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Entangling flux qubits with a bipolar dynamic inductance
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We propose a scheme to implement controllable coupling between two flux qubits using the screening
current response of a dc superconducting quantum interference d&@ieID). The coupling strength is
adjusted by the current bias applied to the SQUID and can be varied continuously from positive to negative
values, allowing cancellation of the direct mutual inductance between the qubits. We show that this variable
coupling scheme permits efficient realization of universal quantum logic. The same SQUID can be used to
determine the flux states of the qubits.
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A rich variety of quantum bitgqubit9 is being explored 1(a)]. The SQUID consists of two Josephson junctions, each
for possible implementation in a future quantum comptiter. with capacitanceC and critical current, at T=0, on a su-
Of these, solid-state qubits are attractive because of theperconducting loop of inductande. The dynamics of the
inherent scalability using well-established microfabricationSQUID are described by the phase difference across each
techniques. A subset of these qubits is superconducting, arjdnction y; ,.*> A variation in the flux applied to the SQUID,
includes devices based on chafgemagnetic flux;-® and  ®,, changes) andl,, the critical current at which the SQUID
the phase differenéacross a Josephson junction. To imple- switches out of the zero-voltage state in the absence of quan-
ment a quantum algorithm, one must be able to entangleum tunneling[Fig. 1(b)]. The response is governed by the
multiple qubits, so that an interaction term is required in thescreening parametgs, =2LI,/®, and the externally con-
Hamiltonian describing a two-qubit systénfror two super-  trolled bias current,<I,(®,). In flux qubit experimentst
conducting flux qubits, the natural interaction is between thene flux state is determined by a SQUID to which fast pulses
magnetic fluxes. Placing the two qubits in proximity pro- o I, are applied to measurg(d,T). Thus, existing tech-
vides a permanent coupling through their mutualyqingy allowsl, to be varied rapidly, and a single SQUID

inductance. Pulse sequences for generating entanglement, "o sed both to measure the two qubits and to couple
have been derived for several superconducting qubits W'tlf'nem together controllably

X : : Il . )
fixed interaction energie:" However, entangling opera The flux qubit consists of a superconducting loop inter-

tions can be much more efficient if the interaction can be . - . .
varied and, ideally, turned off during parts of the manipula—rUpte‘j by three Josephson junctidriSWith a flux bias near

tion. A variable coupling scheme for charge-based supercorfl® degeneracy point,/2, a screening currenj, can flow
ducting qubits with a bipolar interaction has been suggestelf! €ither direction around the loop. Given the tunnel coupling
recentlyl? For flux qubits, while switchable couplings have €N€rgyé between the different directions of, the ground
been proposed previousy14 these approaches do not en- and first excited states of the qubit correspond to symmetric
able one to turn off the coupling entirely or require separaté‘”d antisymmetric superpositions of these two current states.

coupling and flux readout devices. (@) Ty ! () L . . .

In this communication, we propose a coupling scheme fo ol ' 3
flux qubits in which the interaction is adjusted by changing a L. o5k S . E
small current. For suitable device parametersdiga of the - b 0= . E
coupling can be changed, making it possible to null out they; = o 05 Ps/do 05 E

direct interaction between the qubits. Furthermore, the sam I, -k 0595E % E
device can be used both to vary the coupling and to read ot —0.5F S ] 3
the flux states of the qubits. We show explicitly how this J|_, 0.70 E
variable qubit coupling can be combined with microwave B ) =R 32 Ps/ P 0.453
pulses to perform the quantum controlled-NQTNOT) v —04 -0.2 @ (/)q) 02 04
logic gate. Using microwave pulses also for arbitrary single- 5700
qubit operations, this scheme provides all the necessary in- FiG. 1. (a) SQUID-based coupling scheme. The admittaice
gredients to implement scalable universal quantum logic. represents the SQUID bias circuitia) Response of SQUID circu-
The coupling is mediated by the circulating currénb a  |ating current J to applied flux ®, for B,=0.092 and
dc superconducting quantum interference deyi8@UID), l,/1,(0.45P;)=0,0.4,0.6,0.85top to bottor. The lower right in-
in the zero-voltage state, which is coupled to each of twaset shows)(®,) for same values off, near®,=0.45b,. The upper
qubits through an identical mutual inductandé,s [Fig. left inset showd vs @
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Thus, the dynamics of qubitcan be approximated by the § (@)
Hamiltonian G} 0.75}
0.5}
0/ (i) (i) 2

Hi=-(g12)0, - (6/2)ay’ . (1) 5 025; "

+ 00 . P I -

The energy biaseé) are determined by the flux bias of each ¢ 25 —__y)‘6 0.9 O'CL 01 02 03 04\

In/1c(0.45®0) -0.25

(

qubit relative tody/2. The tunnel frequencie8/h are fixed
by the device parameters and are typically a few GHz. For i, 2. (a) variation of K with I, for d=0.45b, and device
two flux qubits, arranged so that a flux change in one qubiharameters described in the teg) Highest achievable value &

alters the flux in the other, the coupled-qubit Hamiltonianys g, evaluated at,=0.85.(0.45D): |, (and hences,) is varied
describing the dynamics in the complex four-dimensionakor L=200 pH.

