V/Tk.

A description of the “weakly non-equilibrium regime” is achieved by drawing
on a recent reformulation of non-equilibrium statistical mechanics by Hershfield
[Hers93|. Hershfield showed that certain non-equilibrium problems become much
simpler, formally resembling equilibrium, when formulated in the language of
scattering states. We show that (to zeroth order in V/TY) these scattering states
can be extracted from the exact theory of AL for the equilibrium problem. In-
serting the scattering states into Hershfield’s formalism thus yielded a natural
description of the “weakly non-equilibrium regime”.

Within this formulation, the final calculation of the scaling curve I'(z) actually

turned out to be extremely straightforward: the scaling function is given by



leq. (9.26)]
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where v = eV/T, z =¢/T, f,(x) = 1/(e” 4+ 1), 79,71 are normalization constants
and the function T'/2T,(¢/T) is given by a correction 6%%(w) to the retarded
electron self-energy that had already been calculated in complete detail in [AL93].
Thus, no challenging new calculations were required. The challenge was mainly
the conceptual one of how to best approach a strongly interacting problem out

of equilibrium.

1.5 Results and Prognosis

The result of our calculation at first seemed somewhat disappointing: the calcu-
lated I'(x) curve does not agree with the experimental one (see Fig. 9.6).

However, it was pointed out by Hettler, Kroha and Hershfield [HKH94], who
have studied the same model using numerical (NCA) techniques and whose results
are in good agreement with ours, that theory and experiment can nevertheless
be reconciled: they suggest that the experiment is in fact not in the pure scaling
regime as we had assumed it would be. By incorporating corrections of order
T/Tx (~ 0.08 for the lowest T" in the experiment), which we had to neglect in
our calculation, they achieve good agreement with experiment, using only one
adjustable parameter, namely 7.

Thus, the main conclusion reached in this thesis is that the 2-channel Kondo
model can satisfactorily account for all known experimental facts, both qualitative
and quantitative.

Nevertheless, some open questions remain. Very recently, the theoretical jus-



tification for the 2-channel Kondo model has been criticised. Wingreen, Altshuler
and Meir [WAM95] argue that the the presence of static disorder could lead to
a significant splitting A between the two states of the TLS, and Moustakas and
Fisher [MF95] argue that a previously undiscovered relevant operator exists near
the fixed point. Both these claims would make it rather unlikely for the system to
flow to the T' = 0 fixed point that is invoked in this thesis to explain the scaling
properties of the data.

Therefore, we are faced with the peculiar situation of having a model that
beautifully accounts for all experimental facts, but is on somewhat shaky the-
oretical grounds. In my opinion, this uncertain state of affairs should be an

incentive for further theoretical and experimental work.

1.6 Outline of Thesis

In chapter 2 we present all experimental facts relevant to the Ralph-Buhrman
experiment, and perform a detailed scaling analysis of the data in chapter 3. In
chapter 4 we introduce Zawadowski’s non-magnetic Kondo model. Chapter 5 is
the heart of the thesis: it shows how one can describe non-equilibrium transport
through the nanoconstriction by Hershfield’s Y-operator method, and how AL’s
CFT can be used to calculate the necessary scattering states. This is done in
chapter 9, where the scaling curve obtained from CF'T is compared with that from
Hettler, Kroha and Hershfield’s numerical NCA calculations and experiment. A
summary and conclusions can be found in chapter 10.

Chapters 6 to 8 and appendices A to F contain a detailed and extensive intro-

duction to Affleck and Ludwig’s CFT solution of the Kondo problem, aimed at a



reader with no or very little background in conformal field theory, but interested
in mastering the necessary technicalities.

Chapter 6 works through a toy problem, namely the scattering of two species
of spinless fermions off a scalar potential, using the same techniques as those
used by AL for the Kondo problem, in order to illustrate these techniques in the
simplest possible setting.

Chapters 7 and 8 explain AL’s approach to the Kondo problem with as lit-
tle recourse to CFT as possible — a reader familiar with elementary Sugawara
technology (derived in detail in appendix A) should be able to follow almost
everything in these chapters.

In an extensive set of six appendices, we attempt to provide (almost) all the
technical details needed elsewhere. Appendix A uses nothing but Wick’s theorem
to derive the Sugawara technology necessary for chapters 6 and 7. Appendix B
summarizes (without derivation, since they can be found in many reviews) those
basic elements of bulk CFT field theory needed for AL’s work. Assuming knowl-
edge of appendix B, in appendix C we attempt to derive in quite some detail
all elements of Cardy’s boundary conformal field theory needed by AL (since to
our knowledge, no detailed review of this exists). In appendix D we illustrate
these methods by showing how AL calculated the highly non-trivial four-point
function (,¥I1x11), a calculation needed to check whether the all-important
T'/2 really does show up in the theory. Appendix E summarizes some elements
of bosonization, that are used in appendix F to show how AL’s theory can also
be reformulated in terms of free bosons.

A few suggestions for readers with various interests:
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How to read this thesis if you are interested in

e experimental details: read chapters 2 and 3, and the final comparison of

theory and experiment in section 9.6;

e the non-equilibrium 2-channel Kondo problem (without CFT):

read chapters 4 (in particular section 4.4), 5 and 9;

e an introduction to AL’s theory with (almost) no CFT: read, in that
order, appendix A, chapters 7 and 8; for a more technical discussion of a
simpler toy problem, also read chapter 6 before chapter 7, or at least the

summary in section 6.6;

e a detailed introduction to all relevant technicalities of AL’s the-
ory: read, in that order, appendix A, chapters 6, 7 and 8, and appendices C

and D, consulting appendix B where necessary;

e a bosonic formulation of AL’s theory: read appendices E and F —

some familiarity with appendix D may be necessary.

A comment on notation: we in general take h = 1, ky = 1 and v, = 1. In
chapter 3, however, we display kg explicitly, because the figures were plotted in

corresponding units.



Chapter 2

The Experiment

This chapter contains a presentation of experimental facts, and we attempt to
keep it as free from theoretical baggage as possible. The only theory presented
is the theory of point contact spectroscopy (section 2.2), needed to understand
what kind of spectroscopic information can be extracted from analyzing the non-
linear conductance G(V'). Apart from that, we deal mainly with matters of device
characterization and data analysis and interpretation.

The chapter is organized as follows: In section 2.1 we describe the fabrication
and characterization of nanoconstrictions. Section 2.2 deals with the theory of
point contact spectroscopy. In section 2.3 we summarize the main experimental
facts associated with the zero-bias anomaly (ZBA). Section 2.4 describes Ralph
and Buhrman’s arguments for ruling out a number of possible explanations for
the ZBA and proposing the 2-channel Kondo picture of conduction electrons
interacting with TLSs. In section 2.5 we present just enough of a discussion of
the interaction of conduction electrons with TLS in metals to be able to draw the

analogy with the 2-channel Kondo model. Finally, in section 2.6 we describe in

11



12

Figure 2.1 Cross-sectional schematic of a metal nanoconstriction. The hole at
the lower edge of the SizNy is so small that this region completely dominates the
resistance of the device.

more detail the physical picture that Ralph and Buhrman have pieced together
for what actually occurs inside the nanoconstrictions.

All of this chapter is based on the thesis of Dan Ralph, from which I quote
extensively (often verbatim), and to which the reader is referred for a much more

extensive and thorough discussion.

2.1 The Nanoconstriction

Dan Ralph has done a great variety of experiments with his nanoconstrictions,
most of which differ slightly from each other in details of sample fabrication, etc.
We just describe the details relevant to nanoconstrictions with structural defects.

A schematic cross-sectional view of a typical nanoconstriction is shown in
Fig. 2.1. The device is made in a sandwich structure. The middle layer is an
insulating Si3N4 membrane. This contains in one spot a bowl-shaped hole, which
just breaks through the lower edge of the membrane to form a very narrow open-
ing, as small as 3 nm in diameter. The narrow neck at the lower opening in the

SizN,; membrane is so small that this region completely dominates the resistance,
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measured between the top and bottom of the structure. Only metal within a dis-
tance equal to a few constriction diameters from the narrowest region contributes
significantly to the resistance signal. This means that the device may be used
as a kind of microscope. The small physical size of the structure serves to focus
electrons so that only atoms in a very small region contribute to the resistance,
and the resistance is sensitive to scattering from single defects in the constriction
region.

To fabricate the devices, electron beam lithography and reactive ion etching
are used to form the bowl-shaped hole in a Si3N; membrane. The secrets for
making a bowl-shaped hole that just breaks through the SisN, membrane (which
is essential to obtaining a nano-hole), are described in [Ralph93, section 2.2]. In
ultra-high vacuum (< 2 x 107! torr) and at room temperature the membrane
is then rotated to expose both sides while evaporating metal to fill the hole to
form the metal constriction and coat both sides of the membrane. A layer of at
least 2000 A of metal is deposited on both sides of the membrane to form clean,
continuous films. In the devices studied in this thesis, the metal was always
Cu, but similar phenomena have been seen in aluminum, silver and platinum
constrictions.

Usually a large number of holes is made in the same SisN4 membrane before
evaporation. After evaporation, the membrane is manually disassembled along
break lines to separate the different devices. Thus, devices are mass-produced,
and then checked for suitability as nanoconstrictions, by measuring their re-
sistance (which should preferably be large). One membrane usually produces

20-30% useful devices, with resistance greater than 5 Q.



14

Finally, to obtain devices with structural defects such as TLSs, the devices
have to be cooled to cryogenic temperatures within several hours after they are
formed by evaporation, before all structural defects can anneal away.

The devices are physically quite robust [Ralph93, p.16]. For example, for
samples that are not cooled soon after evaporation, the resistance may wander
up or down slightly within the first day after an evaporation, indicating that the
metal in the device may anneal or relax at room temperature, but after that the
devices are generally stable for years. They may be dropped on the floor without
harm, and they almost always survive thermal cycling to helium temperatures.

Conductance measurements are performed by 4-point measurements on current-
biased samples!, using standard lock-in amplifier or DC techniques [Ralph93,

p.255].

2.2 Point Contact Spectroscopy

One of the most important characteristics of nanoconstrictions (also called point
contacts in the literature to be cited in this section), is that the voltage depen-
dence of the conductance may be related directly to the energy dependence of

the electron relaxation rate 77!(e — u), within the device, e.g.
G(V)=G,—eKt V), (2.1)

for phonon scattering, allowing one to do spectroscopy. In this section we explain
how this comes about for ballistic constrictions, i.e. constrictions through which

the electrons travel ballistically along semi-classical, straight line paths between

!To be explicit: a voltage source is connected in series with a large resistor, thus forming
a current source that sends a current of specified magnitude I through the sample. Then the
corresponding voltage across the sample is measured as a function of I.
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collisions with defects or the walls of the constriction. Transport through the
constriction can then be described using a Boltzmann formalism. This was first
worked out in [KSO77,0KS77]; I found the most careful treatment to be [KOS77],
and the best review in [JvGWS80]. A more up-to-date review is [DJW89].

Two conditions have to be met for a constriction to be in the ballistic regime.
Firstly, it must be possible to neglect effects due to the diffraction of electron
waves, i.e. one needs 1/kp < a, where a = constriction radius. Secondly, the
constriction must be rather clean (as opposed to disordered): an electron should
just scatter off impurities once or twice while traversing the hole. One therefore
needs a < [, where [ is the electron mean free path.

Ralph and Buhrman work with devices with a of order 2-8 nm [as determined
from TEM studies and from the Sharvin formula for the resistance, eq. (2.11)].
For clean devices for which all structural defects have annealed away, [ ~ 200 nm
(as determined from the residual bulk resistivity). For devices containing struc-
tural defects, [ is reduced to about I ~ 40 nm (as estimated from a reduction in
the phonon peak amplitude, see page 23), which is still about twice the constric-
tion diameter [Ralph93, p.258]. Thus the constrictions can be assumed to be in

the ballistic regime.
2.2.1 Boltzmann Equation and Sharvin Resistance

To set up a Boltzmann description of transport through the constriction we follow
the presentation of [JvGWS0, section 4], where more details may be found. The
constriction geometry is modeled as an open, circular hole of radius a in the
otherwise non-conducting, infinitely thin xz-y plane (representing the insulating

membrane) which separates two metallic half-spaces (the two leads, R/L for z =
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0). The current through the constriction is given by the integral of the current

density over the area of the hole:

1= [ dudy ji(z.y,0) (2.2)
hole

For semi-classical electrons, a position 7 and momentum k label can be attached
to each electron. Correspondingly, one can define an electron distribution func-
tion fz(7) (see Fig. 2.2), in terms of which the current density per unit volume
at point 7 is:

i = o 5 efil (2.3)
(where Vol = volume). The task at hand is therefore to find the distribution

function f;(7). It is determined by the Boltzmann equation

e 90 + e Tufi) = (20 2.0

the right hand side (defined in eq. (2.12) below) describes collisions off defects,

phonons, etc. This is supplemented by the charge-neutrality condition

1
ere 41

2e Y [fi(7) = folep =] =0, fole)

k

(2.5)

Here ez = k*/2m is the kinetic energy and p = k%/2m the equilibrium chemical

potential. The total electron energy is written as
Ep(r) = e + ep(7) (2.6)

where e¢(7) is the electrostatic potential energy, which defines the bottom of the
conduction band (e¢(7) = 0 for V' = 0). If a bias, V = —|V/|, is applied across

the device, the leads are at different chemical potentials (say p + eV/2 for R/L
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leads);? this condition is implemented as a boundary condition on e¢(7)
ep(z = £oo) = +eV/2 . (2.7)
Egs. (2.4), (2.5) and (2.7) are solved iteratively by making the Ansatz

@ =120@+ 100 6 =600 + oM (@) (2.8)

where f]g)) (r) is defined to be the solution of these equations in the absence of
any collisions, i.e. with (%)wll = 0. The backscattering correction f,gl)(f') is then
calculated iteratively by using figl)(F) in the LHS of eq. (2.4) and féo) (7) in its
RHS, etc.

The result for fl-i.o) (7) at T'= 0 is shown in Fig. 2.2. This figure is a position-
momentum space hybrid, showing the momentum-space distribution function
fléo) with its origin drawn at the position 7 to which it corresponds. One can
understand it almost without calculation, simply by realizing that in the absence
of collisions, electrons will maintain a constant total energy F;. Thus, an electron
injected from z = +o00 in the R/L lead with total energy Ey(z = £00) = g5 +
eV /2, will accelerate or decelerate as its potential energy changes from e¢(+o0) =
+eV/2 to ep(Foo) = FeV/2 while it traverses the hole, in such a way that
ep +ed(r) = Ey(r) = constant.

The key feature in Fig. 2.2 is that the distribution of occupied electron states
in momentum space, at any point 7 in the vicinity of a ballistic constriction, is
highly anisotropic and consists of two sectors, denoted by (+) and (—). The (£)

sector contains the momenta of all electrons that originate from the £V/2 side

(i.e. R/L side) of the device and can reach 7 along ballistic straight-line paths,

2Sign-conventions: following [JvGW80], we take e = —|e|, V = —|V|, so that eV > 0. Then
electrons flow from right to left, and the current to the right is positive.
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Figure 2.2 [JvGW80, Fig. 7]: The T" = 0 electron distribution function fléo) (7)
[calculated by neglecting the collision term in eq. (2.7)] shown (a) at the hole
and (b) at two points near the hole. The picture is a position-momentum space

hybrid, showing the momentum-space distribution function féo) with its origin
drawn at the position 7 to which it corresponds. A finite temperature simply
smears out the edges of the two (R/L) Fermi seas.

including paths that traverse the hole (the bending of paths due to the electric
field is of order eV /ep and hence negligible). At a given point 7, the momentum
states in the (&) sectors are filled up to a maximum energy of Ez(r) = p+ V/2,
because of energy conservation along trajectories. Thus, for k in the (£) sector,

one finds

Fio ) = Jo Bg(?) = nF eV/2] = folep = (n£eV/2— edO(@)]  (2.9)

To zeroth order in the collision term, the electrostatic potential energy can be
found by inserting eq. (2.9) into the charge neutrality condition eq. (2.5). The

result is
eqb(o)(f’) = sign(z) %eV[l —Q(r)/(2m)], (2.10)

where (7)) is the solid angle at which the hole is seen at position r. Since

Q(7) — 0 as soon as |] > a, we see that e$®)(i") changes smoothly from —eV//2
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Figure 2.3 [JvGWS0, Fig. 6]: The electrostatic potential energy e¢®)(7), which
defines the bottom of the conduction band, near a point contact with radius a,
shown along the z-axis. e4®)(7) changes smoothly from —eV/2 to 4+eV//2 within
a few radii a from the hole.

to +eV/2 within a few constriction radii a from the hole, as shown in Fig. 2.3.
Using these results for (O and ¢(©) it is easy to calculate the so-called Sharvin
resistance, i.e. the “geometrical” resistance that is due solely to the presence of
a constriction and independent of the electron mean free path [. From eq. (2.2)
one finds [using e¢®)(z,y,0) = 0, N(g) = density of state per spin, eV < e and

being careful with angular integrals:

I, = 7ra226/d€,;p0/k c>l£0),;|v,;] cos 0 [fo(ek—u—l—%e\/) — fo(ek—u—%eV)}

I, = mad*lelvr) (%eVpO/Vol). (2.11)
Here p,/Vol = 2”;_552 is the density of states per spin per unit volume. This

result is so simple that it explains itself: a current proportional to eV arises
simply because near the Fermi surface there are more electrons moving to the
left than to the right (hence the - sign), each carrying a current evg, the difference
in number being 221N (ep)eV (2 for two spin directions, 5 from the restriction
k., >0, and % from the angular integration over v,).

The Sharvin formula is used routinely to estimate the area of a nanoconstric-
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tion from a measurement of its resistance.

It is worth emphasizing that the electrostatic potential energy e¢(7) plays only
an indirect role when it comes to calculating low-energy (i.e. T/ep,V/ep < 1)
transport properties.®> The reason is simply that the only role of ed(T) is to define
the bottom of the conduction band, and hence cause acceleration and deceleration
of electrons to maintain EE(F) = F. Low-energy transport properties, however,
are determined by what happens at the top of the conduction band, in particular
by the sharply anisotropic features characterized in Fig. 2.2 and eq. (2.9). This is
illustrated by the derivation of the Sharvin formula, where it was the anisotropy
in f,%o)(z = 0) that was crucial [see eq. (2.9)].

We emphasize this conclusion by stating for future reference:

The key non-equilibrium feature of point contacts: at each point near the point

contact, one has effectively two Fermi seas, one consisting (roughly speaking) of
L-movers, injected from the R lead with Fermi enerqy p + e€V/2, the other of
R-movers, injected from the left lead with Fermi energy ep — eV /2.

Any simplified description of non-equilibrium transport through point contacts
(such as that used in later chapters) must capture this simple physical picture.
[Unfortunately, this also complicates Kondo physics tremendously, as we shall see

later.|

3When interested in non—equlhbrlum transport, it is not sufﬁment to sunply couple a current
to a vector potential, [dr j - A where A satisfies E == 8tA = —V,»d) This simply does
not do full justice to the non-equilibrium aspects introduced by having two distinct R/L Fermi
surfaces at p £ €V/2 (which took me six months to appreciate fully).
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2.2.2 Backscattering Corrections to Current

The corrections (A) to the current through a point contact due to the scattering
processes (e.g. off phonons or defects) are negative. This is because electrons that
have already traveled through the hole can be scattered back to where they came
from. Such scattering processes are incorporated in the collision term in eq. (2.4),

which has the general form

O fx(7) _ 1 (0)
<at coll = Vol Z{ —>k'7"f—» <4‘)<1_ k (F))
Ik = &0 7 (1= 170)] (212)
The correction to the current due to scattering is found from the contribution
of fél)(ﬁ to eq. (2.2), namely

2e
Al = (
Vol ho?lxdyzka 7,9,0)

2e afk 7?)
_ . 2.1
Vol hole dy Z v / |Uk| < )coll (219)

To understand the second line, note that flgl) (x,y,0) is the correction to féo) (x,y,0)

due to all (single-)scattering processes that an electron could have undergone

on its way from +o0o to (x,y,0). Hence fél)(x,y,()) is given by the integral of

(af %(tFS))coll along all straight-line paths [parameterized by s in eq. (2.13)] parallel
to k that end at point (z,y,0). (This is Chamber’s method of trajectories; for

details, see [JvGWS80, section 4.3].)

2.2.3 Phonon Scattering

Consider scattering off phonons, at 7' = 0. Then F(E’ — E; 7) has two prop-

erties that simplify matters significantly: Firstly, it depends only on A, =



22

phonon

@ (b)

Figure 2.4 A single-phonon backscattering process in (a) momentum and (b)
energy space, where a phonon of energy £, — €, is emitted spontaneously.

Ei(7) — Ep(7) (which means that all ¢(7)-dependence drops out), being pro-
portional to an electron-phonon interaction function a?F,(A.) (which is related
to the well-known Eliashberg function). Secondly, it is spatially homogeneous
(r~independent), because phonons are distributed uniformly in space.

It turns out that the backscattering correction at 7' = 0 is [JvGW80, eq.(4.40)]:

4e’mPupa®

K rev , e
Al(ev) = =1 [ de /0 dD?F(A), K== (2.14)

Roughly speaking, at each point along a trajectory, one has to evaluate the
probability for inelastic processes of the type shown in Fig. 2.4; since the Pauli
principle has to be respected, the upper and lower limits of the relevant energy
integral are as in eq. (2.14).

The corresponding correction to the differential conductance is simply

dAI(V)

AG = — T

= —K’T_l(eV) , (2.15)

where 771(¢') = J§ dA.a?F,(A.) is the relaxation rate for an electron at energy
¢’ above the Fermi surface. Thus, due to phonon-backscattering processes, the
conductance of any point contact has a marked dip at voltages large enough to

excite phonons [V > 5 meV for Cu, see Fig. 2.5(a)].
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Furthermore, % is proportional to a?F,(eV’), which can thus be measured

directly from, it turns out,

3 h’kE (Re*\ _d?I(V)
2 _ F
CH(V) = 32v/2 em < h )R dV?2 (2.16)
5.8 dR(V)
= =g (2.17)

for Cu, where R = dV/dI is in units of 2 and V is in mV. The function on
the right hand side of eq. (2.17) is called the point contact spectrum (PCS). For
any clean, ballistic Cu point contact, it should be a universal function [namely
a’F,(eV)], and indeed measurements of it agree with other determinations of
o?F,. However, the amplitude of the phonon-induced peaks is reduced dramat-
ically if there is significant elastic scattering due to defects or impurities in the
constriction region, as has been modeled theoretically [YS86] and demonstrated
experimentally [LYSN80]. Therefore, comparing the PCS of a given point contact
to the reference PCS of a clean point contact provides an important and reliable
tool for determining whether the point contact is clean or not. (We emphasize
this fact, because for our later analysis it will be extremely important to know

reliably that the devices of interest to us are in fact very clean.)

2.2.4 Defect scattering

For voltages below the phonon threshold (V' < 5mV for Cu), non-linearities in
G (V) are due to scattering off defects, which we discuss next.

Consider a set of defects at positions I%Z-; furthermore, consider the case (ap-
plicable to scattering off degenerate Kondo impurities, for example) that the

scattering rate is isotropic and elastic but depends, in the equilibrium case, on
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the distance from the Fermi surface, because of many-body effects:

(kK — k;7) 2(5 —ep) T (812' — p) . (2.18)

In general, when a voltage is applied and the Fermi surfaces are distorted as in
Fig. 2.2, 77 (e, — i) can become V-dependent. If V' is small enough, however,
such V-dependent corrections to 77*(ez, — p) can be neglected (for Kondo im-
purities, this requires eV/Tx < 1, where Tk is the Kondo temperature). We
shall call this case, which is the only one considered in this thesis, the weakly
non-equilibrium regime. In this regime, using egs. (2.18) and (2.9) in (eq. (2.13)),

one finds that the current involves a sum over impurities:

I= |}e(|/d€;“ {Z bit (el — ) (2.19)
X {fo(afk +e¢O(7) — p+ eV/Z) — fo(eﬁC + e (7)) — p — eV/Z)}}
= le( /dw [Z bir(hw — e (ﬁ))] folhw + €V/2) = fo(hw — eV/2)]

(To obtain the second line, we wrote hw = ¢, + e¢O (%) — p.) Here K =
e?7(0)/h, the b; are (unknown) dimensionless constants of order unity that char-
acterize how much an impurity contributes to the backscattering current, and
depend on the position of the i-th impurity relative to the hole. The main
complication, though, is the 7;-dependence in the Fermi functions, which enters
eq. (2.19) through ep® (7). To deal with this, use eq. (2.10) to define “effective

voltages” Vai by writing

eV epO(i) = LeVaF ,  af =1Lsign(2)[1 - Q(7)/2n)] . (2.20)
The backscattering correction to the conductance, AG(V) = —92L then is (after
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differentiating and then making shifts hw — hw £ eV/2)

AG(V) = —K /dw[—aw Folh)) bk [ (hw — LeVal) + 7 (hw — LeVay)]
l (2.21)
Thus, the contribution of the i-th impurity to AG(V) depends on position-
dependent effective voltages Va . The reason is that 7-! was assumed to depend
on the (energy)-distance from the Fermi surface [ep — pu = Ep — p — e (7)];
for an electron traveling at constant total energy FEj., this distance changes with
position, since e () changes with position.

However, we know that the conductance is dominated by what happens in
the immediate vicinity of the hole; in other words, the b; will be much larger
for impurities close to the hole (for which e () ~ 0 and a;" ~ 1) than for
those further away (for which e¢®(7;) ~ 4eV/2 and aif # 1). Thus the effect of
eV (7;) # 0 terms should not be too disruptive.

Nevertheless, the position-dependence of the impurities has muddied the wa-
ters somewhat compared to the case of phonon scattering, and this should be

borne in mind when comparing experiment to theory.

2.3 The Zero-Bias Anomaly: Experimental
Facts

In this section we summarize in brief all the experimental facts relevant to the
zero-bias anomaly. Our interpretation of these facts is postponed to later sections,
where some of them will be elaborated upon more fully, and most of the figures
quoted below can be found.

The basic phenomenon to be studied is illustrated by the upper conductance
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Figure 2.5 A typical conductance curve for a constriction containing structural
defects: (a) The upper curve, showing a dip in conductance at V' = 0 and volt-
age-symmetric spikes, is the differential conductance for an unannealed Cu sample
at 4.2 K. The lower curve shows the conductance of the same device at 4.2 K,
after annealing at room temperature for 2 days. The curves are not artificially
offset; annealing changes the overall conductance of the device by less than 0.5%.
(b) Dashed line: PCS for the device before anneal at 2 K. Solid line: PCS after
anneal.
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curve in Fig. 2.5. The essential features are the following: Firstly, a drop in the
conductance for |V] > 10 mV, due to the excitation of phonons, which is well
understood (see section 2.2). Secondly, sharp voltage-symmetric conductance
spikes at somewhat larger voltages, called conductance transitions by Ralph and
Buhrman. They are described at length, from an experimental point of view,
in [RB95|. However, their detailed origins are as yet a total mystery (though
Ralph and Buhrman argue in [RB95| that they probably have the same origin as
the zero-bias anomalies, and probably signify the sharp, sudden, “switching off”
of whatever had been giving rise to the zero-bias anomaly). They will not be
discussed at all in this thesis. Thirdly, the conductance has a voltage-symmetric
dip in the conductance near V' = 0, the so-called zero-bias anomaly. This thesis
is concerned exclusively with the regime IV < 5 mV and the zero-bias anomaly.

The zero-bias anomaly (ZBA) has the following properties:

(P1) Cooling: 1t is found only in samples that are cooled to cryogenic tempera-
tures within hours after being formed by evaporation. It is found in about
50% of such samples, and in a variety of materials, such as Al, Ag, Pt and

Cu, which was the material used most often.

(P2) Amplitude: The amplitude of the ZBA [G(V = 0) — G varies from

sample to sample, from a fraction of €?/h to as large as 60e?/h.

(P3) Annealing: After annealing at room temperature for several days, the ZBA
and conductance spikes disappear, and the conductance curve looks like
that of a completely clean point contact (see lower curve in Fig. 2.5, and
Fig. 2.6). Nevertheless, annealing changes the total conductance by less

than 1%.
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Phonon spectra: The magnitudes of the phonon peaks in the PCS for the
unannealed device are only about 15% smaller than for the annealed de-
vice [see Fig. 2.5(b)], for which the phonon peaks have the magnitudes
corresponding to a clean, ballistic point contact (refer to the discussion on
page 23). From this one can estimate that the mean free path of the unan-
nealed sample is still greater than 30 nm, implying a rather clean, ballistic

constriction.

Effect of disorder: 1f static disorder is intentionally introduced into a nano-
constriction (by adding 1% or more of impurity atoms such as Au to the
Cu during evaporation), the the zero-bias conductance dip and conduc-
tance spikes disappear completely (see Fig. 2.7). When a strongly disor-
dered region is created near the constriction (by electromigration: a high
bias (100-500 mV) is applied at low temperatures so that Cu atoms are
moved around), the conductance shows no ZBA either, but instead small-
amplitude, aperiodic (in V') conductance fluctuations at low voltage due to

quantum interference (see Fig. 2.8).

Magnetic field: When a magnetic field (of up to 6 T) is applied, the ampli-
tude of the conductance dip decreases, see Fig. 2.9(b), in other words the
magnetoconductance is positive. However, the dip undergoes no Zeeman-
splitting, in constrast to the Zeeman splitting that is found for devices
intentionally doped with magnetic impurities such as Mn [see Fig. 2.9(a)].
The magnetoconductance seems to depend roughly linearly on |H| at fixed
T and V = 0: G(H,T) x |H| (see Fig. 3.11), but not enough data is

currently available to establish this beyond doubt.
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(P7) Logarithms: For V and T not too small and H = 0, there are (admittedly
rather small) regimes in which the conductance goes like log V" at fixed T,

and logT" at V = 0, see Fig. 2.10.

(P8) V, T scaling: As a function of V and T" at H = 0, the conductance obeys
the following scaling relation if both V' and T are small enough, but for

arbitrary ratio V/T":

GV, T)-G(0,T)
Ta =F

(V/T), (2.22)

where o = 0.5 4 0.05 and F(z) oc 2'/2 as & — oo. This relation allows a
large number of data curves to be collapsed onto a single, sample-dependent

scaling curve, [e.g. see Figs. 3.3 and 3.4(a)].

(P9) Universality: By scaling out sample-dependent constants, it is possible to
extract from F'(x) a “universal” scaling function I'(z), shown in Fig. 3.10(b).
['(x) is universal in the sense that it is indistinguishable for all three devices

for which a scaling analysis was carried out (they are called sample 1,2 and

3 below).

Any theory that purports to explain the zero-bias anomaly must be consistent

with all of the above experimental facts.

2.4 Eliminating various possibilities

In this section we present the arguments by which Ralph and Buhrman eliminate
all the obvious candidate causes for the ZBA that come to mind.
Since the ZBAs only occur in samples that are cooled shortly after evaporation

(P1), and since ZBAs anneal away at room temperature (P2), one concludes that
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Figure 2.6 Differential conductance versus voltage at 4.2 K for a Cu sample which
underwent repeated thermal cycling. The time sequence runs from the bottom
curve to the top. Curves are artificially offset. The first 2 excursions were to
77 K, the next 5 to room temperature.

they must be due to structural defects or disorder that can anneal away at high
temperatures. However, only a small amount of such disorder can be present,
for two reasons: Firstly, annealing changes the total conductance by less than
1% (P3) indicating that the unannealed device could not have been strongly
disordered to begin with. Secondly, comparison of the phonon peaks in the PCS
spectra of annealed and unannealed samples indicate that in the unannealed
devices the mean free path [ is still greater than 30 nm, implying a rather clean,
ballistic constriction (P4).

Could the anomalies be due to static disorder? For example, both weak
localization due to disorder [Berg84] and disorder-enhanced electron-electron in-
teractions [LR85] could be considered candidate mechanisms to explain the de-
creased conductance near V' = 0. In fact, Wingreen, Altshuler and Meir (WAM)
[WAMO5] have recently strongly advocated the latter possibility: they pointed
out that strong static disorder (mean free path [ ~ 3nm) give rise to a depression

SN(e—ep) o< TV?T (%) in the density of states near the Fermi surface, which
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Figure 2.7 (a) Differential conductance and (b) PCS curve for a Cu sample in-
tentionally doped with 6 % Au. Static impurities reduce the electronic mean free
path but completely eliminate the zero-bias anomaly of interest to us.
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Figure 2.8 (a) Differential conductance at 1.8 K for a Cu device in which disorder
has been created by electromigration (which means that a high bias (100-500 mV')
has been applied at low temperatures so that Cu atoms moved around). (b)
Phonon spectrum for this device, averaged over 25 different defect configurations
(for details, see Fig. 4.3 of [Ralph93]).
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Figure 2.9 Conductance signals for 500 ppm magnetic Mn impurities in Cu at
100 mK, showing Zeeman splitting in an applied magnetic field. (b) The zero-bias
signals from the unannealed metal samples exhibit no Zeeman splitting, demon-
strating that they are not due to a magnetic impurity.
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Figure 2.10 (a) V-dependence of the differential conductance for B = 0 and
T = 100 mK. (b) T-dependence of the conductance for B = 0 and V' = 0.
Straight lines illustrate regions of logarithmic V' and T" dependencies.
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explains the scaling property (P8), and in fact quantitatively reproduces the scal-
ing curve F'(x) of eq. (2.22) (see [WAM95, Fig.1]). However, Ralph and Buhrman
have several arguments that rule out scenarios due to disorder [Ralph93, section

6.6.1]:

1. According to (P5), upon the intentional introduction of static disorder (by
coevaporation of 1 % or more of impurity atoms such as Au with the Cu)
the ZBAs are not enhanced, as one would have expected if the anomalies
had been due to static disorder, but disappear completely. If one increases
the disorder even more, using for example electromigration, all one finds
are small-amplitude, aperiodic conductance fluctuations at low voltage due

to quantum interference.

2. Signals due to weak localization or disorder-enhanced electron-electron scat-
tering are limited to amplitudes of order 1e?/h (except in the inapplicable
case of a long 1-dimensional wire); they cannot account for ZBAs with

amplitudes as large as 10’s of €?/h (P2).

3. As already argued above, the electronic mean free path [ is not short, but
> 30 nm, even in the unannealed samples. In other words, the devices really
are rather clean; whatever amount of disorder is present, it is doubtful that
this could be enough for weak localization or disorder-enhanced electron-

electron scattering to be important.

4. Property (P3), namely the disappearence of the zero-bias anomalies under
annealing, might be interpreted to imply that static disorder has annealed

away. If the bowl of the nano-constriction had been filled with a disor-
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dered region with disorder as strong as suggested by WAM, and if all this
disorder is assumed to disappear under annealing, then a simple Drude-
model estimate of the disorder-induced resistance shows that the overall
resistance should change by tens of percents. However, under such anneal-

ing, the overall amplitude of the effect does not change by more than 1 or

2% [RLvDB95).

If not static disorder, what else? A clue may be found from Fig. 2.10, which
shows that there are (admittedly rather small) regimes in which the conductance
goes like log V' at fixed T', and log T" at V' = 0. This is reminiscent of the magnetic
Kondo effect, where the resistance increases as log 7' with decreasing T (as long as
T > Tk ). However, there are several arguments that rule out magnetic impurities

as the source of the anomalies:

1. An effect due to magnetic impurities would not anneal away at higher tem-

peratures (P3).

2. If the magnetic Kondo effect were at work, a magnetic field (P6) would cause
a well-known Zeeman splitting in the zero-bias conductance dip. In fact,
a Zeeman splitting has been observed in nanoconstrictions intentionally
doped with the magnetic impurity Mn [Ralph93, section 5.2], as shown in
Fig. 2.9(a). However, in the devices under present consideration, a Zeeman
splitting has never been observed, although a magnetic field does decrease

the amplitude of the conductance dip somewhat, see Fig. 2.10(a).

3. For a magnetic Kondo effect, the anomaly would behave like AG o T2,

AG o< V2 for very small T and V [GWT78]. However, as will be demon-
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strated in detail in chapter 3, the conductance obeys instead the scaling

form eq. (2.22), which implies AG o T2, AG o< V'/2,

However, one does not necessarily need magnetic impurities to get a Kondo
effect. Zawadowski [Zaw80,VZ83| showed that in a metal, the interaction of
conduction electrons with certain type of structural defects, namely a two-level
systems (TLSs), can be described by the so-called non-magnetic or orbital Kondo
model, which also results in a logarithmic 7" and V' dependence for the conduc-
tance (as long as T,eV > Tk). Zawadowski’'s model was later shown to be
equivalent to the 2-channel Kondo model [MG86]. This led Ralph and Buhrman

to propose in 1992 the following scenario:

The 2-channel Kondo picture:

The ZBAs are due to structural defects, namely TLSs, that interact with conduc-
tion electrons according to the non-magnetic 2-channel Kondo model.

As will be seen later, the following assumptions are also needed: To account for
the size of the signals, one needs several, sometimes tens of TLS in the constric-
tion. Moreover, their asymmetry energies A [see eq. (2.23)] have to be very small
(A < 1K), and interactions between the various TLSs must be negligible.

This proposal is described at length in subsequent sections. Let us end this
section by remarking that in his thesis, Dan Ralph has also considered and ruled
out [Ralph93, section 6.6] as causes for the observed ZBAs a number of other
mechanisms: charge traps in the SizNiy membrane, electronic surface states or
quasi-localized states within the metal, defect rearrangement, mechanical insta-
bilities, superconducting phases and heating effects (see footnote on p. 56 for

ruling out heating).
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2.5 TLSs in metals

The term two-level system refers to an atom or group of atoms that can hop
between two different positions inside a material (more correctly, it should be
called a tunneling center, since in general it can have more than two energy levels,
see section 4.2). Its behavior is governed by a double well potential, generically
depicted in Fig. 2.11, with asymmetry energy A. If the energy barrier between
the two wells is low enough to allow tunneling between them, with a tunneling
matrix element A,, the system is known as a two-level tunneling system (TLS).
If all relevant energies are much smaller than that of the first excited states in the
double well (with energy on the order of the Debye frequency), the Hilbert space
of the TLS can be truncated to consist of only the lowest two, near-degenerate
states (this restriction is relaxed in section 4.2). Thus, the TLS can be described
in terms of an (Ising) spin variable (described by Pauli matrices 7° below and

often called impurity pseudospin), with Hamiltonian

P A A, LA A
TLS = 3 = 5 (AT + A7) . (2.23)

A, —A

The concept of the TLS was first introduced to explain the low-temperature
thermal and acoustic properties of amorphous solids or glasses [AHV72,Phil72], in
which they occur because some groups of atoms are likely to have more than one
accessible low-energy configuration, due to the disordered arrangement of atoms.
Their concentration is roughly 1075 to 10~* per atom, with a wide distribution of
energy splittings and tunneling times [Phil81,HR86,Phil87], and the interesting

properties arise from the coupling of TLSs to phonons.



39

Figure 2.11 A generic two-level-system, with (bare) energy asymmetry A and
tunneling rate Ag. An electron-assisted tunneling event is depicted: an electron
scatters of the TLS and induces the atom to tunnel.

However TLSs are also known to exist in polychrystalline metals, with concen-
trations only a factor of 25-100 less than in fully amorphous materials [EKP92].
In such materials, the microscopic origin of TLSs is probably due to the movement
of atoms along grain boundaries or due to the motion of dislocation segments.

How does the presence of conduction electrons influences a TLS? The TLS-

electron interaction is usually modeled by

) 1 0 . 1 0 U ;
Hi = > Vg + Vi + Vip ChoCFo
Kk 0 1 0 —1 1 0
_ T i
= > > Vi e, (2.24)
Lk 1=0,2,x
where CTEU creates an electron with momentum k& and spin o. The terms V°0° and

VZ0* describe diagonal scattering events in which the TLS-atoms do not tunnel
between wells. The term V7o (first written down by Zawadowski [Zaw80]),
describes so-called electron-assisted tunneling processes; during these, electron

scattering does lead to tunneling, and hence the associated bare matrix elements
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are much smaller than for diagonal scattering: V*/V? ~ 1073.

In certain parts of the parameterspace (one needs “fast” TLSs, see section 2.6),
the TLS-electron interaction can lead to complicated many-body effects, since the
TLS allows the conduction electrons to effectively interact with each other: when
one electron flips the TLS, the next electron knows about this.

The properties of this model will be discussed extensively in chapter 4. For
now, note that its generic behavior can be understood by noting the analogy to
the magnetic Kondo model, where a magnetic impurity (spin %, described by S )
interacts with conduction electrons through

Hiondo = ) (005" i - (2.25)
Kk
In both cases one has a dynamic defect with two spin states (magnetic spin
up/down, or TLS in left or right well), whose coupling to conduction electrons
can cause scattering-induced spin-flips for the defect.

It has been shown [VZ83,MG86] that as the temperature is lowered, the
coupling constant VV* and an analogous V¥ grow to values comparable to V*, and
the TLS-electron model renormalizes to an isotropic 2-channel Kondo model. The
2 channels are the Pauli spin up and down (¢ =T, |) of the conduction electrons,
which are not flipped by the interaction (2.24). Hence, the small-T behavior
of the TLS-electron system can be understood in terms of that of the 2-channel
Kondo model (see chapter 4 for details).

Since the 2-channel Kondo model has been studied extensively, this means
that some powerful predictions for the small-7", small-V' behavior of the conduc-
tance in Ralph and Buhrman’s nanoconstrictions can be made. They are the

subject of chapter 3.
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2.6 TLSs in nanoconstrictions

In this section we discuss in some detail the physical picture that Dan Ralph has
pieced together [Ralph93] for what actually occurs inside his nanoconstrictions.
We believe, and try to convey this belief to the reader, that the rather numerous
assumptions that need to be made about the TLSs to make the 2-channel Kondo
picture work, are all reasonable, given the lack of information on the microscopic
details about what is really going on in the nanoconstrictions.

Direct Observation of two-level systems: It is a well-established experimental
fact that two-level systems can occur in metal nanoconstrictions, and can influ-
ence the conductance. Ralls and Buhrman [RB88,RRB89] have observed slow,
time-resolved fluctuations of the conductance between several discrete values (see
Fig. 2.12). They ascribe these fluctuations to slow two-level systems [called two-
level fluctuators (TLF)] in the constriction region that hop between their two
wells; the conductance fluctuates (by an amount of order €?/h), depending on
which well they are in. These kind of signals occur in well-annealed devices in
a range of temperatures and voltages where the TLF-motion occurs due to ther-
mally activated hopping “over” the barrier, not tunneling through the barrier,
i.e. they are “slow” two-level systems (hopping rates 71 < 108s~! [CZ95]) with
large inter-well barriers.

The two-level systems that are proposed to give rise to the zero-bias anomaly
in the unannealed devices are, in contrast, “fast” TLSs with small inter-well bar-
riers, through which tunneling can occur (at rates 10%s™! < 771 < 10'2s71).
However, these defects presumably have the same microscopic nature as the slow

fluctuators, being composed of atoms or small groups of atoms which move be-
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Figure 2.12 Resistance vs. time in copper nanobridges [RB88] for 7" < 150 K
showing several types of behavior. Fluctuations studied range from 0.005% to
0.2% of the total resistance. Time scales are somewhat arbitrary, as they depend
on the temperature at which the fluctuation is observed. (a) A single TLF. (b)
Two independent TLF’s. (¢) Amplitude modulation. Notice that the amplitude
of the small TLF is larger when the large TLF is down than when it is up. (d)
Frequency modulation of one TLF by another.

tween two metastable configurations. Therefore, Ralph and Buhrman suggest
[RB92], [Ralph93, p. 265] that before annealing, each constriction may contain
some fast, low-barrier tunneling states of the kind that cause a zero-bias anomaly;
annealing would then tend to leave the sample only with two-level systems having
high potential barriers, so that only slow, thermally activated transitions of the
kind seen by Ralls et al. occur.

How many TLS? The maximum amplitude of the ZBA [G(V = 0) — Gz
varies from sample to sample, from a fraction of €?/h to as large as 70e?/h. This
indicates that more than one TLS is probably contributing to the conductance.
Assuming that a TLS composed of a single atom will not produce a scattering
cross-section larger than approximately 87 /k, one can estimate from eq. (2.21)
its contribution to the conductance to be at most ~ 4e?/h [Ralph93, p.276].
To account for the largest signals, more than 10 such 1-atom TLSs would have

to contribute to the signal. However, since a real TLS may well involve the
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simultaneous small motion of tens of atoms, the corresponding signal per defect
may well be substantially larger, and the required number of multi-atom TLSs
smaller. Nevertheless, we shall see later in chapter 4 that even if many channels
scatter off a single defect, only two pseudo-spin channels eventually dominate
the low-energy physics. Therefore, we probably do need to assume a substantial
number of TLSs in the constriction to explain the size of the signals.

It would not be unreasonable to expect tens of defects in the constriction
region [Ralph93, p.277]: for example, the 6.4Q constriction studied in [RB92]
has a diameter of ~ 13 nm [estimated via the Sharvin formula eq. (2.11)], and
there are 10° Cu atoms within a sphere of this diameter about the constriction.
Assuming ~10 active TLSs to account for a ZBA of ~ 70e?/h, their density is
therefore roughly of order 10~%/atom, about the same as estimates for the total
density of TLSs in glassy systems.

Dislocation kinks: What could the microscopic nature of the TLSs be in the
present case? Transmission electron microscopy studies of silicon constrictions
with a similar geometry indicate that dislocation networks may form in the con-
striction region during fabrication [Theo91]. Thus, dislocation kinks could act
as TLSs. This would explain property (P5), namely that the addition of even
small (1 %) concentrations of impurities completely eliminates the ZBAs: the
impurities would act as pinning sites for the dislocation kinks, disrupting their
fluctuations between two equivalent positions (see also [RB95, p.3564]).

Asymmetry energy A: It will be argued in section 3.4 (and was mentioned on
p.37) that for the 2-channel Kondo picture to make sense, the asymmetry energy

A of all the active TLSs has to be A ~ 1 K, which is a rather small splitting.



44

However, dislocation segments in a rather crystalline material would probably
move in a rather symmetric environment, due to the surrounding crystal lattice.
This might be one reason why TLSs with such small As are apparently possible
(see also the autoselection argument below).

It is worth noting that tunneling centers with very small splittings have in fact
been observed in polychrystalline Bi films. Zimmerman et al. [GZC92,ZGH91]
were able to measure directly the parameters of a single slow-tunneling TLS
(i.e. of the kind studied by Ralls and Buhrman), and found values as small as
A = 0.08 K [with coupling strengths p,J ~ 0.7 (= v/2a there)]. Unfortunately,
since these were slow tunneling centers, and the samples were strongly disordered,
it is not clear that the samples of Ralph and Buhrman (fast tunneling, clean
constriction) necessarily will have the same parameters. Nevertheless, the fact
that tunneling centers with very small splittings do exist in some systems is
encouraging.

Finally, it should be mentioned that Wingreen, Altshuler and Meir have re-
cently argued [WAM95] that such splittings can not occur at all in a disordered
material if the TLS-electron coupling has the large values that apply to the over-
screened 2-channel Kondo fixed point. Their arguments, which I do not find
entirely convincing, are presented in section 4.3.

Interactions between TLSs: In principle, TLSs should interact with each other,
due to the strain fields caused around them, and the change in electron density
around them. In fact, Ralls and Buhrman [RB88] have directly observed the
modulation of the conductance signal from one TLSs due to the motion of another

[see Fig. 2.12(c) and (d)]. Unfortunately, very little is known about the strength
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of the interactions between TLSs in systems such as those of Ralph and Buhrman.
The scaling analysis presented in chapter 3 requires interactions to be negligi-
ble (because it assumes Kondo scattering off each individual impurity as though
the others were not present). The success of the scaling analysis implies that
interactions only set in at very low temperatures. Of course, it would be nice to
have some independent way to estimate whether this is a reasonable assumption.
Autoselection: By now it should be evident that a TLS is required to have
some rather special properties in order to contribute to a ZBA. Nevertheless,
ZBAs are seen rather frequently. This might be due to the fact that experiment
autoselects only “interesting” TLS. Those with inappropriate parameters (too
large A, too strongly interacting with each other, etc.), simply do not flow to the
strong-coupling 2-channel Kondo fixed point. Hence they do not give rise to an
interesting 7T'- and V-dependence, and only contribute to the boring background
signal. The ZBA arises only from those TLS which happen to have parameters
appropriate for scaling to the strong-coupling 2-channel Kondo fixed point.
Universality: At present, the 2-channel Kondo picture seems to be the only
one that is consistent with all the experimental facts that have been accumulated.
We shall therefore henceforth assume that the 2-channel Kondo picture as the
orrect and appropriate one, and try to extract more quantitative predictions from
it, for direct comparison with experiment. Indeed, some powerful predictions
are possible, as we shall see in chapter 3. These predictions are based on the
assumption that the experiment is in the universal scaling regime of the T" = 0
fixed point of the 2-channel Kondo picture. It is important to emphasize that

this means that the predictions are universal, i.e. independent of which particular
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realization of the 2-channel Kondo model one has in mind. It does not matter
whether the TLS is a dislocation kink (as proposed above) or something else, as

long as it is governed by a 2-channel Kondo model in the universal scaling regime.



Chapter 3

Scaling Analysis

In this chapter we carry out a scaling analysis of the conductance G(V,T') in the

absence of a magnetic field, and demonstrate that it obeys the scaling relation

eq. (2.22) of (P8):
G<V> T) _ G(0>T)
Ta

— F(eV/ksT) (3.1)

with @ = 0.5 4+ 0.05. This is simply an experimental fact, independent of any
theoretical interpretation.! Nevertheless, this relation was predicted (before its
experimental verification) by Andreas Ludwig on the basis of his conformal field
theory (CFT) solution of the 2-channel Kondo model, and we shall present our
analysis within this framework.

Section 3.1 gives a general scaling argument and a back-of-the-envelope cal-
culation to motivate Ludwig’s scaling Ansatz for the conductance G(V,T). Sec-

tion 3.2 presents a scaling analysis of the data, verifying that the data indeed

'TIndeed, an explanation completely different from our’s has recently been proposed by
Wingreen et al. [WAM95]. They attribute the ZBA to disorder-enhanced electron-electron
interactions, but in our opinion their explanation is at odds with some of the other experimen-
tal facts, in particular (P5) on page 28, as was argued on page 30.

47
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does obeys Ludwig’s scaling Ansatz. In section 3.3 we discuss the magnetic field
dependence of the conductance, and in section 3.4 we obtain an experimental
upper bound on the asymmetry energy A. Finally, we summarize the results of

this chapter in section 3.5.

3.1 Ludwig’s Scaling Ansatz

The 2-channel Kondo model is known [NB80] to flow to a non-trivial, non-Fermi-
liquid fixed point at T"= 0. This fixed point governs the physics in the so-called
small-T", small-V regime, which is defined by the conditions T" < T}, eV < kT,
where T} is the Kondo temperature (the characteristic energy scale in the problem
below which perturbation theory breaks down). Affleck and Ludwig have solved
the k-channel Kondo problem exactly at T" = 0, using conformal field theory
[AL93].

In the spring of 1993, Andreas Ludwig suggested that in the regime of smallest
T and V in the Ralph-Buhrman experiment the TLSs that contribute to the zero-
bias anomaly are all in the scaling regime of the T' = 0 fixed point of the 2-channel
Kondo model. Based on this suggestion he predicted that the conductance should

obey the scaling relation eq. (3.1), with a = %

3.1.1 Ludwig’s original argument

Ludwig’s argument leading to eq. (3.1), as originally presented in [RLvDB94], is
as follows: Consider first the conductance signal G;(V,T) due to a single TLS
(labeled by the index i) with T < T, eV < kzTi, A; = 0, but arbitrary ratio
eV /ksT. According to the general theory of critical phenomena, one expects that

physical quantities will obey scaling relations in the neighborhood of any fixed
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point.2 For the conductance in the present case, a natural scaling Ansatz is:

(3.2)

Gi(X/,T):Gi(0,0)+BiTaF< AieV )

(kpT)o/5

The parameters A; and B; are non-universal, positive constants, analogous to
the agt and b; of eq. (2.21), which may vary, for instance, as a function of the
distance between the TLS and the narrowest point of the constriction. However,
the function I'(v) should be a wuniversal function, a fingerprint of the 2-channel
Kondo model that is the same for any microscopic realization thereof. It must
have the asymptotic form I'(v) & v” as v — oo, so that G(V,T) is independent
of T for eV > k;T. Due to the arbitrariness of A; and B;, we are free to use the

normalization conventions that
roy=1, ['(v) vs. v’ has slope=1 as v’ — oo . (3.3)

Now, if V' is small enough, its only effect will be to create a slightly non-
equilibrium electron distribution in the leads. In particular, effects that directly
affect the impurity itself, like V-dependent strains, or the “polarization” of the
TLS in one well due to the non-equilibrium electron distribution, etc. can then
be neglected. In this case, which we shall call the weakly non-equilibrium regime,
V only enters in the Fermi functions of the leads, in the form [e#(=¢V/2) 4 1]~
i.e. in the combination eV/k;T, implying a = [3.

For a constriction with several defects, the conductance signal will be additive,

i.e. (now using a=pf):

G(V.T) = G(0,0) +T°‘ZB,-F<%> | (3.4)

2This is discussed in detail in chapter 8.
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Subtracting G(0,7") from this to eliminate G(0,0) then immediately gives the
scaling relation eq. (3.1); F'(v) is non-universal, since it depends on the A; and
B;.

This is as far as general scaling arguments will take one; a specific theory is
needed to predict a. To this end, Ludwig proposed an analogy with the con-
ductivity of a bulk metal containing 2-channel Kondo impurities. There the bulk

conductivity o(7) is determined, via the Kubo formula,

1) =25 [L2 o, 1] 7o) (5.5)
AT (2m)3 eplo| P T\Ep) 5 '
by the elastic scattering life-time 77! (w) = —2Im Y (w) , where w = ¢, — p, and

Y(w) is the retarded electron self-energy. Affleck and Ludwig have calculated
Y (w) exactly, using CFT, and found that 77! has the following scaling form for
T << Tg:
T (w) = —2ImXF(w) =7+ b TV T(w/T) . (3.6)
Here b is a non-universal (positive) constant and I'(x) a universal function (given
in [AL93, eq.(3.50)] and eq. (8.38)]), with the properties Gamma(z) < 0, T'(z) =
['(—z), T'(z) o /2 as & — oo, (the proportionality constant being negative).
It follows immediately from the Kubo formula that the bulk conductivity has

the form

o(T)=0,+ (;;) v oy . (3.7)

The power law T%/2 is a signature of the non-Fermi-liquid nature of the T = 0
fixed point. For a Fermi liquid, one would have had T72.

By analogy with the bulk case, Ludwig proposed that the bulk conductivity

exponent a = % should also apply to the conductance in the nanoconstriction

geometry, i.e. in eq. (3.2) one should also have o = %
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3.1.2 Back-of-the-envelope calculation of I'(v)

The above argument by analogy with the bulk conductivity has since been turned
into a calculation tailored to the nanoconstriction geometry, which is presented in
chapter 9. It turns out that the main idea can be summarized on the proverbial
back of an envelope, if one is willing to gloss over some important subtleties:
The change in conductance due to back-scattering off defects in a nanocon-
striction is given by eq. (2.21). The main difference between a bulk metal and a
nanoconstriction is that the latter represents a decidedly non-equilibrium situa-
tion. However, in the weakly non-equilibrium regime, i.e. if the voltage is small
enough, it is a reasonable guess (which is verified in later chapters) that the scat-
tering rate of electrons off a TLS in the nanoconstriction is not all that different
as when the TLS are in the bulk (provided one ignores interactions between dif-
ferent TLSs, which we always do). Hence, let us boldly use® the equilibrium form

for 771, namely eq. (3.6), in eq. (2.21) for AG, thus obtaining:

G(V,T) = G(0,0) — KbT'? [dw[—0,, f,(w 2622{ (w—1eVa; )+f(w+%eVa;)}
(3.8)
Now write w/kzT =z, eV/k;T =v, f,(v) = [e’+1]7!, and define a (universal)

function I'(v) by:

Wl (nv) = = [del=0, fo(@)]E (@ +v/2) (3.9)

Here 7, and 7, are universal (positive) constants, chosen such that I'(v) is nor-

malized as in eq. (3.3). Using the property I'(z) = I['(—z) in the first term of

3The justification for this assumption is explained in section 9.3, page 250.



52

eq. (3.8), we find

G(V,T) = G(0,0) + T"* 3 (Kbbino) 5 (0} 11v) + T(a; )] - (3.10)

Eq. (3.10) is precisely of the form eq. (3.4), and thus, assuming eq. (3.6) for 77! (w)
as given, we have found a “derivation” for Ludwig’s scaling Ansatz.* Moreover,
this little calculation has furnished us with an expression, namely eq. (3.9), for the
universal scaling function I'(v), in terms of the exactly known universal function

This, in a nutshell, is all there is to the scaling prediction. The reader not
interested in the technicalities of CF'T and non-equilibrium quantum statistical
mechanics can, with sigh of relief, disregard all subsequent chapters without fear
of missing out on anything but mathematical physics. The origin of T%/? and
of the scaling relations, and the calculation of T'(w), of course, will then forever

remain a mystery to her.

3.2 Scaling Analysis of Experimental Data

In this section we present a careful scaling analysis of the experimental data. The
analysis was done by Dan Ralph, in close collaboration with Andreas Ludwig and
myself. I thank Dan Ralph for his kind permission to directly quote (indicated
by “7) substantial portions of the text, and all the figures, from section 6.4.2 of

his thesis for the present section.

4Note though that eq. (3.2) is actually a little too simplistic, since in eq. (3.10) each defect
gives rise to two terms with different a; and a; . Note also that K, b;, 7, are by definition
all positive constants. However, it turns out that the sign of b is not determined by CEFT (see
[AL93, after eq. (3.64)]). To explain the observed increase of G(V,T) relative to G(V,0) as T
is increased, we have to choose b> 0.
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“In general, the zero-bias signals always have the sign corresponding to a
decrease in conductance at low 7" and low V. The signals are temperature-
dependent, growing larger in amplitude with decreasing temperature. As a sam-
ple is cooled, the temperature at which the zero-bias features become measurable
varies from sample to sample, ranging from 10 K to 100 mK. The amplitude of

the signals may also vary over a large range, from less than 1 €?/h to as much as

70 €2/h at 100 mK.”

3.2.1 First Test of T2 and V1/? Behavior

“Fig. 3.1 shows the temperature dependence of the V' = 0 conductance for 4
different samples on semi-log and T"/? scales. Fig. 3.2 displays the voltage de-
pendence of the differential conductance for 3 of the samples at 100 mK (the
fourth was not measured to such low temperatures). At high 7" and V| the con-
ductance is approximately logarithmic. The range of logarithmic behavior varies
from sample to sample, but may extend almost a decade in V or T. As T or V is
lowered, the conductance on the semi-log plots crosses over from a logarithmic to
a slower dependence. Crossover temperatures for these samples are in the range
of a few K, while crossover voltages are a few tenths of mV.”

At lower T and V', both the V and T behavior may be accurately described

5

by a square root dependence.” This is in agreement with the scaling relation

eq. (3.4) and the prediction o = 3, which give (using eq. (3.3)):

G(0,7) = G(0,0)+ BsT"?*,  By=> Bi; (3.11)

5“The size of deviations from T'/? behavior in Figs. 3.1(b) (1 part in 3000) is consistent with
the magnitude of amplifier drift in these measurements, as they were performed over several
days. The V-dependent measurements are less subjective to such drift problems, as they are
taken over a much shorter time span.”
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Figure 3.1 Temperature dependence of the V' = 0 conductance for 4 unannealed
Cu samples, plotted on (a) a semi-log scale and (b) versus 7"/2. The values of
the conductance for the different samples, extrapolated to 7' = 0 as shown are
for sample #1: 2829 e?/h, sample #2: 3973 ¢2/h, sample #3: 30.8 €*/h, and
sample #4: approximately 2810 e?/h.
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Figure 3.2 Voltage dependence of the differential conductance at 7" = 100 mK for
some of the same samples as in Fig. 3.1.
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G(V,T,) = const+F,(eV/kp)"*  at fixed T, < eV/ky . (3.12)

Values for By, and F, can be obtained from straight-line fits in Figs. 3.1(b) and
Figs. 3.2(b), and are listed in table 3.1.

However, “the data is such that, at this stage of the analysis, other functional
forms cannot be ruled out. At low V, the voltage dependence could be consis-
tent with power laws ranging from V%25 to V%™, Much more stringent tests of
the theory are provided by the tests of the scaling properties of the V and T

dependence of the conductance,” which are described in the next section.
3.2.2 Scaling Collapse

The most stringent test of the exponent a of the conductance signals is provided
by the scaling properties of the combined V and T dependence of G(V,T). It is
convenient to rewrite the scaling Ansatz eq. (3.4) to eliminate G(0,0), which is

not measured directly:

G(V,T) - G(
T

0,7) _ ZBi [T(A) — 1] = F(v), (3.13)

where v = eV/kT. To check this relation, one should plot the left hand side vs.
v. Provided that one has chosen the correct value of a, the low-T" curves for a
given sample should all collapse, with no further adjustment of free parameters,
onto the sample-specific scaling curve F'(v) vs. v. Furthermore, when F(v) is
plotted vs. v®, the resulting curve is expected be linear for large v*. By adjusting
a to obtain the best possible collapse, one can determine « from the data quite
1

accurately. 2-channel Kondo theory, of course, predicts a = 3.

The raw data for the differential conductance G(V,T) of sample #1 is shown®

6“For eV much greater than k7T, the conductance curves approach each other, but do
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in Fig. 3.3, for T" ranging from 100 mK to 5.7 K. “After rescaling as in eq. (3.13)
and plotting the left-hand side vs. v, these data have the form shown in Fig. 3.4(a).
The data at low V' and low T' collapse remarkably well onto one curve. Further-
more, F(v) vs. v® has linear asymptote as v — oo [Fig. 3.4(b)], illustrating
eq. (3.12).

The lowest curves in the figure, which deviate from scaling, correspond to
the highest temperatures. These deviations from scaling at high V' and T are
expected, since if either V' or T becomes too large (> Ty ), the scaling Ansatz is
expected to break down. We estimate Ty as that T for which the rescaled data
already deviate from the scaling curve at eV//kzT < 1. This gives Tx > 5 K for
the defects of sample 1.

The quality of the scaling provides an exacting test of the exponent in the
scaling Ansatz. Substitution of 7% or 76 for T%/2 in eq. (3.13) produces a clear
worsening of the collapse of the data. Fig. 3.5 and 3.6 show the poor collapse of
the data for exponents other than o = %

As a more quantitative measure of the quality of scaling, we define the pa-
rameter D(«), which is the mean square deviation from the average scaling curve
F(v) = £330, Fi(v) (where k labels the different experimental curves), inte-

grated over small values of v = eV /kzT (< Vo ):

Umazx

dv [Fi(v) - Fw)]” . (3.14)

D=4y [

not cross, in the range of voltages that are displayed. This demonstrates that the voltage
dependence of the conductance is not purely a heating effect. If the only effect of an applied
voltage were to cause the sample to heat, the currents through the sample at different T would
converge at high V' (because V would determine the effective temperature). This would require
that the differential conductance curves at different T" would cross, in order that the area under
the curves would be equal at high V. This does not occur in the range of V displayed in
Fig. 3.3.7

Umazx
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Figure 3.3 Voltage dependence of the differential conductance for sample #1 of
3.1, plotted for temperatures ranging from 100 mK (bottom curve) to 5.7 K (top
curve).
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Figure 3.4 (a) The data of Fig. 3.3 for sample #1, rescaled according to eq. (3.13)
and plotted vs. v = eV/kzT. The low-temperature, low-voltage data collapse
onto a single curve, with deviations when the voltage exceeds 1 mV. (b) When

plotted against v'/2, the resulting scaling curve is linear for large v'/2, in agree-
ment with eq. (3.12) .
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Figure 3.5 Attempts at rescaling the data of Fig. 3.3 for sample #1, using tem-
perature exponents of 0.3 and 0.4, showing that the collapse of the data does not
work as well as for an exponent of 0.5.
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Figure 3.6 Attempts at rescaling the data of Fig. 3.3 for sample #1, using tem-
perature exponents of 0.6 and 0.7, showing that these do not collapse the data
as well as 0.5 either.
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D(a) = 0 would signify perfect scaling. Taking the 5 lowest T (< 1.4 K), and
Umaz = 8 (these are the data which a priori would be expected to be most
accurately within the scaling regime, since they are closest to the T" = 0 fixed
point), one obtains Fig. 3.7(a). Evidently the best scaling of the data requires
a = 0.48 £ 0.05 (the estimated uncertainty of +0.05 comes from the uncertainty
in the exact minimum in the curve in Fig. 3.7(a)). This is in good agreement
with the CF'T prediction of a = %

We have also tested the more general scaling form of Eq. (3.2), and have
observed scaling for 0.2 < a < 0.8, with (8—0.5) ~ (a—0.5)/2, with best scaling
for « = 0.5 £+ 0.05. But as argued earlier on page 49, one expects a = (3 on
general grounds.

The scaling Ansatz has also been tested on two other Cu samples. The
rescaled data for sample 2 (Fig. 3.8) collapse well onto a single curve at low
V and T, for a = 0.52 £ 0.05 [Fig. 3.7(b)] and with Tx > 3.5 K. At high V'
and high T the non-universal conductance spikes, discussed previously [RB92,
Ralph93,RB95], are visible. The data for sample #3 do not seem to collapse as
well (Fig. 3.9) (illustrating how impressively accurate by comparison the scaling
is for samples #1 and #2). However, we suggest that this sample in fact dis-
plays two separate sets of scaling curves (see arrows), one for 7' < 0.4 K and
one for 0.6 K < T < 5 K, with interpolating curves in between. This could be
due to defects with a distribution of T ’s, some having T ~ 0.4 K and others
having T > 5 K. The second (higher-T") set of curves do not collapse onto each
other as well as the first, presumably because there is still some (approximately

logarithmic) contribution from the Ty ~ 0.4 K defects.
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Figure 3.7 The deviation parameter D(«a) of eq. (3.14), which quantifies the
quality of scaling, for (a) sample #1 and (b) sample #2. The minimum of D(«)
defines the value of a that gives the best scaling, giving o = 0.48 4+ 0.05 for
sample #1 and a = 0.52 £ 0.05 for sample #2.
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Figure 3.8 Differential conductance data for sample #2 of Fig. 3.1, at tempera-
tures from 200 mK to 5.7 K, rescaled according to eq. (3.13). The low-voltage,
low-temperature data collapse well onto one curve.
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Figure 3.9 Differential conductance data for sample #3 of Fig. 3.1, at temper-
atures from 50 mK to 7.6 K. The data do not collapse onto one curve for this
sample, possibly due to the existence of TLSs with Kondo temperatures in (rather
than above) the temperature range of the measurement.
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“A somewhat complimentary estimate for the highest Kondo temperatures of
the TLSs in these samples comes from the temperature at which the zero-bias
signals first become visible as the samples are cooled. For all 3 samples featured
here, this value is approximately 10 K.

“The magnitudes of the Kondo temperatures, being in the few K range, are
rather large relative to the earliest theoretical predictions of 0.01-0.1 K [VZ83,
ZV92]. However, they are not out of line with more recent speculations that
virtual excitations to higher-lying energy levels in the double-well potential of a

TLS may increase the Kondo temperature above previous estimates, to around

1-10 K” [ZZ94a).
3.2.3 Universality

If for any sample all the A; in Eq. (3.13) were equal, one could directly extract

the universal scaling curve from the data. The curve obtained by plotting

GV, T)—- G(0,T)

BT vs. (AeV/k;T)V? (3.15)

with A determined by the requirement that the asymptotic slope be equal to
1 (compare eq. (3.3)), would be identical to the universal curve [['(z) — 1] vs.
22, Such plots are shown in Fig. 3.10(b). The fact that the scaling curves for
all three samples are indistinguishable indicates that the distribution of A;’s in
each sample is quite narrow, and is a measure of the universality of the observed
behavior.

To make possible quantitative comparisons of the data with the CF'T pre-
diction of eq. (3.9), we now proceed to extract from the data the value of one

universal (sample-independent) constant and an upper bound on another (es-
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Figure 3.10 Representative conductance curves which lie along the scaling curves
for each of the 3 samples in Fig. 3.4, Fig. 3.8 and Fig. 3.9. For sample #1, the
curve corresponds to T=1.1 K, for sample #2 1.4 K, and for sample #3 250 mK.
These curves were chosen because they had the best signal-to-noise ratio for
each sample, for those lying along the scaling curve. (a) The y-axis is scaled
by the value of By, determined from the temperature dependence of the V' = 0
conductance for each sample (values listed in Table 6.1). (b) In addition, the
x-axis scaled with a number a; for each sample. The scaling curves for all three
samples seem to lie on one universal curve.
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sentially Taylor coefficients of I'(v)). The procedure by which we extract these
parameters is independent of the possible distribution of A;’s and B;’s.

Consider the sample-specific scaling function F'(v) defined in Eq. (3.13). By
construction, F'(0) = 0, and if F(v) is symmetric and analytic at v = 0 (as
the data suggest) one also has F'(0) = 0. The second derivative, F"(0) =
I(0)Y; B;A?, may be measured directly from the low eV/k;T portion of the
scaling curve.

Next, consider the regime v > 1. As argued earlier, here I'(v) ~ v”, and since
B=a=1/2, with our normalization conventions eq. (3.3) we can write, asymptot-
ically

F(w)—1=v"2+T1 4+ 0 ?). (3.16)
It follows from Eq. (3.13) that
F(v) =v"2Fy + F, + O(v™/?), (3.17)

where Fyy =; B,-AZV2 and F) = I'1 By. Values for Fjy and F| may be determined
from the conductance data by plotting F' versus (eV/ksT)"/? and fitting the data
for large (eV/ks;T)Y? to a straight line. For samples 1 and 2 we fit between
(eV/kzT)Y?=2 and 3, and for sample 3 (using only the curves below 250 mK)
between 2 and 2.5. Values for F”(0), Fy, and Fj are listed in Table 3.1. The
uncertainties listed are standard deviations of values determined at different T’
within the scaling regime for each sample.

From these quantities, we obtain an experimental determination of the uni-
versal number I'; = F; /By, and an upper bound on the universal number I'(0):

F'(0)BS _ I"(0) [ BiAY) B
£ > pAl]

> T7(0). (3.18)
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Table 3.1 Measured parameters of the scaling functions for the Kondo signals
in 3 Cu samples. By, F”(0), F, and F; have units K 'e?/h, and T'; and

F ”(}?23% > T1"(0) are dimensionless.
0
s B FU0) Fy R =& om

1 78£02 055004 424+£03 5709 -073£0.11 08=+£0.3
2 252+£07 103£0.09 128£0.8 -19.7£15 -0.78+£0.06 0.6%0.2

3 103+£04 082£0.06 6.0£06 -7.7£1.6 -0.75£0.16 0.7+0.3

Values for I'; and this ratio are listed in Table 3.1 and are consistent among all 3

samples.

3.3 Magnetic Field Dependence

Since the electron-TLS interaction is non-magnetic, it is not entirely obvious in
what way a magnetic field (H) couples to the system. However, at least two
possibilities come to mind, both of which drive the system away from the fixed
point, but not in precisely the same manner. Firstly, due to Pauli paramagnetism,
a magnetic field breaks channel symmetry (recall that the channel index i labels
Pauli spin T, |), since it causes a net magnetic moment M = pZHN (e,) [Ziman,
eq, (10.11)]. Secondly, it has been argued theoretically [AS89] and demonstrated
experimentally [ZGH91,GZC92] that the asymmetry energy of a TLS is a random
function” of the magnetic field, A = A(H). The reason is, roughly, that A
depends on the difference dp in the local electron density at the two minima of

the TLS potential; due to quantum interference effects, dp can change in a random

"It may be, though, that this effect occurs only for strongly disordered systems, such as
those studied in [ZGH91,GZC92], where there is a large amount of impurity scattering, but not
in clean systems. In this case it would not apply to the present experiment, and the analysis
below would not be applicable.



70

way when H is changed, so that A depends on H too. Thus in general A(H) is
a non-monotonic, random function of H. However, for a TLS that started out
with A ~ 0, A will in general increase as H is turned on (see [ZGHO91, Fig. 4]).
A magnetic field will affect the conductance via its effect on the self-energy
[since 77! (w) = —2Im X#(w)]. For small values of H and A, the distance in the
(T, H,A) parameter space that the system has been displaced away from the
(T,H,A) = (0,0,0) fixed point due to channel anisotropy (CA) and asymmetry
energy (AE), is proportional to H and A, respectively. Now, it can be shown
that both channel anisotropy and asymmetry energy (which corresponds to a local
magnetic field h = A in the language of the magnetic Kondo problem) are, in the
RG sense, relevant perturbations with scaling dimensions % (see egs. (3.15) and
(3.19) of [AL92b], or [CZ95, section 3.4.1 (e)]). That means that the self-energy
and hence 77! is a function of (%) and (ﬁ), where E., and E,; are

constants that set the energy scales for channel anisotropy and asymmetry energy

to become important:®

- H? A?
7w, H,A,T) = 7 + bTY2T (“ ) . (3.19)

T kyTEc, ksTFE,.x

Since 77! must be T-independent in the limit 7' — 0, we must have asymptoti-

cally:

T(z,y,2) ~ y'?

for z,251, andy — oo} (3.20)

D(z,y,2) ~ 22 for z,ys1, andz— o0. (3.21)

8This can be proved using finite-size scaling arguments: for a system of fermions, all fields
must be anti-periodic, with period 8 = 1/k;T, in the imaginary time direction, i.e. they live
on a strip of width L = 3. Therefore the limit 7' — 0 corresponds to the customary L=! — 0
in finite-size scaling arguments, i.e. T is a relevant perturbation with scaling dimension 1 (see
section 8.4).
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Using these results in eq. (3.9) for I'(v) and eq. (3.10), we can make the following
predictions, at V' = 0 and in the limit 7" — O:

If the channel anisotropy effect of H dominates the asymmetry energy effect
(i.e. Ecy < Ega), but H is still small enough that one is close to the 2-channel

fixed point, then at V' = 0, and in the limit 7" — 0,
G(H,T)— G(0,0) x |H]| . (3.22)

On the other hand, if the effects of a change in asymmetry energy A(H) with

H dominate the channel anisotropy effect, (i.e. Fp, < E.,), then
G(H,T) - G(0,0) < Y_ Bi|Ai(H))| . (3.23)

In the latter case, the detailed H-dependence is essentially unknown, since noth-
ing is known about the random functions A;(H), apart from the fact that they
probably increase with |H| for small H.

