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Chapter 1

Combining Active Matter with
Game Theory

In this thesis we will develop and analyze a description that combines the evolu-
tionary dynamics of game theory with active motion. Previous studies have shown
that spatial extension of a system can change the outcome of a game. Cooperators
are able to survive in spatially extended systems in the prisoners dilemma scenario
[37, 31], e.g. by forming clusters and thereby protecting themselves from outside
defectors. Hauert et al. have shown on the other hand that spatial extension can
diminish cooperator populations compared to well mixed systems in the Snowdrift
game [26].

The mobility of individuals can also play a crucial role. The effects of the interplay
between mobility like diffusive motion and spatial separation on the development
of interacting species is one of the most interesting and complex problems in theo-
retical ecology [22, 25, 44]. If mobility is low, locally interacting particles can exhibit
spatio-temporal patterns and spatial segregation that can promote the coexistence
of species [25]. High mobility on the other hand leads to well mixed systems where
spatial patterns no longer form and the system adopts a spatially uniform state [22,
44).

Previous studies on systems of different interacting species have shed light on a
variety of particle interactions and on different ways of mobility. However, to our
knowledge there exist no studies about the influence of active and directed motion on
systems of interacting particle species. There are a number of natural systems that
can be understood in the language of game theory and exhibit active or collective
motion. Examples include different types of microorganisms [14, 12, 15| 16] that can
self-organise into patterns or collective motion while competing with other microbes
for space or nutrition. In the next chapters we will develop a simple model of self-
propelled particles that interact in a Snowdrift game scenario. We suspect that the
self-propulsion of particles in a spatially extended system will have an effect on the
outcome of the game. The aim of this thesis is to find answers to the following
questions:

1. Does the self-propulsion of particles change the outcome of the game? If it
does, what are the effects?

2. How does the game interaction change the properties of a self-propelled par-
ticle system?
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Before we start to develop a description of self-propelled particles with interaction
rules inspired from evolutionary game theory, we will give a short general introduc-
tion to the fields of active matter and game theory in the next two chapters.



Chapter 2

Introduction to Active Matter

2.1 What is Active Matter?

Systems consisting of many particles have typically been described by the field of
statistical physics. Methods for systems in thermal equilibrium allow the calcula-
tion of macroscopic average quantities such as particle number or energy, as well as
average fluctuations about these quantities. Concepts of statistical physics can even
be extended to a class of non-equilibrium systems by assuming that they are locally
in thermal equilibrium. These methods permit predictions of pattern formation on
large length- and time scales.

However, a description of biological
systems often needs to take a different
path. Living systems are characterized
by the constant consumption and con-
version of energy, which happens lo-
cally for every constituent and brings
the system out of equilibrium at all
scales. If the particles of a system con-
vert this absorbed energy into system-
atic movement, they are called active

particles 55].

The interaction of active particles with
each other and with the medium they FiGURE 2.1: Examples for collective behavior
live in can give rise to highly corre- inlivingsystems. (a) Wingless Locusts march-
lated collective motion [32]. An impor- ing in the field. (b) A rotating colony of army
tant example of active matter are self- ants. (c) A three-dimepsional array of golden
propelled particles. The direction of self- "Y* (d) A school of fish producing a vortex.
. . Figures from [55].

propulsion can be set by an inherent po-

larity of each particle, given e.g. by the

long axis of elongated objects with distinct front and rear.

Collective phenomena of self-propelled particles are typically the result of a compe-
tition between decorrelation via local noise and correlation buildup due to collisions
or other interactions between particles. Despite many differences, there are some
patterns of collective motion that seem to apply to different systems ranging from
microscopic objects as cells to groups of mammals, suggesting universal organizing
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principles [55]. Theoretical models on all levels of description take these similari-
ties typically as an inspiration to find the minimal ingredients that are necessary to
understand the spontaneous emergence of collective behaviour.

Examples of living systems exhibiting collective motion include flocks of birds [27,
51, schools of fish [28, 56|, colonies of bacteria [20, 39, 58] or types of living cells
[49, 48] (see figure . There are also examples for collective behaviour in non-
living systems, such as layers of vibrated granular rods, colloidal or nanoscale parti-
cles propelled through a fluid by catalytic activity at their surface and collections of
robots [32].

Over the past few decades, a growing number of attempts have been made to ob-
serve and describe collective behaviour of self-propelled particles as well as to un-
derstand the most conspicuous features in a theoretical framework [55]. These fea-
tures include intriguing non-equilibrium properties, such as emergent structures
with collective behavior qualitatively different from that of the individual constituents,
bizarre fluctuation statistics, non-equilibrium order-disorder transitions, pattern for-
mation on mesoscopic scales and wave propagation and sustained oscillations even
in the absence of inertia [32].

