Analytic Continuation of
Correlators from the Matsubara
to the Keldysh Formalism

Anxiang Ge

Master thesis
at the Faculty of Physics
Chair of Theoretical Solid State Physics
Ludwig-Maximilians-Universitat Miinchen

Supervisors:
Prof. Jan von Delft
Dr. Fabian Kugler

Munich, November 02, 2020






Analytische Fortsetzung von
Korrelatoren des Matsubara- zum
Keldysh-Formalismus

Anxiang Ge

Masterarbeit
an der Fakultat fiir Physik
Lehrstuhl fiir Theoretische Festkorperphysik
Ludwig-Maximilians-Universitat Miinchen

Betreuer:
Prof. Jan von Delft
Dr. Fabian Kugler

Miinchen, den 02.November 2020






Abstract

Conceptually, the Matsubara formalism (MF) and the Keldysh formalism (KF) give equiv-
alent results for equilibrium systems which are invariant under time translations. However,
while the MF is more convenient for compact analytical calculations, the computation of
physical observables requires to continue functions from imaginary to real frequencies. The
latter is highly challenging in numerics. The KF, already formulated in real frequencies,
circumvents this problem at the cost of higher complexity. It is therefore desirable to con-
struct the various components of a KF function starting from an analytic result for a MF
function. In this thesis we show how one can construct the components of a KF correlator
with analytic continuations of the MF correlator, dubbed AC functions. We thereby extend
the work of other authors (Evans, Weldon, Baym and Mermin) and provide formulas (AC
formulas) for the analytic continuation of three-point and four-point functions. However,
most of our results actually hold for any multi-point correlator.

To obtain general results without any further assumptions than total energy conser-
vation and equilibrium, we use the spectral representation derived by Kugler, Lee and
von Delft. This representation divides the correlator into formalism-independent partial
spectral functions and formalism-specific kernels facilitating the search for relations be-
tween MF and KF correlators. Thereby we easily reproduce the familiar correspondence
of retarded KF correlators to certain AC functions. To express the remaining KF corre-
lators we have to expand them in a suitable way. This allows us to relate them to linear
combinations of AC functions by use of the equilibrium condition.

We then apply our AC formulas in various contexts. Due to the close relation of four-
point correlators to susceptibilities, the work done by Eliashberg and Oguri is particularly
interesting. They used the analytic continuation method in the MF to convert Matsubara
sums into contour integrals. Out of numerous vertex contributions that arise they identified
a single contribution which is in fact relevant for the susceptibility of their physical model
under consideration. We show that each of their vertex contributions has a counterpart in
the KF which is proportional to a single KF component in the R/A basis. For the Hubbard
atom we explicitly compute the vertex function in the KF. This exactly solvable model can
be used as benchmark for numerical works.
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Chapter 1

Introduction

Multi-point correlation functions are central objects of investigation in the field of many-
body physics. The one-particle correlator describes the propagation of a single particle,
containing information on the spectrum of single-particle excitations. Here we focus on
higher-point functions such as the two-particle correlator. The two-particle or four-point
(4p) correlator is associated with the effective interaction between two particles. Interesting
observables, such as the optical and magnetic response function, can be computed from it.
Moreover the closely related vertex function is an essential ingredient in numerous many-
body methods such as the functional renormalization group [1], the parquet formalism [2]
and diagrammatic extensions of dynamical mean field theory [3].

The most common formalism for the study of equilibrium systems at finite-temperature
T = 1/p is the imaginary-time Matsubara formalism (MF) [4,/5]. It exploits the cyclicity of
the trace and the fact that the statistical weight of a thermal state e™*" corresponds to a
time-evolution e~ along the imaginary axis of the time argument. After a Wick rotation
t — —it the correlators are (anti-)periodic functions of imaginary times with period .
Due to the periodicity the Fourier transform of a MF correlator is a function which has
to be evaluated on a discrete set of imaginary frequencies. To obtain a correlator of real
times or real frequencies one has to “unwind” the Wick rotation by performing a suitable
analytic continuation. However, numerically the analytic continuation to real frequencies
is a highly challenging problem [6/7].

The Keldysh formalism (KF) is another well-established theoretical framework. Unlike
the MF it is not restricted to equilibrium systems. Additionally, it directly works with real
times and frequencies obviating the need for an analytic continuation. However, this comes
at the cost of increased complexity: the KF is formulated on a doubled time contour, and
an (-point (¢p) function involves 2 components [8,9]. By contrast, every MF correlator
involves just one function.

On purely analytical grounds both MF and KF are expected to provide identical results
in equilibrium. Following the philosophy that, irrespective of the formalism, any function
should contain the same information we wish to transition from one formalism to the
other. This would allow us to “cherry-pick” advantages from either formalism. In this
thesis we show how to obtain a KF correlator by analytic continuation of a MF correlator.
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This procedure is well-known for two-point (2p) functions which effectively depend on a
single time or frequency argument, see e.g. Refs. [5,/10,/11]. For higher-point functions the
analytic continuation becomes increasingly complicated. Nevertheless, it is always possible
analytically if the functional dependence on the imaginary frequencies is known explicitly
in closed form. We show this in the main part of this thesis in chapter 2l Thereby we
derive explicit formulas for the analytic continuation in some relevant cases.

Our analysis finally provides relations, not only between functions in the MF and the
KF, but also between different Keldysh components of the KF function. As an application
of the results we derive the generalized fluctuation dissipation relations (FDRs) for 3p and
4p functions. Our results reproduce those of Wang and Heinz [12], but go beyond theirs in
that we additionally identify the terms which cannot be reconstructed from FDRs. More-
over, our results are not restricted to real operators or to systems with specific assumptions
such as time-reversal symmetry.

We further apply our results on “translating” formulas from the MF to the KF: In
fact, already within the MF the analytic continuation is a common method for converting
Matsubara sums into contour integrals. This method has been successfully applied by
Eliashberg and Oguri to compute real-frequency susceptibilities from 4p MF functions
[13,/14]. While the analytic continuation initially produces several vertex contributions,
they identified a single one which is actually relevant for the linear response function of
the system under consideration. Later on, Heyder et al. derived Oguri’s formula by an
independent line of argument for the KF [15]. We close the gap between the MF and the
KF approach by directly “translating” Eliashberg’s and Oguri’s formulas to the KF. We
find that each MF vertex contribution by Eliashberg is proportional to a KF component
in the so-called R/A basis.

As a more specific example we present the 4p correlator of the Hubbard atom in chapter
[5| which is already known in MF [16}20]. The Hubbard atom is exactly solvable and follows
from other models in the atomic limit. For these models it can be used as numerical bench-
mark. We first compute the correlators directly in a spectral representation. Afterwards
we show that the result obtained by analytic continuation is equivalent. The Hubbard
atom is also a good example for a model where the MF correlators contain contributions
with Kronecker symbols (anomalous contributions). The analytic continuation of such a
symbol is not unique in the first place. However, we will argue that it can be “continued”
to real frequencies by an appropriate substitution. In chapter [6] we then summarize and
reflect on the presented results.



Chapter 2

Preparations for the analytic
continuation

Our goal is to obtain relations between ¢-point correlators in the imaginary-time MF and
the KF. For this purpose we first introduce the theoretical frameworks in Sec. Since
we seek general results, not limited to particular systems, our strategy will be to use the
spectral representations derived in Ref. [21] by Kugler, Lee and von Delft (KLD). They
serve as an analytically exact starting point which is fit to describe any equilibrium system
with time translation symmetry. Since the equilibrium condition is an assumption which is
not formalism-inherent in the KF, it is expected to be important for the search for relations
to MF correlators. In Sec.[2.2] we briefly present a consequence of the equilibrium condition
in the KF. The analytic continuation of Matsubara correlators is then investigated in

Sec. 2.3

2.1 Spectral representation

In this section, we review the major results on the spectral representations derived by KLD.
In these representations /p correlators are expressed interms of kernel functions and partial
spectral functions (PSFs). The PSFs contain all system-specific spectral properties, while
the kernel functions encode the respective time-ordering conventions of the MF and KF.
This representation is especially suited for investigating analytic continuations because in
both MF and KF the very same PSF's are being used. By comparison, other representations
for KF' correlators, involving Keldysh-rotated partial spectral functions and time-ordered
kernels [22-26], somewhat obfuscate the relations between correlators in MF and KF (cf.
Sec. for the alternative spectral representation).

2.1.1 Definition of /-point correlators

We begin by defining the objects of interest, adopting the notation of KLD. Consider a
tuple © = (O, ..., O%) of ¢ operators, time-evolving as Oi(t;) = e Ole~ 7 They can
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be fermionic (e.g. for vertex functions), bosonic (for susceptibilities) or mixed (for fermion-
boson vertices).
In the MF, ¢p correlators are defined as

G(t) = (-1)’f*1<THOi(—m)>, (2.1.1)

where 7 = (71, ..., 7¢) is a tuple of time arguments, each 7; € (0, 5) and T denotes imaginary-
time orderingl] Moreover, (O) = Tr[p O] denotes thermal averaging, with density matrix
0 = e P /7 and inverse temperature f3.

KF correlators in the contour basis, G¢, are defined as

Ge(t) = ()N ][O, (2.1.2)

i=1

where t = (t1,...,t), t;" € R, and 7. denotes contour ordering. They carry a tuple of
contour indices ¢ = ¢; -+ ¢p, with ¢; = — or + if operator O resides on the forward or
backward branch of the Keldysh contour, respectively.

KF correlators in the Keldysh basis, G¥, carry a tuple k = ky---k; of Keldysh indices
k; € {1,2}. They are obtained from those in the contour basis by applying a linear

transformation, D, to each contour index [§],

G*t)=>" H[Dki’ci]gc(t), DRoF = (£1)k /2. (2.1.3)

cy..cy i=1

Time-dependent correlators are invariant under global shifts of all ¢ time arguments
because they only depend on the relative times. This time-translational invariance leads
to total frequency conservation. The discrete (MF) or continuous (KF) Fourier transforms
of the above correlators have the following forms, respectively:

B .
G(iw) = /0 A7 G(T) €T = B, 0 Giw), (2.1.4)
GF(w) = /Oo At GF(t) €t = 216 (wy...0) GF(w). (2.1.5)

Here we have used the following notational conventions: Depending on context, w =
(wi, ... ,wy) denotes a set of discrete Matsubara frequencies (MF) or continuous real fre-
quencies (KF). Moreover, w-7 = Zle w;T; and dfr = Hle dr;. We use the shorthand
Wy.it = Z;,:i w; for a sum over frequencies. The discrete Kronecker symbol 4, ,o (for

MF) and the Dirac §(wy...,) (for KF) implement the frequency-conservation relations

W1..k = 0, Wiy = —Wit1..0- (216)

INote that operators in the MF are evolved in the imaginary time direction Of(—ir;) = e Qle=H7:,
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We use calligraphic symbols, G, IC, S, for functions of all £ arguments, and roman symbols,
G, K, S, for functions of £ — 1 independent arguments. We nevertheless write the latter as
G(iw) or G*¥(w), with w containing ¢ components, it being understood that these satisfy
frequency conservation, w;.., = 0. This convention leads to particularly compact formulas.

2.1.2 Spectral representation of MF correlators

The spectral representations derived by KLD involve sums over permutations of ordered
(-tuples, generated by the time-ordering prescription. We adopt KLD’s notation for these
permutations. A permutation of an ordered tuple such as w = (wy,..,wy) is denoted
wp = (Wi,..., w7), where the index permutation p(12...) = (12...0) (or p = (12...£) for short)
acts on the index tuple (12..f) by replacing ¢ by p(i) = 7 at position i. Note that p
moves i to position j = p~1(i), replacing j by p(j) = i. For example, if p = (312), then
(w1, wa, w3)p = (w3, w1, wz). The sum >~ runs over all such permutations.

The spectral representation for MF correlators found by KLD exploits the following
observation: the time-ordered correlator G(7) of Eq. can be expressed as a sum
over permutations yielding all possible operator orderings,

Zcp (—im)...0" (—imp)) K(75), (2.1.7)

where the kernel K(1,) = Hf_ll[ 0(7 — 7,57)] is nonzero only if the permuted times T, =
(1, ..., ) satisfy 77 > 777, The sign ¢* is +1 or —1 if the permuted tuple O, = (Ox, ... O5)
differs from O by an even or odd number of transpositions of fermionic operators, respec-
tively.

The multiplicative structure of Eq. gives rise to a convolution in the Fourier
domain. Exploiting time translational invariance and the resulting frequency conservation
conditions, G(iw) can be expressed as an (¢—1)-fold convolution of the form (for details,
see [21]):

Gliw) = (S * K)(iw,) =Y / dw) Sp(wh) K (iw, — w)) - (2.1.8)

Here, w = (wy,...,w;) are Matsubara frequencies and w’ = (wf,...,w;) real frequencies. Both
tuples are understood to satisfy frequency conservation, w;.., = 0 and wj., = 0, implying
the same for all permuted versions w, and w},, w;.7 = 0 and wr - = 0. Thus, G, K and
S each have only /—1 independent arguments and the mtegral 1s over /—1 independent
components of w,.
The partial spectral functions (PSFs) S,, obtained by Fourier transforming the per-
muted operator product in Eq. , have Lehmann representations of the form

cpzplﬂ (Ot 805, = Fi1)] O (2.1.9)
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Here, each underlined summation index ¢ enumerates a complete set of many-particle
eigenstates |i) of H, with eigenenergies E;, energy differences Eji = E;— E;, and matrix
elements O;; = (i|O|j), p1 = e ##1/Z. Note that, different from KLD, we have included
the sign factor ¢? in the definition of the PSF for notational convenience. In later sections
we can thereby write formulas without special consideration of the exchange symmetry of
the operators.

The MF kernel K is obtained by Fourier transforming K(7,). It can be written as a sum,
K = K 4 K, of regular and anomalous contributions. Expressed through Q, = iw, —w),
the regular contribution reads

K(,) =] Qll . (2.1.10)

It is an analytic function of its arguments {2; on certain regions of the complex plane (see
Sec. . It diverges if {21 ; — 0 for some j. However, then also Q7.7 — 0 (because
5.7 =0), and the 1/Q5._; divergence turns out to be canceled by a —1/€2;17. ; divergence
stemming from a cyclically related permutation in the sum ) in Eq. (2.1.8). Their
cancellation can be tracked by a limiting procedure which treats these denominators as
infinitesimals [21].

Each denominator 1/, - in K originates from an integral of the form — fO’B drre?

arising when Fourier transforming C. If {27 ;=0 for some j < £, this integral yields —f

1.3
)

instead. All such contributions are collected in the anomalous part of the kernel K. We
will only consider the case that for each €2, at most one denominator vanishes. Examples
are bosonic 2p functions, or ¢p functions of fermionic operators with £ <4, such that wy. ;,
with ¢ </, produces at most one bosonic frequency. Then, K has the form [16,21,[27, 28]

-1
K(Q,) = 17.5(2p), (2.1.11a)

j=1

3 1y
Ko@) = =00, o5 ]1 o (2.1.11D)
i

Here, 0. 50 18 symbolic notation indicating that this term contributes only if Q7. - = 0,
ie. if both wi.; =0and wy ~=0. The latter happens if the spectrum has a degeneracy,

Ej41 = Ey, since then the mtegral over the factor &(w!
w’j._j to zero.

Em;) in S,(w!) sets

1 7 P

Equations (2.1.8]) to (2.1.11)) give the spectral representation for MF ¢p correlators de-
rived by KLD. For the purposes of analytic continuation, the main topic of this thesis,
we note that the regular part K can readily be continued to a rational function. By con-
trast, the anomalous part K contains Kronecker symbols and hence needs to be considered
separately.
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To prepare the ground for that discussion (presented in Sec , we introduce com-
pact notation reflecting the structure of Egs. (2.1.11)) for K. For a_given permutation
p= (1 ) and a specified term j, we express the permutation as p = 1 1, where I = (1...;)
and T° = (j + L..0) are the complementary subtuples formed from the ﬁrst jorlast /—j en-
tries of p, respectively. Since the Kronecker symbol in Eq. enforces Q7 = Q7 = 0,

implying 7. ; = (557 ; for the factors with ¢ > j, we may express K7 5 as

kj(ﬂj?) = —591,()5}?(9 )[?(976)7 (2'1'12)

where the argument 7 = (€f,..);) contains the first j entries of the permuted tuple

Q, = (Q7,...); similarly Q< contains the last ¢ — j entries. Here K () and K (<) both
have the form ([2.1.10), with the product there involving j—1 or /—j—1 factors, respectively.
Now consider the permutatlon I°T, built from the same subtuples as I I, concatenated in
opposite order. The identity do_. = = da 0 (ensured by frequency Conservatlon) and the

product form of Eq. (2.1.12]) impl}}

Kpe(Qe7) = Kf(Q77°) - (2.1.13)

2.1.3 Notation for restricted permutations

In Eq. we encountered a kernel which factorizes into several kernels, each taking a
subtuple of the frequencies €2, as arguments. The notation introduced in the last section
will be needed in a broader context. Given an (-tuple, say w,, subtuples thereof will
be identified using notation such as w w) = (Wy, .., wy), with A < X. For example,
wp = (Wi x),wWari.g) and (Wi, ws, w3, we) = (w(14),w(32 ). Similarly for more than two
subtuples, (wy,ws, ws, w1, ws) = (W), W(35), W(12))-

We will also consider permutations with a restricted substructure. Let L = {1, ../}
be the set of all indices, and let I C L and I° = L\I be two complementary index
subsets, containing |I| and ¢ — |I| elements, respectively, where |I| denotes the number
of elements in I. Any index tuple of length |I| or ¢—|I|, built from elements of I or I¢,
will be denoted by I or I , respectively. Then Z denotes a sum over all permutations
with the concatenated structure p=11 contalnlng the entries of 1 = (1,---7) followed
by those of I° = (j+1,---f). For example, if for ¢ = 4 we choose I = {1,4} and
I¢ = {2,3} as Complementary subsets, with subtuples T = (14) or (41) and I° = (23) or
(32), then mec = Ep{l 41y IS OVEr (1423), (1432), (4123), and (4132). Similarly, let

I U I, U I3 = L be three complementary index sets, then sz i denotes a sum over all
1142143
permutations with the structure p = I;1,15.
For any function with p-dependent arguments the sum over all p can be organized in

terms of permutations within all pairs of complementary subsets,

SR =YY B =Y S + Pl (2.1.14)

ICL prize ICL prge
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The sum is over all subsets I of L, and for each I over all concatenations I I~ of subtuples
built from I and I¢; on the right, the factor 1/2 compensates for double counting.

Finally, we write w; = > ;7 w; for a sum over the components of the subtuple w;. Note
that w; = wy. If w satisfies frequency conservation, wy, = 0, then any permutation of its
components, expressed through two complementary index subtuples as w, = (wy, wye),
satisfies w; = —wse. For example, wy..., = 0 implies wyy = —was.

2.1.4 Compact notation for the MF correlator

The MF kernel decomposition K = K + K into regular and anomalous parts implies a
corresponding decomposition for the MF correlator, G = G+ G w1t

Gliw) =Y (8, * K) (iw,), (2.1.15)

Gliw) = (S, * K)(iw,) = % > Griw). (2.1.16)

On the right, we evoked Eq. (2.1.14) to express the permutation sum through a sum over
subsets I C L of indices, with

~

Ciliw) =Y [(sﬁc ¥ Ry7e) (iwrge) + (Sgeq * kjcj)(iwﬁ)]
= > (S, K7) (iwrge). (2.1.17)

For the last step, we recalled Eq. (2.1.13) to factor out a common kernel IA(T(Qﬁc), col-
lecting the remaining combination of PSFs using the PSF (anti-)commutatorf| shorthand

S[j;jc]i (w’ﬁc) = Sjjﬂ (w%7c> + Syey(w’TCT) . (2.1.18)

Each IA(T in the sum (2.1.17) for G; contains a 0,0, thus G, is proportional to 0.0
This may be regarded as its defining property. The fate of this Kronecker symbol during
analytical continuation will be discussed in Sec. [3.1.3|

Example: To demonstrate the notation we consider a 4p correlator of fermionic opera-
tors. Anomalous contributions arise for the composite bosonic frequencies iwis, iw3 and
iwi4. The contribution proportional to d ., is

Culiw)= ) (S[(ﬁ);(g@1+*K<Tz>> (iwm), iwg)- (2.1.19)

P{1,3{2,4

2For a correlator which hosts both regular and anomalous contributions, see e.g. the 4p correlator Gy
of the Hubbard atom in Eq. .

3Henceforth we denote with “PSF commutator” (“PSF anti-commutator”) a linear combination of the
partial spectral functions S[ch]_ (5[7;7c1+)7 irrespective of the actual exchange symmetry of the operators.
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The summation is performed over all orderings of {1,3}, giving (13) or (31), and all
orderings of {2,4} giving (24) and (42). In total the sum runs over the permutations
(1324), (1342), (3124) and (3142). The PSF anti-commutator automatically produces the
further orderings (2413), (4213), (2431) and (4231). To be explicit G5 is thus expressed
as follows (suppressing frequency arguments for brevity):

Gz =5[3);0)4 * Kas) + Sjasya2)), * Kas) + Sieu;ea), * K1) + S(1):¢2)), * K.

2.1.5 Spectral representation of KF correlators

We now turn to the spectral representation of Keldysh correlators in the Keldysh basis,
G*. KLD obtained it via a permutation expansion of G*(t) analogous to Eq. .

The results depend on the number and placement of 2’s (2-indices) in the Keldysh
tuple k = ky--- ky. 1t is therefore convenient to specify the latter through the ordered list
k=[n1---na], where n; denotes the position of the j-th 2-index in k; --- kp, with n; <nj41,
e.g. 1111=[], 1221 =[23]. Correspondingly, a permuted Keldysh tuple can be specified as
k, =M. 1], where 7; denotes the position of the j-th 2-index in kg --- kg, with 9; <n;41.
To find the 7);’s describing k, given the 7;’s describing k, note that p moves a 2-index
from position 7; in k to position u; = p~'(n;) in k,. The sequence [;... o] lists the new
positions of the 2-indices’; putting its elements in increasing order yields [f);...7,]. For
example, if k = 1221 = [23], then p = (3412) yields [u112] = [41] and k, = 2112 = [14].

KLD’s spectral representation for G¥(w) has the following form, written first in com-
pact, then explicit notation:

G’“(w)_%Z(S x K*) (w,), (2.1.20)

Glm- na] 2£/2 Z/de—l 'g K[m na](w —w )

The frequencies w and w’ are real, with wy.., =0 and w]. ,=0. The PSFs S, are again
given by Eq. (2.1.9). The KF kernel is given by K I=0if « =0, and for 1<Oz§€

«

K0 w,) = 3 (<17 K ). (21.21)

J=1

where the K] are retarded kernels, having the following form (stated for superscript 7 in
the following definition; in (2.1.21)), replace it by 7;):

11
K'(w,) = K (w7 -H - (2.1.22)

Wi

Here K actually is the MF kernel from Eq. (2.1.10). Remarkably, the retarded Keldysh
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(a) wl (b) w}[ofl] (c) wz[)ﬁ]

X X X
X X X X X X X X X
W Wl W

Figure 2.1: Complex frequency tuples, for ¢ = 4, n = 4, p = (3142), in which case
pt = (2413), u=p~(n) = 3, 7 =p(n) = 2. (Reprinted from Ref. [21].)

kernel K[ has the same functional form, just containing different arguments. The complex
frequency tuple w! is defined to be the real tuple w with its components shifted by the
imaginary parts 4", These shifts are defined as follows (see Fig. [2.1(a)):

w; = W = w; + i, Y, <0, =3 (2.1.23)
ieL
i#n
This assigns a positive imaginary part to wy," while the remaining complex frequencies wz@n

have a negative imaginary part. The shlfts are thus determined by the superscript n. By

[n]

construction 7{"% = 0 holds. An explicit choice is 72[;]77 = —70 and 7,[7"] = (£ — 1)y where
~o>0 is infinitesimal (or small but finite for numerics). ~ The tuple wl = (w[{ﬂ wgﬂ)
is obtained by permuting the components of w!™ according to p, including their imaginary

parts (see Fig. (b)) This moves w%"] , the component with positive imaginary part, to

the position u = p~'(n). The complex frequency tuple wﬁ] in the definition of the retarded
kernel in Eq. is then obtained by inserting the superscript 77 = p(n), which gives
the needed imaginary shifts for the kernel (see Fig. [2.1fc)): the imaginary part of the
frequency sum w[mf is negative for 1 < ¢ < p and positive for g < ¢ < ¢. Thus Eq. m
becomesf]

n—1 -1
_ \—1 ~1
K w,) = [T(wr2) T](wis) (2.1.24)
i=1 i=n
where the superscript in w% - = wy.; £ 10" denotes whether the frequency sum has a

positive or negative (1nﬁn1tes1mal) imaginary part. As usual, a product over an empty
set, with lower limit larger than upper limit, is defined to equal unity. K" (w,) is called
retarded since its inverse Fourier transform, K (t,), is retarded with respect to t7, i.e

nonzero only for t; < tz, ©« #n [21]. Equations and (2.1.20) to (2.1.24]) give the

4To see that this is indeed equivalent to the retarded kernel defined by KLD [21] in the time domain,

{—1

1:[ (tig — 1) H[ i6(t; 1+1)]

1=n

use that a step functions are retrieved via inverse Fourier transforms according to Eq. (2.3.5)) below.
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spectral representation for KF /p correlators. Note that, by definition of the complex
frequency tuple w(, the kernels K" (w,) and K(w [n]) are equivalent and can in fact be
used mterchangeably We use either of these depending on the convenience of notation.
Leaving a detailed discussion of the analytic structure to Sec. [2.3] we here just discuss
how the above relations reproduce well-known results for the correlators G-l with a=0
or 1. For a=0, where KU = 0, we have Gl =G"'=0. For a=1 there is only one 7, hence
fH=p=p '(n) and =7. Thus the permutation expansion for GI" involves just a single

complex tuple w!™
G (w 2Z/QZ/df ! Sy (wh) K (Wl — w!). (2.1.25)

Moreover, G (w) is an analytic function of the variable w, in the upper half-plane. To see
[7] Pyl

this, note that K is a product of denominators of the for (wih- — Wi s
of these denominators contains wf” = w, +iy," as a term in the sum w[f”‘z (i.e. whenever

. Whenever one

n € {1,..,i}), the latter has the form ( + 1fyT _ + real frequencies)™!, with a positive
imaginary part, 7%”5 > 0. Therefore w, can be analytmally continued into the upper half of
the complex plane without encountering any singularities.

