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Dipolar ordering transitions in many-body quantum optics: Analytical diagrammatic approach
to equilibrium quantum spins
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Quantum spin models with a large number of interaction partners per spin are frequently used to describe
modern many-body quantum optical systems such as arrays of Rydberg atoms, atom-cavity systems, or trapped
ion crystals. For theoretical analysis the mean-field (MF) ansatz is routinely applied. However, besides special
cases of all-to-all or strong long-range interactions, the MF ansatz provides only approximate results. Here
we present a systematic correction to MF theory based on diagrammatic perturbation theory for quantum spin
correlators in thermal equilibrium. Our analytic results are universally applicable for any lattice geometry and
spin-length S. We provide precomputed and easy-to-use building blocks for Ising, Heisenberg and transverse
field Ising models in the symmetry-unbroken regime. We showcase the quality and simplicity of the method by
computing magnetic phase boundaries and excitations gaps. We also treat the Dicke-Ising model of ground-state
superradiance where we show that corrections to the MF phase boundary vanish.
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I. INTRODUCTION

The past decade has witnessed tremendous progress at the
intersection points of cold atomic physics, quantum optics
and many-body physics. Atoms and ions can be confined
in spatially structured arrangements [1–4] and brought into
interaction using tailored potentials or cavity-mediated forces
[5–7]. This has opened a new window for the exploration of
equilibrium and nonequilibrium phenomena, including phase
transitions in arrays of trapped Rydberg atoms [8] and Wigner
crystals of trapped ions [9,10], super- and subradiance in
dense atomic gases [11,12], or exotic time-crystal phases in
atom-cavity systems [13,14].

One commonality of these quantum optical platforms is
that their essential physics is often captured by many-body
models whose microscopic degrees of freedom are quantum
spins. However, the structure of the underlying spin-spin cou-
plings is strikingly different to the short-range interactions
encountered in solid-state-based quantum magnetism [15].
This is due to the spatially extended nature of the mode
functions of photons (phonons) that mediate the interactions
between atoms (ions) and thereby give rise to tunable long-
range and even all-to-all spin-spin couplings [16–20], see
Fig. 1.

In this theoretical work we are concerned with the treat-
ment of such highly connected spin Hamiltonians, motivated
but not limited to the above-discussed quantum optical many-
body models. Concretely, we will consider general lattice

spin-S Hamiltonians with bilinear couplings, that is,

H = −h
∑

i

Sz
i +

∑
i<i′

∑
γ ,γ ′∈{+,−,z}

Jγ γ ′
ii′ Sγ

i Sγ ′
i′ , (1)

where Sγ
i represents, for the ith spin, its component along

the z direction and the spin ladder operators for γ = z and
γ = +,−, respectively. Moreover, Jγ γ ′

ii′ are the coupling con-
stants between spins at lattice sites i and i′, which may be
anisotropic in the spin components and which, in cold atomic
experiments, can be controlled by geometry and choice of
electronic states. Finally, the homogeneous field h may be
generated and controlled, for example, by laser-induced level
shifts.

Our goal is to investigate the properties of the equilib-
rium state of these models. We assume this state to be
thermal and characterized by a finite temperature T � 0, see,
e.g., Ref. [21] for the demonstration of such a thermome-
try approach to recent experimental correlation data from a
Rydberg-array experiment [22]. This is certainly an approx-
imation for quantum optical spin systems, which are well
isolated from the environment (in the sense that they are
not embedded in a solid-state matrix). Nevertheless, when
preparing ground states and also excited states there is a resid-
ual entropy, manifesting in fluctuations, albeit not necessarily
thermal.

One recurrent quest in this field is to obtain phase dia-
grams, which can be probed in experiment, e.g., in Rydberg
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FIG. 1. The validity of the MF approximation in spin systems
depends on the number of interactions per spin (green arrow) and
is only exact in the limit of infinite connectivity. Corrections to MF
can be moderate in systems if the connectivity of spins is large, a
common situation in many-body quantum optics, but also in high
spatial dimensions or at quantum critical points. In this regime the
diagrammatic method proposed in this work provides accurate results
at negligible computational cost.

tweezer arrays [22]. More recently, also dynamic quantities
such as excitation spectra have come into reach [23]. Theo-
retically, these and other observables can be obtained from
two-point spin correlators, see Eq. (7) below. For example,
(second-order) phase transitions are signaled by a divergence
of the static correlator [24].

On the computational side, however, a large number
of interaction partners per spin often causes considerable
difficulties: The plain high-temperature expansion of static
correlators [25] becomes ineffective (see, however, Ref. [26]),
and approaches relying on finite simulation volumes, e.g.,
density matrix renormalization group (DMRG) and quantum
Monte Carlo (QMC), often suffer from finite-size effects. Fur-
thermore, these methods may be negatively affected by high
dimensionality (d > 1) or the sign problem [24].

As a complementary and simple method, mean-field (MF)
theory is routinely applied. It amounts to approximating the
full Hamiltonian (1) by a noninteracting trial Hamiltonian
with variational parameters chosen to optimize the free energy
[27] (see also Ref. [28] for an insightful discussion). This
procedure is often cut short by applying the mnemonically
intuitive replacement

Sγ
i Sγ ′

i′ → Sγ
i

〈
Sγ ′

i′
〉 + 〈

Sγ
i

〉
Sγ ′

i′ − 〈
Sγ

i

〉〈
Sγ ′

i′
〉

(2)

to the interaction term in Hamiltonian (1), followed by a self-
consistent determination of 〈Sγ

i 〉.
In the limit of infinite connectivity, the MF approxima-

tion is quantitatively exact [29–31]. Examples are all-to-all
interactions (e.g., cavity mediated in the limit of an infinite
number of spins [32,33]) or the limit of infinite dimension.
However, more realistic Hamiltonians feature a large but finite
connectivity, so that the MF approximation is expected to
be qualitatively correct [34]. This regime, which, as argued
above, is naturally realized in many quantum optical spin
systems is the main focus of this work. We show that the
spin-spin correlator and the derived observables such as phase
boundaries or excitation gaps, can be well approximated by
a simple and computationally inexpensive spin-diagrammatic

approach. This rests on an expansion in powers of a suitably
defined small parameter, which varies from one problem to
another. Importantly, we show that our approach also works at
T = 0 where at quantum critical points the (effective) dimen-
sionality is increased [35].

We build on foundations of the diagrammatic technique
for general quantum spin-S systems, which were laid starting
from the late 1960s [36–41]. In Sec. II, we review the basic
idea of the method and introduce an efficient way to evaluate
the diagrams to unprecedented order. For concreteness and
simplicity, we specialize to specific types of spin-spin inter-
actions in Eq. (1). In Sec. III we provide explicit expressions
for the two-point functions of h = 0 Heisenberg models and
the Ising and transverse-field Ising model (TFIM), the latter at
T = 0. Throughout we stay in the symmetry unbroken regime
for simplicity. In Sec. IV we benchmark our method on the
hypercubic lattice with nearest-neighbor interactions. Finally,
in Sec. V, we apply our method to two particular quantum
optical many-body systems with S = 1/2, both on the square
lattice: A power-law interacting ferromagnetic (FM) Heisen-
berg model at T > 0 [42] and the Dicke-Ising model at T = 0
[43,44]. We conclude in Sec. VI.

II. DIAGRAMMATIC TECHNIQUE FOR QUANTUM SPINS
VIA KERNEL FUNCTIONS

A. Models and perturbative expansion

We consider SU(2) quantum spin-S operators S j =
(Sx

j , Sy
j , Sz

j )
T on a lattice with N sites labeled by index j. The

operators obey the spin algebra[
Sα1

j1
, Sα2

j2

] = iδ j1 j2ε
α1α2α3 Sα3

j1
(3)

with α1,2,3 ∈ {x, y, z} and the spin-length operator constraint
S j · S j = S(S + 1). The general bilinear spin Hamiltonian
with homogeneous magnetic field h in z direction is given
in Eq. (1) where S± = (Sx ± iSy)/

√
2 are the spin ladder

operators. In the following, it is understood that α ∈ {x, y, z}
while γ ∈ {+,−, z}.

In the following, we specialize Eq. (1) to three important
model classes defined by particular combinations of h and
the 3 × 3 matrix Jγ γ ′

ii′ in flavor space. This specialization is
not required by methodological restrictions but was chosen
to keep the notation and diagrammatic complexity at a level
suitable for presentation. Finally, in Sec. V B we consider a
model with a more complicated structure.

The three simple choices correspond to the following stan-
dard spin models: (i) The Ising model (which is classical and
treated mainly for reference)

H =
∑
i<i′

Jii′S
z
i Sz

i′ (4)

is obtained from Eq. (1) by setting h = 0 and Jγ γ ′
ii′ =

δγ ,zδγ ′zJii′ . (ii) The transverse field Ising model (TFIM)

H =
∑
i<i′

Jii′S
x
i Sx

i′ − h
∑

i

Sz
i (5)

corresponds to Jγ γ ′
ii′ = 1

2 (1 − δγ ,z )(1 − δγ ′,z )Jii′ . Note that
Ising models are usually defined only for S = 1/2. (iii) The
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Heisenberg model

H =
∑
i<i′

Jii′Si · Si′ (6)

results from h = 0 and Jγ γ ′
ii′ = δγ̄ ,γ ′Jii′ where we define γ̄ by

+̄ = −, −̄ = +, and z̄ = z. We keep S general and assume
vanishing on-site coupling Jii = 0 for simplicity.