2.2 Models of Active Matter

In the field of active matter there is a distinction between so called dry active matter
and wet active matter [43]. The latter means systems in which the fluid or gas sur-
rounding the propelled particles can not be neglected. A description of wet active
matter systems has to incorporate a description of the fluid. In these systems mo-
mentum is conserved. In dry active matter systems on the other hand the dynamics
of the surrounding medium play a negligible role in the level of description. Here,
momentum is not conserved. In this thesis we will treat a case of dry active matter.
More precisely, our system consists of many self-propelled particles with an inher-
ent polarity. The medium through which the particles move is treated as an inert
substrate.

There are different strategies to describe systems of many self-propelled particles.
Historically, the first theoretical approaches were agent-based models [54]. A very
seminal agent-based approach to collective motion was introduced 1995 by Vicsek et
al., which is referred to as Vicsek-model. The ingredients are simple: All particles have
the same speed, are subject to a noise that changes their direction of motion at certain
time steps and align their orientations with the average of all particles” orientations
within a defined spatial range. The main result of the Vicsek-model is that propelled
particle systems with “polar alignment” interactions and noise can give rise to a
long-range ordered, broken-symmetry state of coherently moving particles [54, 11,
43].

Motivated by the Vicsek model, many agent-based simulations [13,11,|10] have been
performed to study propelled particle systems numerically. Important observations
are phenomena of polar flocking and the formation of spatial patterns like traveling
polar waves close to the onset of polar order [11].

In terms of analytic approaches there is in general the following fundamental prob-
lem of many-particle systems. Let us assume we know all microscopic properties
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that define each particle and each interaction of the system and we have the equa-
tions that describe the time evolution for a given set of properties. We would still not
be able to get a meaningful description of the system. The shear number of particles
in a typical system size makes it impossible to manage the equations. Fortunately, in
most situations we are interested in the macroscopic properties of the system rather
than the dynamics of every single particle. To get to a macroscopic, "hydrodynamic"
description one needs to find appropriate tools to coarsen the system. In this process
the exact description is given up in favor of an approximation of the system which
is analytically feasible. The first question to ask in order to coarse grain is, which
level of description (length scale) makes sense? Which ones are the properties and
parameters of the system that are relevant on the time and length scales we are in-
terested in? Once these essential ("slow") variables of the system are identified, it
is possible to construct the hydrodynamic equations governing the time evolution
of the slow variables based on conservation laws and symmetry arguments [1, 51,
52, 53]. Toner and Tu developed the first hydrodynamic model following this ar-
gumentation. They showed that a system of self-propelled particles can exhibit a
true, long-range ordered, spontaneously broken symmetry state. A disadvantage of
an approach based on symmetry arguments is that the coefficients contained in the
hydrodynamic equations are unknown.

An alternative analytic approach to derive a hydrodynamic description is to use a
kinetic approach, rooted in the direct coarse-graining of the microscopic dynamics
[3,[8, 7,12, 42,|6]. In the coarse graining process one has to neglect higher order cor-
relations in the system to get analytically feasible equations. The advantage over an
approach based on symmetry and conservation arguments is the fact that all coef-
ficients in the equations can be calculated as functions of microscopic parameters.
A kinetic approach offers therefore better overall control [40]. It provides a link be-
tween macroscopic quantities used in hydrodynamic theories and the underlying
microscopic rules.

As was explained in the first chapter, the goal of this thesis is to describe a system
that combines active matter with elements of evolutionary game theory. We will
consider a system of self-propelled particles that are subdivided into two different
"species". Interactions between members of the same species are governed by align-
ment rules and lead collective behaviour. Both species compete against each other
following interaction rules coming from game theory. The analytic description of
this system follows a kinetic approach, called the Boltzmann equation for active mat-
ter. It governs the time-evolution of the one-particle density functions « (r,6,t) and
B (r,6,t), which describe the probability densities for particles of the two species of
being at position r with a direction of velocity 0 at time t. We will use a trunca-
tion scheme to derive a hydrodynamic description from the Boltzmann equations.
These hydrodynamic equations will be analyzed analytically and numerically and
the results will be compared to an agent-based simulation of the system.

Before we start with the description of our propelled particle system, we will give
an introduction to the basics of game theory in the next section.






Chapter 3

The Game Theoretical Model

3.1 Strategic games

Classical game theory describes the behaviour of rational players [36]. It studies
mathematical models for the strategic interactions of decision-makers. The choices
of one player influence the success of others in the game.

