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We give a complete classification of fully symmetric as well as chiral Z, quantum spin liquids on the
pyrochlore lattice using a projective symmetry group analysis of Schwinger boson mean-field states. We find 50
independent Ansdtze, including the 12 fully symmetric nearest-neighbor Z, spin liquids that have been classified
by Liu et al. [Phys. Rev. B 100, 075125 (2019)]. For each class, we specify the most general symmetry-allowed
mean-field Hamiltonian. Additionally, we test the properties of a subset of the spin-liquid Ansdtze by solving
the mean-field equations for the spin-1/2 XXZ model near the antiferromagnetic Heisenberg point. We find four
chiral spin liquids that break the screw symmetry of the lattice modulo time-reversal symmetry. These states
have a different symmetry from the previously studied monopole flux state, and their unique characteristic is a

% flux enclosed by every rhombus of the lattice.
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I. INTRODUCTION

Quantum spin liquids are phases of frustrated magnets
that do not exhibit long-range magnetic order down to zero
temperature and cannot be classified based on Landau’s the-
ory of spontaneous symmetry breaking. In contrast to trivial
paramagnetic phases, they exhibit topological order [1] with
long-range entanglement and excitations that carry fractional
quantum numbers and can have anyonic exchange statistics
[2].

A promising platform to study such exotic forms of quan-
tum magnetism are materials where the interplay between
electronic correlations and strong spin-orbit coupling gives
rise to spin-orbital moments interacting via frustrated ex-
change interactions [3,4]. The 3d rare-earth pyrochlore mag-
nets are an interesting family of frustrated quantum magnets in
this class. They have the structure R,M,07, with R a trivalent
rare-earth ion and M a nonmagnetic tetravalent transition-
metal ion. The former are arranged on a pyrochlore lattice,
which consists of corner-sharing tetrahedra. For a subclass
of these materials, the strong spin-orbit coupling together
with the crystal field splitting of the 4f orbitals leads to a
j = 1/2 doublet [4]. The small effective spin and the geomet-
rically frustrated pyrochlore lattice enhance spin fluctuations
and suppress magnetic ordering in these systems. Promi-
nent examples include Yb,Ti,O; and Tb,Ti,O;, which show
interesting paramagnetic behavior down to very low tem-
peratures and potentially realize an exotic quantum spin-ice
phase [5-9], where the spin dynamics is strongly constrained,
following the “two in, two out” ice rule on each tetrahe-
dron. Their low-energy properties are described by compact
U(1) gauge theories, which feature magnetic monopole exci-
tations [10]. While the microscopic details of these materials
are rather complex, their low-energy physics is governed by
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effective spin-1/2 moments, coupled by various symmetry-
allowed exchange interactions. Minimal models exhibit
dominant Heisenberg interactions, often with an easy-axis
exchange anisotropy [10].

In this work, we study the spin-1/2 nearest-neighbor XXZ
Hamiltonian on the pyrochlore lattice as a minimal model
for the description of the above-mentioned quantum spin-ice
phases. Since quantitatively reliable numerical methods to
study frustrated quantum magnets in three dimensions for
large system sizes are not available, several properties of its
phase diagram are still under debate.

So far, most of the attention has been focused on the quan-
tum spin-ice phase in the vicinity of the classical Ising limit,
where antiferromagnetic easy-axis interactions dominate and
transverse exchange interactions are small. Recent studies
also found a nematic spin liquid for strong antiferromagnetic
transverse exchange interactions, which breaks the U(1) spin
rotation symmetry of the XXZ Hamiltonian in the easy-plane,
as well as the Cs rotation symmetry of the pyrochlore lattice
[11,12]. The nature of the ground state in the vicinity of the
SU(2) symmetric Heisenberg point is still unclear, however.
Various possible ground states have been suggested, including
dimer-ordered [13-18] and symmetric [19,20] and symmetry-
broken [21] spin-liquid states, as well as chiral spin-liquid
states [22,23], which break time-reversal symmetry.

In this work, we use a projective symmetry group (PSG)
approach together with a Schwinger boson representation of
the spin operators to provide a complete classification of sym-
metric as well as chiral Z, spin-liquid states on the pyrochlore
lattice. Here, chiral Z, spin liquids are gapped spin liquids that
break time-reversal symmetry. Moreover, lattice symmetries
can be broken up to a time-reversal transformation. For the
PSG construction of chiral spin-liquid states, we follow the
work of Messio et al. [24]. As a byproduct we recover the fully

©2022 American Physical Society


https://orcid.org/0000-0002-2546-339X
https://orcid.org/0000-0002-0659-7990
https://orcid.org/0000-0001-7790-1593
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.105.125122&domain=pdf&date_stamp=2022-03-16
https://doi.org/10.1103/PhysRevB.100.075125
https://doi.org/10.1103/PhysRevB.105.125122

SCHNEIDER, HALIMEH, AND PUNK

PHYSICAL REVIEW B 105, 125122 (2022)

a

FIG. 1. (a) A unit cell of the pyrochlore lattice. Nearest-neighbor
sites are connected by bonds. Blue bonds (main tetrahedron) are
within a unit cell, and red bonds (inverse tetrahedron) are between
neighboring unit cells. (b) The local spin basis of the inverse tetrahe-
dron (A1). (c) The enlarged unit cell consisting of eight tetrahedra.

symmetric Z; spin liquids previously classified by Liu et al.
[25]. To characterize the newly constructed chiral Ansdtze, we
use Schwinger boson mean-field theory (SBMFT) and solve
the mean-field equations to compare their ground-state ener-
gies. Furthermore, we calculate static spin structure factors to
characterize spin correlations in these states.

The outline of the paper is as follows: In Sec. II we intro-
duce the local XXZ model and develop a general mean-field
decoupling in terms of bond operators within SBMFT. In
Sec. III we use PSG to systematically classify symmetric and
chiral mean-field Anscitze. The detailed calculations can be
found in Appendixes D and E. After choosing reasonable An-
sditze (Sec. IV), we diagonalize the Hamiltonian and calculate
free energies in Sec. V. In Sec. VI we calculate static spin
structure factors. Finally, we discuss our results in Sec. VIL

II. MODEL AND METHODS

A. Pyrochlore lattice

The lattice is spanned by the fcc-basis vectors a; =
10,1, 1), ay = 1(1,0, 1), a3 = (1, 1,0), and it has four
sublattices (see Fig. 1). We will include the zero vector as
a fourth lattice vector for later convenience: ag = (0, 0, 0).
Also, for easier use of symmetries, we introduce the sublattice
coordinates:

o 1
r, = (r1, r2, r3), = r1a; + nay + a3 + ja,

= 3(r4r3, ri + o, r 4 13) + 3a,. (H

We will refer to the tetrahedra spanned by {r,:u =
0,1,2,3} and {r, —a, : © =0,1, 2,3} as the main and in-
verse tetrahedron, respectively, and label them with r. The
spin operators in the local basis are defined as

S, = (88,89, =S5+ 485 @)
The local basis vectors s}, are defined in Appendix A. The
space group of the lattice is Fd3m (No. 227), which we will
later refer to as x. It is generated by the translations 71, 75, T3
along the lattice vectors, a sixfold rotoreflection Cg around
the s§ axis, and a screw operation S around the as axis [25].
The rotoreflection can be constructed by inversion / and C;
rotation around the s axis: Ce¢ = C31. We denote time-reversal
symmetry as 7. In Appendix A we list how the sublattice
coordinates and local spin basis transform under symmetries
of the space group as well as the algebraic group relations.

B. Model and Schwinger-boson mean-field theory
The XXZ model is given by the following Hamiltonian:

H=>"J (58 +88) + .58, A3)
(ij)
where S’l” is the y € {x,y, z} component of the spin-1/2 oper-
ator on lattice site i in the local basis, and the sums run over
nearest-neighbor bonds on the pyrochlore lattice. For J,, = J.
the model reduces to the Heisenberg model in the local spin
basis, which is the Klein dual of the Heisenberg model in the
global spin basis [26]. This will later enable us to compare
results from both models.
We use the parametrization

J, =Jcos(0), J. =Jsin(®), )

and set J = \/Jzzz +J2 = 1. The spin operators can be repre-
sented in terms of Schwinger bosons
§ =

T

bia"b;, )

=

where bt = (132' , l;l‘ |) are bosonic creation operators satisfy-
ing [b; o bt p] = (Sij’(sa,ﬁ, and oV are the Pauli matrices. The
Schwinger boson representation is invariant under U(1) gauge
transformations

G:bj— e?lilp;, (6)

with ¢g[j] a lattice site-dependent phase. To ensure that the
operators in Eq. (5) obey the spin algebra, we have to constrain
the boson density per site to 285,

A= Bib =28 ™

This projection can be achieved by adding a site-dependent
Lagrange multiplier ), A;(/3; — 285) [27] to the Hamiltonian.
At this point, it is possible to decouple the Hamiltonian

in terms of the hopping singlet B; ; and triplet t:};V as well as

pairing singlet A;; and triplet /" operators,

A ~

1 1
+ .
Bij = Ebibj, A[j = zbi(ldz)bj,

"hq)/_i (PR
L = Ebia bj,

7Py = _%bi(Gy ~io?)b;, ®)

ij
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with y € {x, y, z} by using the identities

SS; =: BB : A Ay, (9a)
YeY — . BT R . _pvin
S S}’:.B.‘B,-u—ti’j"”ti’;’/ (9b)
ohy oh, i
= tU VT Uy : —AZJA,‘I‘, (9¢)
where : : denotes normal ordering. We arrive at a Hamiltonian
of the form

H =Y :hlJlhi; : +pLI i+ Cyj+ Y 2ihi — 28),
(i,)) i
(10)

where h* (BF, #hxt gt phaty o and f’u (AT

ijotij lj > bij ij°
flfj’.ﬁ,ffjw,tl’j’ ") are vectors of the hopping and pairing

operators. Jf; and Jl.? are the hopping and pairing coupling
matrices that depend on J;;, and C;; is a constant.

On an empty lattice |0) that satisfies lA)MlO) = I;i,l 0) =0
for all 7, Afj creates a spin singlet between sites 7 and ;. fi’;’ﬂ
creates a spin triplet with direction y between sites i and j.
The hopping operator By ; moves these singlets or triplets from
the sites i and j to sites i and k: BijmO) ~ AAlTk|0). Finally,
the triplet hopping operators also move the spin singlets and
triplets around while simultaneously changing their flavor. For
example, 7'A[,10) ~ 77110) or f,ﬁ;j’”' 10) ~ 727710).

