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Operational Determination of Multiqubit Entanglement Classes via Tuning of Local Operations
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We present a physical setup with which it is possible to produce arbitrary symmetric long-lived
multiqubit entangled states in the internal ground levels of photon emitters, including the paradigmatic
Greenberger-Horne-Zeilinger and W states. In the case of three emitters, where each tripartite entangled
state belongs to one of two well-defined entanglement classes, we prove a one-to-one correspondence

between well-defined sets of experimental parameters, i.e., locally tunable polarizer orientations, and
multiqubit entanglement classes inside the symmetric subspace.
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Entanglement is a distinctive property of quantum phys-
ics associated with the nonseparable character of multi-
partite quantum systems. For the case of two-qubit
systems, entanglement is well understood and can be pre-
cisely quantified [1]. Apart from the trivial disentangled
case, three qubits possess two genuine tripartite inequiva-
lent entanglement classes [2,3]. Efforts have been done
recently towards higher number of qubits [4-6], including
an inductive method [7], though so far no comprehensive
and scalable classification has been developed. In this
Letter, we introduce a physical setup consisting of N
emitters, incoherently radiating single photons that may
be absorbed remotely by detectors equipped with polar-
izers and producing long-lived multiqubit entangled states
among the emitters. We show that it is possible to associate
well-defined sets of locally tuned polarizer orientations
with multiqubit entanglement classes, allowing their moni-
toring in an operational manner. Hereby, multipath quan-
tum interferences, associated with qubit permutation sym-
metry, play a key role in explaining the underlying physics.

We consider a chain of N equally separated single
photon emitters, say trapped neutral atoms, trapped ions,
quantum dots, or any other equivalent physical system with
access to similar behavior. Each emitter defines a three-
level A system, where |e) denotes the excited state and the
two long-lived sublevels, |+) and |—), define a qubit. We
assume that the transitions between the excited state and
the two lower sublevels have an equal wave number and
dipole moment, and that they are circularly polarized, o
and o _, respectively. Figure 1 exemplifies the N-emitter
case discussed throughout this Letter. All emitters are
initially excited and we will study the cases in which all
spontaneously emitted photons are detected by N detectors
located in the far-field region, each of them being equipped
with a polarization filter in front. The far-field detection
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ensures the erasure of which-way information of the arriv-
ing photons, and the polarizers allow the generation of
quantum superpositions of the lower atomic states when
considering arbitrary polarizations. As a consequence each
photodetection event projects the emitters onto linear com-
binations of the long-lived states |+) and |—) [8]. This
results at the end in a coherent superposition between the
qubit states |*, ..., =). The indeterminacy of which de-
tector has projected which emitter in its ground states
implies the existence of many quantum pathways between
the initial fully excited atomic state and each of the final
state components. This produces a multipath quantum
interference effect [9] that we will tune by modifying the
polarizer orientations. We remark that several experimen-
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FIG. 1 (color online). Proposed experimental arrangement. N
excited emitters are aligned in a row, each of them defining a
three-level A system. A long-lived entangled state is obtained in
the N emitter qubits after detecting the N spontaneously emitted
photons with N detectors equipped with polarizers. The final
N-qubit state is tuned and determined by the polarizer orienta-
tions.
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tal setups may be in condition to implement the concepts
introduced in this Letter [10-13].

As will be shown explicitly below, it is always possible
to find suitable polarizer orientations to produce any de-
sired state totally symmetric with respect to permutations
of the emitters. Hereby, linear polarizers allow the genera-
tion of a state of the GHZ type [14], the maximally
entangled state

1
2

with arbitrary relative phase ¢, or a separable (product)
state

IGHZ)) = —=(+, ..., )+ e?|—, ..., =), (1)

with [14) = (|+) + ¢?|—))/+/2. An intermediate polar-
izer configuration permits the generation of the multiqubit
state of the W type [2], the weakly entangled state

1
\/—N(|1¢’O¢’ ’O(b’ 1¢)>)1
3)

with |O¢)E(|+>—ei¢|—>)/\/§. In the 3-qubit case,
where each tripartite entangled state belongs to one of
two well-defined entanglement classes [2,3]: GHZ or W
family, it turns out that even the rotation of a single polar-
izer allows us to switch from one entanglement class
preparation to the other, which are univocally determined
by the number of distinct polarizer orientations in the
experimental setting. Those polarizer manipulations can

be said to be local with respect to the polarizer (detector)
positions, though they are not local with respect to the
qubit positions: it is well known that one cannot convert
states from different families into each other using stochas-
tic local operations and classical communication (SLOCC)
[15]. Remarkably, the above described local polarization
rotations will make possible the transitions

S class < W class < GHZ class, 4)

where “S” stems from ‘“‘separable.”