An example for a very simple type of game are cooperator-defector games. In this type
of game there are two players that can either choose to cooperate (C) or to defect
(D). If both players choose to cooperate, they each get a reward R. In the case that
both choose to defect, they receive a punishment P. If, on the other hand, one player
defects while the other one cooperates, the defector gains the temptation T, whereas
the cooperator only gets the suckers payoff S. These interactions can be summarized
by the following payoff matrix:

Opponent

C RS
DT P

FIGURE 3.1: Payoff matrix for the cooperator-defector game

Player

Depending on the relative values of R,P,S and 7 we can distinguish between
four different kinds of games. A very well-known version, the so-called prisoner’s
dilemma, arises when the temptation to defect 7 is bigger than the reward R and the
punishment P is bigger than the suckers payoff S. In this case it is always strategi-
cally favourable to defect, no matter which strategy the opponent chooses to play. A
social dilemma arises if R > P and both players would get overall better payouts for
cooperation. However, since we assume that players act rationally and defect, they
will both get the punishment P and are worse off compared to universal coopera-
tion. There are several ideas on how this unfortunate outcome of the game could be
avoided (e.g. spatial separation, concepts of reciprocity or social control mechanisms
[4, 23] 17]), but in its basic form the prisoner’s dilemma illustrates the fundamental
problem of achieving cooperation and is often viewed as a kind of public goods game
[22].

The opposite scenario with R > 7 and S > P will consequently lead to both players
cooperating. It is called harmony game.
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A third possibility is the combination of 7> R and & > P. This scenario is called
snowdrift game. It gets its name from the story of two people travelling in their cars
that get trapped behind a snowdrift. If at least one of the two drivers gets out of
the car and clears the way, both can continue their journey. In this scenario the best
strategy for each driver is to do the opposite of the other person. If person 1 starts
digging, person 2 will prefer to stay in the car (7") instead of cooperating and helping
to clear the way (R) . If on the other hand person 1 stays in the car, it is better for
person 2 to get out and dig himself, since paying the cost of digging in the cold (S)
is still better than staying in the car and not being able to continue the journey (P).

Finally, the last possible scenario is called coordination game, which is characterized
by payoff values 7 < R and § < P. Hence, mutual agreement is the preferred
strategy (either both players cooperate or both defect).

3.2 Evolutionary Game Theory

Classical game theory can be a useful concept for economic [24, 35] or social settings
[17]. The central assumption is that players act rationally and choose the strategy
that benefits them the most. Evolutionary game theory follows a fundamentally
different path of argumentation [47]. It was developed to extend game theoretical
concepts to biological systems. Since rational behaviour is not a meaningful con-
cept in biological systems, evolutionary game theory considers fixed strategies for
every individual that are handed down to the next generation. One typically con-
siders a population composed of individuals following different strategies (different
"species") that interact in a game situation over many generations. The species with
the best strategy survives or has an advantage when replicating, which will lead to a
dominance of the strategy after a large enough number of generations. The interac-
tions are usually described by deterministic rules or stochastic processes, depending
on the particular system [22].

Evolutionary game theory is a rich field of ongoing research. It can describe how
successful strategies spread and thereby create new conditions which can alter the
basis of their success. It tries to capture natural selection in mathematical terms and
to understand the strategic foundations of the endless chronicle of invasions and
extinctions which punctuate evolution [29]. In short, evolutionary game theory can
be used to model ecosystems and the evolution of different species using methods
of non-linear dynamics.

We will apply the concept of evolutionary game theory to the cooperator-defector
game. Instead of two players, we will now consider a cooperator and a defector
"species”, whose populations either grow or shrink in time.

3.2.1 Replicator equation for the cooperator-defector game

Replicator equations describe the evolution of the frequencies of strategies in a pop-
ulation [29]. They are a frequently used method in evolutionary game theory to
describe the time evolution of a system composed of different species (strategies) and
to understand the mechanisms that lead to the spreading and decline or even extinc-
tion of species.
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We consider a system with fixed population size N and two different competing
species. Let Ny and Np = N — N4 be the number of individuals with strategy A
(cooperators) and strategy B (defectors). We introduce the parameters a and b for
the density of cooperators and defectors, respectively

Ng N -—Ng
a—N, b—N— N =1-—a. (3.1)
For simplicity, we assume that N is a large number such that a and b are continuous,
and stochastic fluctuations do not matter. As a next step we introduce the concept
of "fitness" f4 and fp of a particular strategy A and B. This concept is often used in
the mathematical literature of game theory [29, 22]. We define a background fitness
set to 1 and add the average payoff given by matrix

fA:1+aR+bS

fs=1+aT +bP. (32)

We assume that the population of the species with the higher fitness grows in time
while the population size of the species with the lower fitness shrinks. This growth
(shrinking) rate is proportional to the difference of the fitness parameters f4 and fp
as well as the population densities a and b

atll = (fA — fB)I/'lb
atb = (fB — fA)ll b.