Unfortunately, in the absence of a microscopic model for the TLSs, it seems
impossible to predict from first principles which of the 2 effects will dominate
the other. The experimental H-dependence is shown in Fig. 3.11, which shows
the non-analyticity at H = 0 predicted by eq. (3.22), suggesting that channel
anisotropy effects are dominant at small H. On the other hand, the non-universal
non-monotonic features seen at large H for sample #2 (which is also the one
containing the conductance spikes), could possibly be due to the non-monotonic
features of A(H) becoming important at large H. Thus, while it would be an
exaggeration to claim that the 2-channel Kondo model correctly “predicts” the
observed H-dependence, it evidently is possible to accommodate the observed

H-dependence within the 2-channel Kondo phenomenology.
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Figure 3.11 Magnetic field dependence of the V=0 conductance for the 3 unan-
nealed Cu samples at 100 mK. (a) Absolute magnetoconductance. (b) Magneto-
conductance scaled by the value of By, for each sample. (¢) Magnetoconductance
relative to the change in conductance between 100 mK and 6 K. An applied mag-

netic field alters, but does not eliminate, the zero-bias conductance signal due to
TLSs.
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If H is made large enough, the polarization of the Fermi sea will become so
strong that one channel of conduction electrons (the one with higher Zeeman
energy) will decouple from the impurity altogether, and the system will cross
over to the one-channel Kondo fixed point, at which the conductance T-exponent
is @« = 2. In this scenario, the conductance, at fixed, large H, should obey the
scaling relation eq. (3.13), with o = 2 [AL93, eq. (D29)]. Dan Ralph performed
such a VT scaling analysis for sample #2 at fixed H = 6 T (Fig. 3.12). The
data do not collapse with a = % and also not with @ = 2, meaning that the
system is neither at the 2-channel fixed point nor at the 1-channel fixed point. A
reasonable collapse is obtained for o = 0.3 [Fig. 3.12(b)]. This might mean that
the data in Fig. 3.12 correspond to some complicated crossover regime, between
the limits of 1-channel and 2-channel behavior. Alternatively, since H =6 T is a
very large field, and for sample #2 non-monotonic features, that are presumably
non-universal, have already set in at fields as small as 1 T, the 6 T data might
simply be in the non-universal regime at which no scaling should be expected.

It would be interesting to perform a V,T scaling analysis for a set of small
H-fields, between 0 and 1 T, which are presumably still in the universal regime.
This would allow a systematic analysis of the low away from the 2-channel Kondo
fixed point as a function of H. Unfortunately the experiments were done 2 years
ahead of the theory, and hence not enough data is available to carry through such
an analysis.

If one assumes channel anisotropy to be the dominant effect of H, then in prin-

ciple it should be possible to calculate exactly, using Bethe-Ansatz techniques,

the cross-over scaling function G(H,T) from the 2-channel to the 1-channel fixed
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Figure 3.12 (a) Differential conductance at 6 Tesla for sample #2 of Fig. 3.1,
rescaled according to eq. (3.13), for temperatures from 100 mK to 1.1 K. The
data no longer collapse onto one curve, indicating that at high fields the system is
no longer governed by the 7' = 0 fixed point of the two-channel kondo model. (b)
The low-temperature data collapse reasonably well for a temperature exponent
of 0.3. The curve which does not collapse corresponds to 1.1 K.
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point [Lud95]. This would be a very interesting theoretical challenge, since such
cross-over functions are in general hard to calculate. However, the theorist set-
ting out to calculate this cross-over function should be aware of the uncertainty
as to which effect, channel anisotropy or energy asymmetry, dominates in the
actual experiment (in particular since non-monotonic behavior is observed for
G(H) in some samples). Unfortunately, this uncertainty may somewhat limit the

applicability to experiment of such a calculation.

3.4 Asymmetry energy A

The analysis of the previous section enables us to estimate an upper bound on the

asymmetry energy A (at H=0) in our samples. Our scaling analysis (at H=0)

A2
TEAE

assumes that is small enough that the scaling form eq. (3.19) is essentially

A2
TEAE

independent of this argument. This implies that S1l,ie Tz %ﬁ, where we
have assumed that E,, ~ Ty (since at H=0 and V' < T, the only characteristic
energy scale in the problem is 7).

The fact that the data for samples 1 and 2 show pure (7/Ty)? scaling
for 0.4 K < T < Ty implies that any non-zero A must be rather small: for
Ty ~5 K, good scaling down to 0.4 K implies %j < 0.4 K and hence A <14 K.
We suggest that the defects that are selected by (i.e. dominate) our transport
measurements are those with a strong V, T-dependence. Such TLSs must have
significant tunneling amplitudes, and hence cannot have large A [Zaw80, (b)
p.1599-1600]. Also, the microscopic origin of our TLSs, likely dislocations in

clean metal, may well produce lower asymmetry energies than for TLSs in glassy

materials. A longer discussion of the likelihood of finding TLSs with A < 1 K in
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a nanoconstriction may be found in section 2.6 on page 43.

3.5 Summary

We have shown in this chapter that V, T scaling of the conductance G(V,T'), with
a T-exponent a = %, is an established experimental fact. We have argued that
this scaling behavior can be understood naturally within the phenomenology of
the T' = 0 fixed point of 2-channel Kondo model. Breakdown of scaling for larger
T and V values is explained too, since for these the system is no longer fine-
tuned to be close to the T' = 0 fixed point, so that scaling is spoiled. Estimates
of Ty in the range 1-5 K, which is reasonable, were obtained. The magnetic field
dependence for small H can also be understood within this framework, though
an unambiguous scaling analysis has not been possible, due to lack of data, and it
remains an open question whether it is channel anisotropy or asymmetry energy
effects that are dominant. Finally, a rather small but in our opinion reasonable
upper bound for the asymmetry energy A 1 K has been obtained.

We hope to have persuaded the reader that the 2-channel Kondo model, at its
T = 0 fixed point, is in rather good agreement with the observed phenomenology;,
and that quantitative calculations based on this model are therefore warranted.
The remainder of this thesis is devoted to a quantitative calculation of the scaling
function I'(v), to be compared with the experimental curve in Fig. 3.10(b). The
final result is shown in 9, Fig. 9.6.

The theoretical framework needed to perform this calculation, namely confor-
mal field theory, may seem rather formidable to the uninitiated reader. Some may

have their doubts whether it is sensible to apply such elaborate theoretical tools
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to the present experimental system, given the lack of microscopic information
about it. Our attitude is: once a model has been deemed worthy of careful con-
sideration, and in the present chapter we have tried to argue that the 2-channel
Kondo model certainly qualifies, one should fearlessly employ whatever tools nec-
essary, be they ever so involved, to extract from it quantitative predictions. In
particular when interested, as we are, in universal properties close to a critical

point, microscopic details should not matter.



Chapter 4

The Non-Magnetic Kondo

Problem

The goal of this chapter is to describe the orbital (non-magnetic) Kondo model
of Zawadowski and coworkers [Zaw80,BVZ82,VZ83,VZ85,VZ786,VZ788,Zar93,
7794a,2794b,Zar95], that describes the interaction of a tunneling center (TC)
with conduction electrons in a metal. As an introduction, in section 4.1 we define
the multi-channel (magnetic) Kondo model of Nozieres and Blandin [NB80] and
discuss the physical picture developed by Nozieres for the T" — 0 regime. Section
4.2 is devoted to Zawadowski’s model. In particular, we outline in some detail the
poor man’s scaling RG analysis that determines the nature of the RG flow away
from the weak-coupling regime. In section 4.3, we briefly discuss and comment on
some recent criticism of this model by [WAM95] and [MF95]. Finally, in section
4.4 we discuss the complications that occur when considering a non-equilibrium

version of the orbital Kondo model.

78
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The main result of this chapter is that the non-magnetic Kondo model flows to
an isotropic, 2-channel Kondo fixed point, described by the effective Hamiltonian
H:T of eq. (4.23). The non-equilibrium version (4.27) of this Hamiltonian is used

in chapter 9 as starting point [see eq. (9.6)] for our calculation of the conductance

through Ralph and Buhrman’s nanoconstrictions.

4.1 The Multi-channel Kondo Model

In this section, we define the magnetic multi-channel Kondo model of Nozieres
and Blandin and discuss the physical picture developed by Nozieres for the 7' — 0
regime. The material can be found in any number of reviews, see e.g. the book

by Hewson [Hew93], or [Lud94a, p. 359].
4.1.1 Definition of the Model

The magnetic multi-channel Kondo problem was introduced by Nozieres and
Blandin [NB80]. They consider the general case of a spin-s magnetic impurity,
coupled anti-ferromagnetically to k& degenerate bands (called channels or flavors)
of electrons in an SU(2)¢"™ x SU(k)!@vr) invariant way. In the so-called weak-

coupling limit, where perturbation theory holds, the Hamiltonian is defined as

H = Zepcgjaicpm + i Z Z c;gm%&w/cp/a/i . g, (A >0) . (4.1)

pai pp’ aoli
Here the operators S = b S by describe the local spin-s impurity, where [S4, SB] 4,
= ie4B¢SC and |a) = b]|0) (for a € [—s, ...+ s]) are the 2s + 1 spin states of the
magnetic impurity. Electrons are described by the second-quantized operators

of

pai> Where p is the magnitude of its momentum, «a, 3 = = labels the electron
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spin', and i = 1,..., k labels the & channels. Note that H is diagonal in channel
indices, which are therefore “spectator” indices.

In Nozieres and Blandin’s original work they considered an impurity with an-
gular momentum [/, to which only electrons with angular momentum [, described

by the operators cf can couple. The channel index i then corresponds to

plm,a
my € [—1,...+1], i.e. there are k = 2] + 1 channels. However, more generally, the
channel index ¢ can correspond to any quantum number in which the interaction
is diagonal.

Kondo became famous for showing that the second-order vertex correction
[see Fig. 4.4(a)], calculated in perturbation theory in Ay, depends on log7/D,
where D is the band-width and 7" the temperature [Kon64], [Hew93, section 2.4].
This means that as 7T is lowered below a characteristic cross-over temperature
Ty, called the Kondo temperature, perturbation theory breaks down, because
log T'/ D becomes so large that the expansion coefficient in the perturbation series
is no longer small.

The break-down of perturbation theory indicates that complicated many-body
physics is at work: the interaction with a dynamical impurity, whose spin can
flip, implies that the electrons are no longer independent: (very) loosely speaking,
when an electron interacts with the impurity and flips its spin, the next electron

notices that the spin has flipped, and hence is affected by the previous electron,

leading to an effective electron-electron interaction.

Subsequent work by Anderson and coworkers [And70,YA70,AYH70] and Wil-

'In this section we use the terminology that is appropriate to the magnetic multi-channel
Kondo problem, i.e. “spin” («, 3) refers to the Pauli spin that couples to the magnetic impurity.
In later sections (and chapter 9) the notation «, 8 for the pseudo-spin index (that couples to
the dynamic impurity) and ¢ for the channel index (the spectator) will be maintained, but the
physical quantum numbers that these indices are associated with will be different.
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s=1, k=2, s=0 s=3/2, k=2, s =1/2 s=1/2, k=2, s=1/2
(singlet) :

(@) (©

Figure 4.1 (a) Completely screened Kondo problem (s = k/2): k conduction
electrons of the same spin form an inert singlet (s’ = 0) with the impurity spin.
(b) Underscreened Kondo problem (s > k/2): k electrons of the same spin can-
not completely compensate the spin of the local impurity of spin s: a residual
unscreended spin of s’ = s — k/2 remains, which is coupled ferromagnetically to
the remaining conduction electrons. (c¢) Overscreened Kondo problem (s < k/2):
k electrons overcompensate the spin s of the impurity. An overscreened object
of spin & = k/2 — s remains, which is coupled anti-ferromagnetically to the
remaining conduction electrons.

son [Wil75] has shown that the regime 7" < T can be understood within the
framework of the renormalization group: the presence of log T'/ D-terms implies
that the effective coupling constant grows as one renormalizes to smaller tem-
peratures, and flows out of the weak-coupling A < 1 regime. For example, for
k =1, it was shown that A\, — oo as T" — 0, i.e. the problem flows towards the

so-called strong-coupling fixed point.

4.1.2 Nozieres’ Physical Picture at Strong Coupling

In general, depending on the values of s and k, the coupling can flow to one of
three qualitatively different fixed points, called completely screened (s = k/2),
under-screened (s > k/2) and over-screened (s < k/2) [shown in Fig. 4.1, with
flow diagrams given in Fig. 4.2]. Nozieres has developed a very simple intuitive
picture for these fixed points [Noz74,Noz75,Noz78 NB80]. We now briefly summa-

rize his arguments, which have been completely confirmed by detailed numerical
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Fermi-liquid regime

(a) ° : °

0 1 N L @
TT>1  TIT=1 TIT <1

non-Fermi-liquid regime

(b) o —@— ®
0 AK \\\ A*K /,'/ a
TIT>1 T/T<<1

Figure 4.2 Flow-diagrams for the Kondo coupling constant for (a) the completely
screened (s = k/2) and under-screened (s > k/2) cases, and (b) the over-screened
case (s < k/2).

renormalization group calculations [Wil75, KWW80,CLN80,PC91,AL92b].

First consider the case s = k/2 (complete screening), in which case A\ — 0.
Because Ay is becomes large, the state in which (H,,,) is minimized is strongly
favored. Hence, k conduction electrons “get trapped” at the origin, coupled
together to a total spin of k/2, to form a singlet (s" = 0) with the impurity spin
[Fig. 4.1(a)]. Being a singlet, this new composite object at the origin is no longer
a dynamical object, but simply an “inert lump”, which may be visualized as a
bound state consisting of the impurity and a screening cloud of k electrons. Since
the remaining conduction electrons cannot occupy the origin (that would break
the singlet and cost a large energy of order A\, — ©0), the inert singlet acts as
an infinitely repulsive, non-magnetic scattering potential, which merely causes a
phase-shift when other electrons scatter off it. The fact that this scattering is

non-magnetic implies that Ay = oo is a stable fixed point, at which the physics
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is simple. Nozieres has shown [Noz74] that it can be described by a Fermi liquid
theory.

Consider next the case s > k/2 (underscreening). Because of the Pauli prin-
ciple, the largest spin that can be formed by conduction electrons at the origin is
k /2, which is too small to be coupled to a singlet with s. Hence, an (unscreened)
free impurity spin of size s’ = s —k/2 remains [Fig. 4.1(b)]. The effective interac-
tion between the remaining conduction electrons and this unscreened remaining
spin s’ can be shown to be ferromagnetic (roughly speaking, if s is up then s’
is up, and the conduction sea also has net spin up (of size k/2), since k/2 spin
down electrons have been coupled to the original spin s up). Since ferromagnetic
couplings are known to be irrelevant, A, = oo is a stable fixed point in this case
too, and the physics is again simple.

Finally, consider s < k/2 (overscreening). As A becomes large, the impurity
(say of spin up) will at first attempt to capture k& conduction electrons (of spin
down), forming an overscreened composite object of spin ' = k/2 — s (down)
[Fig. 4.1(c)]. It cannot capture less than k electrons at a time, since that would
break channel symmetry, which was taken to be an exact bulk symmetry of the
system and cannot be broken in the bulk by a single local impurity. Having spin
s’, this composite object is not inert but still dynamical. It forms another Kondo
problem with the remaining conduction electrons, with a coupling that is again
anti-ferromagnetic (roughly speaking, if s is up then then s is down, but the
conduction sea has net spin up [of size k/2]). Hence, similar to the A\, = 0 fixed
point, the A = oo fixed point is also unstable. Since both A\, =0 and \x = oo

are unstable, there must be a stable fixed point in between, at some intermediate
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value? of the coupling (first identified by Nozieres and Blandin in the limit of
a large number of bands (kK — oo) but with s kept fixed). This is called the
over-screened (or sometimes also strong-coupling) fixed point. Using an analogy
due to Wilson, it may be visualized as an onion of ever-increasing size, the layers
of which correspond to layers of conduction electrons of alternating spins, each
layer trying (unsuccessfully) to screen the dynamical composite object within.

The physics at this fixed point is highly non-trivial, and cannot be described
by a Fermi liquid theory — it exhibits so-called non-Fermi-liquid-like behavior.
For example, exact values of some thermodynamic exponents at finite values
of s < k/2 have been obtained by the Bethe Ansatz [AD84, WT85], exhibiting
non-Fermi-liquid critical exponents unlike those found for the underscreened or
completely screened cases. The CFT solution of AL gives a complete descrip-
tion of this fixed point, enabling one to compute all thermodynamic quantities
and Green’s functions exactly (their methods of course also work for the under-
and completely screened cases [Aff90,AL91a], although the details are somewhat
different). The transport coefficients, too, show anomalous non-Fermi-liquid be-
havior. For example, for k = 2, AL showed that the conductivity at very low
temperatures behaves as o(T) = o, + BT®, with « = 1/2. In contrast, for a
Fermi liquid, one always has o = 2, as was indeed found by Noziéres [Noz74| for
the case k = 1.

The rest of this chapter is devoted to showing that a two-level system inter-
acting with conduction electrons can be described, at low temperatures, by the

2-channel Kondo problem, and should hence display non-Fermi-liquid properties.

?It turns out that A = 325, see just before eq. (7.35).
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4.2 The Non-Magnetic Kondo Problem

The theory of a tunneling center (TC) [simply called a two-level system (TLS) in
the other chapters of this thesis] interacting with metallic conduction electrons
within the framework of the non-magnetic or orbital Kondo model, is due to
Zawadowski and coworkers. Zawadowski proposed his model in [Zaw80], subse-
quently developed it with his coworkers in [BVZ82,VZ83,VZ85,VZZ86,VZZ38|,
and rather recently, together with Zarand, introduced some important refine-
ments [Zar93,7794a,7794b,Zar95]. This work has been reviewed in [ZV92],
and an exhaustive review is currently being written by Zawadowski and Cox
[CZ95]. Our discussion mainly follows the recent papers by Zardnd and Zawad-

owski [2Z94a,2794b] and Zarand [Zar95).
4.2.1 General Considerations

Consider a tunneling center in a metal, i.e. an atom or group of atoms that can
hop between two different positions inside the metal, modelled by a double-well
potential [see Fig. 2.11, page 39, and Fig. 4.3]. At low enough temperatures
and if the barrier is sufficiently high, hopping over the barrier through thermal
activation becomes negligible. However, if the separation between the wells is
sufficiently small, the atom can still move between them by tunneling.

If the tunneling is slow (hopping rates 77! < 10%s~! [CZ95]), the atom is
coupled only to the density fluctuations of the electron sea, which can be described
by a bosonic heat bath [YA84 HMG84|. The tunneling is then mainly incoherent,
and the only effect of the electron bath is then to “screen” the tunneling center:

an electron screening cloud builds up around the center and moves adiabatically
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with it, which leads to a reduced tunneling rate due to the non-perfect overlap
of the two screening clouds corresponding to the two positions of the tunneling
center.

We are interested only in the case where the tunneling is fast (at rates
108571 < 771 < 10257 [CZ95]), so that the energy corresponding to the tunnel-
ing rate, determined by the uncertainty principle, is in the range 1 mK to 10 K.
(If the tunneling is “ultra-fast” (77! > 10'?s7!), the energy splitting A = E, — F)
between the lowest two eigenstates due to tunneling becomes too large (> 10K)
and the interesting dynamics is frozen out.) Moreover, the TC-electron coupling
is assumed strong enough that in addition to screening, electron density fluctu-
ations can directly induce transitions between the wells: they can either induce
direct tunneling through the barrier (electron-assisted tunneling), or excite the
atom to an excited state from where it can decay to the other well (electron-
assisted hopping over the barrier).

In this scenario, the interaction of the conduction electrons with the dynam-
ical impurity is analogous to the Kondo interaction with magnetic impurities, in
that the impurity undergoes electron-induced “spin-flip” transitions, leading to
complicated many-body physics. In fact, it is shown below that at low tempera-
tures, the model renormalizes to an isotropic 2-channel Kondo problem: two of
the orbital (angular momentum) indices of the electrons play the role of pseudo-
spin indices, coupled to the impurity, whereas their Pauli spins T and |, which
are not flipped by the interaction, become the “spectator” channel indices of the
2-channel Kondo problem. [An interpretation of the electronic pseudospin index

is given after eq. (4.23).]
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Hence, a strongly correlated Kondo-type ground state develops, characterized
by logarithmic T-dependences for T' > T, and non-Fermi liquid behavior for T" <
Ty. Of course, the flow toward the isotropic 2-channel Kondo model only happens
provided that all relevant perturbations that would drive the system away from
this fixed point are negligbly small — this is an implicit assumption made in the

subsequent development, that will be critically discussed in section 4.3.

4.2.2 Definition of the Non-Magnetic Kondo Model

We describe the most general version [2Z94a,72794b| of Zawadowski’s model for
a heavy particle moving in a double-well potential and interacting with a band

of conduction electrons. The Hamiltonian is the sum of three terms:
H=H,+H,+H,, . (4.2)

The first term describes the motion of the heavy particle in the double well, in

the absence of electrons [see Fig. 2.11 and Fig. 4.3]:
Hyo =Y E.blb, . (4.3)

This problem is considered to be already solved: the energies E, (F; < Fy < ...)
are the exact eigenenergies of the exact eigenstates |¥,) = b!|0) of the TC,
with corresponding wave-functions Lpa(ﬁ). The spectrum will contain two nearly-
degenerate energies F; and Es, split by an amount A = Es — Fy, corresponding to
even and odd linear combinations of the lowest-lying eigenstates of each separate
well; the remaining energies, collectively denoted by FE.,,, correspond to excited

states in the well, with E., — E5 typically on the order of the Debye temperature

of the metal, i.e. several hundred Kelvin.
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a 20a a

Figure 4.3 A symmetrical square double well potential (heavy line), and the
wave-functions for the states |r), |I) and the first excited state |¥3). We show
a square well to illustrate the parameters chosen by Zarand and Zawadowski for
their model calculations [ZZ94b]. The choices most favorable for obtaining a
large Kondo temperature were [ZZ94a, Table I]: @ = 0.14, o = 2.5; the choices
Ve = 494 K or 740 K then gave E3 = 245 K or 456 K, and T, = 2.76 K or
3.19 K, respectively. The effective couplings v*, v¥ and v?, all equal to v, at the
2-channel fixed point [see eq. (4.23)], are then on the order of v, ~ 0.1—0.2 . The
parameter that most strongly influences T is a, because it affects the overlap
between the states |r,[), and |¥3).Even though the barrier is very high relative to
the other energy scales, Kondo temperatures in experimentally accessible ranges
result.
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The free-electron band is described by
H, = Zeﬁc;;icﬁi , (4.4)
i

where €5 is the energy, measured from the Fermi energy e, of an conduction
electron with momentum p’ and Pauli spin i (we use the index i because this will
turn out to be the channel index). For simplicity, the electron energies are usually
assumed to lie within a band of width 2D, symmetric about ¢, with constant
density of states p, per spin.

The TC-electron interaction is described by a pseudo-potential U (é — 7,
which describes the change in energy of the heavy atom at position R due to
electronic density fluctuations at position 7, and is assumed to depend only on
the relative coordinate R — 7

Ho=> " V;%ff/ c;icﬁi biba (4.5)
PP aa’i
where the coupling constants V;gf/ are given in terms of the Fourier transform

U(p) of U(R) by[Zar93]
Vi = U= 7) [dR e TR (R (R) (4.6)

We are interested in the regime where A < T < E., < D. Hence we take
A ~ 0, i.e. consider a symmetrical double well with a two-fold degenerate ground
state. (Experimental arguments in favor of this assumption in the case of the
Ralph-Buhrman experiment are given on page 43 and in sections section 3.4;
criticism of the assumption is discussed in section 4.3). It is then convenient to

make a change of basis from the exact symmetrical and anti-symmetrical ground

states |¥y) and |Ws) to the right and left states |r) and |I) = % (|Wy) £ |Wy)).
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Note that, since a non-zero bare tunneling matrix element (Ag) between the
wells always leads to a splitting 1 — Fy ~ A,, we are also implicitly assuming that
A, < T. This means that direct tunneling events are very unlikely, raising the
question of whether Kondo-physics will occur at all.®> However, the inclusion of
excited states in the model overcomes this potential problem as follows [ZZ94a,
7794b): a careful estimate of the coupling constants [Zar93] in terms of the

overlap integrals (4.6) has shown that
’Vr,ll ~ 1073’Vl,l o Vr’r‘ ’ ‘Vl’ex‘ ~ ’Vr,e:r:’ ~ ‘Vl’l o Vr,r’ ) (47)

The first relation reflects the fact that direct electron-assisted tunneling, para-

meterized by |V™!|, is proportional to the bare tunneling rate A, and hence very
small. However, the matrix elements for electron-assisted transistions to excited
states, parametrized by |V'*| and |[V"¢*|, are of the same order of magnitude as
for the usual “screening term” |[V4! — V7| [this is because the overlap integrals
in (4.6) are larger for ¢.,p, ) than for ¢,¢;, since the excited state wave-function
spreads over both wells (see Fig. 4.3)]. Although the amplitudes for such processes
are proportional to the factor 1/E,, (which is small, since E.,, is large), Zarand
and Zawadowski showed that such terms also grow under scaling [see eq. (4.11)

below|, and eventually lead to a renormalized model which has sufficiently large

effective tunneling amplitudes to display Kondo physics.

3This was a serious limitation of Zawadowski’s original model, which did not include excited
states: to give non-trivial many-body physic (i.e. a sufficiently large Kondo energy Tx), the
bare tunneling rate A, could not be too small; yet at the same time, the model only flows to
the interesting non-Fermi liquid fixed point if F; — E5 < T'. This would have required a rather
delicate and perhaps questionable fine-tuning of parameters. This problem has been overcome
by including excited states in the model [Z2Z94a,Z2Z94b], as explained above.
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Figure 4.4 (a) The second-order vertex corrections that contribute to eq. (4.8) and
generate the leading order scaling equation (4.11). (b) The impurity self-energy
correction and the third-order next-to-leading-logarithmic vertex correction that
generate the subleading terms in the second-order scaling equation (4.17). (Note
that subleading diagrams that are generated by the leading-order scaling relation
derived from the diagrams in (a) have to be omitted.) Dashed and solid lines
denote impurity and electron Green’s functions, respectively.

4.2.3 Poor Man’s Scaling RG

The interaction vertex, calculated second order in perturbation theory from to

the diagrams in Fig. 4.4(a), is given by the following expression:

d2, D
ab _ yrab q
Uap =Vow + /Tw 2 Po/_Dd&rX (4.8)
VeV — I vy g
4P e+ By — (e4+E) PPl e+ By — (—€qt+ep+ep+Ee)

dQ);
‘ﬂl,b a,cy rc,b c,by ra,c
- p,p’ / 4*(1 Ec Po In [maX{Eb, EC, T, Ep, €p/}/D] [[/ﬁvé L(M;/ - Lﬁ@ Lq,p/} )

where in the second line it was assumed that the couplings only depend on the
direction p of P’ (the dependence on |p] is negligible sufficiently close to the Fermi
surface), and only the logarithmic terms were retained.

Note the occurence of the “commutator” [%‘f&c%fg’, — %ﬁé’xgﬁﬂ; the fact that
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this is in general non-zero, due to the non-trivial angular dependence of the
coupling constants, is crucial for the presence of logarithmic corrections (and is
the reason why this model is sometimes called a non-commautative model).

One proceeds by introducing a new set of dimensionless couplings vgi’, in
terms of an orthogonal set of angular functions f,(p) (e.g. fa(P) = VATYin (D),

but any set of orthogonal angular functions will do):

dQ [ dQy
ab _ bt 24 D' px (A Aa,g (9 .
v = po [ T2 [ R0V ) (4.9)
In terms of these eq. (4.8) takes the form:

1%’ = o2 + 3 In[max{Ey, E.,T,epep }/ D] [vggvgﬁ, — v;’gvgg,} . (4.10)
C7B

Now Anderson’s poor man’s scaling RG [And70] is implemented (very nicely
explained in [CZ95, sections 3.2.2]): particle or hole excitations with large en-
ergy values do not directly participate in real physical processes; their only effect
occurs through virtual excitions of the low-energy states to intermediate high-
energy states. Hence such processes may be taken into account by introducing
renormalized coupling parameters, which sum up all the virtual processes be-
tween a new, slightly smaller cut-off D’ and the original D. In other words, all
virtual processes between the energies D' and D are integrated out and their
contributions incorportated in new, D’-dependent coupling constants. This pro-
cedure is repeated for smaller and smaller D’ until D’ becomes on the order of
max{E., T, ey }.

Concretely, this is done by writing v, = v*?,(z), where 2 = In(D’/D) and
x-dependence of the coupling constants is determined by the requirement that

. . . . . . b
the interaction vertex be invariant under poor man’s scaling, i.e. 9,I'%., = 0. By
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eq. (4.10), this leads to the following leading-order scaling equation:

0pv™*(w) = 3_0(D' — E)u™(x), v (x)] , (4.11)

@b [The significance of

where we have adopted the matrix notation v*’, = v
O(D" — E.) is explained in section 4.2.7.] This equation, to be solved with the
boundary condition v**(0) = (v*°),,.., determines the nature of the RG flow
away from the weak-coupling limit.

In the following two sections we outline the results obtained by Zawadowski
and co-workers concerning the nature of the fixed point that the Hamiltonian
flows towards as it scales out of the weak-coupling region. However, the argu-
ments that are to follow all have a somewhat heuristic character: since they are
based on scaling equations that were derived in the weak-coupling limit, based
on perturbation theory in the coupling constants, in principle they cease to be
strictly valid as soon as one scales into strong-coupling regions of parameter space.
(The only method that gives quantitatively reliable results for the cross-over re-
gion is Wilson’s numerical NRG [Wil75, KWW80,CLN80,AL92b,PC91].) Many

of the results obtained below are therefore of mainly qualitative value, and not

expected to be quantitatively accurate.
4.2.4 Scaling to 2-D Subspace

Let us for the moment consider the model without any excited TC states, i.e. with
Y. = > (as was done in the first papers [Zaw80,BVZ82,VZ83]), postponing the
more general case to section 4.2.7. In this case, the coupling constants v**(x) can

be expanded in terms of Pauli matrices in the 2-dimensional space of the TC:

3
0™ (x) = > ﬁfa,(x)af’b , a,b=1,r, (4.12)
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where A = (0,1,2,3) = (0,z,y,2) and 0% = d45. The v* term is called the
screening term, and characterizes the difference in scattering amplitudes for pro-
cesses in which an electron scatters from the atom in the right or left well without
inducing a transition to the other well. The v* and v¥ terms are called electron-
assisted tunneling terms, and describe the amplitude for processes in which the
scattering of an electron induces the TC to make a transition to the other well.
According to eq. (4.7), 0 ~ ¥ < ©*. If one chooses the wave-functions of
the TC to be real, and time-reversal invariance requires 2¥ = 0 (see [VZ83, (a),
eq.(2.11)]).

The problem is now formally analogous to a (very anisotropic) magnetic
Kondo problem in which a spin—% impurity is coupled to a conduction electron
with very large pseudo-spin (since « takes on a large number of values). How-
ever, Vladar and Zawadowski (VZ) have shown [VZ83, (a), section III.C| that
(with realistic choices of the initial parameters) the problem always scales to
a 2-dimensional subspace in the electron’s a-index, so that the electrons have
pseudo-spin S, = % (this happens indepedent of the signs of the initial couplings,
see section 4.2.5). Their argument goes as follows:

In the notation of eq. (4.12), the scaling equation (4.11) takes the form [VZ83,

p.1573, eq.(3.3)]
ot

— = —2iZ€ABC vBu° . (4.13)
ox e
Since ?* <« ©° and ©¥ = 0, eq. (4.13) can be linearized in v* and v¥Y. VZ

solved the linearized equations in a basis in a-space in which 974(0) is diagonal

[025(0) = 64p07(0)], and obtained the following solution [VZ83, p.1576, eq.3.17]:

Uog(z) = daptg(0) (4.14)
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025(x) = 24(0) cosh 2z [55(0) — 52(0)] (4.15)

0y(r) = ivgy(0)sinh 22 |55(0) — 53(0)] . (4.16)

Barring unforeseen degeneracies in the matrix %, this shows that the two ele-
ments of ©° which produce the largest difference |03(0) — ©7(0)| will generate the
most rapid growth in the corresponding couplings o%5(x) and ¥;4(x). In fact,
since this growth is exponentially fast, any couplings with only slightly smaller
05(0) =% (0)] will grow much slower and hence decouple. Thus, we conclude that
according the the leading-order scaling equations, the system always renormalizes
to a 2-D subspace in which the electrons have pseudo-spin S, = %

The argument just presented is not quite waterproof, though. Firstly, it
depends on the assumption of extreme initial anisotropy in the couplings, and
secondly, it is based only on the leading-order scaling equations. As one scales
towards larger couplings, sub-leading terms in the scaling equations can conceiv-
ably become important. Zarand has investigated this issue by including next-to-
leading-order logarithmic terms [generated by the diagrams in Fig. 4.4(b)] in the
scaling equations, which turn out to be [Zar95, eq.(2.6)]:

Out = —2iZsABCQByC 2Ny Z [ ATr — QBTI[QAQBH (4.17)

BC B#A

Note that the number of channels, N (equal to 2 for the case of interest), shows
up here for the first time in the next-to-leading order, since each electron loop
[see Fig. 4.4(b)] carries a factor Ny. Performing a careful analysis of the stability
of the various fixed points that occur, he concluded that the above-mentioned
S, = % fixed point is the only stable fixed point in of these equations. Since

this result is independent of the value of Ny and the number of orbital channels



96

considered, and his analysis is exact in the limit Ny — oo, one would expect
his results to also be valid for Ny = 2. (However, no completely rigorous proof
exists yet for this expectation; in particular, his analysis assumes A = 0, and the
case A # 0 is substantially more complicated, see [VZ83, (b), section III]. For

another, symmetry-based argument in favor of S, = %, see [CZ95, section 3.3.2
(iii)].)
4.2.5 The fixed point is Pseudo-Spin Isotropic

Next we show, following [Zar95, section III], that the S, = % fixed point is actually
1sotropic in pseudo-spin space.

The last term in eq. (4.17) can be eliminated from the fixed-point analysis by
making a suitable orthogonal transformation v4 — Y5 Ogv”. Therefore, it is
sufficient to consider the first two terms on the right-hand side of eq. (4.17). At
the fixed point, where 9,04 = 0, we have

S et = N, Y Tr[(vP)7 . (4.18)
BC B#A

Multiplying by v and taking the trace, one obtains the three relations
iNja?(a? +a) =B, where {A, B,C}={ry,z} (cyclically), (4.19)

where we have defined o = Tr[(yA)Q] and 8 = Tr(QAQch — QCQBQA). This
immediately implies one of two possibilities: either at least two of the at’s are
zero, which is the trivial (commutative) case without electron-assisted tunneling

(v* = v¥ = 0); or else they are all equal:

a'=af=a=a. (4.20)
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Figure 4.5 Scaling trajectories of the matrix norms a® = Tr[(v4)?] (A = x,y, 2),
calculated numerically for the case Ny = 3. All three norms tend to the same
value, in accord with eq. (4.20). Consult [Zar95], from which this figure was
taken, for details regarding the initial parameters used.

The latter case is the one of present interest. The conclusion that the couplings
are all equal (i.e. the effective Hamiltonian isotropic) was checked numerically by

Zarand [Zar95, Fig.4], and is illustrated in Fig. 4.5.
What is the matrix structure of the v4’s? Introducing the notation JA =
ﬁy“‘, eqs. (4.18) and (4.20) imply that the J4 satisfy the SU(2) Lie algebra,
[J4, JP] = ie?BCJC | (4.21)
which means that they must be a direct sum of irreducible SU(2) representations:

A oA
Jh=3" S - (4.22)
Dk=1

According to the analysis of Zarand mentioned in the previous section, only
a single subspace S, = % in this sum corresponds to a stable fixed point (all
the others correspond to unstable fixed points), in the vicinity of which we can

1 _A

O.,n-

Lo TA
therefore write J5, = 504,
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4.2.6 Effective Hamiltonian

After a rotation in a-space to line up the quantization axis of the pseudospins of
the impurity and the electrons, the effective Hamiltonian to which (4.5) renor-

malizes can be written as:

B =P ey [y S S S (ki) (durts)

aa’=1,2 aa’=1,2i=T1,]

(4.23)
Here V,,; is the volume (inserted for dimensional reasons) and vy is the magnitude
of the effective TC-electron coupling (and estimated to be of order v, ~ 0.1 —0.2
[ZZ94a, Table 1]). This is the main result of the RG analysis: The effective
Hamiltonian has exactly the form of the isotropic, magnetic 2-channel Kondo
problem; the two surviving orbital indices o = 1,2 play the role of pseudo-spin
indices and the Pauli spin indices © =T, ] the role of channel indices. When, in
subsequent chapters, we apply Affleck and Ludwig’s conformal field theory results
on the 2-channel Kondo model to TC-physics, the effective Hamiltonian H¢// will
always be regarded as the starting point.

It is tempting to propose the following physical interpretation of the effective
Hamiltonian (it is given in this form by [MF95], and can be viewed as complimen-
tary to Zawadowski’s picture of electron-induced tunneling). A charged impurity
in a metal will be screened by a screening cloud of electrons, which can be thought
of as part of the “dressed” impurity. If the impurity is a tunneling center, it will
drag along its tightly bound screening cloud as it tunnels between the wells. In
doing so, it will redistribute the low-energy excitations near the Fermi surface.
In particular, it will likely interact most strongly with two spherical waves of

low-energy electrons, “centered” on the two impurity positions in well 1 and 2
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[VZ83, p.1575], with which one can associated a pseudospin index a = 1,2. Now,
when the impurity tunnels from well 1 to 2, low-energy electrons around well 2
(with @ = 2) will move in the opposite direction to well 1, to compensate the
movement of electronic charge bound up in the screening cloud that moved with
the impurity from well 1 to 2, and thereby to decrease the orthogonality between
the pre- and post-hop configurations. Thus, a flip in the impurity pseudospin is
always accompanied by a flip in electron pseudospin, as in eq. (4.23).

In two very recent papers [MF95], Moustakas and Fisher have used this in-
terpretation as a starting point for a related but not quite equivalent description
of the TC-electron system (to be mentioned again in section 4.3).

We conclude this section with a number of miscellaneous comments:

The fact that one always scales towards an sotropic effective Hamiltonian
is rather remarkable (though in accord with the conformal field theory results
that show that anisotropy is an irrelevant perturbation [AL92b, eq.(3.17)]): the
initial extreme anisotropy of the couplings is dynamically removed, and a SU(2)
symmetry emerges that is not present in the original problem!

Note that the initial signs of the anisotropic coupling constants did not matter
in the above arguments. A more careful argument [CZ95, section 3.3.2 (ii)] shows
that the flow toward this fixed point indeed occurs irrespective of the initial signs
of the coupling constants.

Relevant perturbations: When the initial splitting A is non-zero, the 2-nd
order RG is considerably more complicated [VZ83, (b), section III]. The result
is that A gets normalized downward by about two orders of magnitude [VZ83,

(b), Fig.3]. However, as emphasized in [CZ95, section 3.4.1 (c)|, the splitting A
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18 nevertheless a relevant perturbation: it can be shown to scale downward much
slower than the bandwidth D', so that A(D’)/D’ grows as D' is lowered.

By analyzing the stability of the fixed point equations against a perturbation
that breaks channel symmetry, it can likewise be shown that channel anisotropy
is a relevant perturbation [CZ95, section 3.4.1 (c)].

Kondo temperature: The Kondo temperature is the cross-over temperature at
which the couplings begin to grow rapidly. It can be estimated from an approxi-
mate solution of the second order scaling equation (4.17).* The result found for

Ty by VZ [VZ83, p.1590, eq.(4.11)] is

1
Ty = D [v7(0)v*(0)]? ( Z;((OO))) e (4.24)
Note that the factor [v*(0)v(0)]"/? is absent® if one estimates T} only from
the leading-order scaling equation (4.11) [VZ83, p.1577, eq.(4.11)]. Since the
bare v”(0) < 1, this factor causes a substantial suppression of Ty (by about
two orders of magnitude), if one simply inserts v*(0) into eq. (4.24), leading to
pessimistically small values of Ty ~ 0.01 — 0.1 K [ZZ94a,Z794b]. However, the

inclusion of excited states remedy this problem, in that excited states renormalize

v” to larger values by about two orders of magnitude (see below).

4.2.7 The Role of Excited States

Let us now return to the more general problem where the excited states with

energies F., are not neglected from the beginning.

4Since T is only a statement about the onset of rapid growth of coupling constants, the
value obtained from scaling equations derived by perturbation theory is expected to give ap-
proximately the correct scale even though the scaling equations themselves become invalid when
the couplings become too large [Wil75].

5The presence of the prefactor to the exponent in (4.24) is of course a well-known feature of
second-order scaling, see e.g. [Hew93, eq.(3.47)].
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The first important consequence of including excited states in the model has
already been discussed in section 4.2.2: electron-assisted hopping transitions be-
tween the two wells via excited states allow Kondo physics to occur even if the
barrier is so large that direct and electron-assisted tunneling through the bar-
rier is negligible (i.e. A, ~ 0). This is good news, since the energy splitting
A = F; — Ej is limited from below by A,, but simultaneously A (being a rele-
vant perturbation) needs to be very small if scaling to the 2-channel fixed point
is to take place.

Secondly, in the presence of excited states, poor man’s scaling towards strong-
coupling, based on eq. (4.11), has to proceed in several steps: the excited state
|W.) only contributes as long as the effective bandwidth D’ is larger than E., as
is made explicit by the 0(D’ — E.) in eq. (4.11). As soon as D’ < E,, the excited
state decouples.

Assuming that the presence of excited states does not affect the result found
in section 4.2.4, namely that the effective Hamiltonian scales towards a 2-D sub-
space in which the electrons have pseudo-spin S, = %, Zarand and Zawadowski
[Z2794a,7794b] have analyzed the successive freezing out of excited states. They
concluded that when D’ becomes smaller than the smallest excited-state energy
Ej3, one ends up with a TC of formally exactly the same nature as the one dis-
cussed in sections 4.2.4 and 4.2.5, but with renormalized couplings.

The renormalized couplings turn out to be still small, which means that the
perturbative scaling analysis of sections 4.2.4 and 4.2.5 still applies; however,
v and vY are renormalized upward by a factor of up to 50 from their bare

values (which were three orders of magnitude smaller than v* see eq. (4.7)). This
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has very important consequences for the Kondo temperature eq. (4.24), which
strongly depends on v*: with realistic choices of parameters (given in the caption
to Fig. 4.3) the Kondo temperature turns out to be about 2 orders of magnitude
larger with than without excited states in the model, and Kondo temperatures
in the experimentally relevant range of 1 to 3 K were obtained [ZZ94b, table II].

To summarize: the inclusion of excited states in the model leads to more
favorable estimates of the important parameters A, (can be zero) and T (larger);
but since the excited states eventually decouple for small enough effective band-
widths, they do not affect the flow toward the 2-channel Kondo fixed point in

any essential way.

4.3 Recent Criticism of the 2-Channel Kondo
Scenario

Very recently, the claim that the non-magnetic Kondo problem will renormalize
to the 2-channel Kondo model at sufficiently low temperatures, has been criticized
in two separate papers [WAM95MF95]. We describe the points of contention,

and our attitude to them, below.

4.3.1 Large A due to Static Impurities

Wingreen, Altshuler and Meir have recently argued [WAMO95] that TC with very
small splittings (A < 1K) can not occur at all in a disordered material if the TLS-
electron coupling has the large values that apply to the over-screened 2-channel
Kondo fixed point. Their argument goes as follows:

Ordinary elastic scattering of electrons off other defects in the system will

cause Friedel oscillations (wavelength 1/kz) in the electron density (see e.g.
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[KV60]). This in turn will cause a typical splitting A of a TLS, because the
depth of each well is affected by the local electron density, which differs from well
to well if there are strong density fluctuations. (In the language of the magnetic
Kondo problem, the Friedel oscillations produce a random “magnetic field” at
the impurity site).

Although the random contributions to the splitting from the various static
impurities will cancel to a large extent, WAM argued that there will nevertheless
be a residual typical splitting, A. The crucial question is: how large is this typical
splitting?

By doing simple 2nd-order perturbation theory in the coupling between the
electrons and static impurities to estimate the magnitude in the resulting electron

density fluctuations between the neighouring wells, WAM produced the estimate®
A >~ epon/ kel (4.25)

where £ is the mean free path (a measure of the concetration of static impurities)
and vy the effective TLS-electron coupling strength in eq. (4.23). Moreover,
WAM, predict zero probability to find zero splitting.

Since according to eq. (4.25) A is proportional to &g, it is typically a rather
large number, quite independent of the detailed values for the parameters one
uses. WAM found a value of A ~ 100K by using [ ~ 30A and employing the
strong-coupling value v, =~ 0.1 appropriate for the 2-channel Kondo fixed point
(see caption of Fig. 4.3; this number also follows using a Kondo temperature of
about 4K in the standard formula v, = log(kTy/€r) obtained from the leading-

order scaling equations.)

6Cox has reproduced this result [Cox95] by a simple calculation analogous to the one by
which one obtains the RKKY interaction between two magnetic impurities.
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Since 100 K is a huge energy scale compared to all other scales of interest,
WAM argued that the 2-channel Kondo physics evoked in this thesis to explain
the Ralph-Buhrman experiment would never occur. Instead, they proposed an
alternative explanation of the experiment based on disorder-enhanced electron
interactions. The latter suggestion, which we believe contradicts several experi-
mental facts [RLvDB95], is critically discussed section 2.4. Here we briefly com-
ment on their estimate of A, following [RLvDB95].

We believe that WAM are correct in pointing out that the interaction of a
two-level tunneling system (TLS) with elastically-scattered electron waves can
act to increase the energy splitting, A, of the TLS. However, we suggest that
their method of estimating the average A is oversimplified, and that the result,
~ 100 K, may be a considerable overestimate.”

As explained in the preceding sections, large TLS-electron couplings are pro-
duced at low temperatures only after renormalizing smaller high-T" bare cou-
plings. The WAM estimate of A attempts to simply use a large low-T" value of
the coupling to determine the effects of elastic scattering in isolation, and this is
done without considering possible counteracting effects that might favor smaller
splittings. Instead, we believe that the mechanism desribed by WAM should be
included from the beginning in the renormalization analysis. An extra term, in-
cluding the effects of static disorder, should be added to the Hamiltonian, and
then an RG analysis should be performed to determine self-consistently how the

couplings, A, and the electronic energy evolve together at low 7. While the effect

"This result seems particularly suspect in the light of the fact that TLS-splittings as small as
A = 0.08K have been directly measured in strongly disordered bismuth films [GZC92,ZGH91],
even though the effective electron-TLS coupling was large [v ~ 0.7 (= v/2a there)]; see page 44.
Unfortunately, the bismuth experiments studied slow tunneling centers, whereas here we are
dealing with fast ones, and it is not clear which properties of the one carry over to the other.
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proposed by WAM may act to increase A at low T, other effects in the scaling
analysis [VZ83] act to decrease A strongly [compare the comments on page 99],
and may therefore prevent any growth of A during renormalization and favor
instead the formation of TLSs with A ~ 0.

Futhermore, it was pointed out to us by A. Moustakas that WAM’s use of
in eq. (4.25) might be suspect: in this formula, £, plays the role of an effecitve
bandwith D, but as one flows to strong coupling, the effective bandwidth is
renormalized to D’, which eventually becomes replaced by V or T" <« e5. This
argument underscores the need to carefully investigate the effect pointed out by
WAM within an RG framework.

Finally, with regard to the interpretation of the experiments put forth in this
thesis, we point out the following:

Firstly, WAM’s prediction of large average splittings A assumes sufficient
disorder to create strong density fluctuations. However, the samples of Ralph
and Buhrman are believed to be rather clean and crystalline, with long mean free
paths (I > 30 nm, see 35). Therefore, it is incorrect to view the constrictions
as strongly disordered. — Scattering off the walls of the constriction could have
an effect similar to static impurities; however, an explanation that has to evoke
scattering off the walls cannot account for the fact that the zero-bias anomalies
disappear when the system is heated and recooled (point (P3) in section 2.3).

Secondly, WAM’s estimate only concerns the typical splitting A. [They do
claim that the probability for zero splitting is zero; however (in the absence of
published details of their calculation) this seems rather unnatural for any effect

that is the sum of many random contributions; for example, it contradicts the
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standard picture of TLS in glasses, in which TLS are assumed to have a broad,
almost flat distribution of splittings [AHV72,Phil72]]. However, as emphasized
in [RLvDB94] and on page 45, the conductance measurements probably are not
sensitive to the “typical” TLSs. Instead, within the 2-channel Kondo picture a
conductance measurement is preferentially sensitive to TLSs with small A, as
only these TLSs will produce large V-dependent signals. Therefore, even if on
average the splitting A is rather large, such impurities only contribute to the
background signal, and we believe it is not unreasonable to propose that a small
number of them do have sufficiently small splittings to give rise to the anomalous

behavior.

4.3.2 Another Relevant Operator

Very recently, the theoretical justification for the non-magnetic Kondo model
proposed by Zawadowski has been questioned by Moustakas and Fisher (MF)
[IMF95]. Reexamining a degenerate two-level system interacting with conduction
electrons, they argued that the model (4.5) and (4.6) used by Zawadowski is
incomplete, because it neglects subleading terms in the TLS-electron interaction
that have the same symmetries as the leading terms.

These subleading terms are initially small when the coupling is small, and
moreover are RG irrelevant. Therefore, neglecting them is perfectly valid for
the purpose for which Zawadoski constructed his model, namely estimating the
Kondo temperature at which the leading terms in H;,; begin to grow. However,
such subleading terms can become important when investigating the nature of
the fixed point towards which the system flows under renormalization. MF show

that when combined in certain ways, they generate an extra relevant operator,
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not present in Zawadowski’s analysis, which in general prevents the system from
flowing to the T' = 0 fixed point. Therefore, unless a fine-tuning of parameters
miraculously causes this relevant operator to vanish, it will eventually always
become large, and the system will never reach the 7' = 0 fixed point.

What is the nature of the terms neglected by Zawdowski? Formally, he esti-
mates the electron-assited tunneling terms by expanding the WKB exponent for
tunneling through the barrier in powers of the barrier potential V =V, + V),
where 0V is the fluctuation in this potential due to fluctuations dp in the elec-
tron density. However, he keeps only leading terms in 0}, whereas MF argue
that sub-leading terms should also be kept, because they can give rise to terms
that grow rapidly when the coupling constants (and hence §V too) begin to grow
rapidly.

MF set up their model in a somewhat different way than Zawadowski. In
their model, electron-assisted tunneling processes are viewed as follows: the TLS
(together with its dressing cloud of electrons) hops from well 1 to well 2, and
at the same time one or two electrons hop from well 2 to well 1. This, they
argue, will happen because such electron-hopping events lower the total amount
of electron charge that gets shifted during the tunneling process and hence help
to decrease the orthogonality between the initial and final electron states. In
this language, Zawadowski’s electron-assisted tunneling term corresponds to the
hopping of a single electron, and the terms which he neglected correspond to the
simultaneous hopping of two electrons.

In our opinion, the work of MF points out a serious problem with the as-

sumption that the system will flow to the T" = 0 fixed point. However, in the
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same spirit as that adopted when arguing that the experiment self-selects only
impurities with very small splittings, one could argue that it also only selects

impurities for which this extra relevant operator happens to be very small.

4.4 The Non-Equilibrium Orbital Kondo
Problem

In this section we take a preliminary look at the orbital Kondo problem out of
equilibrium. The purpose of this excercise is to develop some intuitition for the
complications that arise when V' # 0. The most important result is that the
flow to the 2-channel fixed point is not disrupted, as long as V' < T}, and that
the physics in this regime is governed by the T" = 0,V = 0 fixed point of the
2-channel Kondo model. We also cite some instructive results derived by Gan for
the case of large channel number [Gan94], for later comparison with Affleck and

Ludwig’s CF'T results.

4.4.1 Definition of the Non-Equilibrium Model

We shall use the same model as that to be employed in chapter 9 [see eq. (9.6)
and table 9.1], where the assumptions made below are motivated in more detail.
We envision a single (degenerate) TC at the center of the nanoconstriction (see
Fig. 2.2). The electrons incident towards the constriction from the right and left
leads will be called L- and R-movers, respectively (although the angle of incidence
can of course be arbitrary), and will be distinguished by an additional species
index 0 = (+,—) = (L, R). For convenience we also introduce the collective
notation v = (p,o,«,i) for the electron’s quantum numbers of momentum p,

L/R-mover o, pseudospin « (orbital index) and Pauli spin ¢ (channel index).
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Now, intuitively speaking, the regime of low energies should still be described
by a Hamiltonian of the form eq. (4.23): there should still be two pseudospin
channels of conduction electrons, consisting of electron waves “centered” at the
minima of the two wells of the TLS,® that couple most strongly to the TC at
low temperatures. As in the equilibrium case, they will give rise to an effective

2-channel Kondo interaction, with pseudospin S, = %. However, they are built

5
from both L- and R-movers,” and in the nanoconstriction geometry one has to
distinguish between these (since they originate from different baths), and between
forward and backward scattering (since these contribute with different signs to the
current). During a scattering event, an electron can be scattered either backward
or forward (o does or does not change); simultaneously, the impurity can either
tunnel or not, and correspondingly the electronic pseudospin either flips or does

not flip the TC (a does or does not change).

To describe this situation, we therefore adopt the following Hamiltonian:

mt

H=H,+ H/ H,=Y e,cle,, (4.26)
where >, = p,[de, Y, With interaction given by

1 ’ ’
eff Tt aa aa’ __ 1= 1=
H,/ = Vo > bl (H8%) curbar where  Hiy = vVoor (5000 * 50aa’ )
io ° ya'al

(4.27)
This is just eq. (4.23), but with an extra factor V,, = 3 G }) .. This factor

ensures that during scattering events a L-mover can be scattered into either a L-

or a R-mover, at the same time as its pseudo-spin index « and that of the TC

8These waves will not be spherical, due to the presence constriction, but probably rather
shaped like p-orbitals.

9Loosely speaking, waves that in a bulk situtation were associated with the pseudospin
index a now have to be divided into L, « and R, « components, depending on the direction of
propagation of the component.
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do or do not flip. That the simple form of V., used here is sufficiently general is
explained on page 245; note that it ensures that H 1% is actually independent of
o,0’, which is a major simplification.

The L- and R-movers that are incident on the TC originate from the R- and
L leads, which are at chemical potentials p + %eV and p — %eV respectively (see

Fig. 2.2). Therefore,

5ul/’

(chey) = fr, ()00 = e sl where p, = al,%ev , (4.28)

i.e. py = +ieV for L/R-movers, respectively.
The backscattering current Al (to the right), i.e. the negative contribution
to I (which flows to the left) due to the scattering events of Hy, is given quite

generally by

AT

|5|Ob /dsy /dsy/ (fR<5V’>(1 ~fule@)lew, B — e, L) (4.29)

- fL<€V)(]‘ - fR(gll’))F(glly L e E:l/’7 R)) 9 (430)
where here 0, = L and 0, = R, and

(e, R —¢e,,L) =21/hé(e, —e,) p,>

1
o 2

Sooree . (4.31)

ada,a’i’a’
In writing down eq. (4.29), the fact that the Fermi functions do not depend on

the indices that appear in the sums » has been exploited to pull them

out to the front. The factor § in eq. (4.31) is due to an average over the initial
states of the TC, and T is the generalization of the interaction vertex ng; of
Eq. (4.10) to all orders of perturbation theory. The factor K = €27(0)/h (7(¢)

is defined below) is included in Eq. (4.29) for dimensional reasons, and b is a

dimensionless, geometric constant (compare section 2.2.4).
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Now, since H;%% is independent of the indices o, 0/, the same is true for |%%|2,

VV’

so that it follows immediately that'®
F(€V’7 R — Eus L) = F(gl/v L — &y R) = %F(‘gl/ - 51’) ' (432)

Exploiting eq. (4.32) and the §(g,, —¢&,) function in I'(/ — v), the backscattering

current can be simplified to

T g fde Unlen) = Rlen )3 Y — (4.33)

ol i Ty (51/) ’

1

where the scattering rate for a particle with quantum numbers v/ is defined

=p,2> 2n/hd(e,—¢c,)3 Z| 9’12 — (2/p,) Zzn/hlz| aa’\2 (4 34)

4.4.2 Poor Man’s Scaling unaffected by V

Consider the interaction vertex Fﬁfﬁ; in the poor man’s scaling approach, as in
section 4.2.3. The only difference from the equilibrium case discussed there (apart
from the extra index o) is that here the Fermi functions in the intermediate states
in eq. (4.8) are V-dependent, see eq. (4.28). In principle, this is a considerable
complication, since one now has to keep track of two different kinds of Fermi
functions, f, and f5.

Fortunately, though, the poor man’s scaling equations are not affected by this
complication. Since they are derived by adjusting the cut-off from D to D’, which
are both > V. T’ they are independent of V' for the same reason as that they are

independent of 7. In other words, the scaling equations for V' # 0 are the same

10The factor % is because I'(e,y — ¢,) =T'(e,,R —> &,, L) +T'(e,/, R — €, R).
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as for V' = 0. Thus, we arrive at the important conclusion that the initial RG
flow is unaffected by V # 0.

Eventually, the RG flow is cut off by either V or T, whichever is larger;
however, if both are < T}, the RG flow will terminate in the close vicinity of the
T =0,V = 0 fixed point, even if V' 2 0. Thus we obtain the second important
conclusion that for V < Ty, which we will call the weakly non-equilibrium
regime, the low-energy physics is governed by the same fized point as for V = 0.

Actually, the preceding argument has to be refined a little. It is shown in
section 9.4 that V' # 0 introduces is a marginally relevant perturbation to the
fixed point Hamiltonian (proportional to V/Ty). Therefore, even if V < Ty,
if T/V is made sufficiently small the system will eventually flow away from the
T =0,V = 0 fixed point (at a crossover temperature T};, say). However, since this
perturbation is marginal, it only grows logarithmically slowly as 7' is decreased,
so that 77 will be very small. Therefore, there should exist a rather large regime
in which one can have both V,T' < Ty and T" > T}, and this regime is governed
by the 2-channel Kondo, "= 0,V = 0 fixed point.

The above two conclusions are the justification for the strategy followed in
subsequent chapters, namely to apply conformal field theory, which is an equilib-
rium theory, governed by the T'= 0, V = 0 fixed point, to the Ralph-Buhrman
experiment, which is non-equilibrium, but has V' < T in the scaling regime [see
the discussions in sections 5.1 (point 3) and section 5.4.5].

The poor man’s scaling argument also shows, however, that the effective
Hamiltonian that the system renormalizes to is V-dependent if V' > T. The

reason is simply that when one has scaled down to D’ = V > T, one has to
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replace D' by V' in the effective interaction vertex. This complication (which will
influence the argumentation in section 5.4.5) reflects the presence of the marginal
operator mentioned above. However, the complication disappears in the regime

V <« Ty and T > T}, where the V-dependence becomes negligible.

4.4.3 Gan’s Results for Large Channel Number

As a check on the CF'T calculation of the backscattering current to be performed
in chapter 9, we briefly cite some results obtained by Gan [Gan94] for the isotropic
k-channel Kondo model in the limit of a large number of channels, £ — oo.

In the limit £ — oo, the poor man’s scaling approach becomes exact. The
reason is that (for the isotropic model) the over-screened fixed point occurs when
the coupling constant has the special value v* = 52; [see eq. (7.35)], which — 0
as k — oo. Thus, in this limit one never scales into a “strong-coupling” regime,
and the perturbative expressions from which the scaling equations are derived
retain their validity throughout. Thus, in the limit £ — oo, results from the poor
man’s scaling approach should agree with exact results from CFT, which serves
as a useful check on both methods. Gan calculated the imaginary part of the
electron self-energy, ¥/ (w, D, g), perturbatively!! to order k=%, and was able to
reproduce exact results to order k2. (We cite only the lowest relevant terms.)

In order to apply Gan’s calculation to the model defined by eq. (4.27), one first

1-1

has to diagonalize V,, by the unitary transformation'? c¢,yq; = % (1 ! )Ua_ Cpoai-

Since the eigenvalues of V,, are 1 and 0, one set of channels in the new basis

HSince the coupling constant v ~ 1/k, and closed electron loops get a factor k, Gan had to
include up to 8-th order diagrams!

12The fact that the Fermi functions associated with the states that are mixed by this trans-
formation are not equal, f, # fr, does not matter, since the poor man’s scaling equations for
V # 0 are the same as for V = 0, as emphasized in section 4.4.2.
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decouples (with a=odd, say) and we have the conventional 2-channel Kondo
problem in the a@=even channel (see section 9.2 for details), to which Gan’s
results can be applied.

Gan obtained the following expression for the self-energy at T'=0, V = 0, to

next-to-leading logarithmic order (below, ¢y, ¢, ... are constants):
Y (w,D,v) =c;v*|1 —2vIn(w/D) +v*kIn(w/D)| . (4.35)
The requirement that this be invariant under band-width rescaling reads
(0p + B(v)0,) X' (w, D', v) = 0, where ((v) = d,v(x) , (4.36)

and z = In(D’/D). This implies B(v) = —v? 4+ 1kv?, so that the fixed point
condition B(v*) = 0 gives v* = 2/k, which agrees to order O(k~') with the exact
result v* = 52 [see eq. (7.35)]. Solving the second of eqs. (4.36) for v(z), with

2+k

the boundary condition v(0) = v gives, for v(x) close to v*,

D\*
v(r) =v" — ¢ <T> ., where Ty = Dv*/?e”/", (4.37)
K

and A = 2/k. Finally, use this result in ¥'(w, D,v) = ¥ (w, D", v(z)), and choose

D' = w so that the logarithms Inw/D’ in eq. (4.35) are zero, to obtain:

2 A
S (w, D, v) = e102(z) = 1 (v")? l1 _ e (“’) ] . (4.38)
v* \ T
This is the desired result. Since % = —237(w), it can be used'® in eq. (4.33)

to obtain asymptotic expressions for the backscattering conductance AG(V,T) =

13Tt has to be admitted that some “fudging”, typical of the poor man’s scaling approach, is
involved in doing this: the scaling relations were derived under the assumption w > VT ~ 0
(without which they are intractable). However, in the integral (4.33) this condition is not
satisfied. Therefore, the answers obtained by such an approach only hold with logarithmic
accuracy (in which Inw and In 2w are treated as “equal”).
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Oy AIL(V,T). One readily obtains
AG(V,0) o V& and  AG(0,T) < T* . (4.39)

The corresponding expressions that we shall obtain in chapter 9 from our CF'T
approach have the same form, but with A = ZJ%M see eq. (9.28). (Actually, in
chapter 9 we always use k = 2, and hence A = in eq. (9.28).) This reduces to

2/k as k — oo, which is a useful check on the methods developed in subsequent

chapters.



Chapter 5

Scattering State Theory

In chapter 2, section 2.2, we presented the standard theory [KSO77,0KS77,
KOS77,JvGW80] of transport through ballistic nanoconstrictions, which employs
a semi-classical Boltzmann equation for the distribution function fz(7). In chap-
ter 3, we demonstrated that the conductance data obey a scaling relation in
accord with conformal field theory predictions for the T" = 0 fixed point of the
2-channel Kondo model, and extracted from the data a universal scaling curve
['(v). Our ultimate goal is to calculate I'(v). We therefore need a formulation
of transport through a nanoconstriction that meets two requirements: Firstly,
it must apply to the weakly non-equilibrium regime, i.e. must go beyond linear
response; and secondly, it must be tailor-made for a direct application of results
from CFT.

The central idea of the approach by which we achieve this is as follows:
We adopt Hershfield’s Y -operator approach [Hers93|, which formulates a non-
equilibrium problem in terms of scattering states, and obtain these scattering

states from Affleck and Ludwig’s CFT solution of the 2-channel Kondo problem.

116



117

The present chapter lays the groundwork for this scheme, by describing the
basics of the scattering state approach, and Hershfield’s Y-operator formalism.
Only elementary quantum mechanics is needed. Our main goal is to find an ex-
pression for the current in terms of scattering states [eq. (5.52)], and a formula
expressing these scattering states in terms of an exactly known Green’s func-
tion [eq. (5.60)]. The application of AL’s CFT to find these scattering states is
presented in chapters 7 and 8.

In section 5.1 we outline the proposed scattering state strategy in more de-
tail. In sections 5.2 to 5.3 we develop a rather general (i.e. model-independent)
description of nanoconstriction scattering states for the equilibrium situation.
Section 5.4 considers the non-equilibrium case V' # 0, with particular empha-
sis on the Y-operator formulation developed by Hershfield. In sections 5.5 and
5.6 we reexpress the problem as a 2-D field theory, and arrive at an expression,
eq. (5.52), for the current in terms of scattering states. Section 5.7 shows how
these scattering states can be extracted from a Green’s function. In section 5.8
we illustrate the formalism by discussing a simple example, that of 2 species of

spinless electrons scattering off a scalar potential.

5.1 General Strategy

Consider a free Hamiltonian H, with a set of “free” eigenstates {|en),}. If a scat-
tering term H.q; is turned on adiabatically, the {|en),} will adiabatically develop
into a new set of states, {|en)}, which are eigenstates of the full Hamiltonian,
H = H, + Hg.qt. These are called the scattering states (SSs) of H.

Hershfield has shown recently [Hers93| that non-equilibrium problems, even
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strongly interacting ones, become in principle very simple when formulated in
terms of SSs, provided these are known. In terms of SSs, a non-equilibrium prob-
lem can be cast in a form that is formally equivalent to an equilibrium problem.
In particular, it is not necessary to resort to the usual non-equilibrium calcula-
tional tools, such as the Keldysh technique, which become very complicated for
strongly interacting systems.

However, for Hershfield’s formulation to be useful, one needs to know the
SSs explicitly. Our new proposition is that the SSs can be extracted from Affleck
and Ludwig’s CFT solution of the equilibrium 2-channel Kondo problem. It is
then straightforward to insert these SS into Hershfield’s non-equilibrium theory
to calculate the non-equilibrium conductance, from which the scaling function

['(v) will be extracted.

In making this proposition, we immediately have to address three obvious
concerns:
1. Does CFT make sense for a nanoconstriction?
After all, CFT is a field theory in 141 dimensions, based on an infinite sym-
metry group, that of all conformal transformations. A nanoconstriction exists
in 3+1 dimensions, and does not even have left-right symmetry. How can the
former possibly apply to the latter, even in the absence of any impurity and in
equilibrium?

The key to this riddle is to formulate the problem (without impurity and at
V = 0) not in real space, where it is intractable (because of the complicated
geometry of the nanoconstriction), but in energy space, where it becomes simple

at low enough energy scales (see section 5.5). The point is that all one needs
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in order to arrive at a CFT of free fermions is a set of one-dimensional, gap-
less excitations with linear dispersion relation and hence a constant density of
states. Now, no matter how complicated the constriction geometry, gapless ex-
citations are always provided by the geometrical scattering states (GSS) of the
nanoconstriction. These are simply the single-particle states {|e,7), = cl.,[0)}
that correspond to the complete set of solutions {®2, ()} of the free Schrédinger
equation in the constriction geometry. The requisite one-dimensionality of the
excitations is provided by the constriction itself, which allows one to classify all
excitations as either left-moving or right-moving. A linear dispersion relation
and constant density of states come for free if we are close enough to the Fermi
surface. A (conformally invariant) (1+41)-dimensional field theory can then be
constructed by Fourier-transforming, ¢, (7,ix) = [de e " ¢,.,(7), see eq. (5.30).

Thus the geometrical scattering states can be used in a natural way to con-
struct a (1+1)-dimensional field theory of free fermions. Next we postulate, solely
on the basis of the observed phenomena (in particular, the observed T'/2 scal-
ing behavior), that these interact with TLSs via a 2-channel Kondo interaction.!
Switching on such an interaction with an impurity maps the original geometrical
scattering states into a new set of impurity scattering states {|e,n)} [see eq. (5.9)].
We shall show that these can be extracted from AL’s exact CFT solution of the

2-channel Kondo problem [see egs. (5.60) and (5.59)]. In other words, once the

LOf course, historically things happened in exactly the opposite order, as described in the
introduction: first Ralph and Buhrman suggested that 2-channel Kondo physics is at work
[RB92], (on the basis of log V' and log T behavior for G and the disappearance of the effect upon
annealing, which indicated that structural disorder was important); then Ludwig predicted 7''/2
scaling behavior; and subsequent analysis of the data indeed showed this behavior. Nevertheless,
since other explanations should not be ruled out a priori, in constructing the argument above
the logic is: “The experiment shows a list of properties, including 7'/? scaling; which model
can reproduce them all? Let us try the 2-channel Kondo model and see how well it does in
reproducing the scaling curve quantitatively.”
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theory has been defined in energy space, CF'T is simply a fancy way of extracting
its properties.

At this point, the second concern arises:

2. Do scattering states make sense for a dynamical impurity problem?

After all, a dynamical impurity is constantly flipping its spin. Can one even
define scattering states for such a problem? Would the scattering states not have
to “flip along” with the impurity, in some way or other??

However, as is explained in great length in chapter 7, section 7.4.1, in the
conformal field theory formulation of the overscreened fixed point, the impurity
completely disappears from the formulation: it is absorbed in the definition of
a new spin current spin current, J (z) = J, (iz) + 276(x)S, see eq. (7.36) — this
is the technical way of expressing the loose statement “the impurity is screened
by conduction eletrons”. In terms of the new currents J , the Hamiltonian takes
the form of a free Hamiltonian, for which one can meaningfully define scattering
states. These scattering states can be extracted from exactly known two-point
functions (which, in a sense, can be viewed Green’s functions for which the im-
purity has been “integrated out”).

The third concern is possibly the most serious:

3. Does is it make sense to extract SSs, to be used in a non-equilibrium problem,
from an equilibrium theory such as CFT?

After all, it is obvious that in general the SSs must depend on V in some way
or other: it is known [MWL93,WM94| that in the “extremely non-equilibrium

regime” defined by V' > T, the density of states no longer shows a single Kondo

2I thank P. Wolfle for pointing out this potential concern to me.
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peak at the Fermi energy u of the equilibrium bath, as it did for V' = 0, but
instead two separate Kondo peaks at p+ %eV, the separate Fermi energies of the
two baths.® This is clearly illustrated in Fig. 9.3(b) in chapter 9, obtained by
[HKH95]. Thus, the low-T" physics for the case V' > T clearly is different from
that of V' = 0.

However, the scaling regime of the Ralph-Buhrman experiments correspond
to the opposite limit, V' <« Ty, which defines what will be termed the weakly
non-equilibrium regime. In this limit the physics is governed by the V = 0 fixed
point: since the width of the equilibrium Kondo peak in the density of states is
~ Ty [Hew93, eq.(5.22)], for V < T} the above-mentioned peak-splitting effects
are not yet important. Intuitively speaking, by simple “continuity” there must
exist a regime in which V' is so small that the actual SSs are indistinguishable
from the V = 0 scattering states, because the V-dependent corrections, of order
V /Ty (since T is the only energy scale in the problem) are negligible. [Indeed, in
Fig. 9.3(b), the Kondo peak shows no signs of splitting for eV < T.] Clearly, in
this regime it 4s valid to extract the SSs from an equilibrium theory such as CFT.
Corrections in V/T can always be calculated later, if desired [in the framework
of the AL theory, this is done by adding operators proportional to V/Tx to the
fixed point Hamiltonian (see section 9.4)].

The fact that for small enough V' the physics does not differ significantly
from that at V' = 0 also follows from a poor man’s scaling argument: it is easy to
show [see section 4.4.2] that the poor man’s scaling RG equations are completely

independent of V' (for the same reason as that they are independent of 7', namely

3This result was obtained in [MWL93,WM94] using the NCA method to study an Anderson
model out of equilibrium.
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that the bandwidth D is > V, T'). Therefore, the RG flow is initially unaffected by
V # 0. Of course the RG flow is eventually cut off by either V' or T', whichever is
larger; however, if both are < T}, the RG flow will terminate in the close vicinity
of the T'= 0,V = 0 fixed point, even if V' # 0. Thus it makes sense to use AL’s

equilibrium theory for this fixed point to calculate the SSs.

5.2 Geometrical Scattering States

In this section we formulate the problem in terms of geometrical scattering states.

Consider the problem of free electrons moving ballistically through a nanocon-
striction. Ultimately, we have to include 2-channel Kondo scattering off TLSs in
our model. For the moment, however, consider such 2-channel Kondo scatter-
ing to be switched off. The electrons scatter only off static impurities and the
insulating material.

