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Maximized orbital and spin Kondo effects in a single-electron transistor
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We investigate the charge fluctuations of a single-electron box~metallic grain! coupled to a lead via a
smaller quantum dot in the Kondo regime. The most interesting aspect of this problem resides in the interplay
betweenspin Kondo physics stemming from the screening of the spin of the small dot andorbital Kondo
physics emerging when charging states of the grain with~charge! Q50 and Q5e are almost degenerate.
Combining Wilson’s numerical renormalization-group method with perturbative scaling approaches we push
forward our previous work@K. Le Hur and P. Simon, Phys. Rev. B67, 201308R~2003!#. We emphasize that,
for symmetric and slightly asymmetric barriers, the strong entanglement of charge and spin flip events in this
setup inevitably results in a nontrivial stable SU~4! Kondo fixed point near the degeneracy points of the grain.
By analogy with a small dot sandwiched between two leads, the ground state is Fermi-liquid-like, which
considerably smears out the Coulomb staircase behavior and prevents the Matveev logarithmic singularity
from arising. Most notably, the associated Kondo temperatureTK

SU(4) might be raised compared to that in
conductance experiments through a small quantum dot (;1 K), which makes the observation of our predic-
tions a priori accessible. We discuss the robustness of the SU~4! correlated state against the inclusion of an
external magnetic field, a deviation from the degeneracy points, particle-hole symmetry in the small dot, and
asymmetric tunnel junctions and comment on the different crossovers.

DOI: 10.1103/PhysRevB.69.045326 PACS number~s!: 75.20.Hr, 71.27.1a, 73.23.Hk
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I. INTRODUCTION

Recently, quantum dots have attracted considerable in
est due to their potential applicability as single-electron tr
sistors or as basic building blocks~qubits! in the fabrication
of quantum computers.1 In recent years, a great amount
work has also been devoted to studying the Kondo effec
mesoscopic structures.2 A motivation for these efforts was
the recent experimental observation of the Kondo effec
tunneling through a small quantum dot in the Kon
regime.3–5 In these experiments, the excess electronicspinof
the dot acts as a magnetic impurity. Let us also mention
the manipulation of magnetic cobalt atoms on a copper
face, and more specifically the observation of the associ
Kondo resonance via spectroscopy tunnel
measurements,6,7 also represents a remarkable opportunity
probe spin Kondo physics at the mesoscopic scale bu
another realm~not with artificial structures!.

A different set of problems relating the Kondo effect
the physics of quantum dots is encountered when investi
ing the charge fluctuations of a large Coulomb-blockad
quantum dot~metallic grain!.8 More precisely, one of the
most important features of a quantum dot is the Coulo
blockade phenomenon, i.e., as a result of the strong repu
between electrons, the charge of a quantum dot is quant
in units of the elementary chargee. Even a metallic dot at a
micrometric scale can still behave as a good single-elec
transistor. When the gate voltageVg is increased, the charg
of the grain changes in a steplike manner. This behavio
referred to as a Coulomb staircase. Moreover, when the
tallic dot is weakly coupled to a bulk lead, so that electro
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can hop from the lead to the dot and back, the dot cha
remains to a large extent quantized. This quantization
been investigated thoroughly both theoretically9–12 and
experimentally.13 It is important to bear in mind that this
problem is intrinsically connected to anorbital or charge
Kondo effect.9 Indeed, near the degeneracy points of the
erage charge in the grain, one can effectively map the pr
lem of charge fluctuations onto a~planar! two-channel
Kondo Hamiltonian14–16 with the two charge configuration
in the box playing the role of the impurity spin9,17 and the
physical spin of the conduction electrons acting as a pas
channel index.~This mapping isa priori valid only for weak
tunneling junctions between the grain and the lead.! For ac-
cessible temperatures—in general, larger than the level s
ing of the grain—spin Kondo physics is not relevant.18 The
quantity of interest is the average dot charge as a functio
the voltage applied to a back gate. Note that the average
charge can be measured with sensitivity well below a sin
charge.19 Unfortunately, only some fingerprints of the two
channel Kondo effect were recently observed for a setting
semiconductor quantum dots.20 Indeed, the non-Fermi-liquid
nature of the two-channel Kondo effect is hardly access
in the Matveev setup built on semiconducting devices.21 On
the one hand, the charging energy of the grain must be la
enough to maximize the Kondo temperatureTK ; on the other
hand, the level spacing must be small enough compare
TK . It is difficult to satisfy these two conflicting limits. A
better chance for observing the two-channel Kondo beha
may occur if tunneling between the lead and the grain
volves a resonant level since it offers the possibility of ac
ally enhancing the Kondo temperature of the system.23
©2004 The American Physical Society26-1
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In this paper, the setup we analyze consists of a sin
electron box or grain coupled to a reservoir through a sma
dot ~Fig. 1!. We assume that the smaller dot contains an o
number of electrons and eventually acts as anS51/2 Kondo
impurity.2 Typically, when only charge Kondo flips are in
volved, the low energy physics near the degeneracy poin
well described by a two-channel Kondo model; in particul
the capacitance peaks of the grain exhibit at zero tempera
a logarithmic singularity at the degeneracy points, which
sures a nice Coulomb staircase even for not too weak c
plings between the quantum box and the lead.9 In our setup,
the Kondo effect now has two possible origins: the spin d
to the presence of the small dot playing the role of anS
51/2 spin impurity, and the orbital degeneracy on the gra
Combining Wilson’s numerical renormalization-grou
~NRG! method with perturbative scaling approaches, we
tend our previous work,22 and emphasize that at~and near!
the degeneracy points of the grain the two Kondo effects
be intertwined. The orbital degrees of freedom of the gr
become strongly entangled with the spin degrees of freed
of the small dot, resulting in a stable fixed point with a
SU~4! symmetry. This requires symmetric or slightly asym
metric tunneling junctions. Furthermore, the low ener
fixed point is a Fermi liquid, which considerably smears o
the Coulomb staircase behavior and prevents the Matv
logarithmic singularity from arising.9 Remember that the ma
jor consequence of this enlarged symmetry in our setu
that the grain capacitance exhibits, instead of a logarith
singularity, a strongly reduced peak as a function of
back-gate voltage, considerably smearing charging effec
the grain. It is also worth noting that the Kondo effect
maximized when both Kondo effects occur simultaneou
In particular, the associated Kondo temperatureTK

SU(4) can be
strongly enhanced compared to that of Matveev’s origi
setup, which may guarantee the verification of our pred
tions. We stress that the Coulomb staircase behavior is
ready smeared out in the weak tunneling limit, due to
appearance of spin-flip-assisted tunneling. A different lim
where the small dot rather acts as a resonant level clos

FIG. 1. ~Color online! Schematic view of the setup. A microme
ter scale grain~or large dot! is weakly coupled to a bulk lead via
small dot in the Kondo regime, which acts as anS51/2 spin impu-
rity. The charges of the grain and the small dot are controlled by
gate voltagesVg and Vd , respectively. The auxiliary voltages ca
be used to adjust the tunnel junctions.
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the Fermi level was studied in Refs. 23 and 24, where
contrast it was shown that the resonant level has only a sl
influence on the smearing of the Coulomb blockade eve
the transmission coefficient through the impurity is 1 at re
nance. This differs markedly from the case of an ener
independent transmission coefficient where the Coulo
staircase is completely destroyed for perfect transmission9,25

Furthermore, the charge of the grain in such a device can
used to measure the occupation of the dot.24 The resonant-
level behavior of Ref. 24 is also recovered in our setup wh
an orbital magnetic field is applied.

Let us mention that the possibility of a strongly correlat
Kondo ground state possessing an SU~4! symmetry has also
been discussed very recently in the different contexts of
small dots coupled with a strong capacitive interd
coupling26 and of triangular artificial atoms.27 The possibility
of orbital and spin Kondo effects in such a geometry w
previously anticipated by Scho¨n and co-workers,28 inspired
by preliminary experiments of Ref. 29. It is worth noting th
these types of problems also have potential connections
the twofold orbitally degenerate Anderson impuri
model,30,31 and more precisely with the physics of certa
heavy fermion compounds like UBe13, where the U ion is
modeled by a nonmagnetic quadrupolar doublet32 and thus
quadrupolar~orbital! and spin Kondo effects can in principl
interfere.30

Our paper is structured as follows. In Sec. II, we resort
a Schrieffer-Wolff transformation and derive the effecti
model including the different useful parameters. In Sec.
assuming that we are far from the degeneracy points of
grain, we use a pedestrian perturbation theory; this rev
the importance of spin flips even in this limit. In Sec. IV, w
carefully investigate both theoretically and numerically t
interplay between orbital and spin Kondo effects at the
generacy points. In Sec. V, we discuss in detail the effect
possible symmetry breaking perturbations and the crosso
generated by such perturbations. Finally, Sec. VI is devo
to the discussion of our results, and in particular we summ
rize our main experimental predictions for such a setup.

