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ZusammenfaSSU.Ilg (Summary in German)

In dieser Arbeit verwenden wir die dynamische Clusterapproximation in Kombination
mit der numerischen Renormierungsgruppenmethode als Storstellenmodellloser, um das
zweidimensionale Hubbard-Modell zu untersuchen, da dieses eine Minimalbeschreibung
der CuOs-Ebene in Kupratmaterialien liefert. Ziel ist es, die seit Langem offene Frage
nach Quantenkritikalitdt im endlichen Dotierungsbereich zwischen Fermi-Fliissigkeit und
Pseudogap-Phase zu beantworten.

Die Berechnungen bleiben aufgrund des exponentiellen Wachstums des Hilbertraums mit
zunehmender Clustergréfie numerisch sehr aufwendig. Daher beschrinken sich unsere
Rechnungen auf ein eingebettetes 2 x 2-Cluster. Dennoch zeigen unsere Ergebnisse eine
Rekonstruktion der Fermifliiche von einer geschlossenene Fermifliche zu Fermibdgen bei ei-
ner kritischen Dotierung p* ~ 0.14, die mit dem Verschwinden der Fermi-Fliissigkeitsskala
bei T' = 0 in verschiedenen Korrelationsfunktionen einhergeht und damit einen Nachweis
fiir Quantenkritikalitat bei p* liefert. Die divergierenden Korrelationsfunktionen deuten
auf kurzreichweitige antiferromagnetische Korrelationen als treibende Kraft hinter dem
quantenkritischen Ubergang hin. Dariiber hinaus beobachten wir kohirente Anregun-
gen zusammengesetzter elektronischer Quasiteilchen in der Pseudogap-Phase, was das
Verschwinden des spektralen Gewichts beim Offnen des Pseudogaps erklirt.

Wir finden einen scharfen Ubergang an den antinodalen Punkten, wihrend die nodalen
Punkte scheinbar unbeeinflusst bleiben, was mit ARPES-Experimenten an Kupraten
iibereinstimmt. Dariiber hinaus zeigen innerhalb des quantenkritischen Kegels sowohl die
Temperaturabhidngigkeit der lokalen Spin-Suszeptibilitdt als auch der lokale Beitrag zur
optischen Leitfdhigkeit eine plancksche Skalierung. Letztere stimmt mit Transportexperi-
menten {iberein und weist auf einen linear-in-7-Widerstand hin. Ferner deutet die nodale
Selbstenergie in unseren Ergebnissen auf ein marginales Fermi-Fliissigkeitsverhalten hin,
mit X ) (w,T) ~ max(w,T).

Im Rahmen der Nachbearbeitung haben wir verschiedene Interpolationsmethoden un-
tersucht, um eine glatte Impulsabhéngigkeit innerhalb der Clusterapproximation wie-
derherzustellen. Dies fiihrte zur Entwicklung eines neuartigen Verfahrens, bei dem
Liouvillian-Matrixelemente interpoliert werden und die Kausalitit konstruktionsbedingt
erhalten bleibt. Die Liouvillian-Matrixelemente werden mittels einer Kettenbruchent-
wicklung der Selbstenergie bestimmt, was die Idee zur Entwicklung einer vollstandig
diskreten dynamischen Molekularfeldtheorie angestofien hat.
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Summary (Summary in English)

In this thesis, we use the dynamical cluster approximation in combination with the
numerical renormalization group as an impurity solver to study the two-dimensional
Hubbard model, as it provides a minimal description of the CuOq plane in cuprate
materials. The goal is to address the long-standing question of quantum criticality in the
finite doping regime between the Fermi liquid and pseudogap phases.

The computations remain numerically very expensive due to the exponential growth of
the Hilbert space with increasing cluster size. Therefore, our calculations are limited to an
embedded cluster of 2 x 2 sites. Nevertheless, we observe a Fermi surface reconstruction
from a full Fermi surface to Fermi arcs at a critical doping p* ~ 0.14, which is accompanied
by a vanishing Fermi-liquid scale at T' = 0 in various correlation functions, providing
evidence for quantum criticality at p*. The diverging correlation functions indicate
short-ranged antiferromagnetism as the driving mechanism behind the quantum critical
transition. We also observe the emergence of coherent composite electronic quasiparticles
in the pseudogap phase, explaining the loss of spectral weight associated with the opening
of the pseudogap.

We find a sharp transition at the antinodal points, while the nodal points remain
largely unaffected, consistent with ARPES experiments on cuprates. Moreover, within
the quantum critical cone, the temperature dependence of the local spin susceptibility
and the local contribution to the optical conductivity exhibit Planckian scaling. The
latter is consistent with transport experiments, and indicates linear-in-T resistivity.
Furthermore, the nodal self-energy in our results suggests marginal Fermi-liquid behavior,
with ’(’070) (w,T) ~ max(w,T).

During post-processing, we explored various interpolation methods to restore smooth
momentum dependence within our cluster approximation. This led to the development
of a novel scheme in which Liouvillian matrix elements are interpolated while preserving
causality by construction. These Liouvillian matrix elements are obtained via a continued-
fraction expansion of the self-energy, which further inspired the development of a fully
discrete dynamical mean-field theory.
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1 Introduction

This chapter provides an overview of the cuprate class of materials and the models used
to describe them from a theoretical point of view. Section 1.1 provides a brief summary
of research conducted over the last decades since the discovery of the cuprates, as well as
our motivation for this study. The following Section 1.2 gives an overview of commonly
used models to describe cuprate physics.

1.1 Cuprate class of materials

Since the discovery in the 1980’s [BM86; Haz+87; Tar+88; She+88; SH88a; SH88b;
Shi+89; GF87; Var+89] the cuprates are a puzzling class of materials, and are still to
this day.

These materials form intricate heterostructures, as illustrated in Fig. 1.1(a) for four
representative examples. Layered copper oxides consist of CuOs planes separated by insu-
lating spacer layers, which largely suppress interlayer hopping and render the electronic
structure quasi two-dimensional. All cuprates share this copper—oxygen plane as their
fundamental structural unit, which gives the class its name. The low-energy electronic
degrees of freedom arise predominantly from the hybridization between a hole on the Cu
3dx? — y? orbital and the planar O 2p, and 2p, orbitals, as shown in Fig. 1.1(b). Within
the CuOs planes, this strong orbital overlap results in pronounced electronic confinement
and enhanced Coulomb interactions on the copper sites. Consequently, cuprates are
prototypical strongly correlated electron systems and are commonly described within
multi-band Hubbard-type models (Emery model) or their effective single-band reductions.
Both are detailed in Sec. 1.2.

These strong correlations lead to a variety of phases depending on the doping level
p. Figure 1.2 shows a cuprate phase diagram as a function of hole doping. Most
prominently, it features a high-T, superconducting dome at finite doping p. The origin
of this superconductivity and the mechanism behind Cooper pair formation are still
debated.

At very low temperatures, to the left of the dome at small doping p < pmin, the system
exhibits a Mott-insulating phase with antiferromagnetic order, while at large doping
P > Pmax it becomes a textbook Fermi liquid.

In between these two phases and above the superconducting dome, two additional
phases are observed. At lower doping, the pseudogap phase emerges, which remains
a subject of intense debate within the community, as it exhibits Fermi arcs measured
by angle-resolved photoemission spectroscopy (ARPES) [NDR+98; TS99; KKN+15;
RPS+12; Korl5; He+11; Che+19; RZP+19; Vis+10]. In contrast to a conventional
Fermi surface, Fermi arcs do not form closed contours in momentum space, in apparent
contradiction to standard band theory [Wan+11; SKK+22]. On the other hand, transport
measurements suggest the formation of pocket-like Fermi surface structures [Bar+13;
Bar+19; Kun+20; Yan+19]. The Fermi arcs observed in ARPES could therefore arise
from thermal excitations and finite experimental resolution, which may smear out closed
pockets and make them appear arc-like. From a theoretical perspective, however, Fermi
arcs also emerge in numerical studies of strongly correlated systems, for instance within
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Figure 1.1 (a) Cuprate heterostructure consisting of multiple CuOs-planes with indicated CuOs-
plane unit cell. (b) Detailed view on the unit cell showing the atomic orbitals for oxygen 2p,, 2p,
and copper 3d,2_,z2, respectively, in green and red. Adopted from Fig. 3 of Ref. [KKN+15].

the Hubbard model treated using dynamical mean-field theory [Wu+18; Qin+22; Fer+09;
SKO06a).

The second phase above the superconducting dome is the strange metal phase, which
exhibits a broad crossover regime into the pseudogap phase. The strange metal, or non-
Fermi liquid, is a metallic state characterized by unconventional w/T-scaling [MBR+-23].
In general, response functions in this phase deviate from Fermi liquid theory; for example,
the resistivity scales linearly with temperature, p < T' [Coo+09; Leg+19; Gri+21], the
specific heat coefficient shows logarithmic behavior, v = Cy /T o In T [Gir+-21; TS23].

1.1.1 Motivation

It has been suggested early on that the emergence of the aforementioned strange metal
phase is linked to a quantum critical point (QCP) concealed beneath the superconducting
dome [CDGI95; Var97; Var99; Tal+99; Sacl0]. In this scenario, a phase transition occurs
at a critical doping pc2 of Fig. 1.2, separating the Fermi-liquid (FL) phase at p > pc2
from the pseudogap (PG) phase at p < pca. Across this transition, a Fermi surface
reconstruction is expected, involving a change from a hole-like Fermi surface in the
FL regime to the reconstructed Fermi surface topology characteristic of the PG phase.
However, a Fermi-surface reconstruction alone does not constitute proof of a QCP. A
necessary condition would be the vanishing of the Fermi-liquid coherence scale at a critical
doping pc2, which should manifest itself in the critical behavior of various susceptibilities.

Experimentally, probing such behavior is highly challenging due to the extremely low
temperatures required and the presence of superconductivity masking the putative
transition. On the theoretical side, the unusual properties of the pseudogap phase
have motivated a wide range of phenomenological approaches [RYZ11; Wor+24; YRZ06;
SCI16; ZS20; YI11; Fab22; Rob+19; Sad+05], as well as extensive numerical studies
[Hus+-01; Civ405; Mai+05; TKS06; Kyu+06; SK06a; Mac+06; HK07; Fer+09; Gul+09;
LT09; Mik+09; Vid409; Gul4+10; Kha+10; Yan+11; SHT10; SHT11; Sor+12a; Sor+12b;
Sor+13; Sor+19; Sch+18; Wu+18; WWT22; Qin+22; Mei+24]

In this thesis, we address the open question of quantum criticality, taking advantage
of our numerical renormalization-group impurity solver, which enables computations
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Figure 1.2 General cuprate phasediagram as function of doping p, exhibiting various phases: an
anti-ferromagnetic Mott insulator (AF), a pseudogap phase, a strange metal, a Fermi liquid and a
superconducting dome (d-SC). Lines indicate observed spin and charge order regions, respectively,
in green and red. Adopted from Fig. 2 of Ref. [KKN+15].

of real-frequency spectra at arbitrarily low temperatures. Combined with dynamical
mean-field theory and its cluster extensions, this approach allows us to solve the lattice
problem while incorporating the necessary momentum dependence.

1.2 Model descriptions

The lattice problem we aim to solve is defined by the strongly correlated CuOs-plane.
Its unit cell contains two oxygen orbitals, p, and p,, as well as a copper d,2_,2 orbital,
which allows it to be described by an effective three-band model.

1.2.1 Emery model
The Emery model [Mai+99; Ave+13; WGV 14; Zha+25] is defined as

HEmery =€ Z dw o + €p ijap]cr + Z t zapja + hC) (11)
Lo (i.j),0
+ Z th (Phopyp +huc) + UdZ”dn”du +Up D 1y, 41,5, -
(63") J

Here, dg ) and p( ) denote annihilation (creation) operators for electrons in the Cu dj2_,»

and O pw, Dy orbltals, respectively. The corresponding number operators are defined as
Nd ic = dwdw and nyp jo = p;r-apj,g. The on-site energies of the orbitals are given by €4

and €, while tgj and t% describe the hopping amplitudes between copper and oxygen



sites and between neighboring oxygen sites, respectively. The local Coulomb interactions
on copper and oxygen are parametrized by Uy and U,,.

As it stands, accounting for all energy scales in the Emery model poses a significant
numerical challenge, particularly when high momentum resolution is required. One
common approximation to simplify the calculations is to neglect comparatively small
energy scales, such as U, < Uy; however, even then, numerical simulations remain
demanding. An alternative strategy to further reduce the complexity of the model is a
Schrieffer-Wolff transformation [KK90], i.e., constructing an effective one-band model
that describes the low-energy physics of the CuO» plane yielding

Heff =t Z (c;rach' + hC) - t/ Z (C;‘fo—cjg + hC) + Ueff anTnli . (12)
(i,4),0 {ig)),0 i

Here Ueg = Uy, t = t%d J/Ac and t' =t (tpp/Ac) are effective energies incorporating the
three-band energy structure.

The reduction is controlled when t,q < Uy and t,q < A, where the charge-transfer
energy is defined as A, = €4 — ¢,. For cuprates, these conditions are only moderately
satisfied. As a result, the mapping works qualitatively but is not quantitatively accurate.
Because the separation of energy scales is not strong, it remains debated whether the
single-band Hubbard model provides a sufficient minimal description of the cuprates.
This issue will also be discussed in this work.

1.2.2 Hubbard model

To describe cuprate physics, we employ the Hubbard model of Eq. 1.2 rewritten as:

H= Z —tppr c;[acr,a — ,uan + Uanani (1.3)
rr’c ro r
= (ex — ) ko + U Y nppiigy (1.4)
ko r

where r and k denote lattice sites in real space and wave vectors in momentum space,
respectively, for a square lattice. The hopping matrix ¢, includes nearest-neighbor ()
and next-nearest-neighbor (¢') hopping between lattice sites r and r’. Upon Fourier
transformation, this yields the tight-binding dispersion ex = —2t(cosk, + cosky) —
4t' cos kg cos k. The second and third terms in the Hamiltonian correspond to the
chemical potential p and the on-site Coulomb interaction U, respectively.

Throughout this thesis, we simulate cuprate physics using ¢ as the unit of energy and
U = 7t to model the strong Coulomb interaction on the copper orbital. We perform
computations for several negative values of t'/t = {—0.30, —0.25, —0.20, —0.15}. The
chemical potential p is used to tune the doping p. We scan across the hole-doped regime
at T = 1071%¢ and perform temperature sweeps at fixed values of y slightly above and
below the critical point.

It is well established in the literature that momentum correlations play an important
role in the emergence of criticality [Gul+10; Niu24; Fer+09; Wu+18]. To solve the
Hubbard model while incorporating the necessary momentum dependence, we employ a
cluster extension of dynamical mean-field theory (DMFT), namely the dynamical cluster
approximation (DCA). For this approach the lattice model is reduced to an effective
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cluster representation:

Himp = Z —tRR’ CEGCRIU - MZHRJ + UZ”RT”M (1.5)
RR'c Ro R
= Z(EK — p1) Ko + Uznmnm ) (1.6)
Ko R

where R and K denote cluster sites in real space and k-averages in momentum space,
respectively.

1.3 Scope and Outline

The main focus of this thesis is the study of the Hubbard model defined in Eq. 1.4.
To solve the lattice problem, we employ cluster dynamical mean field theory (¢cDMFT)
with the numerical renormalization group (NRG) as the impurity solver at its core.
This approach enables the computation of real-frequency correlation functions at low
temperatures.

In Sec. 2.1, we provide a description of dynamical mean-field theory (DMFT) and its
cluster extensions. Of the two prominent extensions, cellular DMFT (CDMFT) and the
dynamical cluster approximation (DCA), we employ the latter, as it is computationally
slightly less demanding. Cluster calculations are particularly taxing when using NRG as
the impurity solver. DCA operates in a diagonal k-space representation in terms of cluster
momenta K, which simplifies the numerical treatment and reduces the computational
effort.

Thereafter, in Sec. 2.2, we introduce the numerical renormalization group (NRG) as our
cluster impurity solver, as well as its multipoint extension, mpNRG [KLD21; LKD21].
Although mpNRG is not the main focus of this thesis, several side projects were developed
during the course of this PhD, representing initial steps toward a real-frequency dynamical
vertex approximation (DI'A). The corresponding publications [P5; P6] with fourth and
third author contribution. Since these publications are not related to the topic of
criticality in the Hubbard model and spawned from the development of a methodical
extension of NRG, they are not reprinted in the this thesis.

The post-processing of our initial results drew our attention to the issue of periodization
or interpolation. The cluster reduction of the lattice breaks translational symmetry in
CDMFT and introduces discontinuities between momentum-averaged regions in DCA.
Resolving these artifacts often leads to violations of causality. Ref. [Ver+22a] inspired
a new approach to address these issues through a novel interpolation scheme based on
frequency-independent matrix elements of the Liouvillian £. We introduce this topic
and present the corresponding publication [P1] in Sec. 2.4. In Sec. 2.5 we reprint the
publication [P2], which spawned from the development of the Liouvillian interpolation
and shows how to compute self-energies in a purely discrete fashion, without involving
any broadening.

In Sec. 3, we present our results for the DCA+NRG computations. We begin, in Sec. 3.1,
with a benchmark of our method against Ref. [Fer+09] and Ref. [Gul+10], which report
a two-site and four-site DCA4+QMC study, respectively. We briefly discuss cluster size
dependence referring to results of a master’s thesis which I have co-supervised [Niu24],
which compares two-site DCA+NRG calculations for the Hubbard and Emery models.
Sec. 3.2 presents evidence for a quantum critical point (QCP) at finite doping, p* ~ 0.14,
with the corresponding publication attached [P3]. We observe a vanishing Fermi liquid
scale in various correlation functions, accompanied by a reconstruction of the Fermi



surface driven by the onset of antiferromagnetic correlations. A follow-up discussion of
dynamical scaling as a function of temperature is provided in Sec. 3.3, based on Ref. [P4].
In Sec. 4.1 we provide a conclusion of our results and an outlook for related future
research topics is given in Sec. 4.2.



2 Methods

In this chapter, we introduce the methods used to solve the Hubbard model within the
cluster representation of Eq. (1.6) and the self-consistent dynamical mean-field theory
(DMFT) framework in Sec. 2.1 and the single-site version in in Sec. 2.1.1. Thereafter,
in Sec. 2.1.2, we discuss the most commonly used cluster extensions of DMFT, namely
cellular DMFT (CDMFT) and the dynamical cluster approximation (DCA), as we employ
a four-site impurity cluster. In Sec. 2.1.3, we provide a overview of the lattice integration
procedure used.

The impurity problem is solved using the real-frequency numerical renormalization group
(NRG), which is detailed in Sec. 2.2. Furthermore, we briefly discuss the multipoint
extension of NRG (mpNRG) in Sec. 2.2.1, as several side projects emerged from the
capability to compute real-frequency four-point vertex functions.

2.1 Dynamical mean field theory

Dynamical mean field theory (DMFT) [MV89; GK92; Geo+96] provides an impurity
embedding scheme in which a correlated lattice problem is mapped onto an effective
quantum impurity model embedded in a self-consistent bath. The impurity problem is
solved using a suitable impurity solver. For the reader’s convenience, Fig. 2.1 provides a
graphical illustration of the DMFT self-consistency cycle, described below.

Starting from an initial guess for the dynamical mean field (bath hybridization function),
the impurity Green’s function and the corresponding impurity self-energy are computed.
The impurity self-energy is then used as an approximation to the lattice self-energy,
assuming locality. Using this self-energy, the lattice Green’s function is obtained via
momentum integration over the Brillouin zone.

From the resulting local lattice Green’s function, an updated bath hybridization function
is constructed, which defines a new impurity problem for the next iteration. This self-
consistency cycle is repeated until convergence is achieved. Self-consistency is reached
when the impurity Green’s function coincides with the local lattice Green’s function,
ensuring that the impurity is embedded in a bath that faithfully represents the surrounding
lattice.

2.1.1 Single-site DMFT

Single-site DMFT refers to a self-consistency cycle in which a single interacting impurity
is embedded in a non-interacting bath. The effective Hamiltonian reads

Hpmrer = Himp + Huyb + Hpaen - With (2.1)
Himp = Z €d CLCJ + Un¢n¢ , (2.2)
Hyp =S Vi (bl ¢, +h.c. (2.3)

hyb ko \YkoCo ’
k,o
Hyatn = Z €ko b;r(abka . (2.4)

k,o
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Figure 2.1 Schematic DMFT cycle, showing one iteration of the self-consistency scheme, where
Go(w), Gamm(w) and Gioc(w) are bath, impurity and lattice Green’s function, respectively. Figure
taken from Ref. [Pel22].

Here, cg) annihilates (creates) an electron on the impurity site, while bl((?

bath degrees of freedom. The impurity number operator is ny = ¢l c,.
After integrating out the bath degrees of freedom, the impurity problem can be written
in terms of an effective action,

acts on the

B B B
Sur=— [ ar [ a7’ e (ng; (7 = ey () + | arnomy) . 23)

The non-interacting impurity (Weiss) Green’s function is given in Matsubara frequency
by

‘Vka‘Q

Wn — €y

g;l(iwn) :iwn+u—eo—z
k

=iwn, + p— €0 — Ay(iwn) , (2.6)

where € is the local on-site energy of the lattice model and A, (iwy,) is the hybridization
function. The impurity Green’s function and self-energy are

Goimp(T) = _<TCG'(T)CIJ'(O)>Seff )
Zajmp(w) = g;l(w) - G;,ilmp(w) ’

(2.7)
(2.8)

respectively, where 7 denotes the time-ordering operator. The impurity self-energy
follows from the Dyson equation.

DMFT can be derived within the Baym—Kadanoff formalism [BK61; Bay62] as a stationary
condition of the grand potential functional,

Q[G] =[G+ T _ [In Gy (iwn) — Sk[G](iwn) Gk (iwn)]
k,o

(2.9)

where ®[G] is the Luttinger-Ward (LW) functional [LW60; Pot03]. The stationary
condition, 62/0G = 0, leads to

530G

Sty — T SelCI ) + T G ) = TG (on) = 0.

(2.10)
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where the self-energy in the second term on the right-hand side is expressed via the Dyson
equation, Sy (iw,) = G ' (iwn) — Gy *(iwy). The variation of ®[G] yields the self-energy
as a functional of G,

0P[G]

Gt = 1 SKlGlen) (2.11)

Rearranging Eq. (2.10) gives the self-consistency condition

1

Gy (iwy) = G (iwn) — Sx[G](iwn)

(2.12)

The DMFT approximation assumes the self-energy to be momentum-independent and
local in U:

Yo (fwn) = Opp Bliwp) or Xy (iwy) = X(iwy,), (2.13)

which in turn renders the Luttinger—-Ward functional local, i.e., dependent only on the
local Green’s function Gige(iw,) = % >k Gk (iwy,), so that

. 5¢[Gloc] 1 6<I>[Gloc] .
Y[Gl(iwn) = = = = = X[Groc(iwn, 2.14
) = ) ~ N 8Gaclin) el 24
This leads to a local version of the self-consistency condition (Eq. (2.12)) when summing
over k:

1 1

Gloc(iwn) = N Zk: G (iwn) — B[Gloc) (iwn)

(2.15)

The computation of X[Gioc](iwy,) for a given Gie is provided by a reference impurity model
with interaction U. Since the DMFT approximation to the lattice Luttinger—Ward func-
tional is ®[G]| = ®[Gloc), solving the impurity model and computing its Green’s function
Gimp (iwy,) and self-energy i (iwy,) allows us to evaluate the DMFT Y-functional:

5[ Gl (iwn ) = Simp (iwn) - (2.16)

Since we want to evaluate the functional at Gjoc to solve the local self-consistency
condition (Eq. (2.18)), a second self-consistency condition is required to match the
impurity model to the lattice:

Gimp(iwn) = Gloc(iwn) , (2.17)

which is used to adjust the non-interacting (Weiss) Green’s function of the impurity
model. This condition ensures that the impurity Green’s function converges iteratively
to the local lattice Green’s function, effectively mapping the lattice problem onto the
impurity model. The Weiss field can be written as gi;nlp(iwn) = iw, + p — €g — A(iwy,),
where ¢ is the local on-site energy of the lattice model, and the hybridization A/(iwy,,)
describes the coupling of the impurity to the bath.

2.1.2 Cluster extensions of DMFT

The previous description of DMFT considers only a purely local self-energy. However,
many applications including our investigation of cuprate physics using the Hubbard
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Figure 2.2 (a) Black real spaces cluster forms the impurity for a cellular DMFT extension. Here,
a square lattice separated into 2 x 2-site clusters, where red sites indicated the cluster origin
in real space and a the basis of a singe-site DMFT. Adapted from Ref. [Kle+20a]. (b) Cluster
impurity in momentum space with k averaged patches forms cluster impurity for dynamical
cluster approximation. Here, momentum space separation of the Brillouin zone of square lattice
into four patches, where red dots mark the patch center and patch averaged momenta K.

model require some momentum resolution. In the following, we discuss two commonly
used extensions: (i) cellular DMFT (CDMFT) and (ii) dynamical cluster approximation
(DCA). The basis of these extensions is the replacement of the single-site impurity with
a cluster impurity, which allows short-range spatial correlations and partial momentum
dependence of the self-energy to be captured [Mai+05; Pot18].

2.1.2.1 Cellular DMFT

Cellular DMFT (CDMFT) is a cluster method based on a real-space ansatz for the
impurity [Kot+01; Mai+05; Sta+06]. The single-site impurity is extended to a cluster
comprising multiple lattice sites, as illustrated in Fig. 2.2(a). As an example, we consider a
square lattice partitioned into clusters of size 2 x 2 sites. In contrast to single-site DMF'T,
where the self-energy is assumed to be purely local, CDMFT allows for short-range
spatial correlations within the cluster by promoting the self-energy to a matrix in the
cluster-site indices. Correlations inside the cluster are therefore treated explicitly, while
correlations beyond the cluster size are neglected. Since the construction is formulated in
real space, translational symmetry of the original lattice is explicitly broken. Instead, the
lattice is tiled by identical clusters, forming a superlattice whose unit cell consists of the
entire cluster. Translational symmetry is thus preserved only with respect to translations
between clusters, but not between individual lattice sites within a cluster.

The real-space formulation of CDMFT generalizes the single-site method to a matrix-
valued description:

(Gocliwn) e = 5 3 [Gic () = DlGocl )] - (215)
k

Here, the matrix indices R, R’ label the cluster sites or, more generally, additional
internal degrees of freedom such as orbitals. This matrix structure distinguishes COMFT
from single-site DMFT, where all quantities are scalar, and from the dynamical cluster
approximation (DCA), where momentum-space coarse graining is employed and lattice
translational symmetry of the original lattice is maintained.
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2.1.2.2 Dynamical cluster approximation

The dynamical cluster approximation (DCA) is a cluster extension of DMFT formulated
in momentum space [Het+98; Het+00; Mai+05]. Instead of partitioning the lattice
into real-space clusters as in CDMFT, the Brillouin zone is divided into N, momentum
patches. Each patch is represented by a cluster momentum K, and the lattice self-energy
is approximated as being constant within each patch, ¥y (iw,) ~ Yk (iw,), for all k
belonging to the patch centered around K. As illustrated in Fig. 2.2(b), a common choice
is a four-site cluster with star-like patching of the Brillouin zone. In this construction,
the Brillouin zone is divided into four momentum sectors centered at the high-symmetry
points K = (0,0), K = (0,7), K = (7,0) and K = (7, 7), respectively. The term star
patching refers to grouping together all momenta that are related by the point-group
symmetries of the lattice into symmetry-equivalent sectors (“stars”) around these cluster
momenta. All lattice momenta within a given sector share the same self-energy, which
provides a piecewise-constant approximation to Xy (iw,). The DCA self-consistency
condition is obtained by coarse graining the lattice Green’s function over each momentum
patch,

Ne

G (ieon) = e 1

Z glzl(iwn) - EK(iwn) '

kepatch K

(2.19)

This coarse-grained Green’s function defines the cluster impurity problem, whose solution
yields the cluster self-energy Yk (iwy,). In contrast to CDMFT, the construction of DCA
preserves the translational symmetry of the original lattice, since the approximation
is performed in reciprocal space rather than real space. Consequently, the self-energy
remains diagonal in momentum space and periodic in the original Brillouin zone. Spatial
correlations are incorporated up to a length scale set by the cluster size, while the
momentum resolution improves systematically with increasing N.. For the four-site
star patching shown in Fig. 2.2(b), this momentum differentiation already captures
the essential distinction between nodal and antinodal regions of the Brillouin zone,
which is particularly relevant for studies of the Hubbard model and cuprate physics. In
the following, we therefore adopt DCA as our method of choice, as it provides direct
momentum resolution while preserving lattice translational symmetry.

2.1.3 Lattice integrals of the Green’s function

Since we use DCA as method of choice the following section is formulated in terms of
DCA. In DCA, the lattice Green’s function entering the self-consistency condition is
obtained by coarse graining over momentum patches. For a given cluster momentum K,
one computes

N 1

Gx(iwn) = —— (2.20)

. . )
kepatch K W + [t = €k — ZK (lwn)

where €y is the lattice dispersion and Yk (iw,) is assumed constant within the patch.
This expression represents a coarse-grained lattice integration, i.e., an average of the
lattice Green’s function over all momenta belonging to the patch centered at K.

Since the self-energy is constant inside each patch, the only momentum dependence in
the denominator arises from the dispersion ex. Therefore, the momentum sum can be
rewritten as an integral over the partial density of states (DOS) associated with the
patch.
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Defining the patch-resolved density of states p (€) = 3¢ > kepatch K 0(€ — €x), the coarse-
grained Green’s function becomes

N de px (€)
Cre(ion) = / iwy, + p— € — Bk (iwy) (2:21)

Thus, the Brillouin-zone sum is transformed into a one-dimensional energy integral
weighted by the patch DOS.

2.1.3.1 Asymmetric estimator for lattice integration

We use a DOS integration of Eq. (2.21) for a stable computation of the local Green’s
function. To update the hybridization Ak (iw,) for the next DCA iteration we use an
asymmetric estimator approach [Kug22; BSB22],

Axc(itn) = m ek (2.22)
with
. B de pk(e) € B
Fx(iwy,) = / R Np—— and ek = /de pK(€) . (2.23)

Eq. (2.22) is derived from the DCA approximation of the k-dependent local lattice
Green’s function

1
Gk (k,iwy,) = - - , 2.24
K( n) iwy, + p— e(k) — Xk (iwy,) (2:24)
where €(k) is the lattice dispersion. Rewriting and averaging over patches gives
liwn, + p — K (iw,) ]| Gk (iwn) — Fx (iws) =1, (2.25)
where
. N :
Gk (iwn) = — Z Gk (k,iwy,), (2.26a)
N
kepatch K
. Ne .
Fx(iwn) = — Z e(k) Gk (k,iwy,) . (2.26b)
N
kepatch K

Adding the identity 0 = ek + Ak (iwy) — ek — Ak (iwy,) to the first term of Eq. (2.25)
gives

(G (iwn) + ek + Ak (iwn)] Gk (iwy) — Fi (iwn) =1, (2.27)

where Gil (iwp) = iwp, + p — ek — Ak (iwy,) — Yk (iwy,). Rearranging this expression leads
to the asymmetric estimator for the hybridization, Eq. (2.22).

Eq. (2.22) provides a more stable computation of the hybridization than the Dyson
equation Ak (iwy,) = iw, + g — ek — Xk (iwy,) — GI_<1 (iwy). Inverting numerical zeros of
Gk (iwy,) and subtracting these from Yk (iw;,) in the Dyson equation leads to large peak
heights, that scale with numerical errors. Consequently, this approach can produce large
errors near the poles of ¥k (iwy). In contrast, these errors cancel in the quotient form of
Eq. (2.22), keeping numerical errors small.
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Similar to this approach a symmetric estimator approach or general cavity scheme can
be set up using a third estimator

IK(iwn):% > e(k) Gk, iwy) (k) . (2.28)
kepatch K

This yields an established way, which is detailed in Ref. [BSB22] to compute the hy-
bridization

Ay (iwn) = Iy (iwn) — Fi (iwn) G (iwn) Fye (iwn) - (2.29)

In addition to a more stable computation of the hybridization, it allows the inclusion of
spatial correlation to the DMFT cycle (see Ref. [BSB22]). Very recently, it was recognized
that this expression can be recast into an even more computationally stable form using
the Schur complement formula, see Sec. [P2]. This approach (not used in the present
work) makes it possible to devise a DMFT self-consistency loop involving purely discrete
representations of the hybridization function and self-energy. In this work, we employ
the asymmetric, continuous scheme rather than the symmetric one, as the latter entails
higher computational costs. For future work, however, we recommend using the more
stable symmetric approach, re-expressed via the Schur complement formula.

2.2 Numerical renormalization group

In DCA, each cluster momentum K is mapped onto an effective impurity model with a
hybridization function Ak(z) (here we use z = w + in as frequency argument, since NRG
is a real frequency impurity solver) that encodes the coupling of the cluster impurity
to the self-consistent bath. To solve this impurity problem, we employ the numerical
renormalization group (NRG) [Wil75; BCP08; LW16; AS05; Sta+16; KWW80; Mit-+14],
which is particularly suited for resolving low-energy excitations of strongly correlated
systems.

The continuous bath defined by Ak(z) is discretized on a logarithmic grid in order
to resolve low-energy excitations near the Fermi level with high accuracy. Using a
discretization parameter A > 1, the hybridization is divided into intervals whose widths
decrease logarithmically toward the Fermi energy. Within each interval, the bath degrees
of freedom are represented by a single effective orbital. This procedure transforms
the impurity problem into a one-dimensional tight-binding chain with nearest-neighbor
hopping, which is called a Wilson chain [Wil75]. The resulting Hamiltonian reads

Hchain,K = Hloc + Z tn (f;rlfn+1 + h'C-) + Z €n fr]:fn ) (230)

n=0 n=0

where Hj,. contains the interacting cluster degrees of freedom (e.g., the Hubbard interac-
tion U), and the Wilson chain parameters ¢, and €, are obtained from the hybridization
function Ak (z) via a tridiagonalization procedure. The impurity couples only to the first
Wilson site fp, which encodes the full hybridization to the bath.

Each Wilson chain site f, represents a discretized bath orbital associated with a charac-
teristic energy scale ~ A~™/2. The hopping amplitudes ¢, decrease exponentially with
increasing n, generating a separation of energy scales along the chain. This hierarchi-
cal structure enables the iterative diagonalization scheme of NRG: at each iteration,
one additional Wilson site is added and high-energy states are truncated, while the
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low-energy sector, with Nyeep multiples, is retained. As a consequence, the method
systematically resolves the many-body spectrum from high energies down to arbitrarily
low temperatures.

To improve the efficiency of the NRG calculations, we exploit the symmetries of the
Hamiltonian, which allows for a block-diagonal decomposition into quantum number
sectors and significantly reduces the effective Hilbert space size. The symmetry handling
is implemented using the QSpace library [Weil2a; Weil2b; Wei20; Wei24b; Wei24a],
which incorporates Abelian and non-Abelian symmetries. In our DCA+NRG calculations,
we explicitly employ U(1) charge conservation and SU(2) spin symmetry.

In cluster impurity problems, such as those arising in DCA, multiple bath channels couple
to different cluster momenta. A straightforward Wilson mapping would generate several
independent Wilson chains that are added simultaneously at each iteration, leading to
an exponential growth of the Hilbert space with the number of channels. To mitigate
this, we employ interleaved NRG (iNRG) [Mit+14; Sta+16], in which the Wilson chains
corresponding to different bath channels are interwoven into a single effective chain.
Instead of adding one site per channel at each iteration, the sites of the different channels
are added sequentially in an interleaved fashion. This preserves the logarithmic energy
scale separation while reducing the growth of the Hilbert space at each iteration, thereby
significantly improving numerical efficiency. Interleaving is particularly advantageous
for multiorbital or cluster DMFT calculations, where it enables the treatment of several
hybridization functions Ak(z) within a single NRG flow while maintaining controlled
truncation and accurate low-energy resolution.

Real-frequency Green’s functions are constructed from the matrix elements of impurity
operators between eigenstates obtained at successive NRG iterations. Within the Lehmann
representation, the corresponding discrete spectral function reads

Agisex(w) = > [(mck|n) | 6(w — Ep + Ep) (e PPn 4 e FFm) | (2.31)

where |m), |n) denote many-body NRG eigenstates with energies F,,, E,, respectively.
The Boltzmann factors ensure the correct thermal weighting at finite temperature. Due
to the logarithmic discretization of the bath, each NRG iteration contributes spectral
weight on an exponentially decreasing energy scale. As a result, the spectral function
consists of a set of logarithmically spaced discrete d-peaks, which naturally provide very
high resolution at low frequencies while remaining coarser at high energies.

The contributions from all iterations are combined using the complete Anders-Schiller
basis [AS05], ensuring proper sum rules and thermodynamic consistency. Although the
NRG truncates the Hilbert space at each iteration by retaining only the lowest-energy
states, completeness is restored by systematically incorporating the discarded states from
all iterations. At iteration N, the eigenstates are split into kept and discarded states;
while only the kept states are propagated forward, the collection of all discarded states,
together with the remaining Wilson chain degrees of freedom, forms an exact resolution of
the identity of the full Hilbert space. Correlation functions are computed within this com-
plete basis, assigning spectral contributions to the iteration whose characteristic energy
scale matches the excitation energy. This guarantees exact sum rules, thermodynamic
consistency, and controlled finite-temperature dynamics.

To obtain continuous real-frequency Green’s functions, the discrete spectrum is subse-
quently broadened using a logarithmic Gaussian (log-Gaussian) kernel adapted to the
underlying energy grid [LW16]. This controlled broadening preserves the high resolution
near the Fermi level while avoiding artificial oscillations at higher energies. The resulting
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continuous spectral function is then used to reconstruct the retarded Green’s function
via Kramers—Kronig relations.

To obtain the impurity self-energy ¥k (z) in a numerically stable manner, we employ the
symmetric improved estimator [Kug22], derived from the equation of motion ({A, B}) =
((zA — [A, H], B)).. We compute three correlators using NRG:

G(z)=((e,c"))., F(2)=((c;a"):, 1(2) ={{g,d")):, (2.32)

where ¢ = [¢, Hipe| and Hiy, denotes the interacting part of the impurity Hamiltonian.
The self-energy is then obtained from

Y(z) = I(2) — FT(2)G7H2)F(z). (2.33)

This formulation avoids the direct Dyson inversion of the Green’s function and significantly
improves numerical stability, particularly near zeros of G(z). Eq. (2.33), too, can be
recast into a numerically more stable form using the Schur complement formula, see
Sec. [P2]. For future work, we recommend following that approach.

2.2.1 Multipoint NRG

Beyond computing single-particle Green’s functions and self-energies with NRG, one
often requires higher-order correlation functions, such as three- and four-point correlators,
to describe multiparticle excitations, response functions, vertex functions, and effective
interactions in strongly correlated systems. The multipoint NRG (mpNRG), introduced
in Refs. [KLD21; LKD21; Lih+24], provides a numerically exact strategy for computing
these multipoint correlators in Matsubara and Keldysh formalism corresponding to
imaginary and real frequency descriptions, respectively.

The multipoint correlators are expressed in terms of partial spectral functions (PSFs),
which encode the contributions of various particle combinations to correlated dynamics.
Multipoint NRG calculates these PSFs by generalizing the NRG approach used for
two-point functions to three- and four-point functions. The method systematically
resolves multiparticle excitations down to the lowest energy scales by evaluating matrix
elements involving multiple creation and annihilation operators on the Wilson chain basis
produced by the NRG iterative diagonalization.

Convolution kernels are applied to the PSFs to construct full multipoint correlators in
different frequency formalisms.

The new implementation of multipoint NRG within our NRG library opens a promising
avenue for future research, e.g. for a real frequency dynamical vertex approximation
(DT'A). During the course of this thesis, several side projects emerged, including tests of
Ward identity fulfillment within the mpNRG and improvements in vertex computations
using a tensor cross interpolation (TCI) algorithm [Rit+24; Roh+25]. The computation
of partial spectral functions (PSFs) and vertex functions led to third- and fourth-author
contributions to the publications [P5; P6].

2.3 Cluster DMFT interpolation

The analysis and post-processing of DCA results typically involve interpolation schemes
that restore a smooth k-dependence across the Brillouin zone [SPP02; SK06b; BKO02;
BPKO04; Kle+20b]. Since DCA yields quantities that are constant within each momentum
patch, the resulting lattice functions exhibit artificial discontinuities at patch boundaries.
To reconstruct a continuous momentum dependence, one introduces smooth k-dependent
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interpolation functions oy k, which distribute the cluster quantities Qk(z) over the
full Brillouin zone, where @Q(z) denotes a frequency-dependent quantity, such as the
self-energy Y(z) or cumulant M (z) = [z + p — X(z)]~!. The interpolated quantity is then
given by

Qu(z) = ok Qx (). (2.34)
K

The interpolation weights ay k are constructed to satisfy normalization, > g« ax x = 1,
and to reproduce the original patch averages upon k averaging.

A similar post-processing procedure is used in CDMFT to recover the translational
symmetry that is inherently broken by the cluster construction. In this periodization
scheme, the lattice quantity is reconstructed from the cluster Green’s function, self-energy,
or cumulant as

Qx(2) = Ze*ik'(r*r/) Qr—r(2), (2.35)

r,r’

where Q,_,/(z) is defined on the cluster sites, and the sum runs over all cluster site pairs.
Periodization restores a smooth k-dependence over the Brillouin zone while preserving
the local correlations captured by the cluster.

Different choices of ) for instance can lead to slight variations in the reconstructed
lattice quantities. Cumulant periodization often provides better analytic properties and
improved momentum-space interpolation, particularly in strongly correlated systems.
Both approaches, CDMFT periodization and DCA interpolation, can suffer from causal-
ity issues. The cluster quantities contain only a truncated portion of the full lattice
information, limited by the cluster size. Reconstructing frequency dependent quantities
from these finite clusters via periodization or interpolation can produce ringing artifacts,
which violate causality [Oka+03].

Several strategies have been proposed to enforce causality, such as superlattice averaging
or rescaling the interpolation functions. However, these procedures introduce additional
approximations and can distort the spectral features of the lattice Green’s function or
self-energy. The limitations of these approaches and their impact on spectral accuracy
are discussed in detail in Ref. [Ver+22b].

These shortcomings, together with the findings of Ref. [Ver+22b], inspired us to develop
a new approach to periodization and interpolation, where “interpolation” serves as an
umbrella term for both CDMFT periodization and DCA interpolation. Our method is
based on the interpolation of irreducible Liouvillian matrix elements, providing a novel
scheme for cluster methods [P1]. In this work, we show how to extract the irreducible
Liouvillian matrix elements of the self-energy via a Lanczos recursion, representing the
self-energy as a continued fraction expansion (CFE).

By interpolating these physical, frequency-independent matrix elements, causality is
strictly preserved, since the Liouvillian £ remains Hermitian after interpolation. An
additional advantage is that the nonlinear frequency dependence of the CFE naturally
distributes spectral weight more efficiently, avoiding the artifacts and limitations of
previous interpolation methods.

2.3.1 Discrete representation of the self-energy

To use our interpolation scheme we determine a continued fraction expansion of the self-
energy to extract the matrix elements of the one-particle irreducible part of the Liouvillian.
To this end, we compute the discrete self-energy from the Green’s function trough a
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discrete version of the self-energy trick of Ref. [Kug22], using the Schur-complement.
This computation sparked the idea of a fully discrete dynamical mean field theory. This
would eliminate any broadening artifacts from discrete impurity solvers such as NRG or
ED.

At the same time a similar idea was proposed by A. Zacinskis and M. W. Haverkort.
This lead to a collaboration between multiple groups and a publication with third author
contribution [P2].
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Two widely-used non-local extensions of dynamical mean field theory (DMFT), cellular DMFT
(CDMFT) and the dynamical cluster approximation (DCA), both yield self-energies marred by hav-
ing some unphysical properties: CDMFT yields real-space self-energies that are not translationally
invariant, and DCA yields momentum-space self-energies with discontinuities in their momentum
dependence. It is often desirable to remove these flaws by post-processing cluster DMFT results,
using strategies called periodization for CDMFT and interpolation for DCA—for brevity, we refer to
both cases as interpolation. However, traditional interpolation approaches struggle to capture intri-
cate structures such as hole pockets in the hole-doped square-lattice Hubbard model, as highlighted
in Phys. Rev. B 105, 35117 (2022). Further, these approaches interpolate frequency-dependent func-
tions, which may lead to causality violations. Here, we propose Liouvillian interpolation, a novel,
intuitive, and robust scheme for interpolating cluster DMFT results. Our key idea is to interpo-
late frequency-independent matrix elements of the single-particle irreducible part of the Liouvillian,
obtained from a continued-fraction expansion of the cDMFT self-energy. We demonstrate that the
ingredients of such an expansion possess a more local Fourier expansion than the functions involved
in traditional interpolation schemes, and that Liouvillian interpolation inherently conserves causal-
ity. We illustrate our method for the one-dimensional Hubbard model using CDMFT, and for the
two-dimensional Hubbard model using four-patch DCA. For the latter, we find that £-interpolation
can (depending on doping) yield Fermi and Luttinger arcs which together form a closed surface.

DOI:

I. INTRODUCTION

Cluster dynamical mean-field theories (¢cDMFT) [1-
14] are commonly used to describe strong but short-
ranged non-local correlations beyond single-site dynam-
ical mean-field theory (DMFT) [15]. They effectively
capture strongly correlated phenomena that may be
driven by short-ranged correlations, such as the pseudo-
gap phase in cuprates [5, 11, 12, 16-20], certain types of
heavy-fermion quantum criticality [21-23], strange met-
als [24-27], Hund’s coupling [28, 29] or multi-orbital sys-
tems [30, 31].

The most commonly used cDMFT methods are cellular
DMFT (CDMFT) [2], which couples a real-space cluster
of sites to self-consistent baths, thereby breaking trans-
lation symmetry; and the dynamical cluster approxima-
tion (DCA) [3, 4], which coarse-grains the Brillouin zone
into patches and couples these to self-consistent baths,
thereby introducing artificial discontinuities in momen-
tum space. The lack of periodicity for CDMFT results
(implying real-space discontinuities) and the lack of a
smooth momentum dependence for DCA results are un-
physical. Removing these flaws requires the cDMFT re-
sults to be post-processed. CDMFT results have to be
periodized to restore real-space translational invariance;

* mathias.pelz@lmu.de

 vondelft@lmu.de
f andreas.gleis@rutgers.edu

loosely speaking, this amounts to interpolating across
cluster boundaries to remove the real-space discontinu-
ities associated with non-periodic behavior. DCA results
have to be interpolated across DCA patch boundaries to
restore a smooth momentum dependence [1, 8-12, 14].
For brevity, we will use “interpolation” as an umbrella
term for both CDMFT periodization and DCA inter-
polation. It is to be understood that in the context of
CDMFT, “interpolation” refers to “periodization”.

In this work, we will focus on interpolating the single-
particle Green’s function, GG, and related quantities like
the self-energy, ¥, and the cumulant, M. In the momen-
tum/frequency representation, they are related by

1
Gr(w) = ETE——on L (1a)
Mie(w) = m (1b)

Instead of G, ¥ or M, we will generically write @ for
the quantity to be interpolated. In general, Qyx and @,
the momentum and position representations of @, are
related by a Fourier transformation. However, approx-
imate methods such as CDMFT or DCA yield Q, only
for a limited range of r values, say with |r| < R, where
the distance cutoff R is determined by the cluster size
(for CDMFT) or the number of momentum patches (for
DCA). Thus, interpolation schemes amount to approxi-



mating Qx by a truncated Fourier Ansatz,

Q)= Y Qulw)e ™. (2)

r,|r|[<R

Here, Q, has to be estimated from quantities computed
on the cluster (for CDMFT) or the Brillouin zone patches
(for DCA). In the case of CDMFT, commonly used
schemes for this purpose are superlattice averaging [11]
or center-focused extrapolation [32]. Other related quan-
tities are then derived from @Q; for example, when X is
interpolated via Eq. (2), that also determines G and M.

