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Abstract

The topic of this thesis is the investigation of shot noise as a transport phenomenon in
mesoscopic low-dimensional inhomogeneous systems, in particular quantum point con-
tacts. After general considerations about noise in the framework of scattering theory and
the system at hand, the Keldysh formalism is introduced as a way to calculate correla-
tion functions in many-body systems. This formalism is used for the calculation of the
necessary propagators as well as the derivation of the relevant physical observables. Inter-
acting results are obtained numerically through the use of the functional Renormalization
Group. Finally, these results are presented and compared to previous results from scat-
tering theory along with experimental measurements, as a way of presenting the benefits
of the new approach in the understanding of noise terms.
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1 Introduction

1.1 Motivation

The last decades have seen the rise and re nement of new methods of describing quantum
many-body systems. The Keldysh formalism has been established as a powerful alternative
to the Matsubara formalism that comes with many bene ts [Kam11]. Firstly, it avoids com-
plications that arise from a transformation to imaginary time resulting in the necessity of an
analytical continuation of the imaginary to the real axis, which is often quite bothersome.
Furthermore, it is able to treat non-equilibrium systems. Of course, this comes at some cost:
the introduction of a tensor structure to the propagators.

The extension of the functional Renormalization Group to Keldysh formalism is a rela-
tively new emerging eld, which allows for the handling of infrared divergences, non-linear
dispersion models and out-of-equilibrium states, along with the ability to perform calculations
at real frequencies and describe large systems [GPMO07] [JPS10a] [JPS10b] [Sch18] [Jak10].
In a nutshell, it achieves its goal of calculating vertex functions up to a certain order by solving
an in nite hierarchy of coupled dierential equations and neglecting higher order terms.

The arrival and study of these methods presents us with the opportunity to apply them to
known quantum systems with a double purpose: rstly, one wishes to study the application
of these methods in a somewhat familiar environment with the goal of ‘testing' them in the
eld, understanding their bene ts and drawbacks, as well as re ning and adapting them to
ever-new situations. Secondly, we have the goal of gaining a deeper theoretical knowledge
of the systems under investigation and using the new methods to their fullest extent, so as
to be able to investigate completely new realms that were not accessible to us with previous
methods.

In this case, we investigate speci c transport properties of the so-called quantum point
contact. It only became possible to construct such a system in the last few decades, following
improvements in high-quality materials and micro-fabrication techniques88)v In recent
years there has been peaked interest in the study of this system, which boils down to a low-
dimensional electrons gas imprinted with an external potential. Being on a mesoscopic scale,
it combines a high particle number with the necessity of quantum treatment. While many
e ects, such as the quantization of the conductance [Lan57], were predicted decades ago,
it took a long time to fully understand many of the transport properties of the system, such
as the 0.7 anomaly, which is induced by interactions in the quantum point contact [Mic11]
[BHS13].

Noise is a useful fundamental feature since it is connected to properties of the system gen-
erating the noise and, thus, provides deeper knowledge about both its equilibrium and trans-
port state. While there have been experimental measurements concerning noise0g)ZM
[BGG'05], up to now there has not yet been a theoretical treatment and understanding of
the phenomenon in this speci ¢ context that goes beyond basic scattering theory and zero-
frequency predictions and accounts for theets of interactions. Thus, the goal of this thesis
is the study of the noise properties of this system in the framework of the aforementioned
formalism.
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1.2 Outline of this thesis

Following the aim of analyzing noise within the Keldysh formalism, the necessary con-
cepts and considerations are introduced step by step:

Firstly, there is an introduction into the system under consideration. The basic setup of the
guantum point contact is described and an overview over some important experimental results
is given, while the main assumptions about a theoretical model that is capable of describing
such a system are analyzed. This is dongeiction 2

Then we turn our attention to noise in general, its de nition and an analysis of tleeatit
kinds of noise. The Schottky formula for shot noise is motivated at this point through various
calculations. What follows is an overview over scattering theory and its predictions for our
case. This is all realized ®ection 3

The Keldysh formalism is a central concept to this thesis as a tool to calculate correla-
tion functions in quantum many-body systems. The closed time contour, which is the basic
concept of this framework, is introduced along with Greens functions, with no prior knowl-
edge besides quantum mechanics required. Furthermore, Wick's theorem is motivated as the
basic building block, which is the basis for most calculations within quantum eld theory.

A reference to the exact form of the uctuation dissipation theorem in the Keldysh formal-
ism is made. Afterwards, we turn our attention to the calculation of the Greens functions
that have just been introduced. We nd a closed expression for the free propagators in the
Keldysh formalism through the in nitesimal limit of a discrete approach, while we describe
the methodology of calculating exact propagators through Wick's theorem. This is done in
section 4

At this point, all the necessary tools have been introduced to perform speci c calculations
in our system. We motivate the exact choice of the Hamiltonian of the QPC and then proceed
to express the current and the noise of the system in terms of Keldysh Greens functions in
section 5

Finally, we proceed with the presentation of our results. The calculations were imple-
mented at the chair of Prof. von Delft at the LMU Munich with the use of the Leibniz Rechen-
zentrum. After an overview over the functional Renormalization Group, which is the corner-
stone of the numeric simulation and which has been implemented by Lukas Weidinger, we
delve into some intricacies of our implementation. Then, we proceed with the illustration of
the results through various plots of the noise terms and we compare them to both experimental
measurements and theoretical predictions of scattering theory. This is perforseadion 6

The results of this thesis are summarized inG@maclusion Here the results of the thesis
as well as the challenges that have been overcome are listed. At the end, an outlook on future
challenges and goals is given, both on a theoretical and an implementation-wise level.



2 Quantum point contact

2.1 The setup

The system under consideration in this thesis is a quantum point contact (QPC). It can be
realized experimentally by generating a two dimensional electron gas embedded in a plane
between two semi-conductors (eg. GaAs - AIGaAs) and imprinting this gas with a potential
generated by external gates. We assume that these gates are constructed in such a way that
their eld lines penetrate the semiconductors and split the electron gas into two baths which
are connected by a narrow path. Depending on the form of the potential in this bath, the
system is called either a quantum wire (if the potential is long and at), a quantum dot (if
localized states are possible, i.e. if the potential has a minimum) or a quantum point contact
(if the potential has the form of a saddle).

Figure 1: (a) Schematic cross-sectional view of a quantum point contact, de ned in a high-
mobility 2D electron gas at the interface of a GaAs—AlGaAs heterojunction [vHBO05]. The
point contact is formed when a negative voltage is applied to the gate electrodes on top of the
AlGaAs layer. Transport measurements are made by employing contacts to the 2D electron
gas at either side of the constriction. (b) Micrograph of a typical QPC [CL@2E

Within this plane, the electrons may scatterimpurities, phonons or other electrons. In
our case, we restrict ourselves to low temperatures and are thus able to neglect interactions
with phonons. By assuming that the structure which we observe is smaller than the mean
distance between impurities, we can also neglect tleets of impurities. As a result, we are
only left with electron-electron interactions which are mediated through the Coulomb force.
Since the region under consideration is small (mesoscopic scale), transport is phase coherent
and a quantum mechanical description is required.

We call the two baths, which are connected through the QPC, reservoirs or leads. We
assume that they are large enough to be characterized by tempefat(ledg, Tr (right) and
chemical potentials,, r. We assume the reservoirs to be large compared to the QPC, which
only represents a small perturbation of the equilibrium systems.

On a mesoscopic scale, we can assume that the motions of the electrons longitudinal
(along the narrow path) and transverse (across the path) are separable. Longitudinal eigen-
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states are morally characterized by the continuous wave vigatoth corresponding energy

E = % where~ is the reduced Planck constant amds the electron mass. The trans-
verse motion is quantized and described by the discrete indeixh corresponding energy
E.. Thus, for a given total energy = E, + E,; only a nite amount of channels exists. By
reducing the width of the quantum point contact through the external gates, it is even possible
to eliminate all transverse states except one. Thus, such a system can be treated as one-
dimensional, since there are no degrees of freedom in any direction except the longitudinal.
The form of the potential of a QPC along the longitudinal direction is simply an inverted
parabola with a maximum at the center. The height of the potential barrier determines the
magnitude of the current that ows between the two baths when applying a relative voltage
between them; such a voltage is called source-drain bias voltage. If the source-drain bias
voltage is zero and there is no temperature gradient, then no current will ow. Tleeedti-
tial conductancé is a useful quantity to describe this phenomenon: it measures how much
current can ow by increasing the source-drain bias voltage and is de ned as the derivative of
the current with the respect to the source-drain bias voftage:

@

G=
@sd

Figure 2: Potential along the longitudinal axis of the path. The blue parabola is a QPC,
the red curve that attens in the center is a quantum wire and the green curve is a quantum
dot. [Sch18]

2.2 Experimental data

The quantization of the momentum in the transversal direction leads to a quantization of
the conductance. Practically, the conductance counts the number of transmitting modes in
units of €=h. In the case of no magnetic eld, this number is increased by 2 each time a
new transverse mode is added due to the spin degeneracy of electrons. In the presence of a

INote that there is also the linear conductance, which is de ned as the derivative of the current with respect

to the source-drain bias voltage at zero voltage, Gg, = & . However, in this thesis we are often
s Vsdzo

interested in the transport state of the systeMggt 0.
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magnetic eld, the up- and down-electrons can be regarded separately - each adding their own
stepwise contributions to the conductance.

In this thesis, we focus mainly on a QPC with a single transverse mode, i.e. we are going
to focus on the rst conductance step frda= 0 to G = 2e?=h.

We are interested in the changes in the conduct&cmder variation of our external
parameters temperatufe external magnetic eldB, gate voltagevy and source-drain bias
voltageVgg.

Figure 3 shows the conductance as a function of the gate voltage while the magnetic
eld is varied. Note that the conductance step becomes increasingly asymmetrical as the
magnetic eld is increased. This irregularity can be attributed to the strong suppression of the
conductance in the subopen regin@dt around &  2e?=h), hence the name 0.7 anomaly.
This e ectis caused by interactions between electrons. Practically, this shows that it does not
su ce to model the electrons as free particles.

Figure 3. Experimental measurements of the conductance as a function of the gate voltage
under variation of the magnetic eld. (a) [TNS6] (b) [CLGG 02].

Figure 4 shows the conductance as a function of the gate voltage with the temperature
being varied this time. By increasing the temperature, the conductance step is attened out.
However, once again this attening is highly asymmetric, as the conductance is strongly sup-
pressed in the subopen regime; in fact, this suppression is much stronger than the thermal
broadening. Once again, this can be attributed to interactions between electrons.
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Figure 4: Experimental measurements of the conductance as a function of the gate voltage
under variation of the temperature with no magnetic eld. (a) [CL®Y (b) [KBH*00].

Figure 5 shows how the conductance changes when the source-drain bias voltage is varied
at xed temperature and magnetic eld. Once again, this illustrates the step-like nature of the
conductance in a QPC.

Figure 5: Experimental measurements of the conductance as a function of the source-drain
bias voltage, at various temperatures, magnetic elds and gate voltages. [QR2EG
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2.3  Our model

We model the QPC as a discrete one-dimensional tight-binding chain. The rst and the
last site in this chain are coupled to the respective leads. Since the leads are in equilibrium
and we are interested in the QPC, we assume that the electrons in the leads are non-interacting
and that the coupling between the leads and the QPC is also non-interacting. Basically, we
are able to treat the two-dimensional electron gas in the leads as a Fermi liquid. However, this
breaks down in the QPC and the resulting interaction in the narrow region has to be treated
explicitly. Thus, only the Hamiltonian of the chain itself may contain terms that are not
guadratic in creatidlannihilation operators. Physically, the leads act as non-interacting baths
for our system. With regard to practical calculations, this simply corresponds to additional
terms in the Wick expansion of our interaction Hamiltonian. (see section (4.6))

We assume that the Coulomb-force is short ranged, since the assumption is often well-
justi ed that the surrounding materials can rearrange so that the Coulomb interaction is suf-
ciently screened. Basically, we are interested in physics at timescales much larger than
esdor e maerANd assume that the density of the materials is high enough to provide such
a screening. With the simpli cations above, there can only be the following kinds of terms in
our QPC-Hamiltonian: those which describe the static potential at each site of the chain, those
which describe the hopping of the electrons between adjacent sites and those that describe the
interaction/ coupling between two electrons.