Accordingly, in the time domain GI"(#) is fully retarded with respect to t, (i.e. nonzero
only for t; <t,, i#n) [29,30].

Comparing Eq. for the KF correlator to the spectral representation of
the regular MF kernel

G(iw) Z/dé oy, Sy K (iw, — W), (2.1.26)

we see that they are related by the analytic continuation

221G () = G(iw)

(2.1.27)

iw—wlnl”

Compactly encapsulating results known from Refs. [23,26]30,|31], this relation general-
izes the well known 2p relation G*/12(w;) = G(iw; — w;’) (where we used conventional
notation, dropping the second argument, ws = —wy).

Keldysh correlators with multiple 2-indices (o > 1) cannot be obtained from MF ones
by direct analytic continuation. The reason is that their kernels in Eq. involve
two or more complex frequency tuples w!™! wl®! etc., having different imaginary parts.
They therefore do not have any well-defined region of analyticity in the space of complex
frequencies. We will discuss their properties in detail in Sec. 3.2]

For later use we define a primed correlator (cf. Eq. (3.16) of Ref. [32]):

G (w) =273 T[S, (KF7) ) (w,). (2.1.28)

p
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It differs from G¥(w) of Eq. (2.1.21)) by the complex conjugation of the kernel (K*»)*
such that w* — w¥ in Eq. (2.1.24). In the time domain this corresponds to using a
reversed time-order on the Keldysh contour. For systems with special behavior under
time-reversal G'* = (G¥)* holds [33]. Since we are mostly interested in correlators of
creation and annihilation operators, a relevant case is covered by Hamiltonians which are
real functions of creation and annihilation operators. Since all matrix elements in the
occupation number basis are real [11,/19], all PSFs are real and hence G'* = (G*)*.

Clarification of the notation for products of kernels

We conclude this section by clarifying the notation for products of kernels. Above we
have summarized the spectral representation for general fp correlators. (All functions
are well-defined for any ¢.) In the course of later sections we construct functions which
have “substructures”. We will encounter kernels consisting of the product of regular MF
kernels or the product of retarded KF kernels. Each of these kernels takes a subtuple wy
as arguments. For these substructures, the above formulas for regular and retarded kernels
can be used analogously by restricting the set L = {1,...,¢} to a subset I. However, to
avoid obscurities we clarify the notation here.

In fact, with the anomalous kernel in Eq. we have already encountered a kernel
with such substructures: It involves the product of two regular MF kernels K (€27) x K (Q5¢).
The arguments of the regular kernels are the frequency tuples €27 and €27 having j and
(¢ — j) components, respectively. Correspondingly, we have to use the definition of the
regular kernel K in Eq. for jp and (¢ — j)p functions. For example, writing out
the regular kernel on the subtuple (432) gives I?(Q@gg)) = K(Q4,Q3,Q) = 1/(2s3).

In Sec. we show that the anomalous kernels have to be continued to a product
of retarded ones. Since the regular MF kernel is defined for subtuples so is the retarded
kernel: analogous to Eq. the retarded kernel of a subtuple w7 is defined as

Kl(w;) = K (dﬁ) . (2.1.29)

The superscript on K (w7) indicates that this kernel is retarded with respect to the 7-th
component of the subtuple w;. The 7-th component of the subtuple I is 77 and the complex

frequency tuple w[fﬁ] is defined according to Eq. (2.1.23) with the indices L = {1,../}
restricted to those in . For example,

KU (w(432)) = —f((wggg)) = IN((M — I, w3 + 127, wp — i%)

with infinitesimal 79 > 0. Note that, for a fixed v, the set of components (W) ierl}is
fixed, while the order in which the elements of I appear in a tuple I determines the order

in which they appear in w;’ !, Having defined the complex frequency tuples w[?, the two

notations for the retarded kernel K" (w7) and K (w?) can again be used interchangeably.
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The retarded product kernel will be particularly useful. Using the abbreviation
the retarded product kernel is defined as

a—1 a

Kf[l”l]f[g’”]...fg’“] <w7172,_ja) = H |:5<wlj):|

1 j

K (@] (2.1.30)

1

<

for permutations of the type p = I11,...1, with complementary subsets I; and n; € I,
(1 < j < ). The functions K (w [77]}) are retarded kernels and defined according to

Eq. (2.1.29)). For example, "
K(13)[3](42)[4] (w(1342 ) = 5(“)13) (w 5}3))[(("‘)@2)) = 8(W13)K[2} (w(13))K[1] (w(42))'

Observe that, due to its product structure, retarded product kernels remain unchanged
under interchanging the subtuples, i.e. K3 (42) (W(1342)) = K (42)m13)) (W(a213))-

2.2 Consequences of the equilibrium condition in the
Keldysh formalism

While the MF is inherently a formalism for equilibrium, the KF is more general. The
equilibrium condition enters the KF via the density matrix within the PSFs which is
chosen to be the normahzed Boltzmann factor o = e " /Z. By cycllclty of the trace the
PSFs in Eq. ( are related under cyclic permutations. Let 7 and I° be tuples built
from the elements of the complementary sets I and I¢. Denoting two cyclically related
permutations by 71 and T'T the corresponding PSFs are related by

S77e(Wige) = e 77 (Whep), (2.2.1)

where the sign factor
¢ =¢"T /e (2.2.2)

only depends on the number of fermionic operators in the two sets I and I¢f| Therefore
¢; is already unambiguously labeled by the index set I. The prime in 65“/1 can be dropped
when these PSFs are multiplied with 6(w; — w}). The Egs. ) and (2.1.18)) imply the

relation

) (2.2.3)

S[T;Tc}i<wlffc) = (¢, ™1 £ 1)S7ep(w)

5 Amongst the operators @ there has to be an even number of fermionic ones. Therefore the sign factor
¢y is +1 (—1) if I contains an even (uneven) number of fermionic operators.
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By means of the statistical factor

N, — ¢refr +1 _ Jtanh(Bw;/2), for ¢ = —1, (2.2.4)
¢refer — 1 coth(Bw;/2), for (; = +1,
PSF commutators and PSF anti-commutators are therefore related by
Sz 7y, (W) 6(wr — wi) = Ni Sggey (W) (wr — wip), (2.2.5)

provided that N; does not diverge. It does diverge for (; = +1 and w; = 0. So, if the
spectral function has a non-vanishing weight at w} = 0 it has to be considered with special
care. In this case one has to exclude the points with w; = 0 from the application of
Eq. . However, this special case can be ignored for the major part of our discussion.
It will be treated in Sec. where we find that it can be recovered by the analytic
continuation of the anomalous part of the MF correlator.

So, for a kernel of the form K (wy7¢) o< d(wr), Eq. can also be used on the level
of correlators, implying for non-divergent N;

(S, * K) (wrre) = N (S * K) (wrre)- (2.2.6)

Before we can apply this relation we need a function with the corresponding PSF (anti-
Jcommutator structure. We obtain it if the following conditions are fulfilled: Two index
orderings are related by cyclic permutation, i.e. they can be written as 11 and 11,
respectively. The two corresponding kernels K and K, contain a suitable d(w;) and are
equal (up to a minus sign). Under these conditions we can collect the contributions in an
PSF (anti-)commutator, i.e.

Ki(wrp) = £Ko(wyep) < 6(wr) = Sppe x Ky + Spep % Ko = Sppep, * Ka, - (2.2.7)

for which the relation in Eq. can now be applied. Indeed we find in the following
sections that certain linear combinations of analytically continued MF functions (AC func-
tions) can be written as (nested) PSF commutators convolved with kernels which equal
retarded product kernels (up to a minus sign). Our strategy will thus be to express the

KF correlators through (nested) PSF (anti-)commutators and then to use the equilibrium
condition via Eq. (2.2.6) to express KF correlators in terms of AC functions.

2.3 Analytic structure of Matsubara correlators

In the following we investigate the analytic continuation of MF correlators. While doing
so, we solely consider the regular part of the MF kernel K, which is a rational function and
can thus be continued to complex frequencies. According to Eq. (2.1.12) the anomalous

part of the MF kernel K contains Kronecker symbols which do not have a unique “analytic
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continuation”ﬁ. However, the kernel K contains products of regular kernels K for which
the considerations in this section can be applied again.

The analytic continuation of 2p correlators has been thoroughly studied by Baym and
Mermin [10], who proved the uniqueness of the analytic continuation and its relation to
retarded and advanced correlators. Later on Evans generalized their ideas to ¢p correla-
tors [23]. He identified analytic continuations of the MF correlator (AC functions), ®(z),
which directly recover certain components (retarded correlators) in the KF, and advanced
correlators which are related to the retarded ones by conjugation of all complex frequencies,
w+iy = w—1ivy. He however found that there is no simple generalization of the well-known
results on 2p functions to higher-point functions. For ¢ > 4 he found that there exist AC
functions which are neither retarded nor advanced. We will call them non-causal functions.
In fact, Weldon proved that these non-causal functions cannot be written in terms of a
linear combination of KF correlators [31]. We will show that the non-causal AC functions
are nevertheless needed to recover all KF components via analytic continuation from a
single MF correlator.

In the following we first summarize the known results which are relevant for the goal
of this thesis. (For a comprehensive presentation of the above-mentioned work we refer
to the literature [10,/13,/23].) We then extend Weldon’s work [26] and show that the
discontinuities of ®(z) along branch cuts can be expressed in terms of PSF commutators
in the sense of Eq. (2.2.7)). (These discontinuities are linear combinations of AC functions.)
Such a discontinuity is a function of ¢ complex frequencies again. We find that it has two
lower-dimensional substructures whose analytic properties can be regarded independently.
In anticipation of later results we use this property to identify linear combinations of AC
functions which are needed for the construction of KF correlators.

2.3.1 Regions of analyticity and AC functions

In Eq. we have already stated the known analytic continuation of G to the retarded
correlators G [10,23,30]. One has to replace the tuple of imaginary frequencies iw by a
suitable complex frequency tuple w!”. For a general analytic continuation we continue the
imaginary frequencies to complex ones by replacing

w; = 2 = w; + 1’}/1 (wi,% € ]R), (231)

thereby obtaining the analytically continued function of complex frequencies

d(z) = G(iw) . (2.3.2)

iw—z

6See Sec. for the resolution of this issue. There we argue that the factor 56, needs to be replaced
by 47id(w) to obtain a contribution to certain KF correlators.
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Writing out this function in the permutation expansion we obtain

o(z) =Y / A, S, () R (2 — o)
’ . (2.3.3)

!/ / 1
-y / L T) | Err
p

PR R A

The regular kernel is a rational function and thereby analytic on certain regions. The
integral over w’ inserts poles (or branch cuts for a continuous spectrum) along the real axis,
more precisely, at the positions where Sp(w;) has finite weight according to Eq. .
We see that the branch cuts of the function ®(z) lie along all those points for which a sum
of complex frequencies z; in the denominators of Eq. is real,

{z]zr € R for some I C L}. (2.3.4)

Outside of this set ®(z) is analytic. Equivalently, each subset I C L defines a branch cut,
to be denoted By, along which v; = 0.
Ultimately we want to regard ®(z) as a function of real frequencies w and, making
repeated use of the formula for the inverse Fourier transformation
dw e—iwt

li — = +(—1)0(£t 2.3.5

we indeed recover products of step functions € in the real time domain. (Remember that
step functions are used to explicitly implement the contour ordering for KF correlators [21].)
For this reason the imaginary parts «; of the complex frequencies z; will henceforth be
regarded as infinitesimals. The limits v; — 0 have to be taken in a careful way. To
illustrate the issue, we regard z = w £ iy as a complex variable again, then the left side of
Eq. corresponds to a contour integral along a path parallel to the real axis, shifted
along the imaginary axis by £+. In this sense, the limit v \, 0 deforms the contour while
staying within a region of analyticity. Analogously, also for ®(z) the limits v — 0 have to
be taken while staying in one region of analyticity. So, each of these regions corresponds
to a different analytically continued function (AC function) of real frequencies w,

V(W) = B(z)] (2.3.6)

zZ=w-+ivy?

with the infinitesimals v determining the corresponding region of analyticity. The label ~
on C7 serves to identify this region; since the components ~; are infinitesimal the identifi-
cation is fully determined by their signs.

We remark that the imaginary part - underlies the constraint ~;.., = 0. The tuple of
complex frequencies z thus has only ¢ — 1 independent components, as expected for the
analytic continuation of a function of iw with only £ — 1 independent frequency arguments.

To visualize the regions on which ®(z) is analytic we use diagrams whose construction
we exemplify for the cases ¢ = 3 and ¢ = 4. In Fig. we illustrate the case for ¢ = 3,
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Figure 2.2: Regions of analyticity of three-point correlators (adapted from Ref. [23]): The
regions are distinguished by the imaginary parts of the complex frequencies v; = Im(z;).
In this diagram the parameters +; and 7, are used as coordinate system. The branch
cuts B are given by the points for which v; = 0 with I C {1,2,3}. There are three of
them: The vertical solid line By where v, = —~93 = 0; the horizontal solid line B, where
Yo = —v13 = 0; and the diagonal dashed line B3 where v3 = —v15 = 0, i.e. where 75 = —7;.
They divide the ;-7 plane into six distinct regions. Each such region is associated with
that retarded or advanced correlator G or G’ M, respectively, functions of the complex
frequencies w!™ or (wl™)*  respectively, for which the imaginary parts 4" or —~!" have
signs matching those of 7 in the corresponding region.

using v, and v as independent variables which define the coordinate axes, while v3 = —71
is fixed by the choice of a point in this plane. There are three branch cuts By, By and Bs
along which 73 = —v3 = 0 or 75 = —y3 = 0 or 73 = —712 = 0, respectively. These
branch cuts divide the plane into six separate regions, each associated with one of the
three retarded or advanced correlators, G or G’ " These are functions of the complex
frequencies w! = w + iy respectively. Each correlator is associated with that region
for which the signs of all fyim (or _%[’7])’ the imaginary parts of its frequency arguments,
match the signs of all 7; in the corresponding region. For example, GI! requires a complex
frequency tuple w!l with v; > 0, 45 < 0 and 735 > 0, i.e. the region labeled G" in Fig.
Similarly, G’ requires a complex frequency tuple (W)* with v, > 0, 95 < 0 and ;5 < 0,
i.e. the region labeled G’ in Fig.

The construction of the diagram proceeds analogously for ¢ = 4 in Fig. [2.3] Here the
parameters 7, 74 and ;5 are chosen to be the coordinates. (The third dimension is for
~2.) In each of the two diagrams of Fig. we can assume a fixed y12 < 0 and draw
the remaining branch cuts. Due to 7;..4, = 0 there are only 7 independent branch cuts,
namely for v =0, 72 =0, 73 =0, 74 = 0, 712 = 0, 133 = 0 and 14 = 0. Having drawn
all the branch cuts one then sees in Fig. the 32 connected regions of analyticity of 4p
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correlators (16 for each v1).

In Fig. the regions of analyticity are labeled by arabic numbers for the rectangular
sections. Roman numbers are used to differentiate regions which are separated by the
branch cuts Bz, Big or By at 712 = 0, y3 = 0 or 754 = 0. The AC functions C7
are labeled correspondingly, e.g. C1,. Some regions can be identified with the retarded
correlators G, Their parametrization is given in the definition of the complex frequency
tuple wl in Eq. (2.1.23). The regions for the advanced correlators G’ " are the complex
conjugates of the retarded ones.

2.3.2 Discontinuities of AC functions

In our example with ¢ = 4 only 8 out of the 32 regions of analyticity are associated with
retarded or advanced correlators. So, there are 24 left whose significance have not been
clarified yet. Weldon proved that the retarded and advanced correlators are the only KF
correlators that can be directly expressed through AC functions C7(w) [31]. We conclude
that it is at least necessary to combine different AC functions for the construction of the
remaining KF correlators. In Ref. [26] Weldon investigates, for £ = 4, the discontinuities of
® at branch cuts and computes explicit formulas. In the following we generalize the discus-
sion and give formulas for the functions which are relevant for the analytic continuation to
KF correlators. As we will see in later sections, the discontinuities C7"" ™ (w) — C7" 7 (w)
between two neighboring regions of analyticity separated by a branch cut B; are of great
importance for the construction of KF correlators.

To quantify these discontinuities we consider two arbitrary regions which are separated
by the branch cut By where v; = 0 (I C L). The corresponding AC functions on either side
of the branch cut are C7"""(w) and €77 (w), with tuples 4"+ and v~ representing
the two regions such that the sums fyy’i} 2 0 are positive or negative on the respective side
of the branch cut B;. The discontinuity at the branch cut B; is defined as

ACY (w) = " (w) — " N (w). (2.3.7)

. . (LA, .. . . RO
Here the subscript in AC} " indicates that this discontinuity is at the branch cut B;. In

App. we prove that the kernel of the discontinuity AC}’[M] (w) is non-zero only for
permutations of the type 71~ and I 1| Denoting the two complex frequencies on either

side of and infinitesimally close to the branch cut by z!* = w + iyl!'* the discontinuity
kernel is given by
—|—(§(w1), forp=11,
~ _[1,£] ~ ~ _ N ~ ~ e
AK] " (wy) = K2 = K(2I7) = ¢ —d(wy), ¢ K(20)K(27) { for p=T°T, 3,

else.

=

(2.3.8)

It follows that any discontinuity at the branch cut B; splits the indices L into two complementary
subsets I and I°.
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Figure 2.3: Regions of analyticity for 4p correlators (adapted from Ref. [13]): The indepen-
dent imaginary parts of the frequencies 7, 4 and ;5 are used as coordinate system (thick
lines with arrows). Thick and dotted lines indicate the branch cuts. Regions have been
marked which directly correspond to retarded and advanced Green’s functions. The in-
scriptions at the bottom and the right edge of each diagram are reading aids: the “y; = 0”
next to a line indicates the corresponding branch cut. The — /4 sign distinguishes on which
side of the line one has v; < 0. Each region is labeled by arabic and roman numbers.

Let us explain the construction of these diagrams for the left one. Here 15 > 0 is fixed to
a positive value. Consider v, = 19 — ;. For fixed 715 > 0, 71 has to be a positive constant
if 79 = 0. So, the line 75 = 0 runs parallel to and left of 44 = 0. To the left/right of this

line, 7, is negative/positive. Similarly, one considers v3 = —7y2 — 4. The line 73 = 0 runs
parallel and below the line 74 = 0. Next, consider ;4 = —723. This equals zero along
the line v = —4, or equivalently, along v, = —~3, i.e. a diagonal intersecting the points

M =7 =0and 7, =73 =0.
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where the delta function 6(-) = —27id(-), and the regular kernel K on the right depend
on subtuples of the complex argument evaluated on the branch cut, z, = w, +1iv, .
zi7e = (21, 27°).

The discontinuity AC7 (w) is obtained by collecting all contributions from the permu-
tation expansion, giving

ACT(w) =Y (S % AK7) (wi7e) + Y (S7e7 % AKT ) (wpep).
Pric Prejr
Collecting the PSFs contributing with kernels differing only by a sign (see Eq. (2.2.7))), we
obtain

ACT(w) =Y ([Srre = Speg) * AKT ) (wrre) = D (S * AK) (wrre)- (2.3.9)

Pric Pr|1c

The discontinuity has two independent substructures. For every permutation the kernel
of the discontinuity AK7(z,) factorizes into two regular kernels, K (z7) and K (z7¢), which
only depend on the complex frequencies of a single subtuple K (z7) and K (27¢), which
only depend on the complex frequencies of a single subtuple, z7 or z7-. The analytic
structure of the two lower-dimensional substructures on the respective sets I and I¢ can
now be considered independently. This has two important consequences. Firstly, the
kernels K (z7) and K(z7¢) can be analytically continued to retarded kernels by a suitable
choice of v7 and 4 (see below). Secondly, the above arguments may be used repeatedly
for subdividing one of the two sets (I or I¢) into smaller sets by considering discontinuities
of AC7 as function of z; and z.. Both of these possibilities will be used later on to obtain
suitable AC functions for the construction of KF correlators (see Secs. and [3.2)).

In anticipation of the needs in the next sections we now define the notation for certain
discontinuities. For complementary subsets I; U I, = {1,...,¢} we can pick an element
m € I and ny € I from each subset. Exploiting the fact that the discontinuity kernel
AK7, factorizes into two kernels K (z7,) and K(z7,) (see Eq. (2.3.8)), we can pick the

imaginary parts of z7 I, 8877, = zJ for 7 = 1,2, thereby ensuring that these are retarded,
kernels K (w [TT]) and K (w [777;]). Recall that the imaginary parts in w[m are fixed by the

choice of the set I; and 7;. The order of the elements in 1, only determines the order of
the components in the complex frequency tuple. Then K (w [m]) is retarded with respect to

wy, for any permutation of I; (and likewise for K (w[TZZ])). With this choice of imaginary
parts, the discontinuity (2.3.9)) can be expressed through a retarded product kernel of the

form ([2.1.30) denoted as

AC’[’M [n2] __ ZS[[I Ta] *K 7,1] ng (2.3.10)

Pry |14

The subscript to AC’}T]MZ] indicate that this is a discontinuity at the branch cut B;,, with
an AC function with ~v;, < 0 being subtracted from one with ~;, > 0. The superscript
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indicates that the kernels on the two subtuples are retarded with respect to 7; and 7.,
respectively. We have thereby proven that such functions can be obtained by taking linear
combinations of AC functions.

A remaining task is the identification of the AC functions involved in a discontinuity.
Let us consider two examples: For ¢ = 4, Weldon has studied the discontinuity

Z S[(?);(iﬂ)lf * K(I)m(igz)m,

P{2}|{1,3,4

and by direct computation found an expression for it given by Eq. (4.15) of Ref. [26]. Since
the subtuples I, and I, are composed of the sets {2} and {1,3,4}, it is a discontinuity
at the branch cut By. For a retarded kernel the complex frequency subtuple is ‘*"5}34) =
(w1 + 1290, w3 — 1Yo, ws — 1Y0), implying > 0, 113> 0, ¥14> 0, 72 = —y134 = 0 which is
only compatible with that part of the branch cut separating the regions Cs5 and C}, in
Fig. [2.3] We hence conclude that the above function is

2|1
AC = 3 Sayern * Kooasnn = Cla = Csa, (23.11)

Pi2h{1,3,4

which matches the Eq. (4.15) in Ref. [26].
Now consider the discontinuity

Y Sanen. * Kapuann-
p{2,3}|{1,4}
2 _
(23) —
(w2 + 170, ws — i70) and WE1114) = (w1 + 170, ws — 7o) having 72> 0, 13<0, 71>0, 74<0, only
compatible with the region C55. So we have identified

This is a discontinuity at the branch cut Byg = B14. The complex frequency tuples w

2)[1
AC’2[3M I = Z Sia2en. * Kazyegnn = Cap — Cyp = Chy — Gy, (2.3.12)

P23 {1,4

with the parts where 753 = —7v14 is negative being subtracted from those where it is
positive. This matches Eq. (4.16) in Ref. [26] obtained by Weldon. Note that in this case
the involved regions are not unique. The discontinuity can be expressed in two ways. Once
the discontinuity along 793 = 0 is computed for 733 > 0 and once for 733 < 0. This can
be explained on the basis of the regular kernel K: the factors (Q13)~' and (Qg3)~' cannot
occur in the regular kernel in the same permutation. Hence, the parameter v;3 2 0 has no
influence on a discontinuity at .3 = 0.

In this section we have found that the discontinuities of AC functions AC7 in Eq.
have a PSF commutator structure which fulfills the condition in Eq. (2.2.7). Due to the
factorization of the kernel, the analytic structure of a discontinuity is independent of the
two complementary subsets of complex frequencies {z;| i € I} and {z;| i € I°}. In Sec.
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we take this process a step further by computing discontinuities of discontinuities, thereby
producing nested PSF commutators. In the following chapter we express KF components
like GI"™] in terms of nested PSF (anti-)commutators. Recalling that Eq. relates
PSF commutators to PSF anti-commutators, we then express KF correlators in terms of
AC functions and statistical factors Nj.



Chapter 3

Construction of KF correlators via
the analytic continuation method

In this chapter we derive how one can construct KF correlators from MF correlators, assum-
ing that the exact functional dependence on the frequency arguments of the latter is known.
We have seen that the retarded correlators G can be directly obtained from the regular
MF correlator by analytic continuation to certain regions of analyticity [cf. Eq. (2.1.27)].
However, for the other KF components this simple prescription is not applicable anymore.
We find that the construction of KF correlators becomes increasingly complicated with the
number of 2-indices. Therefore we begin this chapter with the reconstruction of those with
only two 2-indices: the correlators G,

3.1 Construction of Gl from AC functions
The exact expression (2.1.20)) for the correlator G reads

9 -
Glmnz] (W) = WZ (Sp * K[m”?]) (wp), (3.1.1)
P

with 7; € {p~'(m),p ' (n2)}. This expression can be expanded into functions for which
the equilibrium condition can be used via Eqgs. and . Thereby the correlator
GIml can be related to AC functions. In fact, we find that G is a linear combination
of the discontinuities AC7 which make up the difference Glnl — G,

For simplicity we will first disregard divergencies of the factor Ny for which the relation
in Eq. is ill-defined. These are separately treated in Sec. [3.1.3] There we show that
these problematic parts are in fact obtained by analytic continuation of the anomalous
parts of the MF correlators K.