Hilbert space becomes

H=H, 12+ e H,-(K22)eP @ ¢?, (2)  Wworking point; for the moment we assuny¢0)=0. For the
small deviations determining, we linearize Eqs(5) and

wherel® is the identity matrix for qubif andK character-  (6) and solve for the real part of the transfer function in the
izes the coupling energy. Fd€ <0, the minimum-energy |ow-frequency limit,

configuration corresponds to antiparallel fluxes. For two flux
qubits coupled through a mutual in?uc(:taﬂkzﬂqq, the inter- Re( dJ ) _ 1 1-tarf Ay tarfy o
action energy is fixed a&o=—2Mq[I"[|I'? Idbg/, 2 L '
In addition to the direct couplind,, the qubits interact 1+ 2I_j(l —tarf Ay tarfy)
by changing the curre The response af to a flux change _ )
depends strongly oh, [Fig. 1(b)]. When!@ switches direc- Here, we have introduced the Josephson inductance for one
tion, the flux coupled to the SQUIRA®?, induces a change Junctl?]n, L; l=[<1>o/hz_|77|? cosAy cosy. For 5 >1, Eq.(7) ap-
AJ in the circulating current in the SQUID, and alters the Proaches i, while for g <1,

flux coupled from the SQUID to qubit 1. The corresponding Re(9J10®g), = (1/2L;)(1 —tarf Ay tarfy). (8)
coupling is b

Iy

We see that F(@J/&<I>S)|b is negative for sufficiently high
values ofl, and ®,, which increasey and Ay, as shown by
the dependence di{®,) on Iy, in Fig. 1(b).
=1V MqRe(9 I o D)y ADY, We choose the SQUID parametdrs-200 pH, C=5 fF,
andl,=0.48 A, for which 8, =0.092. The qubits are char-
== 2MZJIP NP Re(2 39 D), . (3)  acterized by|li"|=[I?|=0.46 uA, Mgs=33 pH, andMgq
=0.25 pH, yielding Ky/h=-0.16 GHz. If we chooseD,
The transfer function(ﬁJ/aCDS)|b, is related to the dynamic =0.45p,, Eqgs.(3) and(7) result in a net coupling strength
impedanceZ, of the SQUID via’ K/h=(Ky+Kg/h, that is 0.3 GHz wher,=0, andK=0
— - ; when 1,/1.(0.45by)=0.57 [Fig. 2A@)]. By solving Egs.(5)
9N D=0l 2= 1L +HGIR, @ and(6) before taking the»=0 limit, we find that the lowest-
whereR is the dynamic resistance, determined¥gywhich  frequency mode of the SQUID with/1.(0.45P3)=0.57 oc-
dominates any loss in the junctions, afdis the dynamic curs near 44 GHz, much higher than the qubit energy split-

Ks=[1{"[ADLY = 17 Mg A,

inductance which, in general, differs froin tings, AE;, of about 10 GHz. Thus, our zero-frequency
We evaluate(d)/d®y), by current conservation, neglect- approximation in Eqs(7) and(8) is justified. The change in
ing currents flowing through the junction resistances, sign of K¢ does not occur for alB, . Figure 2b) shows the
. highest achievable value & versusg,. We have adopted
Iy =1, + 2lg cosAy siny+ 2C(®g/2m) 7y, (5)  the optimal design g8, =0.092.
We also need to consider crosstalk between the coupling
J=1, cosysin Ay+ C(Py/2m)AY. (6) and single-qubit terms in the Hamiltonian. When the cou-

. . ) pling is switched, in addition taJ/ 9®4 being altered, also

Here, |, is the current flowing through the admittant&w)  changes, thus shifting the flux biases of the qubits. The cal-
[Fig. 1(a)]. Equations(5) and (6) describe the dynamics of cyjated change id as the coupler is switched frotg=0 to
1,2 through the variablesAy=(y1=7,)/2 and y=(y1 | /1,(0.45D,)=0.57 produces a change in the flux in each
+v2)/2; y1 and y, are constrained bylAy=(m/®o)(dPs  qubit corresponding to an energy shiffe;/h=de,/h
-LdJ). =1.64 GHz. In addition, when the qubits are driven by mi-