It is common knowledge among practitioners of
cDMFT that the quality and reliability of the interpola-
tion scheme is quite sensitive to the choice of (). A partic-
ularly striking example was recently pointed out by Ver-
ret et al. [33]. They analyzed the limitations of existing
choices for @ in the context of a long-standing question
on the pseudogap phase of underdoped cuprates: Does
the Fermi surface exhibit hole or electron pockets, as
deduced from various transport experiments [34, 35], or
disconnected Fermi arcs, as indicated by angle-resolved
photoemission spectroscopy (ARPES) [36, 37]? Verret
et al. [33] have argued that “contrary to previous claims
[11, 12, 16, 38], cDMFT schemes cannot discriminate be-
tween Fermi arcs and hole pockets” (with the implica-
tion that previous cDMFT work attempting to answer
the aforementioned question is inconclusive). They illus-
trated this for a Yang-Rice-Zhang (YRZ) [39] toy-model
self-energy with built-in hole pockets: when they approx-
imated its self-energy in CDMFT fashion and then pe-
riodized it, their M- and G-periodization schemes both
yielded Fermi arcs [33] instead of reproducing the hole
pockets. Verret et al. argued that this failure is due to
“neglecting the self-energy between clusters”. They then
presented a so-called compact tiling scheme that includes
estimates of these neglected parts, see Ref. 33 for details.
For the YRZ toy model, compact tiling successfully re-
covers the expected hole pockets. However, their scheme
was formulated in a manner not applicable to general
cDMFT calculations.

The fact that the quality of interpolated cDMFT re-
sults depends strongly on the choice of () can be expected
on general grounds. In Eq. (2), the Fourier truncation at
[r] < R introduces errors. To limit these, it is prefer-
able for Q,(w) to have (i) a short-ranged dependence on
r, and (ii) a weak (or no) dependence on w. Different
choices for @ satisfy these criteria to different degrees,
leading to errors of differing severity. Regarding (ii), we
note that if Q,(w) does depend significantly on w, then
the truncation of the Fourier series can cause unintended
(even unacceptable) modifications in the analytic struc-
ture of Qi(w). An example is S-interpolation: if ¥y (w)
depends strongly on w, the truncation to |r| < R can
cause Im¥y (w) to become positive for some values of w
and k, implying a violation of causality for Gk (w) [10, 38].

In this paper, we propose the Liouvillian, £, as a
new and previously unexplored quantity for interpola-
tion (i.e. we choose @ = L£). Our scheme, which we

call L-interpolation, is based on a general, exact relation
between the self-energy and the Liouvillian: if the self-
energy is expressed through a continued-fraction expan-
sion (CFE), its CFE coefficients are matrix elements of
the single-particle irreducible part of the Liouvillian in
a Krylov space obtainable via a Lanczos scheme. For
a lattice model, these matrix elements are generically
translation-invariant and smooth functions of k. How-
ever, when Liouvillian matrix elements are extracted
from the CFE expansion of a self-energy computed using
CDMFT or DCA, they either do not satisfy translation
invariance or exhibit discontinuities in k-space, respec-
tively. Our L-interpolation scheme restores translation
invariance or smooth k-dependence by interpolating the
single-particle irreducible Liouvillian matrix elements ob-
tained from CDMFT or DCA self-energies, respectively:
using superlattice averaging [11] for CDMFT or a self-
consistency condition for DCA, respectively, we obtain
estimates for the matrix elements of £, and insert these
into the truncated Fourier ansatz (2) for Lx. The re-
sulting matrix elements of Li serve as interpolated CFE
coefficients — we insert them into the CFE of the self-
energy, thereby obtaining an interpolated self-energy and
Green’s function.

L-interpolation has two properties that are very faV/OE—
able: (i) Zr appears to be shorter-ranged than ir or M,
(according to some case studies presented below). (ii)
Since the Liouvillian is, by definition, independent of fre-
quency, its interpolated version remains hermitian, thus
ensuring causality for the resulting self-energy. From a
more general perspective: interpolating £ corresponds
to directly interpolating the time-evolution generator for
operators. This ensures that unitarity of the time evolu-
tion and therefore causality are preserved.

For the phenomenological YRZ self-energy ansatz of
Ref. 33, L-interpolation (along with a suitable choice of

L,) is equivalent to compact tiling; indeed, compact tiling
served as inspiration for our strategy to use Liouvillian
matrix elements as the objects to be periodized.

This paper is structured as follows: In Sec. I, we dis-
cuss the basic properties of the Liouvillian and its re-
lation to the single-particle Green’s function and self-
energy. Section IIT introduces L-interpolation in great
detail. In Sec. IV, we use the 1d Hubbard model as
a testbed for L-interpolation of CDMFT results (where
“interpolation” refers to periodization). Using matrix
product state (MPS) techniques, we obtain numerically
exact results for this model. In Sec. IV A we show that
a truncated Fourier expansion of £ has much more fa-
vorable convergence properties than that of ¥ or M. In
Sec. IV B, we then show that L-interpolation yields faster
convergence with cluster size for this model than M- or
Y-interpolation.

In Sec. V, we illustrate the advantages of £- over -
and M-interpolation for DCA results. These were ob-
tained from a 4-patch DCA+NRG treatment of the 2-
dimensional Hubbard model for three choices of dop-
ing, corresponding to Fermi-liquid, pseudo-gap and Mott



regimes. We show that L-interpolation is the interpola-
tion scheme that most convincingly mimics the original
discontinuous DCA+NRG results for the shape and spec-
tral weight distribution along the FS (see Fig. 16, whose
rightmost column is the interpolation that best mimics
the discontinuous structures of the leftmost one). More-
over, this section also contains the main physical result of
this paper: remarkably, L-interpolation can yield Fermi
and Luttinger arcs that together form a closed surface
(see Fig. 19), with a smooth crossover between Fermi and
Luttinger arcs (see Figs. 17 and 18). The aforementioned
figures vividly illustrate the capability of L-interpolation
to generate intricate structures in non-trivial contexts; we
invite the reader to briefly preview them before studying
the formal developments below.

Section VI offers a summary and outlook. The Appen-
dices provide additional details and computational as-
pects of L-interpolation, and (in App. G) an application
to the pseudogap phase of the 2-dimensional Hubbard
model treated using CDMFT and exact diagonalization
(CDMFT+ED).

II. CFE REPRESENTATION OF LIOUVILLIAN
DYNAMICS

The use of Liouvillian methods for obtaining CFEs of
2-point functions and their self-energies has a long his-
tory [40—49]. In this section, we recapitulate some central
ideas and results. Our presentation, building on those of
Refs. 46-49, is self-contained and emphasizes aspects rel-
evant for the L-interpolation strategy in later sections.

Concretely, we (re)derive two central results. The first
is formal: (i) The CFE coefficients of a Green’s function
or its self-energy are given by matrix elements of the Li-
ouvillian in an orthonormal Krylov basis obtained via
a Lanczos scheme involving repeated applications of the
Liouvillian; this can be shown by resolving the Green’s
function in this Krylov basis. The second central re-
sult is a numerical recipe: (ii) If the spectral function of
the Green’s function or its self-energy is assumed known
(analytically or numerically), the CFE coefficients can be
computed numerically using a Lanczos scheme to build
a basis of polynomials that are orthonormal with respect
to said spectral function. These polynomials can also be
used to define residual functions for terminating a CFE
exactly at any finite depth.

These findings are embodied in three sets of equa-
tions that constitute the main results of this section:
Egs. (28) and (31) express CFE coefficients of the self-
energy through matrix elements of the single-particle ir-
reducible part of the Liouvillian; Egs. (38) show how
to compute CFE coefficients numerically from a known
spectral function; and Egs. (43) do the same for residual
functions that terminate the CFE exactly according to
Eq. (42). Readers familiar with these results may choose
to skip this section.

In subsequent sections we propose an interpolation

scheme based on both results (i) and (ii): taking cDMFT
Green’s functions or self-energies as input, we numeri-
cally compute their CFE coefficients via (ii), then inter-
polate these, arguing via (i) that this amounts to inter-
polating the Liouvillian itself, thereby ensuring causality.

A. Liouvillian: basic notions

We begin by recalling some basic definitions and prop-
erties involving the Liouvillian. Consider a quantum sys-
tem with Hamiltonian H acting in a Hilbert space V.
Linear operators acting on V form a vector space, too,
to be denoted W = V @ V*. We use a round-bracket
ket notation, | ), for its elements, representing a linear
operator O acting in V by |0) € W (the so-called Choi-
Jamiotkowski transformation [50, 51]).

The Heisenberg equation of motion for operators,
—i0;0(t) = [H,O(t)], is linear in O(t). Therefore, it
can be expressed in the form —i9;|O(¢)) = L|O(t)), with
solution

0(t)) = ¢™1]0(0)), ®3)

where the Liouvillian £ € W ® W* is a linear operator
on W whose action is defined through £LO = [H, O], or

L|0) = [[H, O]). (4)

For systems in thermal equilibrium, it is useful to de-
fine an inner product on W through [49]

(A|B) = ({A", B}), ()

where {, } denotes an anti-commutator, (O) = Tr[p O] a
thermal average and p = e~ /T /Z the thermal density
matrix at temperature T° # 0. This inner product (|)
of Eq. (5) is well-defined if p has full rank. That is true
for T' # 0, but not for T'= 0. We discuss the latter case
in App. A. Since [p, H] = 0, the Liouvillian is hermitian
w.r.t. this inner product, (A|£LB) = (LA|B).

B. Liouvillian representation of Green’s functions

We next recall how fermionic single-particle Green’s
functions and self-energies can be expressed in terms of
the Liouvillian. We begin with some standard definitions.

We consider a system described by a general fermionic
Hamiltonian, H = Hy + Hiy, containing quadratic and
quartic parts,

Hy = Zeaﬁcgcﬁ, Hiyy = % Z Uar,s8 CLC,TYCBCB. (6)

af afBvyd
Here, the fermionic operators satisfy {ca,c};} = bap,
where a« = 1,..., M is a composite single-particle in-

dex encompassing, e.g., spin, orbital, and position or
momentum indices. Let GR/A(¢) and GR/A(w) denote



M x M matrices of retarded/advanced single-particle
Green’s functions and their Fourier transforms, respec-
tively, with elements

GRIA() = FiO(E) ({ca (0), ch(—1)}), (7a)

R/A * iwtft AR/A
GHA(w) = /7 dte= e GRA (1), (7b)
where w® = w+i07, and G*(w) = G®f(w). The Fourier-
domain Green’s functions can be viewed as analytic con-
tinuations, GR/A(w) = G(z = w¥), of a function G(z)
defined through the spectral representation

G(z) = /00 dw%, zeC, (8a)
Aw) = % [GR(w) — GAw)], (8b)

with a hermitian spectral function, A(w) = At(w).

The non-interacting Green’s function reads Go(z) =
(z—e)~!, with z = 21, where € and 1 are M x M matrices
with elements e,3 and 0,3, respectively. The full Green’s
function can be expressed through the Dyson equation,

thereby defining the self-energy 3(z).
We now express the above functions in terms of the
Liouvillian. First, note that Eq. (7a) can be written as

GRM(t) = Fif(Et) (ch e ch). (10)

For notational brevity, we gather all |cl) into a row or
block of M operators, denoted

lch) = (Ieh), ..., |el,)) e weM. (11)

(This choice is appropriate for Hamiltonians with U(1)
charge symmetry, as in Eq. (6). Footnote [52] discusses
the modifications required if Hjy also contains clct and
cc, as needed to describe mean-field superconductivity.)
The relations {ca,cjg} = dop imply the M x M matrix
equation (ct|ct) = 1. Then, Egs. (7) can be expressed as

G/A(t) = Fib(+t)(cTle ' cT), (12)

). (13

G2 (w) = (cT|

The latter can be viewed as analytic continuation of

1
z—L

G(2) = (c| e, (14a)

having a spectral representation of the form (8), with
Aw) = (cfd(w - L)|ch). (14b)

The spectral function A (w) has unit weight, [ dwA(w) =
1, as already follows from Egs. (7) and (8).

C. The single-particle irreducible subspace Wz

In Eq. (12), e”'** acts on the subspace of fermionic
single-particle creation operators, W, = span{|c};)}. We
call these “charge-1” operators, since when acting on par-
ticle number eigenstates, they increase the charge by +1.
Since e~£* can be expressed as an infinite power series,
the Green’s function is governed by the “dynamically rel-
evant charge-1” subspace that is spanned by all operators
in W, and all operators obtainable from them through
repeated action with the Liouvillian. We denote this
subspace by W1 (£) C W. Importantly (and in contrast
to W) it depends on the Liouvillian; we will henceforth
refrain from indicating this explicitly. (For brevity, we
will refer to Wy simply as the “charge-1” subspace, even
though operators with charge +1 may exist that are not
in Wy [53].) Wy may have additional subspace structure,
depending on the symmetries of the system at hand. For
example, in a system with U(1) spin symmetry or trans-
lation symmetry, we could, in principle, define separate
subspaces for spin 1 and | operators, or for operators
with different momenta k, respectively.

To express the self-energy through the Liouvillian, we
need to exploit additional structure. We decompose the
charge-1 operator space as W; = W, @& Wz, where Wz
is the orthogonal complement of W, in W;. It contains
all charge-1 operators that are single-particle irreducible,
i.e. orthogonal to W.. For example, if the Hamiltonian
constains a quartic term such that |cfacﬁcl;) € Wy, then

the operator |Onpy) = |chﬁcI/) - |c};)<cﬁdy> - |cfy)<cflcﬁ>
is in Wg, since (c§|0a57) = 0. We denote the projectors
to the operator spaces W, and Wz by

Pe = [N (ef] = 2, leh) (e,
Pe=1-"P. =eh)(c!| = X, leh) @kl

(15a)
(15b)

where {|¢l)} is an arbitrary orthonormal basis of We =
span{|éL)}. The Liouvillian can thus be expressed as

L= > Lu =

x,&€{c,c}

> KDL, (16)

x,x€{c,c}

Here, L,z = P.LP; are projections of L to the subspaces
W,., Wz, and the blocks [L]xx = (xT|£]%") are their rep-

resentation in the bases spanning these subspaces. W.r.t.
these, the Liouvillian has a 2 x 2 block structure, (gz ;)

Since Pglcf) = 0, (cf|P: = 0, the Green’s function
G(z) of Eq. (14a) equals [(z — £)" !¢, the cc block of

(2—L)~L. Tt can be found using the matrix identity (C1):

1 -1
— (cf _ = t
G(2) = (c |[z Loo— Lo cRE“] iy a7

1 -1

= 2= (1Lecleh) = (! —5—Lecle)]

CcC

Comparing this to the Dyson equation (9), we obtain an



expression for the self-energy involving the Liouvillian:

3(z) = MF 4 bz (18a)
SHF — e —€, € = (c|Lec|cl), (18b)
20 (2) = (CT|,chz ——Lalct). (18c)

The z-independent part, ™ is the Hartree-Fock (HF)
term. Since ({c,, [Ho, c%]}) =e€43, its elements are

(="ap = ({eas [Hints cf11) = D (ches)Uayss. (19)
7

Evidently, they are governed by the single-particle den-
sity matrix [54]. By contrast, the dynamical part of the
self-energy, £%"(2), is determined by the one-particle
dynamics in the single-particle irreducible subspace Wg.
From Eq. (18c), it is immediately evident that it has the
same analytic properties as G(z).

We can further simplify Eq. (18c) by defining a set of
operators that are normalized versions of Lz|cf). Their
definition involves the principal square root of a matrix,
hence we briefly digress to recall its definition and prop-
erties. For a positive semidefinite matrix M, the prin-
cipal square root M: is the unique Positive semidefinite
hermitian matrix satisfying M:M:z = M. Given the
eigendecomposition M = UDUT, the principal square
root is obtained as M2 = UDzUT.

If M is full rank (all eigenvalues nonzero), the inverse of
M3 is M—2 = UD~2U'. If M is rank-deficient (some
eigenvalues zero), the principal square root can be ex-
pressed as M: = fjf)%fﬁ, where f), U and UT are
truncated versions of D, U and U', obtained by dropping
the columns and/or rows corresponding to zero eigenval-
ues. Then, the inverse of the principal square root can
be defined only in the image space of UUT, namely as
the pseudoinverse M-z = UD:U"'. Moreover, then
M-3M3? = M3*M~3 = UUT is not a unit matrix, but a
projector onto the subspace spanned by the eigenvectors
with nonzero eigenvalues.

Returning to Eq. (18¢), we define a block (or row vec-
tor) of single-particle irreducible operators |q;) as

‘Ch) = ﬁéc‘CT)tfl
tit; = (cf[LecLeclch) . t1 =1t >0,

(20a)
(20b)

Here, the notation t; = ti > 0 is shorthand for stating
that the weight matriz t; is a hermitian positive defi-
nite matrix. Thus, Eq. (20b) defines t; as the principal
square root of the positive semidefinite hermitian matrix
M = (cf|LecLec|ct). Note that the right spaces of the
operators |q;) and |cf) are characterized by the same
set of (physically motivated) spin and orbital quantum
numbers, since UD :U' or UD~2U" involve transfor-
mations out of and back into the right spaces of |cf).
This important property motivates the use of the prin-
cipal square root here. If M is full rank, Eq. (20a)

yields a block (or row vector) of M orthonormal oper-
ators |q1) € WX, with (qi|q1) = 1.

In many cases, M is rank deficient for the simple rea-
son that some of the single-particle orbitals are non-
interacting; then, M is zero on the entire block of non-
interacting orbitals. In these cases, the rank deficiency
of M simply reflects the well-known fact that the single-
particle irreducible self-energy of non-interacting orbitals
is zero. Prominent—and for our work very relevant—
examples are impurity models, where the bath orbitals
are non-interacting, and M is zero on the entire bath
block.

If M is rank deficient in the space of interacting or-
bitals, we take 1:1_1 to be the pseudoinverse of t; in that

space, such that (qi]q1) = UUT. If t; has rank 0, then
|g1) = 0. In the present work, we never encountered a
partial rank-deficiency in the space of interacting opera-
tors: t1 was either full rank or had rank 0 in this space.

Using the definitions (20), we can express Z¥"(z) as

S(2) = £,8(2)t (21a)

S(z) = (ail

1
. 21b
— ) (210)
Hence, the frequency dependence of the self-energy is de-
termined by S(z), a propagator in the single-particle ir-
reducible subspace Wz. Let us introduce a spectral rep-

resentation for S(z) analogous to Egs. (8a) and (14b) for
G(z) and A(w),

S(z) = / h dw%, (22a)
W(w) = (a1|6(w — Lee)lai) » (22b)

with [dwW (w) =1 and W(w) =W (w). Correspond-
ingly, if we express the retarded/advanced self-energies
SRA (W) = B(wh) as ¥'(w) FirE"(w), then

5 (w) = ﬁ [SR(w) - 3V W)] = tW(@)ts,  (23)
(W) = SHF 4 P/C>o dw% . (23b)

Note that [ dwX"(w) = t1t1, which identifies t1 as the
principal square root of the total spectral weight of the
retarded self-energy. We will call W (w) the normalized
spectral function and t; the weight matriz of WY (z).
Equations (17), (18) and (21a) together imply

1

G(Z) - zZ— €y — tls(Z)tl ’

(24)
Together with Eq. (21b), this constitutes the first step
of CFEs of the Green’s function and self-energy, respec-
tively, as explained in more detail in the next subsection.

The above relations are general and exact. When deal-

ing with fermionic many-body systems, W. can usually
be handled with reasonable effort, whereas Wz has to



be dealt with in an approximate manner. The Hartree-
Fock approximation treats the self-energy solely within
W., approximating ¥ by . It thus sets Z¥" = 0
and completely ignores Wz. For long-ranged interactions,
SHF i non-local, for on-site interactions it is local. This
is also true within DMFT. Additionally, DMFT incorpo-
rates single-particle irreducible contributions from Wz by
including Z%®, but approximates it as local. Thus, Lez
and t; are approximated as local in DMFT.

Cluster extensions of DMFT additionally incorporate
non-local but short-ranged matrix elements in Lz and
t1. In CDMFT, matrix elements are fully considered
within each real-space cluster, while inter-cluster matrix
elements are neglected. As a result, translation symme-
try is broken. DCA, on the other hand, tiles the Brillouin
zone (BZ) into N, patches and approximates Lz and tq
as constant within each patch. As a result, DCA is trans-
lation invariant, but the self-energy is not a smooth func-
tion of k. Our goal in this work is to reinstate the trans-
lation invariance in CDMFT or a smooth k-dependence
in DCA by interpolating (periodizing or interpolating,
respectively) t; and the matrix elements of L.

In the remaining subsections of this section, we show
how a matrix representation of Lz within Wz can be
constructed, yielding a CFE for S(z) and thus also for
S0 (2). Then, we will switch perspective, assume that
the spectral function W (w) of S(z) is known analytically
or numerically, and show how a CFE for the latter can be
constructed, thereby also obtaining a CFE for 3% (z).
In Sec. IIT we will then interpolate the self-energy by
interpolating its CFE coeflicients.

D. CFE for the self-energy

A CFE for the dynamical part of the self-energy,
W0 (z) = t,8(2)t;, can be obtained by represent-
ing S(z) in a Krylov space constructed via an itera-
tive Lanczos procedure [49, 55]. According to Eq. (21),
S(z) involves the projection of the Liouvillian to the
single-particle irreducible subspace, Lz. We thus define
the Krylov space Ky = span{|q1), Lc|q1), - - -, L |a1)},
with |q1) given by Eq. (20a), and use an (N — 1)-
step block-Lanczos procedure to obtain an orthonormal
basis of operator blocks such that Ky = span{|q;),

|q2)7 BN |CIN)} and
(qn‘qn’) - []l]nn’ - 5nn’14 (25)

The blocks for n > 2 are constructed iteratively by re-
peating four substeps that together constitute one step:

(1) ‘an) = Lec|Qn-1), €n-1= (qn—1|an)7 (263)

(2) ‘Q#) = |an) _Z ‘qn’)(qn’lan)y (26b)
n’=0

(3)  tutn = (anlay),  t, =t >0, (26¢)

@) an) = lay)t, " (26d)

(1) applies Lz to |qn—1) to obtain |q,) and computes
its overlap with |q,—1); (2) orthogonalizes it w.r.t. all
previous blocks to obtain |q;); (3) defines the M x M
weight matrix t,, as the principal square root of the ma-
trix (q;|q;7) (which is positive semidefinite, since Le is
hermitian); and (4) normalizes |q;-) to obtain |q,, ), where
t,;! is the pseudoinverse of t,,. The reasons for defining
t,, using the principal square root are the same as those
discussed for the construction of |q;) above. If t,, has
rank 0, the iterative procedure terminates.

Using the convenient definition |qg) = 0, the generated
basis operators satisfy a three-term recursion relation,

»C@‘qn) = |Qn)en + ‘qn+1)tn+1 + ‘qnfl)trm n 2 1. (27)

If at step N —1 one finds |qx) = 0, the Lanczos iteration
terminates automatically; otherwise one terminates it by
hand after N — 1 steps. Equation (27) implies that in
the Krylov basis {|qi1),...,|dx)}, the single-particle ir-
reducible projection of the Liouvillian is represented by a
block-tridiagonal matrix (also known as Jacobi matrix),

€1 t2 0o --- 0 0 0

tQ €9 tg"' 0 0 0

0 tg €3 - 0 0 0
Enle=|: = 0 0 1 | (@

0 0 0 ".'EN._Q tN.—l 0
0 0O ---tN71 EN_1 tN
0 0 O 0 ty  en

Its N2 blocks are all M x M matrices, given by

€n, n = n,

t +1, n' =n + 17
HEN]E]nn’ = (Qn|£§|qn’) = tZ7 n =n— 17 (29)

0 otherwise .

Within Ky, expression (21b) for S(z) is represented as

S(z) ~ [([zn)ee — [Laee) '] (30)

n=1,n'=1"
where zy = 21y equals z times a block unit matrix,
with [Iy]nn = Onns1. Using Eq. (C8), a formula for the
11- (upper-left) block of the inverse of a tridiagonal block
matrix, we obtain the desired CFE (with z,, =z — €,):

S(2) ~ ! . (31)

z1 — to t2

—ty—tn
ZN

We have thus established that the CFE coefficients ¢,
and t,, of S(z) and hence of 3" (z) are matrix elements
of the single-particle irreducible Liouvillian Lz. The
CFE (31) becomes exact for sufficiently large N, pro-
vided that the moment problem defined by the measure
W (w)dw is determinate. This is the case if the support
of W(w) is bounded, or if W(w) decays fast enough at
high frequencies, see App. B for more details.



E. Computing CFE coefficients via polynomials

Above, we found that the CFE coeffients of S(z) cor-
respond to matrix elements (qn|Lez|qn) of the single-
particle-irreducible projection of the Liouvillian. Since
each Lanczos block |q,) is a linear combination of pow-
ers of Lz applied to the initial block |q;), all such ma-
trix elements are linear combinations of diagonal matrix
elements of the form (qi|£Z|q1). Now, the latter corre-
spond to moments of the spectral function W (w) of S(z),
due to an identity following from Eq. (22b):

<mm%m:/wwwww (32)

It follows that if W (w) is known explicitly (analytically or
numerically), the CFE coefficients of S(z) can computed
directly from the moments of W(w). This can be done
by constructing a set of orthonormal vector-valued poly-
nomials [42, 48, 49] using a Lanczos scheme completely
analogous to that described in the previous subsection
[55-58]. Below, we review this construction.

The block Lanczos scheme in Sec. IID is initialized
by a length-M block or row vector of operators, |qi).
Its entries, all vectors in We, are by definition mutually
orthonormal, (qi|q;) = 1. Each block of Lanczos vectors
|an) can be written as a linear combination of the form

n—1

lan) = 3 L2 Ja1)Crn (33)

n=0
where for each nn, Cg, is an M x M matrix that right-
multiplies the length-M row vector of operators |qp).
When this representation is inserted into the orthonor-
mality relations (25) and the matrix elements of Eq. (29),
both (qy,|q),) and (qn|Le|d],) become linear combina-
tions of matrix elements (qi|£%|q;) involving various
powers m of Lz. Using Eq. (32) to express these through
moments of W(w), Egs. (25) and (29) take the form

mw=/mMWMWUmW% (34a)

[mamm/:i/dwpx”@»VV<> wpl(w),  (34D)

where we have defined the matrix polynomials

p{( 2_: (35)

(The reason for the superscript (1) on p¢” (w) will become
clear below.) For each n, p{’(w) is an M x M matrix.
Its columns, enumerated by a=1,..., M, are length-M
column-vector-valued polynomials of degree n — 1, which
we denote by pi, : R — CM w Pya(w). Note
that p(), is constructed from column a of the matrix
Ciin, which via Eq. (33) also defines entry « of the block
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|an) = (Ign,1),- - - |an,ar)). This yields a one-to-one cor-
respondence, p“) < |qn,a), between length-M column-
vector-valued polynomials and operators in Wz. The ma-
trix p$’ can thus be also be viewed as a length-M row
vector of column-vector-valued polynomials, associated
with the length-M row vector of operators |gy).

To compactify the notation, let

mm:/mﬂwwwmw (36)

denote the inner product, with matrix-valued measure
W (w)dw, of two length-M column-vector-valued func-
tions, f: R — C™, w+— f(w), and likewise for g. Then,
equations (34) can be expressed as

(37a)
(37h)

<pf(n1)7 p:@l)> = ]lnn'a
<pn 7£ﬁ pilll)> = []Lﬁ}nn’:

where LA‘@ is the Liouvillian in function space, acting as
Lef(w) = wf(w). For given nn', Eq. (37a) is an M x M
matrix equation whose element aa’ reads (pj)),, pﬁ)a )=
Onndaar; similarly for Eq. (37D).

Equation (37a) states that the N - M vector-valued
polynomlals {p3),} defined by the columns of all p;’ (w),
n=1,..., N, are mutually orthonormal w.r.t. the matrix-
Valued measure W (w)dw. (The superscript on p{V sig-
nifies that these are “associated polynomials of the first
kind” relative to another set of orthonormal polynomi-
als, namely those defined w.r.t. the measure A (w)dw, see
App. B.) The polynomials {p}’,} thus form a basis for
the space of all length-M column-vector-valued polyno-
mials of degree N — 1. Equation (37b) states that all
matrix elements of ILg, and hence all CFE coefficients of
S(z), can be expressed as matrix elements of the Liouvil-
lian L= in this basis.

For a given W (w), the relations (37), together with the
initial condition p{” (w) = 1, fully define the basis {p{), }.
It can be constructed 1terat1vely via a block-Lanczos pro-
cedure (in complete analogy to that for |q,)) which also
generates to matrix elements [Leg)pn. It involves (1)
multiplication by w, (2) orthogonalization, (3) identifi-
cation of a normalization matrix, and (4) normalization:

(1) pizl)( )_wp'(nl)l(w)v €Ep—1 = <p'(nl>1vpizl)>7 (388.)
(2) (@) =B j{jxf1> )Py Bi), (38h)
(3) tntn <p£:>%p£;>l>, t,=t, >0, (38c)
4) PP (w) =pPt(w)t;, " (38d)

(On the right of Eq. (38b), the second term involves
matrix multiplication of two M x M matrices, the ma-
trix of polynomials p;l,) (w) and the inner product matrix
P, pP).) Along the way, we obtain the CFE coefli-
cients €, from Eq. (38a), and t,, as the principal square

root of (pVL, p+) in Eq. (38c¢), as in Eq. (26d).



The resulting polynomials and CFE coefficients satisfy
a three-term recurrence relation analogous to Eq. (27):

wpy,’ =Py €n + p(nlJ)rlth—l + p(nl)—ltn =1, (39)

with p{’ (w) = 0, p{’(w) = 1.
Equations (21) and (22) together imply that the dy-
namical part of the self-energy can be expressed as

2Y(z) = ta(py”, (2 — L) 'P)00
=t [(Z _Lﬁ)71]11t1~ (40)
The same argument that led from Eq. (30) to (31) then

gives an approximate depth-N CFE (41) for %" (z)
(with z, =z — €,):

BV(z) >ty ty. (41)

z1 — to to
Zy —
T —ty—tyn
ZN

If the self-energy spectrum W (w) is discrete with a finite
number of §-peaks, as is the case for a finite-size system,
24" (2) has an exact finite-depth CFE representation of
the form (41). Otherwise, Eq. (41) is an approximation.

F. Exact termination of CFE

To replace Eq. (41) by an exact depth-N CFE, we
subtract an M xM matrix function, the residual function
Ry (2), from the denominator at depth N and define it
by the requirement that the following equation is exact:

1

=h0(2) =t 1 t1. (42)
z] — to to
Zy — 1
7tNZN 7RN(Z) tN

In other words, the residual function Ry (z) by defi-
nition terminates the CFE at level N in an exact man-
ner. As shown in App. D, once the matrix polynomials
pY_;(w) and pYy(w) are known, they can be used to
compute, Ry_1(z), which terminates the CFE exactly

at depth N — 1, as follows:

The CFE (42) can also be constructed iteratively via a
sequence of depth-1 CFEs, each terminated by a residual
function that serves as starting point for the next iter-
ation. Initialize the process using Ro(z) = ZY"(2) as
input. Then, iteratively proceed as follows for n > 1:
(a) Using R,,—1(2) as input, find its normalized spectral
function W,,_1 (w) and weight matrix t,,, as follows:

i

1) = o [Raaw) ~RE @), (440)
tuta = [WRL @) 6= th20. ()
Wi (@) = 6 RY ()t (1)

(b) Use a one-step Lanczos scheme with measure
W,,_1(w)dw to compute €,. (c¢) Express R,,_1(z) via
the depth-1 version of Eq. (42), with {E%" t,,2;, R}
there replaced by {R,_1,tn,2Zn, Rp}:

LA (45)

R e

(Concretely: Let us use a superscript (n) to tag objects
obtained from the n-th one-step Lanczos scheme with
measure W,,_; (w)dw. Step (b) yields p{” (w) = 1, py* =
wl, €, p§*t = wl — €. Step (c) yields R{"” via
Egs. (43), with {W,p%)fl,p%)l,RN_l} there replaced
by {W,_1,1,wl — €, R{"}. Finally, set €, = €™ and
R, = Rg").) Concatenating N depth-1 CFEs of the form
(45) yields a CFE of the form (42). The resulting CFE
coefficients are identical to those obtained via an N-step
Lanczos scheme.

To conclude this subsection, we note that a CFE for the
self-energy implies a CFE for the corresponding Green’s
function: inserting Eqs. (18a) and (42) for the self-energy
into the Dyson equation (9) for G(z), we obtain

1
G =
(2) -
Zy —t1 1 t1
zZ) — t2Z — tg
2 . 1 .
NZN — RN(Z) N
(46)

This CFE can also be obtained directly by using a Lanc-
zos scheme with measure A (w)dw to construct an orthog-
onal set of matrix polynomials {p,(w),n = 0,...,N},
initiated with pg(w) = 1. These polynomials differ from
the {p’(w),n = 1,..., N} obtained using the measure
W (w)dw, but the CFE coefficients €,>1 and t,,>o are the
same, as elaborated in App. B.

G. Quantum impurity models: separating
hybridization function and self-energy

Quantum impurity models involve a small number Ny
of impurity orbitals and a large number Ny, of bath or-



bitals. We assemble their creation operators into length-
Ny and length-Ny, row vectors, denoted |df) and |bf),
respectively, and combine them as |c) = (|d'), [bT)), a
row vector of length M = N4 + Ny. Its entries span the
single-particle subspace, W. = W4 ® Wy, of the impurity
model. In analogy to Eq. (15a), we define the projectors

Pa = ‘dT)(dT‘7 Py, = |bT)(bT|7 Pe=1-"Pc, (47)
and denote the corresponding projections of the Liou-
villian by Ly, = Py LPy, with x,2’ € {d,b,c}. This
more finely grained decomposition W = Wy & Wy, & Wg
induces a 3 x 3 block structure on £, akin to Eq. (16),
having blocks [Llxz = (xT|£|x") with x,% € {d,b,c}.
Since the bath is non-interacting, the action of £ on |bf)
yields another single-particle operator, never reaching the
single-particle irreducible space Wg, i.e. £|bT) € W, and
Lz = Lz = 0. Since Wz is reached only when £ acts on
impurity orbitals, the dynamical part of single-particle ir-
reducible self-energy, Edy“(z), is non-zero only for impu-
rity orbitals, cf. Eq. (20). For impurity models, the right
space of |q) is thus implicitly constrained to the impu-
rity block, where it is non-zero, and likewise for 47" (z).

The full single-particle Green’s function, G = (cf|(z —
£)7Yet), is an M x M matrix containing both impurity
and bath blocks. However, one typically only works with
the impurity Green’s function, Ggq = (df|(z — £)~1|d"),
an Ng x Ng matrix. Its form, found via Eq. (C4), is

Gua(2) = [2— e~ AG) - B¥(2)] . (48a)
€0 = (d|£]d"), (48b)
A() = (@')an— 5 Luald), (48¢)
nhm(z) = (dT|£dEZ 71 ﬁﬁam\df). (48d)

The hybridization function A(z) encodes all relevant in-
formation about the impurity-bath coupling.

For the L-interpolation strategy to be presented in
Sec. I1I, we are only interested in the Liouvillian matrix
elements in the single-particle irreducible subspace, to
be extracted from X" (z). These matrix elements can-
not be extracted by a direct CFE of Ggq(z), since that
mixes single-particle reducible contributions from A(z)
with single-particle irreducible ones from X% (z). How-
ever, the contribution of A(z) can be subtracted either
explicitly (as discussed in App. G) or implicitly, using
Kugler’s symmetric improved estimator strategy [59, 60]
(as done for the results of Secs. IV and V).

H. CFE for NRG spectra

If the self-energy of a quantum impurity model is com-
puted using NRG, as is the case for several results pre-
sented in later sections, a complication arises: The spec-
tral function W (w) obtained from NRG possesses long

tails due to the log-Gaussian broadening used to obtain
smooth spectral functions from discrete ones. As a result,
the moment problem of the measure W (w)dw is indeter-
minate (see App. B), a problem artificially introduced by
log-Gaussian broadening. This implies that it is not pos-
sible to uniquely determine the self-energy from its CFE
coefficients without additional information. Below, we
describe how such additional high-frequency information
can be introduced via a regularized CFE.

Even without the problem of indeterminate moments,
it is often desirable for the regularization scheme to
be geared towards extracting low-energy information.
Many-body systems often exhibit features that are sepa-
rated by several orders of magnitude in frequency, and re-
solving all of those features would require a CFE with ex-
ponentially large depth N—unfeasible in numerical prac-
tice. Instead, we need a “logarithmic CFE”, featuring
CFE coefficients whose magnitudes decrease exponen-
tially with depth IV, thus naturally terminating the CFE
when N becomes large.

A strategy for constructing CFEs that both regular-
izes high-energy tails and yields exponentially decreasing
CFE coefficients has been described in Ref. 61. There,
a logarithmic CFE (log-CFE) was constructed for the
hybridization function of an impurity model. This was
achieved by an iterative procedure analogous to using
Eq. (45), with one crucial difference: after each step the
spectrum of the residual function R, (z) is split into a
high-energy part and a low-energy part, called, “fast” (F)
and “slow” (S) modes, respectively, and only the slow
modes are used for the next iteration. Here, we adapt
that scheme to construct a logarithmic CFE of our self-
energy via N one-step Lanczos schemes combined with
fast /slow splitting.

We initialize the procedure by setting RS(z) =
21 (%), i.e. we declare the input self-energy to be “all
slow modes”. For iterations n > 1, we proceed as be-
fore for steps (a) to (c), now using RS_,(z) as input, to

n—1

compute t,, €, and R, (z) and obtain the depth-1 CFE

LI (49)

RS (2) = tnizn “R,(2)

n—1

Thereafter comes a new step: (d) We split R, (z) into
“fast” and “slow” contributions, R, (z) = RE (2)+ R (2),
built from the high- or low-energy part of its spectrum,

oo F/S R”
RY/S(z) = / W Ra(w) (50)
oo zZ—w
Here, the so-called splitting functions wy/ s(w) satisfy

wE (w) 4w (w) = 1 and monotonically increase/decrease
with |w| (see below). Then, we use only the slow-mode
part, R3(z), as input for the next iteration. Iterating,



we obtain an exact CFE of the following form:

BV (2) = (51)
t ! t
1 RI(2) -t ! t%
Z1 — —
1 1(# 2zz—R§(z)—.‘ L 2
—tyn—F——t
NZN—RN(Z) N

Each level contains an explicit fast-mode contribution
RF(2), except the last level, containing the full Ry (z).
Note that RE(2) will, in general, contain an imaginary
part; therefore, some amount of broadening is present at
each level, yielding a self-energy with a continuous spec-
trum. The fact that RE(2) does not feed into the next
iteration in effect regularizes the contribution from high-
energy tails of the spectrum of R,,(2). Nevertheless, the
representation (51) is exact—the fast-slow splitting does
not neglect any information, it just distributes high- and
low-energy information to different parts of the CFE.

To achieve a logarithmic CFE whose CFE coefficients
decrease exponentially with N, we choose

1
L |w/Q

This box-shaped function has height 1, half-width €,
and box corners whose rounding is controlled by 7 >
2. The scale 2, decreases exponentially with n, and
we choose A = (Qmax/Qmin) VY such that Q,, ranges
between specified maximal and minimal values, Q; =
Qmax and Qn = Quin. The splitting function has weight
[ dww(w) ~ A™", resulting in exponentially decreasing
CFE coefficients, €,,t, ~ A™" and the weight of the
spectrum of R likewise scales ~ A~" (see Fig. 10 below,
and App. E3 for numerical details.)

wS (UJ) Qn = QmaxAl_n' (52)

IIT. LIOUVILLIAN INTERPOLATION

In this section, we outline the basic ideas underlying
Liouvillian interpolation. We start with a brief discussion
of cDMFT approximations and traditional interpolation
schemes, then introduce our L-interpolation scheme.
Technical steps are spelled out in detail in Appendix E.

A. Cluster DMFT approximations

We begin with some general remarks. For compu-
tations in a real-space basis of Ny lattice sites with
M orbitals per site, the self-energy matrix 3(z) is a
Nyage M X Niage M matrix built from  Nyaee X Niage blocks
[X(2)]r,» labeled by site indices, with each block hav-
ing dimension M x M. If fl(z) is expressed through a
block-CFE, its CFE coefficients €,, and fn (i.e. Liouvillian
matrix elements) are matrices too, built from Njape X Niagt

blocks [€,]rr and [t,]rr, each of dimension M x M.
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For translationally invariant systems [f](z)]”/ de-
pends only on the difference vector 4 = r —r’, as do
[€n]rr and [t,]rr. Then the Fourier transform block-

diagonalizes 3 w.r.t. spatial indices:

Ti(z) = [B(2)]s0e . (53)

é

Here, Xy(z) is shorthand for the diagonal elements
of a block-diagonal matrix with elements [X(2)]k =
Oxk 2k (z) obtained by viewing the Fourier transform as
a basis transformation ¥ = UXUT with matrix entries
[Ulkr = ¢ 7 /{/Niags. The sum runs over all distinct
difference vectors § between two lattice sites. (Since the
lattice includes site 0, this is equivalent to summing over
all lattice sites.) For given k, 3y (z) is an M x M matrix,
as are its CFE coefficients,

€xn = Z[En}é,o e_ik'é , tkn = Z[/En]é,o e_ik.é . (54)
g [

In conventional single-site DMFT, the “impurity” is a
single lattice site self-consistently embedded in its sur-
rounding, the real-space self-energy is local, [X(2)]y =
drrX(2), and the momentum-space self-energy is k-
independent, ¥x(z) = 3(z). The same is true for its
n > 0 CFE coefficients: [€,]s5,0 = 05,0 €n and ex, = €,,
likewise for t,, and tyy,. Single-DMFT thus approximates
the single-particle irreducible part of the Liouvillian of
the lattice model by that of an effective impurity model.

For cellular DMFT (CDMFT), the real-space lattice
is tiled into identical clusters, each containing N, sites.
The “impurity” is one of these clusters,~which we denote
by C, and the real-space self-energy [X(z)]r, is taken
to be localized on C (with open boundary conditions):
it contains non-local contributions only when both posi-
tion arguments are on the same cluster, while intercluster
terms are set to zero: [X(z)]yr # 0 only when r,1’ € C.
Therefore, the same is true for its n > 0 CFE coefficients
[€n]rr and [t,]r,r. CDMFT thus explicitly breaks trans-
lation invariance.

By contrast, the dynamical cluster approximation
(DCA) retains translational invariance at the cost of
using coarse-grained momentum variables. The Bril-
louin zone (BZ) is partitioned into equally-sized patches
labeled by patch momenta K. The momentum-space
self-energy is block-diagonal in K, with diagonal blocks
¥k (z), each of dimension M x M. They are taken to
depend only on the patch momentum K and are k-
independent within each patch, with discontinuous jumps
between patches. Xk (z) mimics the patch average of
3k (z). The same is true for its CFE coefficients, denoted
ek, and ti,.

interpolation schemes seek to restore translational in-
variance for CDMFT self-energies or a smooth momen-
tum dependence for DCA self-energies. (As mentioned
earlier, for CDMFT, our use of “interpolation” should be
understood to refer to “periodization”.) In Sec. IIIC, we



propose L-interpolation as a unifying scheme, applicable
to both CDMFT and DCA, capable of achieving these
goals. Before that, in Sec. II1 B we briefly review the tra-
ditional schemes, Y-, M-, and G-interpolation, since we
will later present results comparing the performance of
all these schemes.

B. Traditional interpolation

CDMFT: When applying traditional interpolation to
our CDMFT data, we use a superlattice average [11]
to guarantee causality. The superlattice is constructed
translating a cluster C to tile the original lattice, treat-
ing C as a super-site carrying internal degrees of free-

dom. To interpolate a z-dependent [Q(z)]rr obtained
from CDMFT as a real-space _matrix, were Q stands fgr

the self-energy 3, cumulant M or Green’s function G,
we make the CDMFT interpolation Ansatz

Qu(2) = Y Qslz)e™™?. (55)
s
We estimate Qg(z) using a superlattice average [11]
— 1 ~
Qs(2) = 5 D_[Q@)r+s (56)
“rec

vNVhereNthe sum runs over a cluster with N, sites. For
Q = X or M (but not for G), terms in Eq. (56) having
' +8 ¢ C are zero. For Q = ¥ or M (but not G),
we therefore have Qg = 0 if || exceeds the cluster size.
For Q = X or M, Eq. (55) thus is equivalent to a short-
range-truncated Fourier Ansatz of the form (2), while for
Q = G, Eq. (55) involves no short-ranged truncation.
Superlattice averaging as described above leads to
causal self-energies or Green’s functions [11]. However,
these may become non-causual if the superlattice aver-
age is replaced, for instance, by a cluster average, i.e. if
in Eq. (56) 1/N, is replaced by 1/Ns, where Ns is the
number of pairs of sites in the cluster having distance §.
DCA: In DCA, the Brillouin zone (BZ) is partitioned
into IV, disjoint patches labeled by a set of representative
momenta {K}. We write Vgz = UgVk for the union of
their domains, and Y |Vk| = |Vaz| for the sum of their
volumes. The output of DCA computations are transla-
tionally invariant, momentum patch-averaged quantities.

Yk (2),
Quc(2) {MK<z) A N
These must be combined to yield a function Q(z)
defined throughout the BZ. “Bare” (non-interpolated)
DCA does this using step functions, Qg(z) =
>k O kQx(2), where O x = 1 if k lies in patch K and
zero otherwise, resulting in artificial discontinuities in
momentum space. The interpolation of Qk(z) amounts
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to smearing out the discontinuities through an DCA in-
terpolation Ansatz of the form

Qu(z) = > ok Qk(2), (58)
K

where for each patch K the “form factor” ay k is an inter-
polation function of k defined on the entire BZ. Various
choices for the form factors can be found in the literature,
including splines [5] and low-order Fourier-Ansétze [62].
If Qk(z) depends on z (e.g. when it stands for Xk (z) or
Mk (z)), interpolation can cause causality problems; a
heuristic strategy for ameliorating these is to choose the
form factors such that ax x =1 [1, 6, 7].

Canonical DCA interpolation: For Liouvillian interpo-
lation, the quantities to be interpolated are z-independent
Liouvillian matrix elements, hence causality concerns do
not arise (with one small caveat, discussed later). This
affords us the freedom to focus on a formulation of a trun-
cated Fourier expansion that is particularly well suited
for our purposes. We will call it “canonical” DCA inter-
polation, since it ensures that the resulting Qx(z) pos-
sesses three canonical (clearly desirable) properties: (i)
Qi (z) is invariant under the point-group symmetry op-
erations (rotations, reflections, inversions) that leave the
patches invariant. (ii) Averaging Qy(z) over patch K’
yields Qi (z), i.e. fVK( %Qk(z) = Qg (2). (iii) If
Qxk(z) does not depend on K, Qk(z) = Q(z), then
Qx(z) = Q(z). Below, we present a form factor con-
struction that ensures these canonical properties. It ex-
presses the form factors as linear combinations of lat-
tice harmonics, using only ones that are invariant under
the symmetry operations that leave all patches invariant.
This construction is not new, but, for completeness, we
explain its rationale nevertheless. (For some background
on the definition of lattice harmonics, see App. F.)

For canonical DCA interpolation, we expand ax k as

NP
axK = Z P ViK - (59)
i=1

Here, the ¢y ; are real-valued lattice harmonics chosen
according to a criterion described below; j enumerates
the chosen ones in order of increasing complexity, with
@k,1 = 1; and the ¥, k are real expansion coefficients, to
be determined in manner described below.

To ensure property (i), we include in Eq. (59) only lat-
tice harmonics ¢ ; that are invariant under the point
group symmetries of the patches; that immediately im-
plies the same for ax k. (The choice of ¢k, ; may also de-
pend on additional details of the chosen patching scheme
and the physics it attempts to capture. A concrete ex-
ample is given in Sec. V, where we consider 4-patch DCA
results for a Hubbard model on a 2D square lattice and
use ¢k ; functions constructed via Eq. (F4) in App. F.)