II. MODEL AND SCHRIEFFER-WOLFF
TRANSFORMATION

In the following, we analyze in detail the behavior o
charge fluctuations in the grain. In order to model the se
depicted in Fig. 1, we consider the Anderson-like Ham
tonian

H5(
k

ekaks
† aks1(

p
epaps

† aps1
Q̂2

2C
1wQ̂1(

s
eas

†as

1Un↑n↓1t(
ks

~aks
† as1h.c.!1t(

ps
~aps

† as1H.c.!,

~1!

whereaks , as , and aps are the annihilation operators fo
electrons of spins in the lead, the small dot, and the grai
respectively, andt is the tunneling matrix element, which w
assume to bek independent for simplicity. Let us first con

e
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sider that the tunnel junctions aresymmetric. We also assume
that the junctions are narrow enough and contain one tr
verse channel only. Extensions of the model to asymme
or larger junctions will be analyzed later in Sec. V. We a
assume that the energy spectrum in the grain is continu
which implies that the grain is large enough that its le
spacingDg is very small compared to its charging ener
Ec5e2/(2C): Dg /Ec→0 ~in Ref. 20 Dg;70 mK was not
sufficiently small compared to the Kondo temperature sc
which hindered the logarithmic capacitance peak9 from de-
veloping completely!. Q̂ denotes the charge operator of t
grain, C is the capacitance between the grain and the g
electrode, andw is related to the back-gate voltageVg
throughw52Vg . e,0 andU are, respectively, the energ
level and charging energy of the small dot, andns5as

†as .
The interdot capacitive coupling is assumed to be weak
is therefore neglected.

We mainly focus on the particularly interesting situati
where the small dot is in theKondo regime, which requires
the last level to be singly occupied and the condition

t!2e,U1e ~2!

to be satisfied (e,0). The resonant level limit wheree lies
near the Fermi level will be addressed at some points in S
V. In the local moment regime, we can integrate out cha
fluctuations in the small dot using a generalized Schrief
Wolff transformation.33,34 More precisely, the system is de
scribed by the Hamiltonian

H5(
k

ekak
†ak1(

p
epap

†ap1
Q̂2

2C
1wQ̂

1(
m,n

S J

2
SW •sW 1VDam

† an . ~3!

To simplify the notation, the spin indices have been omit
here and hereafter.m,n take values in the two sets ‘‘lead’’~k!

or ‘‘grain’’ ( p), the spinSW is the spin of the small dot, andsW
are Pauli matrices acting on the spin space of the electr
Let us now discuss the parametersJ andV in more detail.

In the vicinity of one degeneracy point obtained forw
52e/2C, where the grain charging states withQ50 and
Q5e are degenerate, we find explicitly

J52t2F 1

2e
1

1

U1eG . ~4!

A small direct hopping term

V5
t2

2 F 1

2e
2

1

U1eG ~5!

is also present and should not be neglected. In particu
this embodies the so-called charge flips from the reser
to the grain and vice versa in Matveev’s original proble
Notice that the ratioV/J can take values between21/4
~when U52e) and 1/4~when U→`). V50 corresponds
to the particle-hole symmetric case where 2e1U50. For
w52e/2C, the energy to add a hole or an electron onto
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metallic grain vanishes, and therefore the Schrieffer-Wo
parametersV and J are completely identical to those of
small dot connected to two metallic reservoirs.35 Further-
more, remember that in the present model the ultraviolet c
off at which the effective model becomes valid can
roughly identified withD;min$Ec ,Dd%, where Dd is the
level spacing of the small dot~with today’s technology it is
possible to reach5 Dd;2 –3 K and for the grain20 Ec
;2.3 K).

On the other hand, far from the degeneracy pointw
52e/2C—which means on a charge plateau—the energy
add a hole on the grain isU215Ec(112N), where N
5CVg /eÞ1/2. Similarly, it costsU15Ec(122N) to add an
extra electron on the grain. The lead-dot and grain-d
Kondo couplings,J0 and J1, respectively, then becom
asymmetriceven for symmetric junctions:

J052t2F 1

2e
1

1

U1eG5J,

J152t2F 1

U12e
1

1

U1e1U21
G . ~6!

In the second equation, the virtual intermediate state wh
an electron first hops from the grain onto the small dot
duces an excess of energyU21 in the second term. The firs
term contains the energy of the intermediate state of the
cess, where the temporal order of the hopping events is
versed. The off-diagonal terms where an electron from
reservoir~grain! flips the impurity spin and then jumps ont
the grain~reservoir! reads

J0152t2F 1

U12e
1

1

U1eG ,
J1052t2F 1

2e
1

1

U1e1U21
G . ~7!

Note that in general particle-hole symmetry is absent in
large dot, so in principleJ01ÞJ10. But, in our setting,Ec
5e2/2C!ueu,U1e, so in the following we will neglect the
asymmetry betweenJ01 and J10 far from the degeneracy
points (J015J10) ~this has no drastic consequence on t
results!. In the finite temperature rangeT,U1 ,U21, these
off-diagonal processes are suppressed exponentially asJ̃10
5J10(T)'J10e

2U1/4kT, whereas the diagonal spin process
can be strongly renormalized at low temperatures. In ot
words, in the renormalization-group language, if we start
high temperature with a set of Kondo coupling
J0 , J1 , J01, J10, the growth ofJ01, J10 is cut off whenT
is decreased below max(U1 ,U21), whereas the growth o
J0 , J1 is not. This offers a chance to reach a two-chan
Kondo effect in the spin sector~for asymmetric tunneling
junctions!, provided the conditionJ05J1 can be reached
with a fine-tuning of the gate voltages.36 We can make the
same approximation for theV term and defineV10, V01 ac-
cordingly ~with V105V01), and alsoṼ10.
6-3
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III. PEDESTRIAN PERTURBATION THEORY ON A
PLATEAU

We want first to compute the corrections to the avera
charge on the grain on a charge plateau due to the Kondo
V couplings, bearing in mind that, when the tunneling amp
tude t→0, the average grain charge^Q̂& exhibits perfect
Coulomb staircase behavior as a function ofVg . We confine
ourselves to values ofw in the range 2e/(2C),w
,e/(2C), which corresponds to the unperturbed~charge!
value Q50. A first natural approach is to assume that t
Kondo and charge-flip couplings are very small compared
the charging energyEc5e2/(2C) of the grain and to calcu
late the corrections toQ50 in perturbation theory. Although
this perturbative calculation appears to be of limited use,
very instructive to perform it in order to indicate the differe
sources of divergences that appear when approaching th
generacy points, the main issue treated in this paper. At
ond order, we find

^Q̂&25eS 3

8
J10

2 12V10
2 D lnS e/2C2w

e/2C1w D . ~8!

Note that at finite low temperatureT,U1 ,U21, we should
use the renormalized off-diagonal couplingsJ̃10,Ṽ10, which
are small~in other words the flow of the off-diagonal Kond
couplings has been cut off forT,U1 ,U21). This better re-
produces the~exact! numerical calculations of Ref. 12. Fo
more details, we refer the reader to the Appendix. The d
sities of states in the lead and in the grain have been assu
to be equal9 and taken to be 1 for simplicity. This result tend
to trivially generalize that of a grain directly coupled to
lead.9 However, there are two reasons that may suggest
this perturbative approach is divergent. Higher-order term
already at cubic order—involve logarithmic divergences
sociated with the renormalizations of the Kondo couplin
~see the Appendix!, but also other logarithms indicating th
vicinity of the degeneracy pointw52e/2C in the charge
sector. For example, a correction at cubic order to the re
in Eq. ~8! is given by

^Q̂&3}J0J10
2 lnS D

kBTD lnS e/2C2w

e/2C1w D . ~9!