The expression foKs in terms of RéaJ/ iy, [Eq. (3)]  crowaves to produce single-qubit rotations, the microwave
requires the qubit frequencies to be much lower than thdlux may also couple t@b.. As a resultK is weakly modu-
characteristic frequencies of the SQUID, thus ensuring thalated when the coupling would nominally be turned off. A
the SQUID stays in its ground state during qubit entanglingtypical microwave drivég(t)/h of amplitude 1 GHz results
operations. Furthermore, it is a reasonable approximation tih a variation of about +14 MHz about=0.
take thew=0 limit of Re(dJ/d®y), to calculateK, so that When the bias current is increased to switch off the cou-
we can solve Eqs(5) and (6) numerically to obtain the pling, the SQUID symmetry is broken and the qubits are
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coupled to the noise generated by the admittavicé/e es- 8
timate the decoherence due to this process by calculating tr~ 7.5}
environmental spectral density/(w) in the spin-boson <=, 7}
model® We obtainJ(w) from the classical equation of mo- * 6.5t
tion for the qubit flux with the dissipation fromn coupled to
either qubit throughy,

JT(w) = (1MGINIM(d I3 By, . (9) ,
£
To calculateJ(w), we linearize Eqs(5) and(6) around the lf
equilibrium point to obtain =50
__ 2tanytanAy 1
dy= dAy. 10
Y [ 2120+ (10

FIG. 3. Pulse sequence for implementing CNOT gate. Energy
scales in GHz. Total single-qubit energy bi&ﬁt):e?%i(t)
+5¢(t), where microwave pulség ,(t) produce single-qubit rota-
tions in the decoupled configuration; crosstalk modulatioK @f is
shown(see text The bias current is pulsed to turn on the interac-
tion in the central region.

For the caseY'=R, following the path to the static
transfer function Eq.(7) and taking the imaginary part
in the low-B_ limit, we obtain In(aJ/a@s),b:—w/R
=(w/4R)tart Ay tarfy. Thus J(w)=aw, where «
=(Madé/4hRytar? Ay tarfy, and a(l,=0)=0. As I, is in-
creased to change the coupling strengtlincreases mono-
tonically. For the parameters above d&d2.4 k), when the
net coupling is zer¢ I,/1.(0.45b,)=0.57, Fig. 28)] we find  Here, p is a function of the system parameters,
a=~8X 1075 corresponding to a dephasing timé00 ns, an =€ es/ AE,AE,, and w=(AE;-AE,)/24, where AE;=[(€)?
order of magnitude larger than current experimental valfies. +87112 is the single-qubit energy-level spliting. Indepen-
We now show that this configuration implements univer-dently of p, this trajectory reacher/2,0,0] in a timety
sal quantum logic efficiently. Ang-qubit quantum operation =ns/ when the coupling strength is tuned Ke=Aw/2nv,
can be decomposed into combinations of two-qubit entanwith n a nonzero integer.
gling gates, for example, CNOT, and single-qubit gafes.  \hile this analytic solution contains the essential physics,
Two-qubit gates which cannot be decomposed into a produgt does not include vital experimental features, in particular,
of single-qubit gates are said to be nonlocal, and may lead tgrosstalk and the finite rise time of the bias current pulse. To
entanglement between the two quBftSince we can adjust improve the accuracy, we perform a numerical optimization
the qubit couplingK to zero, we can readily implement ysing Eq.(11) as a starting point, then add these corrections.
single-qubit gates with microwave pulses as described belowye set 5,/h=5 GHz and 8,/h=3 GHz, and include the
To implement the nonlocal two-qubit CNOT gate, we useshifts of the single-qubit energy biases due to the crosstalk
the concept of local equivalence: the two-qubit gaesand  with K, in Eq. (11) by adding a shiftd; proportional toK.
U, are locally equivalent itJ;=k,Uoky, wherek; andk; are e account for the rise and fall times of the current pulse by
local two-qubit gates which are combinations of single-qubitysing pulse edges with 90% widths of 0.5[sseK(t) in Fig.
gates applied simultaneously. The local gate which precedesy we numerically optimize the variable parameters to mini-
Uy, ke, is given byks; @ kyy, Wherekayzp is @ single-qubit  mize the Euclidean distance between the actual achieved gate
gate for qubit 12), while the local gate which followsl,, k;,  and the desired Weyl chamber target CNOT gatel,, Ifs
is ki3 ®Kkip, Where kqy15) is a single-qubit gate for qubit pulsed to provideK/h=-0.30 GHz for a timet,=8.74 ns,
1(2).2t Our strategy is to find efficient implementation of a we find that the gate locally equivalent to CNOT is reached
nonlocal quantum gateg, that differs only by local gatek; =~ when the externally controlled static flux biases are set to
andk,, from CNOT, using the methods in Ref. 20 and then toyield €2/h=8.06 GHz ande>/h=2.03 GHz throughout the
add those local operations required to achieve a CNOT gateperation.
in the computational basis, in which the SQUID measures As outlined above, to achieve a true CNOT gate we still
the projection of each qubit state vector onto #haxis. have to determine the pulse sequences which implement the
The local equivalence classes of two-qubit operations areequisite local gates that take this Weyl chamber talyetio
in one-to-one correspondence with points in a tetrahedrorCNOT in the computational basis. Local gates may be imple-
the Weyl chambet® In this representation, any two-qubit mented by applying microwave radiatior¥(t), which
operation is associated with the poipt;,c,,c3], where  couples to<r(z'), and is at or near resonance with the single-
CNOT corresponds tpr/2,0,0]. Furthermore, the nonlocal qubit energy-level splittingAE;. To simplify the pulse se-
two-qubit gates generated by a Hamiltonian acting for time quence, we keepg , constant at the values used for the non-