Note that the decouphng is not unique, srnce for i#]J,

BTB,] —I—ATAU— thy'hy _prttpy

where in the last equality we explicitly used the boson density
constraint from Eq. (7). It is therefore possible to set either Jf;-
or Jl.’; to zero and only describe the system in terms of hopping
or pairing terms. However, once we apply the mean-field ap-
proximation, our choice of parametrization greatly affects our
results. A theory with J; P = 0 can only describe magnetically

ordered states, while a theory with Jh = 0 has been shown
to lead to quantitatively worse results for ground-state energy
and the dynamical spin structure factor [28,29].

We therefore choose to keep both terms. Another operator
identity is

AL Ay = =il — iR — P 4082 (12)

ij i
We deal with this ambiguity by choosing parametrizations
that preserve the SU(2) symmetry at the Heisenberg point
explicitly (see Sec. IV).

To treat the parametrized Hamiltonian (10), we make
two standard approximations. First, we consider only a site-
independent Lagrange multiplier A; = A. This results in the
boson density constraint (7) being fulfilled only on average.
Second, we apply a mean-field approximation:

bl 7lh; ~ bl g+ bl g b — i, (13a)
b LD ~ DLILpi; + PLI By — Py, (13b)
where
)= () = (B ) e
P = (b)) = (A5 ™ il 1h™). (14b)

This leaves us with a Hamiltonian that is quadratic in boson
operators,

H :Zzﬂuhb +bIul b’ +Hee. + f(hij, pij)

[ Ty
(i,

+1 ) (b[b; —25). (15)

Here, f is given by

fu, pi) = —hlJih; —plilp; +Cy (16)
where C;; is constant while uf’j and uipj are complex 2 x 2

matrices defined by

_le suo (], 1)

ah O'O + l(bh-O' + Cij0'2 + dihjcr3)

E(W%,Wﬂ) (17a)
u;"/ = le 8”'0 J”p,, am(ioz)

= aijia + i(bf’,a + C,-j02 + di’;a3)(i02)

= (. by, cl)dl). (17b)

This notation is adapted from Liu et al. [25] and is par-
ticularly helpful, h and a” transform as scalars

since af;
while (b};, ¢}, d};) and O} el dh) transform as SO(3) vec-

lj’ lj’
tors. The parameters af’], e, dl}; are functions of the mean

fields h;; and the coupling matrix J,hj and appear as pref-

actors to the operators Eij,... f.h’z

’ lj
Similarly, the parameters a{’], . ..,dl.”/. are functions of the
mean fields p;; and the coupling matrix J/, and appear

ij
as prefactors to the operators A;j,...,7;° in the Hamilto-

in the Hamiltonian.

nian. When exchanging i <> j, the matrices u"

b uj.’[ transform

like u” i (uh ) and u” i (up )T and the parameters trans-
form like (ahl,bi',, i, dl) = (alf, =blt, —cl¥, —dl¥) and
(a fl, bg’l, fl, dp) = (- al”j, bfj, f’j, d”) The set ofmatnces uh

and "‘, ; or rather the set of expectation values h;; and p;; are
known as the mean-field Ansatz.

The Hamiltonian (15) is the most general nearest-neighbor
mean-field Hamiltonian. To investigate spin-liquid states in
the XXZ model, we have to choose a mean-field decoupling
of the model Hamiltonian (3) that fixes Jf;, Jl’;, and C;; and an
Ansatz that fixes h;; and p;;.

Once an Ansatz is chosen, the mean-field Hamiltonian (15)
can be diagonalized by a Bogoliubov transform, a ground state
can be constructed, and the values of h;; and p;; have to be
solved self-consistently:

~ 1
hi = (), piy =By 25=5 3 (). ()

i
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III. MEAN-FIELD ANSATZE

Motivated by the chiral spin-liquid states found by Bur-
nell ef al. [22] and Kim ef al. [23] using a fermionic parton
construction, we consider general chiral Ansdtze that fulfill
all lattice symmetries modulo time reversal. We classify all
possible Ansdtze with the PSG method introduced by Wen
[1] for fermionic partons and later generalized by Wang and
Vishvanath to Schwinger bosons [27] to symmetric spin lig-
uids. In particular, we follow the strategy from Messio et al.
[24], who generalized the bosonic PSG to chiral Ansdtze
where time-reversal symmetry and lattice symmetries modulo
time reversal are broken. Due to the U(1) gauge symmetry
of the Schwinger boson representation (5), the mean-field
Ansatz does not have to be strictly symmetric under all lattice
symmetries O but can in general be symmetric under the
gauge-enriched lattice symmetries O:

5 = Goo . ];,' d €i¢0[0(i)]Ugl;0(,‘). (19)

The set of gauge-inequivalent phases ¢p[i] are defined by the
algebraic PSG. The gauge transformations Gy are elements
of the so-called invariant gauge group (IGG). Since the py-
rochlore lattice is not bipartite and we are interested in Ansditze
with both hopping and pairing terms, we have to consider an
IGG of Z, [27]. Before classifying the chiral Ansdtze, it is
useful to first revisit the fully symmetric Ansctze classified by
Liu et al. [25].

A. Symmetric Ansdtze

Fully symmetric Ansdtze can be constructed by fix-
ing ”3001 = (a", b", ", d") and ”3001 = (a”, b”, ¢P, d”) on the
bond 0y — 0; and then mapping them onto all other bonds by
symmetry operations:

—i(¢olOD)]—=doO(/)]) (20a)

(20b)

u}(’)(ij) = Uouf'jU(;e
uby;y = UouliUG e o10D1+9ol00D
Up are the SU(2) matrices associated with the symmetry op-
erations O (Appendix C). The algebraic PSG has been solved
by Liu et al. [25]. They found 16 different Z, PSG equivalent
classes defined by the phases

ér[r,] =0, (21a)
¢ lr ]l = nimr, (21b)
o lr, ] =nim(ry + 1), (210)
¢rlr,] =0, 21d)
e [ru] = 8u123(nsy —m)T — rdy23mm

— RNe g, T — 138, om7

—mm(riry +rr3), 21e)
¢slr,] = ((—)‘%m (o, — 1) > m a,L,zncés>n

+rimw(méy,1,2 — nsty)

+rom(ndy2 —nsy) +r3wnd,

—%(7’1 +r)(r+r+1), (211)

TABLE I. All independent nonzero nearest-neighbor mean-field
parameters for the 16 different Z, PSG equivalence classes in
the local spin basis. Fields are fixed on bond 0y — 0;. All other
nearest-neighbor parameters are constrained to be zero. The table is
translated from Liu ef al. (Ref. [25], Table II) by using Eq. (23).

nl_(nfﬁSnSE(,nE(,) NN
nl-(OOngﬁ) bh, dh
nl-(OlngG) v, d" a?
n1-(10ng,) at, c?
nl—(lln@) dh, bp, dar

where ny, ngr,, ng s Ng, are all Z, parameters that are either
0 or 1. The Ansdize will be labeled by nim — (ng snsr ng,)-
When n; = 1, translation symmetry is realized projectively
and the unit cell is enlarged. Depending on the PSG equiv-
alence class, the Ansatz forces some of the mean-field
parameters such a”, b, ¢, d", a?, b?, c?, dP to be zero. Liu
et al. [25] give a table of all independent nonzero parameters
in the global spin basis. We are, however, interested in the
local basis. We transform their solution to the local spin basis
by

(af, B, el dl)' = Up(al, b, al)'ulf, @)
where the subscripts / and g are for “local” and “global,”
respectively. The matrices U,, are the SU(2) matrices cor-
responding to the transformation from global to local spin
basis on sublattice p. They are specified in Appendix C.
Equation (22) gives us explicitly

a = by, (23a)
1

b= —Z=(~2a, e~ do), (23b)
1

c = E(C‘g + dg), (23C)
1

dy = —=(ag + g — dy). (23d)

V3

Based on Eq. (23), we can translate their solution into Table 1.
It lists all independent nonzero nearest-neighbor parameters.
We use the parameters ni-(ng ¢nge i, ) to label the states,
while Liu e al. use ni-(ng gnsnng,), where nge =ni +
ngr, + ng, - The four classes nl-(OOn@) have an accidental
IGG of U(1) at the nearest-neighbor level, since they do not
allow any nonzero nearest-neighbor pairing fields. Therefore,
one can construct 12 different fully symmetric Z, spin-liquid
Ansditze at the nearest-neighbor level.

B. Chiral Ansdtze

Chiral spin liquids break time-reversal symmetry and some
lattice symmetries modulo a global spin flip (action of time-
reversal symmetry) [24]. In the classical limit S — oo they
correspond to noncoplanar spin states [i.e., they have nonzero
scalar spin chirality S - (8 X S1)) # 0]. To construct a chiral
Ansatz, we start by defining a parity €p for each symmetry
operator O € x in the lattice space group x = Fd3m. ep = 1
when an Ansatz respects the symmetry, and it is €9 = —1

125122-4



PROJECTIVE SYMMETRY GROUP CLASSIFICATION OF ...

PHYSICAL REVIEW B 105, 125122 (2022)

when it only respects the Ansatz modulo a time reversal.
Let us define the subgroup x. of all lattice symmetries that
necessarily have even parity €p = 1 and the set of opera-
tors with undetermined parity as x, = (X — Xe)- Xe contains
at least all squares of symmetry operators 772, .2, T¢, 52,
Co = I’C? = C; ' since their parities are € = (£1)? = 1.
We can translate the algebraic group relations [Eq. (B3)] into
equations for the parity to find more generators of x.. The
nontrivial equations are

(24a)
(24b)

eqer; =1,
€CET, = €T, €G-

Equation (24a) shows that 73 has even parity. Therefore,
Eq. (24b) implies that this is also true for 77 and T,. The
parities of C¢ and S stay undetermined. This concludes the
analysis following Messio et al. [24]. We are, however, still
missing one generator of x.. In general, once generators of
even and undetermined parity are found by inspecting the
generators of the full symmetry group x, we also have to
consider operators of the form 0;106 0,, where O, € x, and
O, € X.. This can be repeated until no new generators of x.
are found. With this approach, we can construct the symme-
try operator Cj, := ISC3IS = S™'C3S, which has even parity
€, = elelec, = 1.Clisa 27” rotation about the 5 axis on the
inverse tetrahedron. Since C} cannot be written as a product
of the operators {7}, T, T3, C3}, we have to add it to the set of
generators. /C3] = C3 gives no new generator, and therefore
Xe is generated by {Ti, T», T3, C3, C;} while Ce,S € Xo- The
algebraic relations of x, are

T T ' T =1, (252)
G =1, (25b)
cP =1, (25¢)

(GG =1, (25d)
GT.Cy'T | =1, (25¢)
GT(C) 'L =1, (25f)
CiL(C)™'Ty =1, (252)
GT(C) 'y =1, (25h)

where i = i + 3. The chiral algebraic PSG is then defined as
the algebraic PSG of x,.. We solve the chiral algebraic PSG in
Appendix D. The phases are given by

¢rr,] =0, (262)
¢T2 [r/}.] = nlnrls (26b)
o lr,] = nim(r) + ), (26¢)
2r&
oc,[ru] = Tau,0+nl77(rl"2+rl”3)y (26d)
21
¢C§ [rp.] = _TESM.B
2 &
+(T + neye; + nC;Tz)(_Su.O + 8y 0)m

r3
+ rne;T, + n +mnarirn

1’2—1
+}’27T )

where & € {—1, 0, 1}, ny, ne,cys Neyry € {0, 1}. n; once again
determines the size of the unit cell.