24 3. Construction of KF correlators via the analytic continuation method

3.1.1 Expansion of Glmn:]

Consider a certain permutation p = (T, ...,¢) and the corresponding kernel Kml(w,). As
we show in App. [A.2] we can expand the kernel as

f2—1
K[mnﬂ (wp) = Z K(j..g)[%l] (m,..z)[ﬁz] (""p) ) (3' 1'2)

y="m

where the sum is over a range of y values, cach yielding a different split-up of the same
permutation into left and right subtuples p = I1°, with I = (1.5) and I° = (y + L..0),
and the range of y values depends on p, since 79); and 7, do. The retarded product kernel

is defined according to Eq. (2.1.30)),

Kozt (w770) = 8(wi) K (W) K (). (3.1.3)

with © and v shorthands for ﬁl and 52 Furthermore, the kernel K Flul g 1] factorizes into

two retarded kernels, K (w L ]) and K ( ), with frequency arguments w[[“ For wfc. So, if

the kernel expansion for a given permutatlon p contains the split-up p = I1, giving the
kernel K bl ge b1, then there exists another cyclically related permutation p’, whose kernel

expansion contains the split-up p = I 1, giving the kernel Kfc - . These two kernels are
equal and fulfill the condition to form an PSF antl commutator accordlng to Eq. -
Since the variable y governing the split p = TT° satisfies 7y < y < 7, the subtuples T
and I° always contain 771 and 7),, respectively. Each of these in turn equals either 7y or s,
since ; € {p~'(m),p~*(172)} hence 1, € {n1,n2}. Therefore, the subtuples I and I¢ contain
either 7, or 7, respectively. Correspondingly, we will denote the one containing 7, by I,
and that containing 7, by I, respectively. The expansion of the kernel KM% into several
contributions yields a corresponding expansion of the correlator Gl

2
G w) = 575> D e Kip gy () (3:14)

P y=m

From this sum we wish to collect all terms proportional to the same delta functions 5(w n) =
5(w12), involving complementary subsets Iy C L and I = L\I; containing 7; and 75,
respectively. For each such pair of subsets I; and I, all permutations of the type I;I5 and
T,1, yield contributions proportional to & (wr,), hence it is convenient to combine these in
an object defined as

24/2_1 G[I’Zlnﬂ (UJ) - Z <57112 * K [711 I[TI2]> (w7172) + Z <57271 * KY[;Q]Y[;H]) (w7271>

Pry|Iy Pro|ny

- Z (5[71;72] * K- [m] > ("‘JTJQ)J (315)

Pry |14
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P kp | i) | i) | v | Kepogg | 0 T2 || 5205, | B2y

(123) | (212) | [13] [13] 1| Kqymesye | (1) (23) X

2 | Kpguae | (12)  (3) x
(132) | (221) | [12] | [13] | 1 | Kpueys | (1) (32) X
(213) | (122) | [23] | [13] | 2 | Kopmee | (21)  (3) X
(231) | (122) | [23] | BY | 2 | Kegummu | (1) (23 X
(312) | (221) | [12] | B | 1 | Kgmayw | (12)  (3) X
@20 | 212) | 3 | @y Pl Beseno () @) x

2 | Kgymam | (1) (32) X

>, =G >, =Gt | X, =Gl

Table 3.1: Expansion of G?'? according to Eq. : The indices [717)2] are the positions of
the 2-indices in k,, and y is the summation variable in Eq. . The various summands
from the expansions of KM% contribute either to G2'2 or to G21? as indicated in the lowest
row. The latter two functions are related to different AC functions.

see Eq. (2.2.7). Finally, the KF correlator G'mml is obtained by summing all contributions
Ggmm] which result from the kernel expansion. To identify these, recall that the split-up
into two subtuples is performed in all possible ways for which each of the two subtuples
contains either 7, or 7. Since G; "1772] accounts for both 1,15 and I1;, the full correlator

is given by

Glmnel (g Z G[mml (3.1.6)

ey

where Z; = {I; € L|m € 11,2 & I} is the set of all subtuples of L containing 7; but not
o. Accordingly, for each of these I; the complementary set I contains 7,. The sums over

I, in and p(p, 1) in - 3.1.5)) together generate the same terms as the sums over p and

Y in | ) but packaged in more convenient combinations.

In Table we exemplify the kernel expansion of Eq. for G*'2. Then [n ;] =
[13], hence there are only two possible choices of [;, namely {1} with [, = {2,3}, or
{1,2} with I, = {3 }. For example, p = (123) yields

K (wazs)) = Kaymesye (wases)) + Kagymee (waes))-

The first term corresponds to the tuples 7 = (1) and I° = (23) yielding the original
permutation p = (123). The second term corresponds to the tuples T = (12) and I° = (3)
again yielding the original permutation p = (123). However, since the first and the second
term are proportional to 6(w;) and 0(w,), they belong to G212 and G22, respectively, and
these are related to different AC functions. the first term belongs to the function G%'2
which will be related to a different AC function than the second one (which belongs to

G212). The other rows are generated analogously, enumerating all six possible permutations



26 3. Construction of KF correlators via the analytic continuation method

U,

p = (123), the terms contributing to G%3? have an “x” in the rightmost column. We have
contributions from the permutations p € {(123), (213), (312), (321)}. These can be written
as combinations of permutations over the set I; = {1,2} giving I; = (12) or (21), and
permutations over the set I, € {3} giving I = (3). To obtain all contributions we
construct the permutations 111, € {(123),(213)} and I,I; € {(312),(321)}. Together,
they give the needed permutations p € {(123),(213),(312),(321)}. Note that, for any
permutation of the type 111, there is also the permutation I,1; with interchanged order of
the subtuples. The corresponding kernels Kjf71 e ; and KE72 7im) are equal, allowing us to

combine the corresponding PSFs into an PSF anti-commutator according to Eq. (3.1.5).
Altogether, we have (for ¢ = 3)

G*? = Gi” + G (3.1.7)

GH? =272 Z S, * Kaymas)s (3.1.8)
P{31{2,3

Gy =27 ) Sz, * Kapwae (3.1.9)

P{1,2}({3}

3.1.2 Relation of G| to0 AC functions

In the previous section we have expanded the correlator G"™! into several contributions
G[Imm] each involving a PSF anti-commutator see ((3.1.5). The latter can be converted into

a PSF commutator using Eq. (2.2.5)), thereby expressing G[ﬁlm] in terms of discontinuities

AC}T"Q] [cf. Eq. (2.3.10)]. Temporarily neglecting the caveat due to diverging statistical
factors N; we obtain

2€/2—1 G[ﬁlm](w) = Nfl Z (S[lez]_ * Kf[l”llf[Q"?]) ((4)7172)
p11‘12 (3110)

= Ny, AcyEl (),
The full correlator is thereby now a linear combination of AC functions
G[mnz] Z G[mnz] _ 91-4/2 Z Ny, AC 771][772]( ) (3 1 11)
hel, hLeT,

It is also helpful to explicitly identify the needed discontinuities and the involved regions
of analyticity. Due to the prescription for retarded kernels in Eq. (2.1.23)) at least one of
the two regions involved in the discontinuity ACY"H = ot — 07 fulfills

T >0, Y, >0, Y, <O0. (3.1.12)

The only exception is ¢ = 2, where there is no such region. However, the needed regions
for ¢ = 2 are trivial, such that we can disregard ¢ = 2 for the present discussion. So,
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these regions and adjacent discontinuities are needed for the construction of the correlator
Gmm] - For the 4-point correlator GI'? these are the central regions with arabic number
(2.2) and neighboring regions in the second diagram of Fig.

The very same AC functions AC’Em”"Q] which are needed in Eq. are obtained
by a kernel expansion of the combination G} — Gl"!, following a derivation analogous to
Sec. [3.1.1] This expansion leads to the relation

Ggml _ qlnel — Z Acgl][WQ](w), (3.1.13)

el

For 4p functions, this reproduces relation (4.20) given in Ref. [26]. Hence, we can under-
stand the discontinuities AC}"”M to be the ones lying between the regions which corre-
spond to Gl and Gl

The observations in Egs. (3.1.11)) to (3.1.13) allow us to give a simple prescription for
obtaining the AC functions needed for Gl

1. First, identify the needed regions of analyticity. These are the regions for the retarded
correlators G and G2! and the regions which fulfill Eq. (3.1.12)).

2. Collect every discontinuity ACT between the regions for G 'l and Gl and multiply
them with the appropriate prefactor N;. (Recall that the discontinuities are defined
as ACT = C7[ o= C7] )

Example: Assuming that the MF correlator contains no anomalous parts, we next iden-

tify the AC functions which are needed for the construction of G?'! = Gl (for ¢ = 4).

The possible choices for I, including 7, = 1 but excluding 7, = 2 are {1}, {13}, {14}

and { 134 }. Evaluating the sum in Eq. (3.1.11)) gives

2 G = N, ACTTP 1 N ACHP + Ny ACHP 4 NigyACT)

- N1<ng - 01.2) + N13(Cg.2 - 052) + N14(Cg.12 - ng) + N134(03.2 - 05.2)-
(3.1.14)

The needed AC functions are obtained according to the explanation at the end of Sec.[2.3.2]
In total we can write the correlator GI'?) (for £ = 4) as a linear combination of AC functions
with explicit labels for the regions according to Fig. 2.3

3.1.3 Caveat: Analytic continuation of anomalous parts of the
MF correlator

In the previous section we used the equilibrium condition via Eq. allowing us to
rewrite PSF anti-commutators in terms of PSF commutators. This enabled us to express
the function G[I“ “I'in terms of AC functions. However, we neglected a pathological case:
the possible divergence of a statistical factor N; for w; = 0 and ¢; = 1. Now we revisit the
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proof for Eq. and focus on the pathological case by considering a PSF proportional
to o(wh), i.e. Syye(wyge)’) x d(w)) and ¢; = 1.

In this case we have to exclude the frequencies for which N; diverges and we obtain the
exact expression

/

S[[;[C]+(w110> X (5<OJI Wr S[T;TC]+(“J,776) % 5(w1 . W/I)v for w; = 0.
The first line can be constructed from the regular part of the MF correlator according
to the previous section. The second line cannot be obtained on the same way since the
discontinuity yields zero. To obtain the second line one needs to remember that for {; =1
and S77e(wi4e) o d(wy) the MF correlator additionally contains an anomalous part G,
which was explicitly computed for £ = 3 and ¢ = 4. Its permutation expansion involves
all permutations of the type p = II°and p = I'T. For both p = I1T and p = I'T the
anomalous part of the MF kernel (see Eq. (2.1.12)) gives

. - 8. - N
K7(Q%7¢) = K7¢(Q5e7) = —5(59[70[((97)[((97),

with the abbreviation €2; = iw; — w} . On the other hand, for the same permutations the

KF kernel of G[I” Vs (see Eq. (3.1.3))

KT[;L]YC v (wﬁc) = KTC [L/]T[y.] (chj) = —2ﬂi5(wI)K(w¥])K(w[{c]),

where the kernels K (w%‘ }) and K (w[jyc]) are retarded with respect to p and v respectively.
We conclude that the problematic terms of the KF correlator can be directly obtained from
the corresponding anomalous MF correlator G, (iw) by the replacemen

Bou; 0 —  Amid(wr) (3.1.15)

and analytic continuation of the kernels K (£27) and K (€;¢) to retarded kernels according
to Eq. (2.1.29), yielding

iwr — W jwre — Wl 3.1.16
1 T I

Thereby we obtain a suitable analytic continuation of the anomalous part of the MF
correlator
Gr(iw) — O/(2), (3.1.17)

which has to be added to recover the full KF correlator. Hence, our previous result in
Eq. (3.1.10]) needs to be supplemented and the full formula for the construction of the KF
function is

21271 G ) = Ny, ACHT () + B, (2), (3118

where 2z are the complex frequencies given by the analytic continuation according to
Eq. (3.1.16). For some relevant cases (¢ € {3,4}) we have summarized in App. |B| for
which correlators the analytic continuations of anomalous parts have to be included.

!This replacement might be surprising since a unity on the time domain yields 83, and 27if(w) in
the space of imaginary- and real-frequencies.
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3.2 Construction of further functions

In previous sections we have seen that certain AC functions, namely analytic continuations
of the regular part of the MF correlator C7 and its discontinuities ACY, are used to
construct the KF correlators Gl with o < 2. Now we want to provide more AC
functions which are useful for the construction of KF correlators Gl with o < 4

The construction of these AC functions works by the very same principle as for AC7.
In Sec. we considered an arbitrary discontinuity at a branch cut B; which divides the
set {1,...,¢} in in two complementary subsets I and I°. We found that we only have to
consider permutations of the type I I° by summarizing the PSFs S77e and S7e; with a PSF
commutator Sg; 7 - This works because the kernels for these permutations are equal up to
a minus sign. Furthermore, the kernels factorize in two functions which can be analytically
continued independently on I and /¢ according to the prescription for retarded correlators.

Due to the factorization of the kernel (see Eq. (2.3.8)) in two functions that depend
on complex frequencies of a single set (I or I¢) any discontinuity of AC7 can only occur
along a branch cut By with either I’ C [ or I’ C I°. For this discontinuity one can

use the very same steps as in Eqgs. (2.3.7)-(2.3.9). Thus, computing the discontinuity of
ACT splits one of the sets I or I¢ in smaller subsets. The kernel now factorizes in three

regular kernels K (z7,), with b € {1,2,3}, which only depend on frequency arguments of
the subset [, and therefore can be analytically continued independently again. The PSF's
can be summarized by a nested PSF commutator, e.g. Syz,.7,)_.7,)_» such that one only has

to sum over permutations of the type p = I;1515. From each set I, we can pick one index
ny, € I, and follow the prescription for analytic continuation to retarded kernels according
to Eq. such that on every subtuple I, we obtain a retarded kernel F(w[izb]).

Starting from « > 3 it matters in which order the branch cuts are considered. Corre-
spondingly, in the following definition of the discontinuities the order of the subscripts is
important. We first exemplify this for « = 3 and pick three complementary sets I, I and
I3 with n, € I,. Then we can construct the AC function

ACRUER™ = D St sty * Kpigparzi (3.21)

P1y|15|13

by first computing AC’ZU 1,» then computing its discontinuities along B, and lastly con-

tinuing each subtuple according to Eq. (2.1.29). Here the super-script [n;][n2][ns] makes
it explicit that these are chosen as the n, € [, with respect to which the kernels K (w?”])

b
are retarded. The subscript I; U I», I; states in which order the branch cuts have to be
considered. We can also construct

ACEEI = N S it * Kytmigaaizp (3.2.2)

P1y|15|13

by first considering the branch cut By, and then By,.
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For these discontinuities it is again possible to make use of Eq. (2.2.5)). Thereby, nested
PSF anti-commutators can be turned into nested PSF commutators for « = 3 by

Stsmitally * K = N Sy * K

= —Np - (S[Tz;[71;73]—]+ + 5[71;[72;73]—]+) * K
= =N - (NI? ’ 5[72;[71;73]7]7 +Np, - 5[715[7%73]7]7) * K

= =N, (Niy - ACEEIT N, ACEIM) e,

(3.2.3)

where the kernels K are all equal to the retarded product kernel Kj[lnl]j[;u]jg]g] (W1, 1,7,)

defined in Eq. (2.1.30)). For the second line one needs to make use of an (anti-)commutator
identity which is easily checked by unfolding the nested (anti-)commutator. In the last line
we expressed the nested PSF commutators in terms of AC functions Eq. .

For o = 4 we e.g. obtain the discontinuities

ACT R =N St sttt g1 * Kzt (3.2.4)
Py |Ia|13|14
or
ACTEIEII = NS L EaTa K imigtnaiginalgina)- (3.2.5)
Pry|I|I3]14

We identify the regions of analyticity which correspond to certain discontinuities and
exemplify this for £ = 3 for which the regions of analyticity are depicted in Fig. [2.2] The
function AC’lm[?’] is a discontinuity along B;. There are two possible discontinuities along
this branch cut. To pick the correct one, one needs to remember that e.g. ACl[l][g} splits the
set {wy,ws, w3} into {w;} and {ws,ws}. For the subtuples (ws,ws) and (w3, ws) we need a
kernel which is retarded with respect to ws. The corresponding complex frequency tuple is
given by Eq. . Thus the two regions of analyticity must have a negative imaginary

part for 79 < 0 and and a positive one for 3 > 0 which gives
A(Jl[l][?ﬂ — o' _ Bl

For ¢ = 3, the function ACE]Q[QH?’] is a discontinuity of ACY along B;. Thus we have to
subtract the following discontinuities, yielding

ACH = ACY| Ly — ACT|, o =G =GP+ G — P (3.2.6)

v2>0 v2<0

3.2.1 Construction of Glmmmsl

The correlators GI""] can be written in terms of AC functions, too. We pursue a similar
strategy as for GIm™! by expanding the GI""™m! in terms of nested PSF (anti-)commuta-
tors with suitable kernels. By use of the equilibrium condition via Eq. these can
be related to nested PSF commutators which can be identified with AC functions. In
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kernel of Glmmnsl — Glnsl
a) | < pg < KMl — KTl — ]
b) | s < 1 < pe _ Kl gl — (i)
c) | p2 < piz < Klinl — ol 4 glis]  — [linie] _ fliens]
d) | po < < ps Kl — K h2] — K]
e) | 3 < pz < iy K]l ¢ Klisl = _ liens]
£) | 1 < s < o Kl —opclie]l 4 glisl = flmne] _ flieis]

Table 3.2: General kernels of GImmml — GInsl for different permutations. The indices
wy = p~t(np) are the positions of the indices 7,. Depending on their order we differentiate
between six cases.

P kernel of G**#2— G2
a) | (123) KM = 4Ky 992
b) | (312) KB = — Ky
) | (231) | KM — KB = 4 K )21 31y — K g3y
d) | (213) KM = 4K )23
e) | (321) —KP = — K gm0y
£) | (132) | K" = K = + Kymgye — Kagyae)e

Table 3.3: Contributions to GI'#3) — G for different permutations.

the following we make repeated use of the kernel expansion (3.1.2)). Due to the kernel
expansion the problem is mostly reduced to the analytic continuation of 3p functions. The
generalization to arbirary ¢p functions is explained at the end of this section.

Firstly, recall that the Keldysh kernels in Eq. give

Kliniens] — pelin] o pelie] + K[ﬁs]’

where we have 7; < 7 < 73 by definition. The indices u, = p~!(n) are the positions of
the indices 7. To reuse the kernel expansion K according to Eq. we have to
subtract a retarded correlator from Gl This is not problematic for the process of
analytic continuation since a retarded correlator itself can be expressed as an AC function.
In the following we choose to subtract GI!. The kernel of GI"! equals one of the kernels
KMl K2l or K3l On the level of kernels, the effect of subtracting GI! depends on the
permutation. For instance, assume that in a permutation the indices appear in the order
1 < po < p3. Then 73 is the position of 73, such that for this permutation the function
Glmmensl — @3l has the kernel KU — Kkl = [l For the five remaining cases we have
summarized the kernels in Table 3.2

For these kernels we can now perform the split-up according to Eq. . Before we
continue with the general construction, we first show the basic steps using the example of
the 3p correlator G*?2. Here each of the cases a)-f) exactly corresponds to one permutation
of the three indices. We obtain the contributions in Table 3.3 .
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p | kernel of GI'#3] — GB]
a) | (123) | +K o)z @)m + Koy
b) | (312) | +K ez — Kais o)
c) | (231) +K 92131y + K gy 1))
d) | (213) | +KgemymeEe + Kz
e) | (321) | +K 312y 1y — Kza)i1 0y
£) | (132) | +Kqymeys — Kasysi e

Table 3.4: Final version of contributions to GI'?¥ — GB! for different permutations.

The contributions

S(123) * Kqyni(az)y + S(132) * K1y (s2)81 — S(231) * K a3y31(1yn1 — S(321) * K (39021 (1))

are almost identical to an AC functionﬂ To equate this with a discontinuity it would be
necessary that the kernels taking frequencies from the subset { wq, w3 } are retarded with
respect to the same frequency throughout all permutations, e.g. K (w%)). In the following
we choose retardation with respect to index 3. To adjust the kernel for the permutation

p = (123) we expand the kernel

Stza) * Ky ag)z1 = S(izs) * <K<1>“1<23> — Kaymess + Ko Wﬂ”)’

-

d(wi)K (w(l))XK[12](w23)

where for K1?(wy3) we can use the kernel expansion according to Eq. (3.1.2) yielding
S(123) * K (1)1 (2g)2 = S(123) * <K(1)[11(2)[21(3)[31 + K(1)[1](23)[3])-

By performing analogous manipulations for the other cases we obtain the result in Table
Now we can collect the contributions? for the AC function AC’[ Bl and for AC’[2 3 Th
remaining contributions form the nested PSF anti-commutator

Stizs) * Ky ayei(sye +5312) * Kg)s )2y +513) * K o)) (gye +5321) * K g2 (1)
= 5[[[1;2]+;31+ * Ku)m@)%)m
In total, this yields the result
V2(GP2 -G = Z Siayaa. * Koynas)s + ZS[(Q) 33) * Ko@)
P} I,3 P13 (3.2.7)
+ Simas * Koweees-

2Compare with the discontinuity
1[3
ACt =37 Sy am * Kamase
P} 2,3}

= S(123) * K(1yni(asyis + Sqise) * Kqyniye — S2s1) * K ez a)ym — Sa21) * K(z)si(1yn-
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Using the identity (3.2.3) one can express the last line in terms of AC functions (up to
divergencies of statistical factors)

\/§(G222 . G112) A (N Ac[l [2][3] + NzAc[Q][l 3]) + AC{”B} + A02[2][3]_ (3.2.8)

Let us return to general £. The only additional complication arises due to the further
possibilities to split up the indices {1, ..., £} in subsets according to the kernel expansion in
Eq. (3.1.2)). Performing steps analogous to those for £ = 3 one obtains the general result

9t/2-1 (G[Tlﬂlﬂls] _ G[ﬂS]) — Z Z S[[jl;j2]+;73]+ * Kj[lm]j[;z]j[gna]

(I1,12,13)€T123  PIy|Iy)15

+ Z 23[71;73] * K- [m] ns] (329)

(I1,13)€T1s  P1y|13

+ YD S * K ins

(I2,13)€TI23  Pry|13

with Zi93 = {(]1,]2,]3)|’I71 S 11,772 € ]2,773 € I3, I, NIy = (0 for b 7& b’} being the set
of all possibilities to split {1,...,¢} into three sets, each of which contains one of the
indices m € Ib- The sets Ilg = {(11,15)|7’]1 S Il, N2, N3 € 13, Il N Ig = @} and 123 =
{(Is,13)| n2 € Iy, m,m3 € I3, Iy N I3 = ()} are defined analogously.

The last two lines in Eq. involve a PSF commutator and can thus be identified
with the AC functions AC’}T " and AC’Z’Q]["S}. The nested PSF anti-commutators in
Eq. have to be rewritten according to Eq. to relate it to AC functions,
giving

> Sm. * Kpgigol = =N (Nh ACE L™ 4 Ny, - AT 773]>

I,I2
Pryl1g)13

(3.2.10)

The general result in Eq. can be obtained by repeating the same steps as for £ = 3.
Another way to derive it is by repeatedly “inserting” additional arguments in the correlator.
Including an additional argument with Keldysh index 1 does not fundamentally change the
structure of the formula. In fact, one can infer the formula for /41 arguments from the one
for ¢ arguments. Permutations over £+ 1 arguments can be inferred from the permutations
(1,...,£) by inserting the new argument at any of the £+ 1 positions. For instance consider
¢ = 3. The final version of the contributions to G*?2 — G2 is in Table [3.4] Consider the
contribution

S(123) * K1y 23)08)-

We can systematically infer the corresponding contributions for ¢ = 4 by inserting the 4
at any position. Due to the way in which index sets are split up by the kernel expansion
according to Eq. (3.1.2]) the contributions for permutations (4123), (1243) and (1234) are

Sai2s) * Kupymesys  + Sa2az) * Kymaagys  + Sqazsay * K1y 2348
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such that the new contribution is simply the old one with the new index inserted corre-
sponding to its position in the permutation. Only when the new index 4 is inserted at the
boundary between two subtuples, i.e. in this case for (1423), one obtains two contributions,

S(1423) * (K(14)[1] (23)81 T K(l)[1](423)[3]>

one for inserting 4 in the left subtuple and one for inserting it in the right subtuple. In total
one obtains the above five contributions for ¢ = 4. To infer the formula for ¢ + 1 from the
one for ¢, we sum over all possibilities for inserting the new index into existing subtuples,
above (1) and (23), and each subtuple is augmented by the new index 4 by inserting it at
any possible position. (This holds for an arbitrary number of subtuples.) Now recall how
permutations over £+ 1 indices can be inferred from permutations over ¢ indices. Thereby,

we obtain Eq. (3.2.9) for arbitrary ¢ by induction.

3.2.2 Construction of Gmmmsil

Rewriting GImmmml follows the very same principles as for G"m!, For the sake of brevity
we only present the result for the most relevant case of £ = 4. The generalization to ¢ > 4
can be achieved analogously to the previous section. The result for ¢ =4 is

2G2222 — Z S[ T23);(1)]4 * K(T§§ 4)(1)[) ]+ Z S (123);(2)]+ * Kfﬁg) 4(2)[2

PR3.41{1 P34

+ Z Siazsie), * Kazsmees + Z Siazsiwi, * Kazssam
P{,2,4} {3 P,1,2H {4

+ Y Simenen * Kowespes Y Siexen el * Kepennee
Py {1,213} P} {4,131 |{2

+ Y Sy * Koneyews + Y Sieenan * Kguasmw
P{1} 2,3} {4} P2} {3,431 {1}

+ ) Spusele. * Kowe@ens + Y Sjaene. * Kouesens
P{a}|{2H{1,3} P{1} {3} {2,4}
(—2mi)3

+ STl — Olm2-Al_s3le T Olmlpss_2l- — O[3 204

+ Sl 154 — STiizs)-)-ale Sl — Slis4l-s2 -1y
+ Siias2l sl e T Stszlsmslo -+ Slslaizal )y T Sis)ze ) )
(3.2.11)

For the expression in round brackets we evaluated the convolution with the kernel K 1)l (2)i21(3)8 =

H?Zl d(w;) for the sake of brevity. One can now rewrite the above expressions in terms
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of AC functions which only contain nested PSF commutators. To do so one can use the
following relations which are obtained by (anti-)commutator relations and repeated use of
Eq. (2.2.5)

S[14;B]4:C)—;D]- =O[[14;C]—;D]-;Bly T S[IB;C)-;D]-;Al + S[ac]_s(B;D]- 14 T S[A:D]_i[B;C) -]+

= — NpS[a;c)_;p)_8). — NASH[B;C]—;D]—;A]—
+ NaoSiae)_is;p)-)- + NapSqap) e

(3.2.12)
StiaB) (05D ) =S[[[A:B)_:C] D)y T S|[iA:B]_;D] ) (3.2.13)
= — NpSja)_sc1-:0)- — NedSjas)_ip) o)
S(as8)510:014 )+ =Nap (S[[[A;B};C};D] + S{as-ipl_sc)-
=2 Sjasc)_sB)_sp)- — 2 S{aD]-iB)_ic)- (3.2.14)

+ NacSiae)-iBio)y)- + NapSjan)_sic).)-

+ NpoSisic)-iiaply)- + NBDS[[B;D];[A;C]+]>-

where A, B,C, D € {1, ...,4}. These (anti-)commutator relations can be checked explicitly
by unfolding the the (anti-)commutators. Using the PSFs S, as basis vectors the search
for these relations is basically a problem which can be solved with linear algebra.