[c1,Cp,C3] = [Kut/f, p|sin wt

,plsin wt|]. 11

can be mapped to a trajectory in this sp&tH. |, is varied

local gate generation. This imposes an additional constraint

such thaK is increased instantaneously to a constant valuepn the local gates: to generate a local two-qubit date

the trajectory generated by E@) is well described by the
periodic curve

=k;1®Ky,, the two single-qubit gatek,; and k;» must be
simultaneous and of equal duration. We satisfy this constraint
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by making the microwave pulse addressing one-qubit reso- ] ] ]

nant and that addressing the other slightly off resonance.

Using this offset and the relative amplitude and phase of the

two microwave pulses as variables, we can achieve two dif-

ferent single-qubit gates simultaneously, leading to our re-

quired local two-qubit gate. FIG. 4. Chain of flux qubits with intervening dc SQUIDs ar-
The resulting pulse sequences [@and’gM are shown in  ranged to provide both variable nearest-neighbor coupling and qubit

Fig. 3. The static flux biases which determig®, remain  readout.

fixed throughout the entire pulse sequence and are chosen to

provide a large frequency separation betweds,/h and

AE,/h. This ensures that the microwave radiation to producéits coupled to the SQUID, and enables cancellation of the

the single-qubit gate for qubit 1 is far off resonance for qubitdirect mutual inductive couplingl, between the qubits so

2. This constraint could be relaxed if one could engineer thehat the net couplingk can be switched to zero. By steering

microwave driving with two separate antennas, each ong nponlocal gate trajectory and combining it with local gates

coupling selectively to one of the qubits. The gate has &omposed of simultaneous single-qubit rotations driven by

maximum deviation from CNOT in the computational basiSyesonant and off-resonant microwave pulses, we have shown

of 0.016 in any matrix element. This error arises predomithat 4 simple pulse sequence containing a single switching of

nantly from the single microwave antenna which leads tane flux coupling for fixed static flux biases results in a

cross coupling of the microwave signals for the two qubitScNOT gate and full entanglement of two flux qubits. Fur-

and the weak modulation of th€=0 state of the coupler thermore, the same SQUID can be used to determine the flux

during the single-qubit microwave manipulations. While giate of the qubits. This approach should be scalable to larger
small, this error could be reduced further by performing then mpers of qubits, as, for example, in Fig. 4.

numerical optimization with higher precision or by coupling
the microwave flux selectively to each qubit and not to the This work was supported by the Air Force Office of Sci-
SQUID. The total elapsed time of 29.35 ns is comparable t@ntific Research under Grant No. F49-620-02-1-0295, the
measured dephasing times in a single flux gtibit. Army Research Office under Grant Nos. DAAD-19-02-1-
In summary, we have shown that the inverse dynami®187 and P-43385-PH-QC, and the National Science Foun-
inductance of a dc SQUID with loyB, in the zero-voltage dation under Grant No. EIA-020-5641. F.K.W. acknowledges
state can be controlled by bias current pulses. This technigueavel support from Deutsche Forschungsgemeinschaft
provides a variable strength interactig between flux qu-  within Sonderforschungsbereich 631.
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