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The many-body problem is usually approached from one of two perspectives: the first originates from an
action and is based on Feynman diagrams, the second is centered around a Hamiltonian and deals with
quantum states and operators. The connection between results obtained in either way is made through
spectral (or Lehmann) representations, well known for two-point correlation functions. Here, we complete
this picture by deriving generalized spectral representations for multipoint correlation functions that apply
in all of the commonly used many-body frameworks: the imaginary-frequency Matsubara and the real-
frequency zero-temperature and Keldysh formalisms. Our approach separates spectral from time-ordering
properties and thereby elucidates the relation between the three formalisms. The spectral representations of
multipoint correlation functions consist of partial spectral functions and convolution kernels. The former
are formalism independent but system specific; the latter are system independent but formalism specific.
Using a numerical renormalization group method described in the accompanying paper, we present
numerical results for selected quantum impurity models. We focus on the four-point vertex (effective
interaction) obtained for the single-impurity Anderson model and for the dynamical mean-field theory
solution of the one-band Hubbard model. In the Matsubara formalism, we analyze the evolution of the
vertex down to very low temperatures and describe the crossover from strongly interacting particles to
weakly interacting quasiparticles. In the Keldysh formalism, we first benchmark our results at weak and
infinitely strong interaction and then reveal the rich real-frequency structure of the dynamical mean-field

theory vertex in the coexistence regime of a metallic and insulating solution.
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I. INTRODUCTION

A. Multipoint correlation functions

A major element in the ongoing challenge of the
quantum many-body problem is to extend our under-
standing, our analytical and numerical control, from the
single- to the many-particle level. One-particle correlation
functions, describing the propagation of a particle in a
potentially highly complex, interacting environment, are
clearly important. However, almost since the beginning of
interest in the many-body problem, two-particle correlation
functions have played an equally important role. They
describe the effective interaction between two particles in
the many-body environment, response functions to optical
or magnetic probes, collective modes, bound states, and
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pairing instabilities, to name but a few, and are essential
ingredients in Landau’s Fermi-liquid theory [1].

For a long time, two-particle or four-point (4p) functions
could only be computed by perturbative means, later
including resummation and renormalization group schemes
as well. Recently, the advance of numerical techniques to
compute such functions fully nonperturbatively, albeit only
locally, has opened a new chapter. For various impurity
models [general ones as well as those arising in dynamical
mean-field theory (DMFT) [2] ], it was even found that 4p
functions can exhibit divergences in strongly correlated
regimes [3—13]. These divergences occur for a special class
of 4p functions, namely two-particle irreducible vertices,
and have renewed the interest in thoroughly understanding
the properties of 4p functions.

The properties of multipoint or Z-point (£p) functions
depend on the theoretical framework employed.
Technically, £p functions are correlation functions of 7
operators with £ arguments. If the operators are taken at
different times, the Fourier-transformed function depends
on frequencies. Clearly, these times and frequencies are
real numbers, and the early works directly dealt with
these real frequencies. Later, the many-body theory was
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revolutionized by the Matsubara technique, based on a
Wick rotation from real to imaginary times [14]. This
significantly facilitates numerical approaches, and the vast
majority of numerical work on #p functions is based on the
Matsubara formalism (MF). The periodicity in imaginary
times yields functions of discrete imaginary or Matsubara
frequencies. Physical results are obtained in the end by
performing an analytic continuation, back from imaginary
to real frequencies. Yet, crucially, the numerical analytic
continuation from imaginary to real frequencies is an ill-
conditioned problem [15]; though it may work fairly well
for docile 2p functions, it is unfeasible for higher-point
objects.

Formally, real-frequency frameworks are as well estab-
lished as the MF: the zero-temperature formalism (ZF)
works with ground-state expectation values of time-ordered
operators [14]. Finite-temperature real-frequency dynam-
ics, both in and out of equilibrium, are treated in the
Keldysh formalism (KF), based on a doubled time contour
[16,17]. Because of the problematic analytic continuation
and growing interest in nonequilibrium dynamics, the
KF has gained much popularity in recent years. However,
there are hardly any numerical real-frequency results
of ¢p functions depending on more than one frequency.
Conceptually, it is therefore of great interest to extend the
understanding of #p functions that has been reached for
imaginary frequencies to the real(-frequency) world.

B. Our approach

In this work, we achieve a deepened understanding of #p
functions, applying naturally in any of the real- or imagi-
nary-time frameworks. The central principle of our
approach is to separate properties due to time ordering
from spectral properties of the system. The former govern
the analytic structure of £p functions; the latter are the key
objects of the numerical evaluation. While exploiting this
separation is standard practice for 2p functions, to our
knowledge it has not yet been pursued systematically for #p
functions. Here, we derive spectral representations of
general £p functions for arbitrary £, in all three frameworks
(ZF, MF, KF). We illustrate the power of our approach by
presenting numerical results for various local 4p examples.

The spectral representations are based on a density
matrix, which defines the quantum averages, and an
expansion in eigenstates of the Hamiltonian, which deter-
mines the time evolution. The spectral representations have
similar forms in all three frameworks. Indeed, the spectral
or Lehmann representation of 2p functions is arguably the
most transparent way of demonstrating the analytic relation
between Matsubara and retarded propagators [18]. Here,
we achieve a similar level of transparency: all £p functions
are expressed by a sum over formalism-independent
“partial” spectral functions, convolved with formalism-
specific kernels. The partial spectral functions (PSFs) serve
as unique and compact porters of the system-specific

information. Convolving them with the rather simple and
system-independent Kernels yields correlation functions in
the desired form. Through this convolution, the correlation
functions acquire their shape and characteristic long tails.
In fact, the numerical storage of £p functions, depending on
¢ — 1 frequencies, can be problematic [19-24]. In this
regard, the PSFs are advantageous since they have compact
support, bounded by the largest energy scale in the system.

For a set of external time arguments of a correlation
function G(¢,, ..., t,), the time-ordering prescription deter-
mines the corresponding order of operators in the expect-
ation value. In our approach, we first consider all possible
operator orderings, i.e., (Oi(t7)--- Oy(tz)) for all permu-
tations p(1,...,£) = (1,...,£). The Fourier transform of
each of these 7! expectation values yields a PSF; the
collection of all PSFs describes the spectrum of the system
(on the £p level). Second, for given external times, some
operator orderings are specified, depending on the formal-
ism. In the ZF and MF, this is always one ordering; in the
KF using the Keldysh basis, it may be a linear combination
of multiple orderings. The ordering is specified by kernel
functions which are multiplicative in the time domain. In
the frequency domain, they become convolution kernels,
mapping PSFs to contributions to G(w, ..., »,).

The spectral representations clearly reveal the similar-
ities and differences of the various #p functions. In the most
complex setup of the KF with Keldysh basis, where each
argument has an extra Keldysh index 1 or 2, we find that
those components with a single Keldysh index equal 2 at
position 7, dubbed Gl have the simplest structure. Indeed,
they are the (fully) retarded objects which can be obtained
from Matsubara Zp functions via a suitable analytic
continuation, iw; = w; = i0" [25]. This does not apply
to the remaining Keldysh components. However, we find
that their convolution kernels K are linear combinations of
the retarded kernels K. Thereby, our spectral representa-
tions offer a direct way of discussing the relation between
the Matsubara and all Keldysh #p functions in explicit
detail—this will be the topic of a forthcoming publica-
tion [26].

To illustrate our approach, we numerically evaluate the
spectral representation of local 4p functions for selected
quantum impurity models via the numerical renormaliza-
tion group (NRG) [27]. Since its invention by Wilson in
1975 [28], NRG has become the gold standard for solving
impurity models. It has the unique advantage of allowing
one to (i) directly compute real- and imaginary-frequency
results without the need for analytic continuation, (ii) reach
arbitrarily low temperatures with marginal increase in the
numerical costs, and (iii) access vastly different energy
scales, zooming in on the lowest excitation energies. Our
NRG scheme is based on the full density matrix NRG
[29,30] in an efficient tensor-network formulation [31-33],
with an additional, iterative structure to finely resolve
regimes of frequencies |w;| < |w;|, i# j. The rather
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intricate prescription for how to do this for 3p and 4p
functions is explained in the accompanying paper [34].

C. Structure of this paper

Our spectral representations of #p functions and the
NRG scheme to evaluate them have numerous potential
applications, such as finite-temperature formulations of
Fermi-liquid theory and nonlocal extensions of DMFT in
the MF at low temperatures or in real-frequency KF
implementations. We elaborate on the applications in the
concluding Sec. V B.

The rest of the paper is organized as follows. In Sec. II,
we derive the spectral representations in a general setting,
for arbitrary #, a given density matrix, and any time-
independent Hamiltonian. After motivating our approach
and introducing notation for £ = 2, we subsequently derive
our results in the ZF, MF, and KF, the latter both in the
contour and Keldysh bases. The main results of this section
are the spectral representations, involving the PSFs
[Eq. (28)] and summarized in Eqgs. (26) and (27) for the
ZF, in Egs. (39) and (45) or (46) for the MF, and in
Egs. (63), (64), or (67) for the KF in the Keldysh basis. In
Sec. III, we briefly describe the quantities of interest for the
numerical evaluation, i.e., local 4p correlation and vertex
functions. Our numerical results are contained in Sec. I'V.
We start with a simple model for x-ray absorption in metals
treated in the ZF and analyze power laws in the 4p vertex.
Proceeding with the Anderson impurity model (AIM) in the
ME, we first benchmark our results at intermediate temper-
atures against Monte Carlo data and then extend these
results to lower temperatures to enter the Fermi-liquid
regime and deduce the quasiparticle interaction. Thereafter,
we treat the AIM in the KF, first testing our method at weak
and infinitely strong interaction, before moving to the
intermediate, strongly interacting regime. Finally, we
present results for the DMFT solution of the one-band
Hubbard model and compare the MF and KF vertex for
both the metallic and insulating solution. In Sec. V, we
summarize our results and give an outlook on applications.
Appendixes A—C are devoted to exemplary calculations in
each of the ZF, MF, and KF. Appendix D describes details
needed for amputating external legs when computing the
ZF or KF 4p vertex, and Appendix E discusses an example
of anomalous parts in both the MF and KF.

II. SPECTRAL REPRESENTATION

A. Motivation of partial spectral functions

To set the stage and introduce notation, we review the
standard derivation of spectral representations for 2p
correlators. We denote complete sets of energy eigenstates
by underlined integers, e.g., {|1) }, with eigenvalues E;. We
use calligraphic or roman symbols for operators or their
matrix elements, A;, = (1|.4|2). Expectation values are

obtained through the density matrix ¢, which, in thermal

equilibrium at temperature 7 = 1/, directly follows from
the Hamiltonian H:
(A) = TrleA],

o=e")Z, Z =Tr[e?"]. (1)

For instance, we have (AB)=7),,piA|2B;;, With
p1 = (lle|l) = ePF1/Z. The ZF assumes p1 =08y, at
T =0 with a nondegenerate ground state |g) [35]; the
MF and KF work at any 7. Further, the KF can also be used
with a nonequilibrium density matrix. Yet, for simplicity,
we do not consider such cases explicitly.

In the ZF or MF, operators obey Hamiltonian evolution
in real time ¢ or imaginary time 7, respectively:

A(t) = ™ Ae= M, A(z) = et hde”™ . (2)

The corresponding time-ordered (7) correlators and their
Fourier transforms in the ZF or MF are defined as

G(t) = —i(TADB),  Glo) = /_ * dte G (1), (3a)

0

G(t) = —(TADB),  Gliw) = / ! dreG(z), (3b)

0

where, depending on context, @ denotes a continuous real
frequency or a discrete Matsubara frequency. (For brevity,
we distinguish G in the ZF and MF solely through its
arguments, ¢ versus 7 or @ versus iw.) Textbook calcu-
lations, based on judicious insertions of the identity in the
form 1=>,|1){1] =>,2)(2|, yield the following
Lehmann representation of the Fourier-transformed ZF
correlator:

G(a)):—i/ooo

P1 P2
—N"4,,B CHY G > 4
1222 12 Zl(w+_Egl P (4)

dte (A(1)B) - iC /_ " drei (BA(H))

Here, we used { =1 ({ = —1) for bosonic (fermionic)
operators, ™ = @ 4 i0" for convergence of real-time
integrals, and FE,; = E, — E;. The MF correlator is
obtained as

s .
Gliw) = —/ dre' (A(7)B) (5a)
0
1 = Plio~Ez))
=S "p,A,,B (5b
%:11; 2 0~ By )
p1—Cp
=) A 5
128215, F, (5¢)

041006-3



KUGLER, LEE, and VON DELFT

PHYS. REV. X 11, 041006 (2021)

In the bosonic case, where iw can equal zero, terms with
both iw = 0 and E,; = 0 (if present) can be (analytically)
dealt with by taking the limit E,,; — 0 in Eq. (5b), yielding
(1 —e?21)/E, | — . It will sometimes be convenient to
make this “anomalous” case explicit, writing

P1=¢p2 iw—Ey #0

ZAlszl{lw FaL’ =77 (6)

—pp1, else.

We can also consider 2p correlators arising in the KF,
e.g., G (1) = —i(A(t)B), or the retarded propagator
G*'(1) = —i0(1)([A(r). B]_;), where 6 denotes the step
function, [-, -] a commutator, and [, |, an anticommutator.
Their Fourier transforms read

1 1
“(w) = P1A B( - — ), Ta
) %112 Oy (7a)

21

Pl Cﬂz
G (w ZAI 2B LS TR "B, (7b)

Evidently, the imaginary-time and the retarded correlator
are connected by the well-known analytic continuation,
G*'(w) = G(iw — @") [36]. They are often expressed
through the “standard” spectral function Sgg:

Ssua(@ ZAI 2By, (

—{p2)d(w —Ey;), (8a)

Gliow) = / dw % (8b)
G2 () = / dw/%. (8¢)

It would be convenient to have spectral representations
capable of describing G(w) and G™~(w), too. To this end,
we define the PSFs

(@) =Y pAnByS(@—Eyp).  (9)
2

Clearly, we can reconstruct Sy4 from S according to

Sqa(w) = S|A. Bl(w) = {S[B. Al(-w).  (10)
Furthermore, S can be used to express all correlators

encountered so far:

Glw) = /dw, [S[A;li](a,)/) B CS[B,:éll(—/w’)}, (11a)
G(iw):/dw’[sw’lf](?l)— S{Bf’fﬂ(_,w/)}, (11b)

A (1

_w " -

GZI(a))—/d [ [A, B|() —¢

o’

G+ (@) = / dw/s[A,B](w’)[w+l o ’}

= —27iS[A, Bl(w). (11d)

For the bosonic case, the representations (8b) and (11b)
involve a subtlety: To correctly reproduce the anomalous
term of Eq. (6), the integral over @’ must be performed first
and the limit E£5; — O taken only thereafter. If, instead,
Sa(@) is simplified first by using E,; = 0 to conclude that
p1 — p2» = 0, the anomalous terms are missed. To ensure
that Eq. (6) is always correctly reproduced, including its
anomalous terms, we refine the representation (11b) by
using a kernel in which the anomalous case iw — @’ = 0 is
specified separately:

Zgﬂ / dar, K (o7 — o )SIO, O (@), (12a)
. n [ HY(iw=d), io-ao #0,
K(io—o') = {—ﬂ/Z, else. (12b)

The sum in Eq. (12a) is over the two permutations of two
indices, p = (12) € {(12),(21)}, with corresponding
signs £12) =1, ¢@) = ¢ Furthermore, O, w;, and o
are components of operator and frequency tuples defined as
(01.0%) = (A.B), (w.) = (@.-w) and (). o)),
respectively, the latter being (dummy) integration variables.
Spelled out, the representation (12) yields