We also have a similar correction inJ1J10
2 . It would be po-

tentially interesting to observe the logarithmic temperat
dependence of̂Q̂& on a given plateau due to Kondo spin-fl
events. Note also that the perturbation theory in theV10 term
has been previously extended to the fourth order.10 The per-
turbative result is valid only far from the degeneracy poin
provided the renormalization, e.g., of the spin Kondo co
pling J0, is also cut off either by the temperatureT or by a
magnetic fieldB @in general, for symmetric junctions on
already getsJ0.J1 at the bare level; see Eq.~6!#. This con-
siderably restricts the range of application of this pertur
tive calculation compared, for example, to the simpler se
involving a grain coupled to a reservoir, and even on
charge plateau the temperature must be larger than
emerging spin Kondo energy scale between the lead and
04532
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small dot. Finally, note that in our perturbative treatment
finite temperatureT,U1 ,U21 we have made the following
~standard! approximation: We have introduced the tempe
ture only virtually through the renormalization of the co
plings J10 andV10.

The other regimes that require nonperturbative
proaches will be studied in Secs. IV and V.

IV. ORBITAL AND SPIN KONDO EFFECTS CLOSE TO
THE DEGENERACY POINTS

In this section, we will be primarily interested in the situ
ation close to the degeneracy pointw52e/2C, where none
of the perturbative arguments above can be applied. We w
to show that the Hamiltonian given by Eq.~3! can be
mapped onto some generalized Kondo Hamiltonian follo
ing Ref. 9.

A. Mapping to a generalized Kondo model

Close to the degeneracy pointw52e/2C and for kBT
!Ec , only the states withQ50 andQ5e are accessible
and higher-energy states can be removed from our the
introducing the projectorsP̂0 and P̂1 ~which project on the
states withQ50 andQ5e in the grain, respectively!. The
truncated Hamiltonian~3! then reads

H5 (
k,t50,1

ekakt
† akt~ P̂01 P̂1!1ehP̂11(

k,k8
F S J

2
sW •SW 1VD

3~ak1
† ak80P̂01ak80

† ak1P̂1!

1 (
t50,1

S J

2
sW •SW 1VDakt

† ak8tG , ~10!

where now the indext50 indicates the reservoir andt51
indicates the grain. We have also introduced the small
rameter

h5
e

2C
1w5

e

2C
2Vg!

e

C
, ~11!

which measures deviations from the degeneracy point. C
sideringt as an abstractorbital index, the Hamiltonian can
be rewritten in a more convenient way by introducing a
other set of Pauli matrices for the orbital sector:9,17

H5(
k,t

ekakt
† akt1ehTz1(

k,k8
F(

t,t8
S J

2
sW •SW 1VD ~txTx

1tyTy!t,t8akt
† ak8t81(

t
S J

2
sW •SW 1VDakt

† ak8tG . ~12!

In this equation, the operators (S,s) act on spin and the
(T,t) act on the~charge! orbital degrees of freedom.

The key role of this mapping stems from the fact that^Q̂&
can be identified as~an orbital pseudospin!

^Q̂&5eS 1

2
1^Tz& D . ~13!
6-4
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Then we can introduce the extra~charge! state uQ& as an
auxiliary label to the stateuF& of the grain. In addition to
introducing the labeluQ&, we make the replacement

ak1
† ak80P̂0→ak1

† ak80T1,

ak0
† ak81P̂1→ak80

† ak1T2. ~14!

Notice thatT1 andT2 are pseudospin ladder operators a
ing only on the charge partuQ&. More precisely, we have th
correct identifications

T2uQ51&5T2uTz511/2&5uQ50&,

T1uQ50&5T1uTz521/2&5uQ51&, ~15!

meaning that the charge on the single-electron box is
justed whenever a tunneling process takes place. Fur
more, sinceT1uQ51&50 and T2uQ50&50 these opera-
tors ensure in the same way as the projection operatorsP̂0

and P̂1 that only transitions between states withQ50 and
Q51 take place. This leads us to identifyP̂11 P̂0 with the
identity operator on the space spanned byu0& and u1& and
P̂12 P̂0 with 2Tz. We now introduce an additional pseu
dospin operator via

ak1
† ak805

1

2
akt

† t2ak8t8 ,

ak0
† ak815

1

2
akt

† t1ak8t8 , ~16!

where the matricest65tx6 i ty are standard combination
of Pauli matrices. Finally, the Coulomb termh mimics a
magnetic field acting on the orbital space. Therefore,
~quantum! grain capacitanceCq52]^Q̂&/]h is equivalent to
the local isospin susceptibilityxT52]^Tz&/]h up to a factor
e. For simplicity, we will subtract the classical contributio
C, which is Vg independent. But obviously, to compute th
latter, we have to determine the nature of the Kondo gro
state exactly.

Typically, when only ‘‘charge flips’’ are involved through
the V term, the model can be mapped onto a two-chan
Kondo model~the two channels correspond to the two sp
states of an electron!, and the capacitance always exhibits
logarithmic divergenceat zero temperature.9 Here, we have a
combination of spin and charge flips. Can we then exp
two distinct energy scales for the spin and orbital sectors?
answer this question, we perform a perturbative sca
analysis following that of a related model in Ref. 37. We fi
rewrite the interacting part of the Hamiltonian in real spa
as
04532
-
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HK5
J

2
SW •~c†sW c!1

Vz

2
Tz~c†tzc!

1
V'

2
@T1~c†t2c!1H.c.#

1QzT
zSW •~c†tzsW c!1Q'SW •@T1~c†t2sW c!1H.c.#,

~17!

wherects5(kakts .
A host of ~spin-exchange! ^ ~isospin-exchange! interac-

tions are generated~Fig. 2!; J refers to pure spin-flip pro-
cesses involving theS51/2 spin of the small dot,V' to pure
charge flips which modify the grain charge, andQ' to exotic
spin-flip-assisted tunneling.

This Hamiltonian exhibits a structure that is very simil
to the one introduced in Ref. 26 in order to study a symme
cal double~small! quantum dot structure with strong capac
tive coupling.26 However, since the physical situation that le
us to this Hamiltonian here is very different from that of Re
26, our bare values for the coupling parameters are also
different ~for J!1):

V'5V, Vz50, Qz50, Q'5J/4. ~18!

We have ignored the potential scatteringVc†c, which does
not renormalize. It is also relevant to note that this mo
belongs to the general class of problems of two coup
Kondo impurities. However, the coupling between impu
ties, namely,Q' , is far different from the more usua
Ruderman-Kittel-Kasuya-Yosida~RKKY ! interaction.38

Again, bear in mind that here the operatorsP̂1,05(1
62Tz)/2 andp̂0,15(16tz)/2 project out the grain state with
Q5e and Q50, and the reservoir/grain electron channe
respectively. The spinSW corresponds to the spin of the sma
dot in the Kondo regime and the indexs is the spin state of
an electron in the reservoir or in the grain.

FIG. 2. ~Color online! Couplings involved after the Schrieffer
Wolff transformation:J refers topure spin-flip processes involving
the S51/2 spin of the small dot,V' to pure charge flips from the
lead to the grain, andQ' to exotic spin-flip-assisted tunneling, i.e
mixing the charge fluctuations of the grain with the screening of
S51/2 spin of the small dot.
6-5
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Note that in the situation of Ref. 26 the operatorsP̂6

5(162Tz)/2 and p̂65(16tz)/2 rather project out the
small double-dot states (n1 ,n2)5(1,0) and (0,1) and the
right/left (1/2) lead channels, respectively. Additionall
the spinSW is the spin~excess! impurity either on the left or
the right dot and the indexs denotes the spin state of ele
trons in the reservoirs. The corresponding bare values in
case would rather be of the form

V'5Q' , Vz , Qz5J. ~19!

B. Perturbative renormalization group analysis

The low-energy Hamiltonian can be treated using per
bative renormalization group~RG! following the related
model in Ref. 39. Observe that no new interaction terms
generated to second order as the bandwidth is reduced
integrating out conduction electrons with energy larger th
a scaleE!D (;min$Ec ,Dd% being either the level spacin
of the small dot or the charging energy of the grain, i.e.,
ultraviolet cutoff!, we obtain at second order the followin
RG equations for the five dimensionless coupling consta

dJ

dl
5J21Qz

212Q'
2 ,

dVz

dl
5V'

2 13Q'
2 ,

dV'

dl
5V'Vz13Q'Qz ,

dQz

dl
52JQz12V'Q' ,

dQ'

dl
52JQ'1VzQ'1V'Qz , ~20!

with l 5 ln@D/E# being the scaling variable andE the running
bandwidth. This RG analysis is applicable only very close
the degeneracy pointw52e/(2C), where the effective
Coulomb energy in the grain orh vanishes, and obviously
only when all coupling constants stay!1. Higher orders in
the RG have been neglected.