After this brief overview about the basic concepts of a QPC, it is time to introduce some
other basic concepts regarding noise and the Keldysh formalism.




3 Noise

When one applies a constant magnetic eld and a constant voltage to a QPC, typically
a stationary current arises, whose measurement gives us information about the system under
consideration. However, one may notice the existence of time-dependent uctuations of the
current around its mean value. One would measure such uctuations even with access to
in nite precision measurements; thus, they are an intrinsic property of our system.

Generally, such uctuations are called noise. Noise is an interesting feature because it
is fundamentally connected to properties of the system that generate the noise. Formally
speaking, noise is de ned as the Fourier transform of the current-current correlation function.
We distinguish two main types of noise: thermal noise and shot noise.

3.1 Thermal noise

At non-zero temperatures, there are thermal uctuations. The occupation numdser
electron states is uctuating around its thermodynamic avehagewhich is determined by
the Fermi distribution. The mean-squared uctuatibfrs h ni)?i increase with higher tem-
peratures and are determined by the Maxwell-Boltzmann distribution. This type of noise
causes equilibrium current uctuations, which can be shoterbe related to the conductance
of the system, i.e. the conductance can be determined by equilibrium current uctuation mea-
surements.

3.2 Shot noise

Unlike thermal noise, shot noise cannot be measured at equilibrium; it arises in the trans-
port state of the system. The origin of shot noise lies in the discrete nature of electronic
charge. When measuring a low current with great accuracy, one can no longer neglect the
fact that electrons are quantized; a detector, which registers each passing electron separately,
will measure a uctuating current that depends on how many electrons are detected at each
individual moment in timé.

Shot noise can be understood and quanti ed by examining the underlying physics that
is governing the emission and transport of electrons. The rst prediction of this nature was
made by Walter Schottky who coined the term in 1918. Shot noise is also often called Poisson
noise; let us look at the following simple yet powerful example to understand why:

Let us assume that the particles we are interested in are emitted independently from one
another and are non-interacting, i.e. each arrives independently in our detector.bé&et
the characteristic time scale of our measurement, in this case the mean time between the
measurement of two such particles. We are looking for the probabBii{y) for detecting N
particles during a time interval of lengttt

2 [BB00]

3Historic remark: The term 'shot noise' originates from the sputtering sound that can be heard in an audio
ampli er, which translates the random uctuations of electrons emitted from a hot cathode into sound.

4We observe that = t=Ni.
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The probabilityPy(t) to detect zero particles in timesatis es

|
Po(t + dt) =1 d—t P()(t)

since 1 & s the probability of not detecting any particle in the in nitesimal time interval

dt. This can be solved as

dPy  Po(t+dt) Pot) _ 1 _ _ o=
at it = —Po(t) 3 Po(t)=e

We now attempt to ndPy for N > 0. We can expresBy recursively throughPy 1, as
follows:

| |
H -2
put+dy= 1 L e+ Tpyam+ B o+

Sincedt is in nitesimal, all terms of higher order than linear @t can be set to zero. We

proceed to get
dPy Pa(t+dt) Pn(t) _
at . at =Py 1(t)  Pn()

We multiply bye= and obtain

d - =

a©) Pn(he™ =Py 1(t)e
which by induction leads to

dN - _

m PN(t)e = Po(t)e =1
This is solved by
_(t= ) t=
Pn(t) = € (1)

N!

which is a Poisson distribution iN 2 No. We obtained this general result by simply demand-
ing independence of detection events, hence the term Poisson noise.
The mean value and variance of a Poisson distribution with paratet2rR* are given
by
MNi =t=; Var(N) hN% h Ni?=mi=t=

If we are interested in detecting electrons, then the mean measured duirsats es
Hi = gniNi=t = g= . The noiseS is proportional to the variance of the number of transmitted
particles. With the correct proportionality factors, one obtains

2
S= ZTanr(N) = 2qHi
The equatiors = 2gHli is a central characteristic of shot noise. We are going to examine

it more closely in the following section:



10 3. Noise

3.3 Derivation through the Wiener-Khintchine theorem

Given a current(t), we de ne its autocorrelation function

1Z T=2
ROBHOIE )i=lims  dioie )

which can be considered to be a measure of the current uctuations. The noise is de ned as
its Fourier transform: Z,

S(')B d R()e'
1

We can now make some basic integral calculations:

Z1o 2, _
1YY= i - !
S(!) T"{n = T=2dt ) dI@i¢t )e
14 T= Lo 2, _
= lim = dt di®  d1mIdet @t t° )
™ T _1p T= 1
Z 13 ZTzztozl _Zld|o e )
= lim = dt d d 1(t)l(t9Ye' — gt
™ T 1 T=2 1 ® (0) 1 2
. R1 ; .
Byusing ; d & '2 =2 (1 !9we obtain
Z T= ) Z T= 0 o
S )= lim = dti(t)e'! dt (t%e "t
()=fim s _dume' dfi(®)
This translates to o N
S(H)=h( )l ()i =hj)fi (2)

wherei(! ) is the Fourier transform df(t). Equation (2) is known as the Wiener-Khintchine
theorem and is the basis for many calculations in statistics and signal processing. It states
that the Fourier transform of the autocorrelation gives the power spectrum; knowledge of the
one is equivalent to the other. Because of this relatg{h,) is called the (two-sided) power
spectral density (PSD).
We observe thaB(! ) = S( ! ). Thus, for! 0 this gives rise to the de nition
Z,
S(1)BS(t)+S(!)=25(0)=2 dR()e
1

which is called the one-sided power spectral density or noise.
Now let us consider some simple examplesl{o):

3.3.1 Sharp pulses

In the case that the electrons arrive independently from one another (Poisson process) and
that the duration during which they arrive is negligible compared to the timespan between the
arrival of successive electrons, we can model the current as

X
IH=aq (& t)

n=1
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whereftigare the independent arrival times of the electrons, uniformly randomly distributed
in the interval [ %; %]. The average curreltti is given byhi = qT—N The Fourier transform is
given by
) Z1 oW o
I(1)=q dt" t t)=q €'mn
1 n=1 n=1

Thus, the one-sided power spectrum is

— o AT N — [ Zng '!tnx\l i!tmé
Si(t)y=2n@ ) ()i —Tlllgn - n:le' e

m=1

The cross termsn(, m) vanish in the limitT ! 1  because thé;gare independent.Thus,
we are left with

2
Si(1) = lim Z?FN = 2|

Note that this corresponds exactly to the expected result for shot noise. The spectrum
2ghi is uniform in all frequencies, it is called white noise.

3.3.2 Rectangular pulses

Suppose that we can no longer neglect the duration of the arrival of the electrons, which
is a more realistic assumption. Then we may model each arriving electron as a rectangular
pulse in our current. Let 8
3L, if t2[ 55
=5 2

~0; otherwise

for some electron tick duration> 0 (note that the integral over each rectangular pulse is

normed to 1) and
\l
I)=q rt t)
n=1
whereftgare the independent arrival times of the electrons, uniformly randomly distributed
in the interval [ %; %]. The Fourier transform is given by
) “Zi X dina= o)
(1) =q dte''r(t t)=:::=q €'™" —Slr,](!_z)
1 T

n=1 n=1

We continue as before

s N
Sit) = 201 ()i = lim Zqu snt= 2 @? din’ el tmé
' T n=1

m=1

and obtain "

v
S,(1) = 2hi —S'?(! = 2)
=2
This noise is no longer white, but it still reproduces the expected r8g{dlj = 2ghii. It

fallso to O for! 1

SHeuristically, the expectation value of efip (t, ty)] vanishes, since this term describes a uniform distri-
bution on the unit circle in the complex plane for mandT !'1 . The expectation value is the center of this
circle, i.e. zero.
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3.4 Scattering theory

This chapter only provides a brief overview of the main results of scattering theory that
are of interest in our case; detailed derivations of the following results can be found in [BB0OO]
and [B92)].

The idea of the scattering approach (also called Landauer approach) is to relate the uctu-
ation properties of the system to its scattering properties. We consider our model of the QPC:
two baths/ leads (left and right) being linked by a sample, which only allows for a single
transverse mode. To this end, we introduce creation and annihilation opeef(@}:a, (E)
creatéannihilate electrons that are incoming from the left sample with erergyhile b (E),

b, (E) creatéannihilate electrons that are outgoing to the left lead with en&rg@imilarly,
we introduce operators for the right lead. They obey the usual fermionic anticommutation
rules: letq be the set of all quantum numbers describing an electron, then

a(E)ag(E’) + ap(E)Y(E) = qp (E E)

while creation and annihilation operators anticommute with operators of the same nature re-
spectively.

Figure 6: Two-terminal scattering with one transverse channel. [BB0O]

The scattering matris relates the outgoing current amplitudes to the incoming ones:
| ! | |
B2 wheres Xt SR - oL
br aR SRL SRR U T
The generalization to multiple transverse channels is straightforward: individual création
annihilation operators are introduced for each channel and the entries of the scattering
matrix s are no longer complex numbers but block matrices.
Intuitively speaking, the current leaving the left bath is given by thedince between the
number of outgoing electrons(a ) and incoming electrondyb,). Under the assumption
that the electron velocities vary quite slowly with energy, while the energies of the incoming
and outgoing electrons are relatively close to each other, it can be shown that the current
operator is given by
Z x Z
0=5= dEQEAE) BELE =,  dEFEA BaE)
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withA = [ | s s ,wherewe ug:d the de nEion of thematrix. We wish to calculate

the mean current by using the fact that(E)a (E9 = (E E9f (E), wheref is the
equilibrium fermionic distribution function

1

f(E)= ———
exp T +1

In scattering theory, one additional crucial assumption is made. We assume that our de-
scription includes all possible physical states, which implies that the scattering raadrix
unitary as each incoming state is transformed into a superposition of our list of outgoing
states. However, this assumption neglects inelastic scattering; for example, an incoming elec-
tron being transformed into two outgoing electrons and one outgoing hole is not part of this
description. Thus, we have to keep in mind that the results of scattering theory are only exact
in the non-interacting regime and in the zero-temperature limit of the interacting regime.

To this end, chapter 7.4.1 of [Sch18] analyzes this loss of 'one-particle probability’. Gen-
erally speaking, our assumption is correct when the chemical potentials are far from the peak
of the potential barrier. The subopen regime, where the chemical potentials are near to the
maximum of the barrier, is problematic and requires more careful treatment due to the domi-
nation of inelastic processes.

From the unitarity os we obtainjrj? + jtj? = 1 and thus

D E Z D E
IL(t) = dE a/a, jrifa/a. jtfalar rtalar rtala
Z 3)
dE(fL(E) fr(E))

o
l

N

]

‘&D. N

N

We used the fact thé®! azi = haa i = 0, as mentioned above.

Here we ignored the energy dependence ofthetrix, as we are mainly interested in the
relatively narrow energy range at the Fermi level. In fact, the term in the integral vanishes for
energies far from the Fermi level, which makes this a reasonable approximation. In order to
obtain the conductance, we take the derivative of the mean current with resplectto =e.

In the zero-temperature limit, the fermionic distribution functions are step functions with the
step at | (and g respectively). We obtain

e,
G= >l (4)

This reproduces the expected result, i.e. that the conductivity is given in urﬁtabfow
temperatures. Note that it is multiplied witif, which can be interpreted as the transmission
probability of a single particle; it is the factor by which the amplitude of the squared norm
of the wave function of an incoming electron is multiplied after being transmitted through
the sample. In the case of multiple transverse channels, the transmission proljtgidity
replaced with Tr{’t], i.e. the sum of all eigenvalues of the transmission mattix

Once again, we are interested in the noise term. Using the de nitiogt) 1 (t) hi i,
the autocorrelation function is de ned as

1D . . E
S {(t tO):é L@ T+ 19 1@
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Note that it only depends on the direncet t°) of the times, since we are in a stationary
state. In order to calculate the noise, which is its Fourier transform

D . . . . E
2 (C+19sS ()= T @)Y T+ 109 1@)

we employ expressions for the quantum statistical expectation value of the product of four
operatorsa. We obtain for zero-frequency noi§e S, (0) = Sgr(0) = S, r(0) = Sg.(0)°
which is our main point of interest, the following result:

x Z
S=_— dEA (E)A (E) f(E)1 f(E) +f(E)1 f(E)

z ) (5)
= dE i fl fo+fl fr jtAL D) R f

In the last line of the equation above, the rst term in the integral (proportiongifjas
the equilibrium noise contribution, while the last term (which is second order in the Fermi
distribution functions) is the non-equilibrium or shot noise.