®) = [p1A1By K (io — Ey))
12

which matches Eq. (6) after relabeling 1 <> 2 in the second
term. The anomalous part, relevant only for { =1 and
o = 0, receives equal contributions from both terms, since
E,{ = Oimplies p; = p,. For £p functions, the treatment of
anomalous terms is more involved, as bosonic frequencies
can arise through several combinations of fermionic
frequencies. The formalism developed below will enable
us to deal with such subtleties in a systematic fashion.
In the following sections, we derive spectral representa-
tions for Zp functions. We start with the ZF, where the
derivation is most compact. Subsequently, we show that the
same PSFs also arise in the MF. Finally, we extend our
analysis to the KF in the contour and Keldysh bases.
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B. Zero-temperature formalism

To obtain concise expressions for ¢p functions, we
introduce further compact notation. A priori, such functions
of ¢ operators © = (O',...,0%) depend on ¢ time or
frequency arguments, ¢t = (¢, ...,1,) or @ = (wy, ..., wy).
Permutations of such ordered tuples are denoted
Op :((’)1,...,(’)/), tpz (l‘j,...,l‘g), and w,= (a)i,...,a),;;).
Here, by definition, the permutation p(12...2) = (12...7)
[or p = (12...7) for short] acts on the index tuple (12...7)
by replacing i by p(i) = i in slot i. Note that p moves i to
slot j = p~'(i), replacing j there by p(j)=i If
p = (312), eg, then (t,15,13), = (13,1, 1,). We also
use the shorthand notations

4 4 14
W t= Z;a)iti, dfl‘ = Hdti, d’fa) = l_Ildw’
i= i= =

Because of time-translation invariance, ¢p functions
actually depend on only £ — 1 independent time or fre-
quency arguments. Nevertheless, as anticipated above, it
will be helpful to use all # frequencies, it being understood
that their sum equals zero. With the shorthand w;..; =

> _.w,, we can express the corresponding energy-
conservation relations as

WDy..p = 0, Dy...; = —Wjiq..p- (14)

We use calligraphic symbols, G, IC, S, for functions of all
¢ arguments and roman symbols, G, K, S, for functions of
the independent # — 1 arguments. In the time domain, we
define the time-ordered ZF correlator as

£
o) = <—i>f-1<TH0f<r,->>. (15)
i—1

It is invariant under a uniform shift of all times, e.g.,
t; > t;—ty,, and thus depends on only 7 —1 time
differences, (t; — t4,...,t,_1 — tz,0). Accordingly, in the
frequency domain,

G(w) = / 4’ 1e1G(t) = 278(wy..,)Glw).  (16)

We write G(w), the part remaining after factoring out
278(w;...p), with ¢ frequency arguments, it being under-
stood that they satisfy energy conservation, @;.., = 0.

The effect of the time-ordering procedure in the defi-
nition of G(¢) can be expressed as a sum over permutations
involving products of step functions 6:

G(e) = > ¢PK(t,)S[0,](t,), (17a)

15} t3 tg
o0 - ,- _ D _ - —00
(O (tp) O (tg) - O (t7))

FIG. 1. ZF time ordering. For a given /-tuple of times
t=(ty,...,tz), only that permutation p in Eq. (17) yields a
nonzero contribution, K(¢,) # 0, for which the permuted times,
t, = (17, ....17), satisfy t; > t; > --- > t;. In the corresponding
operator product, S[O,](t,), larger times appear to the left of
smaller ones. Thus, the right-to-left order of operators in the
product matches the order in which their times appear on the time
axis, drawn with times increasing toward the left.

AN

-1

[=i0(; = 7)),

S10,)(t,) = <ﬁ0f<rz>>.

In Eq. (17a), the sum is over all permutations p of the #
indices labeling operators and times. For a given choice of
times, only one permutation yields a nonzero result, namely
the one which arranges the operators in time-ordered
fashion (larger times left of smaller times, cf. Fig. 1).
The sign £7 is +1 (=1) if O, differs from O by an even
(odd) number of transpositions of fermionic operators. Our
Eqgs. (17) conveniently separate properties due to time
ordering, contained in the kernel C, from spectral proper-
ties involving eigenenergies and matrix elements, contained
in S. This separation is well known for # = 2; for larger £,
it was pointed out in 1962 by Kobe [37], but without
elaborating its consequences in great detail. The guiding
principle of this paper is to systematically exploit this
separation—on the one hand, to unravel the analytic
structure of £p correlators, arising from /C, on the other
hand, to facilitate their numerical computation, involving
mainly S.

For notational simplicity, we start by considering the
identity permutation, p = id, in Eq. (17); generalizing to
arbitrary p afterward will be straightforward. The multi-
plicative structure of Eq. (17a) translates into an £-fold
convolution in frequency space:

Kit,) = (17b)

(17¢)

Gu(w) = /dfw’lC(w—w’)S[O](w’). (18)

We may thus Fourier transform & and S separately. We
begin with the Fourier transform of X:

=1

Klw) = /dfteiw"H[—ie(t,-—ti+1)]. (19)

i=1

Itis convenienttouse #; = t; — t;, | fori < Zand 1, = t, as
independent integration variables. Then, t; = tﬁ » (short for

i) and @ -t =Y 7| w..f}, such that
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/-1
Klw) = /dt’fe"’”'”'f’?H[—i/dtgeiwl---itﬁe(t:-)] (20a)
i1
/-1
K(@) =] J(}.)™". (20¢)
i1
The frequencies w;. ; = w;.; + i0" again contain infini-

tesimal imaginary parts to ensure convergence of real-time
integrals. As for G(w), the arguments of K (@) are under-
stood to satisfy energy conservation, @;.., = 0. A similar
result, with imaginary parts sent to zero, was reached by
Kobe [37]. Importantly, however, for numerical calcula-
tions, the imaginary parts are necessarily finite and their
mutual relations must be treated carefully—this is
discussed in Sec. IID 1.

We next turn to the Fourier transform of S, which will
yield an #p PSF. Including in its definition a factor (27)”
omitted in Eq. (18), we have

seo)= [ £ e [Tow)
4

=Y 0 [[10i18(@; = Eva ). (21)

1.2 =1

Here and henceforth, the index # + 1 is identified with 1.
Since the dependence of X on frequencies enters through
the variables w..;, it iS convenient to express S through
these, too. The conditions w; = E; |, implied by the o

functions are equivalent to w;...;, = ’;’:1

particularly .., = E, 1, = E;; = 0. We thus obtain

Eﬂi:Ell’ and

S[0](w) = é(w,...)S[O](w), (22a)
-1

S[Ol@) = > pi [[10:118(@1.. = E111)]0%,. (22b)
1,...0 i=l

Our Egs. (21) and (22) are compact Lehmann representa-
tions for the PSFs, with w; serving as placeholder for E; | ;,
and w,..; for E; |, respectively.

We now insert Eqs. (20b) and (22a) into Eq. (18) for
G(w). The corresponding G(w), extracted as in Eq. (16),
has the form of an (£ — 1)-fold convolution:

Glw) = / &\ K (@ - a)S[O)(@).  (23)

As already mentioned, for each of G, K, and S, the ¢
frequency arguments are understood to sum to zero.

Next, we consider the case of an arbitrary permutation p
in Eq. (17). The Fourier transforms of functions with
permuted arguments, K(w,) and S[O,|(w,), readily
follow from those given above for K(w) and S[O](w).
For a given p: i — i, the integration measure and exponent
in the Fourier integral are invariant under relabeling
times and frequencies as t; - #; and w; - w;, i.e.,
[d’te’* = [d’t,er'». Hence, the above discussion
applies unchanged, except for the index relabeling i — i
on times, frequencies, and operator superscripts.
Depending on context, it may or may not be useful to
additionally rename the dummy summation indices as
12...2).

For instance, the permuted version of Eq. (21) can be
written in either of the following forms:

4
S[0,)(w)) = ZPL H[Oiﬂé(wf —Ei1;)] (24a)
1..c =1
4 <
= Zm]—[{ogmé(w; Ezr)|-  (24b)
l..¢ =1L "=

The first choice ensures that the density matrix carries the
same index, p;, irrespective of p. This is helpful for the
NRG impleme_ntation [34], used to obtain the numerical
results in Sec. I'V. The second choice yields matrix elements

0§l+—1 whose subscript indices are linked to the super-

scrip?ts. This is often convenient for obtaining analytical
results. It shows, e.g., that PSFs whose arguments are
cyclically related are proportional to each other. To be

explicit, let p = (1...7) and p, = (1...£1...A—1) be
cyclically related permutations, e.g., (1234) and
(3412). According to Eq. (24b), the corresponding
PSFs, S[O,)(w,) and S[O, |(w,,), differ only in the
indices on the density matrix, which appears as p; or pj,

respectively; they otherwise contain the same product [];,
written in two different, cyclically related orders. Since

p; = pie_ﬁ Eil in thermal equilibrium and the § functions
enforce E31 = wy. =7, we obtain the cyclicity relation

S0, ](@,) = S[0,)(w,)e"1. (25)

PA)

This relation is useful for analytical arguments and, in
particular, allows one to reduce the number of PSFs in the
spectral representation from ¢! to (¢ — 1)!. However, we
here refrain from doing so, since it would increase the
complexity of the kernels and modify their role in the
spectral representation by introducing Boltzmann factors.

We are now ready to present our final results for the
Fourier transform of Egs. (17). It involves a sum over
permuted versions of Eq. (23):
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Glw) =S¢ / 1l K (@, — ,)S[O,](@,).  (26)

), = (co’l a)’f) is a permuted version of
= (o),....00,), with o) ,= a)’I”_Z, = (0 understood,
and the integral is over the first £ —1 independent
components of @),. Alternatively, the integration variables
can also be chosen independent of p (by using the same set
of # — 1 independent components of @’ for all p), in which
case the measure will be written as d°~'@’. The permuted

ZF convolution kernels [Eq. (20c)] are given by

Here,
) !/

Kw,-w),) = ' (07 =} )7, (27)
-1 .
S[O,)(@;)= > i [ ][00 ;= Ei11)]07,. (28)

Equations (26)—(28) give the spectral representation for ZF
¢p correlators. Combining them, we obtain

P1 Hle 05i+1
Gw)=) & - = (29)
zp: l;f (@] ;= Einy)

For # = 2, this reproduces Eq. (4); see Appendix A.

We conclude this section with a remark on connected
correlators. These are relevant in many contexts, particu-
larly for the 4p vertices in Sec. IV. The connected correlator
geo" follows from the full correlator G by subtracting the
disconnected part G¥%; the latter is a sum over products of
lower-point correlators. Through the spectral representa-
tion, we can transfer the notion of a connected and
disconnected part from G onto the PSFs, S" =
S — 8%, By linearity, G°* will follow by combining
S with the same kernels /C as for the full correlators.

Let us consider explicitly the case of four fermionic
creation or annihilation operators (cf. Sec. III). Then,

)
(O1(11)OH(13))(O* (1) (13)). (30)

since expectation values of an odd number of operators
vanish. Each factor on the right describes a time-dependent
2p PSF, e.g., S[O', O?](t1,15)S[O3, O (15, t3) for the first
summand. The expansion of S% perfectly matches the
corresponding expansion of G¥, since the kernel K in
G (t) = 32, 8P K(t,) S [0, ](t,) [cf. Eqs. (17)] ensures
that each factor in Eq. (30) is already time ordered.

Evidently, Eq. (30) can be easily Fourier transformed.
The first summand, e.g., yields S[O', 0%(w;,ws)
S[O3, 0% (w5, w3), which contains  §(w13)8(w53) =
8(wi5)8(wi553)- Upon factoring out the § function ensur-
ing energy conservation, we have in total:

S®0,](@),)

= S[0", O%(@r, 03)S[O%, O (w3, 3)8(w7 3)
+¢S[07, O (w1, 03)S[0%, O (03, 3)8(wr 5)
+ [0, 0%(w7. 3)S[0?, O (3, w3)8(wi5).  (31)

This resembles the form of G (@) [cf. Eq. (73)], which
will be needed in Sec. III when defining the 4p vertex.

C. Matsubara formalism

The derivation of spectral representations in the MF is
analogous to that in the ZF, and it utilizes the same real-
frequency PSFs from Eq. (28). All arguments regarding
time-translational invariance and energy conservation from
above still hold. Hence, we also use the same notation in
terms of G and G. Nevertheless, there are subtleties arising
in the MF. The first concerns (composite) bosonic frequen-
cies that may be zero and lead to anomalous terms as in
Eq. (6) [38,39]. The second stems from the fact that
imaginary times can be chosen positive and thus always
larger than the time set to zero. This leads to only (£ — 1)!
permutations of operators. Yet, the nontrivial boundary
conditions of the imaginary-time integral provide ¢ terms,
thus making up for the total of #! terms. For us, it will be
convenient to directly work with #! summands. In fact, it
turns out that only the terms arising from the trivial lower
boundary of the imaginary-time integral contribute; all
others cancel out and need not be computed explicitly.
Without this trick, the calculations are more tedious, but
still straightforward; see Appendix B for £ = 3 and 4.

We start from the MF ¢p function,

14
Glr) = <—1>f-1<THo"<ri>>, (32)
=1

with operators time ordered on the interval z; € (0, /)
(cf. Fig. 2) and periodic or antiperiodic boundary con-
ditions for G, depending on the bosonic or fermionic nature
of the corresponding operators. We wish to compute

B .
Gliw) = / dfre i G() = 5, oGliw). (33)

where the Kronecker ¢ follows from translational invari-
ance in 7. As for the ZF, we express G(r) as a sum over
permutations involving products of step functions 6:
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U ) TZ

(OY (1) O%(r5) -

A
<

-O%(1y))

FIG. 2. MF time ordering is similar to ZF ordering (Fig. 1),
except that the times 7; are constrained to the interval (0, ).

G(z) = ) _£K(7,)S[0,](=it,). (342)

P

- 1
= % =)l (34b)

t:l

¢
Slo, = <H Oi(r > (34¢c)
= / d’ w)e= 2S[O, (@),). (34d)
Here, Eq. (34c) is the analytic continuation #; — —ir; of

Eq. (17¢) for S[O,](¢,,). Performing this continuation in the
real-frequency Fourier representation of the latter yields
Eq. (34d), where S[O,|(@/,) is the PSF (28) from the ZF
discussion. Inserting Eqgs. (34) into (33) yields

0) =3¢ / i o, K(iw, - @),)S[O,
P

J(@))  (35a)

—Y / i1, k(i ~@),)S[O, ] (@), (35b)

K(Q,) = / Az, K(z,), (35¢)

where Q, = iw, — @',, and a)f . =0, set by the § func-

tions in S, is understood 1mp11c1tly from Eq. (35b) onward.
The 6 functions in K(z,) enforce 7; > 7;—, such that

K(@,) :/Oﬁdf; 11[—/

i s

i+1°
dT‘]e T, (36)
1

where the integrals are arranged in “descending” order,
Jdrzdvs—...dri. Using 7, =1;—75 for i</ and

[En}
7, =1, as integration variables, with 7; =7 . and
Q, -1, =3",Q; ;7 we have

/} o ! /”_T/,— P o
,C(Qp) _ / drlgegl_..f‘f? H |:_/ it17 d‘L’%eQ""iT7:| ]
0 i=f-1 0

(37)

Since Eq. (33) for G(iw) contains a factor $5,, . the
integrals in Eq. (37) must yield a result of the form

K(R,) = foa , KQ) +K'(®,).  (38)

@i..20
Inserted into Eq. (35b) for G(iw), the K term reproduces the
discrete § function in Eq. (33), yielding

i)=Y ¢ / 10, K (i, — ,)S[O,](@)). (39)
P
while the K’ term must yield zero when summed over p,
> e / ', K (i, - @,)S[O,) (@) =0. (40)
p

The K term in Eq. (38) comes from the outermost integral

iwi..;7,

over 7, in Eq. (37), involving 7T = 7z (recall

a)I > = 0). However, this integral generates the prefactor

PS4 .o only for terms with no further dependence on T/Z.
These terms, which arise solely from the lower integration
boundaries of all subsequent integrals, give K:

K(Q,) = ﬁ{— A dT%eQT“"'1{|. (41)

i=1

Conversely, all terms arising from one or more upper

integration boundaries, which depend on 7% > via r+ 7
contribute to K’. We need not compute them explicitly,
since, by Eq. (40), their contributions cancel.