Note that both equations are equivalent since b = 1 — a. Plugging the expressions for
fitness f4 and fp into the dynamic equations we see that they do not depend on
all four payoff values R, P, T and S but only on the differences S — P and 7 — R.
Thus we define the parameters 74 := & — P and 13 := 7 — R and get for the
dynamic equations

(3.3)

oa = (tTab — tBa)ab

3.4
dtb = (tpa — tab)ab. G4

Ta can be interpreted as the advantage to be A rather than B if one encounters a
member of B, whereas 73 is the relative benefit of playing strategy B over A. Hence,
the term 140 — Tpa compares the virtues of both species: if it is greater than zero,
it is overall advantageous to be A; for values less than zero, it is advantageous to
be B. The growth of one species is counteracted by a decrease of the other species
by an equal amount. The system is therefore fully described by just one of the two
equations. Plugging in b = 1 — a in the dynamic equation for a we get

o = (fa— fp)(1 —a)a = [ta — (ta + 18)a) (1 — a)a. 3.5)

The four different types of games introduced in the last chapter correspond to the
four possibilities of either

TAa<0, 13>0 Prisoners Dilemma
T8 >0 130 Harmony
T4, T8 > 0 Snowdrift

Ta, T8 <0 Coordination Game
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(@) (b)

F(a) Snowdrift
— —
>
— 7B
a
—
Harmony

FIGURE 3.2: (a) Graphical solution for the Snowdrift replicator equa-

tion. If F(a) > 0 the flow (indicated by the black arrow heads) is to

the right, if F(a) < O the flow is to the left. Black dots indicate fixed

points (with filling: stable fixed point; without filling: unstable fixed

point). (b) Overview of the dynamics of the four different games.
Black arrows indicate the flow of a.

Instead of solving [3.5] exactly, we will use methods of nonlinear dynamics to study
the flow and fixed points of the equation graphically. For a dynamic equation d;a =
F(a), we know that a grows in time if F(a) > 0 (one says, the flow is to the right) and
gets smaller for F(a) < 0 (the flow is to the left). At the values of a where F(a) = 0,
there is no flow and a will stay at that particular value for all times (fixed point).
Whether the flow is towards or away from a fixed point determines its stability.

Looking at equation we can see that it is solved by the fixed points 4 = 0 and
a = 1. If T4 and 73 have the same sign (in the case of Snowdrift or Coordination
game) there is a third fixed point, a = . Figure 3.2 shows the fixed points
and flow of the Snowdrift game and gives an overview of the dynamics of the four
different games depending on the game parameters 74 and 7. Prisoner’s dilemma,
Harmony and Coordination game lead to the extinction of one of the species. Only

the Snowdrift game leads to a stable coexistence state.

3.2.2 Spatially extended games

Spatial distribution of individuals, as well as their mobility, are common features of
real ecosystems. Population habitats are spatially extended on all scales and indi-
viduals interact locally within their neighbourhood [34]. We want to study the dy-
namics and behaviour of our two-species system in a spatially extended volume V.
Instead of overall particle numbers that determine the particle densities, we assume
that at every point in space there is a certain overall density p(r) = a(r, t) + b(r, t)
that gives the particle number N when integrated over the whole space

N = /V dr (). (3.6)

Note that p is not a function of time since the replicator equation is a zero-sum game:
Whatever a gains, b looses and vice versa at every point in space . This will change
in the next sections when we let the individuals of both species move in space. The
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replicator equation is now
0ia = (Tab — tga)ab = [tap — (Ta + T8)a] (0 —a)a (3.7)

with the solutions 2 = 0, 2 = p and (for Snowdrift and Coordination game) a =

TATj:TB p. Hence, the solutions depend on space r, since p could have different values

everywhere. The flow leads to these fixed points at every point in space.