Although Eqs.~20! have no simple analytic solution, on
can try to read off the essential physics from numerical in
gration and the initial conditions~18!.

Let us first discuss the most obvious case of a parti
asymmetric level, withV'.0 meaning~large! U@22e. In
this case, the numerical integration of the RG flow indica
that, even though we start with completelyasymmetricbare
values of the coupling constants, all couplings diverge at
same energy scale due to the presence of the spin-
assisted tunneling termsQ' and Qz . This energy scale
which we can identify with a generalized Kondo temperat
is difficult to calculate analytically. However, we can a
proximate it by the one of the completely symmetrical mo
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SU(4);De21/4J. ~21!

Furthermore, we have checked numerically that all coupl
ratios converge to 1 in the low-energy limit provided the R
equations can be extrapolated in this regime. These res
have been summarized in Fig. 3. As confirmed below with
exact numerical RG treatment, the entanglement of spin
orbital degrees of freedom in this geometry will lead to
higher symmetry than SU(2)̂SU(2), namely, SU~4!, and
then to the formation of a Fermi liquid correlated grou
state with, e.g., the complete screening of the orbital spinTW .
@SU~4! is the minimal group allowing spin-orbital entangle
ment and which respects rotational invariance in both s
and orbital spaces.# Recall that the presence of the spin-fli
assisted tunneling terms then definitely hinders the poss
ity of a non-Fermi-liquid ground state induced by the ove
screening of the pseudoimpurityTW .

Let us now analyze the particle-hole symmetric case,
V'50. At second order, the RG flow would tend to sugg
that two parameters, namely,V' andQz , remainzerowhat-
ever the energy scale. Typically, the Kondo couplingJ is the
largest throughout the RG flow and seems to be the first
to diverge. On the other hand, the ratiosVz /J and Q' /J
cannot be neglected, which tends to exclude an SU
3SU(2) symmetry, where the spin and orbital degrees
freedom would be independently screened~Fig. 4!. Instead,
spin-orbital mixing~entanglement! seems to be prominent a
low energy. Even though the perturbative RG is certainly
sufficient to draw more definitive conclusions, it is also i
structive to observe that forV',0 the ratiosQ' /J andVz /J
still converge to 1. Since the system definitely has to rest
the rotational invariance in both spin and orbital spaces,
tends to emphasize that higher-order terms play a crucial
in the crossover regime by eventually restoring an SU~4!
Fermi liquid even for those cases. Moreover, the RG anal
suggests that the temperature scale at which the Fermi li

FIG. 3. ~Color online! Evolution of the four coupling ratios as
function of the scaling variablel 5 ln(D/E). The initial conditions
have been chosen asJ(0)5u, V'(0)50.10u, Q'(0)5u/4 with
u50.000 18 andVz(0)5Qz(0)50. The full line isQ' /J, the dot-
ted line V' /Vz , and the dashed linesQ' /V' and Q' /Qz ~which
diverges forl→0). All the couplings are strongly renormalized fo
l c'3914 and all their ratios converge to 1. Extrapolating the flow
l @ l c would give a straight horizontal line where the coupling rati
remain 1.
6-6
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behavior emerges will be much smaller for vanishing a
negativeV' , because the system needs a much longer t
to restore the rotational symmetry in both spin and orb
spaces. To enumerate higher-order terms would be a
tedious task; therefore this assertion will rather be chec
by a NRG analysis, a completely nonperturbative method
summarize this part, we emphasize that forV'<0 the above
perturbative analysis does not allow us to determine the
cise nature of the low-temperature fixed point, whether
orbital ~isospin! moment is exactly screened or overscreen
We will prove in Sec. IV E using NRG that an SU~4!
strongly correlated ground state emerges for any phys
value ofV' , i.e., 2J/4<V'<J/4.

C. Entanglement of spin and charge degrees of freedom

This RG analysis suggests—at least for not too sm
positiveV'—that our model becomes equivalent at low e
ergy to an SU~4! symmetricalexchange model:

HK5J(
A

cm
† tmn

A F(
ab

S Sa1
1

2D S Tb1
1

2D GA

cn

5
J

4(A MA(
m,n

cm
† tmn

A cn . ~22!

Since all the coupling ratios converge to 1, we have rewrit
the Kondo Hamiltonian~17! with the unique coupling con
stantJ. We have introduced the ‘‘hyperspin’’

MAP$2Sa,2Ta,4SaTb%, ~23!

for a,b5x,y,z. The operatorsMA can be regarded as the 1
generators of the SU~4! group. Moreover, this conclusio
will be strongly reinforced by the NRG analysis propos

FIG. 4. ~Color online! Here, we have chosenJ(0)5u, Q'(0)
5u/4 with u50.000 18 andV'(0)5Vz(0)5Qz(0)50. The cou-
pling J( l ) is the largest throughout the RG flow, but the rati
Q' /J andVz /J cannot be neglected. Furthermore, at second or
the couplingsV' and Qz remain zero. However, the NRG con
cludes that even in this limit the system converges to an SU~4!
Fermi liquid fixed point with identical coupling constants, whic
emphasizes the importance of higher-order terms and that s
orbital mixing is very prominent and the rotational invariance
restored in both spin and orbital spaces.
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below @whose range of validity is broader than Eqs.~20!#,
which indeed concludes that the effective Hamiltonian~22!
is appropriate for all values of2J/4<V'<J/4. Note that
apparently Eq.~22! has SU(2)3SU(2) symmetry, represent
ing rotational invariance in both spin and orbital~pseu-
dospin! spaces, and also interchange symmetry between
and pseudospin. But the full symmetry is actually the high
symmetry group SU~4!, which clearly unifies~entangles! the
spin of the small dot and the charge degrees of freedom
the metallic grain. Notice that the irreducible representat
of SU~4! written in Eq. ~22! has been used previously fo
spin systems with orbital degeneracy.40,41The electron opera-
tor c now transforms under the fundamental representa
of the SU~4! group, with generatorstmn

A (A51, . . .,15), and
the indexm labels the four combinations of possible sp
(↑,↓) and orbital indices (0,1), which means (0,↑), (0,↓),
(1,↑), and (1,↓).

The emergence of such a strongly correlated SU~4!
ground state, characterized by the quenched hyperspin op
tor

S SW 1
1

2D S TW 1
1

2D , ~24!

clearly reflects the strongentanglementbetween thecharge
degrees of freedom of thegrain and thespin degrees of
freedom of thesmall dot at low energy induced by the
prominence of spin-flip-assisted tunneling. There is the f
mation of an SU~4! Kondo singlet which is a singlet of the
spin operator, the orbital operator, and the orbital-spin m
ing operatorUa,b5SaTb. Again, let us argue that this en
larged symmetry arises whatever the parameterV' , simply
because the spin-flip-assisted tunneling termQ' always
flows off to strong couplings at the same time as the m
usual Kondo termJ; the system then must inevitably con
verge to a fixed point with orbital-spin mixing. To respe
rotational invariance in both spin and orbital spaces the o
possibility is indeed an SU~4!-symmetric Kondo model
~agreeing with the NRG result!.

D. Capacitance: Destruction of Matveev’s logarithmic
singularity

The ~one-channel! SU(N) Kondo model has been exten
sively studied in the literature~see, e.g., Ref. 42!. In particu-
lar, the strong coupling regime corresponds to adominant
Fermi liquid fixed point induced by the complete screeni
of the hyperspinMa, implying that all the generators o
SU~4! yield a local susceptibility with a behavior43

;1/TK
SU(4) . Tz being one of these generators, we deduce t

xT52]^Tz&/]h and thus the~quantum! capacitance of the
grain Cq52]^Q̂&/]h roughly evolves as 1/TK

SU(4) at low
temperatures.43 We have subtracted the classical capacita
C. Consequently, forh!e/C, we obtain a linear dependenc
of the average grain charge as a function ofVg52w:

^Q̂&2
e

2
52e

h

TK
SU(4)

52
e

TK
SU(4)F e

2C
1wG . ~25!

r,

in-
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The hallmark of the formation of the SU~4! Fermi liquid
in our setup is now clear. The~grain! capacitance peaks ar
completely smeared out by the mixing of spin and cha
flips, and Matveev’s logarithmic singularity9 has been com-
pletely destroyed. Additionally, the strong renormalization
the V ~andJ) term—and the stability of the strong couplin
Kondo fixed point—clearly reflects that the effective tran
mission coefficient between the lead and the grain beco
maximal close to the Fermi level.~The maximum of the
tunneling does not appear exactly at the Fermi level, as
could guess from the value of the phase shiftsd5p/4.!