We now evaluate the integrals (41) for K. We temporarily
exclude the anomalous term arising if some exponents

vanish and indicate this by putting a tilde on K (and G):
/-1 i~ 1
i=1 t=1

Inserting Eqgs. (42) and (28) for § into Eq. (39), we obtain

L1 00
=2 2 [T o, ,—Eﬂ]‘ (43)

This compact expression is our first main result for MF £p
functions. For # = 2, it yields [upon relabeling summation
indices as in Eq. (24b)]

la)):ZO O%l[ AL +- g . (44)
12

1—E21 la)z—Elz

Since —w, = w; = w, this reproduces Eq. (5c). The cases
¢ =3 and £ =4 are verified by explicit computation in
Appendix B. They also agree with published results (which
use less compact notation): Eq. (A.2) of Ref. [40] and
Eq. (3.11) of Ref. [39] for # = 3; Eq. (A.2) of Ref. [41],
Eq. (A1) of Ref. [42], Eq. (A.2) of Ref. [43], and Eq. (3.3)
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of Ref. [38] for £ = 4. [References [38,39,43] also discuss
anomalous contributions, reproduced by Eq. (45) below.]

For applications, we will be mostly interested in
fermionic systems and Zp functions with # < 4. These
can still contain bosonic operators, e.g., as bilinears of
fermionic operators. However, for arbitrary 2p functions,
3p functions with only one bosonic operator, and fermionic
4p functions, wji..;, with i < £, produces at most one
bosonic frequency. In this case, at most one frequency in
the denominators of Eq. (43) can vanish, say, 1.5 for
some j < . One can show (see Appendix B) that the
corresponding anomalous terms are fully included using
the following kernel in Eq. (39):

Here, Jq, .o is symbolic notation indicating that the
anomalous second term contributes only if Q. ;=0
(i.e., if both wy..; =0 and a)’lj = 0, the latter due to a

degeneracy, Em = Ej, in the spectrum). In this case,

1/9Q;..; diverges, but the product [[,.; duly excludes such
factors. The regular first term needs no such exclusion,
since, if Qj..; — 0, then also Q7 > — 0, and the 1/Qy..;
divergence i 1s canceled by a —1/Qp 5, divergence stem-
ming from a cyclically related permutation. We confirm this
in Appendix B by treating nominally vanishing denomi-
nators as infinitesimal and explicitly tracking the cancella-
tion of divergent terms. This procedure yields the following
expression for the full kernel:

[T= 955 if [TZ) Qi3 #0,
— £-1
Ke,) _% ﬂ+291“,} Qflp if Q. ;=0
oy o
(46)

The kernels (45) and (46) yield equivalent results. The
former is well suited for analytical work; the latter is more
convenient for numerical computations, as it is manifestly
free from divergences. The spectral representation given by
Egs. (39), (28), and (45) or (46) is our final result for MF #p
functions.

D. Keldysh formalism

The Keldysh formalism [16,17] is based on ordering
operators on a doubled time contour involving a forward
and a backward branch. In the contour basis, each time
argument carries an extra index specifying which branch
the corresponding operator resides on. The Keldysh basis
employs linear combinations of such contour-ordered
correlators. Before discussing these two options in turn,

we introduce a fully retarded kernel, a very useful object
through which all other KF kernels can be expressed. While
doing so, we carefully discuss the imaginary parts of
complex frequencies, needed for convergence of real-time
integrals. We present a choice of imaginary parts which is
consistent both if they are infinitesimal, as assumed in
analytical work, or finite, as needed for numerical
computations.

1. Fully retarded kernel

Operators on the forward branch of the Keldysh contour
are time ordered while those on the backward branch are
anti-time-ordered. In Eq. (17b) of the ZF, we already
encountered the time-ordered kernel. In the KF, it will
be useful to have a kernel that combines # — 1 anti-time-
ordering and ¢ — 5 time-ordering factors in the form

=
L
S

—1

Kcie,) = | [li0Gm — )] | [[=i0( -

i=1 i=n

)l (47)

for 1 <5 < 7. As usual, a product over an empty set, with
lower limit larger than upper limit, is defined to equal unity.
Note how the doubled time contour of the KF (cf. Fig. 4
below) is reflected in Eq. (47): the successive (from right to
left) time-ordering and anti-time-ordering factors single out
t;, the nth component of ¢,, as largest time. The kernel
el (t,) is (fully) retarded with respect to f;; i.e., it is
nonzero only for #; < fz, i # 1.

To Fourier transform K" (¢,), we first consider the
identity permutation, i = i, requiring no subscripts p or
overbars. (The general case will follow by suitably reinstat-
ing overbars at the end.) In the Fourier integral, we can take
the perspective that the largest time #, runs over the entire
real axis, while all other ¢; are constrained by #; < . It is
thus natural to use the integral over 7, for energy con-
servation and, exploiting time-translational invariance,
consider all other time dependencies #; — 1, as advanced
(i.e., contributing only for #; — 7, < 0):

]C['?] (w) — /dzf’teia)-tlc[n] (t)
, 0 ‘
B /dt”elwlmft”H [/ d(ti - tn)e’wi(tf_t'z)
i#n L0

x Kl (2, 0, .ty —1,). (48)

— Ly ..

The 1, integrals can be regularized, without affecting the

f, integral, by replacing t}[1§: real tuple w by a complex tuple

ol with components a)
We thus shift o; — a)

, having finite imaginary parts.
[see Fig. 3(a)], where
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(@) wl () wl ©) !
X X X
X X X X X X X X X
O C I IR I
FIG. 3. Complex frequency

tuples, for =4, n=4,
p = (3142), in which case p~! = (2413), u = p~'(n)
p(n) =2.

wgn]

(1]

= w; + iy, 0

Vigg <0,

== (49)

i#n

This assigns a negative imaginary part to each frequency

[7]

w,, multiplying 7; — 1, as in the 2p case, whereas a),[,”] has

a positive imaginary part. The superscript indicates that this
choice depends on 7. By construction y[”] =0 holds,

ensuring a)[l] ;= ®i..p. Then, the 7, integral yields

]

278(w;..p), ensuring w;.., =0 and thus a)[l?__f =0, too.
We need not distinguish individual y;, and hence choose

yZ’iﬂ = —%0» y,[;ﬂ = (£ —1)yy. Nevertheless, we keep the
mdex i for a compact notation of sums like

yl -J Zn t}/” .
small but finite. For analytical arguments, it can be taken
infinitesimal.

Since K depends only on time differences, with ty
singled out as the largest time, we take 7, and 7; = 1; — 1,
for i <¢ as our ¢ integration variables. Then, 7;_, =

11 1 ;
t,+ >0~ t;and t;., = 1, — 3 17} 1, and the Fourier expo-

nent is

For numerics, y, > 0 should be kept

ol -t = w1, —|—Za)1 ili Za’m ol (50)

Consequently, we find K" (@) = 2726(w,...,) K" (@), with

n—1 -1
0 NG © - [n] /
Kll(w) = i dte i || —i [ dtieT
. —c0 . 0

=n

114 1
=||— (51)
i [w[l"] ] i L)E’ﬂl.._j Hw["]x

i

[n]

having used w|" , = 0 in the last step.

Now, consider a general permutation p. To compute
K"(@,), the Fourier transform of KU (¢,), we need
permuted versions of the complex frequencies in
Eq. (49). We define el = (w[in],...,a)[g]) as the tuple
() , obtained by permuting the components of ol
including their imaginary parts, according to p. This moves

[1]

w,’, the component with positive imaginary part, to slot

u = p~'(n) [see Fig. 3(b)]. Hence, the components of a)g']]
have a positive imaginary part in the slot i = y, with the
entry i = ji = 5, and negative imaginary parts in all other
slots: a)gﬂ =w;+i(¢— )y, fori =n, » [.'7] iyo for

i # 1. Moreover, a)[l'ﬂ > = 0, and the imaginary part of a)[ln]l
is negative for 1 <i <pu and positive for p<i <?

(yielding a)[l”]l = a)Tl respectively, if y, is infinitesimal).

By Eq. (47), K (t,) is nonzero only if its largest time
argument is f;, the nth component of #,. To achieve
convergent Fourier integrals for K" (e »)» we should thus
add negative imaginary parts to all frequencies except the

Fourier partner of #, i.e., y, sitting in slot 11 of w,. This is

achieved by using the complex tuple ! p Indeed, with
superscript 7, the positive imaginary part ends up in slot
u = p~'(i7) = n [see Fig. 3(c)]. Substituting a)g',ﬂ in place of
o' on the right of Eq. (51), we obtain

= w; —

K(w,) =] (52)

This is our main result for general retarded kernels,
applicable for both finite or infinitesimal imaginary
parts. Among the denominators, n —1 (£ —#) of them
have a negative (positive) imaginary part, for all permu-
tations p. Indeed, for infinitesimal imaginary parts, Eq. (52)
reads

KM(@,) = T [;} %_l li . (53)

However, the selection of the components of @ that receive
a positive or negative imaginary shift in Eq. (53) depends
on p. A specific component @; may receive a positive shift
for one permutation and a negative shift for another. If
n =1, e.g., only denominators of the form (x){_i, with
positive imaginary parts, occur in Eq. (53). For a permu-
tation with 1 = 1, one of them equals a)f; with 2 =1,

another equals w_ == = —(w7). Hence, a simple sum

>, K "/(@,) has no well-defined analytical structure with
respect to @;, or more generally with respect to ®.
However, we will later obtain suitable combinations of
retarded kernels with different # that do, yielding a retarded
correlator.

To conclude this section, we note that the above
approach to construct K can also be used to find the
ZF kernel with finite imaginary parts, as needed for
numerics. Indeed, for n =1, Eq. (47) exactly matches
the ZF time-ordered kernel of Eq. (17b), K"/ = K. This
kernel has both a largest time #; and a smallest time 77, and
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the energy-conservation integral may be performed using
either (i) #; or (ii) #z. Choice (i) corresponds to the above
discussion; hence, the 7 = 1 version of Eq. (52) can be used
for K(w,) for an expression with finite imaginary parts
instead of Eq. (27). For choice (ii), the dependence on all
t;—tz, i<?¢, 1is retarded (contributing only for
t; —tz > 0), as in Eq. (20a). To regularize the correspond-
ing time integrals there, we replace the frequencies w; in

Egs. (20) by (!))", such that those with i < # all have

positive imaginary parts. The two choices can be summa-
rized as [(iy() denotes y, multiplied by the imaginary unit]

O T I
K= i1 @: Lt or.;+ (€= 0)(iry)’ (54a)
K(w,) ﬁ —= ﬁ : (54b)
vl e+ ilin)
since, for i < #, we have yEl]l = (¢ — i)y, and 72%.].; — iy,

for any permutation. Thus, both choices give positive
imaginary shifts accompanying all wy..; (i < ¢), consistent
with wy.; + i0" used in Eq. (27). They are both legitimate
and yield equivalent results for y, — 0. For Z = 2, they are
identical even at finite y,. For # > 2 and finite y,, they lead
to qualitatively similar results, with slight quantitatively
differences that decrease with y,. For the curves shown in
Fig. 6, e.g., both choices yield indistinguishable results.

2. Contour basis

In the contour basis, time-dependent operators OF(7;")
are defined on the Keldysh double time contour. The
contour index c¢; on the time argument ;' specifies the
branch, with ¢; = — or 4 for an operator residing on
the forward or backward branch, respectively. Corres-
pondingly, a contour-ordered £p function, defined as

<T H (1 > (55)

carries £ contour indices, ¢ = c; - - - ¢4, one for each oper-
ator. The contour-ordering operator 7. rearranges the
operators such that those on the forward branch are all time
ordered, those on the backward branch anti-time-ordered;
the former are applied first, i.e., they all sit to the right of the
latter. It also provides a sign change for each transposition of
two fermionic operators incurred while reordering.
As for the ZF, we express G¢(t) as

=D 57K (8,)S(0,](1,). (56)

p

g (1) = (-

ge (o)

In this sum over permutations of # indices, each summand is
aproduct of a kernel K¢, enforcing contour ordering, and the

8
~~
>
s
~
>
+
]
S
I
8

~N
)
q
Y A
]

.. OA(tX) 0A+1( )OA+2 (tm) . Oe(ti»

FIG. 4. KEF time ordering. The Z-tuples of times ¢ = (¢, ..., #,)
and contour indices ¢ = (cy,...,c,) specify an ¢-tuple
(1}',....t), with 77 on the forward or backward branch,
respectively. Consider such an #-tuple, with A contour indices
equal to +, the others —. Then, only that permutation p in
Eq. (56) yields a nonzero contribution, IC”P( ,) # 0 denoted

K-=4(z,), for which the permuted #-tuple (¢{". ..., ) has the
form (t+ B tgnt7), with fj<f<--<1; and
771 >ty > -+ > 1. In the corresponding operator product

S[O,](¢,), all (forward—branch) ¢~ times appear to the right of all
(backward-branch) t* times, with larger 7~ to the left of smaller
t~, and smaller 1" to the left of larger #*. In other words, the right-
to-left order of operators in the product matches the order in
which their times appear on the contour.

PSF S of Eq. (17¢), containing the time-dependent oper-
ators. For a given choice of times # and contour indices ¢, only
one permutation yields a nonzero result, namely the one
which arranges the operators in contour-ordered fashion.

Given ¢, let A denote the number of its + entries, i.e., the
number of operators on the backward branch. Contour
ordering places all 1 operators on the backward branch to
the left of all £ — A operators on the forward branch. Hence,
only those components of K/ (t,) are nonzero for which
¢, =cj---cphas the form +--- 4 —---—, with 4 entries
of + followed by £ — A entries of —, 0 < 1 < . We use the
shorthand ¢, = [4,£ — 4] for this structure, e.g., [0,3] =
——— or [2,2] =+ + ——. Then, the successive time-
ordering and anti-time-ordering rules on the two branches
(from right to left) are implemented by the kernel

He;— 1)

i=A+1

clae-1) (t,) = (=i)"~ ﬁ [0t —
i=1
(57)

cf. Fig. 4. Again, a product over an empty set, with lower
limit larger than upper limit, equals unity. The superscript
of I, standing for ¢, = [4, € — 4], reflects the number of +
and — entries in ¢ and hence is the same for all nonzero
components K¢ associated with a given K°.

