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Abstract

This thesis consists of two parts. The first is a small introduction into the theory
of Anderson localization, accompanied by the description of a recent experiment
that shows the relevance of the concepts.

The second part is the actual project. A new technique is introduced, which
uses Hubbard operators. It is made clear why this technique is necessary and
some basic properties of Hubbard operators are discussed. The classical Wick’s
theorem is extended to operators with non-trivial commutation and anticommu-
tation relations. A scheme is introduced to keep track of all created diagrams.
Then it used to calculate single particle Green’s functions in the forward scat-
tering approach for fermions and hard-core bosons on a disordered lattice. Some
calculations are made to improve upon the results of forward scattering by inclu-
sion of real space and Fock space deviations. It is argued that strong interactions
tend to supress the transport of bosons. Possible experimental realizations are
then considered.
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Chapter 1

Introduction to Anderson
Localization

In this section I present a brief introduction to Anderson localization transition.
T illustrate the connection to very recent experiments with cold atoms and ultra
sound, that shows in a very impressive way, that Anderson localization is a
universal concept.

1.1 Quantum Localization

The Anderson location is a very peculiar quantum phenomenon present in dis-
ordered media. The concept of it was introduced by Anderson [4] in 1958. It
is truly astonishing, that after more then five decades after its introduction,
Anderson localization is still a hot research topic in physics and mathematics
and is used in ways not even Anderson himself could have imagined. * For a
general notion of localization I follow the review article by Evers and Mirlin [5]
and the books by Haake [1], Efetov [2] and Stéckmann [3].

One of the classic results of quantum physics is the Bloch theorem. It states
that electrons in a periodic crystal form so called Bloch waves, delocalized waves
that are periodically modulated and extend all over the crystal.

How are things changed in a disordered system? A good example is given by
the Anderson’s hopping model [4]. One considers a one dimensional chain of
equidistant sites with a random on site potential. The hopping of particles is
described by a hopping amplitude ¢, that depends only on the difference be-
tween sites and decreases typically fast with . Then the wave amplitudes 1);,
corresponding to the lattice sites {i}, for a particle with energy E obeys the
Schrédinger equation on a lattice

Umwm + Ztrmerr = Edjm' (1'1)

Quote from Andersons Nobel lecture, 1977: "Localization [..], very few believed it at the
time, and even fewer saw its importance, among those who failed to fully understand it at
first was certainly its author. It has yet to receive adequate mathematical treatment, and one
has to resort to the indignity of numerical simulations to settle even the simplest questions
about it."
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Here U, is the on-site potential of lattice site m, typically drawn from a density
p(Up,). If the potentials U,, would be periodic, i.e. Uy, = Up4x, then Bloch’s
theorem would have to be fulfilled and nothing new happens. However, at least
for the one dimensional case one can easily demonstrate that a new phenomena
has to happen. Let’s assume, that only nearest neighbor tunneling elements are
non-zero, e.g. t; = t,t; = 0 for ¢ > 1. In one space dimension, the Schrodinger
equation (1.1) can be brought into a particular convenient form, connecting the
wave amplitudes of the lattice sites to their neighbors.

() (1) () () e

This is a matrix equation involving random, unimodular 2 x 2 matrices F,,.
Unimodular means in this case that |det F,,,] = 1. Under these conditions
Furstenberg’s theorem[6] applies, which states that

1
lim —=InTr{FnFn_1...F5F1} =~>0. (1.3)
N—oo N

Now given that the initial amplitudes g, are known, one can find the am-
plitudes at different lattice sites by

( wﬁl ) = FnFy_1... LR, ( zé > (1.4)

So by applying Furstenberg’s theorem one can see, that far away from the ini-
tial sites, the wave amplitudes must behave as exp [+m~y] (for almost all sites).
Since the particle amplitudes are normalized, unlimited growth in one direction
is not allowed and one must have localization around a site with an exponen-
tially decreasing tail. Also, the eigenenergies of the Hamiltonian cannot form a
continuum, because only special values of E let the wave function decrease in
both directions. The factor 7 is called the Lyapunov exponent of the random
map generated by (1.2). Its physical interpretation is that of an inverse local-
ization length £. The wave function centered around site ¢ can be described far
away from the center by

Wi~ e IS for i —m| — oo (1.5)

This result is drastically different from the Bloch functions with their continuous
bands of eigenenergies. Localization occurs even under arbitrary small disorder.
But it is easy to see why localization has to occur. Even if the probability for
a scattering event is small, in one dimension this leads to a complete change of
direction of the wave and it can return to its fixed point. All the complex am-
plitudes of the waves have to add up, which then means localization. The result
that in one dimension always localization occurs was first argues by Mott and
Twose [14] and later proven by Berezinsky [15] using diagrammatic technique.

So one can define Anderson Localizations as Quantum Mechanical localizations
induced by disorder. They have tremendous effects on the properties of materi-
als. Originally only the Anderson metal-insulator transition due to disorder was
considered. Later, localization was found in other systems with wave character
as well, like the absence of diffusion in atomic matter waves [7, 8, 9, 44] or the
localization of ultra sound [10] and light waves [11, 12, 13]. In one dimension
and uncorrelated disorder, localization is always present. But what happens in
higher dimensions?
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1.2 The One-parameter scaling hypothesis

A milestone in the theory of Anderson localization were the scaling arguments
by Thouless [32]. He predicted that for wires, even in larger space dimensions,
the resistivity increases exponentially given that the wire is longer than a critical
length L. ~ poAl, pg is the Fermi momentum, A the cross section of the wire
and [ the mean free path. This is remarkable since all systems behave the same,
as long as they have a one-dimensional geometry. At the critical length L. they
share the same resistivity (= 10k2). An intergral part of Thouless reasoning
was, that the behaviour of the system depends only on the conductance alone.
Buildung up on this idea, another important contribution to the theory of An-
derson localization was made by the “Gang of Four" [33]. They generalized the
idea that the behaviour of the conductance, depends only on the conductance
itself. They argued that for a block of disordered metal in d dimensions, that is
made out of b blocks of length L in each direction, the relation

g(bL) = f(b,g(L) (1.6)

must hold. In differential form and in the limit b — 1, this becomes a relation
for the scaling function 5 that describes how the conductance changes under a

change of length
ding h

= = = — . 1.
B= 7 =09) 9=3G (1.7)

This scaling function depends on the dimensionality of the system and one can
determine the asymptotic behaviour. Consider a hypercube of size L. For small
conductances, i.e. the insulating regime, the conductance is an exponentially
decaying function, because the wavepackets are localized

]
g =goe *F = B(g) = lim L ddng - aL=In (g) . (1.8)
g0

This result is independent of the dimension of the system. More interesting
is the limit of large conductances. Here one knows the classical limit, namely
Ohm’s law, given by

ne3r ne?l

G(L)=0oL%2 0= il (1.9)

a result that follows from Drude theory. Here n is the electron density, 7 the
transport time and [ the mean free path of the electron. At large conductances,
the S-function thus behaves as
lim B(g) =d—2. (1.10)
g—o00

If one assumes smoothness and monotony of the S function, one can interpolate
between these limits. The result is sketched in (1.1).

Because the scaling function describes how the system scales under increasing
conductance, the sign of the § function tells whether one is in the insulating
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Figure 1.1: The 8 function in one, two and three dimensions.

(8 < 0) or conducting regime (5 > 0). As shown earlier, in one dimension
and uncorrelated disorder there is only an insulating regime, so it is in two di-
mension. However, for large conductances, the § function in two dimensions
approaches zero and one obtains quasi-metallic behaviour (for the case of un-
correlated disorder). In three dimensions and above, one has clearly a crossing
at the unstable fixpoint S = 0 which is accompanied by an Anderson transition
from the insulating into the metallic state at a critical conductance g..

Later it was argued, that the one-parameter scaling hypothesis should be re-
placed by a scaling hypothesis for a distribution function of conductances [16,
17, 18, 19]. Nonetheless, localization in two dimensions and weak disorder was
proven analytically and numerically [20]. However, the one-parameter hypothe-
sis was a milestone in the field and it is believed that the results hold generally.
In order to clearly observe the Anderson transition experimentally, one has to
explore higher dimensional systems (d > 2). Solid state systems are not an
optimal choice, because the disorder is difficult to tune and localiation is hard
to observe [21]. However, creating disordered potentials for large dimensions is
difficult (even 3D disorder for cold atomic matter was only implemented very
recently [76]), because our accessible space has only three dimensions. An addi-
tional insight is needed to make these systems experimentally feasible. Section
(1.4) and (1.5) will deal with this problem in more detail.

1.3 Interference in disordered systems
So far it was not explained, what makes dimension one and two so special. With

the classical Drude model the disordered metals should obey the Boltzmann
equation, so they were expected to be conductors. In order for the behaviour to
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change so drastically, the quantum mechanical corrections must diverge. In this
section a qualitative picture is presented that was first suggested by Khmelnitskii
and is based on several works of the pioneers of this field[?, 24].

The motion of electrons in the limit of weak disorder pgl >> 1 can be described
by path integrals. Consider the motion between two points r; and 7. In a
classical picture, simply all probabilities of all possible paths are added. However
the rules of quantum mechanics are different. The total probability for the event
is the square of the total amplitude, which is the sum of all paths. If A; denotes
the complex amplitude of path ¢, then the toal probability P of propagation is

>4

The first term is the classical sum over all probabilities of the individual paths
P; = |A;|°. The second term is an additional interference term between different
paths. For typical paths (see figure (1.2,a)) this term does not contribute,
because most paths differ in length and disorder potential, such that the phase
¢ =ht ff pdr aquired over each is random. This means that the overall sign
changes from term to term. Summing over all paths, this term oscillates fast
and becomes negligible.

However, not all paths are so uncorrelated. There is the possibility of self-
intersecting paths (see figure (1.2,b)). To each self-intersecting path corresponds
another one with the same shape and length, where the only difference is the
direction in which the loop is traversed.

2

=) AP+ A4 (1.11)

i i#]

P =

a) b)

Figure 1.2: Paths with a) and without b) self crossing sections

When a loop is transversed in the opposite direction, the p'and di aquire both a
minus sign and the overall phase is the same, provided that there is time-reversal
symmetry. This means that for these two paths

A1 + As|? = | A1 P + [ Ao + A1 A5 + 447 = 4| A4, (1.12)

because their total amplitudes are the same. This means, that the quantum
mechanical probability for this path is enhanced compared to the classical prob-
ability. Paths with many loops or bigger loops (d > 1) have a higher probability
to occur than paths with no loops at all. For a closed path, all trajectories have
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a time-reversed counterpart and hence the return probability is high. If one-
loop-paths are the leading contribution one speaks of weak localization, even
though real localiation has not occured yet.

These arguments did not depend on the dimensionality so far. But the ratio
of self-intersecting paths to all paths depends on the dimensionality. It is well
known, that for an unbiased random walk on a lattice, the return probability
in one and two dimensions is unity, whereas it is less in higher dimension. To
argue physically, the path of an electron is not an infinitely thin line, but rather
a tube with thickness of the order of the de Broglie wave-length A ~ /i/py. So in
the time interval dt the volumeelement vA9~! dt is traversed. This is roughly the
space the electron takes up in its travel. Now the probability for self-intersection
can be seen as the ratio of space the electron takes up and the space the elec-
tron could have reached by moving diffusively. In classical diffusion the length
in one direction a particle on average moves is given by r = \/Dgt for ¢t >> T,
Doy = v3t/d is the classical diffusion constant and vy the Fermi velocity. The
diffusively availabe space for a particle starting at the origin at ¢ = 0 is then in
d dimensions (Dot)d/2 at time ¢. One can argue that for fermions, the relative
loss of conductivity compared to the classical conductivity o9 = ne?r/m, where
n is the electron density, m the electron mass and 7 the mean free time, is
proportional to the return probability, so that

A 7o
29 0 _/ oA (Dot) Y2 at. (1.13)

00

The lower limit of integration is the mean free time because only for larger
times the diffusion picture is meaningful. The upper bound is the time of phase
coherence t,4, because only coherent waves can interfere constructively or de-
structively. Coherence can only be destroyed example by inelastic scattering
with phonons.. For low temperatures, inelestic scattering becomes less and less
likely so that for T'— 0, t4 — co. Equation (1.13) is convergent and finite for
d > 3, but divergent for d = 1,2. This means, that in these low dimensions,
quantum effects always have a dominating effect.

The picture of self-intersection paths can help to get an intuitive understanding
of how magnetic fields can influence systems with weak localization. However
the general theory of the influence of magnetic fields on localization is vast and
not all questions are answered. In this section we consider the influence of
magnetic fields on self-intersecting paths. In magnetic field H , the two time-
reversed paths do not have the same amplitude anymore. Instead, the magnetic
field induces a phase difference between these paths. In a magnetic field, the
momentum is shifted by the vector potential 7 — 5— (e/c)A, with V x A = H.
The phase shift is then

2e S 10}

Aoy = 7 %Adl = 27r¢0. (1.14)
¢ is the magnetic flux trough the loop and ¢g = ch/e is the flux quantum. This
means, that at large magnetic fields, the constructive interference is destroyed
between the self crossing paths. So for electrons, magnetic fields lead to an
increase in conductivity, as first found by Altshuler et al. [34, 35].

Because coherence is destroyed between paths, one can introduce the magnetic
coherence time in equation (1.13). When the phaseshift is of the order of the
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flux-momentum, then the coherence is destroyed. The average length scale of
the loop is again given by v/Dyt, so that the average magnetic flux going trough
the loop is ¢ = HDyt. This means that

%0 Iy
HDy Dy’

TH (1.15)

where Iy = \/chi/2eH is the magnetic length. It depends on the temperature,
whether 74 or 7 is the time scale over which coherence is destroyed. This in
return gives a critical magnetic field H, = ¢o/(Do7y), above which magnetic
effects are dominant.

This gives an intuitive picture of how magnetic fields affect electron dynamics
for weak disorder. In general this is however not true. For special geometries
and other symmetries quite different behaviour can be observed. A famous
example is the fluctuation of resistance in a metallic cylinder with an magnetic
flux passing it [25, 26, 27]. Magnetic impurities can actually change the sign of
the magnetic correction and lead to a positive magnetoresistance for fermionic
systems [28] [29].

1.4 The Kicked Rotator in one Dimension

A very interesting model for the study of Anderson localization is the period-
ically kicked rotator. It is closely related to Anderson’s model. Because it is
a model that displays classical chaos, it is perfect to study the influence of the
quantum nature on the behaviour of a physical system. The periodically kicked
rotator is also a minimalistic model for several experimentally accesible systems.
Another advantage of this model is its simplicity. The phase space consists only
of two variables p and 6, connected by the canonical commutation rule

[p,0] = Zz (1.16)

These variables evolve by a periodically driven Hamiltonian

2 I >
H(t) = T2 +A=V(0) Y ot —nr). (1.17)
n=-—oo

The Hamiltonian contains several physical parameters; the moment of intertia
1, the kicking period 7 and a dimensionless kicking strength A. The potential
V(0) is a 2m-periodic function in 6. For simplicity one can take V' to be cos().
The only relevant control parameter of the problem is the kicking strength A\
and one can set I, A and T to one.