In principle, we have to solve the Schrodinger equation for free electrons and
some random static impurities, with boundary conditions that all electron wave-
functions vanish on the metal-insulator boundary. Evidently, this is an intractable
problem.* Nevertheless, in principle there exists a complete set of single-particle
solutions to the Schrédinger equation, {®Z, (¥)}. They are labeled by a continu-
ous eigenenergy ¢ (measured relative to the Fermi energy), and a set of discrete
quantum numbers, denoted collectively by n = (0, «, ). In this chapter, the
indices ¢ and a will be called channel indices: 1 =T, | is the Pauli electron spin,
and « is a discrete index associated with the “non-radial” variables, depending

on the coordinate system used. a roughly corresponds to the index « introduced

4Even if one ignores scattering off static impurities, and describes the nanoconstriction as
a circular hole in a flat, insulating sheet, the resulting problem of wave diffraction through a
circular aperture is notoriously difficult to solve [Som54,Born64,Jack75].
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in chapter 4, eq. (4.9) (and in chapter 9 will become a pseudospin index). For
example, in spherical (r,0, ), cylindrical (z,p, ¢) or Cartesian (z,y,z) coordi-
nates (with origin # = 0 at the center of the hole), a would label complicated
linear combinations of angular harmonics Y} ,,(6, ¢), or Bessel functions B(p, ¢),
or transverse standing waves e'(F=+kn) respectively, whereas the “radial” co-
ordinate would be r, z and z, respectively. Finally, o, = (+,—) = (L, R), the
species index, denotes the direction of propagation of the incident wave: left-
moving waves incident from z = 400 in the right lead towards the left have
0, = L = +; those incident from z = —o0 in the left lead towards the right have
o, = R = —. The asymptotic behavior of the incident (or transmitted) parts of
such a wave-function ®¢, (Z) will roughly be (in spherical coordinates) e~**" /r (or
e* /r) as r — oo.

The single-particle eigenstates {|e,7), = ¢l_,|0)} (where |0) = vacuum) of the
free Hamiltonian corresponding to these wave-functions will be called geomet-
rical scattering states, since they are determined solely by the geometry of the
nanoconstriction. We shall use them as a basis of “free” states in terms of which
to formulate the scattering of electrons off impurities in the nanoconstriction.

Measuring all energies relative to the equilibrium Fermi energy, for each 7,
the T' = 0 Fermi sea is filled up to € = 0. Since ¢ is continuous, for each n we
thus have a channel of gapless excitations. The transport physics is governed by
excitations with ¢ of order T' from the Fermi surface. For T small enough (< p),
we may thus take the density of states in the n-channel to be energy-independent,
N,(e) = N,(0) [to order O(T/u)]. Consequently, such density of states factors

can be absorbed into matrix elements [see eq. (5.2)] and the normalization of the
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cl.,’s, for which we take

{coen; Ci&n} = Opyd(e — e'). (5.1)

Hence no explicit N, (0)’s appear in the energy integrals below. Also, energy
integrals will be taken from —oo to +o0o, since they are cut off by 7" in any case.’
With these conventions, any operator O may be expressed in second-quantized

form as:
O = Z/df:/ déj o<577|0|5/77,>0 Cj)gq’]COE/T]/ 9 (52)
'

In particular, the free Hamiltonian is diagonal:

H, = Z/da 5 clmco677 , (5.3)
n

The operator for the current (to the left, say) can be written as

I=(evs)Y /de / de’ (en| T1Em') . Coony - (5.4)
nn’

What will the coefficients (en|I|e'n’) look like? In general, the current does not
have to be strictly diagonal in n; in spherical coordinates, for example, it certainly
has off-diagonal elements. However, roughly speaking, the current to the left is
the difference between the number of left-moving and right-moving transmitted
electrons, and hence the largest contribution will come from terms diagonal in 7).
Thus we write

/! 1 /
(en|I|e’y = UF—hanTndnn/(S(g —€), (5.5)

where the 0, = + in front ensures that L/R-movers are counted with opposite

signs, and we have neglected the e-dependence of the “geometrical transmission

°Strictly speaking, the [de integrals have to be cut-off, ff&ls, at an energy A satisfying
T < A < pu. However, when interested in low-T" physics, we may take A — oo in integrals such
as in eq. (5.2), since the corrections thereby neglected are of order O(T'/A).
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coefficients” T,,. Since a typical “open” channel has conductance of about 1 ¢*/h,
we expect T, ~ 1 for transmitting channels, and 7, ~ 0 for reflecting channels.
For a device with conductance of about 4000 e?/h, about 4000 channels will be
“open” (i.e. transmitting electrons through the hole), while the others will be

closed (reflecting).

Suppose a device has an observed ZBA with maximum amplitude of about
10 €?/h. This means that about 10 of the transmitting channels interact strongly
with defects, which induce a non-trivial energy- and temperature dependence in
their transmission coefficients. We write the corresponding scattering potential

generically as
Hscat = Z/dsds’cimv,m/ (57 5/)008/77/ ; (56)
nm’

For Kondo impurities, V,, has additional 2 x 2 matrix structure corresponding
to the dynamics of the impurity; however, in the present chapter this need not

be made explicit.

5.3 Impurity Scattering States

The so-called impurity scattering states are defined to be the set of states {|en) =
cin|0)} into which the geometrical scattering states {|en),} “develop” when Hg.

is turned on adiabatically, and which diagonalize the full Hamiltonian H:

H=H,+ Hypr = Z/d&?clnca7 . (5.7)
n
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Since both sets of states span the same Hilbert space, they are related by a

unitary transformation,® U, (¢, e) = ,('n/|en):

len) /dé? le)oUprn (€, €) (5.8)

Cep = /ds (e€")Coery ; (5.9)

Sy —€) = Z/ds Ul-(e,8)Uny(£,€) . (5.10)

Note that Uy, (¢’, €) is not quite the same as the usual scattering matrix S,,, (¢’, €),
defined by |en)H) = ¥, fde'|en) TS,y (e, €) [Merz70, eq. (19.48)] (in that lan-
guage |en)H) corresponds to our |en)). S,,(¢'c) maps two sets of eigenstates of
the full Hamiltonian onto each other, namely “incoming” states {|en’)(™)} onto
“outgoing” ones {|en)P}. In contrast, Uy, (c',¢) maps eigenstates {|e'n’),} of
H, onto “outgoing” eigenstates {|en)} of H.

Since the scattering state operators diagonalize H, their equilibrium thermal

expectation values are extremely simple:

(cLy(T)eer (7)) = byyd(e — e fole) | (5.11)

where f,(¢) = is the equilibrium Fermi function.

ﬂ€+1

The task at hand, therefore, is to find the {c.,} in terms of the {c¢,s,}. The

standard textbook approach is to observe that

H,len), =¢€len), and (H, 4+ Hsear) len) = €len) (5.12)

6Tt was pointed out to us by A. Stern that the argument below seems to make an implicit
assumption that the scattering states can be written as a sum of single-particle states; for
a many-body problem such as the Kondo problem, in which particle-hole excitations can be
created upon scattering, this might not seem quite appropriate. However, it is known that
the scattering matrix for free particles incident on a Kondo impurity is unitary, if the Hilbert
space is appropriately enlarged to include “spinor-electrons” (see section 7.5.2 and appendix F).
Thus, when applying the formalism below to the Kondo problem in later sections, the unitary
transformation in eq. (5.8) is understood to act in this enlarged Hilbert space.
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imply
1

—————Hyq 5.13
e—H,+ia tlen) (5-13)

|577> = lem)o +

as can be verified by acting on the left-hand-side with (¢ — H,). This is the
Lippmann-Schwinger equation for |en), see e.g. [Merz70, eq. (19.20)] or [Sak85,
eq. (7.1.6)]. When iterated, eq. (5.13) evidently gives |en) in terms of |en), i.e. it
gives a perturbative expression for the operator U, ,(¢’,€) in eq. (5.8).

However, for any Kondo problem perturbation theory is known to break down
at low T, so that we have to adopt a different approach. Fortunately, for the 2-
channel Kondo problem we have the exact field-theoretic solution of AL at our
disposal, which gives exact expression for all Green’s functions. Therefore, in
section 5.5 we shall transcribe the present problem into a 2-dimensional field
theory, and show in section 5.7 how U, (¢’,€) can be extracted from an exactly
known Green’s function [see egs. (5.59) and (5.60)].

Before turning to field theory, though, we explain in the next section Hersh-
field’s Y-operator approach to non-equilibrium problems, in which the usefulness

of scattering states becomes dramatically clear.

5.4 The Non-Equilibrium Case

In this section, we describe how to incorporate a non-zero voltage into the prob-
lem. First we scetch in section 5.4.1 the physical situation that applies to a
non-equilibrium nanoconstriction without backscattering. Then we explain how
the non-equilibrium problem in the presence of backscattering can be treated in
terms of Hershfield’s formulation of non-equilibrium quantum statistical mechan-

ics.
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5.4.1 The Non-Equilibrium Nanoconstriction without
Backscattering

Suppose Hg..; = 0, and turn on a voltage, so that the right and left leads have
chemical potentials pu + eV/2 and u — eV/2, respectively. As discussed in sec-
tion 2.2.1, this causes a gradual drop in the electrostatical potential ep(7) (i.e.
the bottom of the conduction band) across the nanoconstriction (see Fig. 2.3),
from +eV/2 on the right to —eV//2 on the left. Consequently L- (or R-) moving
electrons traveling at total constant energy F are accelerated (or decelerated) as
they approach the constriction. The details of their motion might be complicated,
but the result is simple (see page 20): At each point near the point contact, one
has effectively two Fermi seas, one consisting (roughly speaking) of L-movers,
injected from the R lead with Fermi energy u + €V/2, the other of R-movers,
injected from the left lead with Fermi energy u — eV /2 (Fig. 2.2).

Thus, the essence of the non-equilibrium nature of the problem will be cap-
tured correctly if we adopt the following simplified picture: ignore the spatial
variation of the electrostatic potential e¢(7) altogether, and simply consider two
leads (R/L) with chemical potentials y & 1eV/, that inject L/R-moving ballistic
electrons into each other.

Formally, this means that in the absence of any scattering potential, thermal

weighting is done with the following density matrix p,(V'):

_ Trp,(V)O

= /- h = ¢ PlHo=Yo(V)] 14
(O) Tpy (V) where po(V)=e , (5.14)

and the weighting operator Y, is defined as

Y,(V) = LeV (N, — Np) = eV o, / de ., Coon - (5.15)
n
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Here Ny and Ny denote the total number of L- and R-moving electrons (recall
that o, = (+, —) for (L, R)-movers).
The task at hand is to now incorporate the effect of backscattering at the

center of the constriction due to H,.u.

5.4.2 The Kadanoff-Baym Ansatz for V' # 0

Let us formulate the problem in general terms: we are confronted with a non-
equilibrium problem whose dynamics is described by a Hamiltonian H = H,+ H,
whereas the statistical (thermal weighting) properties are governed by heat baths
at chemical potentials u£eV /2. H; contains all many-body interactions and scat-
tering terms between baths [in our case there are no many-body interactions, and
H; = Hg.it.] The heat baths are assumed infinitely large and hence “indepen-
dent and unperturbed”, in the sense that their thermal distribution properties
are not perturbed when a small number of particles are transferred from one to
the other. A well-known example of such a system consists of two heat-baths, L
and R, separated by a tunnel barrier, and H; contains a tunneling Hamiltonian
H,,, that transfers L- and R particles between the two baths, which are otherwise
disconnected (apart from a battery of course, to maintain a steady state). In our
present system, where the two baths are a bath of L-movers and one of R-movers,
H,..; plays the role of Hy,,, which converts the L- to R-movers and vice versa.
In our case, the physical left and right leads are of course not disconnected, in
contrast to the typical tunnel barrier case, and particles freely pass from one lead
into the other, with or without scattering. However, we assume that the leads
are large enough that none of these processes disturb the equilibrium in each of

them, in the sense that each still has a definite well-defined chemical potential,
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which governs the distribution of electrons injected towards the lead.

How does one calculate thermal averages for such a system? The main com-
plication that has to be confronted is that the number of particles in each bath
is not conserved, in that [N, z, H;] # 0. Therefore, any attempt to simply re-
place p,(V) in eq. (5.14) by e PH=Yo) will (apart from lacking first-principles
justification) quickly run into problems: since [H,Y,] # 0, many of the standard
properties of equilibrium Green’s functions (e.g. G(7 + ) = £G(7)), no longer
hold.

Kadanoff and Baym have shown how such a general problem is to be dealt
with [KB62, eq.(6.20)]: Thermal weighting has to be done at some early time
t, — —oo, at which all interactions H; are switched off, and then H; is adi-
abatically turned on [H;(t) = Hie*, with a — 0%] while the system is time-
evolved to the time ¢ of interest. Concretely, in taking the thermal trace, one

[Eo—3eV(NL—Ng)n

uses the thermal weighting factors e appropriate to a trace

Sun,to| |n,t,) taken at some early time t, — —oo; the actual trace, however,

is taken between the time-evolved versions of these states |n,t) = U(t,t,)|n,t,),

—iH (t—t,

where U = ¢ ) is the Heisenberg time-evolution operator:”

S e_ﬁ[Eo—%GV(NL—NR)]nOfL? t{On,t)y  Trp,(V,t,) Ut(t,t,)OU(t,t,)
S e BlEo—5eV(NL—NR)]n a Tr p,(V, t,) ’
(5.16)

(O1)y =

where in the second equality the trace is taken between the states |n,t,). This
is the defining prescription for taking non-equilibrium expectation values in the
presence of interactions.

Since steady-state expectation values of a single operator are time-independent,

“No time-ordered exponential is needed here, because H is assumed to be time-independent.
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t is here just a dummy variable, and is often taken to be 0.
5.4.3 Recovering Standard Results for V =0

Of course, for V' = 0 the prescription (5.16) has to reduce to the standard equi-

librium prescription:®

Trp(0,1,)0

(Ohv= Trp(0,t,)

where p(0,t,) = e PH (5.17)

To show that this is indeed the case is actually not completely trivial, though
intuitively plausible (it is done explicitly in [Hers93]). Adopting the interaction

representation with respect to Hy, in which
. ; t / /
Ut t,) = e Bty (1) | with U, (t) = Te " Jo @M1 (5.18)

one expands eq. (5.16) in powers of H;;, and compares the resulting perturbation
expansion to that obtained by expanding eq. (5.17) in powers of Hy,. If one
assumes that a physical relaxation process exists that causes correlation functions

to decay in time, so that

I Tr po(0,t,) B (t,)Ci(t)  Trp,(0,t,)B Trp,(0,t,)C
im =
to——00 Tr po(0, t,) Trpo(0,t,)  Trpo(0,¢,) '

(5.19)
then one can set the convergence factor a = 0, since its only role was to regulate
the ty — —oo limit, and terms of the form (5.19) arise from the lower limit of
the ftto dt’ integrals. They turn out to exactly cancel the terms that arise from an
expansion of the denominator in eq. (5.17), and the perturbation expansions of
egs. (5.16) and (5.17) indeed turn out to be the same.

Eq. (5.17) is of course the starting point for familiar equilibrium statistical

mechanics. One of its most useful features is that the thermal weighting factor

8The second argument t, in p(0,t,) is superfluous; it is retained here only for the sake of
notational consistency with the V' # 0 case.



132

e~ (t=to) commute;

e PH and the dynamical time-evolution factor U(t,t,) =
Green’s functions therefore have the periodicity property G(t + ) = +G(71),
which makes it convenient to formulate perturbation expansions in H; along the

negative imaginary axis, t = —it € [0, —if].
5.4.4 Hershfield’s Formulation of the case V # 0

If V' # 0 so that eq. (5.16) and not eq. (5.17) is the starting point, there are
no obvious periodicity properties along the imaginary time axis, and the con-
ventional approach, due to Keldysh, is to formulate perturbation expansions in
H, along the real axis [Kel64,RS86]. The various diagrammatic techniques that
have been devised are simply ways of doing the real-time integrals ftto dt’ that
result from the expansion of U(t,t,). However, for our purposes such expansions
are inconvenient: firstly, perturbation expansions have limited use in the Kondo
problem, and secondly, we would in the end like to apply Affleck and Ludwig’s
non-perturbative CFT results.

Hershfield has recently shown that eq. (5.16) can be rewritten in a way that
exactly meets our needs (what follows is a simplified version of his arguments):
By using the cyclical property of the trace to pull U(t,t,) to the front, eq. (5.16)

can be written as

_ Trp(V,£)O
(O( )>V:W7 (5.20)
where
p(Vit) Ut to)po(Vito)UT(L, 1)
T(Vt) —  Tepo(Vit,) (521)
p(V,t) = e PH-YVIL (5.22)

The formal definition (5.21) makes it clear that p(V,t) is the density operator
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that p,(V,t,) develops into as the interaction is switched on and the system
time-evolves from t, to ¢, with appropriately changing normalization. Eq. (5.22),
purposefully written in a form resembling that of p,(V,t,) in eq. (5.14), defines
the operator Y.

What are the properties of p(V,t)? To gain some intuition, we shall glibly
pretend that the denominators in eq. (5.21) are equal [which they are not quite —
for a more careful but also more technical treatment of the denominators, relying
on the relaxation assumption of eq. (5.19), refer to [Hers93]]. The definition
eq. (5.21) then implies that p(V,t) satisfies the following differential equation in

the interaction picture:”

0ips (V1) = =[ps(V, 1), His(1)] (5.23)

By expanding in powers of Hy, p,(V,t) = >0° pr.n(V. 1), and using the fact that
each term in the expansion has time-dependence p,,,(V,t) = eflet=te) . (V#)

—iH,(t—t,

e Je® we find the relation

[pl,n(v7 t)v HO] + Z'Ozpm(V, t) = _[pl,n—l(‘/a t)a Hll(t)] ’ (524)

which, when summed over n, gives

p(V,0), 1] = i pu(Vite) = (V1)) (5.25)

The positive infinitessimal here makes the operator equation well-defined, but
can be taken to zero if a relaxation process is assumed and eq. (5.19) holds
[Hers93]. Therefore we find, reassuringly, that [p(V,t), H] = 0, which means that

the density matrix is conserved, as it should be.

9Note the extra — sign that is characteristic of the time-evolution of the density operator
[Sak85, chapter 2].
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In a similar fashion, Hershfield showed that the operator Y defined in eq. (5.22)

can be characterized as follows:

(P) Y is the operator into which Y, evolves as the interactions are turned on
las is suggested by a comparison of eqs. (5.21) and (5.14)]. It satisfies the
relation

Y,H] =ia(Y,-Y), where o — 07, (5.26)
which implies that Y is a conserved quantity.

Using this property [and the relaxation assumption eq. (5.19)], Hershfield showed
explicitly that eq. (5.22), expanded in powers of Hj, reproduces the Keldysh
perturbation expansion obtained from the Kadanoff-Baym Ansatz (5.16).

The fact that the Y -operator is a conserved quantity is the great advantage of
the Y -operator approach. It implies that the problem is now formally equivalent
to an equilibrium one, where one has uN (N= total particle number) instead of
Y, and [H, N] = 0. Once the scattering states have been found, one can therefore
apply the usual methods of equilibrium statistical mechanics,'® using the density

H=Y) and Heisenberg time-development O(7) = e Qe 7.

matrix p = e A
The fact that Y evolves from Y, as H; is turned on implies that Y can be

obtained from Y, by replacing'® the Coen I eq. (5.15) by the scattering-state

0By comparing eq. (5.7) and eq. (5.27), it is clear that Y can actually be shifted away in
p = e PH=Y) by defining new energies ¢/ = ¢ — iy associated with c.,, i.e. measuring the
energy of an excitation relative to the Fermi surface of the bath from which it originates. This
brings the weighting factor into a truly equilibrium form, but because c.,,(7) = cme_T(E/*‘””)7
it will produce extra factors of e¥72#7 on some operators that are not diagonal in oy, such as
H.qt. We shall not follow this approach here.

"Note that Y is not simply equal to the Y, of eq. (5.15), rewritten in terms of the scattering-
state basis via eq. (5.9): Y #Y,. Y is obtained from Y, not by rewriting the c,., in terms of
the c.y), but by replacing the former by the latter.
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operators ¢, into which the latter evolve:

Y =3eV> o, /da el e (#Y,) . (5.27)
n

It follows that non-equilibrium thermal expectation values of the c.,’s have the

standard form:

<Cin(7')65/,7/(7',)> = 0pyd(e — SI)GS(T_T/)]C(S, n). (5.28)

The only difference between this equation and its equilibrium version (5.11) is

that f,(e) is here replaced by

1

fle,n) = P fole = 1y) where p, = 0,eV/2, (5.29)

(i.e. p, = £eV/2 for scattering states originating from the right or left bath). A
remarkably simple result!

The main message of Hershfield’s Y -operator formalism is that non-equilibrium
problems become simple when formulated in terms of scattering states. The cru-
cial question now becomes: how does one calculate these scattering states for a

complicated, many-body problem?

5.4.5 Applying the Y-Operator Approach to the Kondo
Problem

Although Hershfield derived his Y-operator approach using arguments based on

perturbation theory, he proposed that the formulation that he arrived at can also

be used as starting point for non-perturbative calculations. In other words, if it

is possible to calculate the scattering states non-perturbatively, and to somehow

find an operator Y that is conserved and reduces to Y, when H,., is turned off,
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one can simply insert these into the density matrix p of eq. (5.22), and proceed
to use relations such as eq. (5.28) and (5.29).

How readily this works in practice depends on the details of the problem.
Let us classify a given problem as being of type I if its scattering states are
independent of V' and T', and of type II if they do explicitly depend on V and T

“Sufficiently simple” problems will be of type I. For such problems, one can
proceed in two separate steps:

(1) First find a basis that diagonalizes the Hamiltonian (i.e. the c.,’s), by the
procedure described in section 5.3. By definition, for type I problems this process
is independent of whether the system is in equilibrium or not, because it simply
amounts to finding a convenient basis for one’s Hilbert space (and hence the
scattering states are V-independent).

(2) Thereafter construct the Y-operator and density matrix p directly from the
eigenstates of H (not H,); this means that in doing the thermal weighting in the
baths, one specifies the Boltzmann weights associated with the scattering states
(not the original free states).

This order of steps, namely first finding a convenient basis, then specifying
their thermal weighting, is intuitively plausible: after all, thermal weighting is
nothing but a specification of the occupation probabilities of the eigenstates of
the full Hamiltonian. If one has two leads at different chemical potentials, those
states “originating” from the R/L lead should have Boltzmann weights reflecting
from which lead they originated, since the thermal equilibration that leads to the
Boltzmann factors happens deep inside the leads, before the particles are injected

and scattered by Heq.
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An example of a problem of type I can be found in [SH95a],'? where Schiller
and Hershfield solve a certain non-equilibrium Kondo problem exactly using
Emery-Kivelson bosonization techniques. The scattering states that they cal-
culate explicitly [SH95b] are V- (and T-) independent. Unfortunately it is not
suitable for our purposes, because it does not give a T"/? contribution to the
conductance [see section 9.1, page 242].

On the other hand, “sufficiently complicated” problems will be of type II, and
the Kondo model that we use in chapter 9 falls in this category. In such problems,
because of many-body effects the scattering states depend on the occupation of
other states, and hence become 7" and V-dependent. Then the low-energy physics
is described by an effective Hamiltonian that is explicitly V- and T-dependent.
That this is the case for a typical Kondo problem follows from poor man’s scaling;:
the effective Hamiltonian depends on the rescaled cut-off D', which has to be
replaced by max(V,T) at low energies (this is because the logarithms that arise
in perturbation theory will contain loglmax(V,T)], because the Fermi functions
for intermediate states also depend on V', see section 4.4.2).

Intuitively speaking, the Kondo problem is very sensitive to what happens
close to the Fermi surface. If the Fermi surface “splits in two” due to a non-
zero voltage, this must somehow influence matters. Indeed, in the extreme limit
V > Ty, the Kondo resonance actually splits in two, as mentioned on page 121,
and illustrated in Fig. 9.3(b) of chapter 9.

Thus, for a type II problem one cannot first diagonalize H¢// and then con-

struct Y/, because H// depends on V. Instead H¢/ and Y¢// have to be found

12The preprint of [SH95a] inspired the approach proposed below. I would like to thank its
authors for making it available to me prior to its publication.
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simultaneously and self-consistently, a complicated procedure that has never been
attempted so far, to my knowledge (though the non-equilibrium, Keldysh-NCA
calculations of [MWL93,WM94] and [HKH94| can be considered to be an indirect
way of doing this).

However, in the weakly non-equilibrium regime where V' < T}, the situation
becomes tractable again. As was argued in section 5.1, page 120, in this regime
the Kondo peaks have not yet begun to split and the V-dependence of the SSs
will only be of order V/T}, and hence negligible. Hence, in this regime we may
use the equilibrium version of the SSs, and calculate corrections in perturbation
theory in V/TY, if desired.

We propose (and that is one new aspect of our work) that for the Kondo
problem, the exact equilibrium scattering states {c.,} can be obtained from con-
formal field theory, by extracting them from an equilibrium Green’s function [see
eq. (5.60)].13 These equilibrium SSs are then to be used in a non-equilibrium ex-
pression for the current. The conductance so obtained will still be non-linear in
V', because the expression for the current contains V-dependent Fermi functions.

The rest of this chapter is devoted to formulating the nanoconstriction prob-
lem as a 2-D conformal field theory, and deriving the relation [eq. (5.60)] that
gives the scattering states in terms of an exactly known Green’s function. The
formalism below is valid for arbitrary V' # 0 (only in chapter 9, when applying
the formalism to Kondo Green’s functions to obtain Kondo SSs, will we have to

take V = 0).

13 As argued above [see page 120], in Affleck and Ludwig’s conformal field theory approach, the
impurity is completely screened (technically, it is absorbed in the spin current) and disappears
from the formulation, so that it is possible to meaningfully speak of scattering states even for
a problem that initially involved a dynamical impurity.
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5.5 Transcription to a 2-D Field Theory

In this section we formulate the problem in terms of a set of 2-dimensional,
second-quantized fields, ¢, (7,ix), one for each channel. They can be expressed
either in terms of geometrical or impurity scattering states [eqgs. (5.30) or (5.41)].
If the Green’s function G, = —<1/anbj7,> is known exactly, one can therefore
extract from it a relation between c,., and c.,, and hence find U, (€', ¢).

We initially defined all physical operators in terms of c,e,’s [eq. (5.2)]. A
natural way to rewrite them in terms of second-quantized fields is to define, for
each channel 7, the field ¢, (7,iz) (with € [-[,{], | — 00) as a Fourier-integral

over all e: 14

¢U<Zx) = /Oodg e—iax Coan ) (530)
Coen = / dr gietq), (i) | (5.31)
{n(iz), ¥l (ix)} = 2m6,p0(x —2') . (5.32)

Several comments are in order:

1. Note that t,(iz) is not the usual electron field W(Z), which is constructed
from the (unknown) wave-functions ®¢, (¥) through V(7)) = 32, [de®, (¥)cocy-
Instead, v, (iz) is best thought of simply as the Fourier transform of c,.,, this
being a convenient way of rewriting the problem in field-theoretical language.
Nevertheless, the role of x is strongly analogous to that of the “radial” coordinate
of the actual wave-function ¥, (Z).

2. If Hyqr = 0, then the 9, (ix) are free fields, that have the following three

14 As mentioned in footnote 5, the [de integrals strictly speaking have to be cut-off, ff&ie,
at an energy A satisfying T' < A < pu, but we take A — oo (which allows us to invert relations
such as (5.30) straightforwardly).
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properties:

2(a): Coey(T) = Coene™ " in the Heisenberg picture (in imaginary time, t — —i7),
implying that ¢, (7,ix) = 1,(u), where w = 7 4 iz. [The u dependence of free
fields 1), of course also follows from the Heisenberg equation of motion for free
fields, (0r 4+ i0,)1, = 0.] This is the reason for writing the argument of v, as
(iz) in eq. (5.30), since the 7 dependence of 1, can then simply be obtained by
analytic continuation (iz — 7+ ix).

2(b): By construction, all free fields are “mathematical left-movers”, since upon
continuation to real time, 7 — it, they depend only on i(t + x) [the distinction
between physical L- and R-movers is carried in the index o, = £1]. The reason
for choosing such a construction is explained below, just after eq. (5.39).

2(c): If Hyear = 0, then coep(7) = ¢p(7) and hence obeys eq. (5.28). This means

that the free Green’s function G, is given by [see eq. (A.36)]:

G (u— ') = —(Tty(w)i, (u)) (5.33)
— - n/(u_u,) — ,

O 120 O i) (534
gsin%(u—u’) u—u

It is straightforward to rewrite any operator O, expressed as in eq. (5.2), in terms
of ¢y (iz):
0= [ [ 4 6l(i)Opy(w, 2" )iy (i) (5.35)
nn’

where

/ds/da (en|Ole'y’), e~ ez (5.36)
In particular, the Hamiltonian becomes

H=H,+H,, = Z/ 92 58 (i) Hop ()t (i) | (5.37)

Hypy (x) = (5,777/28354—271'5( Wy - (5.38)
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We have neglected the energy-dependence of the matrix elements in H,.,;, taking
Vi (€,€") = V,y; this corresponds to assuming a short-range interaction, as is
evident in eq. (5.38).

By simple Fourier transformation, we have hence arrived at a 2-dimensional
field theory, defined by egs. (5.37) and (5.38). The reason why this (and not a
3+1 dimensional theory) resulted, is essentially that there is only one continuous
quantum number, namely ¢, in the problem, with respect to which we can Fourier
transform. This in turn is a result of the constriction geometry, which defines a
definite and unique origin, and consequently a notion of a single “radial” coordi-
nate, r or z, depending on the coordinate system used, to which our x roughly

corresponds.

5.6 Scattering State Wave-Functions

In this section we reexpress the field ¢, (ixz) in terms of the {c.,}, and derive
a convenient expression for the current, namely eq. (5.52). In the process we
shall naturally be lead to define an important quantity, the scattering amplitude
ZNJW (¢) for an incoming particle with quantum numbers (,7’) to emerge with
quantum numbers (¢,7n). This is the quantity that can most easily be extracted
from an exact Green’s function.

The Heisenberg equation for 1, (7, ix) is

—&wn(U) = W’n(u)vH] = Hnn’(iv)wn’(u) (5.39)

Now, we emphasized on page 140, point 2(b), that all our fields (both for o, = L
and R) are mathematical left-movers, incident from = = oo and traveling toward

r = —oo. When a scattering term Hgeor = V;y0(2) is turned on, the scattered
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Figure 5.1 A one-dimensional scattering problem: Free fields are incident from
the right, scattered at the origin and outgoing to the left.

fields will be different from free fields only for < 0. Thus, we have turned our
problem into a one-dimensional scattering problem, with all free fields incident
from the right, and all scattered ones outgoing to the left (see Fig. 5.1). This is
the reason for introducing both L- and R-movers as “mathematical left-movers”.
L-R backscattering is described by the o, # o, terms in V,,,.

It is convenient to express this scattering problem in terms of the {c.,}, since
the full H is diagonal in terms of these. Inserting the inverse of eq. (5.9) into

eq. (5.30) and defining

Gery (1,m) = /dae’mUnn/(é,a’) : (5.40)

we find

Yy (T 1) = Z/da'qbexn/ (tz,m)Ceny (T) (5.41)
Cery (T) = Z/ Sy (i, m)apy (7, i) . (5.42)
The function ¢,y (ix,n) may be thought of as the “wave-function” for the im-

purity scattering state |e'n/):!% it gives the amplitude for an electron, injected in

state |€'n’),, to be found at z with quantum number 1. The unitarity (5.10) of

15This interpretation of ¢erry (i, m) as a wave-function is meant as a mnemonic and should not
be taken literally; as mentioned on page 139, point 1, the actual wave-functions are intractably
complicated.
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Uy (€,€') guarantees orthonormality and completeness of the ¢.,(ix,n)’s:

Z/;Lfr ¢:n<2j’ 7_])¢5/,7/(Zj’,77) = (5777]/5(5 - €/> ) (543)
G

Z/dé ¢z (ix,n)Pep iz’ n') = 27 dyyd(x —2') . (5.44)
]

The advantage of the representation (5.41) of ¢, (7, iz) is that c.,(7) = ¢,

because c., diagonalizes H [eq. (5.7)]. Therefore the Heisenberg equation (5.39)

reduces to an eigenvalue equation for ¢..y (ix,n):

Hypi(2) Gery (i, 7)) = €' Gery (i, m) - (5.45)

Since the solutions of eq. (5.45) must correspond to the free wave-function e~**
of the state |e'n), for all x > 0 (before the scatterer is encountered), they will in

general have the following form: 6

Ger (i) = 77 [ Uy (€)0(—) + Gy 6(x)] (5.46)

This relation defines the matrix U, ('), which clearly can be interpreted as a
scattering amplitude, since it specifies the amplitude for an electron incident with
quantum numbers (£'n’) to emerge with quantum numbers (g'n).

The relation between the scattering amplitude U, (¢') and the matrix U, (¢, ')

can be found by inserting eq. (5.46) into the inverse of eq. (5.40):

Unn/(g’gl) — /%ﬂieis:pgbs,n/(il', 77) (5.47)
1 Urm’ (5,) 57]77’

= 5 — . 5.48

271 [5—5’—@'04 e—¢e 4+ ( )

16Tn writing eq. (5.46), we have assumed elastic scattering (g5, = €o,u¢). For a 2-channel
Kondo model this means that we assume that the impurity energy splitting A = 0, so that
electrons cannot exchange energy with the impurity (experimental evidence that A is indeed
small (£ 1 K) is presented in section 3.4).
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The unitarity condition eq. (5.10) on U, (e, ') then immediately implies unitarity

for U, (') (the [d integral can trivially be done by contour methods):

> Ul URy (") = 0y - (5.49)

The unitarity of U,;(¢’) could of course have been anticipated from eq. (5.46):
it ensures that scattering conserves probability, i.e. that 3, |¢oy (iz,n)|* is the

same for z > 0 and z < 0.

As a consistency check, note that by using —- + —1- = 27id(¢), eq. (5.48)

e—i et+ia

can be written in the form

1- ﬁn’n(ff)

Un’n(5/75) = (57177’5(5/ —€) + o 1in

(5.50)

which has the form of (an iterated version of) the Lippmann-Schwinger eq. (5.13).
Using eq. (5.41) and eq. (5.46), any operator written in the form (5.35) can

be expressed in terms of (77777/(5). In particular, the current density becomes

. ! N
[=lim L(i(r)) = Z=Y L [ £y /dgdg'e“m)(a-f (ctcow)  (5.51)
nn’ '

x UL, ()0 Ty (2) 0(=2) + dzponTyf(x)] |

m

where we used eq. (5.5) in eq. (5.36) to obtain I,,,(x,z') = é—ﬂhanTndnnxé(x —a').

Using eq. (5.28), the thermal expectation value of the current density becomes

I = %mefdé% [Ugn(g)UnTnUnﬁ(g) + 0o Ty } f(&m) (5.52)

The problem of calculating the current has thus been reduced to that of finding

the scattering amplitude U, (¢).
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5.7 Extracting U from a Green’s Function

We show in this section that Urm’ (¢) can readily be extracted from the thermal
Green’s function in Matsubara space, G,y (wy,; z, '), and illustrate this with the

simplest possible example.
5.7.1 General Derivation

First note that the discontinuity at © = 0 of ¢y (iz,n) [see eq. (5.46)] implies
that ¢, (7,ix), too, is discontinuous at x = 0. Therefore we write it in terms of

two pieces that are separately continuous in their domains of definition, x 2 0:
Uy (T, 1) = wnz(T, ix) = Yyr/r(T L 07) | forx 20, r=|z|, (5.53)

with ¢, (7,907) # ¢~ (7,i07). In the second equality we used the index L/R to
denote mathematical L/R-movers, (since the corresponding fields depend on ¢ £7
when 7 — it), thus introducing a notation that is used extensively by Affleck and
Ludwig.

The thermal Green’s function is defined by
Gy (Tyix; 7' ia") = — (T, (1, m:)w:;, (7', iz")) . (5.54)

For 2/ =7 > 0 and x = —r < 0, it gives the amplitude that an incident 7-
electron will emerge from the scattering process with quantum number 7’. Using

egs. (5.41), (5.46) and (5.28), the corresponding Green’s function is found to be
G (T — i 7'+ ir') = Gy (7, —irs ') (5.55)

= — Z/dédéﬂ ﬁnﬁ(§>6ﬁ/n/ <C§T_](7—)C§/7—]/ (7_/)> 6—i(_§7‘_&=/7,/)
o’

—el(r=)=i(r+r")]

S /dg— U, (8) & (5.56)

e BE=my) 4 q
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It can be checked that this function has the periodicity property
_ —pn B
Gy (T + B) = —e PG (T) (5.57)

[see, e.g. (5.62) below]|, which means that its Matsubara transform must be defined

with an extra factor of e 7" (see e.g. [Amb69, p.266, eq.(51)]):

G,?,IL/(T —ir; T 4 =) e_i(“’"_i“n’)TanL,(iwn; rr'), (5.58)

m

where w, = 2m(n + 3)/6. Writing the Matsubara transform of eq. (5.56) in

spectral form,

Gl (iwnr,r') =

2 RL (. !
. dren =it T GRL (7 r:0,07) = /g A (&)
_6/2 nn 27 5

iwn — (€= py)
(5.59)

one finds that U, () is related as follows to the spectral function Al (e, 17):

Upy (€) = 5= Al (g3, e e r+r) (5.60)

Thus, if G,y is known exactly (e.g. from AL’s conformal field theory for the 2-
channel Kondo problem), then U,m/ (€) can be obtained directly by calculating its
spectral function Al (e;r,7").

Equations (5.60) and (5.52) are the main results of this chapter, and will be

used in chapter 9 to calculate the scaling curve I'(v).

5.7.2 Simplest Possible Example

As the simplest possible example, suppose that at 7' = 0, G,,, has the form

_ UT]??/ eilu"l]/ [TﬁT/*i(”LFTI)}

[T —1" —i(r+1)]

RL . . .
G (T —ir, 7' +ir') = : (5.61)
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Figure 5.2 Integration contours useful for performing (a) the [dr integral in
eq. (5.59); (b) the [dw integral in eq. (5.64).

where U, is a constant. (If U,,, = 8,,, this is the case of free fermions with no
scattering, see eq. (5.34).) This is a case that occurs often in subsequent chapters.

The corresponding T' # 0 Green’s function then is!”

_(j e ha T =)

G,?L( —ir, 7 4 ir') = (5.62)

in (1 — 7 —i(r+7r)]

8
9). Since the extra factor e*7'" in eq. (5.59)

Calculate Gt (iw,; ") from eq. (5.5
ensures that the integrand is periodic in 7, the [d7 integral can readily be done
by contour methods: for w, 2 0, the integral can be closed in the upper (lower)
half-plane of the complex 7 plane [see Fig. 5.2(a)]. This is possible because
the portions C5F + C{ cancel due to the periodicity of the integrand, and the

contributions along Ci vanish for w,, Z 0 as Im(7) — +oco. Thus one obtains
GE (i, ") = —0(wn) 2mi e~ Cn=it) O+ 1 (5.63)

The spectral form for this expression is

(r+r")
G (iwn;r,1") = Upy / dw & i)’ (5.64)

17See eq. (5.33), and for a general argument (for V = 0) describing how to obtain T # 0
Green’s functions from 7' = 0 ones in CFT, see section 8.1, eq. (8.7).
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as follows by closing the [dw integral as in Fig. 5.2(b). Comparing this expression

with egs. (5.59) and (5.60), we deduce that
Upy (€) = Upy - (5.65)

Thus, for simple Green’s functions such as eq. (5.61), Uy, (¢) is energy-independent,

and can be read off directly from eq. (5.61). This will be useful in later chapters.

5.8 Example: 2-species Scalar Scattering

In this section we illustrate'® the formalism developed so far by considering a very
simple scattering problem, namely the scattering of only two species of (spinless)
electrons off a scalar scattering potential. We take n equal to the species index,
n=o,=(L,R)=(+,—) (i.e. n contains no extra channel indices ¢ or n, and
L/R denotes physical L/R movers), and our Hamiltonian [compare eqs. (5.37)

and (5.38)] is:

H = 3 [$ulin) Hop (2o (') (5.66)

HUO—/ (I)

500/2'81, + 27T5(C(])VUUI . (567)

Here V,, is simply a hermitian 2 x 2 matrix representing potential scattering
of the two species into each other (i.e. the impurity is not a dynamical object
with internal degrees of freedom). Since V' is Hermitian, we can diagonalize the

scattering term by making a unitary transformation of the form

wa = Naa’¢0’ ) (568)

18This problem is also discussed at length in chapter 6 to illustrate the CFT methods needed
for the Kondo problem.
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with N chosen such that

e = 3 00(0) (NVNTY)  90,(0) = 0L(0) (003050 + vs302,:) 6,(0) . (5.69)

(e

Since the scattering term is now diagonal, its only effect on the v, -fields can be

to cause a phase shift of the outgoing fields relative to the incident ones:

Vo (i) = Poyth,(iz) forxz <0, (5.70)

where P,y = 8,pe {botods) (5.71)

and the phase shifts ¢y and ¢3 are functions of v, and vs (this is discussed at
length in chapter 6). Rotated back into the 1),-basis, this phase shift of course

becomes an actual [SU(2)] rotation of the two species into each other:

Vo (i) = Upgrthors (i) | (5.72)
where
y T R
Usy = (N7'PN) = TP+ IRP=1], (5.73)
” ~R*T)T* T

is a unitary matrix. Comparing eq. (5.72) with eq. (5.46) and eq. (5.41), we see
that Uy = U,er(€'), i.e. in this simple case U is €’-independent. Physically, this
rotation of physical L- and R-movers into each other simply reflects the fact that
H,.,; causes backscattering: an incoming L-mover has amplitude 7 to undergo
forward scattering and emerge as a L-mover, and R to be backscattered into a
R-mover (this is how backscattering is possible despite our formulation of both
o0 = L and 0 = R as mathematical L-movers, for which both the transmitted

(7) and reflected (R) parts of ¥, live at x < 0).
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As a concrete example, we give the matrices N and U corresponding to a very

simple case. If V,, = %(voémx +v10% ), then

1 1 - , CcoS (3  —iSin @3
N=2L and U = e " . (5.74)
-1 —isings  Cos ¢3
To calculate the current, insert eq. (5.73) into eq. (5.52), and for simplicity

assume 7, = 1 for the geometrical transmission coefficients. One readily finds

[using eq. (5.29) for the second line]:

I = gZ/dé IT|? 7 f(&,5) (5.75)

= SITPV. (5.76)

As expected, the conductance G = dyI = %|’T|2 is reduced from its custom-
ary value for a single channel in the absence of scattering, namely %, by the
transmission coefficient squared |77)?.

Eq. (5.75) can also be used to illustrate that the conductance assumes a V/T'
scaling form if the transmission coefficient 7 is energy dependent. Assume that
for some reason the 7 in eq. (5.75) depends on the distance from the Fermi
surface, and can be expanded as |T]? = A, + (¢/ex)A; + (¢/€r)?As + ... Then

the conductance G = 9y [ is readily found to be
(WT):%ﬂd&+Wm&+WMMﬁm>
x(—%) [0-fo(e — eV/2) 4+ O f,(e — eV /2)] (5.77)
&2 2 T 2 eV 2
= f |f40 + AQ? (€F> (1 + % (T) >‘| . (578)

This has the scaling form G(V,T) = G(0,0)+ BT>T'(v), where I'(v) = (1 + %zﬂ)

is a universal function, and v = eV/T.
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In the 2-channel Kondo case, a scaling form for the conductance will arise
in a similar fashion, namely from an energy-dependence in the transmission
coefficient, the non-trivial difference being that there we shall find |7 (¢)]* =
A, + A, TY?T(/T) [compare egs. (3.6) and (9.12)]. This will be demonstrated
in chapter 9, for which one needs to understand the main features of Affleck and
Ludwig’s CFT solution of the 2-channel Kondo problem. The following several
chapters are therefore devoted to an introduction to the Kondo problem, and in

particular its CF'T solution.



Chapter 6

Scalar Scattering as a Boundary

Conformal Field Theory

This chapter serves a purely pedagogical purpose. We introduce the reader to
elements of Cardy’s boundary conformal field theory that were used by Affleck
and Ludwig in their solution of the Kondo problem. Instead of directly starting
with the AL theory, we discuss here a far simpler case, namely the calculation
of the Green’s function G** for the scattering of two species of spinless fermions
off a diagonal scalar scatterer at the origin. This problem, already solved in
section 5.8, is so simple that it certainly does not need the elaborate treatment
to be presented here. However, we hope that due to the very simplicity of this
problem the reader will be able to follow the (rather) technical details below with
reasonable ease. We have attempted to make the presentation as self-contained
as possible; however, if need be, the reader is encouraged to consult appendix C
for a general discussion of the techniques used here.

Our discussion of the Kondo problem will then proceed mainly by analogy to

152
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the arguments presented in this chapter. The reader not interested in technical
details can skip to the summary in section 6.6, and then proceed to chapter 7.
The problem to be studied here arose in section 5.8 in the study of the scat-
tering of two species of spinless electrons, ¥*, with a = (4,—), off a scalar
potential 276 (z)Vaor.! A rotation to new fields, " = Noot)® was made in order
to diagonalize V.. It is the resulting problem, defined by [see egs. (5.66) and

(5.60)]

/

H o= 3[40 @) Hw @0 () (6.)

Hoo (2) = OaqriOy + 2w () (voéémf + v3lod ) . (6.2)

aa’

that we shall study in this chapter.
We argued in section 5.8 that the only effect of a diagonal scattering potential

can be to cause a phase shift of the outgoing fields relative to the incident ones:

P (iz) = e_i(¢°+a¢3)ﬂf (iz)  forz <. (6.3)

However, we did not explain in section 5.8 how to calculate the phase shifts ¢,
and ¢3 in terms of the parameters v, and vs. In this chapter we discuss three
increasingly elaborate ways of doing this calculation [resulting in eqs. (6.38),
(6.47)].

The main idea is the following: The scatterer at x = 0 can be thought to
induce a specific boundary condition on the fermion fields at z = 0 (in a way
to be made precise below). The simplest way to characterize this boundary

condition is to analyze the finite-size spectrum of the theory, or equivalently, the

Upper and lower indices, 1, and ¥, are used interchangeably in this thesis, and have the
same meaning.
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partition function. When the scattering interaction is switched on, the finite-
size spectrum and the partition function are modified in a very particular way,
from which one can deduce the resulting effective boundary condition on 1, (x)
at x = 0, which indeed turns out to have the form of eq. (6.3).

The chapter is organized as follows. In section 6.1 we analyze the finite-size
spectrum of a free theory: we separate spin and charge degrees of freedom by
rewriting the Hamiltonian in a U (1) x U (1) Sugawara form. In section 6.2 we
explain how the impurity term can be “absorbed” by making a shift in the U(1)
currents J, and J3. Section 6.3 shows how the fermion phase shift ¢, + a¢s can
be obtained from this shift in the U(1) currents. In section 6.4 we tackle the real
technicalities of boundary conformal field theory, and show how this phase shift
can also be derived using Cardy’s methods to calculate the Green’s function G**.
Finally, in section 6.5 we consider a special value of the coupling constant at which
the full U(1) x SU(2) symmetry of the free problem reemerges, and discuss the
consequences of this additional symmetry. A summary of the strategy followed
in order to calculate the Green’s function G** by Cardy’s methods is given in
section 6.6.

It will be assumed that the reader is familiar with the contents of appendix A
for sections 6.1, appendix E for section 6.3, and appendix C (mainly section C.4.2)
for sections 6.4 and 6.5. If this is not the case, at least a cursory glance through

these appendices at this stage is highly recommended.
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6.1 UY(1) x U“(1) Bosonization of Free Theory

In this section we recall some elementary facts of the abelian bosonization of two
species of spinless, left-moving fermions (more details can be found in appendix A,
sections A.6 and A.7).

There are two equivalent Abelian bosonization schemes possible, which we
denote by U' x U* (up-down scheme) and U@ x U (charge-spin scheme). We
have to use the latter scheme, since it is the one that is compatible with the
symmetry of our interaction eq. (6.2). However, we start our discussion by stating
some basic facts of the up-down scheme, since this allows a natural derivation of
the so-called “gluing condition” [see eq. (6.19)] that is an essential ingredient in
the charge-spin scheme.

First a comment about terminology: in the up-down scheme, we call the
species index o =T, |, “up-down” merely for convenience; our original electrons
were spinless, and « originally indicated physical L- and R-movers. Similarly,
in the charge-spin scheme, “spin” does not mean Pauli spin, but simply half the
difference between the number of T and | electrons [see eq. (6.11)].

Throughout, we take all fields to be defined on a line x € [—[, ], with anti-

periodic boundary conditions for the fermion fields:?

»(il) = —*(—il) . (6.4)

Furthermore, we consider finite temperatures, 7" # 0, and hence work on the

imaginary time-axis, t = —it, 7 € [0, 5], with ¢*(0) = —¢*(3).

2In appendix A, we take € [0, []; therefore, remember to replace [ — 2I when using formulas
from the appendix A here.
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In the up-down scheme, one introduces the currents J'Y and their Fourier

components through:

Joiz) = 9" (i) (ix) ; (=T, ], not summed) ; (6.5)
Tyo= [ e ) (6.6)

In terms of these, the Hamiltonian takes the following Sugawara form [see eq. (A.53)]:

l
HO:HT+Hl:/dil[:JTJT:Jr:JlJi;}. (6.7)

_l27r 2

As shown in appendix A, the eigenstates of H, can be arranged into direct prod-
ucts of T and | towers, labeled by (Q', @'). All states in the (QT, Q') tower by
definition have the same number of a-electrons, namely Q, (€ Z) (the T'= 0
Fermi sea has (Q', Q') = (0,0) by definition); in other words, all states in the

tower satisfy
LWNQNd' QY = QMWIQTd QY ), (6.8)
where {d',d'} labels the states of an orthonormal basis in the tower.

The energy of a typical state in the (QT, Q') tower has the form
Eqiqr = oo = 7 [(3Q7 +m") + (30 +m!)] .(m* € 2).  (69)

The partition function in this basis has a particularly simple form (see sec-

tion A.4):

Zy=Tre M = n2q) Y q%[QTZJrQﬂ] where ¢=e ™" (6.10)
QTfQLGZ

The sum over the charge towers is explicit; the sum over the excited states

(descendants) in each tower has already been done and gives rise to the factor

-1 = —1/24%% per tower (see eq. (A.41)).

n q

n:l(
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Now let us rewrite the above in terms of the charge and spin [U x U®]

currents J° and J3, defined as follows:

Jotiz) = S(IT+JY) = Sa k9" )y (in) « o1
PBlir) = S(JT=TY) = Saw s 0™ (i2)0d 0" (i) - .

[Note that we have adopted a somewhat unconventional normalization for J°

(usually the % is omitted, see e.g. eq. (A.74), with N=2); this we do purely for the

sake of notational convenience, since many of our formulas then are symmetrical

under 0 < 3, and can be written in terms of an index a = 0, 3.] In terms of these

currents, the Hamiltonian eq. (6.7) clearly becomes
!
H, = H°+ I3 :/ de o0 4 PP (6.12)
-l

The discussion of the spectrum of H, that follows below parallels that of ap-
pendix A. However, there we bosonize according to the U(1) x SU(2) scheme,
which means that there we work with three spin currents, J%, (a = 1,2,3), in-
stead of just J3. This means that the states in the spectrum are grouped together
in a different way than below (into U(1)-charge and SU(2)-spin towers, instead
of U x U®-towers). Nevertheless, the spectra are of course the same. This
can be seen by comparing eqgs. (A.81) to (A.83) (with N = 2) to eq. (6.12), and
realizing that for SU(2), : J'J :=: J2J?:=: J3J3: (as can be verified directly from
eq. (A.78)).

The structure of the spectrum can be determined by studying the commuta-
tion relations of the Fourier components J¢ and L% of J%(iz) and : J*J*: (ix)
(a,b = 0,3 in all subsequent formulas):

. ! .
JUix) =75 e~imme/l o . Iy E/ da pimma/lja () ; (6.13)

m l27r
meZ
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~13

l .
L, = [ dzermmen [; JoJe: (iz) + (7)2;‘4 —n N L (6.14)

= nez

[Here ¢, is the central charge, with the usual value ¢, = 1 for each bosonic

current.] In terms of these, the Hamiltonians H? are

Hi=T [—;—3 - LO] =1 [—gz +> :J;;Jan:] : (fora=0,3), (6.15)

nez

and the following commutation relations, which we list for future reference, hold:?

[La, Lb) = [(n=m)Lay,, + %00 = 1)8uimo| bas
[ng ‘]nb@] = _mjan-‘rmfsab ; (616)
[Js, ng] = %ndnﬁ-m,oéab .

From these one can deduce (see appendix A, page 298) that the spectrum is
organized into direct products of “charge” and “spin” towers, labeled by charge
and spin quantum numbers (Q)y, @3). These are half the total number of electrons
in the tower and half the difference between them, since [by eq. (6.11)] they are

related to (Q', Q') through

Qo

%(QT+QL)ECO+SO7 Q3E%(QT_Q1) ECg‘I—Sg s (617)

where Q. € Z/2, Sq € 7, ce =0, (6.18)

Note that we wrote (), in terms of an integer part s, and a “remainder”, ¢, =
0, % Since Q' and Q! are integers, it follows immediately that ¢y = c5. This
relation is formalized by introducing a set of numbers, {ni’*}, known as the

gluing condition, that are either zero or one, and given here simply by

nees =g, .. . (6.19)

o

3For a = 3, they can be found from eq. (A.89), with a = b = 3; those for a = 0 are identical
to those for a = 3.
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The gluing condition specifies which combination of charge and spin towers can
occur together in a free-fermion theory. The need for such a condition arises, for-
mally, because our Hilbert space is a direct product of charge and spin subspaces,
and thus also contains unphysical states [e.g. pure “chargons” or “spinons”, for
which (Q,,@3) = (5,0) or (0,3)]. These are unphysical, since adding or remov-
ing one electron always changes both (), and )3 by %, and the T" = 0 Fermi sea
has (Q,, @3) = (0,0). Any physical (i.e. free-fermion) state must always have
co = c3, and the gluing condition formalizes this requirement.

All states in the (Q,, @3)-th tower satisfy

J(?IQO, do; Qs3, d3>03 = Qa|Qo; do; Qs3, d3>03 ) (6-20)

and [from eq. (6.15)] the energy of a typical such state is
EQ0Q3 — EO() = % [(Q(Q) + mo) + (Qg + mg)} , (ma S Z) . (621)
When calculating the partition function in this basis, one has to be careful to
take the trace only over physical states allowed by the gluing condition:

Zy = >, Znﬁ"Cg(Qo,do;Qs,d:s’@_B[HngHg]\Qo,do;Q3,d3> (6.22)

Q0,Q3€2/2 {do,d3}

= ) X gl (6.23)
Q07Q3€Z/2

Eq. (6.22) also follows directly from eq. (6.10) by just redoing the sum on (QT, Q')

in terms of (Qo, Q3).

6.2 Absorbing the Interaction

Let us now turn on the scattering term of eq. (5.67) (our discussion will follow

that of Callan et al. [CKLM94, section 4]). As a result of our judicious choice of
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the charge-spin bosonization scheme, it has an extremely simple form in terms of

the U (1) x U® (1) currents:*

Hyaw = HZ2, + H?

SC scat

= v,J°(0) + v3J°(0) , (6.24)
= %Z ["UOJ,% + UngJ . (6.25)

Next, note that one can formally absorb the scattering terms by simply “com-

pleting the square”: Let us introduce new currents,

T (iz) = J(iz) + $v.2mé(z) ; (6.26)

Tm

l .
/_ gzemnell g in) = T+ b, (6.27)

In terms of these the full Hamiltonian has the same form as a free Hamiltonian

[compare with eq. (6.15)]:

H*=H!+HS, = ilg—fr:jaj“ : (i) ;

(6.28)
= T4+ Tuer 1T T

The impurity has “disappeared”, or been “absorbed”.
Now, we know from eq. (5.53) that in the presence of a scatterer, the fields
¢ (iz) and hence the old currents J(iz) are non-analytic at the origin: J&(7,i07) #

J¢(7,i0%). In contrast, the new J(ix)’s are analytic at = 0:
Tt +1i07) = J(7 +140T) . (6.29)

The reason is simply that the full Hamiltonian H* looks like a free Hamiltonian

when expressed in terms of J%’s. This implies immediately (e.g. from Heisen-

4There are some subtleties involved in writing down eq. (6.24): Since we know from eq. (5.46)
that the presence of a scatterer causes discontinuities in the fermion fields at x = 0, we have
to define what is meant by 1, (x = 0). This issue was discussed by Polchinsky and Thorlacius
[PT94, sec.3], who argued that the prescription %(0) = 1 (¥%(07) +1*(0™)) is equivalent to
using eq. (6.24).
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berg equations of motion) that the J's will behave like free currents, which are
analytic functions of 7+ ix for all 7 and z.

Since the J’s behave like free currents, it is straightforward to analyze the
spectrum of the full H: introduce the Fourier components £ of : J¢J® : in
analogy with eq. (6.14), then it follows immediately that the £¢ and J%’s obey
commutation relations that are identical to those of the the original L and J!’s
(for a free theory), namely eq. (6.16). Hence, the structure of the spectrum (i.e.
the organization into towers, and the spacing and degeneracy of energy levels
within the towers) must also be identical to that of a free theory. (This is a
strong statement, and illustrates the power of the algebraic approach!) The only
but crucial difference is in the allowed values of the U(1) charges (i.e. eigenvalues

of J¢): from eq. (6.20) and eq. (6.27) we conclude that

TN Qo Q3)os = (Qu + 30a)|Qo; Q3)03 - (6.30)

Hence, the scatterer shifts the allowed charges: ), — Q. + %va.
This is its only effect on the spectrum. Since the level spacings and degenera-
cies in each tower remain unaffected, it follows immediately from eq. (6.23) that

the partition function in the presence of a scatterer is:

1o 2 1, 2

7 77_2(61) Z ngoc;), q[(Qo+§ ) +(Q3+2 3) } . (631)
Qo;QSEZ/2

A beautifully simple result!

The shift in the currents thus allows us to find the spectrum and partition
function very straightforwardly. In the next two sections, we show how it also
gives the fermion phase shifts ¢g + ags.

Before addressing that issue, however, one more comment on our bosonization

approach is in order. Strictly speaking, the Sugawara form eq. (6.12), which for
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free fields is an identity, has to be modified as soon as one switches on an interac-
tion: an additional term, which we denote by 6 H,, should occur on the right-hand
side of eq. (6.12). To understand this statement, recall [from appendix A] that

the Sugawara form was derived using the point-splitting prescription

L A(w)B(u) : = lim [A(u+0)B(u) — (A(u + 6)B(u))] , (6.32)

6—0

which requires one to subtract off point-split expectation values. However, these
are strictly speaking expectation values of the fully interacting fields, not the

free fields, if one considers the interaction turned on. In particular, the result

limgs_o (T (1, 2 + 6 (T, 2)) = 5‘;5", needed to derive equations like (6.12) [e.g.,
see derivation of eq. (A.83)], holds only for free fields. Using the results of sec-
tion 5.8, in particular eq. (6.3), it can easily be shown that additional contribu-
tions to this expectation value arise when one evaluates it in the presence of an
interaction, though these extra terms are non-singular in § [i.e. O(1) or O(9)].
The extra terms (51/11\0 can be calculated explicitly in this way; however, we
shall here follow the usual practice of neglecting them, with the argument that
they represent irrelevant terms (in the renormalization group sense) that vanish
as T — 0. Nevertheless, it is worth noting that in the presence of a voltage,

such terms can also depend on V| since then the subtracted (A(u + §)B(u)) in

eq. (6.32) can be V-dependent.

6.3 Phase Shift via Bosonization of Fermion
Fields

The simplest way to find the fermion phase shift ¢+ ags of eq. (6.3) is to express

the fermion fields in terms of two boson fields, X° and X3, using the standard
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bosonization formula [see eq. (E.25) for notational details|:
D (ix) = aq e VX G@raX3) (6.33)

In terms of the X s, the currents take the form

Jo(ix) = IR @aT(w) U (i) - = % 10, X°(iz)

JHiz) = Spu 10" T(zx)éoia,wa:(zx) = a3 :sinv2X3(ix): ; (6.34)
J(iz) = Ypu 0" (zx)%a LU (i) s = —ag:cosV2X3(ix): ;

Jiz) = Spu iU (zx)% o3 ° (m) D= % 10, X3(ix): .

For future reference, we have also displayed the off-diagonal currents J!' and J?
that we have not needed so far. [The three currents J', J? and J? are called
SU(2) currents, since they are the Nother currents for the SU(2) spin symmetry

of the free theory.] Similarly, the new currents J* can be represented as
Jiz) = %@X“(z’x) , (fora=0,3), (6.35)

where X* are boson fields that are analytic at x = 0, X4(74i07) = X¢(7+140™)
[since the J%’s are analytic at = = 0, recall eq. (6.29)].

Now insert egs. (6.35) and (6.34) into eq. (6.26), and integrate, with boundary
condition J*(iz) = J&(ix) for x > 0 [since the incident part of the new current
should not differ from the old one; compare the §(z) term in eq. (5.46)]. This

gives the following relation between X and X'*:
Xix) = X(iz) + vanV2 0(—z) | for all | (6.36)
and in particular

X (ix) = X%(iz) + vamV2 = X (ix) + v,7V2 | forz < 0. (6.37)
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Inserting eq. (6.37) into eq. (6.33) then gives
G (ix) =i VAR FaXL )], pmim(uotans) 5% () (6.38)

from which we read off the desired phase shift in eq. (6.3), namely ¢¢ + agps =
(Vo + avg).

For future reference, note also that eq. (6.37), inserted into eq. (6.34), gives

J2(iz) = % 10, X4 (i) = J(iz),

JL(iz) = a3:sin (\/ﬁXi (iz) + 27TU3) c# Ji(in), (6.39)
J2(ix) = —ag:cos (\/§X§ (iz) + 27TU3) D o# J2(ix)

Ji(ix) = 75 10 X2 (iw): = J2(ix)

These relations reflect the fact that the interaction breaks the U(1) x SU(2) Kac-
Moody symmetry of the bulk theory down to U (1) x U*(1): we find that the
L, R components of the SU(2) currents J' and J? are unequal at the boundary
(x = 0), J2(i0") # J2(i07) for a = 1,2; in the language of appendix C [see
eq. (C.2)] this implies that the boundary is not SU(2) invariant. However, the
boundary is U (1) x U“ (1) invariant (since JZ(7 + i0") = J¢(7 4 i0~) for
a = 0,3); of course, we knew this all along, since the boundary term does not

break the U (1) x U® (1) symmetry.

6.4 Phase Shift via Boundary States

In section 6.3 we found the fermion phase shift directly by exploiting a bosonized
representation for the fermion fields. Unfortunately, this simple procedure does
not work for the Kondo problem. Hence we shall now rederive it by using the

techniques of boundary conformal field theory due to Cardy [Car84a,Car84b,



165

Car86a,Car86a,Car87,Car89,CL91] to calculate the Green’s function G**. These
are the techniques used by Affleck and Ludwig in solving the Kondo problem. We
shall attempt to outline the essential ingredients of their approach by treating
the present simple problem in considerable detail. Our presentation is modeled
on that given by Affleck and Ludwig in appendix F of [AL94], and also draws
on [CKLMO94]. The general strategy is summarized section 6.6, which might be
worth a glance before proceeding.

Before delving into details, we begin by summarizing some essential ingredi-
ents of Cardy’s approach. (More details on the general philosophy of Cardy’s
approach, and some of the technicalities, can be found in appendix C.)

To cast our theory in the form of a boundary conformal theory, we shall

henceforth adopt Cardy’s terminology. Write

Z2=T+r forx >0,
U=TH iz = (6.40)

Z=T1—1r forx <0,

where = |z|. Then define [comparing with eq. (5.53)]:

T (r + i) @%(T""m) = ﬂz/R(Tiir) forz =+4rz0.

(6.41)
JUr +iz) = JUr+ix) = J7p(rEir) fore=+4rz20.

The incident and outgoing fields and currents are henceforth to be called left-
and right-movers, respectively.® Since 0 < r < [, all fields are defined on a
strip of width [ in the upper half of the 7 + i plane, with )} () depending on

z =7 +ir and @2(2) on zZ = 7 —ir. At zero temperature, the length of the strip

is infinite, 7 € [—00, 00]. At finite temperatures (the case were are interested in),

5As explained in section 5.7, these are “mathematical” L- and R-movers, not to be confused
with physical L- and R-movers, which are distinguished from each other by a separate index
(e.g. oy, in chapter 5.)
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the fermion fields are anti-periodic on an interval 7 € [0, ], which means that
this strip gets bent around into a cylinder of circumference [ [see Fig. 6.1].

The boundary conditions on these fields at »r = 0 and [ are as follows: In
eq. (6.4), we agreed to take anti-periodic boundary conditions on the fermion
fields at @ = =+, which translates into ¢ (7 + il) = —¢%(7 —dl). This will be
called the “free boundary condition at r = [”, and denoted by F_ (the subscript
— denotes anti-periodicity). In the absence of any scattering terms, we know that
P2 (T +1i0%) = (1 —i0T), i.e. Y§(7) = ¢%(7). This is called the “free boundary
condition at r = 07, and denoted by F. However, in the presence of a scatterer
at r = 0 the behavior of ¥ = 9% gets modified (by a phase shift, as we happen
to know). This is formalized by saying that the boundary interaction induces a
new r = 0 boundary condition, denoted by B, on the fields.

To summarize, the basic geometry on which our fields live is that of a cylinder
of circumference  and length [, with boundary conditions F_F' (for free fields)
or F_B (with scatterer) at r = [ and r = 0, respectively (see Fig. 6.1, taken from
[AL94, App. F)).

Cardy’s approach requires all boundary conditions to be conformally invariant
under conformal transformations that “leave the boundary invariant” (i.e. map
the boundary onto itself [Car84b]). In the present case, we know that the scat-
tering term also has a U (1) x U® (1) symmetry (a so-called Kac-Moody (KM)
symmetry), which means that both boundaries are KM invariant (see eqs. (6.69)
and (6.70) for the mathematical expression of this fact).

We are interested in the two-point functions of the fermion fields ¢ /g and

currents Jy . These are examples of so-called chiral primary fields of scaling
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free boundary/_g: JPEE .

Kondo boundary

Figure 6.1 The partition function Z on a cylinder of circumference § and length
[, with Kac-Moody invariant boundary conditions B and F_ at r = 0 and [
respectively, can be written in two different ways: 1) Using the Hamiltonian Hr_p
generating translations in the 7-direction; 2) After relabeling space and time
coordinates as in eq. (6.62), using the Hamiltonian Hp, generating translations
in the 7 = —r direction. The equivalence of the two descriptions leads to the
Cardy formula, eq. (6.74).
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dimension % and 1 respectively (chiral, since they only depend on z or Zz; see

appendix B for questions of CFT terminology). Cardy has shown [Car84b, section

4], [CL91] that for the present geometry, the two-point functions of any chiral

primary operator O; with scaling dimension z; have the following for at 7" = 0:°

G ) = (Ou()Ol et = s (62)
G5 = (OnEOhE = s (649
—G™(21,2) = (Oin(21)0],(22))bowna = (Z?B_(Z)LI (6.44)

Note that the L-L and R-R Green’s functions are exactly the same as for a
free theory; note in particular that they are translationally invariant (depending
only on 1 — r3). Therefore, their amplitudes are fixed by the requirement that
they coincide with the bulk normalization, which is set to = 1 (this is because
when one takes the limit 1, — oo,y — 00 at fixed 1 — r9, one has to recover
free Green’s functions, because the effects of the boundary cannot extend to oo
[AL94, p.556]).

The G[** Green’s function, on the other hand, depends on r; + r and hence
is not translationally invariant. Its amplitude U 5(0;) depends on the particular
boundary interaction (or boundary condition). Cardy has shown [Car89] that to
each boundary condition B allowed by conformal symmetry, one can associate
a boundary state |B) in the Hilbert space of the bulk Hamiltonian (called the
“closed-string” Hilbert space in the present context, as explained below). Simi-

larly, to each primary operator O; can be assigned a state |O;) in the same Hilbert

SThese Green’s functions are defined in the so-called “closed string” picture, a concept
introduced and explained below. It is sufficient to calculate them at T' = 0, because the T # 0
form can be obtained from that at T = 0 by a straightforward conformal transformation,
described in section 8.1.
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space. Using conformal mappings, it can be shown [CL91, eq.(6)] that the am-
plitude U,(0;) in eq. (6.44) is given simply by the following ratio of “boundary
matrix elements”:

Us(0;) = (0:|B)/(1 |B) , (6.45)

Here 1 denotes the identity operator.
Our aim in this section is to calculate U, (O;) for the fermion fields and cur-

rents. We shall find [see eq. (6.77)] the result

UB(EQ> = ei”(“0+av3) ; UB(Ji) = €ﬂ27w3 ; UB(‘]3) =1 ) (6'46)

where J* = J' +iJ? Inserted into eq. (6.44) and recalling definition (6.41),
this is in agreement with eq. (6.38) for the fermion fields, and eqs. (6.39) for the
currents. In particular

6i7r(vo +avs) 5010/

~Go(21,22) = (W(2)97 (22)) = (6.47)

(21 — 22)
This illustrates how the desired phase shifts can be obtained from knowledge of
the boundary state |B), and hence G"*.

What is this boundary state? Cardy pointed out [Car86a] that in 2-D confor-
mal field theories it should be possible to calculate the partition function in two

equivalent ways. The first is just the standard one, namely:
Z = Tre PHr-s (6.48)

Here Hr_p is the usual Hamiltonian that generates translations in the 7-direction;
the subscripts remind us of the fact that this Hamiltonian “knows” about the

boundary conditions F_ and B, since it is an integral (indicated by a heavy line
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in fig. 6.1) of the Hamiltonian densities H, and Hg from r = 0 (on the boundary)

to [:
I
Hp p= / 37’; (Hr(7 +ir) + Hg(r —ir)] (independent of 7) . (6.49)
0

The Hilbert space on which Hr p acts is called the open string Hilbert space by
string theorists, because the boundary conditions on the fields at » = 0 and r = [
are not simply periodic or anti-periodic.

We have already calculated the partition function of eq. (6.48) explicitly,
including the effects of the interaction, in section 6.2, eq. (6.31).

The second way of calculating Z exploits the fact that for a “Lorentz”-
invariant theory (i.e. one with linear dispersion, where all fields depend only
on 7+ix), one can exchange the role of space and time [see eq. (6.62)], and quan-
tize all operators along lines of constant r in the 7 + ¢ plane, called the closed
string picture, instead of the usual way of quantizing along lines of constant 7
(the open string picture). Thus, one can also calculate the partition in the closed

string picture by making the following Ansatz:
Z = (F_|e"r-|B) (6.50)

Here Hp is a purely bulk Hamiltonian, that generates translations in the space

direction [see eq. (6.64)]:
- B
Hp = / I [Hop (T +ir) + Hor(T — ir)] (independent of 7) . (6.51)
0

The Hilbert space upon which Hp acts is called the closed string Hilbert space
(and is different from the open string Hilbert space on which Hp_p acts, as ex-

plained below). The bulk fermion fields have anti-periodic boundary conditions
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between 7 = 0, 3, hence the subscript P_ (this is also the reason for the nomen-
clature “closed” string picture).

Note that since H p_ is an integral of the free Hamiltonian densities H,;, and
Hor from 7 = 0 to 7 = [ for arbitrary r(# 0), it cannot “know” anything
about what happens at the boundaries at r = 0,1 (see fig. 6.1). This is the
chief advantage of the open string picture: there is no impurity term in the
Hamiltonian. Instead, one may think of the impurity as having been “integrated
out”,” and information about the effects of the impurity, i.e. about the boundary
condition B, is encoded in the so-called boundary state |B). Similarly, |F_) is a
boundary state that encodes the trivial boundary condition eq. (6.4) at r = 1. | B)
and | F_) are basically infinite sums [to mimic a trace, see eq. (6.71)] over all states
in the closed string Hilbert space on which Hp acts, with coefficients determined
by the requirement that the two ways of calculating the partition function give
the same result. The detailed properties of |F_) and |B) will become clear in the
course of the calculation (see also appendix C).

Loosely speaking, |B) (|F_)) determines how L- (R-) moving fields, incident
on the boundary at r = 0 (r = 1), are reflected into R- (L-) moving fields.
Whereas the reflection at » = [ is trivial, merely representing the trivial bound-
ary condition eq. (6.4), the reflection at » = 0 can be decidedly non-trivial,
because it represents the effect of the boundary interaction on the fermions (see
the discussion after eq. (6.71) for a “physical” interpretation of |B)).

Let us now get down to business and go through the required calculation.

"The phrase “integrating out the impurity” is borrowed here from the Kondo problem, where
the impurity is a dynamic degree of freedom that indeed has to be integrated out. For a static
(i.e. non-dynamic) impurity one does not really need to integrate out anything, and we use this
phrase here merely to indicate that Hp_ does not contain an explicit Hgear term.
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It turns out that we actually need the extended (“grand-canonical”) partition

function,® defined by

Z (6, 03) = (6.52)
Z ngoCS Z <Q0’ d07 Q37 d3’ H e_ﬁ[Hg+H:cat_9a(Jg+%Ua)] |Q0’ d07 ng d3>
Q07Q3€Z/2 {do,dg} a:073
- CoC: a l'Ua 2 ala lUa,
= Z(q) Z ngocs H [q(Q +5%a) P (Qa+3 )} ’ (653)
Qo,Q3€Z/2 a=0,3

where ¢ = e~™/!. Here we have introduced extra “fugacities” (6,,6s), keeping
track of constants of the motion other than the energy. The second equality was
obtained by analogy with eq. (6.31), and using eq. (6.20) for the fugacity terms.

