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“Asymptotic Safety is a powerful conjecture, but it 
cannot be tested, since it does not furnish a device 

to make predictions for physical observables.”
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Relational Observables



Example: The Ricci scalar

M

𝒫

Can I measure 
the curvature at that 

point?

Try to specify the 
point  where a particular 

event happens.
𝒫

The scalar 
curvature at  is then 

an observable!
𝒫

R(x)?
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Goeller, Höhn, Kirklin (2022), arXiv: 2206.01193
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Diffeomorphism invariant theory Local observables

Measurements of local fields are possible!

add matter fields

transform the tensor

total transformation leaves the 
tensor invariant

transform the coordinate system
perform a transformationsuch that

Rovelli (1991) 
Dittrich (2006): arXiv:gr-qc/0507106 
Tambornino (2012): arXiv:1109.0740 

RF, Percacci (2020): arXiv:2012:04507 
Goeller, Höhn, Kirklin (2022), arXiv: 2206.01193

construct a physical coordinate system



Physical coordinate frame
 dynamical fields   

Physical coordinate frame:  ,   

ϕa(x)

X̂ ̂μ(x) = X̂ ̂μ(ϕ(x), ∂ϕ(x), ⋯) ̂μ = 0,1,2,3

Metric gμν
Matter 
fields

ASSUME 
Invertible mapThe point   is labelled by the 

values that  ’s take at .
𝒫

X̂ ̂μ(x) 𝒫

  
are 4 scalars 

X̂ ̂μ(x)



Physical coordinate frame

M M̂

x ̂x

X̂ ̂μ(x) = ̂x ̂μ

xμ = Xμ( ̂x)

Spacetime Field space

Diffeomorphism



Physical coordinate frame

M M̂

x ̂x

X̂ ̂μ(x) = ̂x ̂μ

xμ = Xμ( ̂x)

A good choice of scalars  may define a good coordinate system 
for all field configurations .

X̂ ̂μ

ϕ

Spacetime Field space

Diffeomorphism



Diffeomorphism transformation
Transformation under diffeomorphism  

Composition identity:  

ξμ(x)

Ta[ϕξ, ξ′ ] = Ta[ϕ, ξ ∘ ξ′ ]

Scalar field Metric

ψξ(x) = ψ(ξ(x)) g(ξ)μν(x) = ∂μξλ(x)∂νξρ(x)gλρ(ξ(x))

ϕa
ξ = Ta[ϕ, ξ]



Relational Observables
• Transformation under diffeomorphisms         transform the dynamical fields 

into the physical frame:  

 

• Check that they are diff-invariant 

 

̂ϕ ̂a = ϕ ̂a
X( ̂x) = T ̂a[ϕ, X]
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Frame field:  

Invariant volume element:  

e ̂μ
μ(x) = ∂μX̂ ̂μ(x)

ẽ = det e ̂μ
μ

δ(X( ̂x), x) = ẽ(x) δ( ̂x, X̂(x)) M̂

̂A ̂I( ̂x) = ∫ d4x ẽ(x)δ( ̂x, X̂(x))E ̂I
I (x)AI(x)Relational 

Observable

Product of  and  

depending on the 
Relational Observable. 

The indices  run over the rank of the 
tensor structure.

e ̂μ
μ(x) eμ

̂μ(x)

I

Relational observables Now we can take any composite operator  ̂A[ϕ]

̂A[ϕ] = AX[ϕ] = A[ ̂ϕ]



Relational Observables -  Examples

R̂( ̂x) = R(X( ̂x)) = ∫ ddx δ(X( ̂x), x) R(x) = ∫ ddx ẽ(x) δ( ̂x, X̂(x)) R(x)

Relational Ricci scalar

̂g ̂μ ̂ν( ̂x) = e ̂μ
μ(X( ̂x))e ̂ν

ν(X( ̂x))gμν(X( ̂x)) = ∫ ddx δ(X( ̂x), x) gμν(x)

Relational inverse metric

= ∫ ddx ẽ(x) e ̂μ
μ(X( ̂x)) e ̂ν

ν(X( ̂x)) δ( ̂x, X̂(x)) gμν(x)

δ(X( ̂x), x) = ẽ(x) δ( ̂x, X̂(x))
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Relational Observables

Which physical coordinate 
system? Which composite operator?

Is there too much freedom?

No observables! To many observables!
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FRGE and Asymptotic Safety

eW[J] = ∫ 𝒟φe−S[φ]+ ∫ ddxJφ

k∂kΓk[φ] =
1
2
Tr k∂kℛk

Γ(2)
k + ℛk

ΔSk[ϕ] =
1
2 ∫x

ϕ(−x)ℛk( − ∇2)ϕ(x)
IR UV

p2 = ∞p2 = 0 k2

eWk[J] = ∫ 𝒟φe−S[φ]−ΔSk[φ]+ ∫ ddxJφ
Generating functional 
for connected Green’s 

functions

Smooth cutoff 
functional

Γ[ϕ] = ∫ ddxJϕ − W[J] Γk[ϕ] = ∫ ddxJϕ − Wk[J] − ΔSk[ϕ]