Since dynamics is periodic in time, the time evolution of the variables happens
in discrete steps. This means that the time evolution can be split into seperate
steps of size 7, each with the same time evolution operator. The evolution
operator for this stroboscopic problem is called a Floquet operator and it fulfills
the equation

Ot +1) = Fy(t), F =eMVe /2, (1.18)

One sees, that the right factor e~P°/2 ig responsible for the ballistic rotation of
the rotator, while the first e**V factor describes the instantaneous kick. One can
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also apply this time evolution to the variables in the Heisenberg representation
and obtain discrete-time Heisenberg equations

Per1 = pe — AV (0r41) (1.19)
0111 = 0¢ + py (1.20)

These relations holds also for the classical problem of a kicked rotator, but with
classical variables.

What would one expect classically for large kicking strength? In that case,
the average momentum becomes larger and the angular variable moves faster.
Since 0 is 27 periodic, it will cover the whole interval [0, 27| evenly. For large
enough kicking strength, subsequent s will seem independent of each other.
Then the kicking becomes a statistical process with no kick-to-kick memory.
The force from each kick is —V’(;) and independent of the previous one. The
time evolution of the momentum variable can then be approximated by

i
pr=po— Y AV'(0,). (1.21)
v=1

Because of the definition V' = cos(6), the average momentum transfer per kick
is zero

t
Pi=Po— »_AV'(0,) =T (1.22)
v=1

However, the mean square of the momentum grows linearly

t
pE=p+ Y NVI(0,)V'(0.) (1.23)
pn,r=1
- 1 21
=pg+ ()\2/ d9V’(9)2> t. (1.24)
2m Jo

This is a diffusion equation and must happen, because the noise at different
times is not correlated V’/(0,)V'(6,) = 0,,V'(0)2. The diffusion constant is
given by

)‘2 2m / 2
D=— dov' (0
2W/O V/(6)

)\2

5 (1.25)

whereas the value of D = \2?/2 is specific for the model V' = cos(f). To sum
it up, in the classical periodically kicked oscillator one has for large enough
kicking strength a diffusion in momentum space. This can be for instance done
numerically and indeed, for A > 1 one has quasi diffusive behaviour which is
equivalent to chaos,since very close points in phase space evolve away from each
other. To prove this, one can linearize the full classical map ( Chirikov’s standard
map|30])

Di+1 =Pt + Asinbiqq (1.26)
¢ 41 = (0 + p) mod(2m). (1.27)

The linearization gives

O0pey1 \ [ 14+ Acosbip1  Acosbiig ope '\ _ opt
( 50141 )—( 1 1 56, ) =M\ 50, ) (129
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Since the angular variable is quasi random, M, is a random unimodular map
and Furstenbergs theorem 1.3 applies. This means that for the classical map a
positive Lyapunov exponent exists ( i.e. chaotic behaviour).

In a quantum mechanical setting the behaviour is quite different. One knows
that one can separate the time evolution into two parts, the ballistic motion
and the kick. Superscripts "F” denote a time event right before and right after
a kick. Using again the Floquet operator of time evolution one finds

|t (t+1))=F|¥T(t),teN  (1.29)

[T (t)) =e o |t (t—1)), Hy = % (1.30)

The ballistic motion is best described in terms of its constants, i.e. in a mo-
mentum representation
pln) = nln) (1.31)
n=0,+1,£2,.... (1.32)
(we recall i = 1). The only part of the Hamiltonian that effects a state between
kicks is Hy. It acts in such a way on |n) that

n?

Hy|n) = o [n) . (1.33)

Because the states are diagorz)lal in this representation, the time evolution in
between kicks is [n) — e~ /2|n). Now one can expand the states at the
different times in terms of this basis

(W) = > U (1) n). (1.34)

Using the above mentioned, one knows that W, (£ + 1) = e~ ""/2W(¢).
The kick itself is better described in an angular representation

2w
[T=(t)) = / dow=(6,1)0), (1.35)
0
since the time evolution during the kick is given by
UH(0,t) =e MV OW—(4,1). (1.36)

To describe the full dynamics one has to take into account, that during a kick
a transfer between momentum states takes place, i.e.

Uht+1) = > Jmone " 2UH(1). (1.37)

n—=——oo

Here J,,_,, is the transfer matrix element during the kick and in general given
by Jm-n = o 027T dfei(m=—m)0e=iAV(O) ~ Tn the case of V = cosf the Bessel
functions are obtained

1

ﬂ-in

In(z) = /0 e’ <) cos ng. (1.38)
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Let’s analyze the eigenmodes of the total Hamiltonian or in this context
eigenstates of the Floquet operator F' with quasi energy ¢.

Flut)=e " [ut). (1.39)
For an eigenequation to be fulfilled, the relation

Z Jm—neiin2/2u: = ujn? (140)

must hold. One could also look at the problem, where first the kick happens
and then the free motion. This description is denoted by |u~) and is related to
|u*) (with the same quasi eigenenergy) by

u=(0) = eV Oy T (h). (1.41)
This can again be rewritten by
u=(0) = et0—Holy+ (), (1.42)

or in momentum representation

u; = ei((bfntz/z)u;r (143)
The next step is to introduce a new Hermitian operator W = —tan% to

parametrize the kicking operator. Then

v _ LW
1—iW

(1.44)

Instead of looking at u* and v~ individually, it is useful to look at their com-
bination

ju) = 3 () + [u)) (1.45)

Since u™ and u~ are related by the phase relation (1.41), their the linear com-
bination obeys

o ut(0)  u(theta)
1AW () 1—iW(0)”

Because v~ and u' have the same eigenvalue of (1.43), u(6) must obey the
equation

u(6) (1.46)

[1—iW(0)] u(f) = e¢—Ho), (1.47)

In momentum representation, the above equation transforms to

Uty + Z trumtr = Etp,, (1.48)
r#0
with
1 —el(o-m?/2) ¢ —m?/2

E=—-W,. (1.50)
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Now this looks like the one dimensional Andersons hopping model (1.1). There
are however differences. Whereas the on-site energies in the Anderson model
are truly random, one has here only a pseudorandom behavior, since the tan is
a fast oscillating function. It is proven by Weyl [31], that (¢ — m?/2) mod(n)
is ergodic in the interval [0,7]. Further it has uniform density within that
interval for the values of m = 0,4+1,42,.... The U,, thus have a density
p(U)dU = d¢/7. Since dU/d¢ = 1 + U?, one finds

1

AU = TRy

(1.51)

Thus the effective on-site energy is quasi Lorentzian distributed. Another dif-
ference is, that the hops can not just happen between nearest neighbors, but the
hopping elements fall of exponentially with . As one can see from the definition
of W, the kicking strength A does not influence the disorder but rather the hop-
ping amplitudes. It is still very similar to the one dimensional Anderson model
with uncorrelated disorder, for which one knows that localization is inevitable.
The property of localization can be checked numerically and is indeed seen. Af-
ter a short time of diffusive behaviour till 7;,. = D/2, the average momentum
distribution stops spreading and approaches the equilibrium value of

(p*) (t = 00) — 262 (1.52)

Thus the whole phenomenology is drastically different in classical and quan-
tum systems. Instead of a diffusion in momentum space there is localization in
momentum space. This effect is called dynamical localization and the correspon-
dence to Anderson localization were made by Fishman et al. [36], Shepelyansky
[37] and Casati et al. [38]. This effect was first implemented in explaining why
specific atoms in a microcavity don’t ionize, even though the classical threshold
radiation is reached [39, 40, 41, 42]. Because of the localization in momentum
space, the probability for reaching high momenta is exponentially suppressed
and the atoms stay unionized. This is a purely quantum mechanical effect. Dy-
namical localization can also happen in the context of quantum dots as predicted
by Kravtsov et al [43].

1.5 The Kicked Rotator in higher Dimensions and
Experimental Obervations

As established earlier, the Anderson model exhibits localization in one and two
dimensions, but a phase transition can occur in higher than two dimensions.
This can be seen from the zero of the [ function under the one-parameter
hypothesis. I will now present a generalization of the kicked rotator and how it
can be used to design experiments in atomic condensed matter to establish the
theoretical predictions with high accuracy. All these experimental results are
taken from the article by Lemarie et al. [44]. The original theory was developed
by Fishman et al [45], Casati et al. [46] and Shepelyanski [47].

A simple way of generalizing the kicked rotator is done by adding additional
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incommensurate frequencies to the kicking strength so it becomes quasi-periodic

2

H= % +A(t) cosd Xn: 5(t —n) (1.53)
A(t) = A1 + ecos(wat + ¢2) cos(wst + ¢3)] . (1.54)

On first sight this seems to have nothing in common with the three dimensional
Anderson model. To see that there is a deep connection between these models,
one has first to find the correspondence between the quasi-periodic kicked ro-
tator and the three dimensional kicked rotator. Let’s start with the 3D kicked
rotator

2

H = % + WaP2 + w3pPs3 (155)
+Acos By [1+ ecos by cos O3] Z 5(t—n) (1.56)

and a special initial states
W(b,02,05,t =0) =E(01,t = 0)5(02 — ¢2)0(03 — ¢3). (1.57)

Because the state is strongly localized in the 65 and 03 variables, p; and p3 are
delocalized completely. In momentum space the state is completely spread in
the ps and p3 directions and with a certain distribution in p;. Again, one can
consider the time evolution of one kick with the Floquet operator

FU = ei()\ cos 61 [1+4e€ cos 03 cos 03]) % efi(pf/2+wzp2+w3p3)\j[} (158)

The time evolved state is then in the form

\11(917 92, 93) = 5(91, t)6(92 — ¢2 — wgt)5(93 — (bg — wgt) (159)
t
E(Gl,t) _ H ei()\ 00591[1+6 cos(92+w2t')cos(93+w3t’)])efipf/ZE(el’ t = O) (160)

t'=1

One can see, that the flat distribution stays the same in momentum space, only
the width evolves.

Now one uses the same initial state, but let the time evolution be governed
by the quasi-periodic Hamiltonian (1.53). Since it is not periodic in time, the
stroboscopic approach doesn’t apply anymore. Instead, the wave is acted on by
a time evolution operator that changes with time

F(t,t _ 1) — pi(AcosO1[l+ecos(pa+wat) cos(¢2+w3t)])efipf/2. (161)

Then the final state at time ¢ is built up from the single step time evolutions

()= [[ FE.¥ - 1)%(t=0). (1.62)
t'=1

Combining this with the plane source state, one can easily see that the Z(01,t)
and ¥(#;,t) evolves just in the same manner as for the 3D kicked rotator, hence
for this kind of initial state the Hamiltonians are strictly equivalent. For the
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quasi-periodic kicked rotator localization or delocalization happen in the p; di-
rection and reflect the properties of a three dimensional kicked system, which
in turn is equivalent to the Anderson model in three dimensions. One can see
from the time evolution of the state, that the states localized in 65,63 move
around in time. Since the frequencies are incommensurate, one ensures that all
possible phases will be approached with equal probability and an experimental
setup would sample all the space. This way the results are not changed by
imposing the initial condition of a plane wave onto the state and one effectively
simulates an anisotropic 3D Anderson model. A careful observation shows, that
with increasing A\ the disorder decreases (since the kicking strength affects the
hopping, not the disorder). Hence for low A one can expect localization and for
large A diffusive behaviour. Because the number of possible incommensurate
frequencies are not limited, arbitrary dimensions of the Anderson model can be
simulated by adding more incommensurate frequencies to the kicking potential.

Such a system can be realized with cold atoms. One can create a periodic
potential for atomic condensates by applying a standing wave laser setup (see
figure (1.3)).

Figure 1.3: A setup to cool down atoms and measure dynamical localization
with raman spectroscopy [48].

It should be sufficiently red detuned with respect to the atomic transition
such that dissipative effects play no role. If the standing laser is modulated
in time and with different frequencies, the Hamiltonian (1.53) describes the
system. One starts with a small localized cloud and let it expand for a while,
such that the initial conditions are washed out and one basically measures the
propagator. The maximum amount of time is limited by the experiment for
about 160 kicks. After this is done the momentum components are measured
by using doppler shifted absorption of one direction, preferably the direction of
fastest dynamics. For the delocalized case one would expect a Gaussian profile
in the momentum distribution and for the localized case the typical exponential
falloff. The spread in both direction is related to the value of the distribution
at p = 0 by <p2> (t) ~ N=2)(p = 0). So the time development of the spread
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can easily tracked by following the development of the p = 0 occupation over
time without measuring the total momentum profile at each point.
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Figure 1.4: The experimentally measured momentum distributions for the lo-
calized(blue) and delocalized(red) setup (left figure). The time evolution of (p?)
over time as measured experimentally(right figure).

Indeed, the measurements are in agreement with an exponential decay for
the strongly disordered system and a Gaussian spread for the delocalized regime
as seen in figure 1.5. Also in the delocalized regime, <p2> grows linearly in time,
as is typical for diffusive behaviour [44]. In the localized regime, <p2> saturates
after a short amount of time.
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1.6 Scaling behaviour

Since a real phase transition is expected at the point where the localization sets
in, one can define critical exponents. Approaching the critical disorder strength
from the insulating side (A > A.), the localization length & should diverge with
a critical exponent v as

E~r(A=2)7". (1.63)
However, in the localized regime the spread of the momentum always saturates
(D) (1)), ~E~ (A=) (1.64)
In the metallic regime (A < \A.), the momentum spreads diffusively
(p®) (t) ~ Dt, (1.65)
with a diffusion constant that goes to zero as one approaches criticality
D~ (A=), (1.66)

where s is a critical exponent. One could imagine, that at criticality, anomalous
diffusion of the form
(p?) (t) ~ t* (1.67)

with k # 1 takes place. To find an expression for k, one uses the general scaling
hypothesis

(p*) (t) =" F [(A\. — N)tF2] (1.68)
where F' is an analytical scaling function. To recover the behaviour of the
diffusion constant in the metallic limit, F(z) must scale as x*® for large s and
one gets

() (1) = "0 (A = N)". (1.69)
From this, one can read off that k1 4+ sko = 1. For large negative z, the scaling
function should conform to the insulating behavior, hence F(z) ~ (—x)~2", so
the time dependence is given by

(p?) (t) = thr=2vk (), — \) 7> (1.70)
Hence k1 — 2vks = 0. One can solve this for k; and ko and gets
2u
ki = 1.71
1= 5% + 2v ( )
1
ko = . 1.72
275 + 2v (1.72)

The piece of information needed to determine the coefficients is Wegners scaling
law [49]
s=(d-2)v. (1.73)
This leads to
k1 =2/3 ko =1/3v. (1.74)
At criticality, where A, — A\ = 0, the scaling function should be a constant and
the universal scaling behaviour of

(p*) (t) ~ tF ~ /P (1.75)

is predicted. Indeed, experiments are in very good agreement with this (see
figure 1.5).
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Figure 1.5: Experimentally observed scaling behaviour for the metallic(red),
insulating(blue) and anomalous(violet) regime by [44]

1.7 Multifractal behavior

At the Anderson transition, the wave functions of the system change consid-
erably. In the diffusive regime, wave functions are completely delocalized and
fill the space uniformly. Suppose a box of size b% (b > )\) was put somewhere
in the medium. Then the probability of finding the particle P ~ [, | dr is
proportional to the size of the box P ~ b%. On the other side of the transition
in the strongly localied regime, a box around the center of localization would
always contain the whole particle, the scaling of the probability would be in-
dependent of the length of the box P ~ bY. In the localized regime the wave
function is a pointlike object in space (because it scakes like a point), whereas
in the delocalized regime the wave function is d-dimensional. A local dimension
dimension can be defined for any measure around any point. The interesting
question is, how the transition between d-dimensional and singular object hap-
pens. To describe this, one uses the language of multifractality, a concept first
developed by Mandelbrot [50] and applied to wave functions by Wegner [51] and
Castellani and Peliti [52] .