3.2.3 Caveat: Anomalous parts

Also for a = 3 and o = 4 we need to pay attention to the divergencies of the factors
Ny. Similar to the case in Sec. [3.1.3] the divergencies indicate that these contributions can
only be recovered by d 1, the analytic continuation of the anomalous part G ; of the MF
correlator. There are different ways to expand the correlators which are all equivalent for
the continuation of the regular MF correlator. However, for the anomalous parts we need
to be cautious as we illustrate in the following example.

With Eq. we have derived a formula to construct the function G??2 — G''2 via
analytic continuation. However, rewriting S 91, 3, in terms of AC functions is problematic
if O3 is a bosonic operator. When we apply Eq. we have to exclude the point for
which N3 diverges and get

—N3S , for ws #0,
Si1214.34 = { 320218 + 7 (3.2.15)

S[[1,2]+73}+, for w3 = 0.

Using the AC function </153 we cannot reconstruct the second line since the discontinuities
of AC functions only produce (nested) PSF commutators. This problem does not arise
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if, instead, O is a bosonic operator. Then the divergence of N; in Eq. (3.2.7) has to be
avoided and we get

NS , for wy #0,
Sif23)-14 = { Al v (3.2.16)

Si,2,3 14 - for w; = 0.

Here the second line can be constructed with 51, making use of the fact that the disconti-
nuity of AC functions produces PSF commutators.

In the following section we see that the various Keldysh components of a correlator are
not independent. For instance 4p correlators can all be expressed in terms of correlators
GIm-nel with o < 2. Hence, the easiest way to obtain all Keldysh components of a 3p or
4p correlator via analytic continuation is by use of the continuation formulas for a@ < 2
and then computing the remaining correlators via the fluctuation dissipation relations.



Chapter 4

Applications of the analytic
continuation formula

In the previous chapter we have shown how KF correlators can be constructed from AC
functions. Thereby we have derived formulas for particularly relevant cases of 3p and 4p
functions. Our results do not rely on any assumptions about the nature of the operators
or about the physical system (apart from equilibrium and time-translational invariance).
In this chapter we apply the formulas to various cases. At first we use the known relations
between KF correlators and AC functions to derive relations between the KF correlators,
known as generalized fluctuation-dissipation relations (FDRs). In Sec. we then transfer
the known results to vertex functions. These describe the effective interaction between
two particles and are obtained from certain 4p correlators. For this purpose we trans-
form the correlators to the R/A basis [34] and use the previously found FDRs. Lastly,
in Sec. we consider the vertex contributions to susceptibilities. The computation of
real-frequency susceptibilities has been analyzed by Eliashberg [13] who used the analytic
continuation method to convert Matsubara sums into contour integrals. We then iden-
tify the KF functions which correspond to his vertex contributions and thereby enable
transfering Eliashberg’s arguments to the KF.

4.1 Generalized fluctuation-dissipation relations

Due to the double-contour technique an ¢-point correlator in KF can carry 2¢ different
tuples of Keldysh indices k (with k; € {1,2}). One of them, GI' = 0, is known to be
always zero. Due to the equilibrium condition also the remaining correlators may not
be independent. For ¢ = 2 the corresponding relation is known as Fluctuation-Dissipation
theorem. Generalized fluctuations-dissipation relations (FDRs) have been derived for ¢ < 4
(see Refs. [1233]) by employing further assumptions additional to the equilibrium condition
and invariance under time-translation.

In the following we derive the FDRs for ¢ < 4 without invoking additional assumptions.
We deduce relations between Keldysh correlators G* and the primed correlators G’ * defined
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in Eq. (3.2.8). Thereby we reproduce the relations derived in Ref. [12], using that the
primed is equal to the complex conjugated correlator for bosonic operators, i.e. G’ ko
(G*)*[] To find the analogous relation for fermionic operators one simply has to redefine
the prefactors NV; according to Eq. . The FDRs hold for any correlator of bosonic
and fermionic operators. The exchange symmetry is fully respected via the definition of
the statistical factors N; according to Eq. (2.2.4).

Our derivation of the FDRs makes use of the fact that KF correlators and primed KF
correlators can be written as a linear combination of AC functions. For ¢ < 3 the derivation
of the FDRs is particularly simple because all regions of analyticity can be identified with
retarded or advanced correlators (see Fig. [2.2]). For ¢ > 4 further regions of analyticity
exist which do not directly correspond to KF' correlators. In this case one needs to solve a
set of linear equations to obtain the FDRs.

For the derivation of the FDRs we temporarily neglect the parts of the KF correlators
which are retrieved from the anomalous part of the MF correlator (see Sec. [3.1.3). One can
however include them afterwards and check that the FDRs still hold. One can also plug
the spectral representation of the KF correlators into the FDR and check explicitly that
they hold exactly up to frequencies for which the factors N; in the FDR diverge. (This
is a lengthy calculation which involves the use of the equilibrium condition according to
Eq. and has already been done by Haehl et al. in Ref. [24].) For the important case
of 4p correlators with only fermionic operators there are no such divergencies since all N; in
the FDRs are tanh functions. For 2p correlators with bosonic operators or 3p correlators
with one bosonic and two fermionic operators we can add the appropriate functions to
obtain exact relations between the correlators. These are the analytic continuations of the
anomalous parts ®;. In App. |B| we have summarized the corresponding formulas for 3p
and 4p correlators.

In the following we use some relations for the statistical factors N; (see definition in

Eq. (2.2.4)). The sum rules for tanh and coth give the relation

Together with frequency conservation, this leads to the relation

Ny =

L L

[T+ 1) =TV - 1)

=1 i=1

which can be proven iteratively [24].

4.1.1 FDRs for three-point functions

For 3p functions all AC functions correspond to retarded or advanced correlators, see
Fig. [2.2l The correlators GIM™! are expressed in terms of discontinuities by Eq. (3.1.11)).

!As remarked after Eq. (2.1.28)), another important case for which G’ = G* holds, are Hamiltonians
which are real functions of creation and annihilation operators or systems with special behavior under
time reversal [33].
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At the end of Sec. we have explained how to identify the corresponding AC functions.
This gives

G =Ny (G — Gy 4 Ny (P — G2, (4.1.1)
G =Ny — Wy + Ny (P - GBYy, (4.1.2)
G =Ny — G + Ny(a™ - g (4.1.3)

Furthermore, we have expressed the correlator GI'?3 in terms of discontinuities in

Eq. (3.2.8), giving

19— G = AGM 4 ACH — (W ACH 1+ 2ACH )
P B gt _ gl
— N3 [N1(G/[3] — G 4GBl — G/m) + NQ(G’[?’] eIl Bryelc G/[l})]
=(1+ N2N3)G/[1] + (1+ N1N3)G/[2] + (1 + NlNz)G’B] + NoNsGU 4+ NN, G2

+ (N Ny — 1)GH
(4.1.4)

In the second line we identified the AC functions which make up the discontinuities. This
process has been exemplified in Eq. (3.2.6]). In the last step we used the relation

1 + N1N2 + NlNg + N2N3 == 0,

which holds for ¢ = 3 due to frequency conservation.

4.1.2 FDRs for four-point functions

For 4-point correlators there are several regions of analyticity which cannot be identified
with a KF correlator. Unlike for ¢ < 3 we thus cannot simply express any KF correlator in
terms of retarded and advanced correlators. Our strategy for £ = 4 relies on the comparison
of the AC functions with which KF correlators can be constructed. By writing a correlator
as a linear combination of AC functions it can be represented by a vector for which the
AC functions serve as the basis vectors €;. Thereby we are able to find relations between
KF correlators by solving linear equations. We demonstrate this method with the example
of the KF correlators G2, GI'?3 and G4, The FDRs for 4p correlators of fermionic
operators are summarized in Egs. and (B.2.3).

It is sufficient to choose the discontinuities of AC functions AC7 as basis vectors since
the construction of all correlators (except for GI"l and G’ [n}) has been performed with the
discontinuities AC7. In Fig. we depict the discontinuities with short arrows which are
enumerated according to the basis vectors €;, such that e.g. &; = AC’%E’]. Note that every
region of analyticity and hence every AC function AC7 has a counterpart which is related
to it by conjugation of the complex frequencies AC'] = —AC; .
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Im(wip) >0

Im(u.u) Im(wlg) <0:
A . ‘ () ,
36 35
=9 Y- X 26 gl o274
87, T ¢
. ? ? ? | 313 1
Im(wy) 5 A0 12 % v o8
\\ 18 ,/' \\ 3 ,/'
gl 16—~ X = =13 g# P 32+t P 29 Mt
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A300
| | } 24 21
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Y . i .yl G/[4] 3 - 2/ 20® <23 GBl 224 @

Figure 4.1: Regions of analyticity of four-point correlators: The 36 distinct discontinuities
ACT are indicated by short arrows. For the derivation of FDRs they are used as basis
vectors €; with 1 < ¢ < 36. In the diagram the index ¢ for e; is placed next to the
corresponding discontinuity.

We exemplify the derivation of an FDR first with G2, By Eq. (3.1.14]) we have

G2 = Ny ACTHP ¢ NACP - NyacHP - N Ach

R ) ) ) (4.1.5)
= —Nje;3 — Nizey — Nyseig — Naeyg.

These discontinuities are the ones adjacent to the regions labeled by the arabic numbers
(2.2) in Fig. . Thus, we may expect to find a relation to the correlator G’ since the
regions labeled by (4.4) are the complex conjugates to these. We find

G = N;ACTH 4 Ny ACEY + Ny ACS + Nam ACT5
= N ACEH — Ny AR 4 Ny, ACP 4 Ny ACE (4.1.6)

321
= N3éi5 + Nizéis + Nis€is + Nyeir.
The retarded and advanced correlators are represented by the basis ACT via
Gl — G = —eyy + e + &1r,

Gl _ g = €15 + €16 — €13,

G B =6+ &7 + b5
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Thus the problem is reduced to the linear algebra problem of finding a solution x to

N 0 0 0 1
~ Ny N3 -1 0 0
0 [_|N o0 1 of_
—N, o 1 1 o|®
0 N, 1 0 1
—N14 N14 0 -1 1

where the vector on the left represents G2 according to Eq. (4.1.5) and the columns of
the matrix represent the functions GBY, G — /Bl G — '™ and G2 — G'P. One finds
the solution

T (12) (12) (12)
2 = (NG, NG Ny — No, =N Ng, =N,

with N((IZ)) = x,:rN To see that this is indeed a solution one has to convince oneself that

the equations
Ni3 ZN((34))( Niz + N3) — Na, and Ny ZN((34))( Niy — N3) + Ny,

hold which can be checked using the properties of hyperbolic functions and frequency
conservation. After regrouping the prefactors one obtains

G[lﬂ — _NzG[l} — Nle] + N((?}j) (N4G/[3 + N G/[4 4 G/[34]>

which agrees with the result in [12].
To obtain FDRs for G124 — GP or GI'%34 we can again write them in terms of discon-
tinuities ACY, yielding the rather lengthy expressions

G _ gl = —6) — €y — €19 — €11 + N[ N3(€5 — €1) +Ny(€91 — €12)]
+ N3 [Ni3(—€2 — €30) + Ny(—€91 + €31)] + No[N3(€33 — €95) +N1a(—€34 — €11)],

and
1234
= [Ni3(1 + N12Ns)lér + [Niz — Ni(1 4+ NiaNiz)les + [Niz(—Nig + Nig) NoJés — [Nig)eés
+ [N3 — Ni3(2 + N12N3 + N14N3)|€6 — [N12N13Nylér + [No(—1 + N12N13)]ég
+ [NV13(=2 4 N1 (Nig + Nig))l€io + [Nia]érr + [Na(1 + NiaNig — Ni3Nig)léio
+ [N13 — NiNigNugl€is + [Niz — N3 + N1z N1y Nsléis — [N13N1aNo]éis
+ [Ni(—1+ NigNis)leir — [Na]€is + [Niz2]€1g — [Ni2)€sg — [Na(1 + N12Nis)léxn
+ [N12N13NaJ€g2 + [N1 — 2N13 4+ NigNi(Nig + Nig)l€as + [N13Ng(N1g — Nig)l€ay
+ [—N3 +N13(1 +N12N3)|€95 + [Nis — N1N1oNisléos + [No(1 —NiaN1g +NisNia)|€or
— [N13(2 4+ N12N3 + N14N3)]€as — [Na(1 + NigNig)|€s9 + [N13N14Nylés
[

+ [N13 — N1(1 4 Ni3Nig)léss + [N13(1 4+ N4 N3)|€s3 + N1s€3s — Nio€3s5 + Nyo€se.
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These can be expressed in terms of Gl and (G — G ["2]). Note that the latter
objects each have different representations in terms of &; (corresponding to different paths
between Gl and G’ [’72]). We can hence set up a matrix equation analogously to the one
for GI', using

G — G = &5 4 @90 + 694 = &7 + 36 + €a3,
Gl — G = —614 + 615+ 617 = &7 + &5 + &,
Gl — G = 615+ €16 — 15 = &4+ & + &,
G- gt = €1 + €19 + €31 = €12 + €35 + €yg,
G — ' =&+ &1 + &15 = 810 + &1 + €12,
G -G =6 &y +é5=é+éu+ €15,
G — "M = &3y — &y + 891 = €31 + €30 + €29,
GB - o = €33 — €5 1 €34 = €31 — €34 + €32,
GBl = G = &5y — @19 + &3 = 93 — 99 + €y,
G — G = —&)) + €97 + Gog = Ga9 + &35 + &34,
G — P = €35 — €3 + €35 = €33 — €30 + €32,
G — P = 637 — &35 + 810 = &5 — &3 + &9,
G = —Ni&y3 — Nizérs — Niuérs — Natse,
GPBY = —Nyé31 — Nyéss + Nisézo + Niaésa,
G = —N3é6 — N1égs + Nis€5 + Nigéa,
GPY = —Nyé1s — Nogar — Nisyy + Nigéss,
GM = —Ny&; — Niégs + Ni3€s + Niaés,
G = —Nze; — Noeyy — Nizes + Nigeyg.
This linear algebra problem can be solved to find
G234 _ (1+ NoNy+ NoN; + N3N4)G'[1] o N3N4G[2]
— No NGB — No N, G — NG — N GPY — NGB
and
G2 = AN, Ny NGV + (Ny N3Ny + Ny + N3 + NG
+ 2N, N3N, G + (N N3Ny + Ny + N; + Ny G2
+ 2N NoN,G® 4+ (N NoNy + Ny + N + Ny)G'P
+ 2N, N3 N,G¥ 4+ (N NoN3 + Ny + No + N3) G
+ N3 N,GM - Ny N,GE3 - Ny N3G+ Ny N, G - Ny NG - N NGB
which agrees with the result in Ref. [12].
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4.2 Vertex functions and the R/A basis

So far we have never specified the operators @ = (0!, ..., 0% in the correlators. In this
section we choose them to be creation and annihilation operators and focus on vertex
functions F' which describe the effective interaction between two particles. Based on our
knowledge about 2p and 4p correlators we can now infer the formulas for the analytic
continuation of vertex functions. We find that vertex functions have the same regions of
analyticity as correlators, the same FDRs and the Keldysh components can be constructed
with the same linear combinations of AC functions as for correlators. We find that for KF
functions the R/A basis, derived in Refs. [34}35], is particularly convenient to work with.
In this basis every component can be expressed with a small number of AC functions.

The propagation of a single particle is described by the 2p correlator (propagator)
defined by

Ge'2(tr,t2) = —U(Ted, (1) d} (15)). (42.1)

where the operators df and d, are creation and annihilation operators specified by the
index o. Typically ¢ is a spin (1 or |) as e.g. in our calculations on the Hubbard atom
in Sec. [p] and position or momentum. In the following we first focus on 4p functions with
solely outgoing particles] defined by

Gt (8) = (1) (Tedo, (17 )do (157 ) dor (857 ) o (211)) (4.2.2)

01020304

It consists of a disconnected and a connected part, G = Ggis + Geon. The disconnected
part G%_ contains all the “factorizations” of the 4p correlator in propagators such as
(—1)3(Tody, (1) dy, (t52)) (Tod,y, (t53)d,,, (t54)) as they are obtained by Wick’s theorem for
non-interacting particles. It corresponds to the independent propagation of particles with-
out mutual scattering. Note that the disconnected part contributes to the anomalous
part in the MF. It can be analytically continued to the KF, based on the well-known
continuation of 2p functions.

The connected part of the 4p correlator G, is associated with the effective two-particle
interaction. The corresponding vertex function F' is given by factorizing out four propaga-
tors [11] (henceforth hiding the indices o; again)

4

HGki & (wi)

i=1

Glrk2ksks (w) —

con

Frkaksky () (4.2.3)

where summation over the doubly occurring indices k] is implied. These four propagators
Gliki (w;) are called external legs in a diagrammatic language. For solely outgoing legs
they are all on the left of the vertex function.

2see below for incoming particles

3We denote the 2-point correlators GFiki (w;) solely by the frequency argument of the first operator.
See Fig. for a diagrammatic representation of the disconnected and connected part of the 4p correlator
of the Hubbard atom.
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Since we concentrate on outgoing legs, all 2-point correlators G**i are on the left of F'.
The Keldysh components are summarized in the matrix

- (ofy G)- (B0 €1 we

where the retarded and advanced correlators (G and G*) can be obtained from the MF
correlator by

GR/A(CA}Z') = G(lwl) GK((UZ'> = NZ[GR(WZ> — GA((A)Z)]
The FDT for the Keldysh component holds true up to an anomalous contribution in MF'.
It has to be considered for bosonic operators and corresponds to a constant in the time
domain. However, for fermionic creation and annihilation operators such an anomalous
part cannot exist.

To obtain the vertex function from the connected part of the correlator G¥  one has
to amputate the external legs, i.e. the latter needs to be multiplied with the inverse of
the propagators G¥¥i. Since the propagator is a non-diagonal matrix, this can yield an
abundance of summands for certain vertex components in the Keldysh basis. It is therefore
convenient to switch to the R/A basis according to Refs. [34,35] in which the 2p correlator
in KF assumes a diagonal form

auicre@ = (% 0) (gn o) (o6 5) = (T an) @ wu2s)

Correspondingly, the transformation into the R/A basis with A; € {R, A} is performed
with the matrices Q(w;) for correlators and with P(w;) for vertex functions by

iw; —w; £i0+

n i

Gh =Y TJ@""(w) | G, (4.2.6)
k Li=1 |
- -

FA =N TP (wi) | F*. (4.2.7)
k Li=1 _

Some correlators in the R/A basis are e.g.

GAAAA _ (4.2.8)
GRAAA _ _ ) (4.2.9)
GRRAA _ 112 | N, G2 NG (4.2.10)
GRRRA — _ 123 _ N G123 _ NG — Ny G — Ny NGB — Ny NG — Ny NG
(4.2.11)

Wang et al. explicitly showed in Ref. [12] that the FDRs for ¢ < 4 are equivalent to the
relation

- IT (Ni+1)
Gr =gt %(—1)“, (4.2.12)

A=A
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which was derived in Ref. [35] on the basis of diagrammatic rules. Here the bar over A
indicates conjugation of the R/A index, such that R = A and vice versa. From this, it
follows that GFERE oc GAA44 = (). Moreover, the expression for the component

GRRRA — (1 4+ NyN, + N\ N5 + N2N3)G/AAAR = —(1+ NiN2 + NiN; + N2N3)G/[4]
(4.2.13)

simplifies tremendously. It can be expressed in terms of the advanced correlator G’ 4
which directly corresponds to an AC function. For the correlators with two R’s and two
A’s, consider for instance the correlator G#44 which we expressed in the Keldysh basis
in Eq. (£.2.10). By construction of GI'¥ (see Eq. (3.1.14)) the AC functions CYLV, Cs,
and C, are involved. The latter two correspond to the correlators GI*! and G and are
exactly canceled in GFA4 giving

G = Ni(Cy) + Nas(C3y — C33) + Nis(Cals — €3%) + Na(C33),

where we left out the anomalous parts for brevityﬂ Hence, this KF component can be
expressed with three AC functions (plus anomalous parts). Other KF compoents can be
expressed with a single AC function [see Egs. and ] For comparison, in the
Keldysh basis the correlators GG (-] with o > 3 involve a complicated linear combination
of AC functions.

Observe that in the R/A basis the involved regions of analyticity of the 4p correlator
GAA2AsA1 are consistent with the analytic continuation of the external legs. By choice of
a KF component in the R/A basis the analytic continuation of the external legs G (w;) is
fixed. For example, for GF#44 the imaginary parts of w;” and w; are positive while those
of wy and w, are negative. In Fig. the signs of the imaginary parts of wii are constant
within the rectangular sections labeled by the same arabic numbers. So, by ignoring the
branch cuts Bis = 0, Bis3 = 0 and B4 = 0 one finds the regions of the diagram which are
consistent with a certain choice of the external legs.

The consistency with the external legs follows immediately for GA444 = (0 = GRRRE
and also for a correlator like GF444 (which is proportional to the retarded correlator
GI) and a correlator like GEREA (which is proportional to the advanced correlator G/
according to Eq. (1.2.12)). For G44 note that all involved AC functions are labeled by
the same arabic numbers, namely (2.2).

Every non-vanishing KF component in the R/A basis corresponds to a rectangular
region carrying a label with the same arabic numbers.

Due to the diagonal form of the propagators in the R/A basis it is easy to compute the
vertex functions from the correlators. For instance we get FAARE = [GAGAGRGR|1GAARE,

Since the FDRs according to Eq. (4.2.12) hold for the disconnected part Gg;s and since the
analytic continuation of the external legs is consistent with the analytic continuation of

4See App. B|for the anomalous parts in a 4p correlator of fermionic operators.
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the 4p correlator, we infer that the same FDRs

. IT (Ni+1)
FA =P~ %(—1)5-1 (4.2.14)

A=A

hold for the vertex functions due to G'® = G4. From the consistency of the analytic
continuation of the external legs and of the vertex function we furthermore deduce that
the vertex function is analytic in the same regions as already found in Ref. [13]. Hence
they can be constructed from the very same linear combination of AC functions as for
correlators. In the Keldysh basis the meaning of the Keldysh indices 1 and 2 interchange
for vertex functions, such that e.g. a retarded vertex function is given by F[1 = F1222_ This
is due to the fact that the transformation matrices are related by P~ = ¢,Q~! where o,

is the Pauli matrix
(01
or = | NE

The R/A basis for incoming legs: For completeness, we also give the corresponding
matrices for the transformation from the Keldysh to the R/A basis for incoming legs. The
correlator and the vertex are then related by

4

HGk;ki (—wi)

i=1

Gk1k2k3k‘4 (w) — Fk‘/lkékék‘fl (UJ)

con

, (4.2.15)

where summation over k] is implied. The transformation to the R/A basis is then given by

A

Gh = "G* TP (—wi))i | (4.2.16)
k Li=1 .

A

FA=Y PR TJIQ (—wi)li | (4.2.17)

Li=1

These transformation matrices are related to the ones for outgoing legs by

Pl = (L ) = -0t (12.15)
Q7 (—wi)] = (_01 _}) = —0,P(w). (4.2.19)

Hence, reverting the direction of a leg implies interchanging the labels R and A and mul-
tiplication by a global factor of (—1). In general, one has both in- and outgoing legs. The
corresponding formulas are obtained from those for solely outgoing legs by reverting the
direction of legs.
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Figure 4.2: Diagrammatic representation of the susceptibility consisting of a bare bubble
and a vertex contribution.

4.3 Computation of susceptibilities in KF and MF

In the following we compare the computation of real-frequency susceptibilities in the KF
and in the MF. On the part of the MF we review a method introduced by Eliashberg [13].
He performed the analytic continuation of a 4p function to convert Matsubara sums into
contour integrals. Thereby he obtained a formula with various vertex contributions (linear
combinations of AC functions). Working with Eliashberg’s method Oguri found that, out
of the many vertex contributions, only one is relevant for the particular response function
under his consideration [14].

We then translate the individual vertex contributions from Eliashberg’s method to the
KF. With these relations we are able to immediately convert Oguri’s formula to the KF'. In
fact, Oguri’s formula has been reproduced in the KF already [15]. However in a completely
different line of argument. With the result in this section we are hence able to close a gap
between the two formalisms. A very convenient stepping stone for this purpose is the R/A
basis for the KF functions.

We first review Eliashberg’s formula in Ref. [13] where he considered the susceptibility
of a fermionic system. He obtained the retarded correlator K%(v) = K?'(v) via the well-

; 0+
known analytic continuation for the 2p function K(iv) AT e R(v). The retarded
correlator is defined via

) = [ QT ) ) () 0) (13.1)

with df and d, being fermionic creation and annihilation operators specified by o (in
Eliashberg’s case o is a momentum). The composite operators (d'd) each carry a time
argument and a Keldysh index. Note that writing the contour index as a superscript to
the operator O¢(t) is equivalent to the previous notation O¢(t) = O(t°). In this section
we denote the contour indices by O° to define operators in the Keldysh basis v/20F =
O~ + (=1)*O* as linear combinations of those in the contour basis. Similarly, operators
in the R/A basis O are defined by a linear combination, i.e.