The next step is to find all compatible Ansdtze. Since ele-
ments of x, cannot map between main and inverse tetrahedra
but rather from one bond on one main tetrahedron to every
other bond on any main tetrahedron, we have two independent
bonds: one on a main and one on an inverse tetrahedron.
We choose the bonds 01 (0g — 0,) and 701 (09 — 0; — a;).
We label the mean-field parameters (a}, b, ¢}, d}) on bond
01 and (d), b, ¢, d5) on bond 101 with r € {h, p}. With
Egs. (20) the mean-field parameters of all other bonds can be
calculated. The chiral Anséitze can break 7, I, and S while
satisfying 77 and 7TS. Therefore, the mean-field parame-

¢/
o al —>

ny + ng; T2> , (26e)

ters are complex numbers in general: a — a

ale l¢f,..., where af’,..., a;,... € R. The different sign

convention of the phases comes from the fact that a" depends
on hy; while a” depends on p;;. First we find all possible
Ansdtze that respect the PSG of x, by mapping the bonds 01
and 101 onto themselves with S™'C3SC; (note that this also
flips the bond). For the 01 bond, this results in

(= ab*, b, ol )™ Frese e
27
—dP)e ™ et (28)

(a1, b, i d) =

(@ Vel ) = (af, b, ~]

For the 701 bond, this results in

dng %
(h . ) = () ™, 29

(a5, b5, 5, dY) = (af, —bh, —cb, —df)e e, (30)

Table II lists all allowed nearest-neighbor mean-field parame-
ters for Ansdtze respecting the symmetries of ..

To get to all chiral Ansdtze, we have to impose rotoreflec-
tion and screw symmetry modulo time reversal. Therefore,
we have to fix the moduli of the mean-field parameters on
the bonds 01 and 101 to be the same such that a = d} =
d',....al =af =aP,... . Notice that for ncz, =1 this is
not p0531ble for the palrmg fields. Therefore, such Ansdtze ei-
ther break Cg and S as well as 7 Cg and 7S or have no pairing
field and therefore an accidental IGG of U(1). Either way, they
correspond to Ansditze that we do not want to consider, and we
setneyr, = 0 in the rest of this work. This means that a” cannot
appear in an Ansatz together with b?, c?, dP.

All further restrictions to the Ansdtze can be found by
transformation of expectation values of gauge- 1nvar1ant loop
operators [24]. For example, B, ]B By or A, B kA These
are analogous to the Wilson loop operators in gauge theory.
The loop operators are directly related to products of spin
operators and therefore have a straightforward physical inter-
pretation. For example, the triple product of the spins at sites
i, J, k can be written using two of these loops:

Si-(S,-xSk)z—zi:(é,-jﬁkBk, B,]BjkBT) (31)

i (A;A Bk,—AijA‘,-kBZi):. (32)
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TABLEII. All independent nonzero nearest-neighbor mean-field
parameters for the different PSG equivalence classes that respect the
symmetries of x, in the local spin basis. Parameters with index 1
and 2 are fixed on bond 0y — 0, and 00 — 0, — a,;, respectively. All
parameters not mentioned in the table are forced to be 0. The An-
sditze are labeled by the parameters & € {—1, 0, 1}, iy, Neyeys Neyry €
{0, 1}.

ny — (nc3c§”cgrzé§ ) NN

n; — (00€) al, bt e dt ab

hoph b gh P
ay, b3, cy,dy, ay

nm — (108) al, b, c},dy, b, cf. d}
ah, Bt ch dl b, cf, db
m — (01%) aj, b, cl.dy, b, c}. d}
ah, bh, ch, dl ab
m — (11§) aj, by, c}.dy. af
ah, B, ch dl b, ch, db
Constraints:
Re[aﬁ’ei%(%wcﬁ+"C§T2)] =0, Re[agei%(%ﬂﬁq)] =0
Im[b}l’ei%éﬂcf'céﬂcyy] —o, Im[bgei%(%ﬂcﬁ)] —0.
Imfehe' T T e an)) 2, Imfehe' ¥ TP = o,

oo 4 ;4
g, o+ +
Im[d]hehz(T Teses e )] Z o, Im[dzﬁ’elj(T "eses))

In SBMFT, the expectation values of loop operators can
be written as products of the mean fields: (Bijéjkéki) ~
B;;B;jByi. Using Eq. (31), we can directly see that Ansditze that
respect time-reversal symmetry, i.e., where the mean fields are
real, do not give rise to noncoplanar spin configurations.

The complex argument of the loops, called fluxes, boils
down to a sum of complex arguments of the mean-field pa-

rameters, e.g.,
arg((BijBjxBu)) = arg(B;;) + arg(B) + arg(By).  (33)

Under the action of an operator O, € x,, Eq. (33) transforms
like

0,arg((B;;B jkBy:)) = €o,[arg(Bo, )
+ arg(BOO(jk)) + arg(BO,,(ki))]- (34)

The flux is invariant under O, if €p, =1 and the flux
changes its sign if €¢p, = —1. We can write down equa-
tions like Eq. (34) for all independent fluxes on the lattice
and then solve for the phases arg(B;;) = ¢, depending on
the parities of all elements in xo. We choose to study the flux

transformations under action of inversion / = 663 and mirror
symmetry X = IS since the resulting phase equations have
a particularly nice form. The calculations are performed in
Appendix E. The solutions are presented in Table III.

The Ansdtze can be grouped into four groups correspond-
ing to the parity of their underlying symmetries (eyx, €;).
The 12 Ansdtze with (ex,¢€;) = (1,1) exactly reduce to
the 12 fully symmetric Ansdtze that were characterized by
Liu et al. [25] once we impose time-reversal symmetry,
which constrains ¢ = 0. Comparison with the fully sym-
metric classification sheds light on why (1, €;)-n1-(1, p1)-(0)
support two families of Ansdtze, one with nonzero ¢” and
one with nonzero »” and d”. Imposing ¥ symmetry causes
(1, €7)-n1-(1, p1)-(0) to fractionalize into two new classes la-
beled by the Z, parameter nge . The fractionalized Anscize

then fulfill the symmetry (f))2 = (—1)"%. The same happens
for (1, €;)-n1-(0, p1)-(0). However, the corresponding Ansatz
families do not allow any nearest-neighbor pairing fields and
therefore do not correspond to nearest-neighbor Z, spin lig-
uids in the same way as for the fully symmetric equivalence
classes n;-(00ng, ).

TABLE III. All independent nonzero nearest-neighbor mean-field parameters for all nearest-neighbor Z, chiral PSG equivalence classes in
the local spin basis. Parameters with index 1 and 2 are fixed on bond 0y — 0, and 0y — 0, — a;, respectively. All nearest-neighbor parameters
not mentioned in the list are forced to be 0. The Ansdtze are labeled by the PSG parameters & € {—1, 0, 1}, ny, Neyey, P € {0, 1}, and the

parities €/, €x € {—1, 1}.

(ex, €)-n1-(ncyep p1)-(§) NN Constraints:

(1, D-m=(1, p1)-(0)y NN $s =004 =3
(1, D-my=(1, p1)-(0)s: d' b, dr b =0,y =3
(1, 1-m~(0, p1)-(0) v d" a’ by = bar =0
(1, =1)-ny-(1, 0)-(0), a e b =0.¢s =3
(1, _1)_’11_(1’ 0)_(0)X2 ah7 Cha bP, d? ¢a’f =0, ¢¢ﬁ' = %
(1, =1)-n,-(0, 0)-(0) b, d", a Py = bap = 0

a, v, d, a?
a, b, d" bP, e, dr
h bh h  p
a',b',d", a
a, b, dh, be, et dr

(=1, 1)-n1-(0, p1)-(§)
(=1, 1)-n-(1, p1)-(§)
(=1, =1)-n;-(0, p1)-(0)
(=1, =1)-n;-(1, p1)-(0)
General constraints:

by = €19 +mm

¢b’21 = €I¢bllz +mm

by = €1 +mm

¢d§ = €1¢d{t +mm

b = €1y + P17
¢b§ = €1¢b'1’ +pir
b = €1 + pi7
¢,1§’ = €1¢d1” +piw

2 2
b =75+ %v‘ﬁb’; =¢ar = B
2 2
d’u’l‘ = %7 ¢b’|1 = d’d:‘ = % + %’tpb? = ¢d{) = ¢CT -
b
b =3
G = 0.0y = by = 5. by = bur = b —

Il
[SIE]

[SIE}
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For ¢, =1, we can identify the Z, parameter p; + n;
with ng, by comparing with the fully symmetric Ansditze.
The Anscitze then fulfill (7)? = (—1)?*+". The Ansditze with
(€x,€r) = (—1, —1) fractionalize similarly upon imposing
screw symmetry S = IX. Only the Ansdtze with (ex, €¢;) =
(1, —1) do not fractionalize in states labeled by p;. Instead,
they allow for continuously variable phases ¢,», ¢y, Per, Par-

IV. CHOOSING ANSATZE

Now that we have characterized all symmetric and chiral
mean-field Ansdtze, we have to choose meaningful Ansdtze as
well as a suitable mean-field decoupling for the XXZ Hamilto-
nian (3). As mentioned previously, the mean-field decouplings
are ambiguous. We choose them in a way that preserves the
SU(2) spin rotation symmetry at the Heisenberg point:

H= ZJL (8785 + 878%) + J..8: 55
(ij)

JJ_ +‘IZZA A AJA A AJ &x &x AyAy
=> oSS+ 5585 - T(Sisj +88)
(ij)

J+J Av A PN
= Z “ : Bj'-jBij . —JJ_ALA,'/‘
(i)

2
AJ . phxtohx o, L phyT oy | . phiziohz
—7(.11.1. e e e L 0)
+ ) hi(blbig — 25). 35)

The mean-field decoupling is then defined by

Jzz + JJ_

Jh = 1 T = Iz

Y 2 JL - Jzz ’

Jzz - JJ_
(36a)
—J
0

P _

Jh = o | (36b)
0

C,'j =0. (36C)

This particular decoupling allows the resulting spin-liquid
state to break the U(1) spin rotation symmetry by acquiring
different expectation values for #-* and . This choice is
motivated by findings of Benton et al. [11], where a transition
from a U(1) symmetric to a nematic state is observed at the
Heisenberg point.

