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Dynamical mean-field theory (DMFT) studies frequently observe a fine structure in the local spectral
function of the SU(2) Fermi-Hubbard model at half filling: In the metallic phase close to the Mott
transition, subpeaks emerge at the inner edges of the Hubbard bands. Here we demonstrate that these
subpeaks originate from the low-energy effective interaction of doublon-holon pairs, by investigating how
the correlation functions of doublon and holon operators contribute to the subpeaks. A mean-field analysis
of the low-energy effective Hamiltonian provides results consistent with our DMFT calculation using the
numerical renormalization group as an impurity solver. In the SU(3) and SU(4) Hubbard models, the
subpeaks become more pronounced due to the increased degeneracy of doublon-holon pair excitations.

DOI: 10.1103/PhysRevLett.119.236402

Introduction.—The  dynamical mean-field theory
(DMFT) [1] provides a widely successful approach in
understanding strongly correlated systems. It treats a lattice
problem by self-consistently solving an effective impurity
model whose impurity and bath correspond to a lattice site
and the rest of the lattice, respectively. Thus, the perfor-
mance of DMFT calculations directly depends on which
particular impurity solver is chosen.

A benchmark calculation for various impurity solvers is
the paramagnetic Mott transition in the half-filled SU(2)
Hubbard model at temperature 7 = O which is character-
ized by a striking change in the local spectral functions
[2,3]. In the metallic phase, the spectral function features a
quasiparticle peak (QP) at the Fermi level and two Hubbard
bands (HBs) below and above the Fermi level each. In the
insulating phase, the QP disappears and a gap opens
between two HBs.

In the metallic phase close to the transition, many DMFT
studies have observed sharp subpeaks that emerge at the
inner edges of the HBs, by using different real-frequency
impurity solvers: perturbative methods [2], the density-
matrix renormalization group (DMRG) [4-7], the numerical
renormalization group (NRG) [8], and exact diagonalization
[9,10]. In contrast, quantum Monte Carlo solvers, which
obtain the spectral functions on the real frequency axis via
(numerically ill-posed) analytic continuation, have not
found these subpeaks. The subpeaks give rise to distinct
features in the momentum-resolved spectral function [5],
measurable by photoemission spectroscopy [11,12].
Despite these frequent consistent observations, the physical
origin of the subpeaks and their relevance in more general
(e.g., multiflavor) models remained unclear.

In this Letter, we show that the subpeaks are induced by
the effective doublon-holon (DH) [13] pair interaction
originating from a second-order virtual process, where a
doublon (holon) means an excitation that one particle is
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added to (removed from) a lattice site with average integer
filling. We compute the correlation functions of doublon
and holon operators in the SU(2) Hubbard model, by using
the DMFT with NRG [14,15] as an impurity solver, and
demonstrate that these correlation functions manifest the
peak structure associated with the subpeaks. We reproduce
the peak structure of doublon and holon correlators
via a mean-field analysis of the low-energy effective
Hamiltonian obtained by a generalized Schrieffer-Wolff
transformation (SWT) [16,17]. Both approaches consis-
tently result in a linear dependence of the subpeak position
vs interaction strength. From our DMFT + NRG calcula-
tions of general SU(N) Hubbard models for N = 2, 3, 4,
we observe that the subpeaks become more pronounced
with increasing N, since the DH pair excitations become
more degenerate due to the larger SU(N) symmetry.

System.—The SU(N) Hubbard model describes N
flavors of fermions on a lattice with local repulsive
interactions, recently realized in ultracold atom experi-
ments with tunable N [18]. The hopping amplitude v, the
interaction strength U, and the chemical potential are flavor
independent; thus, the system has SU(N) flavor symmetry.
Its Hamiltonian is H = Hy + H, + H,, where Hy; =
(U/)2)> (A — )2, Hi/,:vz(i.j)’ycjycjb+H.c., and H, =
—uy ;i;. Here c¢; annihilates a particle of flavor
v=1,...,N at lattice site i, n; = Zycjbc,-y is the particle
number operator at site i, (i, j) indicates nearest neighbors,
n is a parameter for the desired average occupation, and y is
a fine-tuning of the chemical potential to achieve (7;) = 7.
Throughout this Letter, we focus on 7 = 0 and the average
occupation number as an integer closest to half filling
n = |N/2], by fixing u = 0 for N = 2, 4 and fine-tuning p
for N = 3.