O'=-04 0?*=N0O*+0f, (4.3.2)

where N is the statistical factor from the transformation matrix Q(w) in Eq. (4.2.5).
The corresponding MF function is defined as

B
K(iv) = /0 dr &7 (T (dL, dyy) (r) (d5, d,,) (0)). (4.3.3)
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Figure 4.3: Regions of analyticity of vertex functions (adapted from Ref. [13]): The regions
are identical to those of the correlators. The frequencies are parametrized in the convention
w = (—€,e+v,—¢ — v, ). Following Ref. [13] we denote the rectangular parts by arabic
numbers. Roman numbers are used to differentiate between regions which are separated
by the diagonals. The notation of the analytically continued vertex functions follows that
of the regions, such that e.g. 2 FIl = Fy,.

This 2p correlator can be obtained from the 4p correlator

B :
G(iw) / B T (T, (71)doy (o)} (75)dy (0)). (4.3.4)
0
by summing over two fermionic frequencies € and €', as represented in Fig. [4.2] This gives

4

[[GGw:)

K(il/) = —%Z (G(disc.)(iw) + |

F(@)) , (4.3.5)

€€’

where we have split the 4p correlator into its disconnected and connected part. The
frequencies of the 4p correlator are parametrized by

Wi =—€ Wy=€+V, wW3=—€—U w=E¢. (4.3.6)

The disconnected part can be treated with the analytic continuation of 2p functions
already. We therefore focus on the vertex contribution to K(iv). Eliashberg then made
use of the analytic continuation method to replace the sums over the frequencies € and €
by contour integrals which pick up the pole contributions of tanh or coth functions. To
make sure that no other pole contributions are picked up, every contour has to stay within
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a region on which the correlator is analytic. Since the branch cuts of correlators and,
identically, of vertex functions run along the real axis and contour contributions at infinity
are zero, it remains to integrate along the real axis. For the poles which lie directly on the
branch cuts at Im(w;3) = 0 and Im(wy4) = 0 (see the diagonals in Fig. one needs to
take the Cauchy principal value integral which avoids the points with w3 = 0 and w4 = 0,
respectively. The final result is given in Egs. (9)-(12) of [35] where the vertex contributions
are sorted by the analytic continuation of the external legs.

Now we derive the KF formula for the computation of the retarded function K%' and
compare the contributions to those by Eliashberg. In the KF one not only needs to integrate
out the fermionic frequencies € and €, but also has to account for the ordering due to the
two branches of the Keldysh contour. In the contour basis the two constituents of the
composite operator (AB) also need to be on the same (forward or backward) branch.
With ¢ being the contour index, this amounts to

(AB)¢ = A°B°, ce{—,+}. (4.3.7)
In the Keldysh basis this leads to the correspondence
\/5(.%1[)’)1 = A'B* + A*B, \/5(«45)2 = A'B' + A*B°. (4.3.8)

For a direct comparison of the resulting vertex contributions with the result of Eliash-
berg, it serves to group the contributions according to the analytic continuation of the

external legs. For this purpose it is convenient to transform the vertex contributions of the
retarded function K?! into the R/A basis. Inserting Eq. (4.3.2)) into Eq. (4.3.8)) gives

V2(AB)' = —(N, + Ny) AABA — AABE — ARBA,
V2(AB)? = N,N,A*B* + N, A*B" + N, A"B* + AFBE,

with the statistical factors N, and N, defined according to Eq. (2.2.4) where the frequencies
w, and wy, belong to the operators A and B. Hence the operator product in the definition
of the retarded function K?! gives

(4.3.9)

2(AB)*(CD)*
= —N,Ny(N, + Ny A*BAcAD? — N, N, A*BACAD? — N, N, A*BACEDA
— Nu(N, + Ny)A*BEcADA — N, ABRCADE — N, A*BECEDA (4.3.10)

— Ny(N, + Np) ARBACADA — N, ARBACADE — N, ARBACEDA

— (Ne + Ng) ARBECADA — (N, + Ny ARBECAD! — (N, + N,) ARBRCEDA.
Plugging creation and annihilation operators into this formula allows us to write the re-
tarded function as

1 dedé’
K) == [ 1)
2 Jr (27i)?
with
I = _Nl(NS + N4)GARAA _ NlGARAR o NlGARRA _ N2<N3 + N4)GRAAA

— N,GRAAR _ N GRARA _ (N3 + N4)GRRAA _ RRAR _ yRRRA
(4.3.11)
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Here we already used that GA444 = Gl = 0 and that

/ dede Ny Ny [GA4AR - GAARA] — 0, (4.3.12)

—00

These integrals yield zero since the statistical factors N; and N, contain no poles for €.
Also, the functions GA44% = —GM and GA4E4 = —GB! are analytic functions on their
respective region. Each region extends to [Im(e’)| — co. We can therefore close the contour
with a half-circle over the upper or lower complex half-plane of ¢ and get zero due to the
lack of poles.

Be aware that we always worked in the R/A basis according to Eq. (4.2.7]) which assumes
that all external legs are outgoing, such that e.g.

GERRAA(4) = G (1) G (W) G4 (w3) GA (wy) FREAA (1), (4.3.13)

con

For our computations it is convenient to work in this basis. However, for a direct compar-
ison of the external legs with Eliashberg’s result we have to account for the fact that the
first and third leg are incoming. Following the remark after Eq. (4.2.19) we transform

G/ (w;) = GAB(—w;), forie {1,3). (4.3.14)
Our above example in Eq. (4.3.13]) now has the external legs

GA(—w1)GF(we) GP(—w3) GHwy) = GA(e)GB (e + v)GR( 4+ v)GA(€).

Adopting the notation of external legs from Ref. [13] we define

gile,v) (€ +v)G7(e),
g2(e,v) = G’A(6 + V>GA(€)a (4.3.15)
g3(e,v) = G (e+1v)G"(e),
ga(e,v) = G’A(E + V)GR(E)'

For the retarded correlator K(v) the vertex contributions can be read off from Eq. (4.3.11])

1 e / /
Kirtex(”) - - 2(277'1)2 / dede E gi(€7 I/)Eij (w)gj<€ ) V) (4316)
e i’j
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with
L1 = —N, FARAR — _ N (FR4 4 N1 4 N, T,
L1y = —Ny(N3 + Ny)FARAA = Ny (N3 4 Ny F2
L3 = — N, FARRA = _ Ny (F2) 4 NyFB 4 N, B,
Lo = —FRRAR _ (1 4+ NiNy+ NyNy + N2N4)F/[3]7
Lyy = —(N3 + Ny FFRAA — _(Ny + Np) F' 7 — Ny 4 Ny [FPY 4 Ny PP N ),
Lo = —FFRRA — (1 4 N|N, + NiNj + NoN3) '™,
L3 = —NoFRAAR = _ N [P0 Ny FUT 4 Ny U,
L3y = —Ny(N3 4+ N,)FEAAA — Ny(N3 + N,)FIY,
Lsg = — N, FFARA — _ N, [F08 4 Ny PR 4 Ny B
(4.3.17)

where for L91, Lo and Lo3 we used the generalized FDRs to make the connection to
Eliashberg’s result more obvious.

The relations in Eq. already show the one-to-one correspondence between
Eliashberg’s vertex contributions and the KF components. To see that these are in-
deed identical we have to express the Keldysh vertices in terms of AC functions using
Egs. (B.2:2). For the primed correlators like G’** the AC functions for constructing G*
are replaced by those with the opposite imaginary frequencies. Thereby we e.g. obtain the
vertex contributions

Ly = +%N1(N3 + Ny) Fi o,
L1 = +5(1+ NNy + Ny Ny + NoNy) Fay,
Lop = =5(N1+ No)[Na(F3)) + Nas(Foly — Fp3) + Nig(Fy — F53) + Ns(F33)].
For all the AC functions which do not belong to the central region with the label (2.2) one

can then use the argument under Eq. (4.3.12) to cross out the summands which do not
contribute poles for both € and ¢/. By doing so, we obtain

L1 =—5N [Nzﬁfxﬁ NI q + Nu(F — Fiy) + Nw(ﬂﬁ/—%ﬂ

Ly = +%N1(N3 + Ny)Fio

Li3=—3N [Nzﬂ'ng N3Fi 3+ Nis(Fls — Fi ) + N12(f/1?3/_%r)}

Lo = +%W5+ NNy + NyNy)Fy

Loy = —3(Ny + No) [Na(F3s) 4+ Nog(Fyy — F35) + Nis(Foy — Fuy) + N3(FyY)]  (4.3.18)
Loy = +5(LENN; + NiN3 + NoN3) F 3

Ly = —3No [N EH + NuTS | + Nuo (B — BYD) + Nus(Fy, — )]

£32 - +%N2(N3 ‘I— N4)F3_2

Lsz = —1N, [Nl%JF N3y 5 + ng(%g—%) + Nuy(F34 — F3y)]
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Expressing the factors IV; = tanh[fw;/2] and N;; = coth[5(w; + w;)/2] in terms of the fre-
quencies v, € and ¢ we find that Eq. exactly gives Eliashbergs vertex contributions.

Now, knowing the direct correspondence between vertex contributions by Eliashberg
and the KF components, one can directly translate formulas from one formalism to the
other. For instance, Oguri derived a formula for the linear conductance of quantum point
contacts with non-interacting leads in [14]. Working with Eliashberg’s method he was able

to apply simplifications on the general formula which allowed him to neglect all vertex
contributions but the central Los. From Eq. (4.3.17)) we read off

Lo = —3(Ng + Ny)FREAY = _L(Ny + N)[FM + NpFM + N, FPT

1
2
This agrees with the result which Heyder et al. derived separately in Eq. (23) of Ref. [15]
within the framework of the KF. However, instead of the ‘standard’ approach (computing
the susceptibility by integrating out two fermionic frequencies) they made use of an exact
flow equation from the functional renormalization group. We have thereby closed a gap
between the two formalisms on the two-particle level, showing that the KF is not just
conceptually expected to yield the same results as the MF. But also one also obtains a
result in the KF by first performing calculations in the MF and then analytically continue
to a KF function, here via the relations in Eq. (.3.17).

At last, a short note on the anomalous contributions which have been neglected so far:
While we integrate out € and € we take care of the divergencies of the factors INV;; by using
the Cauchy principal value integral in both the MF and the KF which avoids the points
with w;; = 0. This is necessary in the MF to take into account the pole contributions
of the regular MF correlator which lie directly on the branch cut. However, in the above
AC functions the anomalous contributions are not contained yet. They have to be added
separately to make sure that the Matsubara sum and the contour integral take on the
same value. From our construction of the KF correlator with AC functions we know that
these are exactly the points for which the reconstruction of an PSF anti-commutator fails
(see Sec. . This issue is reconciled by adding the anomalous contributions. Since
these are proportional to a delta function, e.g. §(¢’ — ¢€), the integral or the sum over € is
trivial and the correspondence of the MF and KF calculation is checked analogously to the
disconnected part of the susceptibility.



Chapter 5

The Hubbard atom in the Keldysh
formalism

In this chapter we compute the one-particle and two-particle correlator of the Hubbard
atom within the Keldysh formalism. The Hubbard atom describes a system of spinf%
fermions (electrons) which consists of a single lattice site. Due to the Pauli exclusion prin-
ciple only fermions with different quantum numbers can occupy this site simultaneously.
Two electrons on the same site interact via the Coulomb repulsion. This very simple
model is of high interest since it is one of the few which are accessible via analytically
exact computations. The Hubbard atom can be obtained from the Hubbard model and
the single-impurity Anderson model in the atomic limit. It can thus serve as a benchmark
for numerical methods. The difficulty of solving these models can be traced back to the
competition of the kinetic and interaction terms of the Hamiltonian which impedes analytic
calculations [5].

The one-particle and two-particle correlator of the Hubbard atom have already been
computed in the Matsubara formalism (MF) |[16-20]. The vertex function of the Hubbard
atom has been used as a starting point for a perturbative expansion around strong coupling
[17,136]. It has been found that (despite the simplicity of the model) the two—particle
irreducible (2PI) vertex functions display a complicated frequency dependence [37]. The
divergencies in these 2PI vertices are an object of ongoing research. Such divergencies have
been related to the breakdown of the perturbative expansion due to the multivaluedness
of the Luttinger-Ward functional [38-41].

The corresponding correlators in the Keldysh formalism can be computed directly via
a spectral representation. They can also be computed via our formula for analytic con-
tinuation (see App. which allows us to “recycle” formulas obtained within the MF.
The generalized fluctuation-dissipation relations (FDR) reduce the number of independent
components of the Keldysh correlator to 2¢ — 1 [12,[33] and can thus be used to facilitate
the computations.

In the remaining part of this chapter we first introduce the model and the results in
MF in Sec. In Sec. we introduce an alternative spectral representation for KF
correlators in which we then (in Sec. compute the results directly. Next, in Sec. we
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show, using the example of some Keldysh components, that analytic continuation of the
MF correlator delivers the same result. We confirm the consistency of the computed results
by checking the generalized fluctuation-dissipation relations and the SU(2) symmetry in
Sec. Lastly, in Sec. [5.5) we derive formulas for the vertex function in KF and investigate
the asymptotics of the vertex function for high frequencies.

5.1 Review of results on the Hubbard atom

5.1.1 The model

In the following we consider an interacting fermionic spin-
single site. The corresponding Hamiltonian reads

1

5 system which consists of a

H=Unmny —p-(nr+ny) (5.1.1)

with n, = dld, being the number operators for spin o € {1,]}. These are expressed in
terms of fermionic creation and annihilation operators d!. and d,. The parameter U > 0 is
the effective strength of the local interaction and p the chemical potential. We use u = U/2
to minimize the factors of 1/2 in the following sections.

This very simple system can be obtained from the Hubbard model and the Single-
Impurity Anderson Model (STAM) in the atomic limit [5,(19,42]. For instance the one-band
Hubbard model is a tight-binding approximation of a crystal. It is assumed that electrons
can occupy the lattice sites which form a discrete set of points in space. The Hubbard
Hamiltonian is

H=—t Zdl‘dj +U anni,i — 1 an (5.1.2)
(i,7) i i

with the creation and annihilation operators d;a and d;, for an electron at site ¢ with spin

o € {1,4}. The number operators n;, = d;adi’U are defined correspondingly. In the first
term the tunneling with amplitude ¢ is restricted to neighboring lattice sites (i, 7). We
only consider on-site interaction with strength U. The Coulomb interaction is assumed
to be screened on longer distances and p is the chemical potential. An exact solution
for the correlation functions of the Hubbard model can be computed in two limits. In
the free theory (U = 0) Wick’s theorem allows to write any correlator in terms of one-
particle correlators and the Hamiltonian is diagonal in momentum space. In the atomic
limit (¢t = 0) the Hamiltonian is diagonal in position space, such that the individual sites
decouple and it remains to compute the correlations on a single site. The corresponding
Hamiltonian is given in Eq. (5.1.1).

The SIAM hosts a single interacting impurity which is coupled to a non-interacting
bath. Its Hamiltonian reads

H = ng CZ,UC&J + ZVg (dicoo + cz’odg) + Unyny — pu(ng +ny). (5.1.3)
Lo Lo
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Electrons are created, dI, and annihilated, d,, at the impurity where they interact with
strength u. On the impurity the chemical potential is p. The bath electrons occupy the
energy levels €, and are created and annihilated with the operators czg and cg,. The
second term introduces a coupling between the impurity and the bath with hybridization
strengths V;. Similar to the Hubbard model both the free theory (v = 0) and the atomic
limit (V; = 0) can be solved analytically. In the latter case the impurity site decouples from
the bath such that it remains to compute the local correlations given by the Hamiltonian
in Eq. .

There are only a few energy eigenstates for the Hubbard atom. In the system according
to Eq. it can only be either unoccupied, |0), singly occupied, |1) or |}), or doubly

occupied |} 1) such that the eigenenergies are given by

HOO), L) 1) 1)) = (010) , —p [1), —p L), (U = 2u) [41)). (5.1.4)

Using the above basis any state can be expressed as a vector v = vy |0) + v2 |) + v3|1) +
vy |41). We can also compute the matrix elements of the fermionic creation and annihilation
operators. These are given in the occupation number basis [11]

(—1)21<Jn1 : (1 - 77,]) . |n1,n2, w1 + 1, > y

dt|n STy ey Ty
il ng,ng, ) o (5.1.5)
(_1) i<j Z'nj'|n17n27-~-7nj_17"'>7

dj |n1,n2, cey Mgy >

where the fermionic sign factor (—1)2=i<i ™ is defined for a fixed order of the states, given by
|n1,ng, ..., nj, ...). In the following we choose the order |n|, ns) for which we can represent
the operators with the matrices

0

~1
dy = , dy = , di=df, dl=d]. (5.1.6)

o O OO
o O OO
o O O
o O O O
o O O =
o O OO
O = OO

0
0
These operators fulfill the fermionic anti-commutation relations and allow us to compute
correlators directly via a spectral representation in the MF given in Refs. [13,|16,21] and
as we derive for the KF in Sec. [5.1.4] Note that the matrix elements of these operators are
real. Since the Hamiltonian is a real function of the creation and annihilation operators, all

partial spectral functions are real in frequency space [see Eq. (2.1.9)]. Hence, the primed
KF correlators equal the complex conjugated ones, G’ = G* [see Eq. (2.1.28))].

5.1.2 Correlators and symmetries of the Hubbard atom

In the following sections we consider the one- and two-particle correlator of the Hubbard
atom. The general n-particle correlator in MF is defined as

Gor v (T) = (=1) 7T [doy (11)d}, (72)...dory, ., (T20-1)d}, (70)] ) (5.1.7)
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and correspondingly in the KF
Got; o (8) = (=1) (T [doy (1) dE? () g (ban ) D2 (10)] ) (5.1.8)

where 7 and 7. denotes the imaginary time ordering and contour ordering, respectively.
The operators dj, and d,, create and annihilate a fermion with spin o; € {1,]}. The time-
evolution of the operators in imaginary and real time is given in the Heisenberg picture

O(T) = e?—h'(r)ef?'-h-7 O(t) — ethoefth’ (519)

with the time-independent full Hamiltonian H.

Following Refs. [19,133] we summarize the general properties of the correlators. For
the sake of notational convenience the symmetry properties of the Hubbard atom and its
consequences on the correlators are presented for MF correlators only [19]. However, they
are not specific to the formalism. For KF correlators one obtains very analogous relations,
following the same lines of arguments. The Hubbard atom has several symmetries which
can be exploited to simplify the computation of correlators. It displays time-translational
invariance, time-reversal symmetry and SU(2) spin symmetry. A symmetry relation due
to the SU(2) spin symmetry is used in Sec. to check the consistency of the result
on the KF correlator. Furthermore we assume equilibrium at finite temperature 7' = 1/.
For u = U/2 we additionally have particle-hole symmetry and a further SU(2) symmetry.

Within the MF the assumption of an equilibrium system at finite temperature is built
into the formalism. The Boltzmann factor e ?* corresponds to a time-evolution e *" along
the imaginary time axis. After a Wick rotation ¢t — —i7 the MF correlator Eq. is
(anti-)periodic in each time-argument. Due to the (anti-)periodicity of the MF correlator its
Fourier transform is given by an integration of all time variables 7; over an interval of length
B. In the KF the equilibrium condition leads to the generalized FDRs allowing one to reduce
the number of independent KF correlators [12,33]. Time-translational invariance yields
a further simplification of the calculation. Since correlators only depend on relative time
differences, one can translate all times by an arbitrary amount, e.g. setting one of the times
to zero. In the frequency domain this leads to the global factor of £d,, ,o or 2md(wi. ¢)
which ensures total energy conservation as expected for a time-translationally invariant
system. The exchange symmetry (or crossing symmetry) is expressed in the time-ordering
by the sign factors ¢* [see Eq. ] One can thereby relate correlators which merely
differ in the permutation of their operators. For instance, by exchanging two fermionic
creation operators one finds that GEF2Esks () wy ws,wy) = —GERRSR ()1 Wy, w3, w)).

In general, a given unitary operator U is associated with a symmetry if it commutes
with the Hamiltonian

U, H] =0, & UHU ' =H. (5.1.10)
In this case, one can transform the creation and annihilation operators

dV =y~tdPu,  with  dV(r) =e™MdDe M, (5.1.11)
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where the time-evolution is defined with the untransformed Hamiltonian. One obtains the
transformed n-particle correlator

01...02n

Gy 2 (T) = (=) (T dy, (71)d], (m2)...d],, (720)]) (5.1.12)

Plugging the transformation in Eq. (5.1.11]) and using the symmetry according to Eq. ((5.1.10))
one finds

Gl ( ): (_1>2n71<7- T1Hu 1d ue T1H TQHM 1dT uef‘rg?{ d/T (7—2n>]>

01...02n 02n

_7—17-[ 7'27'[
T e ()

1 (5.1.13)
G, m( ).

Thus, given a symmetry U the correlator G’ with the symmetry-transformed operators dﬁf(T )
is equal to the untransformed correlator G. This can be used to derive identities for the
correlators.

Let us now consider the spin symmetry. The spin operators are defined as

St =dl,0%, dy, for a € {z,y, 2}, (5.1.14)

with o; being the corresponding Pauli matrix. They commute with the Hamiltonian of the
Hubbard atom

[Si;,H] =0 (5.1.15)
and are thus the generators of symmetry transformations
Ui(p) = ¥, (5.1.16)

From the commutation relation Eq. follows that both matrices can be diagonalized
simultaneously. In a suitable basis, the eigenvalues of S; are hence conserved quantities
during time evolution. For spins one usually uses the operator S, and the total spin S? as a
maximal set of operators which can be simultaneously diagonalized with the Hamiltonian.
In this basis the total spin and the z-component are conserved quantities. For the one-
particle correlator G,,s this means that it is non-vanishing only for o = ¢’ . Similarly,
most spin configurations for the two-particle correlator vanish.

Explicitly computing the symmetry transformation U, (¢) one finds for ¢ = /2 that
the transformed creation (annihilation) operators give |19]

1 1
(1) _ (M (1) (1) _ (1) (M

Plugging these transformed operators in Eq. (5.1.12)) and by use of the fermionic exchange
symmetry of the operators, Rohringer concluded in Ref. |19] that

GTTTT(wl,WQ,w?,,uM) = GTTu(wl,wg,wg,wzl) - GTT\u(wl,WZL,w;g,WQ). (5118)
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He concluded that G44y) is the only two-particle correlator which has to be computed.
All other spin configurations can be deduced by use of symmetry relations. We use this
equation as a consistency check for the computed correlators.

So, henceforth we define the four-point functions

gagl (7'1, 72,73, 7'4) = (—1)3<T[d0(7’1)d3(7'2)d0/(Tg)dl,(7'4)}> (5119)

with 7; € [0, 5], 0,0” € {1, ]}. Given this definition, the symmetry relation in Eq. (5.1.18)
reads

G (wr, wo, w3, wy) = Gpy (w1, wa, ws, wy) — Gy (Wi, wy, ws, wWa). (5.1.20)

The corresponding symmetry relation in the KF' is obtained by additionally attaching a
Keldysh index to every operator, giving

Gk1k2k3k4 ( Gk1 k2k3k4 ( Gk1 k4k3k2 (

wl,WQ,Wg,UJ4) W17w2,W3,w4) W1,W4,W3,w2). (5121)

5.1.3 Results in the Matsubara formalism at half-filling

In this section we summarize results on the one- and two-particle correlators for the Hub-
bard atom at half-filling (@ = u) at inverse temperature § = 1/T" in the imaginary-time
formalism (MF) [16-20]. To avoid factors of 1/2 in the subsequent formulas we intro-
duced the constant u = U/2 such that the energy eigenstates (|0),]}),|1),]}1)) have the
eigenenergies (0, —u, —u, 0).

For the one-particle correlators it is conventional to express them only in terms of the
time and frequency argument of the first operator w = w; = —wsy. Thus, the one-particle
correlator of the Hubbard atom at half-filling gives in frequency space

iw

B .
Gliw) = — /O d7 (T [do(7)d}(0)] )™ = ()=

)
_u2

(5.1.22)

which is identical for any spin o € {1,]}. Hence we drop the spin indices for G(iw). Due
to SU(2)-symmetry the one-particle correlator is diagonal in spin space, i.e. correlators of
unequal spin like <T[d¢(7)dI(0)]> vanish.

As mentioned at the end of the last section, it suffices to compute the 4p correlator G4
to account for all other spin configurations. The two-particle correlator can be separated
in two contributions Gy, = G4 ais + Gyy.con (sce Fig. [p.1). The disconnected part Gy as is
the product of one-particle correlators, i.e. in this case

Gty ais (1w, iws, iws, iws) = —Bdu,,,0G (iwr) G (iws)

and corresponds to the independent propagation of two particles without scattering. The
connected part of the two-particle correlator G| con gives in frequency space

G'N, con — GTi con + G(w12 + G (1) + G (w1a) (5123&)

1),con T, con 1,con?
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v ws 1wy 1 ws

—_——

Gy = Grpdis + Grieon = =004, — P

1w

Figure 5.1: Diagrammatic representation of the correlator G4, which consists of a discon-
nected part G4 qis and a connected part Gt con. The latter consists of a vertex Fy and
four external legs (one-particle correlators) G.

with the regular part

4 4
2u]] (iw;) + u> " (iw;)? — 6u®
Gy eon(iw) = —= = : (5.1.23b)
[(iws)? = u?]

.

=1

and the anomalous parts containing Kronecker symbols

G2 (iw) = ﬁ—u25 th 5.1.23
T4,con - 4 0,wy2 Vi, ( A C)
[T liw;: — v
=1
2
Gl (w) = #%m (th—1), (5.1.23d)
E[iwi — u
2
Gl (iw) = 4&5&%4 (th+1), (5.1.23¢)
[]liw: — ul

@
I
—

where we used the abbreviation th = tanh(fu/2).

Furthermore, the interaction vertex F} is obtained from the connected part Gicon
by factoring out the propagators G(iw;) (external legs in a diagrammatic language) of the
incoming and outgoing particles, yielding

G'1 con(iw1, 1ws, iws, iwy)
G (iwy ) G(—iws) G(iws ) G(—iwy)

Fy) (fwy, iwg, iws, iwy) = - ﬁﬂ + AT(lm) + ﬁT(flg) + ﬁT(fM)’

(5.1.24a)
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with the regular part

Fy (iw) = 2u + —=! : (5.1.24Db)
and the anomalous parts containing Kronecker symbols
4

[Tliwi + ]

FT(fm)(lw) = 6u21:14—60,w12th7 (5124C)
4

R H [iw; + u]

FiP (iw) = But =Gy 4, (th — 1), (5.1.24d)

.