For a general given measure, in this case [¢(r)|?, the dimension can be defined
locally and typically varies from point to point. The next step is to find a func-
tion that measures, how many points have a given dimension. This function
is the singularity spectrum. From a mathematical perspective, the singularity
spectrum has many similarities with the entropy. Whereas the entropy S(FE)
is a measure of how many points in probability space have a certain energy F,
the singularity spectrum f(«) is a measure of how many points in probability
space have the local dimension a. A more rigorous treatment coverering the
more mathematical details of dimension, entropy and information can be found
in [53]. There are several approaches for the definition of fractal dimensions,
but the most common in physics is via the inverse participation ratios (IPR)

Pq=/<|w(r)\2)qddr- (1.76)
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These functions depend on the system size (the case b = L) and scale with
critical exponents 7,4, that are related to the dimension of the wave function as
follows

(Py = L (Jg*) ~ Lo, (1.77)
The critical exponents 7, can then be used to define the fractal dimension D,
Tq

D, = .
q q—l

(1.78)

For the limiting case of the uniform distribution (aka the metal), the fractal
dimension is independent of ¢ and equals the space dimension d. In the insu-
lating regime with ideally localized wave packets, the fractal dimension D, = 0.
One sees that this definition is in accordance with the intuitive picture for local
dimensions developed earlier. However at the critical transition (and around),
D, is indeed a function of ¢ with 0 < Dy < q.

One can split 7, in the normal part that scales just like the uniform distribution
and the anomalous dimension A,

Ta=d(qg—1)+ A, (1.79)

This choice for the anomalous dimension is rather convenient. For instance for
one wavefunction the spatial correlation of the intensity falls off like Ay [51]

7\ Az
L2 (|92 ()2 (r')]) ~ ('T;T |) : (1.80)

A similar scaling law holds true for the correlations of different wave functions
. . . . d . .
with an energy mismatch w, where L is substituted by L, = (é)l/ , A is the

mean level spacing, as long as L < L,,w > A as suggested bwy Chalker and
known as the dynamical scaling hypothesis [54]. Chalker also predicted that
the correlations in real and spectral space are related and can be unified to one
spatial /spectral correlation function, which was verified in the strong fractal

regime [55]

7\ A2
Clr,w) ~ (""L_”) (r>1,L, <L), (1.81)

[ being the mean free path.

The next step is to introduce the singularity spectrum f(«), given formally
as the Legendre transform of the exponents 7,

7(q) = qa — f(a), q= %, o= %. (1.82)

The singularity spectrum f(«) gives the scaling of all points with local dimen-
sion a (here the wave function scales as |1)(r)|*> = L™®). The number of these
points thus scales as Lf(®). For a pure metal, f(a) is very sharply peaked at
f(d) =d and f(a) = —oo for all other arguments, which again shows that the
definition is meaningful in showing that all points scale the same in a metal.

When increasing disorder, this peak becomes first broader and is parabolic (weak
multifractality for d = 2,2 + €), whereas close to criticaly D, << d, (d > 3)
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with a non-trivial dependence of the D, on ¢. This is known as the strong
multifractality.

Mirlin at al. [56] found a symmetry relation between the different anomalous

dimensions, namely that
Ay =Ay 1. (1.83)

The anomalous dimensions are thus symmetric around ¢ = 1/2, which in turn
leads to a relation for the singularity spectrum

f@Qd—a)= fla)+d—oa. (1.84)

Let’s look at an experimental verification of those relations. Microwaves are
used as opposed to quantummechanical matter waves. There is no problem,
since there is a one-to-one correspondence between the stationary Schrodinger
equation and the Helmholtz equation. For this reason, many experiments on
localization have used classical waves. The experimental challenges are different
than for the cold atom experiments. The losses of intensity due to absorption
can be quite high and results are sometimes difficult to interpret.

In the following I will describe experiments by Strybulevych et al. [10][57]. They
used discs of brazed aluminium beads to simulate a disorded environment (see
figure (1.6)).
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Figure 1.6: a) Left panel: discs of randomly brazed aluminium beads. Right
Panel: transmission spectra of these discs. Low transmissions are a hindrance
for the experiments. Pictures copied from [10]

One one side of the disc, an ultrasound source is placed to emit waves into
the disc. On the opposite side of the disc a probe can measure the intensity
of sound waves on the surface. An intensity profile can then be made. The
relative disorder strength is controlled via the frequency. The measurements
cannot be performed for all frequencies, however there are clearly two frequency
bands, one of which has diffusive wave behavior (=~ 0.2M H z) while the other
has localized wave packets (=~ 2.4M Hz) as seen in figure (1.7).
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Figure 1.7: Intensity distribution for ultrasound waves propagating through a
random medium. a) diffusive regime b) localized regime, pictures are copied
from [10]
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Figure 1.8: Spectrum of the anomalous dimensions (black squares) for the lo-
calized ultrasound experiment close to criticality. One can clearly see the sym-
metry of the curve around ¢ = 1/2. The red open circles are for comparison
and are measured for diffusive light speckles where A, ~ 0. The inlet shows
the bilogarithmic plots for the determination of A, for ¢ = {-2,-1,0,1,2,3}
by Strybulevych et al. [57]

Next, the approximate inverse participation ratios were measured. Instead
of changing the system size, the coarse graining size b over which the intensity
was averaged was varied

fes =S oe] (5 e

= =0

In this notation, B; is the ith box, all have the same length b. By varying b,
the exponents 7, and the singularity spectrum f(«) could be determined. By
plotting In P, versus In (b/L), the anomalous dimensions can be found by the
slope of the emerging graphs. The symmetry relation for the A, (1.83) is indeed
fulfilled (see figure (1.8)) and it was verified that an anomalous spectrum exists
beyond the critical region.
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1.8 A short introduction to variable-range hop-
ping transport(VRH)

This introduction is mainly based on a chapter written by Spivak and Shklovskii
[66].

It was Mott, who first introduced the concept of VRH [70]. VRH is a pro-
cess, that is predominant at low temperatures in localized electron systems.
One considesr a system with impurity concentration N, the energy levels of
which are randomly distributed around a band of width A around the Fermi
level. The resistance between two impurity centers of such a system is given by

L) Fe# o TR
R12

(1.86)
Here I(r12) is the resonant overlap integral, r12 the distance between the centers
and a the localization length. The effective energy mismatch between the two
impurities is given by

1
61225(‘61—6F|+|€2—€F|+|61—€2D (187)

For a known impurity concentration and width A, the typical value of the
energy mismatch €12 can found to be Ay, = A/Nr$,. This result can be used
in equation (1.86) to find the distance 712 that optimizes the conduction to be

BA

12 =~ (TO/T)I/4 Ay = T()1/4T3/47To = N3’

(1.88)
where (3 is a numerical factor.

That origin of an optimal distance can be understood as well. Because the
energy levels are randomly distributed, one needs phonons to allow for the in-
elastic transport of the electrons. However, at low temperatures, phonons are
rare and have mostly a small energy. This of course favors hops, with only a
small energy mismatch (hence the exponential suppresion in (1.86)). The larger
r12 i8, the more probable a small mismatch of energy is. But, at the same time,
the resonant integral decreases, which is another important factor in quantum
transport. These two counteracting effects lead to an optimal average hopping
distance. Using again equation (1.86) one obtains for the resistivity the following

temperature dependence
(E)l/(l
p = poe\ ™ (1.89)
How is this effected by Coulomb interactions between the electrons? The
Coulomb interaction creates a gap of the single electron density around the
Fermi surface [58] . This results in a sligthly different resistivity dependence at
low temperatures, because small energy mismatches around the Fermi surface

are hindered. This gives for the resistivity the form

1/2
p= pge(%) . (1.90)

Of importance for this thesis is the question, how interference aspects change
the behaviour of the hopping. Because the hopping happens under emission or
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absorption of a phonon, phase coherence between hops is lost. But the resonant
integral is sensitive to the scattering events during the coherent electron tunnel-
ing. Following the rules of quantum mechanics, the overlap integral sums over
all ways a particle can tunnel from site 1 to site 2. Since r15 is on average larger
than the typical distance between the impurities, multiple scatterings have to be
taken into account. The remainder of this thesis, will focus on how this overlap
integral depends on the occupation of the scattering sites and the nature of the
particles.

With these results the introductory part of this thesis is concluded. This how-
ever covered merely a fraction of all the mathematical and physical results that
have been gathered over the years. The role of interactions, like the dephasing
and destruction of single-particle localization at higher temperatures [59] were
not discussed. Neither was the interesting topic of Many-Body localization in
Fock space [60]. Also the more formal approaches via nonlinear o-models [61, 62]
and the relation with random matrix theories [63, 64] and the classification of
symmetric spaces [65] are skipped. However it should be clear, that Anderson
localization is an active and still growing field that deserves theoretical and ex-
perimental attention.

Most of the results and effects presented here were derived from a single par-
ticle picture for which the theory is fairly well understood. The fascinating
topic of Anderson localization in an environment with many particles present
is less studied and for many questions there is no consensus in the literature.
In the following we propose a technique, that can deal with systems if strong
local particle-particle interactions are combined with short range hopping at low
temperatures in a disordered medium.
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Chapter 2

Statement of the problem

In this thesis I want to investigate the localization of particles in a disordered
medium when many other particles of the same species are present as well. We
want to generalize the known locator expansion originally invented by Abou-
Chacra et al. [67]. For a supersymmetric locator expansion see [55, 68].

First a suitable Hamiltonian to model the physical system has to be defined.
In this case it will be the Hubbard Hamiltonian, which is local in its interactions
and allows only nearest-neighbor hoppings.

2.1 The Hubbard Hamiltonian

The Hubbard Hamiltonian is given by

i (i,5)

Here the I;ZT and b; are the creation and annihilation operators for a particle on
site 7, the J;; are the tunneling coefficients between neighboring sites. One can
see, that the tunneling destroys a particle on one site, but creates another one
on a neighboring site. This way, the particle number is conserved.

In the Hubbard approximation [69], only an on-site interaction depending
on n; exists. For a finite number of particles, the on-site interaction can always
be expanded in a Taylor series.

Suppose one has N particles, then a on-site potential U;(7;) is defined by the
N diagonal elements of the matrix (n;| Ug () [n;) = U(ni)0n, ;-

Hence

N
Ui(n) = > _ Uin/. (2.2)
j=0

31
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This can be rewritten as a (N 4+ 1) x (N + 1) matrix equation

00 01 02 . ON
Ui(O) 10 1! 12 ... v UZ_O
: — S : : (2.3)
Ui(N) ST A
N N' NZ ... NV

Since all the rows of the matrix are linearly independent, it is an invertible ma-
trix and one can always find the Taylor coefficients.

For physical applications one can assume, that U;(0) = const troughout the
system. Also, since the interactions do not depend on the depth of the well the
particle is in, one can conjecture that U;(n)—U;(1) is a function of n > 1, that is
independent of the lattice site 7. For a disordered lattice, intuitively one would
expect U;(1) to vary from crystal site to crystal site according to a probability
distribution p(U;(1)). The J;; can be assumed to be constant for all nearest
neighbor pairs (7,7). A magnetic field would give an additional phase factor to
each connection between two sites. The number of nearest neighbors depends
on the lattice geometry and the dimension d of the system.

For fermions and hard-core bosons, only the occupation numbers 0, 1 are of
importance. One can use the Heisenberg equation of motion to find the time
dependence of an annihilation operator. By taking U;(0) = 0 everywhere on the
lattice and in the absence of a magnetic field, one has in the non-interacting

case

H = eim; = (bl + b1 (2.4)
@ (i)

This Hamiltonian can be used to create the time evolution of the creation/annihilation

operators via the Heisenberg equation of motion

b (t) = [Ei(t), H] . (2.5)

2.2 Hard-core Bosons and their commutation re-
lation

One of the purposes of this thesis is to verify the prediction Miiller made about
the Green’s functions of fermions and hard-core bosons . He argues that despite
very similar level occupations, the Green’s functions do differ by signs [75]

i~ 2 ==, (26)

P={jo=0,....ji=i} 1

This equation describes how the Green’s function behaves by summing over the
contributions of all possible paths P between the site 0 and ¢ and their fac-
tors which depend on the random on-site energies ¢; and on the nature of the
particles, B = 0 for fermions and B = 1 for hard-core bosons. The equation
was derived by the truncation of the Hilbert space for hard-core bosons and by
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assuming the commutation law [Z)I, l;j:| s di; [1 — 2B (1 — 7;)]. This however
has to be taken with care, because this relation technically holds not for all
hard-core bosons.

In nature there are in principle two distinct types of hard-core bosons.
The first kind is of composite nature, as in Cooper pairs [72]. Here the boson
is built up from two fermions

bh = elel. (2.7)

Since fermionic operators fulfill the identity é¢féf = é¢ = 0, for this kind of
hard-core bosons the relation

bibt =0, (2.8)

strictly holds. Further then
[&ﬁ}=1—2ﬁ5 (2.9)

Then there is the case of strongly interacting hard-core bosons. This means,
that they can never occupy the same state, because of an energetic penalty.
Nonetheless, regular bosons (even with interactions) can create two particles in
a state bTbT |0) = |2).

I want to find an algebra, that effectively describes hard-core bosons. leen a
bosonic system, one starts with a set of bosonic creation operators b where
1 denotes the lattice site. The application of those creation operators on the
vacuum create Fock-states at each site. It is enough to focus on one lattice
site and remove the index i. For convenience, a finite Fock space is assumed,
i.e. [0),[1), -|N). Then the hard-core boson creation operator af should be a

o\
linear combination of all the other creation operators af = Zf\io a; (bf) . The

bosons should depend on some parameter U (it is dimensionless and in this
section not an interaction energy!) that describes, how strong the repulsions
are. The case of hard-core bosons is the limit of U — oo.