In the following sections, we solve the mean-field
equations for the Ansdtze (1,1)-n1-(0, p;)-(0) and
(—1, €1)-n1-(0, p1)-(§). We choose them because they can
include SU(2) symmetric pairing fields A;; that capture the
relevant physics at the antiferromagnetic Heisenberg point.

Ansdtze (1, 1)-n;-(0, p1)-(0) are fully symmetric. There-
fore, they fulfill all lattice symmetries and correspond to
coplanar spin liquids.

Ansdtze (—1, —1)-n1-(0, p1)-(0) are chiral and they break
T, I, and X but preserve 71 and T X. Therefore, they also
respect screw symmetry. Every SU(2)-symmetric triangular

flux operator has an expectation value of +7. Therefore,
they have the same symmetry and flux structure as the
monopole flux and the (Z, ) state considered by Burnell
et al. [22]. For B = 0, the Ansdtze reduce to the fully sym-
metric (1, 1)-n1-(0, p1)-(0).

Ansditze (—1, 1)-n1-(0, p1)-(0) are chiral and they break 7~
and X while preserving I and 7 X. Therefore, they also break
S modulo time reversal. Every SU(2)-symmetric triangular
flux has a value of % Therefore, they have a similar flux
structure to the monopole-antimonopole flux state [5, —7, 0]
considered by Kim et al. [23]. For B = 0, the Ansditze reduce
to the fully symmetric (1, 1)-n-(0, p;)-(0).

Ansdgtze (—1,¢7)-n1-(0, p1)-(§ # 0) are chiral and they
have the same symmetries as (—1, 1)-n;-(0, p;)-(0). Their
characteristic property is that the expectation value of every
rhombus flux operator has a value of &%. This leads to the
identity [24]

S(So—S83)- 51 x8)+ S, =8 - (S; x8p))
— 8A4%sin (g%) 37)

which implies nonzero scalar spin chirality also in the case
B = 0. The Ansdtze for £ =1 and —1 can be mapped onto
each other by the action of 7.

V. CALCULATION OF THE FREE ENERGY

Now that a mean-field decoupling and Ansditze are chosen,
we can apply the Fourier transform

NSL —i
br, =\ ;mﬂe ke (38)

to the Hamiltonian in Eq. (15) and bring it to the form

H= % > W HK) I+ 3Nf(h, p) — NAQ2S + 1), (39)
k

where N is the number of atoms on the lattice, and H (k) has
the form

H"(k
o= <[Hfg<lz>]T

For (ny=1) n; =0, W is a (64-) 16-component
spinor, and (Nsp, = 16) Nsp, = 4 is the number of sublat-
tices in the (enlarged) unit cell: ‘i’k = (1ﬁk, Iﬁjk) with 1ﬁk =
(bx.1.bxa, - ... by ). The explicit form of H" and H” is
given in Appendix F. The Hamiltonian (39) can be diagonal-
ized by a Bogoliubov transform [30]. We therefore introduce
Bogoliubov transformation matrices V (k) such that

fgh(?—)k)]T> FAlang.  (40)

Y =V (T, (41)

VK ?V(k) = 13, (42)

V(EK)HEK)V (k) = Qk). (43)

Here [y = 1y« s PRONG» f/jk’l, o JA/jk,zNSL) is the Bo-

goliubov spinor, 73 =03 ® 1oy, , and Q(k) is a diagonal

matrix where the first 2Ng entries w;(k) (i € {1, 2Ns.})
and the last 2Ngp entries are w;(—Kk). They are the positive
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TABLE IV. Self-consistent mean-field parameters. The values with an asterisk are determined self-consistently in the gapped spin-liquid

phase for the physical spin value of S = 0.5. All other values are set by symmetry of the particular Ansatz.

at S = 0.5, i.e., they are magnetically ordered.

IR

¢” labels states that are condensed

Ansatz A B thx thy thz YN
(1, 1)-0-(0, 0)-(0) 0.3901* 0 0* 0 0* 1.3593*
(1, 1)-0-(0, 1)-(0) 0.3931* 0 0* 0 0* 1.3880*
(1, 1-1-(0, 0)-(0) 0.3895* 0 0* 0 0* 1.3466*
(1, 1)-1-(0, 1)-(0) 0.3933* 0 0* 0 0* 1.3910*
(=1,—1) — 0 — (0, 0)-(0) 0.3901* 0* 0* 0 0* 1.3593*
(—1,—1)—0— (0, 1)-(0) 0.3931* 0* 0* 0 0* 1.3880*
(=1,—-1)—1—(0,0)-(0) 0.3895* 0* 0* 0 0* 1.3466*
(=1,=1) = 1= (0, 1)-(0) 0.3933* 0* 0* 0 0* 1.3910*
(—1, 1)-0-(0, 0)-(0) 0.3901* 0* 0* 0 0* 1.3593*
(—1, 1)-0-(0, 1)-(0) 0.3931* 0* 0* 0 0* 1.3880*
(—1, 1)-1-(0, 0)-(0) 0.3895* 0* 0* 0 0* 1.3466*
(—1, 1)-1-(0, 1)-(0) 0.3933* 0* 0* 0 0* 1.3910*
(=1, 1)-0-(0, 0)-(£1) c c c c c

(—1, 1)-0-(0, 1)-(£1) c c c c c

(=1, 1)-1-(0, 0)-(£1) 0.4246* —0.1676* 0* 0 0* 1.3710*
(=1, 1-1-(0, 1)-(£1) 0.4265* —0.1684* 0* 0 0* 1.3538*

and negative eigenvalues of the matrix 37 (k), respectively
[30]. Equation (42) ensures that the new bosonic operators
7i,i preserve the bosonic commutation relations [ i, ;] =

0, [j}k:i?lj’,j] = §; j0k 1. Thus, we can write (39) as

2NsL, 2Ns1,

HOO= 3 007 fui+ 5 3 Y o)
k i k i

+3Nf(h,p) — NX2S + 1). (44a)
The mean-field free energy per site is thus given by
2Nst.
o= sy L > o)
+3f(h,p)— 228 +1). (45)

where we exchanged the sum by an integral in the thermody-
namic limit ), — dk3.
This reduces to

fvre = 3h"J;h + 3p'J,p + 3C,

N
Volg 7 Nst. f B.Z.

(46)

after solving the self-consistency equations.

As a final step, we find the correct values of the mean field
by solving the self-consistency equations (18). The solutions
are listed in Table I'V.

Within numerical accuracy, the only bond operators that
acquire a nonzero expectation value are the SU(2) symmetric
A and B. Therefore, all considered Ansdrze reduce to SU(2)
symmetric states or are in a condensed phase at S =0.5.
The Ansdtze (1, 1)-n;-(0, p1)-(0) and (—1, €;)-n1-(0, p1)-(0)
describe the same four fully symmetric spin liquids as the
fully symmetric Ansdtze (1, 1)-n1-(0, p1)-(0) since for them
B = 0. Only the saddle points of (—1, 1)-1-(0, 1)-(£1) and
(—1, 1)-1-(0, 0)-(=£1) are chiral spin liquids. The resulting six
distinct spin-liquid states can solely be described by the fluxes
that are enclosed by the A operators on the hexagonal, bow tie,
and rhombus loops: (¢o, Prq, do) = (p1, p1 + 11, 1 + %)n.

We have found the SU(2) symmetry to be stable even
beyond the Heisenberg point. We have explicitly checked this
for coupling angles 6 € [0, Z]. The normalized free energies
of the spin-liquid states can be found in Table V. The main
dependence of the free energy on 6 comes from J,. While
the nonchiral state (7, 0, 77) has the lowest free energy in the
present decoupling [Eq. (36)], choosing a decoupling based
on §;8; = —2AT A;; + S? for all considered Ansiirze results
in (1, 0, :i:%) being the lowest energy state [31]. Therefore,
inferences about the possible ground state have to be made
with care.

Also note that we have chosen a decoupling of the XXZ
Hamiltonian in Egs. (36), which is expected to capture the rel-
evant physics in the vicinity of the antiferromagnetic Heisen-
berg point and selected corresponding Ansdize. However,
other mean-field decouplings and Ansdtze with a focus on the
vicinity of the classical Ising limit J; = O or the easy-plane
limit J,; = 0 can lead to stable non-SU(2)-symmetric spin
liquids. Indeed, in a preliminary study of the fully symmetric
Ansdtze we have found the Ansdtze (1, 1)-n1-(1, p1)-(0),, to
have nonzero ¢ in the vicinity of the Ising point. Here,
the Ansatz (1,1)-0-(1, 1)-(0),, has the lowest energy. Ansdtze
(1, 1)-n1-(1, p1)-(0),; and (1, 1)-n;-(1, p1)-(0), have nonzero
expectation values #7* and t”” in the vicinity of the easy-plane

TABLE V. Values of the A fields and the normalized free energy
per site fyg/Jo of the six spin liquid states.

(¢Ov ¢)D<13 ¢<>) A B fMF/JL

0,0,7) 0.3901 0 —0.4565
(m,m,m) 0.3931 0 —0.4635
O, 7, 7) 0.3895 0 —0.4551
(7,0,7) 0.3933 0 —0.4641
0,7, £%) 0.4246 —0.1676 —0.4564
(,0,£%) 0.4265 —0.1684 —0.4607
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limit, respectively. At this point, Ansdtze (1,1)-0-(1, 0)-(0),;
and (1,1)-0-(1, 0)-(0), have the lowest energy. These break
the U(1) spin rotation symmetry in accordance with the ne-
matic spin liquids found by Benton ez al. [11]. However,
contrary to the nematic states of Benton et al., they preserve
the C3 lattice symmetry by construction. The energies of these
spin liquids at the mean-field level are highly dependent on the
choices of the mean-field decouplings. Therefore, the ambigu-
ity of choosing non-SU(2)-symmetric mean-field decouplings
described in Sec. II B prevents an appropriate comparison of
mean-field energies from different mean-field decouplings. A
generalization of the large-N Sp(N) approach [32] together
with arguments from the symplectic N approach [29] to non-
SU(2)-symmetric Hamiltonians might shed some light on this
issue.