Doublon and holon.—For integer average occupation 7,
we define the doublon and holon creation operators as
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where P;, means the projector onto the subspace in which the

site i has n particles. For the SU(2) case, at half filling, n = 1,

these operators reduce to d;, = c;,fi;; and hy, = ¢}, (1 — ;)

with 71;, = c};civ and 7 = 3 — v, and they completely con-
stitute the particle operator c;, :di,,—&—hjp. Then the particle
correlator can be decomposed into four doublon and holon
correlators: A, (@) = Ayyr + Agp + Aprg + Ayry,, where
Axy(®) = (=1/7)ImGyy, with Gy (1) = =id(1)([X(1),
Y(0)],)r being the retarded correlation function of the
fermionic (4) or bosonic (—) local operators X and Y acting
on the same site. In the particle-hole symmetric case, only two
correlators are independent: “diagonal” correlators A ;;+ (@) =
Ay, (—w), which are asymmetric, and “off-diagonal” cor-
relators Ay 4 (w) = Ag,(w), which are symmetric under
@ < —w. For N > 2 flavors, the decomposition of c;,
acquires more terms than d;, and h; [17].

DMFT+NRG.—We use the single-sitt DMFT, which
maps the Hubbard model onto the single-impurity
Anderson model (SIAM) which provides paramagnetic
solutions, by construction. We employ the semicircular
density of states of the Bethe lattice with half-bandwidth
D, together with units D = i = kg = 1, throughout. We
solve the STAM by the full-density-matrix NRG (fdm-NRG;
[19]), exploiting U(1)¢pyrge ® SU(N )y Symmetry [20].
The coarse-grained discretization-averaged spectral data are
broadened adaptively [21,25] for the best possible spectral
resolution at higher energies while preserving the intrinsic
accuracy of the NRG at low energies [e.g., the Luttinger
pinning [26] (7/2)A(w = 0) = 1 in the metallic phase is
accurately satisfied; see Figs. 1(a) and 1(b)].

SU(2) metallic phase.—We first consider the case N = 2
equivalent to the spin-full one-band Hubbard model.
At T =0 and half filling, a metallic phase exists for
U<U,=291(1) and a paramagnetic insulating phase
for U> U, =2.37(2). For U, <U < U, the two
phases coexist (e.g., see Fig. 2 or Refs. [3,27]).

Within the metallic phase, the local spectral function
A(w) features one QP and two HBs [cf. Figs. 1(a) and 1(b)].
As U increases, the central QP narrows, the HBs widen,
and the dips between the QP and the HBs deepen. On top of
this, subpeaks are present at the inner edges of the HBs,
whose position @, and width éw decrease linearly with
increasing U, as shown in Fig. 2.

Local spin (i.e., flavor) and charge susceptibilities y, and
e [28], respectively, in Fig. 1 demonstrate that the QP and
the HBs of A(w) are tied to spin and charge degrees of
freedom, respectively; that is, spin and charge excitations
are energetically separated. The peak of y, indicates a
spinlike collective mode responsible for the QP, which is
analogous to the Kondo resonance in the STAM in that the
spin susceptibility peaks at the Kondo energy scale [29].
The position @, and width of the y, peak decrease as the QP
narrows with increasing U; especially, w, has a linear

— FAW) A (W) - A (w) ---- Txc(w)
- wxsl(w) for ga)-(b), I7Xs(w) flor (c)

FIG. 1. Local correlation functions in (a),(b) the metallic and
(c) insulating phases of the SU(2) Hubbard model: the local
spectral function A (w) (blue solid lines), the correlators of doublon
d;, and holon h;, operators [cf. Eq. (1)] (dash-dotted lines), charge
susceptibility y. = Ag; 57 (red dashed lines), and spin (i.e., flavor)
susceptibility y; = Ag 5/3 (purple dashed lines), with y, () (@) =
Xe(s) (_a))’ Add* (CD) = Ah%h (—CD), and Adh ((U) = AlfdT (CU) Here
on; = n; — (n;),and S ; 1s the spin operator at site i. Each correlator
is averaged over different discretizations (see Sec. I B of Ref. [21]),
where the corresponding color-matched shaded area provides an
estimate for numerical uncertainties, noticeable only in the HBs.
Panels (b) and (c) show different solutions for the same value of U
in the coexistence regime. In (b), the inset enlarges the region of the
QP. We mark the location of spectral features by vertical dotted
lines: (a),(b) subpeak position w,, (defined as the local maximum
near the inner HB edge), subpeak width dw [defined as the
minimum positive value satisfying A(w,, — éw) = A(w,,)/2], spin
susceptibility peak position w,, and (c) inner HB edge at A/2,
where A is the Mott gap.

dependence vs 1/U, as shown in Fig. 2. In contrast, y, is
suppressed within the QP region while having long tails
beyond the outer edges of the HBs.