Now, the boundary-state expression for Z, eq. (6.50), which needs to be com-
pared to eq. (6.53), is expressed in terms of ¢. Therefore, it is necessary to rewrite
eq. (6.53) in terms of the parameter § = /% instead of ¢ = e=™/'. To do this,
proceed as follows:

It is useful to break up the double summation in eq. (6.53), which is con-
strained by the gluing condition ng®, by writing >g cz/2 = anzoé Ysacz-
Then eq. (6.53) becomes:

q(6a+5a)2eﬁ(9a—ﬂva/l)(6a+5a)

Z(6y,03) = Z ngees Z H o~ P W2 /4—04val/2m)

2
Corcs=0,}  50:53€7 a=0,3 7*(q)

(6.54)
The Y, cz sums can be written in terms of so-called non-specialized U(1) char-

acters, defined by

c — C 52 Ct+S8
X5 (q,y) = Hg) Do gt et - c=0,1. (6.55)
sez

80ne needs to use the extended partition function whenever the spectrum is “degenerate”
(i.e. there are different primary states with the same energy), because the characters of degen-
erate primary states are not linearly independent [see page 177].
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These are basically extended partition functions, but constrained to one of the
two allowed values of ¢ = 0, 5. Using y = 35(0, — 7v,/1), we thus get
907 (93 Z n0063 H [ 15 (v2/4—04val/27) XQCa (q7 2ﬁ( an/l))} (656)
Corcs=0,1  a=03
Now, the U(1) characters have the following useful mathematical property, known

as a modular transformation, when rewritten in terms of ¢:

gy = @ F S S9ND(@G —i2y/8)  G=P (6.57)
=03
c _ 1dmee
where S = \%e = ﬁ (i j >ce (6.58)

It is easy to check this by simply using the Poisson resummation formula

T okt \/Fe(i‘C) S e almtmrimmb) (6.59)

keZ meZ
and the property n(q) = 1/2l/6 n(G) (see [Gins87, eq. 7.33]). Eq. (6.57) tells
us that x5)(q,y) can be written as a linear combination of x52(g, —i2ly/3)’s
where the coefficients are given by the so-called modular S-matriz, S.7 (which
has nothing do with the physical S-matrix of scattering theory). (For some more
comments about modular transformations, see [Gins87, section 7.3].)
Using eq. (6.57) in eq. (6.56), we obtain

Z(00,63) = > _ ne [ | () > S Xs (d,i(—l9a+7rva))

Co,c3=0,5  a=0,3 é=0,

~) Zn§°C3H . 9aﬁ)z Z S<c) ~Q36‘ —1004+704)Qa (6.60)

cuca

Co,c3=0,5 =03 Quez/2

where we have recombined the sums 3 =20, n the last step. The result is

Ca,Sa

the desired expression for Z(fy, 63) as a function of q.
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We now turn to the task of recalculating Z (6, 5) in terms of boundary states.
The general strategy for this procedure is described in appendix C, section C.4.2,
with which the reader is assumed to be familiar. The starting point is the fol-

lowing Ansatz (a generalization of eq. (6.50)):

Z(00,05) = GGG (p_| T eI Ao =Tl By - (6.61)
a=0,3

[We have included a (for our purposes uninteresting) factor 67(5)2(9%9@’ arising
from the vacuum fluctuations of the operators e=#0s (/s =75r): see [AL94, eq.(F.8)] ]
In the boundary-state description, the role of space and time coordinates have

been interchanged, by introducing new coordinates (7, 7), defined by

Il
Il
|
<

rT=rT,

(6.62)

This is nothing but a conformal transformation, Z = iz. Thus, the operators
H® and Jg in eq. (6.61), which are quantized along lines of constant 7 in the

7 +i7)-plane, are related as follows to the H* and J§ of eq. (6.52):

JU (T +ir) = iJHF +iF) , Jo(T —ir) = —iJ%(F — i) ; (6.63)

a B ld'l‘ a . a . rra rra
g = [dr[ e i) + Hinlr — )] = UG + i) (664)
B8 l . a . . Ta Ta
BgJe = /0 dr/o I T (T +ir) + Jp(r —ir)] = —il ( oL — oR) ; (6.65)

~ B . .
I n = / g jo ((F+iF) (= independent of 7). (6.66)

o.

Note that only H¢’s appear here in eq. (6.61), no H% : as remarked above, the
reason is that H generates translations in the 7 = —r direction and hence knows
nothing about the boundary terms.

The closed-string Hilbert space on which these operators act (not to be con-

fused with the usual open-string Hilbert space on which the H* and J* act) has
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the same structure of charge and spin towers as that outlined in section 6.1. The
only additional feature is that we now have both R and L-moving fields, so that

a typical basis state in the closed-string Hilbert space has the following form:
ngOEgnS{)E/S |Q07 CZO? Q37 J3>L ® ’Q{]? C%J Qé’n CZ?;>R ) (667>

where Qa =Co+3Sa, Cu €4, 5,=0, % . Note in particular the presence again of
free-fermion gluing conditions; they are needed to ensure that the closed string
theory describes free fermions, because, as emphasized above, Hp p is a bulk,
free-fermion Hamiltonian without any lflscat.

The energy of a state such as eq. (6.67) has the form

Egyo,— En = Z QR+ Q@G +Q2+Q*+m|, (meZ),  (6.68)

where the factor %’r arises because the J¢ /i currents live on a line of length §
(instead of 21).

Now, as mentioned above, we know that the boundary term is U (1) x U (1)
invariant. Formally, this is reflected in the fact that the L- and R parts of the

corresponding KM currents J° and J? become equal at the boundary, as we have

verified explicitly in egs. (6.39):
JHT +i0%) = Jg(r —i0™) fora=0,3 (6.69)

A similar condition (trivially) holds at » = [, due to the periodic boundary
conditions on the currents. These conditions immediately translate into operator

conditions in the new coordinates:

B o - -
{/ die™™ /9 (Jg (i) + Jg(—ﬁ))} BY=0, for n€ Zanda=0,3,
0

(6.70)
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with a similar equation for [F_). Now, it can be shown [Ishi89] that the most
general solution of eq. (6.70) is of the form:
|B) = Z nP% B(Qo, Qs) Z |Qo, do; Qs ds) 1 © Q. di; Q5. d5)r |+ (6.71)
Qo,Q3€Z/2 {do,d3}
The state |F_) has a similar structure. There are two crucial properties here:
Firstly, all states in the same tower (Q,, Q3) get the same weight (i.e. the coeffi-
cients B (QO, Qg) do not depend on the descendant labels {Jo, Jg}) Secondly, the
quantum numbers of the R-tower are linked to (and not independent of) those
of the L-tower, which is a direct consequence of eq. (6.70) (* denotes complex
conjugation). This linking of the L-R quantum numbers has a “physical” in-
terpretation. It means that the states propagating between the boundaries at
r = 0,1 always come in L-R pairs (created from the vacuum by a CTLCILz combi-
nation). Loosely speaking, the wave-function associated with this pair-state can
be thought of as a particular standing wave between the two boundaries, the
coefficient B(Qq, Qs) giving the amplitude (at r = 0) of the R-moving (reflected)
component of this standing wave relative to the L-moving (inciident) component.
Now we know all the ingredients of eq. (6.61). The next step is to insert into

it a complete set of states of the form (6.67), and simplify. The result is

Z(00,03) = (6.72)
FQ2 ,—i2041Qq
G 050 S s [q €
Qo.Qs€z/2 =03

n2(q) (F_|Qo; Qs)(Qo; Q3| B)

Here we have exploited the fact that due to the equal-weight sum over descendants

in |B), the matrix element

L<Q0,J0;Q3,CZ3‘®R<Q67J6§Qéadé‘3> = 5@3}%;@%3%%;&5 <Q0§Q3|B> (6.73)
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is independent of the descendant labels. This allows one to perform the sums
over all states in a given tower, obtaining the familiar n=2 factor. Furthermore,
the d-functions in eq. (6.73) force all L- and R quantum numbers to be the same
(up to complex conjugation) thus giving the extra 2 in § = e~227/5,

Now we are ready to compare our two expressions for Z(0,,03), namely

egs. (6.60) and eq. (6.72). Comparing powers of ge?, we deduce that

% (F1Qus Qo) (Qui Qul B) = 30 miy™ Sl S @00 (6.74)

o coco M cs3c3
1
c0,c3=0,5

This central result is known as a Cardy formula (first derived in [Car89, eq.(18)]).
It determines the boundary matrix elements in terms of known quantities, namely
the modular S-matrix and the gluing condition.

For the present problem, S

oo and ng are so simple that a further simplifi-

cation follows immediately:

> nP%SeqSena = %<1+6i4ﬂ(%éo+%53)) = ng®. (6.75)

1
c0,c3=0,3

Thus we obtain

nd®(Qo; Qs|B) = niy ePm(ro@uinss) (6.76)
Here we have exploited the vy = vy = 0 version of Cardy’s formula, namely
(F_|Qo: Qs)(QuQs|F) = 1, to conclude that we may take (Qo; Qs|F_) = 1.

All that remains is to find the coefficients U, (¢"), Uy (JF) and Uy (J?) from
eq. (6.45). To this end, we have to identify the (Qo, Q3) quantum numbers of
the fields ¢, J* and J? in the closed string picture (because the correlation
functions of eq. (6.44) are defined in the closed string picture, see footnote 6 on

¢

page 168). Now, the identity operator 1 corresponds to the “vacuum state” (i.e.

the 7' = 0 Fermi sea), |Qo, @s) = |0,0). The fermion fields @i correspond to
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the |3, i%) KM primary state, because they have (QT, Q') = (1,0) or (0,1), and
hence (Qo, Q3) = (4, £1). The current J? is diagonal in fermion fields, [J* = 1 :
@”@1 — @w@Q ], i.e. has the same number of fermions as the vacuum; therefore,
it also has (Qo,Qs) = (0,0), which means that it corresponds to a descendant
of the |0,0)-vacuum state. The currents J+ = @”@2 and J= = ﬂﬁﬂl have
(Qo,Qs) = (0, 1), and are descendants in the (0, £1) KM towers, respectively.

Using this information in egs. (6.76) and (6.45), we find

Up(7) = emtotans) . F(g*) = e*2ms . [y =1,  (6.77)

This, finally, is the result promised above [in eq. (6.46)].

Note that on the right-hand-side of eq. (6.76), the free-fermion gluing con-
ditions reappear. Thus, our calculation has explicitly justified an assumption
that was made when we wrote down eq. (6.67) for the basis states of the Hilbert
space in the closed-string picture, namely that they only occur in free-fermion
combinations, as indicated by the n,’s in eq. (6.67).

The preceding presentation might have been painfully detailed; however, the
methods are well worth learning, for they are very powerful, and easily applied to
other theories that have a similar structure. The details need to be digested only
once. Once the exact partition function is known, an aficionado could find the
desired result eq. (6.77) on the proverbial back of an envelope: all he would do is
take one glance at the partition function, written in the form of eq. (6.53), look
up the relevant modular transformation properties of the appropriate characters
leq. (6.57)] to arrive at eq. (6.60), and then directly read off Cardy’s formula
eq. (6.74).

The generalization of these methods to the Kondo problem will indeed be very
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straightforward, as will be explained in chapter 7. However, in that context the
role of symmetries is much more important than can be gleaned from the present
example. Therefore, in the next section, we shall discuss a special value of the
coupling constants, namely vy = 0 and v3 = 1, at which the theory suddenly
has a larger symmetry, U x SU(2). We shall exploit this to redo the above

calculation more efficiently, and in closer analogy to the Kondo problem.

Before proceeding, however, let us briefly remark that for the present problem

there actually exists a short-cut to obtaining | B). The boundary terms HZ , that

scat

appear in eq. (6.52), but not in eq. (6.61), may be thought of as acting on a free

boundary state |F) at r = 0, to produce |B) (compare [CKLM94, eq.(2.23)]):

Py = I [e2a@=0]|my) . (6.78)

a=0,3

B) = H {e— [ drva g (r+io)

a=0,3

For the second equality we used eq. (6.65). Now, |F,) has the structure of
eq. (6.71), with all coefficients F(Qo,Qs) = 1. Therefore eq. (6.76) immediately
follows, since j§L|C~20; Qg) L = Q.]|Qo; Qs) 1. Unfortunately, this simple trick does
not generalize to the more complicated case in which the boundary operator

involves a Kondo impurity.

6.5 Restoration of SU(2)-symmetry at v3 =1

In this section, we examine the case that the coupling constant v3 has the special
values v3 = 1. We shall call this the “strong-coupling fixed point”, in analogy with
terminology used for the Kondo problem. It turns out that at this point the SU(2)
symmetry (in the spin sector) that the free theory possesses is restored. This has

two important consequences: Firstly, the spectrum turns out to look exactly
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like that of a free theory, but with a modified gluing condition [see eq. (6.79)].
Secondly, the boundary state |B) now also has to respect this SU(2) symmetry.
These two facts allow one to calculate the boundary-state matrix elements more
efficiently (using the same ideas as those developed above, but exploiting the
additional SU(2) symmetry). Moreover, they illustrate quite explicitly in a simple
setting the ideas that are also at the heart of Affleck and Ludwig’s solution of the
Kondo model: namely the (in their case dynamical) restoration of the original
symmetry of the free theory at the strong-coupling fixed point, accompanied by
a modified gluing condition.

For simplicity, we shall take vy = 0 in this section, but (with some obvious
changes) the entire discussion holds also for arbitrary vy (since apart from the
gluing condition, the charge and spin sectors are decoupled).

Why is v3 = 1 special? At this value, we note two facts: Firstly, we learn
from eq. (6.27), with m = 0, that the boundary interaction shifts the charges by
exactly %: cs = 0 is simply replaced by c3 = %, and c3 = % by c3 = 0. Thus, the
spectrum s essentially that of a free theory, but with modified gluing condition,

namely:
oot = ! 7o, (6.79)
0 if ¢, =c3,
We shall call this the “strong-coupling” gluing condition.
Secondly, we see from eq. (6.76) that (Qq, Qs|B) = €™, (since ™3 = 1); in
other words, the s3-dependence of these matrix elements disappears completely,
which means that all the descendants in a tower get the same phase. This is a

hint that at the strong-coupling fized point the system has more symmetry than

at other values of vs. In what follows, we describe how the modification of the
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gluing condition and the emergence of a larger symmetry are related, and how
these features can be exploited to compute | B), which also has more symmetry,
more efficiently.

To illustrate the significance of the new gluing condition, we reconsider the
partition function Z(6y,03). For the special choice vy = 0,v; = 1 (indicated by

the subscript 1 on Z,), eq. (6.53) can be rewritten as follows:

Z*(HO, 03)7’/—2(q) Z TLZOC3 q[Q%Jr(Q:‘er%)Q]65[90Q0+03(Q3+%)]

Qo0,Q3€Z/2
_ n—2(q) Z ngoss q(Q§+Q§)6/@(90Qo+63Q3) (6.80)
Qo0,Q3€Z/2
= > ey Qo do; Qs dy| [[e™ M 0701Q0do; Qady)  (6.81)
Q0,Q3€Z/2 {do,ds} a=0,3

Compare eq. (6.81) with eq. (6.53): in eq. (6.53), the partition function is ex-

pressed in terms of the full Hamiltonian H3+ H3 ., and the trace is taken over the

scat»
free-electron subspace (characterized by the free-fermion gluing condition né)
of the tensor product of the charge and spin Hilbert spaces. In eq. (6.81), the
partition function is expressed in terms of only the free Hamiltonian H,, but now
the trace is over a different subspace of the full Hilbert space, characterized by
the strong-coupling gluing condition n{“.

Thus we come to the following remarkable conclusion: at the strong-coupling
fixed point, the boundary condition is completely characterized by the strong-
coupling gluing condition nS“; no further information is needed beyond these
numbers.

Now, the free Hamiltonian H, has a larger symmetry than the U (1) x U* (1)

symmetry that we have been exploiting so far. It is also invariant under U x

SU(2) transformations of the form ¢® — e R5"® The fact that at the strong-
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coupling fixed point the partition function can again be expressed purely in terms
of H, means that this larger symmetry must somehow be hidden in Z, too. In
fact, it should be possible to exploit this larger symmetry to calculate Z, and |B)
more efficiently. We now describe how this works.

Consider the interaction switched off for the moment. As described in ap-
pendix A (section A.7), the free Hamiltonian can also be written in a Sug-
awara form that reflects its U(1) x SU(2) symmetry [eq. (A.83)]. In terms of
the U/(1) and SU(2) Néther currents .J° and .J defined in eq. (6.34), one finds [see

eqs. (A.81) and (A.83), with J%-normalization differing by 3],
(c) (s) : d o 70 1. 773
H,=H!) + H :/_lﬂ{:JJ:—l—ngJ :}, (6.82)
with spectrum given by eq. (A.94):

Eqyj — Foo = & [(Q% +me) + <‘7(‘7;1) + m)] . (6.83)

The spectrum is arranged into towers labeled by a charge and a spin quantum

number, (Qo, j) [section A.7.2]. Here the charge, Qo € Z/2, is the same quantum

1
599

number as that used above. However, the spin j is restricted to the values j = 0
and plays the role of ¢3 (and not @)3). The tower (Qo,j) can be thought of as
a combination, into a single tower, of all (Qy, @Q3) towers with the same c3 = j:
(Qo,j) = {(Qo,j + s3), s3 € Z}. The reason for combining all these towers
together is that they are related to each other by SU(2) symmetry, in the sense
that SU(2) transformations mix all their states together. For more discussion,
see appendix A, page 300.

Since j plays the role of ¢, the free-fermion gluing condition eq. (6.19) for glu-

ing charge and spin towers together is simply nf”’ = 4., ; [where 2¢o = Q mod(1)].
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In terms of the |Qy, j) basis, the free-fermion partition function of eq. (6.23)

can also be rewritten in the equivalent form

Zo(00,05) = > > ng x5oy(a.800/2) x5 (q.50s) (6.84)

QOGZ/2] 0 1
Here " are the so-called non-specialized SU(2), characters, defined by

\ . —B(HS 6373, .
X5 (q. 803) = D (4, rjle (17 -0s3) 13,75) - (6.85)
{r;}

Since the states |j,d;) span the same Hilbert space as the states {|j + s3,ds)},
it follows (by comparing eq. (6.84) to eq. (6.23)) that the following character

identity holds:
X7 (a,80/2) = X5 (a. 89) - (6.86)
Let us now switch the interaction back on, with v9 = 0 and v3 = 1, and
reexamine the partition function Z,. By writing eq. (6.80) in terms of x?’s
[defined in eq. (6.55)], and then using eq. (6.86), it immediately follows that Z,

can also be written as

Ly 00, 03 Z nc‘” XZCQ ﬁeo/Q) X;S)(q, ﬁ@g) . (687)

coj= 07

The fact that the partition function can be expressed in terms of SU(2); charac-
ters is quite startling — it implies that despite the presence of a boundary inter-
action that seems to break SU(2) symmetry, this symmetry somehow reemerges
at v3 = 1.

The reason for the reemergence of this SU(2) symmetry can be understood
as follows: note from eq. (6.39) that at vy = 1, J° and also all three the SU(2)

Nother currents become analytic at the boundary:

Ji(0) = J%0),  fora=0,1,2,3. (6.88)
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But this is exactly the condition that guarantees that the boundary will be
U (1) x SU(2) invariant; therefore, both bulk and boundary are U (1) x SU(2)
invariant, and the effect of the boundary interaction cannot be anything more
than to simply modify the gluing conditions.

Since we intend to compare Z, to a closed-string expression depending on ¢
below [eq. (6.93)], let us rewrite Z, in terms of ¢. This is done using the modular

transformation properties of x” and x*, given by eq. (6.57) and

Xi'(,y) = G ~Z SN, —i2ly/B) (6.89)
Jj=

where 89 = Josin((2j+ )(2j+1)7r/4) = (1 )ﬁ (6.90)

(see egs. (F.21) and (3.5) of [AL94]). Thus, eq. (6.87) can also be written as:

(907 93) 92+62) Z COJ Z Scco ]J (da _ZQOZ) X%S)(CL _22931) .
Co,j= 0 Co j 0 =
(6.91)
Now turn to the closed string picture. The U (1) x SU(2) symmetry of
the boundary can be exploited to calculate |B) in a “more efficient” way: the
boundary condition (6.88) on the currents translates in the (), j) basis into
conditions on |B) and |F_) that have precisely the form of eq. (6.70), but now
holding for a = 0, 1,2, 3 (instead of just a = 0,3). This implies that |B) and |F_)
can be constructed from Ishibashi states that respect U (1) x SU(2) symmetry:
=3 2% B@Qod) | X 1Q0doi i) ® Q5. di 77 7)w | - (6.92)
Qo€Z/2j=0,3 {do.7s}

The difference from eq. (6.71) is that now B(Qq, ] + So) = B(Qo, ) for all 55 €

Z, i.e. the additional SU(2) symmetry has constrained an infinite number of

B-coefficients to all have the same value (this is why the calculation is “more
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efficient”). Consequently, the partition function, expressed in terms of |F_) and

|B), is

Z,(6o,63) = (6.93)

G~ =) 05+63) Zzncw X2, (@, —i60l) X5 (d, —i2051) - (F-|Qo; 7){Qo3 j| B) -

QOGZ/2 .] 072
Since the products of non-specialized characters are linearly independent, we
can equate their coefficients in eqs. (6.91) and (6.93), to obtain the following

Cardy formula:

ng7 (F_|Qo; ))(Q0j|B) = Ypjo,1 1S Sy S1 = miT (=1)7 .| (6.94)

coCo o

Thus we find, remarkably, that the boundary matrix elements are given purely in
terms of the strong-coupling gluing conditions and modular S-matriz elements! It
turns out that an entirely analogous statement holds for the Kondo effect (which
is the reason why we discussed the v3 = 1 case in so much detail).

The last equality in eq. (6.94) follows from simply inserting egs. (6.58), (6.79)
and (6.90), and is in agreement with eq. (6.76). Since fermion fields correspond
to |Qo,7) = |5,3), and the currents J° and J* to (KM descendants of ) |0,0)

and |0, 1) we immediately recover eq. (6.77) too.

Note again how the strong-coupling gluing conditions n, in the open string
expression (the middle expression) in eq. (6.94) emerge as free-fermion gluing
conditions in the closed string expressions (the left- and right expressions) of
eq. (6.94). It turns out that this is a general phenomenon: whenever the effect
of some boundary interaction can completely be described, in the open string

picture, by merely changing the gluing condition from n, for free fermions to a
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modified gluing condition n,, then in the closed string picture, the free-fermion
gluing condition n, reemerges.” In particular, this also happens in the Kondo

problem [see eq. (7.64)].

6.6 Summary

Let us take a step back and summarize the procedure by which the boundary
interaction was treated and the Green’s function G** was found in this chapter.
The general framework for the calculation rests on the equivalence of two

different ways of viewing the theory:

(a) Open string picture: The system is quantized on lines of constant 7 in the
upper half of the 7+ir plane. Besides the bulk-fermion term H,, the Hamil-
tonian also contains a scattering term H.q;, which explicitly represents the
effects of the impurity. This impurity term can be absorbed by making
appropriate shifts in the currents. At the strong-coupling fixed point, this
shift is equivalent to a change from a free-fermion to a strong-coupling

gluing condition (n, — n.).

(b) Closed string picture: The system is quantized on lines of constant r. The
Hamiltonian contains only a bulk, free-fermion term Hp p. The impurity
has been effectively “integrated out”, and its effects are encoded in the
boundary state | B), which determines how free L-moving fields are reflected

into free R-moving fields at r = 0.

Since the closed string picture is a theory in which the impurity has been

effectively “integrated out” and one is left with a theory of free fermions being

9Technically, this is a consequence of the Verlinde formula [Ver88].
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reflected off a boundary, it provides a description that, once |B) is known, is in
many ways simpler than the open string picture. This is why Green’s functions
are best calculated in the closed string picture. For the Kondo problem, where
the impurity is dynamical, this simplification of effectively having integrated out
the impurity will be even more signicant; Kondo Green’s functions in the closed
string picture indeed represent correlation functions in which the impurity degrees
of freedom have been traced out already.

The boundary state |B) is determined by requiring the open and closed string
partition functions to be the same, and once known, immediately gives G*". Be-
low we summarize the steps involved in the form of a cook-book recipe, formulated
in a way that also applies to Affleck and Ludwig’s solution of the Kondo problem,

discussed in chapter 7:

Recipe for Calculating G"*:

1. Start with a free Hamiltonian Hy, which has a certain symmetry G[=

U©(1) x SU(2)).

2. The impurity at the origin breaks this down to a smaller symmetry G;|=
U (1) x U®(1)]. Therefore, choose a bosonization scheme which is com-

patible with this smaller symmetry [namely the charge-spin scheme].

3. Find the free-fermion gluing condition n, [eq. (6.19)], the finite-size spec-

trum [eq. (6.21)] and the free-fermion partition function Z,(q) [eq. (6.23)].

4. Absorb the impurity completely by making appropriate shifts in the cur-

rents [eq. (6.26)].



10.

11.
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Calculate the new partition function Z(q) exactly in terms of the new cur-
rents, in the open string picture [eq. (6.31)], and make a modular transfor-

mation, thus replacing ¢ by ¢, to obtain Z(q) [eq. (6.60)].

Alternatively, in the closed string picture, express the partition function
Z(q) as an expectation value [eq. (6.72)] between two boundary states,

(F_| and |B), which respect the (smaller) symmetry [U“(1) x U®(1)] .

Equate the two expressions for Z(§), and read off Cardy’s formula [eq. (6.74)]

for the boundary matrix elements (Qo; Qs|B).

At Strong-Coupling Fized Point:

. At the so-called strong-coupling fixed point (vy = 0, v3 = 1), the original

symmetry G reemerges. This implies that the only effect of the scatterer is

to change the free-fermion gluing conditions n, to strong-coupling ones, n,

leq. (6.79)].

Exploit this restored symmetry to express the partition function Z,(q) in
terms of G-characters and the strong-coupling gluing conditions [eq. (6.87)],

and modular transform to get Z.(q) [eq. (6.91)].

Since |B) also respects the restored symmetry, find an expression for Z,(q)

in terms of (F_|, |B) and U”(1) x SU(2) [eq. (6.93)].

Compare the two expressions for Z,(§) to deduce Cardy’s formula [eq. (6.94)].
We find the remarkable result that at the strong-coupling fixed point, Cardy’s
formula gives the boundary matrixz elements purely in terms of the strong-

coupling gluing condition and modular S-matriz elements.
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12. The boundary-state matrix elements [(Qo; Qs|B)] directly give the Green’s
function G"* [eq. (6.47)], and hence the transmission matrix elements U

that determine the scattering states [eq. (5.60)].

The strategy for solving the Kondo problem at its strong-coupling fixed point,
and in particular for finding the scattering states, is of an entirely analogous na-
ture: at this point, the full symmetry of the original free Hamiltonian reemerges.
The impurity spin disappears altogether, and the only trace it leaves behind is
a modified gluing condition. Thus, most of the above steps can be repeated for
the Kondo problem at its strong-coupling fixed point [see chapter 7]. Not sur-
prisingly, therefore, the boundary state matrix elements are given by a Cardy
formula [eq. (7.61)] that has precisely the structure of eq. (6.94) above.

Due to the simplicity of the present problem, we were able to demonstrate the
reemergence of the U (1) x SU(2) at the strong-coupling fixed point explicitly
le.g. by proving that J¢(7) = Ji(7) for a = 0,1, 2,3, eq. (6.88)]. For the Kondo
problem, such a direct demonstration of the reemergence of the full symmetry
of Hy seems not to be possible. Therefore, the reemergence of this symmetry,
accompanied by new strong-coupling gluing conditions, is stated as a hypoth-
esis. The consequences of this hypothesis are then worked out, and compared
with other well-established results, obtained using Wilson’s numerical renormal-
ization group approach and the Bethe Ansatz. The agreement is excellent and
exact, respectively, and serves as a posteriori validification of the strong-coupling

hypothesis.



Chapter 7

CFT treatment of k-channel

Kondo problem

In this chapter we describe some of the main aspects of the conformal field theory
(CFT) solution to the over-screened! k-channel Kondo problem developed by Af-
fleck and Ludwig (AL) [Aff90,AL.91a,AL91b,AL91c,AL91d,AL92a,AL92b,A1.93,
AL94,Lud94a,Lud94b,ML95]. Tt is impossible to give a comprehensive account
of their work in the space of one chapter. Instead, we shall restrict our attention

to the calculation of the simplest non-trivial Green’s function in the theory,

G™(z,2) = —(¥a(2)P](2)) , (7.1)

which, according to egs. (5.52) and (5.60), is needed for the nanoconstriction cur-
rent. Nevertheless, even this calculation, presented in [AL93], requires thorough
familiarity with substantial parts of AL’s theory.

This chapter is intended as an introduction to AL’s theory that is accessible

'The completely screened and under-screened Kondo problems can be solved by the same
methods but many of the details are different [Aff90,AL91a].

190
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to a reader not thoroughly familiar with CF'T, but willing to learn what is needed
along the way.? Our presentation is not self-contained, but should be viewed as a
“road map” to the papers of AL; therefore, particularly at the beginning of each
section, we shall provide detailed references, including specific page and eqation
numbers, for the reader interested in the finer details. Some technicalities are
also discussed in the appendices.

The strategy followed in this chapter is roughly the same as that of the previ-
ous chapter. It is organized as follows. In section 7.1, we present the mapping of
the (3+1)-D k-channel Kondo problem theory to an effective (1+1)-D field the-
ory, whose properties in the weak-coupling regime are discussed in section 7.2.
Section 7.3 shows how the free theory can be written in a Sugawara form, which is
essential for understanding the absorption of the impurity spin at strong-coupling,
discussed in section 7.4. Finally, in section 7.5, we implement the recipe for cal-
culating G** presented in chapter 6, page 188, points 8 to 12, for calculating
the Kondo Green’s function G** at T' = 0. The T # calculation is reserved for

chapter 8.

7.1 Mapping to a 2-D Field Theory

[AL91Db], appendix A; [Lud94a], section 2.1; [AL94], appendix A.

The k-channel Kondo problem of Nozieres and Blandin [NB80] has been in-

troduced in section 4.1. It describes a spin-s magnetic impurity, coupled anti-

?I found that most of what I needed to know about “basic” CFT was contained in just
the two seminal papers [BPZ84,KZ84], and Ginsparg’s excellent review [Gins87]. For a concise
summary, see [GW86, section 3] or my section B.1. In addition, familiarity with Cardy’s
boundary CFT is also essential [Car84a,Car84b,Car86a,Car86b,Car89,CL91]; an introduction
to this material can be found in C.
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ferromagnetically to k degenerate bands (called channels or flavors) of electrons
in an SU(2)¢7™ x SU(k)Flevor) invariant way. Written in position space, the

Hamiltonian density (4.1) in the so-called weak-coupling limit takes the form

2
H = U'i(z) <—2Vm) Uoi(Z) + A0 (Z)U1(2) 3550 5:(2) - S . (7.2)

Here the operators S describes the local spin-s impurity, with [S?, §7] = igiik Gk,
Electrons are described by three-dimensional non-relativistic fermion fields ¥, (%),
where a, 3 = + labels the electron spin®, and ¢ = 1, ..., k labels the k channels.
Note that H is diagonal in channel indices.

Nozieres arguments about the nature of the fixed points were discussed in
chapter 4.

The Hamiltonian clearly has a radial symmetry about the origin, hence it is

convenient to expand W,;(Z) in spherical harmonics about the origin:*
VUi (Z) = tai(r) + higher harmonics ; (7.3)

Since the 0(Z)-interaction has “zero” range, it only couples to 1,,(r), the angu-
lar momentum [ = 0 part (“s-wave-projected” part) of W,;(¥). Thus one has
effectively a one-dimensional (radial) problem in terms of 1,;(r), with two Fermi
points, at |k| = kg, for incident and outgoing radial waves. To describe the

universal low-temperature, large-distance physics, it is sufficient to linearize the

3Following AL, we shall use in this chapter the terminology that is appropriate to the
magnetic multi-channel Kondo problem, i.e. “spin” («, 3) refers to the Pauli spin that couples
to the magnetic impurity. In later chapters, the index that couples to the dynamic impurity
will still be called a “spin” (or sometimes “pseudospin”) index and denoted by «, 3, but it will
not always be the Pauli spin.

4The mapping from a 3- to a 1-dimensional problem is worked out in detail in Appendix A
of [AL94], whose sign-conventions for eTk#r), /r(ir) we use; see also Appendix A of [AL91b]
and section 2 of [Lud94a] where the sign conventions are slightly different — but all that really
matters are the signs in +id, in eq. (7.7).
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dispersion relation about these points (e = k?/2m = v,|k|). Thus one writes
Vai(r) o [ M aiir) + € i (ir)] (7.4)

where the radial fields v, . (ir) (called L/R movers on the positive r-axis) are
composed of low-energy incoming/outgoing radial excitations about the Fermi

sea,
A 4
wL/Rai(iT> = / dkeymcoai(k}w + k') (7.5)
“A

[co(k) creates a radial wave with radial momentum k = |k|, and A is a cut-off
satisfying 7' < vpA < ep]. The radial multi-channel Kondo problem is then

defined, in the weak-coupling limit, by the following Hamiltonian:

H(\) = H, + Hy, (7.6)
H = o /0 T [ (i)i0, Yuailir) — O (ir)i, daali)] L (T7)

He(Ae) = vedeS - 3(057(0) + v57(0)) (3647) 3 (115:(0) + 10i(0)) (7.8)
The normalization employed by AL is
{7 (ir), g (i)} = 2m0xxr0%055(r — ') (X, X' = L, R);. (7.9)

The Hilbert space on which H acts is a tensor product of free fermion states and
the (2s + 1) states of the impurity spin.
This problem can be viewed as a 2-dimensional field theory in the complex

plane. We adopt again the notation of eq. (6.40):

Z=T4r forx >0,
U=T+ir = (7.10)

Z=T—1r forx <0,
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where r = |z|, and 7(= it) is the imaginary time. Also, write 0, = (9, — i0,),

9: = 1(0- + i0,). The Heisenberg equations of motion for r # 0 are

O Vrai(T,ir) =0, 0V pai(T,i1) =0, forr £0. (7.11)
They imply that

wLai(’B ZT) = wLai(Z) ) wRai(Ta ZT) = ¢Rai(2) 5 (712)

and similarly for ¢f(2) and 11(2). Thus, 1,(z) is an analytic function of v in the
upper half of the complex u-plane (where u = z), and 1,(2) can be viewed in two
ways, either as an anti-analytic function of u in the upper half of the u-plane, or
as an analytic function of u in the lower half of the u-plane (where u = z) [see
Fig. 7.1].

For future reference, let us define the charge, spin and flavor currents, J°, J¢

and I° [compare egs. (A.99) to (A.101)]:

J(z) = z‘”(z)wwi(z) : (7.13)
Jiz) = *(2) 20 Yrpi(z) : (a=x,y,2=1,2,3) (7.14)
I’(2) = () (T0) {0 (2) : (b=1,....k*—1). (7.15)

Here : : denotes point-splitting [defined in eq. (A.9)], and the matrices (T°)/ are
SU (k) generators in the fundamental k x k-dimensional representation [obeying
relations like egs. (A.72), (A.73), with N — k. For k =2, (T")/ = 1(o")/.
Right-moving currents J(Z) are defined similarly in terms of ¥5(z). We shall
denote these currents collectively by J;* and J;, where x denotes o, a or b.
Eq. (7.12) ensures that these currents are conserved for r # 0, i.e. 9;J*(2) = 0,

0.J%(z) = 0. They generate so-called G = U(1) x SU(2)y x SU(k)2 Kac-Moody
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X
} Y (t-ir) = 4 (0) | wein g
u=t+ix for x>0
=T+ir
.
T
\L W (t-ir) = g (u) r=Ix usT+ix  for x<0
=T-ir
Figure 7.1 .

L- and R-moving fields in the complex plane. The boundary is at x = 0. 9, (2) is
an analytic function of u in the upper half of the complex u-plane (where u = z),
and 1z(Z) can be viewed in two ways, either as an anti-analytic function of u in
the upper half of the u-plane, or as an analytic function of u in the lower half of

the u-plane (where u = 2).
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gauge transformations, parametrized by infinitesimal analytic functions w;(2)

and w¥(z) = [w¥(z)]* through:®
00(r,ir) = /Ol‘éfr/{Wf(z')[Jf(Z')aO(ﬂi?“)] +wi (F)J5 (2), O(r,ir)]} - (7.16)

[see section A.2; especially eq. (A.12) for a discussion of Kac-Moody symmetry

transformations].

7.2 Weak-Coupling Description

[AL91b], section 2.1; [Lud94al, section 2.1.

The behavior of the fields v,  and currents f/R at r = 0 is determined by
the presence or absence of a boundary interaction, Hy o A0(r), which may be
thought of as a boundary condition on the fields at » = 0 (in a sense to be made
precise below). In this section we consider the weak-coupling limit (A, < 1), in
which the boundary condition is trivial [see eq. (7.17)]. However it is highly non-
trivial at the over-screened fixed point to which the system flows when T'/T} — 0,

which is discussed in subsequent sections.
7.2.1 Weak-Coupling Boundary Conditions

The weak-coupling limit is applicable if T" > T}, and Ax < 1. One envisions doing
perturbation theory in Hy, and hence expresses all quantities, including Hy, in
terms of free fields, obeying free Heisenberg equations of motion (with A, = 0).
Then it follows from the 3-D to 1-D mapping [see eq. (7.5)] that ¢, (z) and ¥ (Z)
satisfy the following so-called weak-coupling boundary condition at r = 0:

%ai(T + ZO) = Yrai (7_ - ZO) ) (717)

*Transformations obeying w¥(z) = [w¥(z)]* can be shown to be sufficiently general. For
details, see appendix C, section C.1.1.
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Since 1, (z) and ¥, (2) are analytic functions of their arguments and equal to each
other on an open domain (the 7-axis), 1¥x(Z) must be the analytic continuation
of ¥, (2) to the lower half of the u plane (where z = —r < 0), and hence can be
expressed as

Vrai(Z) = VYrai(Z) - (7.18)
It follows immediately from their definition that the currents obey a similar

boundary condition,
Jy (Tt +10) = Jy (T —10), (x =0,a,b), (7.19)

which means that “no current of any type flows accross the boundary” [AL91b,
p. 653]. To borrow a metaphor from electromagnetism, whatever charge JX(z)
carries towards the boundary is carried away again by J)Y(2Z). It follows that

JX(Z) must be the analytic continuation of JX(z) into the lower half-plane:
Jo(2) = JX(2) (x =0,a,b) . (7.20)

The boundary condition eq. (7.19) is extremely important, because without it,
the free theory would be G = U(1) x SU(2) x SU (k) Kac-Moody gauge invariant
only “in the bulk” (i.e. for  # 0), but not on the boundary (r = 0). The reason
is that surface terms that usually can be neglected when proving the invariance
of the action under symmetry transformations, no longer vanish automatically
in the presence of a boundary [AL91b, p. 653]. It is shown in detail in Ap-
pendix C, section C.1.3, that under spatially varying, analytic, infinitesimal KM
gauge transformation such as eq. (7.16), the action A picks up a surface correction

[see second eq. in section C.1.3]:

JA = /fo drw™ (7 +0) [JX (7 +i0) — JX(r — i0)] (7.21)
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Eq. (7.20) ensures that 6.4 = 0, so that “the boundary is also KM invariant”,
and not only the bulk. In general, a boundary CFT is only KM invariant if the

currents that generate KM transformations satisty J;* = J; on the boundary.

7.2.2 Weak-Coupling Hamiltonian

The boundary conditions egs. (7.17) and (7.19) can be used to write ©zq;(Z) in

terms of 1,,;(Z), and to rewrite the weak-coupling Hamiltonian in the form:

H, = o /Ooggg it (35) i Wy (i) (7.22)

He = vdeS 03(i0) (360) €00i(i0) = vpdeS - J(i0) . (7.23)

This is the form encountered in chapter 5, eq. (5.37), and to be used in chapter 9.
It demonstrates two important facts:
(i) Instead of considering R- and L-movers in the upper half of of the complex

u = 7+ iz plane (x > 0), one can consider L-movers only, but in the full u plane

(ii) In the weak-coupling limit, the effect of the Kondo interaction can be entirely
expressed in terms of a coupling to the left-moving SU(2) current J, (iz).

The presence of H of course modifies the boundary condition eqs. (7.17), as
we know from chapter 5. Therefore, strictly speaking the step of using a weak-
coupling boundary condition to write H, in the form of eq. (7.23) only makes
sense in perturbation theory, where by definition one expresses the interaction in
terms of free fields. In the strong-coupling regime, one has to follow a different
approach. Nevertheless, the weak-coupling form of eqs. (7.22) and (7.23) is very
useful, and will be studied at some length in the next section in order to gain the

intuition needed to eventually write down the strong-coupling solution.
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7.3 Sugawara form for H,

[AL91b], section 2.1; [Lud94al, section 3.

In this section we write the free Hamiltonian H, in Sugawara form, discuss the
structure of the finite-size spectrum, and write down an expression for the free-
electron partition function Z,. These are steps 1 to 3 of the program outlined in
section 6.6, and are prerequisites for understanding the strong-coupling solution.
The Sugawara technology used in this section is discussed in detail in Appendix A,
especially section A.8, with which the reader is assumed to be familiar. Here we
merely summarize the main conclusions.

Since we are interested in the finite-size spectrum, we put the system in a
spherical box of radius [, so that 14, (ix) lives on a line of length 21, z € [—1,1].

Hence the weak-coupling form eq. (7.22) for H, becomes (with v, = 1 henceforth)
l y . . .
H,= /4% VO (120,00 10i (i), (7.24)

It is convenient to impose an anti-periodic®. boundary condition on v, (iz), so
that the single-particle eigenenergies of H, will be of the form F— E, = T(m+3),
with m € Z, ( Z, denotes the non-negative integers, and F, is the energy of the
T = 0 Fermi sea).

Since the impurity couples only to J, in H x, 1.e. only to the spin degrees of
freedom, it is convenient to write H, in a form in which charge, spin and flavor
degrees of freedom are separated, and the G = U(1) x SU(2), x SU (k)2 KM gauge
symmetry becomes explicit. This can be achieved by writing H, in a Sugawara

form in terms of the currents J°, J¢ and I? of eqs. (7.13) to (7.15. The Sugawara

6This choice of boundary condition is motivated in appendix A, footnote 7.
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form is derived in appendix A and given by eq. (A.102) (with [ — 21, N = 2 and

Ctot — 2]€)
H, = H°+H*+ H'

2m 2+k k+2

l
/_ldﬁ[ﬁ:(]z(]g; O T (J (7.25)

_ T Ctot L 1% 70 7o 1 *xg7a 70 * 1 x7b 7b =
- T QZ + 1 Z |:4k*JnLJ7nL* + 2+k*JnLJ7nL* + k+2*[nL[7nL*i| )
nez

Here I ¥ denotes normal ordering in momentum space [see eq. (A.58)], and the

Fourier modes of current J;¥ are defined by

27 l
nez

x = /l el (in) s ) = F Y (7.26)
Since H¢, H* and H/ commute, the representation space of the group G, i.e.
the Hilbert space HS(G) on which H, acts, decomposes into a direct product of
charge, spin and flavor towers, denoted by Tg ), T;S) and Tp(f ). They are labeled
by (Q, 7, p), the charge, spin and flavor quantum numbers of the corresponding
primary states. ) € Z are the possible charges of the charge primary states
|Q); The spin, j, restricted” to j = 0,1/2,...,k/2, labels the possible SU(2)
representations according to which the spin primary states |7, j.) can transform.
The flavor quantum number p labels the SU(k) representations for the flavor
primary states |p) [for k = 2, p = jy= “flavor-spin”, with j; = 0,1/2,1]. Thus,

HS(G) can be represented as follows:
HS(@G) =YY Y |15 e TP Ty . (7.27)

®Q @) Sp

The internal structure of these towers (discussed in appendix A, sections A.6.2

and A.7.2), is determined by the commutation relations satisfied by the current

"The important restriction 0 < j < k/2 for SU(2)y is derived in [Gins87, eq.(9.30)].
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modes J¥, [given in egs. (A.103) to (A.105)]. In particular, the spin current
modes satisfy

[T o] = 16 TGy + 50000 im0 (7.28)

nL? “mL

known as the SU(2), (SU(2)-level-k) Kac-Moody algebra.
The energy eigenvalues for a state with charge, spin and flavor quantum num-

bers (Q, j, p) are given by [eq. (A.108)]

Eij - Eooo = % [(ff; + mc) + (W + m5> + (m + mf)] (729)

where (m., ms,mys) are non-negative integers characterizing the energy levels
within each tower (the level of the KM descendants). Cy(p) is the quadratic
Casimir eigenvalue in the flavor sector; for k = 2, one has C¢(p) = j(jr + 1).
However, we know that in a free-electron theory with anti-periodic boundary
conditions and single-particle eigenenergies E — E, = T(m + 3) [with m € Z,],

all eigenenergies must be of the form [eq. (A.70)]

21 —
m for @ = even,

Egjp — Eooo = with m € Z, , (7.30)

Z(m+3) for Q= odd,

The spectrum of eq. (7.29) clearly contains many eigenvalues that are not of this
form. The reason is that in breaking up H, into charge, spin and flavor degrees
of freedom, we have embedded the free-electron Hilbert space [HS(Ax = 0)] into
the much larger Hilbert space HS(G) D HS(Ax = 0), in which charge, spin and
flavor excitations are independent — we have effectively “unglued” free electrons
into their constituent excitations.

To recover a free-electron theory, these excitations have to be glued back

together to form free electrons. This is done by specifying a free-electron gluing
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condition, i.e. a set of numbers {n{@P)} either 0 or 1, that determine which
combinations of charge, spin and flavor excitations are allowed in a free electron
spectrum [by selecting only those (Q, j, p) for which eq. (7.29) is compatible with
eq. (7.30)]. For k = 2, these numbers were derived in section A.8.2 and are
summarized in table A.2.

The structure of the free-electron Hilbert space [HS(Ax = 0)] can be thus be
represented symbolically as follows:

HS(A\ =0) =Y 33 0@ 15 0T o T . (7.31)
®Q @) ©p
This is clearly a subspace of HS(G) of eq. (7.27).

The free-electron partition function Z, is defined as Z, = Tt e ?He_ where
the prime on Tr’ indicates that the trace is only over free-electron states. This
condition is enforced by inserting the free-electron gluing condition n{®7*) into
the sum over states. Since H¢, H® and H/ commute, the partition function
factorizes:

Zy =3 0l (q) x'(q) X (q),  whereg=e /" (7.32)
Q.5,p

Here x¢(¢) [x;”(q), X (q)] is a charge [spin, flavor] character,® i.e. a partition
function over all states within the single tower labeled by @ [, p]. The dependence
of these quantities on ¢ follows by inspection from the typical form eq. (7.29) of

the eigenenergies.

8(Non-specialized) U(1)-characters are defined in eq. (6.55). See also [AL94], appendix F
[eq. (F.23) and the eq. after (F.5)], and [Gep87, eq. (25)].
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7.4 Over-Screened Fixed Point: A}

If one were interested in doing T < Ty physics, one would do weak-coupling
perturbation theory in Ay < 1. However, we know that perturbation theory
breaks down for 1" £ T, and that when 7" — 0, the system flows to a strong-
coupling fixed point (more specifically, an over-screened fixed point, if s < k/2) at
A% [NB80] that is inaccessible to perturbation theory (see section 4.1). According
to the Kondo lore discussed in section 4.1.2, at the over-screened fixed point
the impurity spin is in a sense “absorbed” by the conduction electrons, and
the electron fields get “renormalized”. The great accomplishment of AL was
to make this mathematically precise: they show how the spin is “absorbed”,
and explicitly construct the new fields into which the old ones “renormalize”.
However, this comes at a cost: there is no continuous interpolation between the
weak-coupling and over-screened theories. The over-screened theory is written
down as an Ansatz, based on an inspired hypothesis, which has to be checked a
posterior: against other methods.

Nevertheless, a priori the over-screened fixed point is known from the work of
Nozieres and Blandin to have the following properties [as summarized by [AL91b,

p. 650]]:

1. The theory has global U(1) x SU(2) x SU(k) symmetry, since the Kondo

interaction H, does not break this symmetry of H,.

2. Far away from the boundary we recover the free electron theory as described

by the free Hamiltonian H, of eq. (7.24).

3. The entire system, and boundary the bondary in particular, is scale invari-
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ant at Ay = A%, since this is a fized point.
7.4.1 Absorption of the Impurity Spin at A}

[AL91b], section 2.1, [Lud94al, section 3.

To arrive at the over-screened solution of AL, it is useful to adhere to the
weak-coupling description of section 7.2 a little longer, to gain some intuition for
the effects of Hy (our discussion follows [AL91b, section 2.1]; see also [Lud94a],
section 2).

It is clear from eq. (7.23) that the impurity couples only to the spin current
fL; hence the charge and flavor sectors of the theory are completely unaffected

by Hy. The spin part of H takes the following form:

l —
H' = H:+H, = /_Z;L;f [ 0 Jus 4 2mA (i) - S6(x)]  (7.33)
3 [t Toni 4 A+ S| (7.34)
nez
Now consider a special value of the coupling, A} = 5 +k (to be identified with

the intermediate-coupling fixed point of Nozieres and Blandin). Define a new
(shifted) spin current, jL, which may be interpreted as the total spin current of

the combined electron and impurity system, through:

T = Jo + S (7.35)
Toliz) = =5 e ™ T = T (ix) + 216(x)S . (7.36)
nez

Now “complete the square” and write H® in terms of J:

L,
H® —const = T 2+k*jnL Tonit = lg Cav i T Tot s (7.37)

nez

where const is an (infinite) constant. Thus we see that H*® takes the form of a free

-

spin Hamiltonian when written in terms of the new currents: H*[J] = H,[J].
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Now AL made the crucial observation that eq. (7.28) and [S?, S| = ig®sS¢
imply that

[ :L7 j’r?’LL] - igabc 7S+mL + %knéab(gn—l—m,o ) (738)

i.e. the Fourier modes Jyy, of the shifted spin current obey the same KM SU(2)y
commutation relations [compare eq. (7.28)] as the J,, of the old spin current!®
Consequently the spin current jLX (iz), defined as the Fourier transform of these

=
X

modes J~ |

acts as the generator of KM gauge transformations on the combined
electron plus impurity system in the same way as J_z‘ (iz) did for the free-electron
system.'?

This means that at the over-screened point, the G = U(1) x SU(2) x SU(k)
KM gauge invariance that the free theory had (both in the bulk and on the
boundary), is restored. To see this in detail, we now show that the theory can
completely be brought in the form of a free theory, as follows;

Since the impurity has been completely absorbed and H*® has the form of a free
Hamiltonian in terms of j’L, it follows (e.g. from Heisenberg equations of motion)
that the new spin currents are continuous at = = 0, 7, (7 +i0%) = J, (7 — i0™).
The charge and flavor currents are unaffected by our manipulations in the spin
sector, so if we define for convenience J°(ix) = J°(iz) and Z°(iz) = I°(iz), all
the J* currents obey J,;*(7 +i07) = J,*(7 — ¢0"). Thus, we can reintroduce

right-moving spin currents as in eq. (7.20), by defining

TNz =Tu(2),  with  JX(r—i0") = J (7 +1i07), (7.39)

9This is the reason why we need A\, = A\%. The “square can be completed” for arbitrary
Ak, using T = Joy + %(2 + k)Akg, but eq. (7.38) holds only if %(2 + k) =1.

107t is worth emphasizing the logic here: the fundamental definition of the shifted current
is eq. (7.35), in terms of Fourier modes J,,; once these have been found to obey the KM
algebra eq. (7.38), one knows that the currents JX(iz), constructed from them by Fourier
transformation, will be KM generators in coordinate space.
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and write the over-screened Hamiltonian in the form of L- and R-moving free

Hamiltonians:

HG) = [ (i) + Honlin)), (7.40)

o o

HoL/R(ix) = ﬁ: L/R L/R: +F1k: La/R La/R: +%H:12/R12/R: (741)

In analogy to our discussion for H, on p. 197, egs. (7.40) and (7.39) imply
together that H(A%) is invariant, both in the bulk em and on the boundary,
under G = U(1) x SU(2); x SU(k); KM gauge transformations generated by
the currents J*(iz) which act on the combined electron plus impurity system.
Thus, as a direct consequence of the KM commutation relations eq. (7.38), KM
gauge nvariance is restored at the over-screened fized point, in agreement with

requirement 1 on page 203 above.

7.4.2 Over-Screened Gluing Conditions

[AL91b], section 4; [AL92b], section IIL.B.

Another consequence of eq. (7.38) is that the spin spectrum in the spin sector

again has the form

e ]/(j,+1> N
Ej/—EOZZ[M+m5 ,]/:0,%,...,]6/2; m3€Z+, (742)

because the spectrum is completely determined by the SU(2), KM algebra. Con-
sequently, the possible eigenenergies at the over-screened fixed point are again
precisely of the form of eq. (7.29).

However, this does not mean that the over-screened spectrum is the same
as the free spectrum, since the gluing condition is not the same. At the over-

screened fixed point one has a new over-screened gluing condition, denoted by a
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set of integers {n&Qj P )}, instead of the free-electron gluing condition {n%”}. It
is in writing down this new over-screened gluing condition that AL had to make
a hypothesis that can not be proven a priori (but has been convincingly verified
a posteriori). We now describe in some detail the argument that leads to their
hypothesis.

The manipulations in section 7.4 may appear to be rather straightforward.
However, eq. (7.35) is more subtle than it appears at first sight, since T, and T,
obey a different algebra than S [SU(2)y, vs. SU(2)], and correspondingly, 7, (iz)
and J, (iz) are conformal fields, while S is a local object. Thus we are adding
apples and oranges to get apples, which clearly needs to be thought through
carefully.

Said differently, the operators in eq. (7.35) act on two different Hilbert spaces.

The Hilbert space HS(J + S) on which J,, + S acts can be represented by

k/2

Z T(S)

®j=0

— =,

HS(J + S) (7.43)

where D; represents the (2s + 1)-dimensional impurity Hilbert space. However,

the Hilbert space HS(J) on which J,, acts is simply

k/2

Z T(S)

®j'=0

, (7.44)

[This is because the Tor satisfy the same SU(2), KM algebra as the J:w, so that
the space of possible representations must be the same.] Therefore we have to
speficy how HS(J) and HS(J + S) are related.

Now, if we restrict our attention to the n = 0 modes, then jo, J, and S

are all ordinary angular momentum operators,'! acting on SU(2) representations

U This so is because the .J, and jo satisfy the ordinary SU(2) algebra.
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denoted by Dj, D; and Dy, respectively. Eq. (7.35) then simply is the familiar
angular momentum coupling of electron spin jo and impurity spin S to form a
total spin jo, governed by the Clebsch-Gordan series
D;®D, =Y N.D;, (7.45)
@’
where the integers st/ indicate which representations can occur in the Clebsch-

Gordan series:

~ 1 it j/6{|j—8|,|j—8|—|—1,7]+8},
NI = (7.46)

0 otherwise .

Similarly, in CF'T the direct product of two towers can be decomposed into
a direct sum of towers according to a “conformal Glebsch-Gordan series”, which
is called a fusion rule. Let Tj(s) and T be conformal spin towers of spin j and
s, both carrying representations of the SU(2), KM algebra [eq. (7.28)]. Then
the number of distinct ways in which the spin tower T;f ' of spin j' occurs in the

decomposition of their direct product,

k2
TOQTY = Y NLTY (7.47)

®j'=0

is specified by a set of integers, {NJJ;}, given by!?

) 1 if 7Jeflj—sl,lj—s/+1,...,min[j+sk—j—s|};
N {17 = sl 15— sl [ [} (748)

0 otherwise

12Fq. (7.48)is the fusion rule for specifically the SU(2); KM algebra. However, any KM alge-
bra has an associated “conformal Clebsch-Gordan series” or fusion rule of the form eq. (7.47).
This fusion rule also acts as a selection rule for OPE coefficients: Let O;(z) denote a pri-
mary field transforming in the j-representation, and write the OPE of two such fields as

0;(2)0s(2") = 325 C]J:;(z’)Oj/(z’); then the OPE coefficient functions CJJ;(ZI) can be non-zero
only if the corresponding V. J] ; #£0.
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which constitute the SU(2); KM fusion rule. Note that in contrast to eq. (7.46),
this fusion rule ensures that no towers with j > k/2 ever occur, as required for
SU(2)y towers [compare footnote 7].

However, the situation at hand corresponds neither to pure angular momen-
tum coupling nor to pure SU(2)y, fusion, since in eq. (7.43) T} is an SU(2)j, spin
tower, but Dy an ordinary SU(2) representation; a priori it is not clear what
their direct product is. Likewise, J (ix) is a conformal current, S an ordinary
angular momentum operator; a prior: it is not clear what their sum J (1) really
is. AL cut through this Gordian knot by proposing'® [AL91b, section 4] (see also
[AL92b, II1.B] and [Lud94a, p. 19]) the following so-called

Fusion Hypothesis: The “screening or absorption” of an impurity of spin s by k

channels of conduction electrons is technically implemented by replacing each spin
tower T;S) by a set of new spin towers {T;,”} according to the SU(2),, KM fusion
rule:
K2
TP @Dy :— Y, NLTY (7.49)
@j'=0

In other words, “fuse” Tj(s) with the impurity spin s as though Dy were a spin
tower T, which it of course is not — this is why this is a hypothesis and not a
derivation.
To be explicit, for £k = 2 (i.e. j = 0, %, 1) and s = %, the fusion hypothesis
implies the following replacements:
5 @Dy — T1(72
Th©Dy — TP @ TP (7.50)

Tfs) ® DI/Q — T1(72

13Tn this thesis, the fusion hypothesis is discussed only for the overscreened case k/2gegs,
but similar arguments apply to the exactly and underscreened cases, see [Aff90,AL91a].
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(Note the absence of any T. :;727 which would have occured for ordinary SU(2)
coupling.)

The fusion rule hypothesis implies that the structure of the Hilbert space at
over-screening, HS(A%), is to be obtained from that of the free-electron Hilbert
space HS(Ax = 0) of eq. (7.31) by applying the replacement eq. (7.49) to
HS(Ax =0)® Ds:

HS(\) =33 Y @ [TH TP @ TV (7.51)
®Q ®j’ ©p
were
n{¥'P) = 3 (@R NT (7.52)

The numbers {nng 2 } (either 0 or 1) constitute the over-screened gluing condition
that governs the physics at the over-screened fixed point.

Clearly HS(\%) is a subspace of HS(G, but it is a different subspace than
HS(Ax = 0). New non-Fermi-liqguid combinations of (Q,j’,p) are allowed by
the {nnglp )} that would never occur in a free-electron theory. For example, the

10). As AL phrase

Fermi sea, (0,0,0) gets mapped onto a “pure spinon”, (0, 3,
it, the charge-spin-flavor excitations that are confined or bound together to form
free electrons in a free-electron theory, are “deconfined” by the presence of an
impurity, and exotic new non-Fermi-liquid combinations arise.

The over-screened spectrum is given by eq. (7.29), subject to the over-screened
gluing condition {n&Qj " )}. Fork=2and s = %, the new set of primary states, and
their eigenenergies, are listed in table 7.1, which is obtained from from table A.2
by fusion according to eq. (7.50). Clearly, non-Fermi-liquid eigenenergies (e.g.

é, %) show up in the spectrum. These “anomalous” numbers also govern the

leading powerlaws of many physical quantities, giving rise to non-Fermi-liquid
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exponents'? (see section 7.4.3 for an example).

As should be clear from our discussion, AL’s fusion hypothesis represents
an intuitive leap of faith that, though seemingly plausible, has no rigorous a
priori justification. However, once made, it can and has been tested extensively
against other results. The most direct test is to compare the finite-size spectrum
with numerical renormalizations [CLN80,AL92b]. The agreement is excellent
[Lud94a, table 2], serving as a posteriori confirmation of the validity of the fusion
hypothesis. Further corroborating evidence is listed in [Lud94a, p. 19].

Summary: Let us summarize the over-screened picture that has emerged as
a consequence of the intuitive leap of AL’s fusion hypothesis. The over-screened
fixed point is described by a free Hamiltonian, H,, + Hor, €q. (7.40), composed
of L- and R-moving currents J,* and J;, living in the upper half-plane. The
currents obey the over-screened boundary condition J;*(7 +i0) = JX(7 — i0)
leq. (7.39)], which means that the system is G = U(1) x SU(2)x x SU(k)2 Kac-
Moody gauge invariant not only in the bulk, but also on the boundary (just as
the free theory was). The Hilbert space is a direct product space of charge, spin
and flavor towers [eq. (7.51)] (without an extra Dy impurity Hilbert space), with
eigenenergies given by eq. (7.29). The only difference from the free theory is that

these towers are glued together by a over-screened gluing condition nin/jf ) instead

of a free-electron gluing condition n{@n

4Eigenenergies are related to power-law exponents, since for every tower (say T;), the lowest
eigengenergy of the tower, say E; — E,, is related to the scaling dimension A; of a primary field
¢i(u) through E; — E, = 7A; [see appendix C, eq. (B.94)], and A; appears in the correlation
function (¢;(u)p! (v') = (u — u')=224.
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Table 7.1 Weak- and over-screened spectra, and boundary operator content for
k=2, s =3 (from [Lud94a], Tables la, 1b & 1c). The left three columns corre-
spond to free fermions and are derived in appendix A [and taken from table A.2].
They show Agjj, = %(Eij ; — Eooo) for those combinations of primary states for
which n{%7/) # 0. All other combinations for which n$@97s) # 0 can be obtained
from the above by letting @ — @ + 4m (m € Z). The middle three columns
show the over-screened spectrum, i.e. Agjrj, = %(EQj/jf — Eo%o) for those combi-
nations of primary fields for which n{@7'5) # (0. These are obtained from the left
columns by fusion according to eq. (7.50). The right three columns show the pri-
mary boundary operator content of the theory, with Ag;n;, = %(Equj ;= Eooo),

obtained from the left columns by double fusion according to eq. (7.53).

Free spectrum Single Fusion Double Fusion
Q J Jr | Dqijs | Mo Q ' jr | Doy, | na Q 5" Jr | D | M
000 0 1
000 0 |1 030 0 1 {
010 L 1
+101 1 1 +1 11 1 1
11 1 2 8 2 2 2
*l1 22 2 ! { 1 5 11 1
+111 2 1 +11 1 . 1
001 1 1
011 1 1 011 . 1 {
011 1 1
200 L 1
210 1 1 210 : 1 {
210 1 1
201 1 1
201 1 1 211 1 1 {
211 g 1
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7.4.3 Boundary Operator Content

[AL91b, p.681], [Lud94a, appendix A.2]

Though the impurity spin has been formally absorbed, it nevertheless causes
some Green’s functions to behave anomalously when evaluated near r = 0: Con-
sider for example the function G = (1, (21)¥] (22)r(23)01(27)). As shown by
AL [AL94, eq.(4.5)] [and in my appendix D, eq. (D.32)], when r; — 0, 75 — 0,

this function decays with time like |7, — 75|22, where A = which is an

Cra
anomolous, non-Fermi-liquid exponent (and in fact related to the T behavior
of the conductivity).

This kind of anomalous behavior is analyzed in CFT by introducing the con-
cept of boundary operators (introduced in detail in section C.3). These are oper-
ators @, (7) that live only at the boundary, at » = 0. They can have anomalous
scaling dimensions, and govern the behavior of correlation functions close to the
boundary.

For future reference, it will be important to have a list of all possible KM
primary boundary operators, i.e. to know the boundary operator content for
the Kondo problem. Using tricks due to Cardy [Car84b|, AL showed [AL91b,
p.681] [Lud94a, eq.(A.14)] that this list can be given in terms of a set of integers,
{n(QjHP

pns )}, that are obtained from the free-fermion gluing conditions by “double

fusion” [this formula is derived!® in section C.5, see eq. (C.80)]:
n(Q"e) = anij)NJJf;NJJf,'; _ (7.53)
J

For each nﬁgﬁ”” ) # 0, a boundary operator with quantum numbers (Q, j”, p) exists

15Tn section C.5, the double fusion formula is derived for an arbitrary boundary CFT governed
by a fusion principle. Eq. (7.53) follows from eq. (C.80) by applying double fusion in the spin
sector while leaving the charge and flavor sectors unchanged.



214

in the theory. For the case k = 2, s = %, we can obtain these integers by simply
applying the fusion replacements (7.50) a second time to the middle section of
table 7.1. The resulting non-zero nﬁfiﬁ"” ) are listed on the right side of table 7.1,

together with their scaling dimensions.

7.5 G Green’s function at 7' =10

In this section we calculate, at T" = 0, the G** Green’s function that we are
ultimately interested in. The T # 0 calculation is discussed in chapter 8. The
necessary concepts, namely that of boundary states |K) and |F_) in the closed
string picture, were introduced in sections 6.4, and our discussion here parallels
that given in section 6.5 and summarized in section 6.6.

We are interested in “impurity-averaged” Green’s functions G**, in the sense
that the degrees of freedom of the impurity have been traced out,'® so that G**

only carries electron indices:

Gt (2,2)

—(Yain(2)VI7 () (7.54)

As emphasized in chapter 6, page 186, such Green’s functions are best calculated
in the closed string picture, in which the impurity does not enter explicitly the
description at all. The ingredients of the closed string picture are simply L- and
R-moving free electron fields 1, (2) and ¥4ix(Z), with, even at the over-screened
fixed point, free-fermion gluing conditions nng”) [as emphasized on page 186,

and as shown below, eq. (7.64)]. These fields are incident upon boundaries at

16T oosely speaking, if we label the local impurity states by p = —s, ..., +s, and the electron
quantum numbers by 7, then the “impurity-averaged” Green’s function can be thought of as
Gry(2,2') = {H > Gripw(2,27), 1e. average over initial and sum over final impurity
states.

2s
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r = 0,1, and their reflection into each other by these boundaries is characterized

by a Kondo boundary state |K) at r = 0 and a free boundary state |F_) at r = [.

7.5.1 Boundary State Matrix Elements

[AL93], section II; [Lud94al, appendices A, B; [AL94], appenix F.

We now need an important result of boundary CFT, discussed in appendix C,

section C.4.1: Cardy showed that R-L Green’s functions at T = 07 for KM

~

primary fields Oz(z) with quantum numbers a = (Q, j', p) and scaling dimension

x5 have the form [eq. (C.55)]

~Ga (5 #) = (00}, () = L (7.55)
where (K
(@) = 5155 - (7.56)

Here |1) = |0,0,0) is the vacuum state, denoted by |0) in appendix C. For a free
theory (Ax = 0 and a trivial boundary state |F) at » = 0), we have to recover
free, trivial R-L Green’s functions, which means that (a|F')/(1|F) =1 for all a.

It follows that Uy (@) can be written as

5 ey (alK) (AF)
Uk(a) = GIF) 1K) (7.57)

which can be calculated from a knowledge of (a|K)/{(a|F). We now proceed
to calculate this ratio, following [AL93, section II} (or [Lud94a, appendix A.2]).
The general strategy for finding the Kondo boundary state |K) is the same as

in chapter 6, page 188, points 8 to 12 (which might be worth a glance at this

"the T # 0 form can be obtained from that at T = 0 by a straightforward conformal
transformation, described in section 8.1.
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point). Therefore, we merely outline the argument here. A completely detailed
derivation is given in [AL94, appendix F].

The boundary state |K) is determined by equating the partition functions cal-
culated in the open string picture [Z,(q)] and the closed string picture [Z,(q)].'®
In the open-string picture of section 7.4.2, the only difference between the spec-
trum for A, = A% and 0 is that different gluing conditions, n, instead of n,,
select which eigenergies in eq. (7.29) are allowed. Therefore, the over-screened
partition function Z, has exactly the same form as the free partition function Z,
of eq. (7.32), but with the n, replaced by n. [compare eq. (6.87)]:

Zq) = > ¥ (q) X (0) XP(q) . where g=e ™ (7.58)
Q.5".p

Express this in terms of § = e=*™/# by using the modular transformation prop-
erties [ xa(q) = S.%xa(q)] of the characters,'® obtaining [compare eq. (6.91)]:
= > > al@0S598,7 8,75 (@) X$(@) XS (@) - (7.59)
@30 Q5,5
Alternatively, Z,(q) can be expressed as follows in the closed string picture [com-

pare egs. (6.61) and (6.93)]:

Z.(q) = (F_|e™|K)

= 2 0¥ G@) (@) X (@) (F1Q.5,)(Q. 5. pIK) . (7.60)
Q.

Comparing eqs. (7.59) and (7.60),2° we arrive at a Cardy formula for the boundary

18 A more careful derivation requires using a “grand-canonical” partition function and non-
specialized characters, as we did in chapter 6. This is done in [AL94, appendix F].

YFor example, the modular transformation properties of U(1) and SU(2); characters are
given by eqgs. (6.57)and (6.89); see also [AL94, eqs. (F.20) - (F.22)], and [Gep87, eq. (25)].

20This step assumes that the characters are linearly independent, which is strictly speaking
only true if one employs non-specialized characters, as in [AL94, appendix F].
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matrix elements [compare eq. (6.94)]:

nP(E Q. )@, J,AlE) = 3 n¥0 5SS (7.61)

Q.5'p

Of course, a similar (trivial) relation holds for a free-clectron theory (n. — n,

and |K) — |F)):
W OF1Q,5. Q.0 PIF) = 3 ni¥ 059887 . (1.62)

Q.3"p
To simplify this important result, insert eq. (7.52), which gives n, in terms of
the fusion rule coeflicients {N;;}, into eq. (7.61). Using a useful mathematical

property, known as Verlinde’s formula [Ver88|,
SONLS = 878718, (7.63)
j/
which expresses the fusion rule coefficients in terms of SU(2); modular S-matrix
elements, one then finds

(P (F1Q. 5, p)Q.5.81K) = (87/87) 3 {9 5528,78,7
Q.J.p

= (S7/857) n{¥P(F|Q,J,p){Q.J. AIF)  (7.64)
[using eq. (7.62) for the last line]. Note the emergence of the free-electron gluing
condition n, on the right hand side of this result, which illustrates a general
point already emphasized in chapter 6, page 186: whenever the effect of some
boundary interaction can completely be described, in the open string picture,
by merely changing the gluing condition from n, for free fermions to a modified
gluing condition n,, obtained from n, through a fusion rule, then in the closed
string picture the free-fermion gluing condition n, reemerges, due to the Verlinde

formula, in the Cardy formula for boundary matrix elements. This proves the
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assertion made earlier (page 214) that in the closed string picture, one really
does only have free electrons fields glued by n, (and not unusual non-Fermi-liquid
excitations of n, that occur in the closed string picture).

It follows from eq. (7.64) that the desired ratio of boundary matrix elements

18

=X

Y

<an

(@.7,71K)
(Q.7.41F)

Remarkably, these boundary matrix elements differ only by a number given as a

= S7/8,7 . (7.65)

R

ratio of modular S-matrix elements, which, for SU(2)y, are given by [KP84]

Sl =/2/(2+ k)sin [7(2j + D)2 + 1)/ 2+ k)] - (7.66)

J

Finally, inserting this result into eq. (7.57), we obtain our final result for the

scattering amplitude:

U(Q,],p) = <<Q<’{|’;?>‘K> = gj io (7.67)

7.5.2 Unitarity Paradox

Equiped with eqgs. (7.67) and (7.55), let us now calculate the desired electron
Creen’s function G™*7(z,2') of eq. (7.54). In the closed string picture, the
indices of the fermion field ¢! are (Q, 7, 5) = (1, %, p°) (where for k = 2, p¢ = %),

hence
cos [m(2s +1)/(2 + k)]
cos [7/(2+ k)]

U(yh) = (7.68)

Now, since k > 2s (for the over- of completely screened case we are considering),
we see immediately that |Uy(¥1)[?> < 1. This means that the scattering matrix
for scattering of incident L-moving electrons into outgoing R-moving electrons

is not unitary! For the case of interest to us, namely k = 2, s = %, we find the
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particularly dramatic result that Uy (¢)) = 0, i.e.

(Wain(2) () = 0 (7.69)

This means that when an incident electron scatters off the impurity, the amplitude
to observe an outgoing electron is strictly zero!

The result that ]U «(¥1)]? < 1 is known as the unitarity paradoz. Tt is a
paradox, since on general grounds, we know that the scattering matrix must be
unitary: when you send in an electron, something must come out, with probability
one when summed over all possible final states.

For k = 2, the resolution of this paradox has very recently been found by
Maldacena and Ludwig (ML) [ML95]. Their work demonstrates in a particularly
striking way the fact that the T" = 0 fixed point cannot be understood purely
in terms of free electrons. They showed that the free-electron field ¥ is not
the only field in the theory with quantum numbers (Q,,5) = (1, %, %) There
is another field, which we shall call a spinor-electron field and denote by ST,
which also has (Q,7,p) = (1, %, %), but cannot exist in a free-fermion theory. ML

showed that (at 7= 0)

5 o7
(z—2)"7

(Sain(2)0]*7 (') = (7.70)

which means that an incident L-moving free electron scatters with probability 1
into a outgoing R-moving spinor-electron.