To ensure property (ii), we impose the condition

dk
/ T 7Ok K = 5K',K . (60)
Vier VK|



Inserting Ansatz (59) into condition (60) we obtain
NP
Z Pk ;¥ Kk = 0k K, (61)
j=1

where the coefficients Pk ; = fVK’ % Px,; encode in-
formation about patch shapes. Viewing Eq. (61) as an
Np x Np matrix equation, ® - ¥ = 1, we find ¥; x =
(®71); k (assuming &1 exists). This completes the con-
struction of the form factors ayx k. Note that they are
unchanged if the ¢ ; functions are replaced by linearly
transformed combinations >, ¢i ;T ; (assuming 7' is
invertible), because by Eq. (61) that would just result in
inversely transformed coefficients ., T;]l,,\ll K-
Property (iii) holds, too, since the form factors satisfy

Y k=1 (62)
K

by construction. This can be seen as follows. The only
lattice harmonic whose BZ integral is nonzero is the con-
stant one: fBZ dk ¢x,; = |VBz| d;,1. Therefore,

S ity =3 [ dions = Vealny (63
K Vi

K’

Moreover, defining ¥; = Y i ¥; K, we find from Eq. (61),

Np
SV ®xe i =Y Vil 0wk = |Vizl. (64)
=1

K’ Jj= K’ K

Inserting Eq. (63) into (64) we find ¢; = 1. Summing
Eq. (61) over i we obtain ; ®x/ ;¥; = 1, and since
(I)K’,lwl =1- 1, this implies Zj>1 (I)K’.,jd)j = 0. This lin-
ear combination of columns of ®, which are linearly inde-
pendent since was assumed to ® ! exist, can vanish only
if all coeflicients ;-1 vanish, implying 1; = d;1. Thus
DK kK =) Ok = dx1 = 1, proving Eq. (62).

Finally, we remark that the interpolation Ansatz of
Eqgs. (58) and (59) for Qk(z) and ax k can be expressed
as a truncated Fourier expansion having the form of
Eq. (2), see App. F for details.

If canonical DCA interpolation is used to interpolate
the self-energy or the cumulant, the resulting functions
Qxk(z) and My(z) may exhibit frequency-dependent ring-
ing effects that lead to violations of causality [63]. One
possible remedy is to use a modified version of Eq. (59),

NP
mo 1
O‘k,Ig = Z Fﬁbk,j‘I’j,K ) (65)
j=1""

where ¢ and ¥ are defined as above, and N; is the num-
ber of sites in the real-space orbit O; associated with
¢x,; (see App. F, Eq. (F4) for details). The factor 1/N;
reduces the contribution of the non-local Fourier coeffi-
cients ¢ ;j>1 relative to the local one, ¢y 1, thereby coun-
teracting their causality-violating tendencies. However,

12

it must be acknowledged that this prescription is some-
what arbitrary and spoils the above-mentioned canonical
property (ii).

An alternative fix to ensure causality, already men-
tioned above, is to drop Eq. (60) and instead enforce
[ok k|k=k =1 [1, 6, 7]. However, this prescription, too,
involves arbitrariness, since the choice k = K singles out
one point in the patch and contains no information about
the actual shape of the patch. Moreover, typically it does
not guarantee canonical property (ii).

By contrast, when DCA interpolation is performed by
L-interpolation, as presented in the next sections, such
problems do not arise. Since £ is Hermitian and its ma-
trix elements are frequency-independent, £-interpolation
respects causality by construction. It can thus be used in
conjunction with canonical DCA interpolation, thus also
ensuring the canonical properties (i)-(iii).

C. [L-interpolation

Conceptually, our L-interpolation scheme is very sim-
ple: we compute the dynamical part of the self-energy,
construct its CFE coefficients, and interpolate the latter
using the same strategy as in Sec. III B—but now applied
to n-dependent coefficients instead of z-dependent func-
tions, which makes all the difference for ensuring causal-
ity. Concretely, we proceed as follows.

CDMFT: Using the Lanczos scheme of Sec. ITE, we
construct the CFE of the dynamical part of the CDMFT
self-energy, [S9 ()], (see App. E1 for numerical de-
tails), obtaining the corresponding hermitian CFE coeffi-
cients [€, ]y and [fn},,r/. From these we estimate hermi-
tian, real-space Liouvillian matrix elements of the lattice
model using superlattice averaging as in Eq. (56):

_ 1 ~ T 1 T
€on = 3 O [Enlvarss s an = 5 D [iadvorrs.
r'ecC r'eC
(66)

They are cluster-range-limited, vanishing if |§| exceeds
the cluster size. Note that €5, = ET_ s, Since by construc-

tion, €, = €, implying [€,]rr = [€l]p » for its matrix
elements. Likewise for t,,.
Finally, we define CDMFT-interpolated CFE coeffi-

cients in analogy to Eq. (55):

—_ —iké T —ikd
€xn = Z €ne 0, tyn Ztane Heo (67)
5 5

By construction, we have €, = eLn, ty, = t;rm.

The reason why in this work we use using superlat-
tice averaging in Eq. (66) to estimate €5, and tg,, is that
this provided the most favorable comparisons to bench-
mark results obtained using MPS methods (see Sec. IV).
However, instead of superlattice averaging, one could in
Eq. (66) also use cluster averaging, or some other scheme,

as long as €5, = ET—&n and ts, = t_g,, ensuring that



€xn and ty, and therefore also the CDMF T-interpolated
Liouvillian are hermitian, leading to causal Green’s func-
tions and self-energies after interpolation. This is in stark
contrast to periodization schemes based on frequency-
dependent quantities such as the self-energy or the cu-
mulant, as discussed above.

DCA: Here, we use the Lanczos scheme of Sec. IIE
to construct CFE coefficients ek, and tgk, from the dy-
namical part of the patch self-energies Efgn(z). We then
apply the canonical DCA interpolation of Sec. IIIB to
the CFE coeflicients, with oy k constructed according to
Egs. (59)—(61), to define DCA-interpolated coefficients,

€kn = Z QKK €Kn, bkn = Z akKtkn.  (68)
K K

They are hermitian, since the CFE coefficients ek, and
tk, are hermitian by construction, and the ay k are real.
Having constructed the interpolated coefficients ey,
and ty, from CDMFT or DCA as described above, we
are ready to assemble the corresponding interpolated dy-
namical self-energy Eiyn(z). If the Lanczos iteration for
finding CFE coefficients terminates automatically, i.e. for
a discrete L that is fully represented by Eq. (28), the
CFE (41) is an exact representation of %" (z). Its inter-
polated version, and in turn the interpolated self-energy
Yk(z), follows from inserting the interpolated matrix el-
ements €y, and ty, into Eq. (41), thereby defining

1

2 (2) = tia

Zy1 — tio tio
Zxo — |

T —tkn . tyn
(69)

with zy, =z— €k,. If the CFE is terminated by a residual
function Ry (z) as in Eq. (42), we construct its interpo-
lated version Rxn (z) via the traditional for CDMFT or
DCA approaches of Sec. III B, using

[Q(2)ew = Ry (2)ew, Qi(2) =Rxn(z), (70)

respectively, and set zxny = z—exn — Ry (2) in (69). For
an NRG self-energy whose CFE involves F/S-splitting
(cf. Sec. ITH), we similarly interpolate the fast-mode
terms [RE(2)]y or RE, (2) for CDMFT or DCA, and
set zyn, = Z — €xn, — RE, (2) for n < N in (69).

We note that our suggestion to interpolate the z-
dependent functions R%F)(z) using traditional schemes,
can, in principle, lead to similar causality violations for
2™ (2) as those discussed in Sec. I1IB for traditional
periodizations of Xy (z) or M (z). However, for the com-
putations performed for this work, we find that the func-
tions R\ (z) are quite local, and that essentially all sig-
nificantly non-local features of Edyn(z) are encoded in €,
and t,, see Sec. VA. As a result, we did not encounter
any violations of causality.(In case DCA computations
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. . . . : mod
do yield causality violations, we recommend using oy

of Eq. (65) when interpolating R%F)(z)7 thereby reducing
the contribution of non-local Fourier coefficients.)

D. Discrete self-energies: interpolation before
broadening

If the impurity solver used within cDMFT discretizes
the bath, then both spectral functions and self-energies
are discrete functions of frequency. They have to be
broadened to estimate the corresponding continuous
functions of the impurity model with a continuous bath.
For some impurity solvers, such as NRG, discrete spectral
functions are computed and broadened, but discrete self-
energies are typically unavailable (see, however, Ref. 60).
If discrete self-energies are available, it is advantageous to
apply interpolation schemes directly to the discrete ones
and broaden them after interpolation. We have done that
for the CDMFT data in Sec. IV B, which was computed
with a tangent-space Krylov (TaSK) impurity solver [64]
where discrete self-energies are available. The same goes
for the exact diagonalization data shown in App. G.

The discrete self-energy has a finite CFE, which can
usually be computed exactly (otherwise, the discussion
that follows does not apply). Interpolating the CFE co-
efficients according to our discussion above yields peri-
odic self-energy with a discrete frequency dependence.
To obtain a continuous frequency dependence, we sim-
ply broaden the discrete periodic self-energy for every
k-point with the same broadening scheme used within
the cDMFT calculation.

We close this section with a final remark. After the
dynamical part of the cDMFT self-energy has been inter-
polated, DMFT defines the lattice Green’s function as

1
Gk(z) = . 71
k( ) Z— € — EEF _ Eiyn(z) ( )

Here €y, representing the free single-particle Hamilto-
nian, is exact and does not require interpolation. The
Hartree-Fock term EEF, unlike €y, depends on the den-
sity matrix used to evaluate inner products. For purely
local interactions, as treated in this work, the HF term
is local and identical to that of the impurity model,
EEF = ¥ 5o it does not need to be interpolated.
With non-local interactions, however, the HF term does
acquire a k-dependence (even without interpolation) that
is only partially captured by the impurity model: it
arises from lattice expectation values computed via k-
sums over corresponding lattice Green’s functions. How-
ever, for CDMFT/DCA, these lattice expectation val-
ues are generally not fully periodic/continous, leading to
a non-periodic/npn-continuous HF contribution. To re-
solve this, we propose to recompute the HF term after
interpolating the single-particle irreducible matrix ele-
ments, and to iterate this until self-consistency.



IV. BENCHMARK: CDMFT INTERPOLATION
IN THE 1D HUBBARD MODEL

This section is devoted to benchmarking the L-
interpolation of CDMFT data in a context in which es-
sentially exact reference data is also available. By com-
paring the results of G-, ¥-, M- and L-interpolation
schemes to the reference cata, we establish which interpo-
lation schemes perform best. (Reminder: in this section,
“Interpolation” stands for “periodization”, i.e. real-space
interpolation.)

We consider the one-dimensional Hubbard model,

H = —Z(CI”CZ+1” + h.C,) — i E Neg + U E Nty s
lo lo ¢
(72)

for a chain of L sites. This model is challenging for
DMFT-type approaches, which are controlled by the in-
verse dimensionality of the lattice model. On the other
hand, this model can be efficiently treated using ma-
trix product state (MPS) techniques. In Sec. IV A,
we use MPS techniques to compute and investigate the
full frequency and momentum dependence of its single-
particle spectral function and self-energy. These results
are numerically (almost) exact, and we will view them as
“ground truth” for this model. We use our MPS results
(i) to show that £ is indeed more short-ranged than X
or M; and (ii) as benchmark data against which we sub-
sequently, in Sec. IV B, compare interpolated CDMFT
results obtained using several different schemes: G-, -,
M- and L-interpolation.

A. MPS analysis

For our MPS-based analysis, we compute the ground
state of Hubbard chain of L = 50 sites with U = 5 and
w = —U/2 (half-filling) using the density matrix renor-
malization group (DMRG). We then compute the single-
particle spectral function Ag(w) associated with the re-
tarded correlator

GR(t) = —i0(t)({cr(0), cf (1) }), (73)
where ¢, = ﬁ ZeLzl e ¢y, using the tangent-space
Krylov (TaSK) approach [64]. TaSK yields the spectral
function in the form of a discrete Lehmann represen-
tation, A%°(w). The eigenstates and eigenenergies in-
volved therein are computed via a Lanczos scheme that
constructs a Krylov basis within the 1-site tangent space
of the ground state. A%¢(w) is a discrete function of
w (since the chain has finite length). We broaden it to
obtain Ag(w) as a smooth function of w. For details see
App. H and Ref. 64.

From Ag(w) we compute Gg(w) (8a), and then Yy (w)
and My (w) via Egs. (1). The resulting spectral func-
tion Ag(w), self-energy ¥x(w) and cumulant My (w) are
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FIG. 1. (a) Spectral function, (b) self-energy and (c¢) cumu-
lant computed with the TaSK method for a L = 50 Hubbard
model.

shown in Figs. 1(a), (b) and (c), respectively. As ex-
pected, Ay (w) exhibits a Mott gap while X (w) has a dis-
persive pole. The main feature of My (w), on the other
hand, is a k-independent peak at negative frequencies
for 0 < k < 7/2 and another flat peak at positive fre-
quencies at 7/2 < k < . Thus, the features of M (w)
are significantly less dispersive than those of both Ay (w)
and Y (w). As a result, M-interpolation is expected to
yield better results than Y-interpolation for the present
parameters where the model is in a Mott phase. This
aligns with findings in the literature [11].

In order to test more quantitatively which interpola-
tion scheme may yield the best outcomes, we Fourier-
transform to position space and compute the Fourier co-
efficients

S (w) = %Zeierk(wL Mo (w) = %Zei’"Mk(w).
(74)

For r < 5, the Fourier coefficients 3, (w) and Mr(w) are
shown in Fig. 3(a) and (b), respectively. The maximal



FIG. 2. The first six Fourier coefficients of the imaginary
part of (a) the self-energy of Fig. 1(b) and (b) the cumulant
of Fig. 1(c).

absolute amplitude of Mr(w) clearly decays faster with

increasing r than that of ¥, (w). This suggests that here
M-interpolation will outperform X-interpolation. In-
deed, we confirm this explicitly below.

Now consider the truncated Fourier series,

s Zz
ZM

Here, r plays the role of § from Sec. III. (Compared

) cos(kr), (75a)

M[R ) cos(kr) . (75b)
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FIG. 3. (a,b) Matrix elements €y, and t, of L, extracted via
CFE from the spectral data in Fig. 1. (c,d) The corresponding
Fourier coefficients €., and &rn up to order r = 10. The color
scheme of panel (d) applies to all panels.
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to Eq. (53), we combined terms with e**” in the sum
above, so that the magnitude of the non-local coefficients
Y, (w) with 7 > 0 is directly comparable to the local co-
efficient io(w), and similarly for M.) Such truncated
Fourier series will generically lead to non-causal features
(positive imaginary parts for Yp(w) or Mg(w)) due to
ringing [63] because the truncation discards w-dependent
terms. Consider, for instance, approximating Yy (w) by
the first two terms of its Fourier expansion,

(W) = So(w) + cos(k) 1 (w) - (76)
As shown in Fig. 2, there exist frequencies where
—Im¥y(w) < —Im¥;(w). At these frequencies, the ap-
proximation EE] (w) will be non-causal at k = m, be-
cause fImELl]:ﬂ(w) = —Im[%(w) — Z1(w)] < 0. In
general, EE] (w) will have non-causal features whenever
ImY(w)| < [ImE; (w)|, and likewise for ME] (w). Less
severe truncation by keeping more Fourier coefficients
(thus considering longer-ranged terms) gradually reduces
non-causal features. We discuss this in more detail below,
together with Fig. 4.

As just discussed, non-causal behavior can arise when
truncating Fourier series with w-dependent coefficients.
This problem can be avoided by adopting a strategy
in which all Fourier series to be truncated involve only
w-independent coefficients. To this end, we consider
the CFE representation of Gj(w™), which amounts to
a change of variables from w to n: it encodes the w de-
pendence explicitly in a continued fraction involving w-
independent CFE coefficients €, and ty,, . Fourier repre-
sentations of the k dependence of €, and tx,, can then be
safely truncated without yielding non-causal behavior.

To illustrate this, we have computed a CFE for Gy (w™)
starting from our TaSK result for the discrete spec-
tral function AS¢(w), using the strategy discussed after
Eq. (46). Figures 3(a) and 3(b) show the resulting Li-
ouvillian matrix elements €, and tg,, respectively, for
n < 5. For fixed n they are smooth functions of k. Their
Fourier coefficients,

~ dk

Cn = /77r 5 —(2 = dy.0) cos(kr) €, (77a)

T = / gk(Q 8r.0) cos(kr) tey, (77b)
™

turn out to decay quickly with r. This can be seen from
Figs. 3(c) and 3(d), showing the Fourier coefficients €.,
and a.n,~respectively. We find that €., = 0 for even
r while ¢,, = 0 for odd m (because particle-hole sym-
metry implies €x, = —€pprn and tgn = thprn). We
find that the magnitude of the Fourier coefficients de-
cays monotonically with 7, |€1,] > |é€sn] > ... and
t. This suggests that the Fourier

series, defined as

e,m Zemcos (kr), t[R

R

Z rncos(kr),  (78)
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FIG. 4. Self-energy ZECR] (w) obtained from truncating the Fourier series of 3-, M- or L-expansions at r < R as described in the

text. Regions where —Im ZECR] (w) < 0 (non-causal behavior) are depicted gray.

converge smoothly, and that truncating them will not
cause significant ringing artifacts. Note that even if ring-
ing does occur, the resulting spectral functions and self-
energies are still guaranteed to be causal, in stark con-
trast to the truncated Fourier series of ¥ (w) or My (w).
The reason is that any approximation of €, or tj, that
leaves €y, real leads to a hermitian £ and therefore to
causal spectra.

Our discussion so far suggests that a truncated Fourier
expansion of £ has much more favorable convergence
properties than a truncated expansion of ¥ or M. We
verify this explicitly in Fig. 4, where we investigate how

EECR] (w), obtained via ¥, M or L expansions involving
truncated (r < R) summations, evolves when the expan-
sion order R is increased.

The first column, Figs. 4(al-ad), shows the evolution
with R of the self-energy EECR] (w), represented by the
truncated Fourier series Eq. (75a). In Fig. 4(al) with
R = 1, only the first two coefficients are retained, i.e.
Eq. (76). This corresponds to neglecting any contribu-
tions to the self-energy beyond nearest neighbors, similar
to 2-site CDMFT/DCA. Clearly, the approximated self-
energy in Fig. 4(al) does not capture the main features
of the actual self-energy shown in Fig. 1(b). The disper-

sive Mott pole, the most distinctive feature of the self-
energy in Fig. 1(b), is not captured at all by the truncated
Fourier expansion of X (w). Further, as discussed earlier,
the truncated Fourier expansion yields non-causal arti-
facts (positive imaginary part) due to ringing, shown as
gray areas. With increasing expansion order [Fig. 4(a2-
ad)], the correct features are better captured, but con-
vergence is very slow in the expansion order. Even for
R =7, which corresponds to considering up to 7 nearest-
neighbors (as one would do for 8-site CDMFT/DCA),
the self-energy is not fully converged and still shows non-
causal features due to ringing.

The second column, Fig. 4(b1-b4), shows the evolution
with R of the self-energy ELR] (W)y=w+pu-— [M,ER] (W)=t
when M,ER] (w) is represented by the Fourier expansion
(75b) truncated at r < R. In contrast to the truncated
Y. expansion, the truncated M expansion captures the
dispersive pole of the self-energy already at the lowest
order shown, R = 1. However, a low-order truncation
also leads to significant non-causal ringing artifacts, ap-
pearing prominently in the vicinity of the dispersive pole.
Further, the shape of the pole dispersion is not very well
captured at low orders. Even at the highest order shown,
R =7 in Fig. 4(b4), the self-energy is not captured very
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FIG. 5. Interpolated CDMFT self-energies for different cluster sizes N, obtained using four different interpolation schemes.

well, and there are still non-causal ringing artifacts left
(though to a lesser extent than for the ¥ expansion).
Overall, truncating the Fourier expansion of M leads to
somewhat better results than truncating that of X.

The third column, Fig. 4(cl-c4), shows a self-energy
ELR] (w) obtained as follows: using A$*°(w) as input, we
performed a finite-depth CFE expansion of G} (w) to ob-
tain the Liouvillian matrix elements €, and tj,; these
were Fourier transformed via Eq. (77) to obtain €., and
ten, from which we constructed R-truncated Fourier ex-

pansions egfz] and tgc}z] [Eq. (78)]. We used these to com-

pute EECR] (w) via the CFE (41) while using the broaden-
ing scheme of Ref. 64, Sec. S-2.2, henceforth to be called
“CFE+Gaussian broadening”.

As can be seen from Fig. 4(cl-c4), non-causal fea-
tures are absent at any truncation order, in stark con-
trast to the truncated ¥ or M expansion. Further, the
correct dispersion of the self-energy pole is already cap-
tured at the lowest order, R = 1, with higher orders
revealing more and more details. Qualitative conver-
gence is reached at R = 3 (as one would use for 4-site
CDMFT/DCA). At order R = 5 and beyond, the self-
energy appears to be quite well converged, changes be-
yond this order are only minor.

To summarize, our analysis of numerically (almost)
exact MPS data reveals that truncating the Fourier ex-
pansion of £ matrix elements leads to faster and more
controlled convergence than truncating that of ¥ or M.
Additionally, truncating the £ expansion leads to causal
spectra at all expansion orders, in stark contrast to trun-
cating the ¥ or M expansion where non-causal features

appear at low orders. Therefore, we can expect L-
interpolation to outperform ¥ or M-interpolation. We
explicitly explore this in Sec. IV B.

B. Cellular DMFT

To illustrate how L-interpolation performs compared
to M or ¥ interpolation when applied to cDMFT data,
we perform CDMFT calculations for the 1d Hubbard
model analyzed in the previous section. The cluster im-
purity model that we solve with CDMFT contains as im-
purity an open-boundary Hubbard chain of N sites (thus
N, is the cell size); its two outermost sites on the left and
right hybridize with two self-consistent baths with contin-
uous spectra [2]. We discretize each bath using the “mean
method” from Ref. 65 and map the discretized impurity
model to a chain geometry, with each bath represented
by 64 spinful orbitals. For the chain so obtained we use
DMRG to compute the ground state. Then, we combine
TaSK with a discrete version [60] of the equations of mo-
tion approach of Ref. 66 to compute a discrete version of
the impurity self-energy, a N x N matrix-valued func-
tion with elements [Eﬂif}‘";(w)] ¢,0r, whose w-dependence is
represented by a sum of §-peaks. (Due to CDMFT self-
consistency, this also corresponds to the discrete lattice
self-energy, disc (w).) We then use Eldlifg(w) for two
purposes. On the one hand, we use CFE-+Gaussian
broadening to obtain a smooth version of the impurity
self-energy, Ximp(w). We then take the latter as input
for traditional -, G-, M-interpolation employing super-
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FIG. 6. Spectral function from different interpolation schemes for different cluster sizes.

lattice averaging [Eqs. (55), (56)], using for Q(w) either
the broadened X(w), or corresponding functions G(w)

or M(w) obtained from the former in standard man-
ner (Egs. (7) and (6) of Ref. 33). On the other hand,
for L-interpolation, we compute the CFE of the discrete
Egifg(w) to obtain the single-particle irreducible Liouvil-
lian matrix elements €,, and EnA Next, we L-interpolate
them, using the superlattice average (66) to obtain €.,
t,n, and Eq. (67) to obtain €, and tx,. We use these in
Eqg. (69) to construct an L-interpolated self-energy 3 (w)
while using CFE+Gaussian broadening (see App. H for
details). This, finally, is the estimate produced by L-
interpolated CDMFT for the lattice self-energy, to be
compared to the self-energy computed in Sec. IV A.

In the following, we compare lattice self-energies
(Fig. 5), spectral functions (Fig. 7) and cumulants
(Fig. 7), for three different cluster sizes, N, € {2,4,8},
in each case obtained in four different ways, via %, G,
M and L-interpolation. The self-energies are shown in
Fig. 5(al-a3). Even at the largest cluster size, the -
interpolation fails to reproduce the dispersive pole of
the self-energy, i.e. it fails to correctly capture the Mott
physics in this model. This behavior is in line with the
analysis of the truncated Fourier series in Fig. 4, where we
have seen that a large number of Fourier coefficients are
required to capture the dispersive pole. ¥-interpolation
is based on the assumption that the self-energy is weakly
k-dependent, and for the 1d Hubbard model, this is sim-
ply not the case.

Figures 5(b1-b3) and (c1-c3) show the self-energy re-
sulting form G- and M-interpolation, respectively. Both
interpolation schemes work very well in producing the

dispersive Mott pole, even for the small 2-site cluster.
However, for the larger clusters (4-site and 8-site), stripy
structures show up which are artifacts of the interpola-
tion. These stripy structures are more pronounced for
G-interpolation than for M-interpolation. For the 2-site
cluster, G-interpolation seems to perform better than
M-interpolation in reproducing the features of the self-
energy, in particular the slope of the dispersive pole. The
reason for that exceptional performance of the G and M
schemes at small N, is the very weak k-dependence of the
cumulant in this model. However, if the cumulant would
be strongly k-dependent (for instance, if it had a disper-
sive pole), then G and M-interpolation are expected to
encounter issues similar to X-interpolation in the present
case. The 1d Mott insulator is therefore a case where the
G and M-interpolation performs very well, but there is
no guarantee that this is generically the case.

Figures 5(d1-d3) show the self-energy resulting from
L-interpolation. The dispersive pole of the self-energy,
which is one of its main features, is captured for all clus-
ter sizes. However, the pole strength is not correctly
captured for the small clusters, which results in an incor-
rect size of the Mott gap. The information on the cor-
rect self-energy pole weight therefore seems to reside in
longer-ranged matrix elements of £, a conclusion which
can also be drawn from Fig. 4.

Figures 6 and 7 show the spectral functions and cu-
mulants corresponding to the self-energies in Fig. 5. The
Y-interpolated spectral functions and cumulants display
a dispersive pole even for the largest cluster size, a result
that is evidently incorrect. The G and M schemes both
produce the correct Mott gap in G and M, even for the
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smallest cluster size. Further, when using these interpo-
lation schemes, the qualitative features of G and M com-
pare quite well with the DMRG result for the 1d Mott
insulator. L-interpolation, on the other hand, has trou-
ble reproducing the correct size of the Mott gap at small
cluster sizes, which is due to the incorrect weight of the
self-energy pole. For the largest N, = 8 cluster, however,
L-interpolation reproduces the correct Mott gap and the
qualitative features of both M and G compare very well
with the DMRG result. For N, = 8, £ interpolation fur-
ther provides smoother spectral features than the G or
M schemes, with fewer interpolation artifacts.

To summarize, the Fourier series of matrix elements
€in and ty,, of a numerically (almost) exact model, decay
more rapidly than the ¥ and M expansion of the same
data. The conservation of causality of the L-interpolation
becomes also evident within these examples. Our L£-
interpolation yields a fully causal interpolation that con-
verges faster with cDMFT cluster size, which is confirmed
by a benchmark test of the 1d Hubbard model using
CDMFT+TaSK with several cluster sizes ..

V. DCA OF THE 2D HUBBARD MODEL

This section deals focuses on the interpolation of DCA
results (i.e. in this section, “interpolation” means k-space
interpolation). We obtain the input data for our interpo-
latoins from a 4-patch DCA+NRG treatment of the two-
dimensional Hubbard model for three choices of doping,
corresponding to Fermi-liquid, pseudo-gap and Mott in-
sultor regimes. A thorough analysis of our DCA+NRG

results for this model will be published separately [67].
Here, we focus on interpolation rather than physical im-
plications. We compare the non-interpolated discontin-
uous DCA results to smooth interpolated versions ob-
tained from M-, ¥- and L-interpolations, focusing on
data sets for which different interpolation schemes turn
out to yield strikingly different results. Our analysis
contains a striking physical result: L-interpolation can
(depending on doping) resolve Fermi and Luttinger arcs
which together form a closed surface, with a smooth
crossover between Fermi and Luttinger arcs.

A. Model and periodization

We study the two-dimensional Hubbard model,

H= —Z tyr CIOC,,/O. — W Z Nyo+U Z NetNry (79)

rr’'c

where t,,s contains nearest- and next-nearest-neighbor
hopping t and t’, respectively. The terms in the Hamilto-
nian are illustrated in Fig. 8(a). For the results presented
below, we use t = 1 as our energy unit, set ¢ = —0.3t,
U = Tt, use temperature 7 = 107!%, and adjust u to
vary the doping d, which is our tuning parameter.

We obtain approximate solutions using 4-patch DCA,
using the “star patching” scheme of Ref. 68, as illustrated
in Fig. 8(b). To solve the cluster impurity model, we
use the MuNRG implementation [69, 70] of the numer-
ical renormalization group (NRG) [66, 71-74], which is
based on the QSpace tensor library [75-79]. We exploit
U(1) charge and SU(2) spin rotation symmetry, use a
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FIG. 8. (a) Illustration of hopping and interaction terms in
the 2d Hubbard model. (b) Star patching geometry with
patch momenta K € {(0, 0), (0, ), (m,0), (7, 7)}.

discretization parameter of ANgrg = 8, no z-shifting, and
keep up t0 Nieep = 105 U(1) x SU(2) multiplets. Further,
we use an interleaved Wilson chain geometry [80, 81],
fully interleaving the bath modes associated with the dif-
ferent patches (labeled by their patch momenta) in the
following order: K; = (0,0), Ko = (7,0), K3 = (0,7),
K4 = (m,m). We broaden discrete NRG data using a
log-Gaussian broadening scheme [69] with broadening pa-
rameter o = 0.7 there, and use Kugler’s symmetric esti-
mator approach [66] to compute the self-energies Yk (w).

Although interleaving breaks the expected symmetry
between the (7, 0) and (0, 7) patches, the resulting broad-
ened self-energy functions ¥, o)(w) and Yo »)(w) are es-
sentially identical, differing by less than 10~3. Therefore,
we enforced the symmetry between them in the DMFT
loop, setting (g »)(w) <= X(x0)(w) before proceeding to
the next DMFT iteration.

To extract the Liouvillan matrix elements ek, and txk,,
associated with each patch, we use the log-CFE described
in Sec. ITH. We set A = 1.2 and 7 = 5 for the splitting
function wS(w), see Eq. (52). Further, we set Quin =
1072 (smaller values of Qi lead to low-frequency inac-
curacies due to double precision), and choose ,,x such
that Agisc(w), the discrete spectral function output of
our NRG impurity solver, satisfies its spectral sum rule
to within 1075, i.e. 1 — leikﬂmax Agise(w;) < 1-1075.
This ensures that we capture essentially the entire sup-
port of the spectral function A (w); note that this choice
amounts to cutting off over-broadened self-energy tails.
For numerical details, and a discussion on how the inter-
polated results depend on 7 and A, see App. E 3.

Figure 9 shows exemplary DCA patch self-energies
(dashed lines) and their CFE representations (solid
lines), confirming that our log-CFE accurately repre-
sents the cluster self-energies. Figures 10(a,b) show the
corresponding Liouvillian matrix elements ek, and tk,,
demonstrating that they decrease exponentially with n.
Figure 10(c) shows the imaginary part of the fast modes,
RY (w) = —LImRE, (w), for several choices of n, with
individual patch momenta distinguished by line color.
The lines for the different patches show some slight dif-
ferences for n = 1 but overlap increasingly well with
decreasing n. This implies that the K-dependence of
RE! (w) is weak and becomes ever weaker with increas-
ing n. This property, which appears to arise generically
for log-CFEs, is important for reducing the likelihood of
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FIG. 9. (a) Real and (b) imaginary parts of the original

DCA patch self-energy Yk (w) (dashed lines) and its log-CFE
representation (51) (colored lines), for the patch momenta
K =(0,0) (blue), Kz = (7,0) and K3 = (0, 7) (green), and
K4 = (m,7) (red). The excellent agreement between colored
and dashed curves demonstrates that the log-CFE accurately
represents the DCA results.

causality problems to arise when interpolating fast-mode
functions, as will be elaborated below.

Our choice of 7 =5 results in a rather sharp split be-
tween fast and slow modes. The dependence on 7 is dis-
cussed in detail in App. E3. The fact that |ek,| shows
a very much stronger patch dependence than RY/ (w)
means that most of the k-dependence of the interpola-
tion will enter through the Liouvillian matrix elements.

Having obtained the Liouvillian matrix elements, our
next step is to interpolate them using canonical DCA in-
terpolation, as described in Sec. III B. For the star patch-
ing illustrated in Fig. 8, the IV, = 4 patches are invariant
under z- and y-reflections, but not under 7/2 rotations
about the origin. The lowest few lattice harmonics that
are invariant under these symmetry operations are con-
structed explicitly in App. F. They have the form

dx1 =1, ¢x,3 = cosky — cosky,

¢r,2 =cosk, +cosky, ¢x4 =cosk,cosk,. (80)
leading to
0.2500 0.2500 0.2500 0.2500
U~ 0.4010 0.0092 0.0092 —0.4194 (81)
K =10.0000 0.4050 —0.4050 0.0000

0.7591 —0.6645 —0.6645 0.5698

for the coefficients appearing in Eq. (59) for the canonical
DCA interpolation functions ayx k. The latter are then
used to interpolate exn, tikn, and Rl (2) via Eq. (58).
The interpolation functions ok k are depicted in the
first row of Fig. 11. They exhibit large positive weights in
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FIG. 10. (a,b) The Liouvillian matrix elements |ek,| and

tkn obtained from a log-CFE with A = 1.2 and 7 = 5.
(c) The spectral part of four fast modes Ri(w) with n €
{1, 43, 85, 127}; arrows indicate the corresponding energy
scales Q,, (cf. Eq. (52)). Thin black lines indicate the scaling

behavior. As in Fig. 9, colors distinguish patch momenta.

the centers of their respective patches and fall off towards
the other patches. Importantly, to fulfill the patch aver-
age condition (60), they become negative in the centers
of some other patches. As an aside, we note that this can
cause Qi (w) = Yk ax,k Qk(w) to be negative for some
combinations of k and w even if all Qg (w) are strictly
positive functions of w. This may lead to causality vio-
lations in some situations, e.g. when used for - or M-
interpolation. In sections VB and V C below, where we
compare £L-, 3- and M-interpolation, we sidestep the po-
tential causality issues of ¥- and M-interpolation by im-
plementing the latter two schemes using the modified in-
terpolation functions a{f‘&’? of Eq. (65) (instead of ak k).
There, the non-local Fourier modes ¢y j~1 are rescaled
by a factor 1/N; (defined in App. F), which counteracts
their causality-violating tendencies. The resulting func-
tions a{:}’g are shown in the second row of Fig. 11. They
are positive everywhere, as desired; however, they also
exhibit a much weaker momentum dependence compared
to ax K, and they do not preserve the patch average since
Eq. (60) is not fulfilled. (We have also explored using
other interpolation function for - and M-interpolation,
e.g. ones satisfying ax xk = 1, so that setting k = K
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FIG. 11. (al-dl) The canonical DCA interpolation functions
ak,k of Eq. (59), and (a2-d2) the modified interpolation func-
tions aﬁ‘}g of Eq. (65), for the star patching geometry of
Fig. 8(b). All plots employ the same diverging color scale.
The aﬁ‘f;’g functions are strictly positive due to the reduced
non-local contributions.

in the interpolated Qx(z) reproduces the original patch
function Q(z). These yielded minor quantitative but
no qualitative differences from the results shown below,
obtained using a{f‘fl’g.)

Returning to L-interpolation, we reiterate that we used
the canonical DCA interpolation functions ay k not only
for obtaining €y, and ty,, but also for REn(z) This
did not lead to any causality problems, since the K-
dependence of the RL, () functions obtained from our
log-CFE is so weak (cf. Fig. 10(c)).

B. Interpolated Spectra

In this section, we compare results for spectral func-
tions Ak (w) and imaginary parts of the self-energy Yy (w)
obtained from different interpolation schemes. We con-
sider results at three values of doping, corresponding to
a Fermi liquid (FL) at doping 6 = 0.25, the pseudogap
phase (PG) at ¢ = 0.21, and a Mott insulator (MI) at
0 = 0.00. We plot both ¥k (w) and Ak(w) along the path
I'=(0,00-X=(0,71)>M = (m,7) =1 = (7/2,7/2) —
I' = (0,0) in the Brillouin zone (I'XMIIT'), with momen-
tum k on the abscissa and frequency w on the ordinate.
The corresponding Fermi surfaces (FS) are presented in
the next section.

The spectral functions Ay (w) are presented in Fig. 12,
where we compare the non-interpolated “raw” DCA data
in column (a) with that obtained after ¥, M and L-
interpolation in columns (b), (¢) and (d), respectively.
The rows correspond to the different regimes, with the
Fermi liquid (6 = 0.25) in the top row, pseudogap (6 =
0.21) in the middle row, and Mott insulator (6 = 0.00) in
the bottom row. We checked that the filling is preserved
by all three interpolation schemes.

In the Fermi liquid, the self-energy is only weakly K-
dependent. interpolation therefore does not strongly de-
pend on the method, and interpolated results closely
match the non-interpolated data.
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FIG. 13. Spectral function Ax(w) at k = X corresponding to
6 = 0.21 emphasizing the gap opening at X for the different
interpolation depicted by colors.

In the pseudogap regime, by contrast, the self-energy
exhibits strong K-dependence, and interpolation results
depend significantly on the employed method. In this
regime, a small gap opens in the vicinity of momentum
X which is more pronounced when using £-interpolation
compared to the Y-, and M-interpolation. To make
this more apparent, we show Ayx_x(w) in Fig. 13. The
reason why the - and M-interpolated spectral func-
tions are closer to the non-interpolated one is because
the functions a?‘l’g resemble smeared-out step functions
that never become negative. By contrast, the functions
ok K, have a much stronger k-dependence and do become
negative, a property needed to preserve patch averages
(cf. property (ii) on p. 11).

We elaborate this in Fig. 13, where we show a slice

of the spectral functions in Fig. 12 at momentum X,
Ax(w). There, X- and M-interpolation yield curves qual-
itatively similar to the non-interpolated one. The rea-
son is that in the interpolation formula (58), Qx(w) =
>k %k, k Qi (w), the w-dependence on the left is linearly
inherited from that on the right. By contrast, the £-
interpolated result differs from that of the other three
significantly, because its w-dependence in inherited non-
linearly, via the different levels of the CFE.

Reducing the doping from the pseudogap phase to
0 = 0.00 yields the Mott phase. This case is the strong
suit of the M-scheme, since the interpolation of the cu-
mulant, which is inversely proportional to the self-energy,
facilitates a reliable reconstruction of self-energy poles
[38]. Specifically, the M-interpolation yields a clear gap
along the path I'XMIII', while the ¥-interpolation strug-
gles to fully extend the gap throughout k-space, due
to band tails reaching into the w ~ 0 regime. On
the other hand, the L-interpolation, similar to the M-
scheme, shows a fully gapped Brillouin zone, with gap
sizes comparable to the cluster result.

Note that M-interpolation yields a rather large gap
throughout the path TXMIII'. This suggests that it may
overestimate the gap at II. For Y-interpolation and M-
interpolation the distribution of poles in the self-energy
within the k-space depends solely on the interpolation
function ayx k. By contrast, the L-scheme resolves the
self-energy poles in terms of multiple Liouvillian ma-
trix elements, allowing the weight to accumulate in a
more flexible distribution throughout k-space—resulting
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FIG. 14. Same as Fig. 12, but for the imaginary part of the self-energy —Im¥y(w).

in two differently sized gaps near X and TII.

Figure 14 shows the spectral part of the self-energy,
—Im¥y(w), in the same manner as Fig. 12. All periodiza-
tions mimic the non-interpolated case, with the £-scheme
exhibiting a more structured intensity profile.

The Fermi liquid at 6 = 0.25 is already close to
the pseudogap transition; hence, non-local (i.e. k-
dependent) effects are slightly enhanced compared to a
FL at 6 > 0.25. Due to the faster-converging Fourier co-
efficients in the L-scheme, we argue that these non-local
contributions are better captured in this scheme—leading
to the large self-energy at momentum X, where the pseu-
dogap opens.

In the pseudogap phase, —ImXy(w) exhibits a narrow
peak near w ~ 0 in the anti-nodal patches (see Fig. 9).
All interpolation schemes are able to resolve this peak.
In the Y- and M-interpolation, however, it is resolved in
broad and flat structures around X and along MI" (these
are not prominently visible in the second row of Fig. 14,
due to the linear w-scale.) By contrast, the L£-scheme
connects these broad and flat structures to high-energy
structures, resulting in a more prominently structured
profile for ¥y (w), i.e. more clearly defined bands. The
appearance of such clearly defined bands suggests that
L-interpolation yields a more plausible representation of
the pseudogap phase.

For the Mott insulator, Y-interpolation fails to cap-
ture the self-energy divergence across (i.e. on both sides
of) w = 0, resulting erroneously in some finite spectral
weight of Ax(w) [Fig. 12(b3)] at w = 0 throughout the
path TXMIIT". By contrast, M-interpolation yields a nar-
row self-energy band that lies close to w = 0 and crosses
w = 0 two times, visible in Fig. 14(c3). This explains
the large gaps in the corresponding spectral function of

Fig. 12(c3). L-interpolation yields a similar self-energy
band, however, it is much more dispersive [Fig. 12(d3)]
due to the non-linear w-dependence of the CFE. As men-
tioned above, this causes the weight of the self-energy
around w = 0 to have a much stronger momentum de-
pendence along I'XMIIT', which yields a correspondingly
strong variation for the gap size of the spectral function
[Fig. 12(d3)]. This further demonstrates the advantage
of its flexible weight distribution among multiple Liou-
villian matrix elements.

We conclude this discussion with some remarks re-
garding the band-width of the self-energy pole. In a 2-
dimensional Mott insulator, a dispersive self-energy pole,
with a dispersion roughly proportional to —ey, is ex-
pected on general grounds [82]. Qualitatively, this hall-
mark feature is captured by both M and L-interpolation,
albeit with very different bandwidths. At intermediate
coupling, as studied here (U = 7t), the bandwidth of
the self-energy pole is usually somewhat larger than the
electronic bandwidth, see for instance Fig. 5 of Ref. [83]
(U = 4t) or Fig. 3 of Ref. [64] (U = 7.5t). Our electronic
bandwidth is 8¢, and we find a self-energy pole bandwidth
of ~ 11t with L-interpolation, but only ~ 2t with M-
interpolation. Thus L-interpolation yields a self-energy
pole bandwidth consistent with expectations, whereas
M-interpolation severely underestimates it.

C. interpolation results at w =0

An examination of the Fermi surface (FS) provides ad-
ditional insight into the performance of the L-scheme
compared to other interpolation methods. Fig. 15
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FIG. 15. Spectral function at zero frequency, Ak(0), for the same settings as in Fig. 12. Column (a): (non-periodized) cluster

results, featuring discontinuities at the patch borders (straight black lines).

Columns (b-d): results from X-, M-, and L-

interpolation. Rows 1 and 2 show results for doping § = 0.25 and § = 0.21, yielding a Fermi liquid and pseudogap, respectively.

presents a comparison of the Fermi surfaces via plots of
the spectral function at zero frequency, Ax(0) for both
the Fermi liquid and pseudogap phases. (The Mott in-
sulator is not shown, as Ax(0) < 107°, expect for 2-
interpolation, which erroneously does not show a true
Mott insulator.) Panels (al-d1l) display the FS of the
Fermi liquid, while panels (a2-d2) show the FS in the
pseudogap phase. In column (a), the straight black lines
indicate the DCA patch boundaries.

The FS for the Fermi liquid is essentially identical
across all scheme and mimics the non-interpolated re-
sult well. However, the £-scheme has enhanced intensity
at the anti-nodal points. Apparently, any interpolation
works well for a simple Fermi liquid.

In the pseudogap phase, the cluster result [Fig. 15(a2)]
features hole-like arcs cut off by the patch boundaries,
without extending to the Brillouin zone (BZ) edge, lead-
ing to gaps around the four “antinodal” points (+m,0)
and (0,%m). This is because the K = (m,m) cluster
patch carries no spectral weight. The traditional - and
M-schemes are unable to reproduce key aspects of the
cluster result: the Y-interpolated FS is hole-like but ex-
tends all the way to the opposite BZ edges without show-
ing gaps near the edges, while the M-interpolated FS is
electron-like.

The L-scheme is the only interpolation that qualita-
tively captures all aspects of the cluster computation
in the pseudogap phase. First, it preserves the hole-
like characteristics; second it also accumulates spectral
weight around the four “nodal” points at (+m/2,+7/2)
and (+7/2,Fm/2), similar to the cluster result but dis-
tributed more smoothly in the shape of Fermi arcs. These

are similar to those observed in photoemission spec-
tra measured by ARPES experiments [37]. Third, £-
interpolation captures the spectral weight distribution
along the Fermi surface far better than the other schemes,
as discussed in more detail below (see Fig. 18).

At first glance, the Fermi-arc structures seem to imply
a non-closed FS. However, additional details become ap-
parent when using a logarithmic color scale, as done in
the first row of Fig. 16: The M-scheme yields a slightly
enhanced intensity near the BZ edge, in the regions where
the ¥-scheme FS is located. The hole-like FS of the £-
scheme actually does close across the BZ edges, albeit
with very small spectral weight there, while an electron-
like ring with even less weight is also present. On a loga-
rithmic color scale the £-scheme thus displays structural
features from both the ¥- and M-schemes.

The second row of Fig. 16 shows the imaginary part of
the self-energy at zero frequency, —Im¥y (0), correspond-
ing to the FS data in the first row. The -interpolation
closely resembles the nearly constant self-energy of the
non-interpolated DCA calculation, showing no enhanced
structures. The M-scheme produces ¥-pole rings around
the nodal points; these are strongly modified in the
L-interpolation. The L-scheme displays sharp pocket
structures around X that suppress the FS near the BZ
boundary. These pockets are connected by a less in-
tense arc close to the F'S intensity maximum. Note that
for L-interpolation, the peaks of the self-energy and the
Green’s function occur very close to each other.

The last row in Fig. 16 presents the real part of the
Green’s function at zero frequency, ReGk(0). Here, a
sudden blue-to-red change indicates a sign change of
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ReGx(0) via a divergence, i.e. a Fermi surface. By con-
trast, a gradual blue-to-white-to-red evolution, as seen in
parts of panels (c3) and (d3), indicates a smooth evolu-
tion through zero, i.e. a Luttinger surface (LS).

The cluster result shows no true LS; instead, it shows
small discontinuities at some patch edges. The ¥-scheme
interpolates these to yield a hole-like F'S. The M-scheme
yields a closed, electron-like F'S and a closed LS around
the anti-nodal points. These are well seperated and don’t
form arcs. The L-scheme, which most faithfully captures
the characteristic structures of the cluster result, yields
Fermi and Luttinger arcs. Remarkably, these smoothly
evolve into each other. We describe this evolution in more
detail via the next three figures by showing how three
key quantities, ReGk(0), Ax(0) and Zy, evolve along the
Fermi and Luttinger surfaces.

Figure 17 shows a series of slices of ReGx(0), taken
for panel (a) from non-interpolated cluster results, and
for panel (b) from the corresponding L-interpolations.
Each slice follows a “k-ray” (straight-line k-trajectory
through the BZ) emanating from (7, 7) at a fixed an-
gle, 0 < 0 < 7, as indicated in the top-left insets of
Figs. 17(a,b). The curves are plotted vs. |k — ko[, where

ko is the momentum where ReGy(0) changes sign. For
small 0, the non-interpolated curves in (a) change sign
at the patch boundaries via small discontinuities. With
increasing 6, the sign change shifts to within one of the
patches and occurs via a divergence. The pole weight
of the divergences is largest at § = 7w/4, when the k-
ray cuts the nodal point. The L£-scheme interpolates the
small patch-boundary discontinuity to a flat zero cross-
ing, i.e. a LS. With increasing 6, the curve crosses zero
with increasing slope, smoothly evolving into a shape re-
sembling a regularized divergence which is most promi-
nent for § = w/4. The regularization arises through a
small (non-divergent) imaginary part of the self-energy.

Figure 18 shows max[Ay()(0)], the maximum value
assumed by the zero-frequency spectral function along a
k-ray at fixed angle 0, plotted as a function of 0. This
quantity corresponds to that measured in ARPES stud-
ies aiming to analyse the quasi-particle weight (see, e.g.,
Fig. 4 of [37]). The cluster result shows a step function
profile (blue). The L-scheme smooths out this step into
a broader but still well-defined peak (red) whose flanks
smoothly approach zero for |0 —7 /4| 2 7/8. By contrast,
the X- and M-profiles (green, yellow) show only a very
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FIG. 18. Maximum of the zero-frequency spectral function
along a k-ray at angle 6, max[Ay ) (0)], plotted as function of
0 and normalized, for ease of comparison, by its peak value at
0 = 7/4.The angle 0, defined in the inset, characterizes k-rays
emanating (i) from (7, 7) for 3-, £- and no interpolation, and
(ii) from (0, 0) for M-interpolation.

broad, weak maximum.