This example could also be interpreted as an interes
proof that one can already wash out the Coulomb stairc
when the ‘‘effective’’ transmission coefficient between t
grain and the lead is roughly 1 only close to the Fermi ene
~and not for all energies25!. Conceptually, this is not acces
sible with a small dot in the resonant-level limit.23,24We
stress that this is a remarkable signature of the formation
a Fermi liquid ground state when tunneling through a sing
electron box.

E. Confirmation by numerical renormalization group analysis

In order to confirm the results obtained by perturbat
RG and extend our investigation to the strong coupling
gime, we have performed a collaborative NRG analysis34,44

of the model described by Eq.~17!, similar to that in Ref. 26.
Note in passing that the model of Eq.~17! with asymmetric
bare values is not strictly speaking integrable. Therefore,
resort to the NRG method, which in general can be succ
fully applied to ~various! two-impurity Kondo models.45 At
the heart of the NRG approach is a logarithmic energy d
cretization of the conduction band around the Fermi poin
In this method—after the logarithmic discretization of t
conduction band and a Lanczos transformation—one defi
a sequence of discretized HamiltoniansHN with the
relation44

HN11[L1/2HN1(
ts

jN~ f N,ts
† f N11,ts1H.c!, ~26!

where f 0,ts5cts /A2 and H0[2L1/2/(11L)HK with L
;3 as discretization parameter, andjN'1. For the defini-
tion of f N see Ref. 44. The original Hamiltonian is connect
to the HN’s as H5 limN→`vNHN with vN5L2(N11)/2(1
1L)/2. Using the logarithmic separation of the ener
scales, we are allowed to diagonalizeHN’s iteratively and
calculate physical quantities directly at the energy scalev
;vN . We have calculated the dynamical spin and orb
spin ~ac! susceptibilities

Im xO~v!5Im F^@O~ t !,O~0!#&, ~27!

whereO5Tz,Sz, andF denotes the Fourier transform. Ac
cording to the discussion above, the couplings were cho
asJ54Q' , Qz5Vz50.

The orbital spin susceptibility obtained for different va
ues ofV' is shown in Fig. 5. Regardless of the value ofV' ,
theTz susceptibility exhibits a typical Fermi-liquid-like pea
at an energy scale which can be identified asTK

SU(4) . Above
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this energy scale it behaves asx;v21, indicating that the
correlation function in Eq.~27! is constant for very shor
times, while for v,TK

SU(4) , x;v as a signature of the
;1/t2 asymptotic of the aforementioned correlation functi
for a Fermi liquid model. Indeed, atT50, this ensures a
grain capacitance

Cq5E
1/TK

SU(4)

1`

dt^@Tz~ t !,Tz~0!#&5
1

TK
SU(4)

• ~28!

Furthermore, as one can see in Figs. 5 and 7~below! ~for
Dz→0) the Kondo screening takes place simultaneously
the spin and orbital sectors, indicating the SU~4!-symmetric
nature of the effective low-energy Hamiltonian.

To give a rigorous proof of the SU~4! Fermi liquid ground
state, one has to analyze the finite size spectrum obtaine
NRG analysis. It turns out that~as in Ref. 26! the spectrum
can be understood as a sum of four independent chiral
mion spectra with phase shiftp/4 in accordance with the
prediction of the SU~4! Fermi liquid theory. This result
proves that the low-energy behavior is described by
Fermi liquid theory even atV'50, but as conjectured abov
the temperature scale at which the Fermi liquid emerges
creases as we change the couplingV' from 0.4J to 20.4J.

For comparison, in the inset of Fig. 5 we plot the dynam
cal susceptibility for the two-channel Kondo model: In th
case, Immx(v);const, which in contrast indicates that th
capacitanceCq would exhibit a logarithmic divergence a
zero temperature.9

Additionally, the SU~4! Kondo temperature scale is con
siderably reduced for negative values ofV' , i.e., by decreas-
ing the on-site interactionU on the small dot (U!22e).
This makes sense since by substantially decreasing the
lomb energy of the small dot, i.e., by progressively incre
ing the size of the small dot, one expects the breakdown
the SU~4! fixed point and a situation similar to that of

FIG. 5. ~Color online! The orbital spinTz susceptibility for dif-
ferent values ofV' . In all cases the susceptibility shows a typic
SU~4! Fermi liquid state atv5TK

SU(4)(V'). Inset: As a comparison
we plot the same quantity for the two-channel Kondo model. F
thermore, we can clearly observe thatTK

SU(4) markedly decreases fo
lower values ofU, i.e., by making the small dot larger and larg
~Ref. 46!, meaningV' /J,0.
6-8
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MAXIMIZED ORBITAL AND SPIN KONDO EFFECTS IN . . . PHYSICAL REVIEW B69, 045326 ~2004!
reservoir andtwo large dots46 @according to Eq.~2!, spin
Kondo physics should definitely vanish forU!2e].

V. STABILITY OF THE SU „4… FIXED POINT AND
CROSSOVERS

In contrast to the two-channel Kondo fixed point, which
known to be extremely fragile with respect to perturbatio
~e.g., channel asymmetry, magnetic field!, the SU~4! fixed
point is robust at least forweakperturbations.

In order to demonstrate the robustness of the SU~4! Fermi
liquid fixed point we have checked the role, e.g., of a m
netic field in real and orbital spin sectors. It turns out th
both terms are marginal operators in the RG sense. On
other hand, when the magnetic~orbital! field is much larger
than the scale of the Kondo temperature, the processes w
involve spin ~orbital spin! flips are suppressed, and low
energy physics is described by aone-channelorbital spin
~spin! Kondo effect, with a smaller Kondo temperature th
that of the SU~4! case. Let us now thoroughly analyze th
different fixed points and the effects of an asymmetry
tween the tunnel junctions and of rather large junctions w
more conducting channels.

A. Magnetic field

First of all, we have checked using NRG that the SU~4!
Fermi liquid fixed point remains for quite weak extern
magnetic field. But applying astrongmagnetic fieldB@TK
unavoidably destroys the SU~4! symmetry. However, at zero
temperature, we expect the behavior of charge fluctuat
close to the degeneracy points to remain qualitatively sim
Indeed, in a large magnetic field spin flips are suppresse
low temperatures, i.e.,Q'5Qz5J50, and the orbital de-
grees of freedom, throughV' and Vz , develop a standard
one-channel Kondo model~the electrons have only spin u
or spin down!, which also results in a Fermi liquid groun
state with a linear dependence of the average grain charg
in Eq. ~25!. Yet the emerging Kondo temperature will b
much smaller,

FIG. 6. ~Color online! The orbital spinTz susceptibility for dif-
ferent values of the external magnetic fieldB. The low-energy phys-
ics consists of a Fermi liquid regardless ofB, but the symmetry is
reduced for large magnetic fields to SU~2! ~for the orbital space!
and the Kondo energy scale is also reduced.
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TK@B5`#'De21/V, ~29!

with, for instance,V't2/(22e) for U→1`, and might not
be detectable experimentally. A substantial decrease of
Kondo temperature when applying an external magnetic fi
B has also been comfirmed using the NRG method even
extremely large values ofV ~Fig. 6!.

B. Away from the degeneracy points: Small dot as a resonant
level

A weak orbital magnetic field~orbital splitting! Dz}h
does not modify the SU~4! Fermi liquid state.