For 4 =0, Eq. (57) yields the time-ordered kernel K
[Eq. (17b)], which also matches the fully retarded kernel

KM from Eq. (47), K¢} = K = K], The other extremal
case, A=7¢, yields a retarded kernel, too:
KIE0 = (=1)7-1Kl4. Yet, for intermediate 0 <A < 7,

Eq. (57) has only #—2 factors, while Eq. (47) has
£—1. We can nevertheless express C*“~4  through
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retarded kernels by inserting in Eq. (57) a factor of unity
in the form 1 =0(t; —t;5) + 0(t;77 — t;). Including
all prefactors, this yields (—1)*1KW 4 (1)1, In
summary,
Klosl = el Ko = (—1

YK, (58a)

KA = (=)= N (KW — P+, 0<a< £ (58Db)

To Fourier transform K¢~ it suffices to consider the
identity permutation, i = i. Since the Fourier transform is
linear, we can directly infer K*“~% (@) from Egs. (58) and

(52). For 42 € {0, ¢}, we have

/-1 1 /-1
Z.0 —
1 , K[ ](a)) =

[
i=1 60 wi i=1 W;

K@

The cases 0 < 1 < # mix K and K# and thus o and
o#. For all i¢{AA+1}, we have y¥ =y#1

1

implying a)w a)wl], so that a)[l'ﬂl = w[1/1+11] for i <A
and w['ﬂf = a)£ J;l] for i > A+ 1. Moreover, a)[1 tl] =

a)ﬁfll]f, by complex frequency conservation. We thus

find

o= [ 1)

-1 1
W ]
Wyry.¢p Dr.,
1 1
= (59b)

. A A+1
w..; + lyEl—]Q—h ¢ W1~ l}/[] A]

Alw)

If all imaginary parts are sent to zero, y, — 0, the first and
second terms of A(w) yield —izd(w,..;) £ P(1/w,..;), and
their sum A(®) - —27i6(w;..;). One thereby obtains a
second § function, next to the overall §(w;..,) ensuring
energy conservation. The second & function is indeed to be
expected: in the Fourier integral for 0 < A < ¢, time-
translation invariance can be exploited on each branch
separately. This generates two 6 functions, one for the sum
of frequencies on each branch, @;.., and w, ,...,. Together,
they give 6(w;..;)8(w)y1..r) = 6(wy..;)0(wy...p).

For a general permutation p, the permuted kernel
K¢ (w,) is nonzero only for contour indices of the form
c,=[AC—4 (c;=+ if i<, ¢;=—if i > A). Then,
K%~A(@ ), obtained via Eq. (52) for K" (@ ), is given by
Egs. (59), with a)[ll]l replaced by a)[{l‘]._; there. With this, we
can proceed with the contour-ordered correlation functions.
Again, the multiplicative structure of Eq. (56) for G¢(t)
yields a convolution in frequency space:

~Y e / i ), K (@, —@,)S[O,](@,).  (60a)

—,)S[0,](@),).

—Z{,"’/dbﬂ_la)’pl(cﬁ(w,,
P
(60Db)

We extracted G¢ from G¢ using the 6 functions in K and S.
The PSFs (28) are the same as for the ZF and MF.

As a simple example, consider the correlator G~ (¢) =
—i(A(t)B) from Sec. IT A: A(?) sits to the left of 13, since
the contour indices ¢ = + — place A(r) on the backward
and B on the forward branch. The sum » from Eq. (60b)
involves two components of K¢, namely, K™~ (0| — @}) =
—27i6(w; —@)) and K=t =0. Thus, Eq. (60b) yields
G (w) = —27iS[A, B](w), reproducing Eq. (11d).

3. Keldysh basis

Correlators in the Keldysh basis G¥ carry Keldysh
indices, k = k - - - ky, with k; € {1,2}. They are obtained
from correlators in the contour basis by applying a linear
transformation D to each contour index [17],

Gk (t) = Z Hch 1G¢(¢) (61a)
1 1 -1 1 b0
D _ﬁ<1 1>kc_x_ﬁ(_1)ké - (61b)

with ¢ = — or + giving the first or second column of D,
respectively. In Eq. (56), the dependence on ¢ resides solely
in K¢; thus, the Keldysh rotation yields (with a conven-
tional prefactor)

2
gk(t) = 7 > LKk (t,)S10,)t,),  (62a)
p

25/2
Kk Z H [DRei]Cen (¢ (62b)

1 4
=3 D (=1kaKReA ). (62¢)

=0

To perform the sum over all ¢, in Eq. (62b), we recalled
that the kernels K¢» are nonzero only if ¢, has the form

= [, £ — 4], with 1 € [0, #]. For these, \/— DFi¢i equals
( 1)% for i <A and 1 otherwise, yielding the factor
(=1)ki-2. We used ki..; = > %, k;, as usual defining the
sum over an empty set as zero, k..o = 0.

Using Eq. (58), we can express the permuted KF kernel
through fully retarded kernels:
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Kk { Kl + Z kl /1 /1 Licld
+ (_I)A/C[Ml]] + (_l)k,,,,?(_l)f—lldf]}

4 k
1+ (-4
3 1D (63)
=1 2
This result directly yields the Fourier transform
Kk (@) = 278(w7..7)K* (w,), with K (w,) given by

Eq. (52). Thus, we know all ingredients of the Fourier
transform of GK, written as a convolution of K* and S:

G (w) = %Z‘?” / 0, K" (0, — 0,)S[0,](@)).
(64)

Together, Eqgs. (64), (63), and (52) give the spectral
representation for KF #p functions in the Keldysh basis,
in a form well suited for numerical computations [34].

To obtain more analytical insight, it is fruitful to further
simplify Eq. (63). The fraction in its last line vanishes
whenever k; = 1. Hence, there is a cancellation pattern that
depends on the number of 2’s, say a, contained in the
composite Keldysh index k, = ki - - - k. To elaborate on
this, we first consider the identity permutation, i = i, for
which the Keldysh indices of K*» match those of G*. Let ;
denote the slot of the jth 2 in k, with ; < 7. Then, k is
uniquely specified by the ordered list k = [n;...1,], e.g.,
1111 =[], 2121 = [13]. From Eq. (63), it follows immedi-
ately that I = KC!"*! = 0. Next, consider Keldysh indices
containing a solitary 2 in slot 7, i.e., k, = 2 and k = [7]. As
anticipated by this notation, k¥ is then equal to the retarded
kernel K", Indeed, Eq. (63) with k = [5] has only one
nonzero summand, having 4 = 7, and

(=)=

since kiyz, = 1 implies k.., ; =»n — 1. Finally, Keldysh
indices with 2 < a < # many 2’s in slots [;;...n,] yield a
term of the form (65) for each 7;:

1)k jo = b, (65)

a

JClna] — Z (_1)'1_;'—1(_])"1'--»7,-—1 Kclnil (66)

e

To find the sign, we used k#,,j =1, kn, =2, and the fact
that the #;’s are ordered, implying kl_“,h__l =n+Jj-2
Now, consider a general permutation p. The permuted
Keldysh index k,, contains the same number of 2’s as k, but
in different slots. We can analogously express it through an
ordered list as k,, = [f;...7],], where 7; denotes the slot of

the jth 2 in k,, with #; < #;,,. To find the #;’s given the
17;’s, note that a 2 from slot #; in k is moved by p to slot
uj = p~'(n;) in k,. The sequence [u;...u,] lists the new
slots of the 2’s; placing its elements in increasing order
yields [f;...7},). For example, if k = 1212 = [24], then
= (4123) yields [up,] = [31] and k, = 2121 = [13].
Combining Egs. (60), (64), and (52), we finally obtain

2
G-l () :Wzé-p/df—lw/
P

% K[fhnfla](a)p - w;)S{OP](w/ ):

14
K[ﬁ,i..ﬁ(,](wp—w;,) Z )~ lH )]

j=1 60— ;—a)

(67a)

(67b)
/
10
In Appendix C, we show how Egs. (67) reproduce the well-
known results for 2p KF correlators. Since the set of 7; is
obtained by ordering the set of y; = p~'(n;), it follows that
each 1:7_,- in Eq. (67b) is equal to some 7 (with j* and j
related in a manner depending on p). Hence, the external
frequencies @ enter the kernel through sets of complex

frequencies w[lﬂf/%, whose imaginary parts are determined by

the external Keldysh indices k = [n;...17,].

For a fully retarded correlator Gl where a = 1, we have
= u = p~'(n), hence i = n, so that the right-hand side of
Eq. (67b) depends on a)[l'ﬂl In this case, the permuted
Keldysh indices k, enter only intermediately and are not
needed explicitly. Hence, G can be expressed through a
single set of complex frequencies w!”, entering via the
product []¢Z] (a)[]”]l -l -)7". It follows that GV (w) is
an analytic function of the variable , in the upper half

complex plane. To see this, note that, for each denominator

containing w,!’ = iy

nel,..
y[l"]f > 0. Thus, for infinitesimal y,, the corresponding

= w, + iyy inthe sum w (1 e., for which

.,1}), the latter has a posmve 1mag1nary part,

denominator has the form w,, 4 i0™ + real frequencies, such
that w, can be analytically continued into the upper half
plane without encountering any singularities. Accordingly,
in the time domain, G/ (¢) is fully retarded with respect to 7,
(i.e., nonzero only for #; < t,, i # n) [44—46].

The spectral representation (67) constitutes our main
result for KF #p functions. It is very compact, with the
number of terms increasing with a, the number Keldysh
indices equal to 2, and offers insight into the analytical
structure of Keldysh correlators, as we explain next.

For the correlators G with a solitary Keldysh index 2 in
slot i, Eq. (67b) for the kernel K involves only one
summand, similar to its analogs in the ZF and MF (without
anomalous terms), Egs. (54a) and (42), respectively. The
ZF, MF, and KF results read
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d'a,S[0,)(e))
Zc P (68a)
/ ol — k]
A S[O () w',)
2 [ e
46[0 ZC /df le! S[(’) }(w},)’ (65¢)

i=1 [a) - wljf]

respectively, in terms of the PSFs § from Eq. (28). There is
an important distinction between the two real-frequency
correlators of Eqs. (68a) and (68c): for the former, the
imaginary part of each component of @!!l depends on the
permutation p; for the latter, the imaginary parts of @ are
independent of p, being determined by the external index #
for all permutations. Hence, G/ can be expressed through
a single set of complex frequencies @ (as stated before),
while G cannot.
Comparing G to the MF correlator (68b), we observe
that they exactly agree up to a replacement of frequencies:
202Gl ((0) = G(im)|iw—>a)['7]' (69)
This is the analytic continuation between MF #p functions
and (fully) retarded ones in the KF [25,45 46] It general-
izes the well-known 2p relation G*'/'12(w) = G(iw — ™).
By contrast, Keldysh correlators with multiple 2°s cannot
be obtained from MF ones by direct analytic continuation
because their kernels in Eq. (67b) involve two or more sets
of frequencies, @!"!, @), etc., having different imaginary
parts. Therefore, they do not have any well-defined regions
of analyticity in the space of complex frequencies. One may
also realize that the summation in Eq. (67b) for a > 1
combines denominators of frequencies differing only by
their infinitesimal imaginary parts and thus leads to &
functions. These are clearly at odds with any simple
analytic structure. Nonetheless, the spectral representations
derived above offer a convenient starting point for a
systematic analysis of relations between different
Keldysh correlators, similar to the famous fluctuation-
dissipation theorem for ¢ =2 [cf. Eq. (C4)] [47-49].
Such an analysis exceeds the scope of this work and will
appear in a separate publication [26].

III. QUANTITIES TO COMPUTE

The next two sections are devoted to illustrating the
potential of our approach for computing £p functions with
several exemplary applications. In the present section, we
recall the definition of the 4p vertex, give the Hamiltonians
of the relevant models, and summarize various analytical
results available for them. In Sec. IV, we present numerical
results for the 4p vertex, comparing them against bench-
marks where available.

—wy=V w3=v'+w ka ks
4 o 2 %
w1=V —Wo=V—+w kll k/2
o g kl kz
FIG. 5. Diagrammatic representation labeling the external legs

of a 4p function. The left-hand panel gives frequency and spin
labels; one label per line suffices as the propagator is diagonal in
spin and has only one independent frequency. The right-hand
panel additionally shows two Keldysh indices per propagator.

A. Definition of the 4p vertex

For the numerical evaluation of our spectral representa-
tions, we focus on local 4p functions of fermionic creation
or annihilation operators, dj; or d,,, where 6 € {1, |} is the
electronic spin. We also need the 2p correlator, which
follows from Egs. (15) or (32) in the ZF or MF using
O' = d,, ©* = d}. In this section (in contrast to previous
ones), we display only the first £ — 1 time or frequency
arguments of Zp functions, evoking time-translational
invariance to set the /th time argument to zero and
Wy = —W...p—1-

In systems with spin symmetry, the 2p function, or
propagator, is diagonal in spin and simply reads

G(r) =

—(Td,(v)d}),  G(1)=

Gliw) = A ! dreGlr),  Glw)= /_ :dte"w’G(t). (70)

—i(Td,(1)d}),

For the 4p function, we use O = (d,,, d’, dy, d;), ie.,

Gy (71.72.73) = (—=1)}(T d, (1)) di(22)dy (z3)d]),

p Rt
Gao’(iwl > in’iC‘B) _/ dSTelz;:lwiTiGO'G'(Tl ’72173)’

0
(71)

in the MF and analogously in the ZF [replacing (—1)3 by
(=i)?]. We here use the Fourier exponent i }_; w,7; with the
same sign for all frequencies, whereas one typically
attributes alternating signs to annihilation and creation
operators. We can directly switch to the standard conven-
tion by expressing our final results in the particle-hole
representation of frequencies [50] (cf. Fig. 5),

o=v,-v-—wv+ao -V), (72)

involving minus signs for the frequencies w, and wy, related
to creation operators. We will use these new variables in the
discussion of our results. (An exception is the model for
x-ray absorption for which different operators O are used;
see Sec. I1I B for details.) However, for brevity, we retain the
; notation throughout this section.
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The 4p correlators can be decomposed into a connected
(con) and disconnected (dis) part, G = G + G%S. The
latter corresponds to the independent propagation of two
particles and reads in the MF and ZF, respectively,

Ggiys’(iwlviwbia):%):ﬁG(ia)l)G(iw3)(5¢7,0’5a}23,0_5(1)12,0)7
GO (01,09, 3) =27iG(@) ) G(3) [, 6(w23) = 5(@1)].
(73)
By contrast, the connected part focuses on the mutual
interaction. Yet, one can still factor out the propagation
of each particle to and from the ‘“scattering event”

(“external legs” in a diagrammatic language; see Fig. 5).
This yields the effective interaction, i.e., the (full) 4p vertex,

Gf;:,‘(la)l s ia)z, la)3)
G(io))G(—iw,)G(iw3)G(—iwy)”
(74)

Fop (i), i, iw3) =

where wy; = —w,3, and analogously in the ZF. Hence, once
the disconnected part is removed—which can also be done
on the level of the PSFs, see Eq. (30)—the vertex follows
from a simple division of numbers.

In the KF, each operator is placed on either the forward
or backward branch, according to its contour index
¢; € {£}. Thereby, an ¢p function acquires 2° compo-
nents. The Keldysh rotation exploits the fact that not all of
these components are independent. For £ = 2, the resulting
matrix structure in Keldysh indices k; € {1,2} is

60 = (g or )@ 79

in terms of the retarded (R), advanced (A), and Keldysh (K)
component.