There are several physical systems where the generation
of GHZ and W states with three or more qubits have been
experimentally achieved: in trapped ions [16,17], in
Rydberg atoms crossing microwave cavities [18], and in
photonic systems [19,20]. Furthermore, other multiqubit
entangled states have been realized in different physical
setups [21-25] with different purposes [26] and potential
applications in quantum information. Though several para-
digmatic entangled states have been produced in the lab,
there is no study, to our knowledge, that associates opera-
tionally given experimental configurations with multipar-
tite entanglement classes.

The outlined behavior can be understood from the ex-
plicit calculation of the different states of the N-emitter
system after the successive photon detection events. A
properly located detector in the far field with a general
elliptical polarizer oriented in the xy plane of the circularly
polarized light along the polarization vector € = a0, +
Bo_ with arbitrary complex coefficients o and 8 (|a|?> +
|B]> = 1) can implement the operator action [27]
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FIG. 2 (color online).

Pyramid of entanglement paths for the case of 3 emitters initialized in the excited state |e, e, e). The figure

illustrates the intermediate states, horizontally displayed, during three successive photodetection events realized by three detectors d,
d,, and d5, equipped with general elliptical polarizers oriented along €|, €,, and €; (€; = o;0, + B,;0_), respectively. After each
detection, the unnormalized global state of the system is the sum of all states in the circles weighed by the tagged prefactors. Left-down
arrows denote o, transitions, and right-down arrows represent o _ ones. The final state components are shown inside colored frames
and the colored arrows represent the quantum paths leading to these different components. Only the red (gray) circle states are obtained
via a single quantum path, while the blue (dark gray) and green (light gray) ones are the result of three different interfering quantum

paths.
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N N
Die)=a Y |+)lel + B [-)el, (5)
j=1 j=1

up to an insignificant prefactor. Here, the sum over j runs
over all emitters and |*)(e| is the projection operator
from state |e) to state |*) for emitter j. Starting
with N emitters in their excited state le, ..., e), the de-
tection of the N emitted photons by N detectors with
polarizer configuration €,..., €y (€, = ;0. + B,0_)
projects the emitter system onto the final state |1//f) =

ff)(eN) .. ff)(el)le, ..., ). Because of the symmetry prop-
erties of those operators, the final state as well as all
intermediate states are totally symmetric with respect to
permutations of the emitters. If entanglement is produced
at the end of the detection process, we are ensured that only
genuine multipartite entangled states belonging to the ac-
cessible symmetric entanglement classes will be generated.
The intermediate states produced in the course of the
successive photon detection events can be ordered in a
pyramidal manner, displaying the various possible quan-
tum paths towards the generation of the desired final state
(see Fig. 2 which exemplifies the case N = 3). At the end
of the N photon detection process, the system is found in a
coherent superposition of all possible product states of the
N-qubit system in the | +) basis. All probability amplitudes
related to the different quantum paths add up and yield
interference terms (tagged prefactors on Fig. 2). The final
state |4 ;) is found to be a linear combination of all
symmetric Dicke states with k |—) excitations [28,29],

| Dy (K)):

N
[y = N Y el Dy(k)), (6)

k=0

where I\ is a normalization prefactor, and

cp = (CK)12 Z Bi B, ..oy, (1)

=i\ #..#iy=N

with C% the binomial coefficient of N and k. Thereby, we
can generate any symmetric state with respect to permuta-
tions of the emitters using suitable elliptical polarizer
orientations. This is a direct application of Vieta’s formulas
[30]: an arbitrary symmetrical state can be expanded in the
Dicke state basis as Y% d;|Dy(k)) and is produced in our
setup using K polarizers oriented along vectors €; with

«;/ B; identifying to the K roots of the polynomial P(z) =

SV (—DEKC/CRdyz" with K the degree of this poly-
nomial, the remaining polarizers oriented along o .