Let us now consider some interesting cases in order to apply this result.

3.4.1 Equilibrium noise

In the case of an equilibriumh, = Trand | = g (thusVgg = =e = 0) we obtain
f = f and the noise can be calculated to be merely a multiple of equation (4):

S = 4k TG (6)

Note that this result can also be proven in a more general context where we do not assume
an invariant scattering matrix. [BB0O]
3.4.2 Zero temperature noise

In the case that, = Tr = 0, the fermionic distribution functions become step functions
and the calculation of equation (5) is straightforward and leaves us with the result

eVsq... .
S= %1 j ) (7)
In the case of low transparency {1j?) 1, we use that the integral in equation (3) simply
gives = eVy and obtain the classic result by Schottky
S¢ = eg\/s“jtj2 = 2ehli

The Fano factoF = S=Sy = (1 jtj?) 2 [0;1] is a measure of whether the noise is
Poissoniank = 1) or whether the sample is transpardnt{ 0).

5These equalities follow from current conservation, as explained in [BBOO].
’In the equilibrium casef, = fg, which implies that the shot noise term vanishes.
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3.4.3 Constant scattering matrix

In the case thatj in equation (5) is energy-independérthe remaining integral can be
calculated analytically and the noise term simpli es to
n I #

S= € 2kgTjtj” + eVegcoth Vs P j %) (8)
= 2ks T

This is consistent with the previous results, as it reduces to equation (6) in the equilibrium
caseVgy! 0 and to equation (7) in the zero temperature dase 0.

8This is well-justi ed if the temperature and applied voltage are not on the same scale as the scale of the
energy dependence ef



4 Keldysh formalism

We employ the (Schwinger-) Keldysh formalism in our description of the QPC, which
is able to treat arbitrary out-of-equilibrium many-body systems. Our goal is to employ an
approach, which will allow us to calculate correlations between physical quantities, i.e. we
wish to evaluate the expectation values of arbitrary observables.

Note that from here or = 1 for reasons of simplicity.

4.1 Basic introduction to the closed time contour

Let us consider a quantum many-body system, which is governed by a time-dependent
HamiltonianH(t) = Ho(t) + V(t), which we decoupled into a single-particle pEig(t) and
a partV(t), describing the interactions and couping between particlége assume that in
the distant past = 1 the system is in equilibrium, i.e. there are no interactions between
particles, while it is described by the density matrix (1 ). We are interested in the
behavior under time evolution, which generally drives the system away from equilibrium.
Operator©y (t) in the Heisenberg picture evolve in time given®y(t) = U (to; t)Os U (t; to),
whereU(t; to) is the unitary® time evolution operatort As the Hamiltonian operators evalu-
ated at di erent moments in time do not necessarily commute with each dfifeto) should
be understood as an in nite product of evolution operators with instantaneously constant
Hamiltonians
U(t;to) = lim e iH{t 1) ta iHt 2 1)t e iH{t N t) ta iH(to) t
NI1
Z Z.Z o
=1+ (i)  dOAWO)+ (i) ddtrHt)H %Y
ZtOtZ toZ 100 ot (9)
+(i)° dtPd UG H () H (P9 H (% + : : :
r.° 0
Texp i dtPA(9
to

where t = (t tp)=N is the in nitesimal time step and denotes time ordering, i.e. the earlier
in time an operator is evaluated the further to the right it stands.
The evolution of the density matrixt) is described by the von Neumann Equation

@ ()= i[H®; ®]

By using the identitieg@J (t;to)) = iH(t)U(t;to) and @U(t; to) = iU(t; to)H(t), one ob-
serves that the equation above is solved by

=0 1) (1)0(1 ;1) (10)

We assume Tr[] = 1, which is satis ed if is the density matrix of a physical system.
If  describes a system in equilibrium, it is given by= e “, where = 2 andZ =

9The Heisenberg picture will be employed, where operators evolve in time, while wavefunctions are t-
independent.

Y0t to)] = U(to;t)

UThe Schedinger equation takes the for@O(t) = i{Ox (t); H(t)] in this convention.
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Tr[e R] In the case of the canonical ensemile= H, while in the case of the grand
canonical ensemblg = H N. The expectation value of some observaDlat timet is
de ned as

i) TrO (1)]

_Using the invariance of the trace under cyclic permutations, equation (10) and the fact that
U(l ;+1)U(+1;t)=U(1 ;t)andtriviallyU(1l ;t)U(t; 1 ) =1, one can show

hOsi (1) = Tr[OU(t; 1 ) U(1 ;1)
=Tr[U(1 ;t)0sU(t; 1 ) ]
=Tr{Ou(t) ] (11)
=hOy (V)i
=Tr[U(1 ;+1)0(+1;)0s0(t; 1 ) ]

Read from right to left, the last line corresponds to evolving the initial state forward from
1 tot, acting on it with the operatdd, evolving it forward again t&-1 and, nally, evolv-
ing it backwards in time tal , as illustrated in gure 7.

Figure 7: Graphic representation of the Keldysh contour with a single opdbatwhich is
evaluated at timé (on the forward branch) with initial density matrix

Evolution along this closed time contoGiis a keystone of the Keldysh formulation. Note
that the operatoD could also equivalently have been inserted on the backwards branch of the
contour(i.e. the branch which is evolving backwards in time) by writing

U(1l ;+1)U+1;0)00(; 1 ) =0(1 ;000 +1)U(+1;1 )

This alternative representation is illustrated in gure 8 and is completely equivalent to the
rst representation.

In general, we are interested in the evolution operator along this closed cdntoar
U(1 ;+1)U(+1; 1 ). In the case that the Hamiltonian is the same on the forward and
backward branch, the forward-backward evolution brings the system back exactly to the initial
state; we obtaityc 1. By modifying the Hamiltonian to include derent contributions on
the forward and backward branch (eH).(t) = Ho(t) O(t)V(t) ) Uc becomes nontrivial.
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Figure 8: Graphic representation of the Keldysh contour with a single opebatshich is
evaluated at timé (on the backward branch) with initial density matrix

4.2 General correlation functions

We are interested in calculating correlation functions, which depend on more than one

and annihilation operators, each acting at either of the times: ;t,. Our goal is to calculate
its expectation value. First, we make the simpli cation tRais of the formOz(ftig O (ftig,
whereOy is internally time ordered, while Os is internally anti-time orderéd. For example,
if L>L>13>1,, then

O = d(ta)c(t2)c(ts)C (t2)c(ts)
has the desired form, withandc’ being annihilation and creation operators respectively. By
applying the previous notions, we obtain (assuming for simpligityt, > ::: > t,):

MOu(ftigi = Tr[O%(t)  O3(t2)O%(t)O1(t2)Ox(t2)  On(th) ]
=TrU(1 ;t)O°U(tn;tn 1) Ul(ts; t2)OOU (t; 1)U (ty; +1 )
U1 ;)00 (t; 6)00(t;t5) Ut 15t)0n0(t; 1) 180

Thus, reading the equation from right to left we are again following the coi@aur the

~

complex plainl ! +1! 1 ). The operator®;:::;0, are evaluated on the forward

trated in gure 9.

Figure 9: Graphic representation of the Keldysh contour with operéigrs : ;O, evaluated

branch at times; > ::: > t, with initial density matrix .

12T earlier times go to the right
13T: later times go to the right
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One observes that our request @tto have a speci ¢ form can easily be dropped, since
one can always bring the operator to the desired contour-orderedigi Oz (ft;gOr(ftig
by using the elementary (anti-)commutator relations of the creation and annihilation opera-
tors!4 Only in the fermionic case, one may pick up a relative minus sign if an uneven amount
of exchanges of creation-annihilation pairs is necessary, while the relative sign is conserved
is the bosonic case.

The methods described up to now are very general and powerful, since we never assumed
to stay in equilibrium under time evolution. Thus, they can be used to describe Hamiltonians
with explicit time dependence, such as in the case of boundary conditions and external elds.
Also, time in Keldysh formalism always stays on the real axis, without ever taking imaginary
values. Both of these properties are in stark contrast to the Matsubara formalism, which is
used to describe many-body systems in equilibrium.

4.3 Greens functions and Keldysh rotation

We introduce the contour indexes - andio denote if an operator is acting on the forward
branch ¢ ) or on the backward brancle™() of C respectively. Given contour indexg¢sand
timest; we de ne the one-particle Green's function as

Gllz(tijt))  iHTce (t)ci? (t)i (12)

Speci cally, the following relations hold true:

G (tyjty) = iHTect (e ()i =  ihTe(t) ()i
G+j (t]_jtz) = ihTCC+(t1)C y(tz)l = |h:(t1)Cy(t2)|
Gl *(tijty) = iHTce (t)C(t)i = i o (t2)c(ty)i
Gj (tljtz) = ihTCC (tl)C y(tz)l = |hTC(t1)Cy(t2)|
where the relative sign = 1 for bosons and = 1 for fermions is picked up from the

(anti-)commutator relations. We get

G (tijty) + G! (tajtz) G (jt) G *(tjto)
iT+ Nt (1)) ct)d(t) ()t
ihc(t)d(t) + d(t)e(ts)  ct)c(t)  (ta)c(ty)i

(13)

=0

This linear relation satis ed by the four Greens functions illustrates a redundancy in our de-
scription. This motivates the choice of another basis, in which the redundant degree of free-
dom is eliminated:

"C:f’l%(c rch); c“=f’1§<c ¢)

14UnderTc operators are ordered in the sequence, in which they are transversed in the complex@ontour
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Here we replaced the contour indiceand by the Keldysh indices classical)@nd quantum
(9).*® By performing the substitutions using the de nitions above, we obtain

GK chc(tljtz) ihT(_jCC(t]_)CCy(tz)i = % G+j+ + Gj + G+j + Gj = G+j + Gj *

1

G Gl +G67 GIf = (4 G G

GR  GH(tyjty) =

G Gl GY +GIt = (t, )Gt GY

Gh  GItyjt,) =

PNIRPN

and nally G¥(t,jt,) = > G+Gl GH Gi*t =0

The superscript&, R and A stand for Keldysh, retarded and advanced respectively. The
causality structure is such that the advanced component vanishes for while the retarded
component vanishes in the case t,.

The last equality in the second and third line holds onlytior t,. The casd; = t,
presents some technical complicatitins

We observe thaBR + G* = G*'* GI from above equations. By observing that time
orderingT and anti-time ordering coincide at equal times, we obtain the useful identity

GR(tjt) + GA(tjt) = 0 (14)

In practice, we will usually be able to neglect the case of equal times in our calculations.
Finally, one can use the (anti)commutation rules to show thd fort:

o (i) = ! M) = it =i L) = 6 (i)
which leads to h i
(i ) G” (Ljt) G (tijto)
= (1 1) G'*(tjt) G (tjtr)
= GA(taity)

h i
G (tujtz)

This observation leads to the fact that knowledg&bteads to full knowledge ofA.

4.4 General Greens functions

Let us now consider a general multi-particle system. A particle with quantum number
has a corresponding creation operatband annihilation operatas.!” The canonical com-
mutation relationcicﬁ’ c?’ci = j holds. It will prove useful to de ne the multi-particle
Greens functions:

%410y — oD i1 in ioY 10 i?Y 10 E
Gs,-so(tJtO) = ()" Teeg(t))  cota)cg (t) Co (t)

15The names 'classical' and 'quantum' stem from the following fact: in a purely classical con guration the
action on the forward part of the branch is canceled by that on the backward part. This corresponds to a vanishing
guantum componemnf = 0, which impliesc” = ¢ , as one would expect in the classical case.