The matrix structure naturally carries over to Eq. (73).
Because of G!! = 0, the right-hand side vanishes if the 4p
function has only one Keldysh index equal 2; i.e., the fully
retarded components G/ have no disconnected part. The
translation between connected correlator and vertex from
Eq. (74) now involves matrix multiplications, i.e.,

Gk (6, wy) = G (7) GR¥ (w3)

X Fi&ﬂk;kgkg (01, w5, 03)GR*2 (—,) G4 (—wy),  (76)

with summation over k. One thus gets F* , from G/ by
multiplying matrix inverses of the propagator (75). With
reference to Fig. 5, the right Keldysh index &} of GX'¥i (@, )
corresponds to a creation operator and marks the beginning
of the propagator line; the left one, k;, corresponds to an
annihilation operator and marks the end of the propagator
line. Using G!''!' = 0, G = 0 [cf. Eq. (63)] in Eq. (76)

directly implies F?*?> = (. One further finds that a vertex
with only one Keldysh index equal 1 in slot 5, dubbed FU",
is directly proportional to G”. Hence, we call them (fully)
retarded as well. Indeed, in these cases, only retarded or
advanced propagators with k; # k! contribute to Eq. (76).

When using Eq. (76) to numerically extract ' from G"
by dividing out the external legs, the same imaginary
frequency shifts must be used for the external-leg 2p
correlators on the right as for the 4p correlator G°" on
the left. In Appendix D, we explain how this can be
achieved.

B. Models

We compute local 4p vertices for three impurity models.
The first describes x-ray absorption in metals, the second is
the symmetric AIM, and the third is a self-consistent AIM
for the one-band Hubbard model (HM) in DMFT.

For x-ray absorption, we consider the following
Hamiltonian, to be called Mahan impurity model (MIM)
[51] (mimicking the nomenclature customary for the AIM):

Hyim = ZECZCe +le,lpp" = Uctepp®,  (77)

where ¢ =) c.. The first term describes a conduction
band of spinless electrons with flat density of states
(1/2D)O(D — |e|) and half-bandwidth D, the second a
localized core level with €, < =D, filled in thermal
equilibrium. An x-ray absorption process, described by
c'p, transfers an electron from the core level into the
conduction band, thereby turning on a local attractive
scattering potential —U < 0 with U < |, |, described by
the third term. We define the absorption threshold wy, as the
difference between the ground-state energies of the sub-
spaces with or without a core hole (@, is of order |e,,|, but
slightly smaller, since the hole-bath interaction is attrac-
tive). The x-ray absorption rate at an energy  relative
to the threshold is given by the imaginary part of the
particle-hole susceptibility, the 2p correlator y(w) =
G[p'c, " p](w + wy,). The corresponding 4p correlator is
Glp',c,c', pl(v,V, ®), where, in the present context, the
definition (72) of these frequencies is replaced by

o=V+wy-vt+oV-—w—--—wg). (78)

For the arguments equated to w; and @w; = —w1,3, asso-
ciated with the operators p' and p switching from the no-
hole to the one-hole subspace and back, we split off +wy,,
the energy differences E,; and E;, associated with the
transitions (1|p"|2) and (4|p|1) [cf. Eq. (22b)] between
subspace ground states. Furthermore, the bosonic fre-
quency @ is chosen to have opposite sign compared to
Eq. (72), ensuring that 0, = —w34 = @ + @y, matches the
argument of the susceptibility G[p'c, ¢’ p|(® + wg).
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The AIM is described by the Hamiltonian
Hamv = Zeczace,y + Zeddgdg + Ud%Tdeidi
€0 o

+ Y (Vedie, +He). (79)

It contains a band of spinful electrons, a local level with
energy €, and Coulomb repulsion U, and a hybridization
term, fully characterized by the hybridization function
Alv) =Y, 7|V |*(v—¢€). We take e;=-U/2 and
choose A(v) = AG(D — |v|) box shaped. The local density
of states is given by the standard spectral function Sgq4(v)
associated with the 2p correlator G[d,,, d]; the vertex F,
follows from the 4p correlator G[d,,. d}.d,, dZ']-
The one-band HM is a lattice model with

Hum = —fzclcja + UZC-:TCI‘T Cj—l ciy. (80)
(ij)o i

where (i) enumerate nearest-neighbor lattice sites, 7 is the
hopping amplitude, and U the interaction strength. In
DMFT, the HM is mapped onto a self-consistently deter-
mined AIM [2]. The associated impurity degrees of free-

dom df,ﬂ experience the same local interaction U, while
their coupling to the rest of the lattice is encoded in the
hybridization function A(v). In this paper, we consider the
Bethe lattice with infinite coordination number, which
yields a semicircular lattice density of states of half-
bandwidth D (« f), and paramagnetic, spatially uniform
phases. Then, the DMFT self-consistency condition simply
reads A(v) = (D/2)*zS4q(v). Upon self-consistency, local
correlators of the HM can be found from the corresponding
AIM and thus analyzed in direct analogy.

C. Analytic benchmarks

The MIM was thoroughly investigated by Nozieres and
collaborators in the ZF [52-54]. The particle-hole suscep-
tibility has a power-law divergence for frequencies above
the threshold, the celebrated x-ray—edge singularity
[51,55], solved analytically [54] as

Imy(w) x @™, a=25/n—(8/x)%. (81)

Here, @ is the absorption frequency above the threshold
wy,, and § is the conduction-electron phase shift induced by
the core-hole scattering potential. It has the analytic
expression [54] § = arctan(zg), with g = U/(2D) here.
It can also be computed with NRG through 6 = zA,, where
A, is the charge drawn in toward the scattering site by the
core hole [56,57].

In the first paper of the series [52], the (2p) susceptibility
x was deduced from the (full) 4p vertex. The latter actually
contains a variety of power laws, as summarized by

Eq. (35) of Ref. [52]. Plus, one can extract y, and thus
the same power law (81), from the vertex by sending
suitable frequencies to infinity. To this end, we consider the
vertex F, related to the 4p correlator G[p®, ¢, ¢', p], whose
bare part is F, = —U. In the particle-hole representation of
frequencies (72), y then follows as [21,58,59] [60]

y(w) = [F(v,V, )+ U]/ U>. (82)

]| | >0

The limit of fermionic frequencies must be taken such that
lv], ||, and |v £ /| become arbitrarily large [21]. In this
limit, ImF/U? = Imy(w) « 0.

Analytic results are also available for the half filled AIM
in the MF in the limits of either weak or infinitely strong
interaction. In the former, one often simplifies D — oo and
T = 0 to find the bare particle-hole susceptibility [61]

2A | + A
n
rlo|(lo] +24) A

Xoliw) = (83)

Its particle-particle counterpart yields —y,. Thus, combin-
ing all three two-particle channels, the vertex in second-
order perturbation theory follows as (using 1 = |, | = 1)

Frm’ = Uén,r’r’ - U2
X [0, 0 20(i012) 4 85 zx0(iw13) = yoliwys)].  (84)

Here, the first term U, 5 on the right is the MF bare vertex
Fo.,o. An expression analogous to Eq. (84) holds for the
local vertex of the weakly interacting HM. In that case,
Eq. (83) must be computed for the appropriate hybridiza-
tion function A(v), with a nontrivial frequency dependence
resulting from the self-consistency condition.

In the opposite limit where U/A — oo in the AIM
(corresponding to U/t - oo in the HM) realizing the
Anderson or Hubbard atom (HA), the MF vertex is known,
too [21,43,62,63]. In compact notation, we have

WY (i)} 6u

=2 ) ) (559
+ﬁu2[5wlzth+5wl3 (th—1) +84,, (th+1 )}%
Fm—ﬂu%éwm—awu)%, (85b)

with u =U/2, 8, = 8,0, th=tanhpu/2, and i € {1,2,
3,4}. Generally, F;; follows from Fy; by SU(2) spin and
crossing symmetry [63]: Fy(iw) = Fy | (iw) — F4 | (i0'),
where @’ relates to w by exchanging either @, <> ws
or W, <> Wy

In the KF, the retarded vertex can be deduced from the

analytic continuation (69): 2F EZL (@) = F ;0 (i®) |4 - FOI
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Eq. (84), this is easily verified using standard Keldysh
diagrammatic techniques. For Egs. (85), it has recently been
shownexplicitly [64]. Thelasttwolines of Egs. (85) consistof
anomalous terms (proportional to Kronecker §’s) and cannot
be analytically continued to retarded components. However,
the real-frequency anomalous contributions (proportional to
Dirac 6’s) are contained in other Keldysh components, as
Ky kpksky
000’

equals % Ud, 5 if kyp34 1s odd and zero otherwise. This can be
seen starting from the contour basis [65,66], where the bare
interaction requires all operators to be on the same branch
and comes with a minus sign on the backward branch.
A fourfold Keldysh rotation then generates the prefactor

(1= (-Dh/4

further discussed in Appendix E. The bare vertex F

IV. NUMERICAL VERTEX RESULTS

In the following, we present results obtained by
numerically computing local 4p functions with NRG.
Generally, NRG allows one to construct a complete basis
of approximate eigenstates of the Hamiltonian [67,68]
and thus directly evaluate the spectral representations (see
Refs. [29,30] for computing retarded 2p functions). In the
accompanying paper [34], we develop a new NRG
scheme to treat 3p and 4p functions. We refer interested
readers to Secs. IV-V of that paper for how PSFs are
computed with NRG as sums of discrete ¢ peaks, and to
Sec. VI for how these are broadened to smooth curves
and how connected correlators and the full vertex are
obtained from them. Here, we show the final results of
the 4p vertex, for the MIM in the ZF and for the AIM,
with both a boxed-shaped and a DMFT self-consistent
hybridization, in the MF and KF.

A. ZF for MIM: Power laws

The MIM is a prototypical model for the ZF; see, e.g.,
Refs. [52-54]. For this model, NRG proved very successful
in computing power-law divergences of 2p functions
[27,56,57,67,69,70], but it was never used to investigate
similar singularities in 4p functions. As explained in
Sec. III, we can extract the famous power law @™ in
terms of the (bosonic) transfer frequency of the particle-
hole susceptibility y directly from the 4p vertex F by
setting the fermionic frequencies v, v/ to very large values.
Figure 6(a) shows various cross sections of ImF (v, V/, ®),
where |v|, |¢/|, and |v £ ¢/| are much larger than the half-
bandwidth D. All of them collapse onto the same curve.

This curve meets two consistency checks. First, as
expected from Eq. (82), it matches Imy(w) (red dashed
line), computed separately as a 2p correlator. The discrep-
ancy at w 2 U is due to the broadening of discrete PSFs
(described in Ref. [34], Sec. VI. B); it can be removed by
reducing broadening, but then wiggly discretization arti-
facts appear. Second, as expected from Eq. (81), Fig. 6(a)

@) U/D =05, a =038
10" ¢ 3
o
~
e,
Ei
|
100 ¢ 3
102 —10'° ~UlImy - -
’ | + } } ™
(b) 10 o (Vimax/Vinin)** + (Vmasimin /w?) /2
RN Vmax:max(y7yl)
2 O (3 e Vpin = min(v, V)
R ax/ly)aj5 -
Q
Cfli v/DV'/D TV syt
1072 100 —— 5 ]
100k 100 1072 Vimin/ D
10 1073 1072 107 10°
w/D

FIG. 6. The ZF 4p vertex —F/U of the MIM, plotted as a
function of the bosonic transfer frequency w for fixed fermionic
frequencies v and ¢/ [cf. Eq. (78)]. (a) The imaginary part of F at
@ > 0.For |v|, |V/|, |v £ V| > D, all results collapse onto a single
curve. This curve follows a power law @~* matching the (2p)
susceptibility y [Eq. (81)], which can be independently computed
by NRG (red dashed curve). (b) The real part of F at w < 0. If
only one of v and v/ is large, F follows two distinct scaling
behaviors for v, < —@ < Vpa and —@ < vy, given, respec-
tively, by Eqgs. (36) and (40) of Ref. [52].

shows a power-law divergence for w close to the threshold.
The exponent @ = 0.38 in @™ (black dashed line, guide to
the eye) was obtained from Eq. (81) using the phase shift
8 = arctan(zg) = 0.67. We obtained the same value,
0 =nA;, =0.67, when computing the A,, the charge
drawn in to the core hole, with NRG following Ref. [56].

Next, we probe further power laws in the vertex F by
setting one fermionic frequency to a large value, v,,,,, and
the other one to a small value, v,;,. As |w| is reduced from
|w| > vpin t0 |@| < vpin, F crosses over between two
power laws, given by Egs. (36) and (40) of Ref. [52],
respectively. Both of them are very well reproduced by our
NRG results in Fig. 6(b). The analytic power laws are
shown as dashed lines. Their prefactors are 0.66 and 0.42,
respectively, in reasonable agreement with the predictions 1
and 0.5, obtained in logarithmic accuracy in Ref. [52].

These consistency checks, with matching results for
highly nontrivial 4p and 2p functions, on the one hand,
and agreement between numerical 4p results and analytic
predictions, on the other hand, provide confidence
that NRG is well suited to compute local 4p functions
in the ZF. Moreover, it successfully meets the parti-
cularly tough challenge of the regimes w < |v| =~ |¢/| and
o < |v] < ||, namely resolving a small frequency with
exponential accuracy while also keeping track of two
larger ones.
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FIG.7. MF 4p vertex F,, (iw)/U of the AIM as a function of v
and ¢/ at @ = 0 and a moderately low temperature T = 1072D.
The labels 11 and 1 indicate the spin indices o¢’. The left-hand
panels show NRG results FNRC(iw)/U. The right-hand panel
shows their difference to QMC data, (FNSG — F SDIYIC) /U, which
is two orders of magnitude smaller than the original signal.

B. MF for AIM: Temperature evolution

Most numerical work involving nonperturbative 4p
functions is obtained in the MF, where, thanks to the
steady progress in quantum Monte Carlo (QMC) tech-
niques, local 4p functions can nowadays be computed with
high precision (see Ref. [50] for a recent list of references).
Using the spectral representation as given by Egs. (39),
(28), and (46), they can be computed with NRG, too. For
the next parts, we consider the half filled AIM with box-
shaped hybridization and large interaction U/A = 5, where
U/D =1/5, focusing on the (full) 4p vertex F,y
(cf. Sec. III).

We start with a moderately low temperature 7 = 1072D.
Figure 7 shows our MF NRG results for the two spin
components of F, as a function of v and v/ at = 0 in the
particle-hole representation (72). One can still see the
discrete  nature of the Matsubara frequencies
i) € izT(2Z + 1). Furthermore, one observes the typical
structure in the frequency dependence of the full vertex
[20,21,50,63] composed of a background value (indepen-
dent of 1/(’)), a distinct signal on the diagonal and anti-
diagonal (though weaker), and a plus-shaped feature
") = +xT) (the latter is more pronounced at lower 7).
Note that F;; vanishes identically for v =v/. This is
intuitive from the Pauli principle since, then, all quantum
numbers of both fermions involved match. It also follows
from the symmetry relation mentioned below Eq. (85),
since exchanging either w; <> w3 or w, <> w, at ® =0
leaves the diagonal (v = /) invariant. At a temperature
T = 1072D, we can compare our results to highly accurate
QMC data [10,71,72]. We find that the results differ on the
level of 1%, which confirms the reliability of our new NRG
scheme at moderately low temperatures.