Effective Action Effective Average Action

Functional 
Renormalization 
Group Equation



FRGE and Asymptotic Safety

k∂kgk = βg(g, λ)

k∂kλk = βλ(g, λ)

βλ(g*, λ*) = 0

βg(g*, λ*) = 0

 
Gaussian fixed point

g* = λ* = 0

 
Non-Gaussian fixed point

g* > 0, λ* > 0

ASYMPTOTIC SAFETY

Γk = ∫ d4x −g ( 1
16πGN(k)

(R − 2Λ(k)) +
1
2

δABgμν∂μφA∂νφB) + Additional matter
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Composite operator flow equation 
Composite operator : function of the field and its derivatives 

 

Legendre transform + add regulator 

�̂�(x)

⟨�̂�(x)⟩ = −
δ

δε(x) ∫ (d ̂χ) e−S[ ̂χ]−ε⋅�̂�[ ̂χ]

ε=0

∂tΓk[ϕ, ε] =
1
2

Tr [(Γ(2,0)
k [ϕ, ε] + ℛk)

−1
∂tℛk]

Expectation value of the 
observable

Source 

Pawlowski (2007): arXiv:hep-th/0512261  
Pagani, Reuter (2017): arXiv:1611.06522

FRG equation

Regulator



Composite operator flow equation 

∫ ddx ε ∂t𝒪k = −
1
2

Tr [(Γ(2)
k + ℛk)

−1 (∫ ddx ε𝒪(2)
k ) (Γ(2)

k + ℛk)
−1

∂tℛk]
Composite 
operator 

flow 
equation

Hessian of the 
composite operator

Regulator

lim
k→∞

𝒪k = �̂� | ̂χ→ϕ 𝒪k=0 = ⟨�̂�⟩

Pagani, Reuter (2017): arXiv:1611.06522

Pagani 
equation



Composite operator flow equation 

∫ ddx ε ∂t𝒪k = −
1
2

Tr [(Γ(2)
k + ℛk)

−1 (∫ ddx ε𝒪(2)
k ) (Γ(2)

k + ℛk)
−1

∂tℛk]
Composite 
operator 

flow 
equation

Hessian of the 
composite operator

Regulator

lim
k→∞

𝒪k = �̂� | ̂χ→ϕ 𝒪k=0 = ⟨�̂�⟩

Solving the flow equation for the composite operator gives us a 
concrete method to compute expectation values of observables.Pagani, Reuter (2017): arXiv:1611.06522

Pagani 
equation



Composite operator flow equation 

  

 

 

𝒪k(x) = ∑
i

ai(k)𝒪i(x)

Sij =
∂βi

∂aj
= diδij + γij , ∂taj = ∑

i

aiγij

−
1
2

Tr [(Γ(2)
k + ℛk)

−1

(ddx ε(x)𝒪(2)
i (x)) (Γ(2)

k + ℛk)
−1

∂tℛk] = ∑
j

γij ∫ ddx ε(x)𝒪j(x)

Expansion needed

Matrix of scaling 
dimensions

Stability matrix



Composite operator 
�̂�(x)

Relational observable 
̂A[ϕ]=̂



Relational Effective Average Action
𝒪k( ̂x) = ∑

i

a ̂I(k) ̂A ̂I
i ( ̂x) function 

of ̂x

∫ d4 ̂x ε( ̂x)𝒪k( ̂x) = ∑
i

a ̂Ii
(k)∫ d4 ̂x ε( ̂x) ̂A ̂Ii

i ( ̂x) = ∫ d4x ẽ(x) ε(X̂(x))∑
i

a ̂Ii
(k)E ̂Ii

iIi
(x)AIi

i (x)

ℒrel.
k (x)



Relational Effective Average Action
𝒪k( ̂x) = ∑

i

a ̂I(k) ̂A ̂I
i ( ̂x)

Γrel.
k ≡ ∫ d4x ẽ(x)ℒrel.

k (x) := ∫ d4x ẽ(x)∑
i

a ̂Ii
(k)E ̂Ii

iIi
(x)AIi

i (x)Relational Effective 
Average Action

integral over   with the 
volume element given by  rather than 

the usual density .  

x
ẽ

−g

function 
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i ( ̂x) = ∫ d4x ẽ(x) ε(X̂(x))∑
i

a ̂Ii
(k)E ̂Ii

iIi
(x)AIi

i (x)

ℒrel.
k (x)

∂tΓrel.
k = −

1
2

Tr [(Γ(2)
k + ℛk)

−1

(Γrel.(2)
k ) (Γ(2)

k + ℛk)
−1

∂tℛk]
Flow of the 

 Relational Effective 
Average Action

Hessian of the 
relational EEA



Γk[g, . . . ; ε] = Γk[g, . . . ] + ε Γrel.
k [g, . . . ] + O(ε2)

Γrel.
k ≡ ∫ d4x ẽ(x)ℒrel.

k (x)

Distinguish between 
  and Γk Γrel.

k

Flow of the Relational Effective Average Action

∂tΓrel.
k = −

1
2

Tr [(Γ(2)
k + ℛk)

−1

(Γrel.(2)
k ) (Γ(2)

k + ℛk)
−1

∂tℛk]

∂tΓk[ϕ, ε] =
1
2

Tr [(Γ(2,0)
k [ϕ, ε] + ℛk)

−1
∂tℛk]Γk ≡ ∫ d4x −g(x)ℒk(x)



Derivative expansion

∂tΓrel.
k = −

1
2

Tr [(Γ(2)
k + ℛk)

−1

(Γrel.(2)
k ) (Γ(2)

k + ℛk)
−1

∂tℛk]
How to close the expansion?