The spinor-electron field has well-defined mathematical properties, which are
summarized in appendix F, where we also attempt to interpret it physically. For
the purposes of our calculation of the current in chapter 9, though, all we need

to know about it are the following two facts:



220

1. Spinor-electrons have the same charge, spin and flavor quantum numbers,

hence they carry the same amount of current, ev, per quantum.

2. In order to obtain a unitary scattering matrix, the closed-string Hilbert
space, which hitherto had been taken to include only free electron states,

has to be enlarged to also include spinor-electron states.

3. Spinor-electrons are only created upon scattering from the impurity. — The
leads inject only free electrons into the system, and no spinor electrons at

all.

In the notation of chapter 5, we therefore have to include an extra index
a = f/s into our generic index 1 = (a,i,a), to distinghuish free (e = f) and
spinor- (@ = s) electrons from each other. Thus we write

Vo; if a=f for free electrons
¢n = ¢o¢ia - (771)

S.i if a=s for spinor-electrons .
[However v,; (without the extra index a) will always refer to free electrons.]
Thus, eq. (7.70) implies that (at 7" = 0)
50 6" (07) % Our s

(z - 2)

—(G™),7"(2,2) = (W2 () =

(7.72)

The 64 enforces condition 3 above. Evaluating the 7" = 0 transmsission matrix
(77,77/(5) of eq. (5.60) from eq. (7.72), using eq. (5.59), gives the following result

for the T' = 0 scattering matrix:

! -/ /

(Uos )2 (2) = 00®'8:7 (0% Our (7.73)

This important result will be used in chapter 9, and concludes our discussion of
T = 0 Green’s functions. In the next chapter, we discuss the effect of taking

T 0.



Chapter 8

Finite Temperature Kondo

Green’s Functions

The mechanism through which a change from 7" = 0 to 7" # 0 manifests itself in
a conformal field theory is through a change in the geometry of the manifold on
which the theory is defined. In order to ensure the requisite (anti)-periodicity of
Green’s functions in the 7 direction for 7' # 0, the underlying geometry changes
from being infinite (plane or half-plane) to being finite (cylinder or half-cylinder).

This has two consequences:

1. The form of all Green’s functions changes; this change is rather trivial, since
it can be found by making a conformal transformation that maps the plane

to the cylinder.

2. T-dependent finite-size corrections to the fixed point action occur: S, (0) hal

S« (T)+0S5(T). Their effect can be analyzed by using the concepts of finite-

size scaling.

221
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In section 8.1 we explain the plane-to-cylinder mapping of point 1. The rest
of the chapter is devoted to discussing point 2. In section 8.2 we state the general
renormalization group framework applicable near any critical point, and apply
this in section 8.3 to the T" = 0 strong-coupling Kondo problem. In section 8.4
we consider T # 0, and show how finite-size scaling arguments! can be used to
deduce the existence of T-scaling relations in any physical quantity near 7" = 0,
and apply this in section 8.5 to the T' # 0 Green’s function G** that is of interest
to us.

Strictly speaking, it is not necessary to go through a general RG discussion to
find G"** for T' # 0, since one can simply calculate it directly [AL93]. However,
we feel that a general discussion will help to elucidate the origin of the scaling

relation more clearly than an overly detailed specific calculation.

8.1 Conformal Mapping from Plane to
Cylinder

At T = 0, the underlying geometry is the infinite (or semi-infinite) complex plane:
u=T+ix, with 7 € [—00,00] and z € [—00, 00] (or z € [0, 0]).? Let us consider
for the moment the infinite plane, without any special boundary at x = 0. Let
O;(u,u) be a (Virasoro) primary field of scaling dimension (z;,z;). This means,

by definition, that under a conformal transformation @ = w(u) (where w(u) is an

'For an extensive discussoin of the use of finite-size scaling arguments inthe application of
CFT to lattice models in 2-dimensional statistical mechanics, see [CH93].

2In previous chapters, we considered a finite size in the x direction, x € [0,1]. However, this
was done only as a tool to find the boundary state |B) by calculating the finite-size spectrum
and the partition function. If one is interested in calculating Green’s functions, then once |B)
is known, one always takes | — oo.
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analytic function) it transforms as follows [see eq. (B.2)]:
a~ x; 6: Z; B ~
d=w) :  Oui)= (aZ) (a:j) O, (i, i) . (8.1)
The L- and R-moving fields that we have encountered so far are chiral fields,
depending only on w (or @), and hence have z; = 0 (or x; = 0). Conformal

invariance alone is sufficient to completely determine the form of all two- and

three-point functions of such (Virasoro) primary fields to be [Gins87, eqs. (2.4),

(2.5)]:
e
<Oi(u17 al)Oj (u27 77/2)>o = QZ‘Z —o%; (82)
Uy U
Ci;
<Oi(u1, Hl)Oj (UQ, ﬂg)Ok (U3, a3)>0 = P NN J_kAZ Ajki _Aki]_ (83)

A ik
Uypg™ Ugg Uz “Upp™ Uog

where w12 = w1 — ug, T = v + x; — 2, ete. and C; and Cjj;, are constants.

Now, for T' # 0, we know that two-point functions of (fermion) boson fields
become (anti)-periodic in the imaginary time direction, with period § = 1/T.
This means that the geometry changes from the infinite plane (parametrized by
u =T+ 1z) to a cylinder of radius § [Fig. 8.1] Choose 4 = 7 + iZ as coordinates
parametrizing the cylinder, then there is a “seam” on the cylinder, at which
7= —(3/2 and 7 = [3/2 are identified.

If a theory is conformally invariant, any 7" # 0 Green’s function can be ob-
tained from the corresponding 7" = 0 one by the following conformal transforma-
tion, which maps the infinite plane (or half-plane) onto the infinitely long cylinder
(or half-cylinder):

i, flg = (1 +u?) = 5(1 + tan® Ta) (8.4)

_ ™
u—tanﬂ

This maps the 7-axis (r = 0) onto the 7-axis (7 = 0), and 7 = oo onto

T = £(/2. Using eq. (8.1), we can immediately find the form of any 7' # 0
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T=0 T#0

U=T+ix U=T+iX

@ (b)

Figure 8.1 (a) At T' = 0, the theory is defined on the infinite plane of half-plane,
parametrized by z = 7 +ix. (b) At T # 0, the theory is defined on the infinite
cylinder or half-cylinder, parametrized by © = 7 4 iZ. The two geometries are
related through the comformal map: z = tan %1’1

2-point function of (Virasoro) primary fields from eq. (8.2):

<Oi(a1, ﬁl)éj (2, Ua))r

(O \ "9y \ " Dug \ [ D1\ ) .
- (am) <afz1> (ag2> (a@) (Oi(ur, u1)O0;(ug, tz)), (8.5)

Ea+ad)]” Ea+a)]" [0 +w)]” [0+ @)

= 0 2z, 2%, (8.6)
Uyg" Ugo
O;i
= Snom (8.7)
S12 512

where we have defined 515 = gsin %(ﬂl—ﬂg), and the fourth line follows from the
third using standard trigonometric identities. Eq. (8.7) agrees with the result
eq. (A.36) found in appendix A by more elementary means. Likewise, for any

T # 0 three-point function of (Virasoro) primary fields one finds

N~ A X A<~ Czyk:
<O’[,(u17 u1)0j<u2; u2)0k(“37 u3)>T Sﬁl]ksﬁgjlms?kl] §1A21 kg%]]ﬂg%kl]

(8.8)

This result will be used in section 8.5.
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8.2 General RG Framework near T = (

We have repeatedly stated that the T" = 0 strong-coupling Kondo problem is at
a fixed (and hence critical) point. In this and subsequent sections, we explain
how the behavior of the model near its 1" = 0 fixed point fits into the conceptual
framework of critical phenomena. In particular, we show how the effects of taking
T # 0 can be analyzed using concepts of finite size scaling.

Let us introduce the standard terminology of the renormalization group to
analyze the neighborhood of this fixed point. We shall consider the properties of
the action, S = [dxd7L, instead of the Hamiltonian, because the behavior of the
correlation functions that we are interested in is governed by S via a path-integral,

written symbolically as

If we place ourselves sufficiently close to the fixed point in parameter space, the

system is governed by an action of the form

SH{Am}) =S4+ > AndSn, . (8.10)

Here S, = S({0}) = [dxzdrL, is the action at the critical point (corresponding to

the Hamiltonian H,), the parameters \,, determine the distance from the critical

point, and the 95, are eigenvectors of the RG transformation: Under an RG
RG

transformation that shrinks all length scales by a factor b > 1, x —> = = bz (this

notation means that expressions are rewritten by substituting b% for ), we have
A0S 25 A0S with Ay = b\, (8.11)

We shall denote relevant and irrelevant perturbations by superscripts ™ and @

where necessary, i.e. af) > 0, af) < 0.
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To place the system at the physical critical point, one has to fine-tune the
relevant perturbations to zero (set A7) = 0, i.e. place the system on the critical
manifold). Under repeated RG transformations, the irrelevant perturbations will
then decrease (A} — 0) and the system will flow to S. If, however, one starts
with some A" 2 0 (though small), it will grow under RG transformations, and

the system will eventually flow away from S,.

8.3 Application to T'= 0 Kondo problem

How does all this apply to the 2-channel Kondo problem?

The reason why the T" = 0 strong-coupling Kondo problem is at a fixed point is
simple:? it is described by a conformal field theory, which is conformally invariant
at T = 0, and hence scale invariant (since scale transformations are a subset of
conformal transformations). Therefore, it must be exactly at a fixed point.

To be more explicit, we have seen in section 7.4 that the strong-coupling theory
at T' = 0 can be described by a conformal field theory in the complex upper half-
plane, defined by the strong-coupling Hamiltonian H, of eq. (7.40) (in which we
may take [ = oo for present purposes), with the currents satisfying the boundary
condition eq. (7.39). This manifestly has the Hamiltonian of a free theory (the
fact that one has to use strong-coupling gluing conditions n{'?) i inconsequential
here). Hence it is invariant? under all conformal transformations that preserve

the geometry of the system, i.e. that map the upper half-plane, and in particular

the boundary, onto itself. In particular, it is scale invariant, and hence at a fixed

3Perhaps it would be more accurate to say it the other way round: the reason why the
strong-coupling Kondo problem at 7" = 0 can be described by a conformal field theory is that
at T =0, it is at a critical point.

4This is demonstrated explicitly in section A.2, eq. (A.18), in the fermionic representation.
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point. However, as we shall see in the next section, transformations which change
the geometry in a way that introduces a new length scale into the problem (such
as the one that maps the plane onto the cylinder, in which case the new length
scale is the radius of the cylinder), break scale invariance, because of the presence
of this new length scale. Hence, such transformations take the system away from
the fixed point.

The strong-coupling model we have written down may be thought of as a
fine-tuned version of some much more general model. In particular, we have fine-
tuned to zero the temperature 7', the magnetic field H, the asymmetry energy A
of the impurity,®> and all anisotropies A% (a = x,v, z) in the coupling between
local spin and electron spin. It can be shown [AL92b] that the JA% are irrelevant
perturbations, but H and A are relevant; 7" is also relevant, in a finite-size scaling
sense, as we shall see.

To make these statements precise, we have to define an RG transformation
for our problem. An RG is designed to drive the system away from criticality by
shrinking all length scales, in an attempt to reduce the correlation length (if it
is not 0o). Thus it involves a rescaling transformation x HG ¢ = b7 with b > 1.
Usually, the step of shrinking length scales is preceded by a coarse-graining step,
designed to eliminate graininess on the smallest length scales in the problem
(which would not bear shrinking).

However, for a conformal field theory, one does not need such a coarse-graining
step, because the system is by definition scale-invariant on all length scales —

it does not have any graininess that needs to be integrated out. Of course, in

5In the magnetic Kondo model, A corresponds to a local magnetic field that only acts on
the impurity
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converting some initial model, defined on a lattice, to a CFT, one has to introduce
a cut-off, in our case the bandwidth Av,, which determines the graininess in the
theory. However, we are considering temperatures 7' < Av, and hence neglect
all terms of order T'/Av,. Therefore correlation functions at a given T" < Av
would not notice if we coarse-grained by reducing the cut-off from A to A during
an RG transformation.

In a conformal field theory, therefore, an RG transformation is extremely
simple. Writing v = 7 4+ iz and @ = T 4 42, it is nothing more than a rescal-
ing coordinate transformation, combined with a corresponding rescaling of all

conformal fields:

u= — u=>bu, with b>1. (8.12)
_ RG N\ _ = (@i+E) A (&
Oi(u,u) — O;(u,u) =b O;(u,u) . (8.13)

The notation 2% means: rewrite = by substituting bz for it, and O;(u,u) by
substituting b~@+%) 0, (@, @) for it. The reason why the fields have to be rescaled
too, is simply that eq. (8.12) is a conformal transformation (albeit an exceedingly
trivial one), under which all conformal fields O;,(u), O;z(@), have to be rescaled
according to their scaling dimensions z; + Z; [compare eq. (8.1)] to ensure that
correlation functions are invariant, in the sense of eq. (8.5). Thus, eq. (8.13) is a
relation that is true whenever used inside correlation functions (O;(u) .. .).

Now, in a boundary CFT, a perturbation 6.5, in eq. (8.10) can be either a bulk
or a boundary perturbation. Consider first the case T' = 0 for the Kondo problem,

where the boundary (r = 0) is the entire 7 axis. A bulk bulk perturbation consists
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of some operator, i.e. some conformal field, integrated over all of the half-plane:
S0, (u, )] = / dz / drO, (u, ) (8.14)
0 —o0

However, it can also be a boundary perturbation, depending on a boundary oper-
ator, which by definition is a field O,,(7) that lives only on the boundary. Such
a field transforms as O,,(7) = (%)IM O (7) under conformal transformations

Z = Z(z) that map the boundary onto itself, i.e. for which 7 = 7(7). In this case

the boundary perturbation is simply a single [dr integral:
550, (7)] = / drOum(7) (8.15)
Applying the RG transformation, eqs. (8.12) and (8.13) to these perturbations

65«7(712ulk) [Om (u7 ﬂ)] RG b2—mm—im/0§j» 02% ém (ﬂ, fb)
0 —00
= e §S0uR 0 (7 7)) (8.16)

3SE I [Op(r)] & ptmom / A70,(7) = b5 [0,,(r)] (8.17)

it follows immediately that the scaling exponents a,, in eq. (8.11) are ol = 2—
Ty — Ty, for a bulk perturbation, and o{*"® = 1—uz,, for a boundary perturbation.
Hence, we come to the important conclusion that the RG relevance or not of a
perturbation 9.5, in the action is determined directly by the scaling dimension z,,
of the corresponding field O,,(u): a bulk perturbation is relevant if (x,, +Z,,) < 2,

and a boundary perturbation is relevant if x,, < 1.

8.4 T # 0: Finite Size Scaling

We wrote down eqs. (8.14) and (8.15) at 7' = 0. At finite 7' # 0, an important new

ingredient enters the analysis: as discussed in the previous section, the underlying
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geometry then is the cylinder, with radius § = 1/T, instead of the plane. Thus,
our fields now live on a system of finite size (“L”= [3), and the temperature plays
the role of L.

Every T' = 0 time integral [ dr in the action becomes foﬁ dr at T # 0.
Therefore, the RG coordinate transformation eq. (8.12) involves rewriting (3 in

terms of a new 3 = 3/b:

B B/b B
/dTR—G>b/ d%zb/d%, (8.18)
0 0 0
in other words
B3 3=13. (8.19)

This means that the action S is no longer form-invariant under RG-transformations
(even if all \,, = 0), since it explicitly depends on [ through the upper limit in
foﬁ dr. Likewise, the perturbations 9.5,, about the fixed point also become explic-
itly B-dependent. Thus, for T" # 0, an explicit T-dependence shows up in all

terms in eq. (8.10), which hence has to be written as
S{An}, T) = Su(T) + > AndSn(T) . (8.20)

Eq. (8.19) means that temperature behaves like a relevant perturbation, which
means that it must be fine-tuned (to be very small) by the experimenter in order
to place the system at the physical critical point. If experimentally we place
ourselves close to but not at the fixed point, with 7" # 0, then 7" will grow under
application of the RG (7' > T), and one will flow away from the fixed point.

Within the above framework, it is now easy to understand the occurence of
scaling relations near 7' = 0. Consider any physical quantity, GG, expressed as

an expectation value of fields, integrated over space and/or time. (As a concrete
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example, consider the Green’s function of eq. (8.26) below.) In general, G will
depend on T and the parameters \,,,: G = G(\,, T). Under the RG transforma-
tion of egs. (8.12) and (8.13), which simply constitutes a rewriting of G in terms

of new variables, we obtain
G, T) £S G T) = b 2G{b* A\ },bT) | (8.21)

where A is the scaling dimension of G. Choosing b = T~!, we find the scaling

form

G}, T) =TAGH{T "\, 3, 1) . (8.22)

Thus, the existence of scaling forms near 7" = 0 in the Kondo problem can be

understood in a straight-forward way as a finite-size scaling effect.

8.5 Example: Finite-Size Scaling for the
Green’s Function G**

[AL93]

In this section and the next, we explain how AL calculated the T # 0 correc-
tion to the two-point function G** [AL93]. This serves as an explicit illustration
of the general finite-size scaling arguments presented in the previous section. The
final result, egs. (8.36) and (8.38, will be used in chapter 9.

In chapter 7 we found the 7" = 0 form for G to be given by eq. (7.72). To
find its 7' # 0 form, view ¢, (2), which is an anti-analytic function of z = 7 4 ir
in the upper half plane, as the analytic continutation of ¢, (z) into the lower half
plane, i.e. ¥r(Z) = ¥, (Z), which is an analytic function of Z = 7 —ir in the lower

half plane (the general theory behind this construction is due to Cardy and is
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reviewed in appendix C, section C.1). Then, using eq. (8.7) with z, = 1, the

T # 0 version of eq. (7.72) is

U,

Gyt (2,2) = = (Wyu(2)0h, () = = ; (8.23)

sin 5(Z — /)

IS

where z =7 —ir and 2/ = 7 +ir’, and U'W is given by eq. (7.73). Now suppose
that A, # 0 for one of the boundary perturbations in eq. (8.20), and consider the
correction 0G" to this function that arises due to the presence of the boundary

perturbation

B
A0S = A / dr' O (7). (8.24)
0

where O,,(7’) is a boundary operator of scaling dimension x,,. For the moment
we consider a general boundary operator; later we shall specialize to a particular

case. Thus, write

Goi(z,2) =Gor, (2,2) +0G)E, (%, 7)) (8.25)

o ny m o’

where, doing first-order perturbation theory in A, in eq. (8.9), the correction is
given by

B
SGEE (2,7) = (Uya(2) [)\m /0 dr"om(f")] Wl () (8.26)

Henceforth we shall suppress all indices on G,/ = 0G.
For the purposes of chapter 9, we need the transmission coefficient Um,/(e),
given in terms of the spectral function AanL,(s;T, r') of Gy through eq. (5.60).

Due to the boundary perturbation, Um]/(e) will pick up a correction term:

1 4 /
Upy + géA%/ (e,7,7")e e+, (8.27)

dez

d\

—
2

S~—
I

The boundary-term correction to the spectral function, d.4, can be found from

the Matsubara transform of §G [compare eq. (5.59), with i,y = 0, since AL’s G"**
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is an equilibrium Green’s function],

8 . /
0G (iwp, r, " T) = /dTew”TéG(T—ir, ir') = ﬁw (8.28)
0 21T ww, — €
8 B
:)\m/ dre™™ [ dr" (Ypr(T — ir)Om(T”)de?,L(ir')) (8.29)
0 0

which is therefore the quantity we shall calculate.

Let us first illustrate the finite-size scaling arguments of section 8.4 by showing
that 0G (iw,,) obeys a scaling form: Rewrite eq. (8.29) in terms of new coordinates
@ and fields O(@), related to the old through the RG coordinate transformation

of egs. (8.12) and (8.13),

N

z="bz, r’ = b, ' =0b7, (8.30)

Upr(2) = b2 n(@), W i) =07V 7)), On() = b O(7)
to obtain

0G(wn,r, 7 T) = [p12712] ooy, (8.31)
Al ~ iwnbT B/ ~11.7 ~ - ~\ A /AVWA] -~/
X dre™ T/ d7" (Ypr(T — i7) O (T U (A7)
0 0

= (b'")6G (bw,, 7, 75 bT) . (8.32)

Setting b = T~!, which simply means choosing units in which the cylinder has

circumference 1, we obtain the desired scaling form for 6@,

5G(wp,r, 7" T) = T@=Y5G (w, /T, rT,7'T; 1) (8.33)

in agreement with our general expectations based on eq. (8.22). Moreover, the
scaling function 6G(w, /T, 7T, 7'T; 1) can be calculated from the 7" = 1 version of
eq. (8.28),

1 o ~
5G(&n, 7,75 1) = / A7 e T 5Q(Z, 2 ) o (8.34)
0
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where the 7" =1 Green’s function of eq. (8.26) needed here is an example of the

finite-T" 3-point functions whose general form is given by eq. (8.8) (with x, = %,
and provided that O,, is Virasoro primary):
. ! Cx, (r Vsinw[f — (7 +)]))"
0G(E s = [ aF o . 8.3
&) = J o e G — 7 — i s = O

where CJ is a constant [corresponding to Cjj; in eq. (8.8)].

Eqgs. (8.34) and (8.35) completely and exactly determine the scaling func-
tion. Its calculation therefore is merely a matter of doing the two integrals
) dfe™n™ [ d7" which is a straight-forward though rather non-trivial exercise

in complex analysis (see [AL93]).

8.6 Leading Irrelevant Correction

Depending on whether x,, < 1 or > 1, the boundary perturbation 45, is relevant
or irrelevant, and will grow or die out as the temperature is lowered. To determine
whether a certain perturbation d H,, that may be present in the weak-coupling
Hamiltonian (e.g. anisotropic Kondo couplings or an asymmetry splitting A of
the two levels of the impurity), will drive the system away from the fixed point or
not, one must identify the boundary operator O,,(7) that is the “strong-coupling
version” of dH,,, and check whether x,, 2 1.

How does one know which strong-coupling boundary operators O,,(7) corre-

spond to a given weak-coupling 6 H,,,? In brief, three steps are involved.

1. Make a list of all possible boundary operators. This has been done in
section 7.4.3, using the general method explained in section C.5.2, and the
resulting list of primary boundary operators is contained in the right part

of table 7.1.
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2. Since the RG cannot generate a strong-coupling operator with a symmetry
different from the one initially present at weak-coupling, pick from this
list the most relevant operator that has the same symmetries as the weak-
coupling perturbation d H,,. This symmetry analysis is also straightforward,
and discussed, for the so-called leading irrelevant operator, in section D.5.

[A number of other §H,,’s are also discussed in [AL92b].]

3. Check whether the corresponding 3-point function (¢);O,,%1) vanishes iden-
tically or not, i.e. whether the coefficient C};, in eq. (8.35) vanishes identi-
cally or not. This is in general a highly non-trivial question, since its answer
requires the analysis of four-point functions. We introduce the necessary
techniques (due to [CL91]) in appendix C, and show in appendix D how Af-
fleck and Ludwig calculated [AL94] the function (1, ¥I9x1L). A list of all

. 3 . . . .
boundary operators with z,, < 5 for which C # 0 is given in table D.1.

Suppose that all relevant couplings have been fine-tuned to zero. The leading
T # 0 correction to G, namely dG(T'), will then arise from the so-called leading
irrelevant operator, i.e. the operator with smallest scaling dimension z,,(> 1).
According to eq. (8.33), §G(T) will be proportional to T@=~1; all other more
irrelevant perturbations will give corrections to dG proportional to subleading
powers of T'.

AL have shown ([AL91b, p. 657], [AL93, eq. (3.26)] and [AL94, eq. (4.6)]) that
for the overscreened k-channel Kondo problem (k/2 > s), the leading irrelevant
operator, which they denote by T -q;, is Virasoro primary with scaling dimension
xa = 1+ A, where A 2. [We recapitulate their argument in appendix D,

= k-

section D.5.] Thus, 6G o< T, and for k = 2, we have 6G oc T"/2. This, therefore,
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is the origin of the T"'/2 scaling exponent in the 2-channel Kondo problem.

AL have calculated the scaling function of eq. (8.34) corresponding to an in-
sertion of the leading irrelevant operator in complete detail [AL93], by explicitly
performing the integrals in egs. (8.34) and (8.35) for x,,, = 14+ A. This calculation
is an impressive display of complex-analysis skills, but is conceptually straight-
forward and will not be repeated here. Instead, we merely cite the final result of
interest to us. After all necessary manipulations have been performed to extract
the spectral function §.A of eq. (8.28) from their result [AL93, eq. (3.48)], the

transmission coefficient of eq. (8.27) takes the following form, for k = 2:
07777' (5, T) = 5040/6ii’ [0-20/ + 5aa’u] €i¢ 5 (836)

where

U(e, T) = M\ jpoT*T(e/T) . (8.37)

The first term in eq. (8.36) follows from eq. (7.73), and in the second term, the

scaling function T'(z) is given by [AL93, eq. (3.50)]°

[(z) = {3(27T>A2 sin(mA) /01 du[u =@/ CMy =121 — )2 F(u) (8.38)

2v2
I(14+2A) (Ao —(1+4)
eara)t

[F(u) = F(1+ A,1+ A,1;u) is a hypergeometric function.] The [du integral
can be done numerically for any value of z, thus giving us an explicit expression
for the scaling function (the real part of which turns out to be negative definite).
This is the result we were after. It will be used in chapter 9 to calculate the

universal scaling curve I'(v) that is our ultimate goal. It is interesting to note

6 Writing u** = coszlnu — isinzInwu, it follows that the real and imaginary parts of f‘(:c)
are even and odd in x, respectively.
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that
U, T) o 2Im (S, T) = ImXF(£,0)) = = (r (e, T) = 77'(5,0)) ,  (8.39)

where §%f (e, T') is the retarded bulk electron self-energy calculated by AL [AL93,
eq. (3.50)], and 77 !(e, T) the corresponding scattering rate.

Finally, let us say a few words about relevant perturbations. In [AL92b], it was
shown that a for the 2-channel, s = % Kondo problem, an impurity asymmetry
energy (AE) with A,z o< A, and a channel anisotropy (CA) with Ao, = H, are
relevant perturbations, with scaling dimensions = ,, = % and x4 = % According

to the general scaling relation eq. (8.22), this immediately implies that
0G(T, H,A) = T?5G (1, H/T"?, A/T"?) . (8.40)

This is the scaling result that was used in section 3.3, eq. (3.19), to analyze the
magnetic field dependence of the conductance.

It should be emphasized that the scaling relation found here is only expected
to hold for T'/T, < 1. The reason is that we really are doing perturbation theory
in T'. There are of course many other irrelevant operators, that give subleading
corrections in T'/Ty, which are small relative to the leading one that we have
calculated only if T'//T); < 1. However, since each of these enters with a different,
unknown universal prefactor, it is not very meaningful to explicitly calculate
their contributions. For each new term added, one would get one extra unknown
parameter, which one would have to treat as a fitting parameter when comparing
theory to experiment. However, the more fitting parameters, the less meaningful

the comparison.



Chapter 9

Calculation of scaling curve

In this chapter we compute the scaling curve I'(v) and compare it to the exper-
imental curve of Fig. 3.10(b), and to numerical calculations by Hettler, Kroha
and Hershfield (HKH) [HKH94].

Our strategy is straightforward. We calculate the current I(V,T') through the
nanoconstriction from the general expression, eq. (5.52) (and eq. (9.1) below),
derived in chapter 5. The main ingredients of this formula are the scattering
amplitudes Uﬁn(e). In chapters 7 and 8, we showed how these could be extracted,
for the magnetic 2-channel Kondo problem, from the CFT solution of Affleck
and Ludwig, and found a scaling form [see eq. (8.37)]. In section 9.1 we define
a model that describes non-magnetic 2-channel Kondo scattering, in the sense
proposed by Zawadowski [Zaw80,VZ83] and discussed in chapter 4, and calculate
in section 9.2 the corresponding Uy, (¢)’s from AL’s theory. In section 9.3, these
are inserted into eq. (9.1); the differential conductance, G(V,T) = oy I(V,T), is
found to obey a scaling relation [see eq. (9.28)], with the scaling function I'(v)

completely determined by AL’s theory [see eq. (9.26)]. In section 9.4 we show

238
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that in general the scattering amplitudes will have V-dependent corrections, but
argue that these are of order V/Ty. Finally, after a few words about the NCA
calculations of HKH in section 9.5, in section 9.6, we compare the CFT result for
the scaling curve with experiment and NCA calculations by Hettler, Kroha and

Hershfield [HKH94].

9.1 The Nanoconstriction 2-Channel Kondo
Model

The general expression for the current through a nanoconstriction derived in

chapter 5, eq. (5.52), is

1= Y [ded [0() naln(e) + o30) £ ) (9.1)

where for simplicity we have taken the geometrical transmission coefficients T} =
1, and have written 75 = 07077. As areminder, n = (0,,n, 1) is a collective index
labeling the various discrete quantum numbers of the electrons (see section 5.2,
page 122): n lables various discrete orbital channels, i =T, | is the Pauli electron
spin, and the index o, = =+ distinguishes physical L-movers (o, = +) from
physical R-movers (0, = +). The right and left leads are at chemical potentials
pa = [y, With p, = +eV//2 and —eV/2 for the R- and L-leads, respectively. They
inject L-moving and R-moving electrons, with energy ¢ and quantum number
7, into the system from the right and left, traveling toward the constriction
[Fig. 9.1], weighted according to the distribution function for free electrons in the

corresponding lead,

fe;n) = fole = ) = (9.2)

eBle=p=n) 4 1~
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Hl n(L)

-V/2 H +V/2
2

N(R) Hs

Figure 9.1 L-and R-moving electrons (o, = £) are injected towards a nanocon-
striction from right and left leads, that are at chemical potentials pr = p+eV/2.
They are scattered by impurities in the nanoconstriction from state 7 to state 5
with amplitude ﬁﬁn-

Expression eq. (9.1) for the current counts the difference between the number of
L- and R-moving electrons of index 7}, weighting them with o5 = &; the second
term corresponds to incident electrons that have not yet been scattered, the first
to electrons that have been scattered from their initial state n to a final state 7,
with scattering amplitude Ufm.

Before defining the model we intend to use to describe the electron-TLS scat-
tering, some comments about the properties it should have are in order. The
main feature of the data that we have to account for is the occurence of a scaling
form for the conductance, and in particular, of a scaling exponent 7'/2. As Lud-
wig first pointed out, scaling forms and a scaling exponent T2 appear naturally
in the 2-channel Kondo problem at its T' = 0 fixed point: As we saw in chapter 8,
for 2-channel Kondo scattering, the scattering amplitudes extracted from AL’s

theory have the following scaling form [see egs. (8.36) and (8.36)]:
Uy (8, T) = S Giir |07 + Saalh] €, where U = NT'*T(e/T), (9.3)

where a@ = + is the (pseudo)-spin index that couples to the impurity, i = 1,2
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is a channel index and a = f/s distinguishes “free” from “spinor”-electrons (the
latter had to be introduced to ensure that Unn’ is unitary). This is the result we
would wish to employ in eq. (9.1) to obtain a scaling form for I(V,T).

In the spirit of Zawadowski’s non-magnetic Kondo theory [chapter 4], we
envision now that in general, the many discrete orbital channels, labeled by 7,
can be scattered into each other when an electron scatters off a TLS, and that at

the same time, the TLS can change its state (labeled by i =T, |). A corresponding

Hamiltonian would have matrix elements (nu|H,..|7’ 1) that are non-zero (but
diagonal in the Pauli spin i, which cannot be flipped by scattering off a TLS)
for a large number of combinations of states (n, x| and |7'y’). As explained in
chapter 4, Zawadowski has shown that such a Hamiltonian gives rise to a non-
magnetic Kondo effect. As the temperature is lowered, the coupling constants
generally grow, and perturbation theory breaks down. Moreover, Zawadowski

has shown [section 4.2.4] that in general, for each value of i =7, |, there will be

two linear combinations of the various n-channels, which we denote by a@ = 1, 2,

for which the effective coupling constants (i, u|H.,...|a/7’, ') grow more rapidly
than for any other combination of channels. (Heuristically, these may be thought
of as electron waves “centered” on the two impurity positions.) Therefore, if the
temperature is small enough, all other channels decouple from the impurity (and

hence merely contribute to the large boring background signal), and one is left

with an effective Hamiltonian with matrix elements [see eq. (4.23)]

(i, pt| Hyear |7, 1) = NGt LG - SH,W . (9.4)

v2

Thus, one ends up with a 2-channel Kondo problem, a being the pseudospin

and ¢ the channel index, to which the AL theory can be applied if T/T; < 1.
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We have written down an expression that is isotropic in pseudospin space [see
section 4.2.5], because it is known that pseudospin anisotropies are irrelevant
perturbations near the strong-coupling fixed point [AL92b, p. 7924], and hence
negligible for sufficiently small temperatures.

One might hope that eq. (9.3), inserted into eq. (9.1), would immediately
give a scaling contribution to I with scaling exponent T'/2. However, this is not
true, due to an important subtlety: in eq. (9.3), the leading term in Unn’ () is
purely off-diagonal in the index a (this is the so-called unitarity paradox), which
means that UTU does not have a term linear in ¢/, and instead UTU = 1 + U>.
Therefore it seems as though the current, being quadratic in U , will not have
a scaling exponent of T%2, but of T. This, incidentally, is the reason why the
exactly solvable non-equilibrium Kondo model studied by Schiller and Hershfield
[SH95a] is not useful for our purposes.

The key to resolving this potential problem is contained in AL’s calculation
of the bulk linear response conductivity [AL93], which, using a Kubo formula,
they show to be o(T) = o, + 01(T/Tx)"/?. However, they show that the T/?
occurs only if one takes into account cross-terms [AL93, eq. (C7)] between scat-
tering channels that undergo Kondo scattering (s-wave scattering in their case)
and channels that only undergo trivial (non-Kondo) scattering (I # 0 angular
momentum channels in their case). Thus, a model which is to yield 7/2 as con-
ductance exponent has to contain cross-terms between Kondo scattering channels
and trivial scattering channels.

The ingredient that is missing in the discussion above is forward and back-

ward scattering between L- and R-movers. As was emphasized in section 4.4.1,
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Table 9.1 Meaning of indices n = (0,, @, %, a) used in non-equilibrium 2-channel
Kondo problem

o (L,R)=(+,—-) = L/R movers =  species index

o: (1,2) = discrete orbital channels =  pseudospin index
i T, 1 = Pauli spin = channel index

a: f/s = free/spinor-electrons = “unitarity” index

in a nanoconstriction geometry, the two pseudospin channels @ = 1,2 are both
comprised of L- and R-movers, and the Hamiltonian must describe backward and
forward scattering between these in addition to (or simultaneously with) pseu-
dospin scattering [see page 109 for the detailed argument|. As we shall see below,
incorporating this additional L-R scattering automatically leads to a model that
does contain the abovementioned cross-terms. [After taking even and odd linear
combinations of L- and R-moving electrons, it turns out (see section 9.2) that
the even channels undergo Kondo scattering, and the odd channels only trivial
scattering.]

The model that we adopt is defined by the following Hamiltonian (in weak-

coupling language) [compare eq. (4.27)]:

Hy = v} /°° do ! (i)idyby (i) | (9.5)
n /=0

Hscat = AK¢Iai(O) {Vaa’ (%&aa’ : 5)} 77/}U’a’i(0) . (96)

The meaning of the indices n = {o, 7,0, (a)} carried by the electron field v, (x) are
summarized in table 9.1: 0, = (L, R) = (4, —), the species indez, distinguishes
L- from R-movers; o = (1,2) is the orbital pseudospin index that Kondo-couples

to the TLS-spin 5; and ¢ =T, |, the Pauli spin, is a channel index. In addition, we



244

shall need below the “unitarity”’-index a = f/s that distinguishes free electrons
(a = f) from the “spinor”-electrons (a = s) that can be created upon scattering
off the impurity [see section 7.5.2]. However, since this index is a feature of the
strong-coupling solution, it enters only in the scattering amplitudes Uﬁm and is
not needed in writing down the weak-coupling Hamiltonian eq. (9.6) that defines
the model.

The scattering Hamiltonian H,.,; describes processes in which the pseudospin
of electrons and TLS can be flipped by (%Eaa/ .S ), but simultaneously L- and
R-movers can also undergo forward- and backscattering into each other through

V,or. In general, V.. can be any Hermitian 2 X2 matrix. However, it is actually

sufficient to consider only the very simple case

Vo‘(r’ -

N

(1 1) (9.7)

for reasons to be explained below. With this choice, our model is equivalent (after
a Schrieffer-Wolf transformation) to a model recently studied by Hettler et. al.
using numerical NCA techniques, with whose results we shall compare our own.

The Hamiltonian introduced above is strictly speaking not a 2-channel Kondo
Hamiltonian, since o, = &= and 7 =T, | give four different combinations of indices
that do not Kondo-couple to S, However, the equilibrium model can be mapped

onto a 2-channel model by making a unitary transformation,

Q)Dﬁ = Nﬁ,ﬂbn , N”_]”] = N&a(;&oc(%i ) (98)

chosen such that it diagonalizes V,,.. We shall refer to the fields v, as L/R fields
and the @ﬁ as even/odd fields, and always put a bar over all indices and matrices

refering to the even/odd basis. For our present choice eq. (9.7) for V,,/, Ny, is
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given by

Neo=d (1 1) . (NN =V =(L9), . (09

Thus H,.,; becomes

Hy = M 9505(0) Drai(0) . (9.10)

Thus, in the @ﬁ basis, one set of channels, which we shall call the odd channels
(6 = 0), completely decouples from the impurity. The other set of channels, which
we shall call the even channels, constitute a true 2-channel Kondo problem, to
which we shall apply AL’s solution.

If one chooses a more general V,, than eq. (9.7), the odd channel will not
completely decouple, but (barring some accidental degeneracies) the even and
odd channels will always couple to S with different strenghts. At low enough
temperatures, the one coupled more weakly can be assumed to decouple com-
pletely (a la Zawadowski [VZ83], see section 4.2.4), leaving again a 2-channel
Kondo problem for the even channel. This is the reason why it is sufficient to

take Vo as in (9.7), and not necessary to consider the more general case.

9.2 Scattering Amplitudes

We are interested only in the weakly non-equilibrium regime of very small volt-
ages, V/T, < 1. In this regime, it is by definition sufficient to calculate the
scattering states and scattering amplitudes from the equilibrium theory of AL
(see the discussion in section 5.4.5). Hence, the Uﬁn will be V-independent, and

the only V-dependence enters in the Fermi-functions f(e,7n) of eq. (9.2). V-
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dependent corrections to Uﬁn can then in principle be calculated in perturbation
theory in V/T, which will be done in section 9.4.

Since Kondo scattering generates spinor-electrons (see eq. (9.12) below), we
henceforth have to extend our index 1 to include the index a = f/s, i.e. n =
(0y,a,1,a). However, spinor-electrons are only created upon scattering off the
TLS, and are certainly not injected from the leads. Thus, only free electrons
with a = f are injected by the leads. This requirement will be enforced by
writing f(e,n) = dasf(e,n) for the thermal weighting functions that govern how
electrons are injected from the leads.

Since even and odd channels are decoupled in the even/odd basis, the scat-

tering amplitudes, denoted by Uj (), have the form

_ e, 0
Uiy (€) = baa : (9.11)
0 Uy,
where U and U are the scattering amplitudes in the even and odd channels,
respectively. In the even channel, we have 2-channel Kondo scattering, with [
given by eq. (8.36), but in the odd channel, no scattering takes place at all.

Therefore, we have

U(e> = [Uga/ + Oaar u] €'t where u(57 T) = ATl/Zf(g/T) (9'12)

aa’

Uﬁ—i—f/ = Oaa ; (9.13)

where € is a trivial phase shift that can occur in the Kondo channel in the
absence of particle-hole symmetry (see [AL93, section IV]).
To find the scattering amplitudes ﬁﬁn(s) in the L-R basis in terms of the

U (g) in the e/o basis, note that they are derived from the corresponding L-R
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and e/o Greens’s functions through

(77777(5) X <¢7~7R¢j7L> ) Uﬁﬁ’ (8) X <@ﬁR$j‘7’L> ) (914)
hence
Usn(€) = N5 Ui () Ny - (9.15)

Inserting eq. (9.15) into eq. (9.1), we can thus write the current as

I = X JadPe) + o) flen) (9.16)

where

Pye)=) (NTUTN)W Iys (NTUN)%
7’1

(9.17)

Let us analyze this matrix product index by index. All matrices are diagonal in
a, 2, hence the sums > 4; in P, are trivial. Next consider matrix multiplication in

the index 0. Using eq. (9.9), we find

<NTUN> . [U(e) + U(D)] [U(e) _ U(O)] (9 18)
Go [U(e) . U(O)] [U(e) + U(O)] ‘

N [—

oo

The fact that this has off-diagonal elements in the L/R-basis is extremely im-
portant, because it implies that P, will have T'T" cross-terms, in spite of the

fact that the current operator Iy is diagonal. Indeed, eq. (9.17) reduces to'
P, =o,Re (UT<O)U(E)> : (9.19)

Now U, describing Kondo scattering in the even channel, has a T7%/2 contribu-
tion, but U(D), describing no scattering at all in the odd channel, does not. Thus

we see that this model indeed does contain a T2 (and not T') contribution to the

'Here we have assumed that the phase shift ¢. is energy-independent. In general, it can

have an energy-dependence, ¢, = 20) + 5&1) + ..., but this will be very weak, and only give

rise to subleading corrections in the conductance, i.e. terms of the form T3/2I‘(1)(V/T).
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current, as a direct consequence of e/o cross terms in P,. Physically, the reason
why this comes about is that the probability of finding a current-carrying particle
with index 7 after scattering is a square of the sum over all scattering amplitudes
into state 7. Since we have two sets of transmission channels, e-channels with
Kondo scattering (and T%/2) and o-channels without, cross terms between these
simply give TV/2.

Finally, consider the sums 37;_;/, in P;. As mentioned above, for the “incident
index” 1, we have a = f in eq. (9.17), since the leads inject only free electrons, no
spinors. Since all matrices in eq. (9.17) except U" are proportional to d4./, the

only component of Uf% that survives the a matrix multiplications is U;&}, giving:
_ O d0) ihe
P, = o,Re (U}7T}}) = o,Re [Ue™] . (9.20)

Hence, the spinor terms [the o2, in eq. (9.12)] in fact do not contribute anything
after all. The reason is that no spinors are created in the odd channel, and since
the current turns out to be composed purely of e-o cross terms, it therefore gets
no contributions from spinors, since those created in the even channel cannot be
contracted against any in the odd channel. However, for choices for V,,, more

general than eq. (9.7), there will be a spinor-contribution in eq. (9.20) too.

9.3 Scaling Form for Conductance

We now have gathered all the ingredients to derive the sought-after scaling form

for the current and conductance. Inserting eq. (9.20) into eq. (9.16) gives:

[ = g4/da§{Re (U] 41} [fole—eV/2) — foletev/2)] (9.21)
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where the factor 4 comes from 3_,; and the sum -, , written out explicitly, gives

the two terms in the last factor. This is of the form

I= /deg(e) [fole—eV/2) = foleteV/2)] (9.22)

which means that only the even part g.(¢) = 3[g(e) + g(—¢)] of the function g(e)

contributes to the conductance:

G = gé - /dsge(e—i—eV/Q) —8.£,(c)] . (9.23)

Now, from eq. (8.37) we know that the real and imaginary parts of U are respec-

tively even and odd in ¢ (see footnote 6 on page 236):
U = \T"? [Do(e/T) +iTo(c/T))] (9.24)
with fe/o(x) = j:f‘e/o(—:v). Thus, G reduces to
G = 2¢ [1 = Ay cos TV °T(meV/T)| (9.25)
Here we have defined the universal scaling function I'(v) by
Wl (010) = = [deT (x +0/2) [=0.fs(a)] (9:26)

where v = eV/T, v =¢/T, f,(x) = 1/(e* + 1), and the — sign has been included
since T is negative definite (see page 236). The positive constants ~,, y; are to
be chosen such that I'(v) obeys the normalization conditions used in chapter 3

[compare eq. (3.3)]:

ro=t, I'(v) vs. v2 has slope=1 asv? — 0o . (9.27)
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Thus, we have shown that within the present model, the conductance obeys

the scaling relation?

G(V,T) =G, + BTY?T(eV/T) |, (9.28)

(B = —2e\, cos ¢ /2) with the universal scaling function I'(v), given by eq. (9.26),
known exactly. This function is the same as that found in section 3.1.2, eq. (3.9),
by a back-of-the-envelope calculation. The reason for this agreement is eq. (8.39),
which relates U (e, T) to the bulk scattering rate 177(e, T), and justifies the as-
sumption made in section 3.1.2, namely that the nanoconstriction conductance
will be governed by 771(g, T).

It should be emphasized that the scaling relation found here is only expected
to hold for T'/Ty < 1 and eV/T) < 1. The first restriction follows from the fact
that we really are doing perturbation theory in 7', as emphasized at the end of
chapter 8, page 237. If T/Ty is not < 1, the subleading powers of T/T} that
have been neglected in the calculation of will become important, and will give
deviations from scaling. As argued at the end of chapter 8, page 237, though, it
would not be meaningful to calculate these deviations within our CFT approach.
The reason is that each subleading term that is added introduces one more fit-
ting parameter, leading to more freedom than one would want for a meaningful

comparison of theory and experiment.

2Note that consistency with the sign of the experimental zero-bias anomaly requires B > 0,
i.e. Acosg. < 0. This is in agreement with AL [AL93, p. 7309], who concluded (for the case
¢ = 0) that A < 0 in the regime where the Kondo coupling constant is below its critical value,
Ak < A%, i.e. if one flows towards A% from the weak-coupling regime.
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9.4 V-dependent Corrections to Scattering
Amplitude

In the preceding sections, we used an expression for the scattering amplitudes
[eq. (9.3)] that was obtained from a purely equilibrium theory, namely CFT. They
were thus V-independent. However, as discussed at some length in section 5.4.5,
in principle one expects that the scattering states will have some kind of V-
dependence: when V' # 0, the “Fermi surface splits in two”, and this must
somehow show up in the scattering amplitudes. In this section, we analyse the
V-dependent corrections to the scattering amplitudes.

In the absence of any kind of scattering, the thermal weighting operator Y,

of eq. (5.15) for the present problem is given by
Y, = %eVZ/OO g—izb;r](izv)an@/)n(ix) : (0, =% for L/R —movers) . (9.29)
o0
After rotating to the even-odd basis according to eq. (9.8), it takes the form
Vo= 3eV Y [ [Blalin)lsilin) + Dhai)besilia)] . (930)

since (No*N~1);50 = oZ.,. This shows that Y, mixes even and odd channels!

Since the CFT solution was formulated only in the even sector, the present model®

3However, related models exist which can be treated exactly by CFT even if V # 0, for
example the the model used by Schiller and Hershfield in [SH95b]. There, the pseudo-spin
index is also the L-R index (i.e. the interaction matrix elements are %6’00/ S ), which means
that

o0 o0
Y, = %eVZ/ g—ﬁwli(ix)aéa,wa/i(ix) = eV/ %Jj(zx) ,
ai VT —
where J, is the spin current. Now, in this case it is easy to find the exact Y-operator in the
presence of the Kondo interaction. Y must both commute with H and reduce to Y, when the
interaction is switched off. This is evidently satisfied by Y = eV [ * de 72 where J7Z is the

—oo 2 YsL)
z-component of the new spin current J,(iz) = J,(iz) + 2r6(x)S of eq. (7.36). Thus, in the
combination H — Y that occurs in the density matrix p, eV simply plays the role of a bulk
magnetic field in the z-direction, which can be gauged away exactly by a gauge transformation
[AL91b, eq. (3.37)]. Hence in this model, non-equilibrium properties can be calculated exactly
using CFT [vDLAO95].
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can not be solved exactly by CFT for V' # 0.

Nevertheless, we can analyze Y,’s effects in the limit V < Ty: Y, breaks a
Ue(1) x U,(1) symmetry that the equilibrium model possessed. The breaking of a
symmetry will in general allow boundary operators to appear at the fixed point
that had been previously forbidden (for extensive applications of this principle,
see [AL92b, section III.C]). Evidently, the boundary perturbation to the fixed

point action corresponding to Y, will be* [compare eq. (8.15)]:

38, 5 g 3 [ (L) + s W] = o [ dmsate)
(9.31)
Since the “even-odd” current .J., has scaling dimension 1, §S, has scaling
dimension zero [see eq. (8.17)], and is therefore a marginal perturbation. As
discussed in section 4.4.2, this means that for any V' # 0, there will exist a
cross-over temperature 77 below which the system flows away from the V' = 0,
T = 0 fixed point. However, since this perturbation is marginal, it only grows
logarithmically slowly as 7' is decreased, so that T;; will be very small. The lack
of deviations from scaling in the data for the low-T" regime indicate that 77 is
smaller than the lowest temperatures obtained in the experiment.

How does 45, affect the scattering amplitudes? 465, will simply cause a

41t is easy to check that the operator .J,, is indeed allowed at the boundary: it must be
the product ®.®, of boundary operators in the even and odd sectors, with quantum numbers
(QeyJe, fe) = (—Qo, Jo, fo) = (£1, %7 %) ®,, which lives on a free boundary, since the odd
sector is free, is simply the free fermion field in the leftmost column of table A.2; ®. must live
on a Kondo boundary; indeed boundary operators with the desired quantum numbers do occur

in the rightmost column of table 7.1, which lists the operators allowed on the Kondo boundary.
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rotation of the e/o indices of the outgoing fields relative to the incident ones by®

_ cos 0 —isinf
Rﬁﬁ/<v) = 55@/5%/ Y v R where 9v = arctan (CV) )
. . TK
—isinfy  cosf, |
(9.32)

Here 6, is simply a convenient way to parametrize the rotation [CKLM94]. Thus,
the effect of 4.5, can be incorporated by replacing the scattering amplitude Uy ()
of eq. (9.11) by Ryr(V)Upniy (¢). Evidently, the final scattering amplitude U, (¢)
of eq. (9.15) will now be V-dependent.

It turns out that for the simple form (9.7) used for the backscattering matrix
Vo, this extra V-dependence “accidentally” cancels out® in eq. (9.17) for P,(e).
However, for more general forms of V., it survives. To lowest order in V/Ty,
there will be a contribution to the conductance of the form (V/T,)T?T'(V/T) =
T3/?T'y(V/T). This is therefore a subleading correction to the scaling function of
eq. (9.28). It is of the same order as corrections arising from subleading irrelevant
operators of the equilibrium theory, that we have argued [p. 250] are not worth

while calculating since there are too many independent ones.

9.5 The NCA approach

In the next section, we shall compare our results to recent numerical calculations

by Hettler, Kroha and Hershfield (HKH) [HKH94], who used the non-crossing-

°See, for example, [CKLM94]. At T' = 0, one can prove that 4.5, generates such a rotation by
closing the ffooo dr integral along an infinite semi-circle in the lower half-plane (this is allowed,
because according to eq. (B.30), Jeo(2) ~ 272 — 0 along such a contour); having closed the
contour, 05, has precicely the form (B.14) required for a generator of e/o rotations.

6This can be seen from by replacing U by RU in eq. (9.17) for P,(¢), and checking that
ETN 0*NTR = ETU’”R = ¢”, which is independent of V because R generates rotations around

the z-axis in the e/o indices. However, if V and N are more complicated than in egs. (9.7) and
(9.9), the V-dependence will clearly not cancel out.
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approximation (NCA) approach to the Kondo problem. Therefore a few words

about their work are in order here.

9.5.1 Anderson model used for NCA

HKH represent the system by the following infinite-U Anderson Hamiltonian in
a slave boson representation:
Hy = 3 (5= Ho)ChoniChoai +€a 2 Flfat D Vo (Fibicoa + Hee.) . (9.33)
p,o,a,t @ D08
The first term describes conduction electrons in two leads, o = (L, R) = (+, —),
separated by a barrier and at chemical potentials p, = p + a%eV. The electrons
are labeled by a momentum p, the lead index o, a pseudospin index o = (1,2),
and their Pauli spin ¢ = (7,]). The barrier is assumed to contain an impurity
level g4 far below the Fermi surface, hybridizing (with matrix elements V,, with
V), = Vy for our purposes) with the conduction electrons, which can get from one
lead to the other only by hopping via the impurity level. f and b are slave fermion
and slave boson operators, and the physical particle operator on the impurity is
represented by df b;, supplemented by the constraint 3=, f fo + 3, bj» b = 1.
Although this picture of two disconnected leads communicating only via hop-
ping through an impurity level does not directly describe the physical situation
of ballistic transport through a hole accompanied by scattering off two-level sys-
tems, the Hamiltonian (9.33) can be mapped by a Schrieffer-Wolff transformation
onto the more physical one [eq. (9.6)] used in previous sections. It is therefore
in the same universality class and describes the same low-energy physics, pro-
vided that one identifies the impurity-induced “tunneling current” Iy, in the

HKH model with the impurity-induced backscattering current Al in the actual
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nanoconstriction.

HKH calculate the tunneling current,
Lan(V,T) = [ dwAa@)lfolw = eV/2) = folw+eV/2), (934

where f,(w) = 1/(e* + 1), by calculating the impurity spectral function Ay4(w)
using the NCA approximation, generalized to V' # 0 using Keldysh techniques.
The NCA technique [Bic87] is a self-consistent summation of an infinite set of
selected diagrams (which becomes exact in the limit N — oo, where N is the
number of values the pseudo-spin quantum number can assume), and in that
sense it is not an “exact” solution of the model. However, it has been shown
[CR93] that for a U(1) x SU(N)s x SU(M); Kondo model (i.e. M channels of
electrons, each with N possible pseudo-spin values, here we have N = M = 2),
the NCA approach gives leading critical exponents for A,(w) identical to those of
conformal field theory for all N and M (with M > 2). Hence the NCA method
can be regarded as a useful interpolation between the high-T" regime where any
perturbative scheme works, and the low-T regime where it gives the correct exact
critical exponents. Moreover, when combined with the Keldysh technique, it
deals with the non-equilibrium aspects of the problem in a more direct way than
our CFT approach, and is able to go beyond the weakly non-equilibrium regime
(V < Ty).

Therefore, it is certainly meaningful to compare the NCA results of HKH to
ours. CFT serves as a check on how well the NCA does at V' = 0 and very low
temperatures, where CFT is exact and NCA only an uncontrolled approximation.
Conversely, if this check confirms the reliability of the NCA method in the low-

energy regime, the latter can be used as a check on our use of CFT for V' # 0
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Figure 9.2 Here ¥(w,T) is the imaginary part of the retarded self-energy for
conduction electrons at V' = 0, calculated using CFT and the NCA [HKH95].
For the NCA curves, temperatures are given in units of .0017%. The CFT curve
corresponds to T//T — 0. The asymmetry in the NCA curves is a result of using
the asymmetric Anderson model. The CFT and lowest-T" NCA curves have been
rescaled such that the asymptotic slope of the w < 0 function is 1, i.e. the CFT
curve corresponds to the function (I'(3;2)/T(0) — 1) of eq. (8.38), with 4, an
appropriately chosen constant.

situations, where NCA presumably does the more reliable job.

9.5.2 Electron Self-Energy

One would expect that the most direct comparison between CFT and the NCA
could be obtained by comparing [see Fig. 9.2] the retarded self-energy 3" (w) for
conduction electrons at V' = 0, calculated from the NCA with that from CFT
[essentially the function I'(x) of egs. (8.38) and (8.39]. However, the usefulness of
this comparison is somewhat diminished by the fact that the NCA self-energy is
not a symmetric function of frequency, which is a result of using the asymmetric

Anderson model. This asymmetry disappears when calculating the conductance,
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because I1, (V) = Liyn(—V) in eq. (9.34) even if Ayz(w) # Ag(w), meaning that
the zero-bias conductance is the more meaningful quantity to compare (see next
section). Nevertheless, for w < 0, the CFT and NCA results agree very well

[Fig. 9.2].
9.5.3 Impurity Spectral Function A;(w)

Figure 9.3 is very instructive, in that it illustrates what happens to the Kondo
resonance when 7" or V' become > Ty, a regime not accessible to CFT. [T} is
defined as the width at half maximum of the V' = 0 impurity spectral function
at the lowest calculated T.] For V' = 0 [Fig. 9.3(a)], the Kondo peak spreads
out as T is increased, though this spreading only starts to become significant
for T ~ Ty. For T/Tx ~ 0, the Kondo peak splits into two when eV > Ty
[Fig. 9.3(b)], (as also found in [WM94] for a related model). However, note that
even for V' ~ T} this splitting has not yet set in, illustrating that non-equilibrium
effects are not important for eV < Ty. This is the main justification for the the
approach followed in the previous sections of calculating the scattering states from
CFT and neglecting their V-dependence (see also the discussion in section 5.1

(point 3), and in section 5.4.5).
9.5.4 NCA Conductance Curves

The NCA results of HKH for the conductance G(V,T'), obtained from eq. (9.34)
and rescaled according to eq. (3.15), are shown in Fig. 9.4(a). The curves are
obtained without any adjustable parameters, since the rescaling of the horizontal
axis (by a constant A to get an asymptotic slope 1) that we employed elsewhere

was not performed here. The experimental data for sample #1 (which has T ~
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Figure 9.3 The Kondo resonance in the impurity spectral function A4(w), cal-
culated at (a) V = 0 and (b) T/Tx = 0.001 using the NCA [HKH95]. For our
purposes the most important feature of this figure is that the Kondo peak does
not start to split for eV < Tk.



259

Figure 9.4 Scaling plots of the conductance for (a) the NCA calculations of Hettler
et al. [HKH94] and (b) experiment (sample #1). With By, determined from the
zero-bias conductance, G(0,T) = G(0,0) + BgT"?, [eq. (3.11)], there are no
adjustable parameters. The temperatures in the NCA and experimental plots
are in units of Ty and Kelvin, respectively.
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8K) are shown for comparison in Fig. 9.4(b).

The lowest T'/Ty values in Fig. 9.4(a) show good scaling, in accord with the
CFT prediction. However, for larger T-values, marked deviations from scaling
occur, just as seen in the experimental curves of Fig. 9.4(b). It is one of the
strengths of the NCA method that deviations from scaling are automatically
obtained, without the need for making a systematic expansion in powers of T'/T.

The striking qualitative similarity between the two sets of curves in Fig. 9.4
can be made quantitative by using Ty as a fitting parameter: the choice of T}
determines which curves in fig:NCAcurves(a) and (b) are to be associated with
each other. Choosing T = 8K for sample 1, HKH are able to get “quite good”
[HKH94| simultaneous agreement between a significant number of the individual
experimental data curves and their NCA curves of corresponding temperature.
This is illustrated in Fig. 9.5 [HKH95] for 3 curves from sample # 1. In other
words, by using a single fitting parameter, HKH can obtain good quantitative
agreement between the NCA and experimental conductance curves for a whole set

of curves.

9.6 Comparison with Experimental Curve and
NCA Calulation

In this section we compare the CFT prediction of eq. (9.26) for the universal scal
ing curve I'(v) to that obtained by HKH via the NCA, and to the experimental
scaling curve of Fig. 3.10(b). For the NCA scaling curve we take the lowest
T /Ty calculated by HKH, namely 7'/T = 0.003, since for this curve the T'/Ty

deviations from perfect scaling, which are neglected in the CF'T calculation, are
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Figure 9.5 Comparison between NCA theory and experiment for three individual
conductance curves from sample # 1. By using T as a single fitting parameter
and choosing T, = 8K for sample 1, this kind of agreement is achieved simulta-
neously for a significant number of individual curves [Hettler, private communi-
cation], [HKH95]. The NCA curves shown here correspond to T' = 0.37} = 2.4K,
0.27% = 1.6K and 0.157 = 1.2K (NCA curves for the actual experimental tem-
peratures of T'= 2.257K, 1.745K and 1.1K were not calculated.)

smallest.

In Fig. 9.6 we show the three experimental scaling curves of Fig. 3.10 (curves
1-3), the CFT prediction for I'(u) from eq. (9.26) (curve 4), and the NCA result
for I'(u), for T'/Tx = 0.003 (curve 5) and T'/T, = 0.08 (curve 6). All these curves
have been rescaled into the “maximally normalized form” of eq. (9.27).

We see that the CF'T scaling curve does not agree quantitatively with the
experimental curves, but that there is rather good agreement between the CFT

curve and the 7'/T, = 0.003 NCA result. However, the T'/T, = 0.08 NCA curve,
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Figure 9.6 The conductance scaling function I'(v). Curves 1,2,3 are the experi-
mental curves of Fig. 3.10 (b). Curve 4 is the CFT prediction from eq. (9.26).
Curves 5 and 6 are the NCA results of HKH, with 7//T; = 0.003 and 0.08,
respectively. All curves have been rescaled in accordance with eq. (9.26).
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which for T = 8K corresponds to T' = 0.6K, the lowest temperature measured
in the experiment, agrees remarkably well with the experimental scaling curves.

To make these statements quantitative, we compare the values for the univer-
sal constant I'y, defined as follows from the asymptotic large-v expansion of I'(v)

[compare eq. (3.16)]:

M) —1=v"2+T1 4+ 0 ?). (9.35)

'} is the y-intercept of the asymptotic slope of the curve I'(v) — 1 vs. v'/2

extrapolated back to v = 0. It measures “how soon the scaling curve bends
up” towards linear behavior, and is the single parameter that most strongly
characterizes the scaling function (which is otherwise rather featureless). We

find the following values for I';:

ryr = —0.75+0.16, rger = —-1.14+0.10,
(9.36)
rye4(0.003) = -1.124+0.10, rye4(0.08) = —0.74+0.10.

Hence, the CFT and NCA calculations agree rather well, which inspires confi-
dence in the general reliability of the NCA method at very low energies. The fact
that both disagree by more than 30 % with experiment is explained by the excel-
lent agreement of the T//T, = 0.08 NCA curve with experiment. As first pointed
out by HKH, this simply means that in the experimentally relevant temperature
range, the T /Ty -corrections to the universal curve are apparently not neglibible,
in contrast to the assumptions made by the CFT calculation. In other words,
the experimental scaling curve is not the truly universal one, since non-universal
correction-to-scaling terms are important too.

From a theorist’s point of view, this is a somewhat disappointing conclusion,

since for a system about whose microscopic nature so little is known, the only
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quantities that allow a truly meaningful comparison between theory and exper-
iment are universal quantities, which are independent of the unknown details.
However, disappointing or not, this is the message of Fig. 9.6.

Nevertheless, the good agreement between the CFT and NCA scaling curves,
which confirms the reliability of the NCA method, combined with the good quan-
titative agreement between the NCA and the experimental conductance curves

when T is used as fitting parameter, allows the main conclusion of this thesis:

e The 2-channel Kondo model is in quantitative agreement with the experi-

mental G(V,T) data.

However, as was discussed in section 4.3, the theoretical justification for the
simple 2-channel Kondo model used in this thesis has recently been challenged.
Therefore, the Ralph-Buhrman experiments can not be regarded as completely
understood. Rather, the question that remains is: why does the 2-channel Kondo
model seem to describe this experiment so well despite the fact that the theo-
retical derivation of the model is on shaky grounds? In view of the fact that no
alternative explanation for the experiment is known that is in agreement with all

experimental facts, this question worthy of further investigation.



Chapter 10

Summary and Conclusions

10.1 Summary

Let us briefly summarize what has been done in this thesis.

1. Chapters 2 and 3 contain a detailed account of all experimental facts rele-
vant to the Ralph-Buhrman experiment (summarized in points (P1) to (P9)
in section 2.3), with the following conclusions: the zero-bias anomalies dis-
appear under annealing, and hence must be due to structural disorder; they
disappear when static disorder is added, and hence cannot be due to static
disorder — instead they must be due to dynamical impurities; they show no
Zeeman splitting in a magnetic field, and hence must be of non-magnetic

origin; they show V/T scaling with scaling exponent o = 5, and a universal

1
29
scaling curve ['(z) that was identical for all three samples investigated in
detail. These observations lead to the proposal [RB92] that the zero-bias

anomalies are due to degenerate two-level systems, interacting with con-

duction electrons according to the non-magnetic 2-channel Kondo model of

265
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Zawadowski [2794a], introduced in chapter 4. Within this interpretation,
the observed scaling was explained by assuming that the system is in the

vicinity of the T'=V = 0 fixed point of the 2-channel Kondo problem.

. In order to quantitatively investigate the consequences of this proposal, we
decided to analytically calculate the universal scaling curve I'(x), which is a
fingerprint of the 2-channel Kondo model, using the conformal field theory
solution of Affleck and Ludwig [AL93] for the 2-channel Kondo problem
near 7' = 0. In order to describe properly the non-equilibrium aspects
of the problem, we adopted Hershfield’s Y-operator formalism [Hers93],
which shows that non-equilibrium problems become formally simple when
formulated in terms of scattering states. We showed in chapter 5 how
Affleck and Ludwig’s conformal field theory solution can be used to obtain
the requisite exact scattering states, provided that one is willing to neglect
their V-dependence (which is of order V /T in the weakly non-equilibrium

scaling regime of the experiment, and hence indeed negligble).

. With this method, in chapter 9 the universal scaling curve was calculated
exactly to leading order in T'/Ty and zeroth order in eV /T, but for arbi-
trary eV//T. The result does not agree with the experimental scaling curve,
because a careful analysis shows that subleading corrections of order 7'/
are not negligible. However, numerical NCA calculations by Hettler, Kroha
and Hershfield [HKH94|, which incorporate such corrections automatically,
are in good quantitative agreement with experiment; they also agree with
CFT in the limit T/Tx — 0, which inspires confidence that the NCA is

indeed a reliable tool for describing the low-energy regime of this problem.
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4. Chapters 6 to 8 and appendices A to F contain a detailed and extensive
introduction to Affleck and Ludwig’s CFT solution of the Kondo problem,

aimed at a reader with no or very little background in conformal field theory.

10.2 Conclusions

Let us now briefly summarize our conclusions about the 2-channel Kondo inter-
pretation of Ralph and Buhrman’s zero-bias anomalies.

Ralph and Buhrman have accumulated a large number of experimental facts
about the zero-bias anomaly, summarized in points (P1) to (P9) in chapter 2.
Some of these are qualitative (e.g. the signals disappear upon annealing and the
existance of scaling properties), others are quantitative (e.g. the conductance
exponent o = % and the shape of the universal scaling curve). To find an inter-
pretation for their data that simultaneously is in reasonable agreement with all
the experimental facts is quite a challenge.

In our opinion, the experimental evidence that the zero-bias anomaly is due
to some kind of structural, dynamical impurities interacting with conduction
electrons is very compelling. The difficult question is to find a reasonable model
that captures the relevant physics. In this thesis, we adopted the 2-channel
Kondo model of Zawadowski, which, at the time this work was started, was
the standard and accepted model for describing 2-level systems interacting with
conduction electrons.

In this thesis, it is demonstrated that the 2-channel Kondo model can satisfac-
torily account for all known experimental facts, both qualitative and quantitative.

In particular, it correctly predicts the scaling exponent 7/2? that has been con-
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vincingly demonstrated in the data, and a combination of CFT and the NCA
calculations of Hettler, Kroha and Hershfield yield good quantitative agreement
with the G(V,T') conductance data.

However, very recently the theoretical justification for the 2-channel Kondo
model has come under increased scrutiny [see section 4.3]. The criticism has
mainly been concerned with the question whether in realistic situations the sys-
tem will in fact flow toward the T" = 0 fixed point that is invoked in this thesis

to explain the scaling properties of the data.

1. Wingreen, Altshuler and Meir [WAM95] have pointed out that the presence
of static disorder could lead to a significant splitting A between the two
states of the TLS. Since the splitting is a relevant perturbation near the
T = 0 fixed point, this would mean that the system could never flow into
the vicinity of this fixed point. — While we believe that their method of
estimating A is overly crude and their result unrealistically large (namely
A = 100K), we do agree that they have pointed out an important effect,
worthy of more careful consideration. Indeed, the assumption that A < 1K
that we have to make in order to explain the experiment is probably the
weakest point in the 2-channel Kondo scenario. Unfortunately, there does
not seem to be an independent way to experimentally determine what values

for A could reasonably be expected.

2. Moustakas and Fisher [MF95] have very recently argued that Zawadowski’s
non-orbital Kondo model is not sufficiently general: they argued that sub-
leading terms in the TLS-electron interaction have to be included, and

show that, even if A = 0, these give rise to an extra relevant perturbation.
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This will prevent flow towards the T' = 0 fixed point, unless some coupling

constants are fine-tuned such that this term vanishes.

It should be pointed out that the CFT approach is more vulnerable to these
arguments than the NCA, because the CF'T calculation explicitly has to assume
that one is in the vicinity of the fixed point, whereas the NCA calculation needs
to make no such assumptions, and is completely defined once the Hamiltonian
has been written down. Nevertheless, the NCA uses an Anderson Hamiltonian
that is physically unrealistic for the present problem, and draws its justification
only from the argument that its universal low-energy behavior will be the same as
that of the 2-channel Kondo model. Therefore, the NCA approach too implicitly
assumes closeness to the fixed point.

Thus, we seem to be faced with the following situation: the 2-channel Kondo
model qualitatively and quantitatively agrees with all experimental facts, which
cannot be said of any other interpretation of the experiment known to date.
However, the theoretical justification for the model is currently on somewhat
shaky grounds. In our opinion, this should be regarded as an incentive for furhter
theoretical work — perhaps a way around the recently discovered problems can
still be found.

On the experimental side, it would be very helpful to get more “handles” on
the system. Additional measurements on the magnetic field dependence of the
conductance would certainly be welcome. It would be extremely interesting to
know the conductance G(V, H,T) as a function of all three arguments. However,
as argued in section 3.3, the lack of detailed microscopic understanding for how

a magnetic field couples to the system, and experimental evidence (from other
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systems [GZC92]) that its effect might be of a rather random nature, might place
limits on how much reliable information the magnetic field dependence can yield.

Another handle seems to have been discovered in the second generation of ex-
periments that are currently being done on this system at Cornell by Shashikant
Upadhyay and R.A. Buhrman, who are investigating the same system, but with
superconducting leads. They are studying the dramatic effects that the presence
of a zero-bias anomaly in the normal state has on the system in the supercon-
ducting state.

The insights gleaned from these experiments will certainly be useful. Perhaps,
with more experimental and theoretical work, it will eventually be possible to
establish conclusively what is really giving rise to the zero-bias anomalies inside

these nanoconstrictions!



Appendix A

Sugawara technology

In this appendix we review some aspects of the abelian and non-abelian bosoniza-
tion of a system of IV species of spinless, chiral (left-moving) fermions with linear
dispersion relation. Our aim is to derive the Sugawara form of the Hamiltonian
for free fermions [egs.(A.53), or (A.81) to (A.83), or (A.102)]. Our presenta-
tion follows the beautifully detailed treatment of Ludwig, [Lud94b], which is well
worth reading carefully. Our aim here is to present the important results and
outline their derivation. However, we do not attempt a completely self-contained
treatment here, and refer the reader to Ludwig’s article for some of the more
technical issues.

No knowledge of conformal field theory is presumed — familiarity with Wick’s
theorem suffices.

In section A.1 we define the system to be studied, and in section A.2 discuss
the various global (gauge and scaling) symmetries of the action, as well as their
generalizations to analytic local (Kac-Moody and conformal) symmetries. This

symmetry analysis is really at the heart of all that is to follow, since it explains the
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origin of all the structure in the theory that is to be uncovered later. In section A.3
we introduce the notation to be used for analyzing the finite-size spectrum of the
system. In section A.4 we derive the partition function for N species of free chiral
fermions with anti-periodic boundary conditions. In section A.5 we derive the
operator product expansion of two general currents, using nothing but Wick’s
theorem. Section A.6 discusses the [U(1)]" abelian bosonization scheme, section
A.7 the U(1) x SU(N) non-abelian bosonization scheme, and section A.8 the
U(1) x SU(N) x SU(k) non-abelian bosonization scheme for Nk = N. The
important concept of a gluing condition is also introduced in sections A.7 and

A8, and illustrated in detail for the cases U(1) x SU(2) and U(1)x SU(2) x SU(2).

A.1 Introduction

We consider N species of spinless, chiral (left-moving) fermions ¢*(7,iz), with
and « = 1,...,N and = € [—00,00]. Right-moving fermions can be treated
in exact analogy to left-moving ones, and hence will not be discussed here (see
[Lud94b] for details). To study the low-energy behavior of such fermions, it
suffices to restrict attention to momenta within a cut-off energy Av, from the
left Fermi point, where T' < Av, < €. For momenta in the range p € [—p, —

A, —pr + A}, the dispersion relation can be linearized:

2 2
_bp Dr
€, = — — — ~ vk . Al
"“om  2m " (A1)
Here k = —(pr + p) is the momentum measured relative to —p,, and the Fermi

level is taken at ¢, = 0. (Note that our definition for k& for our left-movers is
chosen such that & > 0 implies £, > 0, which is the convention that Ludwig uses

for his right-movers.) We set v, = 1 throughout.
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Using the normalization

{9 (i), ¥ (iy)} = 26 (x —y) , (A-2)

we thus consider the free Hamiltonian
H=u, /_ Zgﬂ St (1 i)i0p© (7, i) (A.3)

The Heisenberg equations of motions,
(0r +1i0y) Y (1,ix) =0, imply  %(7,iz) = *(2) (A4)

where z = 7 4 iz. Thus, the Heisenberg fields ¢*(z) can be obtained from their
Schrodinger cousins ¥ (iz) simply by analytic continuation, iz — 2z = T + ix,
which is the motivation for writing the argument of the Schrodinger field as iz in
eq. (A.2). Whenever the argument is written as only iz, the Schréodinger picture
will be implied.