16We can resolve the ordering ambiguity of creation and annihilation operators acting at the same time by
using the de nitionTcY(t)c(t) = %cy(t)c(t) + % c(t)c¥ (t) of the continuous time formalism.

In this contextj is the set of all quantum numbers necessary to specify the creation or annihilation operator

of the patrticle.
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wherej, j°are n-component vectors whose entries are eith@r (this determines on which
part of the contou€ the corresponding operator is inserted an¥’ are n-component vectors
containing the quantum numbers of the operatorstatidre n-component vectors specifying
the times at which the operators act. In this case, we only considered operators that contain
an equal number of creation and annihilation operators, which igignt for the description
of the QPC.

Analogous to the one-particle case, we can generalize the notion of the Keldysh rotation,
which is going to prove quite useful. Let Greek letter fc; qd' denote n-component vectors
of Keldysh indices, while Latin letters2 f+; g" denote n-component vectors of real indexes.
In the one-patrticle casa €& 1), we had de ned the transformation

. X o
Gl = (D 1) liglkpk (15)
jik2f+; gn
where
DA = p];_; qu:DjC:p];_
2 2

O Y%= p= (DY =@ Y

I\)-ICF =

The generalization of this transformation is the implicit summation over all internal in-
dices
R L
DI = DK «
k=1
where equation (15) still applies.

Let us consider two characteristic examples of the inverse transformation, which is going
to be useful later off:

X
Gj+ — Dj G i (D 1) = %(chc chq+quc quq) — %(GK GR+GA 0)
; g{c;qg X
G+ = DI G (D 1) 9+ DI 1Dl 2123 (D 1) 3j+(D 1) aj+
. 2f1.2¢ 12 3 4
1 X . N 1K .
- G1d34D (D at = 1)t 4G 1234
5 (DYDY =7 (1)

3 4 1, 2: 35 4

The generalized Keldysh rotation again has the bene t of transforming our correlation
functions into a basis with useful properties. Recall: in the one-particle case Wahad0.
More generally, the ordering of operators under contour ordeFgngoes not change if the
operator corresponding to the largest time is moved between #dre branch. Since the
guantum Keldysh component takes theatience between the and contour, it vanishes
whenever the largest time is quantum. As a resfitd9 9 = 0 and, furthermoreG® 94 9 js
retarded, i.e. it is only non-zerotf is the largest time.

Another useful property of our description up to this point stems from the fact that the
initial state is stationary, since it describes the system in equilibrium. Hence, it obeys time

8
31 if =
B

Bwe denote (1) *
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translational invariance, which implies that an expression sudii@s: (t,)ci?’ (t,)i depends
only on the time intervalt{ t,) rather than the concrete valuestpfindt,. Generally, the
n-particle Greens function depends an 2 time arguments. Thus, the single-particle Greens
function satis es

Gt =Gt tjo)C G(t 19

As a result, we obtain fof, the Fourier transform
G 9B didfe! ! VGl
= ddfel Gk 1) (16)
z

=2 (1 19 delmcz2 ¢ 196ke)

4.5 Interaction picture

Now our goal is the development a diagrammatic language, which will allow us to easily
calculate the Greens functions de ned above for any Hamiltomiasr Ho + V. To this
end, we employ the interaction picture of quantum mechanics. In the interaction picture,
wavefunctions and operators evolve according to

i 1®i =000 s
Oi(t) = U (to; ) Os U (t; to);
with Ui(t;t)) = exp  iHo(t to) unitary*®
wherej s(t)i is the wavefunction in the Sobdinger picture. Thus
j 1@ =000 s®i = 00,0t s(to)i = Ui(0;)U(t;to) U (to; 0)f 1 (to)i

i.e. the evolution of the wave function is given bft;t)) B U, (0;t)U(t; t,)U, (to; 0) and
j 11 = 0(t; to)] 1 (to)i. From the de nition ofu follow several interesting properties:

Qis unitary, i.e. [i(t; t)]¥ = O(to; t)
Q(ts; t)0(to; ta) = U(ty; ta)
Ults; )0t 1) = 1
Now we derive the equation of motion pf; (t)i from the Schodinger equatior?
i@ ()i =i@e™" s(b)i
Hoe™j s(t)i + €@ s(b)i
Hoe™j s(t)i + €™'(Ho + Vs)j s(t)i
Vs s(b)i
= gHoty/ce iHotj (D)
=) i@ (i = Vi) (@)

1[0 (G o)) = Ui (to; ) )
20NAote thatHo is time-independent in the interaction picture. This follows from the factthatommutes
with U, andU|(t0;t)U|(t;t0) =1.
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By insertingj (t)i = Q(t;to)] (to)i into the last equation we obtain
i@0(t; to) = V4 (D(; to)

This equation is solved by the in nite series (compare comprehensive notation to equation
(9)2 z |
Utt)=Texp i dtV 9
to
By using (t)=U(t; 1 ) (1 )U(1 ;t) (equation (10)) and the fact thaandH, com-
mute if Ho contains no interaction terms, it follows (compare with equation (11)):

hOi (t) =hOn(®)i = Tr{U(1 ;0)OsU(t; 1 ) ]

:Tr[hO(l DU 0)0 00 (0 )0(; 1) ] i
=T Ui(1 ;0)0,0; 1 ) U(1 ;t)O.(t;0)é|(t)0.(o;t)0(t;E1 )
=DU|(0; 1)0(1 ;t)U|I(Et;0)©|(t)0|(0;t)0(t; 1)Ui(1 ;0)

= 0(1 ;00 1)

D N E
=0 1 )Oma; 1)
* Z t Z t +
= Texp +i  dtVt) O ) Texp i  dtV (9

1 1

Having two di erent time orderings in the last equation follows from the fact that we have
a forward and a backward evolution in time. Once again, we are free to choose our contour
indices and+ in order to get
* Z t Z t +
Oit)= Texp +i  dV/' ) O (t) Texp i  dtV, (9
* 2 t Z t ' +
=Tcexp +i dV ()OS @Mexp i dV, 19
* le Z 1 ' z t +
=Tcexp +i d@) i dV, ()0 @M)exp i dtV, (1)
* i 1 2 1 + '
= Tcexp | dVH )+ diV, 1) O, (1)
1

1

We could also have chosenas the contour index d, (t) and would then have made a
similar calculation to the right side of the operator.
The most suggestive way to write the last line is
' R, R ¥
Tcexp i, dV@)+ | dV, () O (1)
hOi (t) = —= = = + (17)
. 1 ~ 1 A~
Tcexp i [ dV )+ | dtV, (19

21This can be easily checked by inserting the solution directlyii@jo, ()i = Vi(t)j ()i and comparing the
terms with the same power dfon both sides.
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where the term in the denominator is equal to 1. Equation (17) has a diagrammatic interpre-
tation, which is going to be discussed in the following section.

4.6 Wick's theorem
We may expand equation (17) in the powers of the interaction to obtain
. Z
( I)n 1

D . o . E
, (j) (in)  dty  dy TeV(t)  V*(t)O, (1) (18)
o jof+: gn 1

hOi (t) =

A powerful tool to calculate such expectation values as in the above expression is Wick's
Theorem.

To that end, one needs to introduce a few concepts rgf.;\We ﬂan express the operators
Vi(t) and Oy (t) in terms of creation and annihilation operatoc$ (t) c (t) Each such
substitution yields a block of creation and annihilation operators with |dentical time argument.
We may de ne contour orderingc so that the internal ordering of such blocks of operators
is left unchanged.

Let & be either a creation or an annihilation operator. The contraction between two oper-
ators is de ned as hi h,

' h i
el (1) cSO (tO) B Tcé&l (t) Cso (t°)

We observe that the contraction between two creation or two annihilation operators van-
ishes if our dynamics conserve the particle number, which is the case for most applications.
We de ne the total pairind® as the sum over all permutations of complete pairwise contrac-
tions

P(€, G)B GGGy G oGy 1Gn + Ci8oC3Cs Gy oGy 1Gy + 10
I T Ry | L L [—

Simple combinatorics shows us that there are a totalof 1)=2 such permutations in
this sum. Before evaluating above expression, the operators in each summand have to be
permuted in such a way that operators which are contracted to each other are adjacent. In the
fermionic case one picks up a relativel( sign for odd permutations.

Wick's theorem (in the special case of applying the vacuum expectation value) connects
the contour ordered expectation value of arbitrary creation and annihilation operators to their
total pairing: hi  hi h i hi
TcCy () Tt =P & () &, (19)

This allows us to calculatedi (t) from equation (18) by applying the diagram rules result-
ing from Wick's theorem. These so-called diagram rules are just a helpful way of visualizing
terms from the powers of the interaction Hamiltonian (see equation (18)). Let us examine
some examples:

Time dependence will not be explicitly denoted for the rest of this section, while all oper-
ators are assumed to be evaluated in the interaction picture, i.e. all creation and annihilation
operators are evolved under the free Hamiltonian, which includes no interactions. The dia-
grammatic representation 6f * = ihTcc ¢*¥i = ic ¢*¥ is a line between an incoming

annihilation operator to an outgoirgcreation operator. By convention, arrows are directed
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from annihilation to creation operators. SimilarG!/ corresponds to a line between an in-
coming+ line and an outgoing line, while G** corresponds to an incoming and outgoing
+ line. This diagrammatic way of thinking can also be applied to operators with Keldysh
indices. For exampleéGR = G99 corresponds to a vertex between an incoming classical line
and an outgoing quantum line.

Now let us examine an interaction Hamiltonian of the form

V(t) = g(c‘zyc‘“’cccC +¢c¥c¥c’c + c¥ ¥t + cPeP i) (20)

For example, the rst summand corresponds to a vertex with two incoming classical lines,
one outgoing classical line and one outgoing quantum line, while the second summand cor-
responds to a vertex with one incoming classical line, one incoming quantum line and two
outgoing classical lineg=2 is called the vertex factor of each of these vertices. Some exam-
ples of this diagrammatic way of thinking are illustrated in gure 10.

Figure 10: [Kam11] (a) Graphic representationG¥, G* andGK. Full lines represent clas-

sical eld components ¢, while dashed lines represent the quantum componént&rrows

are directed from annihilation operators towards the the creation ones, i.e. from. (b)
Graphic representation of the rst two vertices in equation (20), including vertex factors. The
last two terms correspond to the same diagrams under complex conjugation, i.e. with the
direction of all arrows reversed.

It is simple to check thaliTcVi = 0. Firstly, the contour ordered expectation value of
the last two terms vanishes becatifecic®i = 0. By applying the de nitions of the Greens
functions and Wick's Theorem to the rst two terms, we obtain

D E D E
Tec¥e®ccc® = 2GR(Aj)GK () and Tec¥e¥ccd = 2GA(LjHGK (tjt)

The sum of these two terms vanishes because of the identity in equation (14).
One can calculate the higher powers of the interaction term in a similar manner, for exam-
ple ATV (t)V(t,)i = 0. In fact, it can be shown th&TcV"i = 0 for alln 2 N.?2

22Chapter 5, [Kam11]
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To sum up, one notices that the diagram rules in this formalism are completely analogous
to the Feynman rules in other quantum eld theories. The maiemdince lies in the existence
of an additional contour indeik2 f+; g for each internal vertex. To evaluate such a diagram,
we sum over all possible permutations of contractions. This corresponds to a summation over
all possible internal indices in the diagrammatic representation.

It is important to note that no disconnectédiagrams contribute to our in nite sum. The
denominator in equation (17) plays the role of canceling out all such diagrams.