Typical QMC algorithms scale unfavorably with inverse
temperature. An important advantage of our MF NRG
scheme is hence that it extends to arbitrarily low 7. For the
given parameters, the Kondo temperature is T ~5 X
103D [73]. Accordingly, T = 1072D, as used above, is

10
: 0
0.2

-0.2 0 0.2 -0.2 0
v/D v/D

FIG. 8. F,,(iw)/U computed by NRG, analogous to Fig. 7,
but at a much lower temperature, T = 10™*D. The inset enlarges
the low-energy window marked by the small square. For
) < Tk, the vertex is strongly suppressed, giving rise to the
Fermi-liquid regime of weakly interacting quasiparticles.

not low enough to enter the strong-coupling regime, but
T = 107*D, used for Fig. 8, is. There, we find that the
features already observed in Fig. 7 become sharper and
more pronounced. Particularly interesting is the region
) < T, describing the Fermi liquid with an impurity
screened by the Kondo cloud. Indeed, the inset in Fig. 8
shows that the vertex is strongly reduced in this regime,
thus giving way to weakly interacting quasiparticles.

To explore this concept further, renormalized perturba-
tion theory (RPT) offers a way of extracting the quasipar-
ticle interaction (local Landau parameter) directly from the
NRG low-energy spectrum [75-78]. This proceeds by
comparing the eigenenergies of states with two excited
quasiparticles to those with only one; it does not require
knowledge of frequency-dependent correlation functions.
The resulting values U, = 050,3 should match the low-
energy limit of the effective interaction (i.e., the 4p vertex
F,» with all frequencies sent to zero), multiplied by the
quasiparticle weight Z: U, = Z*F ., (iw — 0) [76].

Figure 9 shows the vertex evaluated at the lowest
Matsubara frequencies, ) = +7T, @ = 0, as a function
of decreasing temperature. At very large temperatures,
T > D, correlation effects are suppressed, and the vertex
reduces to the bare interaction, F,, — Ud, 5. As we lower
temperature much below D, there are strong renormaliza-
tion effects, and particularly Fy; for v = ¢/ and Fy, for
v=—1 grow in magnitude. (Recall that Fj; vanishes
identically for v =1/.) Now, for T on the order of the
Kondo temperature 7', this trend comes to a halt, and the
low-energy components of the vertex start to decrease
again. This is the nonperturbative crossover from strongly
interacting particles to weakly interacting quasiparticles, as
one enters the Fermi-liquid regime. Indeed, for temper-
atures sufficiently below Tk, we find that the low-energy
vertex has precisely the same form as the bare vertex: it is
nonzero only for different spins, with a value independent
of the signs of the frequencies v") = £z7T. This value
precisely matches the RPT estimate, F,, — U,y /Z>. Vice
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FIG. 9. The vertex evaluated at the lowest Matsuabra frequen-
cies 1) = 42T and w = 0, denoted by F,»(£1,£1,0), as a
function of decreasing temperature. For 7 > D, the vertex
reduces to the bare interaction Fy,, = Ud, 5. Upon lowering
T, it exhibits strong renormalization effects and undergoes a
crossover from increasing to decreasing magnitude for 7 > Ty
and T < Tk, respectively. For T <« Ty, it converges to the
quasiparticle interaction U,y = U8, 5, divided by twice the
quasiparticle weight Z. The parameters U ~0.20U and Z =~
0.36 were found from RPT and NRG, independent of the 4p
computation, and thus provide a strong consistency check.

versa, U, can be determined from Z°F, (iw — 0). Both
the decrease of F,y(iw) for |w;|,T < Tx and the small
quasiparticle weight Z ~ (.36 lead to a small (but finite)
quasiparticle interaction of U ~ 0.20U.

To our best knowledge, comparing RPT to the low-
energy limit of a nonperturbative vertex computation
has not been realized before. It is a stringent consistency
check for the underlying Fermi liquid and confirms
the reliability of our NRG scheme down to very low
temperatures.

C. KF for AIM: Benchmarks and strong coupling

To our best knowledge, nonperturbative results for KF 4p
functions have not been obtained in the literature before.
Hence, we begin our analysis with two benchmark cases.
The first concerns the limit of infinitely strong interaction,
A/U =0, i.e., the atomic limit of the AIM or simply the
HA. In this case, the many-body basis consists of only four
states, and a NRG computation reduces to a simple, exact
diagonalization. The PSFs involve only a few ¢ singular-
ities, which, at half filling, are placed at multiples of U/2.
Any real-frequency correlation function directly inherits
these singularities. In numerical calculations, one sets a
minimal imaginary part y in the spectral representation. As
the denominators contain three factors of the type
(w; + iy — w!), the poles reach a magnitude of y5°.

The MF vertex of the HA is well understood analytically
[9], see Eq. (85), and reveals many features shared by
general MF vertices; see Fig. 10. We now analyze the KF
vertex of the HA. To this end, we compute the spectral
representation involving 24 permutations, subtract the
disconnected part, and amputate the external legs

3r( U \9
5 (27)
10°
10-1.5
103
1078

10715
-10°

v/U v/U

FIG. 10. MF 4p vertex (F,, — F.,)/U of the HA (AIM at
infinitely strong interaction, A/U = 0), at @ = 0. It is calculated
from the analytic result (85) at a temperature 7/U = 1/50; the
bare vertex Fy.,, = U, 5 is subtracted for clarity.

(cf. Sec. III). As the calculation in this limit is exact, these
steps pose no further difficulties. The result are 16 Keldysh
components, each having a real and imaginary part.
Figure 11 shows the huge variety of features that can be
observed as a function of v and ¢/ at @ = 0 [in the particle-
hole representation (72)]. We display five different Keldysh
components; all others, related by permutations of their
Keldysh indices, show analogous features. A very compact,
analytic result for the fully retarded components F!" can be
deduced from the known Matsubara result (85) and the
analytic continuation (69). Our numerical results match
those to floating-point precision. As explained in Sec. III C,
the typical diagonal features of the vertex become &
functions in the atomic limit. They do not appear in F
but in other Keldysh components; see Fig. 11. For these
other components, too, analytic results have recently been
obtained [64], and they perfectly match our numerical ones.

Next, we turn on the coupling to the bath. As we now
have a continuous spectrum, discrete PSFs, obtained from a
finite number of terms in the sum of Eq. (28), must be
broadened. The subtraction of the disconnected part G4,
which requires exact cancellations of large terms, is then
numerically difficult. Note that, even if the retarded
components G/ do not have a disconnected part from
an analytical perspective, this again relies on exact can-
cellations that are easily violated numerically. To obtain the

1 con
vertex via G2o' most accurately, we employ a twofold

strategy [34]. First, we compute G527 directly from $°" =
S — S9s (as discussed at the end of Sec. I B), where S9 is
deduced from the full S through appropriate sum rules and
subtracted prior to broadening. This eliminates the dis-
connected part to a large extent but, due to imperfect
numerical accuracy, not completely. Second, we use a
Keldysh analog of the equation-of-motion method as
presented in Ref. [79]. It is based on expressing G¢oV
through auxiliary correlators, obtained by differentiating
G, with respect to, say, the first time argument. Clearly,
the choice of this time argument introduces a bias. While
this does not appear important in MF applications, we
found it to be highly relevant in the KF. As a consequence,
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FIG. 11. KFdp vertex (F¥, —F

000’

)/U ofthe HA atw = 0 and T/U = 1/50 (using y, = T). The left-hand (right-hand) panels show

6 # ¢ (6 = ¢'), the top (bottom) rows the real (imaginary) part, except for the purely imaginary kK = 1122 and 1111 components.
Keldysh components not plotted look similar to those that are plotted: components where k has only one 1 are analogous to 1222 (these
vanish for ¢ = ¢’); those with only one 2 are analogous to 2111; 1122 corresponds to 2211, while other components with two 1’s and

two 2’s are similar to 2112. The 2222 vertex vanishes identically.

the connected part of only those Keldysh components that
similarly single out one time argument, i.e., G/, could be
reliably determined. For other components, we expect a
symmetric version of the equation of motion to be
beneficial, similar to the one presented in Ref. [80] for
the MF. This is, however, left for future work.

Our second KF benchmark involves the limit of weak
interaction, U/A = 1/2. There, one has an analytic result
from second-order perturbation theory (PT), conveniently
obtained in the wideband and zero-temperature limit, which
can be found by analytic continuation of Eq. (84). One
should keep in mind that weak interaction, and even the
noninteracting limit, is highly nontrivial for a diagonaliza-
tion-based algorithm like NRG. In Fig. 12, we compare our
NRG results of the weakly interacting AIM to PT, con-
sidering the real and imaginary parts of F [Gli, as a function
of v and / at @ = 0 for both spin components. While the
precise values of the NRG vertex depend on the broadening
prescription, we overall find very good qualitative agree-
ment between NRG and PT. There are dominant diagonal
structures that arise whenever one of the (bosonic) fre-
quency arguments in (the analytic continuation of) Eq. (84)
vanishes. According to Eq. (83), their real part describes a
peak of width ~A, as reproduced in Fig. 12. Upon
subtraction of the bare vertex, the 1| component has no
background contribution, since yy(w;; = @) in Eq. (84)
comes with a factor J,5. The 11 component has a
background value of y((0); its diagonal vanishes upon
cancellation of yo(w;, =w) and yo(wy =v-—"1).
Whereas these features are easily explained from a pertur-
bative perspective on the vertex, obtaining them in a
numerical approach that starts from the spectral represen-
tation of the correlator is a stringent test for the whole
machinery.

After passing both of these benchmarks, we can con-
fidently present our results for the retarded vertex in the
strongly interacting regime. We use identical parameters as
above: U/A =5, U/D = 1/5, and T = 107*D below the
Kondo temperature Tx ~5 x 107>D. In Fig. 13(a), we
show ReF [Tl]i —F Q]T yasa function of v and ¢/, for three

choices of w. At large w, the vertex mostly involves only
one diagonal. This structure can again be understood from a
diagrammatic perspective [21] related to Eq. (84): contri-
butions from both the particle-hole channel corresponding
to yo(w;, = w) and the particle-particle channel, corre-
sponding to yo(w;3 = w + v + /), are suppressed at large

k=1222  Re Im_ 1T Re ><10;1
5 E
Lo 5
o :
z & . & . A 0
- :
a :
4 E
~ i
\: / E
505 505 :-505 -5005
v/A v/iA T v/A v/A

FIG. 12. KF 4p point vertex (Fk, —Ff_,)/U at @ =0 and
k = 1222 in the AIM at weak interaction, U/A = 1/2. The
left-hand (right-hand) panels show the real and imaginary
parts for ¢ # ¢’ (6 = ¢’). The top row shows NRG data, with
U/D = 1/20 and T = 1073D; the bottom row shows results of
second-order perturbation theory (PT) in the wideband and zero-
temperature limit. We find very good qualitative agreement (the
overall magnitude depends on the broadening prescription), even
though the limit of weak interaction is highly nontrivial for the
diagonalization-based NRG.
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FIG. 13. KF 4p vertex F E{L in the strongly interacting AIM,
U/A=5.U/D=1/5,T =107D. (a) Re(F}| = Fg})/U for
three choices of w > Tg. Lowering @, more features build up.
(b) All components of (F Lljj -F ([)1»170') /U at w = 0. (c) Enlarge-
ment on the window ||, |V/| S TK [dashed squares in (b)],
showing [FL](L — U,y /(2Z%)]/U. The values in (c) are an order
of magnitude smaller than in (b) and vanish for ) — 0, showing
that the low-energy retarded vertex reproduces RPT.

o, while those of the other particle-hole channel persist
independent of it, similar to yo(wy =v—1). As we

decrease w, more features build up: ReF [Tlli develops an

increasing background value, independent of v and v/,
except for distinct values forming a plus shape.
Figure 13(b) shows the real and imaginary parts of

(1] (1]
F . —F

0:6'» fOr both spin components, at @ = 0. We again
enlarge the low-energy window ") < Tk (dashed square).
Similar to the MF results (cf. Fig. 9), the low-energy limit

of Fl" should reproduce the RPT prediction. Figure 13(c)

1 . . . .
(b) —— Metallic

— Insulating

(a)

TA Sstd (w)
(7D/2) Ssta(w)

0 1 1L I 1 I
-0.5 0 0.5 -2 -1 0 1 2

w/D w/D

FIG. 14. Standard (2p) spectral functions Syy [cf. Eq. (8)] for
(a) the AIM chosen for Figs. 8 and 13 and (b) the DMFT
solutions of the HM chosen for Fig. 15. Here, Sqq (@) is obtained
by the adaptive broadening scheme of Ref. [81].

shows the difference F E{L - U,y /(22%) (the factor of 2
comes from the Keldysh rotation). Indeed, this difference is

an order of magnitude smaller than F' E{L —Fll

006" and, for
) = 0, it goes to zero. While the real parts of both spin
components show a rather extended regime of small values,
the imaginary parts, particularly regarding 1|, exhibit only

a thin line of zero values.

D. MF and KF for HM: DMFT solution

For the strongly interacting AIM, the MF vertex in Fig. 8
and the real part of the retarded KF vertex in Fig. 13 look
somewhat similar. [Recall that KF 4p functions inherit a
factor 1/2 from the Keldysh rotation; see, e.g., Eq. (69).]
This is drastically different for the results we present in the
following. There, we analyze the (half filled) one-band HM
within DMFT, which amounts to solving a self-consistently
determined AIM [2]. We take U/D = 2.6 and T/D = 10~
in the coexistence region of a metallic and insulating
solution. Figure 14 shows the standard (2p) spectral
function Sy of the strongly interacting AIM, considered
previously [Fig. 14(a)], and the metallic and insulating
solution of the self-consistent AIM describing the HM
[Fig. 14(b)]. The self-consistent metallic solution has much
more pronounced features, where the spectral weight
between the quasiparticle peak and the Hubbard bands
almost goes to zero. The insulating solution has a gap at
@ = 0 and broad Hubbard bands around the positions of
the atomic peaks, +U/2.

Figure 15 shows the local 4p vertex for the DMFT
solution of the HM, displaying the MF vertex on the left,
and a retarded Keldysh component, k = 1222, on the right.
In the top row, depicting the metallic solution, the MF
vertex is reminiscent of the AIM results in Fig. 8, albeit
with significantly larger values and a more extended
plus-shaped structure. By contrast, the KF vertex reveals
entirely new features not found in the AIM results of Fig. 13.
Next to the typical structure consisting of a background
value, diagonal line, and plus-shaped structure, it exhibits
sign changes at intermediate frequencies 0.1 <[v")|/D <0.5.
They are thus at similar frequencies as the aforementioned
dips in Sy (Fig. 14) and likely related to these. In the bottom
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FIG. 15. MF and retarded KF 4p vertices, (F,y — Fo.,)/U and (F En, - F gl;]w,)/ U, respectively, at w = 0 in the DMFT solutions of

the HM (Bethe lattice, half-bandwidth D). The first (second) rows show the metallic (insulating) solutions at U/D = 2.6, T/D = 107,
using a linear (logarithmic) color scale. The KF vertex for the metallic solution exhibits distinct features at intermediate frequencies
0.1D < |y|, |V| £ 0.5D, similar to where the standard (2p) spectral function Sy4(w) has dips separating quasiparticle peak and Hubbard
bands (Fig. 14). The insulating solution has very sharp diagonal lines (v = /).

row, depicting the insulating solution, the MF vertex is very
similar to the HA solution (Fig. 10), with almost divergent
values. The KF vertex also looks similar to that, but different
from the KF HA results in Fig. 11. The reason is that, for the
HA, the diagonal structure expected in F!'l has a width that
vanishes as A — 0 and enters as a 6 function in other
Keldysh components. However, for the insulating solution
of the HM, the hybridization, though gapped, remains finite.
It thus allows for a diagonal signal in FI!J, even if it is only a
very sharp line.