Finally, note that interactions beyond nearest neighbors
could in principle stabilize the chiral saddle points of
(=1, €)-n1-(0, p1)-(0).

VI. SPIN STRUCTURE FACTORS

To compare the mean-field states to experiment and other
numerical studies of the XXZ model, we calculate the spin-
spin correlations on a local and global basis. The spin-spin
correlations in the local spin basis are given by the tensor

1 ) Aa &
Sop (q) = ﬁ ;ezqm ,)(Sl . S]ﬂ) 47)
5

This can be expressed in terms of the components of the
Bogoliubov transformation matrix V (k),

1
S*@) = 35 D TV Vi (k — @)
k

x [V, (k — q)(Z#) Vi (k)

+ V) (k — =PV (K))), (48)
where
(Vi) Via(k) _
Vik) = <V21(k) sz(k)>’ =1y, ®0”.  (49)

Since all our spin-liquid states turned out to be SU(2)-
symmetric, the only independent nonzero component of
S*P(q) is S¥*(q). We plot S»? along the [, h, [] plane in
Fig. 2. _

The spin-spin correlation in the local spin basis S*#(q)
can be calculated by using Eq. (48) and replacing £V —
UXYUT with

Uo
- U, (50)
Us

U,, are the SU(2) matrices that rotate from the global to the
local basis (see Appendix C).

Neutron scattering experiments do not directly measure
components of S*#(q) but instead measure the neutron scat-
tering amplitude [12]:

aqB\ _
Stor(q) = (aa,ﬁ - ql'q‘llz )S“vﬁ(q). (51)

®) (mw,m,7) &7

(a) (0,0,m) &>

[h,h,0]

(e) (0,m,£3) 877

. .
' -
.

[0,0,1]
0,0,]]

—47 0 47
[h,h,0]

o

0.2 0.4 0.6 0.8 1

FIG. 2. The normalized spin-spin correlation in local spin basis
S¥%(q) plotted along the [, h, [] plane. The spin-liquid states are
labeled by the fluxes of the A operators on the hexagonal, bow tie,
and rhombus loops: (¢o, Poa, Po) = (p1, p1+ 11, 1 + %)n. The
dashed and solid white lines in (a) indicate the momentum cuts
presented in Fig. 3.

Following Fennell er al. [33], we calculate the neutron
scattering amplitude along the [h, h, /] plane and split the
total scattering amplitude Stor(q) into a spin-flip (SF)
channel,

(P x q)*(P x q)f

Sse(q) = e S*F(q), (52)
and a no-spin-flip (NSF) channel,
Snsr(q) =P PP/ (q), (53)
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(i) Pinch Points at q = (0,0,47)

—(0,0,7)
1] — (m,m, )
— (0, ,7)
808 — (m,0,m)
%)
— (0,7, £%)
0.6 | _(71—705:‘:%)
1 1 1
-2 —m 0 ™ 2

[h,h, 47

(ii) Pinch Points at q = (—2m,—27,27)

1.4 —(0,0,W)

— (7, m,m)

.12 ] — (0,7, )

& — (7,0, 7)
—(0,m,£%)
1 — (m,0,£%)

1 1 1
2 —m 0 ™ 2

[h-27,h-27, h+27]

FIG. 3. Cut through the pinch points of the spin-spin correlation
S%%(q) in the local spin basis at (i) q = (0, 0, 4) as indicated by
the solid line in Fig. 2(a) and (ii) q = (—2x, —27, +2m) as indicated
by the dashed line in Fig. 2(a). For better comparability, the plots are
normalized such that the pinch points have a magnitude of 1.

where P = %(1, —1, 0) is the polarization vector of the neu-
trons. In the [A, h, [] plane, they fulfill Stor(q) = Ssr(q) +
Snse(q). Experimentally splitting up measurements into the
polarization channels is advantageous since the pinch points
that are characteristic for the spin ice phase are only visible in
the SF channel. When measuring Stor(q), the contributions
from the NSF channel smear out the features [33].

A. Correlation results

The spin-spin correlations in the local spin basis can
be seen in Fig. 2. Their main features are the broadened
pinch points at q = (0, 0, +4x), q = (£27, £27, £27), and
symmetry-related points. In the case of the classical Heisen-
berg model, these pinch points have been argued to be caused
by the ice-rule: The sum of all spins on every tetrahedron has
to vanish [34-36]. The quantum fluctuations break this ice
rule, which results in smeared-out pinch points [19,20,37-41].
For the Heisenberg model on the pyrochlore lattice, two types
of pinch points have previously been reported. The spin-spin
correlation either has a maximum [18,38] or a saddle point
at the pinch points [19,41]. Plots of the spin correlations in
the vicinity of the pinch points for the six spin-liquid states
considered here can be found in Fig. 3. For the (0, w, ),

(b) (m,m,m) Stor

167
81
S o
=)
—8m
G —sr 0 st 167
[h,h,0]
C 0,7r,7r STOT d 7T,0,7r STOT
L (c) ( ) L (d) ( )
81 81
S o S o
=) =)
—8m —8m
-1 -1
OTi6r —st 0 sr 167  M6r —sr 0 st l6n
[,h,0] [h,h,0]
(e) (0,7, £%) Stor (f) (m,0,£3) Sror
167 T
81 81
S o S o
=) =)
—8&m —8&m
-1 -1
OTi6r —sr 0 St 16r  OM6r -8t 0 St 167
[,h,0] [h,h,0]

0 0.2 0.4 0.6 0.8 1

FIG. 4. The normalized total neutron scattering amplitude
Stor(q) plotted along the [4, &, I] plane. The spin-liquid states are
labeled by the fluxes of the A operators on the hexagonal, bow tie,
and rhombus loops: (¢o, Psa, Po) = (p1, p1 + 11, 1 + %)n.

(,0,m), (7,0, :t%), and (0, 7, :I:%) state, the S*? correlator
has a saddle point, while for the (0, 0, ) and (7, 7, 7) state,
the S** correlator has a maximum at the pinch points.

For §%¢ the state (i, 0, ) shows good qualitative agree-
ment with previous theoretical work using pseudo fermion
functional renormalization group (PFFRG) studies [20,41,42]
and exact diagonalization of small clusters [19] of the
Heisenberg and XXZ model. The state (0, 0, ) shows good
qualitative agreement with a PFFRG result on the J;-J, model
for antiferromagnetic J, [20].

The results for Stor as well as the SF and NSF channel
can be seen in Figs. 4, 5, and 6, respectively. Our results
can be compared to the PFFRG results of Ritter [42] and
the classical Monte Carlo result of Taillefumier et al. [12].
We should emphasize that Ritter’s results are for a coupling
angle of & = 20°. The resulting PFFRG ground state only
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a 0,0,71' SSF b T, T, T SSF
1o (@) (0,0.m) 55 o () (mmm) S:
8 8
S o El
=5 =5

7161r167r —7r 17r 7161r17r —7r 0 17r

(h,h,0]

(h,h,0]

~1
07 6 —sir 87
[h,h,0]

[
0 0.2 0.4 0.6 0.8 1

FIG. 5. The normalized spin-flip channel of the neutron scatter-
ing amplitude Ssr(q) plotted along the [#, ki, [] plane. The spin-liquid
states are labeled by the fluxes of the A operators on the hexago-

nal, bow tie, and rhombus loops: (¢o, =g, Po) = (p1, p1 + 11, 1 +
2%

=)

3

slightly breaks SU(2) symmetry, and the neutron scattering
amplitudes show the same features as the mean-field results
presented here. This observation matches with the stability of
the SU(2) symmetric mean-field states beyond the Heisenberg
point which we have found in our analysis.

Since most numerical methods rule out time-reversal
symmetry-breaking states by construction, we are not aware
of numerical data to compare our results for the chiral
(7,0, £3), (0, T, £75) states.

VII. CONCLUSIONS

Using a PSG approach, we classified all fully symmetric
and chiral Z, Schwinger boson mean-field Ansdtze on the
pyrochlore lattice. We went beyond the formalism of Messio

(b) (m,m,m) SnsF

167
81
S o
S
—8r
M 8 0 st 167
[h,h,0]
C 0,7r,7r SNSF d 7r,0,7r SNSF
L (c) ( ) L (d) ( )
81 81
S o S o
S S
—8r —8r
-1 -1
Om6r —sr 0 sr 160 M6r—sr 0 st 167
[h,h,0] [h,h,0]
(e) (0,m, £%) Snsr (f) (m,0,£%) Sxsr
167 167
81 81
S o S o
S S
—8m —8m
-1 -1
OT6r —sr 0 sr 16r  M6r —8r 0 St 167

[h,h,0] [h,h,0]

[
0 0.2 0.4 0.6 0.8 1

FIG. 6. The normalized no-spin-flip channel of the neutron scat-
tering amplitude Snse(q) plotted along the [h, h, 1] plane. The
spin-liquid states are labeled by the fluxes of the A operators on the
hexagonal, bow tie, and rhombus loops: (¢o, g, do) = (p1, p1 +
n, 1+ %)T[.

et al. [24] by including triplet fields into our chiral PSG analy-
sis. Furthermore, we computed the ground-state energy for 16
chiral and four fully symmetric Ansdtze within a mean-field
approximation for the XXZ model near the Heisenberg point.
Remarkably, all of the Ansdtze where bosonic spinons do not
condense reduce to six SU(2) symmetric spin-liquid states,
regardless of the coupling angle 6. The four states (0, 0, ),
(m,m,m), (0,7, 7), and (7, 0, ) can be described by the
fully symmetric Ansdtze previously characterized by Liu et al.
[25]. Depending on the decoupling, we identified two lowest-
energy states near the Heisenberg point: the fully symmetric
spin-liquid state (7,0, ) and the chiral spin-liquid state
(7,0, £%). The former has previously been described by Liu
et al. [25] while the latter is new. Its characteristic feature is
a =% flux that is enclosed by the A, ;j operators on rhombus

125122-11



SCHNEIDER, HALIMEH, AND PUNK

PHYSICAL REVIEW B 105, 125122 (2022)

loops of length four and differs from previously studied chiral
states featuring a flux of 7 /2 through triangular loops [22,23].
It breaks time-reversal symmetry 7, mirror symmetry X, and
a screw symmetry S, while it is symmetric under 7 X and 7S.