Moreover, the application of astrongDz always leads to a
single-channel Kondo effect in the spin sector. A nai
consideration—focusing on the RG flow above—would su
gest the possibility of a two-channel~spin! Kondo effect: the
simultaneous screening of the excess spin of the small do
the lead and the grain electrons, independently. Howe
going back to the Schrieffer-Wolff transformation for th
situation away from the degeneracy points, the charging
ergy of the metallic grain definitely ensuresJ1ÞJ0 ~provided
we start with almost symmetric junctions!, a condition that
destroys the stability of the two-channel spin Kondo fix
point. The spin Kondo couplingJ0 will be the first one to
flow off to strong couplings~as anticipated in Sec. III!. The
NRG calculation clearly confirms this expectation: theDz
term not only suppresses the orbital spin-flip terms but a
generates an asymmetry between the grain-dot and lead
spin couplings which destroys the two-channel Kondo
havior ~Figs. 7 and 8!. The possible two-channel~spin!
Kondo regime proposed by Oreg and Goldhaber-Gordo36

cannot be reached with this model, at least, for symme
junctions. Asymmetric junctions and a fine-tuning of th
grain gate voltage far from the degeneracy points would

FIG. 7. ~Color online! The real spinSz susceptibility for differ-
ent values of the orbital splittingDz . For Dz.TK

SU(4) the processes
which involve orbital spin flip are suppressed, resulting in a pur
one-channelspin Kondo effect, with a smaller Kondo temperatu
of the order of that for a small dot embedded between two le
TK@Dz#. Recall that the energy scale at which the SU~4! correlated
state arises can be much larger thanTK@Dz# which should certainly
ensure the observation of our theoretical results. It is worthwhile
note the parallel between Figs. 6 and 7 by interchangingTz↔Sz and
B↔Dz ~however,TK@Dz#.TK@B#).
6-9
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Le HUR, SIMON, AND BORDA PHYSICAL REVIEW B69, 045326 ~2004!
necessary to reach the conditionJ05J1. On the other hand
we will see that, for quite asymmetric barriers, a two-chan
Kondo behavior for the orbital degrees of freedom inste
can appear near the degeneracy points but at extremely s
~anda priori unreachable! temperatures.

For Dz@TK
SU(4) , the Kondo temperature scale here r

sembles that for a small dot connected to two leads35 (J0
5J) and, in principle, is still experimentally accessible:

TK@Dz#;De21/J,TK
SU(4) . ~30!

Henceforth, this will cut off the logarithmic divergence
the charge fluctuations away from the degeneracy p
w52e/2C @see Eq.~9!#. In order to describe the physics
strong orbital magnetic field, i.e., away from the degener
points, and at lower temperature, and more precisely the

FIG. 8. ~Color online! The orbital spinTz susceptibility for dif-
ferent values of the orbital splittingDz . For Dz.TK

SU(4) the pro-
cesses which involve orbital spin flip are clearly suppressed
scale ofDz , producing instead a Schottky anomaly. The orbi
pseudospin model then becomes inappropriate to describe
charge fluctuations of the grain at low energy. We rather ap
another resonant level mapping and a perturbation theory simila
that of Ref. 24.

FIG. 9. ~Color online! Illustrative view of the effective low-
energy model for almost symmetric barriers away from the deg
eracy points: According to Eq.~6! the charging energy on the grai
inevitably ensures that the spin Kondo couplingJ0 between the
bulk lead and the small dot will be the first to flow off to stron
couplings at the energy scaleTK@Dz#. The grain becomes virtually
weakly coupled to an effectiveresonant levelwith a reduced band-
width ;TK@Dz#!D.
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erage grain chargêQ&, we seek to go beyond the effectiv
model in Eq.~17!. Indeed, at energies smaller thanTK@Dz#,
the physics can be qualitatively identified with that of Re
24: The Kondo screening of the excess spin of the small
by the lead produces an Abrikosov-Suhl resonance at
Fermi level, and the small dot plus the lead can be repla
by a resonant level with the energye→0 and the resonanc
width ;TK@Dz#. Now, one can still allow for a~weak! re-
sidual tunneling matrix elementt̂ between the grain and th
effective resonant level~which may be of the same order a
the bare tunneling matrix elementt between the small do
and the grain but its value is difficult to determine acc
rately!. For an illustration, see Fig. 9. Reformulating resu
of Ref. 24 for our case and including thatTK@Dz#
!U1 ,U21 for N5CVg /e!1/2 (w!2e/2C), at zero tem-
perature we find

^Q&5e
G

p S 1

U1
2

1

U21
D5e

G

Ecp

4N

~122N!~112N!
,

~31!

with the effective tunneling energy scale

G5p(
p

t̂2d~ep!!U1 ,U21 . ~32!

SinceU1 and U21 are of the order ofEc for N!1/2, we
recover the result that the charge smearing far from the
generacy points cannot be large at low temperatures. A
tionally, recall that forN!1/2 and zero temperature at se

a
l
he
y
to

n-

FIG. 10. ~Color online! Profile of the average charge^Q& on the
grain versusN5CVg /e for ~almost! symmetric junctions andT
,TK@Dz#. Again, the SU~4! Kondo entanglement between spin an
orbital degrees of freedom, e.g., at the degeneracy pointN51/2,
produces a Fermi liquid state and the Coulomb staircase exhib
conspicuous smearing. Away from the degeneracy points, the p
ics becomes similar to that of a resonant level weakly coupled
grain, which also ensures a linear~but small! behavior for ^Q&
3@N# whenN→0. The full line curve corresponds toG/Ec50.15
and the dashed line curve toG/Ec50.1.
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MAXIMIZED ORBITAL AND SPIN KONDO EFFECTS IN . . . PHYSICAL REVIEW B69, 045326 ~2004!
ond order in t̂ the average grain charge also exhibits
~small! linear behavior as a function ofN or Vg which is
somewhat distinct from the original Matveev situation~Fig.
10!.9,10

C. Case of asymmetric junctions

Another interesting perturbation is the explicit symme
breaking between the dot-lead and dot-grain tunneling
plitudes. To address this issue, it is convenient to rewrite
Kondo Hamiltonian in the most general form as follow
~againt50 for the bulk lead andt51 for the grain!:

HK5 (
t50,1

S Jtct
†SW •

sW

2
ctD 1 (

t50,1
S 1

2
~21!tVz,tT

zct
†ctD

1
V'

2
@T1~c†t2c!1H.c.#1 (

t50,1
@Qz,t~21!t

3TzSW •~ct
†sW ct!#1Q'SW •@T1~c†t2sW c!1H.c.#.

~33!

The corresponding bare values are embodied by

FIG. 11. ~Color online! Magnetic and orbital susceptibilities ve
susv/D for close to unity values of the asymmetry parameterK
5t/t1 between the two tunnel junctions. The SU~4! ground state is
stable against the inclusion of a weak asymmetry between tu
junctions.
04532
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J05J, J15K2J, Q'5
KJ

4
,

V'5VK, Qz,t5Vz,t50, ~34!

where we have introduced the asymmetry parameterK
5t1 /t; t5t0 (t1) denotes the hopping amplitude betwe
the lead ~grain! and the small dot. Since the asymmet
stands for a marginal perturbation in the RG sense, it is n
ral to argue that the SU~4! correlated ground state is sti
robust for weak asymmetry between the tunnel junctio
However, to obtain more quantitative results we still resor
a NRG analysis~Fig. 11!. By taking V'50.1J, we can ob-
serve that the mixing of spin and orbital degrees of freed
may survive untilK'0.95; this guarantees an anisotropy
roughly 10% between the conductances at the tunnel ju
tions to preserve the SU~4! fixed point. Mainly, the magnetic
momentSW and the isospinTW are simultaneously quenched
and again the spectrum can be understood as a sum of
independent chiral fermion spectra with phase shiftp/4.

Let us now discuss the case of a quitestrongasymmetry
between the tunnel junctions. For completeness, we also
vide the RG equations at second order for this generali
situation:

dJt

dl
5Jt

21~Qz,t!
212Q'

2 ,
dVz,t

dl
5V'

2 13Q'
2 ,

dV'

dl
5

1

2
V'~Vz,01Vz,1!1

3

2
Q'~Qz,01Qz,1!,

dQz,t

dl
52JtQz,t12V'Q' ,

dQ'

dl
5Q'~J01J1!1

1

2
Q'~Vz,01Vz,1!1

1

2
V'~Qz,01Qz,1!.

~35!

el

FIG. 12. ~Color online! Spin susceptibility versusv/D upon
increasing the asymmetry between the tunneling amplitudes a
two junctions.
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At second order, note the equalityVz,0( l )5Vz,1( l )5Vz( l )
regardless of the parameterK. Primarily, it is immediately
obvious that forK51 we recover the previous SU~4! fermi
liquid flow. Now we greatly diminish the tunneling ampl
tude between the grain and the small dot, i.e.,t1!t (t being
fixed! andK!1. With the present notation, it is clear that th
spin Kondo couplingJ05J between the bulk lead and th
small dot will be the largest one through the RG flow a
becomes of order unity at the temperatureTK@K!1#
;De21/J5TK@Dz#, whereasall the other couplingsare still
negligible, which breaks the SU~4! symmetry explicitly.