One also demands that

(Ola) =0 (2.10)
(1]a) = 170(%) (2.11)
(nla) = O() (212)

This means, by increasing the repulsion, it should be less and less likely to find
a particle in a state with a higher occupation number than one. One possible
normalized creation operator looks like this

N e_U(j_l)/2 (Z;T)j U
1—e
AT — - N/ N R
a'=C E NG ,C T T (2.13)

j=1
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Taking the commutator of that expression gives

l] = PSS 2 2.14
[“7“]—||;;M{7()} (2.14)
—|CP ({b ,;f] Le % [...]) , (2.15)

The term in parentheses in the second term on the right hand side is decreasing
with U and has an upper bound. Hence in the limit of hard-core bosons

lim [a,a'] =1. (2.16)

U—o0

So mathematically, there is a difference between these two types of bosons even
in the limit of infinitively repulsive interactions. However, one could never di-
rectly observe this difference.

The purpose of this thesis is to introduce a technique that does not only al-
low to calculate the Green’s function for hard-core bosons without a truncation
of Hilbert space and alteration of commuation laws, but is also capable of pro-
ducing corrections when the interactions are not infinitely strong. As will be
shown with the help of Hubbard operators, the single particle Green’s functions
obtain corrections of the order (W/U)~1, W being the bandwidth of the energy
distribution and U the interaction potential.

2.3 The failure of the equation of motion ap-
proach

In this section it will be shown, that the classical approach via normal via
equations of motion leads to equations that cannot be handled at all. Especially
it will be obvious that there is no good parameter one can use to develop a theory
for hard-core bosons U — cc.

The usual particle creation and annihilation operators are given by é' and ¢,
which fulfill the commutation/anticommutation relation

[c ej} =6y, [AB],=AB—yBA (2.17)
n

where n = +1. The + is for bosons, the — is for fermions. The Green’s function
is defined as

GEp(t, 1) = FiO{ (¢t~ )} ([A(1), BW)], ), (2.18)
and the thermal quantum mechanical average as
(X) = Z e {Xe PH-1NY - 7 = Ty {e AH-1N)Y (2.19)
The time-dependent operators are given in the Heisenberg picture by

A(t) = et A(0)e ! (2.20)
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The Green’s function satisfy the equation of motion

i%GiB(t, t) =t =) <[A(t), B(t’)]n> + Gl (1) (2.21)

One can define the Fourier transform as
1 [ )
GE p(w) = o / GE L (t)el“tdt. (2.22)
, P A

This function can be generalized for complex w which is everywhere defined but
on the real axis

Gap(w) =G p(w) if Sw >0, (2.23)

G, pw) if SE <O. (2.24)

A Fourier transform of the equation of motion (2.21) shows that

1
wGa B(w) = - ([A, B]) + Gla,m B(w) (2.25)
and it can be further shown that
, o0 e—iw(t=t")
<B(t )A(t)> = 161_1}61+ - [GA,B(W + 16) — GA7B(UJ - 16)] mdw
(2.26)

For both fermions and bosons one has

(01,75 = 13b; (2.27)

2.4 Approximation for the atomic limit

In the atomic limit (no tunneling between sites, no disorder) one has as a Hamil-
tonian for bosons approximately

1
H:TOZni—i—iUZm(ﬁi—l), (2.28)

given of course, that the repulsion is very strong and one has a simplified inter-
action (one particle reacts with all others on that site equivalently, no spins).
This is of course equivalent to

H= (TO - [2]) > i+ %ZnQ (2.29)

Certainly, making the hardcore boson assumption 72 = 7; at the beginning,

one receives immediately the single particle Hamiltonian H = Ty ) . n; But
withstanding the temptation for this simplification for now leads then to

ib(t) = {Bi(t), H] — (To + U) bi(t) + Unibi(t) (2.30)
This in return means that
U U

d o + 14
%Giﬂ’(t -t =6t—-t)+ (To + 2) G+ EF”' (t—t) (2.31)
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Here ng = —iO(t —t') < [ml;z(t), E;r(t’)} > Oune can then find the equation of
motion for I" as well

. d L2 > . (s ;
i T (=) = o(t —¥) <{nibi(0), b;(())]> —ie(t—t) < {z (nibi)t), b}(t’)} >
(2.32)
One has that <{ﬁli)l(0), IAJ;(O)}> = 20;; (n;). Using the basic commutators, one
has |:TAL7IZA)“1?LJ:| = (SZ]TALz Also one has that |:7¢LZZA),L7TALJ:| = (52']' <2TAL12[A?Z + TALZ[A)Z) This

leaves us with

. d .
%rgj (t—t") =06(t —t")2(A;) + ToL} (t — ') + UTF (¢t — 1), (2.33)

with T2 (¢ — /) = —i@©(t — t') <[ﬁfl§i(t), Ej(t')] >

The two final equations can also be conveniently written as Fourier trans-
forms (retarded and advanced)

1 U U

EGij (w) = %5” + (To + 2> Gij (W) + 5].—\21] (w) (234)
1

wl'};(w) = 5032 () + Tol};(w) + UT3; (w) (2.35)

One could go further towards finding I'};(w) which would require I'};(w). This
of course goes on recursively. After setting I'? = 0, one finds for I‘%j (w)

dij (i)

Tijw) = - PR (2.36)
Thus
_ 0 1 —2(f;) 2 (M)
Fiy(w) =5 (w— (To + 9) +w—(TOJrU)>' (237)

This means, one has a splitting into two energy bands. The choice of where to
make the approximation did change the result seemingly qualitatively. However,
one should remind oneself, that the second energy band should be never occupied
in the hard-core approximation, so the two results are physically the same.

2.5 Inclusion of tunneling

Starting point is the equation of motion

i%ij =0t —t')dy; —10(t — ') < [[Bi(t)’ H} 7;;T(t/)} > . (2.38)

Using the Hubbard-Hamiltonian with interactions

=m0 30 (b +8l) + 5 Yasti—1). (239
i ij 7



2.5. INCLUSION OF TUNNELING 37

For the treatment of the equation of motion, the following identities are very
useful

[i%ﬁg} = 51‘;‘53‘; [i)u I;}Li)k + i)zl}]} = 6¢j5k + 6ki13j (2.40)
[ﬁiéiaﬁj} = 0ijN; {ﬁzi)“ﬁj} = djj (2&%51 + lelA)l> . (2.41)
T _ U

It is convenient to rewrite the Hamiltonian in terms of & = ¢; —U, U = 3.
The tildes are ommited further on.

H=3ani— Ty (bb;+00b;) + U a? (2.42)
i ij i

In the following I will build up a hierarchy of Green’s functions. Since the
Hamiltonian is time independent, it is convenient to work with the Fourier-
transformed F(f)(w) = \/% [, f(t)e 't dt equations

0ij

0ij
= i+ U)G —-J G )+ 2G, 2.44
Var Z (@) + 2G5 () (2.44)
Let’s again define
T5(w) = Gang, g1 (@). (2.45)

Then one has the time derivative

gt = ot = 015 (b)) e ([i(aran)i] ) a0

The very first average equals (see the appendix for advanced commutator rela-
tions)

<[ﬁml;, IAJT}> = <ﬁm + ml(_l)kcmkﬁm—k>  Cop = mfk (S —iS— k:)

k=0 s=0
(2.47)
Now .
i(ﬁ?éi): {ﬁ?l}i,H} (2.48)
Here one needs to evaluate the commutator of that Hamiltonian step by step
[ﬁ?@i,Zekﬁk] = ;n"b; (2.49)
k
Then also
b, —Jy (B}Bk n z};i)j) _ —ZJZ [Ambl, J }
(5k)
(2.50)
R m—1
=-27 ) (ﬁ;"bj + ) (1) Consit]" by — b (Z Crns 1 ) >
Jj€Es; s=0
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Lastly
[ﬁ;”@l, U ai|=U (Qﬁ;"“i)i + ﬁ;ﬂéi) (2.52)
k
Defining
H%] — Gﬁ{”?)k,f)y (2.53)

one comes to the conclusion, that the equation of motion for the I'" is

6 m—
—wI]) = < Z KA k> +ell) (2.54)

k€o; s= s=0

(2.55)

Here it becomes apparent, why this approach is not very convenient. For
once, one creates a big and clumsy hierarchy of equations. It is hard to judge, at
which point a truncation would be meaningful, since there is no small parameter
for expansion. Even more disturbing is the presence of the interaction strength
U in those equations, since one is interested in the limit of U — co. For those
reasons, Hubbard operators will be introduced.

=0
m—1 m—1
—27 Y ( Bk Z CmsZl = Y cmsc;ﬁ;n_l_s,;z,;?)l;;> +U (207 4+ T



Chapter 3

Hubbard operators and their
basic properties

The idea of Hubbard operators is not exactly new, but its application to bosonic
system really only became necessary after the advent of experimental cold-atom
techniques. The Hubbard operators were first introduced by Hubbard in 1967
[71] and applied to describe phenomena in fermionic systems.

For a single site the Hubbard operator connects two states X;; = |n;) (n;|.
One has that X% X = 5ij”. From this then follows

[(Xij, Xia] = [na) (ngl ) (ra| = ) (| [na) (ng| = 650X — 60Xy (3.1)
For different lattice sites ¢t and s this generalizes to
[XZ?;), X,g?} = a0 (0,6 X0 — 01 Xj) (3.2)
The anti commutator is then given by

{Xij, X} = 0u Xt + 01 X (3.3)

The difference to the fermionic case lies in the allowed values of 4, j, k and [.
One needs the correspondence between the regular creation and annihilation
operators and the Hubbard operators. One has to demand that (n|7|n) = n
for all the allowed values of n and that the typical commutation relations are
obeyed

{a aﬂ = 5. (3.4)
:F
For spinless fermions this can only be
el = x10) é= X% (3.5)

whereas for bosons one must have (up to an overall phase factor)
i)"‘ _ Z /TL ¥ 1Xn+1,n7 B: Z /n I 1XTL,TL+1 (36)
n=0

39
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Then
. (oo}
bih = Z Vn+ 1v/n/ + 1Xnthe xnihni+l (3.7)
Z Vi IV FIXMEHE =N DX = (3.8)
n,n’=0 n=0

Also one can check that

[B.61] =B~ 81— 3 (n DX~ 3 )X = ann:. (3.9)

n=0 n=1

One wants to use (3.7) on the general Hubbard Hamiltonian (2.39). Now
the basis for the Hubbard operators are the Fock states of the different lattice
sites |n;). The one-site Hubbard operators themselves are of the form X" =
|n1) (n2];. They are tensor products of Hubbard operators of all sites, but
the other sides are represented by the identity. Since the product states for
a complete set, all the operators can be represented by Hubbard states. The
Bose-Hubbard hamiltonian can then be rewritten as

H= ZZemzml nl|+JZ Z < (n; + 1) nj |n; + 1) (ng| In; — 1) (n,]

=0,n;1
(3.10)
ey g+ 1) o = 1) Gl g+ 3) () 4032 S o = 1) )
S (3.11)

Without hopping, the Hubbard operators diagonalize the single site Hamil-
tonian
U= Z (ein; + Un; (n; — 1)) X™m (3.12)
A toy model of a hard core system with only one excitable mode per site
without hopping would look like

=) E@X!T 4 (2 +2U) X7 (3.13)
i J

One can also use the Hubbard operators to find a new representation for the
thermal one-particle Green’s function

Gutri =) = (L () = 3 VIFIVIFT (15 )7 ).

4,j=0
(3.14)
As start for the perturbation one always uses
),
<TTX;; (11)X; (T2)> = =N (3.15)
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For the general setup one demands that A} = (exp+ Up(p —1)). With p,q =
0,1 for fermions and p,q € Z, for bosons. H;,; is given by

Hip=J Y Vr+1Vs+1 (X{’“"TX;S“ + Xg“’rva”l) : (3.16)
r,s=0

For the evaluation of the Green’s function, one needs to expand the o(8) matrix

8 1 8 8
o'(ﬁ) — T_re_ fgﬁ Hint(T)dr — TT (1 — / Hint(T)dT + 5/ / Hint(Tl)(Tg)dTl dTQ - >
0 0 0

(3.17)
What follows are averages of products of Hubbard operators, that have to
be handled with care.

3.1 Wick’s Theorem

For almost all applications in Many-body physics, one is interested in the time-
ordered quantum thermodynamical average of a product of operators with re-
spect to the original Hamiltonian

<THXi> = %ﬂ (TeﬁHo HX) , Z = Tre PHo, (3.18)

Because the operators do not commute, the normal form of Wick’s theorem
doesn’t apply anymore. Instead one has to use a general form that I found
without proof in a paper by Slobodyan|[74].

(TP X (e ) X (D)X () - X)) (319)

Tt m—1
= (=) g (T — 1) <T{[X10‘1,X?]:F1 X532 (1) ... X (Tn)}>0 +... (3.20)
(Do (7 = ) (T{XTH (1) - X077 () (X, XR1T ] (3:21)

where p; is the number of Fermi transpositions of the operator X§(7) from
the original position to the position ... X (7;)X§(7)... plus 1. For bosonic
operators p; = 0. The g§;(7 — 7;) are the Green’s functions of the “zeroth
approximation” :

96i(T — 1) = 00ig" (T — 75) (3.22)
(3.23)

Using the linearity in the Hamiltonian, one gets

nT(Apq), 7> T

gPQ(T — Ti) = e(T*Ti)APq{ n:‘:()\pq) Y1 <

(3.24)

with .
ntf(\a) = (M F1) . (3.25)

The upper sign is always for bosons, the lower for fermions. Probably more
important is the frequency representation of gP?, which is given by
F1

9" (wn) = B lom =) (3.26)
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The proof of the generalized form of Wick’s theorem follows basically the
one for the regular Wick’s theorem in the book by Bruus and Flensberg [73] and
uses the equation of motion technique. The Green’s function for n/2 particle
non-diagonal Hubbard operators is defined as

GU (onmy, - anmn) = (1) (Ty [X' (11) ... X (7)]) . (3.27)

Note that n must be even for the Green’s function not to vanish.
The permutation of n operators is defined as

P(X*(1)... X% (1n)) = XP(1p1) ... XF (Tpp), (3.28)

where Pj is the jth variable of the permutation P. If one takes the bosonic or
fermionic nature of the Hubbard operators for granted, then the time ordering
prescription is unambigious and one can rewrite the definition as

Gg(al, e 70[2) = (—1)” Z (:l:)P@(Tpl—Tp2) e G(TP(n—l)_TPn) <XaP1 (Tpl) .
PeS,

(3.29)
The Os are just the regular Heaviside functions. If one takes the derivative with
respect to any 71 of the above equation, one gets two contributions, one by the
derivative of the © function, the other by the derivative of the time dependent
operators. Using the equation of motion technique, one can show that in the
case for two operators

For the free case one has Hy = >, \; X", So [Hp, X®] = A\ X® with ),y =
Ap — A¢. Then it follows that

—0r, — Apg - U e
<[Xa1,m’Xa2,T2]jF>—(Galaz) =g (n — ) (3.32)

(Note: in case of different sites, there would be an additional ¢;; for the site
index. For two Hubbard operators, the (anti-)commutator is time independent).
The equation has to be understood in the sense that (G}llaz)fl Glia, =0r—ry-
The last definition is done to get accordance to Slobodyans paper.