It is important to note, however, that our analysis of the
XXZ Heisenberg model is based on decoupling of the Hamil-
tonian, which is expected to work well only in the vicinity
of the SU(2) symmetric Heisenberg point. Since the form
of the decoupling is ambiguous, different decouplings will
favor non-SU(2)-symmetric spin liquids that might result in
different ground states in the vicinity of the classical Ising
limit & = 0, as well as in the easy-plane limit 6 = 7 /2, for
example. Indeed, within a preliminary analysis of the fully
symmetric Ansdtze, we find a U(1) symmetric ground state
close to the classical limit and a U(1) symmetry-breaking
Ansatz as ground state close to the easy-plane limit, in accor-
dance with the results of Benton e al. [11].

Moreover, we computed spin-spin correlations as well as
neutron scattering amplitudes and compared them to pre-
viously published work. Our new chiral states (r, 0, i%),
(0, r, %) may be further explored by calculating the dynam-
ical structure factor, where time-reversal symmetry breaking
can be explicitly seen. It might also be worthwhile to further
study the Ansdtze (—1, 1)-0-(0, 0)-(1), (—1, 1)-0-(0, 1)-(1),
where the spinons condense and give rise to magnetic order.

While Ansdtze (—1, €;)-n1-(0, p1)-(0) have similar flux
structures to the chiral states considered by Burnell ez al
[22] and Kim et al. [23], the saddle points for these
states that we found in our mean-field analysis give rise to
fully symmetric spin liquids. Here, further neighbor inter-
actions might stabilize the chirality. Finally, in the present
study we have not solved the mean-field equation for the
Ansdtze(1, —1)-n1-(0, 0)-(0), which allow a continuous flux
2¢,, that is enclosed by the A; ;j operators on bow-tie loops. It
remains to be seen if their mean-field saddle points describe
nonchiral, fully symmetric states, or if ¢4, acquires a nontriv-
ial value, giving rise to a different chiral spin liquid.
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APPENDIX A: LOCAL SPIN BASIS VECTORS

The local spin basis vectors first introduced in Eq. (2) are
[43]

Z 1 4 y Z X
SH« = ﬁ(l’ 1, 1) — ﬁau, S’M = S/L X SM7

1 1
SX = _(_2’ 11 1)5 sx = _(_2’ _1’ _1)’
Ve G

1 1
= —@2,1,-1), st=-——@2 —1,1). (Al)
2 % 3 \/6

APPENDIX B: TRANSFORMATION OF SUBLATTICE
COORDINATES AND LOCAL SPIN BASIS

The space-group generators transform the different coordi-
nates as follows:

Tixy, = (ri+68i1,mn+38i2,13+68i3)u, (Bla)
Coryy = —(r3 + 8,3, 1 4+ 8,1. 12 +8,2), 1y, (BID)
Sty = (=r1 — 8,1, =12 — 8,2
ri+ry+r3+ 1 —68,0)mm00), (Blc)
Iv, = (=r1 = 8,1, =1 — 8,2, =13 — 8,3 (B1d)
Xr, = (ri,r, =1 — 12— 13)nu0) (Ble)
Cry = (13, 71, 72) 705 (), (B1f)
Ciry =1 =11 — 12— 13, 11, F3)mgn(u)s (Blg)
Tr, =1, (B1h)

where m23(t) and mo3(u) cyclically permute sites 1,2,3 and
0,3, respectively. The local spins transform like

TS, = (8. 8,5, (B2a)

— N 38 /380§

C6S/L = - < — L, L - -, SZ . (sz)
2 2 2 2 T123()

S¥ 38 38§
PP (A DA A L O
2 2 2 2 (
o3 (1)
IS, =S,.
TS, = (=5, =8, =5u.

(B2d)
(B2e)

The symmetry-group generators fulfill the following alge-
braic group relations:

LTI 'T =1, (B3a)
Cd =1, (B3b)

ST =1, (B3c)
CeTiCs T = 1, (B3d)
STST'T,'T =1, ief{l,2), (B3e)
STS~'T =1, (B3f)
(CeS) =1, (B3g)
('SP =1, (B3h)

T? =1, (B3i)

TOoT 'O ' =1, (B3j)

where i =1,2,3 and i+3 =i. O is a placeholder for an
arbitrary space-group generator: O € {11, T, T3, C¢, S}.

APPENDIX C: SU(2) MATRICES

The SU(2) matrices Uy associated with the symmetry op-
erations that appear in Eq. (20) are

UTi = 0y, (C])
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Ug =Uc, = e 150000, (€2)

6
USJL = (—1)178”‘]67%%(75/3’%0)0. (©3)

The matrix for the screw operation depends on which sublat-
tice it acts upon. Spins on sublattice 1 are rotated the other way
around than spins on sublattice 2. Spins on sublattices 0 and 3
are rotated and then projected onto the local spin basis of the
other sublattice This results in an effective 7 rotation about
the ( 2 , 2, 0) axis. The sign of the effective rotation can
be chosen freely, and different signs correspond to different
gauges. Here we chose the signs of rotation to be equal on
sublattice 0,2,3.

The SU(2) matrices U,, that transform from global to local
basis on sublattice u [see Eq. (22)] are given by

1 l-ZnIl 1 215

e 48 e 48
Uy = 33 2x19 343 it B (C4a)
1 2= 1 —iZ—
e = e 48
3443 3-V3
1 —i2nl 1 —i
e 48 e 48
313 3-3
U= Vi Vs |. (Cab)
e 48 e 8
3-V3 3+4/3
L ik 1 i
343 3-3
U= Vit SR (™)
e e 4
3-V3 3+V3

J

¢rlr. ]+ ¢, [T,

o, [r, ]+ ¢ [Cy ()]

by [ru] + ¢r, [(C) 7 (r)]

b [ru] + ¢ [(CH) ™ ()] — oy [T,

— ¢, [T Ta(r,)] —
eylru] + dnlC) ™ )] = de [T

1 27 1 l-2nl7

67148 el s
Up= | V3 L VRS (C4d)
el el
343 3-v3

APPENDIX D: SOLUTION OF THE CHIRAL ALGEBRAIC
PSG

The symmetry-enriched algebraic relations of yx, are

(Gr.T)(Gr,, T NG T (Gr,, Tiv1) " € 7, (Dla)
Ge,Cs)’ € 7, (D1b)
G,Gy)’ € 7s, (Dlc)
G, G3) (G C3) (G, G3) (G, G) € 2, (D1d)

GT,Ti)(GC3C3)_ (GTHITiH)_ € 73, (Dle)

GTlTl)(GcéCé)_l(GTZTZ)_I(GTITI) € Z,, (DIf)
G ) (G, Cy) (GT,T,) € 7>, (D1g)

GT3T3)(GC§C§)_ "G, T3) ™' (GrT)) € Z,. (D1h)

—_ I~ ~~ —~~

These can be rewritten into the following phase equations:

)] = or [T )] — ¢, ] = g, (D2a)
e, [ru] + ¢ [(C) 7 ()] + 6, [(CC5) " (1)1 + ¢ [Cyr)] = e, ¢, (D2b)
be, [l + ¢ [C ()] + ¢, [C5 7 (r)] = 7ne,, (D2c)
b [r] + o, [(CH ™ ()] + ¢y [(C) > (r,)] = 7ngy, (D2d)
— ¢ [T (0] = o, [1] = wne,, (D2e)
o [T (0] + 61, [T1(x,)] = 7neyr,, (D2f)
")) + ¢nlTi(r)] = mney, (D2g)
)] - on [T )] + 65, [T (r)] = 7ng,, (D2h)
[
Gy : ¢g,ru]l = ¢y (D4d)

where ny € {0, 1}.

Our goal is to find all phases ¢o[r, ] as functions of r,, and
nx. However, a general gauge transformation G [see Eq. (6)]
changes the phases given by the PSG phase equations like [25]

polr,] = dolr,] + dolr,] — ¢6lO~ (x,)]. (D3)
To ultimately get an unambiguous result, we have to fix the
gauge in the process of solving the phase equations. Since we
have four fcc sublattices, we have the freedom to choose 16
independent local gauges, 4 for every direction ry, 1, r3 and a
constant one for every sublattice u =0, 1, 2, 3:

G : ¢g,[rul = ng umr, (D4a)
Gy : g, [ru] = ng i, (D4b)
G3 : ¢g,[ru] = ng3 w3, (D4c)

Due to IGG = Z,, we are also free to add a site-
independent Z, phase to any of our five phases ¢olr,]
[27]. That makes 16 local gauge and 5 IGG choices in to-
tal. With the first 12 gauge choices [Egs. (D4a)-(D4c)] we
can fix the phases associated with the translation operators
0 @7, [(r1, 72, 13)u] = &1, [(0, 12, 13) ] = 97,10, 0, 73),] = 0.
Note that this can only be satisfied for open boundary condi-
tions (Ref. [27], Appendix A).