Finally, Fig. 19 shows the quasi-particle weight Zy, =
(1 — 9,ReXy, (0))~! along the “sign-change trajectory”
through the BZ (the ko-points where ReGk(0) changes
sign), i.e. along the trajectory that defines the Fermi and
Luttinger surfaces. We compute the slope 9,ReXy,(0)
via a linear fit, adjusting the fitting range along the sign-
change trajectory to match appropriate fitting ranges
found for our cluster data (wg; ~ #1076 for ko ~ (0, 7)
and wgy ~ £107% for kg ~ (7/2,7/2)). The resulting
Zx, is depicted along the sign-change trajectory using a
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FIG. 19. Quasi-particle weight, Zi, = (1 — d.ReXi, (0))™?,
for the pseudogap phase at 6 = 0.21, plotted along the “sign-
change trajectory” in the BZ, i.e. along the locus of points
ko where ReGk(0) changes sign. The color-scale shows the
evolution from Fermi arcs (blue) to Luttinger arcs (red) and
vice version when crossing the antiferromagnetic zone bound-
ary (black lines). The light blue or red background shading
indicates regions of the BZ with filling 1 or 0, respectively.

logarithmic red-to-blue color-scale. The blue portions of
the trajectory correspond to a sign change via a diver-
gence, i.e. a FS; the red portions correspond to a sign
change via a smooth zero crossing, i.e. a LS. The evolu-
tion from Fermi arcs to Luttinger arcs and back occurs
smoothly, in regions (shown in grey), that intersect the
antiferromagnetic zone boundaries (straight black lines).
(The reason why the quasi-particle weight is very small,
Zy, S 0.02, also along the FS parts of the sign-change
trajectory is that 6 = 0.21 lies is very close to a quantum
phase transition, which will be the subject of a separate
publication [67].)

To summarize: In the pseudogap regime, L-interpola-
tion, in contrast to - and M-interpolation, yields a
smooth evolution between hole-like Fermi arcs and Lut-
tinger arcs, realizing these two concepts on one sur-
face. The Fermi arcs lie within the AF zone bound-
aries, and the change to Luttinger arcs occurs while cross-
ing these boundaries. In the literature, such a smooth
FS-to-LS evolution has previously been found in a nu-
merically demanding DT'A study requiring the computa-
tion of two-particle quantities [84]. That this behavior
can be obtained via L-interpolation of computationally
much cheaper DCA+NRG data constitutes a major re-
sult of our work. It illustrates that L-interpolation is
able to generate more intricate features than - or M-
interpolation, while preserving key qualitative properties
of the cluster result, such as the hole-like character of the
FS.



VI. SUMMARY AND OUTLOOK

In this paper, we introduced a scheme for interpolat-
ing CDMFT and DCA results through a suitable inter-
polation of single-particle irreducible Liouvillian matrix
elements €, and t,,. We showed (Sec. II) that these Li-
ouvillian matrix elements are in fact coeflicients of a con-
tinued fraction expansion of the dynamical part of the
self-energy, £Y"(2) [Eq. (31)]. They can be obtained
from the spectrum W (w) of the self-energy via a Lanc-
zos scheme. The resulting matrix elements €, and t,,
are then interpolated (Sec. III) using a truncated Fourier
ansatz to obtain €y, and ty,, which are inserted back to
the CFE to obtain an interpolated self-energy, Xy (z).

Since the Liouvillian is independent of frequency, the
same is true for its matrix elements €, and t,. Con-
sequently, the interpolated version of the Liouvillian re-
mains hermitian, which ensures causality. This poses an
inherent advantage of our L-scheme compared to tradi-
tional schemes, like -, M-, and G-periodization.

To benchmark our L-interpolation scheme (Sec. IV A),
we considered the one-dimensional Hubbard model and
computed its spectral function using TaSK [64], a nu-
merically (almost) exact MPS method. We Fourier-
transformed the TaSK results for G, ¥, M, and L to
position space and found that £ shows the most local
behavior (its matrix elements decay most quickly with
distance). Consequently, truncating the Fourier coeffi-
cients of £ by range yields a much more faithful rep-
resentation of the true spectral function and self-energy
than a corresponding truncation of 3 or M.

Next, we considered the same one-dimensional Hub-
bard model, but now treated with CDMFT for vari-
ous cluster sizes, using TaSK [64] as an impurity solver
(Sec. IV B). We compared the results obtained by in-
terpolating its self-energy using the G-, ¥-, M-, and
L-schemes. We studied the convergence with cluster
size of the interpolated CDMFT results to the bench-
mark TaSK results of Sec. IV A. For the 2-site clus-
ter, L-periodization arguably performed somewhat worse
than G-periodizaiton; but for 4- and 8-site clusters, £-
interpolation yielded smoother spectra that resembled
the benchmark TaSK result much better.

Finally, we presented an example of DCA interpolation
for the doped, two-dimensional ¢-t' Hubbard model, stud-
ied using four-patch DCA and an NRG impurity solver
(Sec. V). We considered three choices of doping, yield-
ing three distinct phases: a Fermi liquid, a pseudogap
phase, and a Mott insulator. For each, we compared
non-interpolated cluster result for the spectral function
Ak (w) and self-energy ¥y (w) to interpolated versions ob-
tained via -, M- and L-interpolation.

We performed the CFE expansion of the DCA+NRG
self-energy Xk (z) using a fast-slow splitting scheme
(Sec. IT H), implemented in such a manner that the result-
ing coefficients ek, tk, and the fast-mode contributions
RE (2) decay exponentially with CFE depth n. The de-
pendence of Xk (2) on the patch index K is then mainly
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encoded in the matrix elements €x,, tk,, while the
functions R, () depend only weakly on K and hence
are easy to interpolate. Consequently, L-interpolation
yields better results than Y- or M-interpolation: it pro-
duces more detailed structures with higher k-space res-
olution, that better mimic key intrinsic features of the
non-interpolated cluster results.

This is especially pronounced for Fermi surface proper-
ties (Sec. V C). Comparing the spectral functions Ay (w)
obtained from the various interpolation schemes, we find
that L-interpolation resolves its structures most sharply.
While all intepolations perform well for the Fermi liquid,
the differences become strikingly apparent in the pseu-
dogap phase. The L-scheme interpolates the FS of the
pseudogap phase to Fermi arcs, qualitatively similar to
those observed in ARPES experiments. The L-scheme
also is the one that best mimics the non-interpolated
cluster results, not only for the Fermi surface but also
for the quasi-particle weight, as illustrated by tracking
max[Ag(0)] along the Fermi surface. Perhaps most re-
markably, L-interpolation yields a smooth evolution be-
tween Fermi and Luttinger surfaces, similar to that found
previously using computationally much more costly DT'A
computations [84].

In summary, we presented a Liouvillian interpolation
scheme for cluster DMFT data. Exploiting the fact that
the spectral function and self-energy can be fully ex-
pressed through matrix elements of the Liouvillian, our
key idea is to interpolate the latter. This yields causal
results, because these matrix elements are independent
of frequency. We interpolate them using a real-space-
truncated Fourier expansion, exploiting the fact that the
real-space matrix elements of the Liouvillian £ are more
local than those of Green’s function G, self-energy %
or cumulant M. Liouvillian periodization yields results
with better k-space resolution than traditional periodiza-
tion schemes, because it distributes k-space information
among a large number of Liouvillian matrix elements.

In this paper, we discussed interpolation as a post-
processing tool, to be used after DMFT self-consistency
has been achieved. This is to be distinguished from in-
terpolation within cDMFT loops. The latter can yield
non-causal hybridization functions if the standard self-
consistency equations are used, but this causality issue
has recently been solved with the generalized cavity con-
struction of Ref. [85]. In future work, it would be interest-
ing to set up within-cDMF T-interpolations that combine
the generalized cavity construction with L-interpolation.

Final remarks: Liouvillian interpolation can be used
in any context requiring the interpolation of frequency-
dependent dynamical response functions, making it rel-
evant also for other quantum many-body embedding
methods beyond cDMFT. Even more generally, the CFE
representation of the Green’s function or the self-energy
through Liouvillian matrix elements, as described in
Sec. 11, constitutes a versatile tool that promises to be
useful also in contexts other than interpolation.
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Appendix A: Operator inner product for 7'=10

This appendix discusses subtleties arising in the defi-
nition of operator inner products at zero temperature.

The operator inner product (|) of Eq. (5) is well-
defined only if p has full rank, i.e. if (¥| p |¥) # 0 for every
state |¥) € V; otherwise |¥)(¥| would have zero norm
w.r.t (|) despite being a nonzero operator. The thermal
density matrix p does have full rank for T'#0. However,
the zero-temperature density matrix, pg = p(T'=0), does
not have full rank, since (¥| pc |¥) # 0 only if |¥) € V¢,
the ground state subspace of V. In this case, we restrict
attention to W = {Og}, the space of all operators with
the property that either Og or OZ; does not annihilate
all ground states. For any |O) € W, its projection into
We is defined as |Og) = Pa|O) = |0 — PcOPg). Here
Pg = 1 — Pg, where Pg and Pg respectively are projec-
tors onto the ground state subspace Vg and its comple-
ment, Vg, the space of excited states, defined such that
V = Vg @ Vg. The projector property PE = Pg is read-
ily verified. For T' = 0, the inner product is well-defined
on Wg: indeed, it yields

(0c|0g) = Tr[pa{0, 0c}] = Tr[pa{0", 0], (A1)
since pG?G :?GPG =0. If |Og) # 0, then O # Pgo?c,,

hence O or Of does not annihilate V; thus the right side
of Eq. (A1), and hence also (O¢|Og), is nonzero.
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Appendix B: Measures, the moment problem, and
orthogonal polynomials

In this Appendix, we provide some background mate-
rial on moment problems, measures, and their relation
to orthogonal polynomials. This material is used im-
plicitly in Sec. II on CFE representations of Liouvillian
dynamics: it forms the basis for our statement there that
the CFE coefficients for a Green'’s function G(z) or its
self-energy X(z) are the same, although their spectral
functions, A(w) or W(w), generate two different sets of
orthogonal polynomials. All the information presented
below is well-established and can be found in numerous
textbooks [86-92] and articles [93-98].

Let @ be a positive semidefinite, hermitian M X
M matriz-valued Borel measure on IR; that is, p :
B(R) — CM*M ig countably additive and u(B) is posi-
tive semidefinite for all Borel sets B. We write, distribu-
tionally,

p(dw) = A(w)dw, (B1)

with a spectral function A(w) = Ac(w)+Y, Aad(w—wq)
that exhibits both a continuous part A.(w) and point
masses with weights A, encoded by the J-terms. We
further assume the normalization

p(R) = /00 dwA(w) =1, (B2)

— 00

where 1 is the M x M unit matrix.
The Stieltjes transform of p is defined as

G<z>=/RM,

zZ—Ww

ze C\R. (B3)
The spectral function can be recovered from G(z) via
Aw) = o~ [GWh) ~ [GWh)]T (B4)

with wt = w +i0T.

The (equivalence classes of) square-integrable vector
fields f : R — CM with respect to p form the Hilbert
space L?(u), with inner product

(9.f) = /R M @p(dw)fw) eC. (BS)

In the following, we write |f) € L2(u) for the vec-
tor which is represented by the vector field f(w). For
later usage, we further define blocks of M vectors by
a bold symbol |f) = (|f1),...,|fam)). Similarly, f(w) =
(f1(w), oy frr(w)) € CM*M denotes the block of repre-
senting vector fields. Furthermore, (g, f) denotes a col-
umn vector with a-th entry (ga, f), (f,g) = (g, f)T a cor-
responding row vector, and (g, f) a matrix with entries
(gas f5). For a more formal treatment of matrix-valued
measures and their L? spaces, see Ref. 92, pages 1337
and onward.



The (matrix) moments of p are

m,, = / p(dw) ™,
R

with n =0,1,2,... and hermitian m,,. Throughout, we
assume that all moments in (B6) are finite.

The (matrix-valued) moment problem asks: given a se-
quence of hermitian matrices {my, },>0, (i) does there ex-
ist a positive semidefinite, hermitian matrix-valued Borel
measure g on R with moments (B6); and (ii) if so, is it
unique? In our setting we start from p (equivalently,
from the spectral function A(w)) and compute {m,},
S0 existence is automatic. Uniqueness, however, is not
guaranteed: if exactly one representing measure has the
moments (B6), the problem is determinate; otherwise, it
is indeterminate.

A sufficient condition for a unique measure (determi-
nate moment problem) is either a compact support of the
spectral function A(w), or an exponential decay at large
|w|. Spectral functions of finite-size fermionic systems,
even if macroscopically large, fulfill these conditions. We
therefore assume that the moment problem is determi-
nate in our work, i.e., the spectral function A (w) having
these moments is unique.

In the determinate case, Eq. (B6) can be used to
generate a set of orthonormal polynomials that form a
complete orthonormal basis of L2(u) (c.f. Eq. (B7) be-
low): every |f) € L?(u) admits a unique L?-expansion
in these polynomials. By contrast, in the indetermi-
nate case, there exist representing measures p for which
the orthonormal polynomials are not a complete ba-
sis of L?(u). For example, this is the case for a log-
Gaussian spectral function. Nevertheless, the same mo-
ment sequence admits a family of representing measures
(the Nevanlinna-extremal measures) for which the corre-
sponding orthonormal block polynomials are a complete
orthonormal basis of L?(u), see, for instance, Refs. 97
and 99.

We caution that some popular broadening kernels used
in DMFT computations spoil determinacy or even mo-
ment existence. The log-Gaussian kernel, a standard ker-
nel used to broaden discrete NRG spectra, has indetermi-
nate moments, see Sec. 11.2 of Ref. 91. The Lorentzian
kernel, a common choice for broadening discrete finite-
size spectra, has no finite moments of order > 1. In such
cases, one should either work with the underlying discrete
data when possible, or use the slow—fast mode splitting
described in Sec. E2. In these cases, the loss of deter-
minacy is an artifact of the long high-frequency tails of
the broadening kernel and is unrelated to the underlying
physics.

The block Lanczos algorithm described in Eq. (38) can
be used to construct an orthonormal polynomial basis,

(B6)

(Do o) = /]R dw P, (@) A @)Dy (@) = bl (BT)

Here, every column of p,(w) is a degree n polynomial
CM vector field. The Lanczos algorithm also generates
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the hermitian matrices €, and positive semidefinite her-
mitian matrices t,,. The polynomials p,(w) obey a three-
term recursion relation

WP"(W) = pn(w)en + pn+1(w)tn+l + pnfl(w)tn 5 (BS)

with initial conditions p_;(w) = 0 and pg(w) = 1.

While the Lanczos procedure takes a given measure
p as input to generate polynomials satisfying the re-
cursion relation (B8), one may ask, conversely: given
such a recursion relation, are the polynomials generated
from it orthonormal w.r.t. some measure? The answer is
yes: Favard’s theorem guarantees that polynomials that
obey the three-term recursion (B8), with initial condi-
tion p_1(w) = 0 and po(w) = 1, are orthogonal w.r.t. at
least one measure p. The measure is unique if its mo-
ment problem is determinate, a property that can also
be determined from the coefficients €, and t,, [94-96].

The three-term recursion can be used to generate an
infinite-depth CFE for G(z), the Stieltjes transform of
A(w), of the form (with z, =z — €,)

1

G(z2) = (B9)

2t t
VAl _t2Z7t2
27 .

Another set of matrix polynomials, called associated
polynomials of the first kind and denoted p{’(w), is ob-
tained if the recursion relation Eq. (B8) (with the same
coefficients €,, and t,,) is initialized with the initial con-
ditions p%) (w) = 0, p{’(w) = 0 and p{”’(w) = 1. Then,
p$” (w) is a polynomial of degree n — 1. The p{"” (w) and
pr(w) polynomials are related via the integral

_ /
P (w) :/ dw’tlA(w’)—p"(w) pj"(“ ) (B10)

R w—w
as follows readily by induction using Eq. (B8). Now,

Favard’s theorem tells us that there is at least one mea-
sure w.r.t. which these polynomials are orthonormal, say
p®, with p®(dw) = A®(w)dw. Moreover, since we
have assumed that the moment problem of p is determi-
nate, the same is true for the measure pu®, which there-
fore is unique.

The three-term recursion relation also tells us that the
Stieltjes transform of pu®, say G™®(z), has the infinite-
depth CFE

GU(z) = . REGT)
VAl _t2—1t2
Zo *t3Z7t3
3.

involving the same CFE coefficients €,>1, t,>2 as G(z)

of Eq. (B9). Therefore, G¥(z) and G(z) are related by
1

" Z0— t1GO(2)t

GV (2) =t "[z0 — G '(2)] t1".

G(z) (B12a)

(B12b)



The spectral density A® (w) of G™(z) can be obtained
explicitly, if needed, by inserting Eq. (B12b) into a rela-
tion analogous to Eq. (B4).

The above framework is directly relevant for our dis-
cussion in Sec. IID. Identifying the functions G(z) and
A (w) discussed above with the epinomous Green’s func-
tion and spectral function there, and Eq. (B12a) with the
Dyson equation (9), we note that G®(z) and A® (w)
correspond to the functions S(z) and W (w) character-
izing the dynamical part of the self-energy, X" (z) =

tls(z)tJ{. Thus, the two sets of orthogonal block poly-
nomials generated from measures involving the spec-
tral functions A(w) or W(w) of the Green’s function or
its self-energy, respectively, are related; the polynomials
generated from W (w) are associated polynomials of the
first kind w.r.t. to the polynomials generated from A (w).
(That is why we put the superscript on p{’ in Sec. IID.)
Moreover, the coefficients €,>1 and t,,>2 generated using
either W(w) or A(w) are identical. We also note that
the computational steps involved in obtaining the CFE
(B9) for G(z) are entirely analogous to those presented
in Sec. ITE for obtaining the CFE (31) for S(z), with
W (w) there now replaced by A (w).

Appendix C: Matrix elements of inverse matrices

This appendix collects elementary identities, needed
in the main text, expressing the 11-blocks of inverses of
block matrices through Schur complements. All (block)
matrix inverses appearing below are assumed to exist.

Let A= (211 22) be an invertible 2 x 2 block matrix,
then the 11-bfock of its inverse is given by

(A™N)11 = [A/Ap] ™,
[A/AQZ] = A — AIQ(A22)71A21 .

(Cla)
(C1b)

[A/Ags] is known as the Schur complement of A w.r.t.
block Ags. Equations (C1) can be used to obtain similar
expressions for the 11-blocks of larger block matrices. Let
A be a 3 x 3 block matrix and B a 2 X 2 submatrix,

Ay Ajp Ags Ay Ass
A=|Ay Ay Axy|, B= Asy Ay ) (C2)
Az1 Aszp Ass g2 43

then the 11-block of A~1, found using Eq. (C1) with Ago
replaced by B and Aj3 by (Aj2, Ay3), etc., is given by

(A7 =[4/B]7, (C3a)

[A/B] = A1y — (A1, Au3) (B)fl(jm) _ (C3b)
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If Ay = Asge = 0, the Schur complement [A/B] becomes
[A/B] = A11 — A12(A2) *As1 — A13(Ass) A1 (C4)
If instead A3 = A3; = 0, we have

[A/B] = A1 — A12(Bfl)22A21~ (C5)
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Finally, let A be an invertible N x N tridiagonal block
matrix, defined recursively, withn=1,...,N — 1:

Ann ‘ ATL,7L+1 0---0
An+1,n

0 —
. Antint1

. (C6)
0

Then, recursive use of Eq. (C5) yields (with n’ =n +1):

(A1 = [An/Axn] ', (C7a)
[Znn/zn’n']il = Ann - Ann’ (Zn’n’)l_llAn’n ) (C7b)
This leads to a CFE for the 11-block of A~1:
N 1
(Z)n o 4 A 1 4 ’
11 2y 21
. 1
*AN—LNTNNAN,N—l
(C8)

Appendix D: Finding the residual function Ry (z)

In this appendix, we provide technical details underly-
ing two results stated in the main text, for (i) the CFE
representations of G(z) (see Eq. (46)), and (ii) the resid-
ual functions terminating these CFEs (see Egs. (43)).

We consider the space, L?(u), of functions that are
square integrable against a measure p, that is such
that L2(u) contains block polynomials of arbitrary de-
gree. For definiteness, we consider the case pu® (dw) =
W (w)dw, where W (w), the normalized spectral func-
tion of the dynamical part of the self-energy X% (z),
is assumed to be known analytically or numerically. (An
analogous discussion applies for p(dw) = A(w)dw, where
A (w) is the spectral function of G(w).) In this space, the
Liouvillian £ acts on functions f € L?(u) according to
Lf(w) = wf(w) (cf. Eq. (14b)). Since £ is self-adjoint
and therefore has a real spectrum, (z — £) with Im z # 0
is a normal operator that is invertible.

In Sec. IIE, a Lanczos scheme is used to gener-
ate blocks of vector-valued polynomials, {p{’(w),n =
1,..., N}, that are orthogonal w.r.t. u® (cf. Eq. (37a)).
These polynomials span an N M-dimensional subspace of
L?(w), the space of vector-valued polynomials with de-
gree < N — 1. We call the projector onto this space
Py, while Py projects onto its orthononal complement
(such that Py + Py = 1). In the polynomial basis, the
single-particle irreducible Liouvillian Loz is represented
by an N x N block-tridiagonal matrix (cf. Eq. (37b)).
This block-tridiagonal structure implies a block-CFE for
S(z) = (p\”, (z — L) 7'py"’), which is terminated by a
residual function, Ry (z), that ensures the representation
is exact (cf. Eq. (42)). With Egs. (43), we provided a
formula for this residual function. Below, we derive this



formula. The explicit construction of Ry (z) (i) shows
its existence, and (ii) will also show that there exists a
measure 4 such that

RN(z):/M.

Z—Ww

(D1)

Following the notation of Sec. I1, we denote projections
to Py and Py by indices p and P, and blocks of matrix
representations by square brackets with indices p and p,
respectively. By applying formula (C1), we find

[(Z—Lﬁ)_l] PP =
(2= Llpp—[Lop(z — Lop)  Loplop) "

(D2)

Here, [ﬁ]pp, represented in the polynomial basis p,, is
the tridiagonal matrix Eq. (37b). From the three-term
recursion for the polynomials p,, [Eq. (39)], it follows that

PNLPY (w) = 6unPNr (W)bnt1 - (D3)

For [L,5(z — KW)_I[I@,] with n,n’ < N, this implies

nn'’

(P, Lop(2 — Lop) ™ Lp Piy)) = undw N R (2)

Ry(z) = tN+1<P§\lz)+17 (2 — ﬁﬁ)_lp%ﬂ) tnt-

(D4a)
(D4b)

Equation (D4a) shows by explicit construction that the
only nonzero block of ﬁpﬁ(zfﬁﬁ)*lﬁﬁp is its NN block;
we denote it by Ry(z). Equation (D4b) expresses it
through the N+1, N+1 block of (z — ﬁﬁ)*l, exploiting
Eq. (D3), whose left side provides a link (the only one
available!) between the Py and Py sectors. Further,
Eq. (D1) immediately follows from an explicit construc-
tion of the measure,

py(dw) =ty 11(PN+1,0(w — Lop) P4+ 1)tv1dw. (D5)

To arrive at Eq. (43) for the residual function, we con-
sider the inverse of the matrix in Eq. (D2), which is a
block-tridiagonal matrix:

VAl tg 0 0 0
t2 Zy - - 0 0 0
A o\—1 -1 : :
[[(Z L) }pp] 0 0 'Zj\;—2 tN‘—l 0
0 0 - ty-1 zZy_1 tN
0 0 0 tn  Zn
(D6)

Here, z,(z) = z — €, and zy(z) = zy — Ry(2). The
NN block contains an extra term, the residual function
Ry (2) of Egs. (D4).

Using [[(z—Ea)_l]pp]_l[(z—ﬁa)_l]pp = 1,p, where
1pp is the identity in the pp block, and exploiting the
tridiagonal form of [[(z — ﬁa)*l]pp]71 (cf. Eq. (D6)),
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we arrive at the equations
([[(z B ﬁﬁ)il]ppr1 (= - L§)71]pp)NN71 -
tnGn(z) +ZyFL(z) =0, (D7a)

(116~ £e0)lop) (2~ £, =

NN

F{(2) +zyIn(z) =1. (D7b)

Here, we have used the definitions
Gn(2) =[(z= L) voana (D8a)
Fi(2)=[(z = £) v (D8b)
FR(z)=[z-£L)"n-1v (D8c)
In(z)=[(z— L) Yyn. (D8&d)

By rearranging Eq. (D7), we arrive at the relation

Zy' =1y - FKGL'FX. (D9)
Now, the 00-element of the inverse of Eq. (D6) is ex-
plicitly presented by a CFE that is terminated at level
N—-1byzy_1 ftN'zVX,ltN. Equating thistozy_1—Rny_1
and using (D9) yields
Ry_1 =ty (Iy —FRGY'F¥)ty. (D10)
Deﬁning IN = thNtNa F% = tNﬁ]{;, F% = Fﬁt]\/, and
using piytn = pﬁ\l,”‘, we get Eq. (43) of the main text.

To conclude this appendix, we note that the residual
functions can also be computed recursively: By equating
two exact CFEs for %"(z) of the form (42), having
depth N —1 or N, we obtain a recursion relation for the
residual functions:

RN(Z) =ZN — tNRfvl_l(Z)tN. (Dll)
Starting from Rg(z) = X¥"(z), this equation can
in principle be used recursively to compute the resid-
ual functions to any required depth. However, us-
ing Eq. (D11) turns out to be numerically less stable
than using Eq. (D10). Though both involve a differ-
ence between two terms, one of which involves a ma-
trix inversion, the quotient of z-dependent functions
Fn(2)Gy'(2)Fn(z) turns out to have better numeri-
cal stability than tyRy" (2)ty, involving just one z-
dependent function in the denominator. One reason
for the improved stability of Eq. (D10) is that its right
side falls off with 2! at large |z| by construction, while
Eq. (D11) relies on precise cancelations at high frequen-
cies to produce z~! behavior.

Finally, we note that an equation structurally simi-
lar to Eq. (D10) was obtained by Kugler [66] (see his
Eq. (12)) in the context of computing self-energies via
symmetric improved estimators. He gives a detailed dis-
cussion of the numerical stability of this construction.



Appendix E: Numerical computation of the
continued fraction expansion

We compute single-particle irreducible Liouvillian ma-
trix elements by constructing a continued fraction expan-
sion of the self-energy through iterative application of the
Liouvillian to the initial state, as described in Sec. II.
This section outlines our numerical implementation, de-
signed to construct the CFE of any function of form (22).

1. Liouvillian matrix elements

Our numerical implementation constructs the or-
thonormal polynomial basis {p(w)}1,... .~ of Sec. ILE, us-
ing the spectrum of the self-energy as input. A pseu-
docode for our algorithm is presented in Alg. 1.

Note that a discrete system yields polynomials of dis-
crete frequencies. Due to the discrete nature of the spec-
trum, the dimension of the Liouvillian and corresponding
Krylov space, N, equals the number of discrete energies.
As a result, the Lanczos procedure terminates after N
steps exactly representing the discrete self-energy with-
out any rest function Ry (z).

If the spectrum is not discrete, the rest function Ry (2)
can be computed using Eqs. (43). Note that this requires
first computing the polynomial pﬁ\lf)ﬂ(w).

2. Rest function and F/S-modes

After terminating the Lancos scheme at step N and
evaluating the rest function, it has to be interpolated to-
gether with the matrix elements €y and ty. However,
to gain an advantage compared to standard interpola-
tion schemes, the rest function must have a much weaker
k-dependence than the Liouvillian matrix elements. A
weak k-dependence is not guaranteed a priori for any
termination point V. Additionally, the broadening of the
CFE to obtain a smooth function of frequency is entirely
governed by the rest function (unless poles at individual
CFE steps are broadened by hand, which we prefer to
avoid). A strategy addressing these issues is to split the
rest function into slow and fast modes, as described next.

Our solution is based on the open Wilson chain
approach of Ref. 61, as mentioned in the main text
(Sec. ITH). For convenience, we repeat here our choice

for the splitting function wS/F(w), that fulfill w (w) +

w3 (w) = 1. Our choice is a box function,
Wi) = o (E1)
L fw/Qu

with half-bandwidth Q,, = QuaxA'™™ (where A > 1)
that ranges between a minimal and maximal frequency,
respectively, Qumin and Qpax. The parameter 7 > 2 is
adjustable and controls the sharpness of the defined box
functions. How to choose these parameters is explained
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Algorithm 1: CFE coefficients
Input: Self-energy X(z)

Output: Matrix elements €, tn,

Computation: We use the same subscripts as in
main text, but in code, only €, and t,, are saved as
vectors.

Initialization:
Compute 3" (w) + 2 [B(z) — =7(2)] and
set up W (w) = t7' " (w)t ™!, where

tltl :/de”(w)

Iteration: Perform a N-step Lanczos scheme to set

up an orthonormal polynomial basis {pS’ (w)}n=1,.. .~

with starting polynomial p{® (w) = 1:
for n=1,...,

(a) Set Bi}; (W) + wpl’ (W)
(b) Compute

en = / dwp (@)W (@)B), (@)

(c) Orthogonalize by
Pu11 () Bl (@)

-3 PP W) / dw P () W (@)BU L ()
(d) Normalize p{,};(w) = pi}]j (w)t,, 41, where
bopibis = / dw [P ()] W (@)l (@)

Here, steps (c) and (d) should be repeated for
improved numerical stability.

end

in detail in App. E3. Figure 20 depicts wS(w) for ten
values of n, yielding logarithmically spaced values of €2,,.
The slow/fast splitting strategy yields an exponential de-
cay with n of the modes RE(2) ~ A= and the matrix
elements €, ~ A™" and t,, ~ A™"™, as discussed in the
main text (cf. Fig. 10).

A pseudocode for our computation of CFE coefficients
is given in Alg. 2. At each iteration n the spectral part
of the slow modes R5”(w) serves as new input func-
tion, while the fast modes RE(2) are kept in the respec-
tive CFE step, where their imaginary parts in effect act
as scale-dependent broadening functions. The starting
point of fast and slow mode splitting can be set at arbi-
trary n, yielding a general expression for a CFE of the
self-energy, where the exponential decay sets in at the
corresponding n.
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FIG. 20. Exemplary splitting functions wS(w) [Eq. (E1)],
plotted for 7 = 3 and 5 values of n, resulting in logarithmically
spaced box widths ,,. The black line shows a spectral part
of an arbitrary self-energy.

3. Dependency on splitting function wi/F(w) and
CFE length N

The shape of the splitting function wS (w) of Eq. (E1) is
governed by the two numerical parameters 7 and A. We
now illustrate how the choice of these parameters affects
the results obtained from L-interpolation of DCA data.

a. Sharpness of splitting function

The frequency values of the turning point of the dis-
tribution for each CFE step, 2, ~ A~", are logarithmi-
cally spaced between a minimal and a maximal frequency,
Quin and Qpax. We set the minimal frequency Qi =
107 to capture the numerical accuracy of the NRG im-
purity solver. (For smaller values Quin < 1072 numerical
errors appear at scales below i, due to reaching ma-
chine precision within the computation.) The parameter
Qmax is chosen large enough to capture the full spectral
weight of the cluster Green’s function A (w):

1— > Adgic(wi) <61, (E2)

|wi | <Qmax

Here, A gisc(w;) is the discrete spectral function output of
our NRG impurity solver and ¢ is an accuracy tolerance.
We set it to 6 = 107° for our DCA examples. We cut
off over-broadened tails of w! (w), thereby regularizing
the spectral part of the self-energy, to ensure that the
measure W (w)dw is not indeterminate.

The parameter 7 > 2 controls the sharpness of w$ (w).
It tunes the overlap between successive fast modes and
determines the smoothness of the continuous spectrum
represented by the resulting CFE. The top row of Fig. 21
illustrates this effect by showing Ak (0) in the pseudogap
regime for four values of 7. Correspondingly, Fig. 22(a)
displays a frequency slice at momentum X = (0,7) for
the same values.
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Algorithm 2: CFE with F/S splitting

Input: Self-energy 3(z) and splitting function
parameters Qmin, max, A and 7.
Output: CFE coefficients €,, t,, fast modes R (2).
Computation: We use the same subscripts as in
main text, but in the code, only €, tn, and RE are
saved as vectors.

Initialization:

CFE length N =1 4 In(Q2max/Q2min)/In A and the
self-energy spectrum X" (w) « 5= [3(z) — B7(2)].

Iteration: Perform N one-step Lanczos schemes:

for n=1,...,N

(a) Normalize X" (w) to obtain t,, and W,,_1:

tntn :/dw ZJ”(u.))7

W1 (w) + t, 'S (w)t,*.

(b) Compute €, = /dw W, 1(w)w
(¢) Compute R, (w) via Egs. (43):

Ga(z) H/dwwn;l(w)

f‘QL(z) — /dw (wl — en)—wn_l(w)

Fi(z) « /dw V‘;"%lgj)(wl —€n)

To(2) « /dw (w1l — en)“];%lgj)(wl — €n)

R.(2) ¢ La(2) — F5 (2)[Ga(2)] ' F5(2)

(d) Define splitting functions: Qy, = QmaxA* ™",
wn (@) = (14 |w/Q|7) 7 wp(w) 1 wh(w).

Split R, (2), reset £ (w) for next iteration:

R (w) + 5= [Ra(z) — R} (2)]
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2(w) = wh(w) Ry (w)

For the last step N, don’t split R, (2).

end

The impact of decreasing 7 is clearly visible: while
7 = 10 yields a slightly underbroadened interpolation,
reducing 7 gradually removes the wiggles and, at the
same time, sharpens the main features. However, for
7 too small (e.g. 7 ~ 2), the fast modes retain signifi-
cant weight at low frequencies and the slow modes retain
substantial high-frequency tails, i.e. RE”(w) and RS (w)
overlap significantly and don’t achieve a clean scale sep-
aration between fast and slow modes. We find that this
causes them to also retain a strong k-dependence. This is
undesirable, since Liouvillian interpolation works best if
the k-dependence is encoded entirely (or as much as pos-
sible) in the Liouvillian matrix elements €, and t,,. For
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FIG. 21. L-interpolated DCA results for Ax(0) in the pseudogap phase, computed for the same model parameters as in Fig. 12,
shown (a-d) for four values of the parameter 7 in Eq. (E1), with A = 1.2 throughout, and (e-i) for five values of the parameter
A in Eq. (E1), with 7 = 5 throughout. The top and bottom rows of each panel show the upper and lower halves of the BZ

using logarithmic and linear color scales, respectively.

FIG. 22. Spectral function as function of w at k = X = (0, 7),
(a) for the four values of 7 used for Figs. 21(a-d), and (b) for
four values of A in the range used for Figs. 21(e-f) or smaller.

7 < 2, we even observe a breakdown of tail regulariza-
tion: sufficient weight remains in the tails after splitting
such that €, =~ A™", t, » A™", and RE(z) =« A™™.

Conversely, increasing 7 reduces the fast-mode overlap,
yielding cleaner scale separation and a more stable inter-
polation. However, a too large 7 leads to underbroad-
ening, exemplified by the wiggles in the 7 = 10 curve
of Fig. 22(a). The optimal choice of 7 is therefore the
largest value at which, upon decreasing 7, these wiggles
have just disappeared. We therefore choose 7 = 5.

b. CFE length with rest function

Due to the exponential decrease €2,, ~ A~™ with n, the
quantities €,, t,, and R (z) also decay exponentially
and eventually reach the scale of numerical floating-point
errors. As a result, the CFE exhibits artificial conver-
gence. Increasing the CFE length N, or equivalently
decreasing the logarithmic discretization factor A (while
keeping A > 1), increases the number of matrix elements
in the CFE representation.

The second row of Fig. 21 shows L-interpolated re-
sults for Ak (0) in the pseudogap regime for several values
of A, where panels (e)—(i) correspond to a progressively
shorter CFE. Figure Fig. 22(b) presents a frequency slice
at momentum X = (0,7) for four values with A < 3.
Smaller A increases the number of Liouvillian matrix el-
ements and thus the number of bands contributing to
the interpolated spectrum. Encoding the k-dependence
through more matrix elements improves the interpolation
of a continuous spectrum.

Comparing the lower row of Fig. 21 with Fig. 22(b)
shows that the low-energy regime converges more rapidly
(A < 3) than the high-energy regime as A decreases, re-
flecting the logarithmic discretization. Accurately resolv-
ing high-energy features requires a higher matrix element
density, i.e., even smaller A. In our calculations, conver-
gence at high energies is achieved for A < 1.2, as shown
in Fig. 22(b).

Since we interpolate the fast modes using oy k (not
aﬁ‘ffg), causality issues begin to arise for A 2 3, foreshad-
owing the fact that in the limit A > 1, RE-interpolation
has similar issues as X-interpolation. This behavior orig-
inates from the enhanced k-dependence of the fast modes
when fewer matrix elements are retained. We therefore
choose A = 1.2 as a good compromise between a man-



ageable log-CFE depth and an accurate representation of
the A — 1 limit. Note that decreasing A allows for larger
values of 7 while maintaining numerical stability.

Appendix F: Lattice harmonics

This appendix gives some background on lattice har-
monics and their symmetry properties [100, 101], evoked
in Sec. III B on canonical DCA interpolation.

Lattice harmonics are functions of k that transform ac-
cording to irreducible representations (irreps) of the sym-
metry point group, say G, of the model’s real-space Bra-
vais lattice and its BZ. (For a symmetry-broken phase, let
G describe the remaining symmetry.) Let I be an irrep
of G, with dimension dr and matrix representation DT.
Lattice harmonics forming a k-space basis for I" can be
constructed by projecting the plane wave function e %',
for some fixed seed vector r from the real-space lattice,
onto I' using the standard group-theory projector:

\G| Pl

geG

¢k eiik'g(rx (F1)

The DU matrices can always be chosen such that the
resulting functions [qﬁma are real, and we assume this
to be the case in this work. For r = 0, Eq. (F1) yields
a k-independent function; for seed vectors of increasing
length |r|, it yields lattice harmonics with an increasingly
complex dependence on k.

Consider, for example, a 2-dimensional square lattice,
invariant under G = Cly,, the group of reflections about
the 2- and y-axes and of multiples-of-7r/2 rotations about
the origin. Then, the lattice harmonics obtained for seed
vectors with |r| = 1 are linear combinations of cosine and
sine functions, and those obtained for |r| > 1 can include
nonlinear combinations of cosine and sine functions.

For a given DCA patching scheme, let G, be that sub-
group of G which leaves every patch individually invari-
ant, i.e. for every patch Vi, if k € Vi then g(k) € Vk
for all g € G,. A subset of all lattice harmonics of G are
invariant under G, (i.e. transform trivially under Gp).
In the main text (Sec. IIIB), we denote them by ¢ ;,
where j = 1,2,3,... enumerates them in order of in-
creasing complexity, with ¢x 1 = 1. By definition, these
functions obey ¢y(x),; = Pk,; for all g € Gy,

In Sec. V of the main text, we consider a 2-dimensional
square lattice with point group symmetry Cy,, and a
DCA scheme with N, = 4 patches arranged in a star
geometry, see Fig. 8. These patches are invariant un-
der G}, = Cy,, the group of reflections about the z- and
y-axes (but not under 7/2 rotations about the origin).
Since Cy, contains Cs, as a subgroup, all Cy, irreps are
also Cy, irreps, and since Csy, is abelian, all its irreps are
one-dimensional. This means that all Cy, irreps trans-
form trivially under Cs,. We therefore simply choose the
¢x,; functions to be the first IV, irreps of Cy,, enumerated
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in order of increasing complexity:

¢k,1 = 17 ¢k,3 = COS ij — COoS ky ’

¢k,2 = cosk, +cosky, ¢x4 = cosk,cosk,. (F2)

Remark: These functions are linearly related to the lat-

tice harmonics of the patch-symmetry group Gy, = Ca,,
¢i(,1 = ]- b
¢i<’2 = cosky,

/ —
B3 = cosky,

Pr,q = cosky cosky . (F3)

These follow from a version of Eq. (F1) appropriate for

abelian groups,
o= Z = e
p

g€Gp J reo;

seeded by r1 = (0,0), ro = (1,0), rs = (0,1),ry = (1,1).
On the right, the sum is over all points in the orbit O;
seeded by r;, i.e. the set of distinct points obtained by
acting with all elements of G|, on r;, and IV; is the num-
ber of points in orbit O; (here: Ny =1, Ny = N3 = 2,
Ny =4). We regard N; as a measure of the non-locality
of the Fourier modes contributing to ¢y ; and ¢ ;. The

modified form factors af?%d of Eq. (65) aim to amelio-
rate non-causality issues by reducing the weight of these
non-local Fourier modes by an extra factor 1/N;.

To conclude this appendix, we remark that the inter-
polation Ansatz of Egs. (58) and (59) for Qk(z) and oy k
can be expressed as a truncated Fourier expansion of
the form of Eq. (2): by Eq. (F1), lattice harmonics are
symmetry projections of Fourier factors e ", and those
used for ¢i j<n, are lattice harmonics of low complexity,
for which |r| is of limited range, say |r| < R.

Appendix G: Pseudogap of cellular DMFT+ED

In this appendix we perform another test of L-
interpolation, based on CDMFT+ED results for the
pseudogap phase in the 2D Hubbard model. These re-
sults were kindly provided to us by the authors of Ref. 33.
Their results were computed for ¢ = 1, ¢/ = —0.3t,
t” = 0.2t, U = 8t and a doping level of x = 0.065, and
include broadening with n = 0.1. For further details re-
garding the numerical methodology, we refer the reader
to Refs. [33, 102].

The rationale for testing the L-scheme with an ex-
act diagonalization (ED) impurity solver stems from the
discrete nature of the pole spectrum produced by this
method. Since the spectrum is both finite and discrete,
the continued fraction expansion (CFE) is likewise finite,
with its length dictated by the number of poles, thereby
eliminating the necessity for a rest function.

We start from CDMFTHED results for the discrete
spectrum of the impurity Green’s function Ggq(z), com-
puted for a given hybridization function A(z) having a
discrete spectrum of A(z) of the form

A (w Z Agd(w—&). (G1)



To we extract the discrete spectrum of the self-energy
3 (z) we first invert the Dyson equation (cf. Eq. (48)),

1
z—e—A(2) —X(2)’

Gaa (Z) = (GQ)

using a strategy explained in Ref. 60. This provides us
with the spectrum of A(z) 4+ X(2), obtained in the form

A'w) + 2 (w) =Y [A+Zlidw-@). (G3)

3

We then extract ¥”(w) from Eq. (G3) by subtracting
A"(2) via the pole-subtraction strategy of Ref. 103: we
identify matching energies & and w, (for every &, we
always found a unique @, with |& — &g < 1078), and
subtract the corresponding Ay to obtain

fla+s)-A,

_ if 3& @ |&—wel <e
A+ 3,

otherwise . (G4)
We found ¥, ~ 0 whenever |, — &y| < &, signifying a
clean subtraction of the hybridization function poles.

Let us now compare the results of applying M- and
L-interpolation to this data. For M-interpolation we
broaden the self-energy using Gaussian broadening (with
standard deviation ¢ = 0.15) and compute the cumu-
lant from the Gaussian broadened the self-energy spec-
trum. For L-interpolation we construct the CFE (41)
of the discrete self-energy represented by {X,w}, peri-
odize the resulting w-independent Liouvillian matrix ele-
ments, and broaden the reconstructed Xy (wy) for individ-
ual k-points using CFE+Gaussian broadening (following
Ref. 64, Sec. S-2.2).

In Figure 23, we present the comparison between the
L-scheme and the M-scheme for the spectral function
Ag(w = 0). The left panel corresponds to the M-scheme,
while the right panel shows the £-scheme results.

The M-interpolation produces a hole-like Fermi sur-
face, however, the spectral weight decays strongly to-
wards the BZ boundary. In contrast, the £-scheme un-
veils a more refined structure: rather than arcs, it reveals
an intersected arc suggestive of a hole pocket. This result
highlights the £-scheme’s ability to capture finer details
of the Fermi surface, including potential hole pockets that
may be overlooked by other interpolation methods.

The second row of Fig. 23 shows the spectral function
Ax(w) along the path TXMIIT" in the BZ, corresponding
to the first row. The L-interpolation produces a clear
gap at X and w = 0 compared to M-interpolation. These
plots highlight how the individual CFE bands accumu-
late, ultimately approximating the full spectral band.
The cuts in band structure are attributed to finite size
effects of the ED impurity solver and missing poles. This
results in a resolution of the jagged ED structure within
the interpolation even with a relatively large broaden-
ing. Even though we are able to resolve hole pockets,
the finite size effects of make it hard to decipher if this
structure is the correct one.
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FIG. 23. Interpolated CDMFT+ED results for a 4-site cluster
impurity with ¢t = 1, ¢/ = —0.3t, t” = 0.2t, and U = 8t, in the
pseudogap phase at doping § = 0.065. (al,bl) The spectral
function at the Fermi surface, Ax(w = 0), and (a2,b2) the
spectral function along the path I'XMIII', Ax(w) obtained
via (a) M- and (b) L-periodization.
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Although the L-scheme successfully resolves the hole
pocket-like structure, it remains uncertain whether this
feature is fully accurate due to the finite size effects in-
herent in ED. Nevertheless, these results suggest that the
L-scheme provides a more detailed and potentially more
accurate interpolation of the spectral function compared
to the M-scheme.

Appendix H: Details on TaSK calculations

The MPS results on the 1D Hubbard model presented
in Sec. IVA were obtained using the tangent space
Krylov (TaSK) scheme recently proposed in Ref. 64. The
CDMEFT results of Sec. IV B were obtained by applying
TaSK to impurity models, following Ref. 104. Here, we
discuss some aspects specific to our present TaSK com-
putations that are not discussed those two references.

1. Hubbard chain

We consider a 1D Hubbard chain of L = 50 sites, with
U =5 and p = —U/2 (half-filling). To compute the spec-
tral function Ag(w) of the correlator Gi(t) of Eq. (73),
we use the k-dependent single-particle operator

L
1 —ike
Cp=—= e ey, H1
S P I (H1)

where we treat k as a continuous variable to achieve finer
k resolution. We exploit U(1)x SU(2) charge and spin
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FIG. 24. Hybridization functions (blue lines) at self-
consistency for (a) No = 2 and (b) N. = 8. The black dashed
lines mark the boundaries between the 64 frequency intervals
used for discretization. The discretized hybridization function
is plotted as red dots. Their w positions are the frequency of
the delta peaks, their height is the weight of the delta peak
normalized by the size of the corresponding frequency inter-
val.

symmetries. We compute the ground state using state-
of-the art single-site DMRG [105, 106] with bond expan-
sion [107-109]. The bond dimension of our ground state
is D* = 500 SU(2) multiplets.

We choose 51 equally spaced values for k£ between 0 and
m, and for each momentum point use TaSK to compute a
discrete version, A{iS¢(w), of the spectral function, com-
prising 204 discrete d-peaks. We then compute the CFE
coefficients €x,, and ¢y, (shown in Fig. 3) from A%s(w)
(known at 51 k-values). To obtain a spectrum for arbi-
trary k, we interpolate A$¢(w) for k-values between our
chosen 51 ones by linear interpolation of the CFE coeffi-
cients €x,, and tg,. To obtain the continuous-in-frequency
spectra shown in Fig. 1(a), we use the CFE+Gaussian
broadening scheme of Sec. S-2 of Ref. [64], with broad-
ening parameter o = 0.3 and Ngrpg = 2 there. For the
lattice model, this is equivalent to broadening the dis-
crete self-energy with ¢ = 0.3 and Ngrg = 1.

37

/_'_Q\ \
hr O 1
vz 0
G}
TDVP TaSK
-0.4 —_ ReG(t) |
04\ (b)) No=8 | — ---mdG()

FIG. 25. Lesser Green’s function Gﬁc /2(t) computed via
TDVP (solid lines) and TaSK (dashed lines) for (a) N. = 2
and (b) N. = 8. For TDVP, we have used a time step §t = 0.1
and a third-order integrator; the bond dimension is allowed
to grow to ensure a numerically exact result. With TaSK, we
compute the spectrum of vac /z(t) and Fourier transform to
the time domain.