After this introduction, let us consider how the non-interacting baths from section 2.3 can
be included in our expansion, which up to now only treats the interaction Hamiltonian of
our system, the QPC. We assume that the baths are coupled to the outer sites of the tight-
binding chain with a coupling constantwhich corresponds to an electron traveling between
the bath and the chain. Let the Greens function describing the free evolution of electrons in
the baths b&,¢ We now construct the complete set of diagrams of both the baths and the
QPC, by starting from the diagrams of the QPC as constructed above and adding additional
diagrams in powers of. Since there are no interactions in the bath, all diagrams linear
in are irrelevant, as they describe electrons escaping the system. At second ordmran
Greens functio®g,, from our existing diagrams is respectively change@ig. Giead Gopc
which corresponds to propagation in the QPC, hopping to the lead, propagation in the lead,
hopping to the QPC %pd, nally, propagation in the QPC. All orders are implemented by
exchangingGdp with * G2 Giead Gp))"- This is a geometric sum, i.e. we replace
Gopc With G2o(1  Giead G '+ Equivalently this corresponds to replaci@g. with

(Glpc ' Gpad ) . This simple replacement is all we need to do here to take the interaction
with the baths into account.

4.7 Fluctuation dissipation theorem

The FDT is a general and powerful property of physical systems. It connects the response
of a system to perturbations to its equilibrium uctuation properties. Heuristically speaking,
the response of a system to uctuations is similar to its response to small perturbations from
the equilibrium state. Speci cally, it gives a relation between the response and correlation
functions of a system in thermodynamical equilibrium.

In our formalism, for fermionic particles it takes the form

GK(!) = tanh '? GR() GA(1) (21)

Note that this equation only holds in the equilibrium case, i.e. only if the temperatures and
chemical potentials of the baths surrounding the QPC are the same. A complete derivation
that only relies on the conventions and de nitions which are used in this thesis can be found
in [Jak10].

4.8 Free and exact propagators

It is very important to distinguish in the de nition of the Greens functions whether the
operators are evaluated in the Heisenberg picture or in the interaction picture. In the former,

237 disconnected diagram is a diagram with two or more connected components.
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the full interaction Hamiltonian is factored into the time evolution of the operators, while in
the latter case the operators do not 'see' the interactions between particles. Thus, the free
one-particle Greens function, also called the free propagator, is de ned as
il e D hji hjyi E
Ogis(tat)) 1 Tecg (b) cg' ()
while the full/ dressed exact Greens function is de ned as
éiﬂjz ; 'D h jli h jzyi E
sljSZ(tljtZ) | TC CSl H(tl) CSz H(tz)
In order to obtain this exact propagator, which is an object of central interest for our con-
siderations, one must rst calculate the free propagator. This is done thoroughly in Appendix
A. It is shown that the free propagator of a fermionic system in frequency space is given by

|
90 =——7
Ay (22)
g“()——0 5

¢“()= 2@ 2n(0) (o)

whereng( o) = (e (0 )+ 1) tis the fermionic equilibrium distribution function and the in-
nitesimal term 10 is to be understood as a prescription for calculations involving integration
through the residue theorem.

Now we turn our attention to the derivation of the exact propagator. Since interactions can
no longer be neglected, it does not ste to only consider the bare action of the system (i.e.
the action that does not include any interactions). Instead, the interaction action which stems
from the interaction Hamiltonian has to be added to the total action. This is treated formally
in Appendix B.

From here on, our argumentation will mainly be diagrammatic, since this is the most
intuitive and fast approach. Note that the rigorous de nition of the diagrammatic language
makes this approach self-contained and not any less rigorous than any other approach. For
further reading, books like [Neg18] and [FWO03] are recommended.

4.8.1 Dyson equation

The one-patrticle irreducible diagrams are de ned as the Feynman diagrams which can't be
cut into two disconnected parts by removing a single line from the interior of the digram. The
self-energy is de ned as the sum of the inner parts of all one-particle irreducible propagator
diagrams (with the two external legs cut)o The self-energy is an extremely important
guantity, since calculating the self-energy allows us to evaluate the exact propagator.

One can express the exact propagator diagrammatically in terms of the free-propagator
and the self-energy, as demonstrated in gure 11.

Translated into an equation, this means

A ~ ~ N

G=g+g " 9+9 ~ § g+

The symbol stands for a convolution of space-time coordinates along with a multiplica-
tion of the respective (2 2) Greens matrices (indexed by the Keldysh indices 1 and 2). We
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Figure 11: Diagrammatic Dyson series of the full Greens function. The self-energy blocks
are to be understood as the sum of all one-particle irreducible diagrams.

observe that the equation above simpli es to

A A

G=g+9 G
which, written explicitly, is the same as
x £ 7
i i 0 il 1 ) 0 (i OgI°
GLL(tt") = ghu(tit)) + d d °g4,(ti ) jul i IGe( i)
ijo  wl

This equation is the famous Dyson equation. We solve it by brinGitgthe left side and

obtain L
G=g' ~ (23)

with the convention that! means inversion of the Greens matrix. The Greens méttias
the structure (2 2) in Keldysh components, while the sub-matri@s G* andGK may be
arbitrarily complicated.

By using the results from the calculation of the free propagator and by evaluating the
self-energy through Wick's theorem, we are thus able to calculate the exact one-particle prop-
agator.

4.8.2 Multiple particles

Similar to the one-particle propagator, whose diagrammatic representation consists of one
incoming and one outgoing line, we are also interested in mgjti-particle Greens functiong. For
example, a two-particle Greensfunct@mzjﬂif “(ty; tojts; ty) = chill(tl)ci;(tz)ci33y(t3)c;‘4y(t4)
consists of two external and two internal legs, with the the two-particle interaction in between.

Similar to the self-energy in the one-particle case, we de ne the two-particle vertex func-
tion il}zjf;if *(ty; tojts; ty) as the sum of all one-particle irreducible diagrams, which have two
incoming and two outgoing legs that have been cut©ur goal is to connect andG.

To that end, consider the object

Go i ‘M titsta) = 1 G H(6)G 2 A () 15,5 (s its; 1) G 3 (1) G4, (ta)  (24)
where summation over all double indicesind j is implicit. Essentially, we have connected
two incoming and two outgoing one-particle propagators to the vertex function (which in itself
has had its external legs cutpand summed over all possible combinations of such legs, given
external indices andi. The resulting objedB, is called the ‘connected Greens function’;
by de nition it is the sum of all one-particle irreducible diagrams with two incoming and two
outgoing legs.
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The full Greens function contains more diagrams than the connected one. It contains the
diagrams in which the rst incoming leg is connected to the rst outgoing leg, while the sec-
ond incoming leg is connected to the second outgoing leg - without these two connections
being joined together through any vertices. Additionally, it also contains the diagrams, in
which the rstincoming leg is connected to the second outgoing leg, while the second incom-
ing leg is connected to the rst outgoing leg. By adding these two types of diagrafs to
we obtain the full two-particle Greens function. Translated into a formula, this means

Gillizjiziu3 4(t1; t2]t3’ t4) = Gcil?zjiziif 4(t1; t2jt3; t4)+ Gil}ils3(t1jt3)Gi2]?iJ44(t2jt4) Gil}ij44(t1jt4)Gi2?i133(t2jt3)
The minus sign in the equation above comes from the anti-commutativity of fermions
under the exchange of two external legs. The more intuitive diagrammatic representation of

this equation can be seen in gure 12.

Figure 12: Diagrammatic representation of the connected two-particle Greens function in
terms of the two- and one-particle Greens functions

For more than two particles, exactly the same diagrammatic argument can be made by
de ning the n-particle vertex function and expressing the folparticle Greens function
through @ 1)-particle Greens functions and the connectgzhrticle Greens function.

Thus, we can calculate amyparticle Greens function by evaluating thgarticle vertex
function.



5 Description of physical observables

The goal of this chapter is the derivation of expressions for the various physical observ-
ables of a QPC in the framework of the Keldysh formalism.

5.1 The Hamiltonian

In section 2.3 we already brie y discussed our basic assumptions about the QPC, namely
our neglect of phonons and impurities, the short-ranged nature of the Coulomb force and our
modeling of the QPC as a one dimensional tight-binding chain Nittiscrete sites, while
the sites indexed 1 and are coupled to the leads that are in equilibrium.

Letc’ be the creation operator of an electron at s@dc; the corresponding annihilation
operator. The additional index 2 f* ; #gdenotes spin. We are interested in the case of a single
transverse mode.

Our general QPC-Hamiltonighunder the presence of no magnetic €lds thus given
by X X

HQPC = thj; Cﬁlo; Cj; + ijOCﬁ-/:.. Cjr C)jlo;#cjo;# (25)
j:C jij°
where we have used the same conventions as in [Sch18].

The rst term describes the binding between two adjacent sites and thus models the exter-

nal potential along the QPC.

o, = o jjen ¥ jeajo

where ; is the hopping parameter between the sjtesl andj.
The second term in the Hamiltonian describes the electron-electron interaction and is mod-
eled by
Vijo = jjeU]

whereU; is the interaction strength.

5.2 The current

We de ne the site-resolved current at sjtas the change in particle number in the system
to the left of sitej + 1: X

|j B e N (26)

Note that this expression is independeni af theory. For reasons of clarity, we assume
implicit summation over spin indices from this point, whenever they are omitted.

24Here we do not include the interaction with the baths, which is considered and fully accounted for in section
4.6.

25\We are mainly interested in the case of a vanishing magneticheid in this thesis. In the case, 0, the
term i 7“0‘].’; c;; has to be added to the Hamiltonian, so that the energy contribution from the magnetic
eld is accounted for.
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Using the Hamiltonian, one obtains

X ih. X i
N =— Hopc; i
H] H , :
ih y y X iu;h y y X
= 2 GeajChuaCi + 1je1CiCiea s M+ —— GGGl

i i
where we used the fact that the sum of all particles which are left of $ite commutes with
terms that describe the hopping of particles left of that site, since it is invariant under such
hoppings. Thus, only the only hopping term remaining is the one connecting thg aites
j + 1. We also observe that the product of two identical fermionic operators vanishes because
of the anti-commutation rules, i.escqy = cjc = 0. This implies that the entire second term
vanishes. By applying this identity and the fermionic anti-commutation rules in each step, we
are left withr®

X i ;h i
n=— ¢, +CCu; N
i
i
= e Ye. : e
= — C,,CiCCj  C/CiC,,Cj + C[CvaClC;  CICiCIClas
i
- 1y Yo. .o Y.
= — Cji4Ci 2c) 1Cj J+1cJ +2CCj+1CiCj  CiCjs1

I ¥ e Yo
— €6 0+0 ¢

Thus, the site-resolved current in terms of creation and annihilation operators is given by

~ ie
) Y
IJ - - Cj+1

Cj C)J-/Cj+1 (27)

In order the calculate the mean current, we introduce contour indices so as to express
everything in terms of Greens functions:

.. _ie ;D E
j'= — CiCi+1 ClC
_le;
= — CCl,; CjuC]

i
— Tcicy ¢’

— e J j+ j+
T GJJJ+1 GJ+1JJ
By performing the Keldysh rotatioB! * = (GX+ G* GR)=2 and transforming to Fourier
space, we obtain

Zd!

. €|
Hjl = 2__.{ 2 ]“+1( )+G”J+1( ) G”J+l( )+G]+1”( )+G]+1”( ) Gj+l”( )

26additionally, note that any contributions from a magnetic did, 0 in the Hamiltonian vanish, since
particle number operators commute.
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5.3 The noise

Our main goal is the calculation and description of the noise term in the QPC. Given
the current operators(t;) andly(tc) at two distinct sites j(andk) and times {; andty), the
autocorrelation function of the current is de ned as

1 ~ - A A
Sjk: Eh |j I+ g |j| (28)
where | = [ hii. Note that the autocorrelation is de ned in such a way that it is the

expectation value of a self-adjoint operator.