In the remainder of this work, our computational focus will
be on the Matsubara spin-spin correlation function,

Gαα
j j′ (iνm) = T

∫ β

0
dτdτ ′ eiνm (τ−τ ′ ) Gαα

j j′ (τ, τ
′), (7)

where τ is (imaginary) time, β = 1/T is the inverse tem-
perature, νm = 2πT m with m ∈ Z a (bosonic) Matsubara
frequency, and

Gαα
j j′ (τ, τ

′) = 〈
T Sα

j (τ )Sα
j′ (τ

′)
〉 = Gαα

j j′ (τ − τ ′) (8)

the time-ordered (T ) thermal correlation function [41], which
only depends on the time difference. Time ordering for spin
operators is defined via

T Sα
j (τ )Sα′

j′ (τ ′) =
{

Sα
j (τ )Sα′

j′ (τ ′) : τ > τ ′,
Sα′

j′ (τ ′)Sα
j (τ ) : τ ′ > τ,

(9)

and operators in imaginary-time Heisenberg picture are writ-
ten as Sα

j (τ ) = eHτ Sα
j e−Hτ . Thermal averages are defined as

〈. . .〉 = Z−1Tr[e−βH . . .] where Z = Tre−βH is the partition
function.

While dynamic observables are encoded in the analytically
continued version of Eq. (7), Gαα

j j′ (iνm → ν ± iη), we will
be mainly concerned with the detection of magnetic phase
transitions of second-order (continuous) nature. Such a tran-
sition towards an ordered phase (with 〈Sα

i 〉 �= 0, say) can
be conveniently detected coming from the paramagnetic side
without spontaneous symmetry breaking, see the black arrow
in Fig. 2(a). According to isothermal linear response theory, it
is signaled by a divergent spatial Fourier transform (at order-
ing wave vector Q) of the static Matsubara spin-spin correlator
[Eq. (7) with νm = 0] also known as spin susceptibility [24].
Note that around first-order (discontinuous) transitions, where
the order parameter jumps, the susceptibility is not defined.
The analysis or detection of first-order transitions is beyond
the scope of this work.

Given these considerations, in the following we will focus
on this symmetry-unbroken phase and consider the Matsubara
correlator (7) for α for which 〈Sα

i 〉 = 0. Among other sim-
plifications on the diagrammatic side to be discussed below,
this choice ensures the equality of connected and disconnected
two-point correlators.

Next, we review the diagrammatic series expansion of
Gαα

j j′ (iνm) in exchange interaction J , originally developed for
the case of quantum spins in Refs. [36–40] and summarized
in Ref. [41]. Earlier work on the (classical) Ising model can
be found in Refs. [29,45,46]. As usual in perturbation theory
[27], we start by splitting the Hamiltonian in interacting and
noninteracting parts. For the general spin Hamiltonian (1), we
thus set H = H0,h − V where

H0,h = −h
∑

i

Sz
i , V = −

∑
i<i′

∑
γ ,γ ′∈{+,−,z}

Jγ γ ′
ii′ Sγ

i Sγ ′
i′ . (10)

...

(a) (b)

(c)

(d)

ordered

paramagnet

FIG. 2. (a) Schematic of a typical phase diagram for Hamilto-
nian (1). In this work we approach the magnetic ordering transition
from the paramagnetic phase. (b) Diagrammatic representation of the
expansion for the spin-spin correlator G in the exchange interaction
−J (lines), the orders n = 0, 1, 2 are shown explicitly. (c) Diagram-
matic representation of the V -connected correlators in (b) in terms
of ordinary connected free-spin correlators (brown ellipses). The 1-
J-irreducible diagrams of order J0 and J2 are marked with boxes, the
infinite sum of all these diagrams constitutes �, the 1-J-irreducible
part of G. (d) The Larkin equation re-combines � and J to form G.

The formal series expansion in V ∼ J reads [27]

Gγ γ ′
j j′ (τ, τ ′) =

∞∑
n=0

1

n!

∫ β

0
dτ1 . . . dτn

× 〈
T V (τ1) . . .V (τn)Sγ

j (τ )Sγ ′
j′ (τ ′)

〉
0,h,V−c. (11)

Here, the averages and time evolution of operators are gov-
erned only by H0,h (we avoid a new symbol since no confusion
is possible from here on). For the correlator G, we changed to
flavor indices γ , γ ′ ∈ {+,−, z} adapted to the U(1) symme-
try of H0,h. This will prove convenient below. The subscript
V − c for the averages on the right-hand side of Eq. (11)
excludes vacuum contributions [47] where in a diagrammatic
interpretation one or more V (τ ) are not connected to the
external indices after performing the average. We refer to
Appendix A for a rigorous definition. Note that a formula
analogous to Eq. (11) applies for any time-ordered product
of Heisenberg-picture operators and in particular also for the
local magnetization 〈T Sα

j (τ )〉 = 〈Sα
j 〉. However, as mentioned

above, in this work we will focus only on two-point functions.
Finally we perform the τ, τ ′ integral over Eq. (11) to obtain

the Matsubara correlator (7) and also specialize to a fixed
expansion order n indicated by a superscript,

Gγ γ ′(n)
j j′ (iνm) = T

1

n!

∫ β

0
eiνm (τ−τ ′ )dτ1 . . . dτndτdτ ′

×〈
T V (τ1) . . .V (τn)Sγ

j (τ )Sγ ′
j′ (τ ′)

〉
0,h,V−c. (12)

B. Diagrams, J reducibility, and MF approximation

We proceed with the evaluation of Eq. (12) by a diagram-
matic approach [41]. This is conceptually simple, physically
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transparent and allows for various subsequent approximation
and resummation schemes, one of which will be essential
later. In the following, we review the diagrammatic method,
the concept of J reducibility and its relation to the MF approx-
imation (2). In the next section, we will propose an evaluation
scheme of the diagrams that provides analytical expressions
at high orders Jn.

The diagrammatic formulation starts from the graphical
representation of Eq. (11) in Fig. 2(b). The dots represent
spin operators and for now we do not perform the Fourier
transform to Matsubara frequency. The two external spin op-
erators carry multi-indices 1 = (γ , j, τ ) and 2 = (γ ′, j′, τ ′).
All other (internal) spin operators coming from V appear
pairwise connected by interaction lines representing −Jik i′k ,
k = 1, 2, . . . , n. Flavors, times, and sites of the internal spin
operators are summed (or integrated) over and the leading
factor 1/n! is written explicitly. Interaction lines connect spin
operators at the same time (unless retarded, cf. Sec. V B).

Next, the V -connected free spin average in Eq. (11) is
taken by colocalizing the 2 + 2n spin operators (dots) in any
possible way involving blocks of m = 2, 3, 4, . . . spins shown
as brown ellipses, see Fig. 2(c) [41]. These blocks represent
connected equal-site time-ordered free spin correlators,〈

T Sγ1
i (τ1) . . . Sγm

i (τm)
〉
0,c,h

= Gγ1...γm

0,c,h (τ1, . . . , τm), (13)

which, for the particular noninteracting Hamiltonian H0,h that
we consider in Eq. (10), do not depend on the site index i.
Connected spin correlators (with subscript c) are defined in
analogy to their V -connected counterparts, see Appendix A.
Due to our choice of Jii = 0, interaction lines cannot start and
end at the same block. In Fig. 2(c), the absence of blocks of
size m = 1 representing single-spin averages (magnetization)
is due to our current focus on the three models in question and
on Gαα for which 〈Sα

i 〉 = 0 in the symmetry-unbroken regime.
The presence of blocks of order m > 2 signals the absence
of Wick’s theorem [27] for spin operators, ultimately rooted
in the operator-valued right-hand side of the commutation
relation (3), which differs from the canonical case of bosonic
creation and annihilation operators.

The connected time-ordered free spin correlators of
Eq. (13), which are central diagrammatic building blocks
will be discussed below in generality. For now, we mention
the important special case that arises if all m flavor indices
are chosen as z such that all involved operators Sz

i (τn) = Sz
i

commute. These connected z-spin correlators are then time
independent and given via the order-(m − 1) derivative of the
Brillouin function bc(y), which describes the magnetization of
a free spin 〈Sz〉 dependent on y = βh [41],

Gz...z
0,c,h(τ1, . . . , τm) = b(m−1)

c (βh), (14)

bc(y) =
(

S + 1

2

)
coth

[(
S + 1

2

)
y

]
− 1

2
coth

y

2
. (15)

For h → 0 we abbreviate b(m−1)
c (0) ≡ bc,m−1, e.g., bc,1 =

S(S + 1)/3 is the free spin (static) Curie susceptibility that
will become important in the following discussion.