Using this choice, Eq. (D2a) is solved by

¢r[r ] =0, (D5)
¢T2[ru] =nmnry, (D6)
o, r,] = n3mry + namrs. D7)
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Writing out Eq. (D2e), we get

dc;[ru] — ¢, [(r1, 2 +1,73),] (D8a)
= (e, +mrpm,
dcyry] — ¢c,[(r1, 2, 13 + 1),.]
= (nc,p, + n3r1 +nory +nyn)m, (D8b)
dc;[rul — ¢, [(r1 + 1,72, 73),]
= (ncyry +nary + mar3)m. (D8c)
This is solved by
bc, [l = fi(r1, r3) — na(nenw + mimr), (D9a)
bc,[r,l = folri, r2) (D9b)

—13(Ne,, T+ N3 — Moy — NI r),
oc,[ru] = f3(r2, 13) — ri(ne,ym + n3mwry — npmrs), (D9c)

where fc,(ry, r3) is some function of r; and r3;. Since
the function fi(r;, r3) in (D9a) cannot include any terms
that feature r,, it cannot include terms like rirn3mw
that have to appear in ¢c,[r,] due to (D9c). To fulfill
Egs. (D9a)~(D9c) we have to infer a relationship be-
tween np, ny, n3. With ny = n, = n3 we have the following
solution:

oc,[r] = ¢, [0,] — nymw (rir2 + 1173)
— (rnen, + nhcyr, + rnen)T. (D10)
Plugging Eq. (D10) into (D2c) gives
e [ru] + o [(ra, 13, 1) gy ] + 01 (735 71, 72) 755 )]
= ¢¢;[0,] + ¢c (07,501 + b, [0, )] + Z ring, 1, 70
iJj

(D11)

= nc377.',

which constrains e = 0. m23(u) permutes @ in the
cycle (123).
Writing out Egs. (D2f)—(D2h), we get

$eilrul — del(r — L +1,r3),]  (DI2a)
= nc;p +ma(rp + 1),

éc;lru]l — ocyl(ri — 1, r2, 13),] (D12b)
=nep® e,

éc;lrul — ¢cil(r — 1, r2, 13+ 1)1
= ne; 7w + mw(ry + r3). (D12c¢)

From Eq. (D12b) we can infer that
byl = fey(r2, r3) + mimriry + neypy (D13)

where fc;(r2, r3) is some function of r, and r3. Using this and
Eq. (D12c), we get

byl = fe(r2) +mmriry + neyrywn

r3—1
—|—r37'( )

n + nCéTz + l’lcé]g) . (D14)

Plugging this into Eq. (D12a) finally gives

bc;lrul = ¢ci0,] + rimner, + mmrir

r3—1
—|—r37'[ )

rn—1
—}—rzn( 22

Inserting Eq. (D15) into Eq. (D2d) gives
éc; 10,1 + ¢c; (070,001 + D [0

+r37 (neyn, + ney, + neyry)

ny +neyn, + ncgn)

n + ne;r + nCéT]). (D15)

= (n¢; + neyr, +m)m,
which gives two constraints,

neyr, + neyr, + neyry, = 0, (D16)

¢C§ [0/4] + ¢C." [Omm(u)] + ¢C§ [071120(/4)]
= (n¢;r, +m + ne)r.
The last phase Eq. (D2b) is then

¢, [0.] + ) (071500 + D [070,05, )] + Dy [0 ]
(D18)

(D17)

= (ncyc; + neyr, + neyr 7.

T0)13)(n) permutes p in the cycles (20) and (13). Since
Egs. (D1b), (Dl1c), (Dle), and (D1f) have operators that ap-
pear an odd number of times, we can use our 5 IGG choices
of T, 1>, T;, Cs, Cé to set neyn = Nor, = Neyr, = Ny = 0 and
nc, = ny. Using 3 ne,r; = 0 also implies ne,z; = 0.

As a last step, we find ¢¢,[0,] and bc; [0,.]. We have the
four constant sublattice gauge choices left [Eq. (D4d)]. By
fixing the IGG choices, Egs. (D11) and (D17) are reduced to

3¢c,[00] = O, (D19a)
¢, [01] + ¢c,[02] + ¢, [03] = O, (D19b)
3¢¢;[05] =0, (D19¢)
éc;[01] + ¢c;[02] + P [00] = 0. (D19d)

The form of Eqs. (D19) is invariant under gauge trans-
formations. That is why we can fix the constant gauge on
sublattices 0,1,2,3 to set ¢¢,[02] = ¢¢,[03] =0 as well as
qbq[Ol] = 0. Equations (D19) and (D17) then also imply
¢c,[01] = 0 and ¢¢;[02] = —¢c;[00]. Equation (D18) then re-
duces to

¢c,[00] — ¢c;[02] = (neyp + neyey) 7, (D20)

¢c;[02] + ¢c; [03] = (ncyr, + neyey) . (D21)

Therefore, ¢c,[00] = —¢c,[03] = % where & € {—1,0, 1}

and ¢c;[02] = ¢c,[00] + (ncyr, + neyey)w.
The final solution is then

¢ [r,] =0, (D22a)
¢T2 [r/L] = nlnrl ’ (D22b)
vyl = nim(r1 + 1), (D22c¢)
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oc,[ry] = ——8,0 +mm(riry + ri1r3), (D22d)
¢c;lrul = Sus+ rﬂ( ny + nc;r;)
r

—i—rlnnC/Tz + n1 +muarnr

2 &
|\ 3 trog taan (=80 + dp2)7,

(D22e)

where § € {—1,0, 1} and ny, nc,c;, neyr, € {0, 1}

APPENDIX E: CLASSIFICATION OF CHIRAL ANSATZE

We use the short notation By, = By, for bonds on the
main tetrahedron and By, 0,) = By for bonds on the in-
verse tetrahedron.

As described by Messio et al. [24], we can classify all pos-
sible Ansdtze by looking at the transformation of the minimal
set of linearly independent fluxes under elements in x,. All
elements of x, can be written as compositions of I, X, and
elements of x.. The elements of x. leave the fluxes invari-
ant, so we only have to consider the action of /, ¥ on the
fluxes. It is equally valid to consider the actions of Cg and
S on the fluxes, but the calculations are a bit more involved.
Since Cg = IC; and X = S663, their parities are related like
€1 = €, and €z = €c, €s-

Fluxes are independent if they cannot be mapped onto each
other by symmetry operations in x, and cannot be created by
adding other independent fluxes. The number of independent
fluxes depends on the number of present mean-field parame-
ters as well.

To find out how many independent fluxes there are, we start
with how many independent loops of even and odd length
there are in the pyrochlore lattice independent of possible
bond variables.

(1) Trivial loop (loop size = 2): There are two independent
bonds, one on the main and one on the inverse tetrahedron.
The trivial loop is going back and forth along a bond.

(ii) Triangle (loop size = 3): There are eight triangles in the
pyrochlore unit cell. There are two sets of three triangles that
can be mapped onto each other by C; which leaves us with
two triangle loops on the inverse and main tetrahedron. These
can be mapped onto each other by Cj rotation and translation.
In total, we therefore have two independent triangle loops.

(ii1) Rhombus (loop size = 4): There are six rhombi in the
pyrochlore unit cell, three on each tetrahedron. All thombi on
a tetrahedron can be mapped onto each other by Cz, which
leaves us with two independent rhombi.

(iv) Bow tie (loop size = 6): There are 12 bow ties and
24 “bent” bow ties in the unit cells (0,0,0) and the three main
tetrahedra of the cells (0, 0, —1), (0, —1, 0), (—1, 0, 0): 9 per
two adjacent tetrahedra. By C3 mapping we can reduce the
number to 12: 3 in the tetrahedra of (0,0,0) and 9 in the tetra-
hedra of, e.g., (0,0,0) and (—1, 0, 0). We can further reduce
the number by realizing that if we add a rhombus to a bow
tie, we get a bent bow tie. This reduces the number of loops

A{v‘<¢

(a) (b)

I

9
(c)

FIG. 7. Transformations of the triangle, thombus and bow-tie
loops under / and ¥ symmetry. T labels the tetrahedra of the (0,0,0)
unit cell, T{l labels the tetrahedra of the (0, 0, —1) unit cell.

to 1—62 = 2. These can finally be mapped onto each other by C;
rotation, which leaves one independent bow tie flux.

(v) Hexagon (loop size = 6): Four unit cells always enclose
a hexagon. There are four different hexagons that cannot be
mapped onto each other by translations. By C; symmetry we
can reduce this to two, and by C} symmetry to one indepen-
dent hexagon.

(vi) Bigger loops (loop size > 6): All loops with size larger
than 6 can be created by adding loops of smaller size and
therefore do not add to the linearly independent loops.

The trivial, triangle, and rhombus loops on the main tetra-
hedron can be mapped to the same loops on the inverse
tetrahedron by /. From the algebraic relations we can see that
»I =S8%%. So ¥ and I commute modulo S~2 € ¥,, which
leaves fluxes invariant. Therefore, transformation of trivial,
triangle, and rhombus fluxes on the main and inverse tetra-
hedra give the same constraints. We therefore only consider
them on the inverse tetrahedron.

Transformation of hexagonal loops gives the same con-
straints as the bow ties. We therefore do not consider the
hexagonal fluxes here explicitly. Figure 7 shows how all inde-
pendent loops transform under X and /. When we now specify
fluxes by adding bond operators, we can transform these loop
diagrams into equations. Fluxes can in principle consist of
one, two, or many different types of bond operators. For
example, arg(Blszngl), arg(AlngéZA§1), aIg(Blzl‘;Léxt;iz).
We only have to consider fluxes with one or two fields. Fluxes
with three or more fields can be constructed from these.
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TABLE VI. The signs that fields pick up when being transformed
under X. Note that singlet (s) and y'-triplet fields pick up the same
signs.

Bonds !

9%
=
~<
N

01— 31
02 — 32
03 — 30
12 = 12
23 = 20
31— 01

+

L+ 1+t
o+
I+ 1+ +
+ o+

Before we can start turning the diagrams into equations, we
have to define our bond fields. Since there are two independent
bonds, we have two independent phases for each field.

We fix these as By; = Be #1, Ay, = Ae~'*1 (on the main
tetrahedron) and Bjg; = Be %, Ay = Ae~% (on the in-
verse tetrahedron) and equivalently for tl.”j’Z and tl.’;.’z.

Transformation of x and y triplet operators is not as trivial
because symmetry operations change the direction. For exam-
ple,

N 1, V3, 1, V3.
G (Gi(t))) = C3< —5m + 7%2) =53~ Ttgs’
(Ela)
. V3.1, V3., 1,
G(Gs(fy)) = C3< -5 02— ztgz) = 7‘33 - 5%3-
(E1b)

We define new operators with easier transformation prop-
erties:

i = ) = GOED) = GG ). ®2
5 = i) = G O()) = G ). E2b)

and equivalently for the bonds on the inverse tetrahedron, the
pairing triplet operators, and the y-triplet fields. The oper-

ators ff;x and ff;y are linearly independent on every bond.

We fix their expectation values as 75" = tp*"eflqb’f”x, e =
Pre 8 1 = 1Pye th = 1PYe 8 and equiva-
lently for the hopping triplet fields.
The operators transform as
B._pt sy _ o\t r _ 2 DY _ pPY
Bi=Bl. 17 =—(7). Apj=-Ay 7 =i
(E3)

To keep calculations short, we use the superscript y €
{x', ¥y, z} to label the triplet operators. Also note that the triplet
x" and z operators pick up an extra w phase when acted upon
by ¥ compared to the singlet and triplet y operators. This is
not due to a gauge transformation added to the screw operation
but solely due to the spin rotation (see Table VI).