In the next section we will develop a description that combines the evolutionary dy-
namics of game theory with a theory of self-propelled particles. Out of four different
cooperator-defector games we choose the Snowdrift game to study the influence of
self-propelled motion on the outcome of the game. We anticipate that it includes
nontrivial populations of both species whereas other games have a kind of fixat-
ing character, leading to the extinction of one of the species in the long run. In the
following we will therefore only consider the Snowdrift game type.
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Chapter 4

Kinetic Boltzmann approach to
Active Matter with Game Theory

The kinetic Boltzmann equation has been proposed to describe many-particle sys-
tems on a mesoscopic length-scale. Instead of describing the dynamics of each par-
ticle, the Boltzmann equation governs the evolution of a system in terms of one-
particle distribution functions. Systematic coarse-graining leads to hydrodynamic
equations for the macroscopic, slow variables of the system [7, |8, 40, |3, 57]. The
Boltzmann approach can thereby provide a link between macroscopic quantities and
the underlying microscopic rules.

Bertin et al. [7, 8] were the first to investigate systems of self-propelled, polar, point-
like particles using the Boltzmann approach as a mathematical framework. The de-
rived equations for the macroscopic variables of the system resemble the hydro-
dynamic equations proposed by Toner and Tu using symmetry arguments [52, 51,
53]. The advantage of the Boltzmann approach over an approach based on symme-
try is the fact that all coefficients in the equations can be calculated as functions of
microscopic parameters. The equations indicate a transition to a state of collective
motion that happens spontaneously for high enough particle densities. Close to the
transition to order, instabilities against long-wavelength perturbations indicate the
formation of traveling wave patterns. Agent-based simulations have confirmed the
existence of a state, where the dynamic is dominated by propagating bands of high
density and high order in a low-density, disordered background [32,11]. Away from
the transition to order, a homogeneous, ordered phase is found in accordance with
the continuous description [32, [8]].

Since its first implementation, the Boltzmann approach has successfully been used
to study different active systems, ranging from point-particles to curved polymers
[30, 18,40, 50, 57] and proven to be a very useful and reliable tool to derive minimal,
well-behaved hydrodynamic descriptions of active matter [40].

In the following we will first define a microscopic model of self-propelled particles
with noisy and local interaction rules tending to align the velocities of the particles.
Afterwards we will outline a coarse-graining process leading to the Boltzmann equa-
tion for active matter following the work of Bertin et al. [7]. In a next step we extend
the microscopic model in order to include different kinds of particles ("species") and
game interactions between them. This extension leads us in a last step to an extended
version of two Boltzmann equations that are coupled through game interactions.
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4.1 Microscopic Model

The underlying microscopic model contains N point-like, active particles in contin-
uous 2-dimensional space. The fluid or substrate on which the particles move acts
as a momentum sink. Hence, overall momentum conservation (momentum of parti-
cles and fluid) is not a concern and we can neglect long-ranged interactions between
particles caused by the surrounding fluid. Such a system is called dry [43].

The particles are driven by a force with fixed magnitude. As a result, all particles
move with the same constant speed |v;| = vp with i € 1,..,N. Since the speed
is fixed, the system is completely described by the positions r; of all particles and
their directions of motion 6; (i € 1,..., N) at every instant of time. The positions are
updated according to

l‘i(t—l—At> = l‘l‘(t) + 0o e(@i) At 4.1)

where e(f) denotes the unit vector pointing in direction . Due to a noisy back-
ground or noisy propelling mechanism, this ballistic motion is interrupted by stochas-
tic self-diffusion events: The particles change their orientation 6 by a small angle at a
rate A per unit time to

6" =0+ (4.2)

where 7 is a noise with Gaussian distribution Py(#) with standard deviation oy.
Hence, the particles move in a run-and-tumble-like motion with a mean time be-
tween tumble events of A~1. On a large scale this leads to diffusive behaviour.

Particles interact via collisions: When two particles collide, they align. We look at the
system in a dilute limit, meaning that we do not consider collisions of more than two
particles. At our coarse-grained level of description, such collisions will be modeled
in the form of simple collision rules. These collision rules map the particles’ pre- to
the post-collision orientations and are simple means to model the (possibly) complex
interactions between particles in real systems. We also restrict our discussion to
polar half-angle alignment: Two colliding particles with orientations ; and 6, align
in the direction of their average angle § = @. To account for stochastic mistakes
happening during the collision event, we add noise terms 7; and #, drawn from a
Gaussian distribution P(7) with standard deviation o

01 + 6
2

o — 91;92

+m, 6=

+ 1. (4.3)

The two stochastic events of self-diffusion and collision are illustrated schematically
in figure

The emergence of collective motion in this model system can be understood as a
competition between the alighment of particles and the randomness of particle mo-
tion imposed by the noise terms of alignment and self-diffusion. Since alignment is
more frequent for higher particle numbers and more precise for small noise values, it
is plausible that high densities and low noise values are beneficial for the formation
of collective behaviour.