Having explained the building blocks of the diagrams in
Fig. 2(c), we now turn their topology, i.e., the particular choice
of blocks and their connection. Topological multiplicity fac-
tors � (denoted in blue) appear if the same diagram topology

(0a) (2a)

(3a) (3b)

(2b)

(3c) (3d)

F approximation

corrections to MF
approximation

FIG. 3. Diagrams for � up to order J3 for the situation described
in the text where magnetization is not relevant. The blue multiplicity
factors �(nx) denote the number of ways to arrive at a given diagram
starting from the expansion in Fig. 2(b), e.g., in diagram (3b) there
are three choices to pick the bottom line from the three lines avail-
able at third-order perturbation theory. The two vertical lines are
equivalent and do not enhance the multiplicity as an exchange can
be compensated by a permutation of sites within the top ellipse.

can be arrived at by distributing the dots in Fig. 2(b) to the
given set of blocks in multiple ways, see, e.g., the last diagram
in the first line of Fig. 2(c). Diagrams that only differ by
a rearrangement of dots within blocks are not topologically
different. Formally, the multiplicity factor can be computed
via the number of elements in the automorphism group Ax of
a diagram x of order Jn : � = n!/ord(Ax ).

The diagrams in Fig. 2(c) can be classified as either 1-J
reducible or 1-J irreducible (1JI). In 1-J reducible diagrams it
is possible to separate the external spin operators (single dots)
by cutting a single interaction line. If this is not possible, the
diagram is 1JI. The infinite sum of all 1JI diagrams is denoted
by �. For examples, the contributions to � of order J0 and J2

are indicated with boxes in Fig. 2(c).
All diagrammatic contributions to the spin correlator G

that are 1-J reducible can be represented by 1JI diagrams
connected by one or more interaction lines, see Fig. 2(d). This
diagrammatic expression can be summed exactly and yields
the Larkin equation [36,41]. In frequency space, it reads

G(iνm) = [1 + �(iνm) · J]−1 · �(iνm). (16)

Here all objects are considered N × N matrices with two site
indices, cf. Eq. (7) and for our purposes the flavors will all be
set to a fixed α with α ∈ {x, y, z} for simplicity. Note the simi-
larity of Eq. (16) to Dyson’s equation for canonical bosonic or
fermionic systems [27], which, however, rests on the concept
of cutting free propagator lines (and not interaction lines).

Given the above diagrammatic rules, it is straightforward
to write down the 1JI diagrams for � at order n indicated
by �(n). The diagrams for n � 3, which include the boxed
diagrams of Fig. 2(b) are shown in Fig. 3. We label the dif-
ferent diagram topologies at order n with an additional index
x = a, b, c, . . .. Each diagram topology is uniquely identified
by (nx). The diagrams for �(4) have not been systematically
collected so far in literature and are given in Fig. 7 of Ap-
pendix D. Note that diagrams that combine the two external
operators together with one internal operator in a m = 3 block
are 1JI by our definition. However, for the particular setup and
observables that we focus on in this work (see above), these
diagrams vanish.
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We conclude this section by linking the diagrammatic ex-
pansion to the MF approximation for Gαα . Quite simply, the
latter is obtained by using only the lowest-order approxima-
tion for � (green arrow in Fig. 3)

�αα → �αα(0) = Gαα
0,c,h. (17)

For α = z, this evaluates to b(1)
c (βh), see Eq. (14). We also

assumed 〈Sα
i 〉 = 0, otherwise h in Eq. (17) would need to

be replaced by the Weiss field, see Ref. [41] and Sec. V B.
The easiest way to see the correspondence between Eq. (17)
and the MF approximation is to recall that the latter is exact
for N → ∞ if each spin interacts with all other spins in the
system, which requires us to redefine J → J/N . For G and in
the limit N → ∞, this means that stringlike diagrams as in
the first line of Fig. 2(c) are the only finite contribution. This
follows since the site indices of the internal (m = 2) blocks
can be summed freely over all available sites only in stringlike
diagrams while being more restricted in diagrams that contain
loops. Finally, the stringlike diagrams are exactly the diagrams
that are produced by the replacement � → �(0) in the Larkin
equation of Fig. 2(d). It follows that contributions �(n) with
n > 0 represent corrections to the MF results, see Figs. 1
and 3.

C. Diagram evaluation via kernel functions

The remaining task is to calculate the analytical expres-
sions encoded in the particular diagrams �

γγ ′(nx)
j j′ (iνm), which

represent the different contributions of the right-hand side of
Eq. (12). Two observations on the simple nature of the chosen
models (Ising, TFIM and Heisenberg, cf. Sec. II A) are helpful
but by no means crucial for progress: (i) The values for the
blocks [brown ellipses, see Eq. (13)] are site independent and
(ii) the coupling between any two blocks is characterized by a
single number Jii′ (unlike for, say, XXZ interactions). Hence
we can combine all Jii′ [stemming from the insertions of V ,
cf. Eq. (10)] along with the site sums in a geometry factor
t (nx)

j j′ [J] ∼ Jn,

�
γγ ′(nx)
j j′ (iνm) ≡ t (nx)

j j′ [J] · σγγ ′(nx)(iνm). (18)

This geometry factor captures the dependence of the particular
diagram (nx) on j, j′ and the underlying N × N coupling
matrix Jii′ . For example, with regard to Fig. 3, the geometry
factor for diagram (0a) is simply δ j j′ whereas for (2a) and
(2b) we read off

t (2a)
j j′ = δ j j′

∑
i

J jiJi j, t (2b)
j j′ = (Jj j′ )

2. (19)

The geometry factors for all diagrams of order n = 0, 2, 3 are
shown in the second column in Table I. In the third column,
we provide the momentum space representation for translation
invariant lattices with spatial Fourier transform defined by

Jk =
∑

r j

e−ik·r j J0,r j , (20)

and analogous for Gk and �k. In the fourth column we spe-
cialize to the infinite (N → ∞) nearest-neighbor hypercubic
lattice model in d spatial dimensions, see the caption of

TABLE I. Geometry factors t (nx)[J] for � diagrams of order
n = 0, 2, 3 and all topologies (for the case n = 4 see Table VI).
Results in the second column are given in real space [where J2

j j′

is understood as (Jj j′ )2 etc.]. The third column shows the same
results in momentum space (where we abbreviate

∫
q = 1/N

∑
q). In

the fourth column, momentum space results are specialized for an
infinite d-dimensional hypercubic lattice with a lattice constant of
unity and nearest-neighbor coupling J1 where J̃k ≡ 2J1

∑d
μ=1 cos kμ

and accordingly J̃0 = 2dJ1.

top. r space t (nx)
j j′ k space t (nx)

k nn-hyp. t̃ (nx)
k

(0a) δ j j′ 1 1

(2a) δ j j′ [J · J] j j′
∫

q J2
q J1J̃0

(2b) J2
j j′

∫
q Jq−kJq J1J̃k

(3a) δ j j′
∑

i J3
ji

∫
p,q JpJqJp+q J2

1 J̃0

(3b) δ j j′ [J · J · J] j j

∫
q J3

q 0

(3c) J3
j j′

∫
q,p Jp−kJqJp+q J2

1 J̃k

(3d) Jj j′ [J · J] j j′
∫

q Jk−qJ2
q 0

Table I for more details. Geometry factors for the fourth-order
diagrams �(4) are summarized in Table VI of Appendix D.

Beyond the frequency independent geometry factor, the
remaining contribution in Eq. (18) denoted as σ (nx)(iνm) only
depends on the type of spin model (here: Ising, TFIM, Heisen-
berg). We define it to include the topological multiplicity
factor �(nx) of the diagram (nx). In principle, obtaining σ (nx)

is straightforward in frequency space [41] where interaction
lines proportional to δνl +νl′ connect the blocks, which are tem-
poral Fourier transforms of Eq. (13), Gγ1...γm

0,c,h (ω1, . . . , ωm−1).
The latter, however, are difficult to calculate in general be-
yond the case γ1 = . . . = γm = z [see Eq. (14)], especially
for h = 0 where a distinction of cases regarding various fre-
quency combinations is required. Despite recent algorithmic
advances [48,49] the general Gγ1...γm

0,c (ω1, . . . , ωm−1) (which
beyond their appearance in perturbation theory lack physical
significance for large m) are currently known analytically
up to order m = 4 [41]. This would only suffice to com-
pute � to order J2. On the other hand, without the temporal
Fourier transform and for a fixed order of times, the blocks
representing 〈T Sγ1 (τ1) . . . Sγm (τm)〉0,c,h [cf. Eq. (13)] sim-
plify to standard connected free-spin equal-time averages
〈Sγ̃1 . . . Sγ̃m〉0,c,h, which can be efficiently computed for gen-
eral S, see Sec. 6.2 in Ref. [49].

To make progress, the crucial reformulation detailed in
Appendix B expresses σ (nx) such that only the simple
〈Sγ̃1 . . . Sγ̃m〉0,c,h are required. All the remaining complexity
is encapsulated in the universal (model-independent) ker-
nel functions Kn+2(�1, . . . , �n+2) of Ref. [49]. The latter
originally appeared in the context of Fourier transforms of
time-ordered correlation functions. The key point is that an
nth-order perturbative expression as in Eq. (12) can be un-
derstood as a Fourier transform of a time-ordered correlation
function of order n + 2 with n frequencies set to zero.