2. Impurity solver for cellular DMFT

In Sec. IV B, we presented CDMFT results for the 1d
Hubbard model. (For details on CDMFT for the 1d Hub-
bard model, see for instance Ref. [110].) The impurity
solver we employ for this purpose closely follows the im-
plementation presented in Ref. 104. The impurity model
consists of an N,.-site Hubbard chain, whose outermost
sites hybridize with left and right spinful baths described
by two identical hybridization functions Ay, (w) = Ag(w).
In contrast to Ref. 104, we discretize our baths using a
linear grid generated via the mean method of Ref. 65.
For the data shown in this manuscript, we use 64 spinful
orbitals per bath. The discretization intervals, level po-
sitions and hybridization weights at self-consistency are
illustrated in Fig. 24 for N, = 2 and N. = 8. Each
of the discretized baths is mapped to the chain geome-
try depicted in Fig.2 (b) of Ref. [111]. Since only the
boundary sites of the cluster couple to the bath, we ar-
range our system such that the 64 left-most sites belong
to the bath coupling to the left-most cluster orbital, fol-
lowed by the N, cluster sites and finally the 64 bath sites
that belong to the bath hybridizing with the right-most
cluster site. Again, we compute the ground state using
single-site DMRG with bond expansion [108]. For the
impurity solver, we truncate by singular values, using a
truncation threshold of 2 x 1078, We then compute the
discrete self-energy (N, x N, matrix valued) of this im-
purity model using a strategy described in Ref. [60]. The
spectral functions necessary for that are calculated using
TaSK, see Ref. 104 for specifics about using TaSK for



impurity models. Within the self-consistency cycle, the
self-energy is then broadened using the CFE+Gaussian
scheme of Ref. [64], using o = 0.3 and Nerg = 1.

To gauge whether TaSK provides accurate impurity
spectral functions for the impurity model at hand we also
conduct an independent benchmark test, formulated in
the time domain. We use the single-site time-dependent
variational principle (TDVP) [112] with bond expan-
sion [113] to compute the lesser Green’s function,

Gy, j2(t) = (Wo|cly, P O | ) (H2)
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for short times. Here, ¢y, /2, is the spin-o annihilation
operator at cluster site N./2, |¥) the ground state and
Ey its energy. We then compare the TDVP result for
G]f,c /Q(t) with the TaSK result, which can be easily com-
puted from the discrete spectra. The result of this com-
parison is shown in Fig. 25, for N. = 4,8. The time-
dependent data obtained from both methods agree very
well, which shows that our TaSK spectra are reliable.

[1] T. Maier, M. Jarrell, T. Pruschke, and M. H. Hettler,
Quantum cluster theories, Rev. Mod. Phys. 77, 1027
(2005).

(2] G. Kotliar, S. Y. Savrasov, G. Palsson, and G. Biroli,
Cellular dynamical mean field approach to strongly cor-
related systems, Phys. Rev. Lett. 87, 186401 (2001).

[3] M. H. Hettler, A. N. Tahvildar-Zadeh, M. Jarrell, T. Pr-

uschke, and H. R. Krishnamurthy, Nonlocal dynami-

cal correlations of strongly interacting electron systems,

Phys. Rev. B 58, R7475 (1998).

M. H. Hettler, M. Mukherjee, M. Jarrell, and H. R. Kr-

ishnamurthy, Dynamical cluster approximation: Nonlo-

cal dynamics of correlated electron systems, Phys. Rev.

B 61, 12739 (2000).

[5] T. A. Maier, T. Pruschke, and M. Jarrell, Angle-resolved
photoemission spectra of the hubbard model, Phys. Rev.
B 66, 075102 (2002).

(6] P. Staar, T. Maier, and T. C. Schulthess, Dynami-
cal cluster approximation with continuous lattice self-
energy, Phys. Rev. B 88, 115101 (2013).

[7] U. R. Hahner, T. A. Maier, and T. C. Schulthess, Con-
tinuous momentum dependence in the dynamical cluster
approximation, Phys. Rev. B 101, 195114 (2020).

[8] D. Sénéchal, D. Perez, and D. Plouffe, Cluster pertur-
bation theory for Hubbard models, Phys. Rev. B 66,
075129 (2002).

[9] G. Biroli and G. Kotliar, Cluster methods for strongly
correlated electron systems, Phys. Rev. B 65, 155112
(2002).

[10] G. Biroli, O. Parcollet, and G. Kotliar, Cluster dynam-
ical mean-field theories: Causality and classical limit,
Phys. Rev. B 69, 205108 (2004).

[11] T. D. Stanescu and G. Kotliar, Fermi arcs and hid-
den zeros of the Green function in the pseudogap state,
Phys. Rev. B 74, 125110 (2006).

[12] S. Sakai, G. Sangiovanni, M. Civelli, Y. Motome,
K. Held, and M. Imada, Cluster-size dependence in cel-
lular dynamical mean-field theory, Phys. Rev. B 85,
035102 (2012).

[13] S. Verret, J. Roy, A. Foley, M. Charlebois, D. Sénéchal,
and A.-M. S. Tremblay, Intrinsic cluster-shaped den-
sity waves in cellular dynamical mean-field theory, Phys.
Rev. B 100, 224520 (2019).

[14] M. Potthoff, Cluster extensions of dynamical mean-field
theory, in DMFT: From Infinite Dimensions to Real
Materials Modeling and Simulation, Forschungszentrum
Jilich, edited by E. Pavarini, E. Koch, D. Vollhardt,

[4

and A. Lichtenstein (2018).

[15] A. Georges, G. Kotliar, W. Krauth, and M. J. Rozen-
berg, Dynamical mean-field theory of strongly corre-
lated fermion systems and the limit of infinite dimen-
sions, Rev. Mod. Phys. 68, 13 (1996).

[16] S. Sakai, S. Blanc, M. Civelli, Y. Gallais, M. Cazayous,
M.-A. Méasson, J. S. Wen, Z. J. Xu, G. D. Gu, G. San-
giovanni, Y. Motome, K. Held, A. Sacuto, A. Georges,
and M. Imada, Raman-scattering measurements and
theory of the energy-momentum spectrum for under-
doped BisSroCaCuOg4s superconductors: Evidence of
an s-wave structure for the pseudogap, Phys. Rev. Lett.
111, 107001 (2013).

[17] S. Sakai, Y. Motome, and M. Imada, Evolution of elec-
tronic structure of doped Mott insulators: Reconstruc-
tion of poles and zeros of Green’s function, Phys. Rev.
Lett. 102, 056404 (2009).

[18] S. Sakai, Y. Motome, and M. Imada, Doped high-T.
cuprate superconductors elucidated in the light of zeros
and poles of the electronic Green’s function, Phys. Rev.
B 82, 134505 (2010).

[19] F. Krien, P. Worm, P. Chalupa-Gantner, et al., Explain-

ing the pseudogap through damping and antidamping

on the Fermi surface by imaginary spin scattering, Com-

mun. Phys. 5, 336 (2022).

C. Walsh, M. Charlebois, P. Sémon, A.-M. S. Tremblay,

and G. Sordi, Superconductivity in the two-dimensional

Hubbard model with cellular dynamical mean-field the-

ory: A quantum impurity model analysis, Phys. Rev. B

108, 075163 (2023).

[21] L. De Leo, M. Civelli, and G. Kotliar, Cellular dynam-
ical mean-field theory of the periodic Anderson model,
Phys. Rev. B 77, 075107 (2008).

[22] L. De Leo, M. Civelli, and G. Kotliar, 7' = 0 heavy-
fermion quantum critical point as an orbital-selective
Mott transition, Phys. Rev. Lett. 101, 256404 (2008).

[23] A. Gleis, S.-S. B. Lee, G. Kotliar, and J. von Delft,
Emergent properties of the periodic Anderson model: A
high-resolution, real-frequency study of heavy-fermion
quantum criticality, Phys. Rev. X 14, 041036 (2024).

[24] W. Wi, X. Wang, and A.-M. Tremblay, Non-Fermi lig-
uid phase and linear-in-temperature scattering rate in
overdoped two-dimensional Hubbard model, Proceed-
ings of the National Academy of Sciences 119 (2022).

[25] J. Fournier, P.-O. Downey, C.-D. Hébert, M. Charlebois,
and A.-M. Tremblay, Two T-linear scattering-rate
regimes in the triangular lattice Hubbard model, Sci-

[20



Post Physics 17 (2024).

[26] A. Gleis, S.-S. B. Lee, G. Kotliar, and J. von Delft,
Dynamical scaling and Planckian dissipation due to
heavy-fermion quantum criticality, Phys. Rev. Lett.
134, 106501 (2025).

[27] A. Hardy, O. Parcollet, A. Georges, and A. A. Patel, En-
hanced strange metallicity due to Hubbard-U Coulomb
repulsion, Phys. Rev. Lett. 134, 036502 (2025).

[28] Y. Nomura, S. Sakai, and R. Arita, Nonlocal correla-
tions induced by Hund’s coupling: A cluster DMFT
study, Phys. Rev. B 91 (2015).

[29] P. Sémon, K. Haule, and G. Kotliar, Validity of the
local approximation in iron pnictides and chalcogenides,
Phys. Rev. B 95, 195115 (2017).

[30] Y. Nomura, S. Sakai, and R. Arita, Multiorbital clus-
ter dynamical mean-field theory with an improved
continuous-time quantum Monte Carlo algorithm, Phys.
Rev. B 89, 195146 (2014).

[31] M. Harland, A. I. Poteryaev, S. V. Streltsov, and A. L.
Lichtenstein, Electronic correlations and competing or-
ders in multiorbital dimers: A cluster DMFT study,
Phys. Rev. B 99, 045115 (2019).

[32] M. Klett, N. Wentzell, T. Schéafer, F. Simkovic, O. Par-
collet, S. Andergassen, and P. Hansmann, Real-space
cluster dynamical mean-field theory: Center-focused ex-
trapolation on the one- and two particle-levels, Phys.
Rev. Res. 2, 033476 (2020).

[33] S. Verret, A. Foley, D. Sénéchal, A.-M. S. Tremblay,
and M. Charlebois, Fermi arcs versus hole pockets: Pe-
riodization of a cellular two-band model, Phys. Rev. B
105, 035117 (2022).

[34] T. Das, R. S. Markiewicz, A. Bansil, and A. V. Bal-
atsky, Visualizing electron pockets in cuprate supercon-
ductors, Phys. Rev. B 85, 224535 (2012).

[35] Y. Li, W. Tabis, Y. Tang, G. Yu, J. Jaroszynski,
N. Barigié¢, and M. Greven, Hole pocket—driven super-
conductivity and its universal features in the electron-
doped cuprates, Science Advances 5, eaap7349 (2019).

[36] A. Damascelli, Z. Hussain, and Z.-X. Shen, Angle-
resolved photoemission studies of the cuprate supercon-
ductors, Rev. Mod. Phys. 75, 473 (2003).

[37] T. Reber, N. Plumb, Z. Sun, T. J. Reber, N. C. Plumb,
Z. Sun, Q. Cao, Y. nd Wang, K. McElroy, H. Iwasawa,
. Arita, J. S. Wen, Z. J. Xu, G. Gu, . Yoshida, H. Eisaki,
Y. Aiura, and D. S. Dessau, The origin and non-
quasiparticle nature of Fermi arcs in BiaSroCaCu2Osy 5,
Nature Phys. 8, 606 (2012).

[38] T. D. Stanescu, M. Civelli, K. Haule, and G. Kotliar, A
cellular dynamical mean field theory approach to Mot-
tness, Ann. Phys. 321, 1682 (2006), special Issue.

[39] K.-Y. Yang, T. M. Rice, and F.-C. Zhang, Phenomeno-
logical theory of the pseudogap state, Phys. Rev. B 73,
174501 (2006).

[40] H. Mori, A continued-fraction representation of the
time-correlation functions, Progress of Theoretical
Physics 34, 399 (1965).

[41] R. Haydock, The recursive solution to the Schrodinger
equation, Solid state physics 35, 215.

[42] V. S. Viswanath and G. Miiller, The Recursion Method
(Springer Berlin, Heidelberg, 1994).

[43] P. E. Dargel, A. Honecker, R. Peters, R. M. Noack,
and T. Pruschke, Adaptive Lanczos-vector method for
dynamic properties within the density matrix renormal-
ization group, Phys. Rev. B 83, 161104 (2011).

39

[44] P. E. Dargel, A. Wollert, A. Honecker, I. P. McCulloch,
U. Schollwock, and T. Pruschke, Lanczos algorithm with
matrix product states for dynamical correlation func-
tions, Phys. Rev. B 85, 205119 (2012).

[45] A. C. Tiegel, S. R. Manmana, T. Pruschke, and A. Ho-
necker, Matrix product state formulation of frequency-
space dynamics at finite temperatures, Phys. Rev. B 90,
060406 (2014).

[46] J.-P. Julien and R. C. Albers, Extended recursion in
operator space (EROS), a new impurity solver for the
single impurity Anderson model, arXiv:0810.3302 [cond-
mat.str-el] (2008).

[47] A. Auerbach, Hall number of strongly correlated metals,
Phys. Rev. Lett. 121, 066601 (2018).

(48] A. Auerbach, Equilibrium formulae for transverse mag-
netotransport of strongly correlated metals, Phys. Rev.
B 99, 115115 (2019).

[49] A. Foley, Liouvillian recursion method for the electronic
Green’s function, (2024), arXiv:2401.02527 [cond-
mat.str-el].

[50] M.-D. Choi, Positive linear maps on C*-algebras, Cana-
dian Journal of Mathematics 24, 520-529 (1972).

[51] A. Jamiotkowski, Linear transformations which preserve

trace and positive semidefiniteness of operators, Reports

on Mathematical Physics 3, 275 (1972).

To keep the notation simple in the main text, we as-

sumed U(1) charge symmetry, i.e. the absence of super-

conductivity. As a result, we focused on representing

L in W;, the dynamically relevant subspace of opera-

tors with charge +1. The representation of £ in W_y,

the dynamically relevant space of operators with charge

—1, follows from [H, c},]' = —[H, c,]. In the presence of

mean-field superconductivity, Hin also contains clef and

cc terms. Then, the block of single-particle operators has
to be extended to include both creation and annihilation
operators, |cf,c) = (\c]{), ol e, - lcar)), since
both the Green’s function and self-energy will exhibit
non-zero anomalous components. With this generaliza-
tion, the strategy described in our paper can also be
applied in the presence of mean-field superconductivity.

[63] For a simple example of charge-1 operators that are not
in Wy, consider a free-fermion system. Since its Hamil-
tonian is quadratic, acting with £ on single-particle
operators again yields single-particle operators. Thus
W. = W; and the single-particle irreducible subspace
We is empty. Therefore, any operator with charge +1
that is not single-particle, e.g. |clcﬁcl;), is not in Wy.

[54] Here, we exploited the fact that exchange symmetry
requires Uay,58 = —Uqya,58 = Uqya,gs-

[55] E. Koch, The Lanczos method, in The LDA+DMFT ap-
proach to strongly correlated materials, Forschungszen-
trum Julich, edited by E. Pavarini, E. Koch, D. Voll-
hardt, and A. Lichtenstein (2011).

[56] C. Lanczos, An iteration method for the solution of the
eigenvalue problem of linear differential and integral op-
erators, Journal of Research of the National Bureau of
Standards 45, 255 (1950).

[57] D. Boley and G. Golub, The Lanczos-Arnoldi algorithm
and controllability, Systems & Control Letters 4, 317
(1984).

[58] G. Pinna, O. Lunt, and C. von Keyserlingk, Approx-
imation theory for Green’s functions via the Lanczos
algorithm, (2025), arXiv:2505.00089 [quant-ph].

[52



[59] F. B. Kugler, Improved estimator for numerical renor-
malization group calculations of the self-energy, Phys.
Rev. B 105, 245132 (2022).

[60] A. Zacinskis, M. Pelz, F. T. Ebel, F. Kugler, J. von
Delft, K. Held, M. Haverkort, and A. Gleis, Symmetric
estimator for discrete self-energy of discretized quantum
impurtity models, to be published.

[61] B. Bruognolo, N.-O. Linden, F. Schwarz, S.-S. B. Lee,
K. Stadler, A. Weichselbaum, M. Vojta, F. B. Anders,
and J. von Delft, Open Wilson chains for quantum im-
purity models: Keeping track of all bath modes, Phys.
Rev. B 95, 121115 (2017).

[62] M. Ferrero, P. S. Cornaglia, L. De Leo, O. Parcollet,
G. Kotliar, and A. Georges, Pseudogap opening and for-
mation of Fermi arcs as an orbital-selective Mott tran-
sition in momentum space, Phys. Rev. B 80, 064501
(2009).

[63] S. Okamoto, A. J. Millis, H. Monien, and A. Fuhrmann,
Fictive impurity models: An alternative formulation of
the cluster dynamical mean-field method, Phys. Rev. B
68, 195121 (2003).

[64] O. Kovalska, J. von Delft, and A. Gleis, Tangent space
krylov computation of real-frequency spectral functions:
Influence of density-assisted hopping on 2d mott physics
(2025), arXiv:2510.07279 [cond-mat.str-el].

[65] 1. de Vega, U. Schollwock, and F. A. Wolf, How to dis-
cretize a quantum bath for real-time evolution, Phys.
Rev. B 92, 155126 (2015).

[66] F. B. Kugler, Improved estimator for numerical renor-
malization group calculations of the self-energy, Phys.
Rev. B 105, 245132 (2022).

[67] M. Pelz, A. Gleis, and J. von Delft, Quantum criticality
in the two dimensional hubbard model, to be published.

[68] E. Gull, M. Ferrero, O. Parcollet, A. Georges, and A. J.
Millis, Momentum-space anisotropy and pseudogaps: A
comparative cluster dynamical mean-field analysis of
the doping-driven metal-insulator transition in the two-
dimensional Hubbard model, Phys. Rev. B 82, 155101
(2010).

[69] S.-S. B. Lee and A. Weichselbaum, Adaptive broadening
to improve spectral resolution in the numerical renor-
malization group, Phys. Rev. B 94, 235127 (2016).

[70] S-S. B. Lee, J. von Delft, and A. Weichselbaum,
Doublon-holon origin of the subpeaks at the Hubbard
band edges, Phys. Rev. Lett. 119, 236402 (2017).

[71] K. G. Wilson, The renormalization group: Critical phe-
nomena and the Kondo problem, Rev. Mod. Phys. 47,
773 (1975).

[72] H. R. Krishna-murthy, J. W. Wilkins, and K. G. Wil-
son, Renormalization-group approach to the Anderson
model of dilute magnetic alloys. 1. Static properties for
the symmetric case, Phys. Rev. B 21, 1003 (1980).

[73] F. B. Anders and A. Schiller, Real-time dynamics in
quantum-impurity systems: A time-dependent numer-
ical renormalization-group approach, Phys. Rev. Lett.
95, 196801 (2005).

[74] R. Bulla, T. A. Costi, and T. Pruschke, Numerical
renormalization group method for quantum impurity
systems, Rev. Mod. Phys. 80, 395 (2008).

[75] A. Weichselbaum, Non-Abelian symmetries in tensor
networks: A quantum symmetry space approach, An-
nals of Physics 327, 2972 (2012).

[76] A. Weichselbaum, Tensor networks and the numerical
renormalization group, Phys. Rev. B 86, 245124 (2012).

40

[77] A. Weichselbaum, X-symbols for non-Abelian symme-
tries in tensor networks, Phys. Rev. Res. 2, 023385
(2020).

[78] A. Weichselbaum, QSpace - An open-source tensor li-
brary for Abelian and non-Abelian symmetries, SciPost
Phys. Codebases , 40 (2024).

[79] A. Weichselbaum, Codebase release 4.0 for QSpace, Sci-
Post Phys. Codebases , 40 (2024).

[80] A. K. Mitchell, M. R. Galpin, S. Wilson-Fletcher, D. E.
Logan, and R. Bulla, Generalized wilson chain for solv-
ing multichannel quantum impurity problems, Phys.
Rev. B 89, 121105 (2014).

[81] K. M. Stadler, A. K. Mitchell, J. von Delft, and
A. Weichselbaum, Interleaved numerical renormaliza-
tion group as an efficient multiband impurity solver,
Phys. Rev. B 93, 235101 (2016).

[82] N. Wagner, L. Crippa, A. Amaricci, P. Hansmann,
M. Klett, E. J. Konig, T. Schéafer, D. D. Sante, J. Cano,
A. J. Millis, A. Georges, and G. Sangiovanni, Mott in-
sulators with boundary zeros, Nature Communications
14, 7531 (2023).

[83] P. Pudleiner, T. Schéfer, D. Rost, G. Li, K. Held, and
N. Bliimer, Momentum structure of the self-energy and
its parametrization for the two-dimensional Hubbard
model, Phys. Rev. B 93, 195134 (2016).

[84] P. Worm, M. Reitner, K. Held, and A. Toschi, Fermi and
luttinger arcs: Two concepts, realized on one surface,
Phys. Rev. Lett. 133, 166501 (2024).

[85] S. Backes, J.-H. Sim, and S. Biermann, Nonlocal cor-
relation effects in fermionic many-body systems: Over-
coming the noncausality problem, Phys. Rev. B 105,
245115 (2022).

[86] M. E. H. Ismail, Classical and quantum orthogonal poly-
nomials in one variable, edited by W. V. Assche, En-
cyclopedia of mathematics and its applications No. 98
(Cambridge University Press, Cambridge ;, 2005) in-
cludes bibliographical references (p. [661]-696) and in-
dexes.

[87] G. Szegd, Orthogonal polynomials, online-ausg. ed.,
AMS ebook collection (American mathematical soci-
ety, New York city, 2012) ”List of references”: p. 378-
393. - Electronic reproduction; Providence, Rhode Is-
land; American Mathematical Society; 2012. - Descrip-
tion based on print version record.

[88] T. S. Chihara, An introduction to orthogonal polynomi-
als, first published ed. (Dover Publications, Inc., Mine-
ola, 2011) this Dover edition, first published in 2011, is
an unabridged republication of the work orginally pub-
lished in 17978 by Gordon and Breach, Science Pub-
lisher, Inc., New York.

[89] B. Simon, Orthogonal polynomials on the unit circle,
Colloquium Publications No. Volume 54, Part 1 (Amer-
ican Mathematical Society, Providence, Rhode Island,
2005) includes bibliographical references and indexes.
Description based on online resource; title from PDF
title page (ebrary, viewed April 11, 2017).

[90] N. I. Achiezer, The classical moment problem and some
related questions in analysis, edited by N. Kemmer,
Classics in applied mathematics No. 82 (Society for In-
dustrial and Applied Mathematics, Philadelphia, Penn-
sylvania, 2021).

[91] J. M. Stojanov, Counterezamples in probability, 3rd ed.,
Dover books on mathematics (Dover Publ., Mineola,
NY, 2014) includes bibliographical references (pages



317-364) and index.

[92] N. Dunford and J. T. Schwartz, Linear Operators, Part
2: Spectral Theory, Self Adjoint Operators in Hilbert
Space, Vol. 2 (Wiley Interscience Publ.,, New York,
1988).

[93] A. J. Duran, On orthogonal polynomials with respect to
a positive definite matrix of measures, Canadian Journal
of Mathematics 47, 88 (1995).

[94] T. S. Chihara, Hamburger moment problems and or-
thogonal polynomials, Transactions of the American
Mathematical Society 315, 189 (1989).

[95] B. Simon, The classical moment problem as a self-
adjoint finite difference operator, Advances in Mathe-
matics 137, 82 (1998).

[96] A. J. Duran and P. Lopez-Rodriguez, N-extremal ma-
trices of measures for an indeterminate matrix mo-
ment problem, Journal of Functional Analysis 174, 301
(2000).

[97] P. Lopez-Rodriguez, The Nevanlinna parametrization
for a matrix moment problem, Mathematica Scandinav-
ica 89, 245 (2001).

[98] D. Damanik, A. Pushnitski, and B. Simon, The ana-
lytic theory of matrix orthogonal polynomials (2008),
arXiv:0711.2703 [math.CA].

[99] C. Berg, Indeterminate moment problems and the the-
ory of entire functions, Journal of Computational and
Applied Mathematics 65, 27 (1995).

[100] S. L. Altmann and A. P. Cracknell, Lattice harmonics
I. Cubic groups, Rev. Mod. Phys. 37, 19 (1965).

[101] S. L. Altmann and C. J. Bradley, Lattice harmonics ii.
hexagonal close-packed lattice, Rev. Mod. Phys. 37, 33
(1965).

[102] A. Foley, S. Verret, A.-M. S. Tremblay, and D. Sénéchal,
Coexistence of superconductivity and antiferromag-
netism in the Hubbard model for cuprates, Phys. Rev.
B 99, 184510 (2019).

41

[103] Y. Lu, M. Hoppner, O. Gunnarsson, and M. W.
Haverkort, Efficient real-frequency solver for dynamical
mean-field theory, Phys. Rev. B 90, 085102 (2014).

[104] F. D. Picoli, M. Huang, A. Gleis, and J. von Delft,
Tangent-space krylov solver for quantum impurity mod-
els, to be published.

[105] S. R. White, Density matrix formulation for quan-
tum renormalization groups, Phys. Rev. Lett. 69, 2863
(1992).

[106] U. Schollwock, The density-matrix renormalization
group in the age of matrix product states, Annals of
Physics 326, 96 (2011), january 2011 Special Issue.

[107] A. Gleis, J.-W. Li, and J. von Delft, Projector formalism
for kept and discarded spaces of matrix product states,
Phys. Rev. B 106, 195138 (2022).

[108] A. Gleis, J.-W. Li, and J. von Delft, Controlled bond
expansion for density matrix renormalization group
ground state search at single-site costs, Phys. Rev. Lett.
130, 246402 (2023).

[109] A. Gleis, J-W. Li, and J. von Delft, Reply to com-
ment on ”controlled bond expansion for density matrix
renormalization group ground state search at single-site
costs” (2025), arXiv:2501.12291 [cond-mat.str-el].

[110] C. J. Bolech, S. S. Kancharla, and G. Kotliar, Cellular
dynamical mean-field theory for the one-dimensional ex-
tended hubbard model, Phys. Rev. B 67, 075110 (2003).

[111] L. Kohn and G. E. Santoro, Quench dynamics of the an-
derson impurity model at finite temperature using ma-
trix product states: entanglement and bath dynamics,
Journal of Statistical Mechanics: Theory and Experi-
ment 2022, 063102 (2022).

[112] J. Haegeman, J. I. Cirac, T. J. Osborne, I. Pizorn,
H. Verschelde, and F. Verstraete, Time-dependent vari-
ational principle for quantum lattices, Phys. Rev. Lett.
107, 070601 (2011).

[113] J.-W. Li, A. Gleis, and J. von Delft, Time-dependent
variational principle with controlled bond expansion for
matrix product states, Phys. Rev. Lett. 133, 026401
(2024).






Methods 63

Symmetric estimator for discrete self-energy of discrete

many-body systems
by

Aleksandrs Zacinskis', Frank T. Ebel?, Mathias Pelz?, Fabian B. Kugler?, Karsten

Held?, Jan von Delft3, Maurits W. Haverkort!, and Andreas Gleis®

! Institute for Theoretical Physics, Heidelberg University, Philosophenweg 19, 69120

Heidelberg, Germany
2 Institute of Solid State Physics, TU Wien, 1040 Vienna, Austria

3 Arnold Sommerfeld Center for Theoretical Physics, Center for NanoScience, and
Munich Center for Quantum Science and Technology,

Ludwig-Maximilians-Universitdt Miinchen, 80333 Munich, Germany
4 Institute for Theoretical Physics, University of Cologne, 50937 Cologne, Germany

® Department of Physics and Astronomy and Center for Condensed Matter Theory,

Rutgers University, Piscataway, New Jersey 08854-8019, USA

reprinted on pages 65—85

Preprint at arXiv:2605.04974.

Submitted to Physical Review B.


https://arxiv.org/abs/2605.04974




arXiv:2605.04974v1 [cond-mat.str-el] 6 May 2026

Symmetric estimator for discrete self-energy of discrete many-body systems

Aleksandrs Zacinskis®,! Frank T. Ebel®,?2 Mathias Pelz®,? Fabian B. Kugler®,*
Karsten Held®,? Jan von Delft®,? Maurits W. Haverkort®,! and Andreas Gleis®?

! Institute for Theoretical Physics, Heidelberg University, Philosophenweg 19, 69120 Heidelberg, Germany
2 Institute of Solid State Physics, TU Wien, 1040 Vienna, Austria
3 Arnold Sommerfeld Center for Theoretical Physics, Center for NanoScience, and Munich Center for
Quantum Science and Technology, Ludwig-Mazximilians-Universitat Minchen, 80333 Munich, Germany
4 Institute for Theoretical Physics, University of Cologne, 50937 Cologne, Germany
5 Department of Physics and Astronomy and Center for Condensed Matter
Theory, Rutgers University, Piscataway, New Jersey 08854-8019, USA
(Dated: May 7, 2026)

We derive a discrete spectral representation of the single-particle self-energy using a discrete
evaluation of Kugler’s symmetric improved estimator. Our construction can be used on both the
real and the complex (Matsubara) frequency axis. It is guaranteed to remain causal at the numerical
level, in contrast to standard approaches that may generate unphysical negative spectral weight or
require additional broadening. Our representation can be used for any Hamiltonian; here we apply
it to quantum impurity models and in dynamical mean-field theory. The latter is formulated with a
discrete hybridization function throughout its self-consistency loop. In both cases and across various
numerical methods, we obtain significantly improved accuracy for a range of impurity properties.

I. INTRODUCTION

Quantum impurity models, introduced by Anderson
in 1961 [1], feature a small number of interacting spin-
orbitals that hybridize with a large set of non-interacting
bath modes. Originally devised to explain the Kondo
effect [2], they also —among others— model quantum
dots [3] and are employed in dynamical mean-field
theory (DMFT) [4] which maps an interacting lattice
problem onto a self-consistently determined impurity
model. Closely related, in quantum chemistry, impurity
models emerge in quantum embedding approaches [5-9].

To calculate impurity observables and spectral
functions, different impurity solvers have been
devised, ranging from perturbative and semi-analytical
approaches [10-14] to quantum Monte Carlo (QMC)
algorithms [15-18] to Hamiltonian-based methods with
a discretized bath. In the latter class, one approximates
the bath spectral function by a finite set of poles
and solves the resulting finite Anderson impurity
Hamiltonian. This is done, e.g., in exact diagonalization
and Lanczos/Krylov approaches [19-21], restricted active
space solvers [22-28], numerical renormalization group
(NRG) [29-32], and tensor-network approaches [33-39).

In many cases, most notably DMFT, it is further
important to reliably extract the single-particle self-
energy. A direct evaluation via the Dyson equation

N(2) = Go'l(2) = GT (=), (1)

where Go(z) and G(z) are the Green functions of
two different Hamiltonians, the non-interacting and the
interacting one, is ill-conditioned. For a discretized bath,
this is exacerbated as the poles of Gp(z) and G(z) will
be at different energies z. Even with a tiny numerical
offset in the poles of G(z) or numerical limitations in the
number of poles, delicate cancellations are not perfect,
and the self-energy becomes non-causal.

This can be avoided by an explicit broadening of the
Green’s functions or spectra [40-42], which can be further
stabilized by imposing exact high-frequency moments or
asymptotic limits [43, 44] or by schemes that explicitly
enforce analyticity and causality [45, 46]. Alternatively,
one can work with a discrete pole representation [26] and
merge unphysical negative spectral weight of X(z) with
positive weight so that causality is eventually achieved.

The numerical instabilities inherent to the subtraction
Gy'(2) — G7'(2) can be fully avoided by using
the equations of motion for the Green’s function.
This substantially more stable extraction scheme was
introduced by Bulla, Hewson, and Pruschke [47] for
NRG, and later transferred to QMC [48] and improved
to a symmetric variant by Werner and Millis [49] and
Kaufmann et al. [50]. This, in turn, inspired the
largely improved symmetric self-energy estimator by
Kugler [51]. For real-frequency calculations, however,
again an artificial broadening is applied.

As a consequence, a discrete spectral representation
(DSR), i.e., a pole expansion for the self-energy, is not
yet available. Access to such a DSR is desirable when
computing quantities that are sensitive to broadening
artifacts; e.g., the asymptotic low-energy behavior of the
self-energy or the DMF'T self-consistency loop.

In this paper, we show how to compute the discrete
self-energy of discrete many-body systems in a manner
that avoids delicate cancellations and involves no
broadening. The key idea is to use Kugler’'s symmetric
improved estimator for self-energies [51], recognize that
it corresponds to the Schur complement of a sub-block of
an augmented Green’s function, and compute the latter
directly in a fully discrete manner.

This idea is both general and elementary, derivable
in just a few lines of algebra. It can be implemented
easily and used in conjunction with any computational
tool capable of computing unbroadened Green’s functions



for any discrete many-body system. In this paper,
we illustrate it for quantum impurity models; its
transcription to other contexts should be self-evident. In
the DMFT context, our DSR approach allows us to carry
out the self-consistency loop entirely in terms of DSRs of
the hybridization function and self-energy, without the
need to remove unphysical negative spectral weight.

In Sec. II, we define the general Anderson impurity
model, as well as its local Green’s function G(z) and the
non-interacting Green’s function G(z), which define the
self-energy we aim to compute. In Sec. III, we present
our method to compute causal and numerically stable
self-energies for DSRs, based on Kugler’s symmetric
improved estimator [51]. Sec. IV presents numerical
examples that demonstrate the performance of the
method for an impurity model and for DMFT.

Depending on the impurity solver employed,
correlation functions may be given in different
discrete representations. Based in part on previous
literature [25, 26, 52-59], Appendix A summarizes
several of these representations together with the
transformations between them. In Appendix B,
we discuss representation-specific algorithms for the
calculation of DSR of the self-energy. In Appendix C,
we show how the impurity problem can be updated
using the discrete representation of self-energy X (z)
required for the implementation of the discrete DMFT
self-consistency cycle.  Finally, in Appendix D, we
discuss how the calculation of the quasiparticle weight
Z can be regularized in the presence of spurious poles at
low energies.

For readability and connection to previous literature,
we will use matrix powers for matrix inverses and
symmetric matrix square roots, but fractions for matrix
resolvents; e.g., G~1(z), and S¥/2 but 1/(z — H).

II. MODEL HAMILTONIAN

The formulation for obtaining the discrete self-energy,
as derived in Eq. (13) below, is in principle valid for
any Hamiltonian H = Hy + Hp, acting on a set of
fermionic single-particle states and downfolded onto a
subset of these states. For concreteness, and to obtain
numerical models that can be solved with the techniques
currently available to us, we focus on its application to
an Anderson impurity model. In particular, we consider
a fermionic multi-orbital quantum impurity model with
N local degrees of freedom, labelled by m € {1,...,N}.
The local degrees of freedom may correspond to atomic-
like states m = (n,l,m, o) or to different cluster sites in
extended impurity models. We label the impurity site by
i = 0 and the M discrete bath sites by i € {1,..., M}.
Particles in these states are created and annihilated by
the operators a;r’m and a; ., respectively. To suppress the
spin-orbital index m as much as possible, we introduce
row-vectors aj containing the operators a;m for all values

N of m,

and the column vector a;, = (az T.

The Hamiltonian for our model consists of two parts.
The term Hy contains contributions quadratic in the
creation and annihilation operators and acts non-trivially
both on the bath and on the impurity, while H; is an
arbitrary interacting part that only acts non-trivially on
the impurity. The full Hamiltonian is given by

H=Hy+Hy, (3)

with
M M .
Hy = Z al.LEiai + ZagViTai +alVia,, 4)
i=0 i=1

where E; and V; are N x N matrices describing the
on-site energies (including the chemical potential) and
the hybridization between impurity and bath sites,
respectively.  While H; is in principle an arbitrary
interacting term which acts non-trivially only on the
impurity, it usually exhibits a bilinear and a quartic term,

Hi= >

mp,m2, M3, My

MF T
- 2 : Um1m2a0,m1a0,m2'

my,msy

T I
Um1 m2m3m4a’0,m1 aO,mza‘O,mgaO,m4 (5)

Here, the tensor Um,m,mym, defines the local interaction
on the impurity and U},V,Ifw can be used to subtract the
mean-field contributions of the interaction, which in some
approaches are already included in Hy.

The influence of the bath on impurity dynamics is

completely encoded in the hybridization function,

M

1

A(z):ZVJ%EVi, (6)
i=1 v

with z € C. For real-frequency calculations, we take
2z = w +i0T. There is an inherent freedom in the choice
of E; and V; for ¢ > 1, since any bath representation
that results in the same A(z) leads to the same impurity
dynamics. From a numerical point of view, it is often
advantageous to exploit this freedom. For example, by
applying a unitary transformation in the bath subspace,
one can obtain a representation in which the bath
Hamiltonian is diagonal, i.e. with diagonal F; for ¢ > 1.
Moreover, by ordering the bath sites by energy and
grouping degenerate bath states, one can construct a
symmetry-preserving [25, 52-54] representation in which
E; = €Iy and V; is Hermitian. (Here, and in the
following we will denote the N x N identity matrix
as In.) An explicit algorithm for constructing such a
representation is given in Appendix A 1.



The calculation of the self-energy of an impurity model
via its definition of Eq. (1) requires the knowledge of the
single-particle Green’s functions G(z) and Go(z). For
an Anderson impurity model, the fermionic impurity
Green’s function G(z) is defined as an N x N matrix
in spin-orbital space (m) with elements

el =3 < <w
\IJS> ) (7)

.

Here, |U,) are the eigenstates of H with eigenenergies
&, and H = Hy + H, is the full Hamiltonian and

—&s/(kpT) .
e
S~ meagmyy With T

T
Omz—H+E O

CL]L ;a
O,m’Z+H_5S 0,m

the Boltzmann weight ps, =

the temperature of the system. ’ Go(z) is obtained
analogously from Eq. (7) by replacing H with Hy, and
|¥s) and & by the eigenstates |Up,) and eigenenergies
&os of Hg. For the Anderson impurity model, it can be
written as

1
z — EO — A(Z)7

with Ey and A(z) defined in Egs. (4) and (6).

As outlined in the introduction, calculating ¥(z) from
Go(z) and G(z) can be numerically challenging. The
next section presents a solution that works for discrete
representations of Green’s functions and guarantees the
causality of ¥(z) even in the presence of numerical
inaccuracies.

Go(2) = (8)

IITI. DISCRETE REALIZATION OF THE
SYMMETRIC IMPROVED SELF-ENERGY
ESTIMATOR

In Ref. [51], Kugler showed how the self-energy can
be obtained from a combination of two equations of
motion. The construction involves an N x N matrix-
valued propagator G (2), defined analogously to Eq. (7),
with N = 2N. Here, the N impurity operators ao,m
appearing in Eq. (7) are augmented by N additional
auxiliary operators ¢m, defined as

Gm = [ag,m, Hi] - (9)

Gu 9,12) therefore has a 2 x 2

G21 G22
block structure. Index 1 refers to the states where one

acts with the operators a, ,,, and aam on |U,), index 2
refers to the states where one acts with the operators
@w and gl on |¥,). As a result, Gi1(z) = G(z) is the
conventional impurity propagator defined above.

Kugler showed [51] that the self-energy, defined in
Eq. (1), can be obtained from elements of G(z) via [60]

The propagator G(z) = (

S(2) — SHP = Goo(2) — Cion (2) —

Gia(2). (10
Tt (z). (10

Here, XHF is the Hartree-Fock contribution to the self-

energy. It can be calculated with [51]

(5" e = Hamoad 1) = Qaom gl ), (11)

where (o) denotes the thermal expectation value.
Now recall the Schur complement formula,

~ o~ -1 -1
G11 G2 . LN
( |:<621 522) ] 22) O C?11 G, (12)

a block matrix identity that holds provided the inverses
involved in it exist. (Its name reflects the fact that its
right side is known as the Schur complement of G w.r.t.

G11.) We can thus express the self-energy as the inverse
of the 22-block of the inverse of G:

£(2) - 5 = ([G7()],,) - (13)

This is the central equation of this paper. If the impurity
solver yields a causal G(z), Eq. (13) is guaranteed to
result in a causal self-energy. This is because causality
of G(z) implies causality of G=!(z). The subsequent
projection to the 22 sector also preserves causality, and
so does the final inversion.

Obtaining a causal G(z) is much easier to achieve
than highly accurate pole energies and weights. While
high accuracy of individual pole energies and weights
is usually not guaranteed as soon as approximations
are involved, causality is baked into the design of most
Hamiltonian-based impurity solvers. Indeed, except for
full density-matrix NRG [61, 62], where minor causality
violations can occur, all impurity solvers used in this
work are guaranteed to yield a causal G(z) and therefore
a causal self-energy estimate via Eq. (13).

The reformulation (13) avoids subtracting two nearly
canceling quantities, instead expressing the self-energy
directly through a sub-block of the inverse propagator
G71(z). Tt thus offers a straightforward strategy for
computing the self-energy: compute the full é(z) as a
2x2 block matrix, then (i) invert it, (ii) project to the 22
block, and (iii) invert again. The three steps (i)-(iii),
described in detail in Appendix B, can be performed
using matrix manip}vllations not involving z.

When inverting G(z), it is important to realize that
the operators a ,, and g¢m’ do not satisfy the canonical
fermionic anticommutation relations.  Consequently,
G(z) is not canonically normalized, in the sense that

—1/ dw ImG(w +i0) = S, (14)
™ —00

where the weight matrix S is a positive semi-definite
Hermitian matrix instead of the identity matrix with
blocks given by

(§11)mm’ = 5mm’ (5;12)mm’ = (EHF)mm’
(§21)mm’ = (EHF)mm' (522)mm’ = <{qm7q:n’}> .

(15a)
(15b)



The block Si2 can be made to vanish by absorbing the
Hartree—Fock mean-field part of Hy, evaluated from the
ground-state one-particle density matrix, into Hy, and
correspondingly removing it from Hj, i.e., setting U‘}‘\I/[nf, =
(EHF)mm’ in Eq. (5)

To invert G(z), we express it in terms of an effective
energy dependent matrix-valued effective Hamiltonian
Hog(2) € CVXN (see [26, 52, 57, 59]) as

é( z) = §1/2;

s1/2 (16)
2z — Hegt(2)

with §1/2 the Hermitian principle square root of S. The
inverse of G(z) then becomes

G7'(z) = S7V2(2 — Heg(2)) S/, (17)
and the lower-right block becomes
[éil(z)]zz = [§71}222 -
Inverting the matrices on both sides yields
~ -1 1
Gz = —= ~ = =
([ ( )]22) [571]222_ [571/2]{6&(2)571/2]22
_ s/,
2 — §1/2 [Sil/QHeff(Z)Sil/z} 2251/2

[S~Y2He(2)S7/%],,. (18)

_ 51/2

(19)

Here, S'/2 is the Hermitian principle square root of
S = ([§*1]22)_1, which constitutes the weight matrix
of X(z) — SHF. Explicit expressions for ¥(z) when G(z)
is known in various representations are given in the
Appendix B.

Although shown here for Anderson impurity models,
the above construction is more general and applicable
to interacting fermionic problems downfolded onto a
chosen subspace. This makes it particularly useful for
applications that are highly sensitive to causality and
moment conservation, such as the extraction of low-
energy Fermi-liquid parameters and realization of a fully
discrete real-frequency DMFT self-consistency loop, as
discussed in the following two benchmark applications.

IV. APPLICATIONS

We now apply our discrete self-energy scheme to
two challenging problems, employing various zero-
temperature impurity solvers. First, Sec. IV A gives an
overview of the impurity solvers used, and Sec. IV B
provides details of our benchmark method. In Sec. IV C,
we consider the single-impurity Anderson model (SIAM)
and compute the low-frequency expansion coefficients of
the self-energy. Then, in Sec. IV D, we treat the Hubbard
model on the d — oo Bethe lattice using discrete DMFT
and compute the U-dependent double occupancy, low-
order moments, and quasiparticle weight.

A. Overview of impurity solvers

In the following, we employ four different impurity
solvers: (i) the tangent-space Krylov (TaSK) [63, 64]
approach; (ii)—(iii) natural-impurity-orbital solvers [26—
28] in two independent implementations,  (ii)
QUANTY [65] and (ili) RAS_DMFT.jl [66]; and (iv)
the numerical renormalization group (NRG) [29, 31]. All
four solvers discretize the bath, making them amenable
to our DSR of the self-energy. Below, we show that the
DSR yields highly accurate self-energies for all of these
solvers, demonstrating the generality and versatility of
our scheme.

The TaSK method used in solver (i) is a generic
approach to compute spectral functions on top of
ground states that are represented as a matrix product
state (MPS) [63]. It approximates excitations within
the tangent space of the ground state MPS using an
otherwise standard Krylov scheme. In this work, we use
TaSK as an impurity solver to determine low-frequency
Fermi-liquid coefficients of a SIAM. We therefore employ
a logarithmic discretization as in NRG to obtain high
resolution at the Fermi level (though TaSK does not
rely on energy-scale separation). To resolve spectra
with contributions extending over several decades with a
Krylov scheme, TaSK is initialized with a block of states
across all energy scales, as explained in Ref. [64].

The natural-impurity-orbital solver used both in (ii)
and (iii) is an exact diagonalization (ED)-based approach
that employs a truncated configuration space. The
truncation is performed by restricting the occupation of
bath orbitals in the natural-impurity-orbital basis [26],
thereby selecting the most relevant configurations [28].

The NRG approach [solver (iv)] relies on logarithmic
discretization and an ensuing energy-scale separation
along the Wilson chain [29, 31]. By iterative
diagonalization, it generates a complete but approximate
many-body basis [67]. Correlation functions can then be
computed in textbook fashion [61, 62]. Our DSR for
the self-energy can also be used in NRG, see Fig. 1(b).
In all other cases, however, we choose to employ NRG
in the conventional way with a continuous self-energy
for benchmarking purposes. Since this NRG benchmark
is used in both Sec. IVC and IV D, we summarize its
computational details in the following subsection.

B. Details of NRG benchmark

Within NRG, quasiparticle parameters such as the
quasiparticle weight Z and the scattering-rate coefficient
C can be extracted from the finite-size many-body
spectra obtained from iterative diagonalization using
Hewson’s renormalized perturbation theory (RPT) [68-
71]. In short, Z is readily determined from the lowest-
energy single-particle excitation. For C, the quasiparticle
interaction is first deduced from two-particle excitations,
and a second-order renormalized expansion of the self-



energy in terms of quasiparticle propagators provides the
w? coefficient [72].

Applied to a STAM as in Sec. IV C, this NRG+RPT
approach does not involve any dynamical correlation
functions and is thus extremely accurate. We also use
NRG+RPT to determine the quasiparticle weight for
the DMFT solution of the Hubbard model in Sec. IV D.
However, in this setting, the hybridization function is
determined self-consistently involving NRG continuous
self-energies that are obtained via a logarithmic
broadening. Through the DMFT self-consistency the
self-energy develops non-trivial features at high energies,
which are poorly resolved on a logarithmic grid. Both
aspects lead to a small but finite error in the final results.

The NRG results were obtained with the MuNRG
package [42, 73, 74], built on top of the QSpace
tensor library [75-78], allowing us to exploit SU(2)
charge and SU(2) spin symmetry. For the results in
Sec. IVC, we keep up to 4000 low-energy multiplets
during the iterative diagonalization, which provides
highly accurate finite-size spectra, and consider different
discretization parameters A. For the results in Sec. IV D,
involving continuous self-energies, we used A = 1.7
and kept Nieep = 5000 multiplets during the iterative
diagonalization. We averaged results over n, = 4 shifted
discretization grids [79] and used an adaptive broadening
parameter [42] o, = a/n, with a = 1.

C. Low-energy Fermi-liquid behavior in the SIAM

In this section, we apply our method for extracting the
discrete spectrum of the self-energy to the SIAM. Our
goal is to obtain low-frequency expansion parameters of
the self-energy in the limit of a continuous bath, in order
to illustrate the ability of our approach to yield high-
quality numerical data for the self-energy.

We focus on the particle-hole symmetric,
degenerate case (i.e. N =2), with Ey = 0 and

Hy=U (ny — 3)(ny — 1), (20)

where n, = agdaot7 is the spin-o density at the impurity
and we set U = 2. Further, we choose a hybridization
function with a semicircular density of states with half-
bandwidth D =1 (our unit of energy),

—%hme%:A”w):éadl—w? (21)

With decreasing energies, this model flows to a local
Fermi-liquid fixed point.

At T = 0 and given particle-hole symmetry, the
impurity self-energy has the low-frequency expansion

ReX(wh) =%(0) + (1 - Z7Hw+0w?), (22a)
~Im S (wh) = Cw? + O(w?), (22b)

where 3(0) = 0, consistent with Ey = 0 set above, and

spin-

-1

Z =[1- 0.ReS(wh)|u=o] (23)
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FIG. 1. Discrete self-energy spectrum {e;, W/'} (purple dots)
computed for a particle-hole symmetric STAM with U = 2 and
logarithmically discretized semicircular hybridization density
of states [see Eq. (21)], using (a) TaSK with logarithmic
discretization parameter A = 1.5 and (b) NRG with A = 1.7.
At small discrete frequencies €, we find W} « (¢)%. Due
to the logarithmic spacing of €/, the number of weights in an
interval [w—dw, w+dw] (with constant dw > 0) around a small
frequency w is o< 1/w. Hence, the total spectral weight in such
an interval is o w?, consistent with Fermi-liquid behavior.
The orange line shows EN(U) [see Eq. (25)], the Gaussian-
weighted average of the discrete spectrum with varying kernel
width o, and the dashed blue line is a fit to 3 (¢). For panel
(a), the fitting range is o € [10™*,1072], while for panel (b)
it is 0 € [107%,1072]. The coefficient C' and its uncertainty
are estimated from independent fits of fﬁ(a) over multiple
subintervals Z,, of the corresponding fitting range; the quoted
values reflect the fit uncertainty together with the spread
among these subinterval fits.

is the quasiparticle weight.

