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We develop a numerical method to compute the negativity, an entanglement measure for mixed states, between
the impurity and the bath in quantum impurity systems at finite temperature. We construct a thermal density
matrix by using the numerical renormalization group (NRG), and evaluate the negativity by implementing the
NRG approximation that reduces computational cost exponentially. We apply the method to the single-impurity
Kondo model and the single-impurity Anderson model. In the Kondo model, the negativity exhibits a power-law
scaling at temperature much lower than the Kondo temperature and a sudden death at high temperature. In the
Anderson model, the charge fluctuation of the impurity contributes to the negativity even at zero temperature
when the on-site Coulomb repulsion of the impurity is finite, while at low temperature the negativity between the
impurity spin and the bath exhibits the same power-law scaling behavior as in the Kondo model.
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I. INTRODUCTION

Entanglement is a truly nonclassical correlation [1-3],
which often appears in many-body systems at macroscopic
scale [4—6]. It can be quantified by various entanglement mea-
sures [1-3], and useful to understand many-body phenomena
such as topological order [7,8] and quantum criticality [9]. The
Kondo effect, a many-body phenomenon in quantum impurity
systems induced by the bath electrons screening the impurity
[10], involves the entanglement between the impurity and the
bath electrons. This impurity-bath entanglement provides a
quantum information perspective on quantum impurity sys-
tems [11-17].

For quantum impurity systems, entanglement at finite tem-
perature can provide new information in comparison with
zero-temperature entanglement of ground states. For example,
the impurity-bath entanglement exhibits power-law scaling
in the Kondo regime, and its power exponent differs between
the Fermi liquid in the single-channel Kondo model and the
non-Fermi liquid in the two-channel Kondo model [14].

Despite the importance, the impurity-bath entanglement has
not been computed exactly at finite temperature [14] due to the
following difficulty. While pure quantum states (e.g., ground
states) contain no classical correlation, mixed states such as
thermal states generally have both quantum entanglement
and classical correlation [1-3]. These two different types of
correlations are not easily distinguishable; the entanglement
quantification for mixed states is NP hard [18,19]. For example,
computation of the entanglement of formation (EoF) [20],
a mixed-state generalization of the entanglement entropy,
generally requires heavy optimization.

Therefore a practical choice of an entanglement measure for
thermal states is the entanglement negativity [21-23], as the
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negativity can be computed exactly (although it cannot detect
the bound entanglement [24]). The negativity N between a
subsystem A and its complementary B is

N(p)=Tr|p"| —Trp, ey

where p is the density matrix of a target system, p’ is the
partial transpose of p with respect to the subsystem A, Tr |74 |
is the sum of the singular values of p”4, and Tr p is the trace
of p. To quantify the impurity-bath entanglement, one assigns
A the impurity and B the bath. A/(p) is computable as long as
Tr | p4| is. Due to this computational advantage, the negativity
has been widely used to study entanglement in many-body
systems at finite temperature [25-33].

The numerical computation of the negativity N (o), how-
ever, becomes difficult, as the size of p becomes larger.
The difficulty appears for quantum impurity systems at finite
temperature because of the following reasons. First, the Kondo
cloud [34,35] is a macroscopic object whose size exponentially
increases with decreasing Kondo coupling strength. Second,
quantum impurity systems are generally gapless, so their
thermal density matrix involves many eigenstates and has high
rank.

In this paper, we develop a numerical renormalization group
(NRG) [36,37] method to compute the entanglement negativity
between the impurity and the bath of quantum impurity models
at finite temperature. We construct the thermal density matrix
in the complete basis set of the energy eigenstates, and then
evaluate the negativity, by applying the NRG approximation,
which has been originally introduced to obtain impurity cor-
relation functions [38—40].

Employing the method, we compute the temperature de-
pendence of the negativity in the single-impurity Kondo model
(SIKM) and the single-impurity Anderson model (STAM), the
simplest models exhibiting the Kondo effect. In the SIKM,
the negativity exhibits a universal quadratic temperature de-
pendence in the Kondo regime at low temperature, the Kondo
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crossover at intermediate temperature, and a sudden death [41]
at high temperature. In the SIAM, both the spin and charge
degrees of freedom at the impurity affect the negativity. The
impurity spin behaves in the same way as in the SIKM, while
the charge fluctuation remains even at zero temperature as long
as the on-site Coulomb repulsion at the impurity is finite. To
show this, we compute the negativity between the total degrees
of freedom of the impurity and the bath, and the negativity
between the spin degree of freedom of the impurity and the
bath. The former depends on the Coulomb repulsion strength,
and the latter shows the same quadratic scaling as in the SIKM.
Finally, we demonstrate that our method is sufficiently accurate
by computing and analyzing its errors for the example of the
SIKM.

This paper is organized as follows. In Sec. II, we explain
how to construct a thermal density matrix of an impurity
problem by the NRG, and the NRG approximation. We apply
the NRG approximation to the impurity-bath negativity and
propose how to compute the negativity in Sec. I1I. We compute
the negativity for the SIKM in Sec. IV, and the SIAM in Sec. V.
We estimate and analyze the errors in our method in Sec. VL.
Conclusion is given in Sec. VII.

II. NUMERICAL RENORMALIZATION GROUP

The NRG is a powerful nonperturbative method to solve
quantum impurity systems. It provides an efficient way to
construct a thermal density matrix by using a complete basis
of many-body energy eigenstates [39,42], over a wide range
of temperature, in the thermodynamic limit. In this section, we
provide model Hamiltonians, notations, and brief introduction
to the NRG including the NRG approximation.

A. Model Hamiltonian

In this work, we apply the NRG to two paradigmatic im-
purity models, the SIKM and the SIAM. The SIKM describes
a spin-1/2 impurity interacting with the bath of conduction
electrons,

HSKM _ J§d - So + Z/deeciucw. )

Here J > 0 is the coupling strength, S, the impurity spin, c¢,
the operator annihilating a bath electron of spin u = 1, and
energy €, so = [de [de'y" ,c [G]W/c€ /2 the spin of
the bath electron at the 1mpur1ty s1te and o the vector of the
Pauli matrices. We consider the bath of constant density of
states within [—D, D]. We set the half-bandwidth D =1 as
the energy unit, and set i = kg = 1 henceforth.

On the other hand, the SIAM contains a fermionic site with
local repulsive Coulomb interaction at the impurity,

HSIAM _ Zedndﬂ + Ungyngy + Z/de € cwcw

+§:/Q J <wfm+cmd) 3)

Here d,, annihilates a spin-u particle at the impurity, ng, =
d/ﬁdﬂ is the number operator, €; the on-site energy at the

impurity, U the Coulomb interaction strength, and I'(¢) the
hybridization function. Throughout this work, we consider
€4 = —U/2 to make the impurity half-filled (n4,) = 1/2,
and the constant hybridization function I'(¢) = I'®(D — |¢|),
which relates to the constant density of states within [—D, D].
Despite different types of impurities, both the SIKM and the
SIAM can exhibit the Kondo effect. It is natural since the SIKM
can be derived from the SIAM as the low-energy effective
Hamiltonian, via the Schrieffer-Wolff transformation [10].

B. Thermal density matrix

The NRG starts with the logarithmic discretization of the
bath. The bath of energy interval [—1,1] is discretized by
a logarithmic energy grid £A %+ for k =1,2,..., where
A > 1 is a discretization parameter and z = 0, ' -
is the discretization shift [43,44]. Then the 1mpur1ty model is
mapped onto the so-called Wilson chain where the bath degrees
of freedom lie along a tight-binding chain and the impurity
couples to one end of the chain. The models in Egs. (2) and (3)
are mapped onto the chain Hamiltonians,

HYM = J S, - 5 + HY™, 4)

SIAM bath
Hy = Z €4Nay + UndTndl + I‘IN‘ll

2
o D@ fou + S,
"

where HY" = SN g, £l fuu+He. is the bath
Hamiltoman of the chain length N + 1, f,, annihilates a
spin-u particle at site n € [0, N], and sy is the spin operator at
site O next to the impurity. Due to the logarithmic discretization,
the hopping amplitudes decay exponentially as #, ~ A™"/2.In
practice, we consider the chain of a finite N such that its lowest
energy scale ~A~"/2 is smaller than any other physical energy
scales such as the system temperature 7 .