The translation of diagram (nx) to an expression σ (nx) is
straightforward. To avoid unnecessary complicated notation,
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we just give two examples: For diagram (2a), with the labeling of internal times and flavors in Fig. 3 (red), one obtains

σγγ ′(2a)(iνm) = �(2a) (−1)n

n!

∑
γ

(′)
1,..,n

∑
p∈Sn+2

Kn+2(P{�1(p1), . . . , �n+2(pn+2)})

×〈
PSγ1 (p1)Sγ2 (p2)Sγ (p3)Sγ ′

(p4)
〉
0,c,h

〈
PSγ ′

1 (p1)Sγ ′
2 (p2)

〉
0,c,h, (21)

where �(2a) = 1 and n = 2. As another example, diagram (3b) with �(3b) = 3 and n = 3 is

σγγ ′(3b)(iνm) = �(3b) (−1)n

n!

∑
γ

(′)
1,...,n

∑
p∈Sn+2

Kn+2(P{�1(p1), . . . , �n+2(pn+2)})

×〈
PSγ1 (p1)Sγ2 (p2)Sγ (p4)Sγ ′

(p5)
〉
0,c,h

〈
PSγ ′

1 (p1)Sγ3 (p3)
〉
0,c,h

〈
PSγ ′

2 (p2)Sγ ′
3 (p3)

〉
0,c,h. (22)

The internal flavor sums over γ
(′)

1,...,n depend on the model, e.g., for the Heisenberg case these sums are over {+,−, z} while
restricted to {z} in the Ising case. The second sum is over the (n + 2)! permutations Sn+2 that determine the ordering of
both the argument list of Kn+2 and the spin operators in the equal-time averages. This is accomplished by the index ordering
operator P . This operator applies to operator strings and argument lists alike. It acts like time-ordering, but for discrete indices
(1), (2), . . . , (n + 2) that, unlike imaginary time arguments, do not affect the operator, for example PS+(1)S−(3)Sz(2) =
S−SzS+. Finally, the � list is given by

{�1, . . . , �n,�n+1,�n+2} = {−(γ1 + γ ′
1)h, . . . ,−(γn + γ ′

n)h, iνm − γ h,−iνm − γ ′h}, (23)

where the following replacement rule for flavor labels is un-
derstood: {z,+,−} → {0,+1,−1}.

Closed-form expressions for general kernel functions
Kk (�1, . . . , �k ) can be found in Ref. [49]. The expressions
grow in complexity with k, however, for the current appli-
cation with the specific form of the � list in Eq. (23) and
our focus on either h = 0 (Ising and Heisenberg models) or
T → 0 (for the TFIM), the kernel functions simplify consid-
erably. The resulting expressions are given in Appendix C.

Expressions analogous to Eqs. (21) and (22) can be
straightforwardly written for all diagram topologies and
should be evaluated via computer algebra for efficiency. In
the next section, we provide the expressions for σγγ ′(nx)(iνm)
obtained in this way. Finally, the sum over all topologies
yields �(n) at order Jn,

�
γγ ′(n)
j j′ (iνm) =

∑
x=a,b,c,...

t (nx)
j j′ [J]σγγ ′(nx)(iνm). (24)

III. ANALYTIC RESULTS FOR 1-J IRREDUCIBLE
DIAGRAMS

In this section we report the analytic results of the diagram
evaluation up to third order in J for the Ising model, TFIM at
T = 0 and the Heisenberg model as defined in Eqs. (4), (5)
and (6). Diagrams in fourth order and their analytic results are
relegated to Appendix D.

We provide results for the second contribution to Eq. (18),
the geometry independent σγγ ′(nx)(iνm). For the Ising model
and TFIM case we consider σ zz and σ xx, respectively, see
Table II. In both cases diagrams, which involve blocks of any
odd order vanish and are not listed. For the Ising model this
is due to spin flip symmetry Sz

i → −Sz
i ∀i in the paramagnetic

phase, for the σ xx in the TFIM this follows from the fact that
the blocks solely involve S+ and S−, which need to appear
in equal numbers for any finite contribution in light of U(1)

spin rotation symmetry of H0,h. For the Ising model only static
contributions are finite due to its classical nature.

The results for �
γγ ′(n)
j j′ (iνm) computed by summing over

topologies [Eq. (24)] have been tested for small clusters of
spins, e.g., for the dimer with N = 2 and J12 = J21 = J1 and
J11 = J22 = 0. In this case, for moderately large S, the Hilbert
space is small and the exact two-point function G can be found
using the spectral representation [27]. Hence the exact � is
obtained via Eq. (16). This exact result is then expanded in J1

and checked against �
γγ ′(n)
j j′ (iνm) computed diagrammatically.

As an example, for the TFIM dimer with J1 > 0, T = 0 and
S = 1/2, one confirms

�xx
11(iν) = h

2(h2 + ν2)
− J2

1
5h2 + ν2

64h(h2 + ν2)2

+ J4
1

(43h4 + 14h2ν2 + 3ν4)

4096h3(h2 + ν2)3 + O
(
J6

1

)
, (25)

�xx
12(iν) = J3

1
−1

64h(h2 + ν2)2 + O
(
J5

1

)
. (26)

TABLE II. Ising model and TFIM at T = 0, both in the sym-
metric phase: Expansion of the lattice independent parts σ (nx) of the
diagrams � (nx) for n = 0, 2, 3 [cf. Eq. (18)]. Only topologies with
finite σ (nx) are shown. The derivatives of the Brillouin function (15)
at zero field are denoted by b(m)

c (0) ≡ bc,m. Fourth-order results are
given in Table VII.

Ising T 1+nσ zz(nx)(iνm = 0) TFIM σ xx(nx)(iν )|T =0

(0a) bc,1
hS

h2+ν2

(2a) 1
2 bc,1bc,3

−S2 (5h2+ν2 )
16h(h2+ν2 )2

(3b) −1
2 b2

c,1bc,3
S3(4h2+ν2 )

16h2 (h2+ν2 )2

(3c) −1
6 b2

c,3
−S2

16(h2+ν2 )2
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TABLE III. Heisenberg model at T > 0 in the paramagnetic
phase: Expansion of the lattice independent parts σ (nx) of the di-
agrams � (nx) for n = 0, 2, 3, cf. Eq. (18). Fourth-order results are
given in Table VII. The � in the dynamic case stands for 1/(2πm).

T 1+nσ zz(nx) static (νm = 0) dyn. (νm �= 0)

(0a) bc,1 0

(2a)
b2

c,1
−6 (1 + 6bc,1) +2�2b2

c,1

(2b)
b2

c,1
−12 −2�2b2

c,1

(3a)
b2

c,1
−24 (1 + 4bc,1) + 1

2 �2b2
c,1

(3b)
b3

c,1
6 (1 + 6bc,1) −2�2b3

c,1

(3c)
b2

c,1
−120 (48b2

c,1 + 16bc,1 + 3) − 1
2 �2b2

c,1

(3d) 0 +2�2b3
c,1

As some diagrams like (3b) vanish for the dimer geometry it is
important to also check the fully connected trimer with N = 3
in an analogous fashion.

Finally, we turn to the Heisenberg case at T > 0 where the
σ zz(nx) = σαα(nx) are reported in Table III. We need to distin-
guish between the static case νm = 0 and the dynamic case
νm = 2πmT �= 0 for which we abbreviate � = 1

2πm . Again,
these results have been tested for small spin clusters. Another
nontrivial check for the resulting �(n) is the fulfillment of
�

(n)
k=0(iνm �= 0) = 0 required by the constant-of-motion prop-

erty of Sz
k=0 in a Heisenberg system.

IV. HYPERCUBIC LATTICE BENCHMARKS

We now proceed to test the applicability of the dia-
grammatic expansion for nearest-neighbor models on the
hypercubic lattice in d spatial dimensions with AFM coupling
J1 > 0. The geometry factors and further details on the lattice
can be found in Table I. For the Ising and Heisenberg case
we focus on the magnetic ordering temperature Tc and for
the TFIM at T = 0 we consider the critical field hc and the
excitation gap �(h). The latter serves as an example for a
dynamical quantity, which needs to be evaluated via analytical
continuation. We will use the inverse dimension 1/d as a small
control parameter.

The magnetic phase boundary is signaled by the divergence
of the static susceptibility, according to Eq. (16),

G−1
k (iνm = 0) = 1/�k(iνm = 0) + Jk

!= 0, (27)

with k replaced by the Néel wave vector N = (π, π, . . . , π ).