Determining the parameters Z and C accurately
in the continuum limit is challenging. A well-
established method to access low-energy behavior is
to logarithmically discretize the bath spectrum with
a discretization parameter A > 1 and subsequently
map the model to a Wilson chain, see Ref. [31] for
details. The discretized impurity model has discrete
spectral properties, from which A-dependent expansion
coefficients Z, and Cj can be extracted with high
accuracy.  Importantly, this can be done without
ever broadening spectral functions, a procedure that
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FIG. 2. (a) Quasiparticle weight Z and (b) w? coefficient C'
of the spectral part of the self-energy for the same SIAM as in
Fig. 1. We obtain Z and C either from NRG combined with
RPT, or from TaSK via the discrete self-energy spectrum.
The hybridization function is logarithmically discretized with
discretization parameter A > 1 (indicated next to the
symbols), and the true continuous hybridization function is
recovered in the A — 1 limit. Both Z and C depend on
A; their true values are obtained by extrapolating to A = 1.
The solid lines show fits to the NRG+RPT data only, while
the TaSK data serves as a consistency check at A = 2 and
A = 1.7, and as validation of the fit at A = 1.5. TaSK does
not rely on energy scale separation and can therefore access
lower values of A. The error bars of the TaSK results in (b)
are estimated from the fitting uncertainty (see text), and are
smaller than the symbol size for A = 1.7 and A = 1.5.

introduces additional, somewhat uncontrolled errors.
Finally, Z) and Cy can be extrapolated to the continuum
limit (A — 1) in which the discretization error vanishes.
Now, NRG is reliable only for A > 1.7, since it relies
on energy-scale separation. TaSK, by contrast, does not
and hence is reliable also for A < 1.7. However, TaSK
only computes states relevant for specific dynamical
correlation functions and does not have access to an
entire approximate many-body spectrum, as needed for
the current formulation of RPT. Therefore, within
TaSK, Z and C have to be extracted from explicit
dynamical calculations of the self-energy; the details of
this extraction are explained below. (That can also be
done for NRG self-energies, but the results turn out to
be significantly less accurate than those from TaSK.)
Our strategy, therefore, is to compute the A-dependent

coefficients Cy and Z, for A € {1.7,2,2.3,2.7} using
NRG+RPT, and for A € {1.5,1.7,2} using TaSK with
an explicit discrete self-energy calculation. The TaSK
results at A = 1.7 and A = 2 serve as a consistency check
against NRG+RPT, while A = 1.5 provides us with a
new data point that cannot be accessed reliably with
NRG. We then extrapolate the A-dependent expansion
parameters obtained from NRG+RPT to the continuum
limit at A = 1 and use the TaSK data at A = 1.5 for
validation. This yields a highly accurate estimate for the
true parameters in the presence of a continuous bath.

Computational details. Our TaSK code also uses the
QSpace tensor library [75-78], allowing us to exploit
both SU(2) spin and charge symmetries.  Within
TaSK, we first compute the ground state of the
discretized impurity model using the density matrix
renormalization group (DMRG) [80-82] with controlled
bond expansion (CBE) [83-85] and mixing [86, 87]. To
control the bond dimension, we set a singular-value
truncation threshold of esyvp = 1078, which results
in a numerically exact ground state. At A = 1.5,
this leads to a bond dimension of at most D* = 198
multiplets. TaSK then uses the tangent space of this
ground state MPS to approximate excited states relevant
for dynamical correlation functions [63]. In contrast to
NRG, this tangent space approximation does not discard
shell-off-diagonal matrix elements, which is why energy-
scale separation is not required for TaSK. As explained in
Ref. [64], TaSK is initialized with a block of initial states
across all energy scales, and 20 block Krylov steps are
subsequently performed to compute spectral functions.
The resulting discrete self-energy at A = 1.5 is shown in
Fig. 1(a); Fig. 1(b) shows a discrete self-energy spectrum
computed with NRG at A = 1.7 for comparison.

The quasiparticle weight in Eq. (23) can be readily
evaluated for a discrete self-energy,

+ HE W//
Y(w+id") =X +Zw+10+
(24a)
W// W//
O ReD(w +10)|wmo = — D s + Z
//#0 ( // 0
(24b)

If Ze;/zo W/ # 0, the second term in Eq. (24b) diverges,
and the quasiparticle weight is zero. To avoid artifacts
from tiny spectral weights at small frequencies in our
TaSK calculations, we omit spectral weights where both
W! <1071 and |€/| < 107!, Appendix D discusses an
alternative regularization scheme.

To obtain the w? coefficient, we average the self-energy
spectrum over a Gaussian kernel of varying width, similar



to the scheme used in Sec. IV.C of Ref. 88,

iu(a) = /_OO dw 2" (W) ge (w), (25)
o(0) = e 5 (26)

At small frequencies, 7% (w) = Cw? + Dw* + ..., and,
for small width o < 1, Eq. (25) becomes

=/

Y (0) = Co® +3Do* +.... (27)

From that, we extract C via a log-scale fit. For this
purpose, we choose a fitting interval ¢ € Z and perform
log-scale fits on multiple subintervals Z,, C Z. We then
discard outlying fits based on the resulting values of C'
and the fit quality, take C' to be the median of the
remaining fit values, and estimate its uncertainty by
combining the individual fit uncertainties with the spread
across subintervals.

Figure 1(a), computed for A = 1.5, shows TaSK data
for the self-energy spectrum (purple dots), the resulting

curve f//(a) (orange), and a fit to it (blue dashed), using
the fitting interval Z = [107%,1072]. Figure 1(b) shows
analogous data, obtained for A = 1.7 using NRG. We
use a smaller fit interval Z = [1073,1072] here, since
the dynamical data provided by NRG is not as clean
as that obtained from TaSK. For TaSK at A = 1.5,
we estimate a relative uncertainty of 0.01%, while the
fit to the NRG data has a much larger uncertainty of
0.9%. We have checked that the result obtained from
fitting dynamical NRG data differs by 0.14% from the
corresponding RPT result, confirming a reasonable albeit
possibly somewhat conservative error estimate. An error
of 0.9% is more than an order of magnitude too large for
the accuracy requirements of our extraction of Z, and C
[the error bars would exceed the axis limits of Fig. 2(b)];
the dynamical data used for that purpose was therefore
based only on TaSK, not on NRG.

The A-dependent quasiparticle weight and w
coefficients, fitted either from dynamical TaSK data or
obtained through NRG+RPT, are shown in Fig. 2(a)
and (b), respectively. For A = 1.7 and A = 2, we
performed both NRG+RPT and TaSK computations
and find excellent agreement. We empirically find that
both Z, and Cj follow a power law in terms of log A,
which we use to extrapolate to A — 1 (continuum limit)
by fitting the NRG+RPT data. We then validate the
extrapolation using the A = 1.5 TaSK result and find
excellent agreement: the relative difference between the
extrapolated and TaSK results at A = 1.5 is 0.002%
for Z and 0.004% for C. The resulting extrapolated
quasiparticle weight Z and w? coefficient C' are highly
accurate estimates.

2

D. Discrete dynamical mean-field theory

In this section, we take our scheme a step further and
employ the discrete representation of self-energy Eq. (10)
to construct a fully discrete DMFT self-consistency cycle,
i.e., without introducing any artificial broadening. Two
slightly different implementations of a DMFT(ED) code
with restricted Hilbert space, QUANTY and RAS DMFT. j1,
are employed, see Sec. IV D 2 for computational details.

We validate this approach on the half-filled Hubbard
model on the infinite-dimensional Bethe lattice with
nearest-neighbor hopping. This model has a semicircular
density of states,

p(e) = 0(D — |el) 7z VD? — €, (28)

where D is the half bandwidth. We choose Hy to contain
only the hopping terms (no chemical potential or on-site
energies) and

Hy :UZ(WT_%)(”N_%)' (29)

The effective impurity model that arises when solving
this model with DMFT is a STAM with a self-consistently
adjusted hybridization function and an interaction as in
Eq. (20). With this choice of Hy,

(30a)

(30b)

4o = Uage(ns — 3),
Sy = diag(L, ({4}, 4, })) = diag(1,U*/4),

where ¢ is the spin projection opposite to o and n, =
T

Ao Ao -

We first confirm that the self-consistency cycle
converges to the correct fixed-point solution by
comparing the double occupation (nyny) against
reference conventional NRG data with a continuous
(broadened) DMFT self-energy. We then test the
accuracy of X(z) directly through the quasiparticle
weight Z. We proceed to examine the pole structure
of ¥(z) in the metallic and insulating phases, where an
isolated pole in the insulating gap provides a stringent
check via its analytically constrained residue [4]. Finally,
we verify that the discrete representation satisfies known
sum rules for the moments of ¥(z), improving on earlier
work [26] by several orders of magnitude.

For the implementation of discrete DMFT, the
impurity problem needs to be updated using the discrete
self-energy X(z), either via the bath Green’s function
G(z) or the hybridization function A(z). In this work,
we employ the procedure proposed in Ref. [26]. The
hybridization function is updated as

M
A (z) = ALy = %(2) = Y _ V] V.
=1

1
z—E; —%(z2)
1)

The resulting A#(2) is then transformed to the form of
Eq. (6) with a subsequent reduction of the number of
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FIG. 3. Double occupation (n4n,) as a function of interaction
strength U/D for the half-filled Hubbard model on the Bethe
lattice. Results obtained using discrete DMFT with QUANTY
and RAS_DMFT.jl are compared to conventional NRG data
calculated with MuNRG. The inset shows the absolute
deviation Ar(nin;) = [{(n4ny)(T') — (ntny)(discrete)| at
U/D = 2 as a function of the Lorentzian broadening I" (full
width at half maximum) calculated with QUANTY.

poles. For completeness, we discuss this construction in
more detail in Appendix C.

1. Numerical results

We begin by asking whether the discrete self-
consistency cycle converges to the same fixed point
solution as conventional NRG. To test this, in Fig. 3 we
show the double occupation (nq4ny) as a function of U/D.
The good agreement between QUANTY, RAS_DMFT.jl,
and reference NRG data in Fig. 3 indicates that all
approaches converge to similar fixed-point solutions of
the DMFT self-consistency cycle. This supports the
reliability of the discrete DMFT approach based on
a discrete self-energy 3(z) introduced in Sec. III. We
note that with the present parameter set, QUANTY
and RAS_DMFT. j1 could not converge to the metastable
insulating solution at U/D = 2.4, in contrast to MuNRG.

The inset of Fig. 3 shows the effect of spectral
broadening on the double occupation (n4n;). For I > 0,
the self-energy is computed using Eq. (10) with z =
w +1iI'/2, corresponding to Lorentzian broadening with
full width at half maximum I". The broadening enters
only through the calculation of ¥(z), and thus affects the
DMFT self-consistency, but does not enter the evaluation
of (nyny) directly. As T decreases, the double occupation
converges to the discrete DMFT result, which validates
our scheme as a proper I' — 0 limit.

Next, in Fig. 4, we show the quasiparticle weight
Z calculated from Eq. (23). For QUANTY and
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0.4} .
02} .
0 |

FIG. 4. Quasiparticle weight Z as a function of interaction
strength U/D. Results from discrete DMFT (QUANTY and
RAS_DMFT. j1) are compared with conventional NRG reference
data. For small values of U, we also compare against fourth-
order perturbation theory (PT) (Eq. (113) of Ref. [89]).

RAS_DMFT. jl the quasiparticle weight Z was extracted
from the discrete representation of the self-energy using
Eq. (24b). To deal with spurious poles at low energies,
a regularization parameter \/D = 1072 was used (See
Appendix D for details). For MuNRG, Z was obtained
with NRG4+RPT, as described in Sec. IV B, after DMFT
self-consistency was reached.

A minor discrepancy between the discrete DMFET
solvers (QUANTY and RAS DMFT.jl) and the MuNRG
data in Fig. 4 may be attributed to finite discretization
and truncated Hilbert space used in the former. Let
us emphasize that this is a limitation of the impurity
solver, rather than the approach of discrete DMFT
or discrete self-energy. Systematic error introduced
by finite broadening [90] in MuNRG calculations may
be another source of discrepancy. However, note the
excellent agreement between MuNRG and fourth-order
perturbation theory at low interaction strengths U. An
implementation of a similar discrete DMFT scheme in
MuNRG is planned for the future.

In Fig. 5, we show the discrete residues of the self-
energy for the metallic (a) and insulating (b) solutions.
Small discrepancies in the positions or residues of
individual self-energy poles between the two codes are not
problematic. Since the total spectral weight . WE =
S5 is fixed, the individual residues depend on the number
of poles in the discrete representation: fewer poles
necessarily imply larger residues. Consequently, multiple
discrete representations can correspond to the same
continuous self-energy once an appropriate broadening is
applied. To illustrate this, the insets show the broadened
self-energy, obtained by convolving the discrete poles
with a Gaussian. After broadening, the overall shape of
the self-energy 3(z) from the two codes is in very good



101 [ T T
L (a)U/D=2
L Q o
L @ &
X Y
. 25 2R |
o 1072 | XX o X B
E [ 9 Oé( )@O% % B
I G 0%, o 5° D ]
& O 0
W & o 1
%o %?9% Lo o%
% o X@Q 0% |
CQO& O%ﬁ X
10-3 2 x O ! ! a X0
T T T T
I (b)U/D=4 ®
10° E
o § ]
S | x QUANTY |
S q0-1| ORASDWFT.j1 |
10_2 ; *E
-3
FIG. 5. Discrete self-energy spectrum {e;, W/} for (a) a

metallic solution (U/D = 2) and (b) an insulating solution
(U/D = 4). In the metallic case, ¥(w) exhibits no poles at
w = 0, keeping the height of the Kondo peak unchanged at
zero temperature, while in the insulating case, the self-energy
exhibits a single pole inside the insulating gap, located at w =
0. The residue of this pole is related to the negative second
moment of the Green’s function [see Eq. (32)] and shows
excellent agreement between the two codes. Particle-hole
symmetry was not enforced, demonstrating the numerical
stability of the solution. The insets show the respective self-
energy convolved with a Gaussian with standard deviation

o/D = 0.08.

agreement. Minor discrepancies at high energies in the
insets can be attributed to differences in computational
parameters.

For the metallic case [Fig. 5(a)], the self-energy
is expected to follow a Fermi-liquid behavior in the
continuous limit, —Im ¥ (w) o< w?. The discrete residues,
however, need not reflect this behavior directly: several
nearly degenerate poles may be represented by a single
pole with larger residue. There is, however, one special
pole whose residue is constrained: the isolated pole
within the insulating gap in Fig. 5(b). Its residue wy

satisfies the relation (see Eq. (237) of Ref. [4])

wil = 1 /°° demG(w;—iO+) .
w

- (32)

—00

We find excellent agreement for the residue of this pole
between the two implementations. Apart from this pole,
the self-energy is purely real within the insulating gap.

To demonstrate numerical stability, particle-hole
symmetry was not enforced, i.e. G (w) and G=(w) were
computed independently. Although the resulting pole
structure is only approximately symmetric, these small
asymmetries are not significant. Upon broadening, the
self-energy becomes clearly particle-hole symmetric, as
evident from the insets of Fig. 5 and Table I.

Finally, in Table I, we compare numerical and
analytical moments of the Green’s function and the self-

energy. We define the n-th moment Sflm of a generic
correlation function C(z) as

S,(LC) = 1 / dw w" Im C(w +i0™). (33)

TJ -

For the half-filled Bethe lattice, the first moments of the
Green’s function and the self-energy are [91]

U2 D2

S(SG) = 1, Séc) = T + T, (34&)
U2

yHF _ Séz> =7 (34b)

with every odd moment vanishing due to particle-hole
symmetry. The Hartree-Fock term ZHF is zero with H;
defined in Eq. (29).

Compared to Ref. [26], where the self-energy was
calculated using Eq. (1) (instead of Eq. (13), which is
used in this work), we observe an improvement of several
orders of magnitude in the accuracy of the zeroth moment
of the self-energy Séz), reaching near machine precision.
This improvement can be understood from the fact that
S(()z) is directly given by S , the zeroth moment of the
matrix-valued propagator G(z) [see Eq. (14)]. The norm

of self-energy S(()E) is therefore expected to be extremely
accurate in sum-rule conserving impurity solvers.

2. Computational Details

For calculations performed with RAS_DMFT. j1, the first
two conduction and valence bath sites are kept fully
unrestricted. In the remaining conduction and valence
chains, up to either a single valence-conduction excitation
or up two of valence-impurity or conduction-impurity
excitations are allowed. This corresponds to L = 2,
p = 2 in notation used in Ref. [28]. The hybridization
function was discretized on a linear grid, resulting in
around N, = 300 bath sites. The electron addition
and removal Green’s function G<(z) and G~ (z) were



TABLE I. Moments of the Green’s function and self-energy for
the half-filled Bethe lattice. For non-zero analytical moments
we report the relative error 05 = |S — Sanalytical|/Sanalytical,
while for moments that vanish due to particle-hole symmetry
the numerical value is shown directly.

U/D Code 6554 5554 555
2 QUANTY 2.2x1071  2.7x1077  6.6x107
2 RASDMFT.j1 1.1x107*° 1.2x107% 1.3x107**
4  QUANTY 44x1071  1.5x1077 4.2x107%°
4  RASDMFT.jl1 6.7x107'¢ 1.4x107'° 3.2x107'°

Vanishing moments (analytical value = 0)

U/D Code 8 /D S5 p S5/ p?
2  QUANTY 24x1077  24x1077 —9.2x1077
2 RASDMFT.jl 5.3x107% 53x107% —1.8x107"
4 QUANTY —3.7x107% —3.7x107° 1.3x107®
4  RASDMFT.j1 1.0x107% —2.0x107% 6.5x107®

calculated independently (i.e. particle-hole symmetry
was not enforced), with 200 Krylov states calculated at
each DMFT iteration.

For calculations using QUANTY, two different
parameter sets were employed: For Figs. 3 and 4,
the bath was discretized on a logarithmic grid,
resulting in around N, = 40 bath sites. Only the
first sites of valence and conduction chains are kept
unrestricted (L = 1), while allowing for up to two
of any: valence-impurity, conduction-impurity, valence-
conduction excitations. This is a larger subspace than
p = 2 used in RASDMFT.jl, since p = 2 allows
only a single valence-conduction excitation. G~ (z) was
calculated using 50 states in the Krylov subspace and
G<(z) was set equal to G~ (z), enforcing particle-hole
symmetry.

For Fig. 5 and Table I, the bath was discretized
on a linear grid, resulting in around N, = 250 bath
sites. The configuration space was reduced, allowing for
only one of the valence-impurity, conduction-impurity or
valence-conduction excitations. G~ (z) and G<(z) were
computed independently, with 150 states in the Krylov
subspace. This set of parameters provides improved high-
energy resolution and greater number of poles in the self-
energy, which is beneficial for visualization in Fig. 5.

The data for I' > 0 shown in the inset of Fig. 3 were
obtained by broadening the four components of G(z)
with a Lorentzian kernel on a linear frequency grid of
50001 points. The continuous self-energy is calculated
via Eq. (10) and discretized afterward. The hybridization
function is then updated via Eq. (31).
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V. CONCLUSION

We showed that Kugler’'s symmetric self-energy
estimator [51] 3(z), can be computed by downfolding
an augmented matrix-valued propagator é(z), ie.,
by inverting, projecting, and re-inverting it. These
operations can be carried out using numerically
stable matrix manipulations on a discrete spectral
representation of G(z), yielding a discrete spectral
representation of X(z). This construction avoids the
systematic errors that arise in direct Dyson subtraction.
In contrast to the Dyson equation, whose formal
correctness does not prevent numerical loss of accuracy in
floating-point arithmetic, the present method preserves
causality and proper normalization also at the numerical
level. Further, Kugler’s symmetric self-energy estimator
can be extended to irreducible cumulants of Hubbard
operators, as explained in Sec. IX A of the Supplemental
Material of Ref. [92]. Our results also apply to this case.

We discussed two prominent zero-temperature
applications of the discrete self-energy: the
determination of low-energy properties of the single-
impurity Anderson model and the implementation of the
DMFT self-consistency cycle using only DSRs. In the
former case, we accurately determine the w? coefficient
C of Im¥(w™) and the quasiparticle weight Z for the
continuous-bath limit. In the latter, we demonstrate the
reliability of the discrete DMFT approach by computing
the double occupancy (n4n}), the quasiparticle weight
Z, and the first moments of the self-energy on the d — oo
Bethe lattice, all of which are in very good agreement
with reference NRG data and analytical results.
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Appendix A: Discrete representations of response
functions as implemented in Quanty and RAS_DMFT. j1

When manipulating response functions (e.g. Green’s
function G(z), hybridization function A(z), or self-energy
¥ (z)) it is often convenient to switch between different
discrete representations. In this appendix we summarize
the relevant transformations as implemented in QUANTY
and RAS_DMFT.jl below, following the work of Lowdin
and others [25, 26, 52-59].

In the following, we assume that response functions
are represented by N x N matrices as functions of the
complex variable z. There are several ways to represent
these functions on a discrete grid. One common method,
which is also used throughout the manuscript, is the
pole expansion, which we refer to as the list-of-poles
representation (Appendix A 1):

Besides a pole expansion, other possible discrete
representations of response function include a
tridiagonal (continued fraction or chain) representation
(Appendix A 2)

G(z) = B B
(2) = Ao + Oz—Al— 1z—.A12—...Bl 0,

Anderson (star) representation (Appendix A 3)
1
G(Z) = Ag+ By 7
z— A1 — sz\il Biﬁ Bi
as well as a mix of chain and star representations, such as
the natural-impurity-orbital representation [26], which is
central to the natural-orbital impurity solver [28].

To limit the number of symbols with similar roles, we
distinguish the different submatrices A; and B; by font
style; in particular, A; and B; denote submatrices used
in tridiagonal representations, whereas A; and B; denote
submatrices used in Anderson representations.

For brevity, we write the formulas in terms of
Green’s functions G(z), but the same notation also
applies to generic response functions, including effective
Hamiltonians Heg(z) and self-energies X(z). For this
reason, we also explicitly include Ay = Ag = Ag, which is
zero for physical Green’s functions, but may be non-zero
for the self-energy ¥(z).

B07

1. List-of-poles representation

We can represent response functions on a discrete set
of energies a; € R, with ¢ € {1,..., M}, which may be
viewed both as pole positions and as points of an energy
mesh:

(A1)

M
Wi
:AO+;Z_%,
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with positive semidefinite, Hermitian spectral weight
matrices W;. Those may be decomposed as

W; = B;B;, (A2)

where we choose B; to be the Hermitian principal
square root of W, ie., B; = Bj This yields a
unique factorization that preserves, when present, the
symmetry-imposed block structure of W,. Moreover,
storing and manipulating B; instead of W, ensures that
W, = B;r B; remains Hermitian and positive semidefinite
by construction, even in the presence of numerical noise.

a. Symmetric eigenbasis representation

Throughout this work, we represent pole expansions
of response functions in a symmetric form, i.e. with
Hermitian couplings B; = BIT , and in the eigenbasis of
each pole term, i.e. such that the pole energy is the
same for all spin-orbitals within a given term of the pole
expansion. In other words, we use Eq. (Al) rather than
the seemingly more general form

= A) + Z B'T B’ (A3)

where A} is a general Hermitian matrix and Bj is a
general complex matrix. The pole expansion in Eq. (A3)
can always be rewritten in the more symmetric form of
Eq. (A1), which is advantageous for numerical stability
with guaranteed causality and for the construction of
discretization.

To transform Eq. (A3) into the symmetric eigenbasis
representation of Eq. (Al), we first diagonalize the
matrix Aj. Let U; contain the eigenvectors of A’ in
its columns, and let o, denote the corresponding m-th
eigenvalue, such that

UJTA;UJ = diag(ajmzl, ey ajm:N) . (A4)

We then insert the identity, U; U;-r twice, into Eq. (A3),

which yields

M’

1
bel + B”L—B/'
(2) = jzl _UUTA’UU' !
M’ ; 1
— A+ 3B B
]Z1 (z—diaug(aﬂw--M%‘N))U]T !
(A5)

We now use that (U(z L= (UT)71 (z—H) tx

Ul=U(z—

—HUNH~
H)71UT and find

1
B'lU UfB,.
Z J Jz—dlag(aJh...,osz) 7

(A6)



We can split the single term for each j into N terms,
corresponding to poles at the eigenvalues aj;m. The
spectral weight at the pole z = ajy is then the outer
product of the row vectors

e (@)) (0).). o
and the corresponding coupling matrix is
Bjm=W,[?. (A8)

Thus, the symmetric pole expansion of G(z) in its
eigenbasis becomes

M N 1
G(2)=Ay+ > Bjm——Bjm.

z—
j=1m=1 Jm

(A9)

Finally, one may combine the sums over j and m into a

single sum over ¢, with 7 = 1,..., M = M’'N, to recover
the form of Eq. (Al). Note that one can combine two
poles at the same energy o; = «; by summing their

spectral weights W; and W;. A general method to reduce
the number of poles can be found in Appendix F of
Ref. [26].

2. Tridiagonal (chain-impurity) representation

Instead of representing a discretized Green’s function
as a sum over poles and residues, we may represent it
as the Green’s function of a local site coupled to a one-
dimensional chain of bath sites. This yields a matrix-
valued continued-fraction representation,

G(z) = Ao
1

B
* 02’*./41 *BlﬁrmBl

By,  (A10)

where A;, B; € CV*Y are Hermitian matrices, and the
chain has length M.

Equivalently, G(z) can be written as the upper-left
N x N block of the resolvent of a block-tridiagonal
Hamiltonian H, € CNM*NM

1
G(z) = Ao + By ( ) B, (A11)
z2—Hy ) n 1N
with
Ay B 0 0
Bi A,
Ho=|¢ -~ -~ - 0 (A12)
: o Ay By
0 -+ 0 Buy-1 Am

12

This representation has a natural interpretation as
a non-interacting tight-binding chain.  Writing the
corresponding second-quantized Hamiltonian as

M M-1
H, = ZaIAiai + Z aZBiaiH + aLlBiai . (A13)
i=1 i=1

using the compact vector notation from Eq. (2) to
suppress the summation over the local spin-orbital
indices m, we can express G(z) as the local Green’s
function at the endpoint (i = 1) of the one-dimensional
chain,

Lo
m,i=1 Ay =1
s z — PIt s

G(2)mum = <o a

o> . (A14)

The tridiagonal representation of G(z) therefore maps
the original problem onto a non-interacting one-
dimensional tight-binding chain of length M, with the
probed site located at one end.

a. Construction from the list-of-poles representation.
The matrices A; and B; can be obtained from the list-of-
poles representation. For the constant term, we have

Ao = Ao . (A15)

In order to find the other block matrices we define the

block-vector V € CNMXN a9

B,

By

v=| |, (A16)

B
where the B; € CN*V are the principal square roots of
the residues in Eq. (Al). As the column vectors of V'

are not orthonormal for general response functions, we
define the overlap matrix S € CN*N

M M
S=ViV=> BBi=> W, (A17)
=1 =1

with W; defined in Eq. (A2). This allows us to write

R,=VS V2

By = 52, (A18)

with Rf R, = Iy.
We further define the diagonal matrix

c ]RN]\/[XNM
(A19)

HLP = diag(oqIN, OzQIN7 ey CMMIN)

where «; are the pole energies from Eq. (Al).
Applying a block-Lanczos tridiagonalization to Hpp
with starting block V) = R, yields the block-tridiagonal



matrix Hy of Eq. (A12), from which the matrices A; and
B; can be read off. Standard block- or band-Lanczos
implementations often produce a banded form with
minimal bandwidth, in which B; is block upper or lower
triangular and therefore not Hermitian. It is important
to keep B; Hermitian in order to preserve symmetric
couplings between the bath sites. In the next paragraph
we discuss Lowdin symmetric tridiagonalization, which
can be used to ensure Hermiticity of B;.

b. Loéwdin symmetric tridiagonalization using block
Lanczos. We can determine H; using a block-Lanczos
algorithm.  Given an effective Hamiltonian Heg €
CNMXNM and an orthonormal block vector V; ¢
CNMXN " whose columns contain the N orthonormal
Krylov states of block ¢, we construct the Hermitian
matrices A;, B; € CV*N as well as the next set of Krylov
states V;y1 € CVMXN | as follows.

We first define the block vector

Vigr = HegVi . (A20)
From V1, we obtain A; as
Ai = ViTVi-‘rl : (A21)

Next, we orthogonalize the N vectors in V;;1 against all
previously determined Krylov states,

ﬁiJrl =Viq1 — Vz‘(ViT Vi) — V},q(VLl Vi) (A22)

The orthogonalization against V; 2, V;_3, and earlier
states is not necessary, as V;;1 is already orthogonal
against those states by construction.

At this point the N column vectors inside ﬁiﬂ are
orthogonal to all column vectors inside V; of blocks j €

{1,2,...,i}: V;ViH = Oy, but not necessarily to each
= =
other: VH—IVH‘l 7é IN

We now need to orthonormalize ?Hl symmetrically.
To this end, we define the overlap matrix.

= =t =

Si+1 = VH—I V7,'+1 ) (AZS)
and obtain the orthonormal Krylov states as

=  =—1/2

Vier=Viz1 S0 - (A24)

Finally, we compute B; as
—=1/2
i = Si1- (A25)

Note that Eq. (A24) requires the inverse square root

of the overlap matrix. This is not possible if §’i+1 is
singular. In that case, some form of deflation [93] must

be implemented. One may obtain V;,; from Vi, by
performing a singular value decomposition of the column
matrix V;41 and discarding states whose singular values
fall below a chosen numerical threshold.
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3. Anderson (star-impurity) representation

In the Anderson (or star) representation, the bath
degrees of freedom are diagonalized. =~ The Green’s
function then takes the form

1

G(Z) =Ay+ By i
z — A1 — Zi:l Bi Z*;i+1 Bz‘

Bo, (A26)

with the impurity at site index 1 and the bath sites at
indices 2 to M’ + 1.

Note that the number of bath sites and their
internal dimensions are, to some extent, a matter of
representation. We allow bath sites that do not couple
to the impurity in order to keep the internal dimension
of each bath site equal to N. This increases the number
of bath sites to at most M’ = N(M — 1) fora N x N
matrix valued Green’s function with M poles. Keeping
the bath dimension fixed can be useful in multi-spin-
orbital situations with symmetry. By representing B; as a
Hermitian matrix, different spin-orbit states that belong
to the same multidimensional irreducible representation
have no coupling between them. This is important to
conserve numerically the symmetry of the system. At the
same time spin-orbitals belonging to different irreducible
representations may couple to bath states at different
energies, thereby making the rank of B; smaller than
N. If the numerical storage of the additional zeros is
a concern one can transform the spin-orbital basis of
the Green’s function to symmetric states, e.g., using a
spherical tensor coupling and only store the irreducible
elements [94]. The symmetric representation on the
eigenbasis of the bath is also useful when one wants to
reduce the number of bath sites. Since the denominator
in the Anderson representation is itself a Green’s function
represented as a list of poles, one may reduce the number
of poles by discretizing this function on a newly chosen
grid, as described in Appendix F of Ref. [26].

We choose the hybridization between the impurity
and the bath level at energy a;+; to be described by a
Hermitian matrix B;. Since each bath site of dimension
N has all spin-orbitals at the same energy, we may
apply a unitary rotation within that bath site, which
allows us to choose B; Hermitian. See Appendix Ala
for how the symmetric eigenbasis representation of the
bath hybridization can be obtained from a general non-
symmetric representation.

a. Resolvent form. We can write G(z) in Anderson
form as the upper-left N x N block of the resolvent of a
matrix Hy € CNM'+)xN(M'+1)

G(Z) = Ao + Bo ( (A27)

B07
Z = HA)I:N,I:N



where Hp is a sparse matrix with the following block
structure,

Ay, By - B
B1 aQIN e 0

Ha = (A28)
By 0 < ayidy

b. Tight-binding interpretation. The matrix Ha
in Eq. (A28) can be interpreted as the one-
particle representation of a non-interacting tight-binding
Hamiltonian with one impurity site and M’ bath sites.
A convenient second-quantized form is

M’ +1
Hp = aLlAlaizl + Z aia;fai (A29)
i=2
M'+1
+ Z aLlBi_lai + aIBi_laizl,
i=2

using the compact vector notation from Eq. (2) to
suppress the summation over the local spin-orbital
indices m.  The impurity Green’s function for this
Hamiltonian is

G2 = <0 !

T
i— a
m,i=1 . HA

a m’i=1

0> . (A30)

c. Construction from the tridiagonal representation.
We can construct an Anderson block representation from
a tridiagonal block representation. The blocks Ay and By
are the same in the Anderson representation as in the
tridiagonal representation,

Ao - ..Ao 5 BO = BO . (Agl)
To obtain the remaining bath parameters, we start from
the tridiagonal representation, i.e. from H; [Eq. (A12)].
We construct a unitary matrix U € CNMXNM gych
that its upper-left N x N block is equal to Iy, while
the remaining N(M — 1) x N(M — 1) block consists of
the eigenvectors, written in column order, of the lower
N(M —1) x N(M —1) block of Hy. This transformation
diagonalizes the bath subspace and yields

A by by r-1)
(bl)T as - O
U'HU = . ., (A32)
(byar—1)t 0 -+ an@r—141

where each b; € CV*! is a column vector. In this form,
the impurity couples to N (M — 1) bath levels, each with
a single internal degree of freedom. To restore bath
sites with internal dimension N, we define the Hermitian
weight matrices as the outer product

W; = b;(b;)", (A33)

14

and their Hermitian principal square roots

B; = (W;)1/2. (A34)

With these blocks, we construct Ha as in Eq. (A28):
the eigenvalues a; of the bath subspace define the
diagonal blocks a;Iy, and the coupling between the
impurity and bath site ¢ is given by B; from Egs. (A33)
and (A34).

Since b; is a column vector, W; = b;(b;) is an outer
product and therefore has rank(w;) < 1 (rank 0 if
the coupling vanishes). If several bath eigenvalues a;
are degenerate, one should recombine the corresponding
couplings within the degenerate subspace. In that case,
one may sum the weights W; for all states with the same
eigenvalue a;, W = Zj W;, and obtain the impurity-bath
coupling from the principal square root of this sum, B =
W'/2. This ensures a symmetry-conserving representation
of the impurity-bath hybridization function.

d. Construction from the list-of-poles representation.
To obtain an Anderson representation of G(z) from its
list-of-poles representation, we first-of-all find for the
constant term

Ay = Ap. (A35)
In order to determine the other block elements we start
with the pole energies a; and block matrices B; that
define the list-of-pole representation Eq. (A1) and define
the block-vector

B,
Bo
V= € eI, (A36)
By
and diagonal matrix
Hpp = diag(a1In, aoly, ..., apIn) € RNMXNM

(A37)

This allows us to rewrite our Green’s function as

G(z) = Ao + viel _y

iV (A38)

As the column vectors in V are not orthonormal
for general response functions, (they are for
Green’s functions), we use the same symmetric
orthonormalization as in Appendix A2 a by using the
overlap matrix

M M
S=VIV=> BB, =Y W, (A39)
i=1 i=1
to create the matrices
R, — VS~ Y2 c oNMxN
By = S%/2, (A40)



with RIR, = Iy. We then find the orthogonal
complement Rz € CNM*N(M=1) and collect the column
vectors to generate the unitary matrix U = R, ® R €
(DN]M X NM.

We then insert the identity, UUT twice, into Eq. (A38),
which yields

1

G(z)=Ay+BoRl ———— _R,B
(2) = o BoRe 575 o7 B0
1
=8 +BRIU———U'R,B,. A41
o + Bofi, — UTH.oU 0 ( )

We now use the property

Inxn

+
UiR, = (M) R, = . (A42)
R ON(M-1)xN

which can be interpreted as taking the upper left N x N
block of the resolvent of UTH pU

1

—_— By . A43
Z = UTHLPU} 1:N, 1:N ’ ( )

G(Z) = Ap+ By [

In the next step, we want to bring the matrix UT HpU
into the form of Eq. (A32). The derivation for the Green’s
function in Anderson representation is then analogous to
the second step in transforming G(z) from tridiagonal
form to Anderson form. After diagonalizing the lower
right N(M —1) x N(M —1) block, the Anderson matrix
associated with G(z) takes the form of Eq. (A32). To
obtain the symmetric coupling matrices B;, we follow the
procedure of Appendix A 3 ¢ starting from Eq. (A32).

Appendix B: Discrete self-energy starting from
different representations.

In the main text, we have found for the self-energy:

2(2) - 5 = ([67)],,)
1
IV R M E T

(B1)

— 51/2

S1/2
§1/2 ’
22

where é(z) is a N x N matrix-valued propagator with
N = 2N. The matrix S is the norm of é(z) and S =
([5*1}22)71 is the norm of X(z) — S, Eq. (B1) can be
evaluated by applying three steps to G (2): (i) inversion,
(ii) projection to the 22 block, and (iii) reinversion. In
the following three subsections, we show, using equations
from the literature [25, 26, 52-59], how these steps can
be implemented explicitly, starting from any one of three
different representations of G(z), namely a tridiagonal,
Anderson or list-of-pole representation.
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1. Starting from tridiagonal representation of é(z)

We start from
1

_ _ B2,

z— A1 - Bl ~1 Bl

z—Az—...

G(z) = By/?

Comparing this expression to Eq. (16) gives

31/2 _ g1/2
- - 1 -
Heﬂ"(z) =A +B———58,
zZ — A2 — ...

with ﬁeg(z) also given in tridiagonal representation.
(i) Inversion. The inverse of G(z) is written as

G2 =5 ( A gl%gl) 52,
z — .A2 — ..
(B5)
(ii) Projection. To project to the lower-right block, we
need to calculate

[571/2171&(2,)571/2} _ [571/2.’11571/2]

22 22

+ [§*1/21§1% (B6)

Z—.AQ—...

B, gqp}

22

To bring the full result into a tridiagonal form with
block dimension N, rather than retaining intermediate
blocks of dimension N, one may apply a block-Lanczos
procedure to

e — -

Z_AQ_...

(B7)

using as starting block-vector the projection onto the
subspace 2 at block i = 1. With

S=([52) ",
A = [§71/2“Z1§71/2} ’
22
_ 1 _
B
! zZ — .Az — ... !
[54/2&%3}54/2}
zZ — .AQ — ... 29
(B8)
the projection of G=(z) is written as
~_ _ = _ 1
[G 1(2)}2225 1Z*A1781$81. (Bg)

(iii) Reinversion. To invert the previous expression,
we first define

Ay = SY2 A8V

By = S'Y2B,, (B10)



to rewrite Eq. (B9) as

[éfl(z)}m =g§-1/2 (z - A

z—Ag —
(B11)
Inverting this gives us the self-energy in tridiagonal form
1
¥(z) = DHF 4 g1/2 S1/2. (B12
) 2= A= Bi—,—5 12

2. Starting from Anderson representation of é(z)

For a response function G(z) in Anderson
representation
~ ~ 1
G(z) = §1/2 51/2 (B13)
Z—A1

Heg(2) is given in a list-of-poles representation:
=4 + Z B,——

(i) Inversion. The inverse of é(z) is given as

Gt S1/2 |, & B,— — B, | 92,
(Z) ? v Z Z = az+1

(B15)
(ii) Projection. To project to the lower right block, we
define

B14
—— (B14)

S = ([571}22)_17
i = [§71/211571/2}
22
_ e~ 1/2
_ —1/23 F §-1/2
- ([5mms )"
a; =a;, (B16)
and express the projection of G—1(z) as
[G7(2)],, =Sz — K- Z Z_aZHBi. (B17)

(iii) Reinversion. To invert the previous expression,
we first define

Ay = §Y/28,8V/2,
_ 1/2
B; = (51/QBiBi51/2)

to rewrite Eq. (B17) as

[G71(2)],, = S71/2 (z—Al ZB e )5—1/2.

(B18)

(B19)

Inverting this gives us the self-energy in Anderson form
1

B(z) = SHF 4+ §1/2 SY2. (B20

(2) S P -y (B20)

- 81;81) §~1/2,
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3. Starting from list-of-poles representation of é(z)

If the transformations between different types of
response functions (Appendices A2a, A3d) are
available, one could first transform é(z) to tridiagonal
or Anderson representation and continue as described in
Appendices B1 or B2, respectively.

Here, we describe an alternative approach that
obtains the pole expansion of X(z) directly from the
pole expansion of é(z) using standard linear algebra
techniques. This is the approach used to obtain the TasK
and NRG results shown in Figs. 1 and 2.

We consider a matrix-valued function G(z) € CN*N
with elements [G(2)]aar and a = 1,...,N = 2N, as
defined in Sec. III of the main text: a = 1,...,N
enumerates g, a&m operators, « = N +1,...,2N

enumerates the corresponding gm, qfn operators. We
assume G(z) to be given as a list-of-pole representation,

v
G(x)=> Wi (B21)
i=1

)
Z — Q;

having three key properties, all of which are used below:
(i) The M poles are real, a; € R; (ii) the M matrices
Wi € CNV*N are Hermitian and positive semidefinite; and
(iii) each W; matrix has rank one (this does not imply
loss of generality, see Appendix A la.) Then, each Wl
can be written as the outer product, WZ = ﬁj v;, of a row
vector 9; € C*¥ and its Hermitian conjugate column
vector ﬂj € CN*! with elements [Wi]aa/ = [@T]a['ﬁi]a/

We will call the collection of data {d;, W;} the
spectrum of @(z), it describes the positions and matrix-
valued weights of the discrete d-peaks of —%Imé(w +
i0%). The spectrum is fully encoded in the two matrices
{Q,V}, where Q = diag(ay, ..., an ) € RM*M is diagonal
and V € CM*N has elements 17m = [Ui]o. Indeed,

! v (B22)

G(z)=VT
(2) 5

The integrated weight matrix S of Eq. (14) is given by

S=ViVeaN<N, (B23)

We can further perform the polar decomposition [95]

V=R, RIiR,=1I, (B24)

where R, € CM*N is an isometry and S¥/2 € CN*N
is Hermitian and positive semidefinite. Then, the latter
is the principal square root of S justifying the notation
S1/2 (Note: the subscript on R, is a single-valued label,
not an index, used to distinguish Ea from ﬁa, defined



below.) Furthermore, the propagator G (z) takes the form

——=R,S"?,

z—

G(z) = S'?R}! (B25)

with the norm factors S1/2 split from the dynamical part.
(i) Inversion. To obtain a DSR for G~1(z), we seek to

transcribe G(z) to the form

1

512 (B26)
2z — Heg(2)

G(z) = §'/?
and find the DSR of Heg(z ) € CN*N_ To this end, our
strategy will be to express G( ) as the projection of the
M x M matrix (z —Q)~! to an N x N block submatrix,
and then to invert the latter using the Schur complement
formula, which involves other blocks of Q.

For that, we define an orthogonal complement to Ra,
the isometry R e @MXN with N = M — N, _such that
RiR, =0 and RIR, = Iy [96]. Then, U = R, & Ry €
CM*M hyilt from the columns of R, and Rj, is unitary.
Next, we define the blocks ﬁzi = élﬁﬁi, for x,z €
{a,a}, and write

ﬁ = (éméé) §Vzaa ﬁaa RT U Qaa Qaa ﬁT
ﬁ&a ﬁaa R; Qaa Qaa '
(B27)

obtaining a block decomposition of Q in the basis of the
columns of UT. With this notation, Eq. (B25) yields
G(z) = §1/2(—~) S, (B28)
z— 7 aa
é(z) thus involves the projection of the inverse of a 2 x 2
block matrix to its aa block. This calls for use of the
Schur complement formula for block matrix inversion,

—1
(ﬁ %) — (Moo~ Maay—Maa)
aa
which yields (B29)
(Z _1 ﬁ)aa = (Z - ﬁaa - ﬁaaﬁﬁaa)il . (B30)

By comparing Eq. (B26) to Egs. (B28) and (B30), we
find

- - - 1 -~
Heﬂ(z) - Qaa + Qaéz _ ﬁ—— Qéa .

(B31)

Now we diagonalize the block ﬁag as UT Q.U = Q,
where Q = diag(as,...,ay) € RV*¥ is diagonal and
U e NN g unitary, and define V = Ulfﬁaa € CNxN,
Then, Eq. (B31) leads to the desired DSR. for Heg(z),

N —
~ ~ W,
Heff(z) :Qaa+z p—

B32
T a (B32)
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where each W; € CV*¥ is a rank-1 matrix with elements
given by [Wilaa = [V1]ai[V]iar. Moreover, we have

]v —
Gle) = 52— D+ 3 L

— a;

]51/2. (B33)

(ii) Projection. The self-energy formula Eq. (B1)

involves [G~1(2)],, € C¥*N, with N = N/2. This is
the projection of G=1(z), viewed as a 2x 2 block matrix
of four blocks € CV*V | to its 22 block. We express it as

[é‘l(z)] =52 ,-Q +§: Wi §~1/2
29 aa v Z—CLZ P
(B34)

([§_1]22)71 € CN*N_ denoted its
principal square root by S/2, and defined the matrices
Q,, = S1/2 [§71/2§aa§71/2]2251/2 c
W = §1/2 [571/2W1§71/2]2251/2 c

where we defined S =

(DNXN,

CV*N_ (B35a)
Since all W; are Hermitian rank-1 matrices, the same
is true for all W;, hence their matrix elements can be
expressed as [Wilaar = [VT]ai[V]iar, with V€ CVXV,
By Eq. (B1), the self-energy can thus be expressed as

—1
$(z)— SHF = 51/2( Qan,—VT%%V) SU2 . (B36)

(iii) Reinversion. Our final goal is to obtain a list-of-
poles representation for the self-energy from Eq. (B36).
To this end, we use the Schur complement formula (B29)
to express the central factor of (B36) as [see Eq. (B30)]

1 -1 1
_ _yt —
(Z Qaa =V z—ﬁv) (Z—Q/)aa7 (B37)
where we defined the matrix
Qoo VT T 7
Q= | e MM (B38)
vV o Q

with M=N+N=M-N. We dlagonahze it as U QU =
Q" where Q" = diag(ef, ..., e%) € RM*M  Then

(z _lnf)aa - (U,z — Q"U/T)(m = Rl Q//R/
(B39)

where we collected the first N columns of U’f to
construct the isometry R/, € CM*N with RIR! = Iy.
Equations (B36), (B37) and (B39) yield the desired DSR
for X(z),

M
1 w/
HF " " __ i
() - S = v —— v _;72—6,’/7

(B40a)

where V" = R,,SY/2 € ©M*N and each W/ € CN*N ig
a rank-1 matrix with elements [W/]aar = [V"ia[V" )i
Note that the norm of ¥(z)—XHF is given by V/1V" = §.



Appendix C: Update of the hybridization function
using a discrete self-energy

In the DMFT self-consistency loop, the hybridization
function of the impurity model is updated using the
impurity self-energy. In RAS_DMFT. j1 and QUANTY this
update is performed directly at the level of the discrete
pole representation of A(z) and X(z). The effective
hybridization function is obtained from [26]

A(z) = ALy — 5(2)), (c1)

whereby the matrix valued arguments of A should
be interpreted using the discrete representation of the
hybridization function [Eq. (6)] as

M

ZVT;VZ. (C2)

ACH _
DI . )

Note that this equation requires the spin-orbital basis
of A(z) and X(2) to be the same and independent of z,
which for the examples in the current paper is trivially
fulfilled.

For a self-energy in the list-of-poles representation, one
obtains A°%(2) as a sum over M Anderson-type response
functions:

1
2— E; — $HF _

7 -

S WL
(C3)

To bring A°®(2) to the list-of-poles representation, we
transform each summand in Eq. (C3) from Anderson-
type into the list-of-poles representation.