It is worth noting at this stage that the role of the asy
metry parameterK seems to be practically equivalent
renormalizing the orbital splittingDz ~compare Figs. 7 and
12!. The main difference, however, is that at the degener
points of the grain one can expect a second-stage quenc
of the isospinTW at some lower temperature, but obvious
this ~very! low-temperature regime lies much beyond t
range of validity of the effective Hamiltonian~33!. Further-
more, one can clearly notice that the previous perturba
result of Eq.~31! diverges if one of the charging energiesU1
or U21 approaches zero, i.e., is not applicable.

In fact, as already noted in Ref. 24 it is a very difficu
task to find the exact shape of the step of the staircase in
present situation of a grain at a degeneracy point couple
an effective resonant level. But qualitatively one might
expect24 that the physics and the resulting~two-channel!
Kondo energy scale should not be so different as those
grain coupled to a normal lead with a reduced bandwi
TK@K!1#, via a hopping matrix elementt̂;t1:

TK
2ch5TK@K!1#e2g/t1. ~36!

Hereg is a constant parameter of the order of unity. A sim
lar discussion should hold in the opposite regimeK@1,
where one expects this time the Kondo couplingJ1 to first
flow to strong coupling~since it is proportional toK2) at the
temperature scaleTK@Dz#;De21/J1. Since the conductanc
between the grain and the lead is still very small at the
termediate energy scale, due to the anisotropy, a sec
stage quenching of the orbital pseudospin is expected
lower energy scale in a similar manner as in the caseK
!1. Unfortunately, for asymmetric junctions, it is difficult t
formulate more quantitative results at low temperatures
complete renormalization-group calculation starting with
bare Hamiltonian~1! would be necessary. This goes beyo
the present analysis. Finally, let us mention that for m
moderate values ofU ande, i.e., in the resonant-level regim
of the small dot, the NRG results of Lebanonet al.23 still
support a two-channel Kondo crossover and the overscr
ing of the isospin moment in the case of asymme
junctions.

D. Large junctions

We predict that the SU~4! symmetry should still be robus
for wider junctions characterized byn.1 transverse chan
nels with almost equal transmission amplitudes; however,
associated typical Fermi liquid energy scale decreases e
04532
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nentially with increasing number of conducting modes. F
instance, extending the results of Ref. 21 for our geome
we can clearly assess that there will be aunique ‘‘effective
tunneling mode’’ in the lead~it is some combination of the
original tunneling modes in the lead! and anotherunique
‘‘tunneling mode in the box’’~also a linear combination o
the original modes in the grain!. The T50 effective Hamil-
tonian of the model at the degeneracy points of the meta
dot corresponds to tunneling between these two modes
with or without spin flip of the excess spin of the small do
and all the other modes can be neglected. This entirely
tifies the emergence of an SU~4! fixed point at very low
temperatures, even if the number of modes in the lead o
the grain is larger than 1. However, the ultraviolet cutoffD at
which the effective tunneling mode prevails, must be pro
erly rescaled to21

T* @n#5De2an, ~37!

wherea is of the order of unity. Above this energy scale o
can assume that the tunneling to the island happens thro
a very large number of identical modes.47,48 Unfortunately,
this implies that an SU~4! Kondo singlet can occur only a
the much reduced Kondo temperature scale

TK
SU(4)@n#'T* @n#e21/4J. ~38!

Experimentally, in order to maximize chances for observ
the SU~4! Fermi liquid realm, it is then more advantageo
to consider tunneling junctions with one clearly domina
conducting transverse mode.

VI. DISCUSSION AND CONCLUSIONS

We have determined exactly the shape of the steps of
Coulomb staircase for a grain coupled to a bulk lead throu
a small quantum dot in the Kondo regime. First, we mapp
the problem onto a related model of two capacitively coup
small quantum dots.26 Then, combining both NRG calcula
tions with perturbative scaling approaches, we shed light
the possibility of a stable SU~4! Fermi liquid fixed point
occurring at the degeneracy points of the grain, wh
a Kondo effect appears simultaneously in both the s
and the orbital sectors: This demands symmetric or sligh
asymmetric tunnel junctions and preferably a sing
conducting channel with two spin polarizations~for strongly
asymmetric barriers, one may recover a two-channel cha
Kondo effect9!. As in Ref. 26, these results bring prelimina
insight into the realization of Kondo ground states w
SU(N) (N54) symmetry at the mesoscopic scale.

Let us provide a physical interpretation for the occurren
of such an SU~4! entanglement. Typically, close to the d
generacy points of the grain, we have two spin objec
namely, the spinSW of the small dot and the orbital pseu
dospinTW of the grain, depicting the two allowed degenera
charging states. Obviously, when these two spin objects
uncoupled the symmetry group of the problem is unambi
ously SU(2)̂ SU(2). But, as already discussed at length
the paper, in our setting, spin-flip-assisted tunneling event
i.e., an electron from the bulk lead tunnels onto the meta
6-12
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grain by flipping the excess spin of the small dot, and v
versa—are very prominent at low energy; this implies t
the infrared fixed point must also reflect a visible spin-orb
mixing. Finally, it is easy to check that SU~4! is the minimal
group allowing spin-orbital entanglement and which guar
tees rotational invariance in both spin and orbital spaces.
Kondo fixed point then is rather described by the quench
of the hyperspin@SW 1 1

2 #@TW 1 1
2 #.

In a very different context, let us mention that SU~4! sin-
glets have also shown up in fermion lattice models wh
spin and orbital degrees of freedom play a very symme
role.40,41

The major consequence of this enlarged symmetry is
the ground state is Fermi-liquid-like, which already cons
erably smears out the Coulomb staircase behavior in
weak tunneling region, and, in particular, prevents the
pearance of the Matveev logarithmic singularity9 ~Fig. 13!.
The grain capacitance exhibits, instead of a logarithmic s
gularity, a strongly reduced peak as a function of the ba
gate voltage. This is an irrefutable signature of the format
of a Fermi liquid ground state when tunneling through
single-electron box. Furthermore, we strongly emphas
that our NRG calculations markedly reproduce an SU~4!
ground state regardless of the particle-hole asymmetry on
small dot ~Fig. 5!; more precisely, even in the case
particle-hole symmetry 2e1U50, the spectrum can still be
interpreted as a sum of four independent chiral fermions w
phase shiftp/4 in agreement with the SU~4! Fermi liquid
theory. This differs from the conclusion of Ref. 23. Howev
this is not so surprising in the sense that in their NRG c
culations ~see, e.g., their Figs. 15 and 16!, Lebanonet al.
studied a rather different limit,U522e but U/Ec!1,
which does not correspond to our situation of a small dot
a much larger metallic grain (U/Ec@1). In addition, in the
case of symmetric barriers, they clearly noticed that a m
erate Coulomb repulsion on the small dot already pushes
two-channel Kondo regime down to much lower tempe
ture.

It is also worth recalling that the associated Kondo te
perature scaleTK

SU(4) can be strongly enhanced compared

FIG. 13. ~Color online! Sketch of the capacitance peaks~at zero
temperature! for our setup with almost symmetric junctions~dashed
line! compared to those in the original Matveev problem~full line!
~Ref. 9!
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that of Matveev’s original setup, which maybe ensures
verification of our predictions. In particular, for very larg
U (U@22e and V'.0), TK

SU(4);D exp2(1/4J) may be
larger than the Kondo scale in conductance experime
across a single small quantum dot5 (;1 K), and today ca-
pacitance measurements can be performed much below
mK.20 Additionally, we have checked that the SU~4! Kondo
temperature scale is considerably reduced for negative va
of V' , i.e., upon~moderately! decreasing the on-site inter
action U (U;2e), by making the small dot larger an
larger.46 We have carefully discussed the robustness of
SU~4! correlated state against the inclusion ofweakpertur-
bations like an external magnetic field, a deviation from t
degeneracy points, or remaining asymmetry in the tun
junctions.

Let us now pursue and discuss an interesting crosso
So far, we have concentrated on the situation at and nea
degeneracy points of the grain. Let us now apply a qu
strong orbital magnetic field such that we explicitly mo
away from the degeneracy points. Naively, since one s
presses the orbital spin-flip terms, one could infer the em
gence of a two-channel spin Kondo model through the t
Kondo termsJ0 andJ1; however, in our setting with almos
symmetric junctions, the Schrieffer-Wolff transformatio
away from the degeneracy points always ensuresJ0.J1; the
NRG calculation of Fig. 7 clearly reproduces this expec
tion. The system then undergoes a one-channel Kondo cr
over. First, the emergence of a logarithmic contribution
^Q& at quite high temperature could be potentially obse
able. Furthermore, at low energy, the physics resembles
of a resonant level—induced by the formation of
Abrikosov-Suhl resonance between the small dot and
bulk lead—weakly coupled to the grain; we then recove
similar situation to that of Ref. 24.