The overall magnitudes of the KF results in Fig. 11 are
rather different from the MF results. On the one hand, this
may result from the fact that the real-frequency results do
have a richer structure in this case. On the other hand, the
precise values of the KF results still depend on the broad-
ening prescription, particularly for the insulating solution.
Further improving the broadening of 4p real-frequency data
is planned for follow-up work. This will enable a thorough
analysis of the DMFT real-frequency vertex and promises
valuable insight into strong-correlation effects on the two-
particle level.

V. SUMMARY AND OUTLOOK

A. Summary

The many-body problem is typically addressed by either
deriving £p correlation and vertex functions from an action
or by working with operators and states in relation to a
Hamiltonian. The connection between both approaches
through spectral or Lehmann representations is well known
for various 2p functions and for imaginary-time functions
with 7 <4. Here, we completed this picture in a

generalized framework, providing spectral representations
for arbitrary ¢p functions in three commonly used many-
body frameworks: the real-frequency ZF, imaginary-
frequency MF, and real-frequency KF.

Through the spectral representations, we elucidated how
¢p correlators G in the ZF, MF, and KF are related to one
another. We expressed G as a convolution of PSFs S and
kernel functions K. The PSFs are formalism independent
and contain the dynamical information of a given system.
By contrast, the kernels are system independent and
encode the time-ordering prescriptions of the formalism
at hand. We first derived the spectral representation in the
ZF where it is most compact. We proceeded with the MF,
using analogous arguments and the same PSFs, and
discussed anomalous terms that arise when vanishing
(bosonic) Matsubara frequencies and degeneracies in
the spectrum occur together. For the KF in both the
contour and Keldysh bases, we identified a (fully) retarded
kernel K through which all other KF kernels can be
expressed. Among the KF correlators, those with a solitary
Keldysh index equal to 2, G["], have the simplest spectral
representation. It precisely matches the spectral represen-
tation of the MF (without anomalous parts) up to a
replacement of imaginary frequencies by real frequencies
with infinitesimal imaginary parts, i@ — @', making the
analytic continuation between MF and retarded KF ¢p
functions manifest.

We used a novel NRG method, described in the
accompanying paper [34], to evaluate the spectral repre-
sentations of 4p functions for selected quantum impurity
models. Starting with a simple model for x-ray absorption
treated in the ZF, we analyzed multiple power laws in the
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4p vertex. Proceeding with the AIM in the MF, we
benchmarked our NRG results against Monte Carlo data
at intermediate temperatures. The NRG technique is
beneficial at very low temperatures, where we found the
vertex to exhibit strongly reduced values for Matsubara
frequencies below the Kondo temperature 7. Indeed, by
decreasing the temperature 7 from above half-bandwidth D
to below Ty, we studied the crossover from strongly
interacting particles to weakly interacting quasiparticles
on the level of the 4p vertex F (effective interaction). At
T <« Tk, we deduced from F the quasiparticle interaction,
which has a form identical to the bare electronic interaction,
with values predictable from RPT and the NRG low-energy
spectrum.

For the AIM in the KF, we first tested our NRG results in
the solvable limits of weak and infinitely strong interaction.
Finding qualitative agreement with perturbation theory for
weak interaction was a demanding test for the diagonal-
ization-based NRG. For infinitely strong interaction, i.e.,
the HA, we found rich features in the different Keldysh
components of the vertex. In the intermediate regime of the
strongly interacting AIM, we observed the formation of
renormalization effects in the retarded vertex FU'l with
decreasing the transfer frequency  and showed that F!'!
reproduces RPT for temperature and frequencies below T 'g.
Overall, the retarded vertex showed features that might be
expected from the MF result and perturbation theory. This
was drastically different in our final results where we
analyzed the one-band Hubbard model within DMFT in the
regime of coexisting metallic and insulating solutions. For
the strongly correlated metal, the KF vertex showed distinct
features at intermediate frequencies, absent in the MF
counterpart. We speculate that these go hand in hand with
the dips separating the quasiparticle peak and the Hubbard
bands in the standard (2p) spectral function. Regarding the
insulating solution, the MF vertex is similar to the MF HA
result. The KF vertex also looks similar to that, but the
finite hybridization, albeit gapped, leads to notable devia-
tions from the KF HA.

B. Outlook

In this work, we have focused on (i) the formal properties
of spectral representations and (ii) benchmark tests of our
NRG scheme [34] to compute the 4p vertex of quantum
impurity models. This sets the stage for a variety of
intriguing applications.

Let us start with more formal aspects. In the
Introduction, we mentioned the divergences of two-particle
irreducible vertices in the MF. Mathematically, these
divergences arise through the matrix inversion of a gener-
alized susceptibility y, a function of discrete Matsubara
frequencies, whose eigenvalues become negative and thus
cross zero at some point [10]. Expressed through real
frequencies, the former sums over matrix elements become
integrals over complex functions. At finite temperature,

there is an additional matrix structure of Keldysh indices.
The tools presented here allow one to compute y in the ZF
or KF, and to investigate if divergences of the two-particle
irreducible vertex persist for real frequencies.

Moreover, real frequencies provide the natural language
for Fermi-liquid theory. Indeed, the original Fermi-liquid
works used the zero-temperature approach, defining the
Landau parameters in terms of the ZF (full) 4p vertex [82].
In the mean time, the 7 =0 Landau parameters were
expressed through Matsubara vertices, too [11,83,84]. Such
MF vertices can also be computed at 7 > 0. However, a
stringent extension of Fermi-liquid theory to finite temper-
ature should ideally use real-frequency Keldysh objects.
Their nonperturbative evaluation becomes accessible
through this work.

On the practical side, an important application of local 4p
functions is given by diagrammatic extensions of DMFT.
We briefly recall that DMFT describes local correlations,
assuming a purely local self-energy. Diagrammatic exten-
sions of DMFT employ diagrammatic relations to further
incorporate correlations of arbitrary wavelength [50]. For
instance, in the ladder dynamical vertex approximation
[42,85,86], dual fermion formalism [87-89], or a functional
renormalization group (FRG) flow [90] starting from
DMFT [91], a momentum-dependent self-energy and
vertex are constructed from the local (full) 4p vertex.
Many successful results along these lines have been
obtained in the MF [50]. Yet, the commonly used
Monte Carlo-based DMFT impurity solvers are not able
to reach very low temperatures. Our MF NRG results,
which extend to arbitrarily low temperature, can remedy
this limitation. Furthermore, to properly interpret the
intriguing phases of strongly correlated electron systems,
real-frequency diagrammatic extensions of DMFT would
be invaluable. The momentum dependence could be
generated by real-frequency diagrammatic techniques, such
as the rather well-developed Keldysh FRG [65,92,93]. The
necessary building blocks are real-frequency local 4p
functions, such as the KF NRG results shown here.

Another interesting topic requiring the computation of
real-frequency 4p functions is the theory of resonant
inelastic x-ray scattering (RIXS) of strongly correlated
materials [94]. We present some proof-of-principle RIXS
results in the accompanying paper [34].
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APPENDIX A: EXPLICATION OF ZF FORMULA
FOR ¢=2

Here, we show how the general #p formula (26) repro-
duces the familiar 2p result (4) for G(w) in the ZF. For
¢ =2and O = (A,B), Eq. (26) reads

aw:/mwwrmwmmw>

+C/da)’2K o
For brevity, we wrote G(w) = G(w), K(w,) = K(wj), and
S(w),) = S(o

T)’ hiding the second frequency argument,
with | = -0, = w and @) =

—o) implicit. The ingre-
dients needed above are K(w;) =1/w; and, using
Eq. (24b),

@)S[B, Al(@). (A1)

SIA.Bl(0) = > p1A13B518(0) — Eyy).  (A2a)
12

S[B. Al(w ZPsz 141 26(e) (A2b)

Inserting Eqgs. (A2) into Eq. (A1), we obtain Eq. (4):

6(o) = [ duy > 2] g/ SIB Al(@y)

2—(02

(A3)

APPENDIX B: DIRECT MF CALCULATION

In the main text, we derived the MF formulas somewhat
indirectly, arguing that all contributions from the upper
integration boundaries in Eq. (37) cancel. For complete-
ness, we here give a direct derivation of the MF Lehmann
representations for £ = 2, 3, 4. We also discuss anomalous
terms arising when denominators vanish. For this purpose,
we focus on correlators for which at most one frequency
7.5, with i < ¢, is bosonic, and derive the expressions
(45) and (46) for the full MF kernel K(€2,) given in the
main text. The reasons for this focus are stated before
Eq. (45); other cases can be treated analogously.

We begin by discussing the computation for general 7.
We exploit time-translational invariance, define
G(t) = G(7)|,,—¢> use w.., =0 in G(iw), and directly
compute

p /-1,
G(iw):/ dt,...dvy_e2=n FG(g).  (Bl)
0

The (¢ — 1)-fold integral involves (£ — 1)! different time
orderings. Hence, the sum over p in the representation (34)
for G(r) reduces to (£—1)! permutations, say, g =
(12.../—1¢) (last index fixed), with a new kernel
k(z,) = (1) T2} 0(z; — 0:5), as 7, =0 always is
the smallest time. We obtain

= ZC" / d o k(iw, - o),)S[O
q

zf’ 1/ d‘L']/ d‘L'2 /fzdrf 162/-197

(B3)

g(@y),  (B2)

where Q, = iw, — w;, with @}, = 0 and thus Q,.., = 0.
We will often use the shorthand S, = S[O,](@),) for
permuted versions of S. The ¢ functions in S, as given
by Eq. (24b), ensure w— E1+_1; and a) = EH-_IT; hence,
@' variables serve as shorthand notations for energy
differences.

In the following, we consider the cases £ = 2, 3, and 4 in
turn. For each, we start by computing the regular contri-
butions, signified by a tilde on k and G, for which all
denominators arising from the z; integrals are assumed to

be nonzero. We subsequently discuss anomalous cases,
signified by a hat on k, for which this assumption does not
hold. For these, we recompute the corresponding integrals
more carefully. Alternatively and more elegantly, the
anomalous terms can also be found from the regular ones
by a limiting procedure, treating nominally vanishing
denominators as infinitesimal rather than zero.

1. MF, £=2

We begin with the case £ = 2, involving two bosonic or
fermionic operators. Although it was already covered in
Sec. IT A, we discuss it again, to set the stage for the
subsequent analogous treatments of the cases £ = 3, 4.

For ¢ = 2, there are only two permutations, p = (12),
namely (12) and (21), with &2 =1, ¢2) =¢, and
S(12) = S[O", O (. @h), S(a1)=S[O* O'(wh,w}). The
kernel k(£2,) has arguments (Q, Q5), with Q; = iw; — @,
and it is understood a priori that w, = 0 and @/, = 0. The
sum over ¢ in Eq. (B2) has only a single term, ¢ = (12),
with k(€(12)) = k(Q;,€,) defined by
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p
(@z) == [ drien. (B4)
Regular part.—For Q; # 0, Eq. (B4) evaluates to
- 1 — efu Ce‘ﬁ”’
k(Q =— , B5
@) =g —g g (B

where we used Q, = 0 for the second step. Now, consider
the product k((15))S(12) in Eq. (B2) for G(iw). The
cyclicity relation (25) implies S5;) = e —po IS(lz) hence,
the regular part of this product takes the form

- CS
k(Q12))S B6
(R12))S(12) = Q1 92 (B6)
The regular part of G can thus be expressed as
~ S(
Gliw) = / e k(R(12))S12) Zcz’ / dafi-o=.  (B7)

where the sum now runs over the two permutations
p=(12) €{(12),(21)}. This reproduces the general
result stated by Egs. (39) and (42) from the main text.

Anomalous part.—The integral (B4) is anomalous if
Q; = —Q, = 0; indeed, both terms in Eq. (B5) for k would
then involve vanishing denominators. This situation can
arise if w; = —w, = 0, possible only for bosonic frequen-
cies (¢ = 1), and if simultaneously @} = —@}, = 0 due to a
degeneracy, E, = Ey, in the spectrum [cf. Eq. (28)]. In this
case, the integral in Eq. (B4) yields

k(0) = — /O ! dr, = —p. (B8)

Alternatively, this result can be directly obtained from
the regular part k by taking ©; = —Q, not zero but

infinitesimal. We set w; = —w, =0 and -0} = @), =€,
so that Q; = —Q, = ¢, and compute k as k._o, using
Eq. (BS):

k(0) = F + i} = -p. (B9)

€ —€ €=

It will be convenient to split the anomalous term equally
among both terms in the sum  for G. Since S(51) = S(12)
when @), =0, this can be done by symmetrizing the
anomalous contribution to k(€(12))S(12) as

IA‘(O) =(B/2)[S(12) + Sean)- (B10)
Equations (B10) and (B7) imply that G(iw) of Eq. (B2) can
be expressed in the form (39), with a kernel defined as

if Q; #0,

B11
if Q; =0, (B11)

1/Q;
K<Qq) = {_;/;

consistent with the general Eq. (46) from the main text.
Since the divergences from the denominators of the

regular k cancel after summing over permutations

[cf. Eq. (B9)], we may also represent the full kernel as

1 p

K(QP) = Q—I - 5@],057

(B12)
corresponding to Eq. (45). Here, dq,  is symbolic notation
indicating that the anomalous second term is nonzero only
if Q7 = 0. No restriction is placed on the Q5 values for the

first term, with the understanding that vanishing denom-
inators should be treated using infinitesimals.

2. MF, =3

Consider Z = 3. Without loss of generality, we choose
O3 bosonic, with O! and O either both bosonic (£ = 1) or

both fermionic ({ = —1). Hence, &” takes the values
§(123) =¢032) = §(312) =1,
C(ZS]) — €<213) — C<321) — Z:

The twofold time integral in Eq. (B1) now involves two
time orderings, 7; > 7, and 7, > 7; hence, the sum | ,n

Eq. (B2) involves two permutations ¢ = (12 3), namely,
(123) and (213). The kernel k of Eq. (B3) reads

k(Qi33) = /)dT o Aﬁdwgm‘ (B13)

Regular part.—Performing the integral (B13) and
assuming all resulting denominators to be nonzero, we
obtain

- 1 p
(9@53)) = _/ dry (T — o) (B14a)

Q5 Jo
eﬂQTZ —_ 1 eﬂgi —_ 1

Q505 Q5

/}w —[)’u)

e Ce 1

= + . (B14b)
Q3Q57 Q5055 Q7Q13

For the last line, we combined the p-independent
terms using (1/Q7 —1/Q15)/Q5 = 1/(Q1Q43)). We also
exploited Q733 =0 to rewrite the denominators of the
p-dependent terms in a way that reveals the denomi-
nators of all three terms to be cyclically related by

(312) - (231) = (123). Since the cyclicity relation
(25) implies e_/}“’liéS(ﬂz) = e_ﬁ‘”%S(§3I) = S(123), We con-
clude that
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¢S
Q5Q5;

S(i33)
QQi5°

- Siiz
k(2(123))S(123) = 9(393)1

(B15)

which again has cyclically related index structures on the
right. The sum over the two choices for ¢ = (123) in
Eq. (B2) for G(iw), namely, (123) and (213), thus yields

ZC”/a’a} da)- S

(B16)

where the sum now runs over all six permutations
p = (123). This is consistent with Egs. (39) and (42).
Anomalous part.—If w7 and @5 are fermionic frequen-
cies, Q7 and Q5 are always nonzero. However, since w; is
bosonic, Q75 = —€3 can vanish, yielding anomalous con-
tributions. Indeed, the denominators in the first and third
terms of Eq. (B14b) for k vanish if Q;5 = —93 = 0. This
happens if wj; =-w3; =0 and also o}, =-w;=0.
Recomputing the integral (B14a) for this case, we obtain

A ﬂ e/}QT —_ 1

k((133)) = o, o0
1 [ Ce P

]

Ql 92923

The last term matches the second term of the regular k of
Eq. (B14b); the first two are anomalous contributions.
These can also be deduced directly from the first and third
terms of k by treating Q75 = —Q; there as infinitesimal. To
this end, we set wj; = —w3 =0 and -0, = @} =€, s0

12
that Qj5 = —Q3 = ¢, and compute k as k|._o- The first and

third terms of Eq. (B14b) then give

(B17)

ePe 1 1

e a

gﬂ (B13)

reproducing the anomalous terms in Eq. (B17).
Since w5 = 0 implies S(375) = S(733), We can express
the product k(Q(Ij ))S(123) as

1 178613 ¢S 1 17815
__{ﬂ+_}m+ 31) _{M_}ﬂ.
2 931 931 Q2923 2 QI QI

(B19)

Here, we split the anomalous contribution equally between
the first and third terms, using €3 =0 to rewrite the
denominators such that their Q’s match the nonzero Q’s
in the first and third terms of Eq. (B14b) for k.