The microscopic model is of course just one out of many possibilities to describe
active systems. We study the case of polar particles (the particles have a "head" and
a "tail") with ferromagnetic alignment (particles align according to their polarity).
The symmetries of the particles and the interaction rule can be varied. Other classes
of active particles that arise are polar particles that align by a nematic interaction
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@) (b)

FIGURE 4.1: (a) Ballistic motion of particles is interrupted by stochas-

tic self-diffusion events, where a particle changes its orientation 6 by

a small angle 7 to its new direction of motion ¢’. This self-diffusion

event happens at a rate A. (b) Collision and half-angle alignment of

two particles. To account for stochastic mistakes happening during
the collision event, we add noise terms #; and #5.

rule or head-tail symmetric apolar particles that align nematically [32]. Another
possibility to model collisions could change the half-angle alignment of our example
to a different alignment rule [40]. Particles could align metric-free with their nearest
neighbours instead of aligning with particles that are in a certain range of distance
[40]. However, the microscopic model described above is one of the simplest version
of a variety of models for active matter. There have been any studies using this
model [7,8,40] and it is therefore a good starting point for adding a game theoretical
extension. For the scope of this thesis we will stick to this version for the microscopic
model of active motion.

4.2 Boltzmann equation for Active Matter

The microscopic model illustrated in the last section can be described in the frame-
work of a kinetic theory. For this purpose we introduce a generalized Boltzmann
equation. The equation describes the dynamics of the one-particle probability distri-
bution function f (r, p, t). To be more precise, f (r, p, t) is defined as the probability
that there is a particle in a small region of space d’r centered at position r, and has
momentum nearly equal to p (thus occupying a very small region of momentum
space d?p) at a time t. Then f (r, p,t) d’rd?p is the number of particles dN in an
infinitesimal phase space volume d?rd?p. Integration over the whole phase space
gives the total number of particles N

N = /dzr/dzpf(r, p.t). (4.4)

The Boltzmann approach relies on the approximation of binary collisions and the
molecular chaos hypothesis (velocities of colliding particles are uncorrelated). These
approximations are, to a certain extent, justifiable in low density systems [40].

In our model, particles all move with the same speed vy. Fixing the speed means
that the momentum of every particle is completely characterized by its direction of
motion described by the angle 6

o fpe ) cos(0)
P= ( Py ) _vo<sin(9) )

This reduces the phase space to 3 dimensions and the one-particle density f (r, 6, t)
is now a function of the spatial coordinates r, the orientation 6 and time t. For a
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system with volume V we choose the normalization

1 7T
0= V/der/_ndé)f(r,e,t). (4.5)

with p the mean density of the system. Let us for a moment consider a system with-
out diffusion and collisions. Suppose there is a certain probability f (r,6,t) d*rdf for
a particle to be at position r, moving in direction 6 at a time ¢. If we wait for a small
time At the particle will have moved to r + vpe(#) At. The probability to find a parti-
cle is now f (r + vpe(0) At, 0, t + At) d*rdf. Since nothing else happened in this time
interval the probabilities at t and t + At have to be the same

0= [f (r+ Atvpe(0),0,t + At) — f (r,0,t)] d*rdo.

Dividing by At and taking the limit of At — 0 leads to

) 1
0= AI}QO A [f (r+ Atovge(0),0,t+ At) — f (r,0,t)]

d

= aj: +vpe(8) - Vf(7,6,t).

This is the total change of f in time due to self-propulsion and we will refer to it as
convection term.

To account for self-diffusion and collision events we extend the equation to

aa]t( + %o e(9) ’ Vf(l‘, G,t) = Idiff [ﬂ + Leonn [frf] (4.6)
following the work of Bertin et al. [7, 8]. The diffusion and collision terms each
have a gain and a loss term so that the full Boltzmann equation has the form of a
Master equation. We assumed in the microscopic model that particles diffuse with
probability A, which has dimensions of inverse time. This means the loss term of the
diffusion is simply
Lify [f) = —Af (1,0,1).

A self-diffusion event changes the direction of motion of a particle. As explained
in the previous section, the change in the orientation is governed by the probability
distribution Py (7). Hence, the gain term describes the event that particles, moving
in a direction ¢’, self-diffuse to the direction 0

B = [ a8 [ dno [F (0) Po o) dae (6 + 10— )]

Sor (x) 1= Y42 8(x + 27tm) denotes the 27t-periodic J-distribution that accounts
for the periodicity of the angle. The spatial and time coordinates r, ¢ are not dis-
played explicitly in the expression, since the diffusion only changes the angular de-

gree of freedom.