For example, the maximally entangled state [GHZ) of
Eq. (1) is generated with linear polarizers y =
(e ror, + % or_)//2 oriented along angles

T o) T
9 =|—|+—+ k_l_, k=1;---)Nr 8
o= o] ot - D7 ®)
or any configuration resulting from permuting the indices.
Here, the term inside the square brackets is present only for

the case of an even number of emitters. The state |GHZ )
appears naturally when using all distinct polarizer orienta-
tions uniformly shared out over 2.

In contrast, we are left with the separable state |Sy) of
Eq. (2) with linear polarizers all identically oriented along
the angle ¢/2:
¢
ok ©))

The state |Wy) is also generated with linear polarizers,
all except one oriented identically along ¢ /2 with the last
orthogonal to the N — 1 first,

¢ _¢. 7
91\1—2—2y (10)

01:...:91\]:

or any configuration obtained with permutation of the
indices.

For three emitters, those particular results, associating
the states |S3), |W3), and |GHZ;) with certain choices of
polarization angles, suggest a wider physical picture. In
fact, we can associate in an operational manner specific
polarizer configurations of our proposed physical setup
with the three paradigmatic entanglement classes appear-
ing in the 3-qubit case: the number of distinct polarizer
orientations identifies univocally the entanglement class,
be S, W, or GHZ, as shown in Fig. 3.

According to Diir et al. [2], the GHZ class is formed by
states characterized by a nonvanishing 3-tangle [31], the W
class by states with a zero 3-tangle and nonzero single
qubit von Neumann entropies, while the separable state
class is characterized by zero values of these entanglement
measures. In our proposed scheme, the 3-tangle 7 of the
final state |4 ;) reads

4
T= fff\f‘q%ﬁz — ayBil*la; By — a3 By ?
X |a, B3 — a3 Bs? (11

and vanishes only when 2 polarizers are equally oriented.
In this case, the local entropies vanish only when the third
polarizer coincides with the two first. When switching
from a configuration with three distinct polarizer orienta-
tions to a configuration with three identical ones, via the
intermediate case where two of them are equal, we transit
successively from the GHZ class, to the W class, and end in

@

€@ =€ =¢€3

Separable

FIG. 3 (color online). Operational monitoring of tripartite en-
tanglement classes by changing the polarization configurations.
If the three polarizer orientations are all different, the final state
belongs to the GHZ class; if two polarizer orientations are
different, the final state belongs to the W class; if all polarizers
are identically oriented, the final state belongs to the S class.
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the § class, as seen in Fig. 3. This remarkably shows the
potentiality of the proposed setup for associating opera-
tionally a physical setting with 3-qubit entanglement
SLOCKC classes of states symmetric with respect to permu-
tations of the emitters. These results encourage a possible
generalization to the arbitrary N-qubit state.

Finally, we give an estimation of the expected fidelity of
our scheme, e.g., for generating the |GHZ,) state using 4
adjacent ions localized in a linear trap. Assuming a 5 um
separation between ions with a 5 nm confinement in the
transverse direction and an azimuthal detection window of
1°, we estimate a fidelity of about 90% for the generation
of the 4-qubit state, largely above the 50% minimal value
for proving genuine four-qubit entanglement of the state
[32]. With usual ellipsometry techniques, polarizer orien-
tation uncertainties can be made insignificant compared
with the finite size effect of the detection window. With an
excitation rate of several tens of MHz [8], the counting rate
of the needed fourfold coincident events can be of the order
of several tenths of Hz using CCD cameras covering a fair
area in the detection plane. In general, the counting rate
decreases with the number of qubits. This might limit the
scalability of the scheme as in similar experiments related
to entanglement production [8,13,19,25].
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Note added.—After submission of this work, we became
aware of a nice experimental observation of an entire
family of four-photon entangled states [33].
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