The fact that the free fields only depend on z is extremely important, since it
implies invariance of the system under gauge and scale transformations that are

analytic functions of z. In the next section, we discuss these in some detail.

A.2 Lagrangian Description and Symmetries

The symmteries of the system are best analyzed in a Lagrangian description of

the system, which follows from the action (at 7' = 0)!
s = | “ar / Ve Syt (i) 0,00 (7, ix) + / CdrH(r)  (AB)
— / Sdr / Ve Syt (i) 20,0 (7, i) | (A.6)

where 0; = %(& +i0,).

1'We choose the sign of S such that the weighting factor in path-integral expressions is e =5,

see e.g. [NOS8S], eq. (2.66).
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A.2.1 Global Gauge Symmetries

The action is form-invariant (i.e. S[¢y] = S[¢]) under the following global (i.e.

parametrized by constants) symmetry operations:

1. Global overall abelian U(1) gauge transformations, ) = i) i.e. one
overall constant (global) phase change, whose associated conserved current

we denote by J°.

2. Global abelian U(1) x U(1)...U(1) gauge transformation, 1)® = e*=q)®, i.e.
individual global phase changes of each species, with associated conserved

currents J<.

3. Global SU(N) gauge transformations, ¢* = [eioaTa} ', where the ma-
trices T%, (a =1,..., N*—1) are the SU(N) generators in the fundamental
(NxN-dimensional) representation.> There are N?—1 associated conserved

currents, one for each generator, denoted by J¢.

Using a general notation, let G denote any of the above global gauge groups,
and the matrices 7)), be the corresponding generators in an /N x /N-dimensional

representation [with x = 1,...,dim(G)]. Then the action is invariant under

W2) = [T (), W) = [T 0 e), (A

where the 0% are real constants, and 7% is the complex conjugate of T (which
is hermitian). This implies via Nother’s theorem that the currents
N /

J)= S @I ()0 [x=1,...,dim(G)] . (A.8)

a,a’=1

2Some properties of the T , are summarized in egs. (A.72)and (A.73).
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are conserved, i.e. satisfy 0;J%(z) = 0. Here the symbol : : denotes the point-

splitting operation in coordinate space:
1 01(2)02(2) : = O1(2 4 0)02(2) — (O1(2 + 0)O4(2)) (A.9)

which is used to subtract off the divergence that arises when two quantized fields

sit at the same point.> The corresponding conserved charges
QF = / d 71X () | (A.10)

are time-independent constants, i.e. satisfy 9,Q*(7) = 0. They act as generators

of infinitesimal global gauge transformations through

0(z) = (=) —9(z) = —i0N[QY4(2)] = TR (=),

opf(z) = 9of(z) —gof(z) = —ibX[Q¥, i (2)] = =i T v T(2),
(A.11)

as can directly be verified using eq. (A.2).

A.2.2 Kac-Moody Gauge Symmetries

Now note the following very important fact, which is a direct consequence of the
linearization of the dispersion relation and hence the appearance of the very sim-
ple derivative 0; in the action: Whenever the action is invariant under egs. (A.11),
it is automatically also is invariant under the infinitesimal local but analytical

gauge transformations that are obtained by replacing the constant parameters

3Tt sometimes happens that (O;(z 4+ §)O2(2)) does not subtract off all the divergent terms;
in that case, : O1(2)O2(z) : should still be interpreted as [O1(z + §)O2(z) — all divergent terms].
It can be shown (see [Lud94b, section 1.5]) that point-splitting in coordinate space is equivalent
to normal ordering in momentum space.
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6% by spatially varying analytic* functions 6% (z) that are real on the real axis.’

This is an immediate consequence of the fact that if ¥(z) is analytic, then the
derivative 0; in S commutes with 6*(z). Thus, S is invariant under the following
generalization of eq. (A.11):

0U(2) = —i [X G0N (TN ()0 (2)] = 0¥ ()T (2)

0pt(2) = i [ G0N ()N, 0 (2)] = =0 ()Tw™(2)

This conclusion is so important that it deserves a general formulation:

(A.12)

To each of the global gauge symmetries of the action there corresponds a local
gauge symmetry, obtained by allowing the parameters of the transformation to
become analytic functions of z, i.e. 0% = 0%(2). Such transformations leave
the action form-invariant, since the derivative 0; commutes with any analytic
function [0:¢6(z) = ¢(2)0s]. The corresponding local analytical gauge symmetries
are called Kac-Moody (KM) gauge symmetries.

Since the space of all analytic functions is infinite-dimensional, there are an
infinite number of independent symmetry transformations, hence an infinite num-
ber of conserved Néther currents. For example, if we put the system in a box,
x € [0,1], with periodix boundary conditions on the currents J*(ix), then the

0*(z) can be expanded in a Fourier series,

0¥ () = 2= N e2me/ipx (A.13)

nez

4Actually one has to be a little careful: since any analytic function that is not a constant is
unbounded in the full complex plane, an analytic gauge transformation will diverge somewhere
in the complex plane. Therefore one has to restrict attention to a bounded domain D, and

require 0% (7,ix) to be analytic [= 0(z)] inside D, and non-analytic but bounded outside D.
This is discussed in more detail in appendix C.
°This condition, i.e. 0X(7) = [6%(7)]", is necessary to ensure that on the real axis, where

z = 7 (so that all factors of ix are absent), eq. (A.12) reduces to the standard form (A.11), in
which the 6* are real. It implies that 6*(z) must be the analytical continuation into the full
complex plane (7 — 7+ix) of some real function 6% (7) (i.e. in the Taylor series 6*(2) >, a,2",
all a,, are real).
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Each term in this series, inserted into eq. (A.12), corresponds to a conserved

current, whose conserved charge,

027r

Rm= o grmme/l g ) (A.14)
satisfies 0, JX(7) = 0 [see also eq. (A.67)].

The presence of an infinite number of conserved quantities of course allows
one to extract an enormous amount of detailed information from the theory,
and is at the heart of all that follows. For example, this appendix is concerned
with analyzing the structure of the finite-size spectrum in ways that reflect these

infinite symmetries. This is will be done by analysing the algebra satisfied by the

generators {JX}, which is called a Kac Moody algebra.

A.2.3 Conformal Symmetry

Finally, by inspection, the action is invariant under a global rescaling of coor-
dinates, 7 = a7 and * = aZ, accompanied by a rescaling of fields, ¢*(7,ix) =
a=t/ 21/?“(7*, iZ). The simple nature of the derivative 0; in the action implies that
this symmetry, too, has a local analytic version, namely conformal symmetry (see
[Lud94b, section 2.1]). Make a change of coordinates by writing z = 7 +ix as an

arbitrary analytic function of a new variable w = 7 4 iZ:
z(w) = 7(w) + iz(w), land zZ(w) = 7(w) —ix(2) |, (A.15)

and define new fermion fields ¢*(7, %), via

dw\"? - dw\"? -
w@,mg(@) Y (7,i%), M“(T,ix)z<dz> O1(F,iz) . (A.16)



278

In terms of the new coordinates the measure becomes®

dr dx

drdr = | 3% 4

drdi = | & & | d7di, (A.17)

and, for analytic transformations such as eq. (A.15), the second determinant

simplifies to dz j‘? Therefore, under this transformation, the action of eq.(A.6)
becomes:
dw dw dw ~
_ d/ 1/2Ta i) o0, 1/2a~~~:|
s = forf x| (e e im o (i
_ /m/%Zw* 7,4%) 2(9@@5&(%,1':5) . (A.18)

All derivatives cancel, and the action in terms of the new variables has the same
form as the action eq.(A.6) in terms of the old variables. In other words, the action
(A.6) is invariant under conformal transformations eq. (A.15). Note once again
the importance of the tranformation being conformal: without the requirement
that w(z) be an analytic function of z, one would have had 9:(42)!/? £ 0, and S
would not have been invariant.

The new equations of motion, 015@5“(%, i), imply that the new fields are again

analytic functions, ¥*(7,i%) = ¢¥*(w).

For future reference, let us find the generator for conformal transformations.

Consider an infinitesimal conformal transformation, written in the form

w(z) =z—¢(z), (A.19)
where ¢(z) is small (footnote 4 applies here too). Eq. (A.16) implies that to order
O(e), the infinitesimal change in ¥*(z) is given by

() = §%(2) — ¥°(2) = [30:2(2) + £(2)0:] ¥°(2) . (A.20)

6The second equality follows by using (3;) =1 (71 1) (2;) and (Z;) =1 (71 1) (%) to

2
rewrite the Jacobian determinant in terms of dz, dz, dw, dw.



279

Such infinitesimal conformal transformations on ¢*(z) are generated by the so-

called stress-energy tensor T(z),

T(z) = 3 : {[0:0°1(2)| ¥°(2) =01 (2)0:0%(2) } « (A.21)

through the relation

ov2(2) = [ LT v (2] (A2
as can directly be verified using the anti-commutation relations (A.2).

A.2.4 Discussion

All of the above symmetries have profound implications for the structure of the
theory. These were explored in a systematic fashion in the seminal work of
Belavin, Polyakov and Zamolodchikov [BPZ84] for conformal invariance, and
by Knizhnik and Zamolodchikov [KZ84] for Kac-Moody invariance. They are
summarized in appendix B, and illustrated for free fermions in section B.2 of
that appendix, where the equations of the preceding section will be found to be
specific realizations of a much more general theory.

However, in the present appendix, we do not need these general results. Here
we restrict our attention to the structure of the Hilbert space on which the Hamil-
tonian acts. Formally, whenever the Lagrangian is invariant under some symme-
try, it must be possible to group the eigenstates of H together into subsets that
transform into each other in a well-defined way under symmetry operations: the
Hilbert space must carry a representation of the corresponding symmetry group.

To analyze the structure of the Hilbert space, it is convenient to put the

system in a finite box, = € [0,1], so that the energy levels are quantized and one



280

has well-defined eigenstates to work with, and to study the structure of the finite-
size spectrum. At first, this seems like a trivial question: the spectrum consists of
(highly degenerate) energy levels spaced at uniform intervals, €.r % = 27“(71 + %)
However, we are interested in more detail in the symmetry properties of the
spectrum. We would like to answer the following question: How do the states of
H transform under the symmetry operations that leave the action invariant? In
other words, how can the Hilbert space be organized into representations of some
or other of the above symmetry groups?

The possible representation can be found via algebraic techniques by rewriting
the Hamiltonian in Sugawara form, and studying the commutation relations of the
conserved charges. The various bosonization schemes that exist are simply ways
of rewriting the Hamiltonian in terms of bosonic currents (expressions quadratic
in the v¢’s) in ways that make explicit the various symmetries of H and are

adaptable to the particular symmetries that a given perturbation might have.

A.3 Finite Size System: Definitions

In this section we summarize the definitions we shall use for our analysis of the
finite-size spectrum.

Impose anti-periodic” boundary conditions in the space direction on the fermion
fields: ©*(1,z = 1) = —¢*(1,2 = 0), so that momenta and energies are quan-

, create an electron of species a and

tized at €,
2

=k,.1=%(n+3). Let 7,0:1

1
2

V]

"The reason for choosing anti-periodic instead of periodic boundary conditions is to obtain
a non-degenerate ground state, which simplifies the subsequent analysis considerably. With
periodic boundary conditions, €, = 0 is an allowed energy value. Hence the ground state is 2V
fold degenerate, since the €, = 0 state of each of the N species can be either empty or occupied.
This case is discussed in [AL92b, section V].
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momentum £, 1. Then the 7" = 0 Fermi sea is characterized by

z+%|0> =0 if €, 11>0, e if n>0, (A.23)

Yot joy = 0 if €,,1 <0, de if n<0. (A.24)
2 2

Normal ordering of operators in momentum space is consequently defined as

follows:
1/1“T+1¢ if m#n,
mT3
¢:1T+1¢n+ . = ¢§LT+1¢ ) if m=n>0; (A.25)
2
« af : —
—¢m+%¢m+% if m=n<0.

The second-quantized field ®(iz) in the Schrodinger picture are related to the

?/)fjr 1 through a Fourier sum:

@Z)a(iiﬂ) — 271' Z —127r(n+ Z/lwn+l ’ (A26)
nez
o ld:v i2m(n+L)x/l o,
Uiy = [ et by i) (A27)
with
l .

/ g;c—ez%rnx/l 5710 : Z 6—127rn1’/l _ l(g(l‘) : (A28)

0 nez

or, in the continuum limit,

2” Z /dp , #&m/ —d(p—17). (A.29)

nez

Having chosen the normalization for the canonical anti-commutation relations

{¥'(iz), 9 (iy)} = 2m8(z — y) {%p Uit} = 370mm (A.30)

the free Hamiltonian is

H = /Olgfr T (i) 10, ™ (ix) - (A.31)
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N
= FX DX e (A.32)

nezZ a=1

(A.33)

The time-dependence of the Fourier modes in the Heisenberg picture is simply

—T

3+%(T) = Z‘Jr%e Tty — z+%e_2”7(”+%)/l. Thus eq. (A.26) implies ¥(7,iz) =
*(2), as we already know from eq. (A.4).
For future reference, let us calculate the free Green’s function at T' # 0.

Thermal expectation values have their usual form (written in the continuum

limit)

1
at, o\ , o -
W5105) = baa0 (0= o Joa = S

(A.34)
(for generality we show its form for u, # 0, although we use only p = 0 in
this appendix). Using this, it is straightforward to obtain the finite-temperature

Green’s function for the fermions:

Goor(2—2) = —(TP*(2)"1(2")) (A.35)
= —boar [dpe [0 = ) (1 = for0) = 07 = 7)oyl
= b (?_M(Z_Z/) . (A.36)
Ssing(z — 2')

The last line can be obtained from standard tables, e.g. [Bateb4, p.120, eq.(14)],

or by doing the integral by contour methods.®

A.4 Free Fermion Partition Function

In this section we calculate the partition function for a single species of free, chiral

fermions from first principles, following [Gins87, p.101]. This is an elementary

SMake a shift p' = p — pq, and close the [dp’ integral along a semi-circle in the lower
(or upper) half-plane for (z — z’) > 0 (or < 0). There are an infinite number of poles at
p =2n(n+ %)/B, their contributions can be summed up to give sin™'.
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exercise, but instructive, since it sheds some light on what we can expect to find
from more sophisticated approaches.
We take as Hamiltonian eq. (A.31) with NV =1 (and the index « suppressed).
Since
Q= / st (i) (i) - (A.37)
is the total number of particles relative to the Fermi surface (which has @ = 0),
(@ has integer eigenvalues, () € Z. The set of all eigenstates of H that have the

same @ is called a tower of charge @ and denoted by {|@,a)} (with a labelling

the states within the tower). The partition function is sum over all towers:

Z = Tre ™ =3 xo (A.38)
QeZ
where  xq = Y (Q,ale "7|Q,a) (A.39)
{a}

X, the partition function for the tower with charge @, is called a character in
group theory language.

The lowest state in the charge-@) tower is called the charge-Q) primary state
and denoted by |@). It is the state in which all energy levels up to level @
are occupied and all higher levels are empty, and hence does not contain any

particle-hole excitations. Hence its energy is

Q|
Eog = Eoo =3 (1 —3) = FQ%/2, (A.40)
=1

(the sum here is only over positive energies, since an electron that is added to
the j-th level above the ground state, or a hole that is created in the j-th level
below the ground state, both have energy 27(|j] — 3).

The set of all particle-hole excitations that can be created from |@Q) constitute

the excited states, called descendants, in the tower. At energy Fy; = 27“M above
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E,q these states are described by a set of integers ky > ko > ...k > 0, with
Zézl = M (these numbers specify the levels occupied by the uppermost [ particles
in that particular state, starting from the top). The total number of such states
for given M is just the number of partitions P(M) of M, a number that can be
obtained from the generating function

M ;oP(M)qM =q""n(q) , (A.41)

where 7(q) is known as the Dedekind function. Defining ¢ = e=2™%/!, the contri-

bution from the @-th tower to the partition function is;

= —B(Bgo+2mM/1] g e —1(,),@%/2
Xq = Y P(M)e PFatemM/ll — — = (q)g? . (A42)
M=0 [z (1 —q")
For the last equality, we used the fact that Fyp = —%5;, with c=1; this result

can be found using more sophisticated CFT treatments of free fermions (see next
section), where FEy, arises as a finite-size correction to the ground state energy
[BCN8G,Aff864a].

The partition function itself thus is simply:

1 & e
Z=— @ A.43
n(q) QZ_:OO (4.43)

Using some standard identities [Gins87, eq.(7.13a), (7.29)], it can readily be
checked that this result is identically equal to Z = ¢ /][>, (1 + q("+%))2,
which is the perhaps more familiar way of summing over all electron and hole
states.

The following features of the above calculation will emerge again in subsequent

sections:

(a) It is possible to classify or group states into towers, each labelled by a (or
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several) quantum number(s) (@ in this case).

(b) In a given tower, the states with the lowest energy are called the primary
states of the tower. All other states in the tower are called descendants, and are
particle-hole excitations created from the primary states.

(c) When calculating the partition function, the contribution from the excited
states (descendants) within any tower simply involves a sum over particle-hole
excitations, and always yields a factor n=1(q).

(d) What remains is a contribution from the primary state(s) of each tower,
summed over all towers (Y gez ¢?°/% in this case).

Grouping states together into towers is natural in CFT, since (as will be
argued below (see page 293), a conformal transformation reshuffles states within
a tower, but not among different towers; hence, each tower carries an infinite-
dimensional (since arbitrarily high energies are involved) representation of the
conformal algebra, and, in our case, of some KM algebra.

To make these statements explicit, one has to introduce some more technology.
The reward for our extra labors will be that we shall find an algebraic way of
classifying the free-fermion spectrum. Moreover, the method will be generalizable
to the other, less trivial bosonization schemes, and allow us to uncover some less

obvious features of the free fermion spectrum.

A.5 Current OPEs from Wick’s theorem

Aft86b
The general strategy in all subsequent section will be to find the commu-

tation relations obeyed by the conserved charges J;X of one of the Kac-Moody
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gauge symmetries discussed in section A.2, and to analyze the representations
of the resulting algebra. The desired commutation relations can be found in a
straightforward way from those of the ¢ L Here we follow a slightly different
strategy. We find the operator product expansion (OPE) of any two currents .J4
and JB explicitly, using nothing but the point-splitting prescription and Wick’s
theorem. From these one can then use a general result [eq. (A.62)] to read off the
desired commutation relations. Moreover, the current OPEs allow a direct way
of finding various Sugawara forms for the free Hamiltonian.

Consider again the system of IV species of free, chiral fermions ¥® introduced
in section A.2. Let A, be an arbitrary N x N matrix, and define the current

TA2) = Y (2) At (2) « (A.44)

Using Wick’s theorem and [from eq. (A.36)]

5&(1’

(W2 + 0)u () = (= + )y () = ==,

(A.45)

it is straightforward to evaluate the product of two such currents:
JA 4005 = 5 6 (24 0) Aaat (2 +0) 197 (2) Bagt (2) :
a5

dap 00’
= Z Asor Bﬁﬁ' [ 52
aa/ BB’

b3 (B s 1 O () 465 0% 4902 3) | (A0

+ ()0 ()0 (2)97 (2) -

The first and third terms arise from double and single Wick contractions. Note
that terms that arise from contracting operators within the same : : do not

contribute, since they are automatically subtracted by the point-splitting sub-

traction prescription. Now add 0 = (1 —1)5 [ 1p°1(2)(AB — BA) 050" (2) :} and
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rearrange, remembering that fermion fields inside : : anti-commute:
JHz+0)7(2) = FTIAB] + [0 (2)(AB = BA)awts” (2) 1
+ 1 (0:0%1(2)) (AB)awrt® (2) + =+ 971 (2)(BA) o 007 (2) :
202wt ()0 () Bopt” (2) - (A.47)

This result is an example of an OPE, the general form of which is:

C(22) N D(z)

(21— 22)? (21— 22)

A(21)B(z) = +0(1)... (A.48)

We have displayed only the leading divergent terms as z; — z9; O(1) denotes
all terms that remain finite in this limit. An OPE expresses the product of two
operators, in the limit that their arguments approach each other, in terms of a
sum over local operators C(z3), D(z3), etc. Such an OPE is understood to become
a true equation when inserted into any correlation function of other fields O;(z;)
in the theory under consideration, in the limit where the distance between z; and
25 becomes much smaller than the distance between z; and z5 and the arguments
z; of all the other fields O;. (For a review of the concept of an OPE see e.g.
[Car87].)

Eq.(A.47) will be very useful in subsequent sections for finding various equiv-
alent expressions for the free-fermion Hamiltonian of eq. (A.31) in terms of ex-

pressions that are quadratic in various currents.

A.6 Abelian Bosonization

A.6.1 Tomonaga form of Hamiltonian

As discussed in section A.2; the action is invariant under phase changes of the

form 1® — €'?*¢)®. the corresponding N abelian conserved currents J(z) and
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charges Q¢ are:

J(2) ()Y (2) : (a not summed), (A.49)

QY = /Olgfija(z) (v not summed). (A.50)

[1e Aﬂ@/ = 5a65a,@' in eq. (A44)]

From eq. (A.47) the mutual OPEs of the currents are:

T 6)J%(2) = o [512+ (00°1(2)) 60 (2) : — s ()00 (2)
+ T () ()T (2)0 (2) - (A.51)

The second term in eq. (A.47) is zero, because A = B. If a = «/, the last is
also zero because the 1’s anti-commute within the normal ordering symbol, and
*(2)Y*(z) = 0, due to Fermi statistics. Consequently, we have the important

result

LTI () = 4 [ (0H(2)) R (2) 1 — ()0 (2) ] (A.52)

the : : subtracting out the 5% divergence.
Now note that the Hamiltonian eq. (A.31) may be written in the so-called

Tomonaga form:

N l
H=H", H*= /0 do 1 jo(ig).J%(ix) : (A.53)
[HQ,HO/] :[HQ,QQI] _ [QQ,QQI]:O. (A54)

This scheme is known as abelian bosonization, because H is written in terms of
the abelian currents J* The associated charges QQ® are the generators of the
abelian U;(1) x ... x Uy(1) symmetry group of independent phase changes on

each of the N species 9.
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A.6.2 Algebraic Analysis of Spectrum

Since the H* and J¢ for different o commute, we shall analyze the spectrum
for a given H* on its own, and hence suppress the index « in this subsection.
Unraveling the structure of the spectrum is straightforward but instructive (we
shall of course rediscover the tower structure introduced in section A.4). We
follow the presentation of [Lud94b, sections 1.7, 1.8].

It is instructive to write H in terms of the Fourier modes of the current J:

J(m:) = QTﬂ' Z e*i27fmw/l!]m <A55>
meZ
l .

(These conventions are those of [Lud94b, Appendix|. Also, see [Lud94b, sections
1.5] for a discussion of the subtleties involved in going from point-splitting (:  :)
in position space to normal ordering (! ¥) in momentum space.) We see from

eq. (A.56) that J,, is built from an infinite sum of electron-hole excitations.

Moreover, all non-negative Fourier modes m > 0 annihilate the Fermi sea,
Jm|0) =0 ifm >0, (A.57)

due to the definition (A.25) of £ . Thus, normal ordering for the currents can
be defined as follows
I In ifn#-m,
iy =8 T d, ifn=-m>0, (A.58)
Jnd_n ifn=-m<0.

Next, introduce the so-called stress-energy tensor 7', of central importance in
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CFT, because it is the generator of coordinate transformations:”

T(z)=1:J(2)J(z): +(F) %, c=1. (A.59)
Its Fourier modes are defined through
l .
PLy = [ L) + Fonog; = F Y Sdndnonl. (AG0)

nez

It follows from the 2nd equation in (A.53) that the Hamiltonian is related to L,:

_ 27 c _ 27 c 1% *
H=2%[-5+L]|=2% [—24 NE D A Al I (A.61)
nez
The extra term —2 £ in eq. (A.61) arises from a careful treatment of the tran-

sition from point-splitting to normal ordering that occurs when rewriting H in
Fourier space. Adding such a term in the definition (A.59) of the stress-energy
tensor ensures that egs. (A.60) and (A.61) are consistent (see [Lud94b, section
1.6]). This term turns out to be universal, in the sense that it is independent of
the way one chooses to regularize the theory. Its value is always —%”i, where c,
the so-called central charge, is a parameter of the theory. ¢ = 1 for a theory of
a single species of Dirac fermions, as in the present case of egs. (A.59) to (A.61)
(and hence ¢yt = N if one considers all IV species of fermions together).

The fact that the magnitude of the finite-size corrections in eqs. (A.59) to
(A.61) depend only on the central chare ¢, can be used to interpret it as follows:
it characterizes the magnitude of the “response” of the stress-energy tensor and

the ground state energy to imposing a finite size on the system (see [Aff86a] and

[BCN86], and for a nice summary, [CH93], p. 37).

9Note that eq. (A.52) ensures that the definitions eqs. (A.59) and (A.21) are consistent, up
to the constant (2%)? 5, which is a finite-size effect that vanishes as I — co. However, eq. (A.59)
is a much more general definition of the stress-energy tensor — see [Gins87, section 9.2] for a

general discussion of this construction, which we summarize in appendix B, section B.3.
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The commutation relations of the .J,, and L,, are found most easily by using
the following result (proven in [Lud94b, eq.(1.40)]): if two operators A(u;) and
B(uy) depend analytically on their arguments and have the OPE of eq. (A.48),

then their commutation relations in Fourier space are

l ‘
where An = /0 g—ie‘Q“m‘”/lA(i:c). (A.63)

Using point-splitting techniques such as those illustrated in section A.5, one read-

ily finds the following OPEs:

J(ZQ) 4 822J(22) i

(21— 22)* (21— 22)
J(2) () = (21—122)2 +o (A.65)

T(z1)J(22) : (A.64)

where the ... denote terms that are regular in the limit z; — 2z5. These relations
translate into the following commutation relations for the currents (for the first

of eq. (A.66), a generalization of eq. (A.62) is needed, see [Gins87, eq.(3.8a)]):

[Lna Lm] = (TL - m>Ln+m + Tcg(n3 - n)(Sner,O )
[Lm Jm] = —mdnim ; (A.66)
[Jna Jm] = n5n+m,0 .

The first and third equations define the so-called Virasoro and U(1) Kac-Moody
algebras, respectively [they are a special case (namely k =1, f =0, ¢ = 1) of the
general form of these relations, which will be encountered in eq. (A.105)]. They
play a central role in CF'T, since very many general properties can be deduced

from them.
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In close analogy to the representation theory of angular momenta, we can
deduce the structure of the spectrum as follows:'® Eq. (A.66a) and (A.66b), with

n = 0, imply that

[H, L] = —2*mL,, ; (H, Jp] = —ZmdJ,, . (A.67)

l l

This implies that there are an infinite number of conserved quantities, namely*!
(1) = 2™ /le™ ] em™ all satisfying 0.J,,(7) = 0. As explained in sec-
tion A.2, this is a consequence of the fact the action is invariant under an infinite
set of Kac-Moody symmetry transformations, generated by the J,,. Furthermore,
eq. (A.67) implies that (for m > 0) the L_,, and J_,, act as raising operators,
and Ly, and J.,, as lowering operators (in units of 27“), for the Hamiltonian
H. Furthermore, we find that [L,, J,| = [J,, J,] = 0, hence all states related to
each other by raising and lowering operations through L,,’s or J,,’s have the same
charge, say (). For any given @, there is a so-called “primary state |Q) of charge

()7, which by definition obeys
J|Q) = Q|Q) and In|@) =0 forall m >0. (A.68)

Since for m > 0 the J,, = 3£ 3, ., le+%wn+m+%I [see eq. (A.56)] are (energy-)
lowering operators, the second equation of (A.68) implies that |@Q)) has no particle-
hole excitations and hence is the charge-@) state of lowest energy. Thus it is
precisely the primary state of charge ) encountered in section A.4 (compare

with point (b) on p. 285). All descendant (higher-energy) states {|@,a)} in the

0For a systematic discussion of the representation theory of the Virasoro algebra, see
[Gins87], section 3.3, or [CHI3], chapter 4.

" The extra factor of €27™7/! is needed to compensate for the fact that [H,.J,,] # 0 if m # 0;
it also follows naturally from general considerations of J,,(7) as the conserved charge of a KM
symmetry, see eq. (A.14).
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charge-() tower can be obtained from the primary state by application of all
possible combinations of (energy-) raising operators J,, (m < 0). Thus they are
essentially particle-hole excitations on |@), and hence their energies are of the
form

Eq—E,=%(Q%/2+m), me Zy, (A.69)

where Z, denotes the non-negative integers.
A partition-function sum over the ()-th tower is simply equal to the character

xo of eq. (A.42). Note that eq. (A.69) implies the general rule

o

l

Z(m+3) for Q= odd,

m for @ = even,

Eg—FE,= with me Z,,  (A.70)

as one would expect for () free fermions with energies ¢, 1= 27”(71 + %)

Since the L, are the Fourier components of the stress-energy tensor 7" which
generates coordinate transformations, they play the role of generators of confor-
mal transformations (on the strip of width [ that we are considering). (To be
precise, (1+ Y, a,L,) is the generator of an infinitesimal conformal transforma-
tion characterized by the parameters a,.) Now recall that [L,,,J,] = 0 for all
m. This means that conformal transformations don’t change the charge () of
a state, i.e. they only mix state within the same tower. In other words, each
tower {|@,a)} is an infinite-dimensional representation of the conformal group,
the primary state |(Q)) being the so-called highest weight state from which all

other states in the tower can be generated.

Finally, note that eq. (A.66¢), rewritten in position space, implies that

[J(iz), J(iy)] = —i0.0(x — y) . (A.71)
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Thus, the current does not commute with itself! This is a consequence of vacuum

fluctuations and is called the Schwinger or chiral anomaly.

Combining the o = 1, ..., N species at the end, the complete Hilbert space is
a direct product of NV copies of the one described above. In particular, a general
primary state will be labelled by N charges, |Q1,...,Qn).

To summarize this section, we have algebraically analyzed the spectrum of N
species of free, chiral fermions, and found that it can be organized into (a direct
product of) conformal towers, labelled by charges J,, each of which carries a
representation of the conformal group.

For a detailed physical interpretation of the various states in a tower, see
[Lud94b, section 1.8]. For a more systematic discussion of the properties of

towers, primary states and descendants, see [BPZ84] or [Gins87, chapter 3].

A.7 U(1l) x SU(N) Non-Abelian Bosonization

Under SU(N) transformations that transform the various species ¢ into each
other, the abelian charge towers discussed above do not transform into each other
in a simple way. Finding a classification of the spectrum in terms of SU(N)

multiplets is the subject of this section.

A.7.1 SU(N) currents and OPEs

Let T%,, A = 1,...,N* — 1 denote the generators of SU(N) transformations
in the fundamental (N x N-dimensional) representation, and f(“f\’,c) the SU(N)

structure constants. Using the normalization Tr(7°7°) = %5“, the following
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properties hold:

, ) N2-1 N2 —1
[T, 17 = foxy T Ta(T") = 0; > (T°T") = —5—  (AT2)
a=1
N2
> T8 Ty = 3 (bapdas — 30acOss) - (A.73)
a=1

[The latter result can be obtained from noting that the left-hand side is an
SU(N)-invariant tensor, and hence necessarily of the form ¢16,8 050 + 2000938
The coefficients ¢; and ¢y are then obtained by enforcing the second and third
equalities listed in eq. (A.72).]

The conserved current J° and charge (Q° associated with total phase trans-
formations (® — ), and J?, Q% associated with SU(N) transformations

(¥ — (Rn)aa?®), are constructed as follows:

Jo(z) = Z:l ST (2)*(2) : [: Z:l J“] (A.74)
Jz) = Z:_ ()T 0% (2) - (a=1,...,N*—1). (A.75)

The corresponding charges are
L L
Q° = /0 52 J%(2) ; Q= /0 = J%(2) . (A.76)

Using the properties eq. (A.72) in the general OPE eq. (A.47), one immedi-

ately finds the following OPEs:

J(z+0)0(z) = %+ Y [ (0:01(2) vo(2) - = v*1(2)0.0°(2) 1]
+ 3 () (20 (2) ¢ (A.77)
ap

aa’

1
JU z+0)J" (2) = 252 + % Ny (=)




296

+ Z [ ( W"T ) (TaTa/)aa’wa/<Z> T waT(2>(Ta/Ta)aa’ zwal('z) :}
+ Z L ()T ()07 ()T (2) (A.78)

ao! B3

Eq. (A.77) is very similar to eq. (A.51); however, the last term is non-zero even
if a = d, since Y*(2)1P(2) # 0 if a # 3. In eq. (A.78), the non-abelian nature
of the SU(2) currents manifests itself in the 2nd term (which was zero for U(1)
currents).

The OPEs again contain : 110,7 : terms, hence one can construct the free-
fermion Hamiltonian eq. (A.31) from current bilinears. However, a very partic-
ular linear combination of J°J° and J*J* is needed to eliminate the non-zero
s pTppTeh  terms in eqs. (A.77) and (A.78). Using eq. (A.73) in eq. (A.78) it

follows that

S or@re: = (N S @) e - @0 ]
(14 5) 2 et @ (2w (2) - (A.79)

which implies that the needed linear combination is
-y VN (2)0.0%(2) = ﬁ S JOJC (2) + ﬁ > JMJ (2) (A.80)
[compare [AL91b], eq.(2.8), or [KZ84], eq. (4.31)]. Consequently, the free fermion
Hamiltonian (A.31) can be written in the following so-called Sugawara form, in
which a separation of charge and spin degrees of freedom is manifest [Aff86a,
eq.(2.32b)]:
H = H°+ H? (A.81)
L
H® = 027r2N ST (2) (A.82)

H® = QWNHZ JOJ* (A.83)
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A.7.2 Algebraic Analysis of Spectrum

Since [H¢, H®] = 0, we can again analyze the spectra of the “charge” and “spin”
Hamiltonians H¢ and H*® separately. For H¢, the analysis is identical to that
presented in section A.6.2, and the central charge is again ¢, = 1. Consequently,
the charge spectrum is organized into charge towers labelled by a charge Q) € Z.

The energies within a charge-Q) tower are

c Q*
Eg—E;=2 lZN +me| , (me € Z4) (A.84)

with characters

Q2

X6 =n""(a)g>~ . (A.85)

To understand the structure of the spin spectrum, one uses the OPEs of T*
and J to calculate the commutation relations of the corresponding L7 and J;,.

We adopt definitions analogous to egs. (A.59), (A.60) and (A.56):

T%(z) = N%rlz LSO (2) + () e cs = ]X]J: : (A.86)

l
2r s  — dz i2rma/l 27 cs __ 2m * T4 A % .
i Lm = A 271_6 T( ) + 1 6m,024 - 7 E E :1+N*‘]n‘]m n*x )

nezZ a

l / *
Jyo= [ e i) [ 5w T ml (4.87)

nez
s 27 Cs s| __ 2w Cs * 70 TA  *
H =2 [—ﬂ + LO] =2 [—24 + ZZZ 1+N*JnJ_n*] : (A.88)
ne a
Note, however, that the central charge in the spin sector, ¢, = 1]\1;;11, is different

from the charge case. Its value can be obtained by being careful about point-
splitting and normal ordering when writing H*® in Fourier space (see [Lud94b,
section 1.6]). A consistency check is always that the central charges of the various

sectors of the theory have to add up to that of N free fermions: ¢ = ¢.+cs = N.)
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The commutation relations that follow from the OPEs of T and the J%s are

[Lvsw Lfn] = (TL - m>L7sm+m + %(ng - n)5n+m,0 ;
Ly, T = —mdy (A.89)
[Ja, Jh] = e8I+ 3060 mo -

Eq. (A.89a) is again the Virasoro algebra, and eq. (A.89¢) the so-called SU(N);
(SU(N)-level-1) Kac-Moody algebra. [The general meaning of “level-1" will be-
come clear in section A.8, where the more general case of SU(n); is discussed;
eq. (A.89) is a special case of eq. (A.105), with n = N and k = 1.]

Without going into details (which are analogous to those presented in sec-

tion A.6.2), let us consider only the case N = 2, for which the structure constants

abc abc

are fo)" = 1. The spectrum is organized into 2 “spin” towers, labelled by a

spin quantum number j = 0, 1. These towers are built upon primary states |7, j.)

(explicitly: 10,0,), |5,3) and |%, —%)), which, by definition, satisfy

11
202

3

SIEING G = JG+Dlg g, §=0,3, (A.90)
a=1
L. 0. = d:lidey . (3 <), (A.91)
L3, 520 = Jylij-y =0 for m>0. (A.92)

Egs. (A.90) and (A.91) reflect the fact that the J¢ satisfy an ordinary SU(2)
algebra (the restriction j < 1 is explained in footnote 12). For m > 0, the J¢
are (energy-) raising operators, as follows from the second eq. (A.87). Therefore
eq. (A.92) states that the primary states don’t contain any particle-hole excita-
tions, so that they are the lowest-energy states in the tower. Descendants are

obtained by acting on |j, j,) with the raising operators J% n < 0, and can have

arbitrarily large energies and |j,|. The energy of a state in the j-th tower has the
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form

(i1
E;—E, =% [‘7(‘7;—) + msl : (ms € Z4) . (A.93)

A.7.3 Gluing Conditions for U(1) x SU(2)

According to eqs. (A.93) and (A.84), a direct product state |@Q,m.;j, m’) has

energy

Eqj—Ep="% ch + mc) + (‘Y(‘YJD + m)] , (A.94)

with m.,ms, € Z,. Note that for general combinations of (Q,7), Eg; — Ee

does not have the general property, specified by eq. (A.70), that a free fermion

2 m

spectrum must always have, namely that all eigenenergies are multiples of <%,

with m € Z,. The reason is that we have decomposed our free fermions into
charge and spin excitations. By themselves, however, these are unphysical, in
the sense that they can not occur independently in a free fermion theory. To
recover a free fermion spectrum from a Sugawara construction, one has to glue
together charge and spin excitations in such way that the resulting eigenenergies
conform to the free-fermion form of eq. (A.70). This is done by introducing a

so-called gluing condition; this is a set of numbers {n%/}, which specify which

combinations of charge and spin towers are allowed (n% = 1) or not allowed
(n% = 0) in a free fermion spectrum. Since j is restricted to j = 0, %, we find
(by simply inspecting eq. (A.94) for compatibility with eq. (A.70)):
1 if @ = even and 71=0;
n? =41 if Q=odd and j=1; (A.95)

0 otherwise .
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The physical interpretation of this gluing condition is very simple: whenever one
adds or removes one free fermion from the system, one changes both @) by 1 and
jby 3.

A quicker (if less general) way to derive this rule is as follows: From U(1) x

U(1) bosonization (eq. (A.53), we know that

H|Q1,Qq) = % (Q% + Q%) |Q1, Q2) (A.96)

for a primary state with (Q1, Q2) electrons of species (1,2). Now, define

Q=01+ Q2 J= %(Ql —Q2) , (A.97)

which implies
L@ +@3) = Q¥4+2  [=QY4+5G+1)/3 for j=0,3] . (A98)

But, since (Q1, Q)2) are integers, the gluing condition eq. (A.95) follows directly
from eq. (A.97).

A primary state |@,j) can thus be visualized as follows: If @ is even, it
consists of ()/2 pairs of electrons of opposite species, filling up the lowest /2
levels, one pair per level, each pair coupled to spin j = 0 (since no j > % states
are allowed in the theory, as mentioned above). Hence the total spin of such a
state is j = 0. If @) is odd, one simply adds one more electron at the next unfilled
level, so that the total spin is j = 1.

Finally, let us compare this organization of the spectrum into U(1) x SU(2)
towers with the abelian U(1) x U(1) structure: In the former case there are
0o X 2 towers, in the latter oo x co. How did this come about? Note that in the

U(1) x SU(2) scheme, an infinite number of U(1) x U(1) towers are combined
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together into only two multiplets: For any given (Q1 4+ @Q2) = Q= even (or odd),
the |Q,j = 0) (or |Q,j = 3)) tower consists of all combinations of U(1) x U(1)
towers for which Q1 — Q2= even (or odd). The reason why it is possible to thus
combine them is that it is possible to obtain all such states from each other by
acting with J¢ (which indeed is the reason why they are grouped into a single
U(1) x SU(2) tower). For a very detailed description of how this happens, see
[Lud94b, section 3.4].

The moral of the story is: if one considers a larger symmetry group, many
more states become related to each other through symmetry operations, and the

Kac-Moody towers are much “larger”.

A.8 U(l) x SU(N) x SU(k) Non-Abelian
Bosonization

In the multi-channel Kondo problem, one needs to employ yet another non-
abelian bosonization scheme. Suppose that the N species of electrons hitherto
considered are labelled by two separate indices, 1® = *, with u = 1,. .., N (spin
index) and i = 1,...,k (flavor index), with Nk = N. (In the k-channel Kondo
problem, ¢ is the channel index and g the spin index, with N = 2.) Then the
free-fermion H of eq. (A.31) is invariant under separate SU(N) transformations
on the p indices and SU (k) transformations on the k indices. It is useful to em-
ploy a bosonization scheme which preserves these separate symmetries (because
the Kondo interaction breaks the full SU (N k) symmetry but not the smaller
SU(N) x SU(k) symmetry). The techniques are identical to the ones outlined

above; we therefore just outline the starting point and state the main results.
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A.8.1 Sugawara form for H,

Let T4, and T} be the generators of SU (N) and SU (k) in their respective fun-
damental representations, obeying relations like egs. (A.72), (A.73), for SU(N),
with N — N or k, respectively. Define the conserved charge current J, N2 -1

spin currents J* (a = 1,..., N>—1) and k*—1 flavor currents I’ (b = 1,...,k*—1),

as follows:
J(z) = Z P () (2) [: > JO‘] (A.99)
J(z) = Z‘ LT ()T " (2) (a=1,...,N>=1), (A.100)
') = Y - 7,0““(2)7}?@0”(2) ; (b=1,....k* = 1), (A.101)

pij
The charge currents have the OPE eq. (A.77). The spin currents J* have OPEs
that are identical to eq. (A.78), except for the first term, where the trace over i
produces an extra factor of k, to give a leading term of (%) daar [likewise for the

flavor currents I°, with leading term (1\(/5742) dpr ]. This implies immediately that

the Sugawara form for H is [Aff86a, eq.(2.75)]:

H = H°+H*+H

I
= /d—l’[ Lo JoJo: + L Je g —i-#ifb[bi} . (A102)
0

21 | 2kN N+k k+N

The coefficients in the second line are determined by the requirement that the
quartic terms : ¥f1ty : from the charge, spin and flavor sectors cancel each
other identically.

The Hilbert space decomposes into a direct product of charge, spin and flavor
towers. The spectrum of H¢ can be organized into charge towers, labeled by () €

7, as before. The spin and flavor sectors of the theory can be organized into spin
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and flavor towers, labeled by labels p;s (pf) denoting the possible SU(N) [SU (k)]
representations according to which the primary states of the corresponding spin
(flavor) tower can transform. The internal structure of these towers is determined
by the algebra satisfied by the {J%} and {I’}. The OPEs in the spin sector

translates (via eq. (A.62)) into

L3 L) = (n=m)Ly i + §5(0° = n)dnimo ; (A.103)
o A A (A.104)
(T8, Tm] = e s + 5k Gnmo - (A.105)

Eq. (A.105) is known as the SU(N), (SU(N)-level-k) Kac-Moody algebra (level
k means that each field ¥ that carries a representation of SU(N) has k extra
degrees of freedom, labelled by ¢, that are spectators under SU (N ) transforma-

tions). The [L2,, J%] and [LZ,, L¢] commutation relations are as in eq. (A.89), but
k(N2-1)

with central charge ¢, = =&

. Identical relations hold in the flavor sector,
except that N and k are interchanged, so that one obtains an SU(k) 5 algebra.
As a consistency check, note that the central charges do add up to N as they

must [Aff86a, eq.(2.83)]:

Clot = Cot et ep =1+ MED L NEZD _ gy — Ny (A.106)

This decomposition of the theory is denoted by
G =U(1) x SU(N), x SU(k) 5 (A.107)
A.8.2 The case N =2, k =2

Finally, let us consider the case that is relevant to the 2-channel Kondo problem,

namely N = 2, k = 2. Then both spin and flavor towers are governed by a
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SU(2); KM algebra. The spin and flavor primary states are denoted by |j, j.)
and |jr,jr.). By definition, the |j,j,) satisfy egs. (A.90) to eq. (A.92) (and
likewise for |j¢,js.), with J* — I°). However, the allowed spin (and channel)
quantum nubmers are now'? j =0, 1,1 (and j; = 0,1, 1).

The energy eigenvalues for states in a tower with charge, spin and flavor

quantum numbers (Q, j, jf) are given by

EQjj; — Booo =& Kg +mc> + (‘7(‘711) +m5> + <‘7f(‘7f4+1) +mf>] :

(A.108)
with m., ms,my € Z;. Of course, to recover a free fermion spectrum, a free-
fermion gluing condition has to be specified, i.e. a set of numbers {n(()Q’j 1 )},
either 0 or 1, that determine which combinations of charge, spin and flavor ex-
citations satisfy the free-fermion condition eq. (A.70) and hence are allowed in a
free fermion spectrum. Finding these numbers for general values of k and N is
a complicated mathematical problem solved in [ABI90]. For the case k = N=2
of present interest, however, working out the gluing condition is straightforward
[AL92Db, section 5, Table 1]: all we have to do is to analyze for which combi-
nations of (@, J,jr) eq. (A.108) is compatible with the free-fermion condition of
eq. (A.70).

First note that when specifiying the gluing condition, () only needs to be

12Tn general, for SU(2)i, the allowed values of j are j = 0,1/2,...,k/2. Physically, the
reason why primary states with j > k/2 cannot occur is due to Fermi statistics [GW86, p.514-
515]: to comstruct a state with j > k/2 and without particle-hole excitations, one has to use
(partially) symmetrized (as opposed to completely antisymmetric) combinations of the avaible
k different flavors of spin 1/2 states, all with the same particle number (else there would be
particle-hole excitations). However, any such combination will vanish identically, since only
completely anti-symmetric combinations of fermion states with identical quantum numbers can
be non-zero. For an explicit illustration of this argument, see [Lud94b, section 3.4]. For an
algebraic proof, see [Gins87], eq.(9.30), or [GW86], p.514-515.
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Table A.1 Eigenenergies (in units of 27“) of charge, spin and flavor primary states.
At the same time, these numbers are also the scaling dimensions of the corre-
sponding quantum fields.

g=Qmod4 : 0 +1 2 j: 0 %1 jro 0 101
s 0 5 S WU+ s 0 5 5 Uit s 0 5 g
specified up to multiples of 4, i.e. we may write
Q =q+4n, n ez, qg=-1,0,1,2, (A.109)
since
1Q% = Lq+4n)®> = 1¢° + integer . (A.110)

The values that the various terms in eq. (A.108) can take on are listed in table A.1.
Simple inspection of this table shows that the only combinations (Q,7,js) for
which eq. (A.108) is compatible with eq. (A.70), and hence for which n@7Ir) =
1, are those listed in table A.2. The last column indicates generically what
combinations of free fermion operators create from the 7' = 0 Fermi sea (denoted
by |0)) the primary state of the corresponding tower. For the lower three rows,
involving two fermion operators, Clebsch-Gordan coefficients are needed (but not
shown) in order to couple the (up') and (ii') indices together to the corresponding

values of j,j; =0, 1.
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Table A.2 Free-electron gluing condition for primary fields for k¥ = 2, N = 2.
All other combinations for which n'?77# # 0 can be obtained from the above
by letting @ — @ + 4m (m € Z). For the lower three rows, involving two
fermion operators, Clebsch-Gordan coefficients are needed (but not shown) in
order to couple the (uu') and (i) indices together to the corresponding values

of 3,75 =0,1.

Q J s ﬁ(Eijf—Eooo) n{@43r) state
0 0 0]0+0+0 =0 1 10)
1o 5 sttt = s 1 ¥40)
2
-1 3 3 [tieth = 2 1 0, 10)
0 1 1]0+;+;5 =1 L] etytio)
2 2
2.0 1 ]3+0+5 =1 L]ty o)
2 2
2 1 0 |5+340 =1 Lo | e Mo)
2 2




Appendix B

Basic Facts of Bulk 2-D

Conformal Field Theory

In this appendix we summarize the axioms of 2-dimensional quantum field the-
ories that are invariant with respect to conformal (Virasoro) and non-abelian
current (Kac-Moody) algebras.

Our reasons for presenting these here, despite not really having used them in
the main part of the thesis, are the following: Firstly, in appendix A we analyzed
in quite some detail the properties of free fermion theories, written in Sugawara
form. However, our presentation was rather pedestrian, intended for a reader
without any background in CFT. In the summary of the main axioms of CFT
that is to follow, in particular in section B.3, the reader will recognize many of
the results found in appendix A, which should give her a feeling for how these
results fit into the general framework of CFT.

Secondly, whereas the methods of appendix A were sufficient to analyze the

spectrum of the Kondo coupling at both weak and strong coupling, they are not

307
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sufficient for calculating Green’s functions. For this purpose, one has to take
recourse to Cardy’s boundary conformal field theory [described in appendix CJ,
which in turn presupposes knowledge of the concepts summarized below.

Thirdly, by writing down the axioms that are needed for our purposes, and
providing detailed references to where derivations may be found, we hope to
inform the reader as to precicely what is needed in order to understand the
technicalities of Affleck and Ludwig’s treatment of the Kondo problem. Hopefully
this will allow the reader to be more selective when learning this material from
the standard references.

The material to follow was developed in the seminal papers by Belavin,
Polyakov and Zamolodchikov [BPZ84] (on conformal symmetry) and Knizhnik
and Zamolodchikov [KZ84] (on Kac-Moody symmetry). Detailed pedagogical
presentations are given, for example, by Ginsparg [Gins87], Christe and Henkel
[CH93] or Polchinski [Pol94, section 1]. Our summary is essentially plagiarises
that given by Gepner and Witten [GWS86, section 3] (which contains a number

of minor typographical errors).

B.1 The Axioms of Bulk 2-D Conformal Field
Theory

[BPZ84], [KZ84], [GWS6, section 3|, [Gins87], [CHI3], [Pol94, section 1].

Consider a field theory in 2 dimensions, consisting of an infinite set of local
fields, {A;(z, 2)}, that depend on two complex variables z and z, which are kept

as distinct variables.! The set of fields is assumed to be complete in the following

'To obtain the “physical” section of the theory, one can in the end treat them as complex
conjugates of each other, as we did in eq. (A.15), by setting z = 7+ix, Z = z* = 7 — iz [BPZ84,
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sense [BPZ84, eq.(1.6)]: it contains the identity operator, A, = I, as well as all
coordinate derivatives of each field involved. Furthermore, the operator product

expansion of any two fields, A;(z,2) and A;(2/,Z') can be written in terms of
other local fields A (2, Z'):

Ai(2,2)A4;(2,2) =D Ciyu(z — 2,z = 2)Ap(#, Z) (B.1)

k

where the structure constants Cj;; are single-valued c-number functions. The
operator algebra eq. (B.1) is assumed to have the associativity property. This
places such stringent constraints on the Cj;; that if the theory has conformal or
Kac-Moody symmetry, these functions can be determined exactly.

The theory is assumed to be invariant under a general analytic (confor-
mal) transformation, in which one makes a change of coordinates from (z, z) to
(€,€) = (f(2), f(2)), and expresses all field A(z, Z) in terms of new fields A(¢, ).
Here f and f are any two, generally unrelated, analytic functions. Under such

transformations, a Virasoro primary field is a field that is expressed as follows in

terms of a new field ¢(¢, £):2

N
oi=n = (3)(5) . (B2

Here A and A denote the left and right dimensions of the field. A + A is the

conventional dimension, whereas A — A is the spin of the field. [The fields used

p- 335]. Once the physical section has been taken, the notation A;(z,z) may seem redundant,
since then the value of z determines the value of z, but it is useful to reserve the notation A(z)
or A(Z) for fields whose equations of motion make them analytic in z or Z, respectively.

2We employ the notation of [Lud94al, eq. (1.67), where the “passive” form of the trans-
formation properties of primary fields is given. In many texts, the “active” form ¢(z,z) —

A¢ = A‘b _

(%) (%) (&, &) is given, which in a sense corresponds to the inverse of eq. (B.2), with
corresponding sign changes ¢ — —¢ for the infinitesimal transformations discussed below.
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in the Kondo problem are purely chiral, with A = 0 for L-movers and A = 0 for
R-movers.|

The theory is also assumed to possess a symmetry under a certain Lie algebra
G. Under “isospin rotations”, a Kac-Moody primary field ¢(z,Zz) of the Kac-

Moody algebra is expressed in terms of a new field B(, €) by®

(2, 2) = U2)U2)$(2, 2) (B.3)

and this is assumed to be a symmetry of the theory. In general Q(z) and Q(2)
may belong to any two representations of the Lie algebra, denoted by R and R

respectively. Note that © (€2) operates on the left (right) indices of the primary
fields (2, %), which indices take their values in the representation R (R). [For
the N species of free fermions of appendix A, the algebra is SU(N), and for
left-moving fermions R is the fundamental representation and R is the singlet
representation; the representations are interchanged for right-moving fermions.]

Note also that  and € are analytic functions of z and Z, respectively.

Infinitesimal versions of the above transformations are generated by

= fz)=2—=(2), E=f()=z-2(2); (B.4)

Qz) =1—wt", Q(z)=1-o""; (B.5)

where ¢, £, w* and @® are small, and t* ({*) is an antihermitian matrix in the

appropriate representation R (R) of the algebra G, with [t%, "] = f..t°. Under

3In the original literature [KZ84, GWS86] this law is written in the form ¢(z,2) —
Q(2)¢(z, 2)Q271(2), i.e. the action on right-handed isospin indices occurs from the right. How-
ever, in the applications of interest to us, it is more natural to act on both left and right-handed
isospin indices from the left (see e.g. eqsB.KM and (B.54) below), which leads to minor nota-
tional differences from [KZ84,GW86).
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Figure B.1 A contour C' that encloses all the points 21, ..., z,, Z1,..., 2, of the
correlation function X of eq. (B.10).

such transformations, egs. (B.2) and (B.3) become

0ee®(2,2) = ¢(z,2) — ¢(2,2) (B.6)

= [y (2) +(2)0: + Dy (2) + 6(2)0:] 6(2,2) 5 (BT)

5w,w90(2,2) ¢<Z7§> - @(272) (Bg)

= [w(2)t* + 3" ()] (2. 7) . (B.9)

Consider a correlation function of some fields, not necessarily Virasoro or

Kac-Moody primary:
<X> = <A1(21721)"'An(zn72n)> . (BlO)

Let C' be a contour that encloses all the points z1,...,2,, Z1,...,2,, and let
the conformal transformations (z) and £(Z) be analytic in z and Z, respectively,
inside C', and arbitrary but small outside C. These transformations are generated
by the left-handed and right-handed components T'(z) and T(z) of the energy
momentum tensor, which are analytic functions in z and z respectively due to

the conservation laws 9;T(z) = 9,T(%) = 0. The change in (X) due to such
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conformal transformations is given by*® (for a very nice discussion, see [Pol94,

section 1.2]):

(-eX) = § £ (OTOX) = § £ AOTEOX).  (B1Y

c

For a single (arbitrary) field A(z, ), this implies the transformation law

5.oA(25) = § 5 COTOARD) - § £ OTOA=D . (B12)

c
Likewise, let w®(z) and @®(Z) be analytic in z and Z, respectively, inside C.
The corresponding Kac-Moody transformations are generated by the left and
right isospin currents J%(z) and J%(Zz), which are analytic functions in z and 2z
respectively due to current conservation, 9;J%(z) = 9.J%(2) = 0. The change in

(X)) due to such KM transformations is given by®

(BooX) = = § £ OUOX) + § £ OUOX) . (B.13)

For a single (arbitrary) field A;(z, Z), with left [right] isospin indices in the rep-
resentations R [R] respectively, the currents J* and J¢ generate Kac-Moody

transformations through

Soodi(z,2) = — 7{0 9 a(€)J(E) A (2, 2) + ]{ 9 508 JUE) A (2, 7). (B.14)

In eq. (B.12) the functions €(z) and &(Z) are independent, and in (B.14)

the functions w?(z) and @w*(Z) are independent. This means that the z and z

4We use the convention that both the §d¢ and ¢ d¢ integrations are counterclockwise around
C. This means that fcd—g,f(g) = f(z), and — §, 4ELE) _ f(3).

27 E—z 2mi E—Z
°Eq. (B.11) is derived for free fermions in section B.2. [Gins87], p.18, 19. explains lucidly how

the contour integrals arise from the familiar commutation relations §X = ¢[T, X]| of eq. (A.22).

6This is the analogue of the familiar relation 6X = —w®[J?, X] of eq. (A.12). We use sign-
conventions for J%, J% in eq. (B.13) that are opposite to those of [KZ84], eq.(2.7) and [GWS86],
eq. (3.15); this choice is made in order to be consistent with the free-fermion representation
of the current operators that is used in the rest of this thesis, namely J¢(z) =:11(2)T%)(2):,
with normalization (1f(€)1(2)) = (¢ — 2)~!. Consequently, theWard identity eq. (B.24) and
all related equations differ by a minus sign from those in [KZ84] and [GW86].
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dependences actually separate, so that a field may be thought to “factorize” into

a left- and right-handed component [Lud94a, eq.(6.12)]:
Ai(2,2) = Ai(2)Air(2) - (B.15)

To be more precise, all correlation functions are sums of products of left and right

factors [Lud94a, eq.(6.13)]:
<A1(Zl, 21) . An(z’m En)> = (B16)

Z <A1L(Zl) cee AnL(Zn)><a) <A1R(El) S AnR<Zn)>(b> - MO
(a),(b)

However, a “correlation function” of purely left- or right-handed fields, a so-
called “conformal block”, is in general not completely specified by the fields
themselves, and extra labels (a), (b) are needed. The reason is [KZ84, section 4]
that such a pure L-handed correlation function typically has to satisfy a set of
differential equations, known as the Knizhnik-Zamolodchikov equations, which
have, in general, several independent solutions, labeled by the index (a). The
matrix M in eq. (B.16), which specifies which linear combination of products of
conformal blocks needs to be used, is determined by the requirement that the
left-hand side of eq. (B.16) be single-valued [DF84,BPZ84].

Now consider correlation functions (X) of Virasoro primary fields, and (Y) of

Kac-Moody primary fields:

(X) = (1(21,21) - - Pnl2ns Z0)) - (B.17)
(V) = (@1(21, 20) - fulns 20)) (B.18)
Then, using eq. (B.6) on the left-hand-side of eq. (B.11), and eq. (B.8) on the

left-hand-side of eq. (B.13), we obtain

FEOTOX) - f £OTEOX)

C
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Z[A¢e () + (2)0., +A¢s(2i)+é(2i)8gi} (X); (B.19)
- ECOUIEY) + § £SO
= g{w(zi)tzwa@)t‘ﬂ ). (B.20)

—_

The notation in eq. (B.20) means that ¢ [t¢] acts on the left [right] isospin indices
of the field ¢; [@;] in (V).

Since the functions (z) and £(z) are independent, and likewise w(z) and w(Zz)
are independent, the z and Z dependences in egs. (B.19) and (B.20) separate, as

explained above:
ﬁ%e@mm - A+ (X (B2

~§ EuUrEY) =

with similar equations for (T(£)X) and (J%(£)Y). We henceforth do not display

w(z)tY) , (B.22)

NgERI

I
—

(2

the right-handed expressions in z, since they are entirely analogous to the left-
handed ones in z.

Using Cauchy’s theorem to write the right hand sides of these equations as
contour integrals over §,d¢, and then noting that the resulting equations must
hold for arbitrary £(§) and w®(€), one obtains the Ward identities for correlation

functions of Virasoro and Kac-Moody primary fields, respectively:

_ N Ay, 1 :
TOX) = 3|2t oyt 0 (B.23
Y] = X ) (B.24)

with identical equations for T and J¢, in terms of A, and %. These relations

imply the following operator product expansions of a Virasoro primary field with
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T, and of a Kac-Moody primary field with J¢:

Ay, 1

T(©0(27) = otpoled) t o pydal=nt . (B2)
J9(E)i(2,2) = (f__ti)%(z,zw L (B.26)

where the ... represent terms that are regular as & — z.
The energy momentum tensor has dimension A = 2 but is not Virasoro
primary; the currents are not Kac-Moody primary, but are Virasoro primary

with dimension A = 1. Their mutual OPE’s are

o2 2 L, |
TET(z) = (f—z)4+($—z)2T()+(§—z)T()+ ... 5 (B.27)
T)J(2) = (sz)zJ“(z) + (fiz) JY(z)+ . (B.28)
17.5ab abc
JUE)J(2) = (51162)2 + (ff_ 3 J)+ ... (B.29)

The definitions of T and J* have to be supplemented with the asymptotic con-
ditions”

T(z)~z*, JUz) ~ 272, as z — 00 . (B.30)

T(z) and J*(z) can be expanded in Laurent series:
T(z)= > Lnz "2, Jiz) = Y Jeb. (B.31)

n=—oo n=—oo

The L,, and J} may be though of as maps which act on the space of local fields

through®

LoA(z,7) = fc 4 T(E)(E — 2)" A2, 7) (B.32)
FiAi(z2) = 1S TMOE -2 Ay(=2) (B.33)

"See [KZ84, eq. (2.10)]; an explanation of this condition can be found in [CH93], after
eq. (2.40).

*T believe that the extra ¢ contained in eq. (B.3.20) of [GWS86] and eq. (2.15) of [KZ84]
relative to eq. (B.33) is a typo.
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and due to the Ward identities egs. (B.12) and (B.14) they generate the conformal
and Kac-Moody transformations on the fields.

Due to eq. (B.27), the L, obey the Virasoro algebra,

3

Ly, Lin] = (n —m) Lyt + f—gc(n —1)0ntmo (B.34)

in other words, the fields of the theory constitute a representation of the Virasoro
algebra, where the Virasoro operators act on them as defined in eq. (B.32).
Likewise, eq. (B.29) implies that the J¢ satisfy the Kac-Moody algebra (or

current algebra):?

e ] = e+ k0™ G (B.35)
e ] o= 0. (B.36)

If one assumes that a primary field of the Kac-Moody algebra is also a primary
field of the Virasoro algebra [this is true for all Wess-Zumino-Witten theories,
which is sufficiently general for our purposes (see section B.3)|, then under J¢
and L, the fields in the theory transform into one another. In particular, for

Virasoro primary fields one has [from eqs. (B.25)]

L,py=0 for n>0, and L,¢; = Aoy, (B.37)
and for KM primary fields [from (B.26)]:

Jior=0 for n>0, and Jio = —tlo; . (B.38)

By repeatedly applying on a primary field operators from the Virasoro or Kac-

Moody algebra, one obtains new local fields of the general form:

JUJge g g% L L L Ly - (2, 2) (B.39)

—ni1 < —n2 —n1 % —n2

9These relations were derived in a pedestrian manner in appendix A.
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Mathematically, this field ¢(z,z) generates a highest-weight representation of
the combined Kac-Moody and Virasoro algebras. The highest-weight vector is
the primary field ¢ and its weight is (A, A) for (L,, L), and the weights of the
representations (R, R) for the Kac-Moody algebra. This is due to the fact that all
the positive operators (those with n > 0) annihilate the primary field [eq. (B.37)].

Every local field in the theory will belong to some unique such highest-weight
representation with a certain primary field sitting at the top. Thus, every field
corresponds to some unique primary one. The Ward identities enable us to ex-
press any correlator of local fields in terms of those of primary fields. One simply
needs to repeatedly apply the Ward identities. It is thus sufficient to focus atten-
tion on the correlators of primary fields, since they contain the full information
about the theory.

The simplest example of relations satisfied by the correlators of primary fields
follows from the general Ward identies of eqs. (B.23) and (B.24). The asymptotic
behavior as z — oo of the currents is T'(z) — z™* and J%2) — 272 (this is
understood to be valid when the currents are inside correlators; these relations
follow from the requirement of regularity at infinity). Applying these to the Ward

identities and integrating ¢ d¢ around a contour that encloses all the {z;, z;}, one

obtains
zn:lt?(gol(zl, Z1) o on(zn, Zn)) = 0, (B.40)
ot (45410, + (14 DA (pa(e0,71) - pulom 2)) = 0, (BdL)
i=1
where n = —1,0,1. These equations are the manifestations of invariance with

respect to the subalgebras of projective conformal transformations and of global

gauge transformations. They strongly constrain the correlators of primary fields,
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enabling one to write them in terms of invariants of the algebra GG and the projec-
tive transformations. The two- and three-point functions are completely deter-
mined by these equations, up to an overall constant [Gins87, section 2.1]: writing

Z19 = 21 — 29 and Z19 = Z; — 29

ij _ _ Aik—oB'l,o
(97 (21, 21)¢§l(22,22)> = W ) (B.42)

for Ay = Ay = A, and Ay = Ay, = A, otherwise the correlator vanishes. Also

(using the convention of [Gins87, eq. (2.5)])

Ek,mGjl,n

Aos1 Az12 A123 SA231 =Ag12
R93 " 213 "R12 %23 213

(1 (21, 20) 85" (20, 2) 0" (25, 23)) = —5— (B.43)
2

where Ay = A, + Ay — A.. The constants A, B, F, and GG are proportional to
the appropriate structure constants (Clebsch-Gordan coefficients) of the algebra.
Four-point functions, however, are not so fully determined just by confor-

mal invariance. Invariance under the small conformal group allows the following

general form [Pol70], [Gins87, eq. (2.6)]:

GO (2, Zm) = 9(€,8) T 2t ta0tar/3 I 2, (Bt aels = (B.44)
m<n m<n
where Ay, = S8 A, Ar =31 A, and the cross-ration ¢ and its relatives are
defined by:
= 212234 ’ 1—¢= 214223’ § _ 12734 _ (B.45)
213224 213224 1—=¢  zuzes

In general one cannot say more than that about the correlators, but there are
some very important exceptions in which it is possible to obtain strong constraints
on the correlators. They all stem form the fact that the various fields defined in

eq. (B.39) are not linearly independent even though they formally appear to be
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so. In particular there will be some combinations of (negative) operators from
the Virasoro and Kac-Moody algebras which annihilate a particular primary field.
The fields in eq. (B.39) which formally do not vanish, but in actuality do, are
called null vectors. They play a crucial role both in the representation theory and
in conformal field theory. The vanishing of a null vector implies the vanishing of a
correlator containing it. In view of the Ward identities, this in turn gives rise to a
constraint on the correlators of primary fields — typically, they have to satisfy some
differential equations, such as the Knizhnik-Zamolodhcikov equations. By solving
these differential equations, one can typically obtain exact analytic expressions
for the correlators of primary fields, and hence for all correlators in the theory.

For an exploration of the constraints imposed by null vectors, see [GW86].

B.2 Example: Free Fermions

As an elementary example, we now illustrate how the familiar free fermion theory
of appendix A (at 7" = 0) fits into the general theoretical framework summarized
in section B.1. (The case of free bosons is beautifully treated by Polchinsky [Pol94,
chapter 1].) In particular, we show from first principles how to derive, from the
free-fermion Lagrangian, the Ward identities (B.19) and (B.20), and the stress-
energy tensor T, 7T and currents J?, J* that appear therein. While the treatment
below is by far not the most general possible, it is hoped that it will illustrate for
the uninitiated reader the origin of some of the relations in section B.1; moreover,
by acquiring a feeling for these relations via an explicit example, it is hoped that
the reader will be able to appreciate better in which respects Cardy’s boundary

CFT, discussed in appendix C, differs from bulk CFT.
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Consider N species each of free L- and R-moving fermions, ¢%(z) and (%),

a=1,...,N. The action is

2

8 = [t (4o (1, i0)20:0° (r,iw) + 9% (1,i2)20.90%(r,im)] . (B.46)

where the integral goes over the complete complex plane, and the fields are nor-

malized such that [see eq. (A.36) with T" = u, = 0]

1

z— 2z

1

z—7

(W2 (2)p(2")) = . WrEPT(E) = (B.47)

Using ¢; as a shorthand for any of the fields ¥ (z;), ¥ (z), ¥ (%) or

1t (%;), consider the correlation function

(X) = (¢i...00) = /D¢1 . Done SO, b (B.48)

defined as a path integral (with the implicit assumption that th epath integral
can be defined in a way consistent with all symmetries of the system, which is in
general a highly non-trivial matter in the presence of gauge symmetries). Now
consider an infinitesimal transformation, in which the ¢; are expressed in terms

of new fields ¢; through
¢i = 0%(7,iz) = (1 — Doot (7,i)) o (7, i2) = (1 — D;) s (B.49)

where D; is an infinitesimal (c-number) operator acting on ¢;. Under this trans-

formation, the action can be rewritten, to leading order in D, as
S[¢i] = S[(1 — D,)([SZ] = 5[&1] - 53[451'] . (B.50)

Assuming that the path-integral measure is invariant, [D¢ = [Dg, the correlation
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function can likewise be rewritten, to leading order in D, as'®
(X) = (6s.-6a) = [Dd1... De™ (1 + 6S[51]) DS (L= D). ).
- (B.51)
Now, the leading term on the right hand side, (X ) = <</5Z . gz~5n>, actually equals
(X), because the actions S[¢;] and S[¢;] governing the (X) and (X) correlation
functions have the same functional form in terms of the ¢; and ¢;, respectively.

What remains from eq. (B.51) is the identity

(3516,X) = Y- Di(X) | (B.52)
where we have dropped the 7s, because any identity holding for the qBZ fields must
also hold for the ¢;’s. [Polchinski [Pol94] shows very nicely how the quantum
version of Néther’s theorem can be derived from eq. (B.52).] Eq. (B.52) lies
at the heart of egs. (B.19) and (B.20), which we shall now derive from it by
considering infinitesimal conformal and Kac-Moody transformations.

Under the conformal coordinate transformations ¢ = f(z), £ = f(2) (f and f
arbitrary and unrelated holomorphic and anti-holomorphic functions of z and z),
the fermion fields transform according to eq. (B.2), with (A, A) = (1/2,0) for ¢
and T, and (0,1/2) for ¢ and ¥'. Under SU(N) Kac-Moody transformations,

they transform according to [using the notation of eq. (A.7)]

Po(2) = [T O] W¥(z), gfz) = [T 0T(z), (B53)
0 = [T O] 0NE) g = [P0 M), (B59)

ax

Here 6(z) and () are (arbitrary and unrelated) holomorphic and anti-holomorphic

0More generally, if the measure is not invariant, 65 should be replaced by the change in (
measure x e~%).
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functions, that are real on the real axis (this condition is explained in footnote 5
of appendix A).

We now want to consider infinitesimal versions of such conformal and Kac-
Moody transformations. However, since every non-constant analytic function
always diverges somewhere in the complex plane, we have to restrict our attention
to a limited domain, A. Let C be a closed contour enclosing all the points z; and
Z; occuring in (X)), and take A to be the domain enclosed by and including C,
while denoting the rest of the complex plane by A’ [see Fig. B.1]. Then consider

an infinitesimal coordinate transformation of the form
E(ryix) = z —e(yix), E(ryix) = z — &(1,ix) . (B.55)

Likewise, for gauge transformations, take 6(7,iz) and §(7,ix) to be infinitesimal.

In the notation of eq. (B.49), namely

/

V(2) = (1 = D(7,iz))aa )™ (2) etc., (B.56)
we obtain from egs. (B.2) and (B.53):

D((XEO)L,(T, ir) = [%825(7', ir) + (T, m:)az} Saar  for ¢ and ¥'; (B.57)

DS (riix) = [30:8(r,ix) + &(7,i2)0:] oo for ¥ and ¢T; (B.58)
Dé@(r,z’x) = i0¥(r,ix)TS, for v, and[ ] for T : (B.59)

DO(riz) = i0(r,ix)TY, for b, nd [DP]" for ¢ . (B.60)

In the notation of eq. (B.5), we have

wit?® = 0XT*  for ), and i0XTX)* for T,
) ) ( ) ) (B.61)
0% =i0XT* for ¢, and  (i0XTX)* for i



323

Now, since A is bounded, it is possible to choose € and & (or w and @) to be,
for all (7,ix) € A, both infinitesimal and, respectively, holomorphic and anti-
holomorphic functions of z and z. Outside A, i.e. for (r,iz) € A, we choose
them to be arbitrary infinitesimal functions that vanish at co. In other words,

we assume that D and D satisfy
0:D(t,ix) = 0.D(r,iz) =0 for (r,iz)€ A, and D= D =0atoo. (B.62)

To find the corresponding 6S[¢;], substitute eqs. (B.56) into eq. (B.50). Since
the equations of motion are valid inside (), only those terms in (6S[¢;]X) that

don’t contain any d:¢)(z) (= 0) and &,}ﬁ( Z) (= 0) survive, so that we get

OS(6)X) =[5 {01 (2) PO Do (i) 57 (2)K) (B.6)
+ (0" (2) [20. Dawr (i) J“(z)X>} . (B.64)

where 0; and 0, act only on D and D respectively. Now comes the crucial
point, which exploits the analiticity of D and D: because of eq. (B.62), only
the region outside A, namely A’, makes a non-zero contribution to the integral.
Furthermore, we can exploit the equations of motion to pull d; and J, out in

front of the expectation values. Dropping the s, we get

(05160X) = [252 {20071 () D (7, i) (2)X) (B.65)
+ 20, (07 (2) Do (7, ix)@a(z)x>} , (B.66)

These integrals are of the form
A%[282F+282F} :/Aj;%é-ﬁzifcdﬁ-ﬁ, (B.67)

where 9 = (0r,0,) and F= (F+F,iF —iF). In the last equality we used Gauss’

law to write the area integral over A’ as a contour integral along the boundary
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of A', namely C. Let (d7,dx) be the tangent vector to C, whose direction we
choose to be counter-clockwise. Then dS , the normal vector to C' that is oriented
toward the outside of A’ (i.e. inside of C) is given by dS = (—dz,dr) (see
Fig. B.1]. Thus, Gauss’ law implies (g:) — (_Zf). To write the contour integral

in terms of complex coordinates, note that

()= (D) = () (H-0 DD

which implies that

=1("%) . (B68)

, 27Tz 278

/dm 0:F +0.F| = =8 + EF. (B.69)

Applying this general result to eq. (B.65), we obtain

(BS01X) = = | (07 (=) Dawr (D0 (2)X) + § 22 (0°1(2) Do (2)0°(2)X)
(B.70)
where our notation D(z) and D(Z) makes explicit that, by eq. (B.62), these
functions are holomorphic and anti-holomorphic along (and inside) C'.
Finally, substitute the explicit forms of egs. (B.57) to (B.60) into eq. (B.70);
then eq. (B.52) gives

ji%g(ZMT(Z)X ) — fb L2E)(T(2)X) = [DF+D](X) (B.71)

i

- ]{ 2% (2 f 20 (2)(J(2)X) =3 [DP+DV](X) (B.72)

i

where the sums on 7 and j go over all points z; and Z; occuring in (X)), and

T(z) = §:{[00"(2)] v°(2) — v (2)0:0°(2)} : (B.73)

J*(2) ()T (2) ¢ (B.74)

Identical equations give T'(2) and J¥(Z) in terms of ¥(2) and 9z (Z).
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These are the main results of this section. Eqs. (B.71) and (B.72) correspond
to eqgs. (B.19) and (B.20) (with the identifications made in eq. (B.61)), and the
expressions for 7" and J* that we derived in the process are just eqgs. (A.21)
and (A.8) of appendix A. The connection between the contour integrals of
egs. (B.71) and (B.72) and the canonical commutators of eqs. (A.12) and (A.22)
is explained lucidly in [Gins87], p. 18,19.