M | M¥+1 1
Aeﬂ(z) _ Z Z leT — 5 Vj/ . (04)
i=1 | j=1 J

i

The double sum can be combined into a single sum over
M(M? +1) poles:

M(MZ®+1)

1
>V v ()

eff
A®(z) = po—
i=1 2

The number of poles can then be reduced to keep the
computational cost moderate.
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Appendix D: Regularization of the quasiparticle
weight from a discrete spectral representation

In the main text we have shown how the quasiparticle
weight Z can be obtained from the DSR of the self-energy
3(z):

+ HF Wl/
Yw+i0T) =% +Zw+10+_6
(D1a)
W/l l/
A ReX(w+i0%) o =— > @t Z 0+ i
61/#0 el = 0
(D1b)
Z = [In — 0,Re X(w +i0M)|ueo] .
(D1c)

Numerical algorithms might yield spurious poles with
small (Tr(W/) < 1) residue. When such a pole occurs
at small energies (|e}/| ~ Tr(W}")), these spurious poles
will dominate the calculation of the quasiparticle weight
and may lead to Z = 0 even for a metallic solution.
In this appendix we discuss strategies to regularize the
calculation of Z in the presence of such spurious poles.

A first approach is to remove poles whose spectral
weight falls below a chosen threshold. If the spurious
poles are close to machine precision (Tr(W}’) < 1074),
which is the case for the application in Sec. IV C of the
main text, spurious and physical poles are well separated.
In this case, Z can be straightforwardly regularized by
removing these poles.

A second approach becomes necessary when the
spurious poles have larger spectral weight (Tr(W/) =
10~7), which happens for the application in Sec. IV D of
the main text. By choosing larger threshold values, one
might risk removing poles that are physically relevant. A
more systematic way to regularize the calculation of Z is
to modify the expression for Z in Eq. (D1) by introducing
a regularization parameter A:

-1
1
— 1"
H= (IMZ i H) |

In the absence of spurious poles at the Fermi level Z)
will approach Z when A — 0. When spurious poles are
present, too small A will lead to numerical instabilities,
while too large A will modify the results. Instead, one
needs to find a range of A where Z, is approximately
constant with respect to .

In Fig. 6 we show the effect of such a regularization on
the self-energy represented by different number of poles.
If no spurious poles are present (K = 40 and K = 80),
one can take the limit A — 0 without problems. For
K = 160 however, one needs to find a range where
Z is approximately constant. In this case, it happens
around A/D = 1072, where Z) has an inflection point.
For intermediate values of A, the quasiparticle weight is
the same between the different Krylov sizes K, which
determine the number of poles in ¥(z).

(D2)
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FIG. 6. Quasiparticle weight Z as a function of the

regularization parameter A at an interaction U/D = 2. The
parameter K is the size of the Krylov space of the propagator
G and indirectly determines the number of poles of the self-
energy.
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3 Quantum criticality in the Hubbard
model

In this chapter, we present our findings on the two-dimensional Hubbard model and
quantum criticality at finite hole doping p. In Sec. 3.1, we provide a brief overview,
including benchmark results and a short discussion of cluster size dependence in cDMFT
for the Hubbard model, with a comparison to the Emery model.

3.1 Benchmark & Cluster size dependence

We begin our investigation of the Hubbard model by setting up a two-site DCA+NRG
implementation to reproduce the established results of Ref. [Fer+09]. Our DCA+NRG
approach enables the direct computation of real frequency spectral functions for the
individual momentum patches, which we compare to the spectral functions reported in
Ref. [Fer+09], obtained via analytical continuation.

Subsequently, we increased the cluster size to four sites arranged in a 2 X 2 geometry.
Ref. [Gul+10] serves as a reference for further benchmarking and for motivating the use
of the so-called “star patching” geometry. As a second benchmark, we compute the patch
dependent filling

nK = 2/dw fro(w) Ak (w) and n = NLZnK, (3.1)
¢ K

where fpp(w) denotes the Fermi-Dirac distribution and Ak (w) are the patch resolved
spectral functions at fixed chemical potential x. The hole doping is defined as p =1 — n.
We emphasize that a further increase in cluster size enhances spatial resolution and
improves the description of pseudogap physics in the hole doped Hubbard model. However,
since NRG is a tensor network based impurity solver that explicitly tracks excitations
of the local cluster Hamiltonian, the corresponding Hilbert space grows exponentially
with each additional cluster site. Consequently, the numerical effort required to solve
the impurity problem also increases exponentially with cluster size. In practice, a four-
site impurity already approaches the numerical limits of NRG. Due to these numerical
limitations imposed by NRG, we initiated a systematic investigation of the cluster size
dependence of pseudogap formation in both the Hubbard and Emery models. This
project resulted in a supervised Master’s thesis [Niu24].

Since our two-site computations, which are expanded on in this thesis, are not able to
capture quantum criticality due to insufficient spatial resolution, whereas the four-site
calculations do, the question arose whether a two-site DCA+NRG computation of the
Emery model, solved with NRG, is capable of capturing the quantum critical transition.
We find that DCA+NRG of a two-site Emery model, where each cluster site includes two
non-interacting oxygen orbital within the lattice integration, enhances the pseudogap
physics compared to the Hubbard model counterpart. However, the inclusion of addi-
tional orbital degrees of freedom is not enough to yield a quantum critical transition.
In conclusion, we argue that resolving a quantum critical transition requires a clear
momentum separation between the antinodal points k = (0, 7), k = (7, 0), and the nodal
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point k = (7, 7). Scattering processes between these three momenta enables the onset of
antiferromagnetic correlations already at relatively high doping levels (p ~ 15%). From
our analysis, orbital degrees of freedom appear to be less relevant for pseudogap physics
than non-local spatial correlations.

Building on the insights gained from the four-site calculations, a natural next step is to
improve the numerical treatment by performing a refined four-site DCA+NRG study in
which the (7, 7) patch is treated as a Hubbard atom without an attached bath. This
effectively reduces the numerical effort to that of a three-site impurity problem while
retaining the essential momentum differentiation.
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We study the normal-state, doping-driven phase diagram of the square-lattice Hubbard model
using the dynamical cluster approximation combined with the numerical renormalization group as a
cluster solver, which gives direct access to real-frequency dynamics at essentially zero temperature.
In a parameter regime relevant for cuprates, U = 7t and t' = —0.3t, we find a critical doping p*
that marks a continuous quantum phase transition between a pseudogap metal and a normal Fermi
liquid. The transition is identified by a continuous collapse, from both sides, of the Fermi-liquid
scale extracted from charge, spin, and d,2_,2-wave pairing susceptibilities. This collapse produces
a non-Fermi-liquid regime at intermediate energy scales, which appears to extend to arbitrarily low
scales at p*. As p* is crossed from the normal Fermi liquid at p > p* into the pseudogap metal
at p < p*, the coherent low-energy spectral weight in the antinodal region is lost and replaced by
a narrow, metallic pseudogap, while the nodal region evolves smoothly and remains comparatively
coherent. This gives rise to Fermi arcs in the pseudogap metal at p < p*, since the zero-frequency
spectral weight remains large in the nodal region but is strongly suppressed in the antinodal region.

DOLI:

Due to its relevance to high-T, cuprates, the problem
of doping a Mott insulator [1] has been a topic of intense
discussion in the past three decades. A major mystery
is the normal state that emerges upon hole doping in
cuprates [2]. On the overdoped side, transport, thermo-
dynamics, and spectroscopy are broadly consistent with a
correlated normal Fermi liquid (FL). By contrast, on the
underdoped side, a pseudogap (PG) metal emerges, fea-
turing a loss of electronic spectral weight predominantly
in the antinodal region and a reconstructed Fermi sur-
face incompatible with Luttinger’s sum rule. A central
question, raised very early on [3-6], is whether the PG
metal and the overdoped FL are separated by a quantum
critical point (QCP) at some critical doping p*[7-13].

Evidence for quantum criticality at the pseudogap end-
point at p* has accumulated in several cuprate families.
The Hall number, angle-dependent magnetoresistance,
and quantum oscillations indicate a transformation of
the Fermi surface across p*, while thermodynamic mea-
surements find a strong enhancement of the specific-heat
coefficient near the same regime [14-19]. Further, the
strange-metal region of the phase diagram features sev-
eral aspects associated with quantum criticality, such as
w/T scaling and anomalous metallic behavior inconsis-
tent with coherent quasiparticles, both within a fan-like
shape that appears to emanate from p*. Some experi-
mental data also suggests an extended quantum critical
region [12, 20], which has been argued to be a result of
disorder [21].
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The description of such a PG-QCP poses a major chal-
lenge. This is because on the one hand, the PG metal
itself is still mysterious and not completely understood,
while on the other hand, this QCP, if present, does not
seem to be a conventional order-parameter driven QCP
describable by Hertz—Millis-Moriya theory [22-24]. Sev-
eral routes to describe the PG metal and the PG-QCP
have been explored, such as the idea of a fractionalized
Fermi liquid with topological order that is separated from
the normal FL by a deconfined QCP [25-34]; fluctuating
conventional order [35-46]; or non-local extensions of dy-
namical mean-field theory (DMFT) [47-50].

In particular, cluster DMFT approaches to the Hub-
bard model have been very successful in capturing PG
metal physics [28, 29, 50-72]. For instance, these have
successfully captured the depression of spectral weight
at the Fermi level [49], the reconstructed Fermi sur-
face due to the presence of Luttinger surfaces [55], and
the momentum-dependence of spectral weight along the
Fermi surface that leads to Fermi arcs and to the nodal—-
antinodal dichotomy [52].

Interestingly, it seems that all of this physics can be
captured with relatively small four-site clusters, and the
qualitative results do not strongly depend on the type
of cluster scheme or periodization used. However, the
precise nature of the PG metal, in particular the na-
ture and structure of its low-energy excitations, has
not been established so far. Furthermore, the existence
of a QCP separating the PG metal from the normal
FL within cluster DMFT is controversial. While some
work found apparent evidence for a QCP, Sordi et al.
[68] established that within a certain parameter region
(t'/t = 0, U/t < 6) criticality is associated with the
finite-temperature endpoint of a first-order transition.

The main limitation in establishing the existence or



not of a PG-QCP in a relevant parameter regime of the
Hubbard model within cluster DMFT has been insuf-
ficient low-energy and low-temperature resolution, and
the inability to access the relevant parameters directly.
In this work, we overcome this limitation by using four-
patch DCA together with the numerical renormalization
group (NRG) as a cluster impurity solver. NRG can re-
solve exponentially low energy and temperature scales
and can access arbitrary parameters, though NRG is lim-
ited by Hilbert space size. We therefore deliberately re-
strict calculations to the normal state and do not consider
symmetry-broken solutions. For details on the methods
see Sec. III and Supplement Material S-1.

To describe cuprate physics, we use the square lattice
Hubbard model with Hamiltonian

H= Z —tpyr Clacr/a —H Z e +U Z N Tir|,
ro r

rr'oc

- Z(ek — ) Nko + Uznrrnu ; (1)
ko r

where ¢, annihilates a spin-o electron at site r, ny, =
el crp- For the hopping matrix elements ty., we con-
sider nearest and next-nearest neighbor terms, denoted
t and ¢. We set ¢t = 1 as our unit of energy and
choose t'/t = —0.3 and U/t = 7, suitable for describing
cuprate physics. We tune i to adjust the hole-doping
p (filling n = 1 — p). We study this model using four-
patch DCA+NRG (see Sec. S-1 of the supplemental ma-
terial (SM) [73]) and analyze its physics by computing
several real-frequency correlators involving local or short-
ranged operators defined on the cluster, see Sec. III on
Methods.

I. RESULTS
A. Phase diagram

Figure 1(a) shows the doping-driven, zero-temperature
normal-state phase diagram obtained from DCA+NRG.
Since symmetry breaking is excluded, all regimes shown
are normal-state solutions. For p > 0, we find two metal-
lic phases: a normal FL for p > p* and a PG metal for
p < p*. The critical doping p* = 0.14 is the only point
in this part of the phase diagram where we find a gen-
uine quantum phase transition. Its central signatures are
(i) the continuous suppression of the FL coherence scale
as p* is approached from either side, and (ii) the abrupt
change of the low-frequency cluster spectral functions in
the antinodal patches, K = (0,7) and K = (7, 0), from
exhibiting a narrow metallic pseudogap for p < p* to a
sharp resonance for p > p* [cf. Fig. 3, discussed later].

The markers prs and px at lower doping in Fig. 1
have a different status: rather than additional quantum
phase transitions, they denote crossovers within the PG
metal, associated with changes in the Luttinger-surface
and self-energy-pole structure familiar from cluster stud-
ies of the pseudogap [55, 57, 58, 63]. Upon increasing p
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FIG. 1. Doping-driven, zero-temperature normal-state phase
diagram and static susceptibilities of the square lattice Hub-
bard model with U = 7t and ¢ = —0.3t, obtained with
DCA+NRG. (a) Crossover energy scales (dots) extracted
from the frequency dependence of dynamical cluster suscepti-
bilities x[O](w) for operators O describing charge (red), spin
(blue) and d-wave pairing (green) [see Egs. (3)]. Colored lines
are guides-to-the-eye. The geometric averages of the lower-
lying or upper-lying three crossover scales are indicated by
black curves marked T¥1, or TnFr1,, respectively. For p > 0, we
find FL behavior for energies below Tr1,, and non-Fermi-liqui
(NFL) behavior for energies between Trr, and Tnrr. There
are several low-energy FL phases: a normal FL for p > p*
and a PG metal for p < p*, separated by a QCP at p* = 0.14
(vertical solid line) where Ty, is suppressed to zero. The PG
metal comprises two sub-regimes, PG_ and PG, which are
not separated by a phase transition (see the text for defini-
tions of prs and px, vertical dashed lines). (b) Selected static
susceptibilities —x'[0](w = 0) as functions of doping p.

from the Mott-insulating side, the antinodal gap starts
to fill when p rises above prg; equivalently, upon decreas-
ing p from within the PG, regime, the partially filled
antinodal pseudogap becomes fully gapped when p drops
below prs. The doping ps. denotes the point where the
antinodal self-energy pole crosses the Fermi level. Nei-
ther prs nor py is accompanied by a suppression of the
FL scale. In the discussion below, we therefore first focus
on the PG, and normal FL regimes (p > prs), in partic-
ular the vicinity of p*, before briefly returning to these
two crossovers at lower doping.

To identify the quantum phase transition at p*, we
track energy scales extracted from dynamical susceptibil-
ities of local charge, spin and d-wave pairing operators.
The corresponding operators and computational details
are discussed in Sec. III. As a representative example,
Fig. 2 shows the doping dependence of x"[Pp2_,2](w),
the spectral part of the local d-wave pair susceptibility.
At frequencies below a crossover scale Trr,, X" (w) shows
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FIG. 2. Doping evolution of the local d,2_,2-wave singlet-
pair spectrum x"'[P,2_,2](w) on a log-log scale. (a) Evolu-
tion from small doping in the PG_ regime (pink), through
pLs, and toward p* (green). (b) Evolution from p* into the
overdoped FL regime (blue). Arrows indicate increasing p.
The guide-to-the-eye lines mark the low-frequency FL behav-
ior, X/ o« w, and the intermediate-frequency NFL plateau
X" o const.; the crossover between them defines the FL scale
Trr. Approaching p* from either side, this scale is suppressed,
and the plateau extends to ever lower frequencies. The upper
end of the plateau defines the NFL scale TNFr.-

linear-in-w behavior typical of a FL. We have checked
that the NRG finite-size many-body are indeed Fermi
liquid spectra for both p > p* and p < p*. The FL scale
is continuously suppressed to zero at p*, signaling a QCP
governed by a non-Fermi liquid fixed point. Figure 1(b)
shows x/(w = 0), the real part of the static charge, spin
and pairing susceptibilities; all exhibit a pronounced peak
and possibly a divergence at p*.

Returning to Fig. 2 for x”[P,2_,2](w) as a representa-
tive example, we next describe how we identified the var-
ious crossover energy scales and regimes. Starting from
high frequencies, x” exhibits a broad maximum around
w =~ 1 and decreases toward lower frequencies. Near
p*, an intermediate-frequency plateau emerges, X" (w) o
const., reminiscent of bosonic spectra in the non-Fermi-
liquid regimes of, for instance, the two-channel and two-
impurity Kondo models. At even lower frequencies, this
plateau crosses over to FL behavior, with x”(w) x w.
As p* is approached from either side, the FL crossover
scale is pushed to ever lower frequencies and the plateau
correspondingly extends downward. At the QCP, our
data suggest that the plateau persists to w — 0, which
would imply a logarithmical divergence for x’(w = 0), the
real part of the static susceptibility. The evolution with
doping of x"[Py2_,2](w) across p* is otherwise smooth,
consistent with a continuous quantum phase transition.

R pa, |70
10t pg e Zom Tt e “FL 1
& e Zy) *C, ¢
1075 b ) L ) A ° |

0 py 0.025 prg 0.07 0.11 p* 0.17

p

FIG. 3. Patch spectral functions and quasiparticle weights.
(al,a2) Cluster spectral functions Ak (w) of the nodal patch
K = (0,0) and the antinodal patches K = (0, 7), equivalently
K = (7,0). The inset shows details of the low-frequency re-
gion around w = 0; colors indicate doping. Across p*, the
antinodal spectrum changes from a resonance for p > p*
to a pseudogap for p < p*, whereas the nodal spectrum
evolves smoothly. (b) Corresponding quasiparticle weights
Zx = [1 — 0,Re Xk (w)|w=0] " versus doping for the same
patches. Vertical lines mark p*, prs, and px. The antinodal
Z(0,x) is suppressed to zero at p* and again at px; the latter
occurs because the antinodal self-energy pole crosses w = 0.
The nodal Z(g,y remains finite within numerical resolution.
The K = (7, 7) patch is omitted because it remains gapped.

B. Single-particle spectra

The same transition is visible in the single-particle
spectra. Figures 3(al) and 3(a2) show the cluster spec-
tral functions Ak (w) of the patches K = (0,0) and
K = (0,7) [or equivalently K = (m,0)], respectively.
These correspond to the momentum-averages of the lat-
tice spectral functions in the nodal and antinodal re-
gions, respectively. For p > ppg, the Fermi surface is
located within in these patches, and the correspond-
ing patch spectral functions are therefore metallic, i.e.
Ag(w = 0) > 0. The K = (w,m) patch is not shown,
since it remains gapped for all dopings considered.

While A(g,0) [Fig. 3(al)] evolves smoothly with doping
through the transition, A ) [Fig. 3(a2)] changes sharply
at the Fermi level. For p > p*, in the normal FL, A
contains a narrow resonance at w = 0 [inset of Fig. 3(a2)],
which sharpens as p is lowered toward p*. For p < p*, this
resonance gives way to narrow PG. This PG arises due to
a pole in the antinodal self-energy that emerges at p < p*,
see Fig. S5(b2) of the SM [73]. In the PG regime (prg <
p < p*), the PG is still partially filled, Ao (w = 0) >
0, so the antinodal patches still contribute quasiparticle
excitations and a Fermi-surface segment.

Figure 3(b) shows the corresponding quasiparticle
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FIG. 4. Momentum-resolved spectral functions on both sides of the pseudogap QCP at p*. (a,b) Non-interpolated DCA spectra
Ak (w) along antinodal and nodal cuts [indicated in (d)], respectively. Columns show dopings below and above p* ~ 0.14; the
black vertical separator marks p*. For the antinodal cut (a), the low-energy spectral weight present on the FL side (p > p*) is
strongly depleted on the PG side (p < p*), whereas for the nodal cut (b) the low-energy spectrum evolves smoothly. (cl1,c2)
L-interpolated zero-frequency spectral function Ax(0) in the FL at p = 0.155 > p* and in the PG, regime at p = 0.125 < p*,
respectively. In (c1), the curved dashed line denotes the locus of maximal Ay (0); it is shown in (¢2), too, as a reference for the
unreconstructed Fermi surface; the straight dashed line in (c2) marks the antiferromagnetic zone boundary. (d) DCA patch
geometry, showing the antinodal (thik blue) and antinodal (thick green) momentum cuts used for (a) and (b), respectively, and

the Fermi surface (purple) depicted in (c1).

weights, Zg = [l — d,Re Yk (w)|w=0]"!, obtained from
a numerical derivative of the corresponding real part of
the patch self-energy. On approaching the QCP from ei-
ther side, Z(g ) is suppressed to zero. This is consistent
both with the change of the low-frequency structure of
A(o,7(w) and with the collapse of the FL scale in the
cluster susceptibilities.

By contrast, Z g,y appears to remain finite across the
transition. Taken at face value, this would suggest a
momentum-selective NFL at the QCP. However, this ap-
parent patch selectivity should not be overinterpreted:
it is difficult to reconcile a non-zero nodal quasiparticle
weight with the vanishing FL scale that we observe for
several cluster susceptibilities at the QCP [cf. Fig. 1(a)].
Following arguments from marginal FL (MFL) phe-
nomenology [74], scattering of the K = (0,0) electrons
off short-ranged critical bosonic fluctuations as found,
for instance, in Fig. 2 should generate at least a loga-
rithmically weak suppression of Z q), with Z(_O’lo) grow-
ing as In(1/Tpr) close to the QCP. However, resolv-
ing such a logarithmic dependence requires highly ac-
curate numerics extremely close to p*. In a follow-up
paper [75], where we examine quantum critical scaling
in the finite-temperature NFL region, we find evidence
for MFL physics in the K = (0,0) patch from an w/T

scaling analysis. A definitive zero-temperature statement
on the nodal quasiparticle weight will require additional
methodological improvements and is left for future work.

The PG metal below p* is further subdivided into PG
for p* > p > prLs and PG_ for p < prs. This subdivi-
sion reflects changes in the antinodal spectral weight that
occur smoothly, not an additional quantum phase transi-
tion. In PG, the antinodal pseudogap is partially filled,
whereas at prs it becomes fully gapped upon lowering p,
see Fig. 3(a2) and its inset. Equivalently, upon increasing
the doping from the Mott insulator at p = 0, prs is the
point where antinodal spectral weight at the Fermi level
first appears. Thus, in PG_ only the K = (0,0) patch
remains metallic; the state is a patch-selective metal with
insulating antinodal patches. Because the full gap in
Ao,x)(w) opens smoothly and the FL scale is not sup-
pressed at prs, this crossover is distinct from the QCP
at p*. The mechanism for the full antinodal gap is analo-
gous to that of Ref. [58] and is discussed further in Fig. S6
of the SM [73].

The full antinodal gap for p < prs leads to a sup-
pression of the low-frequency spectral weight of bosonic
dynamical susceptibilities. In particular, the local d-wave
pair spectrum decreases faster than linear-in-w at low fre-
quencies [Fig. 2(a)], reflecting the absence of antinodal



quasiparticle excitations. Other susceptibilities, such
as the uniform charge susceptibility on the cluster (see
Fig. S3 of the SM [73]), remain linear in w, but with a
much smaller slope than for p > pyg.

As the doping is reduced further, a more subtle
crossover occurs at py. There, the antinodal self-energy
pole that suppresses Ao »)(w) near w = 0 crosses from
positive to negative frequency. This crossing produces a
zero of Z(g -y [Fig. 3(b)], because X (g ) (0) diverges at
px. It does not produce a new feature in the spectral
function, though, since Ay ry(w) is already fully gapped
at this point. Thus, in stark contrast to the collapse
Zo,xy — 0 at p*, the zero of Z(g ) at ps does not signal
the destruction of existing QPs.

For completeness, we have mapped out the phase dia-
gram for several values of the next-nearest-neighbor hop-
ping, t'/t < 0, at fixed U = 7t; the resulting character-
istic dopings are summarized in Fig. S8 of the SM [73].
The dopings p*, pLs, and px all shift quantitatively with
', but the overall physical picture remains qualitatively
unchanged. This indicates that the discussion above is
not special to the representative choice ¢’ = —0.3t, but
is a robust feature of the square-lattice Hubbard model
within the parameter range studied.

C. Fermi surface reconstruction

As discussed above, the QCP is marked by a sharp
change in the single-particle spectra of the antinodal
patches: the K = (0,7) and K = (m,0) spectra lose their
low-energy FL resonance and develop a narrow pseudo-
gap, while the K = (0,0) spectrum evolves smoothly
across p*. This is the cluster analogue of the ARPES phe-
nomenology of the cuprate PG, where low-energy spec-
tral weight is strongly depleted near the antinode when
entering the PG regime, while Fermi arcs survive around
the node [8-12, 76].

These signatures of cluster spectra have a direct
momentum-resolved manifestation.  Figure 4 shows
how the momentum-resolved spectral functions, Ak (w),
evolve with doping across the QCP. Rows (a) and (b)
show non-interpolated DCA spectra along antinodal and
nodal cuts [indicated in panel (d)], respectively. Along
the antinodal cut, the coherent low-energy weight present
for p > p* is strongly depleted once p < p*, consistent
with the pseudogap in the antinodal patch spectral func-
tion of Fig. 3(a2) and with the suppression of Z r) in
Fig. 3(b). Along the nodal cut, by contrast, the disper-
sive low-energy feature changes only weakly with doping,
in line with the smooth evolution of A« gy(w). A phe-
nomenologically similar doping-driven evolution of spec-
tral weight is found experimentally in Bi2212 [12, 76].

The spectral functions at the Fermi level at p =
0.125 < p* (PG4) and p = 0.155 > p* (FL) are shown
in Figs. 4(cl,c2). They are computed using an interpo-
lated self-energy Yy (w) obtained using Liouvillian (L)
interpolation [77]. At p = 0.155 > p* in the normal FL,
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FIG. 5. Angular distribution of the zero-frequency spectral
weight along the Fermi surface in the PG4 regime at p =
0.125. For each ray {y emanating from (mw,7) at a specified
angle 6 as indicated in the inset, we plot maxikee, Ax(w = 0),
normalized by its maximum value. Blue: the direct DCA
cluster result, with abrupt steps at the patch boundaries; red:
Liouvillian (£) interpolation smooths out the steps.

the spectral weight is distributed evenly along the Fermi
surface [dashed line in Fig. 4(c1)]. Further, the Fermi
surface volume is consistent with the Luttinger sum rule.
Its shape roughly resembles that of the free system, since
the self-energy is only weakly momentum dependent. By
contrast, at p = 0.125 < p* in the PG region, the spec-
tral weight depends strongly on the position along the
Fermi surface: it exhibits prominent spectral weight in
the nodal region and vanishingly small spectral weight in
the antinodal region, leading to Fermi arcs which seem
to terminate at the antiferromagnetic zone boundary.

Figure 5 quantifies this by showing the distribution of
the zero-frequency spectral weight along the Fermi sur-
face in the PG regime. This quantity corresponds to
that measured in ARPES studies aimed at analyzing the
quasiparticle weight (see, e.g. Refs. [78, 79]). The cluster
result (blue) exhibits a step-like profile, while Liouvillian
interpolation (red) provides a smooth interpolation. Sim-
ilar to experimental findings [78, 79], we find a maximum
around § = 7/4 (nodal region), with strongly decaying
flanks approaching zero around |0 — 7/4| 2 7/8 (antin-
odal region).

II. CONCLUSION

Using DCA+NRG, we have mapped out the doping-
driven, zero-temperature normal-state phase diagram of
the square-lattice Hubbard model at U = 7t, focusing
on t' = —0.3t (for other values of ¢/t < 0, see the
SM [73]). For hole doping p > 0, we find two distinct
metallic phases: a PG metal for p < p* and a normal
FL for p > p*. These are separated by a QCP at the
critical doping p*, where the FL scale Ty, is suppressed
to zero. At intermediate energy scales in the vicinity of
the QCP, various dynamical susceptibilities display NFL
behavior. We thus settle a long-standing open question:
the NFL behavior observed in DMFT treatments of this



model indeed does stem from a QCP. We provide a de-
tailed finite-temperature analysis of the NFL regime in
Ref. [75].

In future work, it would be interesting to make a more
detailed connection with previous cluster DMFT studies
of the doped Hubbard model [52, 55, 57, 58, 63, 68], in
particular with the work of Sordi et al. [68]. That work
showed that for ¢ = 0 and U/t < 6, the PG-to-normal
FL transition is first-order, and criticality is associated
with a finite-temperature critical endpoint. In the pa-
rameter regime studied here, we do not find evidence for
a first-order transition; instead, the FL scale appears to
vanish continuously at p* and physical observables evolve
smoothly across p*. Nevertheless, we cannot exclude a
very narrow coexistence region, or a critical endpoint at
exponentially low temperatures. It would therefore be
useful to use cluster DMFT+NRG to bridge the gap be-
tween the regime studied here and that of Sordi et al. [68].

IIT. METHODS

To obtain approximate normal-state solutions of the
doped square-lattice Hubbard model, we employ a four-
patch DCA scheme, which approximates the momen-
tum dependence of the self-energy as piecewise constant
within patches. These are labeled by the momenta at the
center of the patch, K; = (0,0), Ko = (0,7), K3 = (7,0)
and K4 = (7, 7). We use the “star patching geometry” of
Ref. [63] (see Fig. 4(d), and Sec. S-1 of the SM [73] for de-
tails), which includes the nodal points k = (£7/2, £7/2)
in the patch centered around K;. For details on the nu-
merical evaluations of local lattice Green’s functions and
hybridization functions, see Sec. S-I A of the SM [73].

The cluster impurity model is solved using the MuNRG
implementation [80, 81] of NRG [82-86], based on the
QSpace tensor library [87-91]. We exploit U(1) charge
and SU(2) spin symmetry, use a discretization parameter
A = 8 without z-shifting. We retain up to Nieep = 3+ 104
U(1)xSU(2) multiplets, which results in truncation en-
ergies Eyrune > 5. We further employ a fully inter-
leaved Wilson chain geometry [92, 93] with bath modes
ordered as K; = (0,0), Ko = (7,0), K3 = (0,7), and
K4 = (m, 7). Discrete NRG data are broadened using
a log-Gaussian scheme [80] with broadening parameter
o = 0.7, and self-energies Yk (w) are computed using
Kugler’s symmetric estimator approach [86]. Although
interleaving formally breaks the symmetry between the
(m,0) and (0, 7) patches, the resulting self-energies differ
by less than 1073, We therefore enforce the symmetry in
the DMFT loop by setting (g x)(w) ¢ X(x,0)(w) in each
iteration.

We analyze the physics of this model both through
electronic spectral functions and by computing real-
frequency dynamical susceptibilities for several local or
short-ranged operators defined on the cluster. Suscepti-

bilities are defined by
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where O is some bosonic operator acting non-trivially
only on the cluster, and ( ) denotes the thermal ex-
pectation value. We compose them as x = ' — imy”
into a real part x’ and a spectral part x”. Within NRG,
we compute discrete spectral functions, broaden them
with a log-Gaussian, and then compute x’ via Kramers-
Kronig. In the vicinity of fixed points, spectral functions
of dynamical susceptibilities usually exhibit power-law
behavior, i.e. straight lines on a log-log scale. We infer
crossover energy scales by inflection points of the spectra
on the log-log scale (see Fig. S4 of Ref. [73]).

The operators discussed in the main text, whose energy
scales are presented in Fig. 1, are defined as:

CQ= ) kiqolortK.or (3a)
K,o0/

S6= " kiqoTivtkor (3b)
K,o0'

*szny = Z(Cax,o - CéY,a)iJgo’cO,a' ’ (3C)

oo’

Si_i = Z(C;D,o - CI],O)O-ia"(C(SD,(T/ — o) (3d)

oo’

Here, 0% and ¢¥ are Pauli matrices in the spin sector, K,
Q are DCA patch momenta, and §X, 0Y 0D = 6X+JY
denote real-space displacements on the cluster relative
to its site 0. For Fig. 1(a), the crossover scales in the
charge and spin sectors were extracted from susceptibil-
ities x”'[Cloc] and x"[Sf,.] involving the local charge and
spin operators,

Cloe =27 .Ca,  She=27> 5. (4
Q Q

Further operators for which we computed susceptibili-
ties [Figs. S2, S4] and details on the extraction of energy
scales [Fig. S3] are provided in Supplement S-II [73].
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S-I. MODEL AND METHOD

The model we use to describe the cuprate physics is the
Hubbard model [94, 95]. Its lattice Hamiltonian reads

H = Z —tppt Cracr’a 14 Z Nyo + U Z Ny Ny
rr’oc ro r
Mo +U D neyny
r

= (ac—n)
ko

(1)

(S1)

where ¢y are creation and annihilation operators in real
space, and Nre = Cl,cp, denotes the number operator.

Indices k refer to momentum space. The first, second
and third terms represent the kinetic energy with hop-
ping matrix elements t,,, the energy shift due to the
chemical potential y, and the local on-site Coulomb in-
teraction U, respectively. The kinetic energy contains
only nearest-neighbor (¢) and next-nearest-neighbor (¢')
hopping terms, leading to the band dispersion ex =
—2t(cos kg + cos k) — 4t' cos k, cosk, and p is used to
control the doping p. Throughout, we use the parame-
ters t = 1, U = Tt, focusing on ¢/t = —0.3 in the main
text and exploring ¢’ /t = {0, —0.15,—0.2, —0.25, —0.3} in
Fig. S8. The temperature is set to 7' = 10~ 10¢.

We solve the model by means of DCA [48-50, 63, 96],
due to mapping on a 2x2 cluster impurity

Z —IRR/ CRUCR’ — i Z nre +U Z NRANR]
RR'c

= Z(EK — Nk + UZRRTnm )

Ko R

Himp =
(S2)

where R denotes cluster impurity sites and K the mo-
mentum averaged patches of the Brillouin zone (BZ)
of the lattice model. On the impurity level the diag-
onal representation of the annihilation/creation opera-

tors cg, =>n VKchL are found by diagonalization
Vkrirr' = Akk'Vk'r’- The energies

€K = /dGPK(G)6 . k(€)= /VK %5(6— €k)

Ve (S3)
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FIG. S1. (a) Patch resolved density of states (DoS) pk(¢) for
t' = —0.3t. The dashed line indicates the sum of the four
patches. (b) Corresponding patch geometry, referred to as
“star geometry”.

where we integrate over momentum patches Vi specified
by the “star patching” geometry of [63] and replotted in
Fig. S1(b). Note that nodal point k = (7/2,7/2) is in-
cluded in patch K = (0,0). The corresponding patch
density of states, pk(e), for t' = —0.3t are shown in
Fig. S1(a). The dashed line indicates the sum of the
four patches.

A NRG impurity solver [80, 82-85] is employed to eval-
uate the self-energy Xk (z) by the means of the improved
estimator approach [86]. Within NRG we interleave
all four cluster momenta [92, 93], where the antinodal
patches are symmetric. Therefore, references to patch
(0,7) also refer implicitly to (7,0). We use the QSpace
library [87-91] to keep track of symmetries. An U(1)
charge and SU(2) spin symmetry is enforced on the sys-
tem prohibiting symmetry-breaking and the emergence
of superconductivity. Within the computation we use a
discretization A = 8, no z-shifting, and kept multiplets
of Nieep < 3-10%. We double-checked the convergence in
Nieep Via Niegep < 10° computations observing essentially
no change in the spectral behavior of the correlators.

We use a density od states (DoS) integration for a sta-
ble computation of the local Green’s function

_ de pk(€)
GK(Z)_/z+u—e—EK(z)’

where z = w +10T. To update the hybridization Ak (z)
for the next DCA iteration we use an asymmetric esti-

(54)



mator approach (Sup. S-TA),

Ak(z) = gi((i)) —ex, FK(z):/

de pk(€) €
2+ p—e—Yk(2)
(S5)

A. Asymmetric estimator for lattice integration

In this section we discuss the computation of the hy-
bridization, analogous to an asymmetric estimator ap-
proach within the DMFT context [86, 97]. The DCA
approximation of the local lattice Green’s function is

1

Gk 2) = g k()

(S6)

Rewriting and averaging over the patch volume Vi gives

[z 41— Tk(2)]Gk(2) — Fk(2) =1, (S7)

where
G (2) = /v %GK(k, 2), (S8a)
Fi(z) = /V é—ze(k) Gu(k,z).  (S8b)

Expressing these integrals as density-of-states (DoS) in-
tegrations yields Eqgs. (S4) and (S5).

Adding the identity 0 = ex + Ak (z) — ek — Ak(z) to
the first term of Eq. (S7) gives

[GRI(Z) +ex + AK(Z)]GK(Z) —Fk(2) =1, (S9)

where Gi' (2) = 2+pu—ex — Ak (2)— Sk (2). Rearranging
this expression leads to the asymmetric estimator for the
hybridization, Eq. (S5).

Eq. (S5) provides a more stable computation of the
hybridization than the Dyson equation

Ak(z) =z +p—ex — Sk(2) — Gg'(2). (S10)

Inverting numerical zeros of Gk (z) and subtracting these
from Yk (z) in Eq. (S10) leads to large peak heights, that
scale with numerical errors. Consequently, this approach
can produce large errors near the poles of ¥k (z). In con-
trast, these errors cancel in the quotient form of Eq. (S5),
keeping numerical errors small.

S-II. SUSCEPTIBILITIES

Here, we discuss the computation and behavior of var-
ious susceptibilities x”[O](w) computed on the cluster
level using our NRG impurity solver. Further, we provide
an example of the energy scale extraction from x"[O](w).
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FIG. S2. Spectral parts x”[O](w) of the susceptibilities of var-
ious operators O with phase regimes corresponding to Fig. 1
for (a) p 2 p*, (b) pLs Sp < p*, and (¢) pz < p < prs. Color
shadings correspond to the respective areas in Fig. 1(a).

A. Computed susceptibilities

We have computed dynamical suceptibilities x[O](w),
defined via Eq. (2), for the following operators:

Cq = CI{+Q,0'5(70'/CK,O'/ (momentum charge)

S84 = CI{_FQ’UUC‘";G,CKJ, (momentum spin)
where K and Q are cluster momenta, and
T _ . i
Sy = (ch,O' + CEVU)O':';U/(C(;D_’G, +c¢y,s) (stag. spin
(s-wave

)

)

(NN singlet)
(NNN singlet)
)

)

)

Py = co 4100 10 o0
— s Y
Pz - C6X,algaa’co,a’

— LY
Pd - C&D,GIUUU’CO,U'

Ppziyr = (Csx o T Coy o) 10001C0 0 (singlet
I, = —ite(ch +Co,0 — h.C.) (z-current
I, = —it'e(c}D’Ucoya —h.c) (diagonal current

where §X, Y and §D = 60X 4 dY denote real-space dis-
placements relative to cluster site 0. Throughout, sums
over repeated spin indices are implied, and o* and oV are
Pauli matrices.

Figure S2 presents the spectral parts x”[O](w) of vari-
ous such correlators for three values of doping. Several of
them, such as x”’ [Sg_ﬂ7 exhibit plateaus that widen for
p — p*, similar to those seen in Fig. 2 of the main text.
Others, such as X//[Sizo,o)}v show no plateau at all; for
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FIG. S3. Spectral part of x[C(0,0)](w) shown on a log-log
scale. Doping evolution from (a) p — 0 (pink) to p* (green),
and (b) from p* (green) to p > p* (blue). Arrows indicate in-
creasing p, tracing the progression through the corresponding
phases.

FIG. S4. (a) A spectral function x”[O](w) showing a plateau.
(b) Its second logarithmic derivative; we identify Twi and
Tnrr, with its extrema, which align with the plateau’s ends.

p — 0 [Fig. S2(c)] they show faster-than-power-law decay
for w — 0, and with increasing p evolve directly to linear-
in-w behavior all the way up to w ~ Tnxrr, [Figs. S2(a,b)].
We have not found any obvious connection between oper-
ators whose spectra exhibit plateaus. A detailed under-
standing of why the spectra of so many seemingly unre-
lated operators exhibit this feature is left for future work.

Figure S3 displays the evolution with doping of the cor-
relator x”[C(o,0)](w) in a manner similar to Fig. 2. The
doping increases from p — 0 to p > p*, as indicated by
the color gradient from pink to blue and the accompa-
nying arrows. The positions of prg and p* are marked
accordingly.

S3
B. Extraction of energy scales

For spectral functions that exhibit a plateau, we iden-
tify the crossover scales Txr, and Txpr, with the left and
right “ends” of the plateau. There, the function

0%log,o x"[0](w)

d(log g w)? (813)

takes on extremal values, signifying curvature changes in
X"[O](w) [Fig. S4]. We identify the location of the first
and second extremum with Ty, and TNrr, respectively,
a robust and reliable manner for extracting these scales.

C. Static susceptibilities

In Fig. 1(b) we present four static susceptibilities
X'(w = 0) that diverge for p approaching p*, implying
a divergent local response of the corresponding observ-
able at p*. This occurs for susceptibilities whose spectral
parts x”(w) exhibit a plateau whose extent increases to-
wards w — 0 for p approaching p*.

We use Kramers-Kronig to compute x’(0) from the cor-
responding spectral function x”(w) obtained from NRG,

- a0

In the charge sector, the static susceptibility is directly
related to the compressibility [98],

ke = (On/0p) 5 = = lim X'[C)(0)

X' [0)(w (S14)

(S15)

where Cq = >3 c;r( +q,0Ck,0 involves operators defined
on the lattice, not the cluster. Viewing the cluster op-
erator CQ_(O,O) as a proxy for Cq_, we may expect
X' [Cq=(0,0)](0) to mimic the behavior of k7. In this re-
gard, its discontinuous behavior seen in Fig. 1(b) is sug-
gestive of a divergence for k. We expect that increased
momentum resolution and closer proximity to p* would
reveal a clear divergence, defining a second-order phase
transition at the quantum critical point, since k7 is de-
fined as second derivative of the free energy.

S-III. PATCH GREEN’S FUNCTION,
SELF-ENERGY AND HYBRIDIZATION

In this appendix, we present and discuss the spec-
tral behavior of Green’s function, self-energy and hy-
bridization for individual patch momenta, and how the
extracted critical dopings depend on #'.

A. Spectral behavior

Here, we discuss the spectral behavior of the Green’s
function Gk, self-energy Yk and hybridization Ak of
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FIG. S5. Spectral parts of (a) the Green’s function, (b) the self-energy and (c) the hybridization, plotted vs. frequency for
various dopings (color scale). Columns (1-3) present, respectively, patch momenta K = (0,0), K = (0,7) or K = (7,0), and

K = (m, 7). Insets zoom in to small frequencies around w = 0.
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FIG. S6. (a) Real part of the self-energy at w = 0, ReXk (0)
as function of doping p. (b) ReXk (0) shifted by the chemical
potential p. Vertical black lines indicate the characteristic
dopings ps, pLs and p*; horizontal black lines mark ex2"°" and
ex """, the lower and upper band edges of pk(€) in Fig. S1,

respectively. Here, el(’ggsr = e(“(?fre)r.

individual patches. They all exhibit significant features
at p*. Figure. S5 shows their spectral parts X (w) =

—%Im Xk (w), corresponding to Ak, Y% and Af, with
color denoting doping p. As p is decreased towards p*,
the FL quasiparticle peak in Ao (and A, o)) weakens
and then flips to a narrow gap-like feature [Fig. S5(a2)],
while a self-energy peak in 2’(/0,‘”) emerges at w = 0
[Fig. S5(b2)]. Simultaneously, the hybridization spec-
trum AI(/O,'R) becomes strongly particle-hole asymmetric
around w = 0 [Fig. S5(c2)].

As p decreases, these features intensify and shift
slightly to positive frequencies until reaching prg. There,
the small self-energy peak in 2/(,0,#) merges with the up-
per Hubbard band, forming a broad peak that evolves
into the Mott divergence as p — 0. Correspondingly,
A,r)(w) and A/(/O,w) (w) develop a broad gap-like feature,
which evolves with the self-energy peak into the full Mott
gap. Finally, when p drops below py;, the location of the

self-energy divergence changes sign from w > 0 to w < 0.

These features occur in the antinodal patches, which
encompass the van Hove singularity of the non-
interacting density of states [shown in Fig. S1(a)]. The
nodal patch spectral functions Ay and Ay ) corre-
spond to the lower and upper Hubbard bands, respec-
tively. The upper edge of the lower Hubbard band
lies above w = 0, yielding finite spectral weight for
Az, (0) and contributing to metallic behavior. By con-
trast, A(;n) remains gapped at all dopings, while its
self-energy spectrum E’(’W ) shows no weight at w = 0,
but exhibits strong particle-hole asymmetry in high-



¢ (0,0) = (mm) o (0,m)or (m,0)
Soerr00e 000t e b 44 4 0 0 0 & o oae ' i
1 .
10 ) *I“" .-I+III "N EE SN N gEmga :::::
e 10~ 1 1
N -3 1o PG FL
PG
1 1 1 +
o i ! . (a)
10! y— T . T
1072%...! --|+.-- "N EE s EE mEmm TR LL i
1 1
! 1 electron-like
10 5 | 1 (b)
x4 T = A ' \
- 1 1
! i hole-like
—1072} | !
10]4.“..“““ qn‘tooooo . olo 4 G000 NN‘.
0 px PLS 0.09 p* 0.17

p

FIG. S7. (a) Quasiparticle weight Zk, and (b) energies €y,
as function of p for momenta (blue) K = (0,0), (green) K =
(0,7) or K = (m,0), and (red) K = (7, 7).

energy features. The gap for A(; ) occurs because
Wirmy = 1 — ReX (7 )(0), the effective chemical poten-
tial at w = 0, lies above the upper band edge e?:}jf)r of
the patch density of states p(r y(€) [c.f. Fig. S1(a)], so
that p(m,r)(,uzmﬁ)) =0, see Fig. S6(a).

The Mott transition occurs at the critical doping
p*, where the self-energy pole in the antinodal patches
emerges. The full gap opening in the antinodal patches
at prs occurs because the effective chemical potential at
w =0, p = p — ReXk(0), continuously shifts outside
of the patch bandwith of the K = (0,7) and K = (7,0)
patches, so that Ak (0) = pk(uj) = O,resulting in a full
gap [see Figs. S6(a,b)]. The same occurs in the nodal
patch as p — 0, leading to a fully gapped Mott insulator.
Neither pr,g nor p = 0 is associated with a critical point.

The antinodal self-energy exhibits a discontinuity at
p*, associated with the emergence of the pseudogap,
while the nodal patches evolve smoothly with doping.
The doping prs marks the point where ;LZ‘OJ) crosses the
band edge of p(o ~(€), opening a full gap in the antin-
odal patch. This is consistent with the known patching
dependence of the Hubbard model [63].

Notably, u never shifts ReXk(0) into the band edge
regime of el(‘jrwﬁg This explains why the K = (7, 7) patch
remains gapped at all dopings, despite its relatively FL-
like self energy. Interestingly, p decreases with increasing
doping p. While both the nodal K = (0, 0) and antinodal
patches follow this trend, the behavior of the K = (m, )
patch is opposite. This distinction is crucial: it prevents
the Fermi surface from entering the K = (7, 7) patch at
low doping and thereby enables the Mott insulating state
at half-filling.
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B. Electronic quasiparticle

In this section we focus on the electronic quasiparti-
cle behavior as function of doping. Figure S7 shows the
p-dependence of patch quasiparticle (QP) weights and
energy, defined as

(S16a)
(S16b)

ZK = (1 - awEi((W)Lu:O)—l ?
€k = 7k ek — p+ Xk (0)],

Colors blue, green, and red denote individual momenta.

The nodal quasiparticle weight Zk in Fig. S7(a) ex-
hibit an approximately linear dependence on doping,
compared to the pronounced non-monotonic behavior of
their antinodal counterparts. On a logarithmic scale,
Z(o,7) (and equivalently Z(, ¢y vanishes at p* and px due
to the emergence of a self-energy pole at w = 0. Between
these dopings, Z(o,~) displays a maximum at prs.

Figure S7(b) shows the energies €5, which yield infor-
mation about the electronic QP character. Across the en-
tire doping range, the K = (0,0) and K = (7, 7) patches
retain hole- and electron-like character, respectively, con-
sistent with conventional Fermi liquid behavior. In con-
trast, the antinodal energies change sign at the critical
dopings p* and prg. For Yk, these sign changes are dis-
continuous, reflecting poles in the real part of the self-
energy. By contrast, e evolves continuously, albeit with
a very steep crossover near ps. The shift from electron-
to hole-like character is consistent with a transfer of co-
herence from the conventional electron-like Fermi liquid
at p > p* to the emergent composite Fermi liquid at
p<p*.

C. Dependence on next nearest neighbor hopping ¢’

In this section, we discuss the dependence of the phase
diagram on the next nearest neighbor hopping ¢'. In
the main text, we focus on the representative case t’ =
—0.3t, which captures all qualitative features of the phase
diagram. Here, we briefly comment on how these features
evolve as a function of t'.