First, let us assume that< fk 1;k; k+ 1g This restriction ensures that all annihilation
and creation operators withindices anti-commute with operators containing-imdex. By
using this fact and our previous calculations about the site-resolved current, we obtain

1D . . . .BE 1D.. __.E DEDE
Sjk:é |j [P I |j :éljlk"'lklj |J' I
e ; «D y , E D.ERE
= =5z (CiClyy  CiaC)(OkCyy  Gr1Q) *+ (Gh;  Ce1C)(CiCly;  CaCl) 1 Ik
& D E DERE
= ) (ci C>j/+1 Cc j+10>j/) (CkCKJ, 1 Ck+1Ci) i Ik
&, D E D.ERE
=~ G0 * GGG CiClL Gl CiraCGluy | Kk
& D E DEDE
==L 5 qicid. . + ol ocicl..C., CuiCiriCC i1
2 k1% Y1 K j+1% M K& 01 M1 k+1bj+1 Jck i 'k
&, D E D.ERE
=——— QC,1CiCke1 + §,1C/Cir1Ck  CyyClyaCiGk  QCCiuiCr 1 i

Now it is time to insert contour indices in order to introduce Greens functions:

j kD +y +y +y +y E DERE

Sik === Tc €16 G * G167 CaC GGG G CluiCrn lj Tk
i KD +y Aty +Y Y +y Aty +Y Y E DERE

=——=— Tc GuiCi /4G + G Cj1C"Cly  GCiCitiCiy  CraCivaCi'Cy i Tk

and thus, by using the de nition of the Greens function and equation (27), we obtain the
following result:

o ik j o+ j o+t j o+ j o+
Slk - 2 Gk+1;jjk;j+1 + Gk;j+1jk+1;j Gk;jjk+1;j+1 C:"k+1;j+1jk;j
2 (29)
J K ~j+ i+ i+ j+
2 ijj+1 Gj+1jj)(ijk+1 Gk+1jk

Recall the resul§, . = Sgg = Sgr = Sg. from scattering theory (section 3.4). As-
suming we model our QPC as a tight binding chain with sites indexed )20 : : ;N , this
translates tdSgp = Syn = Sonv =  Sno. Qualitatively, this means that one would expect
the casg = kto lead to a similar result as in equation (29). After some calculations, which
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require the careful application of the anti-commutation rules and which are performed in Ap-
pendix C, one obtains

e22

_ k j o+t j o+t j o+t j o+t
Sk = 2 Gk+1;kjk;k+1 + Gk;k+1jk+1;k Gk;kjk+1;k+1 Gk+1;k+1jk;k
e 2 e 2
k j+ j+ j+ j+ K i~ j+ i~ +
= Gue1 GuidCurr G ¥ —= Gi T iGkppes 2

which is exactly equal to the previous case in equation (29) with an additional third term.

Note that we are mainly interested in the noise, which is the Fourier transform of the
autocorrelation function. A Greens function of the fo@x, is constant in time, since it only
depends on the derence of its time argumentsjt,), as already showff. Thus, the entire
additional term is time-independent and, therefore, only adds Jacontribution to the noise
term, which we will neglect for now. As a result, the cgse k is qualitatively the same for
our purposes and we can continue our derivation of the noise term with equation (29).

The second line in equation (29) (which comes from the product of the mean currents) is
also constant in time, following exactly the same argumentation. This also makes sense from
a physical standpoint, as the mean current is time-invariant.

We are now going to express the two-particle Greens functions in terms of connected
Greens functions (see section 4.8.2):
th++ +Gj+ Gj+ Gj+ Gj++Gj++
2 Ck+1;jjk; j+1 k+1jk = jjj+1 k+1jj+1 jjk Ck; j+1jk+1;j

j+ j+ jtt j o+t j+ j+
+ ijk+1Gj+1jj ijj Gj+1jk+1 GCk;jjk+1;j+1 ijk+1ijj+1

j+ j+ j o+t j+ j+ j+ j+
+ ijj+1ijk+1 GCk+1;j+1jk;j Gk+1jij+1jj + Gk+1ijj+1jk
2 . o o o (30)
j k j+ j+ j+ j+ j+ j+ j+ j+
2 ijj+1ijk+l + Gj+1ijk+1jk Gj+1ijkjk+1 ijj+1Gk+1jk

ezjk

Sjk =

j o+t j o+t j o+t j o+t
2 C-:'Ck+1;jjk;j+1+ GCk;j+1jk+1;j GCk;jjk+1;j+1 GCk+1;j+1jk;j

+ Glijjt-lGijl:ﬁ-l + C-:'Ii:ljjC-:'jj++1jk Gli++1jj+1GijkJr GlijjJrGjJ+J;ij+1
and are left with a far more simpli ed result, where no more constant terms are left. Phys-
ically, the subtraction of the product of the mean currents eliminated all contributions that
were constant in time. Once again, we note that all Greens functions in the term above do not
depend on the individual timesandty, but only on the dierencefj ty).?®
We are interested in calculating che noise

Sjk(! ) = d(tj tk)e“ @ tk)Sjk (31)

which is the Fourier transform of the autocorrelation function with respect to its time argu-
ment. We consider the contributions from the two-particle Greens functions and the one-
particle functions separately, i.e. from here on we detiote

Si(M) T j()+TR()

ZIsee section 4.4.

28see section 4.4.

29T 2 includes all terms that consist &, while T * includes the rest of the terms. Note tiaf = 0 by
de nition if we consider a non-interacting system.
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Each of these two terms will now be treated individually. Generally, we wish to transform
everything to frequency space, as we have already done in section 4.8.

5.3.1 One-particle contribution

From equation (30) we obtain that the one-particle term of the noise is given by
Z (

d(tj tk)el! G|i++1jj+1(tkjtj)Gij|:(tjjtk) + G|ij1+(tkjtj)GjJ:-lij,l(tjjtk)

)
Gdjj:l(tkjtj )ijj|<++1(tjjtk) G|i++1jj (tkjtj )Gj];ljk(tjjtk)

ezjk

2

Tj}((! )=

By transforming all Greens functions to Fourier space we obtain
Z Z Z Z Z

i) =Sy G2 L2 e Lagiwgiie g
(
Glya (! al! DG (ol 8) + G (1 ajt )G (! 2! )
)
Gl 4l DGl ( 2l 3) Gl it )G 2! )
il - d(t tk)z dz“z dz!zz d2!3z 2 2g1 1 We Mg g e
2 (1, 12 (1, ! 3)(G¢'++1”+1(! DGL (1 2) + G (1 )G (! 2)

)
Gyal! )Gjea(t 2 Gyt )G 2)

where we used equation (16). This leads to

92-kz Zdllzdl2 (. :

Tilk(! ) = ; dit; ) 2_ é—eXFﬁ(! +1 0 o)t t)g Gli++1jj+1(! 1)ijjk+(! 2)
)

+GL DG (D) GLL( DG 2) Gy )GLL( 2)

Finally, we use the fact that
V4
dit; texgfi(t +! 1 o)ty tJg=2 (1 +11 1)
and, by eliminating thé ,-integral, we conclude
4
€ k d! j + j + j + i +
Tj|1<(! ): _*é 2_1 G|i+1jj+1(! l)Gijk (! 1t ! )+ Gdjj (! l)GjJ+1jk+1(! 1t ! )

(32)
Ghialt DGHLA( 1+ 1) L 0G0+ 1)
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5.3.2 Two-particle contribution

Similarly, equation (30) implies

Z
) B ot . : . . o
Tjk(! )= d( t)e W GCk!jjI::1;j+1+ GCkJ+1Tj++1jk;j GCkJ+1J;erjrk;j+1 GCkJ;j++1erk+1;j (ti; tijt: 1)
Z Z Z Z Z
e2 i k d! 1 d! 2 d! 3 d! 4 i i i i
- d(t tk) el! (tj tk)e il 1tke il ztjel! 3tkell 4t
~2 . 2 2 2 2

j o+t j o+t j o+t j o+t NI
GCk;jjk+1;j+1+ GCk+1;j+1jk;j GCk+1;jjk;j+1 Gck;j+1jk+1;j ( 12} 3¢ 4)

As before, we use the fact th@t only depends on three frequencies and denote this as

Goll ;' 2l ta)=2 (Pa+lz 3 1)Ge(! 13! 27! 3)

By eliminating thel 4-integral, we are left with

y y y y

& | d." d," d .

T20)= —2X dt; 1) L 2 Sexpfil +11 13t t)g
j = 2 2 2

j o+t j o+t j ++ j o+t I o1 -1
GCk;jjk+1;j+1+ GCk+1;j+1jk;j GCk+1;jjk;j+1 GCk;j+1jk+1;j (t 3! 2la)

The time integral yields a-distribution, which allows us to eliminate the-integral. Finally,
we are left with

2 —
Ti()=
I
j k s 1 22 j o+t j o+ j o+ j o+ I |
2 2 2 GCk;jjk+1;j+1+ G'Ck+1;j+1jk;j GCk+1;jjk;j+1 GCk;j+1jk+1;j ( 1720 T 1)
(33)

5.4 General properties of the noise

We will now prove several general and useful properties of the physical quantities under
consideration:

Recall the de nition of the autocorrelation function and the fact that it only depends on
the di erence of its time arguments:

Sik(t 9B Si(tjt) = %h ) O+ 1t T

From this we obtain

1
2

1

Si® = 5h i) WO+ 1(0) [i®i = Sh i) GO+ [i®) KO) = Sy( v

Thus, we have shown the following general identity for the noise:

Sjk(! )= Skj( ! ) (34)
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We have already shown in section 4.3:
h [ .
ijjk+ (thtk) = Gdjr(tkjtj)

By applying this result to the one-particle contribution in equation (30), one obtains

h [ >
1yp s _ ik j+ j+ j+ j+ i+ j+ i+~
Tjk(tjjtk) - 2 ijj+1ijk+1 + Gk+1ijj+1jk Gk+1jj+1ijk ijj Gj+1jk+1
= ezjk it it it it i+ i+ it
2 Gj+1jka+1jj * ijk+1GkJ'J'+1 Gj+1jk+1ijj ijk Gk+1jj+1
— T 1t
= T j(tjjt)

Note that all time arguments in the equation above are imghditis translates to

h i
T =T

Thus, in Fourier space, we obtain

Ty =Ti( 1) (35)

One can use the basic de nition of the Greens functions to derive the following iden-

.31 _
tlty. h - . i - .
Gabjcd (tar tojtc; ta) = chjab (te; tajta; to)

By applying this to equation (30) we obtain

h 2 I e ik h j o+t i ++ j o+t i+ . |
Tjk(ti’tk) = 2 GCk+1;jjk;j+1 + GCk;j+1jk+l;j GCk;jjk+1;j+1 GCk+1;j+1jk;j (ti; tjjti 1)
92 J k

_ j o+t j o+t j o+t j o+t
- 2 [ GCk;j+1jk+l;j + Gck+1;jjk;j+1 GCk+1;j+ljk;j GCk;jjk+1;j+l (tk’tljtk’tl)

T & (tj; 1)

In Fourier space, this becomes

Kh H

T20) =TI( 1) (36)

By combining equations (35) and (36), we conclude

I

Sk) =Sp( 1) 37

Note that this serves as a self-consistency check for our calculations. This identity also

follows immediately from the fact th&;(t) is real, since itis de ned as the expectation
value of a self-adjoint operator.

30An index j corresponds to timg and an index corresponds to timg.
Slsee [Jak10]
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In the case of an equilibrium, i.e.. = grandT_ = Tg, and if the potential barrier

in the QPC is symmetric, then all physical observables are invariant under parity trans-
formations. In particular, the identitgn(! ) = Sni(' ) holds. By combining this with
equations (34) and (37), one immediately obtains

'Sin(' ) =Sun( !)=[Sw()] inequilibrium case (38)

i.e. the noise between the left and right lead is real and symmetric atound in
equilibrium.

In section 3.3.2 we demonstrated that shot noise is non-white under the assumption that
the arrival times of the individual electrons cannot be neglected. Speci cally, under the
assumption that the electron detection events can be modelled as rectangular pulses, we
showed "

. B
Shot noise= 2eh| sint =)

wherety is a constant corresponding to the pulse duration of an individual electron. This
equation should be understood as a qualitative classical expectation rather than an exact
result that can be applied to our speci ¢ setup.