In the following subsections, we consider all one- and
two-operator fluxes and translate their transformation behav-
ior into constraints for the phases ¢¢,. The solutions to the
equations can be found in Table III.

1. Fluxes with ;; fields

Hopping operators can be written in gauge-invariant loops
of odd size. For B;; fields, the only independent loops we have
to consider are the triangles [Fig. 7(a)],

arg(Bio1Br12Brao)- (E4)

If we use the transformation property B;; = B;; [see Eq. (E3)]
we can turn Fig. 7(a) into equations for the phases:

4Em 4k
¢32 + T +nmmr = ¢ <¢Bl + T), (ESa)
4Em
¢Bz + T = 362(}532. (E5b)

2. Fluxes with .A;; fields

Pairing operators can only be written in gauge-invariant
loops of even length, where A and A* alternate. Therefore, we
have to consider the thombus and bow-tie loops of Figs. 7(b)
and 7(c),

arg(Aso1 A7, AnsApsg),
arg(Ajo1 A7, Ao Ay Az Asp).

(E6a)
(E6b)

The rhombus fluxes give constraints for the PSG parameter

&:

4E 4k
— =€ —, E7
3 €] 3 (E7a)
4Em 28w
— = €y—— E7b
3 €z (E7b)
Therefore, & £ O only if ¢, = —ey = 1.
The bow-tie loops give constraints for the phases,
(¢4, — ¢a,) = €1(Pa, — ¢a,). (E8a)
(64, — Pa,) = ex(da, — ¢a,). (E8Db)

3. Fluxes with ¢/ fields

As for the B;; fields, we only have to consider triangle flux:

arg (179} 13 1735 ) (E9)
Using t?i’y = —tl.}j'fy*, we get the phase equations
4ém 4¢m
Gy + é— +nm = ¢ <¢th,y + E—), (E10a)
2 3 1 3
4Em
G + ET =3exdy, +8,y7.  (EIOb)

The term §, 7 comes from the spin rotation part of X.

4. Fluxes with ¢/ }" fields

Since t? are pairing fields, we have to consider the even
rhombi and bow-tie loops,

PV PYE, DY DY
arg (1] (1 1150, (Ella)
DY PYR, DY PR DY PYK
arg (111 177y " tho 16 7). (E11b)
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The rhombus fluxes give the same constraints [§ 7# 0 only
if (¢, ex) = (1, —1)] as Eq. (E7). The bow-tie fluxes give

Gy — ) = (s — i),
(b7 — dpr) = ex (e — dp).

(E12a)
(E12b)

5. Fluxes with A;; and B;; fields

We only have to consider triangle loops with one B;; field,

arg(Bio1 Af 15 Ao). (E13)
These give the constraints

¢, + (1 +n)w = er¢pp, + 7, (El4a)

28
¢p, + T =€y <¢32 + T) (E14b)

Using Egs. (ES) and (E7), we can reduce this to
€s = —1, (E15a)

4Em

2¢p, =7 + 5 (E15b)
OB, = €1¢p, + TN (E15¢)

6. Fluxes with 4;; and ti’: 7 fields

We only have to consider the triangle loops with one tf).y
field,

arg (1767 Af 2 Ar20). (E16)
They give constraints

¢>[7rw + A 4+n)r = elqbtlh,y + 7, (E17a)

28w
¢tg.y =€y qb[zm + N +d,ym. (E17b)

Using Eq. (E10), we can rewrite this as
8,y =0, (E18a)

4¢m
2¢ .y = —, (E18b)
2 3

¢t£1,y = €[¢t]h.y +ny. (E18c)

Equation (E18a) says that there are no valid chiral Ansdtze
with both A;; and ¢/ fields.

7. Fluxes with A;; and #}” fields

As established in the main text, A;; and /" fields cannot
appear simultaneously in an Ansatz. Therefore, we do not have
to consider loops with both of these fields.

8. Fluxes with 13;; and ¢} fields
Here we have to consider similar triangle loops as for A4;;
and B;; fields,

arg(Broit)i7 1557, (E19)

These lead to the constraints

¢p, + T = €;Pp,, (E20a)
28w
¢, = €x| ¢, + = ) (E20b)
With Eq. (ES) these can be reduced to
4
2¢p, = %, (E21a)
¢, = €1¢p, +n17T. (E21b)

9. Fluxes with B;; and t,.'f}." fields

For B;; and tihj’y fields, we only have to consider the trivial
flux,

arg(Boity ), (E22)
which gives the constraints
(¢,;-v — ¢p,) = 61(¢,f»y — ¢5,), (E23)
(I=es)(@pr — ) =71 —8,,).  (E24)
10. Fluxes with ¢t*” and t"”’ fields
We have to consider the triangle loop
hy' py*,p,
arg (01 1113 1130 ) (E25)
which give constraints
Gy + T = €@y, (E26a)
2 1
28
¢t;1,y’ = €y ¢t£x,y’ + T + 7T(1 - 8},'.),/), (E26b)
which can be reduced with Eq. (E10) to
4E
20y =7 + —i , (E27a)
¢th.y’ = €I¢th,y/ +m. (E27b)
1 4
11. Fluxes with ¢7¥ and ¢”? fields
We have to consider the trivial flux:
arg(th7 187, (E28)

which gives the constraints
(pté»;/ — ¢té"yl = €5 (¢tf’~}/ —_ (pt{”/)’ (E29a)
(11— GZ)((ptl’"y - ¢[]P-V’) = n(ay,y’ + 8y/,}*’)~ (E29b)

When €5 = 1, there are no solutions for y # y' =y,

12. Fluxes with t>? and """ fields

‘We have to consider the trivial flux

arg (161 177): (E30)
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FIG. 8. The 16-site unit cell of the n; = 1 Ansdtze. The expec-
tation values of the bond operators are defined by the u),, matrices
given in Eq. (F6). The direction 4 — v is indicated by the arrow-
heads. On each dashed bond, the u , matrices have to be multiplied
by an extra phase factor of exp(imn;). For n; = 0, the mean-field
Ansatz is fully described by the four-site unit cell without any dashed
lines. The dependence of the uj,, matrices on the mean fields is
described in Eq. (17).

which gives the constraints
((pté"y - ¢t;w’) =€ (‘ﬁ,f‘-l’ - ¢tl’w’)’
a1- EZ)(¢[;.;/ — qbt;_yr) =7(8yy +8y).

(E31a)

(E31b)

13. Solutions of phase equations

We organize the solutions to the phase equations in Ta-
ble III. We only list Z, spin-liquid Ansdrze with at least
one pairing field. Ansdtze with only hopping fields can also
be derived by the phase equations. They are, however, be-
having like U(1) spin liquids and are thus subjected to the

J

0 0 uro2 0
1 10 0 upp 0
Hip (k) = upo  upre™™ 0 0
0 0 0 0
0 0 0 0
0 0 0 0
M=o o 0 um)
0 0 I/l1326‘m1ﬂ 0

Higgs mechanism. The phases of the mean-field parameters
Pur, Py s Per, Par have to be related to the phases of the mean
fields ¢A, ) ¢th«)‘ , ¢’1M’ ¢,pvz like

(G by b2 bar) = (bars b br. dpe). (E32)
(G by bz bap) = (bars bpe bpo. d).  (E33)
(Gut> Bot- ey Bar) = (95, Dpcs B bp), (E34)
(but> B> Bet bag) = (05,0 b By bpc) (B39

for the mean-field Hamiltonian to have the same symmetry as
the state that we want to construct.

APPENDIX F: HAMILTONIANS FOR r; = 0 AND FOR
ny = 1

We give the explicit form of the submatrices of Eq. (40) for
both n; = 0 and 1 (see Fig. 8). To keep things compact, we
introduce the notation ¢ € {h, p},

Uy = ugue%("“_a”k = uauo‘yeé(a“_a”k, (F1)
u““} — u;y,ve 2(3# a, )k — MI(OM)](O )e—%(a#—av)k' (Fz)
The submatrices fulfill H"(k) = [H"(k)]" and HP(k) =

[H?(—k)]T, so we only need to give the upper triangular part
to fully determine the whole matrices. For ny = 0, H' (k) are
8 x 8 matrices given by

0 uor +upor uox +ugx Uz + ugo3
0 upp +up3 U3+ U
H (k) = . (F3
(k) 0 U3 + U3 3)
0
For ny = 1, H' (k) are 32 x 32 matrices:
H{ (k) H{,(k) H{3(k) H{,(k)
H,(k) Hi(k) H;,(k)
H (k) = 2 23 24 F4
Hy, (k)

The unit cell consists of four main tetrahedrag € {1, 2, 3, 4},
and the submatrices Hél ¢ include all bonds between main
tetrahedron ¢; and ¢,. They are given by

iy (852+843)

0 wuor +upre Upy  Ug3
1 _ 0 Uiy U3
Hy (k) = 0wy
0
0 0 0 uro3
0 0 0 u
Hi(=| o o0 o]
uzo  uze™™ 00
0 O 0 0
0 O 0 0
Hy®=lo o 0 uml
0 0 I/l[32€m'n 0
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0 0 0 1Z200%]

0 0 0 wuze™m”
0= g o o 0 |
uzo u; 0 0

For the chiral PSG, the u! ; matrices are given by

0 0 u,oze"”” 0
0 0 u 0

3 — . . 112
H34(k) - ulzoemln ulZlemln 0 0
0 0 0 0

Uy = (al, 1 Cll»dl)ﬁ (F6a)
Uy, = ( b’ ++/3¢)), (~/— 36, — i), d )e"f”, (F6b)
1 )
Uy = ( =3 b’ V3cl), =5 (V3P +Ci)’di)e'4§”» (Féc)
Uy = ( ‘/_Cl) (\/gbll + Cﬁ),d{)ei’ifnein‘?q”, (F6d)
uy = ( L, + V3, («/§b’1 —c’l),d{> BT G (F6e)
M23 (al]’ bt], Cl,dt) i,t nemCSCén’ (F6f)
oy = (db, by, ¢, d3), (Fog)
Uy = ( b’ + «/_02) (\/gbzz — ), dé)e_i%f”, (F6h)
1 4
o3 = ( = V3d), -5 (V3th +c’2),d£)e’5”» (F6i)
Uy = ( ICZ) (\/_br + ch), d2) Sl trea)T (F6j)
s = + 3¢ — &), dj )R T )T, (F6k)
131 bt V3d). (\/gbtz 5), d5 )e*
Uy = (db, by, ¢, db) i3 7!, (F6l)

where fort = h, &+, =+ andfort = p, £, = —.
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