Il
—

(1wl)

[fiw: + ]

H(w . =1
FT(i 14)(u.u) = Bu2—4

[ ] (iw:)

1=

8000, (th + 1), (5.1.24¢)

[y

5.1.4 Susceptibilities

One of the main motivations for computing two-particle correlators is their close relation-
ship to susceptibilities. They are physical observables measurable by experiment. For
Hubbard-like interactions it has been shown [19,20] that the susceptibilities are related to
certain asymptotic functions of the vertex (see Sec. |5.5). Here we describe the standard

approach to the computation of a susceptibility. A susceptibility is for example obtained
from the MF function]

K(7) = (Tt (m)ny]) = (n4){ny),
which can be computed from the 2p and 4p correlator via the limit
K(r) = lim (Tldy(r)d}(r)dy(m)d]]) — (Tl (r)dl(n])(T1dy ()]

In frequency space this limit can be taken by parametrizing the frequencies in a suitable
manner and then summing over the two fermionic frequencies. By use of frequency con-
servation we can express the 4-point correlator in terms of three independent frequencies

B ) . o
GTl(iV7 il/l, 1w) = / dTldTQdTg GT~L(7_17 T2, T3, O)€1V(T2_Tl)+1w(7—2_73)_w T3,
0

'The corresponding real-time response functions is obtained in frequency space via the well-known

analytic analytic continuation for retarded 2p functions Kf(w) = K (iw)l;,,_,., 410+ [10]-
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such that the above susceptibility is obtained by summing over the fermionic Matsubara
frequencies v and v/

K(iw) = =[Gy (i, 10/, iw) — B oG ()G (iv)] e+

Different “pairings” of the four operators in Gy, 5,040, correspond to different generalized
susceptibilities [19,20]. Using the definition of the three channels in Ref. [43] they give

Xa,aa’ (iVaa iyllp iwa) = _GUU’ (iVa, iyllp iwa) + Cﬂ(swa,oécra’GOVa)G(iV;)?
Xtoo (I, 10}, 1wy) = —Gopr (i, 11, iwy) + B4, 0G(ir) G (i), (5.1.25)
Xp.oo' (I, iVZ,,, iwy) = —Gyor (i1, iV[,), iwy),

for which we defined suitable frequency parametrizations by

W1 = Vg, W1 = Vg, WlZVp,
/ /
Wo = —V,, Wy = —Vp — Wy, Wy = V), + W,
, , (5.1.26)
w3 =V, + Wq, w3 =V, + —Wwy, W3 = —Vp — Wp,
/ /
Wy = — Vg — Wa, Wy = —Vy, Wy = —Up.

Hence, the physical susceptibilities are obtained by summing over the corresponding fermionic
frequencies, i.e.

Xroo (10r) =Y Xroor (v, V], i) (5.1.27)

/
Vr,Uy.

These susceptibilities can be computed directly for the Hubbard atom and give for example

et i) =~ o(th + 1), (5.1.280)
Xy (i) = —gm,otm (5.1.28b)
Xp i (iwp) = —§5wp,o(th —1). (5.1.28¢)

They are constants in the time domain. The factor of 3 is merely an artifact of the Fourier
transformation for which one integrates over an interval of length 3. In the KF only the
Keldysh component is nonzero and e.g. gives for the a-channel Xf,m = —7id(w,)(th + 1).
These results will be recovered in Sec. by computing the vertex asymptotics according
to Wentzell et al. [20].

5.2 Another spectral representation for the KF

In this section we derive a spectral representation for Keldysh correlators which deviates
from the one used in chapter [2] It is however widely used in the literature [22-2426]. Even
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though the final results are independent of the representation, the following one provided
simpler intermediate results. It shifts a part of the complexity to the partial spectral
functions, while the convolution kernels are exclusively time-ordered ones.

The idea behind this spectral representation is to attach the contour index not to
the kernel but to the operators. Hence, every operator carries a contour index O (t;)
with ¢; € {—,+}. Note that O"(t;) and O'(t{*) are in fact equivalent. In a spectral
representation the first notation is prefered when allocating the contour and Keldysh indices
to the PSF, the latter notation when allocating them to the kernel.

Both contour index and time determine the ordering of operators on the Keldysh con-
tour. The Keldysh contour consists of a time-ordered branch (associated with index ¢; = —)
followed by an anti-time-ordered branch (¢; = +), such that the contour ordering operator
7. sorts all operators with contour index + to the left of those with index —. The operators
on the time-ordered branch (¢; = —) are ordered such that operators 0"~ (¢;) with a smaller
time appear on the right of those with a bigger time. Operators on the anti-time-ordered
branch (¢; = +) are ordered conversely. Thereby we obtain the Keldysh ¢-point correlator
in the contour basis

Gt (b, oy ty) = (—1) THT [0 (1)...05 (t)]). (52.1)

In the following we choose to work in the Keldysh basis in which the correlators are
given by linear combinations of correlators in the contour basis. The Keldysh indices
k; € {1,2} determine the exact linear combination via the transformation matrix D with
the entries A ¢-point correlator in the Keldysh basis is then given by

l
1)ki
Cl,m,ClE{—,‘F} =1

Alternatively, one can define the operator Q%% with Keldysh index k; € {1,2} as

Ok — i

ﬁ(@i" + (—1)Fo") (5.2.3)

such that the correlator becomes
Ghke (L1, .y ty) = (—i)£_1(7;[(91"“1 (tl)...OZ’kf(tg)D. (5.2.4)

The Keldysh basis has the advantage that it exploits the linear dependence of correlators
in the contour basis. Thereby a correlator for which all Keldysh indices are k; = 1 is known
to give zero, i.e. G'+1 = 0. This fact is closely linked to a theorem of causality [22}32]
by which the correlator vanishes if the operator with biggest time argument carries the
Keldysh index 1. The situation is demonstrated in Fig. where the correlators are
independent of the contour index ¢;. For k; = 1 the Keldysh rotation according to D
subtracts the correlators with ¢; = — and with ¢; = + to give zero.

Another advantage of the Keldysh basis is that it has a close relation to the results
in Matsubara formalism. As shown in chapters [2] and [3] one can express the correlators
in Keldysh formalism in terms of analytic continuations of the correlator in Matsubara
formalism.
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o! o3
- N 3 ) < _
,° ) < @, <
.
\ =
0 —O—— +
o! 0? o4
time ty ty t3 ty

Figure 5.2: Demonstration of the ordering on the Keldysh contour: The effect of
the ordering operator on the depicted situation T.[OV1(t;)O% ()O3~ (t3) OV F(t4)] =
OV T (1) O* T (ty) OV (t1) O3>~ (t3) is independent of the contour index ¢; € {—,+} of the
operator O! with the biggest time.

Spectral representation of KF correlators

For a systematic computation of Keldysh correlators we want to make use of a spectral
representation which explicitly takes into account the ordering structure of the Keldysh
contour. For brevity we write the arguments of an ¢-point correlator with tuples, e.g.
k = (ki,...,ke). In the spectral representation the correlator is expressed as a sum over
all permutations p = (1, ...,¢) of the indices (1,...,£). A tuple which has been permuted
according to permutation p gives e.g. t, = (tg, ..., 7).

A simple spectral representation can be given for the time-ordered correlator (with

contour indices ¢ = (—, ..., —)). It can be written as
G () = Zsp(t:D) ’CT(tp) (5.2.5)
p
where the kernel
-1
K7 (ty) = [[1-10(t — tiz)] (5.2.6)

i=1
is a product of step functions # which explicitly implements time-ordering. It picks out the
correctly ordered partial spectral function for given times ¢,. The partial spectral function

(PSF) for the permutation p = (T, ..., £) of the operators is defined as
Sylty) = €107 (17)..0'(t7). (5.2

We have included the sign factor ¢* into the definition of the partial spectral function to
simplify our notation. It accounts for the bosonic or fermionic exchange symmetry of the
operators O and is +1 or —1 if the permutation p contains an even or uneven number of
transpositions of fermionic operators. By including the sign factor in the partial spectral
function S, we avoid notational clutter when we take linear combinations of them by
(anti-)commutators

Sian), = Sap + Spa (5.2.8)
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where the tuples A and B have been combined to a permutation p once in the order AB
and once in the order BA.
We will argue that the Keldysh correlator is given by

GH(t) =272 “Skr(t,) KT (t,) (5.2.9)

where the partial spectral function (with Keldysh indices k,) for permutation p = (1, ..., /)
is defined as

Sho(t) {O, for k1 =1, ( )
*(t,) = 5.2.10
PP S s 3 7 , for ky = 2.
["[[172](71)k§73](71>k§7'“7€](71)k? or 1
For purely bosonic (fermionic) operators we can write this more explicitly as
k 0, for ky =1,
&7 () = CP([ ([0 (ty), O*(ty O3(t5 O'(t; for ky =2
[H ( 1)7 ( 2)]4(_1)’“57 ( 3)]<2(_1)’“§> TP ( z)]czq(_l)kz), Or R = 4.
(5.2.11)
with ¢ = +1 (¢ = —1) where the (anti-)commutators of operators are defined in the usual

way as [0, 0%. = O'O? & O?0O'. Note that by including the sign factor ¢” into the
definition of S we are able to express Eq. without specifying for the bosonic and
fermionic exchange symmetry. Especially mixed systems with both bosonic and fermionic
operators would otherwise lead to a clutter of sign factors. The sign factor ¢? is, of course,
only defined with respect to a standard ordering which is given by the definition of the
correlator in Eq. (5.2.4).

To derive the spectral representation in Eq. we use the kernels 7 only to obtain
a partition of R’. In each of these partitions the ordering of the times ¢ is fixed. Now
consider one fixed time-ordering by picking a p = (I, ..., £) such that t; > b

By definition of the correlator in the Keldysh basis according to Egs. (5.2.3) and ([5.2.4])
we have to consider all possible contour indices ¢ and add them with the correct sign factor.
Each configuration of ¢ corresponds to a certain ordering. To depict the situation we can
align the operators along the time axis as in Fig. and consider for each operator the
possibilities ¢; = — and ¢; = +. The operator O with the smallest time argument appears
either on the right of all the others (for ¢, = —) or on the left of the others (for ¢; = +).
The latter partial spectral function S, needs to be added with the sign factor (—1)*¢. Such
a linear combination can be written with the (anti-)commutator notation introduced in
Eq. . In general, the operator 7 appears on the right of those O with ¢ < j for
¢; = — and on the left of them for ¢; = +. For the biggest time operator O! one reproduces
the theorem of causality.

The spectral representation in Eq. can also be used in frequency space. The
partial spectral functions S, and the kernels K7 can be Fourier transformed individually.
By the convolution theorem the multiplicative structure turns into a ¢-fold convolution of
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the partial spectral function and the kernel, giving

é/
dp

g ( ) 21 £/2Z(Skp *’CT) wp _21 Z/2Z/ )]CT( _w/),
(5.2.12)
where the kernel in frequency space is
-1
KT (w,) = 2md(wr.o) [ J(w; 27" (5.2.13)
i=1

Here we again abbreviate the sum of frequencies with w; = ) ., w;. The superscript of
such a sum of frequencies indicates whether the infinitesimal imaginary part of the sum is
positive or negative, i.e. w;c = wy 10", The significance of the sign of the imaginary part
becomes obvious when one considers the inverse Fourier transformation of a step function
in Eq. which is sensitive to this sign. It is thus important to recover the correct
kernel K7 on the time-domain.

5.3 Explicit computation of the correlators

We use the spectral representation from the previous section to compute the connected
part of the KF correlator G| con of the fermionic Hubbard atom at half-filling. The full
4-point correlator is defined as

Gr (b Tty ta) = (=) (Te[di ()t (ra)dp? (7)™ (7)), (5:3.1)

In App. we present explicit computations of selected the KF components. Defining
the function

QquZ + u32(zz) — 6u®
Dy con(21, 22, 23, 22) = 2 1 : (5.3.2)

[11(=)* - v?]

=1

we obtain for the connected part of the correlator Gy con:

Gl oon(w) = 0, (5.3.3a)
%i,lclon(w) 4, con(Wfawz » W3 LWy ), (5.3.3b)
%ilclon(w> D4y con (W, w3, w3, Wy ), (5.3.3¢)
Gileon(@) = Prpcon (Wi s Wy, w3, wy), (5.3.3d)
%ilcgon(w> Dy, con(“l_>w2_aw3_>wz—f)- (5.3.3¢)
1121L,2c20n(w) 27riu2 [0(w14) — 55@013 ]
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Gileon(w) =

G eon(w) =

G2l eon(w)

G eon(w) =

Gl eon(w) =

G eon(w)

* “th%[[;c(uw>> e e B RS
@5 — (e )7 — o
* U%h;i[fszs}i); - A s o) oo Gew
@5 — ;)P — o
* “2’“h;£[§§,<i>; - A s o) oo eea

= e = Lo |
ot o ap Fop) oo ] 69
2 (wys)

(w3)? = w[(w; )? — ]
T uth x [ L (i_ T i_) - ce } , (5.3.3i)

[(wi)? = w][(wg)? — u?] \wgy ~ wag
2miu? [0 (wia) — 0(wis)]

[(w3)? = w?][(wy)? = u?]

1 1 1
+u th X |: — (— + —) — C.C. :| R (533k)
[(Wi)2 —u?[(wy )? — u?] \wyy Was
Gﬁ?ﬁon(W) = qDTi,COH(wl_)wg—v w;_>w2)
+ 272w th X [§(wy — u) + 6(wy + w)][6(wis) — 6(wis)] 5 . (5.3.3])
(wf) —u?
G%Jl,?gon(w) = CDN,COH(wfrawgv wg?“)j)
+ 27 uth x [§(w; — u) + 0(wi + w)][6(wis) — 6(wi3)] 5 , (5.3.3m)
(w;) —u?
q)TLcon(Wii—a w;, w??? WI)
+ 2% uth x [§(wy — u) + 8wy + w)][0(wis) — S(wys)] 5 ,  (5.3.3n)
(wg) — u?
= ®T¢,COH<WT>W;’ w;—>W4_)
1
+ 2m%uth X [§(ws — u) + 6(w3 + u)][0(wia) — 6 (wi3)] (5.3.30)

(wr)” —u?’

+ +
W1 q)Ncon(% , Wy , Wy, Wy ) +Wz D1y con (W, Wy s w3, Wy )

th
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+ w;¢T¢7C0n(w;7 Wy w;_, W4_) + quDT¢7COH(w1_’ RIE WI)
— i473th? X §(wi2)[6(u + wy) — 0(u — w)][0(u + ws) — §(u — ws)], (5.3.3p)

where c.c. is the complex conjugate and we abbreviated th = tanh(fu/2). In App. we
check the consistency of the results. There we verify that the components fulfill the FDRs
and the spin symmetry relation in Eq. . The disconnected part of the correlators
can be computed separately with the one-particle correlators G*1#2 and G*34,

5.4 Derivation of the correlator ¢y via analytic con-
tinuation

An alternative way to compute the correlator in Keldysh formalism is by analytic contin-
uation of the Matsubara correlator. The corresponding formulas are derived in chapter
To do so we first analyze the correlator in Matsubara formalism given in Eq. (5.1.23]). It

consists of a regqular part CNJT 1.con Which is analytic in its frequency arguments and several
anomalous parts G%‘jfgon X 0,0
The analytic continuation of the regular part to complex frequencies z; = w; + iy is

given by the function

4 4
2ulTzi +u?> (2)? — 6u°
D4y con(21, 22, 23, 24) = 3 = =1 . (5.4.1)

112~

Here we have already included the global prefactor of 1/2 due to the Keldysh rotation.
Note that, as we discussed in the analytic continuation of a 4p correlator ® generally
has branchcuts at

Im(z) =0, ie€{l,.. 4}, and Im(z;;) =0, 4,j€{l,.,4} with i # j.

However, for @4 ., in Eq. there are no branchcuts of the type Im(w;;) = 0. Since
the function @4 .o is analytic at these branchcuts also the corresponding discontinuities of
D4 con are zero. Therefore @4 .o, is sufficiently characterized by specifying z; € {wzi} for
the four single complex frequencies, e.g. @+ con(wy, wy , w3 ,wy ) = G[Tlicon (w) is an analytic
continuation equivalent to a retarded correlator.

For the anomalous parts (AJ%TC)OH X 0y,0 in Eq. (5.1.23)) we follow the prescription in

Sec. we replace the Kronecker symbol by a Dirac delta function 36, o — 2'7%/247ié(wy),
thereby already including the factor due to the Keldysh rotation, and define the following
functions as the analytic continuations of the anomalous parts

Z1%3

&\)Ti,dis(lea 29, %3, 24) = — 1 27Ti5(w12), (542&)

[1[z — 4]

i=1
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2

EI\D%fgon(zl, 29,23, 24) = 7 4 2716 (w12) tanh(fu/2), (5.4.2b)
l:[l[zi — u]
&\)(13) o u? .
T%COn(zl, 29,23, 24) = 4—2771(5(w13)[tanh(ﬁu/2) —1], (5.4.2¢)
l:[l[zi — u]
2
CD%ilgon(zl, 29,23, 24) = u—27ri(5(w14)[tanh(5u/2) +1]. (5.4.2d)

.

Il
—_

[z — u]
Note that the complex frequencies z are subject to the constraint of conservation of total
real frequency such that the imaginary parts have to be consistent, e.g. wi = —Wwgjy, must
hold. This is most easily ensured by demanding that also the imaginary frequencies add
up to zero, i.e. 21934 = 0. For the analytic continuations of the anomalousApartS we have
the additional Dirac delta function, such that we get e.g. 210 = 0 = 234 for @%?C)OH.

The correlators with up to two 2-indices can be easily obtained by analytic continuation
following the formula in App. [B] In the following we already make use of the fact that the
AC functions for @4 ., are sufficiently specified by choosing z; € {w;",w; } for the four
single frequencies. Using the statistical factor N; = tanh(fw;/2) the connected part of the
correlators are expressed in terms of the functions, defined in Eq. and Egs. ,

Gl (W) =0, (5.4.32)
Gl o (@) = @y con(wi w3, w3, W), (5.4.3b)
G[T?icon(w> = Pty con(wy Wy, w3, wy), (5.4.3¢)
G2 (@) = By om0, wf w3, wi), (5.4.3d)
G'[le,con(w) = Pty con(w), Wy w3, Wy ), (5.4.3¢)
Gl (@) = + N5 [ By con (Wi, w5, @, wF) = Py on (Wi, w5, w5, w])]

+ Na[ @4 con(wi s w5, w3, Wi ) = Bppcon(wi s wy Wi, w)]

+ B (wF Wy, wf W)+ B D (i w, wi W), (5.4.3f)
GE (@) = +No [ @y con (Wi, w3 w5, ] ) = Py con(wi w5 w5, w])]

+ Ni [Py con(Wi, w5, Wi, Wi ) — Py con(Wi, Wi, wy , wy )]

+ B o (w1 i W) B o (w1 0F v ), (5.4.3¢)
GEP (@) = +N2 [Py con(wi w3, Wi, wi) = Py con(wi w3, Wi, w; )]

+ N3 [Pp con(Wi Wi, w3, W) — Py con(wi w3, w3, wh)]

+ B (w7 Wi wf, wp) + B (wr W wf, wp), (5.4.3h)

14 — — _ _ —
G[N,]con<w) =+M [CI)'N,COH(WT? Wy, W3 7(*)2_) - (I)TLCOH(wl yWo , W3 7“}2_)]

+ N3 [(I)Ti,con (wfrv w;, wi’:u w4+) - (I)N,COH (wfv w;, w??? wz;)]
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(12 e =(13 - = .
+ (I)%i,c)on(wih Wy, W3 7‘*}4—1’—) + q)%%gon(wf—’ Wy, W3 7(")2_)7 (5431)

G?jion(“’) =+M [(I)Ti,con(w;r? W W§F> w;) - (I)Ti,con(wf’ Wy, w3+7 wi)]

+ N3 [ D4y con (Wi, wy, w3, wi) = Py con (Wi, w3 s w3, w7 )]

+ B (wf Wy, wf W) B D (W w, wp), (5.4.3))
GLPL (@) = N [®1) con(wi w3, w5, wi ) = Prpcon(wi w3, w5, wy )]

+ No [ @4y con (Wi, w3, W5, W) = Pppcon (Wi W3, w3, w1 )]

~(13 _ =4 -
- @%Lgon(wf, Wy, Wy, wy )+ @%i’gon(wfr, Wy, ws Wy ), (5.4.3k)

In App. we demonstrate that these components agree with those obtained by a direct
computation. The remaining KF components can most easily be computed by use of the
generalized FDR in [12]. In Sec. we exemplify such a computation with some KF

components.

5.5 The vertex function

In Sec. [£.2) we already discussed vertex functions in general. We argued that they have the
very same analytic structure as the corresponding correlators and can be computed with
the same linear combinations of AC functions. We confirm this in App. with a direct
computation for the components with up to two 1’s in the Keldysh indices.

In the next step we consider the asymptotic behavior of the vertex. For this purpose it
is convenient to express the vertex in terms of the corresponding AC functions. Thereby
the asymptotics of a KF component of the vertex depends on the asymptotics of the AC
functions and the statistical factors needed for its construction. As we argued in Sec.
one obtains the KF vertex with the very same formulas as for KF correlators. The analytic
continuation of the regular and anomalous contributions in Eq. reads

4
udy 22 — 6ud
O R e — (5.5.1a)
1 ()= 1 , 9
=1

4
[Tlzi +ul
q)%iclozn) (21, 29, 23, 24) = UZ%Qﬂié(wlg) tanh(Su/2), (5.5.1b)
[z
i=1
4
[1[z + ]
(I)gictgn) (217 22,23, 24) = uz%zﬂla(wl3)[tanh<ﬁu/2> - 1]7 (5510)

H %
=1
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4
= (F,14) Lzl
(b )

N7con(21, 29,23, 24) = uz%Qﬂié(wM)[tanh(ﬁuﬁ) +1]. (5.5.1d)

H %
=1

Using these functions one can express the vertex function conveniently using the same
linear combinations as for correlators. These are exactly the same linear combinations as
for correlators [see Eqs. ], the only difference being that for vertex functions the roles
of the Keldysh indices 1 and 2 interchange, such that e.g. a retarded vertex is given by

1 F (F — — —
F1[¢] = FT1¢222 = (I)%i)(wfraa@ y W3 5 Wy )

For the statistical factors in Eq. (5.4.3) the low-temperature and high-frequency limit is
given by

B—00

|tanh(Bw;)| =31, | tanh(Buw;)] =5 1. (5.5.2)

Hence, the asymptotic behavior of the vertex is mostly determined by the AC functions in
Eq. (5.5.1). While the regular part cl)g) is temperature-independent, the anomalous parts

depend on the expression tanh(fu/2) oy 1, leading to a vanishing Eﬁgfcf’rf Note that the

anomalous parts of the MF carry a factor of 34, which has to be replaced by a 27id(w)
as part of the analytic continuation to the KF correlator. So, unlike in the MF [19], there
is no divergence of the vertex at zero temperature. As we mentioned after Eq. ,
the factors of f accompanying a Kronecker symbol are merely artifacts of the integration
interval in the MF.

In the following we consider the asymptotic behavior of the Hubbard atom, following
the discussion of Wentzell et al. in Ref. [20]. There the authors analyzed the asymptotics of
vertex functions diagrammatically and presented the asymptotic functions of the Hubbard
atom in MF. The bottom line of our discussion is that their results can be directly adopted
to the KF via our formula for analytic continuation. Wentzell et al. used a decomposition
of the full Matsubara vertex F}| in four functions

Fy = Foaa + Fa+ Fr + Fp (5.5.3)
which is identical to our decomposition in regular and anomalous parts according to
Eq. (5.1.24])

Foaa(iw) = Fi (iw), Faliw) = ﬁ;‘f“)(iw), Filiw) = ﬁT(f”)(iw), Fliw) = ﬁT(f”’)(iw).
(5.5.4)

The asymptotic behavior of these four functions can be analyzed separately. The Mat-
subara functions F and the corresponding AC functions in Egs. ((5.5.1)) have very similar
asymptotic behavior. For the Keldysh correlators the AC functions are multiplied with

r—+00

prefactors of tanh(z) "= 41 which do not significantly change the asymptotic behavior
of the functions.
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For a quick example we present an asymptotic Keldysh function in the a-channel by
adopting the results from Ref. [20]. Firstly, we realize that we indeed obtain the bare vertex
of the onsite-interaction in case all frequencies w; are sent to infinity, giving

. Y 'fk1+k2—|—k‘3+k4isodd
lim &) =4, o plikeksk _ ) (555
V|'wi{|1_>oi} W 0 0, else. ( )
ie{l,..,

These constant contributions can be subtracted when investigating the asymptotic behav-
ior. Using the a-channel frequency variables defined in Eq. (5.1.26) Wentzell et al. find
that the MF vertex has the asymptotic function

lCLa(iwa) = lim Fw(lw) — FO,T¢
|Va|,‘1/(/1‘*>00 <5 5 6)
= lim  F,(iv,, iV, iw,) = Bu*d(w,)(th + 1).

[Val,[vg =00
The asymptotic behavior of the corresponding AC function is
Kialws) = lim O (v, 1), w,) = 2miud(w,)(th + 1). (5.5.7)

val,|vg|—o0

Since all other AC functions decay in this limit and since Ky, belongs to the anomalous
(w14)

contribution ﬁT . we find the asymptotics of the Keldysh vertex by inserting Ky , in place

of F\T(f“) into the formula for analytic continuation, yielding

Kia(wa), for ke {2211,2121,1212, 1122},

0, else.

lim  Ff(iw) — Fyy, = { (5.5.8)

val,lvg| o0

For a proper motivation and interpretation of the asymptotic functions, one can make
use of diagrammatic relations. We summarize the properties of vertex functions which
are necessary for an interpretation of the asymptotic functions. For a complete and self-
contained discussion we however refer to the literature |[18-20]. The asymptotic behavior
of the vertex function is related to the two-particle reducibility of the diagrams. A diagram
is called one-particle reducible if it consists of two parts which are connected by exactly
one propagator line. Cutting this line would make the diagram a disconnected one. This
characteristic is important because the self-energy consists of the one-particle irreducible
(1PI) two-point diagrams. Via the Dyson equation one obtains the full propagator by
resummation of the 1PI diagrams which the self-energy is comprised of. By considering
only diagrams with full propagators one finds that every diagrammatic contribution to the
vertex has to be 1PI since the external legs of the diagrams are amputated. We henceforth
only consider diagrams with full propagators which are also called skeleton diagrams.