One can generalize this equation of motion. Initially one notes, that the A\,
came only from the derivative of the Hubbard operator. If one constrains the
derivative to the © functions, i.e. 9, — 9 one can derive the more general
formula

()" 6§ = [~o8ag] . (3.33)
where the [|; means a reduction to time arguments of the form 7; —7;. Now one
uses the RHS of equation (3.33) on equation (3.29). First one looks at the only
two terms, in which two specific times 7; (the one from the time derivative) and

7; are directly next to each other. This has to be, because the © functions only

..XO‘P"(TPTL».
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connect, directly neighboring operators. The two term naturally differ in their
order, so one has

[~09GE] = 8(r = 73) ([ (- X (1) X% (7). ) £ [ ] (. X9 (1) X (7).
(3.34)
=0(r =) [ ] (- (XY XL (1)
3.35)
The [...] are products of © functions that only contain times 7, # 7;. Now

this can be done with all other operators by summing over j and replacing the
derivative by equation (3.33)

(65971 GYY = 3o —0(m =) [ X XL (7)) (3.36)

If one brings the gg*“’ over to the other side, one can integrate over 7; from
—pB to 7;. One knows the solution for the special case, namely that all times are
equal. In this case the product of Hubbard operators can be evaluated directly.
The result is in accordance to the generalized Wick’s theorem:

G (ay ... ag,) = Z(:I:)jﬂggiaj (1 — 7j) %
’ (3.37)

X <X“1(7'1)7 co, X1 ) [)(aj7)("3"i]jE (1) X+ (Tj4q) ... X (Tn)> .
(3.38)

In the above equation, the Hubbard operator with index i is separated out and
what is left are time ordered products of n — 1 operators. This can be brought
into the form in Slobodyans paper by remembering the sign convention for the
Green’s function.

Attention!!! With Wick’s theorem, diagonal Hubbard operators of the form
(X% — X11) (7) are created. From the basic equations of motion is is clear,
that these are time-independent, i.e.

X" (1) = X"(0). (3.39)

These operators are nonetheless tagged with a time and are subject to time-
ordering. Thus they cannot be neglected in the further reduction of the problem!

One mainly uses Wick’s theorem to break down product of averages of Hubbard
operators into sums of products of simpler functions and weighting factors. It
is still quite cumbersome to apply Wick’s theorem for bigger products. For
bosons additional signs are created by the commutators, whereas for fermions
the ordering creates new signs just by itself. So for the case of bosons one can
use a graphical method that helps with the book-keeping of all the appearing
factors.

Ti)eoi).
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3.2 Direct Checks on simple examples

3.2.1 Free Bosons

One has to check, whether the generalized Wick’s theorem works for simple
cases. Especially it has to converge to the well-known, regular Wick’s theorem
for U — 0. To this end we calculate first the one-particle Green’s function:

(o) o0

<T713T(T1)13(72)> = <TT SN Vn+1v + 1X”+1*"X””"’+1>. (3.40)
n=0n’=0

One knows that in Fourier representation after analytical continuation

<Xn7n> _ <Xn+1,n+1>

Xty 5 3.41
< > ’ B(w—e€) (341)
For the free case, (X™") is given by
e nBe > 1
Xy = Z= bl — 3.42
(xmmy = S, S - (3.42)
So (3.40) reduces to
R R 1 e e—nﬁe _ e—(n—i—l),Be
T P
<TTb (Tl)b(72)> = ;0 () 5y (3.43)
One just have to evaluate the sums with the sum rule for geometric series
> 1 = 0 o™ _ 0
—nfBe __ _ —nfe __ n=0 _
Serio itz T - 5 ?
Z I—e 2 o(—Be)  a(—Be)
(3.44)
i(n 4 1)e—(n+1)ﬁe) — i ne—"he — 9 7
n=0 n=0 8(7’86)
(3.45)
Putting all together we get that
S 1 2+ 502 ~ aca? 1
T (r)b(re) ) = - ‘ 9 = : 3.46
< (r)b(72) Z B(w—c¢) B(w—r¢) (346)

One can apply a similar calculation to a product containing more than two
operators. One can focus the discussion on the part that connects two specific
times, 7 and 7’

<ZA)TTIA)T/> - <"'Z\/an+1ﬁn(T)...Z\/an',n’+1(T/).”

n n’
(3.47)
At this point one uses Wick’s theorem. For the sake of clarity the other con-
tractions of ZA)T(T) with other times are ommited. One then has
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<“_Z\/mxn+l,n(7_)”_z /(n/+1)Xn/,7LI+1<T/>...>:

(3.48)

D gt =) < Y VDY Db (X - X (T’>>

n

(3.49)

Now one uses, that in the limit U — 0, g"*'"(r — ') = ¢"0(r — 1) =
G°(1 — 7'). The sum over n’ can be dropped and because both components of
the commutator are evaluated at the same time, the overall sum reduces to

D (A1) (X = Xty = N = (1), (3.50)
n=0 n=0

Since the identity is time-independent and invariant under time ordering it
can be dropped and one has

<. b b > =G(r—-1) (. ) /-7 + Contractions with other terms.

(3.51)
This is how the regular Wick’s theorem is supposed to work for noninteracting
particles. What happens if we try to reduce two creation operators with each
other, e.g.

<...13TT...13TT’...>? (3.52)

In this case, one has first the contribution

<. .. Z \/anJrl;n(T) ... Z \/an'Jrl,n’(T/) B >

n n’

(3.53)

= Z (n + 1) (n/ + 1)93-"_1’”(7— — T/) < .. ((Snl)n+1Xn'+27n — (5n7n/+1Xn+17n_1) (T/) .. >

n,n’=0
(3.54)
Again, in the free case, gi """ = o' for all n and one can focus on the Hubbard
term only.

= > VA D)0 + Do pa X2 = 5y g X (3.55)

n,n’=0
(oo} oo

=3 V1) (n+2) X" ="/ (n+ 1) nX" ! (3.56)
n=0 n=1

If one replaces the sum over n in the second term over the new variable n’ = n—1,
the second sum becomes the first, but just with a minus. This means, that all
98%(7 —7') and hence all g3° contributions drop out of the final equation. There
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must be an exact cancelation for the g2° terms. This is what one would expect
for the free particles given the well-known Wick’s theorem. This is an important
benchmark for any serious theory expanding the use of creation and annihilation
operators.

3.2.2 Direct check for a product of three Hubbard opera-
tors

The best check is still to apply the generalized Wick’s theorem for a simple
situation that can be followed easily. The smalles possible combination that is
non-trivial consists of three Hubbard operators and looks as follows

(T, XN (1) X2 (12) X?0(73)) = eM0ms—Anm2= ATt (9(123)° + ©(231)b' + O(312)b?)
(3.57)

The b™ are the probabilities of a site being occupied by n particles according

to a Boltzmann distribution b” = e’BE(”)/Z. The three probabilities satisfy the

relation

b0 = ePropl = eBrioghraip2 — oBA20p? since Aog = Aa1 + A1g- (3.58)

Straightforward application of Wick’s theorem leads to

(T, XM (1) X "?(12) X*°(73)) = (3.59)
g% (13 — 12)9™ (2 — 11) (bo - bl) — g (3 —1)g* (11 — ) (b1 —b ) . (3.60)

One can rewrite the free locators as

e)\i]‘T

i = BAij
gv(r) = m (@(T) + O(—7)e’ ) (3.61)
One first has to check, whether the time exponential is e*2073=A2172=A1071 jp
all terms. In the first term one has to use that A\jg72 — Ao = —Ao172. A

similar relation holds true for 7; in the second term. The remainder is then

— L (0@1)+ 013)e (Gt 0(21) + O(12)e 10 o=t O(12) + O(21)e =
a7 (OB +0(13)e”%0) | e (6(21) + 6(12)e”10) 4 S5 (6(12) + ©(21)e™)
(3.62)
For 71 > 75 > 73 this becomes with b1 = e=#*10p0 and b2 = e=Fr200
eBA20 1 — e Brwo eﬁ)\lo B e BAo _ g—BA20 0 (3 63)
eBr2o — 1 \ eBArio — 1 ePBra1 — 1 ’
Using that % A0 = 1 and that
_ Bra1_
—W = _e_mzo% = —e P22 one finds that indeed for this

time constellation the time exponential is multiplied with by. The same holds
true for the other time combination. (During the project Wick’s theorem for
4 Hubbard operators was calculated, but the results are too lengthy to include
here).
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3.3 Wick’s theorem applied to physical systems

This part gives a scheme that shows, how Hubbard operators can be applied
to physical systems and how the cumulant expansion (see appendix) can be
applied to find the last remaining terms. This is taken mostly from Sloboyans
paper [74]. Let us assume, that the Hamiltonian can be decomposed into

H==Hy+ Hj,; = Z hi+ > vij. (3.64)

i<J

The Hamiltonian is then separated into individual groups(sites) indexed by i,
which are eigenfunctions of the unperturbed Hamiltonian

hili,p) = Xy |i,p) - (3.65)

The Hubbard operators are then constructed as

with the properties
XPIXTS =5, XP* (3.67)
(xP)t = xo7, ZXPP =1 (3.68)
(X797 = 8y (G X0 8,07, (3.69)

One uses the commutator if both or one of the operators is of Bose type,
otherwise one uses the anticommutator. One can establish the type of operator
by observing the expression of the Hubbard operator in creation and annihila-
tion operators. If they can be expressed by an odd number of Fermion creation
operators, they are of Fermi type.( Because the way a creation operator can
be decomposed into Hubbard operators is not dependent on the interaction
strength, this property is conserved under a change of interaction strength.)

The Hamiltonian can then be rewritten with Hubbard operators

H= Z ApXPI4+ Y "N " BRATXPIXTS, (3.70)
1<j pqrs
where
paTS __ [ s S
BY™ = (pi,rjlv|qi, sj) - (3.71)

Further it was assumed that A;, = A,. For the correlation functions one needs
the statistical means of the Hubbard operators in Heisenberg representation

X(r) =efTXe HT, (0<T1<pB=1/kT) (3.72)
X(r) = eflom xe=HoT, (0<7<pB=1/kT). (3.73)

In the interaction representation, these terms can be reexpressed as

(T (). X ) = (TX{ (1) X2 o (B))g / (0(8) (3.74)
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where
(.)g=Tr(po...),p=e PHo Tre FHo (3.75)

whereas (...) is the average with respect to the full Hamiltonian. The temper-
ature scattering matrix is given by

(B H,(r) dr > (—1)"
O’(B):eTIOH e :Z( !)

n

B B
A dTl.../O dTnT{Hint(Tl)~~-Hint(Tn)}~
(3.76)

n=0
One easily sees that
XPUr) =M X Ny =Ny — Ag (3.77)

At this point, the generalized version of Wick’s theorem can be used. The
expansion of the mean value of the T product of Hubbard operators with respect
to commutators and anticommutators of the non-diagonal operator o = pq, p #
q can be done stopped when one of two cases happens. One ends with a one
point Green’s function

(T, X"(r) X% (1)) = ©(12) (X)) + © (X) (3.78)

or
(T- XY (1) X"(12)) = ©(12) (X)) + © (X ') (3.79)

or a time-independent product of commutators of diagonal Hubbard operators

<H (Xj1j1 _ Xj2j2)> ) (3.80)
J
These products can be very simply evaluated:

Since the groups(sites) are independent in the original Hamiltonian, it is suffi-
cient to look at the averages of operators from one group(site) only

oM 9Ne 9N
(XN (e = exp | ) miX™
< >o 877{\[1 877,?[2 377;in zz: 0/ 1{n;=0}

(3.81)
where a = p;p;. The off-diagonal parts are already taken out with Wick’s
theorem. The remaining averages can be evaluated using the equation (3.67).
It immediately shows that averages vanish, unless all «; are the same. Because
of the projector property, the final terms are always + (X ®). This is a special
case of the more general cumulant expansion, which is described in more detail
in the appendix.

3.4 Graphical evaluation of the Products
The goal is to find a way to keep track of all appearing terms in the evaluation

of averages of the form
<T{H X,fq}>0 . (3.82)

One has to evoke the generalized Wick’s theorem to reduce the order of the
product. It is given by (3.19). For now one needs only to consider averages of
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products X%, with a = 4,714+ 1 or i+ 1, ¢, i.e. simple creations and annihilations
of a single particle.

There exist some rules for simplifying the calculations with bosons

1. In each product, the number of creations and annihilations must be equal.
Otherwise the conservation of particles would not be fulfilled.

2. The contraction happens only within Hubbard operators of the same lat-
tice site. This follows immediately from the Wick’s theorem, as gg; ~ do;-
It should be clear, the different sites behave independently.

3. Reshuffle all operators such that operators with the same site index are
next to each other.

From the equation

<X12(T1)X21(7_2)> — <X22 o X11>gl2(7‘1 o 7_2) — <X11 _ X22>921(7'2 o 7_1)
(3.83)
one gets the symmetry relation gP?(7) = —g%?(—7). A closer inspection shows,
that for a given product, only time arguments of equal operators can be permu-
tated with each other, otherwise inconsistencies occur.

One can use a mnemonic device similar to the usual diagrammatic techniques to

keep track of the resulting terms within one group. The technique uses charged
arrows. One starts with horizontal lines representing the occupation numbers of

the site and arrows representing the corresponding Hubbard operators according

to the time they appear. For example, for the case of (X2 (1) X% (15) X?3(73) X32(74))
one can draw (see figure 1):

0

Figure 3.1:

1. Each arrow carries a charge. The charge of an up-arrow is +1, the one of
a down-arrow is -1.

2. Each arrowhead can only move on its own line. The tip of an arrow can
only connect to an end of another arrow. The same holds true for the
bottom of an arrow.
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3. Each time an arrow is created, it obtains the time of the added arrow. The
charge of an arrow can be seen from the distance of its two endpoints.

4. To avoid multiple countings, it is convenient to stick to enlarging one arrow
until the charge hits zero.

5. One should enlarge one arrow by using all possible ways of connecting
another arrow piece. This can be done either by moving the head, or by
moving the buttom. This creates an additional — sign.

6. Every time an arrowhead connects to an arrow bottom, the formula is
multiplied with the propagator ¢??(m3 — 72) of the moving arrow (taken
from the endpoints). The time argument is the difference between the
connecting (71) and the connected time (72). A similar thing holds for the
bottom of an arrow, but the propagator obtains an extra minus. (Since
one start with a positively charged arrow and end every time one hits zero
there is a stop, there is no need for further rules regarding the motion of
downward arrows.)