In Fig. S8, we show the critical dopings as a function
of t'. The line labeled p* marks the transition between
the Fermi liquid (FL) regime and the pseudogap (PG)
metal. This transition is characterized by a reconstruc-
tion of the Fermi surface and the simultaneous vanishing
of the Fermi liquid coherence scale in multiple response
functions. The doping ps, denotes the point at which the
self-energy pole shifts from w > 0 for p > py tow < 0
for p < psy,. The dopings prs and pr,s indicate changes in
the topology of the Fermi surface (FS) and the Luttinger
surface (LS), respectively.

The critical dopings shown in Fig. S8 are determined
by characteristic changes in spectral behavior, which are
equal to the ¢/ = —0.3t case presented in Fig. S5.

For ¢’ > 0.25t, the critical dopings p* and prs merge
into a single transition. Apart from this merging, the
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FIG. S8. Dependence of various critical doping values on
next-nearest-neighbor hopping ¢’ and doping p. The critical
doping p* marks the transition from the Fermi liquid (FL) to
the pseudogap metal (PG). Dashed lines prs and prs denote
topology changes of the Fermi surface (FS) and Luttinger
surface (LS), respectively. The line py; indicates the doping
below which the self-energy pole shifts from w > 0 to w < 0.

qualitative behavior of the system remains unchanged
across different values of ¢ < 0. Therefore, the choice
t' = —0.3t provides a representative description, and the
conclusions drawn in the main text apply generally to
other negative values of t'.

S-IV. MOMENTUM DEPENDENCE OF THE
GREEN’S FUNCTION

In this section, we examine the doping evolution of
the real part of the cluster Green’s function at w = 0
across momentum and present the momentum depen-
dence of the Green’s function and self-energy near the
critical transition complementary to the main text.

A. Fermi and Luttinger surface versus doping

This section provides insight into the evolution of the
Fermi and Luttinger surfaces as a function of p. To this
end, we use the cluster results for the real part of the
Green’s function at w = 0, Re Gk(0).

The DCA result for the Green’s function gives

1

Gk(w) = w+ﬂ_€k—2k(u})7

(S17)

with the self-energy given by Yk (w) = 0k k Xk (w), where
Oy x is a patch-selective box function. Liouvillian inter-
polation replaces the latter piecewise constant form by a
smoothly momentum-dependent version, obtained via a
continued-fraction expansion [77].

Figure S9 shows the non-interpolated version of
Re Gk (0). A sign change via a divergence within a patch
(strong blue to strong red) define the Fermi surface,
while small, step-like sign changes across patch bound-
aries (light-blue to light-red) indicate a Luttinger surface.

A Fermi surface topology change occurs at prg ~ 0.25,
where the Fermi surface changes smoothly from electron-
like to hole-like. As p drops below p* and decreases to-
wards prg, we observe an increasing mismatch between
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the Fermi surface of the nodal K = (0,0) patch and the
antinodal patches. This is accompanied by the emer-
gence of a Luttinger surface at the antinodal patch edges
toward K = (7, 7), driven by the PG self-energy peak.
In this regime, the Luttinger surface expands while the
Fermi surface shrinks with decreasing doping.

When p drops below ppg, the Fermi surface in the
antinodal patches disappears and a closed Luttinger sur-
face forms as the PGy self-energy peak merges with
high-energy features, producing a Mott divergence in the
antinodal patch. This constitutes a reconstruction of the
Luttinger surface topology from open to closed. How-
ever, this is a crossover, not a thermodynamic transition,
since previous studies showed that its details depend on
the patching scheme chosen [63]. For example, improving
the k-resolution by using a larger cluster, may well lead
to different behavior for the Luttinger surface.

When p drops below pyx, the real part of the Green’s
function changes sign (positive to negative) in the antin-
odal patches, reflecting a sign change (positive to neg-
ative) in the location of the antinodal self-energy pole.
However, Fermi surface and metallic behavior survive in
the K = (0,0) patch throughout as p drops below prg
and then py, vanishing only as p — 0.

In the main text, Figs. 4(cl,c2) showed the zero-
frequency spectral function Ag(0) for two doping values
just above and below p*, computed using a momentum-
smooth self-energy X}/ obtained via Liouvillian interpola-
tion [77]. To complement that discussion, Figs. S10(a,b)
shows Ay (0) for the same two dopings, now computed
without Liouvillian interpolation, i.e. using momentum-
discontinuous patch self-energies Y. Whereas the nodal
patches in for p > p* and p < p* hardly differ, implying a
smooth evolution across p*, the antinodal patches differ
strongly, signaling a Fermi surface reconstruction across
p*. Note that for p < p*, the region of non-zero spectral
weight in the antinodal patches no longer crosses the an-
tiferromagnetic zone boundary (for p > p*, it did). The
resulting Fermi surface represents a Fermi arc (albeit a
discontinuous one, reflecting DCA patching) in that the
antinodal surface does not extend to the boundary of the
Brillouin zone. Figure 4(cl) shows the L-interpolated
(continuous) version of this Fermi arc.
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FIG. S9. Real part of the Green’s function at w = 0, Re Gk(0), computed without L-interpolation, shown in a quadrant of the
Brillouin zone for several values of doping p, increasing from (a) to (h). Black separators between panels mark characteristic
dopings. Thin, straight black lines in each panel show patch boundaries. The Fermi surface is associated with a sign change
via a divergence (strong-blue to strong-red), a Luttinger surface with a sign change via a small discontinuity (light-blue to
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FIG. S10. Momentum-resolved spectral functions at w = 0,
Ak(0), computed without L-interpolation for (a) p = 0.125
and (b) p = 0.155. Thin solid black lines indicate patch
boundaries. In (a), the dotted line marks the antiferromag-
netic zone boundary. In (b), the curved dashed line marks the
locus of maximal Ay (0); it is shown in (a), too, as a reference
for the unreconstructed Fermi surface. Figures 4(c2,c1) show
the L-interpolated versions of (a,b).
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We study dynamical scaling in the quantum-critical fan of the pseudogap-metal to Fermi-liquid
transition of the two-dimensional Hubbard model. Using a four-patch dynamical cluster approxima-
tion with the numerical renormalization group as a cluster impurity solver, we access real-frequency
dynamics over several decades at arbitrary temperatures. Close to the critical doping, the local spin
and cluster-current susceptibility spectra exhibit z = w/T scaling of the form x" (w,T) ~ tanh(x/2),
and the cluster contribution to the optical conductivity obeys T'o. (w,T) ~ tanh(x/2)/z, implying
a 1/T cluster dc conductivity. In the scaling regime, the vertex contribution to the cluster optical
response is much larger than the bubble contribution. We further find evidence for a marginal-
Fermi-liquid nodal self-energy. This, together with the 1/T vertex contribution to the conductivity,
implies strange-metal optical transport in the quantum critical region. Our results describe several
qualitative aspects of several experimental observations.

Introduction.— Hole-doped cuprates remain the super-
conductors with the highest transition temperatures at
ambient pressure. Yet, almost four decades after their
discovery, central aspects of their phase diagram, such as
the underdoped pseudogap (PG) metal and the strange-
metal regime near optimal doping, still lack a universally
agreed-upon microscopic explanation [1].

It was suggested early on that the superconducting
dome conceals a quantum critical point (QCP) at a criti-
cal doping p*, separating the underdoped PG metal from
the overdoped Fermi liquid (FL) [2-6]. This conjecture
is supported experimentally by a singular specific heat
coefficient [7] and a sharp transformation of the Fermi
surface, indicated by Hall-effect [8, 9], angle-dependent
magnetoresistance [10], quantum oscillation [11, 12], and
ARPES measurements [13]. The latter reveals that low-
energy electronic spectral weight is lost over a large part
of the antinodal Fermi surface when decreasing doping
from the overdoped FL into the underdoped PG metal,
while the nodal region remains comparatively coher-
ent [13-18]. Further, from this perspective, the strange
metal observed near optimal doping is interpreted as the
quantum-critical fan emanating from this QCP [19]. Ex-
perimental signatures of the strange metal include linear-
in-T resistivity at low temperatures [20-22|, a logarith-
mic temperature dependence of the specific-heat coeffi-
cient [7], and dynamical w/T scaling of magnetic [23-
26], charge [27], and optical responses [28-30]. The ex-
tended quantum critical region [13, 31| found in some
experiments has been interpreted to be the result of dis-
order [32].

However, the aforementioned phenomena are difficult
to reconcile with a Hertz—Millis-Moriya theory [33-35]
without additional ingredients, and the nature of the pu-
tative QCP remains unclear. It is still debated whether

the transition is driven by a conventional (fluctuating)
order parameter [36-43], by fractionalization or topolog-
ical order [44-53], or whether disorder plays an impor-
tant role [54-58]. An early phenomenological approach
to strange metal dynamics was provided by the marginal
Fermi liquid (MFL) proposal of Varma et al. [59]. There,
bosonic fluctuations across many momenta exhibiting
spectra proportional to tanh(w/2T) produce a single-
particle scattering rate proportional to max(|w|,T") and
give rise to a logarithmic temperature dependence of the
specific-heat coefficient. Further, if vertex contributions
to the conductivity are irrelevant, this gives rise to a
linear-in-T" resistivity. Recently, the Yukawa—Sachdev—
Ye-Kitaev (YSYK) construction [56-58] has been put
forward as a universal mechanism towards MFL physics,
though spatially disordered interactions are required to
relax momentum and ensure irrelevant vertex contribu-
tions. In clean lattices, current relaxation requires a sep-
arate mechanism, for instance, through Umklapp scat-
tering [60-62].

In this Letter, we study the quantum-critical region
of the PG-metal to Fermi-liquid QCP in the one-band
Hubbard model, using a four-patch dynamical cluster
approximation (DCA), a cluster extension of dynami-
cal mean-field theory (DMFT) [63—-66]. It has been es-
tablished in a large body of previous work that clus-
ter DMFT approximations capture central aspects of the
hole-doped cuprates, in particular the existence of a PG
metal [47, 48, 66-88|. Further, it seems that a four-
site approach is enough to capture the qualitative as-
pects [65, 68, 71, 79, 82-87]. However, the existence of a
QCP separating PG metal from FL has been controver-
sial, with some work providing evidence for a QCP [76—
78, 80, 81|. By contrast, Sordi et al. [82-87] have estab-
lished in a certain parameter region (¢’ = 0, U/t < 6) that



the transition is first-order, and criticality is associated
with a finite (but low) temperature critical endpoint.

In Ref. [89], we have made significant progress on this
matter, by using four-patch DCA in conjunction with the
numerical renormalization group (NRG) [90-95]. NRG is
well-suited for this purpose, since it offers unprecedented
real-frequency spectral resolution at arbitrarily low ener-
gies and temperatures. In a parameter regime relevant
for cuprates, this has allowed us to establish the existence
of a QCP that occurs between two distinct FLs (one is a
PG metal) with different Fermi surfaces and quasiparticle
content. At this transition, the Fermi-liquid scale is con-
tinuously suppressed to zero, suggesting that the QCP is
governed by a non-Fermi-liquid (NFL) fixed point. Here,
we study dynamical scaling in the quantum-critical fan
emanating from this NFL fixed point.

Model and methods.— In this work, we aim to study
universal dynamical phenomena in the quantum criti-
cal region of the pseudogap QCP in the cuprates. For
that, we consider the two-dimensional square-lattice t-
t-U Hubbard model, which is believed to contain the
necessary ingredients to describe cuprate physics [96],

H=— Z t”/clc,cr,o + Uanan - uan . (D)
r ro

rr’'c

The hopping matrix t.- contains nearest and next-
nearest neighbor matrix elements, denoted ¢ and t', re-
spectively. We use ¢ = —0.3t and U = 7t, appropriate
for describing cuprates [97, 98]. In the following, we set
t = 1 as our unit of energy. By tuning the chemical po-
tential u, we change the hole doping p (filling n = 1 —p)
to drive this model through a quantum phase transition.

Physical quantities are computed within a four-
patch DCA approximation, using the star patching
scheme of Refs. [79, 89]. DCA approximates the self-
energy as momentum-independent within each patch,
which leads to discontinuities at the patch boundaries.
The four patches are centered around momenta K €
{(0,0), (7,0), (0,7), (m, )}, which are also used as patch
labels. The self-energy is computed from an effective
four-impurity model, which we solve using NRG. Using
the QSpace-based [99-101] MuNRG package [93, 102,
103], we exploit the SU(2)xU(1) spin and charge sym-
metries, use an interleaved Wilson chain with logarith-
mic discretization parameter A = 8, and keep up to
Nieep = 3 - 10* low-energy states during iterative di-
agonalization, resulting in a rescaled truncation energy
of Egyune > 5. An interleaved Wilson chain geometry
[104, 105] is used to fully interleave the bath modes
associated with the different patches (labeled by their
patch momenta) in the order: K; = (0,0), Ko = (0, ),
Ks; = (m,0), Ky = (m,m). We consider only non-
symmetry-broken, normal-state solutions.

DCA+NRG yields access to real-frequency electronic
spectral functions and self-energies with coarse-grained

momentum resolution. For our analysis, we further com-
pute dynamical susceptibilities of the self-consistent clus-
ter impurity model, which correspond to local or short-
ranged dynamical susceptibilities of the lattice model.
Consider the retarded dynamical susceptibility of a
bosonic cluster operator O (with ( ) a thermal average):

o0
MOJ(w, ) = =i [ ded @O (o, 0). (2
0

We compose it as x = x’ — imx” into real and spectral
parts. Within NRG, x” is computed via the Lehmann
representation; the discrete raw spectrum is broadened
with a log-Gaussian kernel [93], and x’ is subsequently
obtained through a Kramers-Kronig relation. We further
study the corresponding imaginary-time correlator,

oo —TWw

noh = [ aw itk

—00

"O)(w,T).  (3)

We evaluate it using the discrete raw real-frequency spec-
trum as input, thus avoiding broadening artifacts.

We focus on the local spin S7 and the current density
in z-direction on the cluster, j3, defined as

Sy = %(ciTch - CI‘J,Cr,L)7 (4a)
gh=—%ie> 3" tuelcl 60, —he),  (4D)
reRr'el o

where the sums on r or r’ run over the two right (R) or
the two left (L) sites of the square cluster, respectively.

Phase diagram.— The zero-temperature phase dia-
gram and energy scales obtained through DCA+NRG are
shown in Fig. 1(a). It displays the 7' = 0 imaginary-time
exponent « of the local spin correlations, (S7(7)Sg) ~
777, for different doping levels p and imaginary time
scales 7. At long times, 7= < Tgy,, where Tty, is the FL
scale (white circles), we find v = 2 (blue), characteristic
of FL behavior. The scale T¥r, continuously vanishes at
a critical doping p* ~ 0.14, where a quantum phase tran-
sition between a PG metal with a reconstructed Fermi
surface and a pseudogapped electronic spectral function
and a normal FL occurs [89].

The vanishing FL scale in the vicinity of p* gives rise to
an intermediate NFL region, Tpr, < 77! < Tnrr, where
Txrr is the NFL scale (black circles). There, we find an
SYK-like exponent, v = 1, i.e. (S?(7)S?) ~ 77! [yellow
in Fig. 1(a)]. Our data suggest that this quantum critical
region extends to 77! — 0 at p*. This indicates that
this region is controlled by an unstable NFL fixed point
separating the PG metal from the normal FL. At short
times, 77! > Txr, the spin dynamics becomes very slow,
with v < 0.5, consistent with local-moment behavior.

We henceforth focus on p = 1.24. There, the system
at T = 0 is a PG metal with filling p ~ 0.135. The
intermediate NFL window extends over ~ 4 decades,
[T, Tnrr] = [107°,1071]. To elucidate the NFL be-
havior, we study the effects of non-zero temperature on
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FIG. 1. (a) Zero-temperature phase diagram extracted from
the power-law decay of the imaginary-time local spin corre-
lator, (SZ(7)Si)r=0 ~ 77 7. The color scale shows the ex-
ponent ~ versus chemical potential ;1 and inverse imaginary
time 7!, (Top abscissa: the corresponding hole doping p at
T = 0.) Blue regions with v = 2 indicate Fermi-liquid be-
havior at long times. The yellow region with v ~ 1 identifies
the intermediate non-Fermi-liquid region emerging near the
critical doping p* ~ 0.14. Black and white circles denote the
crossover energies TnrL and TrL, respectively [106]. The ver-
tical dashed line marks 1 = 1.24, where we study scaling. (b)
Local spin and cluster-current correlators at p = 1.24, plotted
vs. y = sin(nT7) /7T for 7 € [0,1/2T] and 12 temperatures,
indicated by ticks on the color bar. At intermediate tempera-
tures and times, both correlators decay as y~* (dashed line).

(SE(7)SE) and (55(7)7%). When (SZ(7)SE) is plotted vs.
y = sin(xT7)/xT [107] [Fig. 1(b)], curves for different
temperatures collapse onto a single curve, and likewise for
(45(7)4%); and for intermediate temperatures and times,
T,7=% € [Tryr,TnrL], both correlators show power-law
decay, ~ y~7, with v = 1. Thus, both have the scaling
form ~ T7F(7T), and in the NFL window, T is the only
relevant energy scale, implying Planckian scaling.

Dynamical scaling.— Such 7T scaling for imaginary-
time correlators implies w/T scaling for their real-
frequency spectral functions, x”(w,T) = T°X"(w/T),
with « = v —1 = 0. For F(rT) = «/sin(n7T), the
scaling function is X' (z) = Ay tanh(z/2), where X is a
non-universal prefactor. Indeed, when the temperature-
dependent spin spectrum, x"[SZ](w,T) [Fig. 2(a)] is
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FIG. 2. Real-frequency scaling of the local spin susceptibil-
ity x[SZ](w,T) at p = 1.24. (a) Spectral part x” and (c)
real part —y’, plotted vs. w for 12 temperatures, indicated
by ticks on the color bar. Upon lowering the temperature
through the NFL window, x” develops an extended plateau
for T < |w| £ Tirr, while the static response, x'(0,T), grows
approximately logarithmically (inset). (b) The spectral part,
plotted as x"'(w, T) vs. = w/T, shows a scaling collapse onto
X" (z) = Xy tanh(z/2). (d) After subtracting the static part,
X’ shows a scaling collapse, too. Black dash-dotted curves de-
pict the scaling functions; dashed lines are guides-to-the-eye.

plotted vs. = w/T [Fig. 2(b)], it exhibits a scal-
ing collapse onto A tanh(z/2) (black dash-dotted line).
This Planckian dynamical scaling sets in around 7' ~
1072-1073 and extends down to T' ~ 10—, implying scal-
ing over 3 to 4 decades. The corresponding static suscep-
tibility, x'[SZ](0,T) [Fig. 2, inset| depends on the high-
frequency cutoff Tnpr, and diverges logarithmically with
T/TnrL, X'[SE](0,T) ~ InT/Tnpr. When this static
part is subtracted, x'[SZ](w,T) — x'[SZ](0,T) [Fig. 2(c)]
exhibits Planckian w/T scaling, too [Fig. 2(d)|, with a
similar scaling range as x” and a scaling function X’ (x)
discussed in Ref. [108]. Our spin susceptibility thus fol-
lows the scaling form conjectured by Varma et al. [59] via
phenomenological considerations.

Experimentally, w/T scaling of spin fluctuations in
the strange metal region has been measured in doped
LayCuOy [23-26]. A scaling analysis of the local suscep-
tibility in Ref. [23] revealed an exponent of o = 0, consis-
tent with our calculations. To compare the temperature
and frequency scales in the experiments to our data, we
assume t = 0.5eV, suitable for most cuprates [97, 98].
Experimentally, the onset for scaling seems to be around
T ~ 300K or iw ~ 15meV, which corresponds to around
10~2 ¢, matching our scaling onset in order-of-magnitude.

Optical conductivity. — One of the most intriguing fea-
tures of the strange metal observed in cuprates is its
remarkably robust linear-in-7T" resistivity and dynamical
scaling of the optical conductivity. The latter is deter-
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FIG. 3. Cluster contribution to the real part of the opti-
cal conductivity, o (w,T) = x"[j5](w,T)/w, at u = 1.24.
(a) ol (w,T) vs. w for 12 temperatures, indicated by ticks on
the color bar; in the NFL regime, o/, scales as w™' (dashed
line). Grey curves show the cluster bubble contribution o, 5,
computed from dressed propagators without vertex contribu-
tions. (b) T'olj(w,T) vs. * = w/T, showing a scaling collapse
onto tanh(z/2)/x (dash-dotted curve). (c) Vertex contribu-
tion o7y v = 04 — 04, plotted vs. w. In the NFL regime it is
orders of magnitude larger than o7, 5, and (d) obeys the same
w/T scaling as the full cluster response o7;.

mined by current fluctuations. Since the short-ranged
cluster-current correlator shows 77" scaling similar to the
spin correlator [Fig. 1(b)], the cluster-current spectrum
exhibits w/T scaling in the NFL window, too, again of
the form x"[j3](w,T) x tanh(w/2T"). The corresponding
cluster contribution to the real part of the optical con-
ductivity, given by o/,(w,T) = x"[j4](w, T)/w, is shown
in Fig. 3(a) for different temperatures. In the NFL win-
dow, T'o!, plotted vs. + = w/T indeed exhibits a scaling
collapse [Fig. 3(b)| onto tanh(z/2)/x (black dash-dotted
line). Remarkably, this scaling implies that the cluster
contribution to the static conductivity, o/, (0, T), exhibits
1/T behavior, reminiscent of the uniform conductivity
in a strange metal. The w/T scaling of To/; sets in at
higher temperatures than that of x”[jZ] and extends over
5 decades, from at least 7' = 10~ !¢ (highest 7" considered)
down to T' = 1075¢. Using t = 0.5eV, this roughly corre-
sponds to temperatures from 600 K down to 6 mK. Ex-
perimentally, such a remarkably wide range is observed
for the resistivity of Las_,Sr, CuQy: it is linear-in-T" from
around 1000 K [109, 110] down to at least 1.5 K [20] if
superconductivity is suppressed by a magnetic field.

To further analyze o,(w,T'), we decompose it as o/, =
ol g+ oL into bubble and vertex contributions, shown
in érey or in color in Figs. 3(a) or 3(c), respectively. Deep
in the NFL regime we find ol > ol by orders of
magnitude, hence the bubble contribution is irrelevant
and o/, is entirely dominated by the vertex contribu-

tion. Moreover, both T'oy) and T'oy, \, exhibit w /7" scaling
[Figs. 3(b,d)], the latter even cleaner than the former. By
contrast, T'oy;  does not exhibit scaling (not shown).

Large vertex contributions with the same scaling form
as above have previously been reported [111] in a strange
metal regime in the vicinity of a heavy-fermion QCP,
found [112] in a cellular DMFT treatment of the 3-
dimensional periodic Anderson model. There, the uni-
form lattice conductivity oy, (w,T) was approximated
[111] by oj,y =~ 0lyup + Ouy, involving its bubble
contribution and a vertex contribution restricted to the
cluster, neglecting longer-ranged terms. In the strange
metal regime this yielded o),y > o}, g, i-e. the lat-
tice bubble contribution is irrelevant, Ul/;tt ~ 04y, and
01at4(0,T) ~ 1/T. This is in strong contrast to MFL
phenomenology, which assumes o7, ~ U%,latt' The peri-
odic Anderson model was thus found to yield an intrinsic,
short-ranged current decay mechanism without invoking
disorder.

In the present case, very deep in the NFL region, for
w, T < 1072 /TyrL, we likewise find Oy > Olu - That
suggests a similar conclusion, in particular a strange-
metal conductivity of,,,(0,T) « 1/T. However, we are
unable to establish this with certainty, since our results
for the scaling behavior of the self-energy »(w,T"), which
determines that of o7, p(w,T’), are not sufficiently accu-
rate for very small w and T' [113].

For somewhat higher temperatures and frequencies,
w, T € [1072TyrL, Tnrr], we find evidence for a MFL
self-energy at the node, discussed in detail below, leading
t0 01,44 5(0,T) o< 1/T behavior, as discussed with Fig. 6
of the End Matter below. We expect that a more ac-
curate determination of ¥ (w,7") [113] will confirm MFL
behavior at least to leading order in the scattering of elec-
trons off the spin fluctuations discussed in Fig. 2; then,
Olatt.5(0,T) will not be more singular than 1/7. All in
all, our computations thus strongly suggest a strange-
metal conductivity with of,,,(0,T) o< 1/T.

Electronic spectra and self-energy.— Experimentally,
it is established that the cuprates exhibit a Fermi sur-
face with at least somewhat coherent electronic exci-
tations in the strange metal region. Around optimal
doping and in the underdoped region, these are mostly
present in the nodal region, while the antinodal region
appears to be much more incoherent, leading to Fermi
arcs [19, 114-119]. Our DCA+NRG computations re-
produce this behavior, see Figs. 4(a-c), which display
momentum-dependent, zero-frequency spectral functions
Ak (0) at different temperatures. (We obtained their
smooth momentum dependence using Liouvillian inter-
polation [120] of the raw, momentum-discontinuous DCA
self-energy (cf. Fig. S2 of the supplement [108]). The
Fermi arcs of Figs. 4(a-c) show the typical behavior ob-
served experimentally [115], becoming longer and more
coherent as the temperature is lowered. Our choice of
1= 1.24 yields a PG metal at the lowest temperatures.
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FIG. 4. The spectral function Ax(w = 0), computed at u =
1.24 for (a) the PG phase at T = 10~ 't, (b) the NFL at
T =107t and (c) the NFL at T' = 10~"¢. The black dotted
line indicates the antiferromagnetic zone boundary. (d) The
spectral part of the self-energy at the nodal patch K = (0, 0),
20,00 (W, T) vs. w, and (e) X 0y(w, T)/T vs. © = w/T.

As established in Ref. [89], this PG metal exhibits FL
quasiparticles with a reconstructed Fermi surface and a
quasiparticle composition and weight with a strong notal-
antinodal dichotomy.

The degree of coherence in the nodal region is deter-
mined by the frequency and temperature dependence of
the imaginary part of the self-energy, Im¥y (w,T). In our
DCA approach, the self-energy at the node is determined
by the self-energy of the K = (0,0) patch, X, o)(w,T).
For T > 1073, its spectral part scales as " ~ w for
w > T, see Fig. 4(d), and roughly as X" ~ T for w < T,
see Fig. 4(e), where ¥"/T vs. x = w/T depends only
weakly on T for # < 1 and T > 1073, (For z < 1 and
T < 1073, however, the dependence of ¥ on T saturates
[Fig. 4(d)] and X" /T vs. x scaling breaks down [Fig. 4(e)];
this likely reflects numerical inaccuracies in the nodal
self-energy at very low frequencies [113].) These results
suggest that the nodal self-energy shows MFL behavior,
X{0,0y(w, T') ~ max(w, T'), but more accurate future com-
putations are needed to solidify this claim.

Our results are consistent with Ref. [121], where a
linear-in-T" electronic scattering rate was found using
DCA with 8 patches together with a Quantum Monte
Carlo (QMC) impurity solver, in a similar parameter
regime for 7' > 0.02. These 8-patch results were found to
be consistent with 4-patch and 16-patch calculations, i.e.
independent of cluster size. Experimentally, Im¥y (w,T')
has been determined from momentum or energy dis-
tribution curves, and was found to be linear in fre-
quency and temperature at the node and at optimal dop-
ing [13, 19, 114, 122], consistent with MFL phenomenol-

ogy and with DCA predictions for the Hubbard model.

Conclusion and outlook.— Using four-patch DCA+
NRG, we studied scaling in the quantum critical region
of the pseudogap quantum critical point of the Hubbard
model. We find dynamical w/T scaling for local spin
and cluster-current susceptibilities, strong vertex contri-
butions to the cluster conductivity, and evidence for a
MFUL self-energy in the nodal region. Our results strongly
support a strange metal optical response in the quantum
critical region. Important future goals are a more accu-
rate computation of the DCA+NRG self-energy; a more
in-depth analysis of the scaling of the optical response
akin to Ref. [7]; and computing the NFL behavior of
other observables such as the specific heat, the Hall re-
sponse, or thermoelectric transport coefficients.
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I. IMAGINARY PART OF THE OPTICAL
CONDUCTIVITY

In the main text, we discussed o7;(w,T), the real part
of the cluster optical conductivity. Here, we discuss
the corresponding spectral part, o)}(w,T’), obtained via
Kramers-Kronig. Figure 5(a) shows o7 vs. w; for w > T,
it decays slightly more slowly than w=%9 (dashed line).
Figure 5(b) shows the corresponding scaling behavior of
Tol} vs. © = w/T (with some numerical artifacts at very
high frequencies stemming from the Kramer-Kronig com-
putation). Interestingly, the scaling collapse curve shows
rather pure power-law decay, ~ 798 (dashed line).
Similar exponents have been observed experimentally in
Bi2212 and YBCO [123, 124]. Such a decay exponent
slight smaller than 1 can be indicative of a logarithmic
renormalization of the effective mass due to strong local
vertex contributions, leading to logarithmic temperature
scaling of the optical mass [30].

II. BUBBLE CONTRIBUTION

The bubble contribution to the optical conductivity is
obtained from the q — 0 limit of the current—current
correlator without vertex contributions. In this approxi-
mation, the conductivity is given by a sum over velocity-
squared weights times products of Green’s functions (or
spectral functions), describing independent particle-hole
excitations driven by a uniform electric field, with inter-
actions entering only through the dressed propagators.

In this work, we considered two approaches for ap-
proximately computing the bubble contributions, using
Green’s functions computed on the cluster or the lattice,
resulting in oy p(w,T) or o, p(w, T), respectively. The
vertex contribution to the cluster conductivity, shown in

107% 107 107* 1072 10° 102 10° 10> 10* 10°
w z=w/T

FIG. 6. Two approximations for the bubble contribution to
the real part of the optical conductivity: (a,b) o¢ p(w,T),
computed on the cluster, and (c,d) ol (w,T), computed
for the lattice. (a,c) show op vs. w for several temperatures,
(b,d) show Top vs. © = w/T. For ease of comparison, panels
(a,c) use the same range for the ordinate, likewise for (b,d).

. . . o )
the main text, is obtained as oy, = 0¢) — 0, 5. For com

putational details, see the Supplemental Material [108].

Fig. 6 shows the two types of bubble contributions as
functions of frequency, with colors indicating tempera-
ture. The cluster bubble contribution oy, 5 [Fig. 6(a)]
is negligible compared to the full cluster conductivity
ol; [cf. Fig. 3(a)], particularly at low temperatures, in-
dicating that o/, is dominated by vertex contributions
[cf. Fig. 3(c)]. The lattice bubble oj . p [Fig. 6(c)] is
several orders of magnitude larger than the cluster bub-
ble O'élyB, but remains small relative to the full cluster
conductivity ol; [Fig. 6(a)]. At the lowest temperature,
al’att’B exhibits the emergence of a precursor of a Drude
peak, consistent with the onset of coherent transport in
the pseudogap regime outside the quantum critical cone.

IIT. CURRENT-CURRENT CONTRIBUTIONS

In this section, we discuss the dependence of the clus-
ter current-current correlation function x”[j%](w,T) on
its individual contributions. The definition (4) contains
three types of terms, j& = ji + jb + ja, describing hop-
ping processes on the square cluster proceeding left-to-
right along the top (t) rung, the bottom (b) rung, or
along the two diagonals (d). Thus, the cluster-current
susceptibility x[j%] contains nine terms, which we group
into four types: same-rung (t-t, b-b), opposite-rung (b-t,
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FIG. 7. Four types of contributions to the spectral part,
X" [55](w, T), of the cluster-current correlator, shown as func-
tions of w for 12 temperatures on the left, and as functions
of © = w/T on the right: (a,b) same-rung, (c,d) opposite-
rung, (e,f) all-diagonal, and (g,h) rung-diagonal correlators.
In (g,h) sign changes in x"[j, ja] are accounted for using solid
or dashed lines to show +x” or —x”, respectively. For ease
of comparison, all panels use the same range for the ordi-
nate. Black dashed lines indicate linear frequency behavior,
while black dash-dotted lines correspond to the scaling func-
tion X" (x) = XY tanh(x/2), with Xy’ ~ 0.024 for x"'[jt, ji]
and Xy’ ~ 0.0067 for x[js, jb)-

t-b), all-diagonal (d-d), and rung-diagonal (t-d, b-d, d-t,
d-b) correlators, e.g.

o0
W) = =5 [~ e o). 6)
Figure 7 shows the (w,T) dependence of one represen-
tative from each type (left panels), and its dependence
on ¢ = w/T (right panels). The same-rung correlators
[Figs. 7(a,b)], i.e. the most local ones, give the domi-
nant contribution to the plateau in x”[j4] underlying
Planckian scaling. The opposite-rung correlators also
give plateau contributions, albeit smaller by roughly a
factor of 2 [Figs. 7(c,d)]. The all-diagonal contributions
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show no plateaus at all [Figs. 7(e,f)], while the rung-
diagonal contributions, the only ones exhibiting sign
changes, are several orders of magnitude smaller than
all others [Figs. 7(g,h)].

We conclude that the plateau underlying Planckian
scaling is dominated by the most short-ranged current-
current correlations on the cluster, highlighting the
strongly local character of the underlying quantum crit-
ical dynamics. It thus stands to reason that a marked
plateau and Planckian scaling will also be found when
studying larger clusters—although these will involve ad-
ditional current correlators of longer range, their contri-
butions will likely be even more sub-dominant than those
considered here.
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S-I. SCALING FUNCTION

In the main text, we discussed Planckian w/T scaling
for two correlators whose spectral parts exhibit a plateau:
x[SZ] and x[j3], the correlators for the local spin and the
cluster-current in the z-direction, defined in Eqgs. (4).

Our NRG impurity solver directly computes the cor-
responding real frequency spectra x”[O](w,T). We use
the discrete NRG data for the latter as input to evaluate
the respective imaginary-time correlators (O(1)O%) via
Eq. (3), thereby avoiding broadening artifacts.

In the imaginary-time domain, a correlator of the form

e
sin(w7'T)

(O(1)0T) ~ (S1)
represents scale-invariant finite-temperature behavior,
where temperature sets the only energy scale and the de-
pendence enters through the dimensionless combination
7T7. The form (S1) has the imaginary-time periodic-
ity properties required for finite-temperature correlators
and can be viewed as the thermal generalization of a
zero-temperature 1/7 correlator.
The spectral function associated with the correlator
(S1) has the form x”[O](w,T) = X"(z), where
X"(x) = Xy tanh(z/2), z=w/T. (S2)
This has properties characteristic of Planckian scaling:
linear in = for + < 1 and saturation to a plateau at
x> 1. The parameter X} sets the overall scale.
We define the real part of the correlator, x'[O](w,T),
by the Kramer-Kronig relation
v XNF
X'(z,y) :'P/ dz (N), (S3)
-y

r—x

introducing y as an ultraviolet cutoff to regularize the
integral, which diverges as —Iny for y — oo. To isolate

the divergent part [111], we use 1= = —1 + ﬁ and
write X'(z,y) ~ Xj(y) + X'(x), with
y X// ~
Xi(y) = —P / @ (S4a)
—y z
oo X// e
X(z)= P / 4z 2E) (S4b)
oo (z—2)T

Here, X[(y) ~ X’(0,y) represents the singular, “static”
contribution, and we took y — oo in Eq. (S4b). All in
all, we thus obtain a scaling function of the form

X(z,y) ~ X(y) + X'(z) —in X" (x) . (S5)

In the main text, we employed this form to fit correlators
X(w,T) computed with DCA+NRG, using y = Inrr/T
as ultraviolet cutoff [111]. Then, both x"(w,T) = X" (x)
and x'[O](w,T) — x'(0,T) = X'(x) show scaling with
z = w/T, and x'[0](0,T) = X'(InrL/T) describes the
static part. When applied to the correlators X[SZ] and
X[j%] discussed in the main text, fits of our numerical
data for x”(w,T) to Eq. (S2), with X as fit parameter,
yield X[SZ] ~ 0.132 and X{'[j%] ~ 0.0189.

S-II. SPECTRAL FUNCTIONS

In this section, we analyze the temperature evolution of
the spectral parts of the patch Green’s functions Gk, self-
energies Yk, and hybridization functions Ak obtained
from our DCA calculations at chemical potential y =
1.24. We denote their spectral parts, defined as X (w) =
— o [ Xk (W) —X;{(w)], by Ak, X and A, respectively.
These are shown in the first, second and third rows of
Fig. S1, with each column corresponding to a specified
DCA patch momentum K.

In the nodal patches K = (0,0) and K = (, w), which
dominate the high- and low-frequency regimes and are
associated with the upper and lower Hubbard bands, re-
spectively, the spectral functions Ak, Y% and Ak all
depend only very weakly on temperature. This implies
that coherence is preserved as a function of temperature
along the nodal direction.

By contrast, for the spectral functions for the degen-
erate antinodal patches, K = (0,7) and K = (m,0), ex-
hibit a pronounced temperature dependence. For Aq 1),
we observe the well-known opening of a pseudogap as
T decreases [Fig. S1(a2)]. Correspondingly, E/(’OJ) de-
velops a sharp peak, signaling the loss of coherence
[Fig. S1(b2)]. For the hybridization function, a step-like
feature emerges with decreasing temperature, leading to
a strong particle-hole asymmetry at w = 0 [Fig. S1(c2)].

Figure S2 shows results for the spectral functions
Ag(w = 0) computed using the raw (non-interpolated)
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FIG. S1. Spectral functions of (a) the Green’s function, (b) the self-energy, and (c) the hybridization at u = 1.24 as a function
of w for several temperatures T', denoted by different colors. Columns (1-3) depict DCA patch momenta K = (0,0), K = (0, 7)
or K = (m,0), and K = (m, ), respectively. For visual clarity, spectral functions for successive temperatures are vertically
offset by 0.01 for Ax and A%, and by 0.02 for Y. The insets for the anti nodal points show a zoom around w = 0.

FIG. S2. Analogous to Fig. 4, but now showing spectral func-
tions Ax(w = 0) computed using the non-interpolated DCA
results for the patch self-energies Yk (w = 0). Black lines
mark DCA patch boundaries.

DCA results for the patch self-energies Yk (w = 0) at
three temperatures. (Figure 4 was computed analo-
gously, but using a self-energy 3y obtained by Liouvillian
interpolation [120].) Consistent with the spectral func-
tions shown in Figs. S1 and 4, the nodal patches remain
essentially unaffected by the change in temperature. In

contrast, the antinodal patches become strongly broad-
ened as the temperature increases.

S-III. COMPUTATION OF THE BUBBLE

CONTRIBUTIONS

In this section, we detail the formulas used to com-
pute the bubble contributions to the optical conductivity,
oy p(w,T) and o, g(w,T), computed for the cluster or
the lattice, respectively. For numerical accuracy, we em-
ploy the integration method for the convolution of the
bubble contribution introduced in Ref. [111].

A. Lattice Bubble

A conclusive determination of the resistivity scaling re-
quires evaluating the lattice bubble rather than the local
cluster bubble. In particular, the local vertex contribu-



tions computed on the cluster must dominate the low-
frequency behavior over the lattice bubble term to yield
the same linear-in-7" scaling.

However, resolving this regime is numerically challeng-
ing. Solving a four-site cluster impurity within NRG
is computationally demanding due to the exponential
growth of the Hilbert space with cluster size. As a re-
sult, the very low-frequency regime (w < T') of the self
energy, which is only visible on a logarithmic frequency
grid, is not sufficiently reliable to accurately determine
the lattice bubble contribution. Further numerical im-
provements are therefore required to establish scaling be-
havior beyond the local cluster level.

Nevertheless, we compute and show a4 5(w, T') com-
pared to the cluster bubble for future reference. The lat-
tice contribution to the optical conductivity is computed
within the bubble approximation by explicitly retaining
the dispersion dependence within each momentum patch.
The total conductivity is obtained as an average over
cluster momenta,

Ly
Oaten(w) = 5= Dok (@), (S6)

P K

o latt,B
where each patch contribution o

an integral over the band energy e,

(w) is expressed as

O-iitth(w) = 27r62/d6 i (€) ~i§tt B(Eyw) ) (S7)

Here, ®§(€) is the energy-resolved transport function,
defined as the patch average of the squared band velocity
weighted by the density of states,

BO= [ e, (59
Vk YK
where vf = 0Oex/0k, is the band velocity in the a-
direction, and the integral is over momentum patch K
with patch volume Vk. The transport function ®F(e)
captures the geometric contribution of the electronic dis-
persion to the optical response and weights the spectral
functions involved in &g 18668 Jsee Eq. (S9)] according to
their current-carrying capablhty within each patch.
The dynamical part of the conductivity is encoded in
the particle-hole bubble at band energy e,

~1att B / f
6 OJ

Here, f(w) is the Fermi-Dirac distribution, and the patch
spectral function

“*“) ) ZTWHD) y (6, 3) Axc (e, T+w)

(59)

1 1
A =——I S10
x(e,w) T m[er,ufefZK(w) (510)
depends on the patch self-energy Xk (w), which

momentum-independent within each patch. Finally, the

S3

dc conductivity is obtained from the zero-frequency limit,

o™ = lim o(w).
w—0

(S11)

The above formulation effectively separates the ge-
ometric (band-structure) contribution, captured by
D (€), from the many-body dynamics encoded in the
spectral functions. Compared to the cluster bubble dis-
cussed below, this approach replaces the patch-averaged
velocity factor by an energy-resolved transport func-
tion, thereby improving numerical accuracy and captur-
ing intra-patch dispersion effects.

B. Cluster Bubble

If the cluster contribution to the local optical conduc-
tivity is computed within the bubble approximation, one
uses formulas analogous to but simpler than those above:

o) = 1 > 0B (W), (S12)
Pk
o (w) = 2me? <<I>”> P, (S13)
S8 / 51 w+”)AK(a)AK(w+w),
(S14)

1 1
Ax(w) = _;Im{w +p—ex — Ak (w) —

EK(w)y
(S15)
o) = [ et = [ Ea
~cl,.B

6% (w) is the particle-hole bubble, describing cur-
rent—current correlations without vertex corrections; its
the frequency convolution encodes the creation of parti-
cle-hole excitations at energy w, and the spectral func-
tions occurring therein contain ex + Ak (w) in the de-
nominator rather than ey.

(S16)
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4 Conclusion and Outlook

In this section, we conclude from our findings that there is evidence for a quantum
critical point and that our results provide a consistent picture with experimental studies
[Che+19; RZP+19; MBR+23]. Our investigation also led to the development of a novel
interpolation scheme for cluster dynamical mean-field theories.

Even though we made an extensive study of quantum criticality in the two-dimensional
Hubbard model with conclusive results, there are still many interesting topics to investigate
in the this regard on which we touch in an outlook.

4.1 Conclusion

In this thesis, we solve the Hubbard model embedded into a self-consistent bath. It serves
as a minimal description of the CuQOs plane in cuprate materials.

Despite the often argued necessity of additional orbital degrees of freedom to accurately
describe the physical phenomena found in cuprates, we manage to simulate experimental
findings of angle resolved photoemission spectroscopy (ARPES) and transport measure-
ments with astonishing consistency. But not only do we find consistency with experiments,
we are also able to answer the long-standing question of quantum criticality in the finite
hole doping regime between the Fermi liquid and pseudogap phases.

Our major finding is a vanishing Fermi liquid scale at a critical doping p* ~ 0.14
providing proof of a quantum critical point (QCP). The Fermi liquid scale vanishes in
various correlation function. This vanishing Fermi liquid scale manifests as a plateau
extension towards p*, i.e. strong increase of respective fluctuations. We find a momentum
selective enhancement of charge C'x and spin S% fluctuations. For the charge sector
increasing fluctuations at momentum Q = (0,0) and Q = (w, 7) are indicative of charge
order, often referenced in literature [Cho+20; WAC15; TL19; Pép+14; Mia+21]. The
spin sector shows enhancement only at Q = (m, ) providing evidence for short-ranged
antiferromagnetic correlations, driving the transition as found in Ref. [Wu+18].

We are able to observe the QCP due to suppressing superconductivity within our

computations, nevertheless we observe a similar enhancement of fluctuations for d,2_ -

wave pairing, while s-wave and extended s-wave (22 + 3?) remain unaffected. Thisyis
indicative for the type of superconductivity found in the Hubbard model and cuprates
being d,2_,2 superconductivity.

Moreover, at p* we observe a Fermi surface reconstruction from a full Fermi surface
to Fermi arcs. The transition takes place at the antinodal point, where an emergent
self-energy peak at w = 0 suppresses the spectral weight of the electronic Green’s function.
However, the nodal point (7/2,7/2) seem to be unaffected. This is consistent with recent
ARPES experiments [Che+19; RZP+19], which are reproduced to astonishing similarity
by our Hubbard model computations.

We further investigate the temperature dependence of the local optical conductivity in
the vicinity of the QCP. The plateau extension occurs not only as function of doping
but also as function of temperature towards p*. Within the quantum critical cone this
extension equates to a w/T-scaling, which fits Planckian scaling behavior as proposed in
literature [MBR+23; Coo+09; Leg+19; Gri+21], indicative of linear-in-T resistivity. Due
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to comparing our computations to the cluster and lattice bubble contribution we are
able to conclude that vertex contributions play the major part in the emergence of the
observed properties. The scaling in the susceptibility is accompanied by an suggestive
marginal Fermi-liquid behavior in the nodal self-energy E/(/o,o) (w,T) ~ max(w, T), which
is also found experimentally [Ols+90; Val+99; Cha+08; RZP+19].

Along our investigation of the Hubbard model we also explored various interpolation
methods as post-processing methods to restore smooth momentum dependence within
our cluster approximation. These interpolations are often plagued by causality issues and
might not be able to resolve intrinsic structures [Ver+22b]. Inspired by Ref. [Ver422b]
we developed a novel method for interpolation of cluster dynamical mean field theories.
We construct a continuous fraction expansion (CFE) of the self-energy whose coefficients
are matrix elements of the one-particle irreducible Liouvillian. An interpolation of these
matrix elements preserves causality, since the CFE coefficients are frequency independent.

4.2 Outlook

In future work, it would be interesting to establish a more detailed connection with
previous cluster DMFT studies of the doped Hubbard model [Civ+05; SK06a; HKO7;
Sor+12a; Fer+09; Gul+10], in particular the work of Sordi et al. [Sor+12a].

Another interesting direction is the emergence of composite quasiparticles, similar to
those discussed in Ref. [GK26]. Indeed, we observe the emergence of a coherent peak
in the composite-quasiparticle propagator within the pseudogap phase, which warrants
further investigation.

Since the employed NRG impurity solver enables the computation of a wide range of
dynamical susceptibilities, the investigation of additional physical properties, as the ones
discussed in Ref. [P4], is also possible.

Spin dynamics, such as the spin-lattice relaxation rate 77" ! and the spin-echo decay
rate TgGl, can be obtained from dynamical spin susceptibilities (see Refs. [MM92; BP95;
CLG17]). This enables further comparison with experiments on cuprate materials. Both
T L and T2_G1 are experimentally accessible via nuclear magnetic resonance (NMR). These
quantities are directly linked to the dynamical spin susceptibility x(q,w) and are therefore
sensitive to antiferromagnetic correlations, particularly in the ¢ = (7, 7) channel [S1i90].
They provide insight into the strength and dynamics of short-range antiferromagnetic
fluctuations in the vicinity of the quantum critical point.

Other accessible observables include thermodynamic quantities. The impurity entropy
is defined as Simp(T") = Stotal(T') — Sbath(T'), and is obtained from the computation of
the total system and bath entropy. Within NRG, the entropy is evaluated from the
expectation value of the Hamiltonian and the partition function via S = (H) +InZ
[BCPO8]. An accurate lattice entropy Siatt(7") can be obtained by including an additional
correction term Seorr(7'), which accounts for the difference between the impurity and
lattice descriptions. A general formulation of this correction term is currently the subject
of ongoing work within our group.

Knowledge of the entropy further allows for the computation of the specific heat, providing
an additional benchmark for the Hubbard model as a minimal description of cuprates.
In particular, the experimentally observed behavior Cy /T o< InT' [Gir+21; TS23] can be
directly compared to theoretical results.

Further thermodynamic transport properties that exhibit anomalous behavior in the
strange-metal and pseudogap regimes of cuprates include the thermopower, i.e., the
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Seebeck effect. Their computation is possible using the Kelvin formula of Ref. [PS10],
combined with the real-frequency information accessible from NRG.

Another important direction is the investigation of the superconducting phase. By
relaxing enforced symmetries and allowing for spontaneous symmetry breaking, one can
study dynamical quantities, such as pairing susceptibilities, within the superconducting
dome in greater detail.

In addition to further investigating the parameter regime of the Hubbard model discussed
in this thesis, similar studies can be carried out on the electron-doped side of the Hubbard
model or using a minimal cluster of the Emery model.
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