The Fock space of the chain is spanned by the basis {|s;) ®
[S0) ® - - - ® |sn)}, where |sy) is the impurity state and |s,) is
the state of a bath site n. Since the Fock space dimension of the
chain scales as O(d"V) (here d = 4 is the dimension of each
bath site for the single-channel problems considered in this
work), it is hard to exactly diagonalize the chain with large N.

By taking advantage of the exponential decay of the hopping
amplitudes, one can construct the complete basis of the energy
eigenstates by using the iterative diagonalization [38,42]. In
the nth iterative diagonalization step, one obtains a set of
energy eigenstates in an energy window [EX E ﬁmax] for a
short chain composed of sites from the impurity to site n,
where EX and EP) . are the lowest and highest energies of
the set. The energy level spacing between these eigenstates
is of the order of £, ~ A~"/%. Then, one separates the set into
two subsets, the “discarded” energy eigenstates {|E,’3 )} and the
“kept” eigenstates {|EX)}, by energy. Here these eigenstates
are indexed by a common index i such that their corresponding
energy eigenvalues are in increasing order; the kept states are
within energy window [E,S, EX, 1, while the discarded states
are in [En N, +1,ED 1 where N[r is the number of the kept
states and i,y 1S the number of total states at a giveniteration n.

&)
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One typically takes E, = (EPy | — EX))/A™"? Z 7 [40].
Inthe (n + 1)th dlagonahzanon step, one constructs the Hilbert
space {|Em) ® |su+1)} and diagonalizes the Hamiltonian for a
longer chain composed of the short chain and the next site
n + 1. One iterates these processes until one reaches the last
site N. At the last iteration, all the eigenstates are discarded.

The discarded states {|E, D )} decouple from the states of
the sites n’ > n, {|s,11) ® --- ® |sy)}, which we call the
environment states of {|Em)}. The whole Fock space can be
constructed by the complete basis states of

{|E7‘llé) |E£)®|Sn+1)® -®|SN)|n=n0,n0+1,...N},
(6)

where ng is the earliest iteration at which the Hilbert space
truncation happens. These basis states can be used as the
approximate eigenstates of the full Hamiltonian (the whole
Wilson chain), and E; b ; provides an approximate eigenenergy.
Based on energy scale separation, the approximation error
SE,; D for each energy E > which originates from neglecting its
couphng to the environment states, is estimated by SE- /ED
Lot /En,N[r+1 1/Eqv/A < 1. Therefore, for large enough A
and E\;, the basis states in Eq. (6) are efficient descriptions of
energy eigenstates, since the total number O (N N) of {|E,3 )}
is much smaller than O(dM).

Using the complete basis states in Eq. (6), one writes the
thermal density matrix pr at temperature T as

PT = Z Z nlg E;«Zy = Zan @)

n=ng is n=ngp

ED
—E,i/T

anp,?®1n+1®---®bv, ®)
deneng/
D _ D
Pn _Z 7 |E )( ni ©))

i
where [, = ZS” |s,)Xs.|/d is the identity with normalization
Tr I, = 1, and Z is the partition function.

C. NRG approximation of correlation functions

The complete basis {|En”>} provides the systematic way of
computing various physical properties. One needs to use the
NRG approximation [39,40], to reduce the cost of computing
matrix elements (£, D |(9|E i) of an operator O. Since we
will apply the NRG appr0x1mat10n to compute negativity in
Sec. III, we here briefly explain the NRG approximation for
computing the impurity correlation function.

By using the complete basis, the impurity correlation
function can be expressed in the Lehmann representation

Alw) = %Im/ dt &' i) Tr(pr[O®1),0'14)

(10)
= Z Ais), it 6(0 — Wiy, ori)s
nn'ii’'ss’
Awiz),oris) = ’( wis nls) 5 £ owis'),
—EP/T
puis = (Exz|or|Eny) = e 507/ Z, (11)

D
i)y = Epy — E

ni?’

where O is the local operator acting on the impurity and 4 (—)
in = is for a fermionic (bosonic) operator O.

Direct calculation of Eq. (10) is impractical, since the
number of matrix elements A,z is is O(N2d*Y). To make
the calculation feasible, one applies the NRG approximation
with which the number is significantly reduced to O(N; N ).
The approximation is accurate within the intrinsic error of the
NRG that the inaccuracy of the energies Em; is estimated as
SED ~ A=HD/2,

We now explain the NRG approximation. In the calculation
of Eq. (10), one applies the identity of ), ..c |ED)(ED..| =

Zw |Ems Y(EK .| and approximately treats |EX,..) as an

ni S I‘ll s
eigenstate of the full Hamiltonian, although |Em 2) 18 an
eigenstate of the NRG chain with incomplete chain length
n + 1. As aresult, an energy difference a)(,,,-) win = ER, — EP
isreplacedby EX, — EDifn' > norby EP., — EX,, itn' < n.
The error in @(ni),(n'i’)» i.e., 86()(,1,‘)’(,[/,'/) ~ A~ (172 due to this
replacement, is comparable with the error of the Hilbert space
truncation ~§EP ~ A(1+D/2,

The NRG approximation simplifies the summation in
Eq. (10) without inducing further numerical error: only the

matrix elements (E XI-|O|E j(l =) diagonal in n remain in the

subsequent steps as (£ X |O|E; X'y 85, which removes the sum
over y .., and reduces the computatlon cost to O(NZN)
mentioned above. Then A(w) becomes

(X, X")#(K.K)

Alw) ~ Z

nXX'ii’
~ "2 ’
Ancxinoery = [(Ex | O|ER ) (o0 % pair).
pr}ti _< |10n |El’ll) (13)

@n iy = Epy — Ex

ni’

A (xiy iy 8w — @ xiy. i), (12)

where (X,X') = (D, D), (D,K), or (K, D); the case (X,X') =
(K,K) is excluded to avoid double counting. The density
matrix pX

N
oK =Trn+1,___,N[ZRnl, (14)

n'>n

is introduced in the calculation; R, is defined in Eq. (8)
and Tryp1. v =20 SNI® - @ (sp41]C)lsnr1) @
< ® [sn)-

Summarizing, consider a contribution to the spectral func-
tion, which involves the eigenstates |E ,Zs) and |E /) from
different iterations n and n’(> n). The NRG appr0x1mation
neglects the detailed information of the later sites n’ > n by
tracing them out. Then the contribution is simplified to the
approximated one involving the discarded and kept states
at the same iteration, say |EZ) and |[EX). As long as the
energy scale separation 1/+/AE,; < 1 holds by appropriately
choosing parameters (A, Ny, and/or Ey;), the result obtained
after the NRG approximation is accurate; for example, the
impurity spectral function at @ = 0 and 7 = 0 satisfies the
Friedel sum rule within sub-1% error [39].
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The NRG approximation is equivalent to the replacements
of R, by pP and 3" R, by pX in the calculation,
Ry =:0nD®In+l®®IN_)ana
s5)

N N
D Re =) @l ® @Iy = py.

n'>n n'>n

Here, the information of sites n’ > n is traced out. This is in
parallel to that |ED.) and |EX.) are approximately treated
as an eigenstate of the full Hamiltonian. We apply these
replacements for computing N below.

III. NRG METHOD FOR NEGATIVITY

We propose how to compute the negativity A in Eq. (1)
that quantifies the impurity-bath entanglement of the thermal
density matrix pr in Eq. (7). N(pr) is computed in two
steps, taking partial transpose on pr to get ,0;" and then
diagonalizing p;". However, one cannot compute A~ directly
applying these two steps, since the environment states 1,1 ®
-+ ® Iy in Eq. (7) make the dimension of p; exponentially
large ~O(d"). We overcome this difficulty by utilizing the
NRG approximation.

A. NRG approximation of negativity

To start with, we decompose the expression of N (p7).

N N N
N(pr) =N( Zm) =Y NR)—Y &, (16)

N N
8n = N(R,) +N< Z R) - N(Rn + Z R) 17)

In Eq. (16), N'(or) has two parts, >, N (R,) and 3", 8,. The
first part 3, N(R,) is the sum of the entanglement in each
density matrix R,, and the second Zn 8,, counts contribution
from mixtures of different R,,’s. Due to the convexity of the
negativity [22,23], §, > 0 is guaranteed. Equations (16) and
(17) are exact, given construction of density matrix pr.

One can derive the expression in Eq. (16), applying the
definition of §, in Eq. (17) recursively: (i) Start from the
iteration step no at which the first Hilbert space truncation
happens during the iterative diagonalization. Using Eq. (7)
and the definition of §,—,,, one decomposes the negativity

N(pr) as

N
N(/)T) = N(Rng) - 5no + N( Z Rn’) . (18)

n'>ngy

(i1) Next, we use an inductive argument. Suppose that one can
decompose the negativity A (por) as

n n N
Npr) =Y NRw) = Y b +N<ZRW>. (19)

n'=ngy n'=ny n'>n

Then, one decomposes Eq. (19) by rewriting the last term in
its right-hand side using 8,4 [cf. Eq. (17)].

n+1 n+1 N
Nr) =Y NR»)— anf+/\f( > R) (20)
n’'=ngy n'=ngy n'>n+1

Notice that Eq. (20) remains in the same form as the index n
increases to n 4 1. By induction, one obtains Eq. (16).

Now we apply the NRG approximation to compute §,,. The
second and third terms on the right-hand side of Eq. (17)
involve the density matrices R, from different iterations
n’(> n). As done in the correlation functions [see Sec. IIC or
Eq. (15)], we trace out the later sites n’ > n for the arguments
Z;\{M Ry and R, + Z,’Ln Ry . Accordingly we have

NRy) = N(P), b3

8= N(pD)+ N(of) = N(oD +oF) =80 22)

The superscript [0] indicates that the NRG approximation is
applied to §,. Then, the negativity A'(pr) is computed using
N(pP2), N(pS), and N (p? + p5).

The dimension of the matrices p?”, pX, pP + pX is in-
dependent of N and less than or equal to O(dNy), which is
exponentially smaller than the dimension ~O(d") of pz. This
reduction of the matrix size makes computation of A/ feasible.
As we will discuss in Sec. VI, the error generated by the NRG
approximation in Eq. (22) is smaller than or comparable to the
intrinsic error of the NRG in computing .

B. Constructing impurity-bath bipartite basis
To compute N (pP), N(,O,{(), and N(p,? + ,Of), one needs

n

to represent the eigenstates {| E ffl )} (X = D, K) in the bipartite
basis of the impurity and the bath as

[EX) =Y (1K), 0s0) © 16w))- 23)

JsSa

Here |s4) is the impurity state, |¢,;) is the bath state satisfying

;) € span{|so) @ - -+ @ Isn)}, (Bnjldnj)) = 8jj, and T,* is
the “coefficient” tensor whose element is

[TX], .. = (sal ® (b D|Epx)- 24
Sd, ]t

Given coefficient tensor 7.X, we express the states pX in the
basis of {|s4) ® |¢n;)}, to take the partial transpose (pX )74 with
respect to {|s4)}. Then we evaluate Tr |(0X )™ | by obtaining the
singular value decomposition (or equivalently, eigendecompo-
sition) of (pX)74. It is the same for the sum p” + pK.

We iteratively construct 7,* from 7% | and UX, where U, is
a left-unitary matrix, which relates the eigenstates at iterations
n—1andn,

[U’f(]s,l,k,i
Z [Urf(]:n,k,i[UnX,]sn,k,i/ = xxdirr,

Snok

(sl @ (ES 1 k) En),
(25)

where X, X' = D,K. We construct these matrices 7,X and UX
during the standard NRG iterative diagonalization.
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We start the iterative construction from 7 with the bath
State |¢0,j=s‘()> = |SO),

[TOX]sd,so,i = ({54 ® <S0|)|E(§i) (26)

Then consider an iteration n, and suppose we know 7.5 | at the
earlier iteration n — 1. We first obtain U, which diagonalizes

the Hamiltonian at the current iteration n. Then we construct
the matrix Q¥ in terms of TX | and UX as

[0 ] o0ty = ({82l @ (Dur1,7| ® (s Egi)
= Z [Tnlil]sd,j’,k[UVlX]s,,,k,i'
k

To ensure the orthonormality of {|¢,;)}, we perform the
singular value decomposition as

[0 + 07 o = 2VElGsn s (2 VRl (28)

J

27

where V; and Vi are unitary matrices, ¥ is the diagonal matrix
of nonzero singular values, and QX and Q? act on disjoint set
of column indices (s4,7). Based on its unitarity, we assign V, as
the matrix that defines the mapping from {|¢,;)} to {|¢,—1 ;1) ®
I5)) such that [V, 1.5, = (fu—1.7] ® {5:])[hs;). Hence we
construct the desired tensor T.X

n >

[TnX]sd,j,i = Z[VL]T,(J"J")[Qf](j',sn)m,i)' (29)

J'sSn

Note that V;, is left-unitary; the multiplication of nonsquare Vg
in Eq. (29) indicates the truncation of the bath Hilbert space.

After this iterative construction, the dimension of the bath
space spanned by {|¢,;)} for a single n scales as O(dimpNy);
the maximum number of nonzero singular values in the
decomposition of Eq. (28) is O(dimpNy). Thus the matrix
form of p? + pK in the basis of {|s4) ® |¢,;)} has dimension
O(di%Tlp Ny). The computational cost of evaluating the singular
value decomposition of (pP + pX)T+, which is the most
computationally demanding part in computing the negativity,
is the cube of the matrix dimension, i.e., O(dfmpNS).

This estimation indicates that the cost of computing the
negativity for the SIAM (dimp = 4) will be 64 times larger than
that for the SIKM (djmp = 2) if the other numerical parameters
are the same.

C. Symmetry

Quantum impurity systems possess various symmetries
such as U(1) charge symmetry and SU(2) spin symmetry. The
NRG exploits these symmetries to reduce the computational
cost and to increase the numerical accuracy [40,45,46]. For ex-
ample, athermal density matrix pr possesses the symmetries of
its Hamiltonian, hence, it can be computed and represented effi-
ciently in a block diagonal form whose blocks are labeled by the
eigenvalues of the operators corresponding to the symmetries.

Unfortunately, however, the symmetries cannot be fully
exploited in computing the negativity. Partial transpose can
destroy the block diagonal form of the thermal density matrix
pr; that is, a symmetry operator Q satisfying [Q,H] =0
commutes with pr, but not necessarily with ,0;”‘. For example,

(a) 17 T (b)f ‘ :1076\2
0.8} 1 I :10_4 |
0.6} [~

L 1 10°107% 10™
0.4} 4 DT
i 1 @} lo4g
0.2t 1 I P43
: 1 losd
0 I I
107 10° 02 03 04

J

FIG. 1. (a) Temperature (7') dependence of the impurity-bath
negativity A in the SIKM for different J’s. The negativity has the
maximum value 1 at T = 0", exhibits crossover around T = Tk,
and vanishes (sudden death) at T = Tsp > Tx. (b) The negativity
N(T) in the Kondo regime T « Tx. It follows the power law of
1 — N ~(T/Tx)* [cf. Eq. (30)]. (c) Sudden death temperature Tsp
for different J’s. Tsp increases linearly with increasing J.

the SIKM has U(1) x U(1) symmetry conserving spin-up
charge (the corresponding symmetry operator is the spin-up
particle number operator Q4) and spin-down charge (Q ).
Consider a nonzero matrix element pcyg), y¢) Of a density
matrix p, where |{}) and ||}) are impurity spin states. Both
) ® |¢) and [) @ |¢’) have the same eigenvalues (¢g4,q,) of
(Q4,0,). After partial transpose, the matrix element p(4.¢), (¢
is relocated to the position indexed by ({} ¢),(f} ¢’), where
[U) ® |¢) has an eigenvalues (g4 — 1,g;, + 1) and |[f}) ® |¢’)
has an eigenvalues (g4 + 1,q;, — 1). Therefore, to make p?‘
block diagonal, one should resort to the weaker symmetry,
i.e., the total charge conservation, leading to larger block size.
Even worse, for the SIAM, p;" does not respect even the total
charge conservation, since the partial transpose on the impurity
Hilbert space mixes up the blocks with different charges.

Since Hamiltonian symmetries may not be useful for com-
puting ,oJT/‘ , we choose small Ny, = 100 to treat the SIKM and
the STAM within a practical cost. We choose large A = 10 to
ensure energy scale separation with this small V.. Such large
A =10 can yield accurate values of static, i.e., frequency-
independent quantities; for example, impurity contributions,
obtained with A = 10, to magnetic susceptibility or to specific
heat agree with the Bethe ansatz result within a few % [47]. We
will show in Sec. VI that our result of the negativity, obtained
with small N = 100 and large A = 10, is also sufficiently
accurate.

IV. NEGATIVITY IN THE KONDO MODEL

We apply the method developed in the previous section to
the SIKM. In Fig. 1, we compute the temperature dependence
of the negativity A/ that quantifies the impurity-bath entan-
glement in the SIKM. The negativity A exhibits a universal
Kondo behavior at low temperature 7 < Tk, shows a thermal
crossover around 7 = Tk, and vanishes at high temperature
T > Tx. Here the Kondo temperature is defined as Tx =
JIT]2De2P1

We first explain the universal behavior of the negativity A
at low temperature T < T. The curves N(T/ Tx) of different
J’s lie on top of each other. At the strong-coupling fixed point
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of T =07, the impurity and the bath are entangled to form
the Kondo spin singlet, as indicated by the maximal negativity
N =1. At T « T, the negativity N follows the power-law
scaling

N =1 —an1cx(T/Tx)?, (30)

where a coefficient ay jck > 0 is of order O(1), as shown
in Fig. 1(b). This quadratic dependence originates from
the low-energy excitation of the Fermi-liquid quasiparticles
[14], which can be confirmed by using the bosonization (see
Appendix A for the details). The behavior of the negativity N°
at T < T is consistent with that of the EoF [14] quantifying
the impurity-bath entanglement in the SIKM.

Next we explain the behavior of the negativity N at high
temperature T 2> Tx. As T increases from 0, the negativity
N exhibits the thermal crossover around Kondo temperature
Tk . Athigh temperature T > Tk, the impurity and the bath are
weakly correlated, having small negativity AV < 1 at the local-
moment fixed point. The negativity A suffers sudden death
[41] (within numerical noise) at T = Tsp ~ J [see Fig. 1(c)],
that is, AV is finite at T < Tgp, while it vanishes at T > Tgp.

One can understand the linear dependence of Tsp vs. J from
a minimal model HyXM [see Eq. (4)]. HyXM is composed of
the impurity and only the nearest bath site, which describes
the T — oo limit of the Wilson chain since the effective chain
length scales as ~ — 2log, T [39,40]. We analytically show
in Appendix B that the minimal model H3™) exhibits the
entanglement sudden death in terms of both the negativity
and the EoF at 7 = J/In3. This provides the underlying
mechanism of the linear dependence of Tsp, vs. J. Note that the
entanglement sudden death also appears in other many-body
systems at finite temperature [31-33].

V. NEGATIVITY IN THE ANDERSON MODEL

We next study the negativity between the impurity and the
bath in the SIAM. As the Anderson impurity has both spin and
charge fluctuations, the negativity can be affected by the both.

In Fig. 2 we show the negativity N between the whole
degrees (spin and charge) of freedom of the impurity and
the bath. The negativity A/ depends on U, reflecting the
dependence of the SIAM on U . The negativity A/ has a different
value at zero temperature 7 = 0. Moreover, N exhibits a
crossover around 7 = Tsc for any value of U and another
crossover around T = Ty for large U (e.g., U = 20I").

At zero temperature T = 07, the negativity A in Fig. 2(b)
decreases with increasing U, has a value 1 for U — oo, and
3 for U = 0. It happens since the charge fluctuation at the
impurity is not completely suppressed (i.e., there is a finite
probability that the impurity is empty or doubly occupied) for
finite U evenat T = 0. One can understand the U dependence
of the negativity N'(T' = 07) in the two limits of U — oo and
U = 0 as follows. In the limit of U — oo, the ground state
of the SIAM is the Kondo singlet, since the SIAM reduces to
the SIKM at low temperature [10]. Therefore, for U — oo,
the SIAM has the same value N (T = 0") = 1 as the SIKM.
In the limit of U = 0, the SIAM is equivalent to two copies
of the resonant level model of spinless fermions, where each
copy corresponds to the electron system of each spin. Because
of e, = —U/2 =0, the ground state of each copy is a Bell

b) =, 3
L 2'2

»T?O ‘ 1
107%10°10% 10"
U/T
(c)

NS

Simp/log2

T T T R Y Y SO T B

Tim
O o U bt | N 0
107° 10° 10° 10° 10°%10°10°10°
T/ Tk T/Tx

FIG. 2. (a) Temperature (T') dependence of the negativity N
quantifying the impurity-bath entanglement in the SIAM. The zero-
temperature values N'(T = 0") depend on U. The negativity N
exhibits crossovers between different fixed points as kinks; A shows a
kink around 7' = Tsc for all values of U, and another kink around T =
Ty forlarge U = 20T (b) N(T = 07) decreases with increasing U.
(c) Impurity entropy Sy, shows the crossovers corresponding to those
of NV. The temperature scales Tsc and Ty are located at the end of the
plateaus in Sin,,, while the plateaus indicate fixed points. We use the
Kondo temperature Ty = (e?'/*/m3/2)/UT [2e~"VAT+7T/2U [10],
where y >~ 0.5772 is the Euler-Mascheroni constant.

state, which is an equal-weight superposition of a state with the
empty resonant level and the other state with the filled resonant
level. So the ground state of the SIAM at U = 0 is a tensor
product of two Bell states. The negativity of this tensor product
is 3, which can be understood using the logarithmic negativity.
The logarithmic negativity log,(N + 1) is amonotone function
of the negativity A, and the logarithmic negativity is additive
though not convex [23]. Each Bell state has the logarithmic
negativity log,(N + 1) = log,(1 + 1) = 1. Due to the addi-
tivity, the logarithmic negativity is 2 for the tensor product of
the two Bell states. log,(A + 1) = 2 means that for U = 0,
the SIAM has the negativity V(T = 07) = 3.

At finite temperature 7', the negativity A shows two kinks,
one around T = Tgc and another around 7 = Tiy which
indicate crossovers. The crossover around 7 = Tsc occurs
for any value of U, while the crossover around T = Tyyv
appears only for sufficiently large U (as for U = 20T"). In
Fig. 2, we show that the crossovers correspond to those of
the impurity entropy Simp = Siot — Sbath» Where Sior (Spam) 18
the entropy of the impurity-bath system (of the bath only)
[37]. The plateaus in S;y,, imply the fixed points in the SIAM,
and the slanted lines connecting adjacent plateaus represent
crossovers between the fixed points. In the curve for U = 20T
inFig. 2(c), we observe three plateaus of Sjn,, which have been
interpreted as different fixed points: The plateau at the highest
T means the free-orbital fixed point, where the charge degree
of freedom of the impurity is not frozen and the spin degree of
freedom of the impurity is weakly correlated to the bath. The
intermediate plateau indicates the local-moment fixed point
where the charge degree of freedom becomes frozen (i.e., only
the singly occupied impurity states involve in the fixed-point
Hamiltonian) for large U and the spin degree of freedom is still
weakly correlated to the bath. Sin,, does not show clearly the
intermediate plateau if U/ I is not sufficiently large (e.g., when
U/T = 10 and 5). The plateau at the lowest T corresponds to
the strong-coupling fixed point in which the spin degrees of
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FIG. 3. (a) Temperature (T) dependence of the negativity N
quantifying the entanglement between the impurity spin and the bath
in the SIAM. Contrary to A in Fig. 2, NV, shows the similar behavior as
the negativity A of the SIKM shown in Fig. 1(a). At zero temperature
T = 0%, N, is independent of U, and around T = Ty, N; does not
exhibit any kink. (b) At low temperature T < Tk, N has a quadratic
dependence on T, which is the same as the negativity N of the SIKM
in Fig. 1(b). (c) The probability (P, ,—;) = Trp, that the impurity is
singly occupied, as a function of U/ T. It increases as U increases.
Here the Kondo temperature Tx defined in Fig. 2 is used.

freedom of the impurity is strongly entangled with the bath,
similarly to the strong-coupling fixed point in the SIKM. In
Fig. 2(c), T = Tsc is located at the end of the plateau for the
strong-coupling fixed point for all values of U,and T = Ty is
located at the end of the intermediate plateau (the local-moment
fixed point) of the Siyp only for U = 20T". The comparison
between A and Simp, shows that N captures the fixed points
and the crossovers between them.

Note that the dependence of N(T =0%) vs. U is not
contradictory to the interpretation of the local-moment and
strong-coupling fixed points. The impurity states away from
single occupation are not forbidden in these two fixed points;
they merely do not participate in the effective Hamiltonian
of these fixed points. Thus the NRG result of the ground state,
which includes the empty and doubly occupied impurity states,
is consistent with the interpretation of the fixed points.

Next we focus on the effect of the spin fluctuation on the
entanglement between the impurity and the bath. In Fig. 3 we
compute the negativity NV between the spin degree of freedom
of the impurity and the bath, after projecting out the doubly
occupied and empty impurity states. The negativity A, shows
the same behavior as the negativity N in the SIKM. N is
defined as

Ns = N(ps/Trpy), €29

where pg = Py,=1p7 Py,=1, pr the thermal density matrix
in Eq. (7), and P,,—; the projector onto the subspace in
which the impurity is half filled, i.e., ny = Z# ng, = 1. The
doubly occupied and empty impurity states are projected out
by applying the projector P,,—i, so only the spin degree of
freedom of the impurity remains. Therefore, Ay = 1 means
that the impurity spin and the bath are maximally entangled,
as in the SIKM case.

The negativity V(T = 07) = 1isindependent of U, which
is due to the Kondo spin singlet formed by the impurity spin
and the bath near the strong coupling fixed point. At low
temperature 7 < Tx near the strong-coupling fixed point, the

negativity N; in Fig. 3(b) shows a universal quadratic scaling
behavior Ny >~ 1 — ap 1cx(T/ Tx)?. This scaling behavior is
the same as that of the impurity-bath negativity A/ of the SIKM
in Fig. 1(b). Moreover, N; has no kink around T = Ty, since
the crossover around 7 = Ty, occurring between the local-
moment fixed point and the free-orbital fixed point, involves
only the change in impurity charge fluctuations.

It is natural that NV, in the SITAM shows the same behavior
as N in the SIKM at low temperature, since the SIKM can
be obtained from the SIAM by restricting the impurity to
be half filled or suppressing charge fluctuations. In contrast,
the impurity-bath negativity N of the SIAM does not show
the low-temperature universal scaling because the charge
fluctuation of the impurity does not participate in the universal
Kondo physics.

In addition, we characterize the degree of the charge fluctu-
ation at the impurity by using the probability (P,,—;) = Trp;
of the single occupancy at the impurity, in Fig. 3(c). The single
occupancy probability (P,,=1) increases as U increases, since
the charge fluctuation gets suppressed. It is consistent with the
U dependence of the N(T = 0%) of the SIAM in Fig. 2(b).
In the limit U — oo, the charge fluctuation is completely
suppressed to compel the impurity to be half filled, so V(T =
0")=1 and (P,,—) = 1. In the opposite limit U = 0, the
ground state is equivalent to the tensor product of two Bell
states as discussed before. In this case, (P,,=1) = 1/2, since
the ground state can be represented as an equal superposition of
the four state vectors whose impurity states are fully occupied,
spin-up, spin-down, and empty, respectively.

VI. ERROR ANALYSIS

We analyze the errors in the negativity calculation subject to
the NRG method. For the SIKM, for example, we investigate
how the computed value of A depends on the NRG approxi-
mation, the truncation in the iterative diagonalization, and the
logarithmic discretization.

We first estimate how the NRG approximation affects the
value of A/. Under the NRG approximation in Eq. (22),
we replace R, and 8, by p? and 8\, respectively, where
the information of the chain site n’ > n is traced out. This
approximation can be improved by replacing R, and 8, by p?
and 8!8, respectively, where the information of the chain site
n' > n + k is traced out. The expression of 8 is

85‘] =N(Trysist, n[Ral)

N
+ N<Trn+k+l,»-- N |:Z Rn’:|)

n'>n

N
— N(Trn+k+l,»--,N|:Rn + ZRH/])

:N(py? & In+1 Q- In+k)

n+k
+ N(Z /0,? QLy1 Q- Q@ Ljpy + P,ﬁk)

n'>n

n+k
- N(Z an' ® In’+l R Q® In+k + p,f.»,.k),

n'=n
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FIG. 4. Estimation of errors in the NRG approximation for the
SIKM. (a) Plotof 8% with varying n and T. Ateach T', 8! is the largest
atn >~ —2log, T as Trp? is the largest thereat. (b), (c) Plot of 8% —
81 with varying n and T for (b) k = 1 and (c) k = 2. Both |§[I] — 51|
and |8 — 517 are much smaller than 8! by more than two orders of
magnitude. Note that [8!%) — §1%| is smaller than |!"! — 1%, which is
a manifestation of an even-odd behavior in the renormalization group
flow, i.e., the finite-size energy spectrum. The values at n > 15 are
much smaller than those at n < 15, hence, they are not shown here.

where k = 0,1,2, .. .. For k = 0, Eq. (32) reduces to Eq. (22).
For larger k, less information is traced out so that A can
be computed more precisely, however, the computation cost
rapidly increases; as k — oo, the calculation becomes exact
within the NRG method. Note that the replacement of R, by p?
is not affected although less information is traced out, because

NRy) = N(Tryiisn R = N(pP).  (33)

In Fig. 4, we show the magnitudes of 5% and of the deviations
81K — 8101 for k = 1,2. In Fig. 5, we display [N (k) — N(k =
0)| for k = 1,2, where N (k) is the computation of A/ with the
approximation of replacing 8, by /. N (k = 1,2) — N'(k =
0)| is at most O(1073) for T > Tk, and scale as ~1073 x
(T Tx)* for T « Tk, showing that [N (k = 1,2) — N(k = 0)]
is negligibly small. These verify that the NRG approximation
of 8, — 819 is already good enough.

We next check the change of A with varying an NRG
parameter Ny, the number of the kept states in each iteration
step. As shown in Fig. 5, the change is negligible, showing that
N is almost independent of N,;. We notice that the change is
comparable with |N(k = 1,2) — N'(k = 0)|. This is natural,
since both of choosing smaller N, and smaller & lead to
common errors due to neglecting the information of a later part
of the Wilson chain. This observation suggests that the amount
of errors in computing A/ due to the NRG approximation can be
estimated by the change A with varying Ny. This will provide
a practical approach to estimate the errors due to the NRG
approximation in general systems such as the multichannel
Kondo model, where the direct calculations of Sr[lk] (k > 0) are
hardly feasible.

We also check the change of A with varying the NRG
discretization parameter A. The change is also negligible in
comparison with the magnitude of A/. Note that the change
of N with A is larger than that with N, and k. It is because
different values of A yield different discretized Hamiltonians.

The accuracy of our computation of A can be also tested
at T > Tk. In this temperature range, the relevant length
(Iess than 7) of the Wilson chain is so short that A can be
computed exactly by diagonalizing the whole Wilson chain.
Figure 5(b) shows that our computation of A/ with the NRG
approximation is almost identical to the values obtained by the

-1
(3)10 . T T 7 T
B A e
-3 DT Bl S - N
10 - v = ~ R B 4\¥
<«
-4
-5 A
10 " = ]

Zoel W® N
10_7‘ E 0.61 % exact |
T 0.4 .
-9 4 153 i
10° ¥ 2 0.2f ]
| | N M| | L m
10° 10% 10" 10® 10" 10® 10°
T/Tx
N(k=1) = N(k=0)|; N,, =100, A =10
—— |N(k=2) - N(k=0)|; Ny =100, A =10

(

(

(Nix = 300) — N (N = 100)]; k=0, A = 10
— &~ IN(Ny, = 500) — N(V,; = 100)|; k=0, A =10

(A =10) —N(A =2)|; k=0, Ny, = 500
2 IN(A=4)=N(A=2)|; k=0, N, =500
< IN(A=3)=N(A=2)|; k=0, N, =500

FIG. 5. Comparison of the computed values of N'(T') from differ-
ent numerical settings. For consistency, we consider the SIKM with
J = 0.3 and n, = 2. (a) The deviations of A/ (k, N, A) for different
parameters: the degree k of the NRG approximation (5, — §!¥),
truncation threshold N, or discretization parameter A. The devia-
tion [N (k = 1,2) — N'(k = 0)| is comparable or much smaller than
the other deviations indicating NRG intrinsic errors, implying that the
errors generated by the NRG approximation are negligible within the
NRG intrinsic errors. The deviations indicating NRG intrinsic errors
are maximal at 7 2 Tk, but they are fairly small in comparison with
N (b) The negativity A" computed via the NRG approximation, with
choosing k = 0, N, = 100, and A = 10, is compared with the exactly
computed value Aoy for T > Tx. Here Ny, is obtained by exactly
diagonalizing the Wilson chain consisting of the impurity and seven
bath sites. Neyee has only the discretization artifact due to the same
A = 10. Note that the lowest energy scale of this short Wilson chain
A~%? = 1073 is larger than the values of T chosen for computing

N:exacl .

exact diagonalization. All the above observations demonstrate
that our computation of A/ with the NRG approximation is
sufficiently accurate.

VII. CONCLUSION

We develop the NRG method for computing the negativity
N quantifying an impurity-bath entanglement in a quantum
impurity system at finite temperature, and apply it to the
SIKM and the SIAM. For the SIKM, the T dependence of
N shows the universal power-law scaling at low temperature,
and the sudden death at high temperature. For the SIAM, A\ is
affected by both the spin and charge fluctuations at the impurity.
The spin fluctuation causes N to show a universal power-
law scaling behavior similar to the SIKM. The negativity N
depends on U even at zero temperature, indicating that the
charge fluctuation survives even near the strong-coupling fixed
point for finite U.

Since the error due to the NRG approximation is smaller
than the other artifacts intrinsic to the NRG, our computation
of NV is sufficiently accurate. In this sense, the current scheme
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for computing the negativity is advantageous over the earlier
one for the EoF [14]: the latter could only provide the lower
and upper bounds of entanglement, and the interval between
these bounds can exceed the intrinsic errors in the NRG.
We anticipate that our method will be applicable to general
quantum impurity systems in various situations and reveal
entanglement perspective in understanding them.
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APPENDIX A: SCALING BEHAVIOR
AT LOW TEMPERATURE

We derive the scaling behavior of the impurity-bath neg-
ativity in Eq. (30) for the SIKM at low T <« Tx using the
bosonization. This scaling behavior originates from the low-
energy excitations of the Fermi-liquid quasiparticles in the
SIKM.

We set the thermal density matrix p = ), w;|E;)(E;| in
terms of the energy eigenstate |E;) of the SIKM with energy
E; and the Boltzmann factor w; of |E;) satisfying ), w; = 1.
p can be approximated by the eigenstates {|E;)} satisfying
E; ~ T, because w; decreases exponentially in E; /T while
state degeneracy increases algebraically in E;.

To compute N, we represent p in a bipartite basis of
{Iln) ® |@in)}, where {| )} ({|¢i)}) is the orthonormal impurity
(bath) basis. Using the bosonization [48] and the effective
theory near the strong-coupling fixed point [10], we represent
the eigenstate |E;) as [14]

1
— > 1) ® (i) + 1xiu)):
V2 £

u=m{

where (E;|Ey) = &; and (¢in|¢i’n’> = (Sii’(snn“ {|Xi7]>} are bath
states of |x;,) € span{|¢;,)}, satisfying (x;,|¢i,) =0, and

(inlxing) ~ (Xinl@iy) ~ O(T/Tx). The latter relation is
due to the Fermi-liquid behavior of the SIKM at low T, and
it determines the scaling exponent of the negativity. Applying
Eq. (A1), we write the density matrix p as

=y ¥

|Ei) = (A1)

[p](u,i,n),(u’.i’.n’)“'L) (/'L/l ® |¢ir7> <¢i’n’|’

i onn'=1.4
(A2)
whose element is
(oJgwiom.uiry = Z %[Sijaw + (PinlXju)]
! (A3)

X 88 + (Xjw i )]
To obtain the negativity using Eq. (1), we need to compute
Tr|p’4|, where pT4 is

GRS

i =11

[p](u,i,n),(u’,i’,n’)|/’L/> (| ® |¢in) (¢i’n’ l.

(A4)

Tr| ,oTA |, the sum of the singular values o, of ,OTA, equals the
sum of the square root of the singular values aﬁm of (p)2.
We compute the singular values of (p7)?, since they are easier
to be estimated. Using the facts that (i) the leading order and
the next leading order of the diagonal terms of (p7)? are O(1)
and O(T?/ Té), respectively, (ii) the leading order of the oft-
diagonal terms of (p’*)? are O(T/Tx), and (iii) T/Tx < 1,
we compute the singular values o, of (p”*)* and find

Opin = Cpin + C;m](T/ Tx)* +-- -,

(AS5)

where c,;, and C;m, are coefficients of order O(1). Then, the
impurity-bath negativity A/(p) is obtained as

N(p) =Tr|p™| = Trp =Y oy — |
uin
(A6)
=c+a(T/Tx),

where ¢ and @’ are constants. Using the property of the SIKM
that A" = 1 at T = 0 and it cannot increase with increasing T,
we obtain Eq. (30) at low T < Tk,

N =1 —an1cx(T/Tx)?, (AT)

where a coefficient ay/ jck > 01is O(1).

APPENDIX B: SUDDEN DEATH IN THE
IMPURITY-BATH ENTANGLEMENT

Here we explain the linear dependence of the sudden death
temperature Tsp ~ J in the SIKM result of Fig. 1(c), by
considering the Wilson chain with only one bath site, i.e.,
N = 0, as a minimal model. For this minimal model, both the
negativity and the EoF yields the same sudden death tempera-
ture Tsp = J/In 3. Note that there is no bound entanglement
at Tsp, as the EoF, which can detect any bound entanglement,
vanishes at Tsp.

The energy eigenvalues and eigenstates of the Hamiltonian
HY®M are given by:

Eigenvalue
—3J/4

FEigenstate
(ML) = [WI1)/v2
IMIT)

J/4 DI

(ML +1WIn)/v2
T
|11)10)
T
[4)10)

B

Here |ff) and |{}) are the impurity spin state, and |0),
™), 1), and |1} indicate the empty, spin-up, spin-down,
and doubly occupied states of the electron bath site, re-
spectively. Then we construct the thermal density matrix
PSM = o= HYEY/T Ty ¢=HYZ'/T based on the eigendecompo-
sition above.
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First, for the negativity, one can directly apply Eq. (1) to the
o5™M to obtain

1 —3e /T
0) (B2)

SIKM) _
N(pp™) = max(l T de3I/AT 4 37T

The negativity N (,OSIKM) suffers sudden death at Tsp =
J/1In3.
On the other hand, the EoF is defined as an optimization
problem,

E(p)= it Z pi Ee(1¥)), (B3)

where Eg(|¥i)) = —Trpialog, pia is the entanglement en-
tropy of |v;), and p;a = Trg|y; X is the reduced density
matrix in which the bath B is traced out. That is, the EoF
for a mixed state p is the infimum of the weighted sum of
the entanglement entropy, »_; p;Ee(|¥;)), over all possible
pure-state decomposition p =Y, p;|¥; X:|. Here |y;)’s are
normalized, i.e., (¥;|¥;) = 1, but do not need to be orthogonal
to each other. As mentioned in Sec. I, there is no general
solution of Eq. (B3). However, fortunately for p3™M, there
exists an analytic solution, which we will derive by the
following steps.

(i) The density matrix p3™*M
diagonal form,

can be decomposed into a block

po" M = pi + pa2,

where p; € H; = span{|),|{)} ® span{|1),[{)} and p; €
H, = span{|}),|{)} ® span{|0),|1])}. The bath site is half
filled in the subspace H;, while empty or doubly occupied in
H,. In other words, H, is spanned by the energy eigenstates
with zero eigenvalues, and H; by the rest.

(ii) Consider a pure state

(B4)

lp) = cile1) + c2le2) (BS)

for arbitrary normalized states |¢;) € H; and |p,) € H,, where
c; and ¢, are complex numbers satisfying |c; 2+ |ca]? = 1.
Since the bath states of |¢;) and |¢,) are orthogonal by
construction, we have

TraloXel = lei*Trglei Xei| + |2l *Traleadeal.  (B6)

Then the concavity of the von Neumann entropy leads to an
inequality

Eele)) = le1l*Epen) + leal*Ex(lg2)). (B7)

Based on the block diagonal form in Eq. (B4) and this
concavity, we find a restriction to the optimal pure-state
decomposition ,ogIKM =3, p?plwl.o p)(1//;)p|, which provides
Er(pS™™M) = 3. pPER(I¥™)): Each state |;") should be in
either /| or H,, not a superposition of a state in 7{; and another
in H,. (It can be proven by contradiction.) Therefore, the EoF
reduces to

Er(py™™) = Er(p1) + Er(p2) = Er(p1)
= Tr p; - Ep(p1/Tr py),

where at the second equality we used Eg(pz) = 0 since p; is
the mixture of product states [see Eq. (B1)], and at the last
equality we pulled out the normalization factor

Q3IAT | 30I/4T

e3J/AT 4 30J/4T 4’

(B8)

Trp =

(B9)

for convenience below.

(iii) We can regard p; as the state of two qubits; now we can
use the concurrence [49] to derive the EoF of the normalized
state p; /Tr py,

SF( o1 >:h(1+\/1——(12)’

Tr P1 2

(B10)

where h(x) = —xlog, x — (1 — x)log,(1 —x) and C is the
concurrence of p;/Tr p;. Here the right-hand side expression
of Eq. (B10) is a monotonically increasing function of C. The
concurrence is given by

J/T_3
C:max(e—,0>,

T (B11)

which indicates that Eg(p;/Tr p;), and Ep(pg’IKM) also, suffer
the sudden death at 7sp = J/ log 3. Both the negativity and the
EoF yield the same Tsp, which means that there is no bound
entanglement. It is natural, since the entanglement of p§™M is
contributed only from p; that can be regarded as a two-qubit
state, and there is no bound entanglement for two qubits in

general.

[1] M. B. Plenio and S. Virmani, Quantum Inf. Comput. 7, 1
(2007).

[2] O. Giihne and G. Téth, Phys. Rep. 474, 1 (2009).

[3] R. Horodecki, P. Horodecki, M. Horodecki, and K. Horodecki,
Rev. Mod. Phys. 81, 865 (2009).

[4] L. Amico, R. Fazio, A. Osterloh, and V. Vedral, Rev. Mod. Phys.
80, 517 (2008).

[5] J. Eisert, M. Cramer, and M. B. Plenio, Rev. Mod. Phys. 82, 277
(2010).

[6] N. Laflorencie, Phys. Rep. 646, 1 (2016).

[7] A. Kitaev and J. Preskill, Phys. Rev. Lett. 96, 110404 (2006).

[8] M. Levin and X.-G. Wen, Phys. Rev. Lett. 96, 110405 (2006).
[9] G. Vidal, J. I. Latorre, E. Rico, and A. Kitaev, Phys. Rev. Lett.
90, 227902 (2003).
[10] A. C. Hewson, The Kondo Problem to Heavy Fermions
(Cambridge University Press, Cambridge, England, 1997).
[11] A. Bayat, P. Sodano, and S. Bose, Phys. Rev. B 81, 064429
(2010).
[12] A. Bayat, S. Bose, P. Sodano, and H. Johannesson, Phys. Rev.
Lett. 109, 066403 (2012).
[13] A. Bayat, H. Johannesson, S. Bose, and P. Sodano, Nature
Commun. 5, 3784 (2014).

155123-10


https://doi.org/10.1016/j.physrep.2009.02.004
https://doi.org/10.1016/j.physrep.2009.02.004
https://doi.org/10.1016/j.physrep.2009.02.004
https://doi.org/10.1016/j.physrep.2009.02.004
https://doi.org/10.1103/RevModPhys.81.865
https://doi.org/10.1103/RevModPhys.81.865
https://doi.org/10.1103/RevModPhys.81.865
https://doi.org/10.1103/RevModPhys.81.865
https://doi.org/10.1103/RevModPhys.80.517
https://doi.org/10.1103/RevModPhys.80.517
https://doi.org/10.1103/RevModPhys.80.517
https://doi.org/10.1103/RevModPhys.80.517
https://doi.org/10.1103/RevModPhys.82.277
https://doi.org/10.1103/RevModPhys.82.277
https://doi.org/10.1103/RevModPhys.82.277
https://doi.org/10.1103/RevModPhys.82.277
https://doi.org/10.1016/j.physrep.2016.06.008
https://doi.org/10.1016/j.physrep.2016.06.008
https://doi.org/10.1016/j.physrep.2016.06.008
https://doi.org/10.1016/j.physrep.2016.06.008
https://doi.org/10.1103/PhysRevLett.96.110404
https://doi.org/10.1103/PhysRevLett.96.110404
https://doi.org/10.1103/PhysRevLett.96.110404
https://doi.org/10.1103/PhysRevLett.96.110404
https://doi.org/10.1103/PhysRevLett.96.110405
https://doi.org/10.1103/PhysRevLett.96.110405
https://doi.org/10.1103/PhysRevLett.96.110405
https://doi.org/10.1103/PhysRevLett.96.110405
https://doi.org/10.1103/PhysRevLett.90.227902
https://doi.org/10.1103/PhysRevLett.90.227902
https://doi.org/10.1103/PhysRevLett.90.227902
https://doi.org/10.1103/PhysRevLett.90.227902
https://doi.org/10.1103/PhysRevB.81.064429
https://doi.org/10.1103/PhysRevB.81.064429
https://doi.org/10.1103/PhysRevB.81.064429
https://doi.org/10.1103/PhysRevB.81.064429
https://doi.org/10.1103/PhysRevLett.109.066403
https://doi.org/10.1103/PhysRevLett.109.066403
https://doi.org/10.1103/PhysRevLett.109.066403
https://doi.org/10.1103/PhysRevLett.109.066403
https://doi.org/10.1038/ncomms4784
https://doi.org/10.1038/ncomms4784
https://doi.org/10.1038/ncomms4784
https://doi.org/10.1038/ncomms4784

NUMERICAL RENORMALIZATION GROUP METHOD FOR ...

PHYSICAL REVIEW B 97, 155123 (2018)

[14] S.-S.B. Lee,J. Park, and H.-S. Sim, Phys. Rev. Lett. 114, 057203
(2015).

[15] B. Alkurtass, A. Bayat, 1. Affleck, S. Bose, H. Johannesson, P.
Sodano, E. S. Sgrensen, and K. Le Hur, Phys. Rev. B 93, 081106
(2016).

[16] A. Bayat, Phys. Rev. Lett. 118, 036102 (2017).

[17] G. Yoo, S.-S.B.Lee, and H.-S. Sim, Phys. Rev. Lett. 120, 146801
(2018).

[18] L. Gurvits, in Proceedings of the 35th ACM Symposium
on Theory of Computing (ACM Press, New York, 2003),
pp. 10-19.

[19] S. Gharibian, Quantum Inf. Comput. 10, 343 (2010).

[20] C. H. Bennett, D. P. DiVincenzo, J. A. Smolin, and W. K.
Wootters, Phys. Rev. A 54, 3824 (1996).

[21] J. Lee, M. S. Kim, Y. J. Park, and S. Lee, J. Mod. Opt. 47, 2151
(2000).

[22] G. Vidal and R. F. Werner, Phys. Rev. A 65, 032314 (2002).

[23] M. B. Plenio, Phys. Rev. Lett. 95, 090503 (2005).

[24] M. Horodecki, P. Horodecki, and R. Horodecki, Phys. Rev. Lett.
80, 5239 (1998).

[25] K. Audenaert, J. Eisert, M. B. Plenio, and R. FE. Werner, Phys.
Rev. A 66, 042327 (2002).

[26] J. Anders, Phys. Rev. A 77, 062102 (2008).

[27] V. Eisler and Z. Zimbords, New J. Phys, 16, 123020 (2014).

[28] V. Eisler and Z. Zimboras, New J. Phys. 17, 053048 (2015).

[29] J. Eisert, V. Eisler, and Z. Zimboras, arXiv:1611.08007.

[30] P. Calabrese, J. Cardy, and E. Tonni, J. Phys. A: Math. Theor.
48, 015006 (2015).

[31] N. E. Sherman, T. Devakul, M. B. Hastings, and R. R. P. Singh,
Phys. Rev. E 93, 022128 (2016).

[32] Y.J. Park, J. Shim, S.-S. B. Lee, and H.-S. Sim, Phys. Rev. Lett.
119, 210501 (2017).

[33] O. Hart and C. Castelnovo, arXiv:1710.11139.

[34] 1. Affleck, in Perspectives of Mesoscopic Physics (World Scien-
tific, Singapore, 2010), pp. 1-44.

[35] J. Park, S.-S. B. Lee, Y. Oreg, and H.-S. Sim, Phys. Rev. Lett.
110, 246603 (2013).

[36] K. G. Wilson, Rev. Mod. Phys. 47, 773 (1975).

[37] R. Bulla, T. A. Costi, and T. Pruschke, Rev. Mod. Phys. 80, 395
(2008).

[38] R. Peters, T. Pruschke, and F. B. Anders, Phys. Rev. B 74,245114
(2006).

[39] A. Weichselbaum and J. von Delft, Phys. Rev. Lett. 99, 076402
(2007).

[40] A. Weichselbaum, Phys. Rev. B 86, 245124 (2012).

[41] T. Yu and J. H. Eberly, Science 323, 598 (2009).

[42] F. B. Anders and A. Schiller, Phys. Rev. Lett. 95, 196801 (2005).

[43] W.C. Oliveiraand L. N. Oliveira, Phys. Rev. B 49, 11986 (1994).

[44] V.L.Campo and L. N. Oliveira, Phys. Rev. B 72, 104432 (2005).

[45] A. L Téth, C. P. Moca, O. Legeza, and G. Zarand, Phys. Rev. B
78, 245109 (2008).

[46] A. Weichselbaum, Ann. Phys. (N.Y.) 327, 2972 (2012).

[47] L. Merker, A. Weichselbaum, and T. A. Costi, Phys. Rev. B 86,
075153 (2012).

[48] G. Zarand and J. von Delft, Phys. Rev. B 61, 6918 (2000).

[49] W. K. Wootters, Phys. Rev. Lett. 80, 2245 (1998).

155123-11


https://doi.org/10.1103/PhysRevLett.114.057203
https://doi.org/10.1103/PhysRevLett.114.057203
https://doi.org/10.1103/PhysRevLett.114.057203
https://doi.org/10.1103/PhysRevLett.114.057203
https://doi.org/10.1103/PhysRevB.93.081106
https://doi.org/10.1103/PhysRevB.93.081106
https://doi.org/10.1103/PhysRevB.93.081106
https://doi.org/10.1103/PhysRevB.93.081106
https://doi.org/10.1103/PhysRevLett.118.036102
https://doi.org/10.1103/PhysRevLett.118.036102
https://doi.org/10.1103/PhysRevLett.118.036102
https://doi.org/10.1103/PhysRevLett.118.036102
https://doi.org/10.1103/PhysRevLett.120.146801
https://doi.org/10.1103/PhysRevLett.120.146801
https://doi.org/10.1103/PhysRevLett.120.146801
https://doi.org/10.1103/PhysRevLett.120.146801
https://doi.org/10.1103/PhysRevA.54.3824
https://doi.org/10.1103/PhysRevA.54.3824
https://doi.org/10.1103/PhysRevA.54.3824
https://doi.org/10.1103/PhysRevA.54.3824
https://doi.org/10.1080/09500340008235138
https://doi.org/10.1080/09500340008235138
https://doi.org/10.1080/09500340008235138
https://doi.org/10.1080/09500340008235138
https://doi.org/10.1103/PhysRevA.65.032314
https://doi.org/10.1103/PhysRevA.65.032314
https://doi.org/10.1103/PhysRevA.65.032314
https://doi.org/10.1103/PhysRevA.65.032314
https://doi.org/10.1103/PhysRevLett.95.090503
https://doi.org/10.1103/PhysRevLett.95.090503
https://doi.org/10.1103/PhysRevLett.95.090503
https://doi.org/10.1103/PhysRevLett.95.090503
https://doi.org/10.1103/PhysRevLett.80.5239
https://doi.org/10.1103/PhysRevLett.80.5239
https://doi.org/10.1103/PhysRevLett.80.5239
https://doi.org/10.1103/PhysRevLett.80.5239
https://doi.org/10.1103/PhysRevA.66.042327
https://doi.org/10.1103/PhysRevA.66.042327
https://doi.org/10.1103/PhysRevA.66.042327
https://doi.org/10.1103/PhysRevA.66.042327
https://doi.org/10.1103/PhysRevA.77.062102
https://doi.org/10.1103/PhysRevA.77.062102
https://doi.org/10.1103/PhysRevA.77.062102
https://doi.org/10.1103/PhysRevA.77.062102
https://doi.org/10.1088/1367-2630/16/12/123020
https://doi.org/10.1088/1367-2630/16/12/123020
https://doi.org/10.1088/1367-2630/16/12/123020
https://doi.org/10.1088/1367-2630/16/12/123020
https://doi.org/10.1088/1367-2630/17/5/053048
https://doi.org/10.1088/1367-2630/17/5/053048
https://doi.org/10.1088/1367-2630/17/5/053048
https://doi.org/10.1088/1367-2630/17/5/053048
http://arxiv.org/abs/arXiv:1611.08007
https://doi.org/10.1088/1751-8113/48/1/015006
https://doi.org/10.1088/1751-8113/48/1/015006
https://doi.org/10.1088/1751-8113/48/1/015006
https://doi.org/10.1088/1751-8113/48/1/015006
https://doi.org/10.1103/PhysRevE.93.022128
https://doi.org/10.1103/PhysRevE.93.022128
https://doi.org/10.1103/PhysRevE.93.022128
https://doi.org/10.1103/PhysRevE.93.022128
https://doi.org/10.1103/PhysRevLett.119.210501
https://doi.org/10.1103/PhysRevLett.119.210501
https://doi.org/10.1103/PhysRevLett.119.210501
https://doi.org/10.1103/PhysRevLett.119.210501
http://arxiv.org/abs/arXiv:1710.11139
https://doi.org/10.1103/PhysRevLett.110.246603
https://doi.org/10.1103/PhysRevLett.110.246603
https://doi.org/10.1103/PhysRevLett.110.246603
https://doi.org/10.1103/PhysRevLett.110.246603
https://doi.org/10.1103/RevModPhys.47.773
https://doi.org/10.1103/RevModPhys.47.773
https://doi.org/10.1103/RevModPhys.47.773
https://doi.org/10.1103/RevModPhys.47.773
https://doi.org/10.1103/RevModPhys.80.395
https://doi.org/10.1103/RevModPhys.80.395
https://doi.org/10.1103/RevModPhys.80.395
https://doi.org/10.1103/RevModPhys.80.395
https://doi.org/10.1103/PhysRevB.74.245114
https://doi.org/10.1103/PhysRevB.74.245114
https://doi.org/10.1103/PhysRevB.74.245114
https://doi.org/10.1103/PhysRevB.74.245114
https://doi.org/10.1103/PhysRevLett.99.076402
https://doi.org/10.1103/PhysRevLett.99.076402
https://doi.org/10.1103/PhysRevLett.99.076402
https://doi.org/10.1103/PhysRevLett.99.076402
https://doi.org/10.1103/PhysRevB.86.245124
https://doi.org/10.1103/PhysRevB.86.245124
https://doi.org/10.1103/PhysRevB.86.245124
https://doi.org/10.1103/PhysRevB.86.245124
https://doi.org/10.1126/science.1167343
https://doi.org/10.1126/science.1167343
https://doi.org/10.1126/science.1167343
https://doi.org/10.1126/science.1167343
https://doi.org/10.1103/PhysRevLett.95.196801
https://doi.org/10.1103/PhysRevLett.95.196801
https://doi.org/10.1103/PhysRevLett.95.196801
https://doi.org/10.1103/PhysRevLett.95.196801
https://doi.org/10.1103/PhysRevB.49.11986
https://doi.org/10.1103/PhysRevB.49.11986
https://doi.org/10.1103/PhysRevB.49.11986
https://doi.org/10.1103/PhysRevB.49.11986
https://doi.org/10.1103/PhysRevB.72.104432
https://doi.org/10.1103/PhysRevB.72.104432
https://doi.org/10.1103/PhysRevB.72.104432
https://doi.org/10.1103/PhysRevB.72.104432
https://doi.org/10.1103/PhysRevB.78.245109
https://doi.org/10.1103/PhysRevB.78.245109
https://doi.org/10.1103/PhysRevB.78.245109
https://doi.org/10.1103/PhysRevB.78.245109
https://doi.org/10.1016/j.aop.2012.07.009
https://doi.org/10.1016/j.aop.2012.07.009
https://doi.org/10.1016/j.aop.2012.07.009
https://doi.org/10.1016/j.aop.2012.07.009
https://doi.org/10.1103/PhysRevB.86.075153
https://doi.org/10.1103/PhysRevB.86.075153
https://doi.org/10.1103/PhysRevB.86.075153
https://doi.org/10.1103/PhysRevB.86.075153
https://doi.org/10.1103/PhysRevB.61.6918
https://doi.org/10.1103/PhysRevB.61.6918
https://doi.org/10.1103/PhysRevB.61.6918
https://doi.org/10.1103/PhysRevB.61.6918
https://doi.org/10.1103/PhysRevLett.80.2245
https://doi.org/10.1103/PhysRevLett.80.2245
https://doi.org/10.1103/PhysRevLett.80.2245
https://doi.org/10.1103/PhysRevLett.80.2245