The two-particle (ir)reducibility is a property which divides the set of vertex diagrams
in four disjoint classes. A diagram is two-particle reducible if it consists of two parts which
are connected by exactly one pair of full propagator lines, dubbed a bubble. It transfers
a bosonic frequency wis = wy,wiz = W, Or Wiy = w,, depending on the orientation of
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v +wa v e+ w, 7
Rz vl 4w, T T Vg vl 4w, T

a

Figure 5.3: Diagrammatic contributions to the asymptotic function K, 4. Two pairs of
external legs enter the diagrams via the same bare vertex Fj.

the bubble. One hence distinguishes two-particle reducibility in three different channels,
the anti-parallel (a), transverse-antiparallel (¢) and the parallel (p) channel [43]. (See
Eq. for the appropriate frequency parametrizations in the three channels.) Again,
there are diagrams which are two-particle irreducible (2PI) in any channel. The full vertex
is given by the parquet equation

F=R+7%+%+7% (5.5.9)

with the 2PI diagrams R and the two-particle reducible diagrams -, in channel r € {a, t, p}.
It has been shown that the 2PI diagrams R decay in all directions to the bare Hubbard
interaction Fy |18]. We can therefore neglect these for the investigation of the asymptotic
behavior.

Now consider the diagram in Fig. [5.3] The bare vertex is frequency-independent and
merely ensures conservation of frequencies in MF. Since the two external legs on the left
enter via the same bare vertex the diagram depends on the bosonic frequency w, but not
on the fermionic frequency v,. The same holds for the other two external legs. Hence
this diagram is even independent of the other fermionic frequency v,. The diagram is
obviously two-particle reducible in the a-channel. For different options of attaching two
(out of four) external legs to a bare vertex, one distinguishes three channels. For every
channel r € {a,t,p} we hence define in the resp. frequency parametrization

Ky r(wy) = ‘ ll‘irr|1 Yo (Vs V., i), (5.5.10)
v, V]| —o0
Koy (Vrywy) = ‘ l'}m Vo Wy Vi wr) — Koy (wh), (5.5.11)
V| =00
Kl?‘(”rlwwr) = | l}m Ve (Vs vy wr) — Ky (wr). (5.5.12)
vy |—00

The K ,-function is the collection of bubble diagrams with vertex corrections in the 7-
channel, as shown for the a-channel in Fig. . The Ky ,- and the KQJ-function correspond
to the collection of diagrams with exactly two external lines entering via the same bare
vertex. The other two external lines enter via different vertices, resulting in a dependence
on the two frequencies w, and el
In the MF it has been shown that K; , functions are proportional to the susceptibilities

X in the resp. channels

K1, (iw,) = —=U?x,(iw,). (5.5.13)
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By comparison with Eq. we find that K, 4 is indeed proportional to the suscepti-
bility x,. The very same diagrams contribute to the susceptibility and the K, function.
In the KF the bare vertex additionally ensures that all attached legs are on the same
(forward or backward) time-branch. Hence, the Keldysh structure of the bare vertex Fj
gives our previous example in Eq. its structure in Keldysh space. The asymptotics
is unchanged upon exchanging the Keldysh indices of the two external legs which enter
into the same bare vertex. By use of the asymptotic functions and its symmetries one can
simplify the parametrization of the vertex in the KF. A more detailed and general analysis
of the asymptotic functions in the MF and the KF can be found in Refs. [20,44].
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Chapter 6

Conclusion

In this thesis we investigated the analytic continuation of Matsubara multi-point correlators
to the Keldysh formalism (KF). Knowing the Matsubara correlator as a function of its
imaginary frequency arguments, the goal was to obtain the corresponding correlator in
the (real-frequency) Keldysh formalism. To answer the question in general, without any
further assumptionsﬂ we used a spectral representation derived in Ref. [21]. It expresses
the correlator in terms of formalism-independent partial spectral functions (PSFs) and
formalism-specific kernels. Using this analytically exact starting point we have shown that
it is indeed possible to fully recover KF correlators from a MF function. Even though
most of our results hold for ¢-point (¢p) correlators with any ¢, our focus was on the
particularly relevant cases of ¢ < 4. For the latter we derived explicit formulas (AC
formulas) summarized in App. [B

We approached the problem in the following way: We first analyzed the consequences of
the equilibrium condition on KF correlators which gives rise to the statistical factors in our
formulas. After a review of the analytic structure of MF functions we used their analytic
continuations (AC functions) to construct discontinuities which are fit for the application
of the equilibrium condition. We showed that the KF components GI"™! can be expanded
into a sum of functions. Using the equilibrium condition, the latter can be identified with
discontinuities multiplied with an statistical factor. This expansion could be reused, such
that analogous steps yielded expressions for the KF components G727l and Glmnznsnal,

During our analysis we took special care of so-called anomalous parts of the MF cor-
relator, proportional to a factor of 5d,9. We have found that these have to be treated
separately. For instance, they do not contribute to the construction of the retarded cor-
relators via analytic continuation. However, they are required for fully recovering other
components of the KF correlator. While an “analytic continuation” of the Kronecker
symbol is not unique in the first place, we were able to make sense of these anomalous
contributions.

In the subsequent sections we applied the formulas in different contexts. Exploiting
the relations between KF correlators and AC functions, we presented in Sec. a deriva-

!Time-translational symmetry and equilibrium are formalism-inherent assumptions of the Matsubara
formalism (MF).
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tion of the generalized fluctuation-dissipation relations (FDRs) for 3p and 4p correlators.
These establish relations between KF components and primed KF components. While our
derivation did not require any further assumption, we reproduce the results in Refs. [12,33]
under certain conditions for which primed correlators equal the complex conjugated ones,
ie. G' = G*. In Sec. we argued by use of the R/A basis that for vertex functions anal-
ogous formulas hold. The R/A basis is particularly convenient to work with. Propagators
are diagonal in this basis, facilitating diagrammatic computations. While the FDRs are
rather lengthy in the Keldysh basis, they have a very concise and general form in the R/A
basis. In combination with the FDRs every KF component is represented by very few AC
functions.

In Sec. we compared the computation of response functions in MF and KF. These
are 2p functions which are typically obtained from 4p correlators by integrating out two
frequencies. Using the relations between MF and KF functions we find for every vertex
contribution from Eliashberg’s method the corresponding KF function. The latter is pro-
portional to a KF component in the R/A basis. Thereby the arguments by Eliashberg and
Oguri, based on the analytic continuations of MF correlators, can be directly transfered
to the KF. They found that only a single vertex contribution has to be considered for the
linear response of the model under their consideration.

In chapter [5| we directly computed the 4p KF correlator of the Hubbard atom, an
exactly solvable interacting model which can be used as benchmark for the Hubbard model
or Anderson impurity model. The results were summarized in Egs. and for
the two relevant spin configurations. By application of the results of the previous chapters
we were able to reproduce the results via the AC formulas and via the FDRs. The AC
formulas enabled us to adopt the results on the high-frequency asymptotics for the vertex
of the Hubbard atom , computed by Wentzell et al. [20] in the MF.

In summary, our main result comprises the formulas and 1' for the con-
struction of the ¢p KF components Gl for o < 4 and arbitrary £ We have shown
how to obtain the necessary building blocks from discontinuities [cf. [2.3.9]. For 3p and 4p
functions we summarized the AC formulas in App. [B] Using a spectral respresentation our
results are exact and hold for any equilibrium system with time translation symmetry. In
particular, our result does not rely on any approximation. It also covers the anomalous
contributions of the MF correlator which arise if the spectrum has degeneracies (see e.g. the
Hubbard atom). Our formulas can be used for correlators of bosonic, fermionic or mixed
operators. Their exchange symmetry is fully respected via the the statistical factors.

We found that the complexity of the construction of KF correlators mostly increases
with the number of 2s in the Keldysh indices. While the retarded components G directly
correspond to an AC function, we found that the components G can be obtained via
a reasonably complicated formula. The length of the formulas increased quickly for the
components GI" el with o >. However, it may be possible to focus on a subset of
the Keldysh components. As Eliashberg, Oguri and Heyder et al. have shown, certain

2In fact, our formula for the analytic continuation of the component G222 can easily be generalized to
arbitrary ¢ by use of the kernel expansion as explained at the end of Sec.
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observables require just the knowledge of a few [13-15]. For computation of 3p and 4p
functions via analytic continuation we recommend the procedure in App. [B]in which only
the components GIM™! are computed via analytic continuation. The remaining components
can be obtained more conveniently by use of the FDRs.

We note that similar formulas where also found by other authors: Guerin [45] computed
diagrams in the lowest order of the bare vertex and, with a careful analysis of the diagram-
matic rules in the R/A basis, derived formulas for the analytic continuation of KF vertices
with two R’s and an arbitrary number of A’s. Taylor [46] used a spectral representation
and transformed the KF correlator into the R/A basis, yielding frequency dependent co-
efficients in the permutation expansion of the correlator into PSFs and kernels. He then
made an ansatz by taking a linear combination of AC functions. By comparison of the
coefficients he deduced a formula for the analytic continuation of 4p correlators. However,
both authors do not cover the treatment of anomalous contributions. As demonstrated by
the example of the Hubbard atom, the latter cannot be neglected. For bosonic operators
an anomalous contribution arises even for 2p functions which has to be considered for
the diagonalization of the propagator. While these works either pertain to a perturbative
approximation or to the 4p case, our approach still seems to be the most general one.
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Appendix A

Identities for kernels

A.1 Discontinuities of AC functions

In Sec. we have discussed the discontinuities of analytically continued MF correlators
at the branch cuts. In this appendix we derive a general formula for discontinuities. Let [
and I¢ be two non-empty complementary subsets of L = {1,.../}. To quantify these discon-
tinuities we consider two regions which are separated by the branch cut B; where v; = 0.
The corresponding AC functions are C7"(w) and €77 (w), with 4/#! representing the
two regions such that in the domain of all vs the sums 7}“4 2 0 are positive or negative
on the respective side of the branch cut (or equivalently 7. = 0, due to 7 = —7;e). The
following fact is of great importance for the computation of discontinuities Since ~l/:+]
and !/~ are only separated by the branch cut 7; = 0, all other sums ’yf, with J # [
(J € L) are equivalent, i.e. sgn(fyg i]) = sgn(fyy 1])
The discontinuity has been deﬁned as [cf. Eq. (2.3.7))]

ACT (w) =" (w) — 7" (w). (A.1.1)

Using the permutation expansion of the AC function C7"* (w) according to Eq. [2-33),
the discontinuity can be computed by subtractin% the corres onding two kernels for every
permutation, AK?Y" (wy) = K(z[f +]) K(z , where z)7 " = = w, + iy* denote the
form of the complex frequencies inﬁnitesimally close to and on either side of the branch
cut.

For any permutation p which is neither of the type TT° nor I°1, the difference of the
kernels gives AR = O The reason is that according to Eq. m ) the regular
kernel K (z,) consists of the factors z;y ;, being sums of the first ¢ components of the

permuted tuple z, = (21,..27). The regular kernels K (z ][DIJr) and K(z i ]) are identical
[1,4] 1+

since they contain neither the factor z; ™ nor zj. ] (since neither p = IT norp= 78_7).
Hence, the only non-vanishing contributions in the permutation expansion are those for

'Remember that by our notation I is an index tuple built from the elements of I. And IT is a tuple
containing the entries of T followed by those of T°.
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the permutations of the type I 1 and I'I. Consider as an example for ¢ = 3 the branch
cut Bi3 = By along 713 = 75 = 0. On either side of the branch cut we have the sums

z{é ) = 134107, all other frequency sums are equivalent on both sides. Hence K (z[1]32i ]) =

1/[z1(w13£101)] is different on both sides while K(z[lggﬂ) = 1/[z1212] yields the same result
on both sides of B;s. o
For a permutation of the type p = I 1~ we obtain for the kernel of the discontinuity

~ o IT,%] ~
AR (wrp) = K(z]3) = K(z43) (A1.2a)
[7]-1 -1
_ I 4]\ — I—]\— _
=[G D =G T e (A.1.2b)
=1 i=|I]+1
-1 A -1
=[] G 0w I Gamn)™ (A.1.2¢)
i=1 i=[I]+1
— §(wn) K (z1)K (z7°). (A.1.2d)
The second line is obtained since all factors ZL ﬂ m—— 7] are equivalent except for z[l H

1.
wr 10", Hence we only have to treat the latter separately and drop the superscript for

the other factors. For the third line we need

) 1 1 _ 1 1 ) .
71’1210 <W - F) - k{‘% (wz i wy— 17) = —2mid(wr) = 6(wr). (A.1.3)

In the factors with i > |I], we exploit 5(w1) to set wy_7 =0, and also set Y. ="r=0, since
these factors are equal on either side of the branch cut. Together, these two simplifications
imply 27.; = for i > |I|. In the last line, the tuple of complex frequencies z77 has

|I|+1 -
been separated into subtuples as (27, z7¢).
A similar computation as for Eq. (A.1.2d) gives for a permutation of the type p = I 1

AR?" (wrep) = R = R0 = —5(w) K (21) K (277). (A14)

This result differs from the one in Eq. (A.1.2d)) only by a minus sign. So, in total we can
summarize

AR (w,) = K(2I4) — K (z1)

p
+own),) forp =TT, (A.15)
= —0(wr), ¢ K(2)K(z) {for p=TT1,
0, else.

On the right-hand side the kernels give equivalent results for z,@ and z=- (C>]

the limit fyy’i] — 0 this kernel is now a function of £ — 2 independent complex variables ~y

satisfying v; = 0 and ~vyc = 0.

. By taking
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A.2 Proof for the expansion of K (]

Here we prove Eq. (3.1.2), which expands the kernel K" = KK in a manner allowing
KT correlators to be related to AC functions. Using the notation according to Eq. (2.1.24)
this difference is proportional to [ [;_ i(w{“ =TI Ml(wig) 1. The latter can be expressed

as a sum Zy ,» With each summand proportional to (w{_@)*l — (w{@)’l = 5(uﬁ15)
For a compact exposition, we introduce the shorthand:
v—1 1
Kb (w,) = HE’ (n<v), Ki=1. (A.2.1)
i=p 1.1
Then, the following identities hold for any argument w,:
+ gt + -
KK, =K,, KW = K, K. (A.2.2)

Using these, we can express K" (w,) as follows:

KW = g g0 = i [KJV - Kva} K.

_ZKM[ py+1 y+11/ K:yKyV}Kjf

1 +
_ZKIM By L}T = ]KyHVKVe-

(.

In the second line, the terms with ¥y = v — 1 or u represent the first line, the remaining

terms cancel pairwise. In the last line, where § enforces wi.z = 0, we may substitute

uﬁt - wi for i >y in the arguments of K +1VK;}. This leads to a form equivalent to

+1

Eq ,

v—1
KD (wg.) = S KW @.)0(wr ) K@) (A.2.3)
y=p
(7] 7 (7]
—ZK ©ap W) K (@gm.g) (A.24)
= ZK(T...y)[ﬁJ(yﬁ..Z)[v] (W) (A.2.5)

In the second to last line we used the definition of the retarded kernel in Eq. (2.1.29). And
in the last line we inserted the definition of the retarded product kernel Eq. (2.1.30)).
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Appendix B

Explicit formulas for analytic
continuation

In the following we summarize the results for the most relevant cases of 3-point and 4-point
functions. The following functions hold both for correlators G' and for vertex functions T'.
For brevity we only write the version for correlators. The version for vertex functions is
obtained by replacing the symbol G by I' and by exchanging all 1’s for 2’s and vice versa.

We defined the analytic continuation ®(z) which is obtained from the regular part of
the correlator in MF by the simple replacement

iwi — z; = w; + 1’71
Gliw) — ®(z) = 272 x G(iw))

s (B.0.1)
Here we have already included the global factor 2?2 originating from the Keldysh rota-
tion. A retarded correlator is obtained by analytic continuation to the complex frequency

wl according to Eq. (2.1.23), i.e.
G = P (wl. (B.0.2)

The corresponding advanced correlators G’ " are then obtained by conjugating all complex
frequencies.

B.1 Three-point functions

For three-point functions the situation is still relatively simple. All analytic continuations
of the (regular) MF correlator correspond directly to retarded or advanced KF correlators,
G and G’ (see Fig. . Any other KF correlator can be computed from the generalized
fluctuation-dissipation relations (FDR). One just has to take special care of divergencies of
the factors N; which indicate that we additionally need to include an analytic continuation
of an anomalous MF correlator.
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Let us assume that the first operator, O, is bosonic and the last two, O? and O3,
are fermionic. Then N; = coth(Sw;/2) can diverge for w; = 0. According to Sec. [3.1.3
the corresponding anomalous MF correlator @1 X (0., 0 can be analytically continued
independently for the frequencies {iw;} and for {iws,iws}. However, for a single frequency
the regular kernel is one, K (iw;) = 1, which makes the analytic continuation of iw; su-
perfluous. For the frequencies {iws,iws} the analytic structure is identical to that of 2p
functions. Hence, it suffices to specify for a single frequency e.g. zo = wy or 29 = w, . We
obtain an analytic continuation of the anomalous part according to Sec. by

B0 — 23/27Ti5(w1),

| i (B.1.1)
Gl (10))—)(1)1(,2)

The exact Keldysh correlators can be computed from these functions via the following
formulas:

G2 — NQ(G/M _ G[Z]) + Ng(G/m _ G[3])’ (B.l.Qa)
G*? = Ny(G'? — GB) + Ny(G'P = GIY) + By (wy), (B.1.2b)
G221 — N1<G/[3} _ G[Z]) + NQ(G/B} o G[H) + Zf)l(w;r), <B12C)

G?2 — (1 4+ NoNy) G 4+ (14 NN G 4 (1 4+ Ny N,) G

~ ~ (B.1.2d)
+ NoN3 G+ Ny NG N NGB — NG [0 (wg) — @4 (w3)]

These are basically the same formulas as in Ref. [12]. Additionally we have included the
functions ® which cannot be obtained from the retarded or advanced correlators. The very
same formulas hold for vertex functions as discussed in Sec. 1.2l

B.2 Four-point functions

Here we focus on the most relevant case in which all four operators are fermionic. This
assumption restricts the possible anomalous terms in the MF correlator according to
Sec. 1.2

There are four retarded correlators G (1 < n < 4) which are easily obtained by
analytic continuation according to Eq. (2.1.23). The correlators G™™ are still rather
easily obtained via analytic continuation. However, for G with a = 3,4 it is advisable
to reuse those components with a < 2 via the FDR. Since the FDR only relate 8 correlators
to the rest we have to at least compute 3 correlators of the type Gl

Note that in the following we express the Keldysh components in terms of the AC
functions which correspond to the individual regions in Fig.[2.3] They labeling with arabic
and roman numbers is thus identical for the region and the AC function. However, the
representation by these AC functions is not unique. As explained after Eq. we for
example have the identity 0 = C, — C1, + CILI — C1V.
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We define the analytically continued anomalous parts of the MF correlator G (iw)

dw;,0 according to Sec. by

Béwho — 277'15((,0]),

~ ~ (B.2.1)

G[(lw) — (I)[(Z)
for I € {12,13,14}. For instance, the analytic continuation of the frequencies in 612 is
performed independently on the sets {21, 22} and on {z3,24}. The analytic structure of
each of these corresponds to a two-point function, in which frequency conservation ensures
wi = —wf and wi = —w]. It is hence sufficient to declare the analytic continuation by the
imaginary parts of single frequencies, e.g. ®1o(wi, wy,wi,wy ). Corresponding statements

hold also for ®3 and ®4.

G = N3 (CP) — Cyy) + Na(Cl, = Cy) + Nia(Cl, = CL) + Nia(CFY - CLy)

+ Dys(w,wy, wi, wi) + Pr(wi, wy,wi, wi), (B.2.2a)
G = Ny (C1l} = Cy) + Na(Cly = Cra) + Nz Gy — C1) + Nua(Cly = C1y)

+ (Wi, w) ,wy,wi) + Dy (wi, w) LWy, wy ), (B.2.2b)
G = Ny (C{I?I, - Cy 3) + N3 (C{.:a - C1.2) + Nio (CE?) - C{%) + Nis (Cgs - O{.s)

+ @12(%_,@2 Wy Wy )+ 613(0)1_,(&);,0.)3 Wy ), (B.2.2¢)
G = Ny (G55 — Cuy) + Nu(Csy — C30) + Nio (G5 — C5) + Nia(C3, — Csh)

+ Dro(wi, wy, wy, wi) + Prs(wi, wy,wy, wi), (B.2.2d)
G = N (CzIJ.I; Cy 3) + N3 (C’; 37 Cs.2) + N (ng - C;,I:Ia) + Ny (C§.3 - Cg‘i%)

+ @ (wi wy Wy, wy ) + ZI\>14(cul LWy ,Wa , Wy ), (B.2.2¢)
G = Ny (G35 — Cp) + No(Cs 5 — Cy ) + Nig(Chy — C8y) + Nia(C3ly — C31)

+ Dys(wi, wi, wy, wp) + Pr(wi, wi,wy, wy), (B.2.2f)

The AC functions in round brackets are discontinuities, e.g. in the first line (C1Y — C )
is a discontinuity at the branchcut Im(z3) = 0 [see Sec. 2.3.2].

The above correlators are related by the FDRs given in Egs. (53) in Ref. [12]. Since
we are considering a fermionic system we have to redefine the statistical factors N; =

tanh(fBw;/2) according to Eq. (2.2.4). This gives

G = —N,GP — NG+ NG NG+ NG 4 6P, (B.2.3a)
G[lS] — _NlG[S] o NgGm + N((Qlj)) [N2G/[4] 4 N4G/[2] T GI[24]], (B23b)
G[14] _ _NIG[4] . N4Gm + N((QI;,L)) [NQG/[3] + NgG,m + G/[Q?’]]7 (BQSC)

. (ij) _ Ni+N;
with N(kl) = NHNJZ.
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With the above components the remaining ones can be computed via the FDRs, giving

G2 = (1 + N N3 + Ny No + NoN3)G'H — Ny N3 GU — Ny N3G — Ny N, G

— N3G — N,GUSL — N, G131

G2 = (1 4+ N{N, + Ny No + NoN) G — NN, G — Ny N, G —

— NG — NG — N, G

G[134} _ (1 + N1N4 + N1N3 + N3N4)G/[2] _ N3N4G[1] — N1N4G[3}

— NG — NG — N, G,

G[234] _ (1 + N2N4 + N2N3 + N3N4)G/[1] — N3N4G[2] — N2N4G[3}

_ N4g[23] _ NgG[24] _ N2g[34]’
G = 2N, Ny NyGIY + (Na N3Ny + N + Ny + NG
+ 2N, N3N, G 4 (Ny N3Ny + Ny + N + N,)G'P
+ 2N, NoN,GB + (N NoNy + Ny + N + NG
+ 2NNy N,GH + (Ny Ny N + Ny + Ny + Ny)G'H
+ NyN,GM + N, N, G Ny Ny G4
+ N N,GP¥ 4 Ny NGB o+ NN, G

(B.2.4a)
Ny N,GH
i (B.2.4Db)
— Ny N-GH"
H (B.2.4c)
— N, N-GH
2T (B.2.4d)
(B.2.4e)

Note that a primed correlator is equivalent to a complex conjugated one (such that G’ =

G*) for certain correlators as mentioned after Eq. (2.1.28)).



Appendix C

Explicit calculations on the Hubbard
atom

C.1 Explicit calculation of the four-point correlator

In the following we explicitly compute components of the (connected part of the) 4p cor-
relator Gy con for the Hubbard atom at half-filling. The final results are summarized in
Eq. (5.3.3).

For the computation of the correlators in frequency space we draw attention to the
subtlety of the infinitesimal imaginary parts of the complex frequencies wi in the KF.
(In the MF there is no such problem.) Previously we have elucidated the importance of
these infinitesimal parts already. However, when we encounter a sum like w;” + wy, it is
ambiguous whether this sum has a positive or negative imaginary part. This ambiguity can
be avoided when one only allows to sum complex frequencies with the same imaginary parts.
While we simplify expressions it is advisable to ezclusively work with frequency sums w;
carrying positive imaginary parts (or exclusively with frequency sums w; carrying negative
imaginary parts, I C {1,..,£}). In this case one can perform simplifications in the same
way as with purely real frequencies. For instance, one can simplify the following sum by
1 { 1 1 ] Wy twsy 1

- . (C.1.1)

Wag LWo Ws WogWy W3 Wy W3

Above relation can also be verified in the time domain where it translates to
—H(tl - t3)9<t3 - tz) — 9(t1 — t2)9<t2 — tg) == —9(t1 — t3)9(t1 — tg)

Due to the conservation of the total frequency one can express the sum over frequencies
in terms of the complementary ones, e.g. for 4p functions w; = —wys,.