Next we come to the collision term. Since we only consider the one-particle density,
we need to restrict the model to binary collisions. This implicates that the Boltzmann
equation is only valid for dilute conditions [40]. Using agent-based simulations it
was shown that a model with binary collisions is legitimate to a certain degree and
behaves qualitatively similar to a model with more complicated interactions [7]. To
quantify the probability of collision events we need to find a measure for the rate
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of particle collisions, known as the Boltzmann collision cylinder. This can be done
solely by geometrical considerations (see figure [4.2). The rate is expressed by the
differential cross section R (61, 6,) of a collision event between particles moving in
directions ¢; and 6,. Let us consider two particles with diameter d, moving with
constant speed vy in directions 6; and 6,. Per definition the particles collide if their
relative distance is less than d. If we go to the comoving frame of particle 1, we
see particle 2 moving with velocity vy; := vp — vy = vg (e(62) —e(61)). The two
particles will collide in a time At if particle 2 is in an area R (61, 62) At = 2d ||vy || At =
2dvo| (e(62) — e(61))]| At.

More complex forms of R(6;,62) could be used to describe anisotropic interaction
ranges, for example for elongated objects instead of point-like particles. However, it
was demonstrated that such a change in the particle geometry in the framework of
the Boltzmann equation introduces only minor quantitative effects [57].

FIGURE 4.2: Differential cross section for the collision of two parti-

cles. The blue disk indicates a particle with diameter d and orienta-

tion 61. The particle will collide with a second particle moving in di-

rection 6, during a time At, if the second particle is close by, in an area

R(61,602) At = 2d ||vo1 || At = 2dvy|| (e(62) — e(67))]| At (indicated by
the area inside the dashed line).

The interactions of two particles are described by an integral that takes the proba-
bility density of both particles and the differential cross section of a collision event
R (61, 62) into account. The probability density distribution required for this integral
is actually the two-particle probability density f() (r, 8y, 6,, t) [40]. However, usually
the assumption of molecular chaos is made [7, |8]], that approximates the two-particle
distribution f(?) as the product of two one-particle distributions

@ (x,01,00,t) ~ f (r,01,1) f (r,0,1).

Using this approximation, we assume that particle correlations prior to binary col-
lisions can be neglected. Without this approximation, equation would have to
be complemented with dynamic equations governing the time evolution of the two-
particle distribution function, which could lead to an infinite hierarchy of equations.
Since this is not feasible for actual calculations, the molecular chaos assumption is
a key ingredient for the Boltzmann equation. However, the assumption of molecu-
lar chaos is a rather delicate issue and it is a matter of ongoing investigation to find
criteria, when this assumption is justified [40].
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With the assumptions of binary collisions and molecular chaos we can now formu-
late the collision term of The loss term of the collision term 1'% describes the
collision of a particle moving in direction 6 and a second particle moving in an ar-
bitrary direction. The collision of those two will result in a change of direction for

both particles and therefore a negative contribution to f (r, 6, t)

11,81 = £ (0) [ do'R (6,6)g(0).

Note that the collision event influences - as the self-diffusion - only the angular de-
gree of freedom. The gain term is

Igain B T Tt S
ol 18] = 7715191 7nd92 7ood17><

R (61,621 00) 5 60) P (1) e (52 47 - 0) |

where P(77) is the Gaussian angular distribution function of variance > mentioned

before. It describes two particles with orientations 6; and 6, colliding and the new
orientation 6 = elziez -+ 77 after the collision event.

Everything put together gives
Ligs [f) = =Af©)+ A [ de" [~ dgo [£ (6') Po (o) ar (6 + 170 — 0)]
Lan [ fl = —£ (6) [ a6'R (0,6') £ (¢)
+/_7;d91 /_idez/_idq [R (61,62) £ (61) F (62) P (1) b2 <91;92 + —9)] .

Without loss of generality we can rescale the Boltzmann equation to simplify
expressions

Fi=t-A
f:=r- Aval (4.8)
f ::f : dvo)\_l.

Using the rescaled and dimensionless parameters f,# and famounts effectively to
setting A, vp and d equal to one. In the following we will omit the tilde and just write
t,rand f to not clutter up the equations.