Thus the critical coupling is given by the solution of 0
!=

1/�N − 2dJ1. We specialize to the thermal transition in the
Ising case (with S = 1/2) or Heisenberg case. First, as stated
before, the MF approximation for Tc is found by replacing
�N → �

(0)
N = βbc,1 in the above equation, which yields the

well-known MF result T (0)
c = 2d bc,1 J1 ∼ d . We then divide

Eq. (27) by T and proceed to obtain corrections to the MF
result for Tc. Following pioneering work in Refs. [50,51] we
seek a consistent expansion of

1/(T �N) = 2dβJ1 (28)

in the parameter 1/d assumed to be small. In this case MF
is approximately valid so that X1 ≡ βJ1 close to criticality is
of order ∼1/d . With this in mind we provide the hypercubic
geometry factors βnt̃ (nx)

k=N for all nonvanishing topologies in
Table IV. Next to the diagram label we show the leading
scaling with 1/d of the particular βnt̃ (nx)

k=N close to the thermal
transition, which does depend both on order n and topology x.
We can thus expand 1/(T �N) up to order (1/d )m, drop all
higher orders and solve numerically for Tc. Since the �(n)

are available up to n = 4, we can consider m = 0, 1, 2, cf.
Table IV. Explicitly, we have

1

T �N
= 1

T σ (0)
− A1

(T σ (0) )2 + A2

(T σ (0) )3 + O(d−3), (29)

A1 = 2dX 2
1 T 3(σ (2a) − σ (2b) ), (30)

A2 = A2
1 − T 4σ (0)

[
2dX 3

1 (σ (3a) − σ (3c) )

+ 4d2X 4
1 T (σ (4b) − 2σ (4e) + σ (4 f ) + σ (4h)

+ 3σ (4 j) + 3σ (4l ) − 3σ (4m) )
]
, (31)

where A1 ∼ 1/d and A2 ∼ 1/d2.
We start with the Ising case, where Tc was already obtained

in Ref. [50] up to order 1/d3. We report the results for Tc/T (0)
c

and d = 3, . . . , 7 in Table V. For large d , the quasiexact
results from high-order series expansion or Monte Carlo sim-
ulations [52–54] are rapidly approached as the order m in
1/d is increased. We also compare our results at order 1/d2

to other diagrammatic approaches with different resummation
strategies: Our results are similar to the spin functional RG
approach (spin-fRG) by Krieg and Kopietz [50], only at d = 3
the latter has a slight advantage. The dynamical MF theory
for spins [55] (spin-DMFT) is not competitive. This is not

TABLE IV. Nonvanishing geometry factors βnt̃ (nx)
k=N[J](n � 4) for the nearest-neighbor d-dimensional hypercubic lattice with coupling J1

as a function of X1 = βJ1. The leading-order scaling in powers of 1/d close to the thermal ordering transition is provided next to the diagram
label. Geometry factors for n > 4 (not shown) are of order d−3 or smaller.

(0a) ∼ d0 (2a) ∼ d−1 (2b) ∼ d−1 (3a) ∼ d−2 (3c) ∼ d−2

1 +2dX 2
1 −2dX 2

1 +2dX 3
1 −2dX 3

1

(4a) ∼ d−3 (4b) ∼ d−2 (4c) ∼ d−3 (4e) ∼ d−2 (4f ) ∼ d−2

+2dX 4
1 +4d2X 4

1 −2dX 4
1 −8d2X 4

1 +4d2X 4
1

(4h) ∼ d−2 (4j) ∼ d−2 (4l) ∼ d−2 (4m) ∼ d−2

+4d2X 4
1 6d[2d − 1]X 4

1 6d[2d − 1]X 4
1 −6d[2d − 1]X 4

1
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TABLE V. Ising model: Critical temperature Tc/T (0)
c for the

d-dimensional nearest-neighbor Ising model (S = 1/2) on the hy-
percubic lattice normalized to the MF transition temperature T (0)

c =
dJ1/2. The quasiexact benchmark results in the second column
[52–54] are compared to the results obtained from Eq. (29) evaluated
up to order 1/d and 1/d2, respectively. For comparison, the last two
columns report results from spin-fRG [50] and spin-DMFT [55].

d exact O(1/d ) O(1/d2) spin-fRG [50] spin-DMFT [55]

3 0.752 0.789 0.740 0.744 0.659
4 0.835 0.854 0.839 0.839 0.807
5 0.878 0.887 0.880 0.880 0.865
6 0.903 0.908 0.904 0.904
7 0.919 0.923 0.920 0.920

surprising given DMFT’s local approximation of � already
fails in order J3 where the nonlocal diagram (3c) appears.1

For the Heisenberg model, benchmark checks of Tc suffer
from the scarcity of exact results for d > 3. The exception is
the classical case (S → ∞) for d = 4. Here Tc/T (0)

c improves
from 0.8536 in order 1/d to 0.8315 in order 1/d2 with the
exact result at 0.822 [56]. For the case d = 3 and S < ∞,
Eq. (28) often yields nonreal solutions at the limited expan-
sion orders available. An exception is the case d = 3, S =
3/2 for which Tc/T (0)

c improves from 0.769 in order 1/d to
0.657 in order 1/d2 somewhat closer to the exact result 0.702
[57].

For the TFIM at T = 0, the critical field at the ordering
transition is given from Eq. (27) as

1/
(
d�xx

N

) != 2J1. (32)

The MF approximation with �xx
N → S/h yields h(0)

c =
2dSJ1 ∼ d . Using σ xx(nx)(iν = 0)|T =0 ∼ 1/h1+n we again ex-

1Note that the lower-order nonlocal diagram (2b) vanishes for the
Ising model.

FIG. 4. TFIM on the cubic lattice at T = 0 and S = 1/2. The
vertical lines indicate the critical field hc in 1/d expansion Eq. (32),
the quasi-exact result [58] (black) is rapidly approached with increas-
ing expansion order. The same expansion is also used to estimate the
spectral gap �(h) shown by dashed lines. The first correction to MF
approximation is already in good agreement to the tensor-network
(iPEPS) simulation of Ref. [59].

pand the left-hand side for h � hc in orders of 1/d , which
yields expressions similar to Eq. (29). We focus on the case
d = 3, S = 1/2 and report the results for hc in Fig. 4, see
vertical lines. The quasiexact Monte Carlo result h(MC)

c =
2.57907(3)J1 [58] is rapidly approached.

To showcase the advantage of analytical expressions for
the Matsubara correlator, we consider the excitation gap �(h)
for h � hc which we obtain from the dynamical xx-spin cor-
relator, Gxx

k (iν �= 0). The latter contains the dispersion ωk of
spin waves transversal to the magnetization in the Sz direction
determined from the position of the sharp peak in ImGxx,R

k (ν).
The weight of the peak is the one-particle structure factor. For
h → hc from above, we expect ωk to vanish at k = N where
the spin wave softens and order sets in. For h > hc, the gap is
thus defined as �(h) = ωN and we consider

Gxx
N (iν) = 1/d

1
d�xx

N (iν) − 2J1
. (33)

We use an expansion of the denominator similar to above,
which we here evaluate to order 1/d (and analogously for MF
and order 1/d2). We find

Gxx
N (iν) 
 hS

h2 + 5
8 dSJ2

1 − 2dShJ1 − (iν)2
(
1 + dSJ2

1
8h2

) (34)

and after analytic continuation the gap is obtained as

�(1/d )(h) =
√(

h2 − 2dShJ1 + 5

8
dSJ2

1

)/(
1 + dSJ2

1

8h2

)
.

(35)

Setting d = 3 and S = 1/2, this agrees very well with recent
iPEPS tensor network simulations in Ref. [59], see Fig. 4 (blue
dashed line and dots). For h � hc, the iPEPS is actually closer
to �(1/d )(h) than to �(1/d2 )(h), we suspect this is an artifact of
finite bond dimension of the tensor network.

V. APPLICATION TO MODELS FROM MANY-BODY
QUANTUM OPTICS

A. Long-range square lattice Heisenberg model

As a first of two applications inspired from many-body
quantum optical systems we consider the S = 1/2 Heisenberg
square lattice model with long-range FM power-law interac-
tions,

Jii′ = J1/|ri − ri′ |α, (36)

with J1 < 0. This model has been recently studied with QMC
simulations [42], which are numerically expensive due to the
large system sizes required to approximate the infinite system
limit. The lattice constant is set to unity and the interesting
regime for the power-law exponent is α ∈ (2, 4) [31]. In this
range α is large enough for a well-defined thermodynamic
limit but small enough for a finite FM ordering temperature
Tc > 0 evading the Mermin-Wagner theorem [60]. We abbre-
viate Jr j = J1/|r j |α .

In analogy to Sec. IV, Tc is determined from

−βJk=0
!= 1/(T �k=0). (37)
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FIG. 5. Ordering temperature for the S = 1/2 square lattice
Heisenberg FM with couplings decaying as a power law with ex-
ponent α, see Eq. (36). Dots denote reference data from QMC
taken from Ref. [42]. Colored lines indicate Tc in MF approximation
(green), and adding corrections up to order [α − 2]2 (purple) and
[α − 2]3 (magenta), respectively.