7. If an arrow connects to another arrow, and the resulting charge is zero, a
bucket is created (see figure 3.2). The bucket has still a time argument,
denoted by the time of the connected arrow (the handle is pointing at
the right time). Upon creation of a bucket, only a regular propagator is
produced. Afterwards one continues with another up-arrow.

v — 1
B

Figure 3.2:

8. A bucket cannot be moved, however another arrow can connect to it. This
can happen in three different ways. However for all three cases, the bucket
is used up, denoted by completing the circle within, as seen in figure 3.3 .
The three cases are:

e a) The up arrow is on the same level as the bucket. This results
an an additional —2 to the propagator, the arrow is conserved and
moves to the bucket.

e b) The arrow is on the level below the bucket. Here, no additional
sign is gathered. But the arrow still moves to obtain the time of the
bucket.

e ¢) The arrow is on the level above the bucket. The usual propagator
gains a —1. The arrow moves to the bucket and gets a new time.
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- /D

Figure 3.3:

9. Starting from one arrow, one has to connect it in all the ways possible.
One stops when there are only buckets left. Then one starts over with the
remaining combinations.

10. At the end average over the product of all the remaining open buckets.
Each gives a factor (X" — X97), where the i is the lower level of the bucket
and the j is the upper level.

Example: One can use the rules to find the expression for (X '2(7;) X! (12) X23(73) X*2(14))
The starting point can be seen in figure 3.1. Starting with the first up-arrow

at time 79, one has two possibilities of connecting the head further. In the first

case it moves to the left and recombining to zero with the down arrow to the

left. One therefore gains a factor g?* (7 — 71) and a bucket with time 7.

o

Figure 3.4:

Since zero was just hit, one has to start over with the remaining up-arrow. It
has two choices. For once it can create another bucket with the down arrow at
time 73. This produces a factor g3?(74 — 73). Now only buckets are left (see
figure 3.5), so one can average over them, since they are all open. This gives
the factor (X% — X1') (X — X?2))

So the total contribution is

9?15 — 1) g% (14 — T3) <<X11 _ X22) (X22 _ X33)>0.

Next comes the second way of connecting the second up-arrow. It can close
the first bucket. It gains the time 77 itself and the overall contribution gets an
additional —g3?(7; — 71) multiplied, because the connecting arrow is one level
above the bucket. The result can be seen in figure 3.6.
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C

Figure 3.5:

Figure 3.6:

The only option left is creating an open bucket in the top level. Because this
destroys the last up-arrow, one has to average to get the total contribution
—g?Y (73 — 1) g% (rs — 1) g% (1 — ) (X1 — X22),

Now we have to start over again. Instead of combining the 75 up-arrow with an
down-arrow, one enlarges it using the up-arrow at 74. This gives the propagator
g*' (12 — 74). This way a +2-charged arrow is created (figure 3.7)

Figure 3.7:

Again one is at a crossroad. The first choice is to move the tip to create a
+1-charged arrow at time 73. Since it is a +2 charged arrow, the propagator
changes to g3 (74 — 73)..



3.4. GRAPHICAL EVALUATION OF THE PRODUCTS 53

Figure 3.8:

The last recombination g2!(73 —71) creates another open bucket. The remainder
has to be averaged and the total contribution is g*! (o —74)g>! (74 — 73) g% (
) (X1 — X22)),

The last contribution one gets by alternatively moving the bottom of the large
arrow instead of the tip, thereby creating a factor —g®! (74 — 7).

T3 —

Figure 3.9:

Now one can again only move the tip of this +1 arrow (¢3%(7; — 73)). An

open bucket is created and by definition one gets the remaining contribution

(X22 — Xx39),
C

Figure 3.10:
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So the last contribution is —g*! (12 —74)g* (T4 —71)g?* (11 —73) (X% — X33>O.
To sum up all the contributions, one gets

<X12(71)X21(72)X23(T3)X32(T4)>0 = (3.84)

921(72 —71)g°% (14 — 73) <(X11 - X??) X*? - X33> (3.85)
g (12 = 11)g® (4 — 1) g» (11 — 75) (X — X*?) (3.86)

g (12 — 14) g (4 — 73)g° (13 — 1) (X1 — X*?) (3.87)
g (12 = T)g* (14 — 1) g (1 — 73) (X*% = XP) (3.88)

With these rules, one can find the contribution of each product of averages of
bosonic operators.

3.5 Connectedness

It is important for future applications of Hubbard operators to assert, whether a,
connectedness theorem is valid or not. This means that to the exact propagator,
only connected diagrams contribute, i.e.

% (T [XQ(T)Xﬂ(T/)UD =—(T: [XQ(T)Xﬁ(T,)O']>Con (3.89)

with o = T exp{— fo T)dr}.

Ga,@ =

The numerator in equation (3.89) is a sum of terms. It is necessary for the
connectedness theorem, that the terms containing more than one annihilation
(i.e. the diagramm contains more than one loop) factorize. For the case of
non-interacting particles this is trivially fulfilled by the Wick’s theorem, which
doesn’t apply in it’s original form here.
One has to differenciate between the different contributions of each diagram.
First there are diagrams with closed buckets (where an creation Hubbard op-
erator contracted with a commutator) and those without. The ones without
closed buckets have direct equivalents, whereas the closed bucket terms do not.
These terms can then be grouped again into the ones where the time arguments
propagate from one external time to the other, or where they take a shorter
path and the remainder forms a bubble.
At this point one makes the hypothesis, that for low temperatures, the closed
bucket diagrams vanish. It will be shown for a two-legged diagram, but so far
a proof for general n-leg diagrams is not there yet.
If this hypothesis was true, it would still not be sufficient to show, that only con-
nected diagrams survive. In the following it is shown, that for low temperatures
the connectedness theorem still holds, provided that out assumption about the
open bucket diagrams is true.

So for the non-closed bucket diagrams, the propagators do indeed factor,
however one is stuck with terms of the sort

<H [X‘IZX’B’L> = <H(Xi’i¢Xi+““)>. (3.90)

i %
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So for the theorem to work, these terms should factor as well. However, here is
a problem. Taken for instance

<(Xi,i +Xi+1,i+l)2> _ <X“ +Xi+1,i+1>2. (3.91)
The right hand side conveniently reduces to (b%)% + 2b°b°T! + (bi+1)2. Here
i —BX;
b = # =P -

The left hand side can be rewritten as {(X*%)2 )4 (X #E X LD L (XL X6 4
(XTHLIFL XL

Since (X*)? = X" one could guess that ((X")?) = (X*). From the cumulant
expansion one knows that

<X“X”> _ <X“X” con+<X“>Con <X”>Con _ a(_ﬁ)\)bz+bz _ blf(bl)2+(b7')2 _ bz’
(3.92)

so our assumption is indeed true. Also (X“X*TLiHL) = _pipitl For equa-

tion (3) this gives then

con

b4 b =T (b)) 4 27T 4 (b2, (3.93)

which in general is not true. This however forbids, that the terms cancel as
nicely as in the usual applications. Especially in the expansion (as can be seen
later for the calculations on the models), prefactors of the form ™ appear from
the disconnected diagrams. These powers of 3 diverge for 7' — 0, so one has to
show, that the remainder converges to 0 even faster.

One can see, that in the second order expansion (see below), the disconnected
factor is weighted by (It should be remembered, that in this notation bé-, the 4
is the state and j the site index)

(69 — b1)?(b3 — b3)? — (b + b1) (b3 + b3)). This term vanishes as T — 0, since
b' and b° approach 1 or 0. If one can show that

. Qi _ yeibladtly \ i _ oyl |
Jim_ <<H (X" - X )> H (X - X >> 0,  (3.94)
then the connectedness theorem holds in the zero temperature limit. Morover,

if this term approaches zero fast enough, all low temperature divergencies of the
form 8" will be unproblematic.

One can reduce the problem by noting that the averages on different sites van-
ish. One can also tentatively ignore terms standing for higher occupations than
1. This is not necessary and it is later obvious why these terms vanish. One is
left with the problem for operators of the kind ((X° — X*')™). The right hand
side of (3.94) simply becomes then (—sgn(e))™.

For the left hand side one can calculate (cross-terms vanish for the Hubbard
operators)

<(X0 - Xl)"> - zn: (7) <(X0)1(—X1)<"*’€>> = (XO) 4+ (=1)" (X"} (3.95)

For the last equality one used that (X™")! = X",
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Now

@0 =) = (@0 + ) = 3 () et < () -2
(3.96)

The last product vanishes exponentially for T"— 0. So one doesn’t need to worry
about divergencies in the low temperature regime. Since Wick’s theorem other-
wise applies just like the one for the usual creation and annihilation operator,
it is obvious that in the low temperature regime, all disconnected controbution
vanish. This is, because otherwise all diegramms have the same combinatorial
factors as in the well known case.

One can also see that higher occupations like X2 also lead to products im
the cumulant expansion that factor into by, which also vanish exponentially
(even faster due to the repulsion). Hence our assumption of neglecting higher
occupations is well justified.

This section shows, that the generalized locator expansion technique is par-
ticularily effective in the forward scattering approximation. Here, disconnected
diagrams do not show up, so the results are good for arbitrary U and T, as
long as the locator expansion itself is valid. One can in this case introduce the
generalized locator

oo

n+1
n=0
In the forward scattering approximation, any Green’s function can be written
as a product of the locators of all the sites of the contributing path and the
tunneling constants, which do not have to be the same for all sites (especially
in the case of magnetic fields).



Chapter 4

Applications of the Technique

In the following we want to apply the generalized locator expansion to several
simple systems.

4.1 Application to Lowest Order Tunneling/ For-
ward Scattering

For some physical quantities it is already enough to know the correlation func-
tion of a chain of sites. Here no loops and the such are considered. We are
especially interested in the difference between hard-core bosons and fermions.
The matrix elements for the lowest order tunneling between n+ 1 sites are given
by

<TT{X:;iTXf“’j H (XZ%I“”"““X;W“)}> (4.1)
k=1 0

The k could be different atoms or different states on the same site (that are

not interacting with each other). The sum can obviously be devided into n

independent couples of lattice site operators. Since one has only single site

bubbles, one does not need to worry about additional — signs for fermions.

Hence the overall contribution is

n n
g/’ik-‘rl,i » <H (X;Hk - _Xlik+17ik+l)> , (4.2)
k=1 k=1 0

given the connecting indices are the same, i.e. meaning that a particle jumps
exactly into the state from which is later jumps out again. Otherwise no rings
could be formed by the arrows. Since the product in (4.2) is over independent
Hubbard operators it decomposes into

<H (X;kzk _ X;k+1,ik+1)> _ H (<X;k,ik>o - <Xlik+1,¢k+1>o) (4.3)
k=1 0 k=1

In the case of hard-core particles, only the zeroth and first occupation need to
be taken into account. Hence the main contribution takes the form

[Laie T ((x2), -~ (x27),) (4

o7



58 CHAPTER 4. APPLICATIONS OF THE TECHNIQUE

For the bosonic case and T' — 0, one has that [[,_, (<X,11> - <X2’0> ) =
0 0

szl sgn(ex). Now it is convenient to go to the frequency representation (see
equation (3.26)) by performing the Fourier transform and the analytic continu-
ation. The result is

R (w) = i [ - Jerrasen(en), (4.5)

€L — W
k=1 k

Fermions on the other hand behave according to

R 11 Jerik
Gl (w) 1]};[1 p— (4.6)
This result was predicted by Miiller [75] on heuristic grounds and could be
proven with this technique systematically. It shows, that there is indeed a dif-
ference between hard-core bosons and fermions, even though they have the same
occupation statistics.

4.2 Hopping between two sites

The following parts are restricted to bosons. An important form of hopping is
the back and forth hopping between two sites (1 — 2 — 1). It is crucial for
estimating contributions of diagrams that vary in space by an additional 1-loop.
In this section all diagrams are calculated and it is shown that the closed-bucket
terms go to zero as T — 0.

This contribution is given by the following expression

B B
J? / / (XD () X10 (1) X9 (m2) X9 (1) X3° () X{0(7) ) drydra, (A7)
0

where J is the hopping constant. The goal is to find this term in frequency
representation. The Fourier transformations are defined selfconsistently and
dimensionless

B
1= T et ) =5 [ amerr

For the matrix element one uses, that the averaged product factors into the
different sites

(XPH() X0 (1) X3 (m2) X9 (1) X5° (1) X1 (7)) = (X (7) X1 (m2) X9 (1) X717 (7)) (X3 (72) X5° (1))

(4.9)

The second term decomposes with the generalized Wick’s theorem to
93° (11 — 72) (b — b3) . (4.10)

The first term becomes

g1(r = )9l (s — ) (4 + b)) (4.11)
+g%0(72 /) O(r — ) (9 + b)) (4.12)
—2¢"(my = 7)g"(r = 7)g" (7" — 1) () — b1) (4.13)
—2¢"0(m —1)g*°(r — 11)g (bo — bl) (4.14)
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All of these terms multiplied by gi°(m; —73) (bg - b%) can be represented by
Feynmanlike diagrams (see figure (4.1)).

-_;‘

._]\
|
-

Figure 4.1: The relevant diagrams for one hop: a) disconnected diagram b)
connected diagram c) and d) closed-bucket diagrams. The dashed lines are
locators on site 2, the drawn out lines for site 1

The first term is the disconnected term.

8 8
J2/ / dridrogy” (1 — ') g1° (2 — 71)92° (11 — 72) (B} + b1) (b — b3)  (4.15)
0 0

One can evoke the theory of Matsubara sums to deal with the disconnected
part.