C.1.1 The two-point correlator G*1*2

As an introductory example, we first compute the two-point (2p) function. Both the direct
computation and the analytic continuation from the MF correlator are easily done. For
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any o € {1,]} the 2p correlator is defined as
GEk(t,0) = —i(Te[dg! (t)df™2(0)]) (C.12)
and obtain the PSFs for the permutations p € {(12), (21)}

iut Bu ,—iut
+e""e
S t 0 = dkl t dT’kQ 0 g —6
1 (1,0) =+ (Od(0)) =+ G
eﬁueiut + efiut
2(1 4 efv)

(C.1.3)
S (0,1) = —(dl*2(0)d5 (1)) = —

Plugging these into the spectral representation Eq. (5.2.9) gives the correlators
gll(tlth) = O)

1 . . .
G2 (t1,ta) = Spyy_(t2,t1) x K7 (ta, 1) = _56—“12“(@2“1“ + 22T (ty, 1),

1 . . . C.1l4
GH (t1,ts) = Sug)_(ti,t2) x K7 (1, ) = §e_lt12u(€21t1u + MK (1, 1), ( )

th . : )
G2(t1,12) = Sz, (1, 1) X () = —ire Mhan(—eine o (i)

2

Here we used the abbreviation ¢; = )., t; for sums. Expressing 2-point functions only in
terms of the frequency argument of the first operator w = w; = —w9, we obtain

1= (e niey) = (0] Gmic)

- (C.1.5)
_ O+ (R
(wf;—g_uz —mith x [§(w — u) — 6(w + u)]

where we used the abbreviation w® = w =+ iy with infinitesimal v > 0. One can easily

check that G = G?! is obtained from the MF correlator in Eq. (5.1.22)) via the analytic
continuation iw — w + iy and G4 = G'2 is obtained by iw — w — iy. Furthermore the
fluctuation-dissipation theorem

GF = G* = tanh(Bw/2)[G*' — G"?] (C.1.6)
is fulfilled.

C.1.2 The retarded correlators Gﬁn, G%f“, Gﬁm and Gﬁlz

The correlators with only one 2 in the Keldysh indices (2-index) are also called retarded
correlators. We first compute the retarded correlators directly by use of the spectral

representation in Eq. (5.2.9) and e.g. get

—it1234u
e 11234

G%ill(t) _ 7 Z (e2it1u . €2it7u)(€21t§u + €2it44u) % KT(tl,tQ, ng, tZ)a (017)

P1=1
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where we restricted permutations P = (1,2,3,4) to those with 1T = 1. In frequency space
this gives, after use of simplifications of the type in Eq. (C.1.1]),

1 1 1
G211 () — = _
(@) 4lwf +u wf—u
1 1 1 1 1 1
8 Wy +u w‘—u+w_—u +w_+u w‘—u+w_—u
2 X 3 : 4 ; 3 2 4 (C.1.8)
*arralE et )
Wy tu\ws —uU Wy —U
_ P2u-wfwywywp +u - [(0)) + (w5 ) 4 (ws)* + (wy)’] — 6
2 [(wi)? = w?][(wy)? — w?][(w5)? = w?][(wy)? — ]
In the last step we used wyy, = —w;i. It has been shown that each of these retarded

correlators can be directly obtained from the Matsubara correlator by a certain choice of
analytic continuation [10,23,30]. We find that this can indeed be related to the Matsubara
correlator. Therefore we isolate the regular part of the Matsubara correlator ém,con in
Eq. which is the part without Kronecker symbols and define the analytically

continued function of complex frequencies z;

4 1
) 2u]z +udd(2)? — 6u®
i=1 i=1

(I)Ti,con(zh 22, 23, Z4> - 4 (019)
E[(%)Q — u?]
Then the above retarded correlator can be expressed as
Gﬁn(w) = Ot con (Wi, wy ,wy ,wy ). (C.1.10)

A complete derivation of the Keldysh correlator via analytic continuation from the Mat-
subara correlator will be delivered in Sec. (.4l

C.1.3 Other Keldysh correlators

In the following we compute the connected parts G372, G37% | and G372 . For correlators
with more than one 2-index we might have a non-vanishing disconnected part. It can be
computed separately with our previous result in Eq. and subtracted to obtain the
connected part of the correlators.

For instance the disconnected part of the correlator G33' is

[(wy)? = w?][(wy)? — u?]
(C.1.11)

Gildis(w) = —2mid(wio) G (Wi, wa) G** (w3, wa) = — (L + L)

Wio  Wyy
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Using the spectral representation in Eq. ((5.2.9)) the full correlator is

1212 thx

GT\L (t) — 1 e—it1234u |:(€2iut1 o eQith)(€2iut3 _ eQiut4) [’CT<t1, t27 t4, tg) + ,CT(tg, t4, tQ, tl)]

o (621ut1 - eQiut4)(621ut2 . €2iut3>[]CT(t1,t4,t2, tg) + ]CT(tg,tQ,t4,t1)]:|
e it1234u

4

+ |:(621ut1 + €2iut2)(e21ut3 + €2iUt4> [’CT(tl, t27 tg, t4) + ’CT(tg, t4, tla t2)]

4 (eZiutl 4 €2iut3>(€2iut2 4 €2iUt4)[’CT<t1, tg, t2, t4) + ]CT(t3, tl; tQ, t4)
+ ’CT(th t37 t47 t2> + KT(t?n t17 t47 tQ)]
4 (621ut1 o eQiut4)(621ut2 o €2iut3)[KT<t1,t4,t3,t2) + KT(t37t27t17t4)]‘|

(C.1.12)

where we abbreviated th = tanh(Bu/2). After subtracting the disconnected part G373
and after simplifications the connected part gives in frequency space

Gt = | e (o + o)

‘meﬁwmwmﬁ+ﬁ”
2miu2(wys)

[0 = (wr)?][u® = (wy)?]

= x| e o o) o)

2miu?d(wiy)

[w? = (wp )?][u® — (w3)?]

+

(C.1.13)

+

where c.c. stands for the complex conjugate. The other correlators with two Keldysh
indices k; = 2 (and k; = 1 else) give similar results.

For the correlators with three Keldysh indices k; = 2 (and k; = 1 else) we have a
disconnected part like

G2¢2,2dl1s( ) —27Ti(5(W12)G22 (wla wQ)GQI (w37 (.U4>

2 —wy (C.1.14)
= —27°th X §(w12)[d(wy — u) — d(wy + u)]w—_u2
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The corresponding full correlator is

G2221( )

e it1234u . . .
= S D (e ) (e — ) KT (b by, U, )
Pi=4

—it u
e 11234

4
% {(62it1u - €2it2u)(62it3u + 62it4’u) [ICT(tl, tQ, t4, t3> + ’CT(tQ, t17 t4, t3)

+th x

— KT (tg, ty, t1,ts) — K7 (ts, Ly, ta, t1)]
+ (€2it1u _ 62it4u)(€2it2u + GZitBU)VCT(tl, t4, tg, t3) + /CT(tl, t4, t3, t2)

— K7 (to, ts, ty ty) — K7 (t3,ta, g, 1)]
+ (621t2u . e2it4u)(621t1u + eQitgu)[lc’T(tl’ t3,t4,t2) + ICT(t3, £, t4,t2)

- ’CT(t27 t47 tl) t3) - ICT<t27 t47 t37 tl)]})
(C11.15)

where, in the second line, we restricted the permutations p = (1,2,3,4) to those with
4 = 4. The second line yields very analogous expressions in frequency space as for G?!1!
in Eq. (C.1.8). It produces the advanced correlator ®qycon(wi,wy,wy,wy) = [GH"(w)]*.
After subtracting the disconnected part we obtain for the connected part

G%i%:lon( ) (D'N,,COn(wf_ng_, W;,w;)
1
+ 2m%uth x [6(ws — u) + 0(ws + u)][6(wis) — (5(w14)]—2 : 7)2_ (C.1.16)
u? — (wy

The correlators G%flczon, G2%, and G%f?on are computed analogously.

Now the remaining correlator is, using the spectral representation in Eq. (| -

—it u
e 11234

G2222( ) —th x Z(eQitfu + 62it§u)(62it§u + 62it1u) % KT(tT, tj, tg, tZ) (Cll?)

p

By comparison of its Fourier transform with the retarded correlator in Eq. (C.1.7) we
find that this can be written in terms of the function ®4 ., again. For instance, for the
permutations p = (1,2, 3,4) with 1 = 1 we can reuse Eq. (C.1.8)) and only have to replace
the factor

1 1] 2
wi +u W —u| w2 — (wp)?
by the factor
1 1] 2wW5
—th X |— +— = th x — ot N
wy +u w] —u u? — (wy )?
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This gives for the full correlator
2222 _thi + = = =Y gt -+ ==
GN “u Wi P con (Wi wy s Wy wy ) + wy P con(Wy Wy, w3, wWy)
(C.1.18)

+ - -+, - + - - = F
+ w3 Prycon (W], Wy, w3, Wy ) + Wi Pppcon(wi s wy w3, Wi )|

C.2 Comparison of direct computation and analytic
continuation

Next we demonstrate that the results of the analytic continuation agree with those from
direct computation. Since the fulfillment of the FDR is checked separately in App.
it suffices to confirm agreement of the results for correlators with two 2-indices. For these
components the analytic continuation proceeds analogously. Here we use the example of
G1%,,- To do so we have to get explicit formulas for the discontinuities. Above formulas in
Egs. (5.4.3)-(5.4.3k|) contain the factors IV;. To compare these with the direct computation
we have to evaluate the frequency in N; = tanh(fw;/2) at certain energies +u. We hence
expect the discontinuities to contain suitable Dirac delta functions.

These delta functions are easily obtained after rewriting ®4| con €.g. as

1 1 1 1 1 1 1 1 1
®T¢,con(z>:_ - + + +
4 lz44+u zg—u||z1+u\z—u 23—u Zot+u\z1—u 2z3—1u

(C.2.1)

1 1 1
+ ( + > } (C.2.2)
Z3+u \z1—U 29—U

When subtracting two AC functions which differ by the frequency wi we can consider

every summand of the type [(z4 +u)(21 +u)(22 — v)] 7! individually. Then, a discontinuity
can be read off from Eq. (C.2.1)) to be

N3[(I)T¢,Con(w1_7 w2_7 w;a CUZ) - @T¢,C0n (wl_a (")2_7 CU3_, wz)]

N 1 1
o4 |wf o wi —u
1 1 1 1
X {—ZWié(wg—u)( — + — )—27Ti5(w3+u)< — + — )}
w; tu  wy, tu e

and using the delta functions we obtain

= withm [5(w3 —u) — d(ws + u)} (w%_?, + w%_g) .
(C.2.3)

Other discontinuities are computed analogously and in total we obtain

G%f(?on (w) = N3 [(I)T%COH (wfv Wy w;)r’ WI) - (I)N,COH (wfv Wy , W3, wi)]
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+ Ny [Py con(wp s wy, wF, wf) = Pycon(wr, Wy, w3, w0y )]
&H13) - = 4+ FNEE)) - = 4 o+

+ (I)u,mn(% ,Wy w3, W) ) + (I)N,con(% , Wy Wy ,wWy)

—27i —2u

. +P_2w%—w—aw+m(ifwé)

(wi

—27i —2u 1 1
+ th I o [0(ws — u) — d(ws + u)] (— + —)
. 2miu?
[(wy)? — w?][(w])? — u?]
and sorting the expressions by the factor th = tanh(fu/2) we get
_ 27riu2[5(w14) — 5(&)13)]
[(wy)? — w?][(w])? — u?]
2mi —2u
Fuliosarmerl (
—2u 1
+ W——UQ [5(&)4 + u) — 5(W4 — u)] (— +
4u?
i ey LR

[5(w13)[th - 1] + 5(W14)[th -+ 1]] s

+ th d(ws 4+ u) — §(ws — u)]

_|_

—2u

by writing out the delta functions e.g. as 27i[§(ws + u) — §(ws — u)] = —2

- (w§)2—u2 -

we can cancel many terms and recover
_27in?[6(wig) — Owis)]  th —2u —2u 1 1
@) = wl(wf)? - w?] 4 [(wf)? P (w))? -

Woy Wiy

which is exactly the result from direct computation Eq. (5.3.3f).

@

)~ ce |



94 C. Explicit calculations on the Hubbard atom

C.3 Consistency checks

C.3.1 Generalized fluctuation dissipation relations

In this appendix we verify that our result for the KF correlator in Eq. fulfills the
generalized Fluctuation-Dissipation Relations (FDRs) and have been derived in Ref. [12}32]
and in . They are summarized in Eqs. and for the fermionic operators.
As we mentioned at the end of Sec. [5.1]the primed correlator equals the complex conjugated
one (G' = G*) since the Hamiltonian is a real function of the creation and annihilation
operators.

We only consider the connected part of the correlator since the disconnected part also

fulfills them. The FDR for G371 and GHQEOH can be easily verified by use of the formulas
obtained from analytic continuation in Egs. and (| m The formulas obtained
from direct computation are not well suited for an analytlcal check of the FDR. In the cor-
relators G2 and G??!! the statistical factors N; have been evaluated at certain frequencies
which empedes a direct Comparison with frequency-dependent factors N;.

The right-hand side of Eq. | gives for G2

1T4,con

Ni + N 1121 1112 1122 ’
N—]\f4 (N4GT¢,COH (w) + N3GT%COH( ) G'N’COH( )

and plugging in the relations in Egs. we find
= _NQ(I)N,COH(“}T?C% ;W3 s Wy ) - qu)Ti,Con(wfawgr?wgawZ)
Ny + Ny
N3 + Ny
Jr

_ _ — — — (13 — _
+ Ny [q)Ti,Con(wl » Wo 7w§r7w4+) - CI)TJ,,COH(WI ) W 7(")3+7w4 )] + (I)%i ) (wl » Wo 7W§L7w4 )

con

*
+ N3 [(I)Ncon(wl ,wy Wi, Wi) = Pppcon(wr Wy, Wy, WY )] + q)%ic)on(wl ;Wa >W;awi))

= NoGi ) con(w) = NG (w) +

(N4(I)N700n(w17 Wy w3+’ w47> + N3(I)T¢,Con<w;7 Wy , Wg s WI)

= —No®@4 | con (Wi, wy, w3, wy ) — NPy con(wy,wy,wy,wy)
Ny + Ny
——— = (Ng + Ny Py con(wi, wy,wi, wi
N3+N4((3 4)N, (1 2 3 4)

14
+ (I)ﬁ(\L 2on(w1 >w2 7(");7“]4 ) + (I)%¢ 2on(w1 7w2 7w§r7wzr))

= —NQCI)N,COH(WT,M;,M?T,MZ) - N1®T¢700n(w;>w;7w§>wl)
+ (Nl + N2)(DT$COH<WT>(’U;’W3_>W4_)

N+ N, 14
N3 + N4 ( %i,c)on(wrvwg_>w3 ’w4 ) + q)%izon(wT»w;’w?) >w4 )
using (/I\J%ilc)on x 6(wy4) and %11%25 (w14) = —d(w14) and similar relations for 6%‘2% we find

= +N2 [(DTi,con(w;rv w;ru w3 7w4 ) - (I)Ti,con(w;ru wgv W:;a w;)}

+ Nl [(pTi,Con (wfr, (.4.)2+, w??7 w;) - (I)'N':COD(WI7 w;’ w:;’ w47>]
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&H13) + .+ =(14) o+
+ (I)N eon (W1 s W3 W3, wy ) + cbucon(‘*ﬁ ,Wa Wy, Wy )

O cxx)
Gl eon (W)

We also check the FDR for Gﬁ?fon for which the right-hand side of Eq. (B.2.4d)) gives

(]‘ + N2N3 + NNy + N3N4)[G’2Nl,lclon( )] - N3N4G%J2,lclon( ) N2N4G'1ri2010n( )
- N2N3G%ilc2on(w) - N4G’1ri2clon( ) - N3G11‘J2,1020n( ) NQGjl*ll,Q(?on( )

plugging in the relations in Eqgs. we find

= q)Ti,COH(Wf? w;, (,U;_, wé—f) + N3N4 [(I)Ti,con(wl_a w;, w;, WI) - CI)TJ,,COH(WI_7 w;, w;—7 w4_)

- q)Ti,Con(w;’ w2+’ W3 w4+) + q)Ti,COH(w;? w2+> Ws w;)]
+ N2N4[(I>N,con(wl_7wg_v W?T7WZ) - (I)Ti,con(wl_a Wy w;, WI)

= O con(wr s wy s Wy, Wi )+ Prycon(wr s wy s wy Wy )]
+ N2N3[<DT¢COH<W1 7w2+’w§r7w4) (I)N Con(wl ; Wy 7(“‘-)3+7WI)

— D4y con(wy ;w3 W3, wi) + Py con(Wr s Wy 5wy, wy )]

12 12

+ N3[(1)'§‘¢ 3on(w1 7(")3—’ w;" w4 ) ¢1(*J, c)on(wl ) w;_7 wS ) WI)]
13 13

+ NQ[(I)%¢ ():on(wl 7(*);7 w?T» w4 ) (I)& c)on(wl ’w2 7(");’ wi)]

(14 13
+ NQ[(I) ¢():on( Wy 7w;7w3 7(*):) - (I)%,zon(% ; Wy aW;aWI)]-

The discontinuities in square brackets can be computed similarly to the one in Eq. (C.2.3)).
They give delta functions which allow to evaluate the factors NN; to £th = 4 tanh(fu/2).

= D) con(wi, Wi, wi,wi) + N3N427T2W+u2[5(w4 — ) + 0wy + )]0 (w34)
T MNQHWU_UQ[&(WQ —u) + (w2 + 1) (was)
+ N2N327r2w+uz[5(w2 — u) + 0(ws + u)]d(was)
— Nsth 27T2W——U?[6(w4 —u) — 6wy + u)]6(wss)

— Ny(th — 1) 272 O(ws — u) — d(ws + u)]d(waa)

(wy)? — 2
— Ny(th+ 1) 2ﬁ2m[5(w2 —u) — (w2 + u)]d(was)
= 4} con(wy ,wy ,wy,wi) + th 27T2(w1_)2——u2[5(w2 —u) + d(we + u)][0(was) — 0(wa3)]
B o)

We see that for the above components our result fully agrees with the FDRs.
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C.3.2 SU(2) spin symmetry

Due to the SU(2) spin symmetry of the Hubbard model we only need to compute the 4p
correlator G;. It has been shown in Ref. [19] that every other spin configuration can be
obtained by use of the fermionic exchange symmetry and the SU(2) symmetry. In the
following we demonstrate that the corresponding relation in the KF [see Eq. (5.1.21)] is
fulfilled for our result for the Hubbard atom.

In Ref. [19] the correlator G+ has been computed in the Matsubara formalism in which
its disconnected part gives

G¢T7dis(iw1, i(,UQ, iu)g, iw4) = —ﬁ5w1270G(iW1, iw2)G(iw3, iW4) + ﬁ5w14G(iw1, iW4)G<iW3, iwg)

(C.3.1)
and the connected part is
2[4 — 0,
GTT,COH (iwh iCL)Q, i(")37 1W4) = “ B[4W14’0 w1270] . (032)
[][iw; — u]
i=1

Since the disconnected part fulfills Eq. ((5.1.21]) separately, we can focus on the connected
part of the correlator. By direct computation of the correlators, as discussed for Gy, we
obtain

GHIL (@) = GHI2, (@) = G2, () = G2, () = GEIL, () = 0. (33
G2 (w) = 2miu’ (= ig‘j’[l(iw — (C.3.3b)
GI22 (W) = 2miu? [ (w;; °f422i é%lj)_ a (C.3.3¢)
GI2 (w) = 2riu? (PEE __uig‘[‘}(zz_y — (C.3.3d)
G212 (w) = 2miu? (O —_ui(]b[?i}P — (C.3.3¢)
Gath o) = 2 — ;52 ﬁl% <i i‘”;?_ 7 (C.331)
) = 2 (©:3.38)
G w0) = 2tuth s 3y — ) + 0y + )] 8(er0) = 3c)]. (C.3.3h)
G212 (w) = 2r*uth m[am ) + 6w + w)][0(wna) — S(wia)], (C.3.31)
G2,() = 2t e — )+ e+ ulSCenn) — Sl (€33
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GHn(w) = 2m°uth d(we — u) + d(ws + u)][0(wr4) — d(wia)], (C.3.3k)

7—[
(wy)? — u?
G2 (w) = —idmth? x [§(wi2) — 6(wia][0(u + w1) — 6(u — wi)][6(u + w3) — 0(u — w3)].
(C.3.31)

A convenient way to reproduce these results is by use of the formulas for analytic contin-
uation and the FDR. We have the analytically continued functions

Dot (21, 22, 23, 24) = 0, (C.34)
~ 22mis
@%fgon(zl, 2o, 23,24) = —%Lw, (C.3.5)
[l —u
~ 2271
@%ﬁ’lc)on(zl,z%z?,,zzl) = L@JM) (036)

The correspondence between these functions and the correlators is directly visible for those
with two Keldysh indices k; = 2. And the remaining correlators are conveniently checked
with the FDRS.

One can now check whether Eq. is fulfilled. This is easily done for the retarded
correlators since ®4| con is symmetric under exchange of frequency arguments. To give an

explicit example we consider the correlator G13% (w) for which we have to subtract

2miu?[0(wia) — 0(wis)]
[(w1)? — w?][(wy)? — v?]

*“mxhﬁv—wﬁwv—ﬂ<iJﬁi>‘a°L

1122
GT%COH (wh W, W3, UJ4) —

and
—27iu?6(w13)

[(wr)? = w?][(wy)? = u?]

x| o o) o

1221 _
GN,,con (wh Wy, W3, w2) -

(C.3.8)
So we obtain the result
GHQC%n(wl,WQ,wg,M) — Gﬁﬂm(wl,w%wg,m) = 27iu? —— 5 5(2w14)+ — (C.3.9)
’ ’ [(wy)? = w’)[(wy)? — v?]
= Gﬁ?;n(wl,w%wg,wél), (0310)

which fulfills the relation in Eq. (5.1.21)) due to SU(2) spin symmetry.
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C.4 The vertex function

Given the one- and the two-particle correlator we can extract an interaction vertex. It
can be obtained from the connected part of the Keldysh correlator G4 con by factoring out
the four one-particle propagators (in diagrammatic terms this is called ”amputation” of
external legs). In Sec. 1.2 we already discussed vertex functions in general. We argued that
they have the very same analytic structure as the corresponding correlators and can be
computed with the same linear combinations of AC functions. However, in this appendix
we use a more direct approach to confirm the results of Sec. .
The amputation of the external legs reads

FFw) =[G wn)]MMG " (wy)]FoR GRS (@) [G ! (—wa) |22 (G (—wa)Fe5.
" (C.4.1)

For a fermionic one-particle correlator the fluctuation-dissipation theorem G¥(w;) =
N; (G (w;) — G*(w;)) is exactly fulfilled. The inverse is in general

“1p oy (IGTHw)) [GT @) (N([GRwd)] T = [GHw)] ) (G (ws)]
G (Wz‘)— A —1 .
(G (wi)] 0
( ) ( (C.>4.2)

For comparison we also directly invert the one-particle correlator in Eq. (C.1.5)), giving

tanh 92 4;uwfy2 (w+i'y).2fu2
G l(w) = ( o (f,ﬁ f)”w o) (C.4.3)
w—iy

where we use the parametrization of the complex frequency w® = w4iy with v > 0. By use
of Eq. we can now directly compute the vertex function Fﬁ(w) from the four-point
correlator Gﬁ’con(w). Note however that, analytically, one must not take the limit ; — 0
or use a delta distribution yet since this is only sensible for the final expression, e.g. we
incautiously cannot take the limit

lim [G ()] o< lim —— = 276 (w)w = 0.

YN0 TNO W+ 7y
These infinitesimal regularizations cannot be neglected. In this simple example even the
one-particle correlator would not be recovered, otherwise. Vertex functions are used to
construct more complicated diagrams for which they are multiplied with propagators and
other vertex functions. In particular the vertex function F' has to recover the connected
part of the correlator G¢,, when multiplied with the one-particle correlators.

Since [G~1(w)]**2 is not diagonal in Keldysh space the sum over k' in Eq. can

give several contributions. Due to [G™']*? = 0 and G = (0 the number of contributions
increases with the number of Keldysh indices k; = 1 in F*. One finds that F???? = (
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always holds. Similarly, for a retarded vertex function (with a single Keldysh index k; = 1
and k; = 2 else) the only non-vanishing contribution is e.g.

F1222(w) — [GR(C«)l)]_l[GA(w )] 1G2111( )[GR(—WQ)]_I[GR(—W4)]_1. (C44)

con

Since the retarded correlator G3}"(w) is the analytic continuation @4 con(w;", wy , w3, wy )
we see that the analytic continuation of the propagators (the external legs)

GR(w) = G(iw)] GA(w) = G(iw)] (C.4.5)

is consistent with that of the correlators. Hence we can define the analytic continuation of
the regular part of the vertex function in Eq. (5.1.24b)) as

iw—w-+i0t iw—w—i0t

4
ud>" 22 — 6u’

7

T (F 1=
N (z) =ut+ —L (C.4.6)
2 Zi
4

such that the above vertex functions can be written as F/?**(w) = CD( )(wl LWy s Wy 5 Wy )-
Those vertex functions with two Keldysh indices k; = 1 (and k; 2 else) give three
contributions, e.g.

F'2(w) = [GF(wn)] G ws)] 7' Goon (@) G (—w2) TG (—wa)] ™
+ G w)]F[GH ws)] T ey (@) G (—w2) | G (—wa)] (C.47)

+ (G wn)] (G (ws)] TN Gedn (@) G (—w2)| (G (—wa)]

con

We can write these in terms of AC functions by plugging in the right-hand side of Eq. (5.4.3k])
for G37'% and by use of [G7(w;)]* = N;([GF(w;)] ™ — [G*(w;)] ") we find that

1),con
P
_ _ _ — — 13
Ny [(I)N,con(wfaw;’w:; 7W4> _CI)NC 7Wo , W3, Wy )} +<I>%¢gon(wf',w;,w3 7w4)

— — — — — =(14 — —
+ N [q)T%COn(wi’—’w;_:L% » Wy ) - (I)'N,c +7 21 W3 , Wy )} + (I)%J,,c)on(wi_vwg_?w?) y Wy ):|

-1

X [G™(w1) G (w3) G (—w2) G (—w1))

+<I>N,mn<wl,w;,wg,mzvl[GR 9 —[G%w} (O w5 G (02 G —0)]
Do 05 0507 ) [ (1) G ) P )] N, {W - [GR(—w)]l] |
(C.4.8)

The canceled contributions are those for which the analytic continuation of the 4-point
correlator is inconsistent with the analytic continuation of the external legs. We see that
indeed only the consistent contributions remain and they can be expressed in terms of AC
functions again. For the vertex functions with more than two 1’s in the Keldysh indices
the FDRs can be used to guarantee this property.
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