As explained in section B.1 (just before eq. (B.23)), the operator product
expansions of T'(z)y(w) and J*(2)y(w) [egs. (B.25) and (B.26)] follow directly
from eqs. (B.71) and (B.72).

To conclude this section, let us point out that for the present case of free
fermions, all OPEs [also egs. (B.27) to (B.29)] can actually be derived directly
by simply using Wick’s theorem, as illustrated in section A.5. For example, if in
eq. (A.47) we choose the matrices A, B to be TX, TX', then that equation yields
the J*JX" OPE of eq. (B.29).

As another example, we consider the OPE of T'(2)y(w), using eq. (B.47) to

evaluate the Wick contractions:

T2y (w) = §:{[0:0°1(2)] v°(2) = v*1(2)0.0°(2) } : ¥ (w) (B.75)

= —1*(2)0.(z —w)  + iz —w) 0 (2) + ... (B.76)

- [(z 1_/30)2 + (Z_lw)azl ) + .. (B.77)
where the last line is obtained by Taylor-expanding *(z) = ¢¥*(w) + (2 —
W) O™ (w) + .. ..

Finally, let us verify that the central charge for a single species (N = 1) of

chiral Dirac fermions is ¢ = 1, by using Wick’s theroem to calculate the coefficient

c¢/2 of the (2 —w) ™ term in the OPE (B.27) of T'(2)T(w). This term arises from
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a double Wick contraction in each of the four terms of 7'(2)T'(w):

T(z)T(w) = [% L0 — 10 (2)} [% t D — PO, (w)} (B.78)
= i[(1+1)6z(z—w)‘1aw(z—w)—1—(1+1)(z—w)-1azaw(z—w)—1} + ... (B.79)
12
T (z—w)? T (B.80)

which implies that ¢ = 1, as advertized. It is an instructive exercise to use the

same method to obtain the other terms in the 77" OPE (B.27).

B.3 Wess-Zumino-Witten theories

[For details, see [KZ84] and [Gins87, chapter 9].]

In the previous section, we have seen that for free fermions, all the results of
section B.1 can be derived by elementary means. This is not the case, however,
for the charge, spin and channel sectors into which free fermions are factorized
in AL’s treatment of the Kondo problem. This is so because the spin, flavor and
channel fields, taken separately, do not obey Wick’s theorem, since each represents
a strongly interacting field theory. Each of the charge, spin and channel sectors
is in fact described by a so-called Wess-Zumino- Witten (WZW) theory. In this
section, we summarize some basic facts about WZW theories, again plagiarizing
[GW86], section 3.

WZW theories can be described axiomatically by imposing the Sugawara form

on the energy-momentum tensor, namely

T(z) = 5. :J%%=)J=2):, (B.81)

T(z) = &Y. :J%2)J(2):, (B.82)
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where x is some constant. The Laurent series expansion of this relation is
(0.9]
Lo = 5.2 W0 it (B.83)
—0oQ

where the normal ordering means pushing to the right the “annihilation opera-
tors” Ji with £k > 0. Let D be the dimension of the group, and let ¢, be the
Casimir of the adjoint representation [ f®? = ¢,6,4]. Then the normalization

k of the stress-energy tensor and the central charge c are given by

kD
o+ k-

k=3(c, + k), c= (B.84)

In these theories, any field ¢ that is a Kac-Moody primary field is also a Vi-
rasoro primary field. Suppose ¢ transforms in the representation R with Casimir

¢y [t*t* = ¢, I]. Then the dimension A, of ¢ is given by

Co
= —— B.8&5
Yo+ k ( )

For a discussions of the null-vector constraints of the theory, consult [GW86].

As an example, let us apply this to the SU(N); Kac-Moody algebra that we
encountered in the U(1) x SU(N) x SU(k) bosonization of N = Nk species of
left-moving (i.e. chiral) free fermions.

The underlying Lie algebra is SU(N), which has dimension D = N2 — 1 and
Casimir ¢, = N in the adjoint representation. Hence, the normalization factor 2«

of the stress-energy tensor eq. (B.81) is 2k = N + k, as we found by pedestrian

E(N2-1)

means in appedix A [see eq. (A.102)]. The central charge is ¢ = =%

, as stated
(though not derived ) on page 303. Finally, consider N = 2; then the Casimir of
a field ¢; of spin j is ¢; = j(j + 1), and hence the scaling dimension of this field

is A; = ](2]%,? This agrees with eq. (7.29), since the scaling dimension A, of a
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Virasoro primary field can be read off from the eigenvalue F, of the finite-size
spectrum through E, — E, = 7A,. This relation is derived in the next section
[see eq. (B.94), with AW N = 0, since in appendix A we consider chiral fermions,

and N = 0 for the primary state in the tower].

B.4 Relation between Bulk Scaling Dimensions
and Transfer Matrix on Strip

[Car84a], [Car86al, section 2, [CH93], section 13.1.

There exists a very useful relation, due to Cardy ([Car84a] and [Car86a, sec-
tion 2]), between the scaling dimensions (A, A) of Virasoro primary fields ¢(z, z)
in a bulk conformal field theory, and the eigenvalues of a certain transfer ma-
trix e"#7 on a strip of finite width [. Cardy derived this relation by exploiting

a conformal transformation, z = e*™/!

, which maps the plane (parametrized
by z) onto a strip of finite width | (parametrized by w). The 2-point function
(p(w,w)p(w',w")) on the strip can then be calculated in two ways: firstly by sim-
ply applying the conformal map to the corresponding two-point function in the
plane, (¢(z, 2)p(2', Z’)), and secondly in terms of the transfer matrix on the strip.
Equating the resulting two expressions yields the desired relation, eq. (B.94) be-
low.

We now derive this relation, following [Car86a, section 2]. Parametrize the
full complex plane by z = 7 4+ iz = re?®. The 2-point correlation function of
any Virasoro primary field ¢(z,z) with scaling dimensions (A, A) is given by
eq. (B.42):

(62, 2)o(2, 7)) = : : (B.56)

(Z _ Z’)QA(E _ 2/)2A )
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1 |

z=t+ix=rg® z=e&™ W=U+Hiv
N
.
v=|
8
\ i HP
v=0
u
Figure B.2 The conformal transformation z = €™/ maps the plane,

parametrized by z = 7 + iz = re? onto a strip of width [, parametrized by
w = u + v, with periodic boundary condition at v = 0,[. H, generates transla-
tions along the strip in the u-direction.

[To simplify our notation, we do not show here explicitly the “isospin indices” of
the field ¢ shown in eq. (B.42), and in eq. (B.86) have chosen unit normalization
for each component of ¢ .|

Now make a conformal transformation,
2= f(w) = ¥/, (B.87)

which maps the z-plane onto a strip of width [, parametrized by w = u + v
(Fig. B.2).

This maps circles of constant radius r onto lines of constant u = (I/27)Inr,
and lines of constant € onto lines of constant v = (I/27)f. In particular, the
“upper side” (“lower side”) of the positive T-axis, i.e. § =01 (§ = 27 —07) is
mapped onto the lower (upper) edge of the strip, v = 0 (v = [); all fields that are
single-valued at # = 0,27 in the plane [i.e. have integer (A, A)], are periodic at
v =0,[ on the strip.

Now, since ¢(z,z) is a primary field, it transforms according to eq. (B.2),
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which implies that the correlation function on the strip can be found from that

on the plane (we use s to distinguish strip- from plane fields):

ot = (222) (20 ) e @y

o /1) 2AA+D) 27 /1w At (ar+a') Al
_ /)™ i (B.89)

(e2mw/l — g2mw! /)22 (e2m/l _ g2mw! /1)>A

— (n)))* [sinh T w- w')} - [sinh T - u‘/)] - (B.90)

where # = A + A is the scaling dimension of ¢, and below we shall also use

s = A — A, which is its spin. Now set w = u + iv and v’ = v’ + iv’, and, for

—2m(u—u')/l

u > ', expand in powers of ¢ , to obtain:

<¢(U),1I))(Z;(U)/,U_)/)> _ (Tn) Z anage =27 /l(z+N+N)(u— u)6727rz/l(s+N N)(v—v")
N,N=0

(B.91)

2 |

I (2A+N)
T(2A)N!

T'(2A+

where the coefficients are given by ay = O] ) (see [CHO93,

eq. (13.2)]).

Alternatively, this correlation function can be evaluated directly, in terms

and ay =

=

of the “transfer matrix” e 7 on a strip of width [ and length 3 — oo. The
terminology “transfer matrix” stems from statistical mechanics. In quantum field
theory, Hp is simply the Hamiltonian of the system, which generates translations
along the strip in the positive u-direction, and the subscript » indicates that all
fields with integer (A, A) satisfy periodic boundary conditions between the edges

of the strip.!! Thus, regarding u as time variable and v as space variable on the

HGince circles of constant r in the plane are mapped onto lines of constant u on the strip, the
generators of scale transformations (7 = rb) on the plane, namely L, + L,, will be mapped onto
the generator of translations (@ = u+ %) on the strip, namely %HP. Hence H, = 27”(E0+E0).
See [Car86b, p.216] for a careful proof.



331
strip, represent (;(u, v) in a Heisenberg representation as
d(w, W) = e P (v)e P (B.92)

and write the correlation function as

e T = . k! k' —(B—uw)Hp 4 —(u—u)Hp (0 po—t'Hp 'L
<¢(w7w)¢(w v )> - ﬂh—{goz : <n ’e Dotk fsjjlﬁ)’feﬁHP‘n/k%(v >€ ’n >
= Y (06(v)|nk)(nk|p(v')]0)e~En=Eo)u=u) (B.93)
nk

Here {|nk)} denotes a complete set of eigenstates of H, with energy FE, and
momentum k (both quantized in units of 27/l because of the periodic boundary
conditions), so that the matrix elements in eq. (B.93) depend on v and v’ as

—ik(v=") " Tn going from the first to the second line, we inserted a complete set of

e
such states, 3.1 |nk)(nk|, and took the limit 5 — oo, so that only the state with
E, = E, survived in the sum }_,,,. Comparing our two expressions for the strip-
correlation function, eqs. (B.91) and (B.93), we conclude that to each primary
operator of scaling dimensions (A, A) in the infinite plane, there corresponds an

infinite number of eigenstates of Hp, labeled by (A, A, N, N), with energy and

momentum

E4N,N)—E,=2r(A+A+ N+ N)/I (B.94)

ky(N,N) =21(A—A+ N —N) . (B.95)

These states together constitute the conformal tower T}, associated with the Vira-
soro primary field ¢. The lowest state in the tower, called the primary state, must

—2mz/l

be non-degenerate [since e occurs only once in eq. (B.91)]; it has N = N =0

and is denoted by |¢), with

(016(v)|g) = (2 /1)" e=2msv/t (B.96)
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The infinite number of states with N or N # 0 are the descendent states in the
tower.

Eq. (B.94) is the desired relation. It allows one to read off from the finite-size
spectrum of Hp the scaling dimensions of all Virasoro primary fields in the bulk
theory. In appendix C, section C.5 it is shown that a similar argument allows one
to find all possible boundary operators for a boundary CFT from the finite-size
spectrum of a certain related (but different) Hamiltonian on a strip.

Note that in the limit © — u’ — oo one can write eq. (B.91) in the form

((w, @)p(w', @) ~ e~/ (B.97)

where the inverse correlation length is given by

l

" o

¢ (B.98)

This limit corresponds to two points w and w’ on the strip that are very far apart
in the longitudinal direction (or two points in the plane with radii » — r’ — o).
The fact that the correlation length in the longitudinal direction on the strip is
proportional to the system size [ in the transverse direction is to be expected,
since a finite system size will always prevent ¢ from becoming infinite. What is
remarkable though (and was first pointed out by Cardy [Car84al), is that the ratio
1/€ is universal, namely [ /¢ = 27z, and determined by the scaling dimension of

the field ¢.12

12This is “one of the most important results for the application of conformal invariance to
critical phenomena” [CH93, p. 48]. For a given lattice model, the ratio [/¢ can often readily
be evaluated for various operators using numerical transfer matrix methods; this information
can then be used to identify the conformal field theory corresponding to the lattice model (see
[CH93] for an extensive discussion).
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B.5 T =0to T #0 Mapping of Plane to
Cylinder

The Green’s functions for a 7' # 0 theory can be found from those of the corre-
sponding T' = 0 CFT by mapping the complex plane onto a cylinder of radius
B = 1/T. This was discussed in some detail in chapter 8, section 8.1. Here we
would merely like to point out that eq. (B.94) of section B.4 can also be derived
via this mapping, since a strip with periodic boundary conditions is topologically
equivalent to a cylinder.

The infinite complex plane, be parametrized by z = 7 + iz, is mapped onto
an infinite cylinder, parametrized by z = 7+, by the conformal transformation
[compare eq. (8.4)]

z. (B.99)

z = tan

e

Here  parametrizes the longitudinal direction along the cylinder [see Fig. 8.1].

As shown in section 8.1, eq. (B.2) maps the two-point function of eq. (B.42) onto

Tij /i~ =\ 1 ~ = AioB'o
(@7 (21,21)95 (22, Z2))r = kot ]M. (B.100)

gt [t 32

Now, to rederive eq. (B.94), make the identification Z = iw = i(u + v), i.e.
u =T, v = —T, according to which u becomes the longitudinal parameter on the

cylinder, as in section B.4. Then eq. (B.100) becomes

~ii o~ _ Az oB' o

(39 (1, 00) 5! (w3, ) = —— Ty %

{zg sinh %(wl —wQ)} {—zg sinh %(u?l —u’)g)}
(B.101)

which is analogous to eq. (B.90). This correlation function can also be evaluated

in terms of the Hamiltonian H, that generates translations in the longitudinal (u)
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direction along the cylinder, in a way analogous to eqs. (B.92) and (B.93). The
procedure is the same as that in section B.4, because both there and here periodic
boundary conditions hold between the edges of the strip or around the circum-
ference of the cylinder. Therefore, just as in section B.4, egs. (B.94) follows, and

so does (B.96).



Appendix C

Cardy’s Boundary Conformal

Field Theory

The development of boundary conformal field theory, in particular CFT in the
upper half-plane with a boundary at Im(z)=0, is mainly due to Cardy [Car84a,
Car84b,Car86a,Car86b,Car87,Car89,CLI1]. In this appendix we introduce those
features of Cardy’s boundary CFT, and its generalization to theories that are
invariant under a Kac-Moody current algebra, that are needed in Affleck and
Ludwig’s treatment of the Kondo problem. It is hoped that the presentation
is sufficiently detailed and self-contained that the reader will be able to learn
the material without recourse to Cardy’s papers (though extensive and detailed
references are given throughout).

The appendix is organized as follows. In section C.1, we discuss the corner-
stone of Cardy’s boundary CFT, namely how the R-handed generators T(z*)
and J%(2*) can be expressed in terms of the analytical continuations of T'(z) and

J%(z) across the boundary, and the consequent elimination of all R-handed in

335
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favor of L-handed fields. In section C.2, this is illustrated by considering in de-
tail the two-point function G = (¢;(21, 27)¢i(22, 25)) and the related four-point
function G = ¢y, (21) P (23) din(25) dirn(2%)). By considering the boundary limit
of these functions, the concept of boundary operators naturally arises, which we
introduce in section C.3. In section C.4, we introduce the concept of a boundary
state | B) and show how it determines the boundary conditions on the theory. We
also derive Cardy’s formula [eq. (C.64)] for the boundary state matrix elements
(a|B), and show, for the case that the boundary condition is determined by a
fusion principle, they can be calculated in terms of modular S-matrix elements
leq. (C.68)]. Finally, in section C.5 we derive a quick way for determining the
complete boundary operator content of a BCFT in terms of the operator content
of a strip theory, and show how the latter can be derived by “double fusion” if a

fusion principle applies.

C.1 Relation between R- and L-moving fields
in Boundary CFT

[Car84b], section 4, [AL91b], section 2.2

Throughout this section, we assume that the “physical section” of the theory
(see footnote 1 of appendix B) has been taken, in which z = 7+iz, and z = 2* =
7—1x. Consider a conformal field theory defined in the semi-infinite upper half of
the complex plane, with a boundary along the real axis. In other words, all fields
A;(z,2*) are defined only for > 0. The theory is assumed to be conformally
invariant and, for some Lie Group G, Kac-Moody invariant in the bulk and along

the boundary.!

n [Car84b], section 4, Cardy only considered conformal invariance. However, the extension
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Conformal and KM invariance in the bulk (upper half plane) implies that the
theory has to be formulated in terms of a set of fields A;(z, 2*) which have all
the local properties summarized in section B.1 of appendix B. In other words,
they satisfy the transformations laws (B.2) and (B.3), and the OPEs (B.25) to
(B.29). Furthermore, invariance of the bulk implies that under the infinitesimal
conformal and KM transformations of egs. (B.4) and (B.5), the action is invariant
up to a surface term, oS, which can be written as the sum of two contour integrals

[as illustrated in section B.2 for free fermions, see eq. (B.70)]:

S = fcf HOTE) ~ f, S EITE),
(C.1)
GusS = —f LSOOI + f & oo (e7) e
Here C is a contour enclosmg all the points (7;, ix;) at which correlation functions
of fields A;(z;, z) are calculated, and lies entirely in the upper half-plane. It may
be chosen to have the form shown in Fig. C.1, consisting of a straight portion C”,

along the real axis, and a large semi-circle C7.
“Invariance of the boundary” under conformal and KM transformations means,
by definition, that the boundary contribution (due to the C’ portion of the con-
tour C'y) to dS vanishes. The conditions under which this happens will be ex-
plored below.

The presence of a boundary at x = 0 implies three additional requirements
on the theory:
(i) Boundary conditions have to be specified for T, T and J*, J® at x = 0.

(ii) Only a restricted class of conformal and KM transformations, namely those

that preserve the geometry and the boundary conditions, can be considered.

of his theory to theories with KM invariance is self-evident, and was scetched, for example, in
[AL91b, section 2.2].
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(iii) A specific boundary condition [in addition to (i)] has to be imposed on
the theory, which determines the behavior of correlation functions close to the
boundary.

In the present section, we discuss (i) and (ii) and their consequences; (iii) is

addressed in section C.2.2 [see eq. (C.30)].

C.1.1 Boundary Conditions on 7,7 and J¢, J*

The boundary condition on 7,7 and J% J® that is imposed in all theories of
interest to us is the following [AL91b, p.653]: No energy or current density of

any type may flow across the boundary.? This is ensured by the requirement that
T(r)=T(7), JUT)=J%T), (C.2)

be satisfied along the real axis. Intuitively, since T' and J [or T and J?] depend
on z = 7 + iz [or z* = 7 — ix], which becomes i(t + =) [or i(t — x)] under
T — it, they carry energy and charge toward [or away from] the boundary. Thus
the boundary conditions (C.2) ensure that as much energy and charge is carried
away from as is carried toward the boundary, so that there is indeed zero flux

across the boundary. More formally, in Cartesian coordinates one has (in the
notation of [Gins87, p.17)) T' = 1 (T — 2iTyr + Thy), T = (Trr + 20T, + Tha),
and J% = J*—iJe, J* = J%+iJ% Hence eq. (C.2) implies that at the boundary,
the z-direction energy current density 7., = 0, and likewise the z-direction charge

current density J¢ = 0.

The presence of a boundary further implies that only transformations may be

2Tt is shown in section C.1.3 that this is a necessary condition for the invariance of the
boundary under restricted conformal and KM transformations of the form of egs. (C.3) and

(C.4).
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considered that satisfy

§(r) = &), (C.3)

ot (1) = w(7), (C4)

along the real axis. We shall call these restricted conformal and KM transforma-
tions. The reasons for these restrictions are as follows:

The condition (C.3) on & is necessary to preserve the geometry: it ensures
that the boundary is mapped onto itself (i.e. that £(7) is real).

The condition (C.4) on w® is necessary to preserve the boundary conditions

(C.2): it ensures that along the boundary, the changes in T, T and J, J are
SwaT (T +ia) =8, (T —ia), 8wl (T +ia) = 0,5J%(T —ia), (C.5)

in the limit & — 0. To see this, calculate for example, d, 5/ and (5%@7 % from
eq. (B.13): set X — J% or J* and use footnote 4 of appendix B and the OPE
(B.29) for JoJb (and a similar one for J%J) to evaluate the contour integrals.

One readily finds that

bu ol (T+ia) = —1k0,w*(T+ia) — f*w*(T+ia) J*(T+ia)  (C.6)

bl (T—ia) = —iko,0%(r—ia)— [P 0% (r—ia) J*(T—ia) (C.7)

which implies that eq. (C.4) is necessary to ensure eq. (C.5).

More intuitively, condition (C.4) ensures that along the boundary one makes
the same isospin transformation on the L and R indices of all KM primary fields,
i.e. 0%(7) = Q¥(7) in eq. (B.3), so that all boundary conditions between L and

R primary fields will be preserved.?

3However, since J and T are not KM primary, this argument does not apply directly to
them, which is why the argument involving egs. (C.6) and (C.7) was given above.
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C.1.2 Illustration of Boundary Conditions for Kondo
Problem

Before proceeding with the formal development of the theory, let us recapitulate

the reasons why the boundary conditions eq. (C.2) hold for the Kondo problem.

In the Kondo problem, 1(z) = v¥,(z) and 9(2*) = t(2*) describe, respec-
tively, electrons incident and reflected from an impurity at » = 0 (r plays the
role of x here). At zero-coupling (A, = 0), the 3D-1D mapping of chapter 4
ensures that ¢, (7 + i0%) = ¢(7 — i0"), which simply means that there is no
electron scattering off the impurity. In this case, the boundary conditions (C.2)
follow immediately from the definitions of T', T and J¢, J%, eqs. (B.73) and (B.74).
Hence, by analytical continuation, the zero-coupling theory may be formulated
completely in terms of L-moving fields, as discussed in section 7.2.

Turning on electron scattering off the impurity (A, # 0) in general causes
U (T +107) # p(r —i07). In particular a discontinuity develops in the spin
current, jL(T +i07) # J, =(T+10™), since due to impurity spin flips, the outgoing
spin current need not be the same as the incident one.

However, at the strong-coupling fixed point, the impurity spin is completely
absorbed, as described in section 7.4.1. In terms of the total spin current
Jo(r,iz) = J(r,ix) + 276(x)S, the theory can be brought in the form of a
free theory [see eq. (7.40)]. Therefore, as a simple consequence of the Heisen-
berg equations of motion, the total spin current is analytic at the boundary,
Jo (T +i0%) = J.(r —i0%). Thus, the R-moving total spin currents can be rein-
troduced through Ju(z*) = J,(2%) [see eq. (7.39)], so that for z = z* = 7, we

recover eq. (C.2).
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Thus, the boundary conditions (C.2) hold both for the zero-coupling and the
strong-coupling Kondo problem (for a discussion of the strong-coupling boundary
condition in terms of fermion fields (instead of currents), see appendix F).

Finally, to illustrate the need for the condition (C.4) for restricted KM trans-
formations, note that it means the following for free fermions: The KM transfor-
mation laws for fermions are eqs. (B.53) and (B.54), and according to eq. (B.61),
w® = 6%, 0 = i#*. Thus the condition (C.4) implies that 0*(7) = 6%(7),
i.e. along the real axis the same KM transformation has to be made on v, and
1. Clearly, this is a necessary condition if the zero-coupling boundary condition
(T 41407) = ¢x(7 —i07), and consequently also jL(T +i0%) = Ju(r + i07), are

to be preserved.

C.1.3 Ward Identities for Boundary CFT

The boundary conditions (C.2) together with the restrictions (C.3) and (C.4)
have profound consequences for the theory. Firstly, they imply that the boundary
1s conformally and KM invariant under restricted conformal and KM transfor-
mations. As mentioned above, this means that the boundary contribution (due to
the C7 portion of the contour C;) to the variation 0S of the action [see eq. (C.1)]

under such transformations vanishes:

[ a5 e@r@ - [ 5 e@Te) = [ e -Tm] =0,

T
+

- [ @@ + [ €)= [ et ) - ) =0,

We have derived this result as a consequence of the boundary condition (C.2).

Of course, the converse is also true: eq. (C.2) can also be viewed as a necessary

condition for the invariance of the boundary under restricted conformal and KM
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transformations.

Secondly, the boundary conditions (C.2) together with the restrictions (C.3)
and (C.4) imply that the separation of the theory into equations involving only
T,J* and T, J% respectively, no longer goes through. Instead, since analytic
functions that are equal on an open domain (the real axis) must be analytical

continuations of each other, they imply that

T(z*) = T(2), JUZ*) = JYZ), for Tmz2<0; (C.8)
&(z") = &z, ol(z") = wi(z"), for Imz<0. (C.9)
Thus, T and J® can be viewed as the analytic continuations of 7" and J¢ into
the lower half-plane. Furthermore, from eq. (B.31) it follows that L, =L, and
J2 = J® which means that there is only a single Virasoro algebra {L,} and only
a single KM algebra {J2} [since the {L,} and {J%} are no longer independent of
these, as they were in the bulk theory].

In the spirit of eq. (C.8), relabel all points z; occuring in a correlation function
(X) = (A1(21,2]) ... Au(2n, Zn)) as zF =z, where the 2] all lie in the lower half-
plane, and write (X') = (A1(z1,27) ... An(2zn, 2,)). Using egs. (C.8) and (C.9),
the $o, d€* integrals in egs. (B.11) and (B.13) may be rewritten as —fCi dg,

where C7 is the complex conjugate contour of ', taken in the reverse direction,

lying in the lower half-plane (see Fig. C.1). Thus, egs. (B.11) and (B.13) become

(0oX) = EOTOX) = § £ OTEOX)  (C10)
(BoaX') = =4 EOUUOX) == § £ W (€U ©X)(C11)

Ci+Cx c

For the last equalities, we used the fact that the two straight portions of the
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X4 X z4

X B

Figure C.1 Integration contours occuring in Cardy’s boundary approach.

contours C and C7 cancel, so that C. + (7 = C'is a large contour enclosing all
the points z; and z.

If all the fileds ¢; in (X') are Virasoro primary, or all fields ¢; in (Y') are
KM primary, we can carry the development a little further, as in section B.1.
(0- e+ X') and (0,5 X’) are also equal to the right hand sides of egs. (B.19) and

(B.20), which, using eq. (C.9), can be rewritten as

(e X)) = D [Ap () + £(2)0:, + Dy (2]) + ()] (X7); (C.12)

-
Il
—

(oY) = 3 |w(za)tf +w ()] (V') . (C.13)

-

s
I
a

Use Cauchy’s theorem to write the right hand sides of these equations as contour
integrals over §.d¢, equate the results to egs. (C.10) and (C.11), and note that
the resulting equations must hold for arbitrary €(§) and w®(£). One thus obtains
the Ward identities for correlation functions of Virasoro and Kac-Moody primary

fields, respectively, in the presence of a boundary:

(T(E)p1(21,21) ) .14
_ n Ay, 1 Ay, 1 / .
; —=z)?  (E— zi)azi (€ — 21)? + (€ — z;)azi (D1(21,21) - -)
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il ) = 3 [ (g‘fa) (ren2). ). (C15)

i=1 - Zl)

This is to be compared to eqs. (B.23) and (B.24) for the bulk case. Eq. (C.15)
can be converted into a set of differential equations, known as the Knizhnik-
Zamolodchikov equations, (see [KZ84, eq.(4.6)] or [AL94, eq.(B.8)]), whose form
there depends only on bulk properties of the theory (such as bulk OPEs). These
equations completely determine the behavior of (pi(z1,2])...), up to a small
number of coefficients that depend on the boundary conditions on the theory.

Now, the short-distance OPEs should be independent of the presence of
the boundary, so the rest of the analysis follows through as in the bulk.
Hence we have arrived at the important result that the correlation function
(p1(21, 27) (22, 25) . .. du(2n, 21)) in the semi-infinite geometry, regarded as a
function of (21, zo,...,2n; 27, 25, . . ., 2, satisfies the same differential equation as
does the bulk correlation function (¢; (21, 27)Pa(22, 25) . . . pan(22n, 23,)), regarded
as a function of (21, 2o, ..., 29,) only.?

This is Cardy’s key conclusion for a boundary CFT: n-point functions in the
presence of a boundary are calculated as though they were bulk 2n-point functions.
Quoting [AL94, p. 559], we have the following recipe: “Replace all R-fields in a
Green’s function in the presence of the boundary by L-fields, evaluated at the
arguments of the R-fields in the lower half complex plane. The R-fields can
be envisioned as sitting at mirror image points in the lower half plane. The
resulting function, containing only L-fields, is a L-chiral function in the entire

complex plane.” Explicitly, in the notation of egs. (B.15) and (B.16) (see also
p p p Y, q

4In this statement it is implicit that the left isospin indices of the field ¢+ (2pvi, 25 » ) have
the same KM transformation properties as the right isospin indices of the field ¢;(z;, z}), and
that Ay, ., = A@ ete.

n+1i
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[AL91Db, eq.(2.34)], [Lud94a, eq.(6.14)]):
Ai(z,2") = Ain(2)Air(2") — Ai(2)AiL(27) (C.16)

(Ar(z1,27) o An(zn, 20)) = D (Ai(z1) o A (20) A1 (2]) - Ann(25)) ) - D

" (C.17)
As in eq. (B.16), the label (a) is needed because the Knizhnik-Zamolodchikov
equations that determine the 2n-point function in general have several inde-
pendent solutions, known as conformal blocks. Note, however, that in gen-
eral it is not true that A;z(z*) is simply the analytic continuation of A;(z])
into the lower half-plane, as was the case for T and J® Instead, in general,
Air(t —i0%) # A (1 +i0"), i.e. the field A; (z), viewed as a L-chiral field
defined in the entire complex plane, is not analytic at the real axis. This is be-
cause of the possibility of non-trivial boundary conditions, as will be discussed

in section C.3.1 (after eq. (C.38)).

C.2 The Boundary 2-Point Function G\?

S

As an example of the above theory, Cardy considered [Car84b, p.524] the 2-
point function of a Virasoro primary, Kac-Moody singlet, Hermition operator

0i(z,2") = @i (2)Pi (2*) with scaling dimensions (A;, A;):

G = (di(z1, 2]) i (22, 23)) = (Dir(21) bir () Pir (22) Dir (23)) - (C.18)

We shall discuss this function in some detail, since it can be used to illustrate a
number of important concepts in boundary CFT, and in particular leads natu-
rally to the introduction of boundary operators and boundary operator product

exapansions in section C.3. (Since any KM primary operator is also Virasoro
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primary, the discussion for operators that are not KM singlets and/or not Her-
mitian is entirely analogous, modulo the appearance of isospin indices and or 1’s.

An example is given in our discussion of the Kondo problem, appendix D.)
C.2.1 General Functional Form of G?)

According to the previous section, G(?) satisfies the same equation as (the holo-

morphic factor of) the four-point function

G = (¢i(21, 20)¢i(22, 23) i (24, 23) i 23, 23)) (C.19)

in the bulk.? Invariance under the small conformal group fixes this to have the

form [see eq. (B.44)5]:7

GW (21, 29, 23, 24) = l(l_g)_TAi Fy(¢) = [(1_")_1] - F,(1—mn) (C.20)

212243 214232

where z;; = 2z; — z; and the cross-ratios { and 7 are defined by

2127243 214732 1-¢ 214712
&= , n=1-§= , = . (C.21)
213242 213242 § 213743

The function Fy(€) is determined by a certain set of differential equations, known
as the Knizhnik-Zamolodchikov equations, which is determined by bulk properties
(such as bulk OPEs). According to the above analysis, the 2-point function in
the surface geometry can be obtained from eq. (C.20) by replacing z3 and z4 by

z5 = 723 and zj = 27, and therefore has the form:

GO (a1, 5520, 5) = [(1‘@] TR - [(1‘”)] T Ra-n 2

|212|2 4.1’1372

®The dummy indices 23 and 24 in eq. (C.19) are written in this order purely for the sake of
being notationally consistent with appendix D, where we need the limit z; — 2], 2o — 23.

6This follows from eq. (B.44), since A,, = A; for m = 1,...,4, so that

Hm<n ZTZSLAT"'+A"')+AT/3 = [212213214223224234]72A/3 = [—571(1 - 5)2]2A/3[213242}72A~

"Cardy Compare this to [Car84b, eq.(4.11)].
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where now
L P S T St S LB Ter )
|21 — 25|27 |21 — 25|27 3 |21 — 222

The two alternative ways of writing G are convenient in the limits & — 0F
and n — 0%, respectively. The limit & — 07 is called the bulk limit [see
Fig. C.2(a)] since it corresponds to the case |z12| — 0 relative to all other dis-
tances, or more generally, any limit in which the distances x; and x5 of z; and 2z,
to the boundary become infinite relative to the separation |z; — 2|, i.e. £ — 07,
so that bulk behavior is expected to dominate [see Fig. C.2(a), with z§ = 23
and zyx = z}]. The limit n — 07 is called the boundary or surface limit [see
Fig. C.2(b)], since it corresponds to z; and/or xo — 0, or more generally, any
limit in which the distances x; and x5 become small compared to the separation
|21 — 25| i.e. n — 07, so that boundary effects are expected to emerge.

The function Fs(&) is determined by the same Knizhnik-Zamolodchikov equa-
tions as Fy(€). The only difference between Gl(;l) and G lies in the different
boundary conditions they must satisfy. These boundary conditions are speci-
fied by specifying the asymptotic behavior of Fy(n) in the limits £ — 07 and/or

n — 07, i.e. the leading coefficients in the expansions

1—-&E(E) = Yab e for €—0; (C.24)

1-&¥F,(1—-n) = Y a, (n  for n—0" (C.25)

The superscripts b/s distinguish the bulk from the surface or boundary limit (see

below). Since Fj satisfies the Knizhnik-Zamolodchikov equation, the number of

b/s

coefficients a;,” that can be independently specified is limited, and equal to the

number of independent conformal blocks in eq. (C.17). In particular, if sufficiently
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z AN z
(@ (b)
Figure C.2 (a) Bulk and (b) boundary limits for the two-point function G =
(21, 275 22, 25).
many bulk coefficients a?, are specified to determine F, completely, all surface

coefficients aj, and exponents A? are automatically determined as well.

C.2.2 Bulk and Boundary Limits of G(*

For the sake of applicability in appendix D, we shall keep 23 and 2z} distinct from
zy and z} for the time being (but still in the lower half-plane), using the notation
2k = 21 — 25, ete., and study G%(z1, 20, 25, 25) = ¢in(21)Pin(25) dir(23) Pir(23)),
which is given by eq. (C.20) (with Fj instead of Fy). By egs. (C.24) and (C.25),
the bulk and boundary limits of G are:

0 _ (212255) 22 2 ab, €80 for £ —0; (C.26)

S

(21525) 22 Epag, ™ for n—0. (C.27)

The properties of ¢; in the bulk strongly constrain the freedom available in

specifying the boundary conditions on F, and G» [Car84b, section 4.1.1]. This
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happens via the bulk OPE of ¢;,(z) with itself, which has the general form

Cii,n¢nL (ZQ)

)28i=An

Gir (21>¢z‘L (22) = Z

+ (212

(C.28)

Inserting this into eq. (C.18) one obtains a representation for G that is valid

for z; — 2 and 2§ — 2}, i.e. in the bulk limit [see Fig. C.2(a)]:

GL(:Q _ Z Cii,ncii,n’ <¢nL(22>¢n’L(zZ)>

(12208 (5 PR

for & —0". (C.29)

The correlation function (¢, (22)¢..(2;)) occuring here is shown in sec-
tion C.3 to have the form (see eq. (C.38) below),

B
C?’LO

=iz — P

(Pne(2)nwr(27)) = O (C.30)

B

where the coefficient C'”) may be thought of as specifying a boundary condition,

labeled by B, on this function. This implies that in the bulk limit,

*k An
G = <zmzz§>QAZ‘Z(oii,n)?(Z”Z“) . for £—0t, (€31

—(291)?

which, when compared with eq. (C.26) (in the limit 21 — 25, 25 — z{st), imme-

n

diately gives
ab = (Cii’n)ZCB

in B A =2A - A, . (C.32)

Now, the coefficients Cj;,, in the bulk OPE (C.28) are always independent
of the particular boundary condition imposed at the boundary, and are known
from bulk CFT. (Intuitively speaking, in the limit £ — 0 in which the bulk OPE
may be used, one is so far away from the boundary relative to z; — 2o that all
boundary effects become irrelevant). Thus, eq. (C.32) implies that the a?, and
A and hence the full behavior of F,(n) and G, are completely determined once

the (first few) CP  have been specified. In other words, “specifying a boundary
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condition” B for a boundary CF'T is equivalent to specifying the values of these
coefficients C7. In section C.4 it is shown that these C'7 may be specified in a
rather compact form in terms of a certain boundary state |B) [see eq. (C.54)].

The leading term in eq. (C.31) corresponds to ¢, = I, the unit operator,
for which A, = 0. Thus in the bulk limit, the leading term in G*), namely
(212253) 7224, does not depend on z3, = 7 — 7o +i(z1 + 22) (except if CZ = 0).
This was to be expected, since deep enough in the bulk, translational invariance
should be restored.®

Next consider the boundary limit: Take 25 = 23 and zj = 2], and suppose
that x1 > x5, so that we can write x1 = x5 + Rcosf, where R = |z; — 25| and
0 € [0, 7/2] is the angle between the normal to the surface and the vector pointing
from 2z to z;. When R — 07 for fixed (small) xo, the cases § < 7/2 and 6 = 7/2
correspond to surface-bulk and surface-surface correlation functions, respectively.
Taking the limit R — oo and n — %242 — oo in eq. (C.27), and denoting the
leading (smallest) surface exponent by A% we obtain
oo _ s (4zy cos §) 2RHAR R-CAEAL) L RAL for § < /2, (C.33)

S a5 (4aowy) 2T R24% ~R™A1 for 0 =m/2. (C.34)

Hence we identify A} = 2A; + A and A = 2A3. The fact that A} # A
means that the decay of the 2-point function depends on the direction relative
to the boundary. This is a well-known general feature of critical systems with

boundaries, first found in [BH72], and is discussed at length in, e.g. [Die86].°

8This is simply a manifestation of the linked cluster theorem applied to eq. (C.17), according
: 4 * * $%\—2A, - C e . .
to which GS = (¢, (21)bir (22))(ir, (23)bir (23)) = (21223%) =2 in this limit (see Fig. C.2).
9In the general theory of critical phenomena for semi-infinite systems with a boundary (see
[Die86]), boundary effects such as A # A occur only if one of the points at which correlation
functions are evaluated is within a correlation length & of the boundary. However, systems
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What determines the boundary-limit exponents A and coefficients a3,? Once

the C2 have been specified so that G(* is completely determined, the A? and ag,
are also completely determined, and can be found by simply taking the boundary
limit eq. (C.27) of GW. This can be done in great generality, using very general
(so-called “duality”) properties of the function Fj, as was shown in [CLI1, p.277].
Several explicit examples of this procedure, applied to the Kondo problem, can
be found in [AL94], sections 3.3 and 4. In the next section, we give an “inter-
pretation” of the A? and af, by showing that they also occur in the so-called

boundary OPFE that one obtains when taking a field very close to the boundary.

C.3 Boundary Operators

In the previous section we encountered the “cross-boundary” correlation function
(Pnr(22) P (23)) of eq. (C.30), an example of a correlation function that contains
arguments “on both sides of the boundary”. The OPE of ¢, (z;) with ¢, L(z]’-‘ )
always involves the limit z; — 27 (i.e. z; — 0, x; — 0) in which these operators
are evaluated close to the boundary. Therefore, to understand equations such
as eq. (C.30), and more generally, the behavior of fields close the boundary, it
is convenient to introduce the concept of “boundary operators”, to which this

section is devoted.

C.3.1 Basic Properties of Boundary Operators

By definition, a boundary operator is an operator ®(7) that lives on the boundary

(a bulk operator evaluated at the boundary is also sometimes referred to as a

with conformal invariance are scale-invariant, and hence have £ = oo, so that the effect of the
boundary becomes particularly pronounced and propagetes through the entire system.
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boundary operator). A boundary operator ®,(7) with scaling dimension Ay

obeys the conformal transformation law

By () — (af (T)>Ak Bi(6) (C.35)

or

under restricted [see eq. (C.3)] conformal transformations ¢ = f(z). Hence

boundary operators have correlation functions (choosing unit normalization)

(D (1) Py (1)) = O _ (C.36)

| — |l
Note the occurence of the absolute value, which is explained at the end of sec-
tion C.3.2; it is sometimes paraphrased by saying that “boundary operators have
no statistics” (since the correlation function does not pick up a phase under
exchange of its arguments).

The only boundary operator with non-zero expectation value is the identity
operator, I = ®,, which has scaling dimension A, = 0: (Px(7)) = Sgo-

Boundary operators enter the calculation of correlation functions via so-called
boundary operator product expansions (BOPE), which supplement the usual bulk
OPEs of a bulk CFT. A BOPE is a short-distance expansion which specifies
the short-distance behavior of a given bulk field near the boundary in terms of
boundary operators, and depends on the specific boundary condition imposed
at the boundary, as explained below. Such boundary BOPEs were first written
down (in a non-CFT context) by Diehl and Dietrich [DD81, eq.(IV.6)].

We shall only be interested in the BOPE of Virasoro primary fields ¢;(z, 2*)
with scaling dimensions (A;, 4A;) (i.e. spin A; — A; = 0). Actually, since
0i(2,2") = ¢i(2)pi(27), let us consider the slightly more general OPE of

¢ir(21) with ¢;,(23). Assuming that the boundary respects (restricted) confor-
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mal symmetry, their OPE is necessarily of the form:!°
it
¢1L<Zl)¢1L(Z;) = Xk: [_Zv(zl _ ;5‘)]2Ai*Ak (I)k(T) : (037)

This general form is the only one compatible with scale invariance, since it is the
only one that is form-invariant under z = b2, ¢;(z, 2*) = b~ 22i¢;(, %), etc. The
BOPE of ¢;(z, 2*) is obtained by simply taking z; = 25 in eq. (C.37).

Eq. (C.37) immediately implies the result used in eq. (C.30) above, namely

(Pin(21)9ir(23)) = Co : (C.38)

i1 - P

[The &, in eq. (C.30) follows from scale invariance, just as in eq. (B.42).] Con-

trast this with the case in which both arguments lie on the same side of the real

axis, for which (using conventional normalization) one has:!!

<¢iL<Zl)¢iL(22)> = (21_122)% . (0-39)

The fact that in general (—i)"22:CEZ # 1 means that (¢, (21)¢i.(23)) is discon-
tinuous as one of its arguments crosses the real axis. This is the reason why
¢ir(2*) [or more correctly ¢;(2*)] can not simply be regarded as the analyti-
cal continuation of ¢;,(z) across the real axis, as was emphasized above [after
eq. (C.17)]. The special case in which (¢;,(z1)¢;.(22)) is analytic across the
boundary is called the free boundary condition, denoted by B = F', in which
case we must have CF = (—i)?4:,

If we take z5 = 2§ in eq. (C.38), we obtain the result that the bulk operator

¢i(z, z*) has the expectation value (¢;(z,z*)) = CE(2x)?2. Note that due to

10The factor of —i in the denominator, which ensures that the denominator is real in the
limit z; — 23, is inserted in order to be consistent with the notation used in [CL91, eq.(1)].

Tf both arguments z; and 2, are taken infinitely far away from the boundary, the boundary
can have no influence, and eq. (C.39) must hold. Since the functional form of (¢;,(z1)¢pi.(23))
is completely determined by conformal invariance, eq. (C.39) must therefore hold for arbitrary
z1 and z9, as long as they are on the same side of the boundary.
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the presence of a boundary, this is not zero if the BOPE contains the identity,
in contrast to a bulk theory, where it is conventional to subtract constants such
that (¢;) = 0 for all operators. Note also that (¢;(z, 2*)) is independent of 7, as

is to be expected by translational invariance along the boundary.

C.3.2 Relation between BOPE and G\"

To find out what determines the BOPE coefficients C}}, consider the boundary
limit » — 0 of the function G, which has the form (C.27). An alternative
expression for G can be found by directly evaluating eq. (C.18) in the limit
21 — 24, 29 — 25 and |21 — 29| = |11 — 72| — o0, so that n — 07 [see Fig. C.2(b)].

Using the BOPE (C.37) twice in eq. (C.18) and then eq. (C.36), one obtains

aw _, nCit(Pr(m)®u(m)) (Ci)?

B Tl e G e Il V) e L S

(C.40)

41

This has exactly the form of eq. (C.27), since n — -

232, in this limit, implying
that

(CRP=ap, A=A (C.41)

Thus each term ®; in the BOPE of ¢,;(2)¢.;(2*) makes a contribution to the
boundary-limit expression eq. (C.27) for G, In particular, the ezponents Aj
are simply the scaling dimensions of the boundary operators ®y that occur in the
BOPE of ¢;(z,z*). Conversely, the structure of this BOPE (i.e. the coefficients

7)) is determined by the boundary behavior of the 2-point function. It follows
that only the C? are independent coefficients: as argued in the previous sec-

tion, specifying these completely determines G¥), hence a3, and A3, and thus by

eq. (C.41) also aj, for k # 0.
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This boundary limit also illustrates why eq. (C.36) features an absolute value
|72 — T2|: boundary-boundary 2-point function such as (®y(71)®;(72)) occur only
when one takes a (double) boundary limit of some multi-point function such as
GW. In this limit, the only dependence of the multi-point function on (7, — )
will be through some cross-ratio such as 7, which, in this limit, always contains
only the combination (1, — 7)? = |11 — ®|* . Hence (@ (7)®;(72)) can also
depend only on |1 — 75|. It can easily be checked that this is also the case for

more general functions than the one discussed here.

C.3.3 Two Examples: (1) and (¢,®,9!)

As the previous subsection illustrates, BOPEs determine the overall amplitude of
any correlation function that contains operators evaluated at points on opposite
sides of the real axis, i.e. ¢;(z;) and ¢;(z7), because the OPE of two such operators
is always a BOPE. We give two more examples involving fermion fields, of interest
in chapters 7 and 8. In each, the functional form of a correlation function is
determined by conformal invariance, but its amplitude has to be found using a
BOPE.

(i) Consider the L-R fermion-fermion function —G (21, 235) = (¥, (21)¥L(23)).
According to eq. (C.17), this is given by (1, (21)%!(23)) and hence, by conformal
invariance [eq. (B.42)], has the functional form c[—i(z; — 23)]7'. To find the
overall amplitude ¢, we should use the OPE of ¢, (21)9(23) in the limit z; — 23,

which must have the form of eq. (C.37), namely

el () = 3 S gy (r). (C.42)

e i — 2
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Thus, the amplitude of G, is ¢ = CJ;:
Cy,

—Gra(21,25) = (Vo210 (23)) = T ——— (C.43)

(ii) Next, consider the insertion of a boundary operator ®@,, into G, (as needed in
section 8.5, eq. (8.26)). The functional form of the 3-point function is completely

determined by conformal invariance'? [see eq. (B.43)]:

C

(7= ) = ) il —

(Wr(22) @u (T )01 (23)) = (C.44)

To calculate the overall amplitude ¢, the BOPE (C.42) again has to be used:
Evaluate (¢)®1) in the limit z; — z5 (specifically, take 77 = 7 and 21 = 23 — 0),
using first eq. (C.42) and then eq. (C.36); this gives ¢ = CJ; for the overall
amplitude. To find C explicitly, however, is rather cumbersome. As discussed
in the previous subsection, one has to explicitly calculate the 4-point function
(wﬂwbw,{gwh) in terms of C7 ), and then take the double boundary limit of
eq. (C.40). AL did this in great detail for the Kondo problem [AL94]. We
present their calculation in detail in appendix D, and derive a list of the first few

®,, (with A, < 3) for which CZ # 0 in table D.1.

C.4 The Boundary State |B)

In this section we introduce the concept of a boundary state |B), introduced
by Cardy in [Car86b], which represents a very concise way of specifying the
boundary condition for a boundary CFT. We follow the presentation of [CLI1].

In section C.4.1 we show how the coefficients of the identity, C'?  in the BOPE

107

of ¢;(z,2*) can be calculated in terms of |B). In section C.4.2 we derive Cardy’s

12 As usual, the extra factor of (—i) in the denominator of eq. (C.44) is inserted for the sake
of convenience, to ensure that no extra overall phase occurs in eq. (C.44).
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formula, which gives matrix elements of |B) explicitly in terms of modular S-
matrices, and apply it to the case where the boundary condition is governed by

a fusion principle.

C.4.1 Relation between |B) and BOPE coefficients

[CLI1]

We have seen in appendix B that there is a 1-1 correspondence between bulk
scaling operators ¢;(z, 2*) and the eigenstates of the transfer matrix e=#7 of the
theory defined on an infinitely long cylinder of radius 3 [section B.5] onto which
the plane is mapped by z = tan Ziw leq. (B.99)]. Quoting [CLI1], “roughly
speaking, the eigenstate |¢;) corresponding to ¢; is the lowest state in the spec-
trum (of Hp) which is allowed to propagate when the operator is placed at minus
infinity on the cylinder”. However, when one starts with a boundary CFT in
the upper half-plane, the corresponding infinite cylinder becomes a semi-infinite
half-cylinder, with a boundary at one end, and the cylinder theory has to be
modified accordingly.

Let B denote the boundary condition imposed at x = 0 of the half-plane

specifically, the set of coefficients C'” ). Consider again the “finite-temperature”
y no g

transformation eq. (B.99) (with Z = jw)

z = tan Fiw . (C.45)

which maps the upper half-plane, parametrized by z = 7 + iz with = € [0, o0},
onto a semi-infinite cylinder of circumference 3, parametrized by w = u + v,
with u € [0,00] and v € [—-3/2,3/2] [see Fig. C.3]. The boundary at z = 0

is mapped onto the circular lower edge of the cylinder at w = 0, so that the
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Z=T+iX W=U+iV -

Z= tanTiw/

/ Kondo boundary

u=0 { \
T \—\é/

Figure C.3 The transformation z = tan %z’w maps the upper half-plane
(z = 7 4 ix) onto a semi-infinite cylinder (w = w + iv). The boundary at
x = 0 is mapped onto the lower edge of the cylinder at u = 0.

boundary condition B that holds at x = 0 for the half-plane also holds at u =0
for the cylinder.

Regard u as the “time-variable” in the longitudinal direction along the cylin-
der. Imagine the cylinder to be canonically quantized along lines of constant wu,
and let H, be the Hamiltonian that generates translations in the wu-direction.
Then Hp contains no information about the boundary condition B, because the
latter acts only at u = 0; in fact, this is the same H, as that in section B.5.
Now consider the field ¢;(u, v) with scaling dimensions (A;, A;) [the ~ denotes the
cylinder-version of half-plane field ¢;(7, z)]. We would like to calculate the cylin-
der expectation value (¢;(u,v)) in terms of the cylinder transfer matrix e~*7 | in
analogy to eq. (B.93). In contrast to the bulk case, however, the presence of a

boundary condition at u = 0 has to be accounted for here. This is done replacing
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the traces >,y in eq. (B.93) by the following matrix element [CLI1, eq.(2)]:

] . (Flem e (p)e-ulle| B
(9i(u,0)) = lim (Fle=1"r|B)

(C.46)

Here the so-called boundary states |B) and |F') live in the Hilbert space upon
which H, acts. They determine the “initial” and “final” states at w = 0 and u =
[ — oo of the u-propagation, generated by H, through gg(u, v) = e“Hng(v)e_“HP
las in eq. (B.92)]. |B) is determined by the boundary condition B, as is made
explicit below, whereas |F') corresponds to a “free” boundary condition at u =
I — oo, where the effect of the boundary at u = 0 has died out.

Upon taking the limit [ — oo, only the ground state contribution (0]e=(=%%o
to (F|e~(="Hr survives in eq. (C.46), where |0) denotes the ground state of Hp,
with eigenenergy F,. Further, insert a complete set of states between q@z('u) and
e “Hr Of the many eigenstates |¢;, N) in the conformal tower corresponding to

;, only the (lowest-energy) primary state |¢;), with eigenenergy E,,, will survive

in the limit v — oo, so that we get

5 wee € TOE(0]G(v)| ) (5] B)e e

(@i(u,v)) —1E.(0[ B) (C.47)
_ (Qﬂ/iﬂ)QAi <<<(¢)z||§>> e*%?Aiu (C.48)

For the last step, we used Ey, — E, = %’rQAi [see eq. (B.94)] and (0]¢;(v)|¢;) =

(27 /if3)?2i [see eq. (B.96), with an extra phase 4].13

13 As was shown in section B.5, the eqs. (B.96) and (B.94) that were used to obtain eq. (C.48)
follow from mapping a bulk theory on the full complex plane onto an infinite cylinder of
circumference (3. The reasons why they also hold for the present case of a boundary theory
in the upper half-plane, mapped onto a boundary theory on a semi-infinite cylinder, are as
follows: Eq. (B.94) is a property of the Hamiltonian H, on a cylinder (of circumference 3)
which, as emphasized above, is not influenced by the presence of a boundary. Eq. (B.96) is
a consequence of the normalization of the bulk OPE ¢(z1, 2})p(22, 25) = 1/|21 — 2o|*® + ...,
which also holds for the boundary theory (see last sentence of section B.5). The extra phase i
inserted in (27/i3)?4 relative to Eq. (B.96) corresponds to the extra i occuring in eq. (B.101)
relative to eq. (B.93).
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The matrix elements in eq. (C.48) are of course related to the BOPE coeffi-
cients C introduced in eq. (C.37). This relation may be found by once again
resorting to Cardy’s trick of using the conformal map (C.45) to recalculate the
cylinder expectation value <gz~51(u,v)> in terms of the corresponding half-plane

quantity (¢;(7,z)): Using the conformal transformation law eq. (B.2), we have

(C.49)

‘2Ai ’2A¢ OB

(iwv) = |2 (i) = |E] ot s

where eq. (C.38) (with z; = 25) was used for the last equality. By elementary
trigonometry we have

1 .
5 sinh Q%U

r=Im(z) = 5 (C.50)
g 2 i h2 T ain T
cosh U cos? Zv + sinh Fusin gu

9

w

= ‘g cosh? %w’_l = {g (cosh2 Fu cos? 50+ sinh? Fusin %v)} o , (C.h1)

so that eq. (C.49) reduces to the simple form

- Ci]i
(i, v)) = _—
(% sinh %2u>

(C.52)

Note that this expression has the expected properties of (i) being translationally

invariant around the cylinder (v-independent), and (ii) correctly reproducing the

half-plane form ﬁ in the limit u — 0 (where the curvature of the cylinder

becomes unimportant). On the other hand, by comparing the limit u — oo

27

(Bi(u, v)) “=F (2] 3)2Rie~ 5 20w o

20

(C.53)

to eq. (C.48), we deduce a simple but important expression for the coefficients

CP in terms of boundary state matrix elements [CLI1, eq.(6)]:

¢z (0B
(P&~ 0B ey




361

which implies

1 (9i|B)
(21 — 23)*% (0| B)

<¢Lz<zl)¢RZ('Z;)> = (C'55)

This important relation is used extensively in chapters 6 and 7.

Since we have argued in section C.2.2 that the C;0 completely determine the
behavior of the 2-point function G and all BOPESs, we conclude that this in-
formation in equivalently contained in |B). In other words, the boundary matrix
elements occuring in eq. (C.48) contain all information necessary to calculate cor-
relation functions in the presence of a boundary via the cylinder-transfer matrix
approach. Thus, the boundary state |B) completely characterizes the boundary

condition B.

C.4.2 The Matrix Elements (a|B)

[Lud94a, appendix A.1], [AL94, appendix F]

In this section we derive an important relation, known as Cardy’s formula,
which relates the matrix elements (A|a)(a|B) to the operator content of a
cyllinder with boundary conditions A and B at its two ends, and periodic bound-
ary conditions around the circumference. This relation can be regarded as con-
straint on the possible values of the matrix elements, that is imposed by modular
invariance of a CFT on a cylinder. Since the argument has been presented in
quite some detail in chapter 6, we shall be rather brief here. The most complete
and detailed derivation that I know of is given in [AL94, appendix F|, a more
concise version of which appears in [Lud94a], appendix A.1

Consider the same cylinder, of circumference (3, as in the previous section, but

now with a finite length [, and boundary conditions A and B imposed at x = [
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(@) (b)

Figure C.4 (a) Closed string picture: the system is quantized along lines of con-
stant z, translations in the z direction are generated by H,+ H, which is periodic
in the 7-direction. The boundary conditions A and B are encoded in the bound-
ary states |A) and |B). (b) Open string picture: the system is quantized along
lines of constant 7, translations in the 7-direction are generated by H,;. The
relations T(z*) = T(z*) J%(2*) = J%2*) at x = 0 imply that T'(z*) and J*(z*)
can be regarded as the analytic continuations of T'(z*) and J%(z*) into a “lower
half-cyinder”. The boundary conditions A and B determine the operator content,
characterized by the integers {n%,}, of the theory in the open string picture.

and x = 0, respectively. Let it be parametrized by z = 7 + iz [corresponding to
z = 4w = i(u + ) in previous section|, with 7 € [—/3/2, 5/2] and z € [0, ].

We would like to calculate the partition function Z,; for this system. This
will be done in two ways: firstly, by considering the theory to be quantized along
lines of constant x and secondly along lines of constant 7 [Fig. C.4].

This freedom to choose the quantization direction is a consequence of the

Lorentz invariance of CFTs. The resulting two expressions for Z,; must be equal
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(this is obvious from a statistical mechanics point of view; in CFT it is called the
principle of modular invariance on the cylinder). Equating the two expressions
for Z,5 then gives Cardy’s formula.

Closed String Picture

Start by considering the theory quantized along lines of constant z, (as in
previous section), with periodic boundary conditions around the circumference
[Fig. C.4(a)]. (This is called the “closed string picture” by string theorists.) For
present purposes it is convenient to regard L- and R-moving fields as both living
in the upper half-plane, as functions of z and z*. The Hamiltonian that generates
translations in the z-direction is then H, + H,. Due to the conformal and KM
invariance of both bulk and boundary, the Hilbert space on which H, + H, acts
must carry a representation of the conformal and KM algebras, i.e. it must be a
direct sum of complete conformal towers:

HS, =) > T'®T", (C.56)

Da @Da

A typical state has the form |a, m) ® |a’, m'), where m labels descendents within
a tower, and energy F = %”[Aa +m+ Ay +m].
The boundary conditions A and B are represented by the boundary states

|A) and |B), which can be shown to have the following structure!4

|B) :ZBaZ’a7m>®W’ (C.57)

(note that the L- and R-sectors are linked in this sum).

4 The origin of eq. (C.57) is the fact that conformal invariance of the boundary requires that
T(r) —T(t) = 0 and J%(7) — J%(7) = 0 at both boundaries [eq. (C.2)]. This implies that the
Fourier components of T — T and J¢ — J? vanish [see for example eq. (6.70)], which means,
for the cylinder, that for all n, L, — L_,, and J& — J2, must annihilate |A) and |B). This
condition can be shown [Ishi89] to lead to the requirement that boundary states have the form

eq. (C.57).
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In the closed string picture, the system starts in the initial state |B) at “time”
x = 0, and propagates to the final state |F') at x = [. Therefore, the partition
function is:

Zap = (Ale”'HrHHP) | BY (C.58)

Inserting a complete set of states, and exploiting the special structure of

eq. (C.57), this reduces to

Zap =y (Al B)xa(@®), @ =e 7, (C.59)

a

where |@) represents a primary state and xz(q) = X,.(@, m|e~tP|a, m) is the
character for the a-th (chiral) tower (the ¢* arises because L- and R-movers both
contribute the same energies).

Open String Picture

Now consider the theory quantized along lines of constant 7 (called the “open
string picture” by string theorists) [Fig. C.4(b)]. First note that the conditions
T(z*) = T(z) and J%(z*) = J%(2) at the boundary at = 0 [eq. (C.2)] can be used
to regard T(2*) and J%(2*) as the analytic continuations of T'(2*) and J%(*) into
a “lower half-cylinder” [see egs. (C.8) and (C.9)]. One therefore has only a single
set of chiral generators T'(z) and J%(z) of conformal and KM transformations,
defined on a cylinder of length 2/, with z € [—[,[], so that the corresponding
Hilbert space will contain only L-states [see eq. (C.60) below]. Moreover, the
condition T'(z*) = T(z) and J%(z*) = J%(z) at the boundary at x = [ implies
that 7" and J* are periodic between x = £I: T(1 —il) = T'(1 + il), etc.

Let H,; be the Hamiltonian that generates translations around the cylinder,
in the 7-direction, and HS,; the Hilbert space on which H ,; acts. The structure

of HS,5 will depend on the boundary conditions A and B imposed at x = [ and
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0 of the cylinder.'> Now, since A and B are assumed not to break conformal and
KM invariance, HS,; too must necessarily always decompose into a sum over

complete conformal towers T, of states:

HSAB — Z?’LZBTQ 3 (C-60)
Da
where a typical state is |a, m) with energy (note the length 2{): F = %[Aa +m)].

The set of integers {n%,} characterize the operator content of the theory in the
open string picture. They depend on the boundary condition: different boundary
conditions will allow or forbid different towers to occur. The fact that the {n%,}
must always be integers can be regarded as a constraint on the structure of any
boundary states |A) and | B) in the closed string picture. Conversely, one can start
by defining a theory with prescribed operator content {n%,} in the open string
picture, and deduce the corresponding |A) and |B) from there (as shown below);
in other words, a particular boundary condition can be imposed by specifying a
particular set of integers {n%,}. This is in fact the strategy followed in the Kondo
problem, as explained in section 7.4.2.

The partition function in the open string picture will be simply:

Zan =y la,mle”M4la,m) =3 " nxalg), q=e ™ (C61)
= 2 mhsSixa(d) - (C.62)

For the second line we exploited a mathematical identity satisfied by the

I5Intuitively speaking, this is so because in the constant-7 quantization scheme, every eigen-
state |n) of H,p with eigenfunction a, (7, x), is created from the vacuum by an operator of the

form a,(7) = fé dv a*(,2)p(r, ), and hence depends on the behavior of the quantum fields

¢(u,v) at the edges of the cylinder.
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characters'®

Xa(a) = 3 Sixa(@) - (C.63)
to rewrite x(g) in terms of x(g). The matrix S is known as the modular S-
matrix; it depends on the KM symmetry group under consideration, and for
various groups can be looked up in math texts.

Cardy’s Formula and Fusion

Comparing eq. (C.62) with eq. (C.59), we deduce!” a very important result,

called Cardy’s formula:
(Ala)(alB) = > nf,S,; - (C.64)

This expresses the boundary matrix elements in terms of the boundary operator
content {n%,} in the open string picture, and the modular matrices S2, which are
known. Thus specification of the boundary condition has been narrowed down
to specification of the integers {n%,}.

To write down the {n%_} for a specific physical problem, physical insight
is needed. It turns out that in many cases of interest, including the Kondo
problem, they are given by a so-called “fusion principle”. Consider as given
a trivial, free boundary CFT on the cylinder, characterized by free boundary
conditions at both ends of the cylinder, A = B = F', with given operator content
{n%.} corresponding to a free theory (the {n%,} can be found by elementary

arguments). Then one can define a non-trivial boundary CFT with boundary

16The characters form a representation of the modular group. Eq. (C.63) specifies how they
transform under modular transformations.

17 Actually, this step requires the characters to be linearly independent. In case they are
not (as for the Kondo problem), the derivation has to be generalized somewhat: then one has
to calculate a “grand canonical partition function”, in terms of “non-specialized characters”,
which are linearly independent. This is done in [AL94, appendix F], and also in chapter 6, see
eq. (6.52). The result is the same, namely eq. (C.64).
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conditions F' at * = [ and B at x = 0 by a fusion Ansatz, which defines the

corresponding {n%,} through

ne, = gn{;FNé’C ) (C.65)

Here Ny, are the conformal fusion rule coefficients that determine which conformal

fields ¢, can occur in the OPE of ¢, and ¢. (hence the {n%,} depend on the

(fixed) indix ¢). AL solved the Kondo problem by means of such a construction,

as discussed at great length in section 7.4.2 (where the remaining steps of this
section are repeated for the Kondo problem).

It so happens that the fusion rule coefficients and the modular S-matrix are

related by a mathematical identity, known as Verlinde’s formula [Ver88]:

> NSy = S’ng , (C.66)
a 0

(where a = 0 denotes the tower built on the identity operator). Egs. (C.65) and

(C.66) can be used to eliminate n% from eq. (C.64):

)
™

~ 1 c a Sca ~
<G|B> = <F|C~L> Soa Zn%FSb = ?(?(C”F) ) (067)
b

where in the second equality we used the Cardy formula for A= B = F to eliminate

nb. . Now divide this formula by a similar formula, with |a@) = |0) (corresponding

the identity operator). Since gg;?; = 1 for all a (this follows from eq. (C.55),

which must reduce to a free Green’s function, i.e. unit normalization, for B=F),

we find

@By 53/
O1B) ~ 59750 (C.68)

Thus, if a fusion principle can be invoked to determine the n¢.,, the boundary

matriz elements, the boundary condition B and consequently the entire boundary

CFT are completely determined.
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C.5 Boundary Operator Content from Hz; on
Strip

[Car84a,Car84b|

Sometimes it is convenient to have a quick way of determining the bound-
ary operator content of a theory, i.e. the set of all allowed boundary operators,
without being interested in BOPE coefficients. In this section, we show how this

information can be directly extracted from |B).

C.5.1 Mapping Half-Plane to Strip

Consider the semi-infinite upper half-plane, with a certain conformally invariant
boundary condition B imposed at the boundary, the properties of which are
encoded in the boundary state |B).

It was shown in section B.4 that for a bulk CFT on the full complex plane,
the bulk operator content could be specified in terms of the finite-size spectrum
of a certain transfer matrix e #7 for a strip with periodic boundary conditions,

2rw/l to map the plane onto the strip. We now

by using the transformation z = e
show that for a boundary CF'T, the boundary operator content can be similarly
specified in terms of the finite-size spectrum of a different transfer matrix, e85
corresponding to —em a strip for which the boundary condition B is imposed
along both edges.

Parametrizing the half-plane as usual by z = 7 4+ iz, * > 0, consider the

conformal map

z =™/ (C.69)

which maps the half-plane onto a semi-infinite strip, parametrized by w = u+ v,
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Figure C.5 The conformal transformation z = e™/' maps the half-plane,

parametrized by z = 7 + iz = re? and boundary condition B along the real
axis, onto a strip of width [, parametrized by w = u + v, with the boundary
condition B at both boundaries v = 0,/. The Hamiltonian H, generates trans-
lations along the strip in the w direction. The operator content on the strip is
characterized by the integers {n%,}, which also determine the boundary operator
content of the half-plane.

with u € [—00,00] and v € [0,1] [Fig. C.5].

Since the positive and negative T-axes are mapped onto the lower (v = 0) and
upper (v =) edges of the strip, respectively, one has the boundary condition B
along both edges of the strip.

The situation is thus analogous to that in section C.4.2, where we had bound-
ary conditions A and B at two edges of a cylinder, but now we have A = B.
Let Hyp be the Hamiltonian that generates translations along the strip in the 7-
direction. Since both boundaries and the bulk are conformally and KM invariant,
the Hilbert space HSpz on which Hyy acts will be a direct sum over complete

conformal towers, [analogous to eq. (C.60)]:

HSps =S 02, T, . (C.70)

Da
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The integers n%,, which characterize the strip operator content, are related to
| B) through Cardy’s formula C.64, and hence are known if | B) has been specified.

The way in which the operator content {n%,} for the strip theory termines
the boundary operator content of the half-plane theory is through the finite-size
spectrum of Hyy, which determines the decay of 2-point functions along the strip.
The argument is exactly analogous to the bulk case of section B.4. Let ¢;(z, 2*)
be a Virasoro primary field in the half-plane with scaling dimensions (4A;, A;),
and consider the corresponding 2-point function G = (¢; (w1, w?)d;(w,, wh)) on
the strip. In the limit of a very large separation (u; — uy) — oo along the strip,

it will decay like

G(Q) = <¢l(w1,wf)$z(w2,w§)> — ef(Eaon)(ulfzm) s (071)

s

where E, is the eigenvalue of that primary (i.e. lowest-energy) state |a) for which
(a|d;|0) # 0 [see eq. (B.93)]. However, G® can also be calculated by using the

conformal map (C.69) from the semi-infinite half-plane [eq. (B.88)]:

2A; 2A;

0% (611, D) n( ) (C72)

Ow;

822

G = (;(wy, w?) s (ws, w3)) = s

where in the right-hand side we now have to insert the half-plane 2-point function
G calculated in the presence of the boundary, as given by eq. (C.22). However,
instead of repeating in detail the steps analogous to eq. (B.88) to (B.91), a short-

cut is possible here, since in the end only the limit u; > wuo, i.e. |z1] > |22], is

w/2—6

needed: Take z; = reil ) with r; — oo and |0] < 7/2, and 2, = ixy with

x9 ~ O(1), so that

wu/l wug /1

R= |z — 2| ~mr, e =|zn|l=rm~R, e = |z|=1xy. (C.73)
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In this limit, G is given by the limiting expression (C.33), which, when inserted

in the right hand side of eq. (C.72), gives

G® ~ emurtu)28l =AAy) ZRRTAL) | —mu—un)A /L (C.74)

Comparing with eq. (C.71), we conclude that
By — E,=TAS . (C.75)

Now, we already know from section C.3.3 that each boundary exponent A; cor-
responds to some boundary operator ®; in the half-plane theory. Hence, to each
primary state |a) in the strip Hilbert space HSgpg, there corresponds a boundary
operator ®;. on the boundary of the half-plane whose scaling dimension is related
through eq. (C.75) to the eigenenergy E, of |a) [likewise, the descendents of |a)
correspond to 7T-derivatives of ®;(7) with scaling dimensions Ag 4+ N, as can be
verified by considering the subleading terms of eq. (C.74)]. Thus, the integers
{n%_}, which specify all primary states for the strip-geometry, also completely
specify the list of all allowed boundary operators ®;, i.e. the boundary operator

content, of the half-plane theory.

C.5.2 {n%,} from Double Fusion

Next we need a way to extract the {n%,} from |B). If the boundary condition B
has been specified through a fusion principle, as explained in section C.4.2, this

can be done by judicioucly juggling with Cardy and Verlinde’s formulas:

Zn‘;’ssj, = (Bla){a|B) (C.76)

(57/53)" (Fla)(al F) (C.77)
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= (S7/5§) Y nb,sf (C.78)
b
= Y b NLNGST (C.79)
b,d

Here the first line is Cardy’s formula (C.64) for A= B, the second follows from
eq. (C.67), the third from Cardy’s formula for A= B = F, and the fourth from
using Verlinde’s formula (C.66) twice. Finally, inverting this result by matrix-
multiplying!® from right by (S7!)2, we obtain the so-called double fusion formula
[Lud94a, eq.(A.14)]

ng, = nb, NLNG. . (C.80)

b,d

This formula states that if a fusion principle, starting from {n%.}, is used to
specify a boundary condition B (more precisely the operator content {n%,} of the
theory on a cylinder of finite length with boundary conditions F' and B at its
edges) then the boundary operator content of the theory at the B-boundary,
characterized by {n%,}, can be obtained by “double fusion”. 1t gives a convenient
and quick way of deriving a list of all possible boundary operators.

In section 7.4.3 this has been done for the Kondo problem, eq. (C.80) taking
the form of eq. (7.53). Table 7.1 contains a list of all possible KM-primary

boundary operators for the Kondo problem.

18The modular S-matrix is unitary, and hence invertible.



Appendix D

The Function G¥) = <¢L¢/§¢R¢;{%>

In this appendix we show explicitly how Affleck and Ludwig calculated the 4-point
function

G = (rai(2) 07 (22) s ()57 (7)) (D.1)
for the case N = 2, k = 2 and an s = 1 /2 impurity that is relevant for the
2-channel Kondo problem. We go through this exercise for two reasons: firstly,
to illustrate the general theory of appendix C with a concrete example; and
secondly, because this calculation is essential to verify that the leading irrelevant
operator Jil . 55 (that gives rise to the T'/? on which the entire thesis hinges!, and
discussed in section D.5), indeed does occur in the boundary operator product
expansion of 1.

This calculation has already been done in complete detail in a formidable
and remarkably explicit paper by Affleck and Ludwig [AL94] (in this appendix
equations from that paper will be referred to by subscripts ac, e.g. (2.16)4;.
However, that paper is written in great generality, for the case of a Kondo problem

with U(1) x SU(N) x SU(k) symmetry, and all possible 4-fermion correlation

373
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functions are calculated (the one in eq. (D.1) is called a Green’s function “of
Class (c), First type”, and defined on p. 550 of [AL94]). Moreover, the information
relevant to the calculation at hand is spread evenly throughout the entire 64 pages
of [AL94], which makes it difficult to locate unless one has read the entire paper
in detail. It is hoped that by presenting an example of the simplest non-trivial
case, namely N = k = 2, in explicit detail here, the essentials of the calculation
will become more accessible to the reader who does not have the time or interest

to go through the most general calculation.

D.1 GWY for Free Fermions

For the case of free fermions, i.e. with a trivial, free boundary condition at z = 0,
it is trivial to find G®: Simply substitute 1(2*) — .(z*) [Cardy’s recipe
eq. (C.16)] and use the free-fermion, bulk OPE for v,¢! in the limits z; — 2o,
zgx — 2z and 23 — zj, 22 — 2. Since the only singular term in the OPE of

V. (21)97(22) is 215, we conclude that the only singular terms in G must be

[(2.16) 4.):

I N I, 1,

212235 211793

G(F4) = + ganal . (D2)

Here z,; = z1 — 2}, etc, and we introduced the KM-invariant tensors [(2.20) 4, ]:
(I)ag =05 65, ()5 = 0% 83 , (D.3)
(1) =855 . (L) =618 (D-4)
(We distinguish tensors in the spin and flavor sectors by putting a~on the latter.)

The function g,,. has to be analytic in the entire complex plane, and hence a

constant. However, G® — 0 as 2z, — o0, hence ¢,,.. = 0.
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D.2 General form of GW

In this section we discuss the general form of G¥) for any general KM-invariant
boundary condition, denoted by B, specializing to B = F for free or B= K for
Kondo boundary conditions in the next section.

For a general B, G®W will reduce to the free form of eq. (D.2) only in the
extreme bulk limit, and exhibit unusual, non-Fermi liquid behavior (in the form
of anomalous exponents) in the boundary limit. The key to calculating G in
this general case is to exploit the fact that KM-invariance is respected in both the
bulk and the boundary, so that G® can throughout be expressed in KM-invariant
form.

According to table 7.1 (left part) a free fermion field 1) can be thought of as a
triplet of charge, spin and flavor fields, with (Q, j, f) = (=1, %, %) Moreover, for
both the free and the over-screened Kondo fixed points, the Hamiltonian can be
written as the sum of three commuting pieces, H = H.+ H,+ Hy. This suggests

that in general, a fermion field operator can be written as a product of a charge,

a spin and a flavor factor [(3.6),.]:

Vrai(z) — eT%rOg (2)hu(2) (D.5)

Urai(27) — e 0rEg (2 Vhg(2") . (D.6)

For the over-screened fixed point, ¢ here is not the usual free-fermion field vy,..,
but is understood to be the field into which the initial free field 1),.. renormalizes
as one flows to the fixed point. [In particular, bilinear currents formed from this
field (see eq. (D.21) below) correspond to the analytic currents J* introduced in

section 7.4.1, see eq. (7.39).]
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Let us discuss some of the properties of the charge, spin and flavor fields.
0e(2) = ¢er(2) + der(2*) is a free massless boson field (see appendix E) with
action S,, = &= [°5.d7 [5°dx [(0;¢.)% + (0u0c)?], so that %L is a Q = —1 charge
field of scaling dimension A, = £ (see below).

The spin and flavor sectors are both described in terms of SU(2)s WZW
theories (some properties of which are summarized in section B.3). The spin

sector is described by g (2), a j = %, SU(2)s KM-primary spin field, and the

flavor sector by h;(z) a f = % U(2)y KM-primary flavor field. j = % and

f= % means that under SU(2) transformations in the spin and channel sectors,

g, and h; transform as spin—% fields [just as the fermions of section B.2, compare
eq. (B.56)]:
= (68 —i04(T)?) g h; = (6] —i04(T*)]) h; (D.7)
8o « t « gﬁ ) 1 % t i J - :
Here! (T%)F = (o )5 and (TA) = %(O’A)j are the SU(2) generators, in the spin

)

and channel sectors, normalized to TrT*T" = 1.

Being KM primary, the fields e%i¢cL, g, and h; are also Virasoro primary,

with scaling dimensions A, = i, Ay, = 7 and A, =

5 3 respectively,? which

16’

correctly add up® to A, = % = A.+ A, + Ay. Finally, we mention that both

g and h have fractional statistics,* which combine in such a way as to produce

'Tn this appendix, the notation TE corresponds to T, 5 of the other appendices, i.e. the

lower and upper indices label rows and columns.
2This follows from table 7.1 and eq. (B.94), or, for A4, Ay, directly from eq. (B.85), which

gives A; 7323:,61) Sforj=3 k=2

30f course, the Scaling dimensions will always (for arbitrary N, k) add up correctly, if one
glues the charge, spin and flavor fields together using free-fermion gluing conditions, since these
are purposefully constructed in such a way as to reproduce the free fermion spectrum. In
particular, the singly occupled free-fermion level has energy 2” 1 = FEgo + Ego + Eto, which

translates, via eq. (B.94), to 1 5 =Ac+ Ay + Ap.
4By definition, (g, (z1)g’"(22)) 65)1/2 = (g1(21)g, (22)) [Lud95], which implies that

(21 r4)
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Fermi statistics for .

Since H,., H; and Hy commute, any multi-point correlation function factorizes

[(3.9) as]:
GW = (ema9er(an)pader(22) = 50er(55) p3der (7)) (D.8)
X ;( Upq Bra(21)87 (22)8,5(25)88 (1)) (o (D.9)
X (B (21)0g (22)hu (25) 05 (25)) ) - (D.10)

Here we have implemented Cardy’s prescription (C.17) of replacing R- by L-
moving fields, evaluated in the lower half-plane. However, eq. (D.8) illustrates
an important subtlety of the “factorization” (D.5): the functions (gg'gg'), and
(hhThhT)(q), the so-called conformal blocks in the spin and flavor sectors, are
determined by the Knizhnik-Zamolodchikov differential equations, which have
two independent solutions, labeled by p (or ¢) = 1,2. (There is only one conformal
block for the charge fields.) G™ is therefore a linear combination of 4 independent
functions. The coefficients a, ,, which determine how the conformal blocks are
“olued together”, depend on the boundary conditions on G [they play the role of
the coefficients a?, in eq. (C.26)]. Each boundary condition selects a particular set
of coefficients a, , (made explicit in eq. (C.32), or eq. (D.27) below); in particular,
the free Green’s function G of eq. (D.2) can also be represented in this way.
Therefore, eq. (D.5) is not a true factorization into independent factors: the

factors have to be glued together in a very specific way, dependent on boundary

g, (21)g%"(22) = +igh(22)g,(21). The best way to keep track of such phases is to extract
the mutual exchange properties of these fields from explicit expressions for their multi-point
correlation functions, since theses are known exactly from [KZ84]. For the present calculation,
where we do work only with a well-defined 4-point function, we therefore need not worry about
the statistics of g and h. For recent developments regarding the statistics of such fields, see
[BLS94].
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conditions.

The charge conformal block is simply given by

_ _ _ _ 1724 L1724
<6_%¢CL(Z1)€%¢CL(Z2)€_%d)CL(Z;)e%d)cL(zz)> — l(l 5) ‘| — l(l T’) ] , (Dll)

k% * *
212234 214423

where

2122** o Ko %
§=—_", =l-&="7 (D.12)

* * *
213724 213424

Reason: the charge sector is unaffected by the boundary condition imposed in the
spin sector, and always corresponds to a free theory. Hence, the charge conformal

block must reduce to eq. (D.12), the only expression that is consistent with the

general form (B.44) for a 4-point function and correctly reduces to (z19255) 24¢

)—2A

and (2,204 ¢ in the limits® 27 — 29, 2¥ — 2} and 2; — 2¥, 29 — 2%, in which
1423 )y 73 4 4 3

& — 0" and n — 07T, respectively.
The spin (and flavor) conformal blocks have the following general structure,

(discussed at length in [AL94, app.B]) [(B.4)..):

(810 (21)8) (22)8,5(2)&Xt () () = [“_5)] S0P . (D.13)

A=1,2

)

212234

The prefactor has the same origin [eq. (B.44)] in eq. (D.11), and the tensor

structure Y- 4_; o /4 is enforced by KM invariance [KZ84, eq.4.4] (I; and I, are
the only KM-invariant tensors).

The functions gﬁf) (&) (p =0,1; A =1,2) are determined completely by the

Knizhnik-Zamolodchikov equations® [(D.4),,, or (B.8),,]. To find them explicitly,

®These limits are always understood to be taken in such a way that the & or 7 are real
and positive. For &, whose phase can of course be arbitrary, this convention is a matter of
convenience, to avoid having to deal with extra phases. For 7, it happens automatically, since

4xio : C * *
n ] = real in the limit z; — 2, 22 — 23.

SFor the present case, they are O¢[(1 — &) *9ga(§)] = gy, P‘E‘B +8an)(q -
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some straightforward solving of differential equations is needed, done in [KZ84].
For the case N = k = 2 of present interest, they turn out to be [see after (4.1),,]:

€0t
—

g”(€) = 1= Fu(&)+F(9)] 1
gl©) = L1-OV-F)+F ()] % L
(D.14)
g)(6) = LEP[F.(6) - F_(€)] =k
() = LEPF(€) + F(9)] N
where”
Fo(§) = (L&) (D.15)

The flavor conformal blocks (hh'hh'),) have exactly the same structure as
eq. (D.13), and for N = k = 2 we have A, = A, = < and hff)(g) = gff)(g).

Inserting eq. (D.11) and eq. (D.13) into eq. (D.8), we obtain

aw - (=977 S0 Lidja,,gPEn?e). (D.16)

kk
Z12Z34 A,A~:1,2 p,q=1,2

Clearly G is completely determined once the a,q have been specified.

D.3 Bulk limit of G¥

In this section we shall find the coefficients a,, of eq. (D.16), for both free and
Kondo boundary conditions B = F' and K, by exactly the same strategy as that
used to find eq. (C.32) in appendix C. One calculates G in two ways: firstly,

by simply taking the bulk limit & — 07 explicitly in eq. (D.16); and secondly,

§)7220gp(¢), where Pap = £ (3 1) and Qup = & (7}3). Knizhnik and Zamolodehikov

have shown [KZ84, section 4] that explicit expressions for general N and k can be given in
terms of hypergeometrical equations, see (B.12),,.

"The branch cut of the square root is chosen as usual along the negative real axis [AL94,
footnote 51, p.594]. This means that (—£)Y/2 = e*™/2£1/2 for Imé Z 0.



380

by using considering the limit z; — 29 and 2§ — z; [Fig. D.1(a)], in which one
can use the bulk OPEs for 1(21)¥1(2) and ¥(z3)¥1(z}) in eq. (D.1), and then
eq. (C.55) to evaluate the resulting cross-boundary (2, — z}) two-point functions.

The latter explicitly depend on the boundary conditions via the known matrix

elements %ﬁ‘g;. Equating the two expressions for the bulk limit of G then

(¢ilB)
(0|B) -

uniquely determines the a,, in terms of the

D.3.1 Bulk OPE of ¢, 9]

In order to proceed, we need the bulk OPE of 1), 4;(21)1/%7(25). Since in the limit
¢ — 0" under consideration this OPE is taken asymptotically far away from the
boundary, where all boundary effects have died out, it is in fact the trivial OPE
of free fermions, which may be calculated using Wick’s theorem:

53671 (22)

212

Urai(20) 0P (25) = (2 (20) 4 (D.17)

Now, it is essential to decompose : ¥ : into SU(2) x SU(2)-invariant form.

A short-cut for finding the necessary Clebsch-Gordan coefficients is to use the

following identities (which follow from eq. (A.73), with T/ here = T, there),
(T9TYE = §[(R)%; — 5(1)%]

o (D.18)
(THUTY; = §[(L)E - 307

which imply
(B)ep(B)3 = [2T)ET)5 + S(I)3] [2THHT4 + 3(1)E] (D.19)

Contracting this with — :9%71¢), .;: we obtain for eq. (D.17):

00671 (2)

212

Viai(2)V)7 (22) = — [2(T)UT*Y] 034 (2) (D.20)

+ (T3] T2 (z) + SUTN] T () + 30261 T2(2) | + Oz,
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e W2 gan O dy
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o
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z (
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Figure D.1 (a) Bulk and (b) boundary limits of the four- point function
GW = (Vrai(20)VPT (22)rp;(23)031 (25)) . GW can be expressed as a partic-
ular linear combination of products of conformal block functions, of charge, spin
and flavor fields, as in eq. (D.8), characterized by coeflicients a, ,. These can be
determined (see section D.3.2) by considering the bulk limit, shown in (a). The
boundary limit, shown in (b), can be used to determine the boundary operator
product expansion of 1,4;(21) and ¥%7(2}) (see section D.4.1).
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where the charge (), spin (J), flavor (J7') and “spin-flavor” (O*#) currents

are defined by (N; is the normalization®):

Tz = " g (2), N, =4,
(2) = (T N,=1,

"75 (Z) ¢ ( ] )ﬁwoﬂ (Z) ) 1 (D21)

Ti(z) = ot (TA)ipg: (2) Ny =1,

0“4(z) = 299 (T5 (T va: (2),  No=1.

This decomposition of : 1a;(21)1%7(2;) : reflects the fact that since ¢ and o'
have quantum numbers (Q, 7, f) = (&1, %, %), ;! decomposes into 4 pieces,
with quantum numbers (0,1,1), (0,1,0), (0,0,1) and (0,0,0) . The charge,
spin and flavor currents are not KM primary,’ since they are KM generators
of U(1), x SU(2)s x SU(2) transformations. However, we see from (the left part
of) table 7.1 that a free-fermion theory a (0,1,1) KM primary'® field of scaling
dimension A;; = 1 does occur, which we can therefore identify with O%4(z).
Under SU(2), x SU(2); transformations, O transforms in the spin-adjoint,

flavor-adjoint representation.!
D.3.2 Determination of a,,

Now we are ready to carry through the strategy outlined at the beginning of this

section in order to find the coefficients a,,, namely to compare two alternative

8For any of these currents J¢, the normalization N; in (J2(21)J%(22)) = (2111'7‘;2)2 can be
calculated with Wick’s theorem from the right-hand sides of eq. (D.21), using eq. (A.47). For
04, No = 1 by construction.

9The currents can be regarded as KM descendents of unity 1, since, by eq. (B.33), we have
T (2) = T4 1(2).

1ONote that the O%“(z) are among the KM generators of SU(4) transformations on the four
fields 4", Hence they are not SU(4)-KM primary. However, with respect to the smaller
U(1). x SU(2)s x SU(2) ¢ symmetry to which SU(4) is broken down for the Kondo problem by
the coupling to an impurity, O%# is KM primary.

UExplicitly, using eq. (B.56) in eq. (D.21), it can be checked that O%4

[0 — ion ()] [54€ — 0% (T")4] 0%, where (T")% = —iehe and (T")% = —iePA°.
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expressions for the bulk limit of G® to each other. The first part of the strategy

is simple enough: inserting the £ — 07 limits of eq. (D.14) into eq. (D.16) (with

g = h) gives:
Lot 1 . i . i
GW =2, o L1y agp + <[1[2a0,1 + 12[1611,1) %51/2 +Lhla.§ + .. } )
12<34

(D.22)

where we displayed only the leading coefficient for each I,1 i [Clearly, the a,,
play the role of the a2, in eq. (C.26).]

For the second part of the strategy, we consider the limit z; — 2z, and

23 — z; [Fig. D.1(a)] and insert the bulk OPE (D.20), and an identical one

for rs;(22)031(23), into eq. (D.1) to obtain the following alternative expression

for G, valid in the bulk limit & — 0*:

ot L 1 1 (0“|B)
—

Iy — —I)(I, — i) 217/ D.23
212234 (291)? (£ 2 (2 = 2h) (D-23)

GW
(0] B)

+ %(]2 — %II)INI + ]1%@2 - %ﬁ) + %]1]~1
Here we have used the identities eq. (D.18) to rewrite the tensor products, and

used the L-R Green’s functions

i i/ Ny baar
(T ETRE) = 5y fr v=es ) (D20
a,a’ SAA a,A
0%4(2)) 0% (23)) = oreon (0B). D.25
R

(%1)>  (0[B)
Eq. (D.24) for the currents 7., J® and J Jf‘ is obtained by analytic continuation

(z4 — z;) from the corresponding L-L correlation functions, a procedure that is
valid because all KM currents are analytic at the boundary [see eq. (C.8)]. O%4,
on the other hand, is not a U(1). x SU(2). x SU(2); KM current, and hence not
necessarily analytic at the boundary. However, it is KM primary, and hence its

L-R function is given by eq. (C.55), which gives (D.25).
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We see that the only place where the boundary condition B on the theory

(0°4|B)

enters into G is through the matrix elements OB)

. For a free theory (B =
F) they are equal to 1, since in that case all fields must be analytic at the
boundary. For the Kondo boundary condition (B = K), they can by found by

using eqs. (7.67) and (7.66). Therefore,

o AB) |1 _ _
OB T s 1 =41 for B=F/K. (D.26)
SN/ T

Now compare eq. (D.23) with eq. (D.22), our two equivalent expressions for G4,

Since £ — ’fog’é in this limit, we immediately deduce'? that [this corresponds to
24

eq. (C.32)]:

Qoo = ]_, a1p0 = Qo1 = 0, a11 = <O<L;‘2>B> = 41 s for B = F/K . (D27)

Thus, the goal of determining the a,, has been achieved, and G is now fully
determined. It has turned out that the sole difference between the free and Kondo
boundary conditions is one little 1 in eq. (D.27)!! However, this difference has
profound consequences for G¥, in particular in the boundary limit, as we shall

see in section D.4.1.
D.3.3 Explicit Expressions for G®

We are now ready to obtain an explicit expression for G, By using eqs. (D.27)
and (D.14) in the general expression eq. (D.16) for G, straightforward direct

computation gives:

16\ - .
o - U= {1111 (9170” £ 91Vat") + LI (989" + 65" ")

*

21223)

12Note that in eq. (D.23) only the leading terms 21 and 12%2 need to be known to fix the

~ N ~ z12237 (255
ap,q’s. The subleading terms in I; 1, Io1; and I11; can be used as a check on the final answer:
indeed, egs. (D.29) and (D.30) agree to order £/(z1225;) with eq. (D.23).
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+ (hL+ IT) (g§°)g§°)ig§1)g§”)] . (D28)
which simplifies to'?
1 N .
4) _ £
G = 21223} Ll + 1—51212} ’ (D.29)
(-9 - o
Gg) — P LI + 155 (—12]2+f1[2+f2]1>] . (D.30)

These are the final results for G4 and GY, corresponding to free (F) and (K)
Kondo boundary conditions. Eq. (D.29) for G\ agrees with eq. (D.2). Eq. (D.30)
for Ggf) deserves to admired with due respect for a few moments: exact, explicit
expressions for 4-point functions for a strongly interacting electron system are
rather rare in condensed matter physics! This function clearly has a more complex
structure, with an additional (1 — &)¥/2 and I, 15, I,I; terms. While they vanish
in the bulk limit ¢ — 0, they become extremely important in the boundary limit

n=1—¢ — 0, which we discuss next.

D.4 Boundary Limit for G

With explicit expressions for G® in hand, the full boundary boundary OPE of
Vrai(20)12% (2%) can now be extracted (eq. (D.36) below). This is done (following
the strategy of section C.3.2) by calculating the boundary limit of G® in two
ways: firstly, take the boundary limit n — 0 explicitly in eqs. (D.29) and (D.30)
(this gives the coefficients a3, in eq. (C.27)); secondly, evaluate G® in the limit

21 — 23, zp — 25 [Fig. D.1(b)] using the boundary OPE of ¥, 9}, twice in eq. (D.1)

13Note ;chat the square root in eq. (D.30) causes no discontinuities: (1 — &)1/2 = p'/2 =
w x\ 1
(%) , and since z1, z2 are in the upper half-plane whereas 23, z; are in the lower half-
13724
plane, the discontinuity in (z; — zj)l/ 2 that always occurs (at the branch cut of the square root)
when z; is moved right around z;, never occur for nt/2. (AL alway choose the branch cut of
the square root such that 0 < arg(z* — 2')* < w/2 [AL94, p.577].)
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(as in eq. (C.40)). Comparing the two limiting expressions for G gives the

BOPE coefficients |C7,|* (as in eq. (C.41)).
D.4.1 Boundary Form of G

The first step of the strategy is straightforward: in terms of n = 1—¢, egs. (D.29)

and (D.30) can trivially be rewritten as:

1 5 5 N 5 ~
Gl = _[5252 Lo (4T2T2+T252+62T2+}15252)} (D.31)
211239 K
1/2 - - - - - -
GW = —n[2T252+262T2 + L <4T2T2+T262+52T2+}162(52ﬂ (D.32)
21173 !

Here we have rewritten the tensors 141 i in a way more useful for comparison
with eq. (D.42) below, by using the identities (following from eq. (D.18), with

switched indices @ «» 3 and i < j ):

LI = AT*T? + T%0% + 6°T% + 16%0%, LI, = 622,
3 ) 3 3 ) (D.33)
—Ll,+ L1, + 1, = 2T252+262T2,
where
(62)35 = 03 05 = ()25, (T2)25 = (T*)3 (T},
[’ 5 - [’ ] f S f (D.34)
(62)5 = 6161 = (L)1, (T3 = (T4 (T

D.4.2 General Form of BOPE of @/}ﬂ/}};

For the second part of the strategy, we need the BOPE of

Vrai(20)05 (25) = 2(TITY)] [T T k| + 10507 [t |

+ (T30} [0 T | + 05T (YT L] . (D.35)
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3 W(z)
%Cﬁ’j1 (Tl/

Ui(z)

=

Figure D.2 The boundary operator product expansion [see eq. (D.36)] of ©,4i(21)
and 9% (2}) in terms of the boundary operators ®% (7).

where we have used eq. (D.19) (with @ «» 3 and i « j, and contracted with
zﬁL@@/}gﬂ) to make explicit the tensor structure of the OPE. Evidently, it must

have the following general form (see Fig. D.2):

D) (25) = g%ﬁ_%(xs)j@m (D.36)

with Hermitian conjugate'*

*

VYrgj (23) wﬁﬂ Z

(X,?)Z j % (1) . (D.37)

(i2%,) 1 A

Here ®%(7;) is a (hermitian) boundary operator'® with scaling dimension A, and

normalization
ab Ot 0% Ny,
<(I)k(p ’> = 20
|71 — T2

(D.38)

and (X k)a is one of the four tensors (playing the role of Clebsch-Gordan coeffi-

cients):

a 1)

(xp)" = 658, (@d. 02N o (M@, (D39)

14Upon taking the Hermitian conjugate, one also has to take 2,5 — —z,3, because z = 7+ ix
becomes i(t+x) after a Wick rotation back to real times, i.e. purely imaginary. This is consistent

t
with “ (24) 7 = (=)0 ()] = w(z2)0 (1) = L.

BFrom eq. (D.35) it follows that all boundary operators ®%(7;) that occur in combination
with the tensor (X “) in eq. (D.36) must correspond to the operators that occur when taking
the limit z; — 2 in the object v, 57(21) (X,?);jj Y71 (21), or equivalently, in its hermitian

. 3j a\ BI *
conjugate 71/15”(21) (Xk)[;; VYrpj(27) -
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For future reference, their “squares” are [in the notation of eq. (D.34)]:

()T (D) = BT, 15 (D.40)

J
a

(825 (T, or (T?5(THI. (DAl

ij

Now, what KM primary fields can potentially occur in 9,11 ? The only KM
primary fields that can occur in the OPE of two fields with (Q, j, f) = (1, é, %)
must have quantum numbers (0,0,0), (0,1,0), (0,0,1) and (0,1,1). Are such
fields allowed on the Kondo boundary? We see from table 7.1 (right part, rows
1,2,5 and 6) that the list of all possible boundary operators for the Kondo bound-
ary indeed does contain four operators with these quantum numbers. They are

denoted by ®f = 1, ¢¢, ¢%; and O“*, respectively [AL94, p.568], and have scaling

dimensions A, = 0, &

. 2, 1, with normalization chosen to be Ny =1 (but Nj, # 1

for some of their descendents,'® see table D.1). Under SU(2) transformations, ¢%
and gb? transform in the adjoint (spin-1) representations!'” in the spin and flavor
sectors, respectively, analogous to O%#. The descendents of these fields, obtained
by acting on them [in a way defined in eq. (B.32)] with a Fourier component of a
current, 7% (n > 0), have scaling dimension A +n, and are also allowed bound-
ary operators. The fields 1, ¢%, ¢4 and O** and their first few descendents'® are

listed in table D.1, together with the corresponding A, X and Nj.

16The normalization of a descendent operator can be found as follows (see [AL91b], footnote
on p.665): Let (|) denote the scalar product defined in [BPZ84]), and assume unit normalization
for ¢: (6216h) = 6. Then (T%,¢217%,6%) = (@2|[T8r, T, ]160) = (2] (i=2be7° + 126%0) |gb)
= (¢2icab¢iebd|pd) + 3 = 9. For the third equality we used eq. (A. 105), and for the fourth
eq. (B.38), which reads J¢|¢%) = —(T°)%|¢d), where (T°)%, = —ie®? for the spin-1 represen-
tation of ¢¢, see footnote 17.

1"Explicitly, under SU(2) transformations in the spin and channel sectors, we have (com-

pare footnote 11): ¢? = [5“C—i0b(Tb)“} ¢, where (T")% = —ice°, and similarly qﬁ‘f“ =

s
- ~B ~B
§AC B (T4, ] € where (T )4, = —ieBAC,
18 According to footnote 9, entries 4 to 6 of table D.1 can be regarded as descendents of unity,
1; their normalizations are given in eq. (D.21).
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The fact that a boundary operator can potentially occur in a BOPE certainly
does not mean that it actually does occur. Whether it occurs or not can be

learned from the boundary limit of G¥, to which we now turn.

D.4.3 Determination of BOPE coefficients |C7, |

To determine the BOPE coefficients |C”,|*, we comparing two equivalent expres-
sions for the boundary limit of G®: In the limit 2; — 2z}, 25 — 23 [Fig. D.1(b)],
we can use eqs. (D.36) to (D.38) in eq. (D.1) to obtain the following expression

for G® in the boundary limit (the overall sign results from Yothh = —zﬁ;@/)g):

N\ ai \ B
siene. () ()]
) (D.42)

(214 259) 17 2%y — |25k

—0T
(1) 10

* %
Since n — 178 when 2 — 2], 22 — 23, we can directly compare egs. (D.31)

and (D.32) with eq. (D.42) (using eq. (D.40) in the latter), to read off all the

. 512 . . —|C£3‘2T2'f2
coefficients |C'7,|?. For example, the k=3 term in eq. (D.42) gives iy N
14732

Comparing this to egs. (D.31) and (D.32) implies that |[C%]* =4 or 0, for B=F

or K, respectively. The coefficients |C,|* obtained in this way for all boundary

operators with Ay, < % are listed in table D.1, with separate columns for the free
and Kondo cases.
Actually, from the present correlation function (1§ z1L), one can not ob-

tain |C7,|* separately for k=7,8 and 11,12, but only the combinations:'?

0 0
Gl + |C%I* = . CP P |CE,? = , for B=F/K,

(D.43)

YThis is [(4.7)4.], with CZ; = C/4 and C% = C’/4. The 1/4 arise since AL introduce the
C and C' in the contracted BOPE of ¥, 4;(21)0%" (23), see (4.6) .



Table D.1 List of all boundary operators ®%(7;) of dimension Ay < 3/2 in the
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boundary operator product expansion of ¥, (21)

and (D.32) for GE;L) and Gg), respectively.

k| A agtr) | (x0)7 | N | enf | es?
00 1 56 1 1 0
1| 3] ¢ T°6 | 1| 0 2
2 | 3| ¢f oTA |1 0 2
301 | 0% | ToTA | 1 4 0
401 g° s | 4] & 0
501 Je 7% | 1 1 0
61| JA oTA | 1 1 0
T3 TNt | §6 |9 0 i
8| 2 | JA¢t| 66 |9 0 %
9| 2 | Jogr| T |1 0 1
10 3 | goed| 674 | 1| 0 1
11| 3 | JAge | ToT4 | 1 0 2
12 2 | guet | T°TA | 1| 0 2

(21) [see eq. (D.36)] for both
free (F') and Kondo (K) boundary conditions. The tensors (X,f)m and their
“squares” [needed in eq. (D.42)] are given explicitly in eqs. (D.39) and (D.40).
The values for |C],|* and |C[%|* are found by comparing (power by power in
n) eq. (D.42) to the boundary limit  — 0% of the exact expressions (D.31)
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since the ®%, ®% (and ®f,, ®9,) terms have the same tensor structure. However, by
also considering the correlation function (1,¥ L1, 91), AL showed by an entirely

analogous calculation that [(4.14),,]

( 57)2+( 58)220, ( 511)2+( 512)2:0, (D.44)

which implies the values® listed in table D.1:

0 0
CaP =1CKI" = e P =cnuP =4 ", for B=F/K.

¥

(D.45)

Thus, we now have succeeded in constructing a complete list of all boundary
operators with Ay < 3/2 occuring in the BOPE of 1, 9],.

The last two columns of table D.1 illustrate the dramatic difference between
the free and the Kondo cases: none of the boundary operators that occur in the
free case occur in the Kondo case, and vice versa. Although the two theories
become identical in the extreme bulk limit, they are totally “orthogonal” to
each other in the extreme boundary limit! Note in particular the emergence

of anomalous exponents A, = 5 and % in the Kondo case, but absent in the

3
free theory. These are examples of the non-Fermi-liquid exponents for which the
multi-channel Kondo problem is famous. In this calculation they are shown to
arise as a result of boundary operators that occur in the Kondo but not in the
free theory.

Note also that the identity does not occur in the BOPE for Kondo boundary

conditions: Cf = 0, which means (¢, (z1)¥},(z})) = 0. This result was also be

20Using arguments involving the discrete symmetries of time-reversal and charge-conjugation,
AL showed furthermore (see [AL94], p. 586, and in particular footnote 42) that C}, and CJg
differ by a factor i. This factor of ¢ is verified in appendix F, footnotefoot:bosoni, page 417.
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found directly in section 7.5.2 by using eq. (7.67) with j = %, as explained there
[compare eq. (7.69)]. This means that the amplitude for an incident free electron
to be “scattered from the boundary” into an outgoing free electron is strictly
0! This is known as the unitarity paradox, whose resolution, due to [ML95], is

sketched in section 7.5.2 and in more detail in appendix F.

D.5 Leading Irrelevant Operator J¢, - ¢¢

[AL91Db, p.657,682], [AL93, p.7304], [ALI4, p.586]

It is important to determine the leading irrelevant boundary operator that
can appear in the effective Hamiltonian at the overscreened fixed point, since it
determines the critical behavior of physical quantities such as the conductivity,
magnetization and specific heat (see chapter 8).

The right part of table table 7.1 gives the list of all possible KM primary
boundary operators that can occur on the Kondo boundary. The leading irrele-
vant boundary operator is the boundary operator with smallest scaling dimension
that has the same symmetries as the initial weak-Hamiltonian (else it cannot be
generated under the RG flow from the weak-coupling limit to the overscreened
fixed point). The isotropic Kondo Hamiltonian of eq. (7.2) studied by AL is a
KM singlet, with quantum numbers (Q, j, f) = (0,0, 0).

Now, from table 7.1, right part, we see that the only KM primary boundary
operator with these quantum numbers is the identity. Hence the the leading ir-
relevant operator must be a KM descendent. The lowest dimension KM singlets

are, in the notation of table D.1, ®; = J%¢% and &5 = jf‘lgbA, with scaling
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dimensions?! Ay = Ag = % (since, by footnote 2, ¢¢ and QS? have scaling dimen-
sions 3).

Furthermore, AL showed that the weak-coupling Hamiltonian is even under
the discrete symmetries of time-reversal (T') and, assuming particle-hole symme-
try, charge conjugation (C'), and hence also under (CT') [the precise meaning of
these symmetry transformations is defined in eqs. (4.43) 4, and (4.44) ,,, of [AL94]].
They also showed [AL94, p.586] that 7% ¢* and J* ¢? are even and odd under
(CT), respectively. Therefore, assuming particle-hole symmetry, J A ¢4 cannot
occur in the effective overscreened Hamiltonian. Thus, AL concluded [AL91b,

p.657] that there is only a single leading irrelevant operator, namely J% ¢%, with

3

5 (and normalization 9, see footnote 16).

scaling dimension

The fact that the leading irrelevant operator does occur in the BOPE of
Ypipl, as verified in section D.4.3 and table D.1, is crucial for the calculation of
the temperature dependence of the self-energy, and hence the bulk conductivity
or point-contact conductance. The reason is that, as shown in [AL93], the leading
T # 0 correction to the self-energy is governed by (¥, J% ¢%1); the anomalous,
non-Fermi-liquid 7%/? scaling behavior of the self-energy arises from the non-
Fermi-liquid scaling dimension of % of J% ¢%, as shown in sections 8.4 and 8.5
[see eq. (8.33)].

For the arguments of those sections, it is assumed that the boundary operators

®,, occuring in (;®,1!) is Virasoro primary, since the 7' # 0 version of this

function is calculated by a conformal map of the plane to a cylinder, assuming

21Ror general N and k, the scaling dimensions are A7 = 1 + NJL@ and Ag =1+ Nik' This
follows because according to eq. (B.85), the scaling dimension of the KM primary fields ¢¢ and
qb? are given by A, = where for the adjoint representations of SU(N) and SU(k), we

()
- N+k’
have cy = N and k, respectively.
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that all operators involved are Virasoro primary [compare eq. (8.35)]. Now, J% ¢%
is in fact Virasoro primary, though this is not a priori obvious, since it is not KM
primary. To verify this, note that an operator ¢; is Virasoro primary if it satisfies

leq. (B.37)] the condition L:¢; = 0 for all n > 0, which does hold for (J% ¢%):
Li(J%6%) = (T L5+ Jg) 62 =0 — (T)3¢h =0 . (D.46)

Here eq. (A.104) was used for the first equality, eq. (B.37)?? and eq. (B.38) for
the second and footnote 17 for the third, according to which (T%)4 = —ig2® = 0.

Similarly, L;(J* ¢%) = 0 for all n > 0.

22Gince ¢2, being KM primary, is Virasoro primary, L;¢? = 0.



Appendix E

Free Bosons

In this appendix we give some standard results from the theory of free massless
bosons in two dimensions, that are needed for the bosonization of fermions used
in chapter 6 and appendix F. For a detailed discussion, refer to the lectures by

Shankar [Sha91]; for a more concise and elegant treatment, to those by Polchinski

[Pol94, chapter 1].

E.1 Boson Basics

The Lagrangian action for a free boson on an infinite line (r € [—o0, 00]) is

[Sha91,Pol94] (with normalization ¢,... = VATOsnankar)

S = 8%/657 dz (9, p(r, 2))* + (O (r,0))?] = —i/dT dz (7, )80, o(7, ) |

(E.1)

where z = 7 + 4z and 9, = %((97 — 10,). This action leads to the equation of

motion 0,0,~¢ = 0, implying that ¢(z, z*) decomposes into L- and R-moving
components:

p(z,2") = pu(2) + pa(z") - (E.2)

395
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For a line of infinite length, ¢,/ can be expressed in terms of (7, x) through

pun(r i) = [p(ra) 3 ["al ivp(ra)| (E.3)

The canonical equal-time commutation relation for ¢ and its conjugate field

WO0L 4 AN
(0-p)  4am (T, ') s

T, 1), L 7,2 :ild—ﬂNix—x'
olr0), el ) = i~ e 2), (B4)

where 1/ is a large ultra-violet cut-off in momentum integrals.! Eq. (E.4) implies

via eq. (E.3) that

[ (T +ix), op(T —ix")] = im (E.5)

: L fx—2
el + i)l i) = Fi2fi (22

K
= gimele—a) = | 0T (E.6)
Tir if xzZa.
Eq. (E.5) can be ensured by requiring that [po., por] = im, where o, (por) is
the z- (2*)-independent part of ¢, (z) (pr(z*)), the so-called zero-mode.

If one considers bosons on a finite interval, say x € [0,!], the representation
of eq. (E.3) is no longer applicable (and egs. (E.5) and (E.5) can consequently be
modified). Instead, one has to carefully make mode expansions for ¢, /., whose
detailed properties depend on the boundary conditions on the fields ¢, /5. [For

detailed examples of boundary-condition-dependent mode expansions, see, e.g.

[GSWS7, p.66], [WA94,EA92] ]

! The ultra-violet cut-off x is on the order of the lattice spacing. In CFT, one implicitly takes
a — 0, and the divergences that arise as z — 2z’ play a central role in the theory, via operator
product expansions.
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The correlation functions for ¢, (z) and ¢,(z*) are?

(Pr(21)¢e(22)) = —Inf(z21 = 22+ K)/A], (E.7)

(or(21)en(2)) = —Inf(zf — 2 +K)/A], (E.8)

where A™! — 0 is an infra-red cut-off in momentum integrals (discussed in

[GSWS87, p.139]), that cancels from all relevant expressions.?

Below we shall consider a number of independent boson fields ¢, labeled by

an index «, with

(Paps) =0 and [pa,pp] = [pa,0rpp] =0 if a#p.  (E9)
E.2 Vertex Operators

The normal-ordered form of an exponential operator is defined as follows:*

et = =) = I (E.10)

so that (:e:) = 1. When manipulating with exponential operators, the following

identities [derived in [Sha9l], see eq.(3.22)] are useful:

eel = eATBABI2 cefiieB = eATE 4B (E.11)

2 Actually, eqs. (E.7) and (E.8) hold only modulo additive constants +-iw. The reason is (see
[GSWS8T, eq. (3.2.41)] or [Pol94, eq. (1.4.25)]) that they are derived from (p(z1, 27)¢(22,23)) =
—In[(z1 — 20 + &) /A] —In[(z7 — 25 + &) /A] = {((¢pr + ©r)(pr + ©r)). Therefore, the functions
(prpr) and (prer) can be determined from this only to within the constant (v, ¢vr + ©rpL),
which need not be zero, since [¢,, pr] = im # 0. However, extra contributions +iw in eqs. (E.7)
and (E.8) can be ignored for our purposes: since the infra-red cut-off In A cancels from all
relevant formulae, so will the combination In A & i7 = In(Ae*i™).

3Typically, the cancelation of A happens via (p(2)¢(0)) —(2(0)p(0)) = In(z+~)/k. However,
we display A explicitly because of the role it plays in eq. (E.15) below.

4For a discussion of normal ordering of exponentials, see [Sha9l, eq.(3.22)], where eq. (E.11)
is derived, [GSW87, p.89] or the particularly elegant treatment of [Pol94, eq.(1.1.18)].
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The normal-ordered exponential of a free boson is called a vertez operator:®
V(OQ(Z) = AV/2 e V("Q(z*) = A2 el (E.12)

[the normalization factor A~**/2 is needed to ensure proper normalization of the
two-point function (E.15) below|. Evidently (Vf?(z)} = dy 0 in the limit A= — 0.
Using the second of eq. (E.11) together with eq. (E.7), one finds the following

vertex operator OPEs (note that singular terms occur only for a = f3):
5aﬁ VL(,(;)l + Ao (22) /
(21—22)_>‘1>‘2 \

. dag A
10,01a(21) VL(:B)\)Q(ZQ) = zlﬁ—zz VL(g\)Q(ZQ) +... . (E.14)

Vi (=) ViSi(z) = L+ Mo —22) i0,0() + - )(B13)

It follows that the two-point function

o Sop 21 H22)?
v () v £

n(22)) = CESETE (E.15)

is non-zero in the limit A=' — 0 only if \; + Ay = 0, which implies its invariance
under ¢ — ¢ + const, as expected. [This is the reason for including the factor
A=*/2 in the definition (E.12).]

The vertex operator VL(K) (z) is a Virasoro primary field, with scaling dimension
A\?/2 (for a proof, see [GSW87, p.89]).

Similar properties hold for right-movers, with . — R and z — z*.

E.3 Bosonization of Free Fermions

A single species of spinless, L- and R-moving free fermions (with linear dispersion)

can be expressed in terms of a single species of bosons through vertex operators

®One often sees the form VL(O;\)(z) = kN/2601a(2) | which is equivalent to eq. (E.12),
2

since <ei>\LPLa(Z)> _ e%)\2]nn/A _ (FL/A))\ /2.
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with A = £1: Explicitly, 1, (z) = A™1/2 :e7%2G): and ¢g(2*) = A7V2 e7@r(E);
(here egs. (E.5) and (E.11) ensure that ¢, and ¢, anti-commute). It is evident
from eq. (E.15) that this identification reproduces the correct fermion Green’s
function, including the correct statistics [which can also be checked on an operator
level by using eq. (E.11) in combination with eq. (E.6)].

The same method can be used to bosonize a set of 2N independent fermions
Vi, @ = 1,...,2N, in terms of 2N independent boson fields ;.. However,
one has to take care that different species of fermions anti-commute.® There are

several ways to do this, one of which is to make the bosonization Ansatz

Via(2) = agA7V2 remi2al2). (2) = agA7Y? (e (E.16)

Vra(2") = agA™V? remraE) VN (2) = agATV? ¥R (B117)

where the different ¢, commute [as in eq. (E.9)] and we have introduced [Lud95,
ML95] a set of 2N anti-commuting, hermitian constants a, (sometimes called

cocycles in the string theory literature) satisfying
{aa, ap} = 2003 - (E.18)

Since a? = 1, all relations involving bilinears of a single fermion species 1), are
unaffected by the a,. The sole role of the a,’s is to ensure that {14, %5} =0
if a # [ [recall eq. (E.9)], i.e. to serve as a mnemonic to remind us to include
— signs when permuting fermion fields. The a,’s are otherwise trivial constants,
and for definiteness may be thought of as a set of (hermitian) matrices that realize

the Clifford algebra eq. (E.18).

6This matter is not discussed in the literature that treats the the 2-channel Kondo model
via bosonization [EK92,SG94,SH95a]. However, for our application in appendix F, it will be
important to treat this with care.
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Note that the combination asy 1 = —(—4)Y ayas . . . agy satisfies the relations
{aa,a2n1+1} =0, lanag, asn1] = 0, azys1=1. (E.19)

The third relation (ensured by the phase —(—7)") implies that one can classify
states as having even or odd “parity” according to their eigenvalues n = +1 under
asny1. Let |0), be a ground state with asn11/0),, = 7|0),. Then a m-fermion
state, |m), = ()™ (¥1)™+™'|0),, has parity (—)™n. When working on a subspace
of definite m, one may thus make the replacement asy 1 — (—)"n.

Eq. (E.16) and eq. (E.13) imply the following bosonic expressions for normal-
ordered fermion currents (the first by expanding the exponential in the right-hand

side of eq. (E.13)):
2 10,00a(2) for a=7,
T ()ua(2): = | (E.20)
agag A7t eiPra=ero)@: for o £ .

Let (T4)2 be any N x N matrix, and define a corresponding current through:
TP (2) =t () (T Jas(2): (E.21)
Then, using egs. (E.14) and (E.13), it is instructive to check that the bosonic

expressions (E.20) and (E.16) reproduce’ the OPEs expected from using Wick’s

theorem for fermions [compare eq. (B.26) and (A.47)]:

T () = W o, (E.22)
JN2) TP (z) = T;T_i+ 22T (2) ([TA,TBDC:B@bLﬁ(ZZ): +...(E.23)

where the dots represent terms which are less singular [e.g., in eq. (E.22), a term
ePra—erateisy) with 4 # 3, which is less singular because the leading term in

eq. (E.13) is absent for v # f].

"Note that the a,’s play an essential role in ensuring the requisite — signs for forming the
commutator in eq. (E.23).
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As an example (of interest in section 6.3), consider the case of two spinless
fermions fields, & = (1,2) = (4, —). In this case it is convenient to introduce

linear combinations of the bosons ¢, and ¢ 4:

Xp(2) = len+ew)z),  Xi(2) = J5(0m — ¢u2)(2) - (E.24)

Then we have

Yal2) = o ATV? 16106 = g ATV2 e EXLETXEE] (E.25)
IN T (2)alz) . = 7 110, X°(2) 1, (E.26)

STy (2)iod e (z) = az AT isin V2X3(2) ¢, (E.27)

S iy(2)iol () = —az A7 icos V2X3(2): (E.28)

Sy (2)iod a(z) = % 10, X3 (2): . (E.29)

where a3 = iajay. If explicit representations for a, (o = 1,2, 3) are desired, one
can choose the Pauli matrices: a, = 0%, with the “p-parity” ground state |0),

being proportional to (é) or ((1)) for n =1 or —1, respectively.



Appendix F

Bosonic Description of
Overscreened Fixed Point for

2-channel Kondo Problem

In this appendix we describe how Maldacena and Ludwig [ML95] reformulated
the AL theory for the overscreened fixed point, for k& = 2 channels (and N = 2),
in terms of free bosons (!). This approach not only achieved its initial goal of
resolving the unitarity paradox [see section 7.5.2]; in addition, it lead to a very
transparent description of the overscreened fixed point in terms of very simple
boundary conditions satisfied by the free bosons. In particular, the origin of the
anomalous non-Fermi-liquid exponents A = % becomes very clear [section F.4], as
does the nature of the corresponding boundary operators ¢¢ and gbj} [section F.6].

The reader not familiar with all the intricacies of AL’s CFT approach is

nevertheless encouraged to read on: the only input from AL’s CFT needed here

are eqs. (F.5) to (F.7). Once these are assumed, the rest follows purely from

402
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applying results from the theory of free bosons. In fact, the approach is similar
in spirit to that used by Emery and Kivelson [EK92] to address the anisotropic
2-channel Kondo problem, although the details are quite different.

As always, our presentation is considerably more pedestrian than that used
in [ML95]. In particular, we avoid the group theoretic arguments by which the
approach was discovered, since a posteriori one can get by without them, and
instead merely describe how it works. In addition, we show explicitly [section F.6]
how the boundary operators ¢¢ and gb?, introduced in appendix D, can also be
expressed in terms of the boson fields (a matter addressed only in passing in

[MLO5)).

F.1 Statement of the Unitarity Paradox

Let us recall what the “unitarity paradox” is. Consider the fermion field 1
that the free-fermion field 1;,.. renormalizes into as one flows towards the over-
screened fixed point. It was shown in section 7.5.2 (and emphasized again at
the end of section D.4.3), that for the Kondo problem, the fermion field 15(z*)
is not simply proportional to the analytic continuation of ¢, (z*) into the lower
half-plane:

Unlz) # e () (F.1)
Instead, for k = 2, N = 2, one actually finds the dramatic result that their

two-point function vanishes [see eq. (7.69)]:

Wain(z )1 () = 0. (F.2)

This seems to violate unitary: when a free electron scatters off the boundary

(the impurity), the amplitude for a free electron to emerge is zero [if k& > 2, the
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amplitude is not zero, but still < 1, compare eq. (7.68)].

The resolution of this paradox by Maldacena and Ludwig (ML) rests on the
following realization: the fact that a free electron does not scatter into a free
electron does not mean that it disappears; according to the dictates of unitary,
it must simply mean that 1% scatters into some other (non-Fermi-liquid) exci-
tation, with the same quantum numbers (Q, j,, f.) = (1, a%,i%), (o, = +) that
does not occur in a theory of free fermions, but does in the overscreened Kondo
theory.

Let this other excitation, which we call a spinor-electron (ML simply call it a
“spinor”), be described by a field S®. By definition, this is the field into which

an electron scatters at the boundary, and hence by definition ST is the analytic

continuation of ¥ into the lower half-plane:
SHUCOEL T COR (F.3)

The challenge is to find the properties of S,

Now, although the electron fields 1! and ! do not obey simple boundary
conditions, bilinear combinations of : ¢)T¢ : do: The familiar charge (J°), spin
(J2), flavor (J7) and “spin-flavor” (O“#) currents, to be generically denoted by

Ja, are defined by eqs. (D.21) (NN, being the normalization):

TNz) = 0 ahy; (2), N, =4,
Jiz) = ot (Twa)ﬁa%i :(2) Ny=1, (F.4)
Jiz) = (1) [t (2) | Ny=1,

0% 4(z) = 2:451 (T8 (TA); Vi 2 (2) No=1.
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They have the L-R two-point functions [egs. (D.24) and (D.25)],

(Th ) T8 5) = P (F.5)
Ne="ns =105 =—No=1, (F.6)

which imply that
T () = e T () (£.7)

when acting on the ground state |0).

Since eqs. (F.5) to (F.7) completely determine all that follows (and are
the only point at which input from AL’s CFT approach is needed), their ori-
gin is worth recapitulating: For v = ¢,s,f, eq. (F.7) stipulates that the
U(1)ex SU(2)s x SU(2)y generators J2, J& and J{* be analytic at the boundary,
which is the condition [egs. (7.39) or eq. (C.8)] that ensures that the boundary is
U(1), x SU(2), x SU(2); KM-invariant (see section C.1). [This is the fundamen-
tal assumption on which AL’s theory of the over-screened fixed point is based
(see section 7.4.1); it is the technically precise statement of the loose statement
that “the impurity is screened in such a way that the U(1), x SU(2),; x SU(2);
symmetry is completely restored.”] The O%?’s, however, are not generators of
a KM symmetry and hence not necessarily analytic at the boundary. However,
they are KM primary (see footnote 10 on page 382); hence their boundary con-
ditions are governed by Cardy’s result for L-R functions, egs. (D.25) and (D.26),
which imply no = —1.

The strategy followed by ML is straightforward: they bosonize the fermion-
fields ¥ in terms of a set of boson fields ,;, make a transformation to a new

set of boson fields ¢,, and then determine what boundary conditions the ¢,
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fields have to satisfy in order that egs. (F.7) hold. Once these are known, it is
straightforward to define the spinor-electron field S in terms of the ¢y -bosons,

and deduce all its properties.

F.2 Bosonization of ¢

We bosonize according to the method outlined in appendix E. Introduce four
independent, commuting, boson fields ¢,;, each with the properties described in
section E.1, and a set of four anti-commuting hermitian constants a,; (sometimes

called cocycles in the string theory literature) satisfying?

{aa,a8} = 2045 , {an,a5} =0, ag =1 where a5 = aj1a01a12a92 .
(F.8)

Then the fermion fields can be represented as:

Vrai(2) = am.A—l/2 e~ PLai(2) . gz‘]‘(z) = aaiA_1/2 - o¥PLai(2) . (F.9)
Vrai(2°) = oA ™H? e PRailE) Ot (2%) = g A2 1 ereilz) ((F 10)

Henceforth, if we do not display the subscripts L/R and arguments z/z* explicitly,

the formulas are understood to apply to both cases. Also, the normal ordering

1/2

symbols and the normalization A~"/“ will not be displayed, but understood.

According to eqs. (F.4) and the first of (E.20), the following four (commuting)

LAn explicit realization of the ay;’s in terms of 4 x 4 matrices is, for example: a;; =
p , %
1, 0 . _=>_ (0 —iz _ (0 1, _ /10

(0 _12) ; (a21,a12,a20) = @ = (ﬁ o ), and a5 = (12 0), where 15 = (0 1). A ground

1

state |0),, with as-parity of 5 = &1 then is proportional to { .4

n5
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currents J,, J7, J; and O*% are linear in the boson fields ¢q;:

%jc - Zazéz()paz = iaz¢c
TP = 10,5 (0))3¢ai = 0. ¢,

o (F.11)
jfs = 13252(03)1%,00” = Zaz¢f

033 = 0, %Z (6320 ipes = 0. b,
On the right-hand side, we have introduced a new set of boson fields, which we

collectively denote by ¢y,

Pe 11 1 1 P11
qbs I -1 1 -1 P21
Oy = =1 (F.12)
¢f 1 1 —1 —1 Q012
o 1 -1 -1 1 V22

Because this transformation is orthogonal, the ¢, satisfy the same commutation

relations as the ¢,; [compare eq. (E.6)].

[6v0(7,2), $yn(r,2))] = imdyyr F1s)
[¢YL/R(T7 33)7 ¢Y’L/R(T7 ml)] = Z|:i7r€(x - wl) Oyyr

Thus, they are also mutually independent and commuting, so that e'®vei®y’ =
Oy +oy) if 5 #+ Y.
It turns out to be convenient to express all fields and currents in terms of

these new bosons:

P ayy (qq €3 (9ctdstértos)
21 gy €921 Qg €3 (9c—9s+d5—2) F 14
= = 14
. Y
w12T a2 ei<P12 a2 e%(¢c+¢s_¢f_¢z)
¢22T 99 ez 99 6%(¢c—¢s—¢f+¢x)

ie. wajl‘ _ aaj€%(¢>c+ad>s+j¢f+aj¢m) (F.15)
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N a11ag €M% (emm 1 as e—ni%) :
(F.16)

21 ayyagas €701

for n = &, with J7 = J! + niJ2 e.g. T =91y and J =:4?"1)y;:. Here

the as’s arise from writing aisa99 = —aq1a901a5, o109 = aq1a12a5 and ajpas; =

ai1asas. We shall denote a ground state! with “ as-parity” eigenvalue of s = £1

by 10),,, i.e. as|0),; = 715]0),;. The two choices for ns; are equivalent for our

purposes (we continue to display the ns-dependence, though, to verify explicitly

that the value of 75 does not matter).

F.3 Boundary Conditions for the ¢,, Bosons

Now, the boundary conditions (F.7) for 7, J2, J} and O*? immediately de-

termine, via eq. (F.11), the following boundary conditions on the corresponding
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boson fields:?

Per = Ger + €T, Psp = s +CT, Ppr = G+ T, Qup = —Par + T .
(F.17)
The shifts parameterized by the constants ¢, are allowed, because they do not
affect i0.¢y 1 n(T £ix) for & # 0. The ¢,’s are determined by the requirement
that expressions (F.16) should be consistent with the two-point functions (F.5),
or equivalently with the boundary conditions eq. (F.7), when acting on the ground
state |0),;, i.e. when as is replaced by 75 in eq. (F.16). Thus, JJ" and J} pick up
a factor —n5 and 75 when ¢, is replaced by —¢,. It is readily apparent that these
factors can be neutralized and the relations (F.7) satisfied for all the currents in

(F.16) by choosing the ¢, such that

67:7]7T(C5+?7/cz) = —775’ eiﬁﬂ(0f+n’cz) = 775, einﬂ(cs+r]’cf) = —1 > fOr 777 T]/ = :i: .
(F.18)
This can be realized by taking, for example,
1 0 1
cs:{o , cf:{l : ce =0 =0, for 7]5:{_1 (F.19)

(which is the choice made by ML, who also implicitly take ns; = 1). Thus, the

¢y boson fields have extremely simple boundary conditions! As a check, ML

2Strictly speaking, the relation ¢, (2*) = —¢..(2*) +c,m involves a somewhat sloppy nota-
tion, and the — sign is to be understood as applying only to the z*-dependent parts of the fields
¢z /r [this is all that is required by the boundary condition i0.«¢rr = —10.¢z.]. The — sign
need not apply to the z*-independent zero-modes ¢, o and ¢4 0. In fact, we shall choose them
to be unaffected by the extra — sign, so that in particular [¢,, (7, ), ¢»r(7,2")] = im continues
to hold, as in the second of egs. (F.13). This is important to ensure that {wfiT,ilzsRﬁj} =0
continues to hold. — In general, questions of how various fields commute with each other can
be tricky when fields with anomalous scaling dimensions are considered (compare footnote 4 on
page 376), and are best settled by investigating the behavior of an explicitly known correlation
function. That {WL’”, YsR%} = 0 follows, for example, from eq. (D.42) for G¥), in which
the overall — sign [needed to get agreement with the general expression (D.32)] arises from
ngz/JLB = —1/)};31/@2 [see the comment above eq. (D.42)].
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calculated [ML95, appendix B] the exact partition function for the system in
terms of these bosons, and found exact agreement with the result they had ob-
tained previously by using the finite-size spectrum obtained through their fusion
hypothesis.

As an aside, note that if one refermionizes by introducing a new set of fermion
fields through JJV = a,e™Y (this is done, for example, in Emery and Kivelson’s
treatment of the anisotropic 2-channel Kondo problem [EK92,SH95al), they too

have very simple boundary conditions:
z;CL = 2[JCR 5 I;SL == eiiﬂpcs ’l/;sR 5 ”&fL = eiim:f ZZ)fR 5 ~a:L == eiiﬂ—cz IZI:R . (F20>

In fact, for the anisotropic 2-channel Kondo problem, the result that z/NJwL x @ER
was also found by Schiller and Hershfield [SH95b], using the Emery-Kivelson

theory.

F.4 Origin of Non-Fermi-Liquid Exponent

A~

The fact that ¢, has a — relative to ¢,, immediately explains the mysterious
“orthogonality” of 1/%77(z1) and ¥,47(25) at the boundary: consider the following

OPE,

GO (1)1, mai (25) o o3 (Setads+idrtajoe)r(zr) o—5(Setads+idrajoe)L(23)

o5 [(Setadstidrtajon)L(z1)—(betadstio £ajds)L(z3))]

- (21 — Z;)i(lmdﬂjiaaﬁ) +... (F.21)

where we used eq. (F.15), and the vertex operator OPE (E.13). Whereas for
Y2914, o5, one gets the usual leading term 5;:5;’(21 —25)71, for Y9914 .5 the leading

term is always proportional to (z; — 23)7'/2, for all combinations of «, @, j,j
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(actually, it even is (21 — 23)%/2 for @ # & and j # j). Thus, the — sign in
OGrr = — ¢z + c,7 is responsible for the fact that identity operator cannot occur
in the BOPE of 4% and Yraj-

In addition, we see from this argument that since they all occur together with
(21 — 25) 7Y% = (21 — 23)"=2) | all the leading operators that do occur in the
BOPE of %7 and Yraj have scaling dimension A = %, which s precisely the
anomalous non-Fermi-liquid exponent for which the 2-channel Kondo problem
is famous, and which plays such an important role in this thesis. This is the
simplest argument I know of for understanding the origin of the A = % exponent.

In section F.6, we derive explicit expressions for these boundary operators.

F.5 The Spinor-Electron field S

With the boundary conditions for the ¢,-bosons in hand, we are now able to

define in an explicit way a field S®f that has the desired property (F.3), namely:

Saﬂ[(bca (2587 (bf? Qb:v] = waﬁ[(bm (bs_csW; ¢f_cf77 _¢m + C:pﬂ'] (F~22)
_ e—gw(acsﬂcf—ag‘cz)%je%(¢>C+a¢>s+jaf—aj¢z) 7
ail e%(¢c+¢s+¢f_¢x) a1 e%(¢11+¢21+¢12—¢22)
_775 a9y 6%(¢c_¢5+¢f+¢z) —15 Aoy e%(¢11+¢21—¢12+¢22)
= —t | = —i | (F.23)
M5 Q12 e%(¢c+¢s*¢f+¢z) N5 12 e%(¢11*¢21+¢12*¢22)
— 99 e%(‘bc_‘f’s_‘ﬁf_%) — 99 e%(—¢11+¢21+¢12—¢22)

where for eq. (F.23) we implemented the choices eq. (F.19). The definition (F.22)
is purposefully constructed in such a way that the boson boundary conditions

eq. (F.17) imply the desired relation eq. (F.3), namely

S =wg(e7) . andalso  57(2) = —ui(z) (F.24)

L
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[where S. )z = S|¢v./z], etc.]. Note that when expressed in terms of the original
©ai bosons, S in contrast to ¥ [see eq. (F.14)] does not reduce to a simple

3 This means that ST cannot be expressed in terms of free fermions (in

form.
a sense, it is a product of “square roots” of fermion fields). Nevertheless, it is
a well-defined object, not any more esoteric than the fields used in Emery and
Kivelson’s approach to the anisotropic 2-channel Kondo problem [EK92].
What are the properties of ST?

Quantum numbers: First and foremost, since the only essential difference between
ST and 7 is ¢, — —¢,, they have the same (Q, j., f.) quantum numbers
[eigenvalues of (J?, J2, J}), obtainable via the OPE (E.14)], namely (1, o3, j3),
with a, j = & [compare eqs. (F.14) and (F.23)]. Thus ST carries the same units
of charge, spin and flavor as a free fermion (even though in a way that is not
possible in a free fermion theory). This, then, is the key to the resolution to

the unitarity paradox: the free electron simply scatters into a “non-free-electron”

excitation with the same charge, spin and flavor quantum numbers. Merely the

3The second equality in (F.23) is responsible for the name “spinor” that ML chose for
St. Let H = (Hy,Hs, Hs, Hy) be four Cartan (i.e. mutually commuting) generators of the
group SU(4) that mixes the components of 1)**! among themselves. A representation in which
the states have ﬁ—eigenvalues (called “weights”) of the form (1,0,0,0),...,(0,0,0,1) is called
a wvector representation of SU(4), whereas one with eigenvalues of the form %(771,772,7]3,774),
where 7; = %1, is called a spinor representation. (Actually, two different spinor representations
are possible, distinguished by n1m2m3ns = £1.) If one chooses as Cartan generators the four
currents 0, (@11, P21, P12, P22), then egs. (F.14) and (F.23) show that 1! and St transform
respectively in the vector and spinor representations (the latter with nymam3n4 = —1) of SU(4).
This is why ST was christened a “spinor” by ML (actually, they considered the larger group
SO(8) of transformations of the eight components of (', 1)), which has SU(4) as a sub-
group — a thorough discussion of the properties of SO(8) and related groups can be found
in [Geo82]). — On the other hand, if one chooses as Cartan generators the four currents
H = 0. (¢e, bs, b f, bz), then egs. (F.14) and (F.23) show that both ¢ and ST transform in
spinor representations (with 111721712720 = +1 and —1, respectively). This is the underlying
reason for eq. (F.25) below, which shows that ST and 1! transform (almost) identically under
U(1)e x SU(2)s x S(2); the essential difference between the two, namely ¢, vs. —¢,, only
shows up for the non-U(1). x SU(2)s x S(2) ¢ transformations of SU(4), namely those generated
by O%4.
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10,¢, quantum number changes, which is not associated with a physically relevant
observable.

Transformation properties: Also of interest are the transformation properties
of ST under U(1). x SU(2)s x S(2); transformations. These can be read off,
according to eq. (B.26), from the most singular term of the OPEs of the various
generators J2, of this group with S]. These OPEs can be obtained from those
of J& with ¢! [given in eq. (E.22)] as follows,* for v = s, f:

PP )T Y SEE)

) 2= 2

(F.25)

Ry(zl)SmT(Zz) = jLay(Zl) MT(Zz) =

where 7% = (p',n%,n?) = (=1,—1,1). For the first equality, we used firstly

= 1! [eq. (F.24)] and secondly the fact that when acting on the subspace
4i|0),; (applicable for ST and ¢¥7), eq. (F.7) becomes modified to J2, (2*) =
nny T2 (2*) (with ng = ny = 1). The extra factor n® deserves explanation: the
phase factors €™ were chosen in such a way that the currents J7, and J}%, (for
n ==,y =s, f) are equal at the boundary when acting on the groundstate |0),,,
where a; = 7;. However, here they act on the subspace aq;|0),,, on which as
has eigenvalue —n; [see discussion after eq. (E.19)]. Hence there is an extra —

sign between JE and JZ, in eq. (F.16) when acting on this subspace [and hence

too for J,-%, but not for 73] which is the reason for the factor n in eq. (F.25).

4The result (F.25) can also be checked directly by calculating these OPEs using eqs. (F.16)
and (E.13). For example, consider J,” = J! —iJ2, for which n® = —1: writing eqs. (F.16) and
(F.23) in the notation of eqgs. (E.12) to (E.14), and setting as = —ns, we have:

Tea()S31 () = —anaan V) (V5 = asViY) (=) (—iann) (ViOVI ViV ()

= —ia ;( (C)V( )V(f) (I)) (Z*>—|— _ _SIQ%H(ZQ) +
TP eI U T T T T ) T

which agrees with eq. (F.25), as do all other such calculations.

2 2
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For the second equality in eq. (F.25), we used the standard OPE of J2 with 1,
namely eq. (E.22), and again ST = ¢ for the third.

The extra factor of n% in eq. (F.25) implies that ST does not quite transform
in a “standard” way, but it is easy to construct an object that does: Using the

Pauli-matrix identities

Weaa(0™)3E = —(0%) 7 where o= (")) . (F.26)

and a similar one for (0**);, we conclude from eq. (F.25) that the object €555

does transform in a standard way:

0(2) [FaafuSet(2)] = —im (T4 [GaadaSat(55)]

Tia(#) [EaaduSit(z)] = —5i (9 [FaafiiSit(z)] -

% *
217 %2

(F.27)

Finally, this result allows us to establish how S can be represented in terms
of the charge, spin and flavor fields e**/2, g and h introduced in appendix D,
where, according to eq. (D.5), 1 = ¢#%/2gethl. We merely have to form a
combination of these fields that has the same U(1)c x SU(2)s x SU(2); trans-
formation properties as S®f. Now, since ¢*</2g_h; in fact transforms precisely

according to eq. (F.27), we conclude that S can be represented as
SOt = —jgfeh 02 gah,; . (F.28)

These expressions again illustrate the non-free-fermion nature of S rather
dramatically. Since g and h are annihilation operators, ST can evidently be
represented as a combination of a “channel-particle” excitation e/, a “spin
l-hole” excitation é**g, (which gives it spin T) and a “flavor-2 hole” excitation
glig- (which gives it flavor 1). Such “particle-hole-hole” fields cannot exist in a

theory of free fermions.
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Correlation Functions: Since ST is known explicitly in terms of free bosons, all
correlation functions in which it appears can be calculated. However, a number
of such functions can directly be obtained from the one already calculated in

appendix D, namely

GO (21,22, 25,27) = (uea(2) 97 (22)0ns (25)057 (1)), (F.29)
which, by eq. (F.24), can also be written as

G (21, 20,25, 21) = (Yrai(20) 07 (22) S0y (55) 557 (21)) . (F.30)

For example, consider the following function:

é(4)(21, 22, ng ZZ) = <wLozi(21>Sgﬂ(22)sgﬂ(z§)¢1¥ﬂj (ZZ» (F?)l)
= —(Wrai(2) S ()07 () Sy (20)) (F.32)
= —G(4)(21,Z§,ZZ,ZQ> , (F.33)

Here eq. (F.24) was used to obtain the second line, and comparison with eq. (F.30)
yields the third. Thus G® is completely determined by G®. In particular, the
bulk limit 2, — 2z, for G®(2y, 2o, 25, 23) yields the bulk OPE of 1, (z;) and ST (23).
This corresponds to the boundary limit z; — z} for G® (2, 29, 2%, 2}), which
does not contain the identity operator (see eq. (D.36) and table D.1). Hence,
¢, and S| are “orthogonal” in the bulk limit. On the other hand, the boundary
limit 2, — 2§ for @(4)(21,22,,2; ,2;) corresponds to the bulk limit z; — 2o for
GW (21, 29, 23, 2). Since in the latter the OPE of ¢, (21) and 1! (2,) does contain

unity, so does the BOPE of 1, (z;) and SL(2%); this, of course, simply reflects the

requirement (F.3) according to which S}, was constructed.
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F.6 The Boundary Operators ¢ and CID’J?

Having found explicit expressions for 1! and 1, in terms of the ¢, bosons, it
is straightforward to also express the boundary operators ¢¢(7) and ¢7(7), in-
troduced in appendix D, in terms of the ¢,.. To avoid confusion with the boson
fields, we denote them here by ®¢ and ®7.

The strategy is simple: by contracting the BOPE (D.36) with (T“)Bﬁéjj or
535 (TA)jj [or according to footnote 15 on page 387] it follows that the boundary
operators ¢ and CID? must be given by the leading non-zero terms in the boundary

limit z; — 25 of the following two expressions:

_ —(CE)*
YOIt (2) (TG); Yrpi(z5) = (izé)(ﬁs_)&)@g(ﬁ) +..., (F.34)
wfﬂ(ﬁ) (TA); z/Jjo(ZS) = (i;l(p(dl}f)Af) q)(}(ﬁ) +e (F'35>

where the constants Cf; and CJ; are to be chosen such that ®f and CD‘}‘ are
hermitian and normalized to unity, and A,/; are their scaling dimensions.
These expressions can be evaluated by simply inserting into them the explicit
expressions (F.14) for ¢! and 1 in terms of the ¢y, and ¢, bosons and using
boundary condition (F.17) to express the ¢y ’s in terms of the ¢y, ’s. The limit

21 — 23 can then be evaluated with the aid of the vertex operator OPE (E.13).

N |=

As shown in eq. (F.21), this always produces a factor (z,3) 101D = (z,2)~

[the all-important change in sign for the fourth exponent from —% to % is a

consequence of ¢, = —¢, + c,m|, and implies that Ay = Ay = %, in agreement
with the results of appendix D (see table D.1). One readily finds the following

explicit expressions, where ®F = &L 4 ;P2



417

®F = pds (e ayeitnn)

o = —pnsanan %(1 — as1s) e
®; = —panan 55(1 — asns)er
V2 (F.36)
CI)?C = ip % (61%1: — 15 G*Z%L) ’
dF = ipmsanai %(1 — asn)e'rr
Q; = —ipananp %(1 — agns)e L

1

The normalization factor — that has been inserted implies |C), |* = [C}[* = 2,

S

in agreement with table D.1. The phases p and ip have to ensure that ®¢ and
<I>j} are hermitian,® and can be chosen, for example, to be p = 1 or i for 75 = 1
or —1.

Note the peculiar fact that ®f # 0 only when acting on a subspace for
which a5 = —ns. This turns out to be an inevitable consequence of the relations
(F.18) [i.e. independent of specific choice (F.19)], which in turn are an inevitable
consequence of the L-R 2-point functions eq. (F.5), as argued after eq. (F.17).
However, for the correlation functions of interest to us, namely (1, ¥I111) in
appendix D and (szj's . <I§swz> in chapter 8, ®% indeed does act on the subspace
@ai|0),, Where as = —ns, so that this peculiarity is not something to be concerned
about.

The boundary fields ¢ and @’;‘ should transform as spin-1, flavor-singlet and
spin-singlet, flavor-1 fields, respectively, under SU(2)s x SU(2) transformations.

This means that they should have the following OPEs with the currents J and

®Note that the extra factor of i in p vs. ip for ®¢ and d’? implies that C7; and C’ff differ
by a factor 7, in agreement with footnote 20 on page 391.
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Jh:6
T2 ()@ () = ZLop(r), TL(2)PT) =T, ()05 (7)) =0,
T (2)0(r) = F5o0(7), Th(x)95(7) = FZei(r). (F.37)

It can readily be verified (using the method of footnote 4) that for as = —ns, the
expressions (F.36) for ®¢ and (F.16) for J2 (using the ¢y, bosons in the latter)
do indeed give precisely these OPEs, which is a satisfying consistency check.
Finally, note that the descendents ( fnydﬁy/> of the boundary operators can
be obtained just as easily. According to eq. (B.33) (and Cauchy’s theorem), the n-
th descendent is simply the term proportional to (z—7')~("*1 in the OPE of J2(z)

with ®%(7'). The most important descendents for the Kondo problem are the

3

leading irrelevant operators J¢ ®¢ and J¢ ;®¢ of dimension 4

(see section D.5).
From egs. (F.16), (F.36) and the subleading term in the general vertex operator

OPE (E.13), one readily finds”

(790,@2) (1) = Bi0.00, ®UT) = Bi.gu py (€95 +mseer) (1),

(\7_A1f(1’?) (1) = 3i0.¢5, ®}(r) = 3i0.¢5.ip5 (eid)“ =15 67@“) (1) -
(F.38)

Thus, these important operators, too, have simple representations in terms of the
¢y boson fields.
In conclusion, it is worth emphasizing that the approach described above

is essentially a reduction of the Kondo problem to a problem of free bosons

6The relations eq. (F.37) follow from eq. (B.26) and the standard relations for the spin-
1 representation of SU(2); alternatively, they can be obtained directly from the general OPE
eq. (A.47) for two bilinear fermionic currents, using the definitions (F.4) for the currents, (F.34)
and (F.35) for &% and <I>f, and the property [T¢, T?] = jg®bcTe.

" Alternatively, one can check that the sum (jﬂ <I>“) + (Jflffbf) is the leading term in

1s*s
wfﬂ(zl)wﬂ,lgj (23) in the limit 21 — 23, in agreement with table D.1, according to which these
are the first operators in the BOPE of 1/)?”(2’1)7,/1,%5]4(2;) with tensor structure 526;.
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with known boundary conditions. This is a very remarkable simplification. All
operators of interest have simple representations in terms of the free bosons, and
hence the problem of calculating correlation functions is reduced to an exercise in
free-boson theory. (In practice, though, such exercises are often most conveniently
dealt with by using conformal methods nevertheless, for example by exploiting

conformal invariance when calculating a 3-point function such as (¢Ri . Cﬁswb)
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