For T = 0T, the positive and negative energy sides of a
correlator Ayy(w) are derived from (X(¢)Y(0)); and

1\‘7 cl
< Ue2

—x— w, ~ —0.64(3)U + 2.34(8)
—— 3.5w,s ~ 3.5%
[0.597(3)/U — 0.206(1)]

05 N\M O bw ~ —0.29(2)U + 0.84(4)
A AJ2 ~ —0.07(2)u?
Mwﬁi +0.66(2)u + 0.002(6)
0 (u=U-237)
2 2.5 3 3.5
U

FIG. 2. The U dependence of the spectral features: the position
w, and width 6w of the subpeaks, the peak position w, of
spin susceptibility y,, and the Mott gap A (cf. Fig. 1). Symbols
are data points from the DMFT + NRG calculations, lines are
fits, and shading gives the 95% prediction bounds of fitting. The
zeros of the extrapolated fits of A and w, yield estimates for the
critical interaction strengths U.; = 2.37(2) and U, = 2.91(1),
respectively.
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(Y(0)X(2))7 = (XT(£)Y"(0))%, respectively. Therefore, the
upper HB in Fig. 1, which mainly consists of A,
originates from the dynamics of the doublon d (0).
Another significant feature of A, is a peak at
@ = —w,. Just after the action of d;,(0) and just before
d (1), the site i has only spin 7. Its time evolution between
0 and ¢ with low frequency |®|= w, is driven by the
spinlike collective mode captured by the peak of y, at w,. In
contrast, the off-diagonal correlator A, has a symmetric
peak at @ = 0. This reflects the particle-hole symmetric
processes of destroying at the same site first a doublon and
then a holon, or vice versa. A,; and A, contribute
comparably to the QP, having A, (0) = A4, (0) = (1/2x).

In the metallic regime in Figs. 1(a) and 1(b), all of the
doublon and holon correlators show peaklike features at
o = tw,. For U 2 2.3 [21], their contributions to these
subpeaks have relative weights A1 (@,) > Ay (fo,) >
Aqt(—w,). Our effective theory (described below) aims to
reproduce this relative order of contributions as well as the
linear dependence of w, vs U.

SU(2) insulating phase—The QP, the subpeaks, the
spin-charge separation in energy space, and the peaks of the
doublon and holon correlators all disappear in the insulat-
ing phase, as depicted in Fig. 1(c). Instead, a Mott gap A
opens, and the susceptibilities y, and y,. spread over a large
energy range |w| > A/2 with suppressed heights. While
both @, in the metallic phase and A/2 in the insulating
phase correlate to the location of the inner HB edges, their
dependences on U are clearly different (see Fig. 2). Here
the absence of subpeaks is consistent with previous studies
[4-10]. Though other works [30-32] have reported sub-
peaks even in the insulating phase, their observations are
not numerically stable due to, e.g., ill-posed analytic
continuation or underbroadening.

DH pair interaction.—We will now demonstrate that the
peaks of the doublon and holon correlators at v = tw,,
which add up to the subpeaks of A(w), originate from a DH
pair interaction within the low-energy -effective
Hamiltonian of the SU(2) Hubbard model. Our theory is
based on the separation of three energy scales:
w; < w, < U/2, corresponding to the QP, the subpeaks,
and the HBs, respectively. We focus on the intermediate
scale w, by integrating out the larger scale U/2 and by
approximating the physics of the smaller scale w;.