Another possible realization of our SU~4! model could
still be possible in a multilead geometry~Fig. 14!. Again, this
would require us to be at the degeneracy points of the g
and to adjust the different tunneling junctions. More pr

FIG. 14. ~Color online! Another mesoscopic double-lead setu
a candidate for the SU~4! model. This could be equally performe
with vertically coupled dots~Ref. 29!.
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Le HUR, SIMON, AND BORDA PHYSICAL REVIEW B69, 045326 ~2004!
cisely, following Glazman and Raikh,35 only the even linear
combination of the electron creation and annihilation ope
tors in the two bulk leads couples to the local site~small dot!.
The odd linear combination can be omitted, and conceptu
the effective model could be rewritten as in Eq.~17!. Let us
assume, for example, that the tunnel junctions between e
lead and the small dot are symmetric. Then only the lin
combination c05(c011c02)/A2 will be coupled to the
small dot;c0i ( i 51,2) denotes the electron annihilation o
erator in each lead. To recover an SU~4! Kondo fixed point,
we infer that the grain-dot tunneling amplitude must then
approximatelyA2 times that between each lead and the sm
dot. This setup is particularly interesting because the cap
tance of the grain and the conductance across the smal
could both be measured. Furthermore, by completely blo
ing the opening between the grain and the small dot,
could recover a more usual Fermi liquid behavior with SU~2!
spin symmetry when measuring the conductance across
small dot, and observe a net reduction of the Kondo ene
scale compared to the SU~4! case due to spin orbital decou
pling.

Note that this geometry—away from the degenera
points of the grain—has been previously discussed by O
and Goldhaber-Gordon as a potential candidate for the
pearance of a two-channel~spin! Kondo regime in a conduc
tance measurement.36 This requires meticulous fine-tuning o
the gate voltages and tunnel junctions to equalize the c
pling to the two channels~grain plus even linear combinatio
of the leads!.

The potential observation of a two-channel Kondo eff
in artificial nanostructures would definitely be an importa
issue,9,49–51since the emergent non-Fermi-liquid behavior
very intriguing and so far difficult to observe with real ma
netic impurities due to the intrinsic channel anisotropy.15 In
our setting, another interesting situation to have potential
cess to a two-channel~charge! Kondo behavior would be to
stay at the degeneracy points of the grain and then prog
sively to shift the impurity levele on the dot~which can be
tuned via the gate voltageVd of the small dot! to the Fermi
energy, i.e., to reach the mixed-valence (5 resonant level!
limit for the small dot.23
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APPENDIX: PERTURBATIVE CALCULATIONS

Here, we derive explicitly the perturbative result of Eq
~8! and ~9!. We essentially focus on the Kondo term; th
perturbation theory for the direct hopping termV can be
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found in Ref. 9. First, it is accurate to rewrite the Kondo te
in real space as

HK5(
ab

F (
j 50,1

Jj

2
SW c j a

† sW abc j b1
J̃10

2
SW ~c0a

† sW abc1b1H.c.!G ,

~A1!

where c0a5(kaka and c1a5(papa . The granule charge
operator readsQ̂5e(ac1a

† c1a . Now, let u0& denote the
ground state of the unperturbed Hamiltonian witht52`.
The first-order correctionu1& to u0& then reads24

u1&52 i E
2`

0

dtHK~ t !u0&, ~A2!

HK being taken in the interaction representation. The exp
tation value of the charge on the dot, however, is sec
order in the Kondo coupling. Indeed, we easily g

^0uQ̂u1&50. Therefore, the most leading contribution tak
the form^Q̂&25^0uQ̂(1)u1&, whereQ̂(1) is the first-order cor-
rection to the charge operator on the dot. This can be c
puted using the identification

Q̂(1)5E
2`

0

Ĵ~ t !dt with Ĵ~ t !5 i @HK ,Q̂#. ~A3!

Ĵ must be identified as the effective current operator me
ated by the Kondo coupling. This results in

Q̂(1)5 ie
J̃10

2 (
ab

E
2`

0

dt@SW c0a
† ~ t !sW abc1b~ t !

2SW c1a
† ~ t !sW abc0b~ t !#. ~A4!

The expectation value of the charge on the dot is then
second order in the coupling to the impurity

^Q̂&25e
~J̃10!

2

4 (
a,b

(
ab

E
2`

0

dt1E
2`

0

dt2 ^Sa~t1!S
b~t2!s

asb&

3@^c0a
† ~t2!c0a~t1!&^c1a~t2!c1a

† ~t1!&

2^c0b~t2!c0b
† ~t1!&^c1b

† ~t2!c1b~t1!&#

5e
3~J̃10!

2

8 E
2`

0

dt1E
2`

0

dt2@^c0
†~ t2!c0~ t1!&

3^c1~ t2!c1
†~ t1!&2^c0~ t2!c0

†~ t1!&^c1
†~ t2!c1~ t1!&#

~A5!

where the averages are taken over the ground state o
uncoupled system. It is advantageous to Fourier transf
the problem as
6-14
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^Q̂&252e
3~ J̃10!

2

8 (
p,k

E
2`

0

dt1E
2`

0

dt2@^ak~ t2!ak
†~ t1!&

3^ap
†~ t2!ap~ t1!&2^ap~ t2!ap

†~ t1!&^ak
†~ t2!ak~ t1!&#,

~A6!

where the momentum indicesp andk, respectively, refer to
the grain and to the reservoir. Using the Green’s functions
the isolated grain,

^ap
†~ t2!ap~ t1!&5Q~2ep!ei (ep2U21)(t22t1),

^ap~ t2!ap
†~ t1!&5Q~ep!e2 i (ep1U1)(t22t1), ~A7!

where againU1 andU21 embody the energies needed to a
an electron and hole onto the grain, we finally find
nd

y

h-

04532
f

^Q̂&252e
3~ J̃10!

2

8 (
k,p

F Q~ek!Q~2ep!

~ek2ep1U21!2
2

Q~2ek!Q~ep!

~ep2ek1U1!2G
5e

3~ J̃10!
2

8
lnS e/2C2w

e/2C1w D . ~A8!

Q is the usual Heaviside function. The densities of states
the grain and in the lead have been assumed to be equa
taken to be 1 for simplicity.

Now, we briefly want to show that cubic orders involv
logarithmic divergences associated with both the Kondo c
pling and the proximity of a degeneracy point in the char
sector. More precisely, let us focus on the specific contri
tion in J0( J̃10)

2 for the term^Q̂&35^0uQ̂(1)u2&, with
er

spin
u2&52
1

2E2`

0

dt1E
2`

0

dt2 T@HK~ t1!HK~ t2!#u0&

52
J0J̃10

2 (
a,b

(
ab

(
m,n

E
2`

0

dt1E
2`

0

dt2 T@Sa~ t1!Sb~ t2!#TFc0a
† ~ t1!

sab
a

2
c0b~ t1!c1m

† ~ t2!
smn

b

2
c0n~ t2!G u0&

52
J0J̃10

2 (
a,b

(
ab

(
m,n

E
2`

0

dt1E
2`

0

dt2 T@Sa~ t1!Sb~ t2!#FT^c0a
† ~ t1!c0n~ t2!&danc0b~ t1!c1m

† ~ t2!
smn

a

2

snb
b

2 G u0&

51
J0J̃10

2 (
c

(
a

(
m,b

E
2`

0

dt1E
2`

0

dt2 Scsgn~ t12t2!T^c0a
† ~ t1!c0a~ t2!&c1m

† ~ t2!
smb

c

2
c0b~ t1!u0&

'2 iJ0J̃10(
c

(
m,b

lnS D

kBTD E dt1 Scc1m
† ~ t1!

smb
c

2
c0b~ t1!u0&. ~A9!

It becomes then obvious thatu2& is ~almost! proportional tou1&; it is straightforward to show that this induces a third-ord
correction for the charge on the grain

^Q̂~T!&3}J0~ J̃10!
2lnS D

T D lnS e/2C2w

e/2C1w D . ~A10!

Note that the appearance of the extra ln(D/T) factor clearly stems from the prominent renormalization of the lead-dot
Kondo couplingJ0 on a charge plateau.
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