4.3 Extension of the Microscopic Model

We will extend the microscopic model described above to include a game interaction
between two species. Our system consists now of N active point-like particles and
each particle can either belong to species A or to species B. Particles align with other
particles of the same species following the collision rules outlined in the sections
above. They do not, however, align with particles of the other species. Instead, if
particles of different species meet, they "play" the Snowdrift game: If the density of
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particles of species A is too high (higher than the game theoretical fixed point) at a
particular point in space and time, there is a probability that a particle of type A will
switch species to become a particle of type B and vice versa. This interaction ensures
that the overall number of particles is conserved.

We assume that the game interaction is local, meaning that it only depends on parti-
cle densities at that particular position in space. We further assume that it does not
depend on the orientations of particles (in contrast to the alignment rule of particles).

4.4 Extended Boltzmann equation

We describe the evolution of the two species A and B in the Boltzmann framework
with two probability density functions « (r,0,t) and B (r,6,t). The particles of each
species have the same speed v, diameter d and self-diffuse with probability A. As
mentioned above, particles collide and align only with members of the same species.
The dynamics of both species is coupled through game interaction terms that influ-
ences the overall increase or decrease of densities. This leads us to the general form
of the two species equations

e (1,6, 1) +vg (e () - V) & (1,6, 1) = Lyify [a] + Leons [, ] + I} [, B]
B (r,6,t) +vo (e (8) - V) B (r,6,t) = Ly [B] + Lot [B, B] + I [B, 4] -

Note that there is no term of the form I, [, B] since per assumption different species
do not collide. To find an expression for the game terms, we use the replicator equa-
tions derived in chapter 3| We saw that "playing" the Snowdrift game amounts to
comparing the fitness values of both species at every point in space. The assumption
that the game interaction is local and does not depend on the orientations of parti-
cles means that the fitness terms depend on the densities a (r, t) and b (x, t) of species
A and B defined as

a(r,t):/f d0a (x,0,¢)
b(r,t):[r d6 B (r,6,1).

Recall that the term comparing the fitness of species A, f4, with the fitness of species
B, fB P is
fa—f=71ab(r,t) —tB0a(L, 1).

If f4 > fg for a particular point in space and time, the probability density to find a
particle of species A should grow proportionally to | f4 — fp| at that point, while the
probability to find a particle B decreases by the same amount. On the other hand if
fa < fB, a(r,0,t) should decrease while S(r, 0, t) grows. We also have to account for
the probability that particles of species A and B meet. The probability density for a
particle A to meet a particle B is b(r, t) a (r,6,t), since the direction of motion of the
B-particle does not play a role by assumption. Hence, the game theory terms that
couple species A and B are

Ig‘t [a, B] = (TAb — TBa) ba (0)

IgBt [a, B] = (tga — Tab) a B (6) (4.9)



20 Chapter 4. Kinetic Boltzmann approach to Active Matter with Game Theory

where we did not state the dependence on r and ¢ explicitly. To keep notation short
we will most of the time omit the r- and ¢- dependence and just write a and b mean-
inga(r,t)and b(r,t), as well as « (0) and B (6) meaning « (r,0,t) and B (r,6,t). The
game interaction terms 4.9/ could describe all of the four different games introduced
in the chapter about game theory. However, in this thesis we will stick to the Snow-
drift game (74 > 0, 78 > 0) since it promises the most interesting results.

We perform the same rescaling as for the Boltzmann equation for active matter in
the last section and set A = vy = d = 1 everywhere. In the course of this rescaling
we define the new dimensionless parameters

’fA = T4 " Ad_zvo_z

’fB = 1B /\d_2vo_2.

In summary, we formulated an extended version of two coupled Boltzmann equa-
tions for active particles with a game interaction. It incorporates the convection, self-
diffusion and collision (polar alignment) of particles as well as a game interaction
that lets particles switch between species. The two coupled differential equations
for the time evolution of species A and species B are

o (0) + (e (0) - V)a(0) = Lijgs [a] + Lo [a, a] + Ig [, B]
9B (6) + (e (8) - V) B(0) = Luigs [B] + Lo [B, B] + I3} [B, o] -

The interaction terms are
Ligs (F] = ~F @)+ [ a8' [~ dno [£ (6) Po (o) b2 (6 + 10 )]
Lt [f.fl = ~£ () [ da6'R (6,68  (¢)
+ /_Zd@l /_Zdez /_id;y [R (61,6) £ (61) f (62) P () 62 (91 ;92 +y— eﬂ

IgAt (&, B] = (Tab — Tpa) ba (0)
Igt [, B) = (tpa — Tab) a p (9)

(4.10)

(4.11)

with

1 -

Po(10) = e >
\/ 2708

1 2

Pln) = e

The assumptions of this kinetic model are:

o A dilute system (binary collisions only)
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e Molecular chