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ZusammenfaSSU ng (Summary in German)

Wenn ein attraktives Storstellenatom in ein Fermigas aus ultrakalten Atomen eingetaucht
wird, so formt sich ein Fermi-Polaron. Dies ist ein prominentes Quasiteilchen und liefert
ein faszinierendes Beispiel fiir einen korrelierten Quanten-Vielteilchenzustand. In dieser
Dissertation benutzen wir verschiedene funktionale Ansétze, um physikalische Systeme
zu beschreiben, die mit dem Fermi-Polaron-Problem zusammenhéngen.

Zunichst stellen wir eine neue Messmethode vor, um korrelierte ultrakalte atomare
Gase mithilfe von Rydberg-Anregungen zu untersuchen. Wenn das Storstellenatom zu
einem Rydberg-Zustand angeregt wird, verursacht es die Bildung von ultralangreichweiti-
gen Rydberg-Molekiilen mit den umgebenden Gasatomen. In Radiofrequenz-Spektren
gibt die Besetzung dieser molekularen Zustéande Auskunft iiber die Dichte- und Energie-
eigenschaften des umgebenden Mediums. Wir rekonstruieren Dichteprofile aus Absorpti-
onsspektren, die mithilfe der funktionalen Determinanten-Methode berechnet werden,
und veranschaulichen, dass die Rydbergatom-Spektroskopie eine in-situ-Messung des
Fermi-Polarons ermoglicht. Des Weiteren diskutieren wir, wie diese Methode benutzt
werden kann, um die zeitaufgeloste Formierung eines Fermi-Polarons und Eigenschaften
einer BCS-Suprafliissigkeit zu untersuchen.

Der Hauptteil dieser Dissertation widmet sich der Entwicklung von feldtheoretischen Me-
thoden wie der funktionalen Renormierungsgruppe (fRG) und dem Parquet-Formalismus.
In der Quantenfeldtheorie werden allgemeine Wechselwirkungen zwischen zwei Teilchen
in der Vierpunkt-Vertexfunktion modelliert, die ein hochgradig kompliziertes Objekt
hinsichtlich ihrer Frequenzabhéngigkeit ist. Eine Aufteilung der Vertexfunktion in Aus-
tauschprozesse einzelner Bosonen (SBE, aus dem Englischen single-boson exchange)
ist geeignet, um die Vertexfunktion numerisch zu behandeln, und bietet eine intuitive
physikalische Interpretation der Wechselwirkungsprozesse. Wir verallgemeinern den
SBE-Formalismus auf den Fall mit zwei unterscheidbaren Teilchenarten und entwickeln
ein numerisches Programm, um die zugehorigen Vertexfunktionen fiir Probleme ohne
Impulsabhéngigkeit auszurechnen. Exakte Formeln fiir das Hubbard-Modell auf einem Git-
terpunkt in Anwesenheit eines Magnetfeldes bieten dabei einen praktischen Anhaltspunkt.
Dariiber hinaus bewerten wir verschiedene selbstkonsistente Summierungsmethoden, um
Potenzgesetze eines statischen Fermi-Polarons zu untersuchen. Hierbei zeigen wir, dass
der Parquet-Formalismus die Singularitdt an der Fermikante in Rontgenabsorptionsspek-
tren von Metallen auf Genauigkeit bis zum subfithrenden Logarithmus auflésen kann,
wenn Austauschprozesse zwischen mehreren Bosonen miteinbezogen werden.

Im Zusammenhang mit der fRG leiten wir Multiloop-Flussgleichungen fiir die SBE-
Vertices her und zeigen, wie eine Cutoff-Abhéngigkeit in der nackten Wechselwirkung eine
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Zusammenfassung (Summary in German)

flexiblere Behandlung von bosonischen Propagatoren ermoglicht. Wir présentieren eine
Anwendung der fRG im SBE-Formalismus fiir das zweidimensionale Hubbard-Modell. Im
Verlauf der Arbeit ordnen wir die bisherigen fRG-Untersuchungen von Fermi-Polaronen
ein und erortern, wie diese in zukiinftigen Nachforschungen erweitern werden koénnen.
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S um mal’y (Summary in English)

When an attractive impurity atom is immersed in a Fermi gas of ultracold atoms, a
Fermi polaron is formed. This is a paradigmatic quasi-particle and serves as a fascinating
example of a correlated quantum many-body state. In this dissertation, we use different
functional approaches to describe physical systems related to the Fermi polaron problem.

In the first part, we present a new measurement technique for probing correlated
ultracold atomic gases by using Rydberg excitations. When the impurity atom is excited
to a Rydberg state, it induces the formation of ultralong-range Rydberg molecules with
the surrounding gas atoms. In radio-frequency spectra, the occupation of these molecular
states provides information about the density and energy properties of the surrounding
medium. We reconstruct density profiles from absorption spectra, calculated using the
functional determinant approach, and demonstrate that Rydberg atom spectroscopy
allows for an in situ measurement of the Fermi polaron. Furthermore, we discuss how
this technique can be applied to probe the time-dependent formation of a Fermi polaron
and to analyze properties of a BCS superfluid.

The main part of this dissertation is dedicated to the development of field-theoretical
methods like the functional renormalization group (fRG) and the parquet formalism.
In quantum field theory, general interactions between two particles are incorporated
in the four-point vertex function, which is a highly complicated object in terms of its
frequency dependence. A decomposition of the vertex function into single-boson exchanges
(SBE) offers a convenient way of handling the vertex function numerically and provides
an intuitive physical interpretation of interaction processes. We generalize the SBE
formalism to the case of two distinct particle types and develop a numerical program to
compute the corresponding vertex functions for problems without momentum dependence.
Exact formulas for a single-site Hubbard model in the presence of a magnetic field offer a
practical testing case. Moreover, we evaluate various self-consistent summation techniques
to analyze the power-law behavior of a static Fermi polaron. Hereby, we show that the
parquet formalism may resolve the Fermi-edge singularity in X-ray absorption spectra
of metals up to subleading logarithmic accuracy when including multi-boson exchange
processes.

In the context of fRG, we derive multiloop flow equations for the SBE vertices and
demonstrate how a cutoff dependence in the bare interaction provides a more flexible
treatment of bosonic propagators. We include an application of fRG in the SBE formalism
for the two-dimensional Hubbard model. Along the way, we classify the hitherto existing
analyses of Fermi polarons using fRG and explain how these can be extended in future
investigations.
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1. Introduction

“The beginning is the most important part of the work.”
Plato

1.1. Motivation

In the last century, science has eagerly pursued the question of what binds the world
in its innermost essence! and has found far-reaching answers. The standard model of
particle physics culminating in the more recent experimental verification of the Higgs
boson accurately predicts the smallest compounds of matter and their interactions. After
the discovery of the DNA, it is understood how living organisms encode their genes
and pass them on. Still, the precise knowledge about these microscopic scales does not
imply an understanding of emergent and complex phenomena on macroscopic scales.
An explanation of high-temperature superconductivity, the implementation of large-
scale quantum systems for reliable quantum computation and the treatment of diseases
resulting from genetic defects, to name a few, remain formidable challenges of the present
day.

Strongly correlated quantum particles in condensed matter give rise to a plethora of
fascinating emergent phenomena whose characteristics cannot intuitively be described in
a single-particle picture. The precise description of how the individual 10%* particles in
a piece of metal behave is out of reach, however, this is not necessary at all. With the
focus on emergent phenomena, the problem can be reduced enormously if only essential
collective degrees of freedom are taken into account. In this dissertation, we refine
existing field-theoretical methods for more effective computations of collective behavior
in quantum many-body systems.

An effective way to approach quantum many-body systems is by analyzing impurities
and their interactions with the environment, for example, a single atom hybridizing
with a non-interacting bath of surrounding atoms. The mentioned scenario induces the
formation of polarons, which are quasi-particles of the dressed impurities characterized
by a density enhancement around the impurities and distinct energy states. Just as dust
particles in the air promote the formation of steam above a hot cup of tea, impurities give
rise to a wealth of interesting phenomena in quantum physics: Magnetic impurities in
metals induce the Kondo effect, impurity atoms enable the formation of topological states
as in the quantum Hall effect, and more generally, most of the technology of our time

1“Was die Welt im Innersten zusammenhilt”, to put it in the words of Goethe’s Faust.



1. Introduction

is based on the doping of semiconductors using impurity atoms. Starting from a single
impurity atom, the description may be generalized successively. Thus, our investigations
on Fermi polarons, i.e., quasi-particles around impurities in Fermi gases, may pave the
way to understand more general quantum systems like imbalanced mixtures of different
fermionic atoms on a more profound level.

Resolving the full frequency dependence of interactions between different particles
is a challenging task. Over the years, various computational methods were developed
to reduce the exponentially large Hilbert space of quantum many-body systems in an
effective way, each coming with its own benefits and limitations. The most prominent
examples are quantum Monte-Carlo samples, which are very versatile, but come with the
sign problem for fermions, and the widely used density functional theory (DFT), which
comes with limited predictions for strong correlations. In this dissertation, we use two
complementary methods to describe physics related to Fermi polarons:

For a single heavy impurity, the Fermi polaron problem can be solved numerically
exactly by the functional determinant approach (FDA). This is a widely used method to
compute radio-frequency spectra of ultracold atomic gases. On the one hand, it gives a
non-perturbative description in real times and frequencies including bound states and
long-range potentials like that of a Rydberg atom. On the other hand, it is limited to
the case of a single stationary impurity in a bath of effectively non-interacting particles,
which extremely restricts the applicability of the method. Our FDA analysis gives a first
good estimate for experimentally measurable quantities like the polaron’s density profile.

For a more sophisticated description, we use the functional renormalization group
(fRG) and the parquet formalism, two field-theoretical approaches, to compute the full
renormalized interactions between two particles. These methods per se are not bound by
the system size and are applicable to interacting particles at arbitrary densities including
the dynamics of multiple impurities. However, limited computational resources force us
to make restrictions in our numerical analyses. We compute correlation functions within
the Matsubara formalism, which restricts our predictions to the thermal equilibrium
and requires analytical continuation to give experimentally measurable quantities in real
frequencies. Furthermore, truncations of the correlation functions make them inherently
perturbative in the interaction strengths. Specifically, bound states are exceptionally
tough to take into account.

Collective behavior in condensed matter systems is often characterized by bosonic
excitations such as magnons, Cooper pairs, and excitons (to mention only a few). For
the most part of this dissertation, we refine the single-boson exchange formalism (SBE),
which was introduced in the context of the Hubbard model to decompose the frequency
dependence of the full two-particle interaction vertex into effective bosonic processes.
This description saves numerical costs tremendously and allows for more flexibility in
the field-theoretical description. We generalize this formalism to many-body systems
including two distinct particle types and evaluate its applicability in the context of
power-law behavior in metals.

Of course, we are not able to tackle emergent phenomena, which were mentioned at



1.2. Outline

the beginning, in their full complexity. Still, the insights and developed methods in this
dissertation may contribute to future investigations of quantum impurity models and may
help to extend them to more general quantum systems composed of distinct particles.

1.2. Outline

We start with a review on ultracold atomic gases and the physics of Fermi polarons in
Chapter 2. There, we outline different theoretical methods to compute their characteristic
features. The main focus in this chapter is on our proposed measurement technique
to probe the density profile of a Fermi polaron using Rydberg atom spectroscopy. We
use the functional determinant approach (FDA) for this, which is a suitable method
to compute absorption spectra around heavy impurities. At the end, we sketch how
Rydberg atom spectroscopy can be applied to examine further quantities such as the
time-dependent formation of a Fermi polaron and the energy gap of a BCS superfluid.

In Chapter 3, we introduce the main methods used in this dissertation, namely
the functional renormalization group (fRG) and the parquet formalism. In a general
framework, we discuss flow equations for bosonic propagators and three-point vertices as
they appear in a Hubbard—Stratonovich field theory. Then, we discuss their connection to
the so-called single-boson exchange (SBE) formalism, for which we derive multiloop fRG
flow equations. At the end, we develop a technique to better control the flow of fermionic
and bosonic degrees of freedom along the fRG flow by introducing a scale dependence on
the bare interaction vertex.

Chapter 4 focuses on how the SBE formalism can be implemented numerically. For
this, we specifically consider a fermionic action with two distinct particle types and a
local interaction. We present our numerical code for solving the parquet equations and
the fRG flow. Finally, we give an application of our formalism to the two-dimensional
Hubbard model.

The preliminary stage for a general solution of the Fermi polaron problem using
the SBE formalism is obtained by neglecting the dynamics of the impurity. In such
an analysis, the momentum degrees of freedom can be completely integrated out. In
Chapter 5, we examine how diagrammatic techniques can predict the power-law behavior
of polarons around static impurities. In particular, we analyze the Fermi-edge singularity
and Anderson’s orthogonality catastrophe. Thus, polaron physics also appears in metals
when a local electron is excited from a deep valence band into the Fermi gas of conduction-
band electrons. By analyzing the logarithmic behavior in that model, we make statements
about the strengths and weaknesses of our developed diagrammatic techniques.

A full computation of the Fermi polaron properties in the SBE formalism goes beyond
the scope of this dissertation. Nevertheless, in Chapter 6 we discuss first steps toward
such a general treatment when the momentum of the impurity is taken into consideration.

To conclude this dissertation, in Chapter 7 we summarize the key results and outline
future research directions.






2. Fermi polarons from heavy impurities

“It is the theory which decides what can be observed.”
Albert Einstein’

An attractive impurity atom immersed in a Fermi gas gives rise to the formation of a polaron,
one of the most iconic quasi-particles. While energy properties of Fermi polarons have been
studied for decades, their direct experimental observation in situ has not been realized yet.
After reviewing the key properties of ultracold atomic gases and Fermi polaron physics, we
propose a new experimental method to measure the density profiles of Fermi polarons by using
Rydberg atom spectroscopy. We observe an enhancement in the density around the impurity,
which represents the polaron cloud. Due to the strongly correlated nature of the polaron, each
particle contributes to the polaron cloud, but intriguingly, in total, only up to one additional
particle is contained in it. We finally discuss how our method can be extended to measure
the time-dependent formation of a polaron cloud and properties of a BCS superfluid. The
computational method used in this chapter is the functional determinant approach (FDA).
This is a relatively straightforward numerical method for computing spectra in the limit of
immobile impurities.

2.1. Review of physical concepts

2.1.1. Ultracold atomic gases

Since the experimental realization of a Bose-Einstein condensate (BEC) in 1995 [AEM 195,
DMA™95], which was awarded with the Nobel Prize six years later, ultracold atomic gases
have emerged as a versatile and indispensable platform for the exploration of quantum
many-body systems. With their high degree of controllability, they opened plenty of
research directions and became the ideal tool for simulating theoretical concepts of
condensed matter physics like quantum impurity problems or the Hubbard model realized
in optical lattices. Thus, they follow Richard Feynman’s proposal that quantum many-
body problems should be simulated by other (better controlled) quantum systems [Fey82].

1 As found in the original: “Erst die Theorie entscheidet dariiber, was man beobachten kann.”; see
Werner Heisenberg’s “Der Teil und das Ganze: Gespriche im Umkreis der Atomphysik”, specifically the
chapter titled “Die Quantenmechanik und ein Gesprich mit Einstein (1925-1926)”.



2. Fermi polarons from heavy impurities

Here, we focus on the most important aspects. For further reading regard the following
review articles [BDZ08, CGJT10, BDN12] and PhD theses [Pun09, Die23, Chr23, Mil24,
Wag24].

Ultracold gases are characterized by an inter-particle length d shorter than the de Broglie
wavelength A\qg = h/p of the quantum particles. The technologies of laser cooling and
optical traps, which were awarded with the Nobel Prize in 1997, were essential for the
rapid development of ultracold atomic gases. With these technologies, the systems can
be cooled down to temperatures of a few nano-Kelvin. In typical experiments, dilute
vapors of neutral alkaline atoms are prepared in a magnetic or optical trap. The simple
electronic structure of those atoms makes them suitable for the laser cooling technology.
The interaction between alkali atoms is well described by a Lennard—Jones potential,

~ C'12 C’6

V(T) ~ ’)”T — F, 012706 > 0. (21)

The strong repulsive interaction ~ 7712 is related to the Pauli principle whereas the
attractive interaction ~ —r~% originates from van der Waals forces mediated by the
polarizability of induced dipoles. The interactions are thus short-ranged and are classified

by the van der Waals length l,qw ~ 5 nm. The characteristic length scales are summarized
as [BPD12]

2mh? < Lo h
mkgT N mwe”

(2.2)

2mr06
h2

1/4
Tatom <K lvdW:( ) < d:nil/g S )\dB:

Here, 7aom ~ 1071° m is the size of the atoms, m, the reduced mass for the scattering
potential V(r), Eq. (2.1), n ~ 1072 cm™® the particle density and I, the oscillator
length of the harmonic trap of frequency wy.

The large de Broglie wavelength A\qp prevents the particles from resolving the precise
shape of the scattering potential such that interactions are mainly determined by a single
parameter, namely the s-wave scattering length a, whose precise definition is given below
[cf. Eq. (2.7)]. The scattering length can be tuned via a uniform magnetic field near
Feshbach resonances. The use of Feshbach resonances allows for the high flexibility in
ultracold atomic gases as both attractive and repulsive interactions of arbitrary strength
can be straightforwardly simulated.

The collective behavior of ultracold gases is commonly probed by spectroscopy ex-
periments. These are based on the transitions between atomic hyperfine states, which
occur after emission or absorption of respective photons. While radio-frequency spec-
troscopy involves photons with negligible momentum, Raman spectroscopy includes
momentum transfer at the scattering process and thus allows for the determination of
momentum-resolved spectra.
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2.1.2. Scattering theory

Important concepts of ultracold atomic gases are already understood from the scattering
theory between two particles ¢ and d [SN11, Zha21].

The Schrédinger equation in relative coordinates reads

1

my

Vi4+V(r)—E|(r), V?=20,(%,) I (2.3)

with the reduced mass m, = m.mgy/(m. + my) and the angular-momentum operator l
whose eigenfunctions are given by spherical harmonics 12Y},,(€2,.) = I(I + 1)Y},,,(€2,.). For
a centro-symmetric potential V' (r) = V/(r), the Schrédinger equation (2.3) is solved by
the ansatz
g (r
Spim(r) = (r|klm) = V() 1) (2.4)

r

where the radial part ug(r) solves the one-dimensional Schrodinger equation

up,(r) 4+ 2m, |E =V (r)+

mrrl(l + 1) | ug(r) =0. (2.5)
The term including the angular-momentum quantum number [ yields the centrifugal
barrier, which favors scattering between particles of lower angular momenta. Let us
further assume that the scattering potential has a finite interaction range rq where
V(r < rg) = 0 [cf. the van der Waals potential, Eq. (2.1)]. Outside this range r > ry,
Eq. (2.5) is solved by a linear combination of spherical Bessel functions j;(kr) and
spherical Neumann functions n;(kr).

Far from the center, the s-wave channel behaves as u(r) — Asin(kr+0y), where A is
a constant and dy is the phase shift of the asymptotically free wave function. Considering
the ultracold temperatures, we assume a small incoming energy of the scattering state
k*/(2m,) compared to the energy scale of the potential 1/(2m,r?) giving kro < 1.
Inserting the asymptotic form into the boundary conditions of the wavefunction at r = r
yields

Uy (r < 10) _ Uy (r > 10) _ k cos(kro + ) kro=30 k (2.6)
uo(r > 10) r—ro sin(kro + 0x) tan oy '

uo(r < 10) r—ro

Assuming that the inner part of the wave function ug(r < 7r¢) does not depend strongly
on the energies of the scattering states, it is justified to perform the expansion

k
tan dy,

1
=——+ regk® + O(KY). (2.7)
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Here we introduced the s-wave scattering length a and the effective range rog. The same
expansion also appears in the s-wave contribution of the scattering amplitude fi(€2,.),
which gives another way of handling the asymptotic form of the wave function:

ikr
o(r) Irl=ss ikr | fk(Qr)eT (2.8a)
o2 1 1 1
() ~ - . 2.8b
= fri=0(2r) T 9k ik — k/tan dy, ik+1/a — regk? + O(k*) (2.8b)

For our purposes, it is sufficient to neglect r.g so we can assume a delta potential
V(r) = gd(r). When relating g to a, it is necessary to introduce an ultraviolet momentum
cutoff A to regularize the divergence coming from the delta potential. This is handled in
the T-matrix approach, which is explained in the following.

The Schrédinger equation (2.3) in a scattering problem is typically reformulated as
the Lippmann—Schwinger equation,

[0F) =16) + Gy VIU™),  Giw) = (w£i0* — Hy) ™, (2.9)

where [1)%) is the full outgoing/ingoing scattering state and |¢) is the free state. Fur-
thermore, Hy refers to the free Hamiltonian and V to the scattering potential. The
self-consistency of Eq. (2.9) can be expressed in terms of the so-called transition matric
or short T matrix, defined by

Vigt) =V(A - G§V) Y g) =T)¢) = T =V + TG V. (2.10)
For a delta potential V(r) = ¢gd(r), the T matrix is written as [Zha21]

9

T(w) = 1
1 - % Zk w—k2/(2m;)

1 1 1 1 1 !
-l v S v (e ¢ k2/<2mr>)]

k
11 1 i/2m,wm,
- _+_Z 2 +
g Vek /(2m,) 27

-1

(2.11)

Here, the divergent terms from the momentum sum are extracted. The T matrix is
related to the scattering amplitude, Eq. (2.8), as T = —27/m, fi—¢. From identifying
the term iy/2m,w with ik, we get the relation between the effective parameter ¢ and the
physical scattering length a:

L m, 1 2m,,

= — .
g 2ma Vk k

(2.12)
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In the microscopic theory, the effective parameter g needs to be adjusted together with
the divergent momentum sum. To this end, the dependence on the ultraviolet momentum
cutoff A can be compensated by a cutoff dependence of ¢ in such a way that Eq. (2.12) is
fulfilled and the physics is described correctly by the scattering length a. The relation
between the effective coupling strength g and the scattering length a is essential for the
description of ultracold Fermi mixtures including Fermi polarons.

2.1.3. Fermi polarons

Mixtures of fermions are ubiquitous in physics. They range from the electron gas in
metals to the nuclear gas in neutron stars. We focus here on a mixture of two particle
types ¢ and d with masses m. and m,4 and fermionic operators ¢ and czk. As discussed
previously, the van der Waals interaction, Eq. (2.1), in ultracold atomic gases is well
represented by a delta potential V(r — ') o< gd(r — ') with the coupling constant g°. In
momentum representation, the Hamiltonian reads

H= ch—ck+2d —d Z LI A (2.13)
k

kK,

with the volume factor V. In general, the two particle types come with different masses
m. and my yielding a mass imbalance o = (mg — m.)/(m. + my). The corresponding
chemical potentials p,. and py are tuned in such a way that the respective densities n.
and ng might be different. An imbalance in densities is described by the polarization
P = (n. —nq)/(n. + ng). Hereby, we always assume c¢ to be the majority particles and
d the minority particles, i.e., n. > ng. Interactions within a particle type, i.e., ¢ with
c and d with d can be neglected as scattering states of higher angular momenta [ > 0
are energetically suppressed at low temperature while s-wave scattering [ = 0 within one
particle type is not allowed because of Pauli’s exclusion principle.

A well understood limit of a Fermi mixture is the balanced case where the chem-
ical potentials pu. = pg and thus the densities n. = ny coincide, yielding a van-
ishing polarization P = 0. Such a system exhibits the rich physics of the BEC-
BCS crossover [Zwell, CSPRT18], which was successively realized in several experi-
ments [GRJ03, CBAT04, MPY"19]. Below a critical temperature, the atoms form a BCS
superfluid consisting of Cooper pairs formed by a ¢ and d particle. At weak coupling,
this system is well described by the theory of superconductivity by Bardeen, Cooper
and Schrieffer (BCS) from 1957 [BCS57] (see also Sec. 2.5), which was awarded with a
Nobel Prize in 1972. For 1/(kra) < 0, the Cooper pairs are weakly bound and their
constituents are separated by a distance £ ~ A~ ~ exp[1/(kr|a|)] determined by the gap
parameter A and the scattering length a. Consequently, in that regime the inter-particle

2As van der Waals interactions are attractive, the coupling constant g < 0 is negative in the
microscopic model. Still, in our effective description, its sign can vary and is determined by the value of
the scattering length a [cf. Eq. (2.12)].
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0
1/(kpa)

Figure 2.1.: The three branches of the Fermi polaron problem. On the left, the energies F of the
different polaron branches are illustrated in dependence on the inverse scattering
length 1/(kpa). The respective lines correspond to (a) the attractive polaron (red),
(b) the molaron (purple), and (c) the repulsive polaron (blue). On the right, we
sketch the the atomic clouds of majority particles (blue circles) with the impurity
(red circle). The collective behavior is symbolized by the red area. In the attractive
branch (a), the gas particles are attracted by the impurity while, for the repulsive
branch (c), they are repelled. The molaron (b) contains a molecule consisting
of the impurity and one gas particle (symbolized by the dashed purple ellipse).
For comparison, we also show the non-interacting case (d), which is adiabatically
connected to the attractive polaron branch for 1/(kra) — —oc.

spacing d ~ 1/kp (cf. Eq. (2.2) as n o k) is much smaller than the extent of Cooper
pairs. For a > 0, the particles can form additional bound states. For 1/(kpa) > 0, the
bound state formation is favored and the physics is governed by tightly bound bosonic
molecules that form a BEC, instead of the loosely bound Cooper pairs [Zwell].

The focus in this dissertation is on the limit P = 1 with a single d particle embedded
in a Fermi gas of ¢ particles. This case exhibits the formation of a Fermi polaron, a
collective state of the impurity entangled with excitations of the bath particles. The
polaron is a paradigm for the concept of a quasi-particle. For reviews about the Fermi
polaron problem, see Refs. [MZB14, SKI"18, .LC24]. Originally, polarons were introduced
by Landau in 1933 [Lan33, LP48] as electrons moving in a solid material being dressed
by lattice distortions. They were further investigated in this context by Frohlich in
1954 [Fro54]. Since its first observation using radio-frequency spectroscopy of an ultracold
atomic gas formed by °Li atoms [SWSZ09], polaron physics has experienced a resurgence
of interest and has continuously been part of active research. Moreover, polarons occur in
the rich zoo of quasi-particles in atomically thin semiconductors, so-called van der Waals
materials [SBCT17, FSIS20], and are even formed in neutron stars [FGH™14].

Figure 2.1 summarizes the most important concepts of the Fermi polaron problem. The
low-energy physics is essentially described by three different states. The most iconic is the

10
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attractive polaron. This is the typical quasi-particle, which consists of the impurity being
dressed by a cloud of excited atoms that are attracted toward the impurity center. For
1/(kra) — —o0, the polaron is adiabatically connected to the non-interacting case where
the bare impurity forms a non-interacting product state with the Fermi sea. Secondly,
there is the so-called molaron branch [DMCS24]. Here, the impurity forms a molecule
with one of the majority particles. The molaron is characterized by a dressing cloud
around the molecule. Depending on the scattering length a, the ground state is either
given by the attractive polaron or the molaron. The physics is characterized by the
so-called polaron-to-molecule transition between these two states. The bound state that is
responsible for the presence of the molaron is hard to describe by perturbative approaches.
The first excited state where this bound state is not occupied and the dressing cloud
around the impurity consists of atoms repelled from the center is known as the repulsive
polaron. Toward the unitary regime where the scattering length diverges 1/(kra) = 0, the
repulsive polaron becomes unstable. The repulsive polaron branch was predicted in an
fRG study [SE11] and later observed experimentally using radio-frequency spectroscopy
[KPVT12, KZJ*12].

The following approach using variational wavefunctions, known as the Chevy ansatz
[Che06, CRLC07, TC12], has become the most widely used technique to describe the
energy branches of the Fermi polaron:

Ipol(p)) = Oépcz;‘FSN> + E O‘p,k,quL+q7ké;céq’FSN>' (2.14)
|k| > k:F,
lg| < kr

The first term describes the simple impurity coexisting with the Fermi sea and the
second term is formed by the impurity in the presence of a particle-hole excitation.
To describe the molaron branch, another type of variational wavefunction has been
introduced [MC09, PDZ09]:

mol(p)) = Y Bt ydl, ,[FSn-1), (2.15)

|k|>kp

where a molecular state consisting of a ¢ and d particle is put on top of the Fermi sea
containing N — 1 particles. The variational parameters oy, Sp &, etc. are computed by
minimizing the expressions (pol(p)|(H — E)|pol(p)) and (mol(p)|(H — E)mol(p)). The
Chevy ansatz is equivalent to a non-self-consistent 7' matrix approach [PG18], which is
underlined by our data shown in Chapter 6. To extend the predictability of the Chevy
ansatz, one can include higher orders of particle-hole excitations [L.LC24], however, this
comes with an increasing computational effort.

Over the years, plenty of experiments have been set up using different spectroscopy
techniques to observe energy properties of different polaron configurations [NNJ*09,
SWSZ09, KPV+12, KZJ*12, CJL*t16, SVM™17, YPM*19, ALS*20, NSF*20, FBD 21,

11



2. Fermi polarons from heavy impurities

BHF"24]. Besides the Chevy ansatz, Fermi polarons were theoretically analyzed by
different T-matrix approaches [PDZ09, HL.24], diagrammatic Monte—Carlo methods [PS08,
VRH14, KP14, KP15], the functional renormalization group (fRG) [SE11, Sch13, MRS22,
MS24] and the functional determinant approach (FDA) [KSNT12, SKIT18]. In this
dissertation, we want to pave the way of describing polarons by more elaborate field-
theoretical approaches. As they are not limited to specific particle densities and zero
temperature, field-theoretical approaches are a promising tool for an extension to the
more general case of imbalanced mixtures of fermions. However, as we will see, in practice,
many diagrammatic approaches rely on the weak-coupling limit.

The concept of quasi-particles greatly simplifies the description of quantum many-body
systems as it focuses on the most relevant composite constituents. Quantum impurity
problems such as the formation of a single polaron are the starting point for moving toward
the full interacting quantum many-body system as more impurities can be successively
included. The more general case of Fermi mixtures with arbitrary imbalances 0 < P < 1
is not yet explored in great detail. The competition of several phenomena such as the
formation of polarons, molecules and Cooper pairs makes them difficult to describe.
Nevertheless, in this dissertation, we want to lay the theoretical foundations toward a
more general description of imbalanced Fermi mixtures.

2.2. Functional determinant approach

In this section, we explain the functional determinant approach (FDA), which is a
widely used method to compute radio-frequency spectra for quantum states around static
impurities. Here, we sketch the derivation and the most important features. For further
reading, we recommend Refs. [LLLI6, K1i03, SKI*18, Wan23]. The method describes
polaron physics exactly in the limit of an immobile impurity (or equivalently an infinitely
massive one). It is not limited to ground-state physics and can be used for arbitrary
temperatures and densities of the medium.

In the typical scenario, we have a Fermi gas of particles described by the many-body
wave function |¥) coupled to an impurity described by its occupancy |o) (|0) for a
non-interacting impurity and |1) for an interacting one). The total wavefunction is given
by the product |o) ® |¥) and the total Hamiltonian consists of individual parts, which
depend on the occupancy of the impurity. For our example with two impurity states, it
reads

H= > |o){o|®H, =[0)(0] ® Ho + |1)(1| ® H,. (2.16)

o=0,1

The above Hamiltonian is obtained from the polaron Hamiltonian, Eq. (2.13), when the
momenta corresponding to the minority particles d dk are omitted and only two states

for the impurity are left over (namely, [1) = d'|0) and |0) with d|0) = 0). The momenta

12
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in the interaction term g/Vd'd > ke ¢l éx are therefore completely decoupled. In the
case of a single immobile impurity, the Fermi polaron can thus be described as a Fermi
gas situated around a static external potential . Consequently, the Hamiltonian of the
Fermi gas is a bilinear operator,

Hy =Y (illj)ée;, (2.17)

i?j

and the system is exactly solvable. Here, we have expressed the many-body operator
H, (acting on the Fermi gas) through the single-particle operator h using the fermionic
creation and annihilation operators cz, ¢;, written in the single-particle basis states |i) and
|7). Physical observables in such a system can be expressed through Slater determinants
including the single-particle states.

Typically, the single-particle Hamiltonian h, consists of a trivial part and a potential
part, i.e., hy = ho + 9 and can be diagonalized using new basis states |a). Thus, we write
hy = > olh1]afta where the number operator is expressed with respect to this new basis,
i.e., g = Cl.Cq. Let us assume a finite Hilbert space with M states. Corresponding Fock
states are written as |ny,...,nps). For fermions, the occupation numbers of the individual
states are no—1.m € {1,0}. The number operator 7, is thus an eigenstate of the Fock
states with the respective occupation numbers n,|n, ..., nyr) = nglnq, ..., nar). Writing
the trace tref! in terms of these Fock states yields

treft = Z (ny, ..., nplealmlefic)n,  ny ) = Z H(nl,.. nagle™eme ng L nay)

N1yeNM Nl Ny o

_ Z He[hl]an“ _ H (Z e[hl]ana> _ (2.18)

Ni,eNM  «

For fermions, the final sum is evaluated as > _, eltlana = 1 4 elMle guch that the

whole trace is given as a determinant over the single-particle operator hi:

treft = TT(1 + et = det(d + e™). (2.19)
Importantly, the last expression is independent of the single-particle basis used, i.e., hy
does not need to be represented by a diagonal matrix.
We can always describe a product of exponential functions XX efn a5 g single
exponential e¥ using the Baker-Campbell-Hausdorff formula. Applying the above steps
in the eigenbasis of the new operator Y allows a generalization of Eq. (2.19) to

tr< XQ---eA>—det(]l+ex1 “---ej")- (2.20)

13
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The bilinear many-body operators X; are replaced by their single-particle counterparts
#;. Equation (2.20) is referred to as Klich’s formula [K1i03]. For bosons, the derivation
is analogous; only the occupation numbers n, can be arbitrarily high such that the
summation in Eq. (2.18) yields the geometric series and Klich’s formula includes two

additional minus signs, i.e., tr (eXleXQ > -eX”> = [det(ﬂ —efe? ... otn)]

Generally, the time evolution of a state |0)®|¥,.s) under the Hamiltonian H, Eq. (2.16),
is given by

[U(t) = e (j0) @ |Ugas)) = |0) @ e[ U,,). (2.21)

In Ramsey interferometry experiments, one performs time-dependent measurements with
respect to the occupation of the impurity. The measurement technique typically consists
of two steps: By a first pulse, the impurity is brought from the non-interacting state |0)
into a superposition (|0) + [1))/v/2. Then, one applies a second pulse with a finite phase
shift and determines the hyperfine state of the impurity (i.e., a measurement of the Pauli
matrix 6, = |0)(0| —|1)(1]). This procedure yields the Ramsey signal S(t) = (Uo(t)|¥(t)),
which is an overlap between the time-evolved state with an unoccupied impurity state |0)
and a time-evolved state with an interacting impurity state |1) [CJL*16]. Initially, the
gas particles form a Fermi sea |Wy,s) = |F'S) so the overlap contains both the Hamiltonian
H, including the interaction potential and the unperturbed Hamiltonian H,. We have

S(1) = (Uo(t)|W(1)) = (FS|ele [FS) — tr (petiote it (2.22)

Here, we expressed the Fermi gas through its density matrix p = |FS)(FS| = e~ B(Ho—uN) /Z
with the partition function Z = tr e #(Ho=#N)  Using Klich’s formula (2.20) yields

S(t) = det (ﬂ + e_ﬁ(ﬁo_“ﬂ)eiﬁote_iﬁlt> = det (ﬂ — np(ho) + np(ﬁo)eii’ote_iﬁlt> . (2.23)

where we used the Fermi-Dirac distribution function ng(e) = 1/(1 + e#E=#)),

After solving the single-particle Schrodinger equations for the system with a trivial
impurity |0), i.e., ho|n) = £,|n), and for the system with the interacting impurity |1), i.e.,
hi|a) = E,|a), the Ramsey signal S(t) is computed via a determinant over the matrix
M. We write M in the basis of the non-interacting eigenstates,

(n|M(#)|n') = [1 = np(en)ldun +np(ea)e™" Y (nla)e™ e (aln’). (2.24)

«

Thus, we obtain S(t) = det M (t). While the overlaps (n|a) can be precomputed, the
determinants of Eq. (2.24) need to be evaluated individually for each time step. If
individual time steps are not correlated, this can be performed via parallelization.

In a radio-frequency spectroscopy experiment, the impurity is flipped from the state

14
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|0) to |1), which is evoked by a radio-frequency pulse V ~ e“!{) where () is the transition
operator ) = 11)(0| ® 1. The absorption spectrum is given by Fermi’s golden rule:

w) =27 Zpi
i,f

At zero temperature, the total initial state is fixed to |i) = |0) ® |FS) and, as a result,
the sum does not need to run over several initial states ¢ anymore. The final state
|f) = |fimp) ® |frs) is more general. Since 2mé(w) = [dte*! and |FS) and |frs) are
many-body eigenstates of Hy and Hy [cf. Eq. (2.16)], we can rewrite Fermi’s golden rule
as

A(w) /dtelw E;+Eq)t Z< ’Q”f> ’Q’ /dtelwtz lHtQT’fﬂf‘e 1HtQ‘ >
f

(2.26)

16|

Slw — (E; — E)). (2.25)

The sum over all final states |f) can now be carried out and the impurity degrees of
freedom, |0) and |1), with the two transition operators 2 evaluated straightforwardly:

Alw) = / dt o (FS|eote =it [FS) — 2Re / dt ¢t (FS|oi ot it )

0

= 2Re / dte™'S(t). (2.27)
0

We conclude that the absorption spectrum is obtained via a Fourier transform of the
Ramsey signal S(t), Eq. (2.23). In practice, the upper limit is approximated by a finite
time tax ~ 1/0E, which corresponds to a minimal energy scale 0 E for a resolution of the
final spectra. This computation is performed by a fast Fourier transform [cf. App. A].

Another quantity that we compute with the FDA is the density of the Fermi gas. We
are interested in the stationary density distribution,

1 . .
na(r) = tr (ﬁaé:ér) = Z_tr <e—/3(Ha—,uN)éiér) , (228)
where the density matrix p, is evaluated with respect to the fixed impurity state |o). To

compute Eq. (2.28), we use a special case of Klich’s formula (cf. Eq. (S33) in the SM of
Ref. [P2]):

o d
tr (eX1X> = —‘ tr( X2> = —‘ det (]1 + e IQ)
a a=0 da a=0
= det(1 + ™) tr ([1 + ™) e™dy) . (2.29)
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Figure 2.2.: Illustration of the phase shift d,. (a) Radial part u,(r) of the single-particle wave
function ¥am (r), Eq. (2.34), at a = 4 for different values of the scattering length

akp = 0,—-20,20. (b) Corresponding phase shifts J,, as a function of the momentum
ka.

Here, we used Jacobi’s formula,

dia det A(a) = det[A(a)] tr (A(a)_l%ga)) : (2.30)

to differentiate the determinant. Suppose X; = —B(H, — uN) in Eq. (2.29) is a bilinear
operator represented in the basis states |i) and |j) [cf. Eq. (2.17)], then we take

Xy =cle, =) ellilr)(rlj)e;, (2.31)
]
to evaluate the density n(r), Eq. (2.28), as

1 . . . . . R
ne(r) = 7 det(1 + e A=) (p| (1 4 e Plho=m)"1e=Blha=) |92y — (p|np(hy)|r). (2.32)

g

Here, we canceled the partition function with the determinant and identified the term
in the expectation value as the Fermi-Dirac distribution. After solving the Schrédinger
equation h,|a) = E,|a), the density takes the form (cf. Eq. (S35) in the SM of Ref. [P2]):

ne(r) =Y ne(Ea) |{a|r). (2.33)

So it is a sum over the occupation numbers with the corresponding wave functions in
real space, which is rather intuitive.

In Fig. 2.3, we present our data for Fermi polarons formed by a heavy impurity, i.e.,
mg/m. — 00, which we obtained from the FDA. These are similar to those discussed
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Figure 2.3.: Quantities of the Fermi polaron computed using the FDA: (a) Ramsey signals
S(t), Eq. (2.23), and (b) absorption spectra A(w), Eq. (2.27), for different values
of the dimensionless inverse scattering length 1/(akp) marked by different colors.
(c) Absorption spectra A(w) as a colorplot depending on the inverse scattering
length 1/(akp). We use T'/ep = 0.001, Rkp = 600, nmax = 375, and tyaxer = 300.
Similar results were obtained in Refs. [KSNT12] and [SKIT18].

in Refs. [KSNT12] and [SKIT18]. We solve the three-dimensional Schrédinger equations
ho|n) = en|n) and hy|a) = Eq|a) for a radial interaction potential V() = V(r) in a
finite system of radius R using the quantum numbers a« = («,l,m). The total wave
functions are expressed as

U (1) '

¢alm(r) = <O‘lm|r> = Yim(Qr> (2'34)
In comparison to Eq. (2.4), the continuous variable k is replaced by the discrete parameter
a due to the finite system size. The overlaps (n|a) appearing in the Ramsey signal,
Eq. (2.24),

(nlm|ad'm’) :/(nlm|r>(r|al’m') :/Q l;(ﬂ,,)me(Qr)/O dr U () gy (1)
= 5ll’5mm’ <nl|al>, (235)

are determined by the one-dimensional integrals (nl|al) over the radial parts as the
contribution of spherical harmonics is trivial. Details on the functions u,(r) are discussed
extensively in Sec. S1 in the SM of Ref. [P2], including a delta potential and a finite-well
potential.

For Fermi polarons, it is sufficient to assume a zero interaction range, which is exclusively
described by the s-wave scattering length. Thus, only the contributions with zero angular
momentum [ = 0 = m provide a non-trivial contribution to the Ramsey signal S(t),
Eqgs. (2.22)-(2.24), and we just write « instead of («,0,0). The scattering length enters
the radial part of the wave function via the phase shift d,, which is self-consistently
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2. Fermi polarons from heavy impurities

determined by the following equation (cf. Eq. (S13) in the SM of Ref. [P2]):
koR+ o = am, 0, = —arctan(k,a). (2.36)

Figure 2.2 illustrates that for negative scattering lengths a < 0 the phase shift is
positive such that the corresponding eigenenergy is lowered, ie., F, = k%/(2m) =
(am—84)%/(2mR?). The radial part of the wave function uago(r) is torn toward the center.
For positive scattering lengths a > 0 we have the opposite behavior; here the eigenenergies
are increased and the corresponding wavefunction is repelled at the center. For positive
scattering lengths there exists an additional bound state with energy &, = —1/(2ma?).

By knowing the eigenenergies F, and overlaps («|n) between the non-interacting |n)
and interacting wave functions |«), we can evaluate the matrix elements (n|M (t)|n’),
Eq. (2.24), and compute the Ramsey signal S(t), Eq. (2.23). This proves itself as the
bottleneck of the numerics as S(t) includes determinants over the dense matrices M (t)
for every single time step. On the contrary, obtaining the absorption spectra A(w) from
fast Fourier transform, Eq. (2.27), is numerically straightforward. As discussed in Sec. S5
of the SM of Ref. [P2], the finite system size R is accompanied by a finite resolution of
energies 0 ~ wkp/(mR) and gives an upper time limit t,,., ~ 2mR/ky for the Fourier
integral of the Ramsey signal.

In Fig. 2.3, we show Ramsey signals S(¢) and absorption spectra for various inverse
scattering lengths 1/(akr). As discussed in the literature [KSNT12, SKI™18], the existence
of the bound state for a > 0 leads to additional strong oscillations in the Ramsey signal
and to an additional peak at positive frequencies of the absorption spectrum. This
refers to the repulsive polaron, which is an excited state where the bound state is not
occupied, in contrast to all the upwards shifted energy states of the gas particles. The
attractive polaron branch at negative frequencies is the many-body ground state. Note
that in the limit of an immobile impurity, which is considered in the FDA, there is no
polaron-to-molecule transition. The decay of the Ramsey signal [cf. Fig. 2.3(a)] and
the spectral peaks [cf. Fig. 2.3(b)] are characterized by a power-law behavior and thus
correspond to Anderson’s orthogonality catastrophe [And67]. We will extensively discuss
this matter in Chapter 5.

2.3. Rydberg atom spectroscopy

Many interesting effects in ultracold atomic gases occur on sub-optical length scales
< 300 nm (e.g., the size of polarons, the distance of Cooper pairs in superfluids and the
extension of Feshbach molecules). As optical probes are typically limited in resolution
by their wavelength, it remains challenging to conduct time-resolved and in situ mea-
surements of respective correlation functions. In recent years, Rydberg excitations have
been providing a versatile platform for experiments in atomic quantum gases. In this
section, we present a new measurement technique for the hitherto unexplored density
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2.3. Rydberg atom spectroscopy

profile of a Fermi polaron by making use of the fact that the radius rgyq = 50-500 nm of
typical Rydberg atoms matches the typical length scale of the polaron cloud. The density
profile of the polaron can be determined from the occupancy of bound states between
the fermionic gas atoms and the Rydberg electron. Rydberg excitations are created by
optical light so we found an elegant way of converting optical excitations into a probe at
sub-optical wavelengths. As a result, the absorption spectra do not only give information
about the size of a Fermi polaron, but, as we show, also provide an astonishingly accurate
measure for its overall density profile.

2.3.1. Overview

Rydberg atoms are excited atoms with one or more electrons occupying a very high
principal number ngyq 2 50. By now, there have been many experimental realizations of
Rydberg atoms using various atomic isotopes [BBNT09, AGHW10, WML*10, GRST12,
SLE"16]. The outermost electron, also called Rydberg electron, can be approximately
described by the wavefunctions of a hydrogen atom with a screened charge of the atomic
nucleus. It was shown that the Rydberg electron mediates an effective interaction
potential for the neutral atomic in the environment [DG87, GDS00]. When the Rydberg
electron itself is in an s-wave state, this potential is given by

2ra,

VRyd (T) = |,l7bnRyd (7“)|2, (237)

Me
where a. is the s-wave scattering length of the Rydberg electron with the respective
gas particles and m, is the mass of the electron. The approximate wavefunction of the
Rydberg electron ¢, , with principal number ngyq and zero angular momentum lgyq = 0
yields

1 Wiypl2r/(vao)]

Uy (1) = Ay \/QOI/QF(V + 1)1—‘(’/)7

with v = ngyq — do. (2.38)

The screening effect of the nucleus is incorporated in the so-called quantum defect
that depends on the isotope of the Rydberg excitation. Furthermore, Eq. (2.38) includes
the Bohr radius ag, the Whittaker function W, ,(2) and the Gamma function I'(z).
Figure 2.4(a) illustrates the potential Vizya(r), Eq. (2.37), which exhibits many oscil-
lations (see blue line). The most pronounced minimum is located around the Rydberg
radius rgryq and hosts a deeply bound state (see dashed red line). Its binding energy
erum typically lies in the MHz regime and therefore exceeds the other energy scales of
the many-body system (cf. App. B.1). When a previously non-interacting atom in a
many-body state is excited to a Rydberg state [cf. Fig. 2.4(b)], gas particles in the
vicinity of the Rydberg radius (white dashed circle) can occupy the bound state and form
so-called ultralong-range Rydberg molecules [GDS00, DAD™ 15, Eil19, FHS20]. Actually
the Rydberg atom is being dressed by many excitations of atoms in the vicinity and thus
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2. Fermi polarons from heavy impurities

(a) Vi)

Figure 2.4.: (a) Sketch of the Rydberg-molecular potential Vgyq(r) (blue) as a function of the
distance to the impurity 7. At the Rydberg radius 7ryq, the outermost minimum
is located hosting the Rydberg-molecular state with binding energy erym. (b)
Sketch of a Rydberg atom located in a Fermi sea briefly after the excitation. The
dimer-molecular state affects atoms close to the Rydberg radius rryq (white dashed
circle) (see also Fig. 6.1 in Ref. [Wag24]).

itself forms a polaron [SLNT16, CSWT18, SWDT18]. Due to strong long-range interac-
tions, atoms nearby a Rydberg atom cannot be excited to a Rydberg state themselves,
which is known as the Rydberg blockade mechanism. Thus, Rydberg atoms cannot be put
arbitrarily close to each other. When the Rydberg blockade distance is much larger than
the inter-particle separation of the surrounding atoms, the atoms effectively interact with
a single Rydberg atom. This is the realization of a quantum impurity problem [SSD16].

The general idea of our technique is that the Rydberg excitation can be used as a
sub-optical microscope to probe correlation functions of quantum many-body states.
When the laser, which excites the impurity to the Rydberg state, is detuned by the
binding energy erw, the corresponding Rydberg molecule is formed [cf. Fig. 2.4(b)]. Thus,
there is a direct connection between the absorption of photons at a certain frequency
and the formation of Rydberg molecules. Those, on the other hand, can only form if gas
particles are located at a distance of the Rydberg radius rgyq from the impurity. This
Rydberg atom spectroscopy provides information about the pair correlation function
evaluated at the distance rgryq [Wag24]. Since rryq is directly related to the easily tunable
principal number ngyq, it is possible to scan through the various distances from the
impurity.

The overall experimental procedure is shown in Fig. 2.5. The impurity atom takes
three different states: At the beginning it is in the non-interacting state |0) (green) and
the surrounding is given by a simple Fermi sea. At a time to + 0", the impurity is excited
to the state |1) (yellow), which interacts via short-range interaction with the fermionic
medium and induces the formation of a polaron cloud (red). The latter is characterized
by an enhancement of the density around the impurity. At a time ¢; > 1/ep, the polaron
formation is complete and the system is in a quasi-stationary state. That is exactly
the state we want to probe. So finally, the impurity is excited to the Rydberg state
IR) (white). As discussed before, this leads to the formation of Rydberg molecules at a
distance rgyq to the impurity. The occupancy of the Rydberg molecule depends on the
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2.3. Rydberg atom spectroscopy

to t1>>1/EF t1 +0+

e e

Figure 2.5.: Measurement protocol for the Rydberg spectroscopy experiment (see also Fig. 7.2
in Ref. [Wag24]). At the beginning, a Fermi gas is prepared with the impurity in
the non-interacting state |0). A radio-frequency pulse at a time ¢y + 0 brings
the impurity to the locally interacting state |1), which induces the formation of a
polaron cloud. After the polaron cloud formation is completed, an additional pulse
excites the impurity to the Rydberg-atomic state |R).

density of the polaron cloud. The Hamiltonian, Eq. (2.16), is extended to

A=ief+ Y o)oleV, =Y eada V= /Va(r)élér, (2.39)

c=1,R k r

where Vi (7) is a delta potential characterized by the scattering length a and Vg (r) is the
long-range Rydberg potential, Eq. (2.37).

As a first step, we need to solve the Schrodinger equation hg|ag) = Fay o) with
the single-particle Hamiltonian hi = ho + Or. Since the Rydberg potential is long-
range, it becomes crucial to include higher angular momenta in the wavefunction (ag|r),
Eq. (2.34). The diagonalization is performed using a discretization of the Laplace operator
(cf. Sec. S1.D in the SM of Ref. [P2]).

After determining the overlaps (ag|a) of the eigenstates |agr) including the Rydberg
potential Vg and the eigenstates |a;) including the polaron potential V;, we compute the
Ramsey signal, Eq. (S32) in the SM of Ref. [P2], similar to Eq. (2.22)-(2.24). Hereby,
we need a good resolution in time dt < 27/|egy| in order to reproduce the Rydberg
molecular dimer peak.

Our absorption spectra A(w), Eq. (2.25), which are obtained by Fourier transformation
of the Ramsey signal S(t), Eq. (2.27), show two characteristic features:

First, their peak positions are shifted by the energies of the attractive polaron [cf.
Fig. 2.3(b)—(c)]. This can be demonstrated by the single-particle energies illustrated in
Fig. 2.6. The absorption spectra do not only record the energy of the Rydberg molecular
bound state ey, but take into account every single energy shift of the scattering states,
which add up to the polaron energy according to Fumi’s theorem (cf. Eq. (S37) in the SM
of Ref. [P2]). Our measurement technique thus gives an unconventional, yet completely
new method to detect polaron energies.

Second, and more importantly, the weight of the dimer peaks gives information about
the value of the density at distance rgyq to the Rydberg impurity. By repeating the

21



2. Fermi polarons from heavy impurities

‘O> |1>a<0 |1>a>0 @

€F

—0— | ——= 0= -
_o_

—o— | ——= 0=
_o_

—0— | ——= 0=
_o_

—o— | ——= 0=

0 ©
€b(CL> ‘ —0—
ERM

_o_

Figure 2.6.: Illustration of the single-particle energy levels of the Fermi gas. On the left, we
have the case of an unoccupied impurity |0) with the non-interacting energies e,.
In the presence of an impurity with a local potential, the energy levels F, are
shifted upwards (a < 0) or downwards (a > 0). In the case of a > 0, there is an
additional bound state with energy e;. In the presence of a Rydberg potential,
there are several non-universal bound states. We form our system in such a way
that the binding energy ery corresponding to the Rydberg-molecular state is the
lowest.

measurement for different principal values ngryq, one can reconstruct the density profile
of the polaron cloud quite accurately. Nicely, the weights of the peaks are robust against
other factors such as a finite temperature (cf. Sec. S4.D in the SM of Ref. [P2]) or recoil
effects of a slowly moving impurity [CJLT16, LLP19]. This suggests that our proposed
measurement technique should also be applicable beyond the limit of an immobile
impurity.

To conclude, we give the first example of a correlated quantum many-body state, which
can be probed by Rydberg atom spectroscopy, namely the Fermi polaron. Our proposed
measurement technique can be realized in the experimental setups in the groups of
T. Pfau in Stuttgart and T. C. Killian at Rice University. Moreover, it seems reasonable
to extend the idea of the Rydberg atom microscopy to other correlated systems. In
Sec. 2.5, we briefly discuss on the perspective of probing a BCS superfluid.
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In recent years, Rydberg excitations in atomic quantum gases have become a successful platform to
explore quantum impurity problems. A single impurity immersed in a Fermi gas leads to the formation of a
polaron, a quasiparticle consisting of the impurity being dressed by the surrounding medium. With a radius
of about the Fermi wavelength, the density profile of a polaron cannot be explored using in situ optical
imaging techniques. In this Letter, we propose a new experimental measurement technique that enables the
in situ imaging of the polaron cloud in ultracold quantum gases. The impurity atom induces the formation
of a polaron cloud and is then excited to a Rydberg state. Because of the mesoscopic interaction range of
Rydberg excitations, which can be tuned by the principal numbers of the Rydberg state, atoms extracted
from the polaron cloud form dimers with the impurity. By performing first principle calculations of the
absorption spectrum based on a functional determinant approach, we show how the occupation of the dimer
state can be directly observed in spectroscopy experiments and can be mapped onto the density profile of
the gas particles, hence providing a direct, real-time, and in sifu measure of the polaron cloud.

DOI: 10.1103/PhysRevLett.132.053401

Mixtures of quantum particles are ubiquitous in physics,
ranging from neutron matter [1] and the BCS-BEC cross-
over in atomic gases [2] to superconducting phases in solid-
state physics [3]. Quantum mixtures have been investigated
for many decades, but more recently, drastic progress in the
controllability of experiments with ultracold atomic gases
allows for new insights into a plethora of physical phe-
nomena. In the limit of an extremely imbalanced quantum
mixture, a single impurity is immersed in a Fermi gas. This
leads to the formation of Fermi polarons, quasiparticles
formed of gas particles which dress the impurity [4-7].
Even though many polaronic properties are understood to a
great extent [4-29], a direct observation of the polaron
dressing cloud in continuum systems has been out of reach.

Fermi polarons are generated by the short-range inter-
action between a Fermi gas and impurity particles, which
in cold atoms can be tuned by Feshbach resonances. The
size of the resulting polaron dressing cloud is of the
order of the Fermi wavelength, i.e., r. ~ kz'. For typical
densities of ultracold atoms, i.e., p, = 10''-10'3 cm™3,
the relevant length scales lie in the suboptical regime,
r. ~ 100-500 nm, which hinders gaining insight into the
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real-space structure of these fundamentally important
quasiparticles.

In this Letter, we demonstrate how to overcome this
challenge enabling an in situ measurement of the polaron
cloud in cold atom experiments. To this end, we propose a
new measurement technique to explore the density profile
around the impurity by use of atomic Rydberg states.
Key to the idea is the use of the long-range interaction
between the Rydberg atom and the bath particles. This
interaction is generated by the outermost electron on the
Rydberg orbit [30] and induces the formation of ultralong-
range Rydberg molecules (ULRMs), i.e., deeply bound
states of atoms inside the interaction potential [31-38].
Intriguingly, the extent of the Rydberg atoms of
rrya = 50-500 nm matches precisely the typical size of
the polaron dressing cloud. Hence, by tuning the principal
quantum numbers ngyq of the Rydberg excitation, the
binding length of ULRM:s is tuned through the polaron
cloud (cf. Fig. 1). ULRMs can thus serve as a precision
sensor inserted into the polaron cloud. The occupation of
ULRMs is detected via a straightforward measurement of
the optical linear response absorption and can be mapped
onto the suboptical size of the polaron cloud. Because of
its fermionic nature, our method differs from recent
probing of a BEC with Rydberg impurities; as for the
fermionic systems studied here, the number of particles in
the Rydberg radius remains always small [37,39,40].

We calculate Rydberg absorption spectra in the presence
of a polaron cloud around the impurity using a functional

Published by the American Physical Society
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FIG. 1. A Rydberg atom in a polaron cloud. The bath density
Ppoi(r) (blue line) is increased at the center compared to the
background density p, (dashed line). The Rydberg potential Vi (r)
(black line) is tuned such that the outermost bound state ugy;(r)
(red line) at rgyq is situated near the polaron cloud radius r..

determinant approach [41-43]. The Rydberg blockade
mechanism [44] ensures that our single-impurity calcula-
tions are applicable. While our approach becomes exact in
the limit of heavy impurities immersed in a gas of lighter
atoms, the idea of Rydberg sensing of polaron clouds can
be extended to arbitrary mass ratios [45,46]. We show that,
when the Rydberg excitation is immersed in a polaron
cloud, the weight of the peak in the Rydberg absorption
spectrum corresponding to the ULRM ground state gives
direct access to the density evaluated at a distance rgyq from
the impurity. This way, the complete density profile of
polaron clouds, which so far eluded experimental obser-
vations, can be mapped out by use of a simple Rydberg
spectroscopy experiment.

Model—We consider a Fermi gas combined with a
single charge-neutral and immobile impurity atom. The
impurity can be brought into three states 6 € {0, 1, R}. For
o =0, the impurity is not interacting with the bath
particles. For ¢ = 1, the impurity interacts with the bath
particles via a short-range interaction that induces the
formation of a Fermi polaron [47]. For ¢ = R, the impurity
is in the Rydberg state, which evokes the long-range
interaction with the bath particles. The Hamiltonian reads:

—i@H+ Y lo)ol @V, (1a)

o=1.R
=Y adien Vo= [Vo0iie. (10
r

Here, é,‘( ¢, are fermionic operators of the gas and |o) is the
state of the impurity. When the impurity is in the state |o),
the time evolution of the fermionic gas is given by the
Hamiltonian #, = H, + V,, acting only on the fermionic
subspace.

We propose the following procedure. At the beginning,
the impurity is in the noninteracting state |0) and the bath
particles form a Fermi sea |FS), yielding the many-body
state [y (ty)) = |0) ® |FS). By a radio-frequency (rf) pulse,
the impurity is then switched to the short-range interacting
state, i.e., [y (7y + 07)) = |1) ® |FS). Time evolution leads
to the formation of the polaron cloud around the impurity
atom. After sufficiently long dephasing time, the system is
well described by |w (7)) = |1) ® |pol). Finally, by driving
an optical transition, the impurity atom is transferred to the
Rydberg state, i.e., |y(; +07)) = |R) ® |pol). This way,
the Rydberg atom is, by construction, exactly placed in the
center of the polaron cloud as illustrated in Fig. 1.

We simulate the impurity in the |1) state by a delta
potential with an s-wave scattering length a [41,48]. The
potential in the |R) state, which is generated by scattering
of the Rydberg electron with the bath particles, is given
by [30]

2nh’a,

V() ==y () )

Here, 2% (r) is the wave function of an s-wave Rydberg
electron with principal number ngyq and scattering length
a, between an electron and neutral atoms of the back-
ground gas [48]. Because of the nonlocal potential Vg (r),
there is a finite overlap between the polaron cloud and
bound states inside V(r) (cf. Fig. 1).

For the calculation of physical quantities, we use the
functional determinant approach, which is a standard
method for determining spectra [45]. Specifically, the
density p,(r, t) around the impurity in state |o) is obtained
by a Klich formula [48,53,55]:

po(r.1) = t[p(1)2fe,] = (rletng(ho)erlr),  (3)

where ng(e) = (e##) + 1)~! is the Fermi-Dirac distribu-
tion with inverse temperature  and chemical potential y
and we set 4 =1 = kg. The single-particle operator fz,,
corresponds to the Hamiltonian of the gas particles H,.

The absorption spectrum of the Rydberg atom inside the
polaron is obtained from Fermi’s golden rule,

Apoi(@) = 27y _|(flpol) 25w — (E — E;)]
f
= 2Re/oodtei‘”’(pol\eigl’e‘iﬂR’|pol), (4)
0

where the gas is initially in the polaron state |pol) with total
energy E; and |f) represent the complete set of final states
of the gas in presence of the Rydberg impurity |R) with
total energies E.

We obtain the absorption spectrum as the Fourier trans-
form of the Ramsey signal [22,48], which is calculated as a
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time-dependent Slater determinant [41,43,48]. Through H,
and Hy, Ay (@) depends on both the Rydberg principal
quantum number ngyq and the scattering length a of the
polaron. In the following, we consider the system at zero
temperature [56] and express physical quantities in terms of
the Fermi momentum kg and Fermi energy e, respectively
[48]. Still, our method is robust against finite temperature
as it depends only on the weight of spectral peaks and not
their widths [48].

Fermi polaron cloud.—Before turning to its observation,
we first describe the formation of the polaron cloud in the
initial state of the system. In particular, we are interested in
the stationary density profile, which is established after a
hold time 7, > 1/¢g [48]. In that limit, the density profile
Eq. (3) close to the impurity is well described by the ground
state of the Hamiltonian A, and given by

Ppor(r) = (rlng(hy)]r). (5)

Because of spherical symmetry, the density depends only
on the distance to the impurity, i.e., ppo1 = ppoi(7)-

Figure 2 shows the density of the polaron cloud as a
function of the inverse dimensionless scattering length
(akg)~! measured with respect to the background density,
po = k/(67%). For a < 0, the single-particle wave func-
tions are drawn toward the impurity, resulting in a density
enhancement near » = 0. This enhancement is accompa-
nied by Friedel-like oscillations farther away from the
impurity [see also Fig. 2(b)]. On the contrary, for a > 0, the
single-particle scattering wave functions are pushed away
from the impurity. However, the bound state emerging at
positive scattering length still leads to an overall enhance-
ment of the density near the impurity [42]. Note that the
particle density is formally divergent at » = 0, which is an
artifact of the contact interaction and not present for
physical finite-range potentials [48]. However, for all our
considerations, the delta impurity is a valid approximation
as the usual van der Waals length of the atoms is much
shorter than the size of the Rydberg state. Importantly, the
integrated number of particles in the polaron cloud con-
verges to a well-defined, finite number, also in the limit of
contact interaction.

We define the region with an increased particle density
around the impurity as the polaron cloud. The size r, of the
polaron cloud, visualized by a green line in Fig. 2(a), is
determined by the first crossing of p,i(r.) = po and it is of
the order of the Fermi wavelength.

The number of particles contributing to the polaron
cloud NV, is given by the integrated number of excess atoms
within the volume defined by r., ie., N. = Npy(r,) —
Ny(r.) [48]. Note that the number of particles contributing
to the polaron cloud is at most one particle despite the
infinitely many particle-hole excitations required to obtain
the exact many-body solution [57]. This is confirmed by a
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FIG. 2. (a) Polaron density profiles 8ppoi(r) = ppoi(r) = po in
dependence on the inverse scattering lengths (akg)~! measured
in terms of py. The size of the polaron cloud r. is marked in
green. The integrated number of excess particles in the cloud N,
is shown in the inset. Note that the color plot is semilogarithmic.
(b) Polaron cloud density for two exemplary scattering lengths
marked as gray dashed lines in the upper plot.

thermodynamic consideration using Fumi’s theorem [22,48].
However, although the number of contributing particles is
small, it is the enormous density increase at the center that
results in a significant effect in absorption spectroscopy in the
presence of the Rydberg excitation.

We note that the real-time evolution of the polaron cloud
formation can be obtained in a similar fashion by directly
applying Eq. (3). While the corresponding absorption
spectra, which then track the real-time formation of the
polaron cloud, can also be calculated using linear response
theory, in this Letter we focus on the quasistationary
limit [cf. Eq. (5)].

Rydberg atom spectroscopy.—Let us now describe the
Rydberg absorption spectra in the presence of a polaron
cloud. The potential Vi (r) in Eq. (2) features a pronounced
minimum at the Rydberg radius rryq (see Fig. 1). This
minimum supports a spatially confined bound state
leading to a prominent dimer peak in the absorption
spectrum [32,33,38,43,44,48]. We refer to that state as
the Rydberg molecule (RM) to differentiate it from higher
excited bound states. The Rydberg radius rgyq can be tuned
by the principal quantum number ngyq and is characteristic
for the atomic species of the impurity (in our case 8’Rb).

A typical absorption spectrum calculated in the presence
of the polaron cloud is shown in Fig. 3(a). The visible peaks
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FIG. 3. (a) Absorption spectrum of a Rydberg impurity with
ngya = 60 generated in polarons of different inverse scattering
lengths (akg)~" at background density py = 5 x 10'" cm™3. The
binding energy ery is marked as a dashed gray line. (b) Mag-
nification of the RM peak: Peak positions @pex Eq. (7) are
marked by gray dotted lines. The red shaded region below the
curve for (akp)™! = 0.33 indicates the value of the corresponding
peak weight I,,. The calculations are performed for a 8Rb
impurity in “°K particles.

correspond to the various bound states between the
Rydberg atom and bath particles. For a = 0, the density
po 1s spatially constant in the initial state and one recovers
the results for a single Rydberg impurity in a Fermi
gas [38,43]. Because of its good overlap with the scattering
states of the Fermi gas, the RM with binding energy ey
(indicated by the dashed vertical line) has the largest
oscillator strength.

For a # 0, a Fermi polaron is formed in the initial state.
In this case the RM peak does not necessarily remain the
most prominent peak of the spectrum. This can be under-
stood from the increased density close to the impurity that
causes bound states localized more closely to the impurity
to have a larger overlap with the polaron’s scattering states.

Looking closer at the RM response [cf. Fig. 3(b)], we
observe two key changes in the spectrum that enable the
spectroscopy of polarons: (a) the weight of the peaks is
modified and (b) their position is shifted. In order to
associate the weight of the RM peak with the polaron
cloud density at distance rgyq, we perform an integral over a
frequency window that encompasses the dimer peak [see
exemplary shaded region in Fig. 3(b)]:

NRyd
70 80
O
20 .,,f" — Ppol/ﬂu
e L/l
B poninteracting
£ 157 B (aky)'=—20
=
= n
QL

]])()1/[07

FIG. 4. Normalized density profiles p,,(r)/po Eq. (5) for
polaron clouds formed at inverse scattering lengths (akg)~!
(solid lines) compared to the integrated dimer response
Looi(Rya)/1o(7rya) Eq. (6) (dots). The latter corresponds to the
Rydberg radius through the respective principal numbers, i.e.,
FRyd(7Rya)- We use a fixed py = 5 x 10'" ecm™. The inset shows
the dependence between 1,,/1 and the densities pp,1/pg. Apart
from deviations for small densities, the data points show a tight
relation, which is underlined by the gray line marking identity.
The calculations are performed for a %’Rb impurity in 4°K
particles.

Ipol(nRyd) = / depol(nRyd7 w)' (6)
peak

For absorption spectra at different principal numbers and
scattering lengths, we calculate the integrated weight as a
function of the principal number, i.e., I, (72gyq). Crucially,
since ngyq is directly related to rgyg, these values are
associated with the density p,, at the respective distance.
The comparison of I, (1rya) = Ipoi(Frya) With ppoi(r) is
shown in Fig. 4, where we normalized the signal strength
and density by the noninteracting values Iy(rgyq) and py.
We find striking agreement between the integrated weights
of the dimer peaks I, (7rya)/lo(7rya) and the densities
Ppoi(7)/po- The strong correlation between both quantities
is further analyzed in the inset of Fig. 4. Especially for
larger density values, the mapping from absorption
response to polaron cloud densities works exceptionally
well. As our procedure depends only on the integrated
spectral weight, it is robust against broadening effects on
the spectrum, i.e., finite temperatures [45,48], mobile
impurities [46], and the finite lifetime of the Rydberg
excitation [35].

Our predictions are made in units of the Fermi momentum,
i.e., r. = r.(kg). Hence, another way of tuning the location
of the Rydberg radius rgyq relative to the polaron cloud is by
changing the overall density of the medium p, = k3/(672).
The discussion of density profiles reconstructed using this
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alternative method is provided in the Supplemental
Material [48].

The shifted positions of the RM peaks (cf. Fig. 3) allow
us to directly measure the energy of attractive Fermi
polarons. The peak position is given by

Wpeak = ERM — Epol(a) + Epol.R(nRyd)’ (7)

which makes the argument evident. First, the RM peak
energy is reduced by the energy of the attractive polaron
E o (@) in the initial state [22]. Second, the presence of the
Rydberg impurity shifts the single-particle energies of the
Fermi gas itself once more, resulting in an additional
polaron shift given by E,q g (ngya). It is quite noticeable
that our absorption spectra thus simultaneously provide two
complementary properties of the polaron: it resolves its
energy as well as its real-space density profile.

Conclusion.—We have proposed a new technique for
probing the dressing cloud of polarons using Rydberg
spectroscopy. ULRMs are the key feature enabling the
approach. They are formed at a specific distance from the
impurity and lead to dimer peaks that can be uniquely
identified in absorption spectra. When tuning the principal
number ngyq of the Rydberg state, the location of the
ULRM is changed and the integrated weight of its dimer
peaks directly corresponds to the density of gas particles.
While we focused on the case of Fermi polarons, our
procedure is general and can be extended to mobile
impurities featuring molaron states [58], and other corre-
lated many-body states such as Bose polarons [59-62] or
polarons created in BCS superfluids [63]. Thus, the
proposed technique paves the way to completely new
observations in experiments with ultracold atoms that
can probe length scales beyond the optical regime in an
in situ fashion.

Finally, by employing deeply bound states as a probe, the
proposed spectroscopy allows for observing dynamics on
timescales that are ultrafast compared to the typical scales
of the underlying many-body system. This allows us, for
example, to investigate the formation of the polaron cloud
in real time. In theory, this can be simulated by considering
the linear response to the switch-on of the impurity similar
to pump-probe spectroscopy.
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In this document, we provide details on the methods
and parameters we have used in order to produce the
data shown in the main text. In Sec. I we give the
single-particle eigenfunctions for the system in presence
of different impurities. Sec. I motivates the functional
determinant approach (FDA) expressions for the inves-
tigated quantities: density profiles discussed in Sec. III
and Ramsey signals which are used to compute the ab-
sorption spectra discussed in Sec. IV. We conclude this
supplement in Sec. V with a brief comment on our nu-
merical accuracy.

I. SPHERICALLY SYMMETRIC POTENTIALS

All the FDA calculations [S1-S3] are performed in
the bases of single-particle solutions for the Schrédinger
equations with the respective impurities. The solution of
single-particle impurity problems is a standard quantum-
mechanical exercise [S4]. Still, for the sake of complete-
ness and to settle our notation, we provide here the re-
spective eigenfunctions and overlaps used in our FDA
computations.

We consider a single-particle Hamiltonian he with a
spherically symmetric potential 9, :

A2

hy = ;Lm + g, (Sla)
A2

ol 1 29.) _ 2

Y =V [8,.(7" a,)—12|.  (Sib)

The eigenfunctions of the angular-momentum operator
{2 are the spherical harmonics 12Y,,, = I(1+1)Yy,,. With
the wave function

(r|klm) = Vi () ug(r) , (S2)

r

the problem is reduced to a one-dimensional Schrodinger
equation:

gy (1) + 2m [E = Vo e (r)] upa (r) = 0,

Va,eg(r) =V, (r) +

(S3a)

11+ 1). (S3b)

2mr?

Its radial solutions wuy;(r) form an orthonormal basis and
depend on the respective impurity potential 9,. We
write the eigenfunctions of the free problem as |n), i.e.,

holn) = e,|n), and the solutions of the impurity prob-
lem as |a), i.e., iLa|a) = E, o|a). Here, n, o include the
quantum numbers referring to momentum and angular
momentum.

A. Noninteracting case

For a noninteracting impurity |0) with Vo(r) = 0, we
use the basis of free states

uni(r) = Nou v ji(knar), (S4)

with the spherical Bessel functions j;(x). As our sys-
tem is limited to a sphere of radius R, we enforce
Yeim(J7| = R) = 0 such that the momenta are dis-
cretized,

knl = an/R. (85)
Here, z,; is the nth zero of the Ith spherical Bessel func-
tions, i.e., ji(z) = 0. The normalization factor Ny
yields

V2
VR i1 (zar)]2

which comes from the definite integral over spherical
Bessel functions

N = (SG)

R RS
/ dr T2.jl(knl7n)jl(k‘n’l7’) - 67Ln’ T[lerl(znl)]Z' (87)
0

For zero angular momentum, we have Yyo = 1/v/4m,
Jo(z) =sinz/x, zno = nw and N9 = /2/Rkno. So the

total wave function reads:

o (r) = /% sin(knr), (S8a)
1 sin(k,r) nm

00) = 1 simtkar) oy 1T Ssb

(rinoo) = o s)

The general integral over two radial wave functions is
given by:

/MMMW=a/Mﬁmmw2
0 0

.3
= 3;5 {5 (Ruir))? = gi—1 (kpur)jisr (k) . (S9)



This is used to calculated the number of particles within
a certain radius N(r), see Eq. (S36) below.
For the s-wave case, Eq. (S9) can be simplified to:

" 2 [r sin2k,r
dr’ " AV n
[ lante? = 3 [5 - 2|

(S10)

B. Delta impurity

For the interacting impurity |1) described by a delta
potential Vi(r) = 5-250(r)0,(r...) [S5], the radial wave
function is given by a combination of spherical Bessel

functions j;(kr) and Neumann functions y;(kr)

upi (r) = Nyar [cos 8 (k)i (kr) — sin 0y (k)yi(kr)] . (S11)

Again, the confinement of the sphere only allows discrete
momenta Kq;.

As the delta impurity is local, it affects only the s-wave
contribution. With yo(z) = — cos(z)/x, the correspond-
ing radial wave function is given by:

2
U0 (1) = 4/ EAQ sin(kor + 04),

RN, in 26, \ /2
Aa:,/akf:(urs;z R) . (S12b)

The phase shift d,, is connected to the s-wave scattering
length a and fulfills the following conditions together with
the momentum k,:

(S12a)

koR+ 6o = am, 0, = —arctan(kqa). (S13)
The total wave function becomes:
(ra00) = A, Snkar+£0a) gy

V2R r

The overlap integrals of the radial functions (S12a)
with the noninteracting ones (S8a) are given by:

R
24, Kk
(n|a) = /0 dr Uno (1) uao(r) = R k2 — k2

n (03

Sin 0.
(S15)

Here and in the following, we use the abbreviation
(n|ay = (n00|a00).

For positive scattering lengths a > 0, we have an addi-
tional bound state with a negative binding energy. The
corresponding radial wave function is derived by replac-
ing ko by ik = i/a. With § = —ikR = —iartanh(ka), we
conclude:

up(r) = f\/%Ab sinh[k(r — R)], (S16a)
sinh(2k -1/2
A, = (% _ 1) (S16b)
(e kT — e—H(Z —1)
= up(r) v2i( ) (S16¢)

V1 - 4kRe 2R — ¢~ AR’

The second form is crucial for the numerics as large num-
bers ~ "% are canceled.

Similar to Eq. (S15), the overlap integrals of the radial
bound state function Eq. (S16a) with the noninteracting
ones are given by:

2Ab k'n .
(n|b) = R 12 sinh kR
2 ky VER(1 — e 20R)

== . (S17
RE2+ K% (1 — 4kRe 2rR — g—4rlt)1/2 (817)

In analogy to Eq. (S10), the integrals over two radial
wave functions yield:

/ dr’ [t ()2
0
B EAZ (f _sin2(kar + da)] — sin(2dq)

) . (Si8a)

T RTY\2 4kq
/ dr’ ugo(r')]?
0
1—e—26m _ 672I§R(672KR _ e*2N(R*T) + 4/4;7")

(S18b)

1 — e 4rB _ 4 Re—2rR

C. Spherical-well potential

As mentioned in the main text, the density in presence
of a delta impurity diverges at the center. To make sure
that this does not affect the spectra, we have performed
analogous computations of spectra corresponding to a
polaron formed in presence of a spherical-well potential.
Here, the divergent density is cured. A spherical well of
radius d is described by the potential V1 (r < d) =V <0
and Vi (r > d) = 0. Inside the well r < d, the radial func-
tions wug(r) are given by the spherical Bessel functions
with momentum K = /2m(E — Vp) [cf. Eq. (S4)]. Out-
side the well r > d, the radial functions ug(r) are given
by a linear combination of spherical Bessel and Neumann
functions [cf. Eq. (S11)]

ugi(r < d) = Agyr ji(Kr),
ukl(r > d) = Bkﬂ“jl(k’l‘) + Cur yl(kr).

(S19a)
(S19b)

From the continuous differentiability at the well edge
r=d and the boundary condition at r = R, we re-
ceive the following general relations for the coefficients
AKl7 Bkl and Ckl

Ak ji(Kd) = Briji(kd) + Cryyi(d) (
A1 K jiy1(Kd) = k [Brjivi (kd) + Criyiya (kd)
(

0= Bkl jl(kR) + Ckl yl(kR)v

where we have used d.ji(x) = l/x - ji(x) — jit1(z) as
property of differentiated spherical Bessel functions. For



I = 0, which is in particular interesting for local impu-
rities, the conditions (S19)-(S20) lead to the following
relation

ko coslky (R — d)] sin(K,d)
+ K, cos(Kod)sinlka (R — d)] =0, (S21)
which is valid for discrete values of momenta k, and
K, with the corresponding energies E, = k2/(2m) =
K2/(2m) + Vo. Eq. (S21) is solved numerically and the
momenta are inserted into the radial functions:

A sin(Kqr)/Ka r<d
uaO(r) - o % sin[ka(r - R)]/ka r>d’
(522a)

Ag = /8(Koko)3 {4k3 K od — 2k2 sin(2K ,d)
+ 4K yko(R — d)[K?2 cos® (K d)
+ k2 sin? (Ko d)] + 2ko K2 sin(2K o d)
— 2K 2k, cos[2kq (R — d)] sin(2K 4 d)
— Ko[K2 — k2 + (K2 + k2) cos(2K ,d)]

x sin[2ka (R — d)]} 2. (S22b)

The value for the coefficient A, is determined from nor-
malization of the wave function.

The scattering length a of the spherical well can be
determined from the relations tan §;(k) = —Cp; /By and

limy,_sq k cot dg(k) = —a~1, which gives:
1 2 tan(v/—2 d
a = lim 1Cho =d+ mVp tan( ;n% ) (S23)
k—0 k BkO —2ng

(nla) 2A {kn cos kpdsin K,d — K, cos K,dsin k,d
nja) =1/ =Aq
R

KQ(K(% - k"r%)

+ cos K, d

—kq cos[ko (R — d)] sink,d — ky, cos k,dsin[ky (R — d)] + ko sink, R

We solve this equation numerically for V;, at a fixed value
of d to obtain the scattering length a. Due to the peri-
odicity of the tangent, negative scattering lengths a are
found for 2mVy € (—n2/(4d?),0) and positive ones for
2mVy € (—97%/(4d?), —=%/(4d?)).

There are bound states with Vo < Ep < 0 where k,
is replaced by the imaginary number ik, = /—2mEy
while K, = v/2m(E, — Vp) stays positive. The analogous
expressions of Eqgs. (521)-(S22) are

kp sin(Kpd) + K cos(Kpd) tanh[ky (R — d)] = 0,

(S24a)
sin(Kpr) /Ky r<d
olr) = A s eie e 2

b 1+e
(S24b)
Ay = 2 [RK(1 + o2t
X {QKS cos? (Kpd) [1 _ o~ 4mu(R—d)

—4rp(R — d)efQ"b(Rfd)}

9 ~1/2
3 (1+e—2”b(R—d>) 2Kyd — sin(QKbd)]}

(S24c¢)

At most, there can be |/—2mVyd/7| bound states due
to the periodicity of the oscillating function. We take
potential depths V; such that there is only one bound
state for positive scattering lengths.

Analogously to Egs. (S15) and (S17), the overlaps for
these wave functions have an analytical expression

ko cos[ko (R — d)] (k3 — k)

2 Ky cos Kydsin k,d — k,, cos k, dsin K,d
<n|b>:1/§Ab|: b b b

Ky(k2 — K})

—cos Kpd

(14 e~ 2o (B=dy g, sin(k,d) + (1 — e 2 (B=dk cosk,d — 2e~ "=y, sin k, R

}, (525)

D. Rydberg impurity

The potential Vg (7), generated by the impurity in the
Rydberg state, depends on the wave function of the Ryd-
berg electron YR nim (1) = Vi () ur ni(r)/7, where the
radial wave functions can be approximated in terms of

(B2 + R)(1+ o 2lF=0)

}. (S26)

\
Whittaker functions [S6]

wr () = P rtt/2(2r/(vao)]
n \/aol/QI‘(l/ +I+ DI (v 1)

, with v =n — d;.

(S27)

The level shifts of the energies E,; oc —1/[2(n — §;)?] are
specific for the atom type. For an impurity of 3"Rb, we
have d;—9 = 3.13 [ST].
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Figure S1. Characteristics of the Rydberg potential Vi (r) of
a 8"Rb impurity in a gas of “°K particles measured in units
of ep for different principal quantum numbers ngryq of the
outermost electron and different values of densities po (col-
ors). The upper panel shows the positions rryq ~ nﬁyd of the
dimer minimum and the lower panel the corresponding po-
tential depth Vi (7rrya). These plots help to choose the right
principal numbers nrya and densities po for the experimental
procedure.

We consider the spherically symmetric potential Vg (r)
for an s-wave Rydberg electron, which in total yields:

_ ha. {W,1202r/ (vao)]}?
Vie(r) = 2mer? ao?T(v+ DI(v) '

V =MNRyd — 50.

(S28)

The electron scattering length with “°K atoms is a, =
—15a0 [S8]. The potential Vi (r) Eq. (S28) diverges at
the center and is highly oscillating for large principal
numbers ngryq. It is characterized by a deep minimum lo-
cated at the Rydberg radius rryq. This minimum induces
the localized bound state corresponding to the Rydberg
molecule. The position of this bound state rryq as well
as the corresponding potential depth Vi (rgyq) are cru-

cial for our proposed measurement technique. They can
be tuned by the principal number ngryq or the density
po measured in units of k3. In Fig. S1 we show the de-
pendencies of the Rydberg radius rryq and the potential
depth Vg (rRya) on the principal quantum number ngyq
and the overall density po in units of the Fermi momen-
tum kp for gas particles of “°K. For observing a polaron’s
density profile, the region rryqkr = 0.3—4.0 is of partic-
ular interest. From Fig. S1, we conclude that reason-
able principal numbers for our measurement technique
are around ngryq = 25 — 80 while densities should be at
around po = 1019—10%3 cm~3.

In the presence of the Rydberg potential Vgy(r)
Eq. (S28), the radial part of the Schrodinger equation
(S3) is solved by exact diagonalization of the single-
particle Hamiltonian hg for a discrete position grid r;
with ¢ = 1,2,..., N where r; =0 and ry = R. To satisfy
the boundary condition wu.;(ry) = 0, we only diagonalize
the Hamiltonian [ER]M with i,7 =1,2,...,N — 1. As we
allow for a combination of linear grids r; with higher res-
olution in the center, we take into account different steps
67";' =141 — 1 and O0r; = r; —r;_; with 5rf‘ = 0ry .
Concretely, we use the following discretized Laplacian:

L1 { Lo,o2
(6r)2 " driery  (6r))2

N 1 1 1

[hrlii-1 = —— [(— + 7] )

or;)2  orfery

oo = 1[1+ 1}
Rlid+l = (67"?')2 67’?‘67’{'

:| + Va,eff(ri)v

(S29)

Furthermore, we divide the eigenfunctions uq;(r;) by the

discrete integral y/ [ (uq:(r))? in order to fulfill their nor-

malization.

Fig. S2 shows the Rydberg potential Vg (r) for different
principal numbers ngryq as well as the outermost bound
state urm (), which is located at the Rydberg radius. We
see that for higher principal numbers the wave function
urm(r) is smeared out. This leads to a less precise value
for the position r in the reconstructed density profiles.
As we are primarily interested in the dimer peak corre-
sponding to the outermost bound state and not in deeply
bound states closer to the center at higher energy scales,
our description of the Rydberg potential Vg (r) does not
need to be precise close to the center. In order to lower
the numerical effort, we therefore cut the potential in the
center as seen in Fig. S2. This does not have an impact
on our spectra.
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Figure S2. Radial wave functions urwm,i=o(r) of the bound
state corresponding to the last minimum in the Rydberg po-
tential Vg (r) for different principal numbers ngyq. The data
are calculated for a Rydberg impurity of ®”Rb in a gas of *°K
atoms at particle density po = 5 x 10" em =3,

II. FUNCTIONAL DETERMINANT
APPROACH

Klich’s formula [S9] allows the calculation of a trace
tr(eX), where X is a bilinear operator, i.e.,

X = (ilalj)eles. (S30)
2]}

Here,  is the corresponding single-particle operator. For
the case of fermionic operators é;f, ¢, Klich’s formula
takes the form:

tr(e™) = det(1 + o). (S31)

This makes it possible to calculate expectation values
over products of exponentials, i.e.,

So105(t) = <eiH”1te_iH”2t>a1

tr[e_ﬁ(g"l —ulN) gl to—ifo, g

tr[e—B(Hal—HN)]

= det[ﬁ — np(ilgl) + np(ill)eiil”ltefi;"ﬂzt]_
(S32)

So,0,(t) is the Ramsey signal when the impurity is pre-

pared in state |o1) and then switched to the state |o2).
Furthermore, the Klich formula,

N z R R

X) i) det(1 + e*),

At e
tr(ééje”) = (J|= - S33

(elese®) = Ul (533)
allows the calculation of densities. If the state is pre-
pared at an impurity |0) with density matrix py and then
evolved in presence of the impurity |o), the correspond-

ing density is evaluated as
po (7,1) = tr[poo (t)éhén]
—iI:Iate—B(I:I()—,uN)eiI:I”t
tr[e_B(H()_#N)]

= <r|e*ih”tnp(ﬁo)eif“’t\r>.

trfe él ey

(S34)

Egs. (S32) and (S34) are the relations we use to calculate
the densities and absorption spectra in the main text.

III. DETAILS ON DENSITY PROFILES

In this section, we provide details for the calculation
of the density profiles of the polaron cloud.

The stationary density of the polaron pyei(r) given
in the main text is calculated by an expansion of the
single-particle eigenstates (r|a) = Y () ui(r)/r with
eigenenergies E, of the respective impurity problem

ppol(r) = Y_(rla)nr(Ea){elr)

(e

= ﬁ Z(Ql + 1)nF(Eal)‘Ual('r)|2, (935)
al

Here, the sum over m has been executed as a sum
over spherical harmonics so only the radial contributions
Uqr (1) are left, which are discussed in detail in Sec. I.
The number of particles within a certain radius r is
given by the integral over the density and can be ex-
pressed as an integral over the radial wave functions

Npol(r) = (20 + 1)np(Eu) /0 "ar luat (7%, (S36)

al

This expression is used to determine the number of parti-
cles N, contributing to the polaron clouds, shown in the
main text. The respective expressions for the integrated
wave functions are provided by Egs. (S9) and (S18).

Fig. S3 shows density profiles of polaron clouds for dif-
ferent inverse scattering lengths (akp)~'. These curves
supplement the plots provided in the main text. We see
the extreme increase of the density around the center.
This is the region we identify as the “polaron cloud”
Further away from the impurity some Friedel-like oscil-
lations appear which fade away quite fast. At distances
rkr 2 5, the effect of the interacting impurity is not visi-
ble anymore such that the polaron densities p,o1 coincide
with the plateau value pg.
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Figure S3. Density profiles ppoi1(r) Eq. (S35) in the presence
of a delta impurity with different inverse s-wave scattering
lengths (akr) ™.

A. Particle number from Fumi’s theorem

This section discusses the usefulness of our empirical
definition for the polaron cloud (cf. Fig. 2 in the main
text). We define the polaron radius r. as the first crossing
between the density profile p,o1(r) with the background
density po, i.e., ppol(rc) = po. In the thermodynamic
limit, the particle number N, inside the polaron cloud
can be derived from Fumi’s theorem (cf. App. Cin [S10]).

For a < 0, the single-particle energies E, are lowered
compared to the corresponding values &, of the nonin-
teracting system. The energy of the attractive polaron
is then determined by the sum over all occupied energy
differences E,—, —&,. This can be expressed in terms of
the phase shift 6, Eq. (S13)

Epol = ZnF(gn)’(Eazn - En) = _mLR2 ZnF(En) nén

(S37)

Here, in the last step §2 < 2n7|d,| is used as the phase
shift is bounded by 7. In the thermodynamic limit, i.e.,
R — o0, the energy differences Ae,, = ¢, —e,-1 =
(2n — 1)7%/(2mR?) are infinitesimal and we arrive at
Fumi’s theorem [S10], which is an integral expression in-
cluding the polaron energy and the phase shift

By = —» /Ooodsnp(e)d(a). (S38)

R—oco T

Suppose the chemical potential y is fixed and the impu-
rity is switched from |0) to |1). The free energy is reduced
by an amount of E,., which generates an increase of N,
particles in the system. V. again can be calculated by a
thermodynamic relation of the grand-canonical ensemble

O0F,q 1 /°° Ong(e)
N, =-——P22 - — de 5(¢g).
o 0 o ©

s

(S39)
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Figure S4. Integrated number of particles inside the polaron
cloud Ne = Npoi(re) — No(re) [cf. Eq. (S36)] compared to the
number at R — oo Eq. (S40) extracted from thermodynamic
considerations (red line). The black curve corresponds to the
integrated number up to the first crossing ppo1(re) = po and
the blue curve to the second crossing.

For zero temperature, this yields the phase shift at the
Fermi energy ep:

5(6}?)

™

N, =

- —% arctan(kpa). (S40)

For a > 0, due to the occupation of the additional
boundstate, the energy of the attractive polaron K
Eq. (S38) is includes the binding energy and N, Eq. (S40)
is increased by 1.

Fig. S4 compares the particle number N, from the
main text [cf. Eq. (S36)], which empirically is deter-
mined by an integral over the density up to the po-
laron cloud radius r., with the thermodynamic equiv-
alent N, Eq. (540). The qualitative agreement is un-
deniable. However, an integration only up to the first
crossing ppol(rc) = po overestimates the particle number
in the polaron whereas an integration up to the second
crossing underestimates it.

To conclude, our defined polaron cloud, namely the re-
gion of extreme density increase up to the radius r., may
not be exactly identified with the actual polaron defined
from thermodynamic properties. Still, the similarity be-
tween the integrated number N, with the corresponding
number from Fumi’s theorem suggests that the region
of increased density gives a useful description of the po-
laron, which is actually a many-body state of the entire
system.

B. Effect of finite angular-momentum states

Fig. S5 shows how many angular momentum states
need to be taken into account in the summation in
Eq. (S35) in order to reach the predicted density plateau
po for the case of a noninteracting impurity |0). We con-
clude that in order to reach a plateau of radius r, one



a \
0.8
S
~ 0.6
L
= 0.4
L
0.24
0.0
2 4 6 8 10 12 14
rkg
— lax=0 T lpx=4 T lnax=38 lmax = 12
— lhax=1  — lax=5 T lpax=9 lmax = 13
— lax=2 T lpx=6 —— l.m =10 lmax = 14
— lnax =3 lnax =7 = lpax =11 —— pp

Figure S5. Noninteracting densities po(r) are shown when
the summation in Eq. (S35) is limited by different maximal
angular momenta lmax. The data are compared to the exact
value po = ki /(67)%.

has to take into account about [/(kpr) angular momenta.
This is important for the calculation of Rydberg spectra.
Since the Rydberg radii in our calculations do not exceed
rryakr = 3.0, it is sufficient to consider only angular mo-
mentum states up to lnax = 8 in all our calculations.

C. Effect of finite system size

The finite system size R also modifies the density
plateau. At the center, i.e., r = 0, only the s-
wave states contribute to the density. Furthermore, as
lim,_,osin?(k,7)/r? = k2 = (nm)%/R? [cf. Eq. (S8a)],
we find a closed expression for the density summation in
Eq. (S35) at zero temperature

pO(TZO) = 2R3 Z

= 12R3 nmax(nmax + 1)(2nmax + 1)7
where npmax = |krR/7|. We want to take large sys-
tem sizes R such that the constant density value py =
k3/(6m?) is reached at the center. In order to reach 1%
accuracy for the densities around the center, we take a
system size of Rkp = 400.

2
2mR2 )

(S41)

D. Effect of finite impurity range

Finally, let us elaborate that the divergent density at
the center r = 0 can be cured by a finite interaction
range of the impurity. To do so, in Fig. S6 we show
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Figure S6. The s-wave contributions ppor,i=0(r) of the polaron
density Eq. (S35) are plotted for a spherical-well impurity
potential with different interaction radii d. Here, d = 0.0
refers to the solution of the delta impurity. The colors mark
different inverse scattering lengths (akr) ™" and the line styles
represent the interaction radii d. As a reference, the density
plateau po is shown in black. We conclude that within the
range of a finite interaction radius d the density value is just
cut off.

the s-wave contributions of the density Eq. (S35) when
using the radial wave functions uq;(r) for a spherical-well
potential of different extents d > 0 [cf. Egs. (S22) and
(S24)]. We conclude that in the range of the square-well
potential r < d, the densities are cut to a finite value
so the divergent densities are under control. However,
this does not lead to a prominent change of the resulting
absorption spectra. Hence, it is sufficient to keep the
eigenbasis in presence of the delta impurity.

E. Polaron cloud formation

We want to elaborate on the statement that the sta-
tionary density profile of the polaron cloud Eq. (S35) in-
deed emerges in the long-time limit ¢ > 1/ep. For this,
we use the more general time-dependent density p(r,t)
Eq. (S34). An expansion in single-particle wave functions
leads to:

p(r,t) = Y (rla)e™ PN aln)np(en) (nla)e P (o |r)
= np(en) |Y_e Pl {aln)(r|o) (S42)

In analogy to Eq. (S35), the sum over m can be executed
by a sum over spherical harmonics and the density only
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Figure S7. Time-dependent density profile dppoi(r,t) =

ppoi(ryt) — po Eq. (S43) for an inverse scattering length
(akp)™' = —2.0. The actual polaron cloud formation is com-
plete at ¢t = 27 /ew, which is marked by the gray dashed line.

depends on the radial component

o) = g D22+ Do)
nl

2

x> et (allnlyug (r)| . (S43)

For a delta impurity, of course, only the s-wave contri-
bution is affected by the time dependence. Fig. S7 il-
lustrates the formation of a polaron cloud in real time
for an exemplary scattering length. The polaron cloud
grows with increasing time and is surrounded by fading
oscillations until at a time scale inverse to the Fermi en-
ergy t < 27 /ep it reaches its final size. Hence, for a high
enough hold time ¢; > 1/ep, we expect the system to be
in a steady state, where Eq. (S35) is applicable for the
density profile.

IV. DETAILS ON ABSORPTION SPECTRA
A. Relation between S(t) and A(w)

To show the relation between the Ramsey signal Sy, o,
Eq. (S32) and the absorption spectrum Apei(w) given in
the main text, we follow Ref. [S2], only here the impurity
is switched from |1) to |R). The absorption spectrum is
calculated by Fermi’s golden rule where the initial state
is the polaron [i;) = |1) ® |pol) and the final state is in
the presence of the Rydberg impurity |¢f) = |R) ® | f).
The perturbation flips the state of the impurity into the
Rydberg state and vice versa, i.e., 0 = (|1)(R|+h.c.)@1.
By rewriting the delta function in Fermi’s golden rule as

a time integral, one obtains:

Apai(w) =21 Y (¢ [QUyi)*Slw — (Bf — Ey)]
!

=Y / dt et (| B Q) (1 le T E Q).
f —00
(S44)

Alternatively, by inserting €2 and using the fact that the
impurity does not contribute to the total energies F;, Ey,
the form given in the main text is obtained. |¢;) and
[ts) are eigenstates with eigenenergies E; and Ej, re-
spectively. Furthermore, the time evolution of the gas in
the presence of the impurity |o) is given by the Hamil-
tonian H, acting only on the subspace of the Fermi gas

(ile®* = (1] @ (polle™™",
(wrle 1t = (R @ (fle~ !,

(S45a)
(S45b)

such that the overall absorption spectrum reads

Apor(w) = Z/ dt e (pol e[ £)( fle~ ¢ pol).
f — 00
(S46)

The sum over all possible final configurations for the gas
| f) gives an identity so that, in total, the absorption spec-
trum is the Fourier transform of the Ramsey signal S1g (¢)
Eq. (S32). By separating the integration into negative
and positive times, it is straightforward to bring the ex-
pression into the form which is given in the main text

Apol(w) = 2Re/ dt e SR (t). (S47)

0

For numerical stability, we multiply the integrand with
an exponential decay f,(t) = e~7* (in our numerical cal-
culations we use v = 0.03er). Eq. (S47) is calculated
by fast Fourier transformation (FFT) up to a maximal
time tmax, Which needs to be chosen high enough to give
a good resolution in frequency space (cf. Sec. V).

B. Details on the Ramsey signal
The determinant for the Ramsey signal [cf. Eq. (S32)],

Sir(t) = det[T — np(hy) + np(hy e te Rt (S48)
can be calculated by introducing the single-particle eigen-
states |a,) in presence of the local polaronic impurity
o = 1 and the long-ranged Rydberg impurity o = R
with corresponding eigenenergies E,_;, i.e., ho|la,) =
Eu,ila). In the eigenbasis of the polaron states |ay),
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Figure S8. Ramsey signals S(t) of a Rydberg atom with
nryd = 60 in a polaron formed at different inverse scat-
tering lengths (akp)™*. The fine oscillations with periods

= 27/|wpeak| correspond to the dimer peak of the Ryd-
berg molecules. The loss of spectral weight at ¢ = 0 is due to
the omission of highly energetic bound states, but does not
affect the quality of the dimer peaks.

the matrix elements for the calculation of the determi-
nant are:

(][l = np(hy) + np(hy)eite o)

= 01/ Sy [1 - nF(EOéll)]5O<1O/1

+np(Eay)e Pty (anl|agl)e Port (agl]a)l)
QR

(S49)

The overlaps (aillagrl) and (agrl|ajl), respectively, are
analogous to the expressions in Eqgs. (S15) and (S17),
only for the eigensystem in the presence of the Rydberg
impurity. They are obtained by numerical integration.
The whole expression Eq. (S49) is diagonal in the
angular-momentum quantum numbers [ and m due to
the conversation of angular momentum. Let us call the
term within the brackets in Eq. (S49) My, qq. As it is
the same for each of the 21 + 1 blocks corresponding to
the magnetic quantum number m, the total determinant
in Eq. (S49) is calculated analogously to that in Ref. [S3]

H [det aa’l 2l+1 .
(S50)

S(t) = det(éll’dmm araf

We provide the Ramsey signals of a Rydberg atom in
different polaron clouds in Fig. S8. The fine oscillations
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Figure S9. Normalized density profiles ppoi(r)/po for differ-

ent polaron clouds with inverse scattering lengths (akp)™!
(solid lines) are compared to the integrated dimer peaks
Io1(TRyd)/Io(rRya) (dots), which correspond to the Rydberg
radius through the respective overall density, i.e., Tryd(po)-
The inset shows the analysis of the dependence between the
integrated absorption peak weights I,01/lp and the corre-
sponding densities ppo1/po-

have a period of 7 = 27/|wpeax| and correspond to the
dimer peaks at wpeak in the absorption spectra. In order
to resolve absorption peaks at high frequency values, it
is essential to resolve the time dependence of the Ramsey
signal S(t) optimally (cf. Sec. V).

We see that our calculated Ramsey signals do not take
into account enough eigenstates in order to reach the
exact value S(t = 0) = 1. This is due to the fact that the
Rydberg impurity generates a lot of more deeply bound
states with more overlap to the polaron’s bound states
or the polaron’s scattering states, which we do not take
into account (cf. Sec. ID). As we are primarily concerned
about the overlap with the outermost Rydberg molecular
state, the missing weight in the global spectrum does not
affect our final results.

C. Reconstructed density by tuning po

In the main text, we have mentioned that the po-
laron’s density can also be reconstructed from Rydberg
spectroscopy for fixed principal number ngryq and differ-
ent background densities pg. Such a plot is provided in
Fig. S9.

In the experimental setup, the Rydberg radius rgryq is
of course fixed for a specific atom type and principal num-
ber nryq, regardless of the density pg of the surrounding
medium. However, the polaron’s density profile is deter-
mined by the Fermi momentum of the gas. As we give
physical quantities in units of the Fermi momentum, the
relative size between the Rydberg impurity at fixed ngryq
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Figure S10. Density profiles ppo1(r) Eq. (S35) in the presence
of a delta impurity with different inverse s-wave scattering
lengths (akr)~" and temperatures 7.

and the polaron with radius r. ~ kg 1 changes when tun-
ing the background density py = po(kr). This has al-
ready been clarified in Fig. S1, where different density
values pg lead to different Rydberg radii rryq in units of
the Fermi momentum.

Fig. S9 is analogous to the plot given in the main
text, only here we have fixed the principal number to
Nryd = 59 and associated the position dependence rkp
by changing the overall density pg as discussed before.
When changing the overall density, the shape of the dimer
peaks differ much more from one to the other than when
changing the principal numbers [S3]. That is why overall
the data in Fig. S9 are more noisy than those provided
in the main text. However, the agreement between in-
tegrated weights and density values is still obvious. The
two complementary methods give more flexibility in the
experimental realization and underline the validity of our
technique.

D. Effect of finite temperature

In this section, we elaborate that a finite temperature
does not have a significant impact on our data. Thus, our
method is robust against temperatures used in typical ul-
tracold atomic gases. First of all, FDA does not have any
conceptual limitation to zero temperature. Temperature
only enters in the Fermi distribution ng(e), which is in-
cluded in the density ppo1(r) Eq. (S35) and the Ramsey
signal Sy, o, (t) Eq. (S32).

Fig. S10 shows the density profiles of polaron clouds
ppoi(r) for different temperatures T'. For higher tem-
peratures, the chemical potential p is lowered such that
the background density po = k3 /(672) is kept constant.
At T = 0.05¢ep, which is basically the state of the art
for fermionic quantum mixtures [S11], the difference to
T = 0.001 e, which is used in the rest of our work, is
barely visible. We compare these density values to those
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Figure S11. (a) Ramsey signals S(t) of a Rydberg atom with
nryd = 60 in a polaron formed at different inverse scattering
lengths (akr)~' for a temperature 7' = 0.2¢r. (b) RM peaks
of the corresponding absorption spectrum. The peak posi-
tions wpeak are marked by gray doted lines and the binding
energy erm by a dashed gray line.

at T =0.1ep and T = 0.2 ey, which are typical temper-
atures of Fermi polaron experiments. With increasing
temperature, the density enhancement in the center as
well as the accompanied oscillations are softened. This
can be explained by the averaging over various statisti-
cal realizations. However, already here we see that this
is only a slight effect so our probe barely changes with
temperature.

To validate that our method of determining density
profiles from Rydberg atom spectroscopy stays stable,
we provide Ramsey signals, absorption spectra and the
reconstructed density profiles (cf. Figs. S11 and S12) in
analogy to those given in the main text, only here for a
temperature T' = 0.2 ep.

For a finite temperature, the Ramsey signals Spo1(t) de-
cay faster [cf. Fig. S11(a)] as the orthogonality catastro-
phe is not fulfilled anymore [S1]. This leads to a broaden-
ing of the dimer response peaks in the absorption spectra
[cf. Fig. S11(b)]. Note that, due to the finite tempera-
ture, the peaks are no longer asymmetrically cut on the
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Figure S12. Normalized density profiles ppo1(r)/po for differ-
ent polaron clouds with inverse scattering lengths (akp)™!
(solid lines) are compared to the integrated dimer peaks
Io1(TRyd)/Io(rRya) (dots). The latter corresponds to the
Rydberg radius through the respective principal numbers, i.e.,
rRyd(NRrya). We use a fixed pg = 5 x 10" cm ™ and a finite
temperature 7' = 0.2ep. The inset shows the dependence be-
tween Ipo1/Io and the densities ppol/po.

left, but their shape is more Gaussian-like. The positions
of the peak’s maxima, however, do not change and reveal
the polaron energy [cf. Eq. (7) in the main text].

The tight relation between the integrated dimer re-
sponse I and the actual density ppo is still recovered
for T'= 0.2 ep. This is illustrated in Fig. S12, whose sim-
ilarity to the plot at 7' = 0.001 e given in the main text
is undeniable. This is due to the fact that our method
only relies on the integrated spectral weight of the dimer
response I,o1, which is basically unaffected by a finite
temperature in contrast to the actual shape of the peak.

In a more realistic setting, the absorption spectra
might be broadened also through other effects like the
finite lifetime of the Rydberg excitation or the mobility
of the impurity. Similar to the effect of a finite tempera-
ture, we expect our method to be robust as long as these
effects do not significantly change the spectral weight of
the dimer response.

V. NUMERICAL ACCURACY

In this section, we briefly mention how we choose our
numerical parameters in order to achieve high accuracy
in the calculated quantities. The choice of [,.x and R is
already motivated in Secs. III B and III C, respectively.

11

The maximal number apn.x of single-particle scatter-
ing states uq;(r) is chosen such that enough states above
the Fermi energy are taken into account. For a brief esti-
mate, we consider the noninteracting impurity |0) at zero
temperature and angular momentum. The highest radial
quantum number for n, which needs to be considered in
the calculations, is determined by the Fermi momentum

2 2 2
Nmax __ 1Y kFR
o = 21;‘;’;%2 > ZEF = Nmax > V2z——.  (S51)

To increase precision, we want to take into account the
doubled amount of maximal energy, i.e., 2 = 2, such
that nmax = |V2krR/7| states are considered. In our
calculations, we use Rkp = 400 and nyax = 250 = aypax.
Let us now discuss the maximal time, we can take into
account in the Ramsey signals S(¢) used in the Fourier
transform for the absorption spectrum Eq. (S47). For
this, we again consider the noninteracting system. Be-
cause of the finite system size, there is a difference of
discrete momenta, i.e., 0k = m/R, which leads to a dif-
ferences of energies, i.e., dE = k/m - ék = wk/(mR).
The largest difference in energy demax provides an upper
time limit for the Ramsey signal tpax < 27/demax before
finite-size effects occur. With k.« = kr, we thus have:

2mR
tma.x S kF .

(S52)

In natural units, i.e., 2m = 1 = kg, the maximal time is
just given by the system size tax < R. For our data we
use tymax = 100.

The maximal time, however, corresponds to a finite fre-
quency resolution dw when taking the numerical Fourier
transform. Thus, the absorption spectra A(w) are not
resolved more accurately than the maximal energy accu-
racy. In natural units, i.e., 2m = 1 = ey, this takes the
values dw ~ 27/R.

On the other hand, the resolution of the Ramsey sig-
nals (cf. Fig. S8) corresponds to a maximal frequency
Wmax 10 the absorption spectrum reached by the FFT.
This maximal frequency has to be larger than the binding
energy of the Rydberg molecule, i.e., wypax > |erMm| such
that the dimer peak is included in the spectrum. This
corresponds to a minimal time resolution of the Ramsey
signal

2 2
6t<ﬂ= il

(S53)

Wmax |€RM’ '

In fact, the resolution of our data is affected by the
system size R. In addition, we need extremely well re-
solved Ramsey signals in order to reach high accuracy in
the absorption spectra for the highly energetic values of
the dimer peaks.
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2. Fermi polarons from heavy impurities

2.4. Time-dependent formation of a polaron cloud

In the following two sections, we provide two interesting extensions of our measurement
technique for probing correlated quantum states via Rydberg atom spectroscopy. Firstly,
we discuss how Fermi polarons form after the interactions of the impurity atom are
switched on and how this information is contained in absorption spectra. Secondly, we deal
with a completely different quantum state, which can be observed by our measurement
technique, namely a BCS superfluid.

In the previous section, we mentioned that the typical time scale for the formation of a
polaron cloud is t; = 27/ep (cf. Fig. S6 in the SM of Ref. [P2]). With the numbers for a
cold-atomic gas of 19K atoms, provided in Eq. (B.4), this yields ¢; ~ 0.83 ms, which is very
slow compared to the other time scales of the Rydberg spectroscopy experiment. Thus,
after exciting the impurity from the non-interacting state |0) to the locally interacting
state |1), it takes some time until the system is in the quasi-stationary state of the Fermi
polaron. We illustrate this in Fig. 2.7. As an extension of the proposed experiment in
Sec. 2.3, one can also excite the impurity from |1) to |R) before the polaron cloud has
been completely formed, i.e., at a time ¢t < t;. As a result, by varying ¢, one would get
access to the dynamics of the polaron cloud formation.

Let us first give a formula of the time-dependent density distribution of the polaron
cloud within the FDA. We are interested in the scenario where at a time ¢, the system is
prepared in the state |¥()) = |0) ® |[F'S). Then, by a radio-frequency pulse, the impurity
is suddenly switched to the interacting state, but the Fermi gas has not yet reacted, i.e.,
the total state is given by |¥(to + 07)) = |1) ® |FS). This state now evolves in time

~

according to the polaron Hamiltonian H; [cf. Eqgs. (2.16) and (2.21)],

(Tt > t)) = e Wty + 01)) = |1) @ e Y FS) 257 1) @ [pol), (2.40)

which leads to the formation of the polaron cloud (cf. Fig. 2.7). In the subspace
of the Fermi gas, the time-dependent density is evaluated with the density matrix

to + 07 t1 > 1/ep
. - > {

Figure 2.7.: Time-dependent formation of a polaron cloud. At a time ¢, the impurity is suddenly
changed from |0) to |1) by a radio-frequency pulse, which induces the formation of
a polaron cloud. After a time scale t; > 1/ep, the formation of the polaron cloud
is completed and the system is situated in a quasi-stationary state.
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2.4. Time-dependent formation of a polaron cloud

p(t) = e It |FS) (FS|eiht,

n(r,t) = -t (e—lHlte—WHo—uN>elH1ta:ar) — (rle Pitng (ho)ettt|r), (2.41)
0

where we use similar steps as in Eqs. (2.28)-(2.32) (see also Eq. (S34) in the SM of

Ref. [P2]). After solving the Schrédinger equation for the non-interacting ho|n) = en|n)

and interacting case hi|a) = Eq|a), this is expressed as a sum (cf. Eq. (S38) in the SM
of Ref. [P2]):

2

> e Pl {aln) (r|a) (2.42)

(o7

n(r,t) = Z nr(en)

During the polaron cloud formation, the system is not in an eigenstate of the full
Hamiltonian. Hence, Fermi’s golden rule, Eq. (2.25), cannot be applied straightforwardly.
Following the steps used in Sec. 5.7 in Ref. [SN11], we derived a generalized form of
the absorption spectrum (cf. App. B.2). Here we found a generalized expression for the
absorption spectrum:

Aw, t) ~ 2772 [(FIQURY (n]i())|*6(w + Ef — E,). (2.43)
fin
Compared to the conventional Fermi’s golden rule, there is an additional summation
over eigenstates |n) of the Hamiltonian H, Eq. (2.16). With [i(t)) = |¥(t)), Eq. (2.40),
the absorption spectrum can be expressed as a double time integral over an expression,
which resembles a Ramsey signal [cf. derivation of Eq. (B.22)]%:

Aw,t) = /dt1 elwh /dt2 tr (,60 eiﬁl(t+t1+t2)e_iHRt1e_iﬁl(tﬁt)> : (2.44)

with the density matrix given by the Fermi sea py = |FS)(FS|. The integrand can thus
be expressed by a Klich formula (2.20) as a functional determinant:

tr [,50 eif[1(t+t1+t2)e—iﬁRt1e—il?h(tz-&-t)} —det []Al_nF(fLO)+nF(ﬁo)eiﬁl(t+t1+t2)e—iszt1e—ile(tz—f—t)} ‘

(2.45)

This expression can be computed in a similar way as the Ramsey signal for the Rydberg
spectroscopy experiment in Sec. 2.3. The additional time integral over ¢, and the time
dependence t of the polaron cloud formation complicate the corresponding numerics.
However, the computations are similar to those already implemented. We have not

3Note that the second time integral over ¢, originates from a Kronecker delta symbol and is therefore
taken over a finite range [ ds... = 5= fo% dts....
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2. Fermi polarons from heavy impurities

further pursued on an evaluation of the time-dependent absorption function A(w,t),
Eq. (2.44), but with the input we give here it should be possible. Thus, we even assume
that the time-dependent formation of a polaron cloud could be detected as well in a
Rydberg spectroscopy experiment.

2.5. Rydberg atom spectroscopy of a BCS superfluid

The content of this section is part of the following paper in preparation:

Probing BCS superfluids by Rydberg atom spectroscopy

Emilio Ramos Rodriguez, Marcel Gievers, Richard Schmidt

The interaction of impurities with fermionic excitations in superconductors is one of
the paradigmatic problems of solid state physics. In this section, we present an ongoing
project on how the proposed Rydberg atom spectroscopy in Sec. 2.3 can be applied
to probe characteristic properties of a BCS superfluid. Recently, Ramsey signals and
absorption spectra of a short-range impurity in a BCS superfluid were analyzed via
the FDA [WLH22]. There it was seen that due to the energy gap A, which is needed
to break Cooper pairs, multiple particle-hole excitations are energetically unfavored
and Anderson’s orthogonality catastrophe is prevented yielding a quasi-particle for the
polaron. It stands to reason that embedding a Rydberg excitation can provide even more
information on the BCS superfluid. We are interested in the competition between the
extension of a Cooper pair and the Rydberg molecule, and the physics in different scales
of temperatures and densities.

In the total Hamiltonian of the Rydberg spectroscopy experiment, Eq. (2.39), the
Hamiltonian of the gas particles Hy is now replaced by the BCS mean-field Hamiltonian
where the gap parameter A = g/V Y, (¢_g Cr+) is introduced:

9 K
Hpcs —/lN = Z gkckacka Z Lt Chorq ChrirqlCorrt
ko=t kkﬁq

V|A?
Tl (§ 2)(5) e e

with & = k?/(2m) — p. Importantly, the Hilbert space of gas particles is doubled as now
two spin degrees of freedom ¢4 and ¢, are included. In the following, we assume the
gap parameter to be real A* = A and constant in space.
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2.5. Rydberg atom spectroscopy of a BCS superfluid

The Hamiltonian, Eq. (2.46), is diagonalized by a Bogoliubov transformation,

Cer\ [ ug Uk) ( Ve, + ) 9 2
A = » . ;o |ugl® +uel” =1 2.47a
(CTk,i) <_Uk U ’Yik,,, | k:| ’ k’ ( )

- o A 0 Vit
— Hpes — N:E+§j(* ,__><5A”“ )( ) 2.47h
BCS — M 0 k Ve, 45 Tk, 0 —§A,k 71_]%_ ( )

with Eak = /& + A2, The fermionic Bogoliubov quasi-particles 4 + describe excitations
on top of the ground-state energy Fj. The presence of the Rydberg potential Vi (r),
Eq. (2.37), changes the dispersion relation & in the BCS Hamiltonian, Eq. (2.46). The
single-particle Hamiltonians hg = > IM)(n|e,, are then replaced by hy = Yo la) (] Eq.
As we are only interested in the sudden response after the Rydberg excitation, we do not
take into account a change of the gap parameter A due to the Rydberg potential.

The eigenenergies and Bogoliubov excitations in terms of the basis states |n), |a)
written in angular momenta are then found by a diagonalization of the matrices

- ho—pl Al - hg — pd Al
h = ~ ~ A~ 5 h p— ~ ~ A~ . 248
20 ( Al —ho+ ,ul) AR ( Al —hg+pd (248)

The Ramsey signal S(t) = det(1 — np(hao) + np(hag)etsote hart) Eq. (2.23), is
computed via the determinant of a 2 x 2 block matrix:

M Mt 4 — Y . e
det V-t M—) T det(M™)det(M~~ — M~ (M) M"), (2.49)
where all the matrix elements can be expressed in terms of the overlaps (n|a). We leave
the details in the mentioned article in preparation.

Recently, it was analyzed how a Rydberg atom influences the spatial dependence of the
gap parameter and density when situated in a one-dimensional superfluid for a system
size that scarcely exceeds the Rydberg atom [CMS24]. However, similarly to Sec. 2.3,
we are interested what happens after a sudden excitation before the superfluid has been
equilibrated with the Rydberg atom and, for this, we consider the full three-dimensional
space and compute actual radio-frequency spectra.

Figure 2.8 illustrates the different processes we observe in our computed absorption
spectra. Around the frequency w ~ egy + A, a single atom can be trapped in the
outermost well of the Rydberg potential, Eq. (2.37). In contrast to the case of the Fermi
polaron, a superfluid almost exclusively consists of weakly bound Cooper pairs so the
energy of the gap A has to be additionally paid in order to form a dimer with the Rydberg
impurity [cf. Fig. 2.8(a)]. Around the frequency w ~ 2egy;, we detect trimer states, i.e.,
two atoms from the superfluid form a molecule together with the Rydberg atom. Here,
we observe two different configurations: Firstly, a whole Cooper pair is bound by the
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2. Fermi polarons from heavy impurities

Figure 2.8.: Different processes that occur when a Rydberg atom is immersed in a BCS superfluid.
The Rydberg potential Viyq(r), Eq. (2.37), is depicted by the blue curve, Cooper
pairs by red and blue circles connected by a wiggly purple line. (a) A dimer is
formed after breaking a Cooper pair by the energy cost of the gap parameter A.
(b) A trimer is formed by binding a whole Cooper pair. (c) A trimer is formed by
breaking two Cooper pairs with an energy cost of 2A.

Rydberg impurity [cf. Fig. 2.8(b)]. For this to happen, the size of the Cooper pair needs
to be in accordance to the Rydberg radius. Secondly, two Cooper pairs can be broken by
an additional energy cost of 2A and are bound to the Rydberg impurity [cf. Fig. 2.8(c)].
The discussed effects may as well involve different angular momentum states of the gas
particles. Our computed absorption spectra thus serve as a fingerprint of the rich physics
occurring in superfluids.
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3. Effective bosons and the functional
renormalization group

“While zoologists may have little need to talk to particle physicists, the right way to
understand both the Higgs boson and the flocking of starlings is through the language of
the renormalization group.”

David Tong — Lectures on Statistical Field Theory

The functional renormalization group (fRG) is a versatile field-theoretical method to calculate
correlation functions. The Wetterich equation is an exact equation for the generating functional
of amputated vertex functions. Still, in almost all cases a certain truncation of the hierarchy
of flow equations for multi-point correlation functions is required. The typical one-loop fRG
approach provides two-point and four-point vertices, however, in an incomplete manner. To
obtain these objects from total derivatives and thus without dependence on regulators, the
multiloop extension of fRG has been developed. In this chapter, we derive how the idea of total
derivatives in fRG can be transferred to three-point vertices as well. For this, we formulate
fRG equations of three-point vertices arising from Hubbard—Stratonovich transformations.
An alternative approach is the single-boson exchange (SBE) decomposition of the four-point
vertex, for which we derive multiloop flow equations. In the end, we discuss how a regulator
dependence of the bare interaction allows for even more flexibility in solving fRG equations
for SBE vertices.

3.1. Review of the functional renormalization group

To begin, let us briefly provide the general framework for n-point correlation functions
and vertices, a standard tool in quantum field theory [NO9S].
The generic fermionic action S of a theory with a quartic interaction U reads

S[E, C] = —Cy/ [Gal]ﬂlcl - iUllgl‘lgéllég/Cgcl. (31)

Here ¢;/ and ¢y are Grassmann fields (or for bosons, they are complex fields) whose indices
1/,2',1, 2 refer to arbitrary quantum numbers (e.g., frequencies, momenta, spin indices).
We make use of Einstein’s convention, i.e., doubled indices are implicitly summed over in
Eq. (3.1). Due to the fermionic exchange statistics, the four-point vertex is antisymmetric
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3. Effective bosons and the functional renormalization group

with respect to its first two or last two indices, i.e., it fulfills the crossing symmetries
Uiz = —Usirjiz = —Urjor = Uypror. The microscopic action S[¢, ] is contained in
the functional integral of the partition function Z = [ DI, c] e~ and thus serves as
the backbone of the theoretical description for all physically measurable quantities. In
the non-interacting limit, i.e., U = 0, the action is quadratic Sy|¢, ¢] = S[¢, ¢]|y=o and the
partition function Zy = Z|y—¢ can be computed exactly as a functional Gaussian integral
(cf. App. A).

In quantum field theory, n-point correlation functions are given by the functional
integral

1 .
ng)n =(cp - C201) = 7 /D[C, cen-- Gpie e (3.2)

Alternatively, they can be obtained by functional derivatives after introducing source
fields j, 7 into the partition function:

Gl
5]71 T 5]26jl 3.7=0
(3.3)

_ 1 _ o _
g[jv]] = Vi /D[C, c]e_S[CvC]+01/J1/+ch1 = ng)n = <cn e Ezél) =

In general, n-point correlation functions contain connected (...)con and disconnected parts.
The latter contain lower-order correlation functions only. By contrast, the connected
terms can be generated by functional derivatives of the so-called Schwinger functional

W13, j], which is defined as

3" W13, j]

= . Z - . n CoC
eW[],]] — _g[],]] = [G( )]ITL = <Cn e CQCl)COn = m B .

4
ZO con (3 )

It is more practical to represent connected correlation functions in terms of their ampu-
tated contributions that exclude external two-point propagators G(?. These amputated
quantities are given by the n-point vertices I'™. To represent I'™ by functional deriva-
tives, a Legendre transformation of the Schwinger functional W[j, j] with respect to the
expectation values @, ¢ in the presence of the source fields j, j is applied:

f D[é, C]Ellefs[é,c]+52/j2/+3262 f D[E, C]Clefs[é,c]+52/j2/+5202

@1, B <El,>37j B ID[E7 c]e*S[E,c]+62/j2/+jgcz ’ L= <01>5’j B fD[a C]e*S[E,c]+62,j2,+3202
(3.5a)
= Set[@, ] = J11@, 1 + Griv (@, ] — W 5@, ¢, 38, ¢]] — Sol@, ¢]
n 0" Set | P,
), = Sl ] (3.5D)

0Pn 02091 |5 g

In the Legendre transform, the source fields j, j are written in terms of the fields @, .

48



3.1. Review of the functional renormalization group

The generating functional of the vertices '™ is the effective action Seg'. We here
presented the building blocks of the so-called one-particle irreducible (1PI) formalism.
Diagrams contained in the amputated vertices I'™ cannot be split by cutting a single
propagator, in contrast to the connected correlation functions GO Tt s possible to
extend this formalism to higher-point irreducible vertices by introducing higher-point
source fields in the partition function. For example, the generating functional of two-
particle irreducible (2PI) diagrams results from introducing new source field into the
partition function that couple to two fields ¢ and ¢ (instead of j,j coupling to only
one) [DM64, CJT74, Dupl4, EKKH23].

In condensed matter physics, two-point and four-point correlation functions play a
prominent role. That is why they deserve a special notation compared to G and I'¥)
(including different sign conventions). The Green’s function G is the fermionic propagator.
It is related to the amputated self-energy ¥ via the Dyson equation,

G = —(c1cr) = [Golijpr + [Gol1j2 X2 12Gapr,

l——1 = 1—<—1" + 1ﬁ@?<~1’. (3.6)

Here, the full Green’s function G is depicted by a black line whereas its non-interacting
counterpart G is represented by a gray line. The diagram for the self-energy ¥ is a gray
circle.

The four-point vertex I' describes renormalized interactions between two particles. It

results from the connected and amputated part of the four-point correlation function
GW:

4 _
G§2)|1/2/ = <C10202/01/> = G1\1'G2|2' - G1|2'G2|1' + 01\3'G2\4'F3'4'|34Gs\1'G4\2',
4 2 2 9 ok 2
29 4 g0
1 1/ 1 1/ ]_ 1/ .

The flying squirrel diagram on the left-hand side clarifies that the four-point correlation
function G is an individual object whereas the vertex I" on the right-hand side, indicated
by a square, is multiplied by four propagator lines. Equation (3.7) is a special case of the
so-called tree expansion (cf. Sec. 6.2.2 in Ref. [KBS10]), which relates n-point correlation
functions to amputated (m < n)-point vertices.

INote that we make use of the definition used in Ref. [KBS10] where the non-interacting term
So[@, ] is subtracted in the definition of the effective action Seg[@, ¢].
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3. Effective bosons and the functional renormalization group

3.1.1. Functional renormalization group from the Wetterich equation

The functional renormalization group (fRG) is a powerful quantum field-theoretical
method with numerous applications ranging from high-energy physics [FPR20] and
quantum gravity [EGS09] to the fluid dynamics in flocks of birds [JL23]. For a more
detailed introduction in the context of condensed matter systems, we recommend
Refs. [KBS10, MSH*"12, DCE*21].

In Wilson’s renormalization group [Wil75, Sha94], high-energy modes (short length
scales) are successively integrated out in the functional integral to obtain an effective
theory at low energies (large length scales). In doing so, the coupling constants in the
microscopic action S are replaced by renormalized couplings, which then depend on a
cutoff scale A and fulfill differential equations, so-called flow equations. A fixed point
analysis of the latter yields universal low-energy behavior of the respective physical system
(see also Refs. [P5] and [P6]). In the functional renormalization group (fRG), this idea is
extended by setting up flow equations for the whole correlation functions and not only
for the scalar couplings as in Wilson’s formulation. More precisely, a cutoff dependence
on A is introduced in the non-interacting Green’s function Gy — Go(A). At an initial
ultraviolet scale A = A;, quantum fluctuations are totally neglected Gy(A;) = 0 yielding
the bare interaction vertex I'(A;) = U. At a final infrared scale A = Ay, the complete
dependencies are recovered yielding the full renormalized quantities Go(Af) = G and
I'(Ay) =TI'. This way, frequency behavior of correlation functions can be predicted in a
wider range.

The main result of fRG is the Wetterich equation [Wet93], which is an exact flow
equation for the effective action S, Eq. (3.5b). The cutoff dependence of the bare
Green’s function Gy(A) is transferred to all vertex quantities. Using the more general
notation introduced in Ref. [KBS10], where the action S[V] is defined in terms of general
(bosonic or fermionic) fields ¥ [opposed to the fermionic fields ¢, ¢ in Eq. (3.1)], yielding
an effective action Seg[®P] in terms of the general mean fields ® [opposed to @, ¢ in
Eq. (3.5b)], the Wetterich equation is given as (Eq. (7.51) in Ref. [KBS10])?

5 5 -1
® —Se A [P] — CGO,IIX)

T +O0pIn Zga. (3.8)

1
8ASGH7A[<I>] = §tr [(8AGO’}\) (

The trace represents a summation over all degrees of freedom of the generalized fields .
The Wetterich equation is just a representation of the numerically inaccessible func-

In Ref. [KBS10], the bare action is given as Sy[¥] = —2¥,[G;']a,s¥ s where the indices o, 3 also
mark the particle type (boson vs. fermion). The sign factor ¢ reflects additional signs from exchanging
fermionic fields o5 = (o0ap Where ¢ = %1 for bosons/fermions. The trace includes additional minus
signs for fermions. Moreover, writing the double functional derivative §2/(6®,6®3) as a tensor product
reflects the fact that the quantity 6/6® ® 0/d® Sem a[P] is a matrix-valued quantity with respect to o
and . Due to the revised definition of the effective action Seg (see footnote 1), the regulator Rp does
not appear explicitly in our formulation of the Wetterich equation and the additional term involving the

cutoff-dependent bare partition function Zy o needs to be accounted for.
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3.1. Review of the functional renormalization group

tional integral and thus does not reduce the exponentially large Hilbert space. For
numerical applications one writes both sides of the equation as an expansion of the
n-point vertices I'™, which generates an infinite hierarchy of flow equations known as
the vertex expansion [Mor94]. Below, we show the flow equations for the self-energy >,
Eq. (3.6), and the four-point vertex I', Eq. (3.7), as they are obtained in the fermionic
theory, Eq. (3.1):

ANy = —Tra12S9,

4_@_4 _ |7 (3.92)

)

OAlvoni2 = Dyansa(Gayz Sawr + S313 Gajar ) Dyrarpa + %F1'2'|34(G3|3'S4\4' + S35 Gajar ) Dyrara
— Dyrgna(GajzrSajar + Ssj3 Gajar ) Tararjza — Fﬁ?;,g/mgss\:su

. 1
r =+ r r +§F rl -

(3.9b)

Here, the single-scale propagator Syj17 = Oaly,_oG1jr (cf. Sec. 3.5.3) is depicted by crossed
propagator lines and may not be confused with the fermionic action SI¢, ¢, Eq. (3.1).
Equations (3.9) cannot be solved exactly as they are part of an infinite hierarchy including
flow equations for higher-point vertices I'™26) . For practical purposes, a truncation is
often applied that neglects the six-point vertices I'® — 0 and all higher contributions.
This truncation is known as the one-loop fRG and can lead to uncontrolled results. In
particular, the total derivatives on the right-hand sides of Eqgs. (3.9) become incomplete,
leading to results that depend on the regulator chosen.

3.1.2. Functional renormalization group from the parquet formalism

To circumvent the strong dependence on the regulator after introducing the one-loop
truncation in the fRG vertex expansion, Fabian Kugler and Jan von Delft developed a
completely different derivation of fRG flow equations [KD18b, KD18¢, KD18d, Kug21].
The starting point of their consideration is the parquet formalism. In the late 1960s, the
parquet formalism was motivated to sum up logarithmic divergent terms to all orders
of perturbation theory [RGN69, NGR69]. In the 1990s, the parquet formalism was
extended to contain full self-consistent vertex functions on the one- and two-particle
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3. Effective bosons and the functional renormalization group

level [BWO91, CB92, Bic04], which led to many numerical applications in recent years
as a consequence of the rapid advancement in computational power [TFY 13, VSTT15,

LWP*16, LKPH19, ARR20, EHHK20, KPA*20]. We will elaborate more on the historical
context in Chapter 5.

Essential to the parquet formalism is a decomposition of the full amputated four-point
vertex I' into contributions that are two-particle reducible. These diagrams fall apart
after cutting two lines of Green’s functions. Such a decomposition can be derived by
functional identities [Kug21, EKIKH23|. For the fermionic action, Eq. (3.1), there exist
three channels of two-particle reducibility that are denoted as antiparallel a, parallel p,
and transversal t. We write the parquet decomposition of the full vertex I' as

F1/2/|12 = [Ia (0] Ha (0] F]1/2/|12 + [Ip O Hp (¢] F]1/2/|12 + [[t O Ht o F]1/2/|12 + R1/2/|127

Ya Yp Tt
2 9!
2 o 2 4 4 2 2 Z It
4 4/ 4’ 3
r = 1 r + = P r -
4 3
g 1 % 3 3 1 1 3 3 1 r
1 1
2 9/
- R (3.10)
1 1.

Here, v, are the two-particle reducible vertices in the channels r = a, p, t and I, = I'—~, the
respective two-particle irreducible vertices. The rest function R contains all contributions
that are two-particle irreducible in all the three channels®. The bubbles II, are products
of two Green’s functions (cf. Egs. (5) in Ref. [P1]),

Ma)saye = Gy Gaw,  [[plagze = 5Ga3Gaw,  [Miagge = —GazGae.  (3.11)

The o products, appearing in Eq. (3.10), include summations over all indices depending

3In the parquet literature, the full vertex I is often denoted by F, the two-particle reducible vertices
v, by ®,., the irreducible vertices I, by T', and the rest function R by A [Bic04, HKT08]. We here
follow the conventions used in the multiloop fRG literature [KD18b, KD18¢, KD18d, Kug21]. Our three
diagrammatic channels r = a, p, t correspond to the crossed particle-hole ph, the particle-particle pp and
the particle-hole ph channel.
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3.1. Review of the functional renormalization group

on the three channels (cf. Egs. (6) in Ref. [P1]):

[Aq © Baligss = [Aal16)54[Bals2i36, (3.12a)
[Ap © Byligiza = [Apli2s6[Bp)se/34, (3.12Db)
[As 0 Biligsa = [At]e2i54[Bil1536- (3.12¢)

These definitions are valid for arbitrary four-point objects, i.e., A, and B, represent
different vertices I' and bubbles II,. More details about these notations are discussed in
Ref. [P1].

The two-particle reducible vertices ~, in Eq. (3.10) fulfill the self-consistent Bethe—
Salpeter equations,

Y =1.01l,0T. (3.13)

Solving Eq. (3.13) together with the Schwinger—Dyson equation for the self-energy (see
Sec. 3.4.3) combined with a given input for the two-particle irreducible vertex R yields a
solution, which is self-consistent on the one- and two-particle level and fulfills the crossing
symmetries of the vertices [Bic04].

The idea of the new fRG approach [KD18b, KD18¢, KD18d, Kug21] is to take the
derivative dy with respect to the scale parameter A on both sides of the Bethe-Salpeter
equations (3.13) to obtain (using the short-hand notation X = 0, X)

%:ITOHTOF—kITOHToF—i—IroHTo.F . (3.14)
L+

The dependence on 7, at both sides of the equation is further rewritten by the inverted
Bethe-Salpeter equations,

=I+Toll,ol,= (1, —ILoll,) 'ol,=(1,+Toll)ol. (3.15)
Inserting Eq. (3.15) into Eq. (3.14) yields

Yp=1,—Loll,)o(l,oll,ol +I,oll,ol + I, 01l 01,)
= (1, +Toll,)o(l,oll,oT + I,oll,ol' + I, oI, 0 )
=l oll,oT+T oM, ol,oll,ol+ (I, +Toll,ol)o (I, oI+ I,01,), (3.16)

T

and hence the multiloop fRG equations,

Ap=Toll,ol'+I,0ll,ol+Toll,ol,oll,ol + oIl o I,. (3.17)
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3. Effective bosons and the functional renormalization group

For 4,, the multiloop fRG equations can be expressed in graphical form as

Ya| = |T r{ + || |T

+ | T I, r{ + |T I, (3.18)

The diagrams for 4, and %; are drawn analogously [cf. Eq. (3.10)]. Intriguingly, the
first term I' o II, o T coincides with the term from the one-loop truncation of the vertex
expansion of the Wetterich equation [cf. Eq. (3.9b)]. Consequently, the terms with
I, =T — %, on the left, at the center and on the right represent those contributions from
the contraction of the six-point vertex that retain the self-consistency on the two-particle
level provided in the parquet formalism. The flow equations (3.17) are an extension of
the usual one-loop truncation of fRG and offer an alternative way of solving the parquet
equations.

Note that the derivative of the bubble II, is a full derivative, i.e., it includes G =
S + GG (see Sec. 3.5.3) [Kat04]. In the diagrams, this is represented by the doubly
crossed line. The flow equations are thus total derivatives. This way, their solutions do
not depend on the precise implementation of the cutoff dependence on A.

In Refs. [BPR11] and [BPR21], the parquet formalism was combined with the functional
renormalization group for a ¢* theory. In fact, Eq. (46) in Ref. [BPR21] is equivalent to
the flow equation (3.17).

To solve the algebraic differential equations (3.17) for “Yr, one typically employs a loop
expansion. First of all, one assumes R = 0 such that [, =) __ 4 V- At the beginning,
only the one-loop contribution %(«1) =T oll, oI is taken into account. This is inserted
successively on the right-hand side yielding increasingly higher loop contributions *y?@.

Ideally, one repeats that iterative step until convergence in the loop order.

Over the last few years, the multiloop fRG was successfully applied in several con-
densed matter systems like quantum spin systems [TRK™20, KMI*22, RKM*22], the
two-dimensional Hubbard model [THK™19, FHB"22, EHF"24] and the single-impurity
Anderson model using the real-frequency Keldysh formalism [Wal21, GRW 24, RGW™'24].
However, the tremendous effort raises the question if a solution of the flow equations (3.17)
is really advantageous compared to the parquet formalism or if there are more direct
alternatives to solve these algebraic differential equations without explicitly implementing
the multiloop expansion, e.g., by gradient descent methods. In this dissertation, we
put emphasis on efficient parametrizations of the four-point vertices I' and -, to lower
numerical costs. In doing so, we shed light on the relation between different fRG and
self-consistent schemes. Nonetheless, we are not in a position to have the final say on the
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3.2. Hubbard-Stratonovich theory

usefulness of the multiloop fRG approach.

3.2. Hubbard-Stratonovich theory

In general, the four-point vertex I', Eq. (3.7), is a highly complicated object as it
describes renormalized interactions between two fermions involving different values of
frequencies, spin indices, momenta etc. (all incorporated in the generic labels 1,2/, 1, 2).
A common strategy in quantum field theory to reduce full fermionic interactions into
simplified processes is the Hubbard—Stratonovich transformation. We here provide the
overall concept of the Hubbard—Stratonovich theory to elucidate how it is related to
the single-boson exchange (SBE) formalism in Sec. 3.4.1. The quartic interaction term
Sint = —}lU1/2/|1251162/CQCl in the fermionic action S, Eq. (3.1), is decoupled through
auxiliary bosonic fields, which usually are related to order parameters in the system. We
define the Hubbard—Stratonovich interaction,

Sus = —by [WJ3]3'|3¢3 - % ([ﬁw,0]1/2361’02¢3 + [h¢,0]3'2/1&3'52/01)
— by [Wgé]3/|3¢3 - % ([B¢,0]1'2'351'52'¢3 + [%,0}3'1253'6102) ) (3.19)

with the two bosonic fields ¢ and ¢. Here, 1,1 are exchange bosons and ¢, ¢ pair-
ing bosons. The free propagators of the bosons are given by W, and Wy, whereas
hop0s Bup0, o0, hgo represent bare Yukawa couplings between one bosonic field and two
fermionic fields*. The bosonic fields can be integrated out exactly by a functional Gaussian
integral (cf. App. A), yielding the fermionic action S = Sy + Sine, Eq. (3.1):

1

_ _ _ _ = 1 _ _
s / D[c, D, Y]D[g, gle™led-Shsleennial = — / Dle, cleSoleed=Smled - (3.20)

In doing so, the bare interaction U appearing in S is identified with the quantities in the
Hubbard—-Stratonovich action Sys:

Urorpz = [B¢,0]1'23 [Ww,o]s\:v [hg0lzr21 + [B¢,0]1'2/3[W¢,0]3|3/ [he0l312. (3.21)

We define the bosonic Green’s functions and self-energies in analogy to the fermionic
Dyson equation (3.6):

Wyl = =) = [Wyoliw + [Waolijz [Bulzi2[Welap,

1, (3.22a)

l~~l = 1—=~1 + 1 9/ 2

Wyl = —(d161) = [Weolip + [Woolujzr[Zelar2[Welap,

- 4Note that the Yukawa couplings are antisymmetric with respect to their fermionic arguments, i.e.,
[ho0l172:3 = [he0]2173 ete.
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3. Effective bosons and the functional renormalization group

Il = 1l 4 2,2 . (3.22Db)

Diagrammatically, the Green’s function of the exchange boson 1 is represented by a
zig-zag line and that of the pairing boson ¢ by a wiggly line [KD18d].

Analogously to the four-point vertex I', which is defined through the connected four-
point correlator G, Eq. (3.7), we define the full Yukawa couplings Ay, by, hg, hy through
the connected three-point correlators:

01024/)3' con :G1|1'G2|2'[B¢]1'23[W¢]3\3/, <¢30251/>con :[W¢]3|3/[h¢]3'2'1G1\1/G2\2/7

2
><§, , ; 4 = . (3.23a)
1/

C1C2¢3' con —G1|1/G2|2/[h¢]1/2/3[W¢]3|3/ (P3C1Cr)eon = [Wolsjz[hgls12Gip Gajr,

- |

The three-point correlation functions are represented by triangular flying-squirrel diagrams
while the three-point vertices are represented by usual triangles. Equations (3.23)
naturally follow from the tree expansion (cf. Sec. 6.2.2 in Ref. [KBS10]).

(3.23b)

In the following, we present Schwinger—Dyson equations, which relate the bosonic
self-energies to the three-point vertices and the three-point vertices to four-point vertices.
We will see that these Schwinger—Dyson equations have the same structure as the self-
consistent equations for SBE vertices to be discussed in Sec. 3.3. For this, we introduce
suitable bosonic source fields in the Hubbard—Stratonovich interaction:

Sus = Shs = Sus + J5 s + Uy iy + jids + bjh. (3.24)

Schwinger—-Dyson equations now follow from two steps (cf. Sec. 6.3.3 in Ref. [KBS10]):
First, a shift in the fermionic and bosonic fields is performed, i.e., ¢ — c+dc, ¥ — Y + 5,
¢ — ¢ + 6¢, and the generating functional G[j, j], Eq. (3.3), is expanded to first order in
these shifts. This adaption does not change G[j, j] as G[j, j] only depends on the source
fields, not the original fields. In a second step, one takes derivatives with respect to the
source fields j¥, 5, 7%, 7. More details are provided in App. C.1.
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3.2. Hubbard-Stratonovich theory

This procedure gives the following Schwinger-Dyson equations for the self-energies:

2 2
_ 1/ 1
[Eylin = [holir2sGa Gygr[hylzo = ‘17\@\’\1‘ = @7 (3.25a)
3 3/
3/
, — v 2 1
(Xl = 5lhe0]123Go2 Gaarlhglozr = < == ,
1 1 2 2

(3.25b)
Yy = hwo 123G [Ww]:s\g/ [P0 — [h¢ 0]1/2/3G2|2/ [qu]zu/ [%]3/12

- 4—@« m m (3.25¢)

Here, the bare three-point vertices are represented by white circles®. The Schwinger—
Dyson equations for the three-point vertices read

[Bw]1'23 = [Bw,o]1'23 + ]$4/‘52G4|4’G5\5/ [l_lw,o]5'43,

2 9 2y A
= Y
3 >1, > |1 5 (3.26a)
1/ 1/ 5 5
[hlzon = (R o)zt + [hyol3asGaa Gy I 597147
2/ 2/ 4/ 4 2/
1 > Y1
[fl¢}1'2'3 = [}_l¢,0]1/2/3 + %Iﬁ2/|54G4|4’G5|5' [71¢,0]5’4'3,
, 4
2/ 9! 2
1 4’
1/ 1/ , 3
1/ 5 5

°In the Schwinger-Dyson equations (3.25a) and (3.25¢) involving the exchange bosons P, 1, we
neglect disconnected terms included in (cjcotbs) and (Y5cacy/).

o7



3. Effective bosons and the functional renormalization group

[hgl312 = [hgol312 + %[%,0]3/54(;4\4/G5\5/1$4/|12,
2 Y o2

% 1
_ - _ 3.26d
3 ‘3\'/(1( "3 T e (3.26d)

5 1

Here, I¥ and I? correspond to those parts of the fermionic four-point vertex I' that are
one-particle irreducible with respect to the bosonic propagators Wy, o and Wy .

Let us finally comment on fRG within the Hubbard-Stratonovich theory. In general,
flow equations for vertices are derived from a vertex expansion of the Wetterich equa-
tion Eq. (3.8). Due to the two functional derivatives on the right-hand side of Eq. (3.8),
differentiated n-point vertices always depend on (n + 2)-point vertices [cf. also Eqgs. (3.9)].
In particular, the flow equations for the bosonic self-energies Ew and Y4 involve bosonic
four-point vertices descrlblng the interaction of bosonic fields and the flow equations of
the three-point vertices hy, hw, h¢, hw involve five-point vertices [KBS10]. It is clear that
the hierarchy of flow equations cannot be closed for the Hubbard—Stratonovich theory. It
has to be mentioned that interaction processes described by the four-point vertices of
bosonic fields 1 and ¢ are not included in the usual parquet decomposition.

In order to arrive at closed flow equations yielding total differentials, we need to
pursue another strategy than the vertex expansion of the Wetterich equation, similar
to the multiloop extension, which was derived from the self-consistent Bethe—Salpeter
equations [KD18c, KD18b, KD18d]. In our case, we use the recently introduced single-
boson exchange decomposition [KV19, KVC19, KLR20, KVC™20, HLK21, HVB'21,
KKH21, KK22] as a starting point for flow equations of bosonic propagators and three-
point vertices, which is discussed in the following section.

3.3. Multiloop fRG equations in the SBE formalism

3.3.1. Overview

The four-point vertex I' contains the relevant physics on the two-particle level. Computing
this quantity exactly involving its full frequency and momentum dependence is highly
demanding (see recent developments using the numerical renormalization group [KL.D21,
LKD21]). Satisfying energy conservation, I' can be parametrized using three frequencies
(in a fermionic system one typically uses one bosonic w and two fermionic v, /). Instead
of saving the whole three-dimensional frequency dependence in a single gigantic data
container, it has proven to be extremely useful to decompose the frequency dependence into
classes that reflect the high-frequency asymptotic behavior [LWP*16, WLT20, Wal21].
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3.3. Multiloop fRG equations in the SBE formalism

Thus, the two-particle reducible vertices .., Eq. (3.13), are split into four parts:
Yo(w, v, V") = K10 (w) + Kop(w, v) + Koy (w, V') + K3 (w, v, V). (3.27)

Here, the first asymptotic class K, arises from taking the limit lim,| /|- ¥ and can
be stored on a one-dimensional frequency grid while the second asymptotic classes Ko,
and Ky, can be stored on two-dimensional frequency grids. They emerge in the limit of
sending only one fermionic frequency |v/| or |v| to infinity. This decomposition saves a lot
of numerical memory as characteristic features of v, are described by lower-dimensional
frequency grids. It is hoped that the contribution of Ks,, which truly depends on
three frequencies, has a smaller impact. Such a subordination of K3, is justified in the
perturbative regime as terms contributing to K3, come at fourth order in the interaction
O(U*) while Ky, and Ky, come at third O(U?) and Ky, at second order O(U?).

Over the years, there were several attempts to reduce the complexity of the vertex by in-
troducing bilinear fermionic fields and interaction through exchange bosons similar to those
appearing after a Hubbard—Stratonovich transformation [HS09, HGS12]. A quite powerful
idea originates from Friedrich Krien and coworkers: the so-called single-boson exchange de-
composition [KV19, KVC19, KLR20, KVC*20, HLK21, HVB*21, KKH21, KK22]. Here,
the fermionic interactions of the four-point vertex are mediated by effective exchange
bosons without explicitly introducing their bosonic fields. The theory remains completely
fermionic as the bosonic interactions arise from a new criterion of sorting diagrams in
perturbation theory, namely the reducibility with respect to the bare interaction U instead
of the two-particle reducibility of parquet diagrams. The two-particle reducible vertices
v, are thus divided into a U-irreducible part M, also referred to as the multi-boson
exchange (MBE) vertex, and a U-reducible part V, — U = X, e, ¢ A, — U:

Yo(w, v, V') = M (w, v, V) + A(w, v) o (W) » A (w, V) — U. (3.28)

The U-reducible part consists of a product of the screened interaction or bosonic propagator
n, depending on one frequency and the two Hedin vertices )\, and A, [Hed65], which
depend on one bosonic and one fermionic frequency each. Like the Yukawa couplings in
the Hubbard—Stratonovich theory (cf. Sec. 3.2), they describe three-point interactions
between one exchange boson and two fermions. The product e is defined in analogy to
the product o, Egs. (4.6), but a summation of frequency degrees of freedom is excluded.
Practically, the product A, ¢ 7, « \, contains a part of the third asymptotic class K3, and
thus offers a more efficient way of saving the corresponding frequency dependence instead
of using a huge three-dimensional frequency grid. The SBE decomposition, Eq. (3.28),
is supposed to be advantageous compared to the decomposition in asymptotic classes,
Eq. (3.27). This is because at criticality the respective susceptibility y, and thus 7, is
increased, which is directly contained in Ky, Ko, and Ks, diagrams, but only indirectly
in A\, A\, and M, diagrams.

U reducibility exists in the three diagrammatic channels r = a, p,t. The full four-point
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vertex I is thus written as

Lo = [Aa*nae Aa 1212 + [S\p *Np* Ap 1212 + [Aeenie N Jirorpz
Va Vp Vi
+ Uvliane — 2Uva s,

v 1

vl —ex X (3.29)

g 1

Diagrammatically, the bosonic propagator 7, is depicted by a wiggly line and the Hedin
vertices )\, and )\, by triangles. The totally U-irreducible vertex Iy contains the multi-
boson vertices M, and the totally two-particle irreducible rest function R — U. As the
U-reducible parts V, themselves contain the bare vertex, a subtraction by 2U has to be
performed to avoid overcounting.

In our paper [P1], we generalize the single-boson exchange formalism for the fermionic
action, Eq. (3.1), with generic indices 1’,2',1,2. In this framework, we derive self-
consistent equations for the SBE constituents respecting the criterion of U reducibility.
We derive multiloop fRG flow equations for the SBE vertices and clarify their relation to
the asymptotic classes and three-point correlation functions.

In the main text of this dissertation, we refrain from using the symbol w, for the
bosonic propagator in order to avoid confusion with the bosonic frequency w,., and use the
notation 7, instead. We also employ a more concise notation for the totally U-irreducible
vertex, i.e., Iy instead of ¢V used in the paper.
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Abstract. The recently introduced single-boson exchange (SBE) decomposition of the four-point vertex of
interacting fermionic many-body systems is a conceptually and computationally appealing parametrization
of the vertex. It relies on the notion of reducibility of vertex diagrams with respect to the bare interaction
U, instead of a classification based on two-particle reducibility within the widely used parquet decom-
position. Here, we re-derive the SBE decomposition in a generalized framework (suitable for extensions
to, e.g., inhomogeneous systems or real-frequency treatments) following from the parquet equations. We
then derive multiloop functional renormalization group (mfRG) flow equations for the ingredients of this
SBE decomposition, both in the parquet approximation, where the fully two-particle irreducible vertex
is treated as an input, and in the more restrictive SBE approximation, where this role is taken by the
fully U-irreducible vertex. Moreover, we give mfRG flow equations for the popular parametrization of the
vertex in terms of asymptotic classes of the two-particle reducible vertices. Since the parquet and SBE

decompositions are closely related, their mfRG flow equations are very similar in structure.

1 Introduction

The understanding of strongly correlated many-body
systems like the two-dimensional Hubbard model
remains an important challenge of contemporary
condensed-matter physics [1]. For this, it is desirable to
gain profound understanding of two-body interactions
which are described by the full four-point vertex I.

A powerful technique for calculating the four-point
vertex I is the functional renormalization group (fRG)
[2,3]. There, a scale parameter A is introduced into the
bare Green’s function Gy — G{ in such a way that for
an initial value A — A; the theory (specifically, the cal-
culation of the self-energy X/ and the four-point vertex
I'") becomes solvable, and after successively integrat-
ing out higher energy modes A — Ay, the fully renor-
malized objects X' and I are obtained.

Traditionally, fRG is formulated as an infinite hierar-
chy of exact flow equations for n-point vertex functions.
However, since already the six-point vertex is numeri-
cally intractable, truncations are needed. A frequently-
used strategy employs a one-loop (1¢) truncation of the
exact hierarchy of flow equations by completely neglect-
ing six-point and higher vertices. This can be justified,
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e.g., from a perturbative [2] or leading-log [4] perspec-
tive. Another truncation scheme is given by the mul-
tiloop fRG approach, mfRG, which includes all contri-
butions of the six-point vertex to the flow of the four-
point vertex and self-energy that can be computed with
numerical costs proportional to the 1¢ flow [5-7]. In
doing so, it sums up all parquet diagrams, formally
reconstructing the parquet approximation (PA) [8,9]
if loop convergence is achieved. Converged multiloop
results thus inherit all the properties of the PA. These
include self-consistency at the one- and two-particle
level (in that the PA is a solution of the self-consistent
parquet equations [9]); the validity of one-particle con-
servation laws (but not of two-particle ones); and the
independence of the final results on the choice of reg-
ulator (since the parquet equations and PA do not
involve specifying any regulator). The mfRG approach
was recently applied to the Hubbard model [10,11],
Heisenberg models [12,13], and the Anderson impurity
model [14].

A full treatment of the frequency and momentum
dependence of the four-point vertex generally requires
tremendous numerical resources. Hence, it is important
to parametrize these dependencies in an efficient way,
to reduce computational effort without losing informa-
tion on important physical properties. One such scheme
expresses the vertex as a sum of diagrammatic classes
distinguished by their asymptotic frequency behavior
[15,16]: Asymptotic classes which remain nonzero when
one or two frequency arguments are sent to infinity do
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not depend on these arguments, while the class depend-
ing on all three frequency arguments decays in each
direction.

A related strategy is to express parts of the vertex
through fermion bilinears that interact via exchange
bosons [17,18]. Partial bosonization schemes, which
approximate the vertex through one [19-21] or several
boson-exchange channels [22-24], have been employed
within the dual boson formalism, used in diagrammatic
extensions of dynamical mean field theory (DMFT)
aiming to include nonlocal correlations.

A decomposition of the full vertex into single-boson
exchange (SBE) parts, involving functions of at most
two frequencies, and residual parts depending on three
frequencies was developed in Refs. [25-30]. The guiding
principle of the SBE decomposition is reducibility in
the bare interaction U [25]. This criterion distinguishes
SBE contributions, that are U-reducible, from multi-
boson exchange and other contributions, that are not.
The SBE approximation retains only the U-reducible
part while neglecting all U-irreducible terms [26]. The
SBE terms are expressible through bosonic fluctuations
and their (Yukawa) couplings to fermions—the Hedin
vertices—and thus have a transparent physical interpre-
tation. Numerically, two- and three-point objects can be
computed and stored more easily than a genuine four-
point vertex.

Studies of the two-dimensional Hubbard model have
shown that the SBE decomposition is a promising tech-
nique for computing the frequency and momentum
dependences of the vertex [28-30]. In a 1¢ fRG cal-
culation, it was found that some of its essential fea-
tures are already captured by its U-reducible parts,
which are much easier to compute numerically than
the U-irreducible ones [31]. Reference [31] also obtained
results at strong interaction using DMF2RG, a method
that makes use of a DMFT vertex as the starting point
for the fRG flow [32-34]. Here, a very interesting aspect
of the SBE decomposition is that the SBE approxima-
tion (neglecting U-irreducible contributions) remains a
meaningful approximation also in the strong-coupling
regime [35], which is not the case for a similar approx-
imation scheme based on the parametrization through
asymptotic classes while using functions of at most two
frequency arguments.

Given these encouraging developments, it is of inter-
est to have a strategy for computing the ingredients of
the SBE approach—the bosonic propagators, the Hedin
vertices, and the remaining U-irreducible terms—mnot
only in 1¢ fRG [31] but also in mfRG. In this paper,
we therefore derive multiloop flow equations for the
SBE ingredients. To this end, we start from the parquet
equations to derive a general form of the SBE decompo-
sition where the structure of non-frequency arguments
is not specified. We then derive multiloop flow equations
for the SBE ingredients, and finally illustrate the rela-
tion of these objects to the parametrization of the ver-
tex in terms of two-particle reducible asymptotic classes
[16,31]. The numerical implementation of the resulting
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SBE multiloop flow equations goes beyond the scope of
this purely analytical paper and is left for the future.

The paper is organized as follows: In Sect. 2, we
recapitulate the parquet equations, the corresponding
mfRG flow equations, and the frequency parametriza-
tion of the four-point vertex adapted to each two-
particle channel. In Sect. 3, we deduce the SBE decom-
position from the parquet equations and derive mul-
tiloop flow equations for the SBE ingredients in two
different ways. We also discuss the SBE approximation
and its associated mfRG flow. In Sect. 4, we recall the
definition of the asymptotic vertex classes and derive
multiloop equations for these. We outline the relation
between SBE ingredients and asymptotic classes and
their respective mfRG equations. We conclude with a
short outlook in Sect. 5. Appendices A and B illustrate
the SBE ingredients and asymptotic vertex classes dia-
grammatically, while Appendix C describes the relation
between our generalized notation of the SBE decom-
position to that of the original papers. Finally, Appen-
dices D and E give details on different definitions of cor-
relators and susceptibilities and show their close rela-
tion to the SBE ingredients.

2 Recap of parquet and mfRG equations

The parquet equations and the associated multiloop
fRG equations form the basis for the main outcomes of
this paper. For ease of reference and use in future sec-
tions, we recapitulate the notational conventions and
compactly summarize the main ingredients and results
of the mfRG approach [5-7]. To make the presenta-
tion self-contained, we also recall from the literature
the motivation for some of the definitions and conven-
tions presented below.

2.1 Parquet equations

The action of a typical fermionic model reads
S = — El’ [Go_l]ll‘lcl — iU1/2/|12 5115210201, (1)

with the bare propagator Gy. The Grassmann fields
c; are labeled by a composite index i describing fre-
quency and other quantum numbers, such as posi-
tion or momentum, spin, etc. Throughout this paper,
repeated i-indices are understood to be integrated over
or summed over. Furthermore, U is the crossing sym-
metric bare interaction vertex, Upgia = —Uyi/i2
(called Iy in Refs. [6,7]). We assume it to be energy-
conserving without further frequency dependence, as
in any action derived directly from a time-independent
Hamiltonian. Our expression for the action (1) and later
definitions of correlation functions are given in the Mat-
subara formalism [36] and for fermionic fields. However,
our analysis can easily be transcribed to the Keldysh
formalism [37], and/or to bosonic fields, by suitably
adapting the content of the index 7 on ¢; and adjust-
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ing some prefactors. Such changes do not modify the
structure of the vertex decomposition and flow equa-
tions that are the focus of this paper.

The time-ordered one- and two-particle correlators,

G1|1/ = —<0151/> and Ggé)\l’?

expressed in standard fashion [3] through the self-
energy and the four-point vertex,

= <016252/51/>, can be

2 2!

1 1
*‘@*—7 I'ygrie = r

1 1

El’ll ==

(2)

These contain all one-particle irreducible one- and two-
particle vertex diagrams, respectively. Hence, these are
(amputated connected) diagrams that cannot be split
into two pieces by cutting a single bare propagator line.

The one-particle self-energy is related to the two-
particle vertex via the Schwinger—-Dyson equation (SDE)
[9]. We do not discuss this equation much further
because its treatment is similar for both vertex decom-
positions discussed below. On the two-particle level, the
starting point of parquet approaches [9] is the parquet
decomposition,

I'=R+a+7 +7. (3)

It states that the set of all vertex diagrams can be
divided into four disjoint classes: the diagrams in ~,,
r = a,p,t, are two-particle reducible in channel r, i.e.,
they can be split into two parts by cutting two antipar-
allel (a), parallel (p), or transverse antiparallel (t) prop-
agator lines, respectively. The diagrams in R do not fall
apart by cutting two propagator lines and are thus fully
two-particle irreducible. This classification is exact and
unambiguous [16,38]. In the literature, the diagram-
matic channels are also known as crossed particle-hole
(ph < a), particle-particle (pp > p), and particle-hole
(ph < t) channel.

Since the four classes in the parquet decomposition
are disjoint, one can decompose I" w.r.t. its two-particle
reducibility in one of the channels r, I' = I. + ,.
Here, I, comprises the sum of all diagrams irreducible
in channel r and fulfills I, = R + v with v =
> V- The Bethe-Salpeter equations (BSEs) relate
the reducible diagrams to the irreducible ones and can
be summarized by

Y =Ipoll,ol' =Toll.ol,. (4)

The II, bubble, defined as

34300 = Gaj3 Gy, (5a)
I, 3413040 = %G3|3'G4\4'7 (5b)
Ht;43\3'4' = *03\3'G4|4'7 (5¢)

represents the corresponding propagator pair in chan-
nel r, see Flg 1. (Note that Ha;34|3/4/ = —Ht;43|3l4/
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Ya = I, I I;

Ww| =% | T r

Fig. 1 Bethe—Salpeter equations in the antiparallel (a),
parallel (p) and transverse (t) channels

is consistent with crossing symmetry.) The connector
symbol o denotes summation over internal frequencies
and quantum numbers (5,6 in Eqgs. (6) below) and its
definition depends on the channel r € {a,p,t}: When
connecting I, (or other four-leg objects labeled by r)
to some vertex, it gives

a: [Ao B]12\34 = Aj6/54Bs2)365 (6a)
p:  [Ao Bligsa = A12)56Bs6)34, (6b)
t: [AoBligss = Ag254Bis)36- (6¢)

By combining I = I, + +, with the BSEs (4), one can
eliminate 7y, to get the “extended BSEs” [7] needed
later:

1, + I, o= (1,—1I,01,)7 !,
1, +oll, =1, —1I.0I,)" "

(7a)
(7b)

Here, the channel-specific unit vertices 1,., defined by
the requirement I' =1, 0o I" = "o 1,, are given by

Lo12134 = 013024, (8a)
L1134 = 5(613024 — 014023), (8b)
141234 = O14023. (8c)

(For the p channel, the internal sum in 1,0 ' =I"o1,
runs over both outgoing (or ingoing) legs of I'. There-
fore, the crossing symmetry of the vertex, i.e., I'g)34 =

—1I51j34 = — 143, is transferred to 1,, resulting in an
expression more involved than for the other two chan-
nels.)

The combination of the Dyson equation G = Go(1 +
Y@G), the SDE, the parquet decomposition (3), the
three BSEs (4), and the definitions I, = I — ~, con-
stitutes the self-consistent parquet equations. The only
truly independent object is the fully irreducible vertex
R. If R is specified, everything else can be computed
self-consistently via the parquet equations. However,
R is the most complicated object: its diagrams con-
tain several nested integrals/sums over internal argu-
ments, whereas the integrals in reducible diagrams par-
tially factorize. A common simplification, the parquet
approximation (PA), replaces R by U, closing the set
of parquet equations.

@ Springer



108 Page 4 of 22

2.2 Parquet mfRG

The conventional mfRG flow equations can be derived
from the parquet equations by introducing a regula-
tor A into the bare propagator Gy, thus making all
objects in the parquet equations A-dependent [7]. The
fully irreducible vertex R is treated as an input and
is thus assumed to be A-independent, R ~ R. For
instance, this assumption arises both in the PA where
R =~ U or in the dynamical vertex approximation DI"A
[39,40] where R ~ RPMFT s taken from DMFT—here,
we will not distinguish these cases explicitly. Taking the
derivative of the SDE and the BSEs w.r.t. A then yields
flow equations for X and I". Within the context of this
paper, we will call this mfRG approach parquet mfRG,
to distinguish it from an SBE mfRG approach to be
discussed in Sect. 3.2.

When computing 4. = 947, via the BSEs, one
obtains terms including I, = >, 2 V- Thus, one has
to iteratively insert the flow equation for 7, into the
equations of the other channels 7’ # r, yielding an infi-
nite set of contributions of increasing loop order:

o0
F=d4a+4+4 =>4 9)
(=1

The individual ¢-loop contributions read [5,7]

W =rell ol (10a)
4@ =4V o [, 0 I+ I'o 1T, 04V (10b)
A402) — %Hl) oll,ol'+I'oIl, o f'yff) oll,ol

+ Dol oA, (10c)

where "y,g) = Zr,#"yg) and Eq. (10c) applies for £+2 >
3. In general, all terms at loop order ¢ contain ¢ — 1
factors of IT and one IT (i.e., £ loops, one of which is
differentiated), connecting ¢ renormalized vertices I
We have ﬁr ~ GG + GG, where

G=5+Gxa, (11)

with the single-scale propagator S = G\ S—const- Fig-
ure2 illustrates Egs. (10) diagrammatically in the a
channel.

The flow equation for the self-energy, derived in Ref.
[7] by requiring X to satisfy the SDE throughout the
flow, reads

X
«{:}+::— r|{ - Pac| - | T
; poR
(12)
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WP = | T r

@ =[5 r{ + |r 50
,-Yél+2) — .éz+1) r
+ | 440 r| + |r 4L+

Fig. 2 Diagrammatic depiction of the mfRG flow equa-
tions (10) in the a channel. The double-dashed bubble
II, represents a sum of two terms, GG + GG, where
double-dashed propagators G are fully differentiated ones
(cf. Eq. (11))

Ithas I'and 450 = ), FOHTO’#)OHTOF as input and
holds irrespective of the choice of vertex parametriza-
tion. For this reason, we do not discuss the self-energy
flow further in this paper, but it should of course be
implemented for numerical work.

The 1¢ contribution (10a) of the vertex flow, with
the fully differentiated G replaced by the single-scale
propagator S in II,. is equivalent to the usual 1¢ flow
equation. Using G instead of S, as done in Eq. (10a),
corresponds to the so-called Katanin substitution [41]:
it contains the feedback of the differentiated self-energy
into the vertex flow and already goes beyond the stan-
dard 1¢ approximation. By adding higher-loop contri-
butions until convergence is reached, one effectively
solves the self-consistent parquet equations through an
fRG flow. On the one hand, this ensures two-particle
self-consistency and related properties mentioned in the
introduction. On the other hand, it also provides a
way of reaching a solution of the parquet equations by
integrating differential equations. This may be numer-
ically favorable compared to an iteration of the self-
consistent equations. Particularly, when computing dia-
grammatic extensions of DMFT via DMF?RG, one then
needs only the full DMFT vertex as an input, and
not the r-(ir)reducible ones entering the parquet equa-
tions. This is helpful in the Matsubara formalism, where
the r-(ir)reducible vertices sometimes exhibit diver-
gences [42-46], and even more so when aiming for real-
frequency approaches [47,48].

2.3 Frequency parametrization

The four-point vertex I" is a highly complicated object
and must be parametrized efficiently. In this section,
we summarize the frequency parametrization of the
vertex adapted to the three diagrammatic channels.
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Fig. 3 Definition of the three channel-specific frequency parametrizations of the four-point vertex. a The vertex is nonzero
only if the four fermionic frequencies satisfy v{ + 4 = v1 + 1. In that case, they can be expressed in three different
ways through one bosonic transfer frequency, w,, and two fermionic frequencies, v,, v,.. Of course, each term can also be
expressed through the frequencies (wy, vy, ,.) of any of the three channels, as indicated here for R. b The choice of frequency
arguments in each channel 7,, 7p, and 7 is motivated by the structure of their BSEs (4). ¢ Diagrammatic depiction of
l,0ll,ol' =%, II,+I (Egs. (22), third line), a four-leg object obtained by inserting 1, between U and II, (Eq. (21c)).
The multiplicatiorrl of 1,0 onto I, o I' carries two instructions: draw II, such that the endpoints of the lines connected to
1, lie close together (awaiting being connected to U), and perform the sum over the fermionic frequency v, of II,

This parametrization is the building block for the SBE
decomposition discussed in Sect. 3.

Focusing on the frequency dependence, we switch
from the compact notation I'/9/|12 to the more elabo-
rate I'ror12(V vy |vive), with frequency arguments writ-
ten in brackets, and the subscripts now referring to non-
frequency quantum numbers (position or momentum,
spin, etc.). As mentioned earlier, we assume the bare
vertex U to have the form

(13)

’or
U1’2’\12(V1V2|V1V2) = 61/{+1/§,1/1+V2U1’2’\127

with Uysg12 independent of frequency. If U is
momentum-conserving without further momentum
dependence, our treatment of frequency sums below
may be extended to include momentum sums. To keep
the discussion general, we refrain from elaborating this
in detail. Note that, e.g., in the repulsive Hubbard
model, our sign convention in Eq. (1) is such that
Ueocles — —yoled < ( (where, as usual, o € {1,l},
T=11=1.

Due to frequency conservation, one-particle correla-
tors depend on only one frequency,
Gl’l(Vivyl) = 51/1,1/1G1’1(V1)~ (14)
Likewise, three frequencies are sufficient to parametrize
the vertex. For each channel ~,., we express the four
fermionic frequencies vy, vh,v1,v2 at the vertex legs
through a choice of three frequencies, a bosonic trans-
fer frequency, w;., and two fermionic frequencies, v,- and
v.. These are chosen differently for each channel (see
Fig. 3a) and reflect its asymptotic behavior [16] as dis-
cussed in Sect. 4.1. We have

’YT;1’2'|12(V£V£|V1V2) - (51/{+ué,u1+u2’7r;1’2'|12(wr, Vp, V;)a
(15)

with wy, v, V. related to v{, v1, vy through

e Wa _— Yp o _ 4wt
V=V — S =Vp+5 =1+7%,
) Wa ) ¥ _ o w
M=Ve ==Y T5 =5,
/ w
V=Vt % =, + 5 =1t Y (16)
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This parametrization symmetrically assigns %~ shifts
to all external legs. (In the Matsubara formalism, the
bosonic Matsubara frequency closest to %= is chosen
for the shift.) With these shifts, crossing symmetries
ensure that prominent vertex peaks are centered around
wyr = 0, which is convenient for numerical work. How-
ever, other conventions are of course possible, too.

Though the frequencies w,,v,, v, are tailored to a
specific channel ~,., one may also use them to define
the r parametrization of the full vertex, writing

Y !
Ty (Vive|vive) = 80 g i 1un Lo i (We, Vs 1)

(17)

Likewise, R,¥q,7Vp,7t can each be expressed as a ¢
symbol times a function of any of the variable sets
(wr, v, v).). The r parametrization of I'oII, or I, oI is
obtained by inserting Eqgs. (14) and (17) into Eqgs. (6).
The summations »,_, over internal frequencies can be
collapsed using frequency—conservmg 0 symbols, leading
to

([ o IL)(wr, v, v)) = T(wy, vy, V) o TT (w5, V), (18a)
(I, o I(wr, vy, 1) = H(wr,v)) « I(wr, v, 1), (18)
where the bubble factors IT,.(w,, v)) are given by

Ho34p34 (Was v ) = Gazr (1/’—“’7“)6‘“4/( (/z/+w7“)» (193)
Hyapa (wp,vy) = 5Gapar (2 +17) Gaw ((F ), (19b)
Ht;43|3/4’(wt71/t ) =Gz (V{I—%)qu( v + Tt) (190)

In Egs. (18), the connector « by definition denotes
an internal summation analogous to o, except that
only non-frequency quantum numbers (position, spin,
etc.) are summed over. Correspondingly, the bubble
I' o II, o I', involving two o connectors, has the r
parametrization

[]:’OH o I'l(wy, vy, ;)
_ZFM’IWVT? 'r) H(wT‘? 7‘) F(w’f‘7l/r7y7‘) (20)

l/”

see Fig. 3b. Here, one frequency sum survives, running
over the fermionic frequency v/ associated with IT,.
For future reference, we define unit vertices for non-
frequency quantum numbers, 1,, by I' = 1,.e]" = I"«1,.
(For a bare vertex with momentum conservation and
no further momentum dependence, one could include a
momentum sum, .., in Eq. (20) and exclude momen-

tum indices from the ¢ summation and 1,.) The dis-
tinction between o, 1 and e, 1, indicating if connectors
and unit vertices include summations and § symbols
for frequency variables or not, will be needed for the
SBE decomposition of Sect. 3. There, we will encounter
bubbles involving one or two bare vertices, U o II,. o U,
I'oll.oU,or Uoll, oI Expressing these in the form
(20), the bare vertex U, since it is frequency indepen-
dent, can be pulled out of the sum over /. To make
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this explicit, we insert unit operators 1, next to U:

UolIl, oU=Us+1,01Il.01, U, (21a)
I'oll,oU=To0ll,o1,+U, (21b)
Uoll,ol' =Use1l,0Il.01I. (21c)

We suppressed frequency arguments for brevity, it being
understood that equations linking I7,. and 1, use the r
parametrization. Making the frequency sum involved in
o Il,.0 explicit, we obtain four-leg objects,

ZU Wy, V)
ZF Wy, Vp, V, T

l/”

ZH Wy V)

1,01, 01,]

[FOH o1, (wr,vr) = HT(UJT,I/;./),

[1.0 I, o I')(wy,v)) o D(w,, v V)

(22)

that depend on only one or two frequency arguments
(cf. Figure 3c) and are thus numerically cheaper than
I'. Note that, in general, 1, is not the unit operator
w.r.t. the o connector, i.e., 1,01 % ' # ['o 1, since o
involves a frequency summation which does not affect
1,.

3 SBE decomposition

We now turn to the SBE decomposition. It also yields
an exact, unambiguous classification of vertex dia-
grams, now according to their U-reducibility in each
channel. This notion of reducibility, introduced in Ref.
[26], is very analogous to II-reducibility, i.e., two-
particle reducibility. A diagram is called U-reducible
if it can be split into two parts by splitting apart a bare
vertex U (in ways specified below) in either of the three
channels. Otherwise, it is fully U-irreducible.

The SBE decomposition was originally formulated
in terms of physical (charge, spin, and singlet pairing)
channels which involve linear combinations of spin com-
ponents. For our purposes, it is more convenient not to
use such linear combinations (the relation between both
formulations is given in Appendix C). Moreover, the
original SBE papers considered models with transla-
tional invariance, with vertices labeled by three momen-
tum variables. We here present a generalization of the
SBE decomposition applicable to models without trans-
lational invariance, requiring four position or momen-
tum labels. Starting from the BSEs, we use arguments
inspired by Ref. [26] to arrive at a set of self-consistent
equations for SBE ingredients which will also enable us
to derive multiloop flow equations directly within this
framework. In terms of notation, we follow Ref. [26]
for the objects V., wy, A, A,—with gpﬁ” there denoted
@V here—while we follow Ref. [30] for M,. and T (the
latter instead of ¢, from Ref. [26]).
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Fig. 4 TIllustration of U-r-reducibility, analogous to Fig. 4 of [26]. A and B can be any vertex diagram or simply 1,

3.1 Derivation of SBE decomposition from BSEs

As mentioned earlier, a vertex diagram is called two-
particle reducible in a specified channel r € {a,p,t},
or IT-r-reducible for short, if it can be split into two
parts by cutting the two lines of a II, bubble (to
be called linking bubble); if such a split is not possi-
ble, the diagram is II-r-irreducible. The two-particle
reducible vertex 7, is the sum of all I7-r-reducible dia-
grams. Following Ref. [26], we now introduce a further
channel-specific classification criterion. A IT-r-reducible
diagram is called U-r-reducible if a linking bubble IT,
has two of its legs attached to the same bare vertex in
the combination Uoll,. or IT,.oU. Then, that bare vertex
U, too, constitutes a link that, when “cut out”, splits
the diagram into two parts. (To visualize the meaning of
“cutting out U” diagrammatically, one may replace U
by 1,Ue1, and then remove U. This results in two pairs
of legs ending close together, ready to be connected
through reinsertion of U, see Figs. 3c and 4.) The low-
est order U-r-reducible contribution to 7, is UolIl.oU.
The lowest-order term of I', the bare vertex U (which is
IT-r-irreducible), is viewed as U-r-reducible in all three
channels, corresponding to the three possible ways of
splitting its four legs into two pairs of two. All U-r-
reducible diagrams describe “single-boson exchange”
processes, in the sense that each link U connecting two
otherwise separate parts of the diagram mediates a sin-
gle bosonic transfer frequency, w, (as defined in Fig. 3),
across that link, as will become explicit below.

All vertex diagrams that are not U-r-reducible are
called U-r-irreducible. These comprise all multi-boson
exchange (i.e., not single-boson exchange) diagrams
from +,, and all IT-r-irreducible diagrams except the
bare vertex (which is trivially U-r-reducible), i.e., all
diagrams from I, —U =R —-U + ZT,# Ve -

Next, we rewrite the parquet equations in terms of
U-r-reducible and U-r-irreducible parts. We define V..
as the sum of all U-r-reducible diagrams, including
(importantly) the bare vertex U, and M, as the sum of
all diagrams that are I7-r-reducible but U-r-irreducible,
thus describing multi-boson exchange processes. Then,
the IT-r-reducible vertex ~,, which does not include U,

fulfills

Y=V, — U+ M,. (23)

Inserting Eq. (23) for +, into the parquet decompo-
sition (3) yields

I = SOUirr + err _ QU,
SDUirl“ — R_ U+ZTM7 ,

(24a)
(24b)

where U is the fully U-irreducible part of I'. The
U subtractions ensure that the bare vertex U, which
is contained once in each V, but not in ¢V, is not
over-counted. Some low-order diagrams of V,., M,., and
R are shown in Fig. 5.

Just as ~,, its parts V, and M, satisfy Bethe—
Salpeter-type equations, which we derive next. Insert-
ing Eq. (23) into the full vertex I" = I, + ~,, we split
it into a U-r-reducible part, V,., and a U-r-irreducible
remainder, T.:

I'=V,+1T,
T.=1, - U+ M,.

(25a)
(25b)

The relation between the different decompositions of
the full vertex implied by Eqs. (23)—(25) is illustrated
in Fig. 6. Inserting Eqs. (23) and (25a) into either of
the two forms of the BSEs (4) for +,, we obtain

V,—-U+M,=1.0Il,0V, + 1,01l 0T,
=V,oll,ol,+T,0Il.oI. (26)

This single set of equations can be split into two sep-
arate ones, one for V,. — U, the other for M,., contain-
ing only U-r-reducible or only U-r-irreducible terms,
respectively. The first terms on the right are clearly
U-r-reducible, since they contain V,. For the second
terms on the right, we write I,. as the sum of U and
1. — U, yielding U-r-reducible and U-r-irreducible con-
tributions, respectively. We thus obtain two separate
sets of equations,

V, U=1Ioll,oV, +Uoll,oT,
=V,oll,ol.+T,0lIl,oU, (27)
M,={,—-U)olIl.oT,
=T, oI, o (I, —U), (28)

the latter of which corresponds to Eq. (17) in Ref. [30].
In Egs. (27), we now bring all V,. contributions to the

@ Springer



108 Page 8 of 22

a—)( pa= &

Eur. Phys. J. B (2022) 95:108

Fig. 5 Low-order diagrams for V., M,-, and R, illustrating IT-r-reducibility (blue dashed lines) and U-r-reducibility (red
dotted lines; their meaning is made explicit in Fig. 4). V, contains all U-r-reducible diagrams; except for the bare vertex,
they all are IT-r-reducible, too. M, contains all diagrams that are IT-a- but not U-a-reducible. All diagrams in R are neither
IT-r- nor U-r-reducible, except for the bare vertex, which is U-a-, U-p- and U-t-reducible (as indicated by three red dotted

lines)

c T=R+> (V,-U+M,) d

Fig. 6 Venn diagrams illustrating various ways of splitting
the full vertex into distinct contributions. Panel a depicts
the parquet decomposition (3), b the IT-a-reducible part 7,
and its complement I,, ¢ the SBE decomposition (24) (mim-
icking Fig. 6 of [26]), and d the U-a-reducible part V, and
its complement T,. For r = p, ¢, the II-r- and U-r-reducible
parts and their complements can be depicted analogously

left,

(1, — L oI,) oV, =Uo (1, + I, o T,),
Veo(l, —I,0l,)=1,+T.0Il,)oU, (29)

and solve for V, by evoking the extended BSEs (7):

V=0, +Toll,)oUo (1, +1,0T,)
=(1,+T,0ll,)oUo (1, +II,0I). (30)

This directly exhibits the U-r-reducibility of V,..

We now adopt the r parametrization and note a key
structural feature of Eq. (30) for V,: it contains a
central bare vertex U, connected via oIl o to either
I' or T, or both. We may thus pull the frequency-
independent U out of the frequency summations, so
that o IT,. o leads to «1,.0 Il 0 or o Il o 1,e, where the
multiplication with 1, includes a sum over an internal
fermionic frequency (recall Egs. (21), (22) and Fig. 3).

@ Springer
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Fig. 7 Diagrammatic depiction of Eq. (33) (exemplified for
the a channel), expressing the U-r-reducible vertex V, =
Arswrs A, through two Hedin vertices, A, A, and a screened
interaction, w,. The dashed boxes emphasize that A\, w,
A all have four fermionic legs; those of w, and the outer
legs of A\, and ), are amputated. Still, w, depends on just
a single, bosonic frequency and can hence be interpreted
as an effective bosonic interaction. Its four legs lie pairwise
close together since each pair stems from a bare vertex (see
Eq. (43) and Fig. 3c). The two inward-facing legs of both
A and )., connecting to w,., are therefore also drawn close
together, whereas the outward-facing legs are not. To depict
this asymmetry in a compact manner, triangles are used
on the right. For explicit index summations for all three
channels, see Fig. 12 in Appendix A

Thus, Eq. (30) leads to

Ve=Q,4ToMl.01,)eUs(1,+1.01.0T,)
=1,+T,0ll.01,)eUe(1.+1,0Il.01).
(31)

In the first or second line, the expressions on the right
or left of «U e, respectively, are U-r-irreducible. These
factors are the so-called Hedin vertices [49] (cf. Ref. [30],

Eq. (5)),

(32a)

Xr(wry l/r) =1+ [Tr oll.o 1r}(wr7 l/r)7
A (32b)

(W, 1)) =1, + 1, 0 I o T, (wy, VL).

In our notation, the Hedin vertices have four fermionic
legs, but (importantly) depend on only two frequencies.
Indeed, regarding their frequency dependence, they can
be viewed as the U-irreducible, amputated parts of
three-point response functions (see Appendix D and
Ref. [26]). Then, Egs. (32) have the structure of SDEs
for a three-point vertex with a bare three-point vertex
1, (cf. Refs. [3,7]). Via the Hedin vertices, V,. factorizes
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. M s v %
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Fig. 8 SBE decomposition of the vertex I' into U-r-irreducible and U-r-reducible contributions, with » = a,p,t. When
connecting Hedin vertices to other objects, the two fermionic legs require a o connector, the bosonic leg a « connector

into functions of at most two frequency arguments and
is thus computationally cheaper than, e.g., 7,. Follow-
ing Refs. [26,30], we write

Vr = 5\7" * Wy ® )\ra (33)

where two U-r-irreducible Hedin vertices sandwich a
U-r-reducible object, w,(w,) (see Fig. 7). The object w,
depends only on the bosonic frequency w, and can be
interpreted as a screened interaction. To find w, explic-
itly, we first express Eq. (31) through Hedin vertices,

V,=Q,4+Toll,ol,)sUs\,

=N oUe(1,+1,00,01). (34)

Then, I' = T, + V,. leads to implicit relations for V..

vr:(_r+vronrolr)°U'>\T
=\

eUe(M+1,01I.0V,). (35)

Next, we insert Eq. (33) for V,. on both sides to obtain

)\r'wr'Ar:j\r'(U“’wr’)\roﬂToU)'
:XT.(U—}—UOH,.OS\,.-MT)-

T

A
A (36)

This implies that w, satisfies a pair of Dyson equations,

w,=U+wpe X oll.oU

:U"_UOHTOS\T.IU’IW (37)
which can be formally solved as
wy, =Ue (1, — A\ oIl,oU)™!
=1, —UoI, o)) teU. (38)

As desired, the screened interaction w, is manifestly
U-r-reducible, and depends on only a single, bosonic
frequency, w,. To emphasize this fact, Eq. (38) can be
written as

w, =Ue (1, — P, +U)"!

=1, -U+P)teU, (39)

where P,.(w,) is the polarization [30],

P.=Xoll,ol,=1,01l,0\,. (40)

Regarding frequency dependencies, w, can be viewed
as a bosonic propagator and P, as a corresponding self-
energy; Eq. (40) then has the structure of a SDE for P,
involving the bare three-point vertex 1, [3,7].

Inserting Eq. (33) for V, into Eq. (24a) for I', we
arrive at the SBE decomposition of the full vertex of
Ref. [26] in our generalized notation,

= SOUirr + er\r cw, o N\ — 2U, (41&)

depicted diagrammatically in Fig. 8. For ease of refer-
ence, we gather all necessary relations for its ingredi-
ents:

w,=U+UesP.ew, =U +wy+ P, U, (41b)
P.=)\oll,ol,=1,01,0M\,, (41c)
A=1,+T.0l,01,, (41d)
A=1.4+1,.0Il.0T,, (41e)
T, =T =X cwy o\, (41f)

UM =R U+, M, (41g)
M,=(T,—M,)o Il, o T, =T,0 II,.o (T,,—M,). (41h)

We collectively call Eqgs. (41) the SBE equations.
Together with the SDE for the self-energy and an input
for the two-particle irreducible vertex R, the SBE equa-
tions are a self-consistent set of equations and thus
fully define the four-point vertex I'. They can either be
solved self-consistently (as by Krien et al. in Refs. [27—-
30], where an analogous set of equations was set up),
or via multiloop flow equations, derived in Sect. 3.2.

To conclude this section, let us point out the physical
meaning of A, w,, A\, by showing their relation to three-
point vertices and susceptibilities. For this, a symmetric
expression for w, is needed, which can be obtained by
comparing Egs. (33) and (34) to deduce

Arow,=U+Toll.oU,
wreA, =U+Uoll. oI,

(42a)
(42b)
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and inserting these into the Dyson equations (37):
wr=U~+Uoll,oU+Uoll,ol'oll.oU. (43)

Equations (42) and (43) can be expressed as

Ar s w,] (W, vy) = T (wy, vy) o U, (44a)
[y« A (wr,vy) = U o TP (wr, 1)), (44b)
Wr(wr) =U 4+ U e xr(wr) « U, (44c)

where I'\>), I'® represent full three-point vertices and
X susceptibilities, defined by

I we,vy) =1, + [[o 1T, 0 1,)(w, 1), (45a)

FT(3)(UJT,V;) :1r+[1rOHrOF](wrvl’;)a (45b)
Xr(wr) = [1, 0 11 0 1,](wr)

+ 1,0, ol ol 01,](w,). (45¢c)

(The bare vertices were pulled out in front of the fre-
quency sums, exploiting their frequency independence.)

The relation of f753) and FT(S) to three-point correlators
and response functions is described in Appendix D; the
relation of x, to physical susceptibilities for a local bare
interaction U is discussed in Appendix E.

3.2 SBE mfRG from parquet mfRG

Having defined all the SBE ingredients, we are now
ready to derive mfRG flow equations for them—the
main goal of this work. Our strategy is to insert the
SBE decomposition of Egs. (23) and (24) into the par-
quet mfRG flow equations (10) for the IT-r-reducible
vertices 7,. An alternative derivation, starting directly
from the SBE equations (41), is given in Sect. 3.3.

We begin by differentiating the decomposition of the
II,-reducible vertex v, = Apewy e\, —U + M, (Eq. (23))
w.r.t. the flow parameter. Since U=0 (the bare vertex
does not depend on the regulator), we obtain

A=Ay o Wy o Art Ay o Wy o Apt Ay o Wy o A+ M, (46)

sions for ., A., A, and M,. Each term at a given
loop order ¢ can be found from the mfRG flow (10) for

%@), by inserting the decomposition of the full vertex,
I' = Apew,pe A +T, (Eq. (25a)) on the right of Egs. (10).

The 1¢ flow equation (10a) for *'yfl)

The loop expansion 7, implies similar expan-

has four contri-
butions (shown diagrammatically for fy( ) in Fig. 9):

A = (N ewp e A+ Tp) o Il o (A swy o A + T5)
=T.01Il 0\ s wy Ay
+ XA oswy e Ao IL, 0 Ny o wy o Ay
+ A swp o N oIl 0T, + Ty 0l 0T,.  (47)

@ Springer

Eur. Phys. J. B (2022) 95:108

By matching terms in Eqs. (46) and (47) containing
factors of A, and A, or not, we obtain the 1/ SBE flow:

wgl) :wr')‘roﬁroxr'wm
5‘9) =T,o0 ﬁr o xra
)"5“1) =A\o Hr oTy,

MY =T, 01l o T,. (48a)

This reproduces the 1¢ SBE flow derived in Ref. [31]
(their Eq. (18)). The higher loop terms can be found

similarly from 'y( ) and W(H ) of Egs. (10b) and (10c).

For each loop order ¢, the %g ) factors on the right side
of these equations can be expressed through the already

known flow of wff,z), /\(2) )\(() and Mr(,e). We obtain the

flow equations (¢ + 2 > 3)
w® =0,
@ — 40 o7 0,
A® =\ o 1T, 04,

M® =50 o T, 0T, + T, 0 I, 0 4V,
W = w, e N0 I, 04 o IT, 0 Ay s wy,
AN 5D o T o N 4+ Tho 0T, 04 0 1T, 0 A,
A = N 01T, 04 o IT, o T, + A, 0 IT, 0 4,

(48b)

MT(ZJ”Z) (€+1)OH ol + 1T, oIl oy“oH oT,
+T.oll. o 7(€+1) (48c¢)
Here, i ), required for the flow at loop orders ¢ + 1

and E + 2, can directly be constructed from the SBE
ingredients using Eq. (46). Similarly as in Egs. (10), all
terms at loop order ¢ contain ¢ — 1 factors of II and one
H now connecting the renormalized objects wy, Ar, Ay,
TT.

The SBE mfRG flow equations (48) are the most
important result of this work. For the a channel,
they are depicted diagrammatically in Fig. 10. Equa-
tions (48) can be condensed into more compact ones,
giving the full flow (summed over all loop orders, w, =

D1 ', etc.) of the SBE ingredients; see the next

section. The multiloop flow equation for the self-energy
[5,7] is given in Eq. (12).

3.3 SBE mfRG from SBE equations

In the previous section, we derived the SBE mfRG flow
equations by inserting the SBE decomposition into the
known parquet mfRG flow equations of the two-particle
reducible vertices ,.. They can also be derived without
prior knowledge on the flow of ~,., using the techniques
of Ref. [7].

In the parquet setting of Ref. [7], one can view the
IT-r-irreducible vertex I,. as the key ingredient for all
equations related to channel r. In step (i), one uses I,
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Fig. 9 SBE decomposition of the left and right sides of the 1¢ flow equation (10a) (Fig. 2) in the a channel. The first line
depicts Eq. (46), the second Eq. (47). Equating terms with matching structure yields Eq. (48a), depicted in Fig. 10, first

line
u')gl) _ j\((ll) _ T, ]\'/[51) _ T, T,
@ =0 3= o m® = o .| + |z 440
u'},(f“) _ 'y,(f) j\((lz+2) _ ;yé(«kl) n T, ;yég)
A-{{Ew—z) — "YéHl) T, + T, ’Yy) T, + T, ’Yégﬂ)

Fig. 10 Multiloop flow equations (48) for the ingredients of the SBE decomposition in the a channel

to generate <, and thus I through a BSE. Then, a
post-processing of attaching and closing external legs
yields (ii) (full) three-point vertices I T(B), ¥ and (iii)
a susceptibility x,. The SBE setting can be under-
stood in close analogy, with the only exception that
one purposefully avoids generating U-r-reducible con-
tributions, because these can (more efficiently) be con-
structed via V. = . ew,. + \.. To exclude U-r-reducible
contributions, one uses in step (i) I, — U to generate M,
and thus T, throughﬁa BSE. The same post-processing
as before yields (ii) A, A, and then (iii) w, or P,.

Because of this structural analogy, the SBE mfRG
flow equations can be derived in the exact same fashion
as the parquet mfRG flow equation of Ref. [7]. One
merely has to replace the variables according to the
dictionary

I, —1I.-U,
' -\,

Yr — Mra
' 5,

I'—1T,,
Xr — Pr. (49)

For clarity, we now spell out the structural analogies
between the original parquet formalism and its SBE
version, presenting similarly-structured expressions in
pairs of equations, (a) and (b). For both approaches,
the full vertex can be decomposed in several ways:

F:R‘FZ’YTZIT_F’YTW (50&)

I'=R+Y M,+>» (V,—U)=T, +V,. (50b)

Here, v, and M, satisfy analogous BSEs,

VT:ITOHTOFJ
M,=(I.—-U)olIl,.oT,,

(51a)
(51Db)

where the objects on the left reappear on the right
through

F:I'r—i_’)/’lﬁ
T, = (I, — U) + M,.

(52a)
(52b)

Relations (51) and (52) are used for step (i). Differ-
entiation of Eq. (5la) yields the mfRG flow of #4, as
in Eq. (10) and Fig. 2a of Ref. [7]. Here, we replace
the variables as above and start by differentiating
Eq. (51b):

M, =10, 0T, + (I, —U)olIl,oT,
+(ITfU)oHTo]'T+(Ir7U)oHToMT
=M, =1, -, —U)oIl,) o [jTOHrOTT
+(IT—U)017TOTT+(IT—U)oHTofT
(53)
For the first argument of Eq. (53), we used 94 (I, —U) =

I'T, as U = 0. Next, we use the extended BSE 1, 4+ T;. o
I, = (1, — (I, —U) o II,)" " for M,, cf. Egs. (7) and
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(51). Recollecting the terms, we obtain the flow of M,
as

MT:TTOI'YTOTT+I'TOHTOTT

+T.oM.ol, oM. oT, +T, oIl ol,. (54)

A loop expansion with I, = 47 = > #) then yields
our Egs. (48) and Fig. 10.
For step (ii), we have the analogous relations
' =1,+roll,o1,, I'Y=1,+1,0ll,0T,
(55a)
A=1,.4+1,01l.0T,.
(55Db)

>\7’:17’+T1"OH’V’O]~T7

Differentiation of Eq. (55a) yields the mfRG flow of

'Y as in Eq. (42) and Fig. 7 of Ref. [7]. Here, we
again replace the variables as above and differentiate
Eq. (55b):

N =Tpoll,ol, +Tholl,o1,,
A=1,0I, 0T, +1, 01, 0T,.

(56)

As T, = I+ M, (cf. Eq. (52b)), we insert the flow equa-
tion (54) for M, into Eq. (56) and use again Eq. (55b)
This yields the flow equations

=T,oll,o\ +1I,0ll,o\ +T,0lIl,0l,0ll o)\,

Noll,oT, + A oIl ol + A\ oll,ol.olIloT,.
(57)

> >l

T
Their loop expansion reproduces Eqs. (48) and Fig. 10.

Finally, in step (iii), we have the relations

X,.:Fr(s)oH,.olT.:17.017,.0]:'(3),
P.=Xoll,ol, =1,0I 0.

(584a)
(58b)

Differentiation of Eq. (58a) yields the mfRG flow
of x, as in Eq. (44) and Fig. 8 of Ref. [7]. Replacing
the variables as above one more time, we differentiate
Eq. (58b):

Po=1,01, 0\ +1,01I, 0\, (59)

After inserting Egs. (55b) and (57), we eventually
obtain

Bo=M\o (]'L,+Hrofroﬂr) oM. (60)

The relation between R and w, follows from the
Dyson equation (41b) as

W, =U e Prow, +Us P, o, (61)

@ Springer

Eur. Phys. J. B (2022) 95:108

Solving this for w, yields

Wy =1, —UeP) telUeP ow, =w,s P ow,,
(62)

having inserted the inverted Dyson equations (39). A
loop expansion of Eq. (60) yields:

Pr(l) :)\TOH’I‘OS\’!W
PO g,

P2 =\ o1, 04 o IT, o \,. (63)

Inserting the loop expansion PY into Eq. (62) for w,
yields the same flow equation for w, as in our Eqs. (48)
and Fig. 10.

Depending on the specific model, it can be more effi-
cient to calculate the flow of the polarization, P,, by
Egs. (63) instead of the flow of the screened interac-
tion, w,, by Eqgs. (48). The screened interaction on the
contrary can be obtained by the inverted Dyson Egs.
(39).

Altogether, Egs. (54), (57), (60) and (62) (with
T, given by I' — Vi, Eq. (50b)) build a system of
closed fRG equations, as full derivatives of the SBE
equations (41). Hence, combined with an appropri-
ate self-energy flow (cf. Eq. (12) and Ref. [7]), they
yield regulator-independent results. To integrate the
flow equations in practice, one employs the mfRG loop
expansions (48) and (63).

3.4 mfRG flow of the SBE approximation

To reduce numerical costs, it may sometimes be desir-
able to approximate the flow of the vertex treating only
objects with less than all three frequency arguments.
The simplest choice is to restrict the flow to functions
depending on a single frequency. In the present context,
this corresponds to keeping all objects except w, con-

stant. With A, = 0 = A,, the flow of the polarization
(59) is simply

P.=M)Noll,ol,=1,01l.0\,. (64)
Hence, the flow equations of P, and w, completely
decouple, and one effectively obtains a vertex consisting
of three independent series of ladder diagrams. Never-
theless, such a flow may be helpful for code-developing
purposes.

An approximation of the vertex with objects of at
most two frequency arguments is given by the SBE
approximation [26], which sets U™ = 0. More gen-
erally, one may also keep U £ 0 constant during the
flow, e.g., as obtained from DMFT (called SBE-DI'A
in Ref. [26]). This was used in a 1¢ implementation of
DMF?RG in Ref. [31]. In the following, we will refer to
the approximation of using a non-flowing U-irreducible
part, ¢V = 0, as SBE approximation, regardless of
whether VT is set to zero or not.
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We now derive mfRG flow equations for the SBE
approximation, so that R = 0, as before, and fur-
thermore M, = 0. For the most part, the SBE equa-
tions (41) remain unchanged. Only the BSE for M,
(41h) is not considered anymore, since now U =
R—U+ 3, M, is used as an input. The correspond-
ing flow equations can be obtained as in Sect. 3.3. The
flow of the polarization, the screened interaction and
the Hedin vertices, prior to any transformation, is still
given by Egs. (59), (62) and (56) (collected here for
convenience)

P.o=1,0Il, 0\ +1,01, 0\,
=MNoll,ol, + N\ ollol,, (65a)
Wy = wy » Py o w,, (65D)
A\ =Tholl,ol, +Tpoll o1,, (65¢)
)

M=1,0Il, 0T, +1,01l,0T,. (65d

However, the flow of T,, = I, — U + M, now has no MT
contribution. It is induced solely by I, = V7, the flow
of the U-reducible contributions from complementary
channels,

T, =V, (65¢)

and thus is fully determined by j\;, /.\; and ws.
Equations (65) can be rewritten by inserting the flow
of the higher-point objects into the lower-point objects:
j\r :TTo].]Tolr—l—V;oHTolr7
M=1,0I, 0T, + 1,01, 0V;,
P.=1,0ll,o\ +1,0,0T, 01l 01,
—i—lroHToV;oHTolr
=1,0ll, 0\ + A oll,o1,
—1,0Il, 01, +1,0I,0Vz0ll,01,. (66c)

(66a)
(66b)

In the last line, we expressed 1, o Il o T, in terms
of the Hedin vertex A, — 1,. Equations (66) are simi-
lar to the previous flow equations (57) and (60) of the
more general case, but some occurrences of the Hedin
vertices A., A, on the right there are here replaced by
their zeroth-order term 1,.. Evidently, the contributions
needed to upgrade these 1, to A\, A, are omitted when
setting M, = 0.

A loop expansion of the above equations then yields

P’lgl):17‘01.77“05\7‘_._)\7‘0]'17‘017‘_17‘01.77‘017‘7
)1(}) :T,.o].Y,aolr7

>.\£1) =1,0 ]'YT oT,, (67&)
PO =,

j\£e+1) — Vg) oIl o1,,

AHD =1 017, 0V, (67b)

P,’(Z+2) = 17‘ o H’r o V’E’Z) o H’r o 1T7
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u')y) = Wy e R@ Wy

(67c)

Apart from the fact that M, is not needed here, the
other flow equations are also simpler than Eqgs. (48)
without MT, obtained from the full SBE equations. To
be specific, Eqgs. (48) contain A, or A, on the right of

the flow equations for 5\5«[) or ).\,@, whereas the simplified
Eqgs. (67) contain 1, there, and, for £ > 2, only one term
where Egs. (48) had two.

When using the above flow equations for the SBE
approximation, the self-energy flow (12) should also be
re-derived from either the SDE or the Hedin equation
for X' (e.g. Eq. (23) in Ref. [27]). Since the present paper
focuses on vertex parametrizations, we leave a deriva-
tion of a suitably modified self-energy flow for future
work. Here, it suffices to note that, when used together
with such a modified self-energy flow, Eqs. (67) are
again total derivatives of a closed set of equations. So,
integrating the flow until loop convergence would yield
the regulator-independent solution of the SBE approx-
imation.

Transforming the self-consistent equations of the
SBE approximation on the vertex level to an equiva-
lent mfRG flow reveals its simplistic nature, with rela-

tions like )'\51) =1, 11 r*T,, and demonstrates how fRG
offers an intuitive way to go beyond that, using, e.g.,
A = Ao I, « T, (still treating only functions of at
most two frequencies). However, the latter flow would
be regulator-dependent per se. It remains to be seen
how severe the lack of regulator independence for this
flow, as used, e.g., in Ref. [31], is.

The simplified schemes presented in this section [i.e.,
Egs. (64) and (67)] are closed flow equations on the ver-
tex level and thus offer an appealing way for approach-
ing the full SBE mfRG equations (48). Thereby, SBE
ingredients with more complicated frequency depen-
dence can be taken into account successively during
code development. To what extent they can succeed
in actually capturing the essential physics of a given
problem will have to be investigated on a case-by-case
basis. Generally, we showed that mfRG offers a way to
make the choice of a certain approximation regulator
independent, either for the simplistic flow of the SBE
approximation or for the full SBE mfRG flow reproduc-
ing the PA.

4 Asymptotic classes

In numerical implementations of parquet mfRG [10-14],
it is useful to handle the numerical complexity of the
vertex by decomposing it into asymptotic classes with
well-defined high-frequency behaviors. It is convenient
to compute the flow of these asymptotic classes using
their own flow equations; here, we recapitulate their
derivation. We also elucidate the close relation between
vertex parametrizations using the parquet decomposi-
tion with asymptotic classes or the SBE decomposition,
deriving explicit equations relating their ingredients.
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These equations may facilitate the adaption of codes
devised for parquet mfRG to SBE mfRG applications.

4.1 Definition of asymptotic classes

The parametrization of two-particle reducible vertices
v via asymptotic classes was introduced in Ref. [16] to
conveniently express their high-frequency asymptotics
through simpler objects with fewer frequency argu-
ments. One makes the ansatz

'Yr(wra Vr, V;«)
= K{(WT)+K£(MT> VT)"’_K:; (wrv V;)"'_’Cg(wh Vr, V;)
(68)

Here, K7 contains all diagrams having both v, legs con-
nected to the same bare vertex and both v/ legs con-
nected to another bare vertex. (For a diagrammatic
depiction, see Appendix B, Fig. 14.) These diagrams
are thus independent of v, v/ and stay finite in the
limit |v.| = oo, V.| = oo,

lim lim ,YT(WTH/T) VT) = K{(WT)
|vp| o0 |Vl |—o0

(69a)

K5 (or KZ,) analogously contains the part of the vertex
having both v (or v,.) legs connected to the same bare
vertex while the two v, (or /) legs are connected to
different bare vertices. Hence, it is finite for |v].| — oo
(or |vr| = o0) but vanishes for || = oo (or v = o0):

KT (wr) + K5 (wpy vr),

ly,lgoc Vo (Wrs vy 1y) =

Iylﬂnm%(wrwm V) =
.

K (wr) + K (wr, 1) (69b)

K5 exclusively contains diagrams having both v, legs
connected to different bare vertices, and likewise for
both v/ legs. Such diagrams depend on all three fre-
quencies and thus decay if any of them is sent to infin-
ity. When taking the above limits for bubbles involving
channels r’ different from r, we obtain zero,

lim gz = lim it = 0, (69¢)

[vr| =00 lvrl—

as each II,» in 7,» has a denominator containing w;,
which is a linear combination of w,, v, and V..

Since R explicitly depends on all frequencies, it
decays to the bare vertex U at high frequencies, and
the asymptotic classes can be obtained by taking limits
of the full vertex. Explicitly, K{ can be obtained from

lim lim Nw,ve,vl) =U+Ki(w,),

|[vp| =00 |VL]—o0

(70a)

taking the double limit in such a way that v, £v/. is not
constant, to ensure that all bosonic frequencies |wys |
go to oo [16]. Similarly, K5, K%, can be obtained from
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objects Iy, I3, defined via the limits

Iy (why,«)—‘ l}m I(wp,vp,v))=U + K[ +K5, (70b)
vl | =00

Fg,(wr,u;)zl I}m I'(wp, vy, v,.)=U + K[ +K5,. (70c)
vy | =00

For each of the latter two limits, we denote the com-
plementary part of the vertex (vanishing in said limit)
by

Iy (wry v vl =TTy = Ky + K5 +v+R-U, (70d)
Iy (wpy v, vy =T ~T4% = K5 + K5 + v+R-U. (70e)

By taking suitable limits in the BSEs (4), the asymp-
totic classes can be expressed through the full vertex I’
and the bare interaction U [16]:

Ki(w,)=Uo(l,+I.0ololIl.)oU, (71a)
Ki(wpyvp) =T oIl oU — K, (71b)
K (wpyvl)y=UolIl, o' = KJ. (71c)

Hence, they are directly related to the three-point

vertices F(g) ¥ and susceptibilities x, (cf. Egs. (45)
and Ref. [1 ]) as
xr(wr) = U-te Ki(wr) e U, (72a)
ff‘n’)(w,., vy) = [U+ K} + K5)(w,ve) s UY, (72b)
I (wnv) = U1 [U + K7 + K3 ) (wr, 1) (72¢)

K7 diagrams are therefore mediated by the bosonic
fluctuations described by the susceptibility .., whereas
K4 and K, describe the coupling of fermions to these

bosonic fluctuations via the three-point vertices ¥

and 1, ,S?’). This hints at the close relation between
asymptotic classes and SBE components which is fur-
ther discussed in Sec. 4.3.

4.2 mfRG equations for asymptotic classes

When the vertex is parametrized through its asymp-
totic classes, it is convenient to compute the latter
directly during the flow, without numerically sending
certain frequencies to infinity. This facilitates system-
atically adding or neglecting higher asymptotic classes.
Therefore, we now derive explicit mfRG flow equations
for the asymptotic classes, starting from the general
multiloop flow equations (10), similar to the derivation
of the mfRG flow equations for the SBE ingredients
in Sect. 3.2. (For a diagrammatic derivation, see Refs.
[50,51].)

The parametrization (68) of ~, in terms of asymptotic
classes holds analogously at each loop order,

30 = K70 4 K50 4 K50+ K5O (73)
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Then each summand can be obtained from Egs. (10)
for Ay ® by taklng suitable limits of the fermionic fre-
quencies vy, V., as specified in Eqgs. (69). For example,
consider a bubble of type I'oIT, oI, in the r representa-
tion of Eq. (20). In the limit |v,| — oo, the first vertex
reduces to I3, (Eq. (70c)), while for [v;| — oo, the sec-
ond vertex reduces to Ij (Eq. (70b)). Using Eq. (20),
we thus obtain

‘l}m I'oll,ol = FQT,OH ol (74a)
V| —00
‘l}m Foll,ol' =T oIl ol}. (74b)
V]| =00

By contrast, when taking these limits for bubbles
involving channels 7’ different from 7, we obtain zero,

lim FOHT#OFfO

|V | =00

lim FOH/7§TOF =0,
V]| —o0
(74c)

by similar reasoning as that leading to Eq. (69¢). In

this manner, the 1¢ flow equation (10a) for 'y( ) readily
yields

/.C;(l) =TI} oll, oI},
Ky =15 011,017,
K;/(l) =TIy 0ll, oI},
/'Cg(l):fzr,o].],,ofg. (75a)
Similarly, the two-loop contribution 'y( ) Eq. (10b),
yields
1% =0
/CS(Q) = ',gl) oll. oIy,
I'Cg,@) =I5 0ll.0 ’y(l)
K5® =3W o [T, 0 Iy + I3 0 I, 0 4. (75b)

Due to Eq. (69¢), K@ vanishes and K} or Kj®)

M) on their right or left sides,

. (442)

contain no terms with 4

respectively. Finally, Eq. (10c) for 4» ', with £ > 1,
yields

IC{ (+2) _ 3011, O,.Ygl) oIl oI}y,

/.C;(ZJFQ) ’Y(Hl)oH oIy + Iy oll, O’Y(Z)OH oly,
]'Cg/(€+2) l—w« o1, O’}/( ) oll, OF2 4 F2, oI, O,y(f—t-l)
,-Cg(lf+2) D 6, oly + 1y 0, O’Y()OH7>OF2

(Z+1)

+ I3 011, 04, (75¢)

Here, ICT(ZH) = 0 since ’y( ) appears in the middle in
the central term of Eq. (10c); hence, Eq. (69¢) does not

apply.

Page 15 0of 22 108

Note that these equations can also be used in the con-
text of DMF?RG [32,33]. There, only the full vertex I" is
given as an input. While K7, K3 and K7, can be deduced
from I' by sending certain frequencies to infinity (cf.
Egs. (70)) or using Eqgs. (71), it is not possible to sim-
ilarly extract K% in a given channel as some frequency
limit of the full vertex I'. However, the classes Kj do
not enter the right-hand sides of the flow equations
(75) individually, but only the combination R + K3 =
R+ >, K%. This is already clear from the general for-
mulation of the mfRG flow equations (10). Consider,
e.g., the 1¢ contribution K5 of Eq. (75a). There, I}
contains R+K5+7v: = R+Ks+> ., (Kt +K5 +K5),
and hence only requires knowledge of the full R + Kj.
This holds equivalently for all insertions of the full ver-
tex into flow equations at any loop order. Now, inser-
tions of the differentiated vertex in loop order ¢ into
the flow equations of order £+ 1 and £ + 2 do require
a channel decomposition K3 = 3 Kj. For example,

the two-loop contribution KJ @ of Eq. (75b) contains

’yﬁ ), which, by Eq. (73), involves differentiated vertices

Ks #1 (M) These are available via Eq. (75a). Therefore,

in the DMF?RG context, one would start with K1, K5,
K%, and the full R+ K3 from DMFT, compute the dif-
ferentiated vertices K7 independently (including K%),
successively insert them in higher loop orders, and even-

tually update K3 using K5 = Ser K5“ in each step of

the flow (recall that R does not flow, R = 0). The same
reasoning also applies to the multi-boson terms M,..

4.3 Relating SBE ingredients and asymptotic classes

The asymptotic classes and SBE ingredients are closely
related [31]. This is not surprising as the properties of
both follow from the assumption that the bare vertex
contains no frequency dependence, except for frequency
conservation. For convenience, we collect these relations
below.

Comparison of Eqs. (43) and (71a) yields

wy(wr) = U + Kf (wr). (76)
Similarly, using Eqs. (42), (43), (71b), and (71c), we can
write the products of Hedin vertices and the screened
interaction as

AMow,=U+Toll,oU=U+K] +Kj,
wrpe A, =U4+Uoll, o' =U+ K] + K5

(77a)
(77b)

We now insert Eq. (76) for U+K7 and solve for A, Ay,
formally defining w,~! through wyew ! = w; tew, = 1,.

Thus, we obtain

No=1,+K5ew , N=1,+w teKs, (78)
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full vertex: r

frequencies:
1 2 3

parquet decomp.: R+,

< asymp. classes: R+ ZT [KI}' + K5 + K5 + /Cg]
¥ — 4
\—

— U-r-reduc.:

4

5 B ]
R-U+U+Y, [\ew ed —U+M]
/ ) ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

SBE deCOmp.: ;r:Ui” - 2U + Zr /\,. Wy ® )\7,

Fig. 11 Overview over vertex decompositions: The par-
quet decomposition (second line) can be grouped by asymp-
totic classes (third line) or U-r-reducibility (fourth line),
highlighting the relation between these two notions. Arrows
link terms that can be identified: K5 = M, + K5« w; ' « K5,
and K7 4+ K5+ K5 4+ K5 ew, t o KCh = A sw, o A — U for the
IT-r-reducible contributions, and "™ = R—U + 3> M,
for the fully U-r-irreducible contributions. The colors indi-
cate whether the objects depend on 1, 2, or 3 frequency
arguments

which, when inserted into Eq. (33), yields

Ve= (1, +Kyew ) ew, o (1, +w, ' < K5))
=U+ K] + K5+ Kb + Kb ew, t e K5, (79)

Depending on model details, it may happen that not all
components of w, 1 are uniquely defined. However, the
right-hand sides of Eqs. (78)—(79) are unambiguous as
the SBE ingredients are well defined through Egs. (41).

Recalling that v, = V,. — U + M,., we conclude that

M, = K5 — K5 ew L« K5 (80)

Hence, V, contains a part of K}, namely K5 ew, 1« K5,
which can be fully expressed through functions that
each depend on at most two frequencies. M, con-
tains the remaining part of K%, which must be explic-
itly parametrized through three frequencies and thus
is numerically most expensive. A recent study of the
Hubbard model showed that ) M, is strongly local-
ized in frequency space, particularly in the strong-
coupling regime [31]. This allows for a cheaper numer-
ical treatment of the vertex part truly depending on
three frequencies and constitutes the main computa-
tional advantage of the SBE decomposition.

Equations (76)—(79) fully express the SBE ingredi-
ents through asymptotic classes. Analogous results were
obtained by similar arguments in Appendix A of Ref.
[31]. Figure 11 summarizes the relation between the two
vertex decompositions and their ingredients.

Conversely, the asymptotic classes can also be
expressed fully through the SBE ingredients. Using
Egs. (23), (68), (76), and (78), one finds

’C{ = ’U],r — U (81&)
Ky = (A —1,) sy, (81b)
K5 =w, e (A — 1,), (8lc)
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p=M4+ (A —1,)cw e (A —1,).  (81d)

Moreover, Egs. (25a), (70b), (70c), and (77) imply

I3 =X\ sw,, (82a)
I3 =w, s Xy, (82b)
Iy =X ew. e (A — 1)+ T, (82c)
o= = 1) swp e A + T (82d)

For the latter two equations, we used Eq. (25a) in the
form I' = A\, e w, » A\ + T,.. Equivalently, using the
definitions of the Hedin vertices in Egs. (32), we can
express K5, K5, and Eqgs. (82) as

K5 =T, oI, o w,, (83a)
Ky =wpoll, oT,, (83b)

t=M,+T,0ll,ow,0lIl.oT,, (83c)
Iy =w, + T, oIl ow,, (83d)

Iy, =w, +w,o0lIl. oT,,
]:'2’" =T, +w,0ll,oT, +T.0Il. ow.oIloT,, (83f)
Iy, =T, +T.oll ow.+T, oIl ow,o I, oT,.(83g)

Since the asymptotic classes and SBE ingredients are
closely related, the same is true for their mfRG flow.
Indeed, it is straightforward to derive the mfRG SBE
flow equations (48) from the flow equations (75) for

IC: O We briefly indicate the strategy, without pre-
senting all details.

We differentiate the equations (81) expressing K7
through SBE ingredients, and subsequently use Eqgs. (32)

to eliminate A, — 1, and A\, — 1,. Thereby, we obtain

K =y, (84a)
K5 = A\ ew, + T} 0 I, 0 1y, (84b)
/C; =ty oI, o Ty 4 wy o Ay, (84c)

ng:j\r-w,.oHToTr—i—T,.oHTou')roHToTr
+ T, oIl 0w, s\ + M,. (84d)

Now, we use Egs. (75) to express the IC: ® on the left
through I, Iy, Iy, I7Y,, and Eqgs. (82) to express the
latter through SBE ingredients. By matching terms on
the left and right in each loop order, we obtain flow

equations for (), 5\7@’ ,'\V) and ]\./[7@. For example, at
1¢ order, Eqs. (75a) and (84a) for KT V) yield

u')ﬁl):FQT,OJ'YTOFQT:wr-ATOHTOS\T-wT, (85)

consistent with Eq. (48a). Similarly, for IC; (1), we
obtain
j\&l) 'IUT-FTTOHTO’M'}Q) =1y o]'YToFQT

=T, oIl 0\ ewy+ Ty oIl 0w, s\ oIl 0\, s w,.
(86)
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The second terms on the left and right cancel due to
Eq. (85). The remaining terms, right-multiplied by w, !,
yield AW = T, o II, o \,., consistent with Eq. (48a). All
of the equations (48) can be derived in this manner.

5 Conclusions and outlook

The SBE decomposition of the four-point vertex was
originally introduced in Hubbard-like models respect-
ing SU(2) spin symmetry and was written in terms of
physical (e.g., spin and charge) channels [26]. Inspired
by Refs. [25-30], we here formulated the SBE decompo-
sition without specifying the structure of non-frequency
arguments (such as position or momentum, spin, etc.)
starting from the parquet equations for general fermionic
models. The only restriction on the structure of the
bare vertex U is that, apart from being frequency-
conserving, it is otherwise constant in frequency. Our
formulation can thus be used as a starting point for
a rather general class of models. It can also be easily
extended to the Keldysh formalism or to other types of
particles such as bosons or real fermions.

In this generalized framework, we re-derived self-
consistent equations for the ingredients of the SBE
decomposition V,, = A, ¢ w,  \., the so-called SBE
equations, by separating the BSEs for the two-particle
reducible vertices regarding their U-reducibility. The U-
reducible V, have a transparent interpretation through
bosonic exchange fluctuations and Hedin vertices,
describing the coupling of these bosonic fluctuations
to fermions. As our main result, we derived multiloop
flow equations for the SBE ingredients in two differ-
ent ways: first by inserting the SBE decomposition into
parquet mfRG and second by differentiating the SBE
equations. Thereby, we presented the multiloop gener-
alization of the 1¢ SBE flow of Ref. [31]. In addition,
we gave a detailed discussion of the relation between
the SBE ingredients, M, and V, = \. e w, A, and
the asymptotic classes K} of the two-particle reducible
vertices. Finally, we also presented multiloop flow equa-
tions for the K} and thus provided a unified formulation
for the mfRG treatment of the parquet and the SBE
vertex decompositions.

A numerical study of the SBE mfRG flow for relevant
model systems, such as the single-impurity Anderson
model or the Hubbard model, is left for future work.
Below, we outline some open questions to be addressed.

The numerically most expensive SBE ingredient is
the fully U-irreducible vertex V", involving the multi-
boson exchange terms M,., because these all depend
on three frequency arguments. One may hope that, for
certain applications, it might suffice to neglect V" (as
done in Ref. [35] for a DMFT treatment of the Hubbard
model), or to treat it in a cheap fashion, e.g., by not
keeping track of its full frequency dependence or by not
letting it flow (cf. Ref. [31]). This spoils the parquet
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two-particle self-consistency while retaining SBE self-
consistency. It is an interesting open question which of
the main qualitative features of the parquet solution,
such as fulfillment of the Mermin—Wagner theorem [52],
remain intact this way.

One formal feature, namely regulator independence,
is maintained if multiloop flow equations in the SBE
approximation are used. These equations are derived
by setting ¢V = 0 and M, = 0 from the beginning
(Sect. 3.4) and are actually simpler than those obtained
by setting M, = 0 in the full SBE mfRG flow. We
left the derivation of a self-energy flow directly within
the SBE approximation for future work. The combina-
tion of such a self-energy flow with the vertex flow of
Sect. 3.4 would constitute the total derivative of the
SBE approximation. Therefore, if loop convergence can
be achieved when integrating these simplified flow equa-
tions, the results will be regulator independent, just as
for the full SBE mfRG flow with @V = 3" M, and

M, # 0, reproducing the PA.

Even if it turns out that a full treatment of ¢
is required for capturing essential qualitative features
of the vertex, this might still be numerically cheaper
than a full treatment of Ky. The reason is that each
K% contains a contribution, the K5 e w, !« K, term in
Eq. (79), which is included not in M, but in V,, and
parametrized through the numerically cheaper Hedin
vertices and screened interactions, see Fig. 11. If these
terms decay comparatively slowly with frequency, their
treatment via the K] decomposition would be numeri-
cally expensive, and the SBE decomposition could offer
a numerically cheaper alternative. A systematic com-
parison of the numerical costs required to compute the
multiloop flow of the two decompositions should thus
be a main goal of future work.
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Fig. 12 Illustration of the structure of V, using w, = U + K (Eq. (76)), including an exemplary sixth-order diagram.
While A, wy, A\ factorize w.r.t. their frequency dependence (since they are connected by bare vertices in V,.), they are
viewed as four-point objects w.r.t. the other quantum numbers (the internal indices 3,3’,4,4" have to be summed over,

cf. Egs. (6))
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A Diagrams of SBE ingredients

Figure 12 illustrates which parts of the U-r-reducible dia-
grams V, belong to the Hedin vertices ., A\, and which
parts belong to the screened interactions w, (for exemplary
low-order diagrams, see Fig.5).

B Diagrams of asymptotic classes

We illustrate the channel-specific frequency parametrizations
of the vertex (Fig. 3) in second-order perturbation theory
in Fig. 13.

The bosonic frequency w, is transferred through the bub-
ble in which each diagram is reducible, while the fermionic
frequencies v,., v, parametrize the frequency dependence on
each side of the bubble. Evidently, the internal propaga-
tor lines only depend on the bosonic transfer frequency of
the corresponding channel (and the internal integration fre-
quency). The external fermionic frequency v, flows in and
out at the same bare vertex, and so does v.. at another bare
vertex, such that the value of each diagram is independent
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~v..".
! / /
~Vp Vp + Vp Vp
D [ ’ ’
+ K5 (wp, vp) + Vp)s
v Vi
t
~v
N—x> vt
N—v
Wy + wi + wf,) K3
)’/\
A )’_,\ 24
/ Uy
Vi
t t / t /
Ko (we, vt) + Ko (we, vt) +  Ks(we,ve, vy).

Fig. 14 Tllustration of the decomposition of the two-particle reducible vertices v, into asymptotic classes, K7 +K5+K5, +KC5

of vy, v,.. This notion can be generalized [16], leading to
the decomposition of each IT-r-reducible vertex ~, into four
different asymptotic classes, K7 + K5 + K5 + K3, depicted
diagrammatically in Fig. 14. A formal definition is given by
Egs. (69) in the main text.

C Relation to SBE in physical channels

The SBE decomposition was originally defined in terms of
the charge, spin, and singlet pairing channels [26]. These
involve specific linear combinations of the spin components,
chosen to diagonalize the spin structure in the BSEs for
SU(2)-symmetric systems [9]. Assuming SU(2) spin symme-
try, we show below how these “physical” SBE channels are
related to the “diagrammatic” SBE channels used in the
main text.

By spin conservation, each incoming spin o € {f, ]} must
also come out of a vertex. The nonzero components thus are

1% = 1—:06|crEr7 f—u‘x& — F06|607 I = I—vao\oo. (87)

Furthermore, crossing symmetry relates Ftl and I'™, and
SU(2) spin symmetry yields I'7° = 7% + 1'?? [53].

On the level of the full vertex, one defines the charge,
spin, and singlet or triplet pairing channels as [9,38]

Fch/sp

/s pth g prt

=r't+rt (88)
This notation carries over to all vertex objects like V¥, AY
and wy’, with a denoting ch, sp, si, or tr.

The bare vertex has U'T = 0 and U™ = —U™, so that
Ut/ — gyt = 2u™, (89a)
Us =u™ -0 =2u™. (89b)

The bare interaction U™ in the triplet pairing channel van-
ishes and does not give a U-reducible contribution [26].

We now show that, if the ingredients of the SBE decom-
position Eq. (41a) are expressed through the physical charge
and spin components (ch, sp) rather than the diagrammatic
components (11, 1)) used here, one indeed obtains the orig-
inal form of the SBE decomposition depicted in Fig. 1 of
Ref. [26].
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This is trivial to see for the fully U-irreducible part V™"

(analogous to Eq. (88)) and the bare vertex U (Egs. (89)).
It remains to show that for the U-r-reducible terms V, =
Ar oWy e\, the components V; have the form given in Fig. 1
of Ref. [26], with a = ch or sp.

We start with the ¢ channel. Defining sign factors for

charge and spin channels, s* = 1 and s = —1, we have

vy =viT4sovt
_ X:T\a?wg’ﬂo'/o')\l‘a/\’ru'/ + SQS\ZHU,LU)?‘/G\U/O')\IO"H‘O‘/ )

(90)

Here, we sum as usual over spin indices o, a:. Making use
of wIT = wtu, wtlT = wtu, and similarly for A, A, we can

collect the summands as

Vi = (T + s M) (] + 5wl (AT +s7A)
= N wEAD, (91)

which is equivalent to VP" in Ref. [26]. (Note that in our
convention of depicting diagrams, all diagrams are mirrored
along the diagonal from the top left to bottom right (i.e.,
the bottom left and top right legs are exchanged) compared
to the convention used in Ref. [26]: The ph (ph) channel
corresponds to the ¢ (a) channel.)

We continue with the a channel, which is related to the ¢
channel by crossing symmetry,

f‘w (wa,ua,l/é) = —FTl(wt = Wa, Vt = Va,VZ = Vzlz) (92)

The frequency arguments on the right are defined according
to the t-channel conventions (wt, 14, v;), and then evaluated
at the a-channel frequencies occurring on the left. In partic-
ular, we have (cf. Eq. (11) of Ref. [26])

Fa(wﬂ,l/thylll)
= —% [FCh + (1428 | (Wi = Wa, Vs = Va, V) = V).
(93)
The U-a-reducible diagrams V, can therefore be expressed
through the U-t-reducible diagrams V:
Va (Was Va, Va)

=3[R AR(1 4+ 25" NP 0N (s va, ), (94)

reproducing VP! in Ref. [26]. The frequency arguments on
the right have the same meaning as in Eq. (92).

Last, we consider the p channel. With SU(2) symmetry,
V;T = V;i + @y, we have

Ve =V sV = VI 4 (1 4+ s)VIF
_ ;\;uaaw;&\a%’)\g’&’m
+ (14 ™) AHooqgale’a’ \olo I (95)

Note that the spins in the first and second pair of spin
indices of w, have to be opposite, 06 and ¢’5’, since they
connect to the same bare vertex (cf. Fig. 12), and U7 = 0.
Furthermore, the crossing relation U™ = —U™ implies
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wﬁ = —wgk By use of this, we can combine the terms

in the spin sums as
SO = NNt —ap )" = A5
= SR (96)

Vo

which gives VPP in Ref. [26].
In summary, we thus reproduce the decomposition of Ref.
[26]:

=" 4 ve + Ve + Ve —20°%,  (97a)
where the U-r-reducible parts are defined as
Vo (Way Va, Vy) = —%th(wa,ua,y;)
— (3 = 260,5p) Vi* (wa, Va, va), (97D)
Vg(wp’l’p»’/;) = (% - 5a,8p)[5‘;iw;i ;i](wpv Vp, V;)v (970)
Vi (wi, ve, V1) = DEwEN] (we, v, V1), (97d)

D Correlators and susceptibilities

Reference [26] established that the SBE ingredients M., w.,
A are related to three-point correlators and generalized sus-
ceptibilities. For completeness, we illustrate here how these
relations arise within the present framework. The starting
point is the general relation between the four-point correla-
tor G® and the four-point vertex I,
Gg)u'z/ = (c1e28pC1r) = G/ Gajzr — Gy Goir
+ G1\5’G2\6’F5’6’\5605|1’GG|2’i

98)

By combining two fermionic fields, one obtains the bosonic
exchange field v, the pairing field ¢, and its conjugate ¢,

i (W) =Y a(v—2)er v+ %) =do(-w), (99%)

Pr2(w) =Y (4 +v)ea(l —v),

v

Pry(w) = ev(y -V (s +v).

!

(99b)

(99c¢)

Three-point correlators and bosonic two-point correlators
involving these fields can be obtained from G* by summing
over the frequency v in the channel-specific parametriza-

tion (cf. Equation (17) and Fig. 3):

e .

Gz (e ) = D7 Gy (e, v 1)), (100a)
3 4

Gv(";i2\1’2' (wTv l/:‘) = Z GEQ)H/Q/ (UJT» Ur, l/;), (100b)
Dy (wr) = Z G(142>‘1,2,(wr,m,l/£). (100c)

For example, in the p channel, we have
GSIQU’Q’ = <Clc?(731’2'>7 Dpiizj1r2r = <¢12¢;1’2’>' (101)

The four-point correlator G® is closely related to the
generalized susceptibilities x\* [38]:
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Xl(l4;12‘1/2/(wa’ya’ Va)

= G311y (War Vi, Vo) + Dy 0Gr 1o (Va) Gaprr (V)

= 5uaV{LHa;12|1/2’(Wa7 Va) + [HaOFOHahzu'T(wa’Vm V(Iz)7
(102a)

X;4z2\1’2’(wp’l’w vp) = 1C*V142)|1’2'(""107VPsz/?)

= 5upu;, %Hpﬂ?ll/?’(wP? vp) = 0y, —vy, %Hp 121217 (Wp, Vp)

+ [ITpoIoIl,) 91112 (Wp, Vp, 1), (102b)

X£?1)2\1’2/(wt7 Ve, V)

g, 0G1\1'(V£)G2\2’(Vt)

= (5,,“,f 1My 00100r (Wi, vt) + [ITg oI o Il 19170 (Wi, vt VL)
(102¢)

— oW !
= G12‘1/2/(wt7Vt7Vt) -

In analogy to Egs. (100), we then obtain three-point func-

tions X$~3), X$~3) and physical susceptibilities x, by summing

over frequenmes :

—(3 4

X 17 (@) = ZX;;Z“,Z,(WT, vevl),  (103a)
Xff- 32‘1/2/ wTvl/T ZX,» 12|1/2/(w7‘77/7‘7]/7”) (103b)
Xr;12(172/ (wr) = Z Xr;12\1'2/(wTvVTer)' (103C)

’
Vi,V

The prefactor 1 in Eq. (102b) ensures that the susceptibility
xr in Egs. (103c) is consistent with its counterpart in the
main text (cf. Eq. (45¢)).

To make a connection between xﬁ?’),xg) xr and SBE
objects, we use Egs. (102), multiply by the bare interaction
U, and express the result in terms of the four-point vertex:

B eU=10,0U+TIoll oU), (104a)
Uex® =WU+Uoll, ol oll,, (104b)
UsxrsU=UoIll,oU+UolIl,ololl.oU. (104c¢)
Finally, comparing these expressions to Egs. (42)—(44)

shows their relation to the SBE ingredients:

)ZS.S) =0, 0 sw, s U =1, 0P, (105a)

X =U " ew, oA oI, =% oI, (105b)
xr=U""e(w, —U)s U " (105¢)

These relations are analogous to those given in Egs. (6), (8)

and (15) in Ref. [26]. Relations between the bosonic correla-
tors C_1'$3), Gﬁ?’), D, from Egs. (100) and the SBE ingredients
S\T, wy, Ay are analogous up to disconnected terms and can
be readily constructed from Egs. (103), (102), and (105).
For example, in the a channel, we have

Gi 12\1/2/(‘0%%) =[yoXaewasU" ]12|1’2’(wa7ya)
— 60, 0G112 (Va) D Gopr (V)
Da;12|1/2’(wa) = [U71 . (wa — U) . U71]12|12/(wa)

- 5“,&70 Z Gl|21(1/a) Z GQH/(V;).

(106)
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E Susceptibilities for Hubbard interaction

The susceptibilities defined in Eq. (45¢) and in Appendix D
exhibit general dependencies w.r.t. their non-frequency
indices 12|1'2. In the following, we show how they are
related to physical charge, spin, and pairing susceptibilities.
To this end, we focus on models with a local (momentum-
independent) bare interaction, which has only spin degrees
of freedom subject to the Pauli principle. In the a and t
channel, Eq. (44c¢) with i = w, — U then reads

(107a)
(107b)

We further specify U°%17"" = w(8,5/ — 0,5/), with the
(scalar) bare interaction strength u. With SU(2) symmetry,

’ A = == =t
Xflal“’z"? = Xilal‘”%, Eqgs. (107) thus simplify to
Z;Tt/\o'o'/ _ ICtll/t;cro'/|crcr'/u2. (108)
In the p channel, we have
,sz;oo/\oo/ _ Z Uo'o'/|o'161 Xglé'l\o'z&z Uogé‘g\o‘o'/
o109
(109a)
_ Uoo'\oa' )Zga'\o'o'/ Uo'o'/\o'o'/. (109b)

Here, the second line (109b) follows from SU(2) and crossing
symmetry. It employs

[1p0 ﬁp o 1,](wp)
+[1po0 ﬁp olo ﬁp 0 1,](wp),

Xp(wp) =
(110)

where ﬁp;34‘3/4/ = G313 Gyjar = 211 },;34)374» does not include
a prefactor 1/2 (introduced in Eq. (5b) to avoid double
counting within internal spin sums), since there are no spin
sums in Eq. (109b). (This definition of the p susceptibil-
ity agrees with the related literature, e.g., Ref. [38].) With

! ’
Uc9199" = _ub, 5/, we can write

%5717 = b0 KT Ju?, (111)
in analogy to Eq. (108).
The relation between these “diagrammatic” susceptibil-

ities x,r and their “physical” counterparts can be made
explicit by means of the bilinears

Poo’ = CoCq’s 5paa’ = Poo’ — <p00>600’ (1128,)

Dot = CoCol, ot =Gt (112Db)
Then, we have in the imaginary-time domain

X277 (1) = ~(6p0r0 (T)0pser (0)),  (113a)

7177 (7) = (070 (T)p L, (0)), (113b)

X777 (1) = (8n6 (1)8n41(0)). (113c)

with n, = pso. Choosing the spin arguments as x.¥ =
XIHM} we furthermore get
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X&H(T) = —(S-(7)S4), (114a)
() = (Aa(r) AL(0)), (114b)
Xt (1) = (5n+(7)dny(0)). (114c)
Hence, x* describes spin fluctuations (S_ = ¢y, S =
¢rey) and ¥} singlet pairing fluctuations (Ag = crcy). By
SU(2) spin symmetry, 2x1*(7) = —(S:(7)S.), with S. =

1(ny —ny) = 1(6ny — 6ny). It then follows that

IXGH(T) = 2((5nr(7)0nr) + (Sna(7)0my))
= 2(dn(7)én) (115)

X1t (r) -

describes charge fluctuations with n = ny +ny.
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3. Effective bosons and the functional renormalization group

3.4. Supplements to the SBE formalism

In this section, we provide some additional aspects of the SBE formalism that are not
discussed in our paper [P1]. First of all, we clarify the relation between the SBE formalism
and the Hubbard—Stratonovich theory discussed in Sec. 3.2. Subsequently, we show two
different forms of SBE equations and describe how the self-energy is written in terms of
the SBE vertices. The latter two steps are essential for the implementation of our SBE
code, which is discussed in Chapter 4.

3.4.1. Connection to Hubbard—Stratonovich fields

The similarities of the SBE approach with other partial bosonization techniques using
Hubbard-Stratonovich fields is undeniable [HS09, HGS12]. Indeed, the SBE equations
(cf. Egs. (41) in Ref. [P1]) themselves have the form of Schwinger-Dyson equations we
encountered in Sec. 3.2. Here, we give a generalized identification of SBE vertices with
the corresponding constituents from a Hubbard—-Stratonovich theory compared to that
given in App. B of Ref. [BTH"22].

The SBE formalism is related to an unusual Hubbard—Stratonovich action where bosonic
fields carry one bosonic frequency, but two general indices involving other quantum
numbers like spin and momenta. We introduce the following Hubbard—Stratonovich
action with frequency-independent bare bosonic propagators W, and W, and bare
Yukawa couplings ha,0> ha 0, hp(), h,.0 each involving four fermionic indices [cf. Eq. (3.19)]:

Z Yo (w 12\1/2/%2/ -3 Z Prra (w W,o 12|1/2/¢12

- é [Z[ha,0]1’2’|1261’( Je2 (V+w) 1y (w +Z a,0 1/2/\12@01/2( )02'(V/+0J)01(V/)]

w,v w,v!

— # [Z[hp 0]1'2'|1201/(—V)62'(V+W P12(w +Z p,0 1'2'|12¢1/2'( )02(V1+w)01(—V/)]

w,V w,v!

+ 3 0vpags Y Cr(v)e (V' + w)ea(v + w)er (V). (3.30)

w,v, V!

The last quartic term of fermionic actions is there to compensate terms in the following.
When applying the Gaussian field integral back to the full fermionic theory [cf. Eq. (3.20)],
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3.4. Supplements to the SBE formalism

we receive the following interaction term in the fermionic action:

Sint = %ls Z a.0)1a132(Waol3a3 0 [haolz21acu (V) ea (v + w)ex (V' + w)er (V)

i% po 121134 [Wh,olsaj3:a [P o] 3rar12C1 (—v) G2 (v + w)ey (V' + w)er (=)
1U 1 = = / /
+ 3Uron2gs Z ey (V)ey (V' 4+ w)ea(v + w)er (V). (3.31)

w, v,V

Further, we introduce the third diagrammatic channel, i.e., the transversal channel ¢, by
subdividing the first term into two, exchanging the summation indices 1’ <+ 2" and using
the following relations for the bare bosonic propagator and bare Yukawa couplings:

[Wt,0]34|3’4’ = —[Wa,0]43\3'4'7 [Bt,0]4’2’|32 = _[Ba,0]2’4’|327 [ht,0]1'3/\14 = _[ha,0]3’1’|14-
(3.32)

The summations in Si,, Eq. (3.31), are then identified with the channel-dependent
products e (excluding frequency summations), Egs. (4.6). By comparing with the original
fermionic action S, Eq. (3.1), we deduce the following relation between the fermionic
bare vertices U and the constituents of the Hubbard-Stratonovich theory:

3U = hao* Wao*hao+ hpos Wy hyo+ hioe Wig® heo. (3.33)

This identity is trivially fulfilled for Br,o =1, = h,p and W, o = U. In that case, all the
Hubbard—Stratonovich channels are treated on equal footing, i.e., U = ﬁ%o e Wao*hao =
hypoeWyoohyo = hio*Wigehs . In general, different bosonic fields and Yukawa couplings in
the Hubbard—Stratonovich action Syg, Eq. (3.19), may lead to the same fermionic coupling.
This phenomenon is related to the Fierz ambiguity [JW03, Bral2, KV19, KWK™24].

The concept of U reducibility in channel r in the fermionic theory is attributed to the
reducibility of a single bosonic propagator line W, in the Hubbard-Stratonovich theory.
While the Schwinger-Dyson equations of the Hedin vertices, A, = 1, + T, oIl o 1, and
Ar =1, +1,0Il, 07, (cf. Egs. (41d)—(41c) in Ref. [P1]), include the U-irreducible vertices
T, from the fermionic theory, the Schwinger-Dyson equations (3.26) of the three-point
VeI‘tiCQS, F"d)ﬂ/) = Bd),l/),() + I¢’¢ o] Hr o ]_7,¢7w70 and hqﬁ,w = hd),l/),O + h¢>,¢,0 o] Hr o] I¢»¢’ include the
one-particle irreducible vertices 1¥** from the Hubbard-Stratonovich theory. Similarly,
the Schwinger-Dyson equations of the polarization P, involve the Hedin vertices A, A,
while that of the bosonic self-energies 34, involve the three-point vertices h¥¢, h¥.
In this regard, the SBE formalism translates to a conventional Hubbard—Stratonovich
theory. Only, it is a fully fermionic theory with the new concept of U reducibility in the
diagrams of the four-point vertex I'.
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3. Effective bosons and the functional renormalization group

3.4.2. Left and right SBE equations

Let us comment on a fact that is usually swept under the carpet. The Bethe—Salpeter
equations (3.13) come in two variants depending on the order of appearance of the
irreducible vertex I, and the full vertex I'. Being aware of both variants provides more
flexibility in the numerical computation of vertices and leads to a deeper understanding
of the structure of parquet and fRG equations.

We mostly write down the left Bethe-Salpeter equations where the irreducible vertices
I, appear first:

V=1L oll,ol'=(U+T,—M,)oll,o(T,+V,)
=(T,—M,)oll,oT,+UolIl,ol' + (T, — M,) oIl 0 V,
=M, +n. 9N —U+ (T, — M) oIl, 0\ o7, ¢\,
— M, + [1, + (T, — M,) o IL, o \] o7, » A, — U. (3.34)

Here, we inserted relations from Ref. [P1]: [, = U + T, — M,., Eq. (25b), ' =V, + T,
Eq. (25a), M, = (T, — M,) o I, 0 Ty, Eq. (41h), U o T, 0T = 5, + A, — U, Eq. (42b), and
V= Ao o\, Eq. (33). With . = M, + A\, e o A\ — U, Eq. (23) in Ref. [P1], we find

an alternative version of the Schwinger-Dyson equation for the left Hedin vertex:
A =1, + (T, — M,) oIl 0 \,. (3.35)

Analogously, there are right Bethe-Salpeter equations where the irreducible vertices I,
appear at the end:

= Toll o, = (T, + V,) o Tl, o (U + T, — M)
=T.oll,o(T, —M,)+Toll,oU+ V,oll, o (T, — M,)
=M, +XNenp —U+ X enp e Aooll o (T, — M,)
Myt e e (L4 A oL o (T, — M,)] — U (3.36)

obtained from the analogous expressions from Ref. [P1]: M, = T, oIl, o (T, — M,),
Eq. (41h), and T' o Il, o U = A, e, — U, Eq. (42a). Similarly, we deduce the alternative
right Schwinger-Dyson equation for the right Hedin vertex:

Ar=1.+ N oIl o (T, — M,). (3.37)

To summarize, all SBE equations (41) in Ref. [P1] have a left and right version
originating from the left and right version of the Bethe-Salpeter equations:

v =1 ol ol —Toll, o], (3.382)
P =1,0Il 0\, =A-oll, o1, (3.38Db)
N =UeP.on, =0, P, U, (3.38¢)
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3.4. Supplements to the SBE formalism

Table 3.1.: This list shows which objects replace I', II,, and I, in the left and right SBE
equations (3.38b)—(3.38f) for 7., Ar, Ar, M, compared to the original left and right
Bethe—Salpeter equation (3.38a) for ;.

v Pow N A M,
[left A T, Ar T,
[ right A, 7. Ar T, T,
II, I1, P, I1, II, IT,
L. left 1, U 1T,— M, 1, T, — M,
I, right 1, U 1, T, — M, T,— M,
j\r = (Tr - Mr) o Hr o j\r = Tr o Hr o 17”7 (338d)
A =10, 0T, =\, oIl o (T, — M,), (3.38¢)
M, = (T, — M,)oIll,oT, =T, oIl o (T, — M,). (3.38f)

Comparing these SBE equations with the original Bethe—Salpeter equation (3.38a) for .,
in every SBE equation, the full vertex I, the bubble II,., and the two-particle irreducible
vertex I, are replaced by other vertices, listed in Tab. 3.1. We here subtract the constant
parts of the bosonic propagator 7, = 71, — U and the Hedin vertices A=A\ — 1

A = A\ — 1,. With Egs. (3.38), the multiloop fRG flow equations for the SBE vertices,
Egs. (54), (56), (59), and (61) in Ref. [P1] follow directly from the structure of the
multiloop fRG flow equation (3.17) for 4, by replacing the vertices according to Tab. 3.1:

Ay :FolLIToI‘ —I—jToH,,oF —i—FoHrof'TOHTOF +TI'olIl, oL«, (3.39a)
b =Xollo), + Aol ol oIl 0, (3-39b)
e =meePren, (3.39¢)
N, =T. oo\ 4+l oll,o)\ +T ol ol oll, oM\, (3.39d)
N\, =M\oll,oT, + N oll,ol,oll,oT. +M\oll.ol, (3.39%)
M, =T.oll,oT, +I,0ll,oT, +T,oll,ol,0ll,oT, +T,oll ol (3.39)

We hereby use the quantities listed in Tab. 3.1 and their differentiated counterparts with
U=0,1, =0, T, — M, = I,. The similarities between the self-consistent equations (3. 38)
and flow equations (3.39) help to structure their numerical implementation in a lucid
way.
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3. Effective bosons and the functional renormalization group

3.4.3. Self-energy in the SBE formalism

So far, we mainly considered the Bethe-Salpeter equations to compute two-particle
reducible vertices v, and SBE vertices. As a further ingredient, we need to evaluate the
fermionic self-energy Y. In general, this is given by the Schwinger-Dyson equation:

S = —Uv12Gajp — 5Uras2Gap Gz Gapar Ui,
2 2/

1/ 4—@—4 1 = — -
iy 1

The first term is the Hartree term ¥y and just yields a constant shift of the self-energy.
In the following, we will focus on the second term, ¥(v) = ¥(v) — Xy, which vanishes for
|v| = oco. We introduce the loop product as

4 9!

2 4’ T (3.40)
1* NS 1

N |#—=

- Glip = PrapeGoy = —TrypiGoy = =[G - T,

2 2/ ! 2

- (3.41)

1 1 g 2

We here have two versions of the product depending on the alignment of the vertex. To
avoid an accumulation of symbols, we denote both products by -. The order of the
Green’s function and the vertex clarifies then which loop product we refer to. In this
notation, the Schwinger-Dyson equation (3.40) can be written as

X=-U-G-iUoll,ol)-G (3.42a)
=-U-G—(UolIl,ol)-G (3.42Db)
=G-U+1iG-(Toll,oU), (3.42¢)

expressed in the three diagrammatic channels r = a, p, t. Following Sec. 3.4.2, there exist
also the complementary versions where the bare vertex appears on the other side of the
bubble product:

Y=-U-G-i(loll,0U)-G (3.43a)
=-U-G—(I'oll,oU)-G (3.43b)
=G U+LiG - (UoIlol). (3.43c)

The formulation in SBE vertices is rather straightforward after using A,en, = U+TI'oIl,o"
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3.5. Interaction flow in the SBE formalism

and n, e A\, =U +Uoll, o', Eq. (42) in Ref. [P1]:

N=—1U-G-Li(naeX) G=-3U-G—1(Nson.) -G (3.44a)
= _(np ° >‘p) -G = _O‘p 'np) -G B (3'44b>
=1G U+1G - (meN) =L1G U+LG - (Nom). (3.44c¢)

Here, the Hartree term Yy is partially absorbed in the second term. As the SBE
vertices have a simpler frequency/momentum dependence, the formulation (3.44) can be
computationally advantageous. As discussed in Sec. 4.5 and thus Ref. [P4], a truncation in
the momentum dependence may spoil the numerical results depending on which channel
is used in Eqgs. (3.44).

There are multiple ways of formulating a flow equation for the self-energy [KD18d].
Differentiating Eqgs. (3.44) on both sides with respect to a flow parameter A yields

2:_(ﬁp'Ap)'G_(np'}‘p)'G_(np'/\p)'G- (3.45)

This is an algebraic differential equation as 7,, }\p and G on the right-hand side depend
on X, too. In practice, many iterations over this equation are needed to get a converged
value for ¥ [HKE*20, HRHA20], also see Ref. [P4].

3.5. Interaction flow in the SBE formalism

The content of this section is part of the following paper in preparation:

Generalization of the fermionic functional renormalization group with
interaction flows: Illustration with the single-boson exchange formalism

Aiman Al-Eryani, Marcel Gievers, Kilian Fraboulet

An advantage of fRG compared to self-consistent summations of the parquet or SBE
equations is the flexibility in how the flow equations can be actually solved. In other
words, with a cleverly chosen and physically well motivated regulator, one might access
solutions in regimes were the convergence of the parquet equations is not possible anymore.
This is indicated in Ref. [GRW™24] and by our discussion in Sec. 5.2.

In many-body systems with correlated fermions like the Hubbard model, effective
interactions, mediated by bosonic fluctuations, play a dominant role. This is revealed by
divergences in susceptibilities y, that appear during the fRG flow. In the SBE formalism,
susceptibilities x, are directly connected to bosonic propagators 7, (cf. Eq. (105¢) in
Ref. [P1]). Thus, it is desirable to gain better control of the bosonic propagators 1, when
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3. Effective bosons and the functional renormalization group

solving their flow equations. The non-interacting value of 7, is the bare interaction U so
it might be expedient to introduce a regulator dependence in U itself.

Our approach is derived from a differentiation of the SBE equations and is similar to the
derivation of the multiloop flow equations of parquet [KD18b, KD18¢, KD18d] and SBE
vertices [P1]. This way, it differs from previous formulations of flowing interactions. In
Wetterich’s fRG scheme (cf. Sec. 3.1), a multiplicative regulator in the bare Green’s func-
tion Gp(A) = AGy can be absorbed in a regulator-dependent bare vertex U(A) [HRAE04].
In contrast to this, we want to allow for more general cutoff dependencies in the bare in-
teraction U(A), independent of that applied to the Green’s function Go(A). Furthermore,
an interaction flow was formulated within the 2PI formalism [Dup14], which has been
numerically implemented for benchmark models [RIM15, RMJ16] and more recently
for the two-dimensional Hubbard model in combination with the dynamical mean-field
theory (DMFT) [Kat19]. Yet, our emphasis is on the SBE vertices so we stay in the
framework of the less demanding SBE formalism.

We introduce the scale dependence in the bare interaction U — U(A) without specifying
its precise form. For example, this can be realized by starting from the non-interacting
theory U(A;) = 0 and flowing to the full theory U(Af) = U. Since in the fermionic
action, Eq. (3.1), U(A) couples to four fields whereas Go(A) only couples to two fields,
the interaction flow implicitly relates two-point correlators to four-point correlators. An
appealing realization of the A dependence in U(A) could thus exploit Luttinger—Ward
identities [KBC™ 10, Kril8]. We also allow for an additional regulator in the bare fermionic
Green’s function Go — Go(A), which gives us even more flexibility. However, it has to be
mentioned that a combination of bosonic and fermionic regulators needs to be treated
with care [FW09, FKW10, HJY24]. From now on, we do not explicitly write down the
dependence on A anymore.

The derivation of the multiloop fRG equation for 4, is identical to Eqgs. (3.14)—(3.17).
Consequently the dependence on the cutoff scheme does not appear explicitly in the flow
equations for 4., but II,. and [, implicitly depend on both Gy and U.

In the following, we assume that the differentiated parquet approximation, i.e., the
differentiated two-particle irreducible vertex, is only given by R = U. According to the
definition of the irreducible vertices I, = R+ ), 4 Y, this implies that [, in Eq. (3.17)
satisfies:

I = ny +U=4+U. (3.46)

r!Zr
To solve for the self-consistency in 4,., Eq. (3.17) can be iteratively solved by inserting the
loop expansion of 7, in the form 4, = >~,°, f'y,@, or more specifically I, = 3, L D1 f'yﬁ,é)—l—
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3.5. Interaction flow in the SBE formalism

U, into Eq. (3.17). Identifying the terms then yields the following multiloop equations:

A0 =Toll,ol+Uoll,ol+Toll,olU+Toll,olUoll, o, (3.47a)
42 = ';1) oll, oI'4+T'oll, o ';1), (3.47Db)
72 =3V oll, ol + T oIl 04 P oIl o [+ o T, 0 41FY, (3.47c)

where 4\ = Dot "yr(f).

Compared to the conventional multiloop fRG equations [KD18b, KD18¢, KD18d], only
the one-loop equation (3.47a) contains additional terms, which explicitly depend on the
differentiated bare interaction U. In Sec. 3.5.3, we will combine the terms that explicitly
depend on U into a bosonic single-scale propagator.

The flow equations for the SBE objects can be derived in two different ways: First, we
derive them by differentiation of the SBE equations (3.38). Second, we insert the SBE
decomposition of 7., Eq. (3.28), into its flow equation .., Eq. (3.17). Both derivations are
analogous to those presented in Ref. [P1]. We see that the two different approaches are
equivalent also when the terms generated by the cutoff dependence of the bare interaction
U # 0 are included.

3.5.1. Derivation from the SBE equation

Similar to the two-particle reducible vertex +,, the MBE vertices M, fulfill Bethe—Salpeter
equations [cf. Eq. (3.38f)]. Compared to the conventional Bethe-Salpeter equation (3.38a),
v is replaced by M, I, is replaced by T, — M, and T is replaced by T, (cf. Tab. 3.1).
From Eq. (3.17), we directly obtain the differentiated multi-boson exchange vertex:

M,=T,oll, 0T, + (T,—M,) oI, o T, + T, o I, o (T, — M,) o II, o T,
+ Tr © Hr o (TT‘_MT‘)
=T, oll,oT,+ (I,—U)oll, 0T, + T, oIl 0 (I,—U) oI, o T, + T, o Il, o (I,—U).
(3.48)
In the last line we made the dependence on the U explicit by using T, — M, = I, — U,
Eq. (52b) in Ref. [P1].

The Hedin vertices A, and ), fulfill Schwinger-Dyson equations (3.38d)—(3.38¢), which
in the following are differentiated as well. Here, we use the differentiated form of
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3. Effective bosons and the functional renormalization group

T, — M, = I, — U, Eq. (52b) in Ref. [P1], and insert Eq. (3.48) for M,.:

A\ =T ol 01, +Tholl, 01,
= ([,—U)oI, o1, +T,0ll,oT, oM, 01, + (I,—U)oIl, 0T, o1Il, 01,
+TToHTo(_fT—U)oHToTroHTolT+TroHTo(I}—U)oH,«ol,«—FTrofI,«olw
=T.oll, o)+ ([,—U)oIl, oA + T, oIl 0 ([,—U) oIl o A, (3.49a)
AM=10Il, 0T, +1,01l, 0T,
:1TOHTOTT+1TOHTO(I}—U)—|—1TOHTOTTOHTOTT+1roHTo(TT—U)oHroTT
—l—lroHToTToHTo(L—U)oHToTr—I—lToHroTToHTo(fT—U)
=Noll,oT, + N\ oll,o(l,—U)+ N\ oM, o (Il,—U)olIl, oT,. (3.49D)

The bosonic self-energy P, fulfills the Schwinger—Dyson equation (3.38b), which is
differentiated as

P.=1,01l,0)\ +1,00, 0\
—1,0ll, 0o\ +1,0l,0T,0ll,o A + 1,0, 0(l, —U)oI, o0\
—i—lrol_[TOTTOHTO(I'T—U)OHTOXT
=Moll,oA +\oll,o(l,—U)oll, 0\, (3.50)

Here we inserted Egs. (3.49) and Eq. (3.38d).

Finally, we give a differentiated version of the bosonic Dyson equation (3.38¢):
ﬁr:U+U'Pr'nr‘{'U'Pr./r’r_'_U.P’l‘.ﬁT" (351)

The differentiated object, here 7., appears on both sides of the equation. To obviate this,
we use the inverted bosonic Dyson equation:

N =U+UsPoen,=Ue(1l,—UesP) ' =Ue+(1,+n,.+P,). (3.52)

With this, Eq. (3.51) reads

ﬁr:(lr_U°Pr)_1° [U'(1r+Pr°77r)+U°PT°77T]

(]-r_l_nropr)' |:U'(1T+Pr'77r)+U‘Pr'77r:|
(Lm0 B)eUs (Lo Prony) + s Proy. (3.53)

Inserting P, Eq. (3.50), into Eq. (3.53) yields

T]T-PT-T)T:77ro)\roﬁroj\r-m—l—m-)woﬂro([}—U)oﬂroﬂr-nr. (3.54)
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3.5. Interaction flow in the SBE formalism

In Sec. 3.5.3, we elaborate that the first term, which depends explicitly on U can be
understood as a bosonic single-scale propagator while the second term serves as a Katanin
correction [Kat04] to the differentiated bosonic propagator 7,.

While the differentiated parquet equations (3.17) do not explicitly depend on U, the
differentiated SBE equations Eqs. (3.48)—(3.53) are explicitly modified by U.

3.5.2. Derivation from the parquet multiloop fRG equations

Besides starting from the SBE equations (3.38), discussed in the previous section, we can
derive the flow equations for SBE vertices from the parquet multiloop fRG equations (3.17).
As shown in Ref. [P1], these two different derivations lead to identical flow equations
for the bosonic propagators n,, Hedin vertices A, A, and MBE vertices M, in the
context of the conventional flow scheme (where the flow parameter is only introduced
via Gy — Go(A)). We will see that this equivalence also holds in the framework of the
interaction flow.

We consider first the SBE decomposition of ~,, Eq. (3.28), and differentiate it with
respect to the flow parameter A. Within the interaction flow U # 0, this yields

77":j\r°77r'/\r+5\r°7.]r°)‘r+5‘T°77T°}‘T+MT_U‘ (355)

We then exploit the parquet multiloop fRG equations as follows: we start from Eq. (3.17)
and then introduce U at the expense of [, using Eq. (3.46). This translates into

4p=Toll,ol +4z0l, 0ol +Toll, 04 +Toll,o4oll, o
+Uoll,ol+Toll,olU+Toll,oUoll ol. (3.56)

We then replace I' in the latter result by SBE vertices with the relation I' =V, + T,.:

o= (A om oA+ T) o1l o (Ao e A+ T,)

+iroll o (A e oA +T))

+ (Ao e A+ T) ol 0 55

+ (Aempe N+ T) oIl 0dr 0Tl 0 (A en o A+ T)

+UoIl o (Aen A +T,)

# (renped +T) 0T 0 U

+ Mmoo+ T) ol oUoIl o (A emy e A +7T,). (3.57)
To identify the individual contributions to the flow equations, we have to further manip-

ulate the last three terms, which explicitly depend on U. Here, we make use of the fact
that U does not depend on frequency (momenta) and their summation can be excluded
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3. Effective bosons and the functional renormalization group

according to
Uol,ol =Ue (1,01, 0T), Toll,oU = (Toll,01,)sU. (3.58)
With this and by using the SBE equations (3.38), the first term yields
Uoll,o(Avenp oA+ 1) =Us (1,0l 0 A o7, 0\ + 1,011, 0T})

:U'(Pr'nr')\r+>\f_1T)
=Ue(1,+Pren)e ) —U. (3.59)

The analogous calculation for the second term yields
(5\r°77r')\r+Tr) OHTOU: (5\7".777")\1“01_[7“01T+Tronr01r> 'U
- (S‘T°77T°PT+5‘T_1T>.U
=N e(L,4+nP)U—-U, (3.60)

and for the third term

AremeX +T) ol oUoM, o (A en e A + 1))
=(Aemedollol, +Tollol,)eUs (1,0l 0 A oo A+ 1,010 T))
=Moo Pt A —1)eUs(Prene A+ A —1,)
=X e (L+moPR)eUs(l,+ Pren) e,

Ao (Lo P)eU—~Us (L, +Pen) +U. (3.61)

Summing over the three terms, Egs. (3.59)—(3.61) yield

Uoll,ol'+Toll,oU+Toll,oUoll, ol
=N oe(L,4+m0P)eUe(l,+P.on)e\ —U. (3.62)

We conclude that only the differentiated bosonic propagator 7, carries the modifications
due to terms including U in the parquet multiloop fRG equations.
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3.5. Interaction flow in the SBE formalism

Inserting Eq. (3.62) into Eq. (3.57) gives

Yp=(Troll,o N\, + 40, 0N 4+ Tp oIl 04z 0 I, 0 A) e 1y o A,
+ Ao (oA olloXen + e Aol ofroll 0N em,) e A,
+ Ao (L4 oP)eUs(1,+Prom) e\
+5\,,-7]T.()\TOILIToTr—i—)\ToHTo%-i—)\ToHTo%oHToTr)
+Toll,oT +A-0M, 0T, +T,0Il, 0% 4T, oI, 04 oI, o T,
—-U. (3.63)

Comparing the terms with Eq. (3.55), one can read off the flow equations (3.48)—(3.54)
for the SBE vertices. So the two derivations are consistent.

3.5.3. Single-scale propagators

One of the main advantages of a cutoff dependence in the bare interaction, i.e., U # 0
is the additional degree of freedom to solve the fRG equations along the flow. Here we
show that the cutoff dependence U # 0 has a direct impact on the bosonic propagator
and thus serves as a regulation tool of bosonic fluctuations.

Let us first recall the flow equation for the full propagator G. When taking the
derivative of the fermionic Dyson equation,

G=Go+GXG=Gy+GXGy=G'=G;' - %, (3.64)
two terms appear:
G=—-G(0\Gy' —%)G = -G (0,GyH) G+ GXG. (3.65)
The first term is known as the single-scale propagator,
S = 0ply_oG = —G (WG )G =GGy' ' GoGy'G=(1+GX)Go(1+XG), (3.66)

and does not involve a differentiation of the self-energy . The above relation shows
that the single-scale propagator S is only finite if there is a cutoff dependence of the
bare Green’s function, i.e., Go £ 0= S #0 (strictly speaking Gj' # 0 is required, too).
In the case of a pure U flow, the whole cutoff dependence on three Green’s function is
induced by the second term involving Y. That is why the inclusion of the second term
in Eq. (3.65), also known as Katanin substitution [Kat04], is crucial for a more direct
influence of the U flow.

The bosonic propagator 7, fulfills the bosonic Dyson equation (cf. Eq. (41b) in Ref. [P1])
with its bare counterpart U and the polarization P, as its corresponding bosonic self-
energy. The resulting flow equation is analogous to that of the fermionic propagator in
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Eq. (3.65):

Ny =U+UsesP.en,=U+Pon.=n'=U"'-P, (3.67a)
=1 = —1p 0 (OAU ' — PT) N, = —1) (8AU_1) N+ Mo P Ny (3.67Db)

In analogy to the fermionic case [cf. Eq. (3.66)], we define the bosonic single-scale
propagator .5, and identify it with the first term in Eqgs. (3.53) and (3.67b):

Sy = aA‘Przonr == aA(U_l) TN =T U eUsU" r

= (1L, +n,+P)eUs(L,+ P.on,). (3.68)

In particular, we conclude that the bosonic single-scale propagator S, only exists if
U # 0. In that sense the flow equations of the fermionic and bosonic propagators G,
Eq. (3.65), and 7,, Eq. (3.67b), are complementary. Their single-scale propagators are
directly influenced by Gy and U, respectively, while the Katanin substitutions, involving
> and P,, take along a dependence on both cutoff scales.

Surprisingly, the bosonic single-scale propagator .S, captures all terms contained in
4y, Eq. (3.56), that explicitly depend on U. From Eq. (3.62), we conclude the following
relation:

UOH,,oF—f-FoHToU—I—FoHroUoHTOF:XT-S,]7_°)\T—U. (3.69)

Since all changes of the conventional flow equations can be incorporated through the
single-scale propagator, this allows a minimal change in numerical implementations.

As mentioned below Eq. (3.66), an inclusion of the self-energy flow Y is crucial,
especially in a frame where only U depends on the regulator, i.e., Gy = 0. In our
numerical treatment, the self-energy flow is computed via the differentiated Schwinger—
Dyson equation (3.45) using SBE vertices.
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4. SBE formalism for two particle types

“Software and cathedrals are much the same — first we build them, then we pray.”
Samuel T. Redwine, Jr. — 4th International Software Process Workshop (1988)

In the previous chapter, the single-boson exchange (SBE) formalism was derived for generic
fermionic models with a quartic interaction. Here, we specify the formalism for Hubbard-like
models with two distinct particle types. In contrast to many other applications, we do not
impose SU(2) spin symmetry here. We present the structure of our code for solving the SBE
equations and fRG flow using imaginary frequencies in the Matsubara formalism. A nice
benchmark model is a single-site Hubbard model, the so-called Hubbard atom, in a magnetic
field and at arbitrary filling. We provide analytical formulas for the individual SBE vertices
belonging to the generalized Hubbard atom. In the end, we include an application of the
two-dimensional Hubbard model, where it is shown that a truncation in the momenta may
spoil the results for the self-energy computed in the SBE formalism.

4.1. Correlation functions and vertices

This section deals with a specific case of the SBE formalism introduced in Sec. 3.3 where
the indices of the vertex I'yo 12 only refer to two particle types denoted by 1 and |.
We discuss the structure of the SBE equations and show how symmetries reduce the
numerical effort to compute the SBE vertices.

4.1.1. Basic definitions

In the correlation functions and vertices presented in Chapter 3, the indices 1’,2/,1,2 are
kept general, i.e., they include frequencies, spin indices, momenta and other variables.
In the following, we focus on the frequency dependence. As discussed in Sec. 3.3, we
assume a bare vertex Uy 12 that does not explicitly depend on frequencies apart from
respecting frequency conservation (cf. Eq. (15) in Ref. [P1]). The four-point vertex can
thus be parametrized using one bosonic frequency w and two fermionic frequencies v, 1/
in the three diagrammatic channels of two-particle reducibility. In this chapter, we use
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4. SBE formalism for two particle types
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Figure 4.1.: Frequency conventions for the four-point vertex I' in the respective channels of
two-particle reducibility.

the following conventions:

Lo(w, v, V) =T(v, v +w, v+ w), (4.1a)
Lp(w, v, ) =T(—v,w+v| -V, w+1), (4.1Db)
Li(w,v, V) =T(w+ 1V vV, w+v), (4.1¢)

which are depicted in Fig. 4.1. For transforming from one channel to the other, one has
to apply the following linear combinations:

Wq 1 1 1 W Wq 0 1 -1 Wi
v, 0 -1 0 vp | v, | = 1 0 1 v |, (4.2a)
v, 0 0 -1 v, v 0 0 1 vy
wp 1 1 1 Wa Wy 1 1 1 Wi
Vp 0 -1 0 Vo |, v |l=(-1 0 -1 v, (4.2b)
v, 0 0 -1 v v, 0 0 -1 vy
Wy 0 1 -1 Wa Wy 0 —1 1 W
vy 1 0 1 Vo |, v, | = 1 1 0 p (4.2¢)
vy 0 0 1 v, v, 0 0 -1 v,

To save space, we usually do not carry the channel index r along all the frequency
arguments. As done in Eqgs. (4.1), the channel r of the frequency parametrization can be
marked by an index of the vertex I, which for the full vertex I" does not indicate any
two-particle reducibility. Moreover, we may use square brackets around the vertices to
indicate that the frequency arguments are transformed from one channel to the other.
For example, a vertex originally given in the parametrization of the a channel converted
into the p channel can be denoted as
[Calp(wp = wa + Vo + V), vy = =14, 1’0 = —v/) or simply [[o]p(w + v+ v/, —v, —1/).
(4.3)

The transformation from channel r to channel 7/, Eqgs. (4.2), can be written in an even
shorter way by using the notation v,/(v,). (We denote the triplet of frequencies by a
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4.1. Correlation functions and vertices

'Y P P 'Y ' P

T 't | it it IR

N\, N\,

» ¥ > K ¥ »

Figure 4.2.: Spin components of the four-point vertex I'. The 1 component is represented by a
solid leg and the | component by a dashed leg.

bold symbol v, = (w;, v, v,).) In the example of Eq. (4.3), we thus consider I'(v,(v,)).

Let us now specify the spin structure of the vertex functions. We consider models of
two distinct particle types denoted by 1, ] and also referred to as spin components. We
consider the case where the generic action, Eq. (3.1), is replaced by the following form:

§ =4 2 WG W) = § WG] ¢ w)
_ UN[% Z ET(V)Ei(V +w)c¢(y’ ‘f‘u))CT(l/), (4.4)

w,v,V’

This action does not allow spin flips of single particles so the propagators are diagonal
with respect to their spin components, i.e., (c'(v)c*(v)) = 0 = (cH(v)c'(v)). For the
four-point vertex I', there are in general six different spin components:

[™ =Ty, TN =Ty, I =Ty, (4.5)

and the components ', Fﬁ, '™ that are obtained by exchanging 1 with |. The
corresponding diagrams are shown in Fig. 4.2. Note that by definition I'' = I''" and
TH =T,

The Bethe-Salpeter equations (3.10) involve summations over different indices of four-
point objects, which differ for the three diagrammatic channels r = a, p,t. For a more
compact notation of these summations, we introduced channel-specific products, which
we denote by the symbol o (cf. Egs. (4.6) and Egs. (6) in Ref. [P1]). For the respective
spin components, Eq. (4.5), the products of a four-point object A, with another four-point
object B, are given by

[As 0 By = ATBI, [A, 0 BT = ANBIT + ANBY, [A, 0 B, = AI'BIV + AN B,

(4.6a)
[4,0 B,)"T = AI'BIT, [A, 0 B,]"" = AlVBI¥ + AI'BIT [A, 0 B,]" = AIVBI* + AV BT,
(4.6D)
(Ao BN = ANBIY, (Ao BIW = AFBI" + APBI, (4,0 B = AT'BI" + A;'B]Y,
(4.6¢)
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4. SBE formalism for two particle types

and respectively for the remaining components by exchanging 1< |. Equations (4.6)
suggest that each diagrammatic channel has diagonal spin components (1] and |1 for a,
™ and || for p, Tl and iAT for ¢) and non-diagonal spin components. For a more compact
notation, we arrange the spin components of a four-point object A, in 4 x 4 matrices
according to the diagrammatic channels:

A0 00 0 A0 00 AY 0 0 o0
0 A" 0 0 0 Ar 0 0 0 AT o0 o
Aa= +oaf ] A= Lot A= t
0 0 A" Al P 0 0 A]T3 Ap 0 0 AIT AiT
0 0 AT AR 0 0 Af AT 0 0 A A
(4.7)

This way, the effect of the o product [cf. Egs. (4.6)] is just obtained by simple matrix
multiplication over these 4 x 4 matrices. Due to fermionic crossing symmetries, i.e.,
Uvarjig = —Uyirj12 = —Uyprgrja1, there is only one independent spin component of the bare
vertex, namely U™, which appears in the action, Eq. (4.4). Hence, the corresponding
4 x 4 matrices have a simpler structure:

10 0 0 00 0 0 -1 000
01 0 0 00 0 0 -1 00

_pytt —_yt —yt

U”Uoo 0—1’UPU0011’UtU 00 1
00 —1 0 00 —1 1 0 010

(4.8)

Besides vertices, Bethe-Salpeter equations contain the bubbles II, as products of two
Green’s functions. With respect to their spin components, their general form (3.11) is
reduced to

M w, ") = GT(V")GHV" +w), (4.9a)
I (w, ") = LGN (/") GHV" + w), (4.9b)
I (w, V") = —G*"GT (V' + w). (4.9¢)

Since the propagators do not change the spin flavor, some components of the bubbles
vanish, i.e., [I[[* =0 = HIT} = HP, so in their matrix representation they are all diagonal:

ms 0 0 0 mt 0 0 0 m* o 0 o
0 I 0 0 0 I¥ 0 0 o T o0 o0
et a prng p prmng t
Ha 0 0 Hy 0 ’ Hp 0 0 H;J’ 0 ’ Ht 0 0 HIT 0
0o 0 0 I o 0 0 I 0o o0 o 1

(4.10)
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4.1. Correlation functions and vertices

This simplifies the identification of the spin components in the Bethe-Salpeter equa-
tions (3.13), 7. = [, oI, o I':

AT = TR VZT yar| _ (1T e [mitoo gt (4.11a)
a atat o ﬁT vii_ _ It ]ii_ I _pw pu_’
= et ’Yza 'Va = [% [zﬁ L Ou] Fﬁ FE : (4.11b)
% % _]p Ip_ 0 I _1" r |
N P Yt it
i e v | (e I (e 0T ‘ A11
e sl B LA N O s B A (4.11c)

Using the frequency conventions from Eqs. (4.1), the Bethe-Salpeter equations (3.13)
include the following frequency summations (cf. Eq (20) in Ref. [P1]):

Yo (w, v, V) BZI w, v, V") o Il (w, V") « T (w, V", V). (4.12)

As in Ref. [P1], the s product only refers to the summation over spin indices, not frequency
arguments (or momenta).

In the following, we give the spin structure of the single-boson exchange (SBE) vertices,
which are defined by the so-called SBE equations (cf. Eqs. (41) in Ref. [P1]).

We start with the multi-boson exchange (MBE) vertices M, (w, v, ') that are U irre-
ducible, but two-particle reducible. They strictly depend on three frequencies and are
therefore the most expensive objects to compute numerically. The MBE vertices fulfill
Bethe-Salpeter equations whose spin structure is the same as in Eqgs. (4.11). We therefore
just write their frequency summation analogous to Eq. (4.12) (cf. Eq. (41h) in Ref. [P1]):

M (w,v,V) = 3 Z (w, v, V") = My (w, v, V)] o I (w, V") o T, (w, V", V). (4.13)

V/l

Here, T, contains the parts of the full vertex that are U irreducible in channel . We
postpone their definition to the end of this section [cf. Eq. (4.24)].

As a second ingredient, we have the Hedin vertices A, (w,v) and \.(w, ') that describe
interactions between one exchange boson and two fermions. They depend on one bosonic
and one fermionic frequency and are computed by Schwinger—Dyson equations involving
the U-irreducible vertices T, (w,v,’). In the following, we subdivide them into an
asymptotically decaying part A, (w,v) = A\ (w, ) — 1, A(w, V') = A\ (w, /) — 1, and into
the constant part 1,. The latter is the identity operator with respect to the « product
in channel r (cf. App. C.2). In the notation of 4 x 4 matrices, Eqs. (4.7), 1, is simply
given by identity matrices. By this consideration, the Hedin vertices have the following
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4. SBE formalism for two particle types

asymptotic values for |w| — oo (cf. Egs. (41d)—(41e) in Ref. [P1]):

AEAT 51 AP0, MDA S 1 A S0, A AT, AV 00 (414)
The same is valid for A, and the flipped spin components (1< ). The spin structure of
the Schwinger—Dyson equations for the (asymptotically vanishing parts of the) Hedin
vertices is given as

)\Ti TTiHTi -iZT j\j}- — -TaTT chi- HZT 0 i -TCLTTHZT TLTJ’H%LJ’- 4 15
NUOXS T e L0 I TR TR | (4.152)

R L | R s e o TR
_)‘zivT )‘ﬁ_ _Tp Tp | 0 Hp _Tp Hp TpTHp ]

— Ce I A et Mt o ettt i

Y — A R I I t t _ |t t 4.15

e o Al Cra s 13 I Bl Vi rtic & (4.15¢)

TR DV Y IO A T v I D A o VA I

a T tta ta > 5\3} S\Ciﬁ - 0 Hi,i TC{T Tii - HiiTaJT HiiTji ) ( a)

o [55)- 05 )5 ][5 5] o
B I O 4 B 3 I D1 vl

. . 'S\TT /N\ﬁ' 'HTT 0 7 TTT TJ/T' 'HTTTTT HTTTM

£ _ bt _ _

A =11LT, _5@ ;Zu_ = 6 | _Ti” TZ“_ = _H?sz H@Tﬁ“ . (4.16¢)

On the other hand, the frequency summations involved in these Schwinger-Dyson
equations are given by

(W, v) BZT w, v, V") o Il (w, V"), (4.17a)

,BZH w, V") e T, (w, V", V). (4.17b)

VN

Finally, we have the bosonic propagators n,(w) describing the exchange bosons of the
three diagrammatic channels. The bosonic propagators depend on one bosonic frequency
w. For practical reasons, we separate it into a part 7,(w) = n,(w) — U that vanishes for
|w| — oo and the constant contribution given by the bare interaction vertex U. The
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4.1. Correlation functions and vertices

bosonic propagators fulfill the following Dyson equations (cf. Eq. (41b) in Ref. [P1]):

At AL 0
it = Ut pig i, 77a M| _
KA I
it =0, ﬁg} | - UE
At oat| U
ratt
Al — gt piy h I i I _ Ou
7 T U

| P
0 paﬁ
[ pi
1 :
U I pI}T
UN' r PtTT
0 I PtN'

P
pH

77(1 e

. (4.18a)

., (4.18b)

(4.18c¢)

Here, we make use of the polarization P,, which takes the role of a bosonic self-energy.
Equations (4.18) do not involve any summation over frequencies:

(W) =

UsP(w

) o nr(w).

(4.19)

The bosonic self-energy P,(w) is obtained by Schwinger—Dyson equations involving the
Hedin vertices (cf. Eq. (41c) in Ref. [P1]). Their spin components yield

_ pit ptl Tt
N A N a a — a
Pa _Ha)\a_AaHa’ PaJT pii __0
_)\LTIT
PIT =TT = AT, piv PRI
pit pH 0

P p L
[
_/\p
. pTT P‘LT 'HTT

AT Nt

_)\IT

01 (AT
) [
] iy
ik

w} i\y
Hp ,\y
Agi {H}}
Ay 0

e
I (A
i
A

These involve the following frequency summations:

Ar(w, V") =

521_[ w, V"

1
B
!

N
PVt

-
I+

a |

HZT {\ZT
T
AETHZT
A

BEw
g
_Hp /\p
[\t
e
_/\p Hp

0
_Ht >\t
i
_>\t Ht

Z Ar(w, V") o I, (w, V7).

TITA]
IH A
A
AT |
(4.20a)
i
Hp /\p ]
o
)‘p Hp ]
(4.20D)
)
Ht >‘t
v
)\t Ht
(4.20¢)

(4.21)
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4. SBE formalism for two particle types

The product of two Hedin vertices ), \, with one bosonic propagator n, in the middle
gives the U-reducible contribution V., of the full vertex I' in a specific channel r. The
spin components are computed as

L s T A I e B A A P A (4.222)
a a'la Na _vg Vﬁ_ _)\g )&_ _niT 773#_ _,\y )\gi_’
ot o] [ ] [ o] e ]
=0 NN A ] K G A PR B
|V P | L 'p p | T T | [N D |
SN AT N
Vo Vi A AT e AN

Importantly, the computation of V, does not involve any frequency summation:
Vo(w, v, V) = M(w, v) s np(w) » A\ (w, V). (4.23)

From this, we can compute the U-irreducible vertices T, with respect to the channel r,
which are given as (cf. Eq. (41f) in Ref. [P1])

To(w, v, V) =T (w, v, V') = V. (w, v, 1V)

Ro(w,v, )+ > Mu(vp(v,)+ Y Vu(vw(v,)) —2U. (4.24)

r'=a,p,t r/Zr

Here we use the notation for frequency transformations introduced after Eqgs. (4.2).
R = R — U is the rest function of the full vertex, which is neither two-particle reducible
nor U reducible (in the parquet approximation, we set R = 0). The subtraction of
2U ensures that T, itself does not contain any constant bare vertex U since T, is U
irreducible.

4.1.2. Symmetries

The equations discussed in the previous section can be simplified and shortened by the
usage of symmetries, which reduces numerical costs tremendously. In particular, the
parquet and SBE vertices satisfy crossing symmetries and the physical applications we
consider additionally fulfill time-reversal symmetry.

Crossing symmetries

The indistinguishability of fermions combined with Pauli’s exclusion principle leads to
the so-called crossing symmetries of the vertices. In its most general form, we have

F1/2/‘12 == —F2/1/|12 = —F1/2/|21 = F2/1/|21. (425)
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4.1. Correlation functions and vertices

Now, we apply the frequency parametrization, Eqgs. (4.1), and the spin components,
Egs. (4.5), introduced in the previous section. The crossing symmetries, Eqs. (4.25), then
take the following form:

M w, v, V) = —Fﬁ(w, v, V) =TI (~w,V+w,vtw) = —Ffi(—w, Vtw, v+w),
(4.26a)
i _ _rt 4 _ 4
I w,v,t) = T (w,v, =V —w) =T} (w, —v —w, =V —w) = T} (w, —v—w, V),
(4.26b)
I (w, v, V) = —Fﬁ(w, v, V) =T (—w, V4w, v4w) = —Fll(—w, Vtw, v+w).
(4.26¢)

The symmetries for I''T and T* trivially follow from these. The crossing symmetries,
Egs. (4.26), are valid for all four-point vertices, which depend on three frequencies. We
conclude that crossing symmetries relate the a- and t-reducible diagrams to each other
such that for numerical computations we can fully drop the computation of one of them
(in our case: the ¢ channel). Moreover, p-reducible diagrams are related to themselves.
The simplifications evoked by that are discussed in the following.

From the definitions of the bubbles I, Egs. (4.9), we can set up analogous symmetry
relations:
I w, ") = -1 (w, V") = I (—w, " + w) = =TI (—w, V" + w), (4.27a)

a

¥ (w, V") = 1IN w, —v" —w). (4.27b)

We call these the crossing symmetries of the bubbles.

With the crossing symmetries of four-point vertices, Eqs. (4.26), and the bubbles,
Eqs. (4.27), the spin structure of the Bethe-Salpeter equation in the p channel, Eq. (4.11b),
can be written as

% Z ]gl(w, v, V") (w, V")Fﬁ(w, 778

V//

= 13" IHw, v, — )T, " — )T w, —" — w, )

v

- % Z Igi(w’ v, V//)Hgi((’% I//)F;}(wu Vl/v V/)u (428)

v

such that the matrix form in the p channel is superfluous:

_ RNt LAt gt It
vt = I 4 VI = HoTIi Tt (4.29a)
L et LIt — ot
QAR g ¥ Khg NASRED A9 Vhdl BANE ARV ERg Mk (4.29b)

Combining the crossing symmetries of the U-irreducible vertices T,.(w, v, V'), Egs. (4.26),
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4. SBE formalism for two particle types

with those belonging to the bubbles II.(w,v), Egs. (4.27), we deduce crossing symmetries
for the Hedin vertices A, and A,. In particular, for the p channel, we deduce

j\y(w,y ZTTT w, v, V) (w, V" ZTTT w, v, =" — W) (w, =" — w)

= —VZTJT(w, v, /") (w, ") = —Vj\y(w, V) = iy(w, V") =0, (4.30a)
iz}(w, v) = ZVTpﬂ(w, v, V)N (w, V") = — ZTpN(w, v, =" — ) (w, =" — w)

- —VZTgi(w, v V)T (w, ") = —Vigi(w, V). (4.30b)

V//

In the last step, we shifted the frequencies v’ that are being summed over. By similar
arguments, we obtain the following crossing symmetries:

ANHw, V) = A (w, V) =2 (—w, v+ w) = A (—w, v +w), (4.31a)
MHw, ) = /_\fT(w, V) =M (—w,v+w) = M (-w,v+w), (4.31Db)
;\IT)J’((,«), V) = —S\ﬁ(w, V') ::\y(u), -V —w) :—S\y(w, -V —w), (4.31c)
X]Tf(w, V) ——j\f(w, —V—w) = Xﬁ(w, —V—w) = —)\y(w, v), (4.31d)
M w, v) A (w,v) = M —w,w+v) = M(~w,w+v), (4.31e)
M (w, V) = )\ﬂ(w, V) :5\6}(—% w+) = M(—w,w+1). (4.31f)

We conclude that there are only two independent components left for the Hedin vertices
Ap and A, respectively. Their matrix structure is thus simplified as

W—O_A ,

P

L U L PO
AR AP o B I BT
)\p /\p —>\p )\p >\p )\p —A, >

To obtain the full Hedin vertices A\, = 1, + ir and A\, =1, + S\T, there appear additional
constants depending on the spin components [cf. Eq. (4.14)]. Note that the matrices in
Eq. (4.32) are not invertible anymore. The consequences of that are discussed below.

Equipped with the crossing symmetries for the Hedin vertices, Eqgs. (4.31), we deduce
the symmetry relations for the bosonic self-energy P,. In the p channel, we have the
following relation by using )\N = )\N = —)\N =1— At and )\N = )\N =M =1- M

PN =3 ZHN W,V ))\N (w, V" =3 ZHN w, ") [1 = Al (w, "))
=1 Z ¥ (w, V") — P (w) (4.33a)

VN
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Z)\wa)H“wV 52 [1 = XM w, ") T (w, V")
=33 MM w,v") = P (w). (4.33D)
With the crossing symmetries of the bubbles, Eqgs. (4.27), we further have % Yo H}f(w, V")

= % Yo HIT} (w, V). Hence, all the components of the bosonic self-energies in the p channel
are related to each other. To simplify the treatment of P, and to get rid of the explicit
summations over bubbles, we can express P, by a single component, defined as

Pﬁ(w) = Pﬁ(w) — Pp”( )= 2PN ZHN (w, V"

Y ) - 1] e )

V”

,BZ 22X (w, =" —w) = 1] T (w, =" — w)

=1 Z 2\ (w, ") — 1] T (w, ") = P (w) — P (w). (4.34)

In this calculation, we made use of the spin structures for P,, Eqgs. (4.20), as well as
the crossing symmetries for II,, Eqgs. (4.27). Similarly, we define ]SJ¢ = 2(P¥ — B,
PIT=2(P/T — PI¥) and P/T = 2(P}T — PI*). In total, the crossing symmetries for the
bosonic self-energy are

PiMw) = —P/1(w) = P (~w) = —F*(~w), (4.35)
PHw) = —Pl(w) = P(w) = —PH(w), (4.35b)
PMw) = —P(w) = P(~w) = —=P*(-w). (4.35¢)

Arranging f’p in matrix form also yields a non-invertible matrix.

The parts 7,(w) = n.(w) — U from the bosonic propagators that vanish in the
limit |w| — oo actually coincide with the first asymptotic class 7, (w) = Ky, (w) =
limyy | jp/ |00 Vr(w, v, V). Crossing symmetries for the bosonic propagators can thus be sim-
ply obtained by dropping the arguments of the fermionic frequencies v, v" in Eqgs. (4.26):

mitw) = =i () = nif () = —nf*(~w), (4:362)
¥ (w) = —nZAi(w)Znif(w) Z—Tlf,f(w% (4.36b)
@) = =il (@) = ni" (~) = =l (). (4:360)

In particular, Eq. (4.36b) implies that there exists only one independent component
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4. SBE formalism for two particle types

of the bosonic propagator in the p channel. Equations (4.36) are in fact equivalent to

the crossing symmetries of P, Eqs. (4.35). Similar as for the Hedin vertices A, Ap [cf.
Eq. (4.32)] and the bosonic self-energy P, [cf. Eq. (4.35b)], the 4 x 4 matrix for 7, is not
invertible, either.

Let us consider the matrix form of 7,, Eq. (4.18b):

1 -1 (1 -1 1 -1

o _yt 1
p {—1 1} =U -1 1} "y {—1 1}
58 5]
_Pp _Pp Pp _Pp -1 1

s [ 1 -1 1 -1 - 1 -1
=U™pHt [_1 1] n [_1 J = yhapingl [_1 11. (4.37)

L pfl
o
Pp Pp

Although the 2 x 2 matrix on both sides of the equation is not invertible, every spin
component has its unambiguous form. The bosonic propagator 7, is either multiplied by
one-dimensional objects of the same structure, i.e., U, and Pp, or two-dimensional objects,
Ay, and A, with the structure given in Eqs. (4.32). We consider the matrix products,

{—1 _ﬂ {—i _ﬂ :2{—1 _ﬂ (4.38)

| R Rl | B [ SR Sl

and conclude that the products ip e7p and 7, ¢ Sxp keep the matrix structure of the

two-dimensional objects, A, and \,,

(5 e T e 17] AL\

[/:\p M) ) [i‘p M) _ i‘p i‘p 277;¢7 (4.39a)
(oo mpl T Do) [=NT A

1y * :\pni [1p xp}ﬂ — ol g‘y _g‘f (4.39b)
[77p ¢ /~\1>]H [np ¢ 5‘17}“ K _)\y )\f ' |

The effect of the multiplication with 7, can thus be reversed by dividing the products

Ap+ 7, and 77, « A, by 1/(271+). The appearance of n; ! in Egs. (78)—(80) in Ref. [P1] and
the usage of the 4 x 4 matrices, Eqs. (4.8), is therefore no matter of concern as long as
one takes care of the above relations in the p channel (see also App. C.4).

Similar to the Bethe-Salpeter equations in the p channel, Egs. (4.29), the product for
the U-reducible vertex V,, = A, ¢n, A, is simplified according to the reduced dependence
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4.1. Correlation functions and vertices

of 1, 5\p, and Ap:
— (9 1 1 (9) Loyt
VI =AY = Dplt2Aly — 1), VIV = @AY = D)pltEaly — 1), (4.40)

In our numerical computations, we therefore save and compute the Hedin vertices always
in the combinations 2)& — 1 and 2)\;¢ — 1. Their constant parts are given as

N _ oYM 11 _ o\ Tt
AP —1 =2+ 1, 2 —1 =2\ —1. (4.41)

With the crossing symmetries, the objects in the ¢ channel can be completely expressed
through the objects in the a channel. Further, they simplify the expressions in the p
channel significantly such that the matrix formulation becomes superfluous there.

Complex-conjugation symmetry

The symmetry of complex conjugation originates from the relation (¢ - - - ¢,)* = (¢l - - - éD
with fermionic operators ¢y, ..., ¢, (cf. Sec. 2.2.1.3 in Ref. [Roh13]). For the one- and
two-particle correlation functions, this translates to

[G1|1/(V)]* — G1/|1(—V), [G%)H/Q/(Vb Vo, V17, 1/2/)]* = G%,m(—yy, —Vyr, —U7, —VQ).

(4.42)

Since the vertex I' fulfills the same symmetries as the correlation function G®, we deduce
the following symmetry relations using the frequency conventions, Eqs. (4.1):

[I‘Zi(w, v, V)] = in(—w, -, —v), [Fgl(w, v, V)] = FgT(—w, —v, —v), (4.43a)

[T (w, v, V/)]" =TI (—w, =/, —), [T (w, v, V/)]* = T4 (—w, =/, —v), (4.43D)

[F?(w, v, V)] = in(w, —v—w, -V —w), [Fﬂ(w, v, V)] = Ftﬁ(w, —v—w, -V —w).
(4.43c)

By analogous considerations as for the crossing symmetries, we deduce the following
relations for the SBE vertices:

ntw) =ht W), W) = )l (4.44a)
E‘ZJ,((JJ’ v) = [)‘y(_w? —v)", E‘I}(wa v) = [)‘ﬁ(_wa -, (4.44b)
MHw,v) = WH=w, =), Al w,v) = M (—w, —1)]". (4.44c)

Especially, these symmetry relations combine the Hedin vertices A, and A, with each
other and reduce the frequency values needed for numerical computations.
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4. SBE formalism for two particle types

Time-reversal symmetry

The system we are considering is time-reversal symmetric, i.e., the action, Eq. (4.4), is
not supposed to change under a sign change of momenta, angular momenta or a magnetic
field. This can be adjusted by the dependencies of the bare Green’s functions Gg’i and the
bare interaction U™. Even the Hamiltonian of the generalized Hubbard atom, Eq. (4.86),
is time-reversal symmetric despite the magnetic field h. This is because the magnetic
field there is only pointing in z direction. While for non-relativistic quantum mechanics
time reversion is implemented by complex conjugation of its wavefunctions, the time
reversal symmetry of correlation functions in imaginary time is revealed by the fact that
the latter are purely real (cf. Sec. 2.2.2.3 in Ref. [Roh13)):

[G%)‘l,z,(ﬁ,7'2,7'1/,7'2/)]* = Ggl/z/(ﬁﬁzaﬁ’aTW)- (4.45)

This implies the following for the correlation function expressed in Matsubara frequencies:
4 « 4
[G§2)‘1/2/(V17VQaVIUV?’)] — G§2)|1/2/(_V17_V27_V1’7_]/2’)' (446)

This symmetry carries over to all vertices, including SBE vertices:

I (w, v, V) = [ (~w, —v, —1)]*, (4.47a)
! (w) = [0 (~w)]", Pl(w) =[P (-w)]", (4.47Db)
N (w,v) =D (—w, =] N(w, V) = [N (~w, —)]" (4.47¢)

In particular, the combination of complex conjugation and time-reversal symmetry
yields

I w, v, V) =TT w, V', v), I (w, v, ) = T4 (w, V), (4.48a)
i —_rt 1l _ra
L (w, v, V) =T (w, v, v), I w,v,) =Ty w, V', v), (4.48Db)

I (w, v, V) = T (~w, v+w, 1V +w), Ffi(w, v, V) = FfT(—w, v+w, V' +w), (4.48¢)

Ao, v) = AHw,v), NHew,v) = Nl (w,v), (4.49a)
Xgi(w, V)= )\y(w, v), X;i(w, v)= )\f(w, V). (4.49Db)

By time-translation symmetry, not only the frequency space, where vertex objects are
stored, is reduced significantly. The combination of complex-conjugation and time-reversal
symmetry also leads to an identification of the left and right Hedin vertices A, and A,.
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4.1. Correlation functions and vertices

4.1.3. Spin components of the self-energy

In Sec. 3.4.3, we showed how the self-energy can be generally computed in terms of the
SBE vertices. Thereby we introduced the loop products, Eq. (3.41), written as -, to
denote the loop contraction appearing in the Schwinger—Dyson equation (3.40) for the
self-energy. As in the previous sections, we focus here on the spin structure. The spin
structure of the loop products is given by

[-G'=T"Gt+ Gy, [G-T]M = GITM + Ggirtw (4.50)

These involve the following summations over frequencies:

= %Z Ft(ov ’//7 V) : G(Vﬂ)7 [G ' F](”) = %Zra(Q v, VH) . G(l/”). (451)

By exchanging two legs in the vertices inside the Schwinger-Dyson equation, we deduce
the following identities:

[Uﬂniﬂﬂﬁ] at = _ — [UNHyFN]Gi, (4.52a)

Glrimtut = Y | = Ly =G, (4.52b)

Similarly to Fig. 4.2, the 1 component is denoted by a solid line whereas the | component
is denoted by a dashed line.

Consequently, the frequency-dependent part of the self-energy, ¥ = ¥ — Xy, can be
expressed in all three diagrammatic channels as a single combination of spin components:

ST — _% ([U 0T, o TG + [U o T1, o THGH) = _% ([UﬂHﬁFﬁ]GT + [UNHMN]@)

= —[uti TGt (4.53a)
= —([Uoll, o IT"G" + [U o 11, o ITHGY) = —[UM 21T TG (4.53b)
1 1 e
=5 (Grem o U] + G ot o U] ) = (GWF“H%U“] + Gi[FNH?UN})
= gHriatut. (4.53c)
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4. SBE formalism for two particle types

Here, we used the Bethe—-Salpeter equations (4.11), which are simplified for U o I, o T" as
UM =0=UW,

~ For writing these terms in SBE vertices, we use 0, ¢ A\, = U + U oIl o I" and
Aren, =U+Toll,oU, Eq. (42) in Ref. [P1]:

URNINTN = [UoTl, o TN = [y o Ay — U™ = plAld — U™, (4.54)
UNAI T = [U o IT, o TN = [, « A, — U™ = plt 2y — 1) — U™, (4.55)
MUY = Toll o U™ = [N e — U™ = M¥glt — Ut (4.56)

Combining everything yields the expressions of the Schwinger—Dyson equations in SBE
vertices using the three diagrammatic channels:

=B Z VA —v,v) = UM GHY") (4.57a)
Z (v + ") NN+, —v) — 1) = U] G4 (4.57b)
=5 [W Vi  — ") - Uﬂ] GH"). (4.57c)

V//

This is the specification of Eqgs. (3.44) using the spin components 1 and |.

For the models we consider, the Dyson equation (3.6) for the Green’s function G does
not involve any summation over spin components or frequencies:

-1

') = [1/IGIw)] - = =T w)| (4.58)

Let us finally discuss how to solve for the Hartree term ¥y = —U - G appearing in
the Schwinger—Dyson equation (3.40). The Green’s function has the asymptotic form
G ~ 1/(iv) + O(r=2) and is therefore not converging fast enough for a summation over all
Matsubara frequencies. However, there is an infinitesimal time shift due to the functional
integral, i.e., G(v) — ¢*°"G(v) [AS10]. The sum over fermionic Matsubara frequencies
for the asymptotic part is obtained by the following identity:

11/0
1 w0t 1
ﬁzw— np(€) = %Z;e 0" = np(0) = 5 (4.59)
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Consequently the correct Hartree term is extracted as follows:

1 iv0t ~ 1 _ i l iv0t
P a4 - g e
1 1, 1
=1y [G(m - E} +13° Eew0+ =33 [Gw) + G(—v)] + 5
v v v>0

(4.60)

Here, the first term is converging fast enough and can thus be calculated numerically in a
finite frequency box whereas the second term gives the correction due to the infinitesimal
time shift and always needs to be included in the Hartree term.

Explicitly, the Hartree term is then computed by the following relation:

> =-u™ (% Z [G*(v) + GH(—v)] + %) : (4.61)

As the right-hand side contains ¥}, through G* = (1/G§ — Sf, — ¥4~ [cf. Eq. (4.58)], the
equations for the Hartree terms Xl and ¥} are self-consistent and need to be computed
iteratively until convergence is reached.

4.2. Structure of the code

4.2.1. Implementation of the SBE equations

After we have introduced all vertex objects of the SBE formalism as well as their
symmetries and defining equations, we describe how we implement their numerical
computation in a code using the Julia programming language. At the moment, our code
allows a self-consistent solution of the SBE equations as well as a solution of the one-loop
fRG equations. The code is limited to the finite-temperature Matsubara formalism
since it uses dense grids over Matsubara frequencies. It treats fermionic models with
two particle types given by the action, Eq. (4.4). In particular, we have included three
different models: (i) the single-impurity Anderson model (SIAM), (ii) the Hubbard atom
(HA) (both for generic fillings and with the possibility of a magnetic field in z direction)
and (iii) Fermi polarons formed by immobile impurities, which includes the model for the
X-ray edge singularity (XES). With this, vertices in the code do not need to obey SU(2)
spin symmetry. As a severe limitation, however, our implementation does not include a
momentum dependence.

We make use of the recently developed library MatsubaraFunctions. j1 by Dominik
Kiese [KGR24]. This allows a convenient treatment of data containers for n-particle
correlation functions with values on Matsubara frequency grids. More explicitly, data for
G\ (v, ...,van), Eq. (3.2), are generated where v are fermionic v € (2Z + 1)xT or

U15ee502n
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4. SBE formalism for two particle types

Table 4.1.: Overview of the quantities used in the code with the corresponding spin components
and numbers of frequency grid points. The quantities Go, X", 1I°™, U, 1,., R are
precalculated and not updated. The asymptotic corrections "™, IIF°™ are defined

in Egs. (4.63). G,%u, %, v, Pr, A, Ar, M, are members of the state U and updated
during the computation. II,., T, T.® are included in the IIT buffer. The two versions
TE and TR of U-irreducible vertices are clarified in Egs. (4.66). This is updated
during the computation, but not saved in the end. For the numbers of frequency
points, we usually take NG = 64N, N = NI = 32N, N} = 16N, N} = 12N,
NM =8N, NM = 6 and NVT = NH = NI+ N>‘ + N’\ where N is a reference

v

number.
quantity spin components # grid points contained in
Go ™~ N& v, precalc.
T ™4 1 W, precalc.
N A s E NE W, precalc.
U, 1, L, L 1 W, precalc.
R tL NI NEXNExNE W, precale.
G 1,4 NG v
2y ™ 1 v
> ot Ny v
Bey D T T T A W NE v
Ay Ae T T AT U W N) x N) v
M, L U I N N N v

11, R A A NI x N 11T buffer
TF AL AL I I L M) x N} x NI T buffer
TR L L I I L N) X NJ x N} T buffer

bosonic Matsubara frequencies v = 27ZT, respectively. The additional indices 1, ..., i2,
contributing to the data containers are, in our case, used for the spin components of the
vertices. Hereby, the Green’s function GG and the self-energy 3 take two different values
1 =T,]) and the SBE vertices six i = 1, Ti ™M, 4T, ¢T 1. (The bubbles II, take four
different values as they are diagonal matrices [cf. Eq. (4.10)].) All the data containers
appearing in the code with their respective spin structure and size of frequency boxes are
listed in Tab. 4.1. We are discussing the individual objects in the following.

The code is written in such a way that the explicit dependence on the physical
parameters and models is only contained in precalculated quantities. Thus, the values
for the bare Green’s function GGy as well as the bare interaction U are determined once at
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e Taol (o] (7] L] ﬂv
__[__.1 L_.|._J L_.|._J L.|,__J ,_.|._J | [ ———]
pIS y : SulZu, %, G, Go, U, Z5™] |
A A e T I P A
. G[Zu, %, Go] |
> K—’-—'———————————————.\
l ! E[ﬁr7 )‘Tv G7 U: 1T] :l—
qlc’ld - HT[G] w i S\T[HraTh 1'r] i
7 B ¥ N - .
~ ~ —
. > TR, My, Ay, i, U, 1] ke
Ar ]
| _______ 1
M, : : T ]
\ ' | Mr (M T, T

PT[S\T7HT71T’H$01‘I’] i ﬁ ﬁT’PT’U

Figure 4.3.: Schematic overview of the parquet iteration: The prior state ¥,q contains the
quantities ZH,i,ﬁr,S\r, M, from the previous parquet step (orange). Together
with the constant values Iy, Go, R, 1,, II°™, X{P™" (gray) they serve as an input for
the calculation of the auxiliary quantities G, 11, P,, T (blue). Finally, the updated
versions of the quantities Yy, 3, Ny S\T, M, are calculated by the SBE equations
and saved in a new state W, (green).

the beginning:

SIAM: Gyo(v) = [iv +isgn(v)A — )", (4.62a)
HA: Gi(v)=[iv+p+h", Gi(w) =[iv+p—h™" (4.62b)
XES: Gl(v)=[w—¢& ", G§(v) = —2ip arctan(&y/v). (4.62c)

The parameters for the single-impurity Anderson model (SIAM) are discussed in Refs.
[Wal21, GRW'24], for the Hubbard atom (HA) in Sec. 4.4, and for the X-ray edge
singularity model (XES) in Sec. 5.1. Once the data containers of G and U are filled, the
remaining parts of the code are independent of the physical model and thus kept general.

As suggested in Ref. [KD18b] and done in other parquet and fRG solvers [TRK ™20,
Wal21, RKM 22, GRW'24, RGWT24], we organize all the data buffers for vertices in a
state W, which in our case includes G, Xy, 3, P Ty Ars S\T, M.,. In a parquet iteration, we
compute new vertices contained in W, from the old vertices contained in Wq.

We decided to compute and store the data for the bubbles I, and U-irreducible vertices
T, once for each parquet step. Thus, individual data are not computed multiple times “on
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4. SBE formalism for two particle types

the fly”. This way, we save runtime, but on the other hand sacrifice memory as very large
data containers are needed for II, and T, to effectively use all the information contained
in the SBE vertices. We arrange II, and 7, together in an additional structure, which we
call IIT buffer. During a parquet iteration, II, and 7, are computed from the old vertices
contained in W,q, from which the new vertices in W, are determined (cf. Fig. 4.3). At
this point, the old values of II, and 7, are just overwritten. Hence, we do not need to
distinguish between old and new values of those and save some memory.

Table 4.1 gives an overview on the quantities computed in the code. It provides the
corresponding spin components and numbers of frequencies in the grids, as well as the
information how they are organized. Figure 4.3 illustrates how a parquet iteration is
executed. We will explain more details in the following paragraphs.

The bottleneck of our code is the usage of dense grids of Matsubara frequencies within
a finite frequency box. Up to an upper Matsubara frequency |v| < vpax, we compute and
sum over data evaluated at every single Matsubara frequency. Values at frequencies out
of the boxes are not taken into account explicitly. Since Green’s functions asymptotically
decay as G ~ 1/(iv), at large enough frequencies |v| > vyay, the contribution of higher-
order diagrams becomes small. For a more accurate treatment of frequency asymptotics,
we approximate the high frequencies values in the sum over the bubbles II, (contained
in the computation of P,, Eq. (4.21), through ), and ),) and the sum over the Green’s
function G [contained in the the computation of Xy, Eq. (4.61)] by one-dimensional
integrals over bare Green’s functions:

%Zﬂy(w,y”) ~ g Z 119 (w / dv" Ty (w, "), (4.63a)
|

! [/ |<Vimax V" |>Vmax
NG =E > G+ fw o dv" Gi (V). (4.63D)
vl |V//|<Vmax v >Vmax

We denote the latter integrals by [[1¢]¥ (w) and X¢'. They only need to be computed
once at the beginning and are included in the state ¥ (cf. Tab. 4.1 and Fig. 4.3). Depending
on the model, we have exact analytical expressions for the integrals or compute them
numerically by standard routines.

As explained in Sec. 4.1.2, we fully drop the computation of the ¢ channel as it is
fully reproduced from the a channel by crossing symmetry. More explicitly, Eqs. (4.26)
imply the following expressions for the two-particle reducible vertex components in the ¢
channel (v, =V, + M, —U):

’ytﬂ'(a% v, V/) = _fy({r(a%Va V/)7 %ﬂ,(wvyu V/) = _’YiT<w7 v, V/)' (464>
Our code allows for an optional inclusion of the two-particle irreducible vertex R = R—U

as an additional input to compute vertices beyond the parquet approximation. (This is
useful for the benchmarks of the Hubbard atom (cf. Sec. 4.4) where Iy = R+ ). M,

116



4.2. Structure of the code

is known exactly.) R is represented in the frequency parametrization of the ¢ channel,
Egs. (4.1¢). The computation of the U-irreducible vertices T,., Eq. (4.24), is then explicitly
performed as

To(va) = R(1i(va)) + Ma(va) + My (v (va)) — Ma(vi(vs))
+ V() = Va(mi(va)) — 20, (4.65a)

Tp(vp) = (Vt(Vp)) + M ( o(Vp)) + My(vp) — Ma(’/t(’/p))
Valval) - Valinly) — 20 (4.65)

To save space, we denote the frequency transformation from channel ' to r as v,.(v,/) [cf.
the explanation after Eq. (4.3)]. Further, the usage of the crossed vertices, Eq. (4.64), is
indicated by a hat, i.c., [V,]™ = V" and [V,]™ = V¥, to include the t-reducible vertices
[cf. Eq. (4.64)]. In our code, the components of the U-reducible vertices V, = A, 7, » \,
are not computed and stored explicitly, but their components are calculated on the
fly according to Egs. (4.22)—(4.23) when computing the U-irreducible vertices 7T, via
Eqgs. (4.65).

To avoid gigantic data containers with high-frequency values never used, we save
the data for the U-irreducible vertices, Eqs. (4.65), in two versions: T* and T. TF
contains more values for the second fermionic frequency v/ and is used when the bubble
in a summation appears left of it while 7% contains more values for the first fermionic
frequency v and is used in the other cases (cf. Tab. 4.1). Explicitly, we have:

5\ (w, V) ZTL w, v, V") o I (w, "), M(w, V) = %Zﬂr(w,y”)-Tf(w,l/’,y’),

(4.662)
M, (w,v, V") ZTL w,v, V") o 1L, (w, V") « TR (w, " V)
~ 35 (M, (w, v, V") e IL (w, V") « T (w, ", V')
+TH(w, v, V") « I (w, V") » M, (w, ", 1/)] . (4.66Db)

Note that for the MBE vertices we use a symmetrized version of the Bethe-Salpeter
equations [cf. Sec. 3.4.2]. The combination of complex-conjugation and time-reversal
symmetry, Egs. (4.48), relates TF with TX. So whenever we want to exploit all the
symmetry relations, we can spare ourselves to compute the two versions of U-irreducible
vertices and Hedin vertices.

After we have discussed the relations for the individual vertices, we can now combine
everything as illustrated in Fig. 4.3. One parquet iteration from Vg4 to Ve, consists of
the following steps (cf. Fig. 4.3):
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4. SBE formalism for two particle types

1. The values for Go, U, 1,, R, TI&™, and 2 are not changed (gray boxes in Fig. 4.3).

2. Updated data for the Green’s functions G[Xy, ¥, Go] [Dyson equation (4.58)], the
bubbles II,.[G], Eqs. (4.9), the bosonic self-energy P,[A,, II,., 1,., T1°"] [Schwinger—
Dyson equations (4.20)—(4.21)], and the U-irreducible vertices T, []:2, M, A\, e, U, 1],
Egs. (4.65), (blue boxes in Fig. 4.3) are computed from the vertices of the old state

U,q (orange boxes in Fig. 4.3).

3. Updated data for the Hartree term Yy[Sy, 3, G, Go, U, 25], Eq. (4.61), the self-
energy [, A, G, U, 1,] [Schwinger-Dyson equations (4.57)], the bosonic propaga-
tors 7, [, P., U] [Dyson equations (4.18)—(4.19)], the Hedin vertices A, [IL,, T}, 1,]
[Schwinger-Dyson equations (4.15)—(4.17)], and the MBE vertices M,[M,,11,,T,]
[Bethe—Salpeter equations (4.13)] (green boxes in Fig. 4.3) are computed from the
vertices of the old state W4 (orange boxes in Fig. 4.3) and the vertices computed
in step 2 (blue boxes in Fig. 4.3).

4. The old state W4 is overwritten by the new state V., and the algorithm is repeated
until a convergence criterion is fulfilled. If Anderson acceleration is used (see below),
the algorithm handles the overwriting and convergence criterion implicitly.

To reach better convergence, we make use of Anderson’s acceleration algorithm [And65,
Kel22] as implemented in the standard library NLsolve.jl. While solving the self-
consistent equations, the new state W, is mixed with older configurations ¥4 in such
a way that the convergence rate is accelerated and less parquet iterations have to be
executed. In that case, Wgq is not completely overwritten by W, in step 4, but a couple
of old configurations Wq exist from which ¥, is determined.

4.2.2. Implementation of the functional renormalization group

For the sake of completeness, let us include some more details on our implementation of
the fRG equations using the SBE formulation. So far, we have only implemented the
one-loop fRG equations (including the Katanin substitution) in terms of the SBE vertices
using both a regulator dependence in the Green’s functions Go(A) and the bare interaction
U(A) (cf. Sec. 3.5). Basically, the code structure of our fRG solver is analogous to that of
our parquet solver (due to the analogies discussed in Sec. 3.4.2). The state ¥ inherits the
dependence on the scale parameter A. While the parquet iteration involves an update
from Vg4 to Voew, we now use the state ¥ and its differentiated version U to implement
the fRG equations W = f[¥] [KD18b]. This huge set of differential equations for every
frequency data point is solved by the standard library DifferentialEquations. j1 using
a Runge-Kutta algorithm of order 5(4) by Tsitouras [Tsill].

There are a few adaptions compared to the parquet solver. The differentiated quantities
G, 2, i, P, A, Ay, M, are computed via their flow equations (3.48)—(3.53). Their data
containers are treated in the same way as their undifferentiated counterparts (cf. Tab. 4.1)
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and are contained in the differentiated state ¥. The bare Green’s function Go(A) and the
bare interaction U(A) are not constant anymore, but they have to be updated for every
single value of A. Besides them, we include data containers for the fermionic single-scale
propagator S(A), the differentiated bare interaction U(A), and the bosonic single-scale
propagator S, (A) =, «U " 1eU U ep,, Eq. (3.68). The spin structure of the latter is
provided in App. C.3.

For the self-energy, we either use the standard one-loop flow equation S=-I.5=
—[T,+ X oneN] - S [cf. Eq. (3.9a)] or the differentiated Schwinger-Dyson equation (3.45).
There, the single-scale propagators can be extended using the Katanin substitution
G =S +GxG, Eq. (3.65).

Results obtained from our fRG solver in the context of the Fermi-edge singularity
appearing in X-ray absorption spectra are discussed in Sec. 5.2.

4.3. Correlation functions and the SBE formalism

Two-point and four-point correlation functions are the backbone for a theoretical de-
scription of numerous physical system. As a completion of Sec. 4.1, let us elaborate
how the SBE vertices ,, A, \r, M, can be determined from correlation functions and
susceptibilities. This matter is discussed in App. D of Ref. [P1] for generic systems, here,
however, we use a slightly different frequency parametrization of the vertices (cf. Fig. 4.1)
and specify to the case of two distinct particle types T, ] introduced in Eq. (4.4).

Using the Matsubara formalism and following the notation of Refs. [Roh13, KGR™24],
we define generic n-point correlation functions in terms of the fermionic or bosonic
annihilation and creation operators a; as

Giyin (11, 72) = — (T @y, (11) i, (12)) (4.67a)
G (11, 7oy ey ) = (T, (11) s, (72) - - s, (7)) (4.67b)

11%2...1n

which are consistent with the field-theoretical conventions in Eqs. (3.6) and (3.2). The
expectation values are taken in the grand canonical ensemble (...) = tr(e #H=#N)_ ) /7

with the grand canonical partition function Z = tr e~ BH=uN) Furthermore, 7 is the
imaginary time-ordering operator and the imaginary time evolution of the operators a; is
given by

a;(t) = eT(H-1N) g o= (H—u), (4.68)

T

Depending on whether a; is a creation ¢; or annihilation operator ¢;, the Fourier transforms
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to Matsubara frequencies v are given by
() = 2 d(w)e™, e BZ o (v)e (4.69a)
B . ,6’ )
&(v) = / dré;(r)e, él(wv) = / drél(r)e ™. (4.69D)
0 0

Here, the Matsubara frequencies are fermionic v € (2Z + 1)7nT" or bosonic v € 2Z 7T
depending on whether ¢ and ¢ are fermionic or bosonic.
With these definitions, the fermionic propagator Gy, Eq. (3.6), is written as

B B ) )
Gy (v, vir) = = (ci(n)er(vr)) = —/ dTl/ dry ey <Tél(71)éJ{,(Tl/)>,
0 0
(4.70)

and is consequently directly related to Gqy/(71, 71/). Similarly, the four-point correlation
function G%)\mn Eq. (3.7), is related to Gioo1/ (71, T2, Tor, T1/):

Ggé)|1’2/(yl7 Uy, V11, 1/2/) — <C1(l/l)CQ(VQ)EQ/(1/2/)61/(1/1/»

B B B B . ) ) )
= / dTl / dTg/ dTQl / dTll eu/17'1+11127'2711/2/7'2/711/1/7'1/ <7-él (7'1)62<7'2)é;/ (Tgl)é-{/ (7'1/)> .
0 0 0 0
(4.71)

So the field-theoretical correlation functions involving Grassmann/complex fields ¢;, ¢; [see

also Eq. (3.2)] with imaginary frequencies are obtained via Fourier transformation from

the imaginary-time correlation functions involving fermionic/bosonic operators éj, ;.
Following the frequency parametrization introduced in Fig. 4.1 and Egs. (4.1), we

define four-point correlation functions G,(~4), Eq. (3.7), in the three diagrammatic channels:

GS;?QH’Q’ (w,, V) = (c1(V)ea (V' 4+ w)e (v + w)er (V) (4.72a)
Gz(;;?Qll’Q’ (w, v, V) = (c1(—v)ea (v + w)eo (V' + w)er (—V)), (4.72Db)
Ggl1)2|1/2/ (w,, V) = (1 (V' + w)ea(v) e (v + w)er (V) . (4.72¢)

We introduce bosonic fields ¢ and ¢ via frequency summations over the fermionic fields
¢ and c:

Uiz (w) = 3 ch v)ey (v + w) = Py (—w), (4.73a)
> ey (V' +w)er (). (4.73b)

!

P12(w =3 Z c1(—v)e(v +w), 92_51'2' (w) =

==

v
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These are defined in such a way that they are the Fourier-transformed coupled operators
evaluated at equal imaginary time:

B .
o (w 52 / dﬁ/ dry eV iwty) 2y (m)ey (T2) = / dre ™7y (1)éy (1),
0

(4.74a)
ﬁ .
d12(w 52 / dry / dry e W THHEAIT (1) 0y () = / dr ey (7)ea(7),
0
(4.74b)
/8 .
drrz(w BZ/ dTl/ dry et Intivng v (1) (1) = / dr e ey (1)1 (7).
0
(4.74¢)

Consequently, the bosonic fields ¢ (w), ¢12(w), drror (w), Eqs. (4.73), are underlain by
time-evolved [cf. Eq. (4.68)] bosonic operators

’d]lz/ = élé;, ¢12 == 6162, ¢I/2/ == é;CI/ (475)

Including the bosonic fields, we introduce three-point GS’), GS’) and two-point correla-
tion functions D, in the three diagrammatic channels 7:

Ggm/z/ (w, ) = = (1 (V) (v + w)hra(w)) (4.76a)
fo;’im/(ww’) — (2 (W)ea (V' +w)er (V) (4.76b)

Doy (w) = = (Y12 (w)dra(w)) (4.76¢)
G;(jizu/z/(% v) = <Cl( v)ea(w + v)prra (w )> (4.76d)
Gy(a?imm' (w, V) = (p12(w)ex (w + Ve (=), (4.76e)
Dpasjua (w, V') = ($ra(w)drra () , (4.76£)
Gii)gufz/ (w,v) = (ca(V) o (W + V)1 (w)) , (4.76g)
G§31)2\1'2'< V) = (Yo (w)er(w +v)ew (V) (4.76h)

Dy 1z (w) = <¢22'(W)¢1'1( )> (4.761)

Importantly, all these definitions refer to the generic n-point functions, Eqgs. (4.67), using
arguments that are analogous to Eqgs. (4.70)—(4.71). With the definition of the bosonic

fields, Eqgs. (4.73), we express Eqgs. (4.76) in terms of G$4), Egs. (4.72):

(3)
Gy, 12012 (w, ) — B ZGr 12|12/ (w, v, V), (4.77a)
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4. SBE formalism for two particle types

3
GOy (w V) =1 Z Gy (w, vV, (4.77b)
Dyopyra (W) = Z G£412|1'2/ (w, v, V). (4.77¢)

v,/

For a more physical description, we relate the correlation functions to generalized sus-
ceptibilities [Roh13]. These are response functions to physical excitations and defined by
subtracting disconnected parts from the four-point correlation functions G£4), Egs. (4.72):

Xg;?zh@ (w, v, V) = Gr(z432|1’2’ (w, v, V") + 0 Gy (V) Gopr (V1), (4.78a)
4 4

X;;i2\1’2’ (w, v, ) = }LG; i2|1/2/ (w, v, V), (4.78b)

X§?1)2\1'2'<w’ v, V) = G1(£;41)2|1’2’(w7 v, ) = 0,Grp (V) Gap (v). (4.78c)

Similar to the three-point Gq(n?’), GS’) and two-point correlation functions D,., we introduce

three-point )Zq(ng), X£*3) and physical susceptibilities x,. by frequency summations over X,(fl),

Eqgs. (4.78):

(3 4

X7(~;1)2|1'2/ =B fo, 1)2|1/2/ (w, v, V), (4.79)
3 4

X7(~32|1'2' =3B in E2|1/2/ (w, v, V), (4.79b)
XT 12|1/2/ 52 Z X,,, 12'1/2/ w V7 V/)- (479C)

Via Eqgs. (4.77) and (4.78), we can express these in terms of the three-point and two-point
correlation functions:

_(3 ~(3
Xi;iz\m' (w,v) = Gz(z;izufzf (W, v) + 0,G 1 (v Z Gopr (v (4.80a)
Xg2|1’2’ (w, ) = Gz(1332|1/2/ (w, V) + (50.:3 Z Gz (V)G (V'), (4.80b)
Xast2j2 (W) = Doiapry (W) + 3 Z G (V)G (V), (4.80c)
_(3 3
X;;12\1’2’ (wa V) = IG; }2|1/2/ (Wa V) (4.80d)
3 3
X;;22|1’2’(W’ V) = IG; }2|1/2/( V), (4.80e)
Xpzjvz (w, V') = 3 Dpasjrar (w, v, 1), (4.80f)
) )

=(3)
Xt;12\1'2f<

= é§?1)2|1'2/ V) = dug Z G (V) Gajar (v), (4.80g
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4.3. Correlation functions and the SBE formalism

X£?1)2|1'2' (w, ) = Gz(t?1)2|1’2’( V') = 6,Gr (v ZG2|2’ (4.80h)

X122 (W) = Diopry (W) + 3 Z G (V)G (v). (4.80i)

v,V

Also here, disconnected parts are adequately subtracted. The sums over the Green’s
functions are given by the density, i.e., the zero-time correlation functions:

52 Gur () = =3 Salerv)) = ~(aalr = Ol = 0)) = {eves) = (o).
(4.81)

To relate the correlation functions and susceptibilities with the SBE vertices, we make
use of a modified version of Egs. (105) from Ref. [P1]":

oo X en =P U, (4.82a)
Mo Ao 1L = U o ), (4.82b)
ﬁT:nr_U:U°XT'U' (482C)

With U™ = —U™ and U™ = 0 [cf. Eq. (4.8)], Eqs. (4.82) the spin components for the
bosonic propagator are obtained as

N — [UNPXN, N _ [UNPX“, TT _ [UT¢]2X¢¢7 (483&)
iyt =AU, nﬁ = —4[UMPy]Y, n}ﬁ =0, (4.83b)
At = UM, A = UM, At = U (4.83¢)

Further, the Hedin vertices A, and A, are obtained from Eqs. (4.82a)(4.82b) as

5 .
UN[ ]u L UN[ ]unu [X< >]m7$¢ L Uu[ ]unu [X< >]m72¢

Py, o _ _
a Tt 0 e T ' a T ’
Na 11, 1, ?7”77(? niiny 11, nwngi 77&%7?
(4.84a)
3
N1, oL M7 a1 UN[—()]N7 (4.84D)
P P 2 nNHN P 2 nNHN
U311 (3 3
5\ﬂ _ UN[XE )]N It UN[ ] 77 [X( )]mﬁi It —UN[ ]NUN [X( )]uﬁtu
t S > ) t ) t )
ntNHI\L HtTT nmnu nunTT Hfi nwnm nunﬁ
(4.84c¢)

'Following Egs. (18) in Ref. [P1], the relations including II,. and A, A, Eqs. (4.82a)—(4.82b), do not
involve any summation over frequencies, but the corresponding bubbles, Egs. (4.9), are just multiplied
so we use  instead of o.
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4. SBE formalism for two particle types

3 3 .
A = M AT = UN[ ]“77” [X( )]”nﬁ )\Tl _ —U”[ ]Nnﬂ [X( )]unﬁ

a N e ™ i
Nt it it I et — ppt?
(4.85a)
1 UMM G 1 UMM
)\]TJT =1, )\;i = - 4 #7 A= #’ (4.85b)
2 R P9 17”11”
N 311 N 3 3
At U o U Dt — ey " —U™ 1" = )l
i 'l ! ' e =l
(4.85c¢)

If we know the two-point D, and three-point correlation functions (_}’7&3), GS’), Eqgs. (4.76),
for a generic model with two particle types 1,] with a constant bare interaction U™
satisfying the action, Eq. (4.4), Egs. (4.83)—(4.85) allow to determine the SBE vertices
Nrs Ars Ay by using the susceptibilities ., )27(~3), X,@, Eqgs. (4.4). Note that apart from
the summation over the simple Green’s function, Eq. (4.81), all the expressions do not
involve any further frequency summation, but are algebraic combinations of the individual
correlation functions. These steps are essential for obtaining the exact formulas of the

single-site Hubbard model, which is discussed in the following section.

4.4. Hubbard atom in a magnetic field

Simple limiting cases along with an exact solution are essential for testing elaborate
methods like the parquet formalism and the fRG. Over the years, the single-site Hubbard
model, known as the Hubbard atom, has been proven to be a very useful benchmark for

diagrammatic approaches [PST00, Roh13, TGCR18, SCC™20, HSS23, Roh23, ERST24,
RRS*24]. The Hubbard atom is exactly solvable and corresponding correlation functions

FA
ug )

h ‘@u ] 0

h {

1)

Figure 4.4.: Sketch of the single-site Hubbard model, the so-called Hubbard atom, in a magnetic
field h with repulsive on-site interaction u [cf. the Hamiltonian, Eq. (4.86)]. On
the right, the energies E of the four different eigenstates ||), |0), |1]) and |1) are
illustrated in terms of the system parameters u, i, and h.
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4.4. Hubbard atom in a magnetic field

of arbitrary order can be computed analytically. Despite its rather simple spectrum, it
provides many features of the strong-coupling limit of the Hubbard model. Moreover,
corresponding correlation functions and vertices exhibit a rich complexity. They contain
vertex divergences, which emerge in the parquet decomposition, and help to analyze
them more thoroughly [TGCR18, SCCT20, ERST24]. In this section, we present exact
formulas of the SBE vertices for the Hubbard atom in the presence of a magnetic field and
away from half filling and thus extend previous works. Such a computation is essential
to test our code where SU(2) spin symmetry is not satisfied.

The grand-canonical Hamiltonian of the Hubbard atom in a magnetic field h reads
& F R i (Ata L ata N pata _ ata stata o
E=H — puN = —p(&i¢y + ¢)¢) — h(eiéy — ¢/¢)) + uéyc e éy, (4.86)

with the fermionic operators éj, ¢; fulfilling the anticommutation relations {¢;, éj} = 0;;
(4,5 =T,1). As we consider a single Hubbard site, the hopping parameter ¢ from the
Hubbard model is obviously absent. Note that, here, u refers to the Hubbard interaction
and may not be confused with the bare interaction vertex U. A comparison to the action
S, Eq. (4.4), yields U™ = —u. We want to emphasize that h only refers to a magnetic
field in z direction and thus does not spoil time-inversion symmetry (cf. Sec. 4.1.2).

The model has four eigenstates corresponding to the possible occupancies of the single
site. These are given by

20y = 0[0), EN) = (—p—h)1), E[L)=(—p+h)d), ZTL) = (u-2u)td),
(4.87)

where é]0), [ 1) = él]0), | 1) = ¢[]0) and | 1)) = ¢lél]0). Thus, the Hilbert state is
only four dimensional. Note that for the simpler case of half filling y = /2 and with
zero magnetic field h = 0, the eigenstates are degenerate. The model is depicted in
Fig. 4.4. The single Hubbard site (gray circle) can host a spin-up and spin-down electron
(black arrows) interacting repulsively via u (red arrow). The Hubbard site is located in a
magnetic field h (blue arrows) pointing in the z direction. The respective energies of the
eigenstates, Eq. (4.87), are illustrated on the right. With the eigenstates, Eq. (4.87), the
grand-canonical partition function Z and the density matrix p are evaluated as

7 =trePE = 1 4 ePth) | oBlu—h) | oBCu—u) (4.88a)
p =7 (100 + M) (4| + PE (L] + TP (1) - (4.88b)

Consequently, the densities of the 1 and | electron are given by

ny = @(}H — L (Pt g frw) gy = <€‘Ié¢> — L (Pl L efRrw) o (4.89)

where the expectation values are defined as (...) = tr(p...)/Z. It is clear that the densities
coincide for h = 0 and a spin flip 1< | can be compensated by a sign change in the
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4. SBE formalism for two particle types

magnetic field h — —h. We deduce the following relations:

1—ng = L(1+P0Th), (4.90a)

n_ —ng = %(eﬂ(ﬂ—h) _ eﬁ(#"'h))’ (490b)

ny+n_—1= %(66(2“_“) —1). (4.90¢)

Importantly, n_ — n, vanishes for a zero magnetic field ~h — 0 and n, +n_ — 1 for half

filling o — u/2.

As we have access to the four eigenenergies and eigenstates, the correlation functions
Gl(?)w Egs. (4.70)—(4.71), can be computed exactly by using the spectral representa-
tion [KLD21, HSS23]. The correlation functions are expressed as a summation over
suitable matrices and kernel functions. In the following, we provide the exact correlation
functions, which are determined from the spectral representation using a Mathematica

notebook.
The bare and full Green’s functions are given as (cf. Eq. (B4) in Ref. [PST00])

1 1 1 —ne ne y+(v) Fung

G w) = - = . GV w) = = . (4.91

o (¥) iw+pth xi(v) (v) re(v)  ys(v)  zx(v)y+(v) (4.91)
where we use the abbreviations

(V) =v+puth, yi(v)=iwv+pth-—u. (4.92)

In Eq. (4.91), 1 refers to the upper sign for x,y,n and | to the lower one. We deduce the
following expression for the self-energies:
1 1 4 (V)ung

YW () = — = ) 4.93
W)= G TG T )+ s o

From this, the Hartree term results as ZE/ Y = lim,_,., 21/ Hv) = ung.

In consideration of the crossing symmetries (cf. Sec. 4.1.2), there are four independent
components of the bosonic propagators 7,.:

2

Loy W _

A u2/85w —Uu

nzi(w) = T(e%“ — Pl )), (4.94b)

T (w) = u?Béu(n_ — 1)n_, (4.94c)
2

ALY Y 1 — 4.94

As discussed before, the spin-flipped components are received by a sign change of the
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4.4. Hubbard atom in a magnetic field

magnetic field, e.g., 7T = nai‘h .- According to Egs. (4.90), one might naively guess

that 7+ vanishes for zero magnetlc field and ﬁgi for half filling. However, one has to be
careful about the denominators 2h —iw and u — 2y — iw when w = 0. With the expansions
of Egs. (4.90) around h = 0 and p = u/2,

9 Bebr
n_—n, =— be h+ O(h?), (4.95a)

Z|h—>0
ny+n_—1= b (21 — u) + O[(2u — u)?], (4.95b)

Z|,u—>u/2

we obtain the following limits:
u?po, u?pd,,

lim 7 = weBn i . 4.96
fim k) = — e, i (w) = (4.96)

After exploiting the symmetry relations (cf. Sec. 4.1.2), there are four independent
Hedin vertices Al¥, A+ AIT) S\y, which are determined from the three-point susceptibilities

v, Egs. (4.80):

2Pz (V)y: W)z (w + v)y-(w +v)

X (w,v) = M w, v) +

- %Qh Qi iw x+(1/e)z(fz:)+ V) y+(l/§i(f(:)+ v)|’ (4.972)
) wr) = T n = T (197b)
T w0) = T w0) + —r (f)iliwn;):); —
N g;(;)‘(e%“ — P, (4.97¢)
KO (w, 1) = U (w,v) + T ?Zie(ﬁj);)_(_wef?)y_ T (4.97d)
1 U eP2u—u) 1

Zu—2p—w [y )y @+ v)  or(—v)a(w+ )

Since the three-point susceptibilities X,ﬁ ), X(B) fulfill the same symmetries as the Hedin

vertices A, \,, the components for the other susceptibility X£ ) can be deduced from the
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4. SBE formalism for two particle types

components of )‘(53) [cf. Egs. (4.49)]:

T w, ) = RO Hw,v), M w,v) = fP] (w,v),  (4.98a)
) (w, ) = RO (@, ), )M w,v) = RO Mw,v).  (4.98b)

Similarly to Eq. (4.96), the limits of zero magnetic field and half filling are non-trivial
for the 1] component in the a and p channels. Additional Kronecker delta symbols 9,
are generated since 2h — iw and u — 2 — iw appear in the denominator of some terms.
The Hedin vertices are calculated according to Eqgs. (4.84)—(4.85), which is not explicitly
shown here since the expressions are lengthy.

The connected parts of the four-point correlation functions G, Eqgs. (3.7), are given
by?

(G (1, w2, va,v3) = (ey(v1)ey (v2)E, (v3)E (V) — B, GT (1) G (1)

B u2 5 eBu—u) _ o28p 4.99
= 2 oy e )y () (4.950)
N u [eﬁ(zﬂ_“)(Qu—Q,u—i(ul + 1)) B 2u+i(vy + 1) }

Zi( +ve)+2u—u |y ()y-(2)y-(ws)yr(va) @)z (ve)z-(vs)zy (va)

LY 1 [eﬁ(’”h)(Qh +u—i(vs—11))  SEM(2h —u—i(vs — Vl)):|

Z i(vs — 1) = 2h | 2o (v1)y-(v2)y—(vs)zs (va) Yy (1)z—(va)z—(v3)y+(va) |
[ DTN (o, ve, va, vs) = {ep(m) ey ()8 (03)E, (1a)) + 80100y GT (1) GH (1)

—[GEL ™ (v, va, vs, 1), (4.99b)
G con] (w1, va, v, v3) = (er(n1)er(12)Er () () + B(Gurwy — G0 )G (1) G (1)

n_(l—n_)

4 (n)ys (1) zy (V)Y (v2)

- /8u2(6l/2113 - 51111/3) (499C)

A specification to the channel-dependent frequency parametrization [cf. Fig. 4.1 and
Egs. (4.72)] is straightforward by substituting the frequencies with w, v,/ accordingly.

In the limit of half-filling ;1 — U/2 a term including §,,,, is generated for [GCOL]N and
[Ggﬁ%]“. Similarly, in the limit of zero magnetic field A — 0 a term including 4,,,, occurs
(cf. App. C.5).

According to Egs. (3.7), the four-point vertices '™V, Fﬁ, '™ result from the connected

four-point correlation functions Ggé%l, Egs. (4.99), by dividing the terms by the correspond-
ing product of four Green’s functions. Only for the 11 component such an expression is

2Tremblay’s  correlation function GETC (v, v, (va),v3)  [PSTO0]  coincides  with — our

[G&?)L]“ (v1,v2,v4,v3) and Rohringer’s correlation function Go4)(v,v + w,v’ + w) [Rohl3] corre-
sponds to our —GJ¥(w, v/, v), Eq. (4.72¢), for the SU(2)-symmetric case. This is due to slightly different
conventions used in these references.
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4.4. Hubbard atom in a magnetic field

relatively compact:

FTT(V oy V): [Ggé)n]ﬁ(Vl,Vszl,V?))
BER TR T G (1) G (v2) G (v3) G (1)
_ 32 B n-(1 —n_)zy ()y+ (11)zs (12)y+ (1a)
= Bu”(Ouyrs — Ovyus) (o) - un 2 (ga(v) £ un)Z (4.100)

The other components are obtained analogously.

To conclude, we found exact expressions for the SBE vertices, which provides a
significant benchmark for our numerical implementations (cf. Sec. 4.3). More explicitly,
we have closed forms of the fermionic propagators G, Eq. (4.91), the self-energies ¥,
Eq. (4.93), the bosonic propagators 7., Eqs. (4.94), the three-point susceptibilities
)Z,(ng), Egs. (4.97), and the connected four-point correlation functions Ggﬁ%, Eqgs. (4.99).
Expressions for the Hedin vertices A, A, and the full vertices I" as well as the U-reducible
vertices V,, = A\, # 7, » A, and U-irreducible vertices T = I' — V,. are obtained from those
by algebraic relations (cf. Secs. 4.1 and 4.3). However, a decomposition with respect
to two-particle reducibility, i.e., the original parquet decomposition, would require an
inversion of the Bethe—Salpeter equations (4.12), which is challenging and goes beyond
our analysis. For the simpler case of the Hubbard atom without a magnetic field and at
half filling, it is possible to find closed expressions for the two-particle reducible v, and
irreducible vertices I, using special matrix identities [TGCR18]. This method has not
yet been conducted in the more general case considered here [cf. Egs. (4.86)]. In other
words, we cannot provide closed expressions for the MBE vertices M, and therefore not
for ~,, either. Finally, we want to mention that we gave all our expressions in terms of
the spin components T, Tl, . It is possible to diagonalize these into physically more
intuitive components [ERST24].

Figures 4.5-4.9 show the frequency dependencies of the vertex functions. The one-
dimensional quantities G+ (), Eq. (4.91), ©1/4(v), Eq. (4.93), and 7, (w), Eqs. (4.94), are
presented in Figs. 4.5 and 4.6. The differences between the individual spin components
become obvious. Figure 4.7 shows the spin components of the two-dimensional Hedin
vertices S\T(w, V'), which are obtained from the susceptibilities )‘(7@ (w,v"), Egs. (4.97),
using Eqgs. (4.85). The main features only appear in the vicinity of the axes and diagonals,
ie, near w =0, v = 7T, vV = +w £ 7T. The same is valid for the totally U-irreducible
vertex Iy shown in Fig. 4.8 and the channel-specific U-irreducible vertices 7, shown in
Fig. 4.9. As discussed in Sec. 4.2, we decided to save the data for 7T, in huge container
to reduce computation time. The downside of this strategy is that the data containers
for T, need a lot of memory. It is discouraging that especially those vertices exhibit a
rather simple structure. We hope that compressing methods such as the quantics tensor
cross interpolation [REW 24, FRJ 24, RRST24] may offer a better alternative of saving
higher-dimensional vertex functions in the future.

In App. C.5, we briefly relate our expressions (4.93)—(4.100) to the symmetric Hubbard
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T T 0.03 F T T B
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Figure 4.5.: Spin components of the Green’s function G and self-energy %, belonging to the
Hubbard atom with T'= 0.1, v = 0.5, 4 = 0.45 and h = 0.2. The Hartree terms
are given as EE ~ 0.046 and E%{ ~ 0.491.

atom at half filling © = /2 and without a magnetic field h = 0, which is widely discussed
in the literature [Roh13, TGCR18, SCC*20, HSS23, Roh23, RRS™24]. In that special
case, the system obeys the SU(2) spin symmetry, which yields a single spin component
for the Green’s function GT = G¥ and greatly simplifies the structure of the four-point
vertex:

T = T4, it — FJT’ = =g rt (4.101)

Consequently, it is more suitable to work in so-called physical channels. Following App. E
in Ref. [P1], we define the charge ch, spin sp, triplet tr, and singlet sp channel as linear
combinations over the spin components T, 7|, T1:

Fch/sp _ FIT + F;N, I‘tl‘/Si — I‘;Jf + F;i (4102)

These relations hold for all vertices appearing in the SBE formalism. The SBE equations
obtain a diagonal form when written in these spin components (cf. App C.5). Since the
vertex functions of the general Hubbard atom contain denominators such as v — 2u — iw
and h — iw, one has to be careful while taking the limits 4 — u/2 and h — 0 [cf.
Eq. (4.96)].
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4.4. Hubbard atom in a magnetic field
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Figure 4.6.: Spin components of the bosonic propagators 7, and 7,, belonging to the Hubbard
atom with T'= 0.1, u = 0.5, p = 0.45 and h = 0.2.
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Figure 4.7.: Spin components of the two-dimensional Hedin vertices A\, and Sxp, belonging to
the Hubbard atom with 7' = 0.1, u = 0.5, ¢ = 0.45 and h = 0.2.
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Figure 4.8.: Spin components of the U-irreducible rest function Iy =T =% Arenp oA+ 2U,
parametrized in the ¢ channel and evaluated at bosonic frequency w = 0, belonging
to the Hubbard atom with T'= 0.1, v = 0.5, 4 = 0.45 and h = 0.2.

133



4. SBE formalism for two particle types

(2) ReT, ' (w=0) (b) Re T, (w = 0) (©) ReT, "(w=0)

0.15 0.50
0.50
0.10 10

0.25
0.05 5 0.25

—005  _ _
5 ~0.25 025

-0.10
—-0.50

_0.15 -0.50

-10 -5 0 5 10

) ImT, " (w = 0)

03 03
0.2 10 02
01 5 01
0 0 l- 0
01 _g -01
-02  _o -0.2
-03 -03

-10 -5 0 5 10

(d) Im T, (w = 0)

0.100
10 0075 10
5 0.050 s
0.025
N o - 0 0
-0.025
-5 -0.050 >
-10 0075 g
-0.100

-10 -5 0 5 10 -10 -5 0 5 10

(8) ReT, " (w=0) (i) ReT, " (w=0)

0.50 0.50
10 0.50

0.25 0.25

0.25

—025 0 ~0.25 =0.25

—-0.50

—-0.50 -0.50

-10 -5 0 5 10

W) ImT,) (W= 0)

0.3
0.2 0.2
10 10 10 0.2
5 0.1 5 0.1 5 01
N 0 0 0 0 0 0
=5 -0.1 -5 -0.1 -5 -01
-0.2
-10 _op 10 o2 10
-0.3
-10 -5 0 5 10
v v v
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4.5. Application: SBE fRG for the Hubbard model

4.5.1. Overview

In the previous sections, we have provided many details about the SBE formalism for
systems with a Hubbard-like interaction U and two particle types 1 and |. In particular,
we discussed the spin structure of the self-consistent SBE equations and the symmetry
relations satisfied by the SBE vertices. We presented our code to solve the SBE equations,
which we successfully benchmarked with the exact formulas of a single Hubbard site at
arbitrary filling and in an external magnetic field in z direction.

In the paper below, we demonstrate that our formalism is suited for more relevant
models, explicitly the two-dimensional Hubbard model, which is one of the most im-
portant models in solid-state physics as its extensions might explain high-temperature
superconductivity in cuprates [SWS™21]. Basically, the single Hubbard site, Eq. (4.86), is
extended by lattice indices ¢, 7 for the fermionic operators éj, ¢; and hopping parameters
ti; between two sites ¢ <> j (mostly, only up to next-nearest neighbor hopping is taken
into account). The Hamiltonian of the Hubbard model reads

'H - Z tij (é;r,aéj,ff + é}7gé’i,0'> +U Z ﬁi,Tﬁi,¢; (4103)

Z7]7o—

where o =7, ] and n,;, = é;aéi,o. The additional difficulty is that the Hubbard model

involves a momentum dependence of the operators éL, Cr, which is transferred to all the
vertex functions.

A numerical integration over the two-dimensional momenta in the whole first Brillouin
zone is almost intractable. That is why the momentum-dependent four-point vertex
I'(q, k, k') is expanded in form factors f;(k), which respect symmetries of the lattice:

q7 k k?/ Z fl Fl l’ fl’ Z fl = 5k,k’- (4104)

LU

If chosen appropriately, one aims to describe the relevant physics with only a few form
factors such that the above summations can be truncated, which tremendously lowers
the numerical costs. So called truncated unity solvers were originally and successfully
applied in fRG approaches [HS09, LPR*17] and more recently used in the parquet
formalism [ESEH18, EHHEK20].

In the work below, special emphasis is put on the computation of the self-energy in the
SBE formulation (cf. Secs. 3.4.3 and 4.1.3). Using our numerical code presented in Sec. 4.2,
we saw that the Schwinger-Dyson equation (4.57) in terms of the SBE vertices yields the
same results for the different diagrammatic channels r = a, p, t. The investigations below,
which include momentum variables, however, show that the truncated unity approach in
the momentum summations may spoil the results for the self-energy and vertex quantities.
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4. SBE formalism for two particle types

There, the final results for the self-energy differ depending on which channels are used in
the differentiated Schwinger—Dyson equation.

The paper [P4] uses slightly different notations. The diagrammatic channels a, p,t are
denoted as ph, pp, ph, the full vertex I" as V, and the bosonic propagator 7, as w,. The
physical channels ch, sp, si, tr, Eq. (4.102), used in the SU(2)-symmetric case are denoted
as C, M, s, t.
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Abstract

We extend the recently introduced single-boson exchange formulation to the compu-
tation of the self-energy from the Schwinger-Dyson equation (SDE). In particular, we
derive its expression both in diagrammatic and in physical channels. The simple form of
the single-boson exchange SDE, involving only the bosonic propagator and the fermion-
boson vertex, but not the rest function, allows for an efficient numerical implementation.
We furthermore discuss its implications in a truncated unity solver, where a restricted
number of form factors introduces an information loss in the projection of the momen-
tum dependence that in general affects the equivalence between the different channel
representations. In the application to the functional renormalization group, we find
that the convergence in the number of form factors depends on the channel represen-
tation of the SDE. For the two-dimensional Hubbard model at weak coupling, the pseu-
dogap opening driven by antiferromagnetic fluctuations is captured already by a single
(s-wave) form factor in the magnetic channel representation, differently to the density
and superconducting channels.
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1 Introduction

The recently introduced single-boson exchange decomposition [1] provides a valuable tool in
the quantum field-theoretic treatment of quantum many-body systems [2-12]. It features a
physically intuitive and also computationally efficient description of the relevant fluctuations in
terms of processes involving the exchange of a single boson, describing a collective excitation,
and a residual part containing the multiboson processes. The effective bosonic interaction is
represented by bosonic propagators and fermion-boson couplings also referred to as Yukawa
couplings or Hedin vertices [13] determined from the vertex asymptotics, in analogy to the
construction of the kernel functions defining the high-frequency asymptotics [14].

At weak coupling, this effective bosonic interaction yields quantitatively accurate results,
while the multiboson contributions are irrelevant and can be neglected [15], allowing for a
substantial reduction of the computational complexity of the vertex function: Since the multi-
boson processes are the only ones to depend on three independent momentum and frequency
variables, neglecting them drastically reduces the computational complexity of the problem.
In contrast, the bosonic propagators and fermion-boson couplings depend on one and two in-
dependent arguments, respectively, and therefore their numerical treatment including the full
momentum and frequency dependence is much less demanding.

At strong coupling, the advantages of the single-boson exchange formalism are particu-
larly prominent in the non-perturbative regime of intermediate to strong electron-electron
interaction. In fact, these interaction values lead to multiple divergences in the two-particle
irreducible vertex functions [16-30], which makes the applicability of conventional Bethe—
Salpeter equations and/or parquet formalism [31,32] beyond the weak-coupling regime rather
problematic. In the single-boson exchange formulation of the diagrammatics, instead, the cor-
responding irreducible vertex functions are defined in a different way: They are obtained from
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the difference between the full vertex and the single-boson exchange diagrams, each of which
is composed of diagrams that correspond to physical correlators up to an amputation of the
external legs. Beyond providing a much more transparent link to the underlying physics than
the parquet formalism, no diagrammatic element of the single-boson exchange decomposi-
tions of the vertex function displays [1, 2] the non-perturbative divergencies which plague
their parquet counterparts.

We here provide a unified framework for the consistent derivation of the Schwinger-Dyson
equation (SDE) for the self-energy in the single-boson exchange formulation. Its simpler form
involves only the bosonic propagator and the fermion-boson vertex in a single channel and
not the rest function. Moreover, the expression for the SDE derived within the single-boson
exchange formalism has a one-loop structure, making its evaluation easier than the standard
textbook expression. Notably, the possibility of using different but equivalent self-energy for-
mulations in the various channels does not depend on a specific choice of the Fierz decoupling
parameter, which is related to the Fierz ambiguity [33]. Moreover, the change of represen-
tation of the Schwinger-Dyson equation in the resulting triangular form is particularly useful
for the postprocessing tool of the fluctuation diagnostic, which enables the quantification of
the different fluctuation contributions. Specifically, this approach avoids the need for partial
summations required in earlier methods [34-38]. On a more practical perspective, we also
discuss the relevant implications for truncated unity (TU) solvers [4,39-44], where the infor-
mation loss in the form-factor projection of the momentum dependence generally affects the
equivalence between the different channel representations. Specifically, we apply the single-
boson exchange expression for the SDE to the functional renormalization group (fRG) [45,46]
and demonstrate that the self-energy flow determined by its derivative [47] captures the pseu-
dogap opening in the two-dimensional (2D) Hubbard model at weak coupling. However, the
different channel representations of the SDE converge differently in the number of form fac-
tors. The antiferromagnetic fluctuations dominating at half filling are best described in the
magnetic channel in which the onset of the pseudogap opening is captured by using only the
s-wave form factor.

The paper is structured as follows: we first introduce the formalism in Section 2. Specifi-
cally, the presented matrix representation of the spin structure allows for a compact notation
to efficiently sum over the involved variables and indices, the technical details are reported
in Appendix A. After a brief review of the single-boson exchange representation, we derive
the form of the SDE as the main result of the present work. In Section 3, we showcase the
application to the fRG. We present results for the 2D Hubbard model at weak coupling and
discuss the implications arising in the implementation with TU solvers. Finally, we provide a
summary of our findings and conclusions in Section 4.

2 Single-boson exchange formulation of the SDE

2.1 Conventional SDE and matrix formalism

Before reviewing the single-boson exchange representation, we present the formalism [9] ap-
plicable to any lattice fermion system with the classical action of the form

S[C, C] = _CllGO;llllcl — ZU1/2/|12C1/C2/C2C1 . (1)
The numbers 17,2, 1, 2 labelling the Grassmann fields c; represent generic indices, which en-
close spin components, momenta, and Matsubara frequencies. For these, we use Einstein’s con-

vention, i.e., repeated indices are summed over. Furthermore, G, denotes the bare propagator
and U the crossing-symmetric [31,32] bare interaction vertex Uyiy|1 = —Ugq/12 = —Up/j21-

3
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We assume energy conservation and translational invariance resulting in momentum and fre-
quency conservation.

The conventional form of the SDE for the self-energy is the main subject of the present
work and reads [31,32]

1
2 = ~Uvn2Gapy — 5 Urs142G212 Gajz Gaja Varz s - (2)
Here, V is the full four-point interaction vertex. Equation (2) represents the starting point for

the derivation of its single-boson exchange formulation, as presented in the next sections. The
products of the Green’s functions define the bubbles in a given channel

Mpn;12134 = —G23G1j4» 71234 = G113G2)4» Mppi12i34 = §G1|3G2|4- €]
With these definitions, Eq. (2) can be rewritten as
1
2 = ~Uran2Gop + 5 Gapw Ursnaallpnsopes Vaziis
1
= —Uyo12Gopr + §G4|4’ Us1/j2a [th ° V]4/2|13'
1
= Uy112Gapor + §G4|4' [U oIl 0 V]4/1,|14 ) “@
in the ph channel. Omitting the indices, yields the compact form
1
T=G- U+§[U0th0V] , 5
where we introduced the o product indicating the summation over spin indices, momenta, and

frequencies [9,48]. The channel-dependent product of four-point functions A and B is defined
by

ph : [AoBlig3s =Aeg54B15j36 5 (6a)
ph [AOB]12|34 =A16/54B52)36 > (6b)
pp : [AoBligzs =A1256Bs6)34 - (60)

Note that the product can be represented by matrices, see Appendix A for details. We further-
more used the product involving a (two-point) Green’s function G defined by

[A- G]1/|1 =A1f2'|12G2|2' = —G2|2'A2'1'|12 =—[G ‘A]1/|1 . (7)

For the definition of the loop product -, the order of G and A is decisive since we absorb a minus
sign originating from the crossing symmetry of the vertex A. Analogously, we can rewrite the
second term on the right-hand side of Eq. (2) in the other diagrammatic channels. We obtain

Ur3/142Go)2 G3|3 Gajar Varorns = Gojor U1'3/|42H,Th;34|3/4/V4/2/|13
=Gy [UoTroV] s, (8)

for the ph channel and

Ur3142G2p2 Gsj3 Gaja Voo ns = Urrgraa G 2 ppoai2a Varois
= G3|3/[U02pr 0V:|1,3,|13, (9)
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Figure 1: Diagrammatic representation of the SDE for the self-energy: We show the
diagram in the conventional form and the corresponding respresentation in single-
boson exchange formalism in the ph and pp channel (without the Hartree term).

for the pp channel. Thus, Eq. (5) can be expressed equivalently as

1
2=—(U+5[U0Hﬁov])-c (10a)
=—(U+[UoI,,oV])-G, (10b)

see Fig. 1 for their diagrammatic representation. We note that the sign change in the Hartree
term is due to the reverted order of the product, see also Eq. (7). Equations (5) and (10) are
the starting point for the derivation of the SDE in the single-boson exchange representation.

2.2 Single-boson exchange representation

The single-boson exchange decomposition of the two-particle vertex is based on an alterna-
tive notion of reducibility, known as U reducibility, where U is the bare interaction [1]. The
concept builds on the observation of the primary bosonic dependence of diagrams and their
interpretation as exchange of a single boson. Diagrams falling into this category are termed
U-reducible as they can be divided into two parts by cutting a bare interaction. Conversely, di-
agrams that cannot be divided this way are termed U irreducible. Similarly to the two-particle
reducibility underlying the classification of diagrams in the parquet formalism [31,32], the U-
reducible diagrams can be further categorized on whether the two lines connected to the bare
interaction are particle-particle (pp), particle-hole (ph), or particle-hole crossed (ph) lines.
Note that a U-reducible diagram is also two-particle reducible, with the exception of the bare
interaction itself, which is considered U-reducible in all three channels.

Exploiting momentum and frequency conservation for one-particle correlators, such as the
Green’s function, gives

G0'11|O'1 (kl’lkl) = 50'1/|O'1 5k1/,k15v1/,v1 G011,0'1 (k].) . (11)

For two-particle objects, such as the full two-particle vertex, we have

— /
VO'1/O'2/|O'10'2(k1" k2’|k1’ kz) - 5k1/+k2/,k1+k26v1/+v2/,v1+v2VO'I/O'Z/|O'10'2(QF’ kr’ kr)r (12)

where the channel r defines the bosonic Q, = (Q,, 2,) and fermionic arguments k, = (k,, v,)
and k/ = (k, v), see also Fig. 7 in Appendix A for the definitions of k, and Q, in the respective
channels r.

Specifically, the latter applies also for the bare interaction vertex Uy ¢, (0,0, (K17, K|k, k2).
Through Egs. (11)-(12), one-particle objects only depend on one momentum and frequency
variable, while two-particle objects in general depend on three.

The sum of all U-reducible diagrams in a given channel r = pp, ph, ph including the bare
interaction is given by

V.=Aow,e1,, (13)

where the o product indicates the summation over spin indices only (with the same definition
as in Egs. (6), but excluding the summation over momenta and frequencies). It represents the
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exchange of a single bosonic propagator w, between two fermion-boson couplings A, and X,.
Diagrams that are two-particle reducible, but U irreducible with respect to the channel r do not
fall into this category. They are collected in the rest function M, containing the multiboson ex-
change processes (see Fig. 1in [10] and Fig. 5in [9] as examples). In the notation introduced
above, both A, and w, are four-point objects with respect to the spin indices. For the reduced
frequency and momentum dependence of the single-boson exchange vertices, it is essential
that the bare interaction U does not depend on frequencies and momenta. In particular, this
is the case for an instantaneous local U. Explicitly, the bosonic propagator w, = w,.(Q,) then
depends on a single bosonic argument and A, = A,.(Q,, k) on both a bosonic and a fermionic
argument in the presence of momentum and frequency conservation.
In the following, we will exploit the relation [9]:

w,eA, =U+UoIl, oV 14)

(A, ew, = U+ V oll, o U respectively), which is crucial in the derivation of the SDE in
single-boson exchange representation. This relation applies for local interactions, while the
generalization to non-local interactions is briefly discussed in Appendix B.

2.3 Derivation in diagrammatic channels

We first determine the SDE for the self-energy in diagrammatic channels. In the single-boson
exchange formulation, its form turns out to be particularly simple and hence more advanta-
geous for the numerical implementation.

For the spin T component (the | component is obtained straightforwardly by inverting the
spin indices), Egs. (5) and (10) for the different channels read

il m, 1 It
2T=Gl-U”+§GT~[U0thOV] +§Gl~[U0th0V] : (15a)
1 1
T—_yh.gl—2 —oy]T.gl—= —oyl. Gl
nl=—UN-Gt = J[Uelgov] -G = J[UoTyoV]t G, (15b)
oh=—Ut.G'—[Uom,, oV]T-G'—[Uom,, 0 V] G, (15¢0)

where we used U'T = 0 for local interactions and introduced the short-hand notation
0 — Eala U°° = Uaalo()' UO'E — UaElUE Ugg — UaElEO' (16)

with 0 =7 / | and T =, I =17. We here assume only U(1) symmetry in order to account for
a magnetic field. We will restrict ourselves to the SU(2) symmetric case for the derivation
in physical channels in Sec. 2.4, where we exploit &' = ©!, T = G}, V1T = vl 4+ v and
v = v [31,32]. In Egs. (15), only the spin indices are reported explicitly, whereas the full
momentum and frequency dependence is determined below. As a general rule, the sum in the
products includes all indices except for the specified ones (in this case, the spin indices have
already been summed over). In the following, we first focus on the ph channel and then extend
our results to the ph and pp channels. The summation over the spin indices in Eq. (15a) yields

5=t Ul + 6t ulTont ovil, a7)
where we used that H;ﬁ = 0 due to the matrix structure and
Gh-utleny ovit =Gt utoml o Vi, (18)

as a consequence of crossing symmetry. The latter is obtained by applying the relation (A.3)
discussed in Appendix A to both the bare interaction U and the full vertex V.

6



Sci| SciPost Phys. 18, 078 (2025)

We now express our findings in the single-boson exchange formalism. Using the relation

outlined in Eq. (14), we can express the product ullo Hll); oviin Eq. (17) as

[Uo I, 0 V:|lT = [wph ® Apn — U:|lT . (19)
Performing the spin summations yields
T—gb. (Wit
=G (wyAn), (20)

for the self-energy in the ph channel. We note that in contrast to Eq. (17), the Hartree term
does not explicitly appear anymore, since it is absorbed in the translation to the single-boson
exchange representation through w,;, and 4, by (19).

Analogous steps allow us to rewrite Egs. (15b) and (15c) for the ph and the pp channel,
respectively

»=—wlaly. 6!, (21a)
ph ph
T— 1y N _ el
= [wpp(ZApp 1]-G*, (21b)
: A ) W1
where we used the relations w'* = W and App =1 App.

We note that the SDE in single-boson exchange representation can also be obtained by
directly applying Egs. (14) to Egs. (5) and (10), yielding

N=—(w,e1,.)-G. (22)

The corresponding diagrammatic representations are shown in Fig. 1 for the ph and pp channel
representations (21). For the pp channel, the product w,, ® A, is determined by

[Wpp @ App]™* [wpp App]ﬁ] =wlt [ 1 _1] [ lf% _(A;% ) 1)]
[pr ° App]” [pr ° PLPP]” -1 1 —(A}T)p —-1) QLPL
1 [ (2)\2} —-1) —all — 1)}

Wpp —(27&—1) (2/xﬁp—1)

(23)

where the simple forms of the matrices result from crossing symmetry, see Appendix A. Spec-
ifying the spin component, the self-energy can be read off as

T— —rwieat — 1.6t
o =—w,,24,, —1]-G". (24)

However, for the ph and ph channels the corresponding matrices have a more complex form
and crossing symmetry can only be used at the level of Egs. (15a) and (15b) to simplify the spin
summations. We now provide the momentum and frequency dependence of the SDE for the
self-energy in diagrammatic channels. Applying the momentum and frequency conventions,
we determine the explicit forms of Egs. (20) and (21) to be

T . Q
zT(k;v)=§W2ﬁ(Q;Q)ALﬁ(Q,k—Q;n,v—[gDcl(k_Q;v—m, (252)
T oy U ran oy atl o0 vl 2Nl ik_a v
5 (I ) = %wﬁ(q,n)xﬁ(q,k Q:, v M)G k—Q;v—0), (25b)

= (I v) =~ > wht (Q; m[zxgﬁ, (Q,Q—k; n[%} = v) - 1] G'(Q-kQ-v), (250
Q,Q2
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where the symbol [- - - ] (L- - J) rounds its argument up (down) to the nearest bosonic Matsub-

ara frequency. The corresponding equations for = are obtained by reversing the spin indices.
For the details on the derivation, we refer to Appendix C. Without any approximation, the
three expressions of the SDE in single-boson exchange representation, Egs. (25), are equiva-
lent: the bosonic propagator and fermion-boson coupling from any single channel allows to
reconstruct all self-energy diagrams. However, TU solvers expanding the fermionic momen-
tum dependence in a finite number of form factors generally lead to different results for the
various channels, as will be discussed below.

2.4 Derivation in physical channels

In this section, we translate the simple form of the SDE in single-boson exchange represen-
tation derived in diagrammatic channels to physical ones,® i.e., the magnetic, density, and
superconducting channels, in which the single-boson exchange decomposition has been orig-
inally introduced [1]. These channels involve specific linear combinations of the spin compo-
nents, designed to diagonalize the spin structure in the Bethe-Salpeter equations for systems
with SU(2) symmetry [31,32]. This offers interpretative advantages as it allows for a direct
physical identification of the collective degrees of freedom at play.

Restricting ourselves to SU(2)-symmetric systems, in the shorthand notation introduced

above, the six spin components of the full vertex reduce to v Vﬂ, v equivalent to Vi
vit , and V! respectively. Similarly, for the spin components of the self-energy and the Green’s
function holds ©' = =! and G' = G!. Furthermore, we have V1T = v + Vﬂ, as it follows
from the definitions in Egs. (16). We define the density, magnetic, and the superconducting
channels as [49]

M_ oMot Tl

vM=vi-Vi = vﬁ, (26a)
D_ M, M outl  hl

VP=V I+ V=2V vﬁ, (26b)

vSC = VPT; ) (26¢)

The bosonic propagators w in physical channels are determined by analogous relations. The
same applies for the fermion-boson couplings A except for its expression in the superconduct-
ing channel, see below. Their inversion yields

—~ M D D M
fl_ M W tw nN_Ww —w

_ T _ . SC
Wop =W, oh = 2 s W = 2 R Wy, =W, (27a)
_ M D D M sC
1 _am pm_AT+A n_A—A AT+l
)Lph =A", Aph = > , Aph = 7 R App == (27b)

where we used the 7l component for the magnetic channel. We note that indeed
wll = WIT —wll. For the details on the superconducting fermion-boson coupling A5¢ = 2%;%)—1
differing from the corresponding one for the bosonic propagator, we refer to Appendix A. It is
worth noting that the pp channel allows to define both the singlet and triplet pairing channels

s_yN_yll t_yl gyl
V= Vpp Vpp S V= Vpp + Vpp . 28)
Thus, the definition of the SC channel is consistent with
Vs+ vt
VSC = OB (29)

IRef. [9] illustrates the relationship between these “physical” and the “diagrammatic” channels assuming SU(2)
spin symmetry.
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Equations (28) hold also for the bosonic propagators w®, w' and for the fermion-boson cou-
plings A%, AL, The relation to the above expression for A5 is obtained by considering AIT)L =1,
see Appendix A. The singlet channel then reads

s atl Tl b Tt 4 at —9all _
A —App App_)“pp App+7tpp_2lpp L (30)

which encodes the superconducting channel, while A' = AIT)% + )”Ev =1.

Using the relations in Egs. (27), both the ph and ph formulations of the self-energy in
Egs. (20) and (21a) translate to
r=G-(wMaM). (31)

For the superconducting channel, Eq. (21b) yields

L =—w2%%.G. (32)
In order to derive the density channel formulation, we have to start from the general form
(15a). In the single-boson exchange formulation, it reads

1, 5.1 1 G0
Tzl 2T (1T 1T ATl e A WA )
n' = 2G U+ + 2G (thkph + thlph) + 2G (wphlph), (33)

where we used Eq. (14). In presence of SU(2) symmetry, this translates to

3 1 1

=G - WM+ =G -wWPAP)—=G-UP, (34
4 4 2

where we introduced U” = U™ consistently with the density component of the bare vertex in

Egs. (26). The comparison with Eq. (31) then leads to

T=G-(wPAP)—2G - UP. (35)

This shows that the general form of Eq. (15a) is essential to derive the SDE in all three channels.

The explicit momentum and frequency dependence of the SDE in physical channels can
be determined along the same lines as for the diagrammatic channels (for the details on the
derivation see Appendix C) and reads

B(k; v) = > wM(Q; )M (Q,k—Q; Q,v— [%D G(k—Q;v—0Q), (36a)
Q.0
Z(k; v) = ;: [WD(Q; Q)AP (Q,k—Q; Q,v— [%D —2U"(Q,k; @, v)] G(kk—Q;v—Q),  (36b)
B(k; v) == wS(Q; @)% (Q,Q—k; Q, [%W - v) G(Q—kQ—), (36¢)
Q.Q

where UP(Q,k; Q, v) = UP(k—Q, k|k, k — Q). Together with the forms in diagrammatic chan-
nels (25), the above equations represent the main result of the present paper.
2.5 Expansion in form factors

We now address the possible problems associated with TU solvers that use a truncated form-
factor expansion for the fermionic momenta, as the TU fRG [39,40,43] and the TU parquet
equations [4,44].

“Truncated unity” refers to the insertion of the unity

1= f dp’6(p—p’) = f dp’ > f(P) (@),

9
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S )\pp € )‘ph
G — —
€Xp €W

€ Wpp € Wph

\ \

1 1
—*TK/G _____ VIIG

Figure 2: The same self-energy diagram drawn as 7Lp—hwp—hG (left), as JLPPWPPG (cen-

ter), and as A,,wp,G (on the right). The dashed line indicates the closing Green’s
function. Using only an s-wave form factor is exact for the computation via A_-w—G,
but not for A,,,,,Wpp/pnG, due to the information loss induced by the form-factor
projections.

pp/p

and the subsequent truncation to only few form factors in practical applications. For this, we
rewrite the above SDE in diagrammatic channels, Egs. (25), in form-factor notation (analogous
arguments hold for the physical channels)

=1 (g 3) = 316! (k- @ v- s @) | stk onfh, (@[5 ])]. (37a)
Q. m
)=~ 3 16" (o= @iv- i) | Zhoeens (e [Z])]  om

5 () =~ 36! @k - WwlL (@) [2me(Q—k)/1;§,;m (Q; Q, [%] _ v) - 1] ., (370
Q,Q2 m

where {f,, (k)}r‘ff’zo is a set of form factors defined on the Brillouin zone. The range of their
real space representation is determined by the bond length. If the results are converged in
the number of form factors, all three single-boson exchange expressions of the SDE (37) yield
the same result. This is in general not the case if only a small number is considered. In fact,
the restriction to a small number of form factors leads in general to a violation of the crossing
symmetry [44]. In particular, a truncation in the form factors fully includes the diagrams
reducible in the corresponding channel (any r-reducible diagram in the formulation including
A.), but only partially those reducible in the other channels. This is exemplified in Fig. 2:
using only an s-wave form factor; i.e., restricting to f,(k) = 1, the diagram shown in the figure
is computed exactly in the ph formulation of the SDE. Indeed, the argument of the bosonic
propagator w, being entirely bosonic, is not affected by the s-wave form-factor truncation.
However, the same diagram is not accounted for correctly in its formulation, since Ay p),
depends also on a fermionic argument which is not captured by the constant s-wave form
factor. We note that all ladder diagrams formulated in the corresponding channel are treated
exactly (see left diagram of Fig. 2 as an example), only the corrections from the other channels
to these ladders are affected by the truncation in the number of considered form factors.

To summarize, some diagrams are not treated optimally in the single-boson exchange SDE
with respect to a truncation in form factors. In this case, the computation of the self-energy
generally depends on the choice of the channel, as will be shown in the application to the 2D
Hubbard model presented in the next section. Specifically, when the fermionic momentum
dependence is expanded in form factors, the crossing symmetry between the particle-hole
channels is broken [12,44].

10
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3 Application to the fRG: The pseudogap opening in the 2D Hub-
bard model

We now apply the SDE in the single-boson exchange representation to the fRG [45,46]. We
focus on the pseudogap opening in the 2D Hubbard model at weak coupling,> where fore-
front algorithmic advancements brought the fRG to a quantitatively reliable level [51, 52].
In particular, the multiloop extension [53, 54] allows one to recover the parquet approxima-
tion [31,55,56]. In this scheme, the self-energy flow is determined by the derivative of the
SDE. In the implementation based on the parquet decomposition, the use of the SDE has been
shown to be crucial for detecting the pseudogap opening. [47]. Here, we employ the single-
boson exchange formulation of the SDE derived above, extending the single-boson exchange
formulation of the fRG [10, 15, 57] to the computation of the self-energy.

For the Hubbard model [58] with nearest-neighbor hopping amplitude t, chemical poten-
tial u, and local Coulomb repulsion U, the classical action is of the form (1), with

Uo'l/02/|o'102(k1” k2’ |k1: kz) = U5(kl’ + k2’ - kl - kZ)(501/,01 502/,0'2 - 501/,0'2 50'2/,0'1)

x(1=585,5,) (38)

and the bare propagator given by
G&él,|al(k1/|k1) = (iv; — €y, +w)o(ky —kq), (39)
where the dispersion relation reads €, = —2t[cos(k, ) + cos(ky)]. Throughout our analysis,

we consider t = 1 as energy unit and focus on |U| = 2 and half filling with () = 1. Using the
T flow [59], allows us to track the temperature evolution of the pseudogap opening along the
renormalization-group flow. The flow equations for the bosonic propagator, the fermion-boson
coupling, and the rest function are reported in Appendix D. The self-energy flow is determined
from the derivative of the SDE (31), (32), and (34). For the magnetic channel formulation,
Eq. (31) leads to

=G -(WAM) + G- (WMAM) + G - (wMAM) . (40)

The momentum and frequency dependencies are obtained by following the explicit form (37a).
The corresponding expressions for the D and SC channels can be derived analogously. We note
that the derivative of the self-energy appearing in the Katanin correction for G on the right-
hand side is replaced by the conventional 1¢ flow. In order to account for the full feedback,
the equation should be iterated until convergence. Since this results only in quantitative cor-
rections [52], we neglect the iterations here.

We here perform a two-loop (2¢) computation® that neglects the flow of the U-irreducible
rest functions (in the considered parameter regime its effects are very small [15]). Specifi-
cally, we use n = 8 positive fermionic and 2n bosonic frequencies for the parametrization of
the fermion-boson coupling and rest function, whereas for the bosonic propagators we use 64n
positive bosonic frequencies. For the self-energy, we use 10n positive fermionic frequencies,
and for the bubble integrand we use 64n positive bosonic and 64n positive fermionic frequen-
cies. The fermionic momentum dependence of the fermion-boson coupling is accounted for
by a form-factor expansion, where we consider only the local s-wave contribution since at half
filling the physics is dominated by antiferromagnetic fluctuations. For the transfer momentum
parametrization, in addition to 16 x 16 momentum patches distributed on an equally spaced
grid in the Brillouin zone, we take into account a finer grid around the antiferromagnetic peak

2See Ref. [50] for a review.
SDifferently to the conventional 1¢ scheme, the 2¢ truncation is exact to third order in U with corrections of
O(U*). For the details on the implementation in the single-boson exchange formulation, we refer to Ref. [60].

11
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Figure 3: Imaginary part of the self-energy as a function of Matsubara frequencies at
half filling (u = 0), U = 2, and various temperatures, as determined by its expression
in the magnetic channel (36a). At the antinodal point k = (7r,0) displayed in the
main panel, the pseudogap opens at higher temperatures as compared to the nodal
point k = (7t/2, t/2), see inset.

at k = (m, ) and the superconducting peak at k = (0,0). The bubble transfer momentum
dependence is calculated on a much denser grid of 80 x 80 momentum patches, see Ref. [57]
for the details.

We here focus on the analysis in Matsubara frequencies. A non-Fermi-liquid behavior can
be signaled by deviations of the quasiparticle weight

0 ReX(v,Kk)

-1
> ) <1, 41)

zZw=(1

v—0

where v is areal frequency. In the limit of low temperatures, d,ReX( v, k)|, _,o can be translated
to Matsubara frequencies. The gap opening can then be observed directly in the imaginary part
of the self-energy bending towards negative large values. In contrast, the Fermi-liquid regime
is always characterized by a bending towards small values. In Figs. 3 and 4 we present the fRG
results obtained for the different channel representations of the SDE. Due to their equivalence,
these are expected to yield the same result. In the TU-fRG, however, the pseudogap opening is
only observed in the magnetic channel representation and not in the density or superconduct-
ing one. As we will discuss below, this is a consequence of the reduced number of form factors
and their convergence, which is different in the three channel representations. We first focus
on the magnetic (or p_h) channel data shown in Fig. 3. At low temperatures, we observe an in-
sulating behavior initially at the antinodal point k = (0, 7t). At the nodal pointk = (7t/2, 7t/2),
the gap opening occurs at lower temperatures. These findings agree with the results obtained
with the parquet formulation [47]. The results for the density and superconducting channel
representation of the SDE are reported in Fig. 4. We find equal self-energies in the supercon-
ducting and density formulations, in agreement to the expectation based on SUp(2)-symmetry
on the square lattice at half-filling. Differently from the magnetic channel, these representa-
tions fail to capture the pseudogap opening even at the antinodal point, where it should be
more pronounced. Note also the different scales with respect to Fig. 3. This behavior can be

12
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Figure 4: Same as Fig. 3, but determined by the density and superconducting channel
using Egs. (36b) and (36c¢). It can be clearly seen that these representations fail to
capture the pseudogap opening both at the antinodal and the nodal point. Note also
the different scales with respect to Fig. 3.

understood in the light of the discussion in Section 2.5: The magnetic fluctuations driving the
pseudogap opening are not translated efficiently to the subleading channels in the TU fRG and
the flow diverges before the onset of the pseudogap opening develops. As a consequence, the
self-energy retains a Fermi-liquid nature for all values of the temperature in our analysis. We
note that the pseudo-critical transition temperature in the density and superconducting chan-
nel representations appears to be higher than for magnetic one. This is due to the information
loss induced by the form-factor projections which reduces the screening of the strong antifer-
romagnetic fluctuations at half filling. In particular, the two channel representations appear
to be affected in the same way, see also Fig. 2. At finite doping, we expect the same qualitative
behavior since the pseudogap opening is driven by antiferromagnetic fluctuations also in this
case [61,62].

We finally note that the dependence on the different representations is due to the different
convergence in the number of form factors. In the magnetic channel, the pseudogap opening
is captured already by the single s-wave form factor considered here, while in the density
and superconducting ones it is insufficient. This problem can be circumvented by using the
parquet-based formulation of the SDE. The latter does not induce a bias between the different
physical channels and captures the pseudogap opening within the s-wave truncation [47]. In
this formulation, replacing the two-particle vertex by its single-boson exchange representation,
the SDE includes also multiboson contributions [63].

We note that the self-energy is independent of the sign of U [64]. Moreover, at half filling,
the Shiba transformation [65] maps the attractive (U < 0) to the repulsive Hubbard model.
Specifically, the s-wave superconducting fluctuations at Q = (0, 0) and the density fluctuations
at Q = (7, ) in the attractive model correspond to the antiferromagnetic spin components in
the repulsive model. Consequently, as expected, for the attractive Hubbard, we obtain the same
results, but with exchanged channels: the dominant density and superconducting fluctuations
drive the pseudogap opening observed in the corresponding channel representations, while
no pseudogap opening is detected in the magnetic channel representation. At half filling,

13
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Figure 5: Fluctuation diagnostics of the imaginary part of the self-energy at the antin-
odal point, for the repulsive Hubbard model at half filling, U = 2 and T = 0.13.
The histogram bars display the contributions of the different bosonic momenta
Q = (Q,Q = 0) in the magnetic (red), density (blue) and superconducting (green)
representations. The pronounced red bar at Q = (7, ) clearly shows the dominant
contributions of the antiferromagnetic spin fluctuations.

the results obtained from the density and superconducting channel representations for the
attractive model coincide with the ones determined by the magnetic channel in the repulsive
model and the magnetic channel representation results for the attractive model with the ones
determined by the density and superconducting channels in the repulsive model. Also in this
case, the channels controlling the physical behavior yield the correct description.

A more detailed understanding can be obtained by applying the fluctuation diagnostics ap-
proach [34-38] to analyze the main collective mode contributions to the self-energy in both the
repulsive and attractive cases. We recall that the single-boson exchange SDE for the self-energy
in the different channels, Egs. (36), includes — by construction — an integral over processes in
which the Green’s function is renormalized by a momentum and frequency dependent boson
as well as by a fermion-boson coupling. Although, in general, all momenta and frequencies
will contribute, in the representation reflecting the physically relevant fluctuations, specific
momenta and frequencies will dominate the contributions to the integral. In the framework
of the fluctuation diagnostics, this indicates that a boson of the corresponding channel can be
deemed primarily responsible for the self-energy/spectral feature under investigation. For our
analysis of the pseudogap opening, following Refs. [34, 38] we focus on the first Matsubara
frequency at the antinodal point k = (0, 7t). The corresponding fluctuation diagnostics results
for the formulation of the self-energy in the magnetic, density, and superconducting channel
are reported in Fig. 5 for the repulsive Hubbard model. In particular, we visualize the inte-
grands of Egs. (36) as a function of the bosonic transfer momentum Q (and 2 = 0), since
this vector defines the transfer momentum of the corresponding collective modes. Then, a
dominant contribution appearing as a peak in the integrand of the magnetic or charge rep-
resentation of the self-energy at Q = (7, 7t) can be attributed to antiferromagnetic or charge
density wave fluctuations respectively, while a peak in the superconducting representation of
the SDE at Q = (0, 0) hints at strong pairing fluctuations. The data in Fig. 5 shed light on the
underlying physics of the pseudogap observed in the fRG data: In the magnetic representa-
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Figure 6: Same as Fig. 5, but for the attractive Hubbard model (U = —2). In this
case, the density and superconducting fluctuations at Q = (7, 7t) and respectively
Q =(0,0) dominate.

tion, the dominant contribution at Q = (7, 1) reflects the strong influence of antiferromagnetic
fluctuations, while the density and superconducting representations yield an essentially fea-
tureless momentum distribution, not presenting significant contributions to the self-energy for
any specific momentum vector.

Reversing the sign of the interaction U in our model, we carry out an analogous analysis to
characterize the physics underlying the pseudogap opening in the attractive Hubbard model.
Here, the fluctuation diagnostics identifies charge density wave and s-wave pairing fluctuations
as key players, see Fig. 6. The results show significant contributions at Q = (7, ) in the
density representation and at Q = (0,0) in the superconducting one. At the same time, now
the magnetic representation does not display any pronounced momentum-selective behavior.
We note that the displayed results include only the Q2 = 0 evaluation of the integrand, from
which the degeneracy of the density and superconducting contributions can not be directly
inferred (the same applies to Fig. 5).

4 Conclusions and outlook

We derived the expression for the Schwinger-Dyson equation (SDE) for the self-energy in the
single-boson exchange formulation. The employed formalism makes use of matrices to encode
the spin structure and allows for a compact representation of the SDE. The resulting equation
exhibits a simple form involving only the bosonic propagator and the fermion-boson vertex
(and not the rest function). Moreover, the single-boson exchange SDE is a one-loop equation,
in contrast to the two-loop nature of its conventional expression. As a result of the symmetry
of the systems (e.g. SU(2), U(1), ...) our SDE expression can be recast in several, formally
equivalent representations, which essentially corresponds to the physical scattering channels
of the system.
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However, such a formal equivalence is generally broken if truncated-unity (TU) approx-
imations are included in the algorithm used for the calculations (e.g., for parquet and fRG
implementations using a restricted number of form factors). In particular, the information loss
introduced by the projection of the momentum dependence directly affects specific channel
representations of the SDE and may be reflected in an unphysical dependence on the chosen
SDE form. In the specific case of the fRG presented in this work, we analyzed the pseudogap
opening in the 2D Hubbard model at half filling. We found that the self-energy flow yields the
expected behavior already by the s-wave form factor in the magnetic channel representation.
In contrast, the convergence in the number of form factors in the density and superconduct-
ing channel representation is slower. For these, an s-wave computation does not provide an
accurate description of the antiferromagnetic fluctuations dominating the physics.

As an outlook, the extension to non-local interactions, only briefly alluded to here, repre-
sents an important step / plays an important role also in the generalization of the fluctuations
diagnostics [34,37,66] as a versatile post-processing tool to quantify the contributions of the
different scattering processes. Concerning the fRG implementation, further developments in-
clude the extension to the strong coupling regime by the combination with the dynamical
mean-field theory (DMFT) [67,68] in the so-called DMF?RG [10, 14,69, 70].
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A Details on the formalism
In this appendix, we present the notation to handle the spin and momentum/frequency struc-

ture of the single-boson exchange vertices introduced in Ref. [9] and discussed in more detail
in Ref. [71].
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A.1 Matrix representation of the spin structure

The summation over spin indices for products of four-point objects such as IT and V or any
other object with the same index structure can be carried out efficiently by storing their spin
components in 4 x 4 matrices. The summation over spin indices is then carried out by per-
forming standard matrix products. Assuming that A=TII, V, etc., the matrices in the different
diagrammatic channels read

1l
Ap—h 0 0 0 ALL 0 0 0

- "
al l
A |0 Al 0 0 A 0 Az 0 0 A = 0 Ay 0 0
ph Mmoo P o o Al Alb|> “PPT™ | 0 o Al Al
0 0 Agh Afh ph ph ﬁy ff
0 0 At At 0 o Al at 0 0 App App
(A.1a)

Following the definition of the bubble products in Egs. (6), the products involving these objects
are obtained through usual matrix multiplications. There is always a “natural” spin component

e : . a1 11 T4l Al
where the multiplication has a diagonal structure, i.e., Aph’ Ap_h and Ap v (and Aph, Ap_h, Ap p).

For the other spin components, the multiplication is non-diagonal. Explicitly:

[Aph © B 1™ =AI,&1 ° B;i . [ApoBu)" =A£1 ° Bll,,Tl ,

M L M Rt
[Aph 0Bph]TT [Aph onh]lT _ A h A hio Bph Bph (A.2a)
[Ap 0B [A 0B, |~ (Al Afl Bt pH |’ ~<a
ph © Pp ph ® Pp ph “ph ph  ph
[As 0 Byl :A%OB%, [Agy 0 By 11 :AlihOB%,
p p p p

A o m M TA o1l Al Al B!l gl

[Aph onh]A [Aph onh] _|"n ThR| | R eh (A.2b)
[AgoBylt [AgoByIH | |al Al | |BI BY |’ '
[~ ph " Tph ph = "ph ph  ph ph " ph
[App OBPP]TT =ALL °B;; ) [App c’Bpp]ll =Aﬁ: oB#) >
i ! 1l L ATl 1L pil

[Apponp];T [Apponp]IT]:{Aff A%D]O[BT? B}ﬁ]' (20
[[App o Bpp "' [App 0By ] A Ay By Bup

Note that the products of U-reducible vertices A, ew, and w, e A, exactly follow that structure.
Also the spin structure of the triple products VoIl,oU and UoIl, oV are obtained by applying
the matrix products twice. We also stress that, as in the main text, the involved summations
over frequencies and momenta are not accounted for and still have to be considered.

Making use of channel-dependent momentum/frequency parametrization (cf. Fig. 7) and
of the crossing symmetries

Vigj34 = = Vo134 = V12143 = Vo143, (A.3)

one can deduce the following relations for the vertex:

VpThl(Qph: kph: kI/Jh) = _Vpi}f(_Qph’ Qph + k;)h7 Qph + kph: _Qph7 v;,h: vph)
_ IT / /
- _Vp—h(Qph, kph; kph’ Qph’ vph: vph)

= VI;LhT(_Qph: Qph + k;)h) Qph + kpha _Qphn v;,h’ vph) > (A-4a)
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Tl 1/ _yl . V.
Vp—h(Qph’kph’k )_ V ( Qph’ h+kh’Q h+k ph7 h ph)

—V“(Qp—h,kp—h,k’ oo Vo Vi)
lT( ~Qp Qu + Ko Qi + I =, v ), (A.4b)
V“(Qpp’kpp’k/ )= VTl(Qpp’Qpp Kpp, Ky pp’_”pp+5ﬂpp’v;:p)
:_Vl o (Qpp> Kpp, Qpp — kpp’QPP’vPP’_v;)p+5QPP)
= pp(QPP’QPP Kpp» Qpp =K, Qs —Vpp + 6D, =V, +6D,), (A4

where Q, = (Q,,2,), k, = (k., v,) and k/ = (k, v.) are the bosonic and fermionic quadri-
vectors. For convenience, we also defined 6Q, = [%] — [%J Note that, since we use sym-
metrized frequencies, the aforementioned objects depend on €, through the terms [% ] and

L?J, as illustrated in Fig. 7. Therefore, when the frequency changes sign (2, — —£2,), the
following identities are used:

T I

The crossing symmetries for the bubble operators are deduced in a similar manner:

}L.I(Qph’ ph> Qph: 1)ph) ph( Qph’ Qph + k ph; ph) (A6a)
T _ it
H (Q—5 ph’ ph’ vp—h) - Hp—h(_Qp—h) Q—h + k—h’ _ p—h) v—h) 5 (A6b)
Tl —_1l
I, (Qpp’ pp> pps Vpp) = HpL(QPP’ Qpp — Kpps R, 6y — V) (A.60)

In the matrix space for spin indices, the bubble operators are all diagonal. In particular, this
means that the following components vanish:

Nt = Tl = T — it =
th—th—O, Hp_h—l_[p_h—O, pr—pr—O. (A.7)
kz:kphQ ky =k, +%ph kZZkIThQ ky = ;;

: - o
"2:"?’1—[%] Vo = Ph+l%hj "2:”?7_[%] vz,zvﬁ—[%h—‘
Vph VP—h
ky =K, k =K, +Qy k11=k;h+?2;h ky =k + Qr

o o
Yy =V — [%-l vlzv;h+|_n%'J v1/=vﬁ+[%’J v1=v137+[%hJ
ko =k, k=K,
v2:1)p1::+|‘%J VZ/—V +\_TJ
VPP
kl’z(gpp_k;;p kl:gpp_kpp
well-y, on=F

Figure 7: Momentum and frequency conventions for the two-particle vertex in the
different channel notations, where [---] (|- - - ]) rounds the argument up (down) to
the nearest bosonic Matsubara frequency. We use a symmetrized notation for the
frequencies, which is more convenient for the numerical implementation.
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Note that for an SU(2)-symmetric system, the non-vanishing components of the matrices II,
are all equivalent, since G' = G'. Thus, to define the bubbles in physical channels, it is sufﬁ—
cient to consider the matrix elements of Iy for defining IT™, the matrix elements of I, for

D and the elements of I, for IT5C.

We here provide the explicit form for the objects used in the main part of the paper. Re-
calling the definition of the fermion-boson couplings A, = 1, + 1, o I1, o Z, [9], where Z, is
the U-irreducible vertex in channel r, it is possible to explicitly derive their matrix structure.
To simplify the exposition, we will provide the matrix form of the objects ir =A,—1,, as the
corresponding A, can be easily determined from these. In particular, they read

ATL_HN I;ll
[;TT Au] [HTT 0] [In In] [HTT In 07!l
Tosh
et u oAl o fl u] (A.8a)
Ay A I T oIl oT
M=o Il,
ph ph  ph
Z% X% H% 0 z:% I% H%o T; H%OI%
ph ph| _ | p ph ph| _ | ph "ph ph p
1 gl o m T 2| T [gllortt glogit |’ (A.8b)
ph  ph ph ph " ph ph ~ph " ph " ph
21 =0
pp ’
T3 7l 1L 7l Uo7l 7l o7l
] I e B e i PR O
0 I
App App pp Ipp Ipp proIpp prozpp

The expressions for the other fermion-boson vertex A, are obtained by inverting the order in
the multiplication. For the bosonic propagators, only the pp channel presents a different form:

00 0 O
00 O O
— .,
Wpp =W 00 1 -1 (A.9)
0 0 —1 1

As before, this can be derived by exploiting the matrix multiplications involved, recalling the
definitions w, = U+w, eP.eU, where P, = A. oIl o1, [9]. As the bosonic propagator can be
represented as w,(Q,) = U + my | k|- 00 V(Q,, kr, k;) [9], the bosonic propagator satisfies
the following crossing symmetry based relations: for the pp channel

W;i(Qpp) = _WE)(Qpp) = _Wg)(Qpp) = WiL-,L(Qpp)) W;L(Qpp) = W%,‘L(Qpp) = 0; (AlO)

an similarly in the ph and in the ph channels

wh (@) = —w (Qph) = wl (—Qun) = —w%(—Qph), (A.11a)
wQ(Qﬁ) =—w (Qﬁ) = wﬂ(—Qﬁ) = —wTAl R, (A.11b)
TT/ll(Qph) — TT/ll(Qph) — TT/ll( Q ) TT/ll( Q ) (A.11¢)

Moreover, using the definition of the fermion-boson vertex A, =1, +Z, oIl, o 1,, we find the
crossing symmetry for the pp channel

M Qpprkpp) = D T (Qpp, KT (Qpp K k)
k/l

- _Z H;i(QPP’ k”)ITl p(Qops Kpp, K') =1 A[T,i,(Qpp, kpp) - (A.12)
k//
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Analogously, for the ph and the ph channels, we obtain

A Qs kpn) = A%(Qph, Kon), (A.132)
l;—;(Qph, kpn) = A;L(Qp—h, ko) (A.13b)
A%/ll(Qﬁ’ ko) = A;L/u(Qﬁ’ kop)- (A.130)

Note that following the crossing-symmetry related Egs. (A.10) and (A.12) in the pp channel,
the matrix representations of w,,, 4,, and A4,, are well defined even though some 4 x 4
matrices are not invertible in the space of all spin components [71].

A.2 Momentum and frequency conventions

This section aims to report important relations to extract the momentum and frequency de-
pendence (according to our conventions defined by Fig. 7) for the results obtained with the
formalism outlined in the main text.

To begin with, we focus on the first version of the loop product, Eq. (7), involved in various
forms of the SDE encountered in this paper

[A-Glijn =A1r12Gay = Z Ag, o ploy0, (ks ko ky, ko) Go o, (kalkar) (A.14)
Kooy

Assuming translational invariance and energy conservation, we have

Agioyloro, (ki korlky, ko) = 6k viy ki +kyAoyoployoy (k1 = k1 + kg — ko, korlky, ko), (A.152)
GO'2|0'2/ (k2|k2’) = 5k2,k2/ G02|02/ (kz) . (A.15b)

Inserting Egs. (A.15) into (A.14) yields

[A-Glyp = ZAallaz/mloz (k1. kalk1,k2)Go,lo,, (K2) - (A.16)
ky

In other words, we see that translational invariance and momentum conservation induce that
the vertex A inside the loop product A- G comes with k;; = k; and ko, = ky. As can be
understood from Fig. 7, the condition ky; = k; imposes that Q,, = 0, which makes the ph
convention particularly convenient to parametrize the momentum and frequency dependence

OfAcrl/O'Z/IUIO'Z(kl’ kalky, ko).
We thus set A, ¢, (0,0, (K1, kalk1,k2) = Ag 01010, (Qpr = 0,kpy = kz,k;h = k;), which
enables us to rewrite the equation above as

[A- G]l’ll = ZAUI/UZ/IUIUZ(Qph =0, kph’ k;h)Gazlaz/(kph) . (A.17)
k

ph
Alternatively, one can also use the crossing symmetry of A to rewrite Eq. (A.14) as
[A' G]]_/l] =A2/1/|2162|2/ . (A.18)

This has the effect of exchanging the roles of kph and k; , in Eq. (A.17) and therefore yields

[A- G]l’ll = ZA02/01/|0201 (Qph =0, kph’ k;h)Gozlaz/(k;h) . (A.19)

/
kp h
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We now turn to the second version of the loop product, Eq. (7), which plays a key role in
the SDE formulation. Specifically, from Eq. (20), it is clear that in the ph channel formulation
we consider

[G Al = GoppAgiiz = Z Goyloy (kalka)Ag, 6. 10,0, (ko kyrlky, ka) - (A.20)
Ky o

Translational invariance and energy conservation implies

[A : G]1’|1 = Z G02|02/(k2)A02/cr]/|0102(k2: kl |k1’ kz) . (A.21)
ks

As before, the loop product imposes that k;, = k; and k, = k, for A. As a consequence,
we conclude this time that the use of the ph convention to parametrize the momentum and
frequency dependence of A, (5,0, (K2, k1lki, k3) is the most convenient choice, yielding

[A-Glyp = ZGazloz,(kITh)Aoz,al,|alaz(Qph 0,k K. (A.22)
kom
As above, the crossing symmetry of A allows us to write equivalently
[A-G] 1’|1 _ZG‘72|02/(k )A(71/02/|0102(Qph 0, kph’k/ ) (A.23)
ph

As a next step, we focus on relations that enable us to derive the flow equations for the
bosonic propagators, the fermion-boson couplings and for the rest functions in Appendix D. In
other words, we show that the following relations hold for the ph channel

[0 Tz ] @ ki K2 = A ki K2 © T Qs K2, (A.242)

[AonﬁoB](Qph,kﬁ,k’ )—ZA(Qph,kp—h,k”) o I (Qp k2) © By K2 kL), (A24)

and similarly for the ph and pp channel

[A0 T, ] (Qpns kphs ki) = AQpns kpis ki) @ Tpn(Qpns K35 (A.252)
[Ao T, 0 B](Qphs kphs ko) = ZA(QphJ kphs ko)  Tpn(Qpns Ky ) @ B(Qpi, Kiys ki), (AL25b)
k;»/h

and respectively

[A ° HPP] (QPP’ kPP’ k/ ) = A(QPP’ kPP’ k/ ) ® HPP (QPP’ kPP) > (A‘26a)
[AoTT,, 0 B](Qpps kpp, K7y ZA(QPP, ki ook ,) @ T (Qpp, i) @ B(Qpp, K, ki) - (A26D)
K,

Here, A and B are generic two-particle objects. For the derivation of these equations, we first
consider products of the form

[A th]12|34 A16|54Hp—h;52|36 = ka:A0106|0504(k1’k6|k5’k4)n;7h;0502|0305(k5’k2|k3’k6)’ (A.27)
5,16

from Eq. (A.24a), where we restrict ourselves to the p_h channel for simplicity. Using
1
A0106|0504(k17 k6|k5: k4) = 5k1+k6,k5+k4A0106|0504 (Qph’ kp—h’ k( )) (A.28)
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and the channel-dependent bubble

Hﬁ§0502|0306 (k5, kzlkg, k6) = 6k5,k3 6k2:k6 GO'5|0'3 (kg) G0'2|0'6 (kz) 5 (A29)

we obtain
1
[Ao Hp—h]12|34 = 5k1+k2,k3+k4A0106|0504 ( ph kp—h’ k( )) oslos (kS)Gazlos(kZ), (A.30)

k—-, and k(_) of the two-particle vertex follows the

where the parametrization in terms of Q—- o Komo

conventions specified in Fig. 7, with

Qi
kl:(kph+QPh’v[Th+[TpJ)’
_ (D D _ ED
ko= (20— 2]).
X O (A.31)
_ [+ €))
ks_(kp—thQp—h’”?h*[TpD’
r
ke = (1w | %)

At the same time, it holds

[AO 1_Ilﬁ:|12|34 - [A ° Hl’—h]0102|0304 (kl’ k2|k3, k4)

= _ 1 4.2 .3
= Ok kg ks +ks [Ao th]0102|0304 (Qp_h kph , kp_h) (A.32)
where 1)
!
p
o)
_[1® & _| %
(108 M)’
6 (A.33)
= (K240 ).
ph ph” ph
o
(@ @ _| %%
o= ([
We find

e (D e (M 1)
[AOHPh]0'10'2|0'30'4( ph’kph’k ) 0106“’5“4( ph’kph’k ) ph0502|0306( ph’k )’ (A.34)

as stated in Eq. (A.24a), where

o o
_ ) o) o) @ [
th;olazlom( Ph’kp—h)_Galla3 (ka“?p—’ ”—h“{ 2 DG%M (k?h Vor [ 2 D (A.35)

Analogously, the above relation can be easily extended to the ph and pp channel.
We also consider products involving an additional B as in Eq. (A.24b). Starting from

[AoTio B:|12|34 =[40 H?h]16|54 Bsajs

=D [Acmg] (ki Kelks, ke)Bogo oo, (ks Kalka, k), (A36)
ks,ke
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we set

<l (o2
R
o

L

Q- W (A.37)
= (kY + Q- £9 +—[—EEJ) 3), A1) (3 m
h> 2 > — p
ph p k3 kﬁ + Qp—h’ vph + 2 >
(o [%]). o
ke = (12,52 [_}
ph™ ph
\
With these specifications, we obtain
_ A ACY
[Ao HPh 03]12|34 6k2 ka,ki—ky kz [A th]0106|0504 ( ph’ kPh’ h )
5
(1) .(3)
X B, o,l0104 ( ok, kp_h) . (A.38)
In addition, we employ the relation
— — _ (2 (5)
[Aom o B]12|34 = 6, ik iy | A0 Th 0 B]alaﬂam (Qph , kph , kﬁ) (A.39)
with
K@ (2) (4) (2)
o?
_ (1 &) _|
kz‘(“ﬁ’”ﬁ E D
@ (A.40)
_ 1™ 2 (5 R
kg_(kp—h-i-Qﬁ’vﬁ_'_\‘ 2 J)’
@ @_[%
— —| =2
"“(kﬁ”’ﬁ [ : D
Thus, we infer
_ — _ 7 1.3
[aom; 03]12|34 = 61,k ky s [ A0 TTi 0 B]olazwm ( o K K ) (A.41)

Comparing Egs. (A.38) and (A.41) yields the anticipated result, i.e., Eq. (A.24b). This is evi-
dent by relabelling k- by k% and k- by |3
ph ph ph ph

_ e 7D _ 1.2
[AothoB]0102|0304( ok ke ) %:[Aoth]010610504(Qph,kph,k )
kX’

ph

(2 .
x Bolazlo306 (Q; kp—h’ kp—h) . (A.42)

B Extension to non-local interactions

In the presence of non-local bare interactions of the generic form U = U(Q,, k,, k;), a naive ap-
plication of the single-boson exchange decomposition based on the classification of diagrams
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in terms of U reducibility yields bosonic propagators w,(Q,,k,,k.) and fermion-boson cou-
plings A,(Q,, k., k.) with the full momentum and frequency dependence, spoiling its original
idea.

For the extended Hubbard model with an additional nearest-neighbor interaction, this can
be overcome by considering a generalized single-boson exchange formulation [57], where the
notion of bare interaction reducibility is replaced by a B reducibility: the bare interaction in
each channel is split according to

U.(Q,, k., k) =B,(Q.)+ F.(Q,,k,,k.), (B.1)

where B, depends exclusively on the bosonic momentum and frequency in channel r, while
F, carries the dependence on the fermionic arguments. The bosonic propagator w(rB)(Qr) and
the fermion-boson coupling A&B)(Qr, k,) then retain their reduced momentum and frequency
dependence characteristic of the single-boson exchange formulation* (we here introduced an
additional superscript to disambiguate them from the w, and A, for local interactions referred
to in the main text). However, the relation (14) does not hold anymore in this case

wB e AB) LU, +U, ol 0V,. (B.2)
For the generalized single-boson exchange formulation we have instead
W(rB) ° AgB) — Br 4 Br oll,oV,. (B.3)

As a consequence, the SDE will not reduce to the form derived for local interactions. In par-
ticular, inserting Eq. (B.1) in the conventional form of the SDE leads to an additional term
of the form F, o II, o V, that cannot be absorbed in a product of w(rB) and 7&55). However, if
F. oIl o V.=0, the results of the main text still apply. In fact, this applies for the extended
Hubbard model in the s-wave truncation [57].

C Momentum and frequency dependence of the SDE

We here outline the derivation of the SDE in the form of Egs. (25) with the explicit momen-
tum and frequency dependence. Starting from Egs. (21) derived in the main text, Eq. (A.17)
introduced in Appendix A.2 allows us to rewrite the SDE as

Z:crlxlal (k;,h) = ZAU1/O'2/|0102 (Qph =0, kph: k;h)Gazlaz/(kph) . (C.D

kph

Specifically, we focus on the ph channel formulation first. In order to directly compare to
Eq. (21a), where the spin components for the various terms contributing to the SDE are already
fixed, we rewrite Eq. (C.1) for 0, = 07 =T and 0y = 04 =|, namely

21Kk = D Ay (Qun = 0, K, K )G () (C.2)

kph

where we also used the shorthand notation (16) to express »i = ZT, A = A and
Gy = G'. We stress that Eq. (C.2) does not involve any summation over spin indices, like
Egs. (21). We can thus write Eq. (21a) in the form (C.2) by setting

_ /oy T T / _ ’
A1y Qe = 0 kpns Kiy) = [—wHQAI QKD [ @pn = 0. ky). - (€3)

“Note that in Ref. [9], w, and A, are defined by separating the U-reducible parts of the full vertex V, regardless
of the momentum dependence of U. In contrast, w(rB) and )L(rB) are defined with respect to 3 reducibility with a
reduced momentum and frequency dependence. In this sense they represent a generalization of w, and A, for
non-local interactions.
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In order to determine the momentum and frequency dependence of W% and QL%, we translate
p P

Qp—h and k'_h into the ph notation with Q,; = 0 by using the following relations from Fig. 7
P

Qi = Qs 23) Qph:= . (k;h —kyp, v;h —Von), (C.42)

Vo + V'
I / _ ph ph
kp—h - (kp—h’ vp—h) Qph—: 0 (kph: ’V 2 -‘ ) > (C4b)
ferm

where we introduced the notation [ ... ¢erm ([...errm) which rounds its argument up (down) to
the nearest fermionic Matsubara frequency. This differs from the symbols [...] and |...] used
previously to round up or down to the nearest bosonic Matsubara frequency. For clarity, these
symbols will be replaced by [...T,s and |[...J,s respectively in the following. Hence, we can
rewrite Eq. (C.3) as

_ ’y 1,/ L
ATl(Qph - 0: kph: kph) - Wp—h(kph - kph> vph - vph)

vop+ vV
Tl / A ph ph
X AIE (kph — kph7kph: vph - vph: ’VT-‘ ) . (CS)
ferm

The self-energy, Eq. (C.2), then reads

v+

T (lee ) — Nt 1/ a0 2T [ T2 T
> (k; v) = kap_h(k K;v v))tp_h(k K, K v,[
v

W )Gl(k’;V’), (C.6)
ferm

where the momentum and frequency indices have been relabeled. Setting Q = k—k’ and
Q = v— v/, the fermionic frequency argument of AM can be expressed as

+ 2v—0Q Q
el e 1 )
2 ferm 2 ferm 2bos

With this, the right-hand side of Eq. (C.6) can be rewritten as a sum over the bosonic arguments
Q and Q by

)Gl(k—Q; y—0Q). (C.8)

bos

T oy — N7 e ovafl oo o |2
>k v) = ;:wp_h(Q,Q)Ap_h(Q,k Q:Q,v [21

As explained in Appendix A.2, one can also use crossing symmetry to obtain Eq. (A.19), for
which the starting point of our derivation is

(k) = DL An Qi = 0, Jepn, K0y )GH (K, (C9)
k/
ph

instead of Eq. (C.2). This modifies the arguments in Eq. (C.8) which are substituted by

Tl oy — ey ona 1L . Q2 l .
> (k; v) = %wﬁ(Q,Q)Aﬁ(Q,k,Q,v+[2-‘ )G (k+Q; v+0Q). (C.10)

bos

We note that Egs. (C.8) and (C.10) are fully equivalent since they are only related by crossing

symmetry.
A similar result can be derived for the ph channel formulation by starting from Egs. (20)
and (A.22). From their comparison we infer

(k) = Yk=—)A=(Q— =0, k—, k’
z:(kp—h)—kZG(kph)A”(Qph—o,kph,kp_h). (C.11)
ph
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Thus, we identify

_ [ 020 _
AT Q= 0k ko) = [ Wi (@A Qi ki) | (g = 0, K K. (C.12)

Following the same steps as above, and applying crossing symmetry, we obtain two different,
yet equivalent expressions in the ph channel

oy By ona . f2 YO0 v
= (k: v)_;:wph(Q,Q)Aph(Q,k—Q,Q,v—[z-‘bos)G (k—Q:;v—Q), (C.13a)

>k v) = ngl(Q; Q)Ag (Q, KQ, v+ [%] ) Glk+Q;v+Q). (C.13b)
Q,Q

bos

The derivation in the superconducting channel is similar. In this case, we use the transla-
tion from the pp to the ph notation. Alternatively, it is also possible to start from Eq. (C.2),
with

AT,L(Qph = O) kph: k}/,h) = I:_W;lp(Qpp) (ZAEt(Qpp: k;p) - 1)] (Qph = 0’ kph’ k;h) . (C14)
From Fig. 7 we infer

Qpp = (Qpp> 2pp) o o (o + Koo Vo + V) 5 (C.15a)

/
Koo v ) = [k, |2 e (C.15b)
pp PP’ PP’ g, =0 | PR’ 2 )
leading to

-V

/
sk v)=— Z wE)(k+ K;v+9) (zx;f, (k+ K, K;v+ v, [ 4
K,

W )— 1) GYK';v). (C.16)
ferm
By introducing the bosonic arguments Q = k + k” and Q = v+ v/, this can be rewritten as

(e 1) — (0. 1 KL, ! .

>k v) = —Zw Q: ) 221 (Q,0-k0,|=| —v|-1])6YQ-Kk0—7). €17
£ pp pp 2 lbos
As before, crossing symmetry can be used to determine the equivalent expression
(ke 1) — 1 (o: 1 : {2 ! .
> (k,v)——Zw Q: ) 22N (0, k0, v—| = —1]6YQ-Kka—v). (C.18)
£ pp pp 2 [bos

We now outline the derivation within the physical channel formulations, as presented in
Eq. (36) in the main text, showing how it follows straightforwardly from the above lines as-
suming SU(2) symmetry. First, we focus on the magnetic channel formulation. In Eq. (C.3),
we can identify

— Nl 17 y— , MrA_aMeA_ 1./
Ary = = (@A (@ kL) = WM QA (Qpr kL) (€19)
Thus, following the same steps that led us to recover the final forms in Egs. (C.8) and (C.10),
we can derive the two equivalent magnetic channel formulations, which are related by crossing
symmetry. With the explicit momentum and frequency dependencies, they read

Bk v) = Y wh(Q; A (Q,k—Q; Qv [9} )G(k— Qv—9) (C.202)
Q.0 2 bos
=ZWM(Q;Q)7LM (Q,k; Qv+ [QW )G(k+ Q;v+0Q). (C.20b)
2.0 2 bos
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The same reasoning applies for the density channel formulation for which we also use the
translation from the ph to the ph parametrization to obtain the explicit form of the self-energy.
Similarly, crossing symmetry yields two different, but equivalent expressions

Z(k;v) = Z [WD(Q; Q)P (Q,k—Q; Q,v— [%L )—ZUD(Q,k; Q, v)] G(k—Q;v—1), (C.21a)
on os

Sk v)= Z [WD(Q; Q)AP (Q, k;Q, v+ [%-‘b ) —2UP(Q,k; £, v)] Gk+Q;v+0Q). (C.21b)
oo os

For the superconducting channel, the key point is the identification of
Ary=—wl(Qpp) (2215 (Qpp k), ) — 1) = —wSS(Qp)A%0(Qpp k,))  (C.22)

in Eq. (C.14). Analogously to the derivation of Egs.(C.17) and (C.18), we obtain the two
crossing symmetry-related equivalent formulations

Bk ) =~ D wH(Q A% (Q, -k, [9] - v) GQ-kQ-»  (C.23a)
Q.0 2 Ibos

=— > w(Q; A% (Q, KQ,v— [9] ) GO—k:Q— ). (C.23b)
Q.0 2 bos

D Single-boson exchange flow equations

In this section, we report the (1¢) fRG equations for the bosonic propagators, the fermion-
boson couplings, and the rest functions (the flow equation for the self-energy is obtained from
the derivative of the SDE). In diagrammatic channels [9, 10, 15], they read

W, =w,eA.0ll.od ew,, (D.1a)
A=A, oIl oZ., (D.1b)
M,=1T,01l,0Z,, (D.1c)

where 7. is the U irreducible vertex in channel r.
In physical channels, the explicit form for the magnetic channel is®

M@ =—ilh@ =~ [wM@T DM@ M@ DAY k), (D.22)
k
AMQ k) = AT == > aAM(Q, k)IM(Q, KNZM(Q.K', k), (D.2b)
ph o
MM(Q.k,K) = —MIHQ k. K) = = > IMQ k KNIMQ KIMQ K K).  (D.20)

k"

Analogously, for the density channel we have

WP(Q) = w!l (Q)+wk(Q) =[wP(@] D AP(Q KIIP(Q, k)A(Q.K), (D.3a)
k
APQ,k) = AH(Q, k) + AT (Q, k) = > AP(Q KIP(Q, K)IP(Q, K, k), (D.3b)

k/

MP(Q, K, k') = MIN(Q, k, k') + M (Q, k, k) = > T°(Q, k, K)IP(Q,k")IP(Q, k", k), (D.30)
k//

SFor completeness, we here report also the flow equation for the rest function, despite it is neglected in the
numerical results discussed in Section 3.
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and for the superconducting channel

W(Q) = Wil (Q— Wil (Q) = [WSC(Q)]ZZk:)\SC(Q, OIQOACQK),  (D.4a)

3@ k) =A@ K -ATL QK = ; 256(Q, kKIT*4(Q, KNT*(Q, k, k'), (D.4b)
y N — agTl / ﬂ A AR WA 7 7
MSC(Q) k: k ) - Mpp(Q) k) k ) - Mpp(Qz k: k ) - ;ISC(QJ k > k )HSC(QJ k )ZSC(Q’ k: k )’
(D.40)

where we used the corresponding definitions in the physical channels for the bubbles, Eq. (3),
as well as the considerations provided in Appendix A.

As an example, we illustrate how the flow equation for the bosonic propagator in the
magnetic channel is obtained from Eq. (D.1a) through the use of Eq. (6b)

'M_ .Tl_ . Tl
w ——wl)_h——[w[)—ho}Llj—honp—hOAI)—howﬁ]

== [W;—ﬂz [ Ao Tizgo A5

2 .
=— [Wl] XH o HE o AE. (D.5)
ph ph ph ph

T

Up to now we focused on the spin structure, the momentum and frequency dependence as well
as the respective summations still have to be considered. While for the o product we can use
Eq. (A.24b), the e multiplication with the bosonic propagator involves only the summation
over spin indices. With the translation to the magnetic channel, Eq. (27), we thus recover
Eq. (D.2a).

The derivation of the flow equations for the fermion-boson coupling (D.2b) and the rest
function (D.2c) is straightforward, since these correspond to the T] spin component of the
products in Egs. (D.1b) and (D.1c) which are diagonal in the ph channel. The flow equations
in the density and superconducting channels are obtained along the same lines. This applies
also to the derivation of the momentum and frequency dependence of the multiloop equations,
i.e., where Egs. (D.1) are replaced by Egs. (48) of Ref. [9].

References

[1] E Krien, A. Valli and M. Capone, Single-boson exchange decomposition of the vertex func-
tion, Phys. Rev. B 100, 155149 (2019), do0i:10.1103/PhysRevB.100.155149.

[2] E Krien, A. 1. Lichtenstein and G. Rohringer, Fluctuation diagnostic of the nodal /antinodal
dichotomy in the Hubbard model at weak coupling: A parquet dual fermion approach, Phys.
Rev. B 102, 235133 (2020), doi:10.1103/physrevb.102.235133.

[3] T. Denz, M. Mitter, J. M. Pawlowski, C. Wetterich and M. Yamada, Partial bosoniza-
tion for the two-dimensional Hubbard model, Phys. Rev. B 101, 155115 (2020),
doi:10.1103/PhysRevB.101.155115.

[4] E Krien, A. Valli, P Chalupa, M. Capone, A. I. Lichtenstein and A. Toschi, Boson-
exchange parquet solver for dual fermions, Phys. Rev. B 102, 195131 (2020),
doi:10.1103/PhysRevB.102.195131.

28



Sci| SciPost Phys. 18, 078 (2025)

(5]

(6]

(7]

(8]

(9]

[10]

[12]

[13]

[14]

[15]

E Krien, P Worm, P Chalupa-Gantner, A. Toschi and K. Held, Explaining the pseudogap
through damping and antidamping on the Fermi surface by imaginary spin scattering, Com-
mun. Phys. 5, 336 (2022), doi:10.1038/s42005-022-01117-5.

E Krien, A. Kauch and K. Held, Tiling with triangles: Parquet and GWy methods unified,
Phys. Rev. Res. 3, 013149 (2021), doi:10.1103/PhysRevResearch.3.013149.

V. Harkov, A. 1. Lichtenstein and E Krien, Parametrizations of local vertex corrections from
weak to strong coupling: Importance of the Hedin three-leg vertex, Phys. Rev. B 104, 125141
(2021), doi:10.1103/PhysRevB.104.125141.

E Krien and A. Kauch, The plain and simple parquet approximation: Single-and multi-
boson exchange in the two-dimensional Hubbard model, Eur. Phys. J. B 95, 69 (2022),
doi:10.1140/epjb/s10051-022-00329-6.

M. Gievers, E. Walter, A. Ge, J. von Delft and E B. Kugler, Multiloop flow equations for
single-boson exchange fRG, Eur. Phys. J. B 95, 108 (2022), doi:10.1140/epjb/s10051-
022-00353-6.

P M. Bonetti, A. Toschi, C. Hille, S. Andergassen and D. Vilardi, Single-boson exchange rep-
resentation of the functional renormalization group for strongly interacting many-electron
systems, Phys. Rev. Res. 4, 013034 (2022), doi:10.1103 /PhysRevResearch.4.013034.

S. Adler, E Krien, P Chalupa-Gantner, G. Sangiovanni and A. Toschi, Non-perturbative
intertwining between spin and charge correlations: A “smoking gun” single-boson-exchange
result, SciPost Phys. 16, 054 (2024), doi:10.21468/SciPostPhys.16.2.054.

D. Kiese, N. Wentzell, I. Krivenko, O. Parcollet, K. Held and E Krien, Embedded multi-
boson exchange: A step beyond quantum cluster theories, Phys. Rev. Res. 6, 043159 (2024),
doi:10.1103/PhysRevResearch.6.043159.

M. V. Sadovskii, Diagrammatics, World Scientific, Singapore, ISBN 9789811212208
(2019), d0i:10.1142/11605.

N. Wentzell, G. Li, A. Tagliavini, C. Taranto, G. Rohringer, K. Held, A. Toschi
and S. Andergassen, High-frequency asymptotics of the vertex function: Diagrammatic
parametrization and algorithmic implementation, Phys. Rev. B 102, 085106 (2020),
doi:10.1103/PhysRevB.102.085106.

K. Fraboulet, S. Heinzelmann, P M. Bonetti, A. Al-Eryani, D. Vilardi, A. Toschi and
S. Andergassen, Single-boson exchange functional renormalization group application to
the two-dimensional Hubbard model at weak coupling, Eur. Phys. J. B 95, 202 (2022),
doi:10.1140/epjb/s10051-022-00438-2.

T. Schéfer, G. Rohringer, O. Gunnarsson, S. Ciuchi, G. Sangiovanni and A. Toschi, Diver-
gent precursors of the Mott-Hubbard transition at the two-particle level, Phys. Rev. Lett.
110, 246405 (2013), doi:10.1103/PhysRevLett.110.246405.

V. Jani$ and V. Pokorny, Critical metal-insulator transition and divergence in a two-particle
irreducible vertex in disordered and interacting electron systems, Phys. Rev. B 90, 045143
(2014), doi:10.1103/PhysRevB.90.045143.

O. Gunnarsson, T. Schéfer, J. P E LeBlanc, J. Merino, G. Sangiovanni, G. Rohringer and
A. Toschi, Parquet decomposition calculations of the electronic self-energy, Phys. Rev. B 93,
245102 (2016), doi:10.1103/PhysRevB.93.245102.

29



Sci| SciPost Phys. 18, 078 (2025)

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

T. Schifer, A. Toschi and K. Held, Dynamical vertex approximation for the
two-dimensional Hubbard model, J. Magn. Magn. Mater. 400, 107 (2016),
doi:10.1016/j.jmmm.2015.07.103.

T. Ribic, G. Rohringer and K. Held, Nonlocal correlations and spectral
properties of the Falicov-Kimball model, Phys. Rev. B 93, 195105 (2016),
doi:10.1103/PhysRevB.93.195105.

O. Gunnarsson, G. Rohringer, T. Schéfer, G. Sangiovanni and A. Toschi, Breakdown of tra-
ditional many-body theories for correlated electrons, Phys. Rev. Lett. 119, 056402 (2017),
doi:10.1103/PhysRevLett.119.056402.

J. Vucicevi¢, N. Wentzell, M. Ferrero and O. Parcollet, Practical consequences of the
Luttinger-Ward functional multivaluedness for cluster DMFT methods, Phys. Rev. B 97,
125141 (2018), doi:10.1103/PhysRevB.97.125141.

P Chalupa, P Gunacker, T. Schéfer, K. Held and A. Toschi, Divergences of the irreducible
vertex functions in correlated metallic systems: Insights from the Anderson impurity model,
Phys. Rev. B 97, 245136 (2018), do0i:10.1103/PhysRevB.97.245136.

P Thunstréom, O. Gunnarsson, S. Ciuchi and G. Rohringer, Analytical investigation of sin-
gularities in two-particle irreducible vertex functions of the Hubbard atom, Phys. Rev. B 98,
235107 (2018), doi:10.1103/PhysRevB.98.235107.

D. Springer, P Chalupa, S. Ciuchi, G. Sangiovanni and A. Toschi, Interplay between local
response and vertex divergences in many-fermion systems with on-site attraction, Phys. Rev.
B 101, 155148 (2020), doi:10.1103/PhysRevB.101.155148.

C. Melnick and G. Kotliar, Fermi-liquid theory and divergences of the two-particle ir-
reducible vertex in the periodic Anderson lattice, Phys. Rev. B 101, 165105 (2020),
doi:10.1103/PhysRevB.101.165105.

M. Reitner, P Chalupa, L. Del Re, D. Springer, S. Ciuchi, G. Sangiovanni and A. Toschi,
Attractive effect of a strong electronic repulsion: The physics of vertex divergences, Phys.
Rev. Lett. 125, 196403 (2020), doi:10.1103/PhysRevLett.125.196403.

P Chalupa, T. Schifer, M. Reitner, D. Springer, S. Andergassen and A. Toschi,
Fingerprints of the local moment formation and its Kondo screening in the general-
ized susceptibilities of many-electron problems, Phys. Rev. Lett. 126, 056403 (2021),
doi:10.1103/PhysRevLett.126.056403.

T. B. Mazitov and A. A. Katanin, Effect of local magnetic moments on spectral properties
and resistivity near interaction- and doping-induced Mott transitions, Phys. Rev. B 106,
205148 (2022), doi:10.1103/PhysRevB.106.205148.

M. Pelz, S. Adler, M. Reitner and A. Toschi, Highly nonperturbative nature of the Mott
metal-insulator transition: Two-particle vertex divergences in the coexistence region, Phys.
Rev. B 108, 155101 (2023), doi:10.1103/PhysRevB.108.155101.

N. E. Bickers, Self-consistent many-body theory for condensed matter systems, in Theoretical
methods for strongly correlated electrons, Springer, New York, USA, ISBN 9780387008950
(2004), doi:10.1007/0-387-21717-7_6.

G. Rohringer, A. Valli and A. Toschi, Local electronic correlation at the two-particle level,
Phys. Rev. B 86, 125114 (2012), do0i:10.1103/PhysRevB.86.125114.

30



Sci| SciPost Phys. 18, 078 (2025)

[33] E Krien and A. Valli, Parquetlike equations for the Hedin three-leg vertex, Phys. Rev. B 100,
245147 (2019), doi:10.1103/physrevb.100.245147.

[34] O. Gunnarsson, T. Schéfer, J. P E LeBlanc, E. Gull, J. Merino, G. Sangio-
vanni, G. Rohringer and A. Toschi, Fluctuation diagnostics of the electron self-
energy: Origin of the pseudogap physics, Phys. Rev. Lett. 114, 236402 (2015),
doi:10.1103/PhysRevLett.114.236402.

[35] W. Wu, M. Ferrero, A. Georges and E. Kozik, Controlling Feynman diagrammatic expan-
sions: Physical nature of the pseudogap in the two-dimensional Hubbard model, Phys. Rev.
B 96, 041105 (2017), doi:10.1103 /PhysRevB.96.041105.

[36] G. Rohringer, Spectra of correlated many-electron systems: From a one- to a two-
particle description, J. Electron Spectrosc. Relat. Phenom. 241, 146804 (2020),
doi:10.1016/j.elspec.2018.11.003.

[37] T. Schéfer and A. Toschi, How to read between the lines of electronic spectra: The diagnos-
tics of fluctuations in strongly correlated electron systems, J. Phys.: Condens. Matter 33,
214001 (2021), doi:10.1088/1361-648x/abeb44.

[38] X. Dong, L. Del Re, A. Toschi and E. Gull, Mechanism of superconductivity in the Hub-
bard model at intermediate interaction strength, Proc. Natl. Acad. Sci. 119, e2205048119
(2022), doi:10.1073/pnas.2205048119.

[39] C. Husemann and M. Salmhofer, Efficient parametrization of the vertex function,
scheme, and the t,t’" Hubbard model at van Hove filling, Phys. Rev. B 79, 195125 (2009),
doi:10.1103/PhysRevB.79.195125.

[40] W.-S. Wang, Y.-Y. Xiang, Q.-H. Wang, E Wang, E Yang and D.-H. Lee, Functional renormal-
ization group and variational Monte Carlo studies of the electronic instabilities in graphene
near ‘1} doping, Phys. Rev. B 85, 035414 (2012), doi:10.1103/PhysRevB.85.035414.

[41] E Bauer, J. Heyder and J. von Delft, Functional renormalization group approach
for inhomogeneous interacting Fermi systems, Phys. Rev. B 89, 045128 (2014),
doi:10.1103/PhysRevB.89.045128.

[42] L. Weidinger, F. Bauer and J. von Delft, Functional renormalization group approach for
inhomogeneous one-dimensional Fermi systems with finite-ranged interactions, Phys. Rev.
B 95, 035122 (2017), doi:10.1103 /PhysRevB.95.035122.

[43] J. Lichtenstein, D. Sanchez de la Pefia, D. Rohe, E. Di Napoli, C. Honerkamp and S.
A. Maier, High-performance functional renormalization group calculations for interacting
fermions, Comput. Phys. Commun. 213, 100 (2017), doi:10.1016/j.cpc.2016.12.013.

[44] C. J. Eckhardt, C. Honerkamp, K. Held and A. Kauch, Truncated unity parquet solver,
Phys. Rev. B 101, 155104 (2020), doi:10.1103/PhysRevB.101.155104.

[45] W. Metzner, M. Salmhofer, C. Honerkamp, V. Meden and K. Schénhammer, Functional
renormalization group approach to correlated fermion systems, Rev. Mod. Phys. 84, 299
(2012), doi:10.1103/RevModPhys.84.299.

[46] N. Dupuis, L. Canet, A. Eichhorn, W. Metzner, J. M. Pawlowski, M. Tissier and N. Wsche-
bor, The nonperturbative functional renormalization group and its applications, Phys. Rep.
910, 1 (2021), doi:10.1016/j.physrep.2021.01.001.

31



Sci| SciPost Phys. 18, 078 (2025)

[47] C. Hille, D. Rohe, C. Honerkamp and S. Andergassen, Pseudogap opening in the two-
dimensional Hubbard model: A functional renormalization group analysis, Phys. Rev. Res.
2, 033068 (2020), doi:10.1103/PhysRevResearch.2.033068.

[48] E B. Kugler and J. von Delft, Derivation of exact flow equations from the self-consistent
parquet relations, New J. Phys. 20, 123029 (2018), doi:10.1088/1367-2630/aaf65f.

[49] C.U.Hille, The role of the self-energy in the functional renormalization group description of
interacting Fermi systems, PhD thesis, Universitit Tiibingen, Tiibingen, Germany (2020),
doi:10.15496/publikation-46212.

[50] T. Schéfer et al., Tracking the footprints of spin fluctuations: A multimethod, multimes-
senger study of the two-dimensional Hubbard model, Phys. Rev. X 11, 011058 (2021),
doi:10.1103/PhysRevX.11.011058.

[51] A. Tagliavini, C. Hille, E Kugler, S. Andergassen, A. Toschi and C. Hon-
erkamp, Multiloop functional renormalization group for the two-dimensional Hubbard
model: Loop convergence of the response functions, SciPost Phys. 6, 009 (2019),
doi:10.21468/SciPostPhys.6.1.009.

[52] C. Hille, E B. Kugler, C. J. Eckhardt, Y..Y. He, A. Kauch, C. Honerkamp, A.
Toschi and S. Andergassen, Quantitative functional renormalization group descrip-
tion of the two-dimensional Hubbard model, Phys. Rev. Res. 2, 033372 (2020),
doi:10.1103/PhysRevResearch.2.033372.

[53] E B. Kugler and J. von Delft, Multiloop functional renormalization group
that sums up all parquet diagrams, Phys. Rev. Lett. 120, 057403 (2018),
doi:10.1103/PhysRevLett.120.057403.

[54] E B. Kugler and J. von Delft, Multiloop functional renormalization group for general mod-
els, Phys. Rev. B 97, 035162 (2018), doi:10.1103/PhysRevB.97.035162.

[55] G. Li, A. Kauch, P Pudleiner and K. Held, The victory project v1.0: An
efficient parquet equations solver, Comput. Phys. Commun. 241, 146 (2019),
doi:10.1016/j.cpc.2019.03.008.

[56] A. Kauch, E Horbinger, M. Kitatani, G. Li and K. Held, Interplay between magnetic
and superconducting fluctuations in the doped 2d Hubbard model, (arXiv preprint)
doi:10.48550/arXiv.1901.09743.

[57] A. Al-Eryani, S. Heinzelmann, K. Fraboulet, E Krien and S. Andergassen, Screening and
effective RPA-like charge susceptibility in the extended Hubbard model, (arXiv preprint)
doi:10.48550/arXiv.2412.07323.

[58] M. Qin, T. Schéifer, S. Andergassen, P Corboz and E. Gull, The Hubbard model:
A computational perspective, Annu. Rev. Condens. Matter Phys. 13, 275 (2022),
doi:10.1146/annurev-conmatphys-090921-033948.

[59] C. Honerkamp and M. Salmhofer, Temperature-flow renormalization group and the com-
petition between superconductivity and ferromagnetism, Phys. Rev. B 64, 184516 (2001),
doi:10.1103/PhysRevB.64.184516.

[60] K. Fraboulet, A. Al-Eryani, S. Heinzelmann and S. Andergassen, Multiloop extension of
the single-boson exchange functional renormalization group and application to the two-
dimensional Hubbard model, in preparation.

32



Sci| SciPost Phys. 18, 078 (2025)

[61] H.Braun, S. Heinzelmann, E Krien and S. Andergassen, Functional renormalization group
analysis of the pseudogap opening in the two-dimensional Hubbard model at finite doping,
in preparation.

[62] D. Vilardi, P M. Bonetti and W. Metzner, Dynamical functional renormalization group
computation of order parameters and critical temperatures in the two-dimensional Hubbard
model, Phys. Rev. B 102, 245128 (2020), doi:10.1103/PhysRevB.102.245128.

[63] S.Heinzelmann, The single-boson exchange formalism and its application to the functional
renormalization group, PhD thesis, Universitit Tiibingen, Tiibingen, Germany (2023).

[64] L. Del Re, M. Capone and A. Toschi, Dynamical vertex approximation for the attractive
Hubbard model, Phys. Rev. B 99, 045137 (2019), doi:10.1103/PhysRevB.99.045137.

[65] H. Shiba and P A. Pincus, Thermodynamic properties of the one-dimensional half-filled-
band Hubbard model, Phys. Rev. B 5, 1966 (1972), doi:10.1103/PhysRevB.5.1966.

[66] Y. Yu, S. Iskakov, E. Gull, K. Held and E Krien, Unambiguous fluctuation decomposition of
the self-energy: Pseudogap physics beyond spin fluctuations, Phys. Rev. Lett. 132, 216501
(2024), doi:10.1103/PhysRevLett.132.216501.

[67] W. Metzner and D. Vollhardt, Correlated lattice fermions in d = 0o dimensions, Phys. Rev.
Lett. 62, 324 (1989), doi:10.1103/PhysRevLett.62.324.

[68] A. Georges, G. Kotliar, W. Krauth and M. J. Rozenberg, Dynamical mean-field theory of
strongly correlated fermion systems and the limit of infinite dimensions, Rev. Mod. Phys.
68, 13 (1996), doi:10.1103/RevModPhys.68.13.

[69] C. Taranto, S. Andergassen, J. Bauer, K. Held, A. Katanin, W. Metzner, G. Rohringer and
A. Toschi, From infinite to two dimensions through the functional renormalization group,
Phys. Rev. Lett. 112, 196402 (2014), doi:10.1103/PhysRevLett.112.196402.

[70] D. Vilardi, C. Taranto and W. Metzner, Antiferromagnetic and d-wave pairing correlations
in the strongly interacting two-dimensional Hubbard model from the functional renormal-
ization group, Phys. Rev. B 99, 104501 (2019), doi:10.1103/PhysRevB.99.104501.

[71] M. Gievers, Functional approaches to Fermi polarons in cold atomic gases and solid state
systems, PhD thesis, Ludwig-Maximilians-Universitat, Munich, Germany (2025).

33



5. Logarithmic divergences in
diagrammatic approaches

“So, to make our calculations we make these diagrams, write down what they correspond
to mathematically, and add the amplitudes — a straightforward, ‘cookbook’ process.”
Richard P. Feynman about his diagrams’

Using the single-boson exchange (SBE) decomposition of the four-point vertex is numerically
advantageous since essential features can be described by vertices with a simpler frequency
dependence. Still, the role of multi-boson exchange (MBE) contributions has to be clarified.
In this chapter, we examine a paradigmatic model with a logarithmically divergent perturbation
series: the Fermi-edge singularity model to describe X-ray absorption in metals. Although
this model can be exactly solved by simpler methods, historically it was important for the
development of the parquet formalism, which obtains all leading logarithmic terms of arbitrary
orders in a perturbative expansion of the interaction. We investigate the model in the SBE
formalism and also include next-to-leading logarithmic terms self-consistently. Unfortunately,
we find that MBE vertices are essential already at leading logarithmic order. Finally, we
establish the connection to a Fermi polaron formed by an immobile impurity.

5.1. X-ray edge singularity problem

5.1.1. Overview

Power laws occur in numerous areas of physics. An expansion with respect to their
exponents automatically yields logarithmic terms, which, close to some critical value, can
generate divergences. Here, we systematically analyze how the parquet formalism can
be used to sum up all leading and next-to-leading logarithms in a perturbative series to
predict power-law behavior. For this, we examine the analytical behavior of Feynman
diagrams in perturbation theory and combine that with the numerical computation of
the full interaction vertex using various self-consistent summations.

The physical model we consider was introduced by Nozieres and coworkers in the late
1960s to describe the Fermi-edge singularity occurring in X-ray absorption spectra [RGNG9,

From Chapter 3 of his book “QED: The strange theory of light and matter” (1985).
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5. Logarithmic divergences in diagrammatic approaches

NGRG69, NDG9]. Being a prominent model in theoretical condensed matter physics, it has
an exact solution, but is notoriously hard to solve via diagrammatic techniques. It made
significant contribution to the development of the parquet formalism. More recently,
an fRG study of the same model was pivotal for the initiation of the multiloop-fRG
approach [KD18a, KD18c].

The model is characterized by a deep flat band, which can host a core electron of
energy €4 < 0, represented by the fermionic operators CZT, d. Moreover, there is a Fermi
sea of conduction electrons é};, ¢ with a dispersion relation €. When the core electron
is excited to the conduction band due to X-ray absorption, the conduction electrons
interact attractively with the remaining local hole (see Fig. 1 in Ref. [P3] for a schematic
overview). The Hamiltonian,

. s U n
H = €dde + E EkéLCk - V E ddTéLék/, (51)
k kK’

is basically identical to the Hamiltonian, Eq. (2.16), discussed in the context of the FDA
(cf. Sec. 2.2). The occupation of an impurity atom in an atomic Fermi gas corresponds
to the creation of a local hole in the electron gas of a metal. In other words, after the
excitation of the core electron, the Fermi gas of conduction electrons forms a Fermi
polaron in the limit of a single immobile impurity. This is why a detailed study of the
model is reasonable before tackling the complete Fermi polaron Hamiltonian, Eq. (2.13),
using our diagrammatic methods.

As the interaction term appearing in the Hamiltonian, Eq. (5.1), is local and the
impurity is immobile, the Hamiltonian corresponding to the subspace of conduction
electrons is quadratic [cf. discussion after Eq. (2.16)]. Moreover, in a perturbative
treatment, the momenta k and k' of the conduction electrons are completely decoupled
since the bare interaction U does not carry any momentum argument. As long as we
consider only momentum-summed observables, they can be computed diagrammatically
without the need for momentum summations over vertices. By using the local Green’s
function G° of the conduction electrons,

G0 =5 YW =5 S o= [ A 5y

with the density of states p(¢) = 1/V )", 6(e¢ — ex), we can express all the relevant
quantities in terms of their frequencies and do not need to include momentum variables in
our numerical computations. This procedure corresponds to integrating out all non-local
conduction electrons in the action.

In our analysis, the main attention is on the description of characteristic power
laws appearing in the particle-hole susceptibility y% and the Green’s function G? of
the core electron, known as the Fermi-edge singularity and Anderson’s orthogonality
catastrophe. (The components of vertex functions are here denoted by d and ¢ instead
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5.1. X-ray edge singularity problem

of T and |, which were used in Chapter 4.) The FDA (cf. Sec. 2.2) offers a numerically
exact way of computing these power laws in the absorption spectra. In a perturbative
series, by contrast, power laws become noticeable via logarithmic singularities. It is
hard to obtain the correct power-law behavior beyond the leading-logarithmic terms
in a diagrammatic approach. In our paper [P3], we show that the parquet formalism,
including all diagrammatic channels r = a, p,t and the self-energy >, offers a way of
including not only leading logarithmic terms, but also next-to-leading logarithmic terms
in a controlled manner. In addition, we point out the importance of the MBE vertices M,.,
which already contribute to the leading logarithm. We can thus conclude that considering
the Fermi polaron problem in the SBE approximation (i.e., M, — 0) does not provide a
correct description of Anderson’s orthogonality catastrophe.

As the main part of the paper [P3] only concerns the single vertex component I'¥, we
use a slightly different notation for drawing diagrams and denoting vertex components
compared to the notation used in Chapter 4. For readers who first want to familiarize
themselves with this notation, we recommend reading App. F.1 beforehand. While our
numerical code (cf. Sec. 4.2) uses the frequency conventions presented in Egs. (4.1) and
Fig. 4.1, the paper uses conventions described in Eqs. (C1) and Fig. 15. To translate
between vertices computed in the one convention and shown in the paper, we use the
following identities:

D2 (w,1,1/) = T (e, v+ 0,1/ + ), (5.32)
aper __ 1code

Fg P (w, v, 1/) = Fp (~w, v —w, - = w), (5.3b)

Ffaper(w7yv Vl) = F;‘:Ode(w?]/—i_wv VI +w) <53C)
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The Fermi-edge singularity in x-ray absorption spectra of metals is a paradigmatic case of a logarithmically
divergent perturbation series. Prior work has thoroughly analyzed the leading logarithmic terms. Here, we investi-
gate the perturbation theory beyond leading logarithms and formulate self-consistent equations to incorporate all
leading and next-to-leading logarithmic terms. This parquet solution of the Fermi-edge singularity goes beyond
the previous first-order parquet solution and sheds new light on the parquet formalism regarding logarithmic
behavior. We present numerical results in the Matsubara formalism and discuss the characteristic power laws.
We also show that, within the single-boson exchange framework, multi-boson exchange diagrams are needed

already at the leading logarithmic level.

DOI: 10.1103/PhysRevB.111.085151

I. INTRODUCTION

Perturbative expansions are ubiquitous in theoretical
physics, and logarithmic divergences therein often lead to
power laws in observables. In the 1960s, several works
developed self-consistent methods to sum up the leading log-
arithmic terms from Feynman diagrams of all orders. Among
other systems, these techniques were successfully applied
to meson scattering [1], the Kondo model [2], the one-
dimensional interacting Fermi gas [3,4], and the Fermi-edge
singularity in x-ray absorption in metals [5,6]. These self-
consistent summations take into account two diagrammatic
channels, but exclude self-energy corrections. Following
Ref. [5], we refer to them as the first-order parquet approach.

Presently, the Hubbard model is one of the most studied
many-body problems of condensed matter physics [7,8]. To
capture the interplay of its competing fluctuations, another
type of self-consistent summation of diagrams was developed,
which we here call full parquet approach. It involves the self-
energy and the effective interactions in all three channels of
two-particle reducibility [9-12]. As the perturbative series of
the Hubbard model does not exhibit logarithmic divergences,
such a treatment was not motivated by logarithmic terms but
by the fulfillment of crossing symmetry and self-consistency
on the one- and two-particle level [12,13]. With increasing
computational power, the numerical solution of the parquet
equations has nowadays become a viable tool [14-20].

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.
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In this work, we examine what the transition from the first-
order to the full parquet approach entails for logarithmically
divergent problems. To this end, we revisit the Fermi-edge sin-
gularity, which was recently revived as an inspiring workhorse
to better understand diagrammatic techniques [21-25]. Al-
though it can be solved in a one-particle scheme [26,27],
a precise analysis in perturbation theory remains challeng-
ing. It was shown that the leading logarithmic behavior can
be obtained using the one-loop functional renormalization
group [24,25], while the full summation of all parquet dia-
grams is only recovered in a multiloop expansion [23,28,29].

Remarkably, we find that a well-defined subset of di-
agrams from the full parquet solution offers a convenient
way to not only capture the leading logarithmic singularity,
but also the next-to-leading contributions. Hence, we close
the gap between the traditional summation of leading log-
arithms (first-order parquet) and the one- and two-particle
self-consistent summation (full parquet), giving new insights
into the structure of logarithmically divergent perturbation
theories. The power-law exponent of the particle-hole sus-
ceptibility obtained from our approach is closer to the exact
result than that obtained from previous diagrammatic analyses
respecting only the leading logarithmic contributions. Our
analysis beyond the leading logarithms is possible (despite
the concerns of Ref. [6]) as our numerical results include the
full dependence of individual diagrams beyond logarithmic
accuracy. Moreover, we briefly explain that the self-energy
diagrams needed to capture Anderson’s orthogonality catas-
trophe [30] go beyond the present approach.

Treating the full frequency dependence of the effective in-
teraction requires huge numerical effort. In recent years, there
were several attempts to make use of frequency asymptotics
to lower the numerical costs [31]. One of them is the decom-
position of the full interaction vertex into bosonic exchange

Published by the American Physical Society
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FIG. 1. Illustration of the model defined by Eq. (1). The conduc-
tion band with quadratic dispersion relation and finite bandwidth 2§,
hosts electrons 6,; ¢x. The deep core level at energy ¢, hosts a single
electron (3’*, d , which gets excited to the Fermi level by absorbing a
photon.

processes, the so-called single-boson exchange [32—43] as
well as the remaining and numerically most expensive multi-
boson exchange terms. We show that multi-boson exchange
terms are essential already at the leading logarithmic level;
neglecting them is thus not justified in the present case.

The rest of our paper is organized as follows. Section II
serves as a reminder of the model and the diagrammatic ap-
proach. In Sec. III, we discuss the lowest terms in perturbation
theory. In Sec. IV, we explain our self-consistent summation
scheme and show the corresponding numerical results. We
conclude in Sec. V.

II. MODEL AND METHOD

The model for the Fermi-edge singularity of x-ray absorp-
tion in metals was introduced in the late 1960s [5,6,26,44,45].
It is visualized in Fig. 1. A conduction band with quadratic
dispersion relation & = k*/(2m) hosts electrons represented
by creation and annihilation operators ¢;, &, . In addition, there
is a deep, localized core level at energy ¢; < 0, which hosts a
single d, d electron. Spin indices for the electrons are omitted
since the spin degeneracy only results in a doubled density of
states |. An empty core level corresponds to the presence of a
core hole, with an effective attraction of strength U > 0 to the
conduction electrons. The Hamiltonian reads

N o non U A A
H = Z8kaCk +e4d’d — v Zc,t k,dd . )
k kK

We assume a finite bandwidth 2&; of the conduction band and
set the chemical potential to half the bandwidth, i.e., u© = &.
Absorption of a photon of frequency w >~ —&; = u — g4 ex-
cites the core electron to a state near the Fermi level. Due to
the sharp Fermi edge, a singularity arises in absorption and
emission spectra.

I'This is justified since, as in the original model [26], we ignore
exchange processes, in which the deep hole and one conduction
electron reverse their spins.

We are interested in two quantities. First, we analyze the
particle-hole susceptibility,

1 ,
X(@0) =~y (Td' 04 0)ed), 2)

k&'

where 7 is the time-ordering operator. X (¢) is the response
function to the photo-excitation of a conduction-particle and
core-hole pair. Its imaginary part in frequency space cor-
responds to the x-ray transition rate [5,6,25]. Second, we
investigate the propagator of the d electron,

G(t) = —i(Tdt)d"), 3)

which encodes single-particle excitations. The expectation
values in Egs. (2) and (3) are taken with respect to the ground
state |\Wy). For large enough |&,|, the ground state is given
by the occupied core level and the Fermi sea of conduction
electrons in the sense of Fermi-liquid theory. Consequently, at
zero temperature 7 = 0 (and more generally for 7 < |&;]),
X (t) is purely retarded while G(¢) is purely advanced, as
follows from the effect of the time-ordering operators 7 in
Egs. (2)-(3). In Appendix A, we provide numerically exact
solutions of the two quantities using the functional determi-
nant approach [46—48].

The fact that G(z) is purely advanced has important conse-
quences. It implies that there are no self-energy contributions
to the ¢ electrons beyond the Hartree term. Since there is
precisely one local d level, this Hartree term reads U/V f(&;),
with the Fermi-Dirac distribution function f(e) =1/(1 +
ef¢), where 8 = 1/T. Now, bringing the Hamiltonian, Eq. (1),
into normal order, we get an additional term —U/V. This
term and the c-electron Hartree self-energy cancel exactly at
T = 0. We may thus suppress these ~U single-particle terms
altogether, thereby effectively working with Hartree-dressed
propagators for the c electrons [24,25].

In Matsubara field theory, the expectation value (...) =
%tr(e’ﬁ(ﬂ”m) ...) (with Z = tre=PA=#") can be written as
a functional integral involving the action

1 1 5
S=-5 > (v = Edcky — 3 > dyv - &9)d,

v,k

U1 .

+ 7 23 g dvck,v’+wck',v+wdv’~ (4)
VB ,
w,v,v' kK

Here, & = & — ., &4 = €4 — W, and the fields depend on the
fermionic (bosonic) Matsubara frequencies v (w). Evidently,
only the c electron at the core hole, ﬁ Zk kv, referred to as
the local c electron, interacts with the d hole. We may thus
integrate out all ¢ electrons that are not located at the core
hole.

In the following, we assume a constant local density of
states of the conduction electrons

1
ple) = D e —a) = pOQ& —£)O%). (5
k

This holds in two dimension, and in three dimensions, it is an
approximation motivated by the dominance of effects near the
Fermi level. We can hence rescale the local ¢ electrons by /o
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to avoid trivial factors of p. Thereby, we obtain the action

S = —% Zévgglcv - % ZC]V(IU - Sd)dv

1 -
+ ME Z Ev’+wcv+wdvdv’ (6)

w,v,V’

with the dimensionless interaction u = p U and the dimen-
sionless local ¢ propagator g, = —piv D i {CkvCr,v). At half
filling, u = &, the latter is given by

2§ d
g = / e )
0o w—e+§& v

We refer to this as the smooth propagator. Previous diagram-
matic works [5,6,21,23-25,28] approximated it by

& = —im sgn(1)O(& — |v)), ®)

its sharp form. This expression is convenient for analytical
calculations of the power law around w >~ |&,|. However, it is
problematic for self-consistent numerical computations, as it
violates basic properties, such as the ~1/(iv) decay for large
|v|. Indeed, for our calculations beyond logarithmic accuracy,
it is crucial to use g™ instead of g*". Note that we also obtain
a dimensionless susceptibility in terms of the rescaled local ¢
fields,

x (@) =X (w)/p. ©))

Seminal works from the 1960s showed that x and G ex-
hibit characteristic power laws close to the threshold wy (cf.
Eq. (66) in Ref. [26] and Refs. [5,6,30,44]):

- —ay
x(w +i0™) ~ L 1— (a)—}—lOwo) ., (10a)
ox —&o

1 o “
T () am
v —i0T + wy &

Here, the power law of x characterizes the x-ray edge singu-
larity, while that of G is related to Anderson’s orthogonality
catastrophe. Note that Eqgs. (10) are given in real frequencies,
in contrast to all the other expressions in this paper. The
power-law exponents ay = 28/ — (8/m)? and ag = (8/7)>
depend on the s-wave scattering phase shift § evaluated at
the Fermi surface. For the present model [cf. Eq. (5)], this
is related to the interaction strength via § = arctan(mwu). We
have verified the power laws in Eqgs. (10) with our numeri-
cally exact data using the functional determinant approach (cf.
Appendix A).

The threshold frequency w, depends sensitively on how the
UV cutoff &j is implemented in the model [5,6]. As discussed
later, our diagrammatic analysis allows for computing wy
independently from all other quantities (cf. Sec. IIl E and Ap-
pendix A 2). For now, we set w to its bare value wyg — —&,.
In the final results, —&; can be replaced by wy.

Expanding the power-law expressions, Eqs. (10), in u
reveals the logarithmic divergences. For small u, we can ap-
proximate 8/ = u + O(u?®) (cf. Appendix B). The resulting

G(v —i0™) ~

form for x in imaginary frequencies is

) N 1 1w+‘é5'd —2utu?
X“‘“)—zu—uz[“( <) ]

= - i - [1 _ e(*2u+u2)L]
=L—ul® +u*[30° + 1L%] — ’[1L* + 2L°]
+ut[EL 4 3L + L)+ 0W). (11)

Here, we introduced the logarithmic factor

iw+ &4
&
Taking only the highest power of L in each order of u yields
the leading logarithmic result, where 2u — u? is replaced by
2u (cf. Eq. (42) in Ref. [5] and Eq. (57) in Ref. [6]).
Analogously, G in imaginary frequencies has an expansion
in terms of L(v) = L(—v) = In[(iv — &;)/&]:

1 <iv —sd)“z 1
- = - €
v—=§&\ & iv—2§

1 i} i}
=3=% [1+ L+ 3u*L* + OW®)]. (13)

L(w) =1n (12)

G(iv) ~

In this work, we will show that a suitable summation of
parquet diagrams not only contains the leading logarithmic
result of x, but also the second-highest power of L at each
order of u in Eq. (11). Taking into account even lower powers
of L would require diagrams beyond the parquet approxima-
tion. Differently from yx, the expansion of G, Eq. (13), is in
terms of u2L. So, with higher orders of u, the difference in
the powers of u and of L increases. Hence, a perturbative
analysis of G (and thus the overlap related to Anderson’s
orthogonality catastrophe [30]) would require going beyond
leading/subleading logarithms and beyond the parquet ap-
proximation (cf. Appendix E).

Numerical parameters

For all our plots, we fix the dimensionless interaction
strength to u = 0.28, if not stated otherwise. The analytical re-
sults are presented for 7 = 0, where 5 3°, — [7 ¥ = [

—00 21

There, we mostly use gsvh, Eq. (8), as we focus on the behavior
near the threshold, |iw + &;| < &. The numerical results are
obtained for a finite temperature T /&y = 0.002 and a discrete
grid of Matsubara frequencies. For numerically determined
perturbative results, we compare both propagator choices g,
in Eqgs. (7) and (8). Details of the implementation are given in
Appendix G.

The remaining parameter is the excitation energy &;. Phys-
ically, one imagines ¢; < 0 and §; <« —T, so that f(&;) ~ 1,
corresponding to an occupied core level. In our diagrammatic
approach, we have already used f(£;) >~ 1 by canceling the
term U/V from normal-ordering with the c-electron Hartree
self-energy equal to U/V f(&;). Consequently, there are no
more ¢ Hartree diagrams (involving a closed d line) in the ex-
pansion, and the d-level occupation is never actually probed.
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Instead, there is a single d line threading through all dia-
grams of x(iw), and one may choose to keep the external
frequency argument paired with &,, e.g., in the form iw + &,
(cf. Sec. IITE). As a result, &£, can be shifted to any (negative)
value [24,25].

Here, we use &;/§y = —0.01. The reason is that, in the
Matsubara formalism, &; broadens the characteristic features
of the correlation functions x and G, and, to reduce the effects
of such a broadening, we use small |£§;| < &j. Additionally,
this corresponds to larger values of In(—£,;/&;), which is
beneficial to clearly separate logarithmic terms of different
powers at small frequencies in the perturbative expansions,
Egs. (11)—(13). However, we keep |£;] > 7T so that features
below &; (the lowest nonthermal energy scale) are resolved by
the Matsubara grid. After analytical continuation, the param-
eter &; eventually only shifts the threshold frequency wy and
is irrelevant for the analysis of the power-law behavior.

III. PERTURBATION THEORY

To get an intuition about typical diagrammatic contribu-
tions to the infrared divergence to subleading accuracy, we
analyze Feynman diagrams at low orders. We start with the
well-known leading logarithmic terms in the particle-hole
susceptibility. Next, we discuss subleading terms in the self-
energy and the vertex. Finally, we consider a multi-boson
exchange diagram and present a rule to generally assess the
logarithmic behavior in the present model. The logarithmic
behavior of the diagrams in Secs. III A-III C was already dis-
cussed in Refs. [5,6]. We here extend their analysis by giving
numerical results along with some exact analytical results
[Egs. (16) and (21)] as well as a general rule for extracting
the logarithmic behavior.

A. Leading logarithmic diagrams

Utilizing a similar notation and diagrammatic representa-
tion as in Refs. [23,28,29,43], the particle-hole susceptibility

is given by
m m
——— - - AR

_ a a a a
- /Hw,u + / Hw,urw,u,u’nw,u”
v Juv!

)

x(w)
(14)

Here, I' refers to the full four-point vertex. By energy
conversation, it depends on only three frequencies (cf. Ap-
pendix C). The index a in ' signifies that its frequencies
are parametrized with respect to the a channel (a stands for
antiparallel and p, used below, for parallel). The bubbles
[T, , are products of Green’s functions,

Hz),u = Gv—wgva wa = Gu—wg—v = —II (15)

w,V’
having used g_, = —g, in the last step. Diagrammatically, G
is represented by a dashed line and g by a solid line. The vertex

I" is denoted by a gray circle, its lowest-order contribution
' = —y by a black dot (cf. Fig. 2).

P A—

G e g

FIG. 2. Diagrammatic representation of the d propagator G and
the ¢ propagator g as well as the bare vertex ') = —u and the full
vertex I'.

The lowest-order term of the susceptibility x® is an inte-
grated a bubble:

xOw@W= ("N =-(

iw+&q
I =In —— ~ L(w).
/ b = g M)

The first expression is the exact result [cf. Eq. (D8)] with g*",
Eq. (7). The second gives the logarithmic behavior, Eq. (12),
near the threshold (indicated by the symbol “~), which is
also obtained with g* (cf. Egs. (D10)~(D12) and Refs. [5,22—
25,44]). Indeed, the approximation is justified for |iw + &;| <
&, which, after analytic continuation iw — @ + i0", cor-
responds to frequencies close to the absorption threshold
—&4 = |8al.

Figure 3(a) shows the frequency dependence of x©,
Eq. (16). The result from the smooth propagator g*™ is the
exact result at » =0 and is seen to obey Re x© < 0. As
expected, the numerical data obtained from g*™ at finite tem-
perature (blue dots) lie on top of the analytical exact result

(16)

Re Im
(@) 27 ' " oof '
1t exact i
log
~ 0r sharp / -05 |
=, -Lr th il
* SIMOO oy
= 2} 4 -10f E
—4 b7 4 =15 E
1 . . . .
(b) ot ] 0F /—
-1 1 1t i
aE -2t 1
S {20 1
_4 . 4 _3 . I3 4
-5 . ] ’ . ‘
(©) 15} 1 Lof S 7
PR 1 o5t ]
T 05 ) 1 \_
0.0 F
0.0 S —————
—0.5 k& L . 4 —05¢ L F—
107t 10° 107} 10°
w/E, 3

FIG. 3. (a) Zeroth-order diagram x @ ~L, Eq. (16), (b) second-
order ladder diagram x> ~u?L?, Eq. (18), and (c) second-order
cross diagram y ¥ ~ —%u2L3, Eq. (19), comparing numerical results
with smooth g™ (blue dots) and sharp g (gray dots) to the analytical
logarithmic form (green, dashed) and the exact result (light blue,
solid).
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at T =0 (light blue line). Furthermore, we note that (i)
the numerical result with the sharp propagator g, Eq. (8),
(gray dots) yields artifacts around w =~ £, and violates
Re x @ < 0; (ii) the (approximate) analytical result L(w) vio-
lates Re x @ < 0 as well as lim, o x@ — 0.

The simplest diagrams of the vertex I" are ladder diagrams,
which are products of x®. We consider ladder diagrams in
the antiparallel (y¢) and parallel (y”) channels, built from the
antiparallel (I1%) and parallel (IT”) bubble, respectively. Their
nth-order contributions are (the external legs are amputated):

a

[’Ylad

[71? d]&nzm =

(—u)"[=L{w)]" .

Il
|
&

3
'_—|
T

=
£
<
| S
3
L
[

(17b)

The ladder diagrams of x have two more integrated bubbles,
and their logarithmic behavior is thus

M) = AR

— [ ppan, = (L),
(18)

Figure 3(b) shows the frequency dependence of the second-
order ladder diagram xlilz(i), Eq. (18). Similarly as in Fig. 3(a),
one notices artifacts at w >~ &, in the numerical solution
with g*" as well as spurious high-frequency behavior in this
solution and the analytical result. While the full susceptibil-
ity obeys Re x < 0, for a single diagrammatic contribution,
Re led) < 0 need not hold.

The so-called crossed diagram is the first nonladder di-
agram which contributes to the leading logarithm of the
susceptibility. It is obtained by integrating [y”]® with two
a bubbles (see Appendix D 1 for details):

2
X (w) =

19

Figure 3(c) shows the numerical result for Xiz)(a)). The op-

posite sign compared to x© and x.2) shows that the crossed
diagram counteracts the growth of the full result.

Generally, susceptibility diagrams proportional to u"L"*!
are referred to as leading log. Summing up only ladder
diagrams yields the random phase approximation (RPA), re-
sulting in an unphysical bound state [44]. It was shown that,
for a complete summation of leading-log diagrams, one has to
take into account the interplay between the a and p channels.

This is referred to as the first-order parquet approach [5,6]
because it takes only the highest power of logarithms in each
order of the power-law expansion, Eq. (11). In a more general
perturbative treatment, diagrams proportional to lower orders
of L show up, i.e., u"L"™' =P withn + 1 > p > 0. In this work,
we will go beyond Ref. [5] by including all diagrams with
p = 1, which we denote as subleading log.

B. Self-energy

To include subleading-log contributions, we next consider
the impact of the d-electron self-energy [6], which was ne-
glected in most previous diagrammatic analyses [5,21-25,44].
The d Hartree self-energy shifts the threshold frequency by
u&y [cf. Eq. (D19)]. The second-order diagram % is the
first to exhibit (subleading) logarithmic behavior. Its general

expression,
5o~ — <--_----<

(20)
= —11,2/ G,/_wgy’—wgu’a
is evaluated to (cf. Appendix D 2):
1 iD b +2
L350 —ivtn T 4 5+ 260)In 220 (21a)
u? i+ & V8o
~ if)ln;—v +251n2, (21b)
0

where iV = iv — &;. The first summand gives the logarithmic
behavior (iv — &;)L(—v) that contributes to the shape of the
x-ray edge singularity and was given in previous studies (cf.
line after Eq. (13) in Ref. [6]). The second, proportional to &,
is constant and thus merely shifts the threshold frequency, just
like the Hartree term u&, mentioned before.

As discussed in Sec. I A, we want to exclude shifts of
the threshold frequency since they blur the singular frequency
dependence. The easiest way to do so is to generally subtract
the zero-frequency part [6]. In the Matsubara formalism, this
amounts to replacing ¥, by

AX, = %, — Re T,_,, (22)

as Im X, is antisymmetric and thus vanishes at zero fre-
quency. (In practice, we approximate Re X, _g by Re X,—,7.)
However, the (imaginary-frequency) logarithmic terms of the
self-energy also have a finite contribution at v = 0, which we
do not want to subtract. Indeed, the first term in Eq. (21b) eval-
uates to —&,L(0) at zero frequency. If the latter contribution
to the shift is added back, we obtain

AT, = AX, — uPE,L(0). (23)

Figure 4(a) shows our numerical results for the self-energy.
The finite-T" results using g*™ [blue dots in Fig. 4(a)] lie on
top of the T = 0 exact result, Eq. (21a) [light blue line in
Fig. 4(a)]. We see that using gSh, Eq. (8), violates causality,
i.e., leads to Im ©® > 0 for v > 0 [gray dots in Fig. 4(a)],
whereas the result from g*™, Eq. (7), naturally obeys this prop-
erty [blue dots in Fig. 4(a)]. At low frequencies, the results
from ¢*™ agree well with the analytic logarithmic behavior
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Re Im
. . .02 . .
(a) 0.00 F——eus.. ] 0%
0.000 k. __ .
& —00sf . T,
= sxact -0.025 .
A exac '\/
—0.10 log R
< sharp —0.050 1
=0.15 F . smooth 1 -0.075 }
107t 10° 107} 10°
v/€, 3
(b) o8F ' l(‘)ﬂ- RO '
0.6 [ . ] A;}‘ 0.3 . . -......'* 4
S 04t N TAY 0.2} .
= -
0.2 r ‘e, q 0.1F ]
0.0 t -\_ 0.0 b 4
¢ . . r .
( ) 0.0 .."'.\ 0.0 ./__
0.1 e 1 -01rf s 1
B -02f . 02 s
—03T log .
-0.4 - smooth 7 =03 L
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107! 10° 107! 10°
W/, w/E,

FIG. 4. (a) Second-order self-energy X® ~ u?ivL, Eq. (20),
where the zero-frequency value is subtracted, i.e., AZ? = £ —
Re 252:)0 [cf. Eq. (22)]. (b) The corresponding susceptibility X>(:2) ~
112L?, Eq. (24). Here, we only use the numerical results computed
with the smooth propagator g*™, first with the self-energy difference
AX® (blue dots) and then with AX®, Eq. (23), including the
logarithmic part at v = 0 (red dots). (c) Third-order diagram XS) ~
11’L3, Eq. (25), originating from the 7-reducible vertex [y']®.

u*(iv — £;)L(—v) (green), which however bends over to un-
physical results with Im ©® > 0 already for v/&, > 0.5.

One directly sees that the corresponding second-order term
of the d propagator G® = GOE@GO = 2L(—v)/(iv —
&;) matches the perturbative series, Eq. (13). To find the
corresponding subleading-log term for x, we insert G into
the integrated bubble, Eq. (16):

(24)
— [I050.60, = 112w,

The same logarithmic term appears in the perturbative series
of the power law, Eq. (11), which was evaluated at the bare
threshold frequency wy = —&;. Hence, the logarithmic term
u?(iv — £;)L(—v) of @, Eq. (20), does indeed not change
the threshold frequency [while the full expression, Eq. (21),
does].

The numerical results for x(;) are first computed with
AX?®, Eq. (22) [blue dots in Fig. 4(b)]. To minimize the
effect of the threshold shift when computing Xg), we use
AY?® Eq. (23), which adds back the logarithmic contribution
—u?£,4L(0). Primarily, this brings the imaginary part of the
data closer to the analytical result [red dots in Fig. 4(b)].

This strategy to compensate shifts of the threshold is further
discussed in Sec. IIT E.

At third order, there are two diagrams contributing to the
self-energy, which cancel each other as [y%,]) = [y]f:d]gz)
[cf. Eq. (D27)]. This observation matches with the exact
power law of the d propagator, which only scales with u? [cf.

Eq. (13)].

C. t-reducible diagram

Generally, there is a third type of two-particle reducibility,
namely in the transversal channel (or short ¢ channel). Its first
contribution occurs at third order and reads (cf. Eq. (15) in
Ref. [6] and Appendix D 3 for details)

e

3
=u / Gul Gyl—wguggu1+ug—u’
V1,2

)

iw

3
e, =

(25)

The expression in terms of the self-energy ©® is exact and
does not depend on the form of g. Indeed, it is a perturbative
implementation of the U (1) Ward identity (cf. Appendix D 4).
Evidently, the logarithmic behavior of the self-energy and the
t-reducible diagram are related [6]. Note that, to save space
and to emphasize the advanced property of the d electron by
a straight dashed line, we refrain from drawing the bubble of
two d propagators vertically, which originally motivates the
term transversal [23,29,43].

The resulting third-order term for x is (see Appendix D 3
for details):

X ()

Figure 4(c) shows that our numerical data are close to this
subleading-log behavior. Together with the two terms of third
order coming from X,

X (—u)x @ 4 X O (—u)x )

27

~ 2 x %uzL2 x (—u) x L = —u?L?,
we hence arrive at the correct subleading-log contribution to

third order, namely —%143L3 [cf. Eq. (11)].

D. Multi-boson exchange diagram

Multi-boson exchange (MBE) diagrams are two-particle
reducible in a specific channel, i.e., their diagrams fall apart
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FIG. 5. Susceptibility contribution from the MBE diagram
[M“1®. We compare the results computed with g™ (blue dots) and
g" (gray dots) to the analytically determined logarithmic behavior
Zu*L®, Eq. (29) (green, dashed).

when cutting two propagator lines. However, they are not U
reducible, which means that their diagrams do not fall apart
by removing one dot of a bare vertex [43]. Numerically, they
are the most expensive objects to compute as they inherently
depend on three frequency arguments. Thus computational
resources can be saved if their impact on physical quantities
is low compared to other diagrams.

To analyze the relevance of MBE diagrams, we analytically
check how the first multi-boson diagram [M?]®, occurring at
fourth order,

(M) 4 _

| (28)
:/ [VP](QZ - a 1 [fyp](Qz "_yly

4

I
=
2

. @ (29)
/ MY e~ 135744L5(w),

w,v, v w, v’

which is leading log. Figure 5 confirms this behavior in finite-
T numerical results. Hence, omitting MBE diagrams leads
to an incomplete summation of diagrams already at leading-
log order. We thus include MBE diagrams in the self-consist
schemes presented in Sec. IV. As seen there, neglecting
them changes the results drastically at intermediate values
of u.

E. Comment on the threshold frequency w,

Since we have numerical access to the full frequency de-
pendence of individual diagrams, we can make a statement
about the position of the threshold frequency, in contrast to
previous diagrammatic analyses [5,6,21-25]. Generally, the
threshold frequency —&, is shifted to a value wy which de-
pends on the interaction u. A large value of wy blurs the
characteristic features of imaginary-frequency data near w =
0. For our numerical results presented in Sec. IV B, we thus
needed a strategy to compensate this effect, which is discussed
in the following.

As mentioned in Sec. I A, our treatment of the ¢ Hartree
self-energy and the advanced property of the d propagator G
imply that there are no closed d loops in the diagrammatic

—vy+rvetvs—vs+v

Vit -3 —w o g

—v3t+uvstvs —w

FIG. 6. Demonstration that the single dashed line of d propaga-
tors in diagrams implies that £ = Z(iv — &;) and x = x (iw + &;).
(a) Fourth-order diagram to ¥ containing the 7-reducible diagram
[y'1®. (b) Fourth-order diagram to x containing the envelope di-
agram Rg) . The external frequencies v and w are contained in d
propagators, the frequencies vy, .. ., vs are integrated over.

expansion. In other words, all nonvanishing diagrams must
contain a single line of d propagators. Hereby, it is always
possible to find a frequency parametrization such that the
external frequencies w in x and v in X are only contained
in the d propagators. (For four-point vertices, the according
external frequencies are discussed in Appendix C.)

To demonstrate that this argument also holds for diagrams
which are neither a- nor p-reducible, we show a self-energy
diagram containing the third-order vertex [y']® and a sus-
ceptibility diagram containing the fourth-order two-particle
irreducible vertex Rg) in Fig. 6. Here, we explicitly write the
frequency arguments on every single propagator and conclude
that the susceptibility x is a function of iw + &; and the self-
energy X of iv — &;. Thus, after analytical continuation to real
frequencies, the effect of different values of &; can be recov-
ered by corresponding shifts of the external frequencies.’

The threshold frequency w( appears likewise in the power
laws of x and G [cf. Egs. (10)]. These forms demonstrate that,
near the threshold, x is described by a function of iw — wy and
Y by a function of iv + wy, suggesting that wy merely renor-
malizes its noninteracting correspondent —&;. The threshold
is fully determined by the self-energy as, after analytical con-
tinuation, i.e., iv — v — i0™, the expression from the Dyson
equation 1/(iv — §; — X,) becomes singular at v = —wy.

Our perturbative analysis shows that the self-energy con-
sists both of terms which do not affect the threshold-frequency
and terms which renormalize it. In second order [cf. Eq. (21)],
the logarithmic term u*(iv — &;)L(—v) does not change the
threshold, since it appears in the power law expansion with
an unrenormalized threshold wy = —&; [cf. Eq. (13)], while
the term u? 2&,1n 2, proportional to the UV cutoff &, does [cf.
Egs. (A19) and (B3)]. Without knowing the analytical results,
this separation of terms in the self-energy cannot be extended
straightforwardly to higher orders in perturbation theory.

Similar to the second-order term, we suspect that more
generally the dependence on the threshold frequency is mainly
governed by a constant shift in the self-energy. So, to leave
the threshold frequency unrenormalized in numerical com-

2In shifting £;, we assume that no nonanalyticities of x in iw + &,
or of ¥ in iv — &, are crossed. Indeed, we have not detected such
nonanalyticities in the analytical expressions from perturbation the-
ory and our numerical data.
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FIG. 7. Step-wise procedure to deduce the logarithmic behavior
of diagrams, exemplified for (a) x& ~ u?L?, Eq. (24), and (b) a
fourth-order two-particle irreducible diagram, Rg) ~ u*L. We suc-
cessively integrate loops involving d and c lines; the lines being
integrated at a given step are marked green.

(b) RY ~

putations of more general diagrams, we subtract the value
Re X,y from the numerically computed self-energy X, [cf.
Eq. (22)]. (The smallest imaginary Matsubara frequency in T
is the closest value to the real threshold frequency —wy.) Still,
we have to recover those terms at v = 0 that do not renor-
malize the threshold frequency. The only expression we know
analytically is that of second order, so we add —u?£,L(0) [cf.
Eq. (23)], as done for X)(:z) [cf. red dots in Fig. 4(b)].

Although this strategy does not guarantee a full elim-
ination of the threshold renormalization in our numerical
computations, it does allow us to deduce reasonable values
for the threshold frequency from the numerically determined
subleading-log self-energy (cf. Appendix A2, in particular
Fig. 14).

F. Logarithmic behavior in general diagrams

We show how to quickly deduce the leading power of the
logarithm L in the singular behavior of any diagram involving
d and c propagators (see also Appendix E of Ref. [6]). Close to
the threshold, the bare d propagator behaves as G, ~ 1/(iv),
while the local ¢ propagator obeys g, ~ sgn(v) at small fre-
quencies [cf. Eq. (8)]. We estimate the leading logarithm by
successively integrating over closed loops.

Take, e.g., the susceptibility diagram Xg), Eq. (24), shown
in Fig. 7(a). An integration over the inner dc bubble yields
a logarithm fu sgn(v)/(iv) ~ Iniv. The subsequent integral,
involving the second ¢ propagator, does not raise the power
of the logarithm, fv sgn(v)Iniv ~ ivIniv. The final integral,
involving two d propagators and one ¢ propagator, in turn
raises its power, fV sgn(v)Iniv/(iv) ~ In?iv. This matches
Eq. (24).

More generally, any integrated dc bubble yields a loga-
rithm, fv sgn(v)/(@iv) ~ Iniv [cf. Eq. (16)]. If every subse-
quent loops contains another d line, each integral increases the
power of the logarithm according to fv sgn(v)In"iv/@{iv) ~
In"*!iv [cf. Eq. (D1)]. This is precisely what happens for
the leading-log diagrams. By contrast, if a loop at a later
stage does not contain a further d line, then the power of the

logarithm is not raised, fu In"iv ~ivIn"iv [cf. Egs. (D2)—
(D3)]. Now, if the first loop in a vertex diagram has more
d lines than c lines, this does not generate logarithmic be-
havior, as fv sgn(v)/({v)" ~ 1/@{v)Y"~'. Such an imbalance
of dashed and solid lines within integration loops yields sub-
leading diagrams. Indeed, many more loops with ¢ lines are
required until the power of the logarithm is raised. Since,
J, sgn()In" iv/(iv)" ~ In"iv/@{iv)"~! [cf. Eqs. (D4)—(D5)],
the first (m — 1) subsequent integrals with ¢ lines reduce
the power m that originates from the d propagators, before
further integrals can eventually raise the power n of the
logarithm.

This reasoning also applies to diagrams which are two-
particle irreducible in all three channel (fotally irreducible
diagrams). These go beyond the full parquet approach. The
lowest-order vertex diagram of that type occurs at fourth or-
der and is often called envelope diagram Rg) (cf. Fig. 5 in
Ref. [6]). In Fig. 7(b), we show that its logarithmic behavior
can be estimated as u*L. With two more dc bubbles, the
corresponding susceptibility is XI(;; = [TIRYTI® ~ u'L?,
which has two powers of L less compared to the leading

logarithm XI(C';L ~ w"L"*! and is thus beyond our subleading

approximation XS(S,; ~ u"L". (Actually, there are two envelope
diagrams at fourth order, whose leading contributions cancel
by symmetry (cf. footnote 10 in Ref. [6]).) Further totally
irreducible diagrams like the fifth-order “sealed” envelope
diagram Rg) ~u’L = x§ ~ u’L? have even fewer powers
of L.

The strategy presented above allows us to estimate the
logarithmic behavior, but of course does not yield the correct
prefactor and does not account for possible cancellations of
diagrams. Nevertheless, it is essential for the next step. To
obtain the power-law behavior of y up to a certain accuracy,
one has to perform a self-consistent summation, which takes
into account all diagrams with the corresponding power of
logarithms. With the presented strategy, we can classify all
parts of the parquet formalism by their dominant logarithmic
behavior.

IV. SELF-CONSISTENT SUMMATION

In this section, we extend the self-consistent summation
of all leading-log diagrams of Ref. [5] (first-order parquet
approach) toward the full parquet approach, widely used to de-
scribe physics related to the Hubbard model [9-12]. We show
that, in this way, we can additionally include all subleading-
log diagrams in a systematic manner.

A. Parquet approach

In Sec. III, we introduced various quantities which appear
in a diagrammatic description of the model’s characteristic
power laws, Egs. (10). The perturbative expansion of the
susceptibility x, Eq. (14), involves terms scaling as x® ~
w'L"1=P where p = 0 encompasses the leading-log terms,
while p = 1 accounts for the subleading-log ones [L is defined
in Eq. (12)]. The full four-point vertex I" has an expan-
sion T ~ y"L"~1=P and is decomposed into two-particle
reducible vertices " in the channels r = a, p, t and a totally
irreducible part R. (Note that what Refs. [5,6] call R corre-
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FIG. 8. Overview of the computed quantities and used self-consistency schemes: the parquet iteration (yellow box) involves the Bethe—
Salpeter equations (30) and (36). First, these are solved self-consistently (initialized using the gray box) without X and y’ and give the vertex
Meaq to leading-log accuracy. This output is used to compute X, Eq. (32), and y*, Eq. (34) (blue box). These results in turn serve as an input to
a second self-consistency loop, which yields I" up to subleading-log accuracy.

sponds to ¥’ + R for us.) We argued that the lowest-order
contributions of y* and y? are leading log while those of y'
are subleading log and those of R are subsubleading log. Fi-
nally, the self-energy ¥ has an expansion £ ~ yipL"~1-P
and yields subleading-log contributions to x. An overview
of how the different objects are computed self-consistently
is given in Fig. 8. Its details are explained throughout this
section.

All leading-log diagrams can be summed within a par-
quet approach containing only the a- and p-reducible vertices
y =®P [5]. These fulfill Bethe—Salpeter equations involving
the full vertex I' and the a- and p-irreducible vertices I"=%7.
Since no fully irreducible diagram contributes to the leading-
log behavior except for the bare vertex 'V = —u, we set
R = —u (often called parquet approximation). The relevant
equations are (cf. yellow box in Fig. 8):

r _ r F
w, v,V —u+ yw,u,v/ + yw—v—v’,—v’,—v’ (308')
r _ r r r
Vo = f TR | (A A (30b)
o
r — r _ r
Iw,v,u/ - rw,v,v/ yw,v,v” (300)

(30d)

Here, we use the channel indices r = a, p and ¥ = p, a and
the bubbles T17, ,, Eq. (15). The frequency arguments follow

from the parametrization of the vertex, Appendix C.

Equations (30) must be solved self-consistently. In this
process, one can apply the reasoning from Sec. III F to show
that two leading-log vertices T'\"5"* ~ " L"~" in the Bethe—
Salpeter equation (30b) yield again a leading-log vertex:

sgn(v
[t ~ [ e
v v v

n+n ymAn—1 _ p+n)
~u L - 1—‘lead :

€Y

In Sec. III, we showed that the self-energy ¥ and the
t-reducible vertex y’ contribute to the subleading logarithm.
We calculate ¥ from the Schwinger-Dyson equation. The
(d-electron) Hartree term ué yields a frequency-independent
shift of the threshold frequency and is therefore irrelevant for
the power-law exponent. Beyond the Hartree term, we have
(cf. blue box in Fig. 8)

_ 4____-.-<

a a
U / qu —V,V2 gl/l Flll —V,V2,V1
Vi,v2

ZI/ =

(32)

p 14 P
u/ HV17V7V2971/1F1,171,7;/2,1,1~
Vi,V

Reference [6] argued against using the Schwinger—Dyson
equation (32) as their analytic evaluation was limited to log-
arithmic accuracy of individual diagrams. By contrast, our
numerics produce the full frequency dependence of vertex
functions, allowing us to straightforwardly use Eq. (32).
Following Sec. IIT'F, inserting a leading-log vertex Fl(e";d ~
u"L"! into the Schwinger—Dyson equation (32) yields a
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subleading-log self-energy:
r n Sgn(VZ)
/ ull gFl(ea)d ~/ U———
Vi, Vi,V 12
~ /usgn(u)u"L" ~ L = 500,
(33)

sgn(vy)u"L""!

v

Here, we first integrated over the dc bubble and then over
the last ¢ propagator. It follows that self-energy corrections
yield subleading-log contributions to x. Furthermore, insert-
ing ¥ again into the d propagator or inserting a subleading-log
vertex ' ~ y"L"=2 into Eq. (32) would go beyond our ap-
proximation.

To include the 7-reducible vertex y’, we use the subleading-
log expression at third order, [y']® in Eq. (25), and replace
all bare vertices I''") = —u by full vertices I". As we show in
Appendix F 2, this ansatz takes into account all subleading-log
contributions starting from the most general parquet approach.
The resulting expression for y’ (corresponding to Fig. 4(b) in
Ref. [6]) is (cf. blue box in Fig. 8):

t _
r‘/wﬁ/,l// -

— t a
- _/ Fw,u,ylGVl—WGVlruz—Vl,V’—ul+V2,1/2
J V1,V

a
X -qV271/1+V/-qVQFUJ—I/1+V2,I/2,V'+I/2—I/1 .

(34)

If all vertices in Eq. (34) are leading log, i.e., l"l(:;j'“) ~
w" L™~ integrating first over the loop including the ¢ prop-
agators and then over the loop with the two d propagators

yields
(n1) (n2) (n3)
/ [1ead OO 162188  1ead
Vi, V2
~ / rlGG / WL sgn? (vp)u L
v vy

1
~ uM LM -1 — un2+ngian2+n3—2
v (iv)

~ un1+nz+n3Ln|+nz+n3—2 — F?&an+n3’ (35)
which is subleading log. Including the self-energy in the d
propagators or subleading-log vertices in Eq. (34) would go
beyond the subleading approximation. In the expansion of the
susceptibility Eq. (11), such terms would contribute similarly
as the totally irreducible diagrams R.

From the logarithmic behavior in Eqgs. (33) and (35), we
conclude that the leading contributions to the self-energy
¥ ~ u"ivL"~' and the t-reducible vertex y' ~ u'L"? are
already fully recovered by inserting the leading-log vertex
[eaa ~ #"L" ! into Egs. (32) and (34). Our strategy (depicted
in Fig. 8) is thus to first compute the leading-log vertex I'
by iteratively solving Egs. (30). In the next step, ¥ and y’
are determined from Egs. (32) and (34). These then form an

input to a second iterative solution of the parquet equations,
but now the d lines are dressed through the Dyson equa-
tion G, = (1/ Gf)o) — %,)7! and the full vertex I" includes y’
from Eq. (34):

Fz),vﬁv’ =—u-+ yg,u.v’ + Vj—v—v’,—v’,—v + ylf—u’.v,v—aﬂ (363)

FZ,U,V/ =—u+ yap)).v,v’ + yu[j—v—v’,—v’,—v + y]f—v’,—v’,v—w'
(36b)

Thereby, Eqs. (36) replace Eq. (30a). Finally, with the inclu-
sion of ¥ and y’, we obtain y“ and y? self-consistently up
to subleading-log order and may altogether compute y up to
subleading-log order.

We note that further iterations over Egs. (32) and (34)
would yield subsubleading-log diagrams, but not in a com-
plete and systematic manner since totally irreducible diagrams
like the envelope diagram [cf. Fig. 7(b)] would not be taken
into account. Moreover, also the ¢-reducible vertex from the
full parquet solution includes further subsubleading contribu-
tions, as discussed in Appendix F2, which exceed the scope
of this work.

B. Numerical results

In this section, we present our numerical results obtained
from the self-consistency schemes discussed in Sec. IV A
and compare them to the analytical power law in Eq. (10a).
Although, strictly speaking, these power laws hold very close
to the threshold frequency and at 7 = 0, they adequately
describe the physical results in a much wider range (cf.
Appendix A and also Ref. [48]). In our numerical implemen-
tations, the frequency dependence of the vertex is handled
by a decomposition into single- and multi-boson exchange
vertices [32-43] using the recently developed Julia library
MatsubaraFunctions. j1 [49]; further details are given in
Appendix G.

To start with, Fig. 9 shows how x depends on imag-
inary frequencies at fixed u. We compare the result of
the leading-log scheme (blue dots), Egs. (30), and the
subleading-log scheme (red dots), Egs. (36), to the power
law (10a) with exponents ay = 2u (leading log, green), oy =
2u — u? (subleading log, pink) and ay = 28/ — (§/7)?* (ex-
act, light blue). The analytical power laws describe the
behavior at small frequencies, but of course do not capture the
correct large-frequency behavior, including lim,,_, o, x (iw) =
0. For the present choice of parameters, the results from our
subleading-log parquet scheme are closest to the exact power
law (red dots match light blue curve) while those from the
leading-log parquet scheme are closest to the subleading-log
power law (blue dots lie near pink curve). However, this
strongly depends on the value of &;, as elaborated below.

To get an overview on the results for different parameters
and obtained from the various self-consistent methods, we
present x at zero Matsubara frequency as a function of u in
Fig. 10. Here, we compare again our numerical results with
the power law, Eq. (10a), including different exponents oy .
The power law with oy = §/m — (8/7)? matches the numer-
ically exact results from the functional determinant approach,
when evaluated at wy + &; (cf. Appendix A). We draw the
following conclusions from Fig. 10.
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FIG. 9. Frequency dependence of x from self-consistent sum-
mations with g™ at u = 0.28, T /& = 0.002, and &,/&, = —0.01.
We compare numerical results from the leading-log scheme (blue
dots) and subleading-log scheme (red dots) to the analytical power
law (10a) with exponents ox = 2u (leading log, green), ax = 2u —
u? (subleading log, pink), and ax = 28/m — (8/7)* (exact, light
blue).

Dropping multi-boson exchange diagrams, which is known
as the single-boson exchange approximation [41-43], clearly
fails already at intermediate values of the interaction (cf.
light green dots in Fig. 10). We anticipated that from our
perturbative analysis since multi-boson diagrams contribute
to leading-log diagrams and are therefore essential to obtain a
power law at all (cf. Sec. III D).

The leading-log parquet solution using the sharp ¢ propa-
gator g™, Eq. (8), (cf. purple dots in Fig. 10) bends down from
the leading-log power law (green) at intermediate values of
the interaction, similarly as in previous studies (see Fig. 4(c)
in Ref. [23]). This might originate from the artifacts around
|w| >~ &p, encountered already in Sec. III.

Our main focus is on the results of the leading-log
[Egs. (30), blue dots in Fig. 10] and subleading-log parquet
schemes [Egs. (36), red dots], both using the exact propagator
g™, Eq. (7). The results start to deviate from one another and
from the power-law curves with ay = 2u (green) and oy =
2u — u? (pink), respectively, already at intermediate values of
u 2 0.2. The results from the subleading-log parquet scheme
are systematically improved in powers of the logarithmic fac-
tor In(—&,/&p) [cf. Eq. (12)] in the region where the expansion
of the power law in u, Eq. (11), is valid.
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FIG. 10. Interaction dependence of x(iw =0) from self-
consistent summations at 7/&, = 0.002 and different choices of
&:/&. We compare results from the leading-log scheme, Eqs. (30),
in the SBE approximation with g*™ (light green dots) and including
MBE diagrams with g™ (blue dots) and g™ (purple dots), as well
as from the subleading scheme, Eqs. (32)—(36), with g™ including
MBE diagrams (red dots). The numerical results are compared to
the analytical power laws for leading-log oy = 2u (green, dashed),
subleading-log ax = 2u — u® (pink, dashed), and exact exponent
ax = 8/m — (8/m)* (light blue, dashed).

The value of y(iw = 0) is strongly affected by the pa-
rameter &;/&p. At larger values of |&;]/&), where different
powers of the logarithm are hardly distinguishable, the re-
sults move down in magnitude [cf. Fig. 10(b)]. The resulting
apparent agreement between the self-consistent calculation
to leading- and subleading-log accuracy with the power-law
curves ay = 2u — u®> (pink) and ay = 28/m — (8/m)? (light
blue), respectively, is likely coincidental.

Smaller values of |£;]/&y [larger values of In(—&;/&y)]
yield a clearer separation between different powers of the
logarithm. For &;/&) = —0.005 [cf. Fig. 10(c)], the numer-
ical results come much closer to the expected behavior:
the leading-log parquet results (blue dots) follow the 2u
power law (green) and the subleading-log parquet (red dots)
results the 2u — u?> power law (pink) up to u ~ 0.2. The
value In(—£;/&)) ~ —5.3 is still relatively small. However,
reducing |&;]/& further goes beyond our current numerical
limitations, since this would require lower 7 and thus more
frequencies to resolve the vertex functions. It also becomes
harder to converge the parquet equations at small |£;|/&, and
at large u (hence, we computed less data points in that regime).

Ideally, one would like to analyze the numerical re-
sults in real frequencies. To this end, we use analytical
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FIG. 11. Absorption spectrum —Im y (w + i0™) obtained by an-
alytical continuation of the imaginary-frequency data at 7'/&, =
0.002, &;/& = —0.01, and u = 0.28. We compare data from the
leading-log (blue) and subleading-log scheme (red) to the respective
analytical power laws. The upper plot has linear scales; here, the
vertical dash-dotted line marks the threshold frequency wy = —&.
The lower plot has logarithmic scales and frequencies shifted by
wyp; here, the vertical line marks the lowest fermionic Matsubara
frequency 7T to indicate where T cuts off the logarithmic behavior.
The inset shows the negative logarithmic derivative.

continuation via the recently developed minimal pole repre-
sentation [50,51]. Here, the susceptibilities are analytically
continued as sums over a small number of complex poles,
ie., x(2) =Y ;Ai/(z—x:), x; € C, by use of Prony’s approx-
imation method. The results, shown in Fig. 11, agree with
the previous statements [cf. Figs. 9 and 10(a)]: for these
parameters (§;/§p = —0.01 and u = 0.28), the leading-log
(blue dots) and subleading-log (red dots) numerical results
are close to the curves of the analytical subleading-log (pink)
and exact (light blue) power laws, respectively. As one would
expect, the singularity at the threshold is cut off by T at
the corresponding energy scale w7 [cf. Fig. 11(b)]. The
analytical continuation also confirms that correcting the self-
energy by X, — AT, Eq. (23), does not lead to a detectable
renormalization of the threshold frequency wy = —&; [cf.
Fig. 11(a)]. For a more rigorous analysis of the power law,
one can extract the power-law exponents from the logarithmic
derivative (see Appendix H for details). The result, shown in
the inset of Fig. 11(b), exhibits strong oscillations somewhat

centered around the subleading-log exponent o = 2u — u?

(dashed pink). We attribute the oscillations to the fact that the
analytically continued data stem from only a small number of
complex poles [50,51].

V. CONCLUSION

In this work, we elucidated a conceptual aspect of a
diagrammatic technique widely used in condensed-matter
physics and beyond, the parquet formalism. The parquet
formalism is well known for providing a way to sum all
leading-log diagrams in a logarithmically divergent perturba-
tion theory. On the example of the x-ray edge singularity, we
showed that the parquet formalism actually allows for cap-
turing all next-to-leading-log diagrams, too. To this end, one
extends the first-order parquet approach [5], which involves
only two two-particle channels and no self-energy, to the full
parquet approach [9], often used for Hubbard-like models,
involving all three two-particle channels and the self-energy
determined from the Schwinger—Dyson equation.

We first examined the problem at low orders in perturba-
tion theory. Thereby, we also provided exact results for the
bare particle-hole susceptibility and the second-order self-
energy, which to our knowledge had not been given before.
We illustrated the vertex and self-energy contributions and
formulated a general recipe for deducing the highest logarith-
mic power in a given diagram. This allowed us to formulate
a self-consistent scheme, within the full parquet approach
mentioned above, summing all leading- and subleading-log
diagrams.

For all our results, we presented numerical data obtained in
the finite-temperature Matsubara formalism. In doing so, we
use the exact expressions for the bare propagators and resolve
the full frequency dependence of any diagram, including four-
point vertices, thus going beyond logarithmic accuracy used
in previous works [5,6,21-25]. Our implementation exploits
the recently introduced single- and multi-boson exchange de-
composition, for which we showed that multi-boson exchange
diagrams contribute already at the leading-log level.

In future work, our code could be used to treat other
models with two distinct particle types. Examples are Fermi
polarons with heavy impurities [48,52,53] or Hubbard-like
models without SU(2) spin symmetry. It would be interesting
to lift the flat-band approximation of the d electron, which
however requires including momenta, significantly raising the
computational costs.

On the technical level, it would be desirable to numerically
resolve the power laws in an even cleaner fashion. One direc-
tion in this pursuit would be to lower the temperature 7' /&y and
the excitation energy |&;]/&o. In the current implementation,
using dense grids, this is not feasible since the memory scales
as (T /&,)~3. However, techniques for using sparse grids or
compression have recently been suggested [54—60]. Another
direction is to directly work in real frequencies, thus cir-
cumventing the analytical continuation. The model can be
numerically implemented using the zero-temperature formal-
ism [24]. Beyond that, recent work has shown the viability
of working in the Keldysh formalism with full frequency
resolution of four-point functions [61-65].
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APPENDIX A: FUNCTIONAL DETERMINANT APPROACH

In this Appendix, we discuss how we obtain numerically
exact results for the particle-hole susceptibility X (¢), Eq. (2),
and the d propagator G(t), Eq. (3), using the functional deter-
minant approach [46—48].

1. Exact computation of the spectra

For large enough |g4|, the ground state is given by the
occupied core level, |1) = c?*|()), and the Fermi sea of con-
duction electrons |FS) in the sense of Fermi-liquid theory,
ie., |Wo) = |1) ® |FS) [25]. Generally, the core level is either
empty or occupied, so the full Hamiltonian, Eq. (1), can be
brought into a form H = [0)(0| ® H; + |1)(1| ® (Hy + &41),
where Ay and H; only act on the subspace of the conduction
electrons:

. P U\ +.
Hy=Y ealfty, Hi=)_ (skékk/ - V)c,ﬁck,. (Al)
k kK

Since these are quadratic, the system is exactly solvable. The
time evolution of the many-body state with an empty |0) or
occupied |1) core level is then determined by

e E(10) ® [W)) = |0) @ e =nRor ),
e—i@t(|1> ® W) = e—i(Ed—M)fH) ® e—i(ﬁn—uﬁo)l“p).

(A2a)
(A2b)

Here we use the number operator of the conduction electrons
Zk ckck and & = H — uN, with the total number oper-
atorN No +dtd.

As mentioned in the main text, we use the ground state
W) = |1) ® |FS) as reference state for the expectation value.
The time-ordering operator 7 generates two terms. In the
expressions for X (¢) and G(¢), however, only one remains
according to the occupancy of the d electron.

Inserting the time evolution d(V(r) = €& dMe =1 into the

definition of G(¢), Eq. (3), yields
G(1) =1 ©(~1)((1] ® (FS)d'e!*de (1) ® |FS))
= 1O(=1)((0] @ (FS|e! M=)
x (e~(ea=1r|0) @ e~ -1ior|FS) ), (A3)
which, after evaluating the effect of the d electron, gives
G(t) = i®(—t)e % (FS el e ~ifol |FS). (A4)

Note that the terms including the number operators Nj
cancel each other by conservation of particle number, i.e.,
[Ho.1, No] = 0. With |FS)(FS| = e #Ho—180) /7, \where Z, =
tr e PH—1¥0)  the expectation value is expressed as a trace:

: 1
G(t) = i@(—t)e =M —
Z

tr[e_ﬂ(ﬁo_“’vf’)eiﬂ"e_iﬂo’]. (AS)

As the Hamiltonians are bilinear 1-70,1 =3 [flo,l]kk/ézék’7
we use Klich’s formula [47,48] to express the many-particle
trace as a determinant over single-particle operators /g ;:

tr[e—ﬂ(ﬁo—mvmeiﬂ.ze—iﬁoz] = det[1 + e—ﬁ@n—meiﬁ.ze—i%t}
(A6)

Due to the fermionic properties, the Green’s function is finally
written in terms of the Fermi-Dirac distribution:

G(t) = i®(~1)e = det [1 — f(ho) + f(hp)e™'e 1],
(AT)

In frequency space, the expression for the advanced Green’s
function is obtained from fast Fourier transformation G(v) =
/; e G(t) after exact diagonalization of the single-particle
Hamiltonians [/ = exd — U/V (for details, see Supple-
mental Material of Ref. [53]).

The susceptibility, Eq. (2), is computed in a similar fashion.
Due to the occupancy of the d electron, here only the retarded
term of the time ordering survives:

1 AL AL A
— 3 o i8t 51 ,—i8t
X(t) = 1®(t)v kgk,((1|®(FS|)e d'e

i8f 5 —i8f AT

x e e d(|1) ® [FS)),  (A8)

which according to the time evolutions, Eq. (A2), yields

1 .
X)) =-i005; > (o @ (FS|e!Fo=nforg, )
kK

x (10) @ e iHh-mirgl |ES))  (A9)

Again, the d degree of freedom is evaluated straight-
forwardly. By particle-number conservation, we can write
e—inlot &, einlot — et 3 5o the terms with the chemical po-
tentials cancel, and we get the following expression:

. -
X(@0) = =00 = > (FS|eifr g e FS).
kK

(A10)
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By using [H, &] = v (711 1 & with the single-particle op-
erator /i, we can write
éke—iHlt — e—iH]Y Z[e_ihll]kk/ék“

Iy

(A11)

The term including the single-particle operator 7, can be
pulled out of the expectation value and the susceptibility
yields

o1 A - A
X(6) = —iO@me" D le M g (BS|e e~ 6y 6l |FS).

KKK

(A12)
Applying the anticommutation relation ¢ 6,; =& — 6‘; Cr
generates two terms. The first term is analogous to the d
propagator. In the second term,

(FS|e'tre=iM1al &, |FS)
— itr[e—ﬂ(ﬂ(v—MM))eiﬁ(lle—iﬁlté’f & ,/]
A wCr ]
the density operator can be treated as a derivative of a bilinear
operator:

(A13)

at a d A ata
%y lrr = e g A gy Eiey

Al4
da a0 da (Al4)

AT A
Ck,Ck’/ =

a=0

Here, the single-particle operator A, just picks the mode
with the corresponding momenta. Consequently, Klich’s for-
mula is applicable:

(FS|ei'e el & |FS)

= o det [T = f(ho) + fihg)ere et ]
a

a=0
(A15)

Let us define B(r) = 1 — f(hy) + f(fzo)eii‘o’e’i’;”. Using Ja-
cobi’s formula for the derivative of a determinant,

d dA
— detA(a) = detA(a)tr A—l(a)ﬂ , (A16)
da da
yields
(ES|eiefiigl o, FS)
= det B(t) tr[B~' (1) f (ho)e ™' e 71" Ay
= det B(t)[B™' (1) f(ﬁo)ei%’e—iﬁ"] - (A17)

In the last line, we used the property of Ay, . It picks up
only one mode and thus gives only one matrix element in the
trace, i.e., tr(MAy») = M. Combining everything, we get
the final form for the susceptibility, Eq. (A12):
X (1) = —i®(@t)e'*" det B(r)
1 —ihyt o4 -1 2 Naihot n—ihyt
x VZ[e A — B0 f(ho)e™ e M),

kK

—i®(t)e'*" det B(r)

1 —ift p— il A
x VZ[e "B — o))y

kK"

(A18)
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FIG. 12. Results for the (a) the particle-hole susceptibility

x(w) = X(w)/p and (b) the d propagator G(v) from the functional

determinant approach for 7 /& = 0.002, &, = —0.02, ny. = 1000,
and different values of u (marked by different colors).

Also here, the retarded correspondent is obtained via Fourier
transformation X (») = [, e'X (¢).

Equations (A7) and (A18) are computed by exact diagonal-
ization of the single-particle matrix [/ |y = 8 — U/V. To
be more precise, we discretize the single-particle states with
noninteracting energies &, = 2£yn/nma.x Where the number of
states is given by nmax = [2&00V ] [25]. This way, we simu-
late a constant density of states p for a finite volume V [cf.
Eq. (5)]. We observe convergence of our data with respect to
the finite size at high enough volumes, i.e., ny,, = 1000.

The finite size, however, discretizes the energy spectrum
de = 2&y/nmax, S0 we limit our Fourier integral up to time
scales tma.x = 7w /8¢ >~ wpV. Furthermore, we broaden the
frequency-dependent data by applying an exponential decay
et2!/tmx in the Fourier transform. Here + is used in the expo-
nent for the advanced Green’s function G(¢), Eq. (A7), and —
for the retarded susceptibility X (¢), Eq. (A18).

We present our numerically exact data from the functional
determinant approach in Fig. 12. The Fermi edge as well as
the corresponding power laws are visible in both quantities.
Note that the singularities are cut due to finite-size effects and
the regularization we implement in the Fourier transforms.
The additional peaks at negative frequencies in G for large
enough interactions u [cf. Fig. 12(b)] mark the additional
bound states [44]. Close to the threshold frequency wy, we
can confirm that the analytical power-law behavior Eq. (10a)
is well described by the functional determinant approach (cf.
Fig. 13).

2. Numerical results of the threshold

From the positions corresponding to the x-ray edge singu-
larity in Im y [cf. Fig. 12(a)] and the peak due to Anderson’s
orthogonality catastrophe in Im G [cf. Fig. 12(b)], we extract
the values for the threshold frequency wy (i.e., for x the peaks
are located at wy and for G at —wy). Figure 14 shows that the
data for wy obtained from x and G lie on top (blue and light
blue data points).
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FIG. 13. Susceptibility from the functional determinant ap-
proach with parameters as in Fig. 12 compared to the analytical
power-law behavior Eq. (10a) (black dashed lines).

Furthermore, we compare these numerically exact data to
the values form the diagrammatic approaches. First of all, we
have the form in second-order perturbation theory,

wo = —&4 — uky — u? 28 In2 + OWd), (A19)

which describes the behavior quite accurately up to interme-
diate values u < 0.3 (cf. green dashed line in Fig. 14).

Moreover, Fig. 14 also serves as a check that our empiri-
cal strategy for an adjustment of the renormalized threshold
frequency in the parquet formalism (cf. Sec. IITE) is quite
accurate. To this end, we determine values for the threshold
as

wo = —&4 — uEy — [Zaubliv=o — *E4L(0).

Here, X is the imaginary-frequency self-energy obtained by
an insertion of the leading-log vertex I'ie.q, Eqs. (30), into
the Schwinger-Dyson equation (32). The terms, which do
not affect the threshold frequency are hereby compensated

(A20)

0.0 >~ E
_02 - 4
f=1
¥ 04 - 1
o “\
3 o
N"t\
=061 FDA N
FDA G "
PT O(u2)
—0.8 | =a eparquet;, |
0.0 0.1 0.2 0.3 0.4 0.5

u

FIG. 14. Threshold frequencies w, obtained from the functional
determinant approach for x (blue) and G (light blue) (cf. Fig. 12)
compared to the values obtained from second-order perturbation
theory, Eq. (A19), (green, dashed) and the subleading-log self-energy
¥i,—0 at zero imaginary frequency (red squares) [cf. Eq. (A20)]. The
data are evaluated at T /&, = 0.002 and &,/&, = —0.02.

perturbatively, by adding the second-order logarithmic term
—u?£4L(0) [cf. Eq. (21)]. The data points extracted from
Eq. (A20) (red squares in Fig. 14) are closer to the actual val-
ues (blue) than the prediction from second-order perturbation
theory (green dashed line).

In a general treatment, the threshold frequency @, pre-
dicted by parquet results differs from the actual value wy. To
compare the power-law behavior predicted by parquet data
with that predicted by the functional determinant approach,
we need to adjust the threshold frequencies accordingly.
Analytical continuation of parquet data to real frequen-
cies provides a behavior xR (@) = x (0w +i0") ~ (0 +i0F —
@)~ ** near the presumed threshold @y [cf. Eq. (10a)]. The
value at zero Matsubara frequency xpaq(iv = 0) ~ (—@9)~*
is approximately reproduced by the exact data at a shifted
frequency xR(w = wy — @p). Following this reasoning, the
data yparq(iw = 0) presented in Fig. 10 that are computed with
@o ~ —&; (cf. Sec. III E) correspond to the values xppa(w =
wo + &) in Fig. 12.

APPENDIX B: FURTHER POWER-LAW EXPANSIONS

For completeness, let us give the Taylor expansion of
Eqgs. (10) using the full exponents depending on the phase shift
& = arctan(mwu):

x(iw) =L —ul?+u’[3L* + 1L7]
e[t + 300 -

PR+ 4 () = 402)
+0@), (Bla)

G(iv) = - [1 +u’L + u4(%I:2 — %ﬂzi) + (’)(us)].
iv—§& 3

(B1b)

As 28/m — (8/m)* = 2u — u* — 2m%u3 /3 4+ O(u*), the
leading- and subleading-log terms in x are not changed
compared to Egs. (11). Only the subsubleading terms are
changed by the addends including w. Similarly, in the ex-
pansion of G, the highest power of logarithms at each order
remains unchanged compared to Eq. (13), since (§ Jm) =
u? = 272%ut /3 4+ OW®).

It is worth to mention that the power law for the self-energy
¥ is completely analogous to that of the Green’s function G.
Applying the Dyson equation to Eq. (10b) yields

—io+ —ag
(v —i0%) = (v—i0++wo)|:1 . (”105“’0) }
0

(B2)

Let us come back to the subleading-log power law ay =
2u — u?. Strictly speaking, the threshold frequency in the ex-
act power law, Eq. (10a), also depends on the interaction, i.e.,
wy = wo(u) = —&; + O(u). This causes additional terms in

085151-15



GIEVERS, SCHMIDT, VON DELFT, AND KUGLER

PHYSICAL REVIEW B 111, 085151 (2025)

the Taylor series of Eq. (11) (recall i® = iw + &;):

. B 1 i — wo(u) —2utu?
X(1a))_2u_u2|:1—( = ) }

10
=L u[L2 + “’0()] +P[30 + 117
1w

[, @0 a0 wp(0)
2L -3 -3 . (B3
+”[ i@ 2 Gor e (B3)
The terms involving w,(0) = —&p originate from the d

Hartree self-energy Xy = u&y, Eq. (D19). [(1) —uw(0)/ (@)
is generated by a bubble including one d Hartree term,
(i) 2u>L w;(0)/(id) is generated by two connected bubbles
where one includes a d Hartree term, (iii) —  u?[w((0)]*/(i®)?
is generated by one bubble including two d Hartree terms.]
Further, w((0) comes from the frequency-independent part of
), Eq. (21b), inserted into x<’, Eq. (24). We thus identify
w((0) = —4%( In 2, which corresponds to Eq. (A19).

This interpretation is confirmed in the expansion of the
self-energy ¥ = [Go]~' — G~! with G given by an extended
form of Eq. (13) (recall iv = iv — &;):

1
Go(iv)  G(iv)

Y(iv) =

iv 4+ cuo(u))_"2
&0
= —uwy(0) + u*[i’L — Joj(0)] + OG’).  (B4)

=ib — (v + wo(u))(

Clearly, the first term corresponds to the d Hartree self-energy,
Eq. (D19), and the second term coincides with £, Eq. (21b).

APPENDIX C: FREQUENCY PARAMETRIZATION
OF THE VERTEX

As a four-leg object, in general, the full vertex has four
entries each depending on a frequency and particle type (c
vs d). Our analysis in the main text is conducted exclusively
in one realization of particle types with four distinguishable
legs: one ingoing and outgoing d leg and one ingoing and
outgoing c¢ leg. We denote the four entries of the four-point
vertex I'112 where 1’ refers to outgoing d, 2’ outgoing c, 1
ingoing d and 2 outgoing c. By energy conservation, I" only
depends on three frequencies [43]. In this work, we use the
following conventions:

F(Ill),v,u/ = rvfw.v’lu/fw,u, (Cla)
FZ,U,V/ =T o —vpy—w,-v, (C1b)
F(Iu,v,u/ = rv/,ufwlv/fw,w (CIC)

These are illustrated in Fig. 15. Note that in contrast to " and
I", the channel index r in I'” does not indicate any reducibility
property but just marks the channel taken for the frequency de-
pendence. Due to Egs. (C1), the Bethe—Salpeter equations are
performed using the following summation/integration

/ | A § CAS A (C2)
o

/
Vo vl v v v -V v V—w
174 v v—w V-w v-w V-w Vv V—w

FIG. 15. Channel-specific frequency conventions of the four-
point vertices I'.

If the vertices I' or I are replaced by ’-reducible vertices, one
has to transform the arguments from channel r to r’ according
to the parametrization Eq. (C1). The transformations are given
by the following linear maps:

a

1 -1 -1\ [(o\” 01 -1\ /o
v]|=1(0 0 -1 v | = 0 1 0 v,
v 0 -1 0/ \v -1 1 0 v

(C3a)

Pt =1 =1\ (o) -1 -1\ (o)’

v] =10 0 -1 v]=|1 -1 0 v,
v 0 -1 0/ \v 0 -1 0/ \v

(C3b)

o\’ 0 1 -1\ [0\’ 0 1 -1\ /[w\”
v | = 0 0 v | = 0o 0 -1 v
v -1 1 0/ \v -1 1 0/ \v

(C3¢)

APPENDIX D: DETAILS OF THE PERTURBATION SERIES

Individual diagrams in perturbation theory are obtained
from successive integration over logarithmic terms. In the
following, we give the most important integral expressions.

The integral over a logarithm to some power n multiplied
with the d propagator G ~ 1/(iv) raises the power of the
logarithm according to

. . . . . b
/bdv. 1. 1nnw—l-1a)=|: —i _— 1v+1a)] ’
p iv + iw & n+1 &

‘©1)

where n € Nj.

The power of the logarithm is not raised when there is
no additional d propagator. This becomes obvious from the
simple integral

b

b . . . .
f dyin 2@ _ [(u+w)1nw+“” —u] ,
a %-0 50

(D2)

a

which inductively can be generalized to higher powers of the
logarithm

b . . . .
/ dol e _ [(U + o)l +w]
a EO %—0 a

—nfbdvln"1 m
a 50

b

(D3)

Furthermore, if there are multiple d propagators combined
with a logarithm, the power of the logarithm is also not raised.
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This is shown by

v+ iw

b 1
/ dv— - In
« (v t+ie) o

i 1 v + iw 1 b
= 1 , (D4
|:n—1(iv+iw)"1(n & +n—1)]a (D4

where n > 1. For higher powers of the logarithm m > 1, this
has the following recursive generalization:

IVt 1w

b 1
/ dv— - In
« (v+iw) §o

_ i 1
T ln=1(Gy +iw)!

v+io 1 L iv+io\]
x | In™ + In™
&o n—1 & §

+m—1/bd 1
p—
n—1J, >iv + iw)"

. . 1 . .
x (™! Wi + "2 W tie . (D5
&o n—1 o

1. Leading-log diagrams

The integral over the bare bubble, Eq. (16), including the
smooth propagator g*™, Eq. (7), is exactly solvable for T = 0.
For this, we keep the original energy integral, which comes
from the density of states, Eq. (5) (we use i® = iw + &;):

©dv 1 S de
/n;vzfcw_ugim=/ Er / . .
v N oo 2 iV — i@ J_g iv — &

(D6)
First, the v integral is solved via the residue theorem
*d 1 1 (C]
| it O
oo 2V — i iv — & —£+id
Next, the £ integral gives the logarithmic behavior:
b ( P
/Hiv = —/ LA R )
v 0o §—iw i — &

We are interested in the power-law behavior near the threshold
frequency w ~ —&,. So, after analytic continuation, i.e., iw —
o + 107, |@| < &, and we may use [cf. Eq. (16)] [5,6],

i® i@ 1@
In — =In—+0|— ).
iw — & —&o (‘S())

D9)

For general diagrams, the exact treatment of g*™ becomes
difficult. Therefore we now use the approximation g*', Eq. (8),
which holds close to the threshold frequency.

We first compute a general integral over a product of the
bubble T1¢, involving the sharp Green’s function g Eq. (8),

and an arbitrary function f(v):

i[5 sgn(v)
[reaswr==3 [ avE o)
v —5o v — i@
i [o f(ov)
=—= d —_ D10
2 /0 ”02 v —oid (D10)
Setting f(v) = 1, we find the integrated bubble
1 i@
Dwy= [ ¢, =~ In——. D11
X @) / w. 2Zni@—oigo ®11)

o=%
This resembles the exact result, Eq. (DS8), yet the usage of

g™ generates some artifacts at the UV cutoff |w| ~ &. Using
Ini+ In —i = 0, we may rewrite this as

Zl” i —s()z,zl“(”so)

mééﬁ@[(é‘;)z]

consistent with Eq. (D9), Eq. (16) in the main text and Eq. (16)
in Ref. [5].

Logarithms with more complicated arguments are simpli-
fied up to logarithmic accuracy in order to apply the integral
Eq. (D1):

xV(w) =

(D12)

. S
lnw:@)qw |v|)ln vtio
—&o é’o

Vv + i
+ O - IVI)l ,
—&o

(D13)
which was first used before Eq. (29) in Ref. [5].

Turning to the crossed diagram Eq. (19), the integral over
V' is solved by inserting [y?]® = —u’L into Eq. (D10):

(2)
/[V w—v— v’HZ),u’
v +o'iv — o'i®

2 & s/ /3
iu 1
= — E / dv’- —1In
2 — Jo v —o'i® o'§

Via Egs. (D1) and (D13), the integral is evaluated as

fo 4’ 1 i v +io’v —ioc'w
v v — o'ié n /g_-
0 o'i® o’&

(D14)

vl d’ 1 I ic'v —ic’'w
- Y —oim o'€
0 0

+/5"d/ 1 I v —ioc’w
v n
vl v —o'i® o’&
v —id iy —o'id , IV —io’w o
= —iln In — — = -
& —0o'id 2 a’& vl
(D15)
We write the result as
o iv—i&)|:ln —i@ CIn i|v|—a/i5)i| i]nz ilv| —ioc’@®
§o ) a'& 2 a'&
(D16)
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where, in the second term, we neglected terms arising from
the upper limit v/ = & as up to logarithmic accuracy we can
set |i&y — io’@| ~ &j. Eventually, we combine the terms in
Eq. (D16) by neglecting differences in the signs, as this is also
correct up to logarithmic accuracy:

—iv +id v +1id —iv +1i® v +1id
In —In ~ |In — — < |In .
o &o v +id &o
(D17)
This way, we obtain
[ p](Z)v v H?u !
[, w WV
o[ 1, ,iv—i® iv—iw —id
~u|=1In —1In In—|. (D18)
2 o & &o

The integration over the second frequency v in the crossed
diagram, Eq. (19), is then performed straightforwardly by
Eq. (D1) and yields the logarithmic behavior —%uzL3 given
in the main text.

2. Self-energy

The first-order Hartree diagram for the d electron X can be
calculated exactly using g™
[ )

E](-l]) — u/gsmelvo
0
=u/ dé O(—8) = uty.
—&

dv elv0+

27 iv —
(D19)

Also the self-energy to second order, Eq. (20), can be inte-
grated exactly using g*™, Eq. (7) (recall iD = iv — &;):

oo _ /mdﬂ ! f°°d1
w2 T ) o 2mib—iw )y 27

/Eo dg, /Eo dé,
X . . N .
g W —ilw—§& J_ g 1V =&

The integrals over w and v are performed by the residue
theorem, and we are left with

&0
S50 = f dt; f
o o

(D20)

0(51)0( £)

—& +1ib
+ 25
=iDln + (D + 2&)) In . (D21
o g ( §0) T & (D21)
The leading behavior [cf. Eq. (21b)] is extracted as
1 .~ .~ 2
— 30 = if)(ln Y o2 — 1) +261In2 + (9((1”) )
u §o &o
(D22)

Setting i =0 =iv=§; in Eq. (D22) yields the term
u?2&yIn 2, which appears in the expansions Eqs. (B3)—(B4)
as threshold renormalization.

We now turn back to the approximated version using g*",
Eq. (8). Let us start by first integrating the bubble [ I1* >~ L,
Eq. (16), inside Eq. (20) for the self-energy ©®. Using the
following integral expression including g*', Eq. (8), and an

arbitrary function f(v):

; o
/ﬂﬂ&=—%§:0/ dv f(ov),
v po— 0

the self-energy term yields

1 i —iv
7):@):_/ me._ . ,:—/m ,
uz v o V' —v,v 8v . _%_0 8v
. & reoy i~
1 o1l —1v
:fZa’f dv'ln ——,

24 Jo —&o

which is solved by Eq. (D2). So, we obtain

1 i .. i& — o'ib
SIP =220 [(50 ~o ”)1“750 —&

’

(D23)

(D24)

o

P VY :|
+o'PIn — |. (D25)
—&o
To extract the logarithmic behavior in the first term, we ap-
proximate & — o'D >~ &y such that the sum over o’ yields
—&yIn(i) + &y In(—i) = —im&). Together with the other terms,
we obtain u?(ivL + w&y/2). Here, the first term yields the
correct logarithmic behavior given in the main text [cf.
Eq. (21b)], but the constant term beyond logarithmic accuracy
is incorrect compared to the exact result, Eq. (D21). We con-
clude that using g™ instead of g™ causes inconsistencies. That
is why, in our numerical evaluation, we refrain from using g*".
The logarithmic behavior of the corresponding susceptibil-
ity, Eq. (24), is calculated by Egs. (D10) (recall i® = iw +
&a):

@) a 2 .. —iv+id 1
= | I — In——
X5 (@) /v ol @(iv —i®) In —50 i
§ — i@
—u-— dv . (D26
W / Z v — ala) 050 ( )

The expression is directly applicable to Eq. (D1) and yields
the subleading-log term u?L? [cf. Eq. (24)].

Let us briefly comment how the self-energy diagrams of
third order cancel each other. In the Schwinger-Dyson equa-
tion (32), one can replace I' by the second-order diagrams
¥s? and y®. This yields the following expression for the
self-energy:

T / <[’y&d]’(j’)*1/g”” + [’ylad}z(}’)—ug_ N) =0

(D27)

»®) =

The terms cancel each other as [y ] = [y [cf.
Eqgs. (17)] and g_,» = —gy».

3. t-reducible diagram

The ¢-reducible diagram [y,]®, Eq. (25), contains the
integrated bubble of two conduction-electron propagators,
. 8n—(—vgy, similar to the self-energy X% We ex-
pand the product G,,_,G, into partial fractions (recall
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it =1iv —&; and i® = iw + &;):

6 G - L 1 _1 1 1
TN TN —w i e [iY —iw i
1
= E[GV17C¢) - le]s (D28)

and then we manipulate Eq. (25) as

3
3 w
'Y, = —

f (G — Golgn v (D29)
1w V1,va

By substituting v; — v/ — o’ and v, — V", we identify terms
from the self-energy X® Eq. (20):

u
[J/t]ﬁ)v/ = _.7(_”2)/ [Gy—w—w — Gv’—w’]gv”—w’gv’H
iw o
(D30)

which yields the final expression, Eq. (25), given in the main
text.

Inserting the logarithmic terms for the self-energies,
Eq. (21), yields

i —iw

11(3) w |:-~/ iv’ e :|
[yl =—|iPIn— — (¥ —iw)In . (D31
’ 1w -‘Eo

In numerical calculations, a discontinuity appears at w = 0,
which reflects that the analytical behavior is critical there.
Actually, the limit lim,_.o[y']$,u’L(—v") + O(1) is well
behaved. To regularize our numerical results, we linearly in-
terpolate y! , at w = O using the values for the first bosonic
Matsubara frequencies w = +n'T.

Finally, we derive the corresponding third-order term for
the susceptibility, Eq. (26). First, we use Eq. (D10) and get

/

1 o &o o o
(3) ’
V(w) = —- dv dv' — - - -
Ky (@) 4020,/0 [0 oiv — i@ o'tV — i@

t13)
X [)/ ]au—a’v’,av—w

I/l3 Z/&) &
~ — dvf dv’
4 =Jo 0
oo’ 1

v — oid
- — - — In
o'V —iwiov — o'V’ oy
oo’ 1 i —o'i®
- — In . (D32)
oiv — i@ oiv — o'iv’ o’

By exchanging the integration and summation variables v <>
V' and o <> ¢/, the two terms are the same. The integral over
V' can be performed by use of

b 1
/ v
a @iv 4+ iv)(iv +ivy)

1
= ————[-In(w+v) +1Inw+ )
1y — 1V

. . . . . b
_ i [_ In iv 41y tn v+ 1v21| ’ (D33)
o & 1.

il)l — il)z

which is a special case of a product of d propagators (includ-
ing different frequencies v + v;) without a logarithmic term:

b
b n n . .
1 ] -+ iy; 1
dv| | ———=]i=D") In - -
/,; Elv—f—wi ; & lej—lvi .
(D34)
We have
o -1
/ dv'— — .
0 (v’ — o’id)(iv' — oo'iv)
~ w“’,[ln 2 ‘”}, (D35)
i — oiv —& a&p

where we restricted the terms to the lower boundary of the
integral v/ = 0. Equation (D32) then gives

3 é‘o . .~

3) u iv—oi®

X,(w):—é / dvIn ——
7 2= oo

| LR P BLED
v —oid —& o&

The remaining expression is computed by Eq. (D1) us-

ing In[iv/(0&y)] =~ In[(iv — oi®)/(c&y)] and again only the

lower boundary v = 0 is evaluated. This way we find the

subleading-log behavior 1u’L3, given in the main text. In-

terpolating y' at w = 0 slightly improves the results for X,(,?)
shown in Fig. 4(c).

In analogy to our perturbative analysis, we interpolate
the full z-reducible vertex y, ., Eq. (34), linearly around
o = 0 to avoid further numerical instabilities during the self-
consistency loop of the parquet equations.

4. Perturbative U(1) Ward identity
The U(1) Ward identity in the Matsubara formalism
yields [66—68]

W) - (v +w)
— [ 6T 0= [6'T ' + w)

X Tooriore (v + @, VIV 4+ @, V)G (V)G (V' + o).
(D37)

In this section, we use the general notation for the vertex in-
dices with particle types o = ¢, d introduced in Appendix F 1.
For the x-ray edge singularity model with Gd(v) = G, =
1/(v —&;), we get (using the notation from the main text
where possible)

z:v - Zv+w = _10)/ [Fdd]v+a),v/\v’+w,vGv’Gv/+w
v

+ /‘, (g;/l - g;f:_w)[ch]v+w,v’\v’+w,vgv’gv’+w'
(D38)

In second order of the interaction, the second term exactly
vanishes, which can be seen as follows. First, the second-order
contributions to T, are [y{?c](z) and [yfc 1®, which are related
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to the well studied terms by crossing symmetry:

1% = [Tyl

v+w,v' |V 4+w,v v+w,V' v,V +o
=y 10, - 1%
From Egs. (17), we know that those are related by a minus
sign, i.e., [y*]? = —[y”]?). The clue is now that the ¢ prop-
agator is odd, i.e., g_, = —g,. By performing the substitution
v/ — v’ — w/2 of the integral variable v’ and then subdividing

the integral for negative and positive V', it becomes clear that
the second term in Eq. (D38) vanishes:

—1 —~1 ay(2) ay(2)
/, (gu’fg - gu’+§)( - [V ]u’—%—v + [V ]—v/—%—v)
v
X gv’f%gv#%

— § —1 -1
- /, (ga/v’—% - ga’v’—‘—%)
v'>0 o=+

2 @
X ( - [)/a]a/v,_%_v + [Va]_a/vr_%_V)ga’v/f%go’v#%

= 0. (D40)

(D39)

The remaining first term in Eq. (D38) is simplified in second
order. Here, 'y, only gives a contribution in the a channel [the
p-channel diagram [y},]® vanishes directly while [y,]®
yields a closed d bubble when integrated multiplied by the
two d propagators in Eq. (D38)]. We now multiply both sides
of Eq. (D38) by u and get

u 2 a 1@ 3
Z(Eu(w)w —-z?) = u/ [Vl o, Gy Guso = V100
v
(D41)

Diagrammatically, we could identify the right-hand side with
the third-order diagram in the ¢ channel in Appendix D 3. A
frequency shift v — v/ — w yields the expression (25) in the
main text.

5. Multi-boson exchange diagram
Inserting the a-reducible multi-boson diagram [M%]@,
Eq. (28), into the susceptibility x yields Eq. (29) (recall i® =
iw+&y):

4 2 2
X}tlﬂ)(w) = / Hi,v[yp];zv—v” ni,v/’[yp](a)lv”fv’ni,v’
v,V v

2
@)
:/ I, [/ Hj),v[y”]w_v_v,/] .
o )

The integrals over v and v’, which consist each of one bubble
I1“ and one vertex [y?]?®, could be integrated independently.
They yield the same and, in fact, they coincide with the in-
tegral, Eq. (D18), which has already been performed in the
context of the crossed diagram,

1 s :
|: 2 f HZ),U[VP]E))V\)”]
u v

1 ' —iw ' —io . —id
~ —In* —In? In ?
0

4 o o
C o ea .
1w — 1w —1lw
27 lnz 7

&o &

(D42)

+1n (D43)

So in the end, one only needs to perform the integration over
v”, which can be recast according to Eq. (D10):

4 & E s~
@ iu . 1 1, —oi®
a ~—— d T, -~ |5 - <
X () 2 Y — ' —oid |:4 ! o0&
i —i® I v’ —oi@ 2 —i® 1n2 v’ — (rid)j|
0 oo §o oo
(D44)
This expression is solvable by Eq. (D1),
-4 s s .~
It;u) _ _i 71 lns 1v o1lw
2 ~120 o0&
i —iw ' —oiw
+—In——-1
4 & oo
i —1&)1 5 1V —oia):|
3 €0 oo
1 1 1 i@
o] R PG (D45)
20 4 3 —&

and yields the leading-log result Zu*L> (cf. Eq. (29) in the
main text).

APPENDIX E: NUMERICAL RESULTS
FOR THE SELF-ENERGY

From Eq. (33), we concluded that inserting a leading-
log vertex I’l(e'l;d ~ w"L"! into the Schwinger-Dyson equa-
tion (32) yields a subleading-log contribution to the
self-energy 25&? D'~y t1i5L". Analogously, inserting a
subleading-log vertex gy ~ u"L"~? yields a subsubleading-
log term "1 ~ y+1ip["~1. Consequently, inserting the
full leading-log vertex I'iaq, solved by Egs. (30), into the
Schwinger-Dyson equation (32) reproduces the full sub-
leading logarithm of the self-energy, while inserting the
subleading-log 'y, solved by Eqgs. (32)—(36) and the full d
propagator, reproduces the full subsubleading logarithm of the
self-energy.

As mentioned at the end of Sec. II, the expansion of
Anderson’s orthogonality power law, Eq. (13), involves pow-
ers of u’L. The second-order term #?ivL for the self-energy
[cf. Eq. (21b)] involves the subleading logarithm and is thus
correctly reproduced by inserting I'iepq into the Schwinger—
Dyson equation (32). The fourth-order term u*$L?, in
contrast, already goes beyond the subleading logarithm and
can only be correctly reproduced when also the subleading
contributions to 'y, and the renormalized propagator Gy, are
included in Eq. (32). Furthermore, a complete computation of
the sixth-order term u%ivL? would already require inclusion of
the envelope diagram Rg).

We see that terms involving the subleading logarithm
w'ivL"~! have to exactly cancel in higher orders of per-
turbation theory O(u">%) in order to reproduce Anderson’s
orthogonality power law. Using our scheme, we cannot
guarantee the complete reproduction of the first nonvan-
ishing logarithmic terms at arbitrary orders of perturbation
theory for the self-energy without the inclusion of totally
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FIG. 16. Frequency dependence of ¥ from self-consistent sum-
mations at u = 0.28, T /&, = 0.002, and &,/& = —0.01. The self-
energy differences AX, Eq. (22), are divided by iV = iv — &§;. We
compare the numerical results after inserting the leading-log vertex
into the Schwinger—Dyson equation (blue dots) and after inserting
the subleading-log vertex and the renormalized d propagator into the
Schwinger-Dyson equation (red dots) to the analytically determined
T = 0 power law with the subleading-log exponent o = u? (pink,
dashed) and the exact exponent o = (8/7)? (light blue, dashed).

irreducible diagrams (beyond the bare vertex). These are be-
yond the scope of this work. Nonetheless, an insertion of
[Neag into Eq. (32) already generates a lot of terms beyond
the subleading logarithm ¥"i"L"~!=7 with p > 0. We eval-
uate them numerically, being aware that their summation is
incomplete.

Although within the parquet approximation, it is impossi-
ble to capture the u> power law at all orders of perturbation
theory, we may still compare our numerical data to the power
law, Eq. (B2). Figure 16 shows the results when inserting the
leading-log vertex [ie.q, Eq. (30), into the Schwinger—Dyson
equation (32) (blue dots) and when additionally including the
subleading-log vertex I'qp, Eq. (36), and the full d propa-
gator (red dots). The analytic power laws with ag = u? and
ag = (8/m)? (pink and light blue, dashed), applicable in a
rather small frequency regime, are not too far from the numer-
ical results. Moreover, it is remarkable that the quantitative
difference between inserting I'jeaq Or I'gyp into the Schwinger—
Dyson equation is rather small.

120] 1/2 / /

cie < /-« < ‘-«
s » 7 2 17 1
1% 1 Vl

FIG. 17. Translation between the two diagrammatic conventions:
The square vertex is used in Hubbard-like models. Here, the positions
of the legs are fixed. This more general notation is exclusively used in
this section. The round vertex on the other hand is used in the main
text. There, the frequencies are defined according to the respective
leg type, not its leg position.

APPENDIX F: DETAILS ON THE ¢-REDUCIBLE VERTEX

Here, we give details on how our expression for the ¢-
reducible vertex, ' Eq. (34), can be motivated from the full
parquet formalism and how we have implemented its numeri-
cal computation.

1. More general vertex conventions

The bare interaction u appearing in the action S, Eq. (6),
describes only a single scattering event between the d electron
with one ¢ electron. In a general diagrammatic treatment,
however, the full vertex I" describes all scattering events be-
tween d electrons and c electrons involving two particles, in
particular, also scattering events within one particle type. For
this, it naturally comes with four indices I'yp|12 representing
the four different particle types of the legs (cf. Appendix C
and Ref. [43]). While in the main text only one component
is needed, namely that with four distinguishable legs, in the
general treatment, we have to include the particle-type in the
notation. Figure 17 points out the difference between the two
conventions: In Hubbard-like models, we represent the full
vertex by a square, where the indices of its four legs are iden-
tified by their position (I';212: 1’ bottom-left, 2’ top-right,
1 bottom-right, 2 top-left). When using only one component
with four distinguishable legs, this notation becomes superflu-
ous; so, in the main text, we always take I' = I'yp12 (with 1
outgoing d, 2’ outgoing ¢, 1 ingoing d, 2 ingoing c). There,
the indices are identified by its particle types and the position
is not decisive. To mark the difference, we represent I by a
circle.

Following the convention with four indices of the full
vertex I'1»12 introduced in Ref. [43], we denote the spin
components of vertices in the following way:

Cie =Taciae,  TUg. =Tacieas Taa = Tadjaa- (F1)
The other components I'cy, I';; and I'. are obtained by ex-
changing ¢ <> d. The corresponding diagrams are illustrated
in Fig. 18. In contrast to Hubbard-like models obeying SU(2)
spin symmetry, I'y; cannot be retrieved from I'y. and I'j,.
Moreover, due to the advanced property of the d propaga-
tor, closed loops of dashed d lines are suppressed, so I';.
is negligible as it must contain closed dashed loops. In the
main text, we exclusively use the component I";. and drop the
corresponding indices.
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FIG. 18. Convention for the particle-type components of the full
vertex I".

Exchanging two fermionic legs of the vertex yields an
additional minus sign:

Cyone = —Toppe = —Trapr =T (F2)

An insertion of the frequencies Eqs. (C1) and spin indices
Egs. (F1) yields the so-called crossing symmetries [12,69].
Applying symmetries interrelates the different vertex com-
ponents and heavily simplifies the numerical effort. Note
that under exchange of two legs, the a and ¢ channels are
translated into each other while the p channel translates into
itself.

In the main text, only bubbles including one d line G and
one c line g were used [cf. Eq. (15)]. In general, however, the
products of two propagators can appear in all possible combi-
nations of particle-type indices and diagrammatic channels:

[H?I]w,v = GLGIJ)lew’ (F3a)
[17],., = 365Gl (F3b)
[ng]w.v = _Gl;)G(;+w' (F3C)

Note that in contrast to Eq. (15) in the main text, we inserted
an additional factor 1/2 in the definition of Hf’j to compensate
overcounting, which appears as the additional sum over par-
ticle types in the Bethe—Salpeter equations includes both I';.
and I' .4 [43]. Moreover, in the general framework, we denote
G =g, and G! = G,.

2. Subleading-log parts of the -reducible vertex

Here, we motivate that our expression for 3, Eq. (34), can
be derived from the full parquet formalism [29,43] by taking
into account only subleading-log diagrams. In the full parquet
formalism, the dc component of the 7-reducible vertex is given
by [cf. Fig. 19(a)]

[ytgc]a),u,v’ = /‘)N [FZC]w.v,v”[ntCC]w,v” [Illic‘]a),v”,v’

+ /” [F([/lc']w,u,u”[nild]w,v” [Ictld]w.v”,u" (F4)

The first term does not contribute as I'.. contains closed
dashed loops. According to Sec. IITF, y]_ at the most contains
subleading-log terms if both the inserted vertices are leading
log. Insertions of the self-energy into IT, and subleading
contributions of the two vertices I'y. and I}, are beyond our
subleading-log scheme. Thus they are on the same footing as
the higher-order totally irreducible vertices, which are any-
ways dropped according to the parquet approximation.

So, we focus on I'y. and I}, in leading-log order. The irre-
ducible vertex is given by I, = y5, + v, There is only one

r r
(a) 7| o=- -y A
¥ » It It
¥ v ¥ >
L\.
A7 =
(b) Y =45 |IP r
¥ » ¥ - >
4, 4 4 ~ 4, P <
(c) Yy = I¢ r + 1° r
¥ N ¥ v ¥ < N

FIG. 19. Vertices appearing in the full parquet expression for the
t-reducible vertex y’.

contribution in the p-reducible channel y f 4 Lcf. Fig. 19(b)]:

[y;d]w,u,v’ = /]:” [I‘(Il)d]a),v,v”[nzd]w,\)” [llfd]a),u”,u/' (FS)

This eventually leads to closed dashed loops when inserted
into Eq. (F4) and thus leads to a vanishing contribution.
From the two contributions in the a-reducible channel yj, [cf.
Fig. 19(c)],

[ya?d]w.v,v’ = /v” [rj}c]w,v.v”[ngc‘]w,v” [Igd]w,v”,v’

+ /.” [ng]w,v,v”[HSd]w,v” [Igd]w,v”,v” (F6)
v

the second one also leads to closed dashed loops and is
therefore negligible. Hence, the remaining term includes 17
and T';;. By crossing symmetry, the a-irreducible vertex 1s
related to the ¢-irreducible one, i.e., IC‘id = —IC‘d =u—-yl—
)/C‘;, which, to leading-log order coincides with the full vertex
—TI'cq4 (there are no leading-log contributions in the transversal
channel). So, only the term

\/‘)H [F:}c]w,\»,u”[Hzc]w,v”[r‘?d]w.v”,v’ g [Ittid]w,v,u/ (F7)

leads to the subleading logarithm of the full parquet ¢-
reducible vertex )., Eq. (F4). Thus the remaining term in
Eq. (F4) [cf. Eq. (F8)] reproduces the expression used in the
main text [cf. Eq. (34)].

3. Numerical implementation of the ¢-reducible vertex

In the subleading-log parquet scheme, Eq. (36), the dc
component of the ¢-reducible vertex ' is taken additionally,
which, on the other hand, includes the dd component of the
a-reducible vertex y“. Using the conventions introduced in
Sec. F 1, the t-reducible vertex y’, Eq. (34), from the main
text is equivalent to

[yﬂ;c]w.v,lﬂ = /‘, [rii(?]a),v,v”[nffd]a),v”[ydad]v”fv’,aﬂrv/,v”
N

(F8a)
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iidun = [ I8 d (ML, [P S
Lac Lac
e = d=-7 L
£ > Via Tl |Ta
¥ » ¥ »
(Fsc)

To minimize the effort in numerical computations, the ad-
ditional vertex components I'/; , I'%. and T'% are expressed

in terms of I';. and I'§_ by using the crossing symmetries,
Egs. (F2). Explicitly we have

[Fltfc]w,v,v’ =-u+t [yl;f]w,v,v/ + [V;C]v—v/,w+v’,v’

+ [yfc]erquu’,fwfv’,fv’ ’ (F9a)

[ cafc]w,v,v’ = _[Fsc]v’fv,v,w»w

=u- [yduC]v’—v,v,v-Hu - [V;C]w-kv-kv’,—v,—v—w

- [Véc]—w,v’,v+w’ (ng)

[F?d]w,v,v’ == [Fgf]v—v’,v’+w,v’

=u-— [yjc]va’,uurw,u’ - [yfc]erwru/,fu’fw,fv’

- [ydlc]w,v,u’ . (F9C)

Note that for the first-order contribution we have F,(ilc) =—u=
—ré}f = —FS}. By inserting Eqgs. (F9) into Eqs. (F8), we
recelve the equations given in the main text, were everything
is expressed in the dc component. For clarity, let us elaborate
the derivation. In a first step, Eqs. (F9b) and (F9c) are inserted
into Eq. (F8b):

[y;d]w,v,v/ = /v” [Fsc]u”—v,v,v+w[ngc]w,u”[Fl[;f]v”—v’,v’+w,v”
(F10)

which is then inserted into Eq. (F8a):
[Vielow
S AL P L% LA
3 L P NN | 0% PR (F11)

Inserting the bubbles, Eqgs. (F3), and dropping the dc indices
gives Eq. (34).

In our code, we save the three vertices Ffw F;‘C~and g,
(minus their constant first-order contributions, i.e., I' =T" —
I'D) on three-dimensional frequency grids.

To calculate yj;, Eq. (F8b), we subdivide the equa-
tion into contributions of different asymptotic classes [31,43],
ie., v = [K{%M + K519 + [K51% 4 [K4]?, which are

given by
[Ks]e =1 / [med,,.rs (F12a)
ST f remed,  [Tel,,.  (F12b)
[KsTi, = / (r, o, ry. 2o

[ g]ic,lv,v’ = /v” [~£d£c]w,v,v”[ngc‘]w,v”[f?d]w,v”,v"
(F124d)

Also the numerical result for yéc, Eq. (34), is subdivided
into asymptotic classes y/. = [K5 1% + [K5]9¢, which are
given by

c 1
K512 = [ M Dt

(F13a)

5% = [ i Ml Dl
v

r

(F13b)

APPENDIX G: DETAILS ON THE NUMERICAL
IMPLEMENTATION

The self-consistent schemes presented in Sec. IV A are
implemented using the recently developed Julia library
MatsubaraFunctions. j1 [49]. To efficiently handle the fre-
quency dependence, the two-particle reducible vertices y" are
parametrized in single-boson exchange vertices [32-43]:

Voo =y Mty + U+ M, . (G1)
(Note that the bare vertex is defined with an additional minus
sign, i.e., 'V = —u.) Here the U-reducible contribution is a

product of one bosonic propagator n; and two Hedin vertices
X;,U and A] ,, coupling fermionic degrees of freedom with
exchange bosons. The remaining term is incorporated in the
multi-boson vertex M, , .

The parquet equations (30) and (36) are then solved in
terms of the single-boson vertices using the following set of

self-consistent equations (cf. Egs. (41) in Ref. [43]):

P :/ Ay T1, s
o

ro__ r . r
n, =—u—uPn

(G2a)

(G2b)
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= 1+/ 2w T (G2)
y
ML =1+ / T s (G2d)
v
T =T = kTl s (G2e)
Mo = [ (T =M T T
— [ T (T = ). (G20

Here, the polarization P” is the bosonic self-energy. T" rep-
resent the U-irreducible vertices in a respective channel. In
practice, we use a symmetrized form of the two expressions
for the multi-boson vertex, Eq. (G2f). We solve Egs. (G2)
self-consistently by using the Anderson acceleration method,
which leads to a faster convergence involving adaptive mixing
of prior solutions.

The susceptibility, Eq. (14), is directly obtained from the
bosonic propagator,

1
x(w) = ;(n;‘, + ). (G3)

Using —u—u [, I, . Ty r =nAl o (cf. Eq. (42b) in
Refs. [43,70]), the Schwmger—Dyson equation (32) repre-
sented in single-boson exchange vertices yields

a a
X, = —/ Mr—y Ay 8o
N

_/ nliv”—v (2)"[:1)”—1;,—\)” - l)gV”'
o

(G4)

Here, the Hartree term Xy = u fv gve™®" is implicitly added.
We save the objects P, nw, Y., on one-dimensional fre-
quency grids, A’ [lCt ¢ “, on two-dimensional fre-

w,v? w v/ ’
quency grids and M/ , ., [K} ]ffv » on three-dimensional
frequency grids. In domg so, we ensure that the largest
frequencies of the three-dimensional quantities exceed the
bandwidth v, >~ 1.5&). The frequency boxes correspond-
ing to the lower-dimensional vertices are taken much larger.
To represent the high-frequency asymptotics of the one-
dimensional quantities P, and 7/, in a more sophisticated
way, we approximate the Matsubara summation over bubbles
outside the frequency box by an integral over the bare bubble:

1 dv”

on;Umf oM+ —[m?,.

p= " Iv”|<vmax V1> Vinax ’
(G5)

Figures 20 and 21 show exemplary numerical results for ver-
tex functions obtained from the subleading parquet scheme,
Eqgs. (32)—(36).

APPENDIX H: ANALYTICAL CONTINUATION

To test how well the minimal pole representation for ana-
lytical continuation [50,51] predicts the power-law behaviors,

de de

(a) Re[]( ] (b) Im [ﬂ( ]
15 - 1.5 0.020
it 0050 1, 0.015
0.010
oF 0.5 0025 05 0.005
=< 00 / 0 0.0 0
N —0.005
03 0025 =63 -0.010
-10 -0.050 ~1.0 -0.015
-15 -15 —0.020
~1.5-1.0-0.50.0 0.5 1.0 1.5 ~1.5-1.0-0.50.0 0.5 1.0 1.5
/ /
A
w/g, w/€,
t qde tde
c) Re[X. d) Im [X.
@ Relal @ I (&4,
15 0.015 15 0.020
1.0 0.010 1.0 0.015
0.010
- 0.5 0.005 0.5 0.005
00 0 0.0 0
k- -0.005
- -0.005 —
0.5 0.5 g
10 -0.010 —1.0 _0.015
-1 -0.015 _1 -0.020

5 5
-1.5-1.0-0.50.0 0.5 1.0 1.5 -1.5-1.0-0.50.0 0.5 1.0 1.5

V/EU V,/fU

FIG. 20. Frequency dependence of the z-reducible vertices
[K,14¢ and [K5]9¢, Egs. (F13). These are obtained for 7'/&, = 0.002,
&:/& = —0.01, and u = 0.28 from the subleading parquet scheme,
Eqgs. (32)—(36).

we start from the exact power law, Eq. (10a),

1 Z— o ¢
x@=—-|1- ,
o —&o
continued to complex variables z. The power law for x (z) is an
approximation near the threshold and does not decay to zero
for |z|] — oo. Nevertheless, after subtracting the offset 1/«,

we find a spectral representation. By separating the power law
into real and complex parts,

(HI)

(—x — i0+)7a _ |x|—a¢efioz arctan2(—x,—0%)

_ —a iTa
= |x|7*[O(=x) + O(x)e™ ], (H2)
a a
(a) Re A, ,, (b) Im !, ,
15 0.4 15 biE
03
1.0 1.0 1
i 0.10
_ o5 o 05 0.05
;t*{ 0.0 0 0.0 o
R _os -0l o5 -0.05
~0.2
_10 Tos 10 ~0.10
-15 04 _1s ~0.15
215-1.0-050.0 0.5 1.0 1.5 215-1.0-050.0 0.5 1.0 1.5
w/€, w/€,
(c) Re M, OBt () Im M, .
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® _os ~0.025 —0.5 ~0.01
-10 ~0.050 -1.0 ~0.02
-15 -15 -0.03
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v/, v/€,

FIG. 21. Frequency dependence of the a-reducible Hedin vertex
Ai » and the multi-boson vertex MMU,, Egs. (G2), obtained for

T /& = 0.002, &,/& = —0.01, and u = 0.28 from the subleading
parquet scheme, Eqgs. (32)—(36).
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with x = (v — wp)/&), the
—Im x(w +i0") /7 yields

spectral function A(w) =

sin ro w—wy\ "
@(a)—wo)( > .
o o

In the Matsubara formalism, this gives

x(iw)—é:fm do 2 :—1<i“"“’°>_ e

oo iw— o o —&

The expression in imaginary frequencies is thus identical to a
simple transformation z — iw in Eq. (H1).

We generated imaginary-frequency data including differ-
ent levels of artificial noise. This test showed that data at a
temperature T /&y ~ 0.002 and with relative error 10~* are
sufficient to reproduce the exact power when only taking a few
Matsubara frequencies, i.e., the lowest 50. From this proce-
dure, we can be confident about the validity of the analytically
continued data presented in the main text (cf. Fig. 11).

Alw) = (H3)

The power-law exponent is extracted from the slope of the
log-log plot in Fig. 11(b). For @ > wy, we have

4
dIn(w — wy)

w — wy d .
L N W 0"). H5
Im x (@ +107) Mg @00 (HY)

n[—Im x (@ +i07)]

Inserting the analytical power law, Eq. (H1), gives exactly —a.
For the logarithmic derivative of our numerical data, we use
the minimal pole expansion,

d d A —A;
d—zx<z>=d—zz ‘Z@—xiﬂ’ (H6)

— I — X -
1 1
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5. Logarithmic divergences in diagrammatic approaches

5.2. Logarithmic divergences in the fRG

In this section, we briefly elucidate how the Fermi-edge singularity in X-ray absorption
spectra can be investigated by the fRG and how this analysis initiated the development
of the multiloop fRG. As discussed in the last section, Nozieres and his coworkers showed
that a parquet summation of a- and p-reducible diagrams (so-called first-order parquet
solution) yields the power law of the particle-hole susceptibility to leading-logarithmic
accuracy [NGR69, ND69]. They use the following approximations:

1. The local Green’s function G°(v), Eq. (5.2), of the conduction electrons is approxi-
mated by its sharp form G°(v) >~ —irsgn(v)O (& — |v|) (cf. Eq. (8) in Ref. [P3]).
Hence, only energies close to the threshold frequency |£,| are treated correctly.

2. The t-reducible vertices 7, are not considered and the totally two-particle irreducible
vertex R is given by the parquet approximation, i.e., R = U.

3. Self-energy effects ¥ are not taken into account, thus a renormalization of the
threshold frequency is prevented wyg — —&,.

4. When integrating the Bethe—Salpeter equations, the irreducible vertices I, are
equipped with a single frequency dependence I.(w,v,v') ~ I.(max[v,7'])*. In
particular, the leading-logarithmic behaviors of integrals stem from the parts where
the integration frequency of the outermost bubble is smaller than integration
frequencies of the inner bubbles.

This technique provides an approximate solution of the Bethe—Salpeter equations where
the power-law exponent corresponding to the Fermi-edge singularity o, ~ 2u + O(u?)
is accurate up to linear order in the interaction u (cf. paragraph below Egs. (10) in
Ref. [P3]).

In 2015, Lange and coworkers used an fRG approach including Hubbard—Stratonovich
fields to calculate the particle-hole susceptibility x% of the model [LDSK15]. In their
analysis, they obtained the leading-logarithmic power law exponent o, = 2u, however
their positive results can be attributed to a “fortuitous cancellation of diagrams” (cf.
Sec. 6 in Ref. [KD18a]). The one-loop fRG approach contains effects from all parquet
diagrams, but only parts of their total derivatives are taken into account. Consequently,
an integration of these flow equations cannot provide the parquet diagrams as a whole.
This was pointed out by Fabian Kugler and Jan von Delft in the context of the Fermi-edge
singularity [KD18a] who then developed the multiloop fRG approach yielding the full
summation of parquet diagrams [KD18b, KD18c, KD18d].

However, it turned out that Nozieres” analysis indeed can be completely carried out in
a one-loop fRG scheme. Diekmann and Jakobs showed that employing a specific sharp
regulator in fRG is equivalent to the mentioned steps by Nozieres for integrating out

ZWhere I,.(v) is a short-hand notation for I,.(v,v,v) [NGR69, ND69).
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Figure 5.1.: Particle-hole susceptibility at zero Matsubara frequency —x(iw = 0) at 7'//§y = 0.002
in dependence on the interaction u for different regulators and values of £;/&y (similar
to Fig. 10 in Ref. [P3]) using the sharp local Green’s function ¢*". We show fRG
data obtained with the Litim regulator, Eq. (5.4b), (blue) and the sharp regulator,
Eq. (5.4a), (red) including MBE diagrams (squares, solid lines) and in the SBE
approximation (triangles, dotted lines) and compare them to the leading-log power
law with exponent o, = 2u (dashed green line).

dominant parts of individual diagrams and finally exactly yields the logarithmic-leading
power law [DJ21, DJ24]. In particular, due to Nozieres’ step 4, the leading-logarithmic
behavior is already obtained when the outermost bubble is differentiated, which exactly
corresponds to one-loop fRG diagrams. Thus, in this context, the dominant behavior of
parquet diagrams can be already extracted by a one-loop fRG analysis and the multiloop
extension is not necessary to obtain the leading-logarithmic power law. Still, for general
applications, only the multiloop extension is equivalent to the full parquet solution and
the one-loop fRG suffers from the notorious regulator dependence.

Equipped with a one-loop fRG code (see Sec. 4.2.2), we compute data for the Fermi-
edge singularity presented in Fig. 5.1. As in Refs. [KD18a, KD18c|, we use a sharp
regulator and a Litim regulator [Lit01]:

sharp 1 G§ ,(v) = Or(lv| — N)G(v), S4(v) = =r(jv| — N)GUv), (5.4a)

! 10y —ioE)O(A ~ v
isgn(v)max(|v|,A) — & N [isgn(v)A — & — S4(A, v)]?
(5.4b)

Litim : G(C){A(l/) =

While for finite temperature the Matsubara frequencies only take discrete values v, the
scale parameter A is defined as a continuous variable. To respect this in the sharp
regulator, we use a temperature-dependent Heaviside function and delta function defined
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5. Logarithmic divergences in diagrammatic approaches

as
1 for v > 7T
Or(v) = 0 for v < —xT, op(v) = {1/(207TT) for — 7TT1< v<xT .
[1+v/(xT)]/2 else else

(5.5)

The cutoff dependence, Eqs. (5.4), is only implemented in the Green’s function G? of the
core electron. For the Green’s function G° of the local conduction electrons, we use the
approximate sharp form G¢(v) ~ g3 = —imrsgn(v)O(& — |v|) (cf. Eq. (8) in Ref. [P3]) as
we are only interested how close the fRG results are to the leading-log power law.

From the data shown in Fig. 5.1, we draw the following conclusions: First of all, fRG
data obtained with the sharp regulator (red) seem to fit much better to the analytic
leading-log behavior (dashed green) than fRG data obtained with the Litim regulator
(blue). While parquet data tend to bend down for large interactions u, especially those
obtained with the sharp Green’s function ¢g*" (cf. purple dots in Fig. 10 of Ref. [P3]),
fRG data exceed the values of the analytic leading-log behavior. In particular, the results
obtained with the sharp regulator are close to the leading-log behavior, which confirms
the analysis by Diekmann and Jakobs [DJ21, DJ24]. So the specific treatment of the
sharp regulator is capable to extract exactly those terms from individual diagrams that
characterize the leading-log behavior while parquet data in general add up the total
frequency dependence, which in general excels the leading-log power law. In Sec. V. of
Ref. [DJ24], it is exemplified that the leading-log behavior is reproduced exceptionally well
if the sharp regulator is a function of iv — &;, which is not respected in our investigations
[cf. Eq. (5.4a)]. Still, this explains why our fRG data from the sharp regulator are
improved for smaller values of &; [cf. Fig. 5.1(c)].

Another interesting observation is that fRG results excluding MBE diagrams (triangles),
known as SBE approximation, are not that far off from the fRG results including MBE
diagrams (squares). In our parquet analysis in Sec. 5.1, we showed that MBE diagrams
are essential to reproduce the leading-log behavior of the Fermi-edge singularity. This
was underlined by our numerical parquet data, which were far off when using the
SBE approximation (cf. Fig. 10 in Ref. [P3]). Surprisingly, fRG results using the SBE
approximation are improved compared to their parquet counterparts. We attribute this
observation to the fact that the SBE approximation in our one-loop fRG scheme is made
after the introduction of the regulator dependence, i.e., M = 0 and M = 0 are performed
at the end. So we do not use the fRG equations discussed in Sec. 3.4 of Ref. [P1], which
were derived by setting M = 0 before the introduction of the flow parameter. This is in
accordance to the discussion in App. A of Ref. [FHB" 22|, where fRG results of the SBE
approximation after the introduction of the flow parameter are much better than those
obtained by requiring the SBE approximation before.

Finally, oscillations in the results presented in Fig. 5.1 indicate that the fRG data are
less controlled than the corresponding parquet data (cf. respective plots in Ref. [P3]).
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On the other hand, we receive converged results for higher values of the interaction u. So
the fRG usually always gives us some results, however, their validity is not guaranteed.

To conclude, our analysis shows that the one-loop fRG may give meaningful results
when using regulators that include relevant physical behavior. The SBE approximation
in fRG approaches seems to be less harmful than in the parquet context. In general,
however, one-loop fRG suffers from the regulator dependence inherited by the truncation
of the six-point vertex. The parquet formalism, which does not dependent on artificial
regulator schemes remains a valid alternative.

5.3. Connection to Fermi polarons

As discussed in Sec. 2.1.3, the most commonly used theoretical tool for the description
of the Fermi polaron problem is the Chevy ansatz, Eq. (2.14) [Che06]. As it includes
only a few particle-hole excitations, there, the Fermi sea is mostly left unaffected. In
the limit of a static attractive impurity inserted in a Fermi sea, however, Anderson’s
orthogonality catastrophe applies [And67]. Here, the overlap between the non-interacting
Fermi sea |F'S) and the Fermi gas in the presence of the attractive impurity |pol), to use
the notation from Ref. [P2], fulfills the power law (FS|pol) ~ N~ where ag = (§/7)?
is the characteristic power-law exponent, introduced in Ref. [P3], and N is the number
of particles in the Fermi sea. As N is macroscopic and «ag > 0, this overlap vanishes
so the addition of the impurity has a tremendous effect on the Fermi gas. Anderson’s
orthogonality catastrophe affects the whole Fermi sea and thus cannot be reproduced in
the Chevy ansatz.

It has not yet been understood profoundly how the orthogonality catastrophe changes
when the impurity is mobile. Field-theoretical approaches such as the parquet formalism,
in principle, are capable of describing both the effect of a mobile impurity and a dramati-
cally changed Fermi sea. This is a major motivation for our precise analysis of power-law
exponents and logarithmic behavior in the parquet formalism. By now, we have only
included the case of a static impurity in our parquet analysis, which is exactly solvable
by the FDA. In this small section, we make clear that the metallic system discussed in
the previous sections is equivalent to the static Fermi polaron in a cold atomic gas.

Both systems involve a non-interacting Fermi gas, either that of conduction electrons
or that of majority atoms. The occupation of the core electron |1) in the Fermi-edge
singularity model, Eq. (5.1), is equivalent to the non-interacting impurity atom |0) in
a cold atomic gas, Eq. (2.16). Conversely, the hole in the core band |0) induces a local
attractive interaction to the conduction electrons, which is equivalent to an inserted
attractive impurity atom |1) in the cold atomic gas. The major difference between the
two models is that for the metallic system the conduction band has a finite bandwidth
and the density of states is viewed as constant p(e) = const. while the atomic Fermi sea is
unbound to highly energetic excitations and features the usual three-dimensional density
of states scaling as p(e) ~ /. In the following, we show the tiny adaptions needed in
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5. Logarithmic divergences in diagrammatic approaches

our code (cf. Sec. 4.2) to describe static polarons in a three-dimensional cold atomic gas
using the parquet formalism.

In the Fermi polaron problem, the total density of the majority particles n. is a
characteristic quantity. In the field-theoretical description, it is related to a momentum
sum over the corresponding Green’s functions [cf. Eq. (4.59)]:

10Jr
o=y e [ i =0t =01 =33 | g

47T

- o / dk K (2~ o). (5.6)

Here, we used the finite time step between the fields coming from the path integral [AS10]
and expressed the momentum sum by an integral. The final expression is valid for a
three-dimensional system with quadratic dispersion relation. At zero temperature, this
yvields n.(T = 0) = (2mepu.)*?/(672).

The momentum integral in Eq. (5.6) turns out to be divergent if carried out first such
that the introduction of an ultraviolet cutoff scale kg becomes crucial. Consequently, the
local Green’s function G°¢ of an atomic Fermi gas [cf. Eq. (5.2)] also depends on that
cutoff scale:

0ty iot ko 21 k2
G [y
kl<ko W — €K+ 27 ) 2me(pe +iv) — k

= Megioty {—ko + v/ 2me(pe + iv) atanh (¢>} . (5.7)

a2 2me(petiv)

Still, the Green’s functions fulfills the typical asymptotic behavior G¢(v) = k3 /(6m%v),
which depends on the cutoff scale as well. The momentum cutoff ky has to be chosen in
such a way that the Matsubara sum over Eq. (5.7) yields the correct density value n.,

Eq. (5.6). By use of contour integrals, one can indeed verify that

- 526w = g [ = 55)

which is a good approximation as long as kg exceeds the energy of thermally occupied
states above p..

Our numerical code we described in Sec. 4.2 also offers the option to use Eq. (5.7) as an
input for the bare Green’s function for the parquet and fRG solver instead of Eq. (4.62¢)
used in our paper [P3]. From this, we can analyze how the assumption of a constant
density of states and a finite bandwidth &, used in the Fermi-edge singularity model,
Eq. (5.1), changes the actual properties of Fermi polarons from heavy impurities, which
were briefly presented in Sec. 2.2. We leave this for future diagrammatic investigations.
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6. Outlook: Fermi polarons from
mobile impurities

“The Road goes ever on and on

Down from the door where it began.

Now far ahead the Road has gone,

And I must follow, if I can.”

J. R. R. Tolkien — The Lord of the Rings

We are equipped with a field-theoretical formalism to describe strongly correlated fermions
through effective bosonic interactions. Our code computes vertex functions for models with
two different particle types in the finite-temperature Matsubara formalism. Now we come
back to the physics of Fermi polarons. One essential ingredient is missing so far, namely
the momentum dependence of the impurity. The ultimate goal would be a full momentum-
dependent description of Fermi polarons with self-consistency on the two-particle level. Due
to the immense numerical effort needed for this, we cannot provide this here, but we will give
some conceptional thoughts toward it.

In previous fRG studies of the Fermi polaron problem [SE11, Sch13, Mil24, MS24], the
following action was used [cf. the Hamiltonian, Eq. (2.13)]:

5 == @G k) [ dO)IGH wk)de) = [ 4G w0 a)o(w)

1V 1V

[ [l 0) s = )0 + ()bl — Vgualio + 1] 61)

7k7w71/

This is a special case for the Hubbard—Stratonovich action, Eq. (3.19), with a single
bosonic pairing field ¢, describing the molecule formation of the two fermionic fields ¢
and d. The Yukawa coupling h is considered to be real valued and constant. Here, the
Matsubara frequencies w, v are continuous variables as the system is considered at zero
temperature. The mentioned one-loop fRG studies made use of an additional constraint:
The renormalization of three-point and higher vertices were completely omitted so only
the self-energy flow was taken into account.
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6. Outlook: Fermi polarons from mobile impurities

The one-loop fRG equations used in these works can be simply derived from the
Schwinger-Dyson equations (3.25) by replacing the full Yukawa coupling h, with the
bare one hy (here just the scalar parameter h) and taking the derivative with respect
to a cutoff scale A. Additionally, on the right-hand side only single-scale propagators
S = Only._oG are included. This procedure yields

S0) = [ onlse, [60)Ga = 1) = = <[ > 620)
Sk) = —n? /q sy [G?(Q)G(q— k)] = <---< = - . (6.2b)

The propagator lines of the pairing field ¢ are represented by wiggly lines as in Sec. 3.2
while the propagator lines of the d particle are represented by dashed lines and those
of the ¢ particle by solid lines as in Chapters 4 and 5. The frequency and momentum
dependence is combined by the four-vectors k = (v, k) and ¢ = (w, g). The mentioned
works directly give Egs. (6.2) in terms of the inverse Green’s functions G~! = Gj' — %
(cf. Fig. 1 and Eq. (8) in Ref. [SE11])".

The overall strategy to solve the flow equations (6.2) is given by the following
steps [SE11, Sch13, Mil24, MS24]: A sharp momentum regulator is implemented such
that from the three-dimensional momentum integral |, . only one integral over the polar
angle remains. The remaining two integrals over this angle and the frequency are per-
formed using cubic splines. The initial ultraviolet value A; of the fRG flow is determined
by the two-body scattering problem (cf. Sec. 2.1.2) and the flow equations are solved by
a standard Runge-Kutta algorithm. Finally, the renormalized Green’s functions at the
end of the flow, i.e., at Ay, are analytically continued to real frequencies leading to the
spectral functions A® = —Im G?/7 using the Padé approximation. Here, the fermionic
spectral functions A¢ and A¢ provide information on the polaron spectrum whereas the
bosonic spectral function A? gives properties of the molaron branch. More recently, it was
shown that for this specific problem the analytical continuation can also be performed
exactly in the integrand because of the specific pole structure of the Green’s functions
involved in Eqs. (6.2) [MS24]. Such an analysis was also possible in a self-consistent
computation for the balanced case of a two-component Fermi mixture [DHP24]. It has
to be mentioned that these strategies of analytical continuation are possible because only
functions of a single frequency are taken into account in the considered vertex truncation.
For a general analytical continuation of vertex functions, a more elaborate method has
been developed recently [GHL™24].

It was shown that the results of the flow equations (6.2) strongly depend on the

'References [SE11, Sch13, Mil24, MS24] define P(A) = G~1(A)— R(A) as the inverse Green’s function
subtracted by an additive regulator R(A). As the regulator dependence on the inverse bare Green’s
function is given by Gal(A) = GO_1 + R(A), the derivative of the self-energy is directly related to the

differentiated form of P(A): 2(A) = x[Gy 1 (A) — G71(A)] = =[G (A) — R(A)] = —P(A). Do not
confuse P(A) with the bosonic self-energy or polarization P, from the SBE formalism.
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regulator [PSSW17]. This does not come as a surprise since the truncation used is
crude and restricts the validity of the results. Our generalization of the SBE formalism
provides a framework to compute properties of the Fermi polaron problem in a broader
way. Without explicitly introducing the Hubbard-Stratonovich action, Eq. (6.1), bosonic
features like that of the molecular pairing field ¢ can be computed in a purely fermionic
theory. Moreover, the multiloop flow equations of SBE vertices, discussed in Sec. 3.3, offer
the opportunity to calculate bosonic propagators overcoming the regulator dependence
from earlier works.

As a numerical computation including the full momentum and frequency dependencies
of four-point vertices is out of reach at the moment, the problem needs to be approached
step by step:

1. Only the bosonic propagator 7, of the p channel is taken into account, the
fermionic Green’s functions GG are not renormalized. This corresponds to the
non-self-consistent T-matrix approach.

2. The fermionic self-energy ¥ is included, which renormalizes the fermionic Green’s
function G. This framework is equivalent to the self-consistent T-matrix ap-
proach [PDZ09, HL.24] and to the previous fRG studies [SE11, Sch13, Mil24, MS24].

3. The other diagrammatic channels a and ¢ are taken into account such that all
vertices, which depend on a single frequency and momentum, are considered. This
is equivalent to the GIW method [AGIS].

4. To renormalize three-point interactions, the Hedin vertices ), and )\, are included,
which yields the SBE approximation [P1, BTH22 FHB"22].

5. MBE vertices M, are included, which yields the parquet approximation [P3, Bic04].

6. Contributions from the two-particle irreducible vertex R are taken into account
from other methods such as the FDA or the dynamical mean-field theory (DMFT)
[GKKR96, KV04].

For a static polaron (excluding the momentum dependence), we have implemented a
finite-temperature parquet and fRG solver including MBE vertices, which was discussed
extensively in Chapters 4 and 5. Thus, for this specific case, we have already reached step
5. For a mobile impurity (including the momentum dependence), on the other hand, we
have only realized step 1 sufficiently. For this, we use a C++ implementation within the
zero-temperature Matsubara formalism. In contrast to the previous fRG studies of the
Fermi polaron problem, which reached step 2, we do not rely on analytical expressions
for certain regulators, but allow for a full numerical integration of the included quantities.
By this, we gain flexibility, but at the same time significantly increase the numerical
effort needed.
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Figure 6.1.: Comparing data for the binding energy of the molecule in the Fermi polaron
problem. The black line results from the variational wavefunction method known as
Chevy ansatz, Eq. (2.15). The colorful dashed and dotted lines correspond to the
non-self-consistent T-matrix approach, which is realized in the SBE framework when
only the bosonic propagator 7, without self-energies and other vertices is included.
Here, “ladder” refers to the simple ladder summation, Eq. (6.4a), and “/RG” to the
solution of the respective flow equation, Eq. (6.4b), using the “sharp” and “soft”
frequency regulators, Egs. (6.3). The momentum integral of the bubble is either
computed exactly (no marking) [cf. App. B.3] or by the PAID algorithm [LWP*17].

For our C++ implementation, we use functionalities of the more general Keldysh multi-
loop fRG code [RGW24] and compute the numerical integrals by the parallel adaptive
integration in higher dimensions (PAID) [LWP*17]. Hereby, we use several multiplicative
frequency regulators:

R?harp(”) = ®(|V| - A)7 Ré\harp(y) = _5<|V| - A)7 (63&)
2 2
A v A 2v° A
Ben(V) =m0 Benlv) = Tt AN (6.3b)

Figure 6.1 shows our results for the binding energy using step 1 (colorful lines). To be
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explicit, we take the limit /_\p =1, = )\, in the SBE and flow equation of 7,
my=U+Uoll,on,=1%(q) = —g — g1>(q) /k GU(—K")G (K" + q), (6.4a)
ip=mpollyon, = ile) = BEWE [ ol [GU-KIGH + )], (6ab)

where U9 = —g. This formulation is equivalent to the non-self-consistent summation of
the T' matrix, Eq. (2.11). The chemical potential of the minority particles y4 is increased
from a highly negative value p4/ep < 0 (where e corresponds to the constant chemical
potential p. of the majority particles) until the value of the bosonic propagator ngc at
w =0 and g = 0 diverges, i.e., [ngc(w =0,q =0)]"! =0 is fulfilled. The obtained value
of ug corresponds to the binding energy of the molecule for the respective interaction.
We use different scattering lengths a incorporated by the relation (2.12) between the bare
coupling g and the momentum integral involving the ultraviolet cutoff A;, i.e., the initial
condition of the fRG flow. The momentum integrals [, in Eqs. (6.4) can be performed
analytically independently of the values of ngc. Details for this are provided in App. B.3.
For testing our code, we use the different regulators, Egs. (6.3), and also include a fully
numerical computation of the integral using the PAID algorithm [LWP*17]. As we
consider a very primitive calculation where the self-energy is not included and the flow
equation (6.4b) yields a total derivative, it is clear that the fRG results presented in
Fig. 6.1 lie on top of each other, i.e., they do not depend on the respective regulator. We
compare our results to the binding energy obtained from the variational wavefunctions
(black line), i.e., the Chevy ansatz, Eq. (2.15). We see that these results nicely fit to
those from the non-self-consistent summations. Only in the regime where the chemical
potential of the impurity is positive ug > 0, the curves differ. This is attributed to
the fact that for positive uy it is not guaranteed anymore that only a single impurity
is taken into consideration. Yet, the Chevy ansatz, Eq. (2.15), heavily relies on the
zero-temperature properties of a single impurity atom.

As soon as the higher-point vertices are included, the momentum integrals also affect
the vertices, which brings a tremendous complication of the problem. Due to rotational
symmetry of the system, the vertex functions only depend on the absolute values of the
momenta and their relative angles:

G(k) = G(lK|), 1-(q) =n:(lal), (6.5a)
/\T<q7k> = )‘7’(|q|7 |k|’q'k>a Mr(qak’k,) = MT(|q|7 |k|7 |k,|7q ’ k7q'k/7 k- k,) (65b)

To circumvent numerical expensive three-dimensional momentum integrals, one could
develop a form-factor decomposition of the vertices, Eq. (4.104), respecting the rotational
symmetries of the angular-momentum operator. For mobile impurities, i.e., the Hamil-
tonian, Eq. (2.13), of a two-component Fermi mixture, high angular momenta are not
automatically suppressed in the vertex function. This issue is elaborated in App. B.5.
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6. Outlook: Fermi polarons from mobile impurities

The generalization of the SBE formalism, which was the main effort of this dissertation,
allows us to classify and evaluate previous diagrammatic analyses of the Fermi polaron
problem, i.e., different T-matrix summations and the mentioned fRG studies, in a broader
way. Although on a methodological level, it offers a clear agenda on how to extend our
investigations of static polarons to the more general case of mobile polarons, the huge
numerical effort needed to fully include the momentum dependencies of higher-point
vertices leaves it to future research. At this point, it is obscure how to optimally handle
the momentum dependence numerically. To this end, compressing methods such as
the quantics tensor cross interpolation [REW'24, FRJ"24], which has already been
successfully applied to the parquet solution of the Hubbard atom [RRS*24], offer a
promising tool.
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7. Conclusion

“My mind and my fingers have been working around me like two lost souls. [...] Ah!
Provided I don’t go mad, you will find me er—eartist [a scientist]!”
Franz Liszt!, slightly adapted

The main motivation for the research of this dissertation was to gain a more profound
understanding of Fermi polarons using field-theoretical methods. The widely used Chevy
ansatz of variational wavefunctions only takes into account a few particle-hole excitations
of the Fermi sea and is thus limited to zero temperatures and moderate interaction
strengths. A quantum field-theoretical description per se is valid for arbitrary densities
and temperatures. Previous analyses of Fermi polarons using the one-loop functional
renormalization group (fRG) neglected the renormalization and frequency dependence
of three-point vertices and suffered from a strong dependence on the regulator. The
recently developed multiloop extension of the fRG offers an inviting alternative as it is
built on functional differential equations including total derivatives and is equivalent to
the self-consistent parquet approach, which, in principle, yields more reliable quantitative
results. We classified the existing fRG analyses of Fermi polarons in a broader context
and defined a general agenda how to extend and improve them. Nonetheless, a numerical
implementation of the multiloop fRG analysis for Fermi polarons including the full
momentum dependence of the impurity atoms has proven to be extremely demanding
and thus goes beyond the scope of this work. We have rather discussed and addressed
questions and problems along this more general path.

The central result of this dissertation is the generalization of the single-boson exchange
(SBE) formalism. Here, the four-point vertex I', describing general interactions between
two particles, is decomposed into bosonic propagators and three-point vertices, which
represent interactions between fermionic fields and different types of exchange bosons.
In contrast to previous bosonization techniques and Hubbard—Stratonovich theories,
the SBE approach is formulated for a purely fermionic action and bosonic degrees of
freedom arise from a new classification criterion of the two-particle vertex, namely the
reducibility in the bare vertex U. The SBE allows to structure the complicated frequency
dependencies of vertices in a convenient way for numerical computations and thus offers
an intuitive alternative to the decomposition in asymptotic classes.

'From a letter to Pierre Wolff, written on May 2nd 1832 in Paris, translated from French: “Mon
esprit et mes doigts travaillent comme deux damnés [...] Ah! pourvu que je ne devienne pas fou — tu
retrouveras un artiste en moil!”
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7. Conclusion

The main outcomes in the context of the SBE formalism are summarized in the following.
We derived multiloop flow equations for the SBE constituents and hereby found a way
how bosonic propagators and three-point vertices in the Fermi polaron problem can be
computed via the fRG without a dependence on the regulator. By including a regulator
dependence on the bare vertex U, we set up flow equations of the SBE constituents that
allow a higher flexibility in the treatment of bosonic propagators. We implemented a code
to compute SBE vertices using the self-consistent SBE equations and fRG flow equations
using the finite-temperature Matsubara formalism. Our achievement is that the code is
valid for local interactions between two different fermionic particle types. As a constraint,
the code only involves frequency dependencies of vertex functions and is consequently
applicable for the Fermi polaron problem with heavy impurities (including the Fermi-edge
singularity problem), the single-impurity Anderson model and the Hubbard atom. For
the latter two, we allow for general fillings and a magnetic field in z direction breaking
the SU(2) spin symmetry. Our exact formulas of SBE vertices for the general Hubbard
atom were essential for testing our code and can be useful for future investigations of
vertex divergences, which originate from the parquet decomposition of the full vertex I'.

Our insights into the general spin structure of the SBE formalism were useful to
analyze the Schwinger-Dyson equation for the self-energy in terms of the SBE vertices
in the context of the two-dimensional Hubbard model. The SBE formulation of the
differentiated Schwinger—Dyson equation offers a numerically less demanding alternative
to the usual fRG flow equation of the self-energy, however, the existing results are not
converged in terms of the momentum dependence and differ with respect to the physical
channels. It is still questionable whether neglecting multi-boson exchange (MBE) vertices
is useful in the context of the Hubbard model.

An important step toward a more general description of Fermi polarons is obtained
by our analysis of the Fermi-edge singularity model with respect to logarithmically
scaling terms. After exciting a local deep core electron to the conduction band via
X-ray absorption in a metal, there remains a local hole interacting attractively with
the conduction electrons. This scenario is equivalent to an attractive impurity atom
immersed in a Fermi sea and thus exhibits the formation of a static Fermi polaron.
The low-energy physics is governed by the power laws corresponding to the Fermi-edge
singularity in the particle-hole susceptibility and Anderson’s orthogonality catastrophe in
the core electron’s (or impurity’s) Green’s function. We could demonstrate that within
the parquet formalism it is possible to include all leading logarithmic and next-to-leading
logarithmic terms in a perturbative expansion of the interaction vertex. We classified
different self-consistent summations and went beyond previous diagrammatic approaches
that predicted the characteristic power laws only up to leading-logarithmic accuracy.
Our analysis is essential for the evaluation and further development of diagrammatic
methods. We showed that MBE vertices are needed already at the leading-logarithmic
level and the parquet approximation is not sufficient for a quantitative evaluation of the
power law corresponding to Anderson’s orthogonality catastrophe. On the other hand,
we underlined that with a suitable choice of the regulator, the one-loop fRG is able to
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provide leading-logarithmic accuracy.

Anderson’s orthogonality catastrophe is correctly taken into account using another,
less sophisticated method, namely the functional determinant approach (FDA). This is a
numerically exact method in the limit of a static impurity atom. We used the FDA to
compute absorption spectra of Fermi polarons, which can be experimentally measured
using radio-frequency spectroscopy. In this context, we proposed a new measurement
technique by exciting the impurity to a long-range Rydberg atom. As gas atoms can
form bound states located at a specific distance to the impurity, so-called ultralong-
range Rydberg molecules, our technique allows for a first in situ measurement of the
Fermi polaron’s density profile. Probing correlated quantum many-body states by the
use of Rydberg excitations offers a totally new branch of experiments with ultracold
quantum gases. As further applications, we elucidate how this technique allows for
the observation of the time-dependent formation of a polaron cloud and for probing
characteristic properties of a BCS superfluid. We hope that our suggested measurement
technique can be realized experimentally using ultracold atomic gases including Rydberg
excitations.

As indicated in the beginning, this dissertation does not claim to provide a full field-
theoretical description of Fermi polarons. We rather extended the SBE formalism to the
case of two distinct particle types and pointed out the relation to the hitherto existing
fRG analyses of the Fermi polaron problem. Moreover, our findings promoted fRG
analyses of the two-dimensional Hubbard model using the SBE formalism. Despite their
intrinsic generality, diagrammatic approaches are not a universal remedy of describing
quantum many-body systems. For numerical computations in practice, significant re-
strictions of multi-point correlations functions have to be applied. In particular, the
vertex expansion needs to be truncated to lower-point (commonly up to four-point)
correlation functions and for these only a finite resolution in frequencies and momenta
can be afforded numerically. In recent years, different compression techniques have
been developed to save vertex data more efficiently on sparse grids. To mention a
few, there is the intermediate representation (IR) [SGW'20, WSK21] and the discrete
Lehmann representation (DLR) [KCP22, KSC*25], which both give a convenient treat-
ment of imaginary frequencies in finite-temperature Matsubara formalism. Moreover
there is machine learning [SMacT*22], and finally the quantics tensor cross interpolation
(QTCI) [REW 24, FRJ 24, RRS*24], which is a more versatile method using tensor
networks to compress higher-dimensional functions. Still, no matter how accurate the
numerical resolution of vertex functions is, truncations in diagrammatic expansions
usually make the approaches perturbative in the interaction.

By contrast, there exist other numerical methods, which are exact in certain limits like
FDA for a static impurity or the dynamical mean-field theory (DMFT) [GKKR96, KV04]
for the calculation of local properties. As the parquet approximation alone lacks essential
properties of Fermi polarons like Anderson’s orthogonality catastrophe or the precise
description of the bound state for positive scattering lengths, it is tempting to combine
these numerically exact methods with diagrammatic approaches to gain a more extensive
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7. Conclusion

description of the characteristic physical phenomena. Thus, we should follow the spirit
of Anderson who once claimed that “proofs from perturbation theory [...] ignore the
possibility of anomalies, which [...] cannot be consistently treated using perturbation
methods alone” [And00]. In the context of the Hubbard model, these directions are
realized by diagrammatic extensions of the DMFT [TKH07, RHT"18] or the combination
of DMFT with fRG, which is coined DMF?*RG [TABT14, VTM19]. We suggest that
these attempts are also appealing in the context of Fermi polarons and shed new light
onto Fermi mixtures in general. To overcome the huge numerical effort, one needs to
apply refined vertex decompositions as given by the SBE formalism and some of the
mentioned compression techniques.
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A. Conventions

For some function or operator f = f(¢,7) depending on the time ¢ and the position 7 in
d dimensions, we define the Fourier transformed function or operator f(w, k) with the
frequency w and the momentum k as follows:

fer = [ e = [ /dd"’ S f (o k), (Ada)

)

flw, k) = / Wikt £t ) = / dt / ddp Wtk £(1 ), (A.1b)

)

The short notations, fT and fk, for integrals that include adequate factors of 27 is are
throughout the whole dissertation. For the operator fT(¢,r), the Hermitian conjugate of
the above identities is taken.

The Gaussian integral with N-dimensional vectors 1, Y of Grassmann numbers (1,
independent from ,,) and an arbitrary complex matrix A yields

N
T T
(A.2)
In quantum field theory, the vectors of Grassmann numbers are considered in the
continuous limit, i.e., they are functions.
For the free expectation value (- )y = Zio [ D), ble ¥4 with Grassmann-valued v
and the integration measure D[, 1], the identity (11302)0 = % = Ay, holds.
10x2 |y g
Then Wick’s theorem [AS10] is applicable as
(V- Vi, - U)o = (Wi thiy -+ Ui )0 = Z sg (P) (05, Vipy )0+ (5, Pip )0

PesSn

(A.3)

The summation runs over all the permutations P of the labels 1,...,n and the sign of the
permutations sgn(P) gives additional minus signs for odd permutations considering the
fermionic antisymmetric properties..
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A. Conventions

We want to calculate the continuous Fourier transform
T .
flw) :/ dt f(t)e*", (A.4)
0

numerically, but we only have a discrete data set f(t,) of N + 1 points where t,, = nT /N
and n € {0, ..., N}. A symmetric spectrum w € [—Q, Q] with 2 = 7/dt can be arranged
for wy = 27k/T — Nm/T where k € {0,..., N}. The above integral can then be identified

by the following sum:

N
f(wk) ~ Z %f(n%)e%rik%n%efi%n% _ Z fnGZﬂ'ilcn/N7 (A5)
n=0

n=0

where f, = % f(t,)e ™. This discrete sum is executable by the fast Fourier-transform
algorithm.
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B. Details on Fermi polarons

B.1. Physical units

For the reliable prediction of experimental measurements of a polaron cloud as presented
in Sec. 2.3, it is crucial to express all the quantities in the right physical dimensions. In
our paper [P2], we use natural units A = kg = ¢ = 1. The remaining scales are defined
through the non-interacting values of the Fermi gas, which has a Fermi energy ¢r and a
Fermi momentum kgr. Thus, our reference length scale is the inverse Fermi momentum
L* = 1/kg and we further set the mass of the gas particles to 2m* = 1. Properties of the
Fermi polaron can be exclusively written in units of L* whereas introducing the Rydberg
potential Viya, Eq. (2.37), requires the correct treatment of the electron mass m, and the
s-wave scattering length a, between the gas particles and the Rydberg electron, which is
typically given in terms of the Bohr radius ag. The latter can be expressed through the
density of the Fermi gas pg, which is given by
_ _ b4y 1, (a2, \1/3

Po = /lekF 1= 2n)? 37rkF =6 ki = krp = (6m°pg) /7, (B.1)
at zero temperature. In a two-component Fermi gas, there is an additional factor of 2.
Thus, the Bohr radius in terms of the length scale L* yields

ag = ao(6mpe) /2 L*. (B.2)

When using “°K atoms as gas particles, the electron mass in terms of the reference mass
m* is given by

m,
* o~ €

N me 40m,,

m”, (B.3)

where m,, is the mass of a proton. When we consider pg = 5 x 10! em™, a typical density
of a cold atomic gas, the Fermi energy (in units of Planck’s constant) yields

h
%F - m(ﬁﬁpofﬂ ~ 7.6 kHz. (B.4)
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B. Details on Fermi polarons

B.2. Generalized version of Fermi’s golden rule

In this appendix, we closely follow the steps performed in Sec. 5.7 of Ref. [SN11] and
extend the discussion to derive a version of Fermi’s golden rule, Eq. (2.25), where the
initial and final states |i) and |f) do not need to be eigenstates of the total Hamiltonian,
Eq. (2.16). This is needed to get the expression (2.44) for the absorption spectrum of a
Fermi polaron during its cloud formation (cf. Sec. 2.4).

We consider the Hamiltonian H = Hy + V including a perturbation V. In contrast
to the Hamiltonian, Eq. (2.16), used in Chapter 2, H, corresponds to the full system so
we do not make a distinction between the impurity state and the Fermi gas. Here, V is
viewed as a time-dependent perturbation like the laser-induced transition operator Q,
which is switched on at a specific time ¢, and appears in Fermi’s golden rule, Eq. (2.25).
So V should not be mistaken with the static potential caused by an impurity.

In the Schrodinger picture, the time dependence is put onto the states A d |1 (t)) =
H|4(t)) and their time evolution is given by the full Hamiltonian, i.c., |1(t)) = e H¢[4)(0)).
For an evaluation in the interaction picture (denoted by the subscript I), the Schrodinger
states and operators are transformed by the bare Hamiltonian, i.e., |¢;(t)) = eiﬁ0t|w(t)>
and Al(t) = eiflot Je=iHot | For the more general case of a time-dependent interaction
V(t), the time evolution of the states in the interaction picture is given by the modified
Schrisdinger equation ik dy|;(t)) = Vi(t)]¢(t)), which can be rewritten in terms of the
time evolution operator U 1(t,t9) and the Dyson series:

ihdyU;(t, o) = Vi) Ur(t,to), Urlto,to) = 1 (B.5a)
: t
= Ut ty) =1 — %/ At Vi (ULt to)
to

PO |
1—=

t
/dt’%(t’)+---

t
] 13 t t t(n—1) . ) .

+(—> /dt’/ dt”---/ At V(Y (t") --- Vi(t™).  (B.5b)
h to to to

To evaluate Fermi’s golden rule in case of the time-dependent polaron cloud formation,
we need to know the overlap (f|i(t)) where |i(t)) is a time-evolved Schrodinger state. We
can write down its time evolution with respect to the interaction picture:

St

1i(£)) = e 0|1 (£)) = e FOTT (8, t0)e 000 |i(t,)) = e iHo! []1 —i /t dt’f/](t’)} e 70703 (£)).
' (B.6)

Here, we wrote the time evolution operator U 1(t, 1) in linear response of the Dyson series,
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B.2. Generalized version of Fermi’s golden rule

Eq. (B.5b). Assuming that (f|i(ty)) = 0', we can write down the overlap as

(i) = =i [ v (fle o7 (@)oot (B.7)

to

where the operator in the interaction picture V(') from Eq. (B.6) is expressed in terms
of its correspondent V(') in the Schrodinger picture.

The absorption spectrum Aw ) is given as the long time average w7 > 1 over the
perturbation potential V(t) = e“QO(t —ty), i.e., at a time ¢, the laser-induced transition
operator €2 = |1)(0] is turned on:

2

T F c ol AT ’
/ d¢ <f‘efiH0(T7t )emt Qe1H0(t07t )|’i(t0>>

to

(B.8)

Here we consider only one initial state |i(f)) at the beginning so the sum only considers
the final state f.

In the standard derivation of Fermi’s golden rule, Eq. (2.25), the initial |i) and final
states |f) are eigenstates of the Hamiltonian, i.e., Holi) = E;|i), Ho|f) = E¢|f). With
to = 0, Eq. (B.8) is simplified to

T
/ dt/ <f|e—iEf(T—t/)eiwt/Qe it Z>
0

T—o0

A(w) = lim %Z
f

(Bj=EBite)T _ |2

1 ©
:Tlg%of;Kf’ ol (Ef — B + w)?

T l N i 24sin [(Ef—El+w)T/2]
= lim — > |(fI92)] BBt (B.9)

Fermi’s golden rule, Eq. (2.25), is obtained after applying the limit

lim — sin’ (g) = §(x). (B.10)

e—0 T

Now, we consider the case where |i(tg)) is not an eigenstate of the Hamiltonian anymore.
This is relevant for an absorption experiment during the polaron cloud formation (cf.
Sec. 2.4). The initial state is expanded in terms of the eigenfunctions of the bare

1This is the case in Chapter 2 as |i(tg)) includes the impurity state |0), which is orthogonal to the
impurity state |1) included in |f).
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B. Details on Fermi polarons

Hamiltonian |i(to)) = 32, [n)(n]i(ty)), where Ho|n) = E,|n):
2

1 T s I ol AT /
Aw) = lim = | / dt!( fle~ o=kt Qelloto =t ) (nli(ty))
foln Jho

T—o00

2

1 . T . N ,
= Jim 7 37 ST wlite) (719 [ e BT )
f

T—o00 ¢
n 0

ol(Bf—En+w)(T—to) _ 1 2

= Jim 3 S i) G2 (i) Tt
f

T—o00 - Ef — En —+ w
1 ei(Ef*Eanu)(T*to) o 1 efi(EffEn+w)(T7to) . 1
= lim — (to)) (i(t Qi
Jim 7 3 ol o)) Ren s —

fym,n

(B.11)

Here, we have defined Q,,, = (n|Q|m).
In order to understand the above expression, we need to examine the following limit:

. . 1 ei(u)fEm)T -1 efi(wan)T -1
= lim —
T=oo T w—F,, w—FE,
— lim lei(w—Em)T/z 2isinf(w — Em)T/Q]e—i(w—En)T/Z —2isin[(w — E,)T/2]
T—oo T’ W — Em W — En
4 . i — E,,)T/2|si —E,)T/2
i A taepamsinll = En)T/2] sull — B)T/2] B2
T—oo T w—FE, w—FE,

For brevity, we have substituted w 4+ Ef to w, which can easily be reserved at the end.
The expression (B.12) is analyzed in some special cases:

(i) If E, = E,,,, we receive the original limit from Eq. (B.10):

. 4sin®|[(w— E,)T/2]
Fon=p, = 711—1330 T  (w—Ep)?

=216(w — Ey,). (B.13)

(i) If E,, # w and E, # w, we can replace the sine factors by another representation of
the delta function:

.1y
ll_l)r(l) —sin (E) = () (B.14a)

1.
= Fp,twtE, = jlglgo fel(E"_E’”)T/Q%T(S(w — FE,)2m0(w— E,) =0. (B.14b)

Consequently for w # FE,, and w # E,,, the whole term vanishes.
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B.2. Generalized version of Fermi’s golden rule

(iii) If E,, = w or E,, = w (excluding E,, = E,,), we have

—i(w—E)T [e'¢)
Fg hm 2¢' (E"_W)Tﬂsm[( E.)T/2] =1 wz/ dt e~ iw—En)t
m= T e w— En T—oo  i(w— E,) 0 ’
(w—FEm)T [e'¢)
Fg, - = hm 2ei(w= Em)T/2sm[( )T/2] i u :/ dt elw—Em)t
—00 w—En, S Tos i(w— Epy) 0
(B.15)
The last expression can be expressed as the Fourier transform of the Heaviside
function:
/ dt e“'O(t) = — + o (w), / dte 10 (t) = — L + 78(w), (B.16a)
o w oo w
= Py o= 41w —E,), Fp_., = + 78(w — Ey). (B.16b)

w—F, w—FE,

To conclude, the full function of F, Eq. (B.12), is given by

F = 6Em7En27T6(w - En) + (]‘ - 5Em7En)(6Em7w + 5En,w) (T‘-(S(ETL - Em) + ﬁ)

i

—_—. B.1
R (B.17)

= 5Em,En27r6(w — En> + (1 — 5Em,En)(5Em,w + 5En,w)

Importantly, dg,, g, and dg, ., are Kronecker delta symbols not delta functions so they
only give a finite contribution. The absorption function A(w), Eq. (B.11), now yields

A(w) =21 ) [(fIQn) (n]i(t))[*5(w + Ef — En)
fn

1 . .
+ Y (Opnwrr, + Opnwtby) g (Mli(to))(i(to)[7)2pm g, (B.18)
fametn n m

after substituting back w — w + E;. We assume that the second term is a subleading
contribution as it does not contain a delta function é(w + Ef — E,,).

Let us now specify to the case of the Rydberg spectroscopy experiment with the
Hamiltonian H = Yoo lo) (ol ® H,, Eq. (2.39), having three states for the impurity, i.e.,
0), |1) and |R). We consider the transition operator Q = (|R)(1| + |1)(R|) ® 1 switching
between the polaron state and the Rydberg excitation. The states appearing in Eq. (B.18)
can be written as

[i(to)) = [1) @ ¢ OIFS), | f) = R) @ [fyus)s 1) = |1) @ |mgas), (B.19)

where by assumption the latter two are eigenstates of the Hamiltonian with lfIR| foas) =
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B. Details on Fermi polarons

Ef| funs) and Hi|ngas) = Fp|ngas). We now manipulate the absorption function, Eq. (B.18),
until we get some expression that can be computed by the FDA. We start by expressing
the delta function by its Fourier integral and introduce an additional summation over
cigenstates m, which is expressed through a Kronecker delta 6, 5, = 5 OQW dr el Bn—Em)7.

Z/dt (to) ) (n| Q£ (FIQn) (n]i(ty))el@HEn=Ert

Z/“mmmwxmwmmwﬁﬂwnm

fin,m

= 3 [t [ ar ) )l 1100m) i)+ 5=E = (B.20)

fin,m

Next, we insert the Hamiltonian H at the appropriate places and remove the sums due
to the completeness relations of the basis states:

Z/ww/m (o)) (o]0 ) £ ) 1)

finm

/ dt et / dr (i(to) | Qe Qe AT |i(¢,)). (B.21)
We are now able to insert the states, Egs. (B.19), and evaluate the impurity states:
/dtel“’t/dT (1l ® FS|e1H1t°> H(t47) (o =i I (o —iHT (|1) ®e_iﬁ1t°|FS)>
= /dte‘“t/dT (FS|eiitott47) it o—if1(r+0) |pG).

In the last expression, the integrand can be expressed as a trace over the density matrix
po = |FS)(FS|, which again can be expressed as a determinant over the single-particle
Hamiltonians [cf. Eq. (2.44)].

B.3. Exact momentum integral of the bare bubble

For the two-component Fermi gas, the momentum integral over the bare bubble can be
executed exactly. First, we consider the bare Green’s functions in position space,

ikr
GB(’I‘) — /keik:rGé(k) — /k € \'r'|/\/71/[2m1 iv+pi)] (B.22)

i —k?/(2m;) + o 27T7‘

where we made use of the fact that the quantity is rotational symmetric, i.e., the Green’s
functions only depend on the absolute values of the momentum and position variables
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B.4. Inclusion of the scattering length in fRG

and the three-dimensional Fourier transform is reduced to a one-dimensional integral,

flrl) = [ ¢ flkl) - / i k? / d(cos 6) <=0 £(k)

:ﬁ/o dkm]"(k). (B.23)

The convolution integral over two Green’s functions can be written as a Fourier integral
of the product of the Green’s functions G*(r):

BY(q) = / Gi(K"G)(E" + q) = /e_iq"Gg(—T)Gg(T). (B.24)
Using Eq. (B.23), this is simplified to

ij =7 OOTMiT j?"
B(q)_Q/Od q C e

:mimj arctan ’q| ) B25
rlal [<—<2mz-<m+iw>>1)”2+<—<2mj<uj+ivj>>l>”2 (29

This expression is used for the fRG calculations yielding the non-self-consistent T-matrix
approach (cf. Fig. 6.1). In the limit ¢ — 0, only the argument of the arctan remains due
to lim, .o ag~ ' arctan(gB) = af.

B.4. Inclusion of the scattering length in fRG

Let us derive the relation between the bare interaction g and the scattering length a [cf.
Eq. (2.12)] when including a multiplicative frequency regulator, Eq. (6.3), with the cutoff
scale A in the fRG scheme.

In the infrared range A — Ay, the bosonic propagator ngc should correspond to the
T matrix, Eq. (2.11), if both chemical potentials are taken to zero p. = 0 = g, ie.,
the two-body scattering problem is considered: [ngc]ﬁcf:o:w(Q) = —(27)3T(q). With the
s-wave scattering amplitude f;;—9, Eq. (2.8), and the relation 7" = —2m/m, fi—¢, this

gives the limit [ngc]Af (¢ = 0) = —2ma/m,. As in the ultraviolet range A — A;, the

He=0=pq
bosonic propagator 7% is given by the bare coupling, i.e., [ngc]f}z:o:u (g —0)=—g, we

can set up the following integral over the scale parameter A:

A wde 2ma
/A AN T o1 = 0) = —g + 2. (B.26)

f T
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B. Details on Fermi polarons

We now rewrite and integrate the single-channel fRG equation (6.4b) as follows:

dc -1 _ ngc(Q) _ A d " c/1
O = i = [ [ GG o)
== [ ananp@) = [ G R 0 g
Af 1!

= (V@) = (@) = [ (GG g
— [GUM (RGN (K + ). (B.27)

As we consider a multiplicative regulator, i.e., G* = R G, the momentum integral
included on the right-hand side is given by the exact expression (B.25) with vy = —v"
and v, = v + w. In the limit of ¢ = 0 and p. = 0 = g, we can insert Eq. (B.26) such
that Eq. (B.27) yields

m 1 dv”
. T - Bdc 0
2ma + g /2 (a - )|

dV” memgqg 1 ) )
= /27T 23/271_ \/ide//+\/—imcy// [RAL(_VN)RAz(U//) —RAf(—I/”)RAf(V”)}.
(B.28)

, [RAi(_V//>RAi<V//) . RAf(—V”)RAf (V”)}

vg=—v" v.=v

For the sharp regulator R}, (v) = O(|v| — A), Eq. (6.3a), this yields

2y (vime+ vima) (VR = V). (B.29)

r
g 27m
Analogously, for the soft regulator R2 . (v) = v2/(v* + A?), Eq. (6.3a), we obtain

1 m, 5)
0= e g (Ve v (VA - VAY). (B.30)

B.5. Angular-momentum basis

We consider the Hamiltonian, Eq. (2.13), of the two-component Fermi gas given in
Sec. 2.1.3. For this we assume an infinite system size, i.e., the momentum sum % Y ok s
replaced by a continuous integral |, g~ Lhe three-dimensional space can be represented in
terms of spherical harmonics Y}, (€2,.) and spherical Bessel functions j;(kr), which are the
eigenfunctions of the angular-momentum operator [VMKS88]. The angular-momentum
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B.5. Angular-momentum basis

states |klm) form an orthonormal basis spanning the total Hilbert space. We have

(r|klm) = \/gkjl(kr)}/}m(QT), (B.31a)
7r
(klm|K'U'm') = / Y}in(Q,,)Yle,(QT)%/ dr r2kk'5,(kr)jp (K'r)
(o 0
— Sk — K1), (B.31b)

/0 dk;%;mlm)(klm]:/() de/ (r|klm) (klm|r') (r'|
= [ [k S ki) Yin @)Y ()
= [ 5o = s@, ~ ) = [ i =)

/IT (B.31c)

For the overlap between radial-momentum states |k) and angular-momentum states, we
consider the plane-wave expansion,

(k|r) =" = 47rzljz (kr)Yim () Yoy, (20), (B.32)
yielding
(K'|klm) = / e KT (p|klm)
= 47?\[ B Y () / dr 2 g (K'r) () / (=)™ Y5 s () Yim (22

l/ ’ i

2 o T 1 , m L
:47T\/;k1 l)fl,,m(Qk,)§Eé(/~c—k)(—1) = (2n)*4 Ylm(Qk,)k(S(k K.
(B.33)

The orthonormality of the angular-momentum basis can be validated as follows:

Al ! * 1 /
(Klm|k'U'm/) = / dg 4" /Q Ylm(Qq)Y/m,(Qq)?é(k: —q)d(k' —q)
0 q
= / dq §(q - k)é(q — k’)éwémm/ = 5ll’5mm’5(k — k/) (B34)
0

The Hamiltonian, Eq. (2.13), can now be expressed in terms of the fermionic operators
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B. Details on Fermi polarons

written with respect to angular momenta,

= / A& (KK Im)cpim,  cr = / Ak Y |k tm) i, (B.35)
0 0

Im Im

yielding

k2
H = / dk Z |: Cklmck’lm + %dzlmdklm}
00 4
_|_g— drr / [dkk?z}l (Kir)
0

lim;

/ Y ()Y (00 Vi (00 Vi ()

X CJr CZ]L dk313m3ck4l4m4. (B36)

k1limy "kaloamo

Here, both the integral over four spherical Bessel functions as well as the integral over
four spherical harmonics can be solved independently. Using the identity

Yiomns ()i () = —— /(20 + 1)(2 + 1)

Vam
v /o7 Lol T\ (L b 1\,
xZ( 1) \/21+1(m1 m2 _m) (0 0 O)YM(Q),
Im

the integral over four spherical harmonics yields
[ i ()i (O Vi (@ Vi ()

:ﬁ\/@zl+1)---(2l4+1)2<25+1>(ZS 15 (l)) (lg ZS é)

I

i - -
lh s [ I3 Iy {
% Z <m1 Mo —m> (m3 My —ﬁz)

m=—1

B i : ~ ly o Z l3 ly i
 4r \/(2l1 +1) (204 + 1)0my+mo,ms-+ma Z(Ql +1) (0 0 0) (O 00

x(ll I l )(13 Iy l ) (B.38)
miy Mo —M1 — My ms M1+ Mo — M3 —1M1 — Mo

Here, the sum over angular momenta is reduced to the values max(|l; — lo|, [l3 —l4]) < <
min(ly + ls, I3+ 14) and even values of [} + Iy +land 3+, +1. In particular, the integral,
Eq. (B.38), vanishes if max(|l; — I3}, |l3 — l4|) > min(l; + ls, {3 + {4). This is due to the
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B.5. Angular-momentum basis

properties of the 2j-Wigner symbols, which are related to Clebsch-Gordon coefficients by

. . J _1 Jj1—J2—m2 . .
(73111 73122 M) :<)2J——1—1<]1>m1;]2>m2|J7_M>' (B'39)

The integral over four spherical harmonics, Eq. (B.38), respects the conservation of
angular momentum, however, it does not decay for high angular momenta. We conclude
that the general Hamiltonian written in angular-momentum basis does not involve a
simpler dependence for the four-point interaction vertex.

The situation is different for the case of an immobile impurity (cf. Sec. 2.2 and Chapter
5), where the Hamiltonian takes the form

. k2 . .
H= / Q—@Lak +eqdld = U / &l epddt. (B.40)
k 4T k&
Expressing the operators in the angular-momentum basis yields

H - Z /kEk<kll1m1|k><k’k212m2>é};lllmlék2l2m2 + 5ddATdA

k1,ka l1,l2,m1,m2

_U/kl,kzh,z

l2,m1,mz2

/k (kylym k) /k l<k’|k252m2>é;1l1m1akQZQmQCZcZT. (B.41)
For the kinetic term, we have

/ €k (k1l1m1 |k> <k:]k212m2>

k
- > k1 i}
= lll l2 /0 dk kZ%pé(k —_— kl)(S(k - kQ) /gvlk }/22777/2(9]6)}/211711 (Qk)
k2
= ﬁé(lﬁ — k2) 01,1, 0m1ma» (B.42)

and for the interacting part,

& 1
[ttty = 2my 57 [k [ @)1~ K) = @0) Yk TR
k 0 Qp

1
V2

We used v47mYoo(€2) = 1. The final expression,

k16l105m10- (B43)

R o] k2 A [ee) [ee] 1 R
H= dey " =&l e de—U/ dk/ Ak —&t eoodd! B.44
/0 % zmcklmckl t &4 ; ; o2 CrooCk'00aa ", ( )
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B. Details on Fermi polarons

indeed only couples to the s-wave states as all the other angular-momentum states do
not interact with the immobile impurity.
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C. Details on the SBE formalism

C.1. Derivation of Schwinger—Dyson equations

In this appendix, we provide more details on the derivation of the Schwinger-Dyson
equations (3.25)—(3.26) for the bosonic self-energies ¥4, Egs. (3.22), and Yukawa

couplings hy. 4, hy s, Egs. (3.23), within the Hubbard-Stratonovich theory presented in
Sec. 3.2.

The general strategy of how Schwinger-Dyson equations are derived is explained in
Sec. 6.3.3 of Ref. [KBS10]. The generating functional G[j, 7], Eq. (3.3), of correlation
functions is independent of shifts in the fields ¢ — ¢ 4+ d¢, ¢ — ¢ + dc. Thus, a linear
expansion with respect to these shifts yields

g[};]] = lD[E, C]e_S[E+6E’C]+(E1/+551/)j1/+5101

6e—0 1 . 5S st

= 0=-=D , ) - — [Cvc]+c1/31/+hc17 C1
VA [C C] (,]2 502/) (§] ( a)

G7.7] = D6, ce-steeroctevisirerton)

c 1 - 68 e

0= 5Dk (_‘j 2 5_(;2) e Slecteirthe, (C.1b)

This procedure can be straightforwardly extended to the Hubbard—Stratonovich theory
S+ S+ Sus, Eq. (3.19), with an addition of bosonic source fields j%, ¥, 7, 7% and shifts
in the bosonic fields 01, d1), §¢, 8¢ [cf. Eq. (3.24)]. The minus sign before j, in Eq. (C.1b)
is dropped when 75 is replaced by a bosonic source field since exchanging the functional
derivatives does not yield an additional minus sign for bosons. Relations between
correlation functions, i.e., the Schwinger—-Dyson equations arise by applying functional
derivatives with respect to certain source fields. This naturally relates correlation functions
due to the property of the generating functional G[7, j], Eq. (3.3). Corresponding terms
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C. Details on the SBE formalism

involve the functional derivatives:

05 - _ 05 _ _
&ZS = —¢3/[ w0]3/|3 [hw,0]1'2301/02, &Z}j = —[Ww,(l)]?,’\s% - %[hw,0]3'2/102'01,
(C.2a)
05 - _ - o 0S _
5;38 = —¢y [W¢7é]3/\3 - %[%,0]1/2/361'02', WI;S = —[W¢7é]3/\3¢3 - %[%,0]3/120102;
(C.2b)
0.5 05 -
5—; =[Gy s 528 L[hyol113C s + Lhy o]z sy — [heolzi2dsca, (C.3a)
05, S - _ _
55—0 = —[Gal]yucl, EHS = —%[hw,o]1/2302¢3 - %[hw,o]:s/lqws/@ — [ha0)17273C @3-
v i

(C.3b)

We exemplify the derivation of the Schwinger-Dyson equations for X4 and hg. Sending
§¢ — 0 in Eq. (C.1) and taking the derivative with respect to j;f/ yields

1 "’ a0 . 05 —Sole,] C,c ’
0=~ /p[c,c]p[¢,¢]p[¢,¢][52,3,+(jga Mjf)cbg/} leclSislee ol oy

J(fqo dorgr = <55i}21/s ¢3/> = —[Wg3]2/|3<¢3$3/> — %[h¢70]2'12<0102¢33'>- (C.4)

For the correlators [Wylaz = —(¢ags) and (cicaga), we insert Egs. (3.22) and (3.23)
and multiply the expression by the inverse propagator [Wq; 1 314 to obtain

(W5 oa = [Wiglara = 5(he0lsnaGryn Gaps [hgl s (C.5)
This expression is equivalent to the Schwinger-Dyson equation (3.25b) of 3.

To obtain the Schwinger-Dyson equation of hg, we take two derivatives with respect
to the fermionic source fields js and jy after sending 6¢p — 0 in Eq. (C.1b):

02 1 5 o
= —/D[E, ‘| (j; — SHS) S[ec+é155 +Eyd1
(5]4/(5]3/ Z 5¢2/

G0 08
J j—>0 0 = < 5(£HS 63’54,> = —[W(;é]21|3<¢353154/> — %[h¢,0]2/12<C1C253/E4/>. (C6)
2!

Now, we insert the expressions of the tree expansions, Eq. (3.23b) for (¢3¢s ¢y ) and for
(c1c9C3Cy) we insert the relation from the tree expansion in the Hubbard—Stratonovich
theory (cf. Eq. (6.92) in Ref. [KBS10]), which is an extension of Eq. (3.7) and involves
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C.2. Identity operators in the SBE formalism

the full Yukawa couplings B¢, hg:
(crcaCyCrr) = Ghj1 G —Grp Gapr + Gz Gojw [—7;4/‘344—[FL¢]3/4'5[W¢]5\5/ [hg)s34| GsjirGajar.
(C.7)

Importantly, I? is irreducible with respect to the bosonic propagator W, in contrast to
the second term, which resembles the SBE decomposition. With this, Eq. (C.6) yields

0= [W;ﬁ]m\s[Wqﬁ]ms/ [ho)312G 111G — 3[hg0)a12G11 Gapr + 2he0le12Grjz Gap
= 3lho0li12G1y Gz Gz Gy (1:35/\35 + [hglase[Wolopo [%]6/35) : (C.8)

Now, we divide the expression by G ;-G and insert the bosonic Dyson equation (3.22b),
[qul]mg[Wd)]g‘g,/ = dyy + [Xgla3[Wssz, and the Schwinger-Dyson equation (3.25b) for
2 to cancel the last term:

0 = [hglsia + 3lhe0las6Gsiy Gojer lholsiors[Welsis [halsnz — [heolans
— 5[he,0)a12G3)3 G5 (I§5/|35 + [hg)3r56 Wl [h¢]6’35) - (C.9)

This expression is equivalent to the Schwinger-Dyson equation (3.26d) of hy.

C.2. Ildentity operators in the SBE formalism

For general four-point objects Aqgp34 (i.e., vertices I' or bubbles II), we define the channel-
dependent product o, which includes a summation over both frequencies and other indices
(cf. Egs. (4.6) and Egs. (5) in Ref. [P1]). The corresponding identity operators 1, are
defined through the relation I' = 1, o' = T'o 1,. In Ref. [P1], we give the following
explicit form (cf. Egs. (8) ibid.):

Loii9i34 = 013024,  Lpioiaa = %(513524 — 014023),  Ly19134 = 01403 (C.10)

At this point, it is worth to mention that in the p channel the following alternative form
fulfills the defining relation as well:

11234 = 013024 = 141234 (C.11)

Let us now make use of the channel-dependent frequency parametrization (Eq. (17)
and Fig. 3 in Ref. [P1]):

F1/2/|12<V1Vé|1/11/2) = §V1+V57V1+V2F1/2/‘12(w7., Vp, V;) (C12)

Importantly, from now on, the frequency dependence is made explicit in our notation and
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C. Details on the SBE formalism

the indices 1’2’12 do not include frequencies anymore. We can also make the frequency
dependence explicit in the identity operators 1, [cf. Eq. (C.10)]:

To12134(Wa), Va, V) = 013024001 (C.13a)
]lp 12|34(wp7 Vp,V, /> = %(51352451/,;1/’ - 614523511p —v, ) (C13b)
L1934 (W, Vi, ;) = 01402301, - (C.13¢)

Further, we have introduced the product e, which only contains a summation over
non-frequency indices in analogy to the o product defined in Eq. (4.6). The identity
operators corresponding to this product are defined by I' = 1,, e[’ =T"e 1, and are crucial
for the definition of SBE ingredients. In Ref. [P1], we have not given an explicit form of
1,. 1, should not depend on frequencies as the product « does not include any frequency
summation. When multiplied with a vertex, it must not change its frequency dependence.
For the a and ¢ channel, one can simply drop the delta symbols in Eq. (C.13), to get
reasonable expressions for 1

La1i34 = 013024, 11234 = 014003 (C.14)

However, for the p channel, simply dropping the delta symbols in Eq. (C.13) in general
would lead to a wrong result:

3 (015026 — 16025) Tsejaa(Wp, Vs v) = 5 (Trziza(Wps s 1) — Ta1j34(wps v, 1))
- % (F12\34(va Ups V;) — Digjga(wp, —vp, V;))
# Diojsa(Wyp, Vp, )
7 3 3 (F12\34(Wp> Vp, V;) — Dig3a(wp, vy, —VZ/)))
= 5 (Troj3a(wp, vps ) — Trojas(wyp, v, 1))

= Digjs6(wp, Vp, v ) (053064 — 054063) - (C.15)

The defining relation I' = 1, «I' =I" 1, is however fulfilled when just considering the
first addend, i.e., with an identity operator 1, analogous to Eq. (C.11):

11234 = 013024 = L1934 (C.16)

Egs. (C.14) and (C.16) are reasonable expressions for the identity operators 1,, which
do not affect frequencies.

C.3. Spin components for the interaction flow

To obtain the spin components of the bosonic single-scale propagator Sy (A)y =n, e U te
UeU"en,, Eq. (3.68), it is useful to compute U~' e U s U~} exphcltly We calculate its
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C.4. Asymptotic classes in spin components

spin components in the matrix representation. For local interactions, i.e., U = 0, we
get:

I o
UteUU = e (C.17a)
, . Ut U
1,77 771t _
UeUUY] TR BT (C.17b)
Ut eUU = i (C.17c)
[2UM)2’ ’
Ut [
-1, o _
UeU-U]] U GO (C.17d)

and vanishing contributions for all the other spin components.
The prefactors 1/4 in the p channel cancel each other when multiplied by 7, from the
left and right as it is the case inside S,,. Explicitly, we have

_ 1y Ut

[y s (U e UeU ) o)™ =AU e U U~ Tt =l grEn (C8)
1y _ Ut

[y e (Ut eUeU ) ] _”y[m]?”p' (C.18Db)

C.4. Asymptotic classes in spin components

Using the spin structure introduced in Sec. 4.1.1, we here give the relation between the
asymptotic classes K1, ICor, K3, and the SBE vertices 7,., A, A, M, for systems using the
two spin components T, |.

The relation between the first asymptotic class Ky, and the bosonic propagator 7, is
trivial, i.e., Ky = 1, — U (cf. Eq. (81a) in Ref. [P1]), and does not need any further
explanation for the individual spin components. Also the inverse relation 7, = U + Ky, is
trivial.

For the second asymptotic classes Ko, and Ko/, we have discussed the products between
the Hedin vertices A, A, and the bosonic propagator 1, [cf. Eqs. (81b)~(81c) in Ref. [P1]
as well as Egs. (4.22) and (4.39)]:

KL = At Koo Ky _ (AT N |l i (C.19a)
S S« B DY P |
_IC” ,Cﬂ' [\ im
7 =1 =P
Kap =0, ,Cw IC%_ =T )\“ 205" (e
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Kl =3 [ ] = [ X [ ] (C.190)
KKl PV U
N [t et ] ot [t AT
K=l = e S o)
_]C2’a lCQ’a_ T’a T/a )‘a A(l
[ /CT}' ’CT} ] A
Kl =0 2p M¥pl _opth | Tp T 7p (C.20b)
) 0 1 N )
p _ICQIP ’C2/p_ )\p )\p
R [
_’CQ’t ICQIt Un Tt )\t )\t

As discussed in Sec. 4.1.2, due to the crossing symmetries, the pure matrix for 7, is not

invertible anymore. However, since Ky, has the same matrix structure as A, (and Ky,

as :\p), it is possible to give the inverse relations j\r = Ko, on !t and S\T =t e Ko, (cf.
Eq. (78) in Ref. [P1]) in a unique way for all spin components:

myt o —nit

nj}nfﬁ [—nff 77?

205

] , (C.21a)

(C.21b)

3 1l R [ 3
P T P Kl Kl
a ) 3\ 3\ T L
Ta Ehad Koo Koo ] nitnet —
. (S0 1] e
AT =0 A A = ’Cﬁg Kﬁg]
P ’ 3 3
_Af Af_ K5 K,
. T:L M~ =~ T -
wook Ay
it A Kot Kail ol
™ [ 11 ]
ook [woa]
a N7 1 3 S
a A AT nanet — pltnd?
. (Y10 1] U
S\TT =0 %‘I{ %‘p _ % ’Ci’Tp K f’Tp
p )
_)\iT )\iT_ an _]CQ/p ICQ/p
. 11 Y 3
N =
ot RYSRY it =

— M M

H i
gt =N
) [_ T tﬁ} , (C.2le)

yr Us

4 T i
B i BCESD
770, IC2/CL lC2/a

: (C.22b)
3T ™ 3

] e ] e
yr ICQ’t }C2’t

The spin components of the third asymptotic class Ks, = M, + j\T e N, (cf. Eq. (81d)
in Ref. [P1]) result from the spin components of the triple product [cf. Egs. (4.22) and
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C.5. SU(2)-symmetric case

(4.40)]:
K5 = M+ XgleAT,
LS4 I LTV B DV Vol i B DAY
| AV T M NP
) ot -
Ks, = M,",
et Tt ] [ et gt
P I B B é%’f”?ﬁﬁ]’ (©.230)
ICSp ICSp_ _Mp MP | __)\p 477;0 )\p )\p 477? )‘p
Kl = M+ NP,
{/cgj /cgj} _ {Mﬁ Mt”} AN {mﬁ m“] PIT %ﬁ} (C.230)
vy v g BN D VAL Vrad BN DVASID VAL B UV vad M PV Vs

Also here, the fact that the matrix 7, is not invertible does not prevent us from finding a
unique way of expressing the MBE vertices in terms of the asymptotic classes. In spin
components, the relation M, = K3, — Ko, o1 ¢ Koo (cf. Eq. (80) in Ref. [P1]) yields

_ N Nt
M(ILN - ICSa - ICQa]CTa/T/(Ii’
—1

M MR K| K K| [l K K] )
(M M) K K] (K Ka e omet] (K, K,
M _ 1T

M," = K3,
i U] i 1] Nt et
W7AUNVASS I DA st R O /C?T,/c%,f/n;¢ Ky /np* (C.24b)
_Mf Mﬁ_ _’ng IC%;_ 477& _K2p’C2’p/ ngi ’CQPICQ’p/ n;i

M = Kyt — Ky Kyl

-1

AT I T N s TR
M~ M; Ks Ks Koy K3l lne™ m Ky K3

C.5. SU(2)-symmetric case

We show that in the SU(2)-symmetric case the SBE equations, given in Sec. 4.1.1, obtain
a diagonal form when using the physical charge ch, spin sp, singlet si and triplet tr
channels, defined by Eq. (4.102). The spin components of the Green’s functions become
superfluous, i.e., G = GT = G* and the same is valid for the bubbles II,. Still, we define
physical channels of the bubbles as TI"/*P = TI, and 11"/ = II,. The SU(2) symmetry
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relation (4.101) implies

I =T, TI"=T (C.25)
As 1} is the diagonal component for the ¢ channel and 11 for the p channel [cf. Eq. (4.7)],
Eq. (C.25) makes clear that the parquet equations are diagonal in the spin and triplet

channel. Explicitly, Eqs. (4.11c), (4.15¢), (4.16¢), (4.18¢), and (4.20) imply

M*®(w, v, V) =1L Z [T (w, v, V") — M (w, v, V") |]IT (w, V") T®(w, ", V'), (C.26a)

AP(w, V) =1+ 3 Z %P (w, V") TP (w, V", V), (C.26b)
PP (w Z)\Sp (w, VTP (w, "), (C.26¢)

NP (w) = UP + U PP (w)n*P(w), where UP = —U™, (C.26d)

VP (w, v, V') = NP (w, v)nP (W) NP (w, V). (C.26e)

For the triplet channel, the U-irreducible vertices vanish n'" = 0 = A according to
Eq. (C.25) and the symmetry relations discussed in Sec. 4.1.2. Consequently, in this
channel, only MBE vertices remain. These fulfill the Bethe-Salpeter equation

M (w,v,V') = 3 Z [T (w, v, V") — M™ (w, v, v")|T0™ (w, V") T™ (w, ", V). (C.27)
The crossing symmetries 7)2} = —ngl and /\2)l =1- )\]TJi for the p channel [cf. Egs. (4.36b)

and (4.31)] further simplify the structures of the singlet channel:
pt =2t A =2 — 1. (C.28)

By using the SBE equations in the p channel, i.e., Egs. (4.29), (4.15b), (4.16b), (4.20b),
(4.18b), and (4.40), we conclude

M (w, v, V) =3 Z [T (w, v, V") — M (w, v, V)T (w, V") T (w, V", V),  (C.29a)

M (w, V) =1+ 3 ZHSl (w, V") T (w, V", V), (C.29Db)
P (w 2:/\SI (w, VT (w, V"), (C.29¢)
n*(w) = US + U P¥(w)n®(w), where U = 20™, (C.29d)

Ve (w, v, V) = X (w, v)n™ (W) A (w, V). (C.29¢)

238



C.5. SU(2)-symmetric case

Finally, the SBE equations in the ¢ channel, i.e., Egs. (4.11c), (4.15¢), (4.16¢), (4.18¢),
and (4.20) imply the diagonal structure for the charge channel when the individual spin
components are summed over:

M (w, v, ) =3 Z [T (w, v, V") — M (w, v, V)OI (w, )T w, ", V'), (C.30a)

AP (w, ) =1+ 3 Z M (w, ") TN (w, V", V), (C.30Db)
P (w Z/\Ch w, VT (w, V"), (C.30c)
nCh( ) = U + UChPCh(w)nCh(w), where U" = U™, (C.30d)

VY w, v, 1) = X (w, v)n™ (W) A" (w, V). (C.30e)

The formulations in Sec. 4.4 are valid for the general case, where a single Hubbard
site is placed out of half filling including an external magnetic field in z direction. The
specific case with p = u/2 and h = 0 is extensively discussed in the literature [Rohl13,
TGCRI18, SCCT20, HSS23, Roh23, RRST24]. Still, we briefly provide the formulas for
the vertices that are consistent with our conventions and definitions from Chapter 4.

We receive a simplified form for the parameters, Eqgs. (4.88), (4.89), and (4.92),

7 = 2(1 + P, n=4i, x(y):iy—i—g, y(y):iy—g, (C.31)
which gives
Golv) =~ Gy = —— sy =L w0 (C.32)
o= YT T g T h = '

As the chemical potential is given by the perturbation parameter u, the bare Green’s
function does not include g = u/2 anymore, which generates a shift of the Hartree term
by u/2 compared to Eqgs. (4.91)—(4.93).

The bosonic propagators, Eqs. (4.94), are simplified to

_ U0, g, £ U’ Bou g

77?(”) = _Teﬂ /27 T]Zi,(w) = 72 (e/j - 1)7 (C33a)
) u? 30, i u? B,

W) = -2 g = (C33h)

The expressions in the physical channel yield

u?Bo, u?B6,, tr i o
Ze ) = TR W) =0 (@) =2t w),  (C3)

~ch
7 ( 7

w) =

where the crossing symmetries 7/%(w) = —n'(w) and nit(w) = —nl*(w) [cf. Eqs. (4.26)],
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C. Details on the SBE formalism

were used.

In the SU(2)-symmetric case, the Hedin vertices fulfill A, = A, for all spin components
(cf. Sec. 4.1.2) and can be expressed in terms of a single function f(w,v) = u?/[4v(v+w)].
The spin components of the bosonic propagators 77 yield

~ch =S
+u 7P (w) — u
/\ch / -1 N (w> 5P AR 1 ! )
(@) = L+ flw )T (/) = 1 flen VI (€35
AHw, V') = X (w, ), (C.35b)
/\Zl(w,v') = % [/\Ch(w, V) — AP (w, V/)} , AT (w, V) = % [)\Ch(w, V') 4+ AP (w, V/)} ,
(C.35¢)
MHw, ') = L+ I (w,0), MHw, /) = 1 — Ixh(w, ). (C.35d)
The connected four-point correlation functions, Eqgs. (4.99), simplify to
—16ur 1 vavsvy + 3u’ + 2ud (V2 + vy + V2 + 12
[GE?)L]N(V1>V27V47V3) = 12 2 i24 2 w2 <2 - ) 2 9 . ) 4)
16 (v +4) (B +5) (B+%) (i+%)
B Bu* (0 + 20,50, ) V3V
0+ (%) (A )
Bu2(8yy 41y + 20050, ) Vol
” ” = (C.36a)
A1+ eMu2) (13 4 ) (12 4+ 2
4
[Ggécl))n]ﬁ(yla Vg, Vg, V3) = Bu2(5u2113 - 61/11/3) (C36b)

(4v? + u?)(4v3 + u?)’
which yield the four-point vertices [Roh13, TGCRI18]

3u® + 2ud (v + vi + v+ 1)
161/1V2V3V4

_ BUZ((SV?,W + 251/;1/12) 1/12 + u_2 1/22 + u_2
4(1 + e=Pu/2)2u3 4

2 2 ?
n ﬁu (251/14_1/2 + 51/31/2) <V% =+ u_) <V§ + u_> , (C37a)

PT\L(V17V27V47V3) = —-Uu

4(1 + ePui2) 22 4 4
I 9 1 9 u? 9 u?
r (V171/27y4uy3) :Bu (51121/3 _61111/3)@ vy _'_Z Vy +Z . (Cg7b>
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D. Details on the logarithmic analysis
of the Fermi-edge singularity

D.1. Perturbation theory

In this section, we complete the discussion on the perturbation theory of the Fermi-edge
singularity given in App. D of our paper [P3] by providing diagrams up to fourth-order
perturbation theory O(u?) and indicate their logarithmic behavior.

Let us first neglect the self-energy and hence the renormalization of the Green’s function
G and bubble II,. The nth-order contributions of SBE vertices can be deduced from
the SBE equations involving lower-order contributions. The nth-order Bethe-Salpeter
equation for the two-particle reducible vertex 7, can be constructed from lower-order
contributions of the involved vertices:

3
|

1
(n>2)

22 =N T [k o T, o TR
1

(D.1)

?

>
Il

where the lowest contribution of the vertices is given by the bare vertex =10 =y,
The perturbative expressions of the SBE vertices are

777(.n>2) — U o ]-_-[7" o F(n_2) o HT o U’ ’]77('2) = ’)/T('z) = U o H,r. @) U, (D2a)
A22 =1, 01, 0 T, A= =TV ol 01, (D-2b)
VI = 3 A end el T =T -9, (D-2¢)
i+j+k=n
n—1
M4 — Z(Tr("_k) — M™R) oI, o T®, (D.2d)
k=1

and the trivial contributions 77,(11) =U, 2O = 1, = A9 All the other terms vanish.
The diagrams for the particle-hole susceptibility are formed as (cf. Eq. (14) in Ref. [P3])

X% =10, 01,]% + 1,01, 0T 011, 0 1,]%, (D.3)

and result from the diagrams of 7% by dividing through the squared bare vertex [U4]? =
(—u)? [cf. Eq. (4.83a)].
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D. Details on the logarithmic analysis of the Fermi-edge singularity

The simplest diagrams are ladder diagrams 7, 1.4, Which all belong to the bosonic
propagator 7, and whose logarithmic behavior was discussed in Eqs. (17) of our paper [P3]:

D] ) = R+ € o (—u) L)), (D.4a)

a,lad
mmﬂ<m—,w«w«, \ = ()" [~ L(=w)" (D.4D)

Note that we draw the diagrams according to the more general notation introduced in
Chapter 4 and App. F in Ref. [P3]. Also the logarithmic term in the p channel deviates
from the expressions in the paper due to the other frequency convention [cf. Eqgs. (4.1)
and Egs. (5.3)]. This leads to the following ladder diagrams for the susceptibility (cf.
Eq. (18) in Ref. [P3]):

e = T O = (—u) L, (D.5)

The crossed diagrams are constructed from the third-order contributions of the Hedin
vertices [A]4e = [AP)]de;

[j\f)]dc [ (2) o 1, 0 1,] )F%\ /ﬁ» 1,011, 0 72()2)]&3 = [AgQ)]dc.
(D.6)

In the paper [P3], the corresponding logarithmic behavior is computed in Egs. (D14)-
(D16). For the particle-hole susceptibility, the crossed diagram has the following leading-
log behavior (cf. Eq. (19) in Ref. [P3]):

XD ]% = [1, 0T, 04 0 T, 0 1,)% = R D= — LB, (D.7)

T S

Together with the ladder diagrams Xa s B4. (D.7), we can describe the leading-log
contributions up to second order: x% .4 = L — uL?® + 3u’L* + O(u®) (cf. Eq. (11) in
Ref. [P3]).

In third order, besides the ladder diagram [ngjl)ad]dc ~ —u3L*, we deduce the logarithmic
behavior of the two diagrams involving a-reducible eye diagrams using the crossed diagram

x2L]%, Eq. (D.7),

2 C C C
=N TR = KAV O = LA (D8)

S I S e I S S

Since the leading-log term for Xa lead 15 — u3L4 this suggests that the logarithmic
contributions from the two p- reducible eye dlagrams and the p-reducible ladder diagram
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D.1. Perturbation theory

cancel:
< ?Qir T D+ /’\(_,,?\*_\1/2’\7, PN D+ m TRIRLO~0. (DY)

All subleading—log contributions in third order are discussed in the paper [P3] (in particular
see Eqs. (26)—(27) therein):

m m m —’L?. (D.10)

The first contribution includes the t-reducible diagram [% ]dc of third order and the
two other contributions include the self-energy diagram [£()]? of second order. When
self-energy contributions are taken into account, the bare bubbles in Egs. (D.2) are
replaced by higher-order contributions involving higher-order contributions of the Green’s

functions.

In fourth-order perturbation theory, besides the ladder diagram [XEL ) J% ~ utLe,

Eq. (D.7), we explicitly computed the contribution arising from the multi- boson exchange
vertex (cf. Eq. (29) in Ref. [P3]),

4 c
(1% = oo Lo (0 0 L, 042) o L, 0 1 = (oo )~ &u'L

(D.11)

and two contributions that contain a-reducible eye diagrams and thus involve the crossed
diagram, similarly to Eq. (D.12),

RO =N TR D= L. (D)

A S S S I S S S S

Further leading-log contributions at fourth order are missing to obtain the complete
behavior 2 u*L? appearing in the power law of the susceptibility (cf. Eq. (11) in Ref. [P3]),
not to mention subleading contribution involving the self-energy, ¢t-reducible diagrams
and the envelope diagrams.

Let us finally give an exact summation of the bare bubble I1% at finite temperature T
involving the sharp local Green’s function G°(v) = —impsgn(v)O(& — |v|):

1 de 1 c/. N ds. N . i SgIl(V”)

v v |<€o
= 8 [W(5ar (7T +i€a + w)) + (505 (7T — iy — w)) (D.13)
— (525 (37T + 27Ty + i€ + w)) — (525 (37T + 27Ty — iy — w)) | -
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D. Details on the logarithmic analysis of the Fermi-edge singularity

Here, 1(z) = d InT'(z)/dz is the digamma function and the parameter &, = | o7 (bo—7T) ]
rounds the gap parameter &, off to the integer value corresponding to the closest Matsubara
frequency. This formula is useful to test functionalities of our code.

D.2. Functional determinant approach

In App. A of our paper [P3], we mainly discuss how we compute benchmark data for the
Fermi-edge singularity problem using the functional determinant approach (FDA). In
this section, we provide some additional information that were not included there.

First of all, for zero interactions U = 0, where the single-particle Hamiltonians ho and
hy (cf. Eq. (2.16) and Eq. (A1) in Ref. [P3]) coincide, the Green’s function G of the core
electron, G in the paper, yields (cf. Eq. (A7) in Ref. [P3])

Glt) =i0(—t)e % Gl(v) =[v—i0F — &), (D.14)

with = & and §; = ¢4 — &. This agrees with the bare Matsubara Green’s function,
Eq. (4.62¢), and has a simple spectral function A¢(v) = —Im Ge(v)/7m = 6(v — &).

Also our FDA expression for the particle-hole susceptibility X! X in the paper, (cf.
Eq. (A18) in Ref. [P3]) is simplified for zero interactions,

Xto(r) = —ie(r)e > et (1= (ha))| =—ie(0) %e‘iekt[l —6(&—c)

, 2o : : ,
~ —i@(t)e‘edtp/ dee ™ [1 — O — 5)} = g(e’%ot — e oty (D.15)
0

where in the last line the constant density of states p(e) (cf. Eq. (5) in Ref. [P3]) is
inserted. The frequency representation follows as

w4107 + &4
n - y
w+10T + &g — &o

26 )
Xg:f)(w) = —ip/ﬁ ds/dt@(t)e‘(‘”“d_a)t =pl (D.16)
0

which agrees with the imaginary-frequency result (cf. Eq. (D8) in Ref. [P3]). For a reliable
check, we successively verified Egs. (D.14)—(D.16) with our numerical FDA data®.

1Following the conventions of the paper, i.e., Eq. (9), Xd¢ = pyd.
2As mentioned at the end of App. A of our paper [P3], the FDA requires a finite system size and we
include a broadening of the spectra when performing their Fourier transform.
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