6 Implementation and results

For the purpose of simplicity, plots of physical quantities throughout this section will
contain dimensionless parameters. To this end, we use the convkgtiorr = e = 1 and
express everything in terms of the bandwidthof the QPC. For exampld, = 2 stands for
T = 2 =kg in Sl units, while! = 2 stands fot =2=~,

6.1 Modelling the system

The system is modeled as a one-dimensional tight binding chain consistiNgsités
(indexed 1:::;N) with constant lattice spacing and a bandwidth of éanging from 2 to
2 . In the case of a chemical potentiathe Fermi energy level liesat =2 + .32
The potential barrier of the QPC is modeled through the hopping parameters, using the
same conventions as in [Sch18]:
1 X2 i1 .
i = —Vgexp wherex; = 2N—2 lforj21f1;:::;N 1g

J 4 1 xj?

whereV is a parameter for the gate voltage. The height of the potevitiglis given by /.

This describes an almost parabolic potential which is centered around the njiddiN£2)

and which becomes constant at the anks of the barrier region. The parabolic shape can be
observed in the expansion

1 1
= Vet ZV@,XJ2 + O(X{)
The shape of the barrier is determined entirely by its curvature parametén this case

_ AV
N 1
For the on-site interactions the form used in [BHS], [BHvD14], [WBvD17] and [Sch18]

respectively is implemented:

1 i

] 1 :

U,-=U0expi 'ZéwhereIJ:Z— 1forj2f1;:::;Ng
1 IJ. N 1

It is approximately constant and almost equal to the interaction strength pardsgeter
the center of the QPC and drops to zero at the anks of the barrier region.

For the purpose of speci c calculations in this thesis the conventions
8
261 in equilibrium case

~ 41 in non-equilibrium case
Uo = 0:55
Vo =025
§ 1:475 open regime
= % 1.5 subopen regime
1.55 closed regime

32| this thesis: < 0
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are used. Thus, the curvature parameter in unitsi®fjiven by

8
_30:04714 in equilibrium case

*~ 20.07071 in non-equilibrium case

The temperature is varied between 0 an@08 in our calculations, which corresponds
to 145K in Sl units. The frequencies are discretisized in such a way that they are more
densely packed around the center of the band, which lies at frequency zero. Speci cally, we
use about 1600 discrete frequency values, out of whom 50% lie betwg&eand 3. Our
exact choice of the discretization procedure is described in [Sch18], Chapter 8.

6.2 The functional Renormalization Group

The functional Renormalization Group (fRG) is a powerful method of computing corre-
lation functions in quantum systems, which are too large and complex to be fully described
or solved analytically. In our case, we wish to solve a system consisting of at least 40 to
60 sites and two semi-in nite lead$. Additionally, we cannot make the assumption of an
equilibrium or linear electron dispersion in our system, since we wish to model a quadratic
barrier and non-zero source-drain bias voltage. All these requirements call for a treatment
with fRG within the Keldysh formalism, since it is a numerically relatively cheap albeit pow-
erful method.

The main idea of fRG is the introduction of an arti cial parametetinto the system.

For =+ 1 the system becomes trivial and can be solved analytically, while for O

one obtains the actual physical system. Then one computes how the solution of the system
behaves under evolution of the ow parametefrom +1 to O with the goal of obtaining a
solution to the actual physical system.

In terms of practical calculations, may be introduced in the generating functional of cor-
relation functions of the system (thus directly changing the action), it may be introduced in the
generating functional of one-particle irreducible vertices for example or, more conveniently,
it may be introduced directly in the free propagagor

To illustrate this, one straightforward way of implementing the ow parameter would be

g ()= 01 o)

i.e. simply cutting o all frequencies above, so thatg= ! = 0, which has a trivial solution.
Generally, by making the free propagatpr g depend on , this changes the value of all

Feynman diagramd, = d,, of ordern 2 N, which in turn makes the vertex functions depend

on , ,= ,.* Specically, now also the the self-energy depends on the ow parameter

and, thus, the full propagator which is calculated by solving the Dyson equation (23) also

depends on . Our goal is to calculate how the solution of our system changes with respect to
, which means that we need to calculate the derivative of the vertex functions with respect

to

33)f we use less sites, the barrier is no longer as smooth and we obtain artifacts of the discretization in our
computations.

34The order of a Feynman diagram refers the amount of incothinggoing particles, e.g. a dressed two-
particle Greens function is an in nite sum of Feynman diagrams of second order.
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The most intuitive approach is once again the diagrammatic one. If we consider a Feyn-
man diagramd,, of ordern, then we denotel’, as the same diagram, where exactly one
internal leg (i.e. internal free propagatmr) is replaced by its derivative with respect to
(i.,e. with@ =@). By the product rule we obtain

@ X @) X X
n _ n _ 0
@ @ d, (40)
d, contributing d, contributing d%, contributing
to , to , to @, =@

The computation of the sum above is a combinatoric diagrammatic exercise, which is
performed thoroughly in [Jak10]. The newly arising problem lies within the fact that that
the Feynman diagramd®, can contain all vertices up to order+ 1.3 Thus, equation (40)
corresponds to an in nite coupled hierarchy of drential equations, where the o@,=@

U pers

A straightforward way to solve this system is to neglect the ow of the higher order ver-
tices, i.e. to x anm 2 N, such that all vertex functions of higher order are set equal to
their starting value, i.e8n>m: - 1. This is a reasonable approximation since the
contribution of higher order Feynman diagrams is negligible compared to ones of lower order.
What remains is a system of coupled ordinaryatential equations in, which can be solved

numerically.
In our case, we choose = 2 and the starting poird= ! = 0, which yields the trivial
solution =' =0, ;' =uand8n 3: ! = 0, whereuis the value of the bare

two-patrticle interaction vertex, given our Hamiltonian. Theoretically, the exact choice of the
ow parameter is irrelevant as one should always obtain the same solution to the system for

= 0. However, our neglect of higher order vertices and the numerical nature of our solution
to the system of dierential equations yields inaccuracies, which have to be contained.

In theory, the set of systems described by 0 < 1 has no physical meaning and may
thus violate physical principles and identities. For example, there could hesach that
gR(t) , Ofort < 0, thus violating causality; or there could be afor which the uctuation
dissipation theorem is violated. However, one should keep in mind that the truncated ow
equations only describe a part of the ow due to our approximation, which implies that the
solution at = O still incorporates some parts of the solutions gt 0. Thus, it makes sense
to implement in such a way that no physical principles and symmetries are ever violated
during the ow, so as to ensure their validity in the solution of the actual system.

Finally, the calculation of the conductance requires the calculation of the derivative of
the current with respect to the voltage, which is analyzed in [Sch18], Chapter 5.4 for the
equilibrium case, where the gradient of the voltage can be assumed to be symmetric. The
non-equilibrium case is more complicated and requires more careful treatment.

In conclusion, this brief overview sums up the basic notions of Keldysh fRG for our pur-
poses. The ordinary derential equation ow is solved by a sixth-order Runge-Kutta algo-
rithm with adaptive step-sizeand a Gaussian quadrature algorithm based on Patterson sets.
These algorithms were implemented by Florian Bauer, Jan Heyder, Dennis Hank Schimmel

3By di erentiating one leg ofl, with respect to , this leg can essentially be treated as an external leg
connected to a diagram of higher order.

36The system changes far more drastically fox bandwidth than for ! 1 , which has to be re ected in
the algorithm.
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and Lukas Weidinger at the chair of Professor Jan von Delft at the LMU Munich. A more in
depth analysis on fRG and a detailed derivation of the ow equations can be found in [Jak10],
Chapter 4, [Sch18], Chapters 4 & 8 and [WBvD17].

6.3 Tackling the integration

In order to calculate the noise, one still needs to handle the task of evaluating integrals
such as the ones in equations (32) and (33). The maiculty here lies within the fact that
two-particle Greens functions are very expensive to calculate. Solving the fRG ow provides
us with the values of the two-particle vertices However, in order to obtain the connected
Greens functions, all possible permutations of external legs have to be attachebbaving
us with?*’

Goyis ‘(2! it @) = TG ()G 2) ¢ uit ol 5t G5 )G ()

This expression is a quadruple sum over Keldysh indicesthin a quadruple sum over
N = 61 site indices]. In order to evaluate the double noise integral in equation (33) for a
single value oft , we have to calculate four such connected Greens functions and integrate
twice overN¢ 1600 frequencies, keeping in mind our discretization. Assuming one were to

calculate eacls. individually and then perform the double integral using the trapezoidal rule
naively, one would have to sum over

4 2* N* N? 2 10"terms.
We use the following facts and methods in order to reduce this vast number of terms:

We already have theoretical knowledge about speci ¢ combinations of Keldysh indices,
e.g.GM = 0.

The indices of the vertex function, are separate from the indices Gf due to the
summation. Thus, at given frequencies each integrand only consists Nf 2li erent
vertex function terms.

Several well-motivated approximations and simpli cations in our fRG ow allow us to
neglect the vertex function if all its site indices are @ient3® thus e ectively turning
the quadruple sum over sites into a triple sum.

We use the fact thaB®  1=! and similarlyG®  1=!2 for large! . Thus, we
expect, the integrand not to uctuate much outside of the bandwidth and can use this
knowledge to dynamically adjust the step size during the integration, i.e. outside the
bandwidth we only evaluate the integrand at a certain subset of points in each step and
then adjust the neness of the next step according to the uctuations of these values. In
practice, this corresponds to the choice of a certain tolerance threshold, where we make
the assumption that integrand uctuations below this threshold can be neglected.

3’Recall equation (24).
38 [Sch18]
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All results of the fRG ow (speci cally the dressed propagators and the vertex func-
tions) are pre-computed and stored as custam Gbjects, which are speci cally de-
signed to guarantee quick reading access. Thus, the calculation of each individual sum-
mand is greatly optimized.

6.4 Local density of states

Keeping in mind that the free propagator is givend®! ) = (! ! ¢ +i0) %, the local
density of stateé of a system is de ned through the relation

R\ — A2
)= A%
whereGR is the full propagator andzdenotes integration over the complex plane. In the case
of a homogeneous system with enetgywe obtain the expected reséit(! ) = (! ! ).
Intuitively, A is a useful measure of which energies can occupied the most in a given system.
By using the Kramers-Kronig relations, the integral expression above can be solved for
and one obtain'§

A()= }ImGR(! )
Thus, given a sitg¢ and a frequency , the local density of states is given by

Ail)= }ImGﬁj(! )

It is very instructive to utilize this result in order to visualize and understand the system at
hand. In our case, the maximum of the potential barrier lies at the center of the QPC. If the
value of the Fermi energy- = 2 is above the peak of the barrier, then the system is
open and electrons with high energies are almost free to pass the QPC with little resistance,
resulting in a high transmission probability and high conductance. On the other hand, a Fermi
energy level below the peak of the barrier leads a so-called closed system, where electrons
can only cross the barrier through quantum tunneling. This results in a low transmission rate
and low conductance. Finally, it is useful to distinguish the subopen regime, where the Fermi
level and the barrier peak approximately coincide. As already mentioned in section 2, this
case has the most interesting and 'non-classical’ properties, as the transmission probability is
medium and electron-electron interactions govern the physics of the*QPC.

By plotting the local density of states as a function of site index (i.e. location in the QPC)
and electron frequenéyin gures 13 and 14, the exact shape of the barrier can be studied.

It can be observed that most states are quenched into the energy levels around the potential
barrier*? As one would expect, a low temperature leads to a denser accumulation of the states,
while raising the temperature increases thermal uctuations in the system, which leads to a
reduction in the sharpness of the density of states.

39This requiresGR(! ) 15! jfor large! andGR(! ) has to be analytic in the upper half complex plane. Both
of these are ful lled, sinc&R(t) grows su ciently slowly in time.

4ORecall that in this regime the 0.7 anomaly appears, which cannot be explained by a non-interacting model.

“Icorresponding to electron energy

42Note that one can ignore the upper portion of these gures. While the density of states at positive energies
also has certain maxima, these can realistically never be occupied by the electrons in our system, as it has a
negative Fermi energy.
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Figure 13: Local Density of statés;(! ) in equilibrium in the open regime (= 1:475) with
temperaturd = 0 and magnetic elch = 0.

Figure 14: Local Density of statés;(! ) in equilibrium in the openregime (= 1:475) with

temperaturd = 1= 21213 , and magnetic elch = 0.