Jointly, Egs. (B19) and (B14b) imply that G(iw) of
Eq. (B2) has the form (39), with a kernel defined as

T if Q055 # 0,
KQ,) =4 —3B+glg if Q=0 (B20)
—3lB+glg; if Q=0
for any of the six permutations p = (123). This is

consistent with the general Eq. (46) from the main text.

Since the anomalous terms not proportional to £ stem
from the numerators of the regular part &, they need not be
displayed separately—they are generated automatically
when treating vanishing denominators as infinitesimal
and summing over permutations. The full kernel can thus
be expressed in the following form, equivalent to
Eq. (B20), but written in the notation of Eq. (45):

K@) = L P[0 dan) gy
QiQis 2| Q@ Qi)
3. MF, ¥ =4

Finally, we consider the case £ = 4, with four bosonic or
four fermionic operators. Now, Eq. (B2) for G(iw) involves
a sum over six permutations, ¢ = (1234), with

p 77 73
k(9(1234)) :—A d’L’IteTlA ldT§€g2T2AZdT§eQ3T3.

(B22)

Regular part.—Ignoring anomalous cases, this yields
-~ p Q7 77 1 Qsx1s Q-15
k(Qzsa) == | drpe®m [ dry —[em —en]
0 0 Q3

_ /ﬁdrli |:_eQIZ3TI + 7 +eQTiTi _egm]
o € Q33 Q;

—ePss ] PRz PR [ 1 1 ]
+ -

Q3szQ Q30:Q15  Q3Q7 Q55 Q5

é‘e Tii e_ﬂ i3 Ce_ﬂwli
QQ7Q)75  2303,Q3,7 Q5055055

1

. (B23)

Q7Q75Q753

1 1 1 1 1 1
992 0015 9929123

1/(21Q13)

while, for the -dependent ones, we exploited Qj535, = 0 to
obtain four cyclically related denominators, with the first
three obtainable from the fourth via the permutations
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(4123), (3412), and (2341). Using the cyclicity relation
(25), we find that k(Q(Iii 4))S(1234) has the form

{84133
Q4041815

S(3413)
Q505,035

The sum over all six permutations ¢ = (123 4) yields

S
P

where the sum now runs over all 24 permutations

= (1234). This is again consistent with Egs. (39)
and (42).

Anomalous part.—If all four operators are fermionic, w;
and €; are always nonzero, but €25 can vanish. Indeed, in
Eq. (B23), denominators vanish (i) in the second and fourth
terms if Q75 = —Q3, =0, and (ii) in the first and third
terms if Q53 = —€Q,7 = 0. We discuss these cases by taking
the vanishing frequencies to be infinitesimal; recomputing
the integral (B22) yields the same results.

For case (i), we set wj; = —w3 =0 and —w

a)§4 =¢, so that Q5 = —Q3 =€, and compute k as

k|._o. The second and fourth terms of Eq. (B23) then
yield

ebe 1

1 1 1
+ +—+ ,
%)@ —0) et {ﬂ o szjsmg

while the first and third terms remain unchanged. Since

wi5 =0 implies S(3473) = S(1234), We can thus obtain

k(Qi334)S(1334) from k(Qi334))S(1334) of Eq. (B24)
by replacing the second and fourth terms of the latter by

1 1 118 1 1 Si33
1 [ﬁ+ n } iz 1 ﬂ-l—— _} (1234)
2 Qs Q3] Q34783 2 Qi53] QiQ133
(B26)

Here, we split the anomalous contribution equally between
these two terms, using Qj = Q7 and Q5 = Q53 to
rewrite the denominators such that their Q’s match the
nonzero ’s in the second and fourth terms of Eq. (B24).

For case (ii), we similarly set €55 = —Q,; = €. Then,
the first and third terms of k in Eq. (B23) yield

1 Ce P
)~ [ﬁ o +94] 00,

Lebee™P

P G
Q=€) —¢)

Qs5e(Qy+¢€

while the second and fourth terms remain unchanged.
Using Q4 = Q55,4 and €, = Q,55, we can thus obtain

J(R(1334))S(1334) from K(R7334))S(1334) of Eq. (B24) by
replacing the first and third terms of the latter by
1 1 11¢8 1 1 11883341
1 {ﬁ#— N ] (4123) —{ﬂ+ +_] (341)
20 Qs Q] Quups 2 Qp3p Q5] Q50534
(B27)

with denominators matching the nonzero Q’s in Eq. (B24).

If both (i) and (ii) hold simultaneously, the product
12(9(1254))5(134) is given by the sum of the anomalous
terms in Eqs. (B26) and (B27). Note that the four parts of
these two equations are cyclically related, in that the
second part of Eq. (B26) yields the other three via the

permutations (3412), (4123), or (2341) (with £#123) =

€2341 C)
Jointly, the expressions (B24), (B26), and (B27)

obtained above for the regular IE(Q(I 334)) or the anomalous
I}(Q(i 334)) times Ss34 imply a kernel of the
form

1 if Q5 #0,

QiQ5Q133
if Q75 =0,

(B28)
_%W+é+9;zz}m

ki) - {

for any of the 24 permutations p = (1234), consistent
with the general Eq. (46) from the main text.

Since the anomalous terms not proportional to 3 follow
from expanding denominators of k, they need not be
displayed explicitly. The full kernel can thus be expressed
in the following form, equivalent to Eq. (B28), but written
in the notation of Eq. (45):

1 B

1
KQ)=——-5§ —_—
(@) QiQi;Q155 7 2Q7Qr3;3

(B29)
This concludes our derivation of Egs. (45) and (46).

APPENDIX C: EXPLICATION OF KF
FORMULA FOR ¢ =2

Here, we show how the general ¢p formulas (67)
reproduce the well-known 2p correlators in the Keldysh
basis of the KF. For ¢ = 2, Eqgs. (67) read

G =347 [ don' k-~ )50, )
1 1 1

K[W](wi) :—[ , K[lz](wi) :—T - (Cl)
o UG

We hid the second frequency argument of G, K, and S, as
done in Eq. (Al), with w; = —w; = w and 0| = -
being understood. Summing over p € {(12),(21)},
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inserting Eqs. (A2) for the PSFs, and recalling w[l"z] =0to
7] [1]

replace w; by —w;", we obtain
P1 ¢pa
) = ZALZBH e + [,7]
12 oy = Eyy —Epp
p1—Cp2
- ZALZBZL i > (C2a)
12 o] —Ey;

1 1
Mw) =) ABy; {Pl( - )
lzz: S\ - By o - By

1 1
+Cp2( 2 ] )]
E12 w, —E;

p1+Eps At épa
= ZA12B21 { ] [2] ] (C2b)
W, _EZl — £y

To make contact with the expressions from Sec. I A, we
now set a)[{;? = wi +iypand @), = wi — iy, [cf. Eq. (49)]
and use w; = —w, = w for their real parts. Choosing
infinitesimal, in which case K!'%(w) = —27ié(w),
we obtain the standard expressions for G2 = Gl

[cf. Eq. (11¢)], G'* = GP, and G** = G!'¥;

(@ P1— sz
} ZAlszl —
21

Cl)

l

(C3a)

G2 (w)==27i) A1:Bs1(p1+Epy)8(0~Epy). (C3b)
5

These fulfill the fluctuation-dissipation theorem (FDT),

G[lz](a)) =

since p, = e#p; if w = E, ;. Note that if y, is finite, the
latter condition does not hold, and neither does Eq. (C4).

[coth(Bw/2) 1[G (@) - GPl(w)],  (C4)

APPENDIX D: IMAGINARY SHIFTS FOR
EXTERNAL LEGS

In this Appendix, we explain how the imaginary fre-
quency shifts needed for ZF and KF correlators should
be chosen in the external legs of a connected 4p corre-
lator when amputating these to extract the 4p vertex. As
in Sec. III, we display only the first £ —1 frequency
arguments of ¢p functions, with w, = —w;..,_;. We
begin by discussing the KF case; the ZF case follows by
analogy.

In using Eq. (76) to numerically extract the KF
vertex F(w;,w,,w3;) from the connected correlator
G (w1, w,,w3) by dividing out the external legs, the
same imaginary frequency shifts must be used for the
external-leg 2p correlators on the right as for the 4p

correlator G°°" on the left. This may seem daunting, since
the spectral representation (64) of a 4p correlator involves a
permutation sum ), and the imaginary shifts accompa-

nying the arguments @, of the KF kernels K*» (@, — @),
depend on p. However, K*», given by Egs. (63) and (52),
depends on its frequency arguments @, only via the

(1] [ ]

complex 4-tuples @, ..

[n]

nents w;" have only two p0551ble imaginary parts, +3iy, or
—iyo- Hence, each argument w; of G*"(w,, ,, w3) enters
as either w; + 3iy, or w; — iyy. Thus, we just have to ensure
that the frequency arguments of the external-leg 2p corre-
lators enter in the same manner.

For 2p correlators G(w), the argument w enters via the
complex 2-tuples w!!! and @?. We choose these as

of Eq. (49), whose compo-

olll = (0 + aiyy, —o — aiyy),

w? = (o - biyy, —o + biy,), (D1)
consistent with Eq. (49), but involving two prefactors,
a,b > 0, to be specified below. The 2p correlators on the
right of Eq. (76) occur in two ways, (1) G(w;) (i =1, 3)
and (2) G(—w;) (i = 2, 4), with @, one of the 4p arguments.
For case (1), we choose a =3, b =1, such that !
depends on w; + 3iy, and @?? on w; — iy,. For case (2),
we choose a = 1, b = 3, such that @!!) depends on —w; +
ivo = —(w; — iyo) and @? on —w; — 3iy, = —(w; + 3iy).
By Egs. (C2), the external-leg 2p correlators for cases (1)
and (2) thus read:

P1=Cp2
G(w;) LA By — 2
() 12721, —|—317/0—E21
p1—Cp2
G (wy) Y ayBy L2
(@;) = A zlwl__,yo_E21
n +
G[12](60i)@1412321{ /’l.CPg _ Pl_ £py ]
= T leit3in By oi—ipg—Ey
G (-w)) @AIZBZIi
= —w; +l7’0_E21
P1—¢p2
G2 (—w. Q:)A B ;’
(—w)) = A1 2w =3iyg— Ey
n +
G- )2>A12321{ pl.CPg - 'sz ]
—witip—Ey —w;=3iyo—Ey
(D2)

Here, a summation over underlined indices is implicit.
Next, we discuss the ZF case. As pointed out at the end

of Sec. IID 1, the ZF imaginary frequency shifts can be

defined in two ways for 4p correlators, we can replace @,

either (i) by o p For (ii) by (a)E,]) For choice (i), w; enters as

either w; + i3y, or w; — iy, for choice (ii) as w; + iy, or
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w; — 3iyy. Choice (i) matches the situation encountered
above for the KF; choice (ii) requires an additional
interchange 3 < 1 for the size of the positive or negative
shifts. Thus, the amputation of 2p correlators with first
argument @ may again proceed via Eq. (D1). For choice (i),
we take a, b as specified above, and for choice (ii) we
modify that specification by 3 < 1.

APPENDIX E: HUBBARD
ATOM AT SECOND ORDER

To understand how anomalous contributions in the MF
are translated into the KF, we consider the (half filled)
Hubbard atom at second order in U as an instructive
example. The vertex at second order follows from the bare
susceptibility ygo, cf. Eq. (84). We can also deduce the
second-order self-energy X from y,. In the MF,

Xo(iw) = =(Go * Go)(iw),

2(iv) = U*(Go * o) (iv), (E1)
where (A * B)(iw) = (1/p)>_, A(iv + iw)B(iv). Using
Go(iv) = 1/(iv), we find yo(iw) = §$5,0. Indeed, this
result for y, is also seen by expanding the vertex (85)
to order U%, Fy =U+3pU*(,, —5,,) and Fyy =
1pU*(5,,, — 6,,,), and comparing it to Eq. (84).
Computing the self-energy yields X(iv) = U?/(4iv). The
second-order result for ¥ turns out to be exact, as can be
checked from X = Gj' — G~! with the exact G(iv) =
(w027

Now, we compute y, in the KF. As a bosonic 2p
function, it has three nonzero Keldysh components, y&,
24, xK. The formula for the retarded component is

X6 (@) = =(G§ * Gf + G§ + Gj) (o), (E2)
where (A * B)(w) = (1/2xi) [ dvA(v + w)B(v). From
GR(v) =1/(v"), where v™ = v+ i0", and the fermionic
FDT [Eq. (C4)], we find G (v)  tanh(pr/2)8(v) = 0.
Hence, y&(w) = 0.

The KF result y§(w) = 0 does not reflect the nonzero
part of yo(iw) = ;5,0 [One may attribute this to the fact
that the analytic continuation x&(w)= yo(io — o™)
smoothly approaches @ =0 from above the real axis,
where yo(iw) = 0.] Still, the two expressions are consis-
tent in that both arise from a time-independent operator,
like O = djd, with [H,0] =0 for the Hubbard atom.
On the one hand, in the MF time domain, O(z) = O
yields y(7) « (7 O(7)O)  const; hence, y(iw) x ,,. On
the other hand, in the KF time domain, O(r) = O
yields x%(t) « ([O(¢),0]) =0, since the commutator
vanishes. Importantly, the information contained in
Xo(7) « const and y(iw) « &, is not lost; the KF encodes
it via the anticommutator of the Keldysh component,

25(t) = —i{{O(1), O}) x const yielding yX(w) x &(w).
Indeed, the formula for the Keldysh component of y,

(@) = (G + Gl + G » GE + GE +GE) (@), (E3)
gives y&(w) = 27is(w). Note that these results for yq in
the KF are consistent with the bosonic FDT [Eq. (C4)],
rearranged as follows to avoid the singularity of
coth(fw/2) at w=0: tanh(fw/2)y"(w) = yR(w)-
7 w) =0.

Finally, we remark that there are attempts in the literature
to incorporate anomalous contributions known from the
MEF, as the one in y,(iw), into retarded functions like & (w)
(see Ref. [39], and references therein). This is not necessary
when working within the full-fledged KF, as the informa-
tion of anomalous MF contributions is encoded in other
Keldysh components, such as y& (w). Indeed, the second-
order retarded self-energy,

(W) = (U/2(GE *x6 + G +25)(v),  (E4)

yields the correct result XR(v) = U?/(4v") upon using
1o(w) = [y ()]* =0 and y&(w) = 27i5(w). Any artifi-
cial modification of ¥& would give an incorrect result.
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