We first integrate out the charge fluctuation of energy
scale U/2, by employing a generalized SWT [16,17]. We
decompose the hopping term into different components
H,=''H vum» Which cost Coulomb energy mU since

m=—1
+
mUH1;;m = [HU’ Hv;m]' Here Hu;() = vz<i,j),u(diydjl/ -

h;hjy) + H.c. describes the hopping of doublons and
holons without an energy cost, whereas H,; =
vz<i’j>’y(d7 Ko, +dhl) or (Hy_, = Hz;l) creates (anni-

' jv Jjv'tiv
hilates) nearest-neighbor DH pairs by paying (gaining)
energy cost U. Then we write the low-energy effective

Hamiltonian H g as a power series in v/U:

Heff = HU;O + Hss + Hdh + H3—site + 0(”3/[]2)’ (2)
v? > o
H” = UZ4SI . S] _Pi]lea
(i)

202 . .
Han = Tz(cjlcjzcizcn +PiPjo) + (i < J)
(i.J)
- % Z (hjyd;u + h-]}'-udj-y)(div’hjv’ + dj’/hi’/)’
(if)y o/

[}

where H ;. is the sum of the products of operators at three
nearest-neighbor sites. The term Hg, + Hy, + Hi g =
[H,.1.H,._,]/ U, of the order of O(v*/U), can be interpreted
as second-order virtual processes. H g is similar to the 7-J
model [33], widely used as the effective low-energy model
for a Mott insulator, but additionally contains a three-site
term H_g; and, importantly, the DH term H ;. Each term in
Eq. (2) respects the SU(2) 0 ® SU(2)g,;, symmetry of
the system. See Ref. [17] for a detailed derivation for general
N. Hereafter we discard the higher-order O(v?/U?) terms.

The low-energy Hamiltonian H in Eq. (2) describes two
effective nearest-neighbor interactions whose role and rel-
evance depend on the phase of the system. (i) H,, contains
the Heisenberg spin-spin interaction. In our paramagnetic
metallic phase, this interaction induces a spinlike collective
mode of energy scale w,. The interaction strength v?/U is
consistent with the scaling of @, ~ 1/U (cf. Fig. 2). On the
other hand, H,, becomes irrelevant in the paramagnetic
insulating phase, where the spin susceptibility y, is overall
suppressed. (ii) H 4, describes a DH pair interaction which
acts on the subspace with a finite number of DH pairs. Thus
H 4, is relevant (irrelevant) in the metallic (insulating) phase.

Doublon and holon peaks.—After integrating out the
largest energy scale U, we consider the doublon and holon
dynamics governed by the effective Hamiltonian H. g,
aiming at the intermediate energy scale @, > w, in the
metallic phase. We simplify the physics at lower energies
(Sw,) without exactly solving H., by introducing two
approximations described in detail in Ref. [17]. (i) We
introduce a mean field, Ay, = (v/2)),(dyhj, + dj hy),
which regards the Fermi-liquid ground state as the “con-
densate” of the DH pairs. Then we approximate the
DH interaction term as Hg; = (v/U)D ;A (diyhj+
dj,h;,) + (H.c.). The mean-field variable A, comprised
of the expectation value of the pair annihilation operator
diyhj, +dj,h;, is reminiscent of the Bardeen-Cooper-
Schrieffer theory. Here the situation is quite different,
though, in that charge conservation is actually not broken,
given that the pair annihilation operator is nothing but a
summand of the decomposed hopping term H,._;. The DH
pairs are singlets of the SU(2) ,rpe ® SU(2)p, symmetry
preserved in the metallic phase, and the mean-field
approximation of H, also respects that symmetry [17].
(i) We decouple the doublon and holon correlators from
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FIG. 3. (a) Doublon and holon correlators A, (orange dash-

dotted line) and A, (green dash-dotted line) from our effective
theory for the metallic phase. Lower-energy spin dynamics at
energies || < w; and higher-energy scales |w| 2 U/2 are ne-
glected (as schematically indicated by the gray shading) by
employing the generalized SWT together with a mean-field
decoupling scheme. A4, is symmetric, while A ;;+ is asymmetric.
Both lines have a pair of peaks at @ = fwy,, showing
Aggt(wgn) > Ay (wg,) > Ayg (—wyy). This is qualitatively con-
sistent with the DMFT + NRG results forA ;; and Ay, atw = +w,,
in Fig. 1(b) using the same color coding. (b) The peak position w
from the effective theory decreases linearly with increasing U. The
narrow shading gives the 95% prediction bounds of a linear fit. w
nicely overlaps with w,, (data taken from Fig. 2) up to an overall
scaling factor. We take A ;;, = 2.91 = U, independent of U, while
the half-filled fraction (P;;) is U dependent, with the data taken
from our DMFT + NRG results [21].

charge and spin density fluctuations. This is based on the
numerical results that they are characterized by different
energy scales: Charge fluctuations are suppressed in the
regime |w| < U/2, and spin fluctuations predominantly
occur at energies |w| S w; (see Fig. 1). As a result, the
equations of motion for the correlators close.