Mixing and 
generation of new 

observables 



Derivative expansion
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1
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−1

(Γrel.(2)
k ) (Γ(2)

k + ℛk)
−1
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 should be polynomial in derivatives E ̂I
I
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This means that the 
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number of derivatives.
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Derivative expansion

∂tΓrel.
k = −

1
2

Tr [(Γ(2)
k + ℛk)

−1

(Γrel.(2)
k ) (Γ(2)

k + ℛk)
−1

∂tℛk]

Pick up terms with a finite number of 
derivatives acting on ℒrel.

k (x)

 should be polynomial in derivatives E ̂I
I

only upper indices! 

How to close the expansion?

̂gμν, R̂μν, ⋯

At each finite order in the derivative 
expansion, we do not find relational 

observables corresponding to tensors 
with lower indices.

This means that the 
’s only involve a finite 

number of derivatives.
X̂ ̂μ

Mixing and 
generation of new 

observables 

Natural basis



First application
Inverse relational metric and relational curvature 

Γrel.
k = ∫ d4 ̂x (α0(k) + αR(k)R̂( ̂x) + α1(k)δ ̂μ ̂ν ̂g ̂μ ̂ν( ̂x))

Topological term

Relational Ricci scalar

Relational inverse metric

Γrel.
k = ∫ d4x ẽ (α0(k) + αR(k)R + α1(k)δ ̂μ ̂νgμν(∂μX̂ ̂μ)(∂νX̂ ̂ν))



Recipe

Find the Fixed Points

Compute the flow of the 
relational observables

1

2

Evaluate scaling dimensions at 
Fixed Points

3

Identify the relational 
observables



Recipe

Find the Fixed Points

Compute the flow of the 
relational observables

1

2

Evaluate scaling dimensions at 
Fixed Points

3

φ ̂μ = X̂ ̂μIdentify the relational 
observables

Γk = ∫ d4x −g ( 1
16πGN(k)

(R − 2Λ(k)) +
1
2

δABgμν∂μφA∂νφB) + …

Γrel.
k = ∫ d4x ẽ (α0(k) + αR(k)R + α1(k)δ ̂μ ̂νgμν(∂μX̂ ̂μ)(∂νX̂ ̂ν))



Results
Matter in Asymptotic Safe Gravity

Find the Fixed Points1

Γk = ∫ d4x −g ( 1
16πGN(k)

(R − 2Λ(k)) +
1
2

δABgμν∂μφA∂νφB) + Additional matter



Asymptotic Safety
Results

Γrel.
k = ∫ d4x ẽ (α0(k) + αR(k)R + α1(k)δ ̂μ ̂νgμν(∂μX̂ ̂μ)(∂νX̂ ̂ν))

Compute the flow of the 
observables2



Asymptotic Safety
Results

Γrel.
k = ∫ d4x ẽ (α0(k) + αR(k)R + α1(k)δ ̂μ ̂νgμν(∂μX̂ ̂μ)(∂νX̂ ̂ν))

θ0 = − 4 θR = − 6 θ1 = − 8

Gaussian Fixed Point The critical exponents reduce to the canonical dimensions of the 
corresponding operators.

Compute the flow of the 
observables2



Results
Matter in Asymptotic Safe Gravity

Evaluate scaling dimensions at 
Fixed Points

3

More relevant

Γrel.
k = ∫ d4x ẽ (α0(k) + αR(k)R + α1(k)δ ̂μ ̂νgμν(∂μX̂ ̂μ)(∂νX̂ ̂ν))

Small 
quantum 

corrections

Non-Gaussian 
Fixed Point 



Asymptotic Safety
Results

Γrel.
k = ∫ d4x ẽ (α0(k) + αR(k)R + α1(k)δ ̂μ ̂νgμν(∂μX̂ ̂μ)(∂νX̂ ̂ν))



Asymptotic Safety
Results

Γrel.
k = ∫ d4x ẽ (α0(k) + αR(k)R + α1(k)δ ̂μ ̂νgμν(∂μX̂ ̂μ)(∂νX̂ ̂ν))

Related to the universal scaling of the observables.



Open questions
Contact with different 

approaches of quantum gravity? 
CDT, Tensor Field Theory

Which are good observables?

Locality - microcausality?

Meaning of the critical 
exponents ?Scaling of correlation functions?

Is there a good truncation?

Suitable physical coordinate 
system

Relational locality/ 
Relational microcausality

Fixed points: 
scale invariance!

The RG flow is 
furnishing a natural set 

of subsystems?



Thank you

for your attention.

Quantum gravity, hydrodynamics and emergent cosmology 
LMU München, Dec 9th 2022
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