To compute the spatial Fourier transform Jk=0 on the left-hand
side and for subsequent expansions on the right-hand side, we
obtain numerically the lattice sums I (m) ≡ ∑

j �=0 r−αm
j for m =

1, 2, 3 and a sufficiently large cutoff. Then Jk=0 = J1I (1). To
identify a suitable expansion scheme, we consider the integral
approximation of I (m) with lower bound a = O(1),

I (m) 

∫ ∞

a
dr r1−αm = a2−mα

mα − 2
−→
α→2

{∼ 1
α−2 : m = 1,

const. : m > 1.

(38)

For α → 2 from above, I (m) only diverges for m = 1 whereas
it is finite for m > 1.

From Eq. (37) the MF critical temperature is

T (0)
c = |J1|bc,1I (1) ∼ 1

α − 2
, (39)

see the green line in Fig. 5. We thus use α − 2 as the
small parameter for the expansion on the right-hand side of
Eq. (37). We consider the geometry factors βnt (nx)

k=0 that play
a role for the static Heisenberg case and we limit ourselves
to order n � 3. For diagram (3b), we numerically checked
that

∑
i, j Jr j Jri−r j Jri ≡ J3

1 Ĩ (3) is nonsingular for α → 2. In
summary, this means that T �(n) ∼ βn ∼ [α − 2]n around crit-
icality. We expand the right-hand side in Eq. (37) to third order
in α − 2 and obtain

bc,1β|J1|I (1) = 1 − b−1
c,1(β|J1|)2I (2)T 3(σ (2a) + σ (2b) )

+ b−1
c,1(β|J1|)3T 4[I (3)(σ (3a) + σ (3c) )

+ Ĩ (3)σ (3b)] + . . . (40)

The results for S = 1/2 are shown in Fig. 5 and approach the
QMC data quickly if α − 2 is sufficiently small.

B. Dicke-Ising model: Ground-state superradiance

As a second application to a many-body quantum optical
system we consider the Dicke-Ising model [43,44,61,62]. This
also provides an example where single-spin blocks appear
in the diagrammatic expansion. This means that the precom-

(c)(b)

(a)

superradiant

z-polarized

FIG. 6. Dicke-Ising model: (a) Sketch of an experimental square
lattice setup with cavity photons at frequency ω coupled to spins with
strength g/

√
N , homogeneous z field h and nearest-neighbor AFM

Ising interactions V induced via Rydberg dressing. (b) Schematic
phase diagram in the vicinity of the z-polarized phase and the ad-
jacent superradiant phase in the presence of AFM Ising interactions
V . (c) The diagrammatic expansion for �xx in the limit N → ∞
and T → 0 can be summed exactly. This shows that the exact phase
boundary in (b) is described by the MF result Eq. (45).

puted diagrams of Sec. III cannot be used in the following
calculation, see below.

The Hamiltonian features a competition between a homo-
geneous field h > 0 in z direction, a coupling of the total
spin x to a cavity photon and a nearest-neighbor AFM Ising
zz interaction V , see Fig. 6(a) for a sketch. For concrete-
ness, we specialize to a square lattice geometry. However, our
qualitative results below do not depend on this choice. The
Hamiltonian is H = Hx + Hz with

Hx = ωa†a + g√
N

(a + a†)
∑

i

Sx
i , (41)

Hz = −h
∑

i

Sz
l + V

2

∑
〈i,i′〉

(
Sz

i + 1

2

)(
Sz

i′ + 1

2

)
(42)

= −[h − V ]
∑

i

Sz
i + V

2

∑
〈i,i′〉

Sz
i Sz

i′ . (43)

Here, the cavity photon at frequency ω is created by a†.
The sums go over N sites and the nearest-neighbor bonds,
respectively. The cavity-dipole coupling is g/

√
N > 0. This

ensures an extensive interacting energy in the infinite system
limit N → ∞, which we consider in the following.

The Dicke model (the case V = 0) and its phase transition
to the symmetry-broken superradiant state (the FM state with
〈Sx

i 〉 �= 0) has been studied thoroughly both in theory [17,32]
and experiment [6], the latter in a nonequilibrium setting.
However, comparatively little is known about the Dicke-Ising
model (V > 0) [43,44,61,62], which is yet awaiting experi-
mental implementation. A possible realization for the Ising zz
interactions uses the concept of Rydberg dressing [63], which
motivated the form of Eq. (42) and leads to a renormalized
effective field h → h − V when rewritten as in Eq. (43).

So far, the model also contains bosonic degrees of free-
dom in variance to the spin-only formulation in Hamiltonian
(1). However, assuming a thermal state we can trace out the
photons on the level of the generating functional [64]. This
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replaces Hx by an all-to-all retarded (i.e., frequency-
dependent) FM spin interaction of the xx type,

Hx → Hx,ret = T
∑
νm

1

2

∑
i,i′

Sx
i (−νm)Jxx

ii′ (νm)Sx
i′ (νm), (44)

with Jxx
ii′ (νm) = −2g2ω/[N (ν2

m + ω2)]. This is close to Eq. (1),
only differing in the frequency dependence and the presence
of an on-site term. As we will discuss, this is inconsequential
in the following since no xx interactions will appear in the 1JI
diagrammatic expansion.

Here, we focus on thermal equilibrium at T → 0 and limit
the investigation to the realistic case of small V (V � h)
and its effect on the transition between the z-polarized and
superradiant phase. For V → 0, it is well known that the MF
approximation is exact for the Dicke model [17] but what
happens at V > 0? As a first step, in Ref. [43] the phase
boundary for the Dicke-Ising model on the square lattice was
determined in MF approximation,

gc =
√

ω(h − 2V ), (45)

see Fig. 6(b) for a sketch.
Two questions are in order: First, is the phase transition

indeed continuous as in MF approximation? And second, if
yes, what are the corrections to the phase boundary beyond
the MF prediction?

As shown in Ref. [62] for a simplified and more symmetric
version of the Dicke-Ising model with h − V = 0 (with no z-
polarized phase), the transition between the superradiant and
Ising phase is of first order in a chain geometry. However, it
is currently unknown if and under which conditions this also
holds for the case V � h and the phase transition out of the
fully polarized phase that we consider.

Making the assumption that the phase transition from the
z-polarized to the superradiant phase is continuous (and can
thus be detected via a divergence in spin susceptibility) we use
the spin diagrammatic technique to show rigorously our main
finding of this section: Eq. (45) is already the exact result. This
conclusion has been obtained independently in the very recent
work of Schellenberger and Schmidt [44] using an alternative
algebraic approach.

Analogous to the other examples in this work, we start
from the z-polarized symmetry-unbroken phase and approach
the boundary of the superradiant phase, see the arrow in
Fig. 6(b). We detect the critical light-matter coupling strength
gc from the divergence of the static FM correlator Gxx

k=0(iν =
0),

1/�xx
k=0 + Jxx

k=0
!= 0. (46)

Here and in the following we drop the zero-Matsubara fre-
quency argument from all quantities. The static part of the
retarded xx interaction (44) is Jxx

k=0 = −2g2/(ωN ) and �xx

denotes the Jxx-irreducible part of Gxx. Next, we expand
�xx in Jxx and V with the noninteracting Hamiltonian being
H0,h−V = −[h − V ]

∑
i Sz

i . The first observation is that due to
the limit N → ∞ any occurrence of an interaction Jxx

ii′ ∼ 1/N
needs to be accompanied with a free site summation. Since
these diagrams are necessarily Jxx-reducible (cf. the discus-
sion at the end of Sec. II B) they do not occur in �xx and only
the V interactions ∼Sz

i Sz
i′ need to be considered. The second

observation pertains to z-only blocks Gz...z
0,c,h−V (τ1, . . . , τm) =

b(m−1)
c (β[h − V ]). In the limit T → 0 where the spins are fully

polarized, these generalized susceptibilities vanish except for
m = 1 for which Gz

0,c,h−V (τ1) = S = 1/2.
These considerations equate the exact (and local) �xx to

the infinite sum of diagrams shown in Fig. 6(c). The calcula-
tion proceeds without the kernel trick since all diagrammatic
objects are free of frequency loops and are easily evaluated at
the required zero frequency. We only need �xx(0) = 1/(2[h −
V ]), see Table II for the TFIM. The fully static mixed-flavor
blocks with two Sx operators and m appearances of the Sz

operator can be found via a m-fold derivative of Gxx
0,c,h−V with

respect to h (which thus is also used as a source field),

Gxx

m︷ ︸︸ ︷
z . . . z

0,c,h−V = ∂m
h Gxx

0,c,h−V = (−1)mm!

2[h − V ]m+1
. (47)

With these preparations the infinite diagrammatic sum in
Fig. 6(c) results in the exact expression

�xx
k=0 =

∞∑
m=0

1

m!
Gxx

m︷ ︸︸ ︷
z . . . z

0,c,h−V · 〈Sz〉m
0,c ·

(
−4

V

2

)m

= 1

2(h − 2V )
. (48)

Inserting this in Eq. (46) we obtain that the exact gc is already
given by Eq. (45).

For future work on the Dicke-Ising model, an extension to
the complete phase diagram, which includes also a z-AFM and
a combined z-AFM and superradiant x-FM phase, would be
interesting. According to Ref. [44], MF theory is again exact
for the transition between the latter two phases. Likewise, we
suggest to consider the experimentally relevant modifications
to finite N and the open-system case [65].