Figure 3(a) shows the resulting doublon and holon corre-
lators for finite A 4, in the metallic phase. They have a pair of
peaks atw = g, akin to their peaks at w = +w), inFig. 1.
Figure 3(b) demonstrates that the DH peak position @, from
the effective theory and the DMFT + NRG result of the
subpeak position ,, agree well up to an overall scaling factor
of =4.7, which may be expected to arise given the crudeness
of our approximations. In contrast, in the insulating phase H g,
is irrelevant, such that A,, = 0. As a consequence, the
subpeaks are absent in the insulating phase.

Predictions for photoemission spectroscopy.—The QP
and the HBs of the local spectral functions have already
been observed in photoemission spectroscopy [11,12]. This
technique, which probes the momentum-resolved spectral
function A(w,k) [whose momentum average yields the
local A(w) discussed hitherto], should also be able to reveal
the DH subpeaks. We have thus computed A(w,k); see
Figs. S3 and S4 of Ref. [21]. Our T = O results agree with
prior DMFT + DMRG results from Ref. [5], showing that
the feature in A(w, k), which leads to the subpeak in A(w),
has distinct dispersion, consistent with the interpretation of
DH pair propagation. Going beyond Ref. [5], we also
analyze finite 7" and find that the subpeak-related features
survive below the critical temperature for the Mott tran-
sition [21]. The distinct dispersion and 7' dependence of the
subpeak, correlated with those of the QP, distinguish it from

17 (@) SU(3)  [(7) — 1] < 1071 U —p/U
I T=0—2 0.069
= ——2.25 0.059
=05 1—25 0.052
Kle ——2.75 0.045
o ——3  0.040
17 U
—2
3 —25
=05 1—3
S} —35
0 —4

83 -2 -1 0 1 2 3
w

FIG. 4. Local spectral function A(w) for (a) the SU(3) and
(b) SU(4) Hubbard models in their metallic phases. Shading again
reflects the uncertainties based on discretization averaging
(cf. Fig. 1). For N = 3, the chemical potential x4 was fine-tuned
to have the integer filling (#;) = 1 for different U, as shown in the
legend of (a). For N =4, we have u = 0 due to particle-hole
symmetry. In all cases, being in the metallic regime, subpeaks
emerge at the inner HB edges.

other fine structure of the HBs originating from atomic
levels. We suggest to search for such features in photo-
emission data, especially in multiband materials where the
subpeaks become more pronounced, as we discuss below.

SU(N > 2) models.—We also analyze the SU(3) and
SU(4) Hubbard models at integer filling (#;) = [N/2],
with the results shown in Fig. 4. Similar to the case N =2
in Fig. 1, we again observe subpeaks on the inner edges of
the HBs. While the subpeaks carry small weights compared
with the rest of the HBs for N =2 [cf. Fig. 1(b)], the
subpeaks for N = 3, 4 have significantly larger relative
weights (cf. purple lines in Fig. 4). Even for N = 4, the
subpeaks are clearly higher than the rest of the HBs. Note
that the QP persists more strongly at large U 2 3 for larger
N, similarly to the widening of the Kondo peak in the
SU(N) Kondo model [34].

We interpret this enhancement of the subpeaks as
resulting from the enlarged space of DH pair excitations
in the SU(N > 2) Hubbard models. Generalizing the DH
interaction H ;, discussed above to the SU(N > 2) cases,
we find that the DH pair excitations on nearest neighbors
are threefold and 15-fold degenerate in the SU(3) and
SU(4) models, respectively, in contrast to the nondegener-
acy in the SU(2) case [17]. A particularly promising area
for studying this behavior is ultracold atom physics, where
pronounced DH correlations have been reported in the 2D
Hubbard model [35].

Conclusion.—We showed that the subpeaks at the inner
HB edges can be related to the effective DH pair interaction by
using a generalized SWT. By using the NRG as a real-
frequency impurity solver for the DMFT, we uncovered
detailed dynamical information on the decomposition of the
local spectral function into doublon and holon correlators. By
utilizing a recently developed broadening scheme [25], we
efficiently resolved those spectral features at high energies
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which had been considered challenging for the NRG in the
pastdue to its logarithmic coarse graining. An effective theory
based on the scale separation of the characteristic energy
scales g, w,, and U reproduces the linear U dependence of
w,, found numerically in DMFT + NRG. Our predictions
should be testable using photoemission spectroscopy of
correlated materials or in ultracold atom systems.
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