43
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6.5 Noise

Our main point of interest in this thesis is the analysis of the properties of the noise term
Si(! ). Recall our derivation of this term and the fact that it can be split into two contribu-
tions: the one-patrticle contributio‘hjlk(! ) (equation (32)), which is numerically quite cheap
to calculate, and the two-patrticle contributiﬂirji(! ) (equation (33)).

We assume that most of the times, the predominant term is the one-particle one, especially
for chemical potentials that are far from the subopen regime, i.e. in regimes where interaction
phenomena are not predominant. Thus, it is quite useful to neglect the interaction term at a
rst approach and to examine the QPC in the approximaiﬁgﬁﬁ! ) T “1((! ). Of course,
this approach does not yield exact results but it can be used to estimate the correctness of this
approximation and of the computations, to illustrate whether physical identities are ful lled
and to compare the results of this thesis to other publications.

6.5.1 Equilibrium noise: one-particle contribution

First, we start with the equilibrium case, i.e. we assume that randT_ = Tg, which
implies that no current ows between the two leads. This case is far easier to treat, describe
and implement in the context of the fRG ow, since the system has additional symmetries.
Speci cally, it is invariant under parity transformations, which leads to the symrﬂ;ﬁfy =

ijljj 2 for generic site indiceg; k and Keldysh indices ;; ,. Furthermore, the uctuation
dissipation theorem holds:

|
GK(!) = tanh T GR() GA() (21 revisited)
h [
We have already shown thﬁsﬂsz(tljtz) = Gg\zjsl(tzjtl) holds in a general contextwhich
implies that knowledge about the retarded Greens functiorces to calculate the object of
our interestT (! ), from equation (32).

6.5.1.1 Noise as a function of frequency
In order to obtain some intuition behind the noise, we consider some pldtg,¢f) in
the di erent regimes (by varying) and for di erent temperaturésand magnetic eld$. To
that end, observe gures 15, 16, 17 and 18. Classicalfy(! ) can be interpreted & r(! ),
i.e. the noise term corresponding to the correlation between the left and the right lead. We
make the following observations:

The noise is non-white, as it takes its maximum around the zero-frequency domain and
falls o for high frequencie4? This comes as no surprise, as thermal noise does not
have an in nite spectrum. Physically, this means that the detection of one electron is
correlated to other electrons, if they arrive not too far apart in time.

Equilibrium noise has to be real and symmetric around the frequercy), as proven
in equation (38). We observe that all plots satisfy the rst condition exactly as the imag-
inary part vanishes within machine accuracy. Furthermore, the noise is approximately

43See section 4.3.
#In this case! = 1 corresponds tb = =h 6 THz in Sl units, which is extremely high and justi es the
sudden apparent drop of the noise outside the central frequency domain.
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symmetric with slight inaccuracies, which can most likely be attributed to numerical
errors during the integration.

An increase in temperature leads to an increase of the value of the peak noise, which
occurs at = 0. This is in accordance with classical scattering theory, as analyzed in
section 6.5.1.2. Intuitively, this makes sense, since the thermal uctuations get increas-
ingly stronger with higher temperatures.

An increase in temperature leads to a narrower noise peak aroar@l For very large
temperatures one expects the noise to approacpeak in frequency space, i.e. only
the zero-frequency contribution becomes relevant.

In gure 19 one can observe some plotsBf,(! ), i.e. the noise corresponding to the
correlation between the currents measured at the sameS3egdl,). In gure 20 the same
physical quantities are plotted in the case of a strictly non-interacting systemJq.e. O.
Classical scattering theory predicssg = S;|, as mentioned in section 3.4. However,
the results of our computation violate this principle, as one can see in the plots: they look
highly di erent from all previous plots and violate our expectation that the noise increases
with higher temperatures, both in the interacting and non-interacting case. Heuristically, one
could argue that the on-site noise term in the interacting case might contain larger numerical
fRG errors thar§, g, since the latter contains propagation terms across the entire QPC, while
the former only contains propagators spanning a single site. However, as of now there is no
satisfying explanation of the behavior of the on-site noise term in the non-interacting case.

Figure 15: One-particle noise contributidr (! ) in open regime (= 1:475) at tempera-
turesT = 0 andT = 0:0008= 1:6971 102 ,, with no magnetic eld
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Figure 16: One-particle noise contributidt, (! ) in subopen regime (= 1:5) at tempera-
turesT = 0 andT = 0:0008= 1:6971 102 ,, with no magnetic eld

Figure 17: One-particle noise contributidi (! ) in closed regime (= 1:55) at tempera-
turesT = 0 andT = 0:0008= 1:6971 102 ,, with no magnetic eld
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a7

Figure 18: One-particle noise contributidr (! ) in open regime (= 1:475) at tempera-
turesT = 0 andT = 0:5= 106067 , with magnetic eldh = 0:5

Figure 19: On-site one-particle noise contributiof (! ) in open regime ( = 1:475) at

temperature3 = 0 andT = 0:0008= 1:6971 10 ?

x, With no magnetic eld
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Figure 20: On-site one-particle noise contributiom a strictly non-interacting system
TL()inopenregime (= 1:475) at temperatureéb = 0 andT = 0:0008= 1:6971 10 ?
x, With no magnetic eld
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6.5.1.2 Comparison to scattering theory

It is rather interesting to compare the results of our calculations in the Keldysh formalism
to classical scattering theory, so as to observe the similarities and teeedces between the
two approaches. To this end, we are going to base our considerations on the results of section
3.4 on scattering theory.

We showed that the following equation holds in the equilibrium case:

S =4kgTG (6 revisited)

whereS is the noise at zero frequency, corresponding tpin our case. Thus, we expect the
noise to be proportional to the product of the temperature and the calculated conductivity of
the system.

To that end, gure 21 is a plot of the noise as a functionTofG at the various regimes.
Additionally, gure 22 is exactly the same under the additional assumption that the system is
strictly non-interacting, i.eUp = 0. We make the following observations:

In all cases, we observe that the proportionality holds for low temperatures, i.e. there is
a linear regime where the prediction of scattering theory is almost exact and the linear
tis well justi ed. However, at higher temperatures, the ratio is no longer proportional
and scattering theory breaks down.

Since the axes are given in exactly the same units, one would expect the slope of the
linear tsto be equal to 1. However, in our case, it ranges from 15 to 60 in the various
plots. Thus, we are facing a severe scaling problem within the implementation.

Let us now consider each of the three regimes individually.

In the closed regime (shown as (c) in gures 21 and 22), both the interacting and the non-
interacting system apparently severely violate the prediction from scattering theory for large
temperature§ > 0:001. However, this can be attributed to the fact that we have extremely
low con dence in our calculation of the conductivity. In this case, the conductivity lies at the
magnitudeG = 10 # 2e?=h, which is extremely low; thus, small absolute errors lead to huge
relative errors for the value @.

In the open regime (shown as (a) in gures 21 and 22), the comparison between the non-
interacting system and scattering theory remains highly accurate up to high temperatures (be-
sides some numerical errors). However, the prediction breaks down for large temperatures
(T > 0:001) in the interacting system. This can be attributed to the fact that we have ne-
glected the interaction contributioh3, and, more importantly, that the main assumption of
scattering theory, namely the unitarity of tee@natrix is no longer valid in the interacting case
at high temperatures. This leads to the insiency of scattering theory in the description of
such system&

The subopen regime (shown as (b) in gures 21 and 22) shows some interesting unex-
pected features. In this case, the interacting system remains accurate up to high temperatures,
while the non-interacting system deviates from scattering theory. This comes as a surprise,
since the non-interacting case ful lls the unitarity of teenatrix by de nition and since the
conductivity in the non-interacting case generally changes slower with regard to the varia-
tion of temperature than in the interacting case. Additionally, the interaction contribution to

45The fact that thes-matrix is highly non-unitary for nite temperatures is illustrated in [Sch18], Chapter 7.4.
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noise vanishes in the case of no interactions. Thus, this result should be the subject of further
investigation, including double-checking the numerical implementation for errors.

Figure 21: One-particle zero-frequency noise contribufigi as a function of temperature

T times conductanc@ in open regime (= 1:475), subopen regime (= 1:5) and closed
regime ( = 1:55) respectively (without magnetic eld). The scatter plots were created at
temperature§ = 0, 00002, 060004, 00006, 00008, 0001, 0002, 0003, Q004 and @05.

In units of the curvatureT = 0, 0:42427 102 ,, 0:84854 102 ,, 1:2728 102 ,,
1.6971 102 ,, 21213 102 ,, 42427 102 ,, 6:3640 102 ,, 84854 102 ,,
10:607 102 .

We wish to make a connection between the concept okttmatrix in scattering theory
and our formalism. To that end, it clan be shéthat thes-matrix for ourlsystem IS given by
rd) t() . , GR(1) GR,()
)= =1 2i/¢ - b
. 1= ) ) 0% er) e
P
3L 42 212 if~ 2[ 2;2
where (1) =32 [ ]
-0 , else
allows us, for example, to calculate the transmission probability in terms of the Greens func-
tion linking the rst site to the last site.
We are going to use this relation in order to visualize this general result from scattering
theory:

Is the density of states in the leads. This

Z

X
S= ; dEA (E)A (E) f(E)1 f(E) +f(E)1 f(E) (5 revisited)

46see [Tay12]
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Figure 22: One-particle zero-frequency noise contribufigpin a strictly non-interacting
systemas a function of temperatufe times conductanc® in open regime ( = 1:475),
subopen regime (= 1.5) and closed regime (= 1:55) respectively (without magnetic
eld). The scatter plots were created at temperatdres 0, 00002, 00004, 00006, 00008,
0:001, Q002, Q003, Q004 and @05. In units of the curvaturel = 0, 042427 102 ,,
0:84854 102 ,, 1.2728 102 ,, 1.6971 102 ,, 21213 102 ,, 42427 102 ,,
6:3640 102 ,, 84854 102 ,, 10607 102 .

This allows us to express the zero-frequency noise as an integral over all energies, specif-
ically

Z
S= d ()

X
Where(!l)Béﬁ ACDA ()DL () +f(0)1 F( ) (41)

where depends on the-matrix and the Fermi functions at a given frequency. The
Keldysh analogue to can be found in our previous equation

1 ezikz dy s j+ j+ j+
Tjk(! ): 2 2_ Gk+1jj+1(! 1)ijk (! 1+! )+ ijj (! 1)Gj+1jk+1(! l+! )

Gl DGt 1+1) Gyt Gt a+ 1)

(32 revisited)
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Thus, the zero-frequency noise can be expressed as
Z

Ti0= dy (')

€ k i + j + j + j+
where (! 1) B TJ Gli+ljj+l(! 1)Gj]jk (! 1)+ Gdjj (! 1)ij+1jk+1(! 1)

Gt DG (1) GLY (1 )G 1) (42)

We wish to compare (! ;) and (! ;) as a consistency check between classical scattering
theory and the results from our calculations. This comparison is made in gures 23 and 24 in
the open and closed regime respectively. We observe that the integrands have exactly the same
form, namely a peak at the chemical potential and outside of this region, a sharp decline to
0. This means that our model is consistent with scattering theory in the sense that frequencies
around' = are the only contributing factor to the noise.

Naturally, we wish to calculate the integrals oveand in order to compare the classical
result for the NoiSSscattering theontO the result of our caIcuIation'EllN at zero frequency. This
is done in gure 25(a) for the open regime at various temperatures in the non-interacting case.
As expected, there is a linear dependence between the prediction of scattering theory and our
results. However, once again we observe a scaling problem with regard to our implementation.

Figure 25(b) serves as a self-consistency check, namely that the calculatiors-of#tex
through the retarded Greens function and the subsequent evaluation the classical integral in
equation (41) matches the expected reSufitering theon= 4Ks T G. The proportionality is well
ful lled, which is is the reason behind the fact that gures 22(a) and 25(a) look very similar.

Figure 23: Comparison between noise integrands predicted by (a) scattering théady (
and our (b) model ((' 1)). The system is evaluated in the open regime=( 1:475) at a
temperaturd = 0:0008= 1:6971 10 2 ,, with no magnetic eld.
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