VI. CONCLUSION

In summary, we have presented an analytic approach to
Matsubara spin-spin correlation functions based on a dia-
grammatic expansion of their 1-J-irreducible part � to nth
order in J . We provide closed-form expressions for n � 4 for
Ising, TFIM and Heisenberg models of completely general
lattice geometry and spin length S. The introduction of the
kernel function trick was instrumental in this calculation. The
final results are conveniently tabulated for forthcoming appli-
cation in diverse contexts where other computationally much
more involved methods such as tensor networks or QMC are
at their limits.

Via many examples and by applying a composite ex-
pansion strategy involving the inverse spatial dimension (or
similar) as a small parameter, we showed the quantitative
success of the diagrammatic approach if applied to models
qualitatively described by the MF approximation. We argued
that this is often the case in highly connected spin models
relevant for state-of-the-art many-body quantum optical ex-
periments. We use a long-range Heisenberg model and the
Dicke-Ising model, both on the square lattice, as a show-
case. Moreover we provided various benchmark examples for
nearest-neighbor models on the (hyper)cubic lattice where
our method yields accurate magnetic phase boundaries (both
at T > 0 for Ising and Heisenberg models and T = 0 for

063301-10



DIPOLAR ORDERING TRANSITIONS IN MANY-BODY … PHYSICAL REVIEW A 110, 063301 (2024)

TFIM). We emphasize that due to the analytic nature of our
approach, continuation to real frequencies is easily performed.
For example we showed competitive results for the gap in the
TFIM.

Future work could extend our approach to yet higher or-
ders in J (for which diagram creation can be automated) or
a greater variety of spin models, including those with non-
trivial unit cells or various forms of disorder. Also spin-spin
couplings between sites i, i′ that are characterized by two
or more nonzero parameters in the 3 × 3 coupling matrix
Jγ γ ′

ii′ [cf. Eq. (1)], e.g., XXZ models [66] could be studied
with little extra effort. Another option would be to extend
our approach to systems with SU(N ) symmetry for N > 2
[67,68]. Also, the treatment of the symmetry-broken phase for
the study of magnetization and spin-wave properties [48,69]
is within reach. Further, it would be interesting to consider
analytic continuation beyond the computation of the gap to
obtain spectral functions. These are routinely measured in
inelastic neutron scattering on solid-state magnets [70] or,
more recently via quench spectroscopy in Rydberg tweezer
arrays [23]. For the static case, analytic insights offered by
our approach proved essential to shed new light [71] onto the
puzzle of quantum-to-classical correspondence for static spin
correlation functions in d > 1 dimensions [72].

Finally, we point out that the combination of the spin-spin
correlator’s bare series expansion with the kernel function
trick [cf. Eq. (B2)] is suitable for evaluation by a diagram-
matic Monte Carlo approach [73] similar to the connected
determinant method [47]. However, imaginary time integrals
are treated exactly via the kernel functions. Implementing
these ideas would enhance the available expansion orders
in spin diagrammatics and allow for flexible resummation
schemes beyond this work.

Note added. Recently, we became aware of independent
work in Ref. [74], which computes �(0,2,3) for the Heisen-
berg model in the traditional diagrammatic way via frequency
integrals. The diagrams were derived from an expansion of
spin-fRG flow equations and the five-point free spin correlator
was provided analytically. Applications concern the chiral
nonlinear susceptibility and estimates of Tc for the d = 3, 4
hypercubic case for various S. However, due to the chosen
expansion of 1/� in J , the quality of the results for Tc does
not improve with expansion order, in contrast to the composite
expansion strategies presented in this work.
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APPENDIX A: V -CONNECTED CORRELATORS

We define the V -connected correlators [47] (subscript V −
c) that appear in the formal expansion of the spin correlator
in Eq. (11) and the following equations. For brevity, we set
Sγ

j (τ )Sγ ′
j′ (τ ′) = A. Then the V -connected correlators are de-

fined recursively via

〈T V (τ1) . . .V (τn)A〉0,h,V−c = 〈T V (τ1) . . .V (τn)A〉0,h

−
∑

S�{1,...,n}

〈
T

∏
j∈S

V (τ j )A

〉
0,h,V−c

〈
T

∏
k∈{1,..,n}\S

V (τk )

〉
0,h

.

(A1)

Note that the ordering of (bosonic) operators behind imag-
inary time-ordering operator T does not matter. Standard
connected spin correlators [with subscript c first appearing in
Eq. (13)] are defined in analogy to their V -connected counter-
parts in Eq. (A1) by replacing each V (τ j ) with a single spin
operator and removing the external operators A → 1.

APPENDIX B: EVALUATION OF σγγ ′ (nx)(iνm) VIA KERNEL
FUNCTION TRICK

To facilitate all calculations on the right-hand side of
Eq. (12) and in particular the evaluation of σ (nx) we intro-
duce what we call the kernel function trick. Originally, kernel
functions have been introduced to link the Fourier transform
of an imaginary time-ordered m-point correlation function
GA1...Am (iω1, . . . , iωm−1) to eigenstates and -energies H |a〉 =
Ea|a〉 of the many-body Hamiltonian [75]. The m-point corre-
lators are a generalization of Eq. (7) to m arbitrary operators
A1,2,...,m. For the frequency arguments we introduced an abbre-
viated notation where ω1 is short for ωn1 and so on. The kernel
functions straightforwardly extend the well-known spectral
(or Lehmann) representation of the two-point correlator [27]
to the m-point case. For bosonic (and spin) operators, the
Fourier transform reads [49]

GA1...Am (iω1, . . . , iωm−1)

= 1

Z

∑
p∈Sm

∑
1...m

e−βE1 A12
p(1)A

23
p(2) . . . Am1

p(m)Km

× (
�

12
p(1),�

23
p(2), . . . , �

m−1m
p(m−1)

)
, (B1)

where Aab
k = 〈a|Ak|b〉 are matrix elements and the argument of

the kernel function Km is a list of m complex numbers �
ab
k ≡

iωk + Ea − Eb, which sum to zero so that the last one is often
dropped as in Eq. (B1). The kernel function itself are com-
pletely universal and do neither depend on the Hamiltonian H
nor on the operators Ak in Eq. (B1). For example, K2(�1) =
−��1 + βδ�1/2 where δx = δ0,x and �x = (1 − δx )/x. The
recent advance in Ref. [49] was the calculation of Km for
general m.

In the context of diagram evaluation, the crucial insight is
that Eq. (B1) and nth-order perturbative expressions are natu-
rally connected by interpreting the right-hand side of Eq. (12)
as a Fourier transform of a time-ordered correlator of order
n + 2 with the first n frequencies being zero. Hence, as the
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(4a) (4b)

(4c) (4e)(4d)

31 1

(4f)

6
(4j)

12

(4l)

12
(4m)

24

(4i)

6
(4h)

6

612

(4g)

12

(4k)

12

FIG. 7. Diagrams for � of order J4, analogous to Fig. 3. The label +1 ↔ 2 adds the diagram with exchanged external indices.

main technical result of this work, Eq. (12) is expressed as

Gγ γ ′(n)
j j′ (iνm) = (−1)n

n!

∑
p∈Sn+2

∑
i1<i′1,...,in<i′n

∑
γ

(′)
1,...,n∈{+,−,z}

J
γ1γ

′
1

i1i′1
. . . Jγnγ

′
n

ini′n
〈Bp(1)Bp(2) . . . Bp(n+2)〉0,h,V−cKn+2(�p(1),�p(2), . . . , �p(n+1)).

(B2)

Here we replaced V using Eq. (10) and defined the following operator and complex-frequency lists

{B1, . . . , Bn, Bn+1, Bn+2} = {
Sγ1

i1
S

γ ′
1

i′1
, . . . , Sγn

in
Sγ ′

n
i′n

, Sγ

j , Sγ ′
j′
}
, (B3)

{�1, . . . , �n,�n+1,�n+2} = {−(γ1 + γ ′
1)h, . . . ,−(γn + γ ′

n)h, iνm − γ h,−iνm − γ ′h}. (B4)

Note that the external indices on the left-hand side of Eq. (B2) determine the last two entries of the lists. The � list (B4) was
already given in Eq. (23). It is to be understood with the following replacement rule of flavor labels by numbers: {z,+,−} →
{0,+1,−1}. The simple structure of H0,h with its many-body (product) eigenstates and ladderlike energies is essential in the
derivation of Eq. (B2) as it allows to reduce the complexity of the general Eq. (B1) by rewriting the sum over eigenstates via
the equal-time free spin correlator. The point is that the �

ab
k ≡ iωk + Ea − Eb only depend on the flavor(s) {+,−, z} of the

(composite) operator Bk .
Further, we rewrite Eq. (B2) using an index ordering operator P . This operator applies to operator strings and argument

lists alike. It acts like time-ordering, but for discrete indices (1), (2), . . . , (n + 2) that, unlike imaginary time arguments, do not
affect the operator, for example PB1(1)B2(3)B3(2) = B2B3B1. We also reinstate the redundant last argument �p(n+2) of Kn+2.
We obtain

Gγ γ ′(n)
j j′ (iνm) = (−1)n

n!