B rB
/ / 910(rs — 1)gl°(r1 — mo)dradr = B3 g (wn)gl(wn)  (4.16)
o Jo -

Coa(FL Y

n(e) in this equation denotes the Bose function 1/ (e”¢ —1). The Fourier trans-
form with respect to 7 — 7/ of the function g1%(r — 7/) = — [ (iw — A\)] " and
the Fourier transform of the first term is

J2 n(>\2) n(>\1)
w+’i0—)\1 /\2—)\1 )\1—)\2

) b (b)) (418)

The second term is the connected diagram and a convolution. So the product
just decomposes into the product of the Fourier transforms
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J? 1 ’ 1 0 1\ (1.0 1
B \w+i0— X\ w+z’0—A2(b1+bl)(brb2) (4.19)

For the third term one substitutes the Fourier transform g(7) = Y, g(iw,, )e*“™
and gets

J? Z //dﬁdng1 (iwn, )91 (1w ) 910 (iwn, ) 92° (iwn, ) X (4.20)

n,ni,n2,n3

Xeiwnl (7'277')+iwn(‘r7‘r')+iw"2 (Tlle)Jriw”S (11—72) ) (421)

One can see, that the integration over 1, gives the factor 30, ,, and the 7
integration gives 36y, n,. The remainder is

T262 3" (91 (iwn,))” 910 () g3 (i, Yo (7=7) (4.22)
n,ni

This in return means, that the Fourier transform of the third term with respect
to (7 — 7’) can be directly read off

~2728%1° (i) D (91 (wn,))” 93° (1w, ) (89 — b1) (6 — 03) . (4.23)

One can calculate the sum easily with computer programs such as Mathe-
matica to see that

(sinh(BA1/2)72 (A1 — A2 + sinh(BA1)/B) — sinh(BA2/2) %)

37 (91wn))” 920 (iwn) =

n

48 (M1 — A2)
(4.24)
The fourth term can be also calculated by including the Fourier transforms

J? Z / / dr1d1291° (iwn, )91 (iwn, ) 91° (lwn, ) gal (lwn, ) X (4.25)

ni,n2,n3,nN4

weWni (T2=71)Hiwny (T—=71) Hiwng (T1 =7 Ntiwn, (T1—72) (4.26)

The integration gives the factor 525 (nz+na4, n1+n2)d(n1,n4) = B26(n3,n2)d(n1,n4).
This reduces the term to

: 2w T—7'
J?p? Z 91° (wn, ) 95° (iwn, ) (g}o(twm)) eiwna ( ) (4.27)

ni,n2

From this, one can directly read off the Fourier transformation

27262 (91 (iwn,)) (Zg (iwn, ) g Wnl)> () —b1) (b9 —b3)  (4.28)

Also, the sum can be evaluated using specialized computational programs
to give
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(Z g%°<iwm>g;0<iwm>> — (o Bo BN )

ni
Taking the limit process § — oo shows, that both closed-bucket diagrams
vanish in the limit of small temperatures! This makes the application of the
technique particularily easy. The connected diagrams can be easily evaluated

using standard Feynman rules, whereas the disconnected diagrams are cancelled
by the denominator for low temperatures, as shown in the previous chapter.

4.3 Interference between two paths at low tem-
peratures

To investigate the effect of multiple path interference, one takes a simple model
of 4-sites, where the connection between the initial site ¢ and the final site f
happen over two possible intermediate sites, 1 and 2. The coupling Hamiltonian
is given by

Hing = —J (X1°X7" + X5°X0" + X°X7! + X10X9Y) + ce (4.30)

To lowerst order, in the Green’s function appear terms of order J2. The involved
terms are explicitly written in the Hamiltonian. Pictorally, the particle can use
the upper path or the lower path. From the expansion one knows that the
largest contribution is given by

1 (B B
G;z(T - 7-,) = 5/ / <X})1Xi10Hint(Tl)Hint(T2)> dT1 dTQ. (431)
0 0

From the rules for the evaluation of products, it is clear, that only four terms
contribute, because all other terms either do not conserve the particle number.
For instance, for path one one has

(XP XX ()X () X (1) X7 (7)) + (4.32)
(XY ()X () X P (1) X (1) X 10 (72) X0 (7)) (4.33)

Since these terms factor the same according to the rules, the integration gives
the same result for both. The same is obviously true for the second path. After
taking the Fourier transform and the standard calculation one gets the result

J? () = b)) (6] — b1) (b — b7) N (b — b7) (b3 — b3) (b} — b})
B\ (W—e)lw—e)lw—¢) (w—e)w—e)w=—¢) |

(4.34)
Both terms contribute equally, but the contribution depends on the occupation
of the paths. This was expected. Because (b° — b')/(w — €) = —sgn(e)(w — ¢),
one can see that for low temperatures and low frequencies, the two paths always
interfere constructively! This is what one would expect for bosons.

G}% (w) =
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4.4 Corrections to the Single Particle Green’s func-
tion

In equation (4.5) the forward scattering approximation for the single particle
Green’s function for bosons was calculated. What kind of corrections com to
mind? The simplest correction is a “side-step” to site j in real space that deviates
from the forward scattering approximation between sites ¢ and f like in figure
(4.2).

—

\Jf

Figure 4.2:

From the previous calculations in the section about the hopping between two
sites it is already clear, that for very low temperatures one only has to consider
the connected diagrams. This means the diagram with the side-step to site j
is in frequency representation and for the lowest excitation is reduced by the
factor

72 1 (91 +bj1) (80— b1y = 2 sgn(e;) sgn(e;—1) (4.35)
G g O, iy T e ¢

j — 1 is of course the site the jump is starting from. One can see, that for
bosons typically, these side-steps enhance the function. Because J is very small
compared to €, these corrections are suppressed. However the number of these
contributions grows linearily with the length of the chain that is considered. If
one denotes the number of nearest neighbors that are not in the original chain
themselves with d, then the number of possible side steps is proportional to
Ld. Then the amplitude of the sum of all corrections compared to the forward
scattering approximation is given by

Ld.J?
Crs = W

where W is the bandwidth of the distribution of the on-site energies. This
means, there exists a length-scale, where these contributions dominate over the
forward scattering approximation. It is given by
W2
dJj?’

The index RS denotes here real space contributions.

(4.36)

Lps = (4.37)
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With the new help of the Hubbard operators one can find another correction
to the forward scattering approximation, that also scales linearily with L. But
instead of side-stepping in real space, the deviation is in Fock-space. One can
find a heuristic explanasion of this. If a site along the chain is occupied, there
are two possible ways to continue. Either the particle moves away from the site,
which is the case in the forward scattering approximation. However, there is
also the low chance, that one particle hops on top of the other. Of course, this
contribution is strongly suppressed, but the number of events like this scales
linearily with the length of the chain (or to be more precise with the number of
occupied sites). Each of these side-steps in Fock space give a contribution that
has a factor

21 y12 1_ 32
QM(M):2 w—e (0-0) (4.38)
(X10Xx01L) w—(e4+U) (b° —bl)

The factor 2 stems from the prefactor of the Hubbard operator in the decom-
position of the creation and annihilation operators. Since U >> ¢ and for a
contributing path € < 0, one has that b! = 1,b° ~ b? ~ 0. This means that the
contribution pro path is roughly 2W/U. This means, that these contributions
enhance the spreading. One could in principle look for higher contributions, but
the prefactor b* — b*! is only for i = 0,1 non-negligible. If the chemical poten-
tial is shifted with respect to the middle of the bandwidth W by an amount 7
(in units of W), then the fraction of occupied states along a chain is (1/2 — 7).

This means, that the Fock-space deviations scale like

W(/2-n)L

Crps =2 i

(4.39)
This means the length scale over which these dominate over the forward
scattering approximation is then given by

U

ATt (4.40)

Lps =

7 is positive when the chemical potential is shifted towards the lowe end of
the band. For n = 1/2, the band is completely empty and the probability for
occupied states is zero, so Fock-space contributions become negligible.

The competition between real space and Fock space deviations is given by the

factor
Crs UdJ?

Crs  W3(1—2p)
If one denotes the Green’s function in the forward scattering approximation
as Gy, then for larger L the corrected Green’s function is given by

(4.41)

LdJ?>  W(1- 217)L> Go (4.42)

G(L):<1+ 7+ u
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Chapter 5

Experimental Relevance

There still remains the question of how, if possible, one can observe these strong
interaction effects. First of all it is easier to control interactions in a real space
setting. In the introduction experiments that worked with dynamical localiza-
tion were described, but here the interactions are rather difficult to change.
However, recently Anderson localization in real space were observed by Kondov
et. al. [76]. They used laser light that was scattered by a diffuser to superim-
pose a quasi random optical field on top of the trap, where they could observe
the Anderson localization afterwards. In this setup, the intensity of the super-
imposed laser light can be used to control the band width W. Since the effect of
the spatial deviations as well as the effects of the Fock space deviations depend
on the band width, but in a different way, there could open up a possibility to
observe these features.

What about the interactions? In cold gases, only very few scattering processes
are allowed (in bosonic gases this is s-wave scattering). Because all of those
interactions are elastic, they can in fact be described by one parameter, namely
the phase change during a scattering event. This means, that at low temper-
atures, every interaction between two particles can be described by a pseudo
potential

27h%a

v ==

5(F). (5.1)

Here m is the mass of the scattering particles and the new quantity a is the so
called scattering length that completely describes elastic scattering. To influ-
ence the scattering length one Feshbach resonances as described in [77] and [78].
During scattering, normally only one scattering channel is used at low temper-
atures. The energy profile looks typically like a Born-Oppenheimer molecular
potential as seen in the lower graph in figure (5.1)

However, energetically above the open channel are typically other channels
that are closed, because they involve scattering of different hyperfine states. One
typical potential curve for a closed channel is the upper graph in figure (5.1).
Due to the particular shape of the interaction potential, the well of the closed
channel can be of the same energy as the incoming particles. If they come closer
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Closed Channel

Energy

Open Channel

Internuclear Separation -

Figure 5.1: Two particle interaction potential at Feshbach resonance, image
taken from [79]

in energy, these two channels couple to each other. Particular resonances are
achieved, when the energy of the incoming particles is in accordance with the
energy of a bound state of the forbidden channel. At this point, the scattering
length diverges. As mentioned before, the forbidden channels typically consists
of different hyperfine transitions than the open channel. Hyperfine states are
often susceptible to Zeeman shifts when a magnetic field is applied. This means,
that when the open and the closed channel have different signs in the Zeeman
shift, one can shift the energy of the channels relative to each other by applying
magnetic fields. This way one can tune the energy of the bound states of the
closed channel via the magnetic field to be on resonance with the energy of
the incoming particles at a critical magnetic field B.. This is a Feshbach reso-
nance. Because the behaviour close to resonance is universal, one can describe
it by simple equations. Quite generally the scattering length close to transition

behaves as
Ap
= 1 — .2
“ abg< B—BC>7 (5.2)

where ap, is the background scattering length of the open channel and Apg
the width of the Feshbach resonance, which is determined by channel-specific
properties. At the Feshbach transition, the sign of the scattering length changes.
On one side one has attractive potentials (here molecules can form), whereas
the other side is repulsive, as seen in figure (5.2). Which side is which depends
on the hyperfine structure of the resonance.

With this tool at hand one can control the interactions of atomic gases
carefully. One can see, that close to the transition,

1 m(B-B.)
E ~ 27Th2AB (53)

An this way the Green’s function with Fock space deviations can be written
as
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0
(B-By/A

Figure 5.2: Behaviour of scattering length at Feshbach resonance, image taken
from [80]

G(B,L) = <1 L LdT? W —2)Lm (B - Bg) -

W2 QFEQAB

One typically defines the localization length as

M w) = th&% <ln (Cm» (5.5)

To observe localization one usually lets a small cloud of atoms spread out
over the disordered potential. Since one is interested in many body physics it is
maybe suitable to first let a cloud of atoms spread homogeneously in an “empty”
trap at a certain magnetic field and afterwards superimpose the random poten-
tial. This way one creates a disordered bath of particles with constant chemical
potential (at least within the trap dimensions). Now one would have to move a
second cloud of cold atomic matter to the center of the trap and let it spread
out. It would be this cloud that would localize in the disordered, but occupied
potential. After some time one could measure the integrated column density via
atomic absorption processes to obtain a density field of the matter from which
the background matter field can be subtracted. The remaining peak should fall
of exponentially at larger distances from the center of the trap. Given that
a decrease interaction opens higher channels in Fock space for expansion, the
cloud size will most likely be bigger for lower U or larger (B — B.) The localiza-
tion length measured this way is £(0). According to equation (5.5) and the fact
that the corrections of the Green’s function grow only linearily in L, one would
expect that far away from the center the localization length is independent of
the magnetic field (at least if one stays on the repulsive side of the Feshbach
resonance).

This experimental challenges for this setup are very hard, but within the reach
of current technology. However it remains very questionable, whether meaning-
ful measurements could be performed, because the measurements for £ would
have to be evaluated far away from the trap center, where the fluctuations of
the background create a strong noise term. However these are not principle



68 CHAPTER 5. EXPERIMENTAL RELEVANCE

limitations, which gives hope that other experimental setups could make use of
the generalized locator expansion.



Chapter 6

Conclusion and Outlook

In this thesis a new powerful technique for dealing with interactive bosonic in-
sulators and some fermionic systems has been introduced. It is centered around
the fact, that the usual creation and annihilation operators can be expanded in
terms of Hubbard operators.

Hubbard operators have the advantage of being diagonal in the interaction
Hamiltonian, which makes their time evolution easily trackable. The down-
side is that they do not obey the usual (anti)-commutation relations and thus
are not subject to Wick’s theorem either.

One part of the project was to find an alternative to Wick’s theorem that applies
to Hubbard operators (and beyond). This generalized Wick’s theorem had to
be proven and tested. It was verified, that the classical Wick’s theorem can be
recovered in the limit of a vanishing interaction U — 0.

It became pretty clear that more diagrams are then created with the usual
Wick’s theorem. To make handling the contractions easier, a new mnemonic
device, the arrow scheme, was developed. It can be immediately seen, which di-
agrams have classical counterparts and which one arise because of the Hubbard
operators alone.

The next important step was to show that the diagrams that have classical
analogons obey a connectedness theorem in the limit of low temperatures. This
means that, provided the non-classical diagrams are vanishing as well, the dis-
connected diagrams cancel and only the connected diagrams are needed for the
evaluation of correlation functions. One can even define generalized locators
that make the evaluation of forward scattering amplitudes very easy.

For the particular case of 4-legged diagrams it was demonstrated, that the new
diagrams do vanish for small temperatures. However a direct check for 6-legged
diagrams or a proof for n-leg diagrams remains open. So far it is only known
that all the new diagrams contain multifold poles, so that a theory that de-
scribes all of them seems possible.

The new technique was then applied to the simple case of forward scattering,
thereby supporting the predictions by Miiller through a direct calculation. It
shows, that there are indeed differences between hard-core bosons and fermions
on the level of Green’s functions. This is in fact a remarkable result given that
the occupation statistics are almost identical.

In the step, correction to the forward scattering approximation were calculated.
These corrections are due to deviations in real space from the shortest path
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and due to deviations in Fock-space from the shortest path (see figure (6.1)).
Both of these contributions enhance the overall Green’s function. This is rather
surprising because the corrections in Fock-space are proportional to U ' and
to the number of occupied sites. This means that lowered repulsion leads to
a better spreading! However the explanation is fairly intuitive. The lower the
interaction, the more paths for particle transport open up. That this concept
makes sense can be seen on the example of repulsively bound atom pairs, which
do not move in free space [81]. In that case, a lack of channels to seperate the
highly energized atom pairs prevents them from splitting.

I S M S P
L ot )

U > ST S P
L 2 L

Figure 6.1: Hopping of a boson from site ¢ to f. The red dashed line repre-
sents the chemical potential ;. The upper panel shows the only allowed path
for hard-core bosons. The lower path shows a deviation in Fock space where
the intermediate site is doubly occupied. This path is penalized by 1/U and
completely forbidden for true hard-core bosons.

Nevertheless, a direct quantitative observation based on single particle Green’s
function seems prohibitive.
But these limits can be overcome with this technique as well. It is a matter
of straightforward calculation of the 6-legged diagrams of Hubbard operators
to allow for the evaluation of the density-density correlation function. The
density-density correlation function can then be used to make more quantita-
tive predictions, that are likely to yield results that can be used in correlation
experiments with cold matter.
Another strength of this technique is that it can be expanded straightforwardly.
This is done by defining more complex Hubbard operators, that not only de-
scribe the interaction within single states (that can be occupied by multiple
particles) but also within groups of states that have interactions between them.
This can be used to model for instance the interactions between fermions or sites
with a complex inner structure, that contain many possible interacting states.
As such one also has to solve the issue of whether a certain Hubbard operator
is bosonic or fermionic nonambiguously. This technique should also provide a
convenient starting point for numerical calculations of more complex systems.
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Appendix

.1 Useful commutators for bosons

[a, (@")"] =n(@h)"=t  [a',(a)"] = —na""" (1)
[d, ea‘ﬂ] = aeo‘df, e ' gerd’ — 4 4 o (2)
e—adTeB&ea&T — BBl eaafa&e—aa% — o9 (3)
Jj—1
(@, @] =Y [a (@'y] &= 4
1=0

This is shown by induction using the relation [AB,C] = A[B,C] + [A, B|C.
Let [a, [a, (a)]], = [a (a")7] and [a, [a, (@')]], = |a. [a. (@')7],_, |

Theorem:

[a, [a, (a')']],, = (j_fl_n)lw*)ﬂ"l‘" for n < j (5)

Proof by induction: Induction start:

J — a. (at)d — J! Jj=1l-n
i [P = i Y],) = [ e g ) )
! j—1—-n ! ( —1-—n j—1l-n—1
_(in—n)' [@ @) ]_](jjln)!)( R
(8)

Theorem:
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l
alla, (ahy] = : a, [a, (a"7], al=* (10)
o, @P) = 3 () o o GV,

Proof by induction; induction start a [a, (a')’] = a [a, [a, (df)jﬂo = [a, [a, (a")7]] Tt

[
[a [a, (aT)]] & = Sk [a, [a, (aT)7]] o' *

Induction step

l
e (Z <1l<> @ [a, (@*)J]]k&l‘k> (11)
k=0
!
= kZ:O (]i) ([&, a, (a )J]]Hl + [a, [a, (d’r)aﬂk&) AF (12)
f“ I+ 1\ .. T e
_k_o( k )[a,[v(a)]]ka (13)

It was used, that (}) = (-7) + (")
Plugging these identities together one arrives at

izt izl 1oy |
@, (a'y] =) a'[a, @) ] =3 ) (k) [, [a, (@")]], 7178 (14)
1=0 1=0 k=0
j—1 1
= ! J! ahyi—1-kgi—1-k
lzo,;o(k) (jflfk)|< ) (15)

Now one switches to a sum over k

@) -5 (D @y e g
’ k) (G—1—k)

k=0 1=k

Since () = 2(#~1) and () = 0 for k > 0 one has that () =0 for n < k.
Then

£()-£0)-(1)

Finally substitution of s := j — 1 — k results in

[@j,(af)j]=§< J )ﬂ(eﬁ)sas (18)

| — |
= \Jj—s/s!

The next relation is [ﬁj, I;T} One uses again by induction.

Theorem:
j-1 .
(7,51 =3 (= 1)1 (19)

i

Il
<
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The induction start is for j = 1 and reduces to bt. Then

[ﬁﬂl,zﬂ —q [ﬁ,iﬂ] T [ﬁj,BT] A (20)
1 .

=albT+ (Y (A —1)' AR (21)

<.
|

=91+ (3 (= 1) 7 (b + [81,0] ) = 9T+ (= 1) A

J
=> (A —1)"AT (23)
i=0
Now this formula can be a little bit compactified by using the binomial theorem

[fﬂ‘,iﬂ] :ji(ﬁ—1 Ad—1mipt = §Z<) yimspd it (24)
=0

=0 s=0

Now subsituting k = i — s one reaches the formula

-1 j—1—k j—1-k .
Li 7 i1k} k+s (k+1)!
Tl — _1N\k. 1-kpt A _
[nﬂ’b}—Z( 1Oy 1R, c]k_Z(s)_ 4 s
k=0 s=0 =0
(25)
The next identity is {ﬁji), ﬁQ} = 20917 + A,
Then [mé, iﬁ} =il + S (= 1) R = ad 4 ST ()RR
A N 1 T ) ;
It is also easy to see that [ﬁ],b} = - ({ﬁj,bq) = ST bR (A - 1)
This can also be rewritten as
j—1 j—1
{ﬁj,b} S ) A = =3 Cpdd (26)
=0 k=0

This then leads finally to

j—1

s=0

j—1
[ﬁgél, sz;k} =6y <Z (g —1)° ﬁg—1—5> bl brby — 6,1.b! b (Z (g —1)° 7]~ 1—S> by + 81m] by
s=0
(27)

27

J—1

s=0

= 0170 by + 0 (Z(—1)80j5ﬁ5—1—8> furby, — O11b! <Z Cstil ) b?
)

(28

3
o

Another important relation that can be easily verified is [ﬁmé, ﬁ} =n

.2 The Cumulant Expansion

The contents of this section are mostly taken from citeKubo. The Cumulant
expansion is a very nice tool that can be applied to several physical problems.
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Some examples are given in Kubos paper. It was one of the main tools used in
this thesis.
The momentum generating function M () is defined as

M) = () = S (29)

n=0

The cumulant function K () is then given by

‘ I
3

fins (30)

3

K =M@ =>
n=1

where k,, is the nth cumulant and pu,, the nth moment. For N random variables
X;,--- Xy one can defined

M(E) = <e€X> = (O, (31)

=

K (&) can be Taylor expanded

K@= Y H* k(e UN), (32)

vi---vny=0 J

where the primed summation excludes v = 0. Further one defines the notations

pv) = (X7 X7 XY) (33)
K(7) = Klvr, - un) = (X7 XK, (34)

The suffix ¢ means cumulant or connected. The above equations define the
cumulant average, e.g. (X?) = (X?) — (X Y2 . It is sometimes convenient to

write I <eg)2> _ <e§~)2 _ 1>c (35)

Again, the suffix ¢ denotes cumulant averaging, which by the above definitions
is exactly defined for all powers of the probabilistic variables. The —1 ensures
the exclusion of the 7 = 0 term in the sum. A cumulant average can only be

represented by lower moments, not by higher. The generalized formula is given
by

n ! -
n(@) == [w' >0 2 (Zk 1>!<>Zkir_[,ji!{ﬁ‘f”;;p}’“

=1 (ki {ma 3300 kimag=w; N\

(36)
where each term corresponds to a decomposition of n = va v; objects into
Zi k; subsets, which can be expressed schematically as

l
(Xm X]”J XK/N) N H(Xinzl X]’I;V;«Nl)kz Zklmlj =,
%

i=1

(37)
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and
m;) = <HX]m”> ; (i = (M1, -+ ,min)) - (38)

Obviously m;; <wv;,j € (1,---,N), hence the cumulants are build up only with
moments smaller than the ones in the cumulant.

Here are some basic theorems about cumulants:

Theorem I A cumulant x(X;X;---X,,) is zero if one or more independent
subsets of the X; can be formed.

Corollary A cumulant is zero if one of the variables in it are zero. This is very
easy to proof, since the moment generating function of the variables factors into
a product and the cumulant must be a sum of the independent cumulants. So
there cannot be any crossterms.

Theorem II For a stochastic variable X (¢) depending on a continuous param-
eter ¢t one has

00 b b
In <ef§,’X(t)f(t)dt> _ Z %/ dt; - / Aty (X (t1) - X () E(t1) - - E(tn)
" (39)

(40)

Corrolary Without loss of generality one can put £(t) = 1 and obtain
b X (t)d 1/ ’
In <efa () t> = ZEL dtl"'/a dty, <X(t1)"'X(tn>>c (41)
n=0
e o] b t1 tn—1
=Y [l [Cdte [T dn e X (), (2)
n=0"9a @ @

Also
In <ef:X(t)dt> _ <ef:X(t)dt _ 1> (43)

(&

Those equations can be generalized to include vectors of random variables
X

<IZX<tdt> i;/dtl /dtz Y (X X)), (44)

Jn

and to continuous variables
In <effX(S it) det Z /d81 /dSn/dtl /dt 81t1 X(Sntn»c
(45)

For a proof of this theorem, one rewrites the integration as a sum over many

Z /dtl/ dts - / dt (X(81) -+ X (b)), (1) -

'f(tn)
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small intevals with the new set of variables X (¢;)dt;. But for 6t — 0, only
cumulants with v; # 1 remain, since

lim » " (X(t;)?), (6t;)* = lim O(5t) x /b (X?(t)), dt =0. (46)

Cluster Expansion
The cumulant can be expanded in cluster

K@ =Y T om0 = Y K (a7)
i v l

Starting point is the set of cumulants K (X;) which contain a particular variable
X;

My (X;) = (e5%0) = f1 (X0 (48)
So
K= S Ki(X)). (49)
The next term is of the form
Ky =) Ka(X:, X;). (50)
(4,9)
K, contains all term with two variables X;, X; in the cumulant series.

eFa(XiX5) _Mp(Xi, XG) (51)
My (X3) M2 (X5)

One then proceeds to expanded

N

K=" Ku({n}n), (52)

where the function K, ({n}xy) contains any of the variables
{nin = (X, Xi) (53)

at least once. One can use the same arrangement principles for a hierarchy of
functions U, ({n}n), depending on sets of n variables out of a given set of N
variables.

{n}n = (X, -~ X;,) selected from {N} = (X1, - Xn) (54)
The nth moment generating function can then be defined
My({nin) = (exp Un ({n}n)) - (55)

Then the functions K, ({n}xn) can be introduced and the cumulant function
K({N}) can be defined as

M({N}) = <eU({N})> = KUV, (56)
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So
KE(N) =Y K, =3 3 Ku({n}). (57)
n n {n}n

Theorem III: In the cluster expansion of the cumulant function K({n}),
the cluster cumulant function K, ({n} ) for a set of n variables is given explicitly
by

Kn({n}n) =Y (="' Y W Mi({l}n) (58)
=1 (I}
En({n}n) _ M, ({n}n) [[Mn—o({n —2}N) - [[ Ma(i, j) (59)
[T My ({n = 1}Nn) [T Mn—s({n = 3}n) - [T M(4)

if n is even.

s il @

if n is odd.
Theorem IV: If the set {n}y is divided into independent sets {n’}y and
{n"} N, namely if

{n}y={n"}n +{n"}n (61)
and
M({n}n) = M{n'}n) x M({n"}n). (62)
then
Ky({n}n) == Ky ({0 + 0"} ) = 0, (63)
and more generalls
Ko ({m b + ({m" ) = 0 (64)

if neither {m’} nor {m”} is empty.

This way one can define connected sets and connected cumulant functions, by
requiring that the combined cumulant function is non-zero.

Generalized Exponential Functions

A generalized exponential can be defined for variables, that are not necessarily
c-numbers. One has to introduce an additional ordering O such that

"V =l =0 (") =0 (e - e). (65)

There are many ways to generalize exponentials by defining different prescrip-
tions.

Generalized Moments, Cumulants and Cumulant Functions

One can define a generalized average operation A for variables (X1,..., Xy)
such that moments and moment generating functions are convergent

A(eZi &%) = <eziéixi> => ) H%A(Xl”l LX) (66)

v1=0 vn=0
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The averaged is assumed to satisfy the normalization condition
A(l) =1 (67)

Sometimes the average is still a g-number. Then the normalization is required
to give the identity in the field of g-numbers. The exponential function with
respect to an ordering @ is defined as

ol SN = Qe 6, (68)
Then one can redefine S ex, «
<eQ i St 1> — eQ(flwwaﬁN) (69)
The generalized moments are then defined by
plr, . ovn) = A (QT XY (70)

If the cumulants are not c-numbers, then one has to have an ordering in the
exponential for

& ) 1 o~ 118 g
z [15+0) =3 eIy = 3 T15 e
o (71)

Theorem V: Theorem I-IV are valid for the generalization to q-numbers
from c-numbers.

This means
i §i X
<epr Z fiXi> = expg <e§1 S 1>C (72)

and
(ollxy) =Ty, ¥ (Sn-t)oms
J c 1:124 im,-j:Vj %

<QHXm”>
H k;! [Tmij!

If one has after the average not a c-number, but a g-number to be ordered,
one can find that if X(¢) = Y (¢)Z(¢) and the ordering can be separated into
O = 0,0,, where the average is only defined for the Y's, then

<expo{ / Yt dt}>—eXpO <eXpO ( / Yt (t’)dt’) —1>C:expoz K(t)

(75)

R (74)

The cumulant expansion for Hubbard operators

One can use the cumulant expansion to evaluate averages of diagonal Hubbard
operators. The exponential can be cumulant expanded to

(0 () =0 HT o X 0
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The solutions are for example of the form

<(XP1;D1)2XP2;D2> — (bpl)prz 4 pP1 1p1yp2 4 QpP1P2pP1 | |hP1P1P2 (77)

with
bPi = <X;Dipi> — eiﬂ)\i (78)
- 0 YpeM
iPk — iDi kPk — 9
PPl = (X PP XPRPR), = mbm (79)
82
pPiPEPn — <sz'pikakapnpn>0 — bpi (80)

¢ O(=BM) I (—BAn)
One can easily show, that the last formulas must be correct. For the zeroth
approximation one can find the generating function

26 - Tr (ezi(*ﬁN*fl)X ) LY e B )
C Tr(eXiMXT) Y e P
From equation (3.81) it is clear, that the moments are invariant under permu-
tation (Schwarz theorem/theorem of symmetry of derivatives). Because of that
and general formula(see appendix), which relates the cumulants to the moments,
all cumulants with the same groups of indices v are the same. From equation
(76) follows then, that

Vi Vn i aVl ayn &
(XY X0, = g e W2 (82)

The factor of n! cancels, because there are Hnu!'! terms of equal contribution.

Further

o
o€y

so those tems cancel too. SinceInZ =1In ), e Prit& 4 const. Performing the

&' =wil, (83)

differentiation and taking the limit of E — 0 one arrives at
e_ﬁ Zk Tk Ak

(Xr .. X::n>c — ilZ::l e i;i:l(—l)zk ik—l(zk: ik — 1)!W (84)

This is indeed the same as

n 8lli alll —1 7ﬁ)\1
[IEEsw e (85)
=2 (_B 1) 9 (75>‘1) Zj ¢ !
Now in equation (76) appears a sum over all possible cumulant combinations

of the ). v; elements. The symmetry factor of an arbitrary group

(XY XN (X Xy (86)

is given by
HZ(Z] vijN;)!
IL I, (vii )™ T, Ni!
This can be easily generalized by adding indices for different groups, which would
just be another effective index v/;. According to theorem I , the cumulants of
mixtures of independent groups are zero, so one has in general fewer terms to
consider.

(87)
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