∑
p∈Sn+2

∑
i1<i′1,...,in<i′n

∑
γ

(′)
1,...,n∈{+,−,z}

J
γ1γ

′
1

i1i′1
. . . Jγnγ

′
n

ini′n

× 〈PB1(p1)B2(p2) . . . Bn+2(pn+2)〉0,h,V−cKn+2(P{�1(p1),�2(p2), . . . , �n+2(pn+2)}), (B5)

As the operators B1, B2, . . . , Bn+2 and their associated �1,�2, . . . , �n+2 appear in all possible orderings, this is evidently the
same as Eq. (B2).

To calculate σγγ ′(nx)(iνm) for a particular 1JI diagram (nx) defined by reference site configuration {i(nx)
k < i′(nx)

k }k=1,2,..,n,
we specialize the site sums in Eq. (B5) to this reference configuration and split off the geometry factor t (nx)[J] as explained
in Sec. II C. The V -connected average then becomes an ordinary connected equal-time average with respect to H0,h, which
factorizes according to the blocks of equal sites characteristic for (nx). Examples for diagrams (2a) and (3b) are provided in
Eqs. (21) and (22), respectively.

APPENDIX C: SIMPLIFIED KERNEL FUNCTIONS FOR THE SPECIAL CASES h = 0 AND T = 0

Kernel functions Kk (�1,�2, . . . , �k ) for general complex arguments (obeying �1 + . . . + �k = 0) and arbitrary k =
2, 3, 4, 5, 6 . . . are provided in Ref. [49]. However, in the context of this paper, where kernel functions are applied in the
framework of spin perturbation theory, we have only two potentially nonreal entries in the � list (B4) (the ones at the end,
which contain ±iνm related to the external operators). More importantly, we limit ourselves to two special cases, (i) the case
h = 0 for the Ising and Heisenberg model and (ii) the limit T → 0 for the TFIM. In these cases substantial simplifications arise.

(i) Case h = 0: In Eq. (B5), the arguments of Kk are zero except for a possible nonzero pair of frequencies ±iνm = ±2mπTi
shuffled to positions a1,2 in the list of length k = n + 2,

{�1,�2, . . . , �k} = (0, 0, . . . , 0, iνm︸︷︷︸
pos.a1

, 0, . . . , 0,−iνm︸ ︷︷ ︸
pos.a2

, 0, . . . , 0︸ ︷︷ ︸
k−a2

), (C1)
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TABLE VI. Geometry factors t (nx)[J] for � diagrams of order n = 4. See the caption of Table I for remarks.

top. r space t (nx)
j j′ k space t (nx)

k nn-hyp. t̃ (nx)
k

(4a) δ j j′
∑

i J4
i j

∫
p1,2,3

Jp1 Jp2 Jp3 Jp1+p2+p3 J3
1 J̃0

(4b) δ j j′ [
∑

i J2
ji]

2 [
∫

q J2
q ]2 [J1J̃0]2

(4c) J4
j j′

∫
p1,2,3

Jk−p1 Jp2 Jp3 Jp1+p2+p3 J3
1 J̃k

(4d) δ j j′
∑

i J2
ji[J · J]i j

∫
q,p JqJpJ2

q+p 0

(4e) J2
j j′

∑
i[J

2
ji + J2

j′i] 2[
∫

p J2
p ][

∫
q Jk−qJq] 2J2

1 J̃0J̃k

(4f) δ j j′
∑

i1,2
J2

ji1
J2

i1i2
[
∫

q J2
q ]2 [J1J̃0]2

(4g) J2
j j′ [J · J] j j′

∫
q,p Jk−pJp−qJ2

q 0

(4h) [J2 · J2] j j′ [
∫

q Jk−qJq]2 [J1J̃k]2

(4i) δ j j′ [J · J2 · J] j j

∫
q

∫
p JqJpJ2

q+p 0

(4j) δ j j′ [J · J · J · J] j j

∫
q J4

q 6d[2d − 1]J4
1

(4k) Jj j′ [J · J2 + J2 · J] j j′ 2
∫

q Jk−qJq
∫

p Jq−pJp 0

(4l) [J · J]2
j j′

∫
q J2

k−qJ2
q 16J4

1 ( d2

4 + 1
8

∑d
μ=1 cos(2kμ) + ∑d

μ<ν cos kμ cos kν )

(4m) Jj j′ [J · J · J] j j′
∫

q Jk−qJ3
q 3[2d − 1]J3

1 J̃k

where we assume a1 < a2 without loss of generality (see below). For this situation, we define

Kk (�1,�2, . . . , �k ) ≡ K (h=0)
k (a1, a2, m). (C2)

From Ref. [49], we find after some algebra

T k−1K (h=0)
k (a1, a2, m) =

{
1
k! : m = 0,

(−1)a2−a1
∑k−a1

l=a2−a1

[�2πmi]l

(k−l )!

( l − 1
a2 − a1 − 1

)
: otherwise,

(C3)

where �x = 1/x for nonzero x and zero otherwise. For the case that −iνm appears first, a1 > a2, we can flip the sign of m and
obtain Kk (�1,�2, . . . , �k ) = K (h=0)

k (a2, a1,−m).
(ii) Case T → 0: Here the kernel functions simplify because certain sums are dominated by inverse temperature β → ∞. Any

βδω1+...+ωl ,0 that remains must be interpreted as βδω1+...+ωl ,0
T →0−→ 2πδ(ω1 + . . . + ωl ), but this does not appear for the particular

TABLE VII. Ising model, TFIM at T = 0 and Heisenberg model: The lattice independent part σ (nx) for n = 4 for all topologies, cf. Eq. (18).
The Ising case is purely static.

Ising T 1+nσ zz(nx) TFIM σ xx(nx)(iν )|T =0 Heisenberg: T 1+nσ zz(nx)(0) Heisenberg: T 1+nσ zz(nx)(iνm �= 0)

(4a) 1
4! bc,3bc,5

−S2 (195h4+38h2ν2+3ν4 )
512h3(h2+ν2 )2 (9h2+ν2 )

b2
c,1

−240 (192b3
c,1 + 80b2

c,1 + 20bc,1 + 3)
�2b2

c,1
15 (4[30�2 + 1]bc,1 + 12b2

c,1 + 15�2 + 2)

(4b) 3
4! b2

c,1bc,5
S3(447h6+405h4ν2+93h2ν4+7ν6 )

256h3(h2+ν2 )3(9h2+ν2 )

b3
c,1
24 (48b2

c,1 + 12bc,1 + 1)
�2b3

c,1
−3 (6bc,1 + 30�2 + 1)

(4c) 0 0
b2

c,1
−120 (12b2

c,1 + 6bc,1 + 1)
�2b2

c,1
−15 (4[30�2 + 1]bc,1 + 12b2

c,1 + 15�2 + 2)

(4d) 0 0
b3

c,1
24 (4bc,1 + 1)

�2b3
c,1

−2

(4e) 0 0
b3

c,1
48 (4bc,1 + 1)

�2b3
c,1

3 (6bc,1 + 30�2 + 1)

(4f) 6
4! bc,1b2

c,3
S3(21h2+5ν2 )
256h3(h2+ν2 )2 b3

c,1(b2
c,1 + bc,1

3 + 1
30 )

�2b3
c,1

−3 (6bc,1 + 12�2 + 1)

(4g) 12
4! bc,1b2

c,3
S3(21h2+ν2 )

16h(h2+ν2 )2 (9h2+ν2 )

b3
c,1

120 (144b2
c,1 + 48bc,1 + 5)

b3
c,1
3 �2(12�2 + 1)

(4h) 0 0
b3

c,1
120 −6�2b3

c,1

(4i) 0 0
b3

c,1
120 (10bc,1 + 1)

b3
c,1
6 �2(24�2 − 1)

(4j) 12
4! b3

c,1bc,3
−5S4(11h2+3ν2 )
256h3(h2+ν2 )2

b4
c,1
−6 (6bc,1 + 1) +2�2b4

c,1

(4k) 0 0
b3

c,1
−120

b3
c,1
−6 �2(24�2 − 1)

(4l) 0 0 0 0

(4m) 0 0 0 −2�2b4
c,1
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correlators we compute in this work. To express the resulting K (T →0)
k (�1, . . . , �k ) we define the list of the partial sums

{�1,�1 + �2,�1 + �2 + �3, . . . , �1 + . . . + �k−1} ≡ {c1, c2, . . . , ck−1}. (C4)

The final expression for K (T →0)
k involves a product of all but the l entries of (C4), which are zero,

K (T →0)
k (�1, . . . , �k ) = (−1)k+1+l β l

(l + 1)!

∏
cm �=0

1

cm
. (C5)

APPENDIX D: DIAGRAMS AND RESULTS FOR �(4)

In Fig. 7 we provide the diagrams for � to order J4 with geometry factors and σ (nx) given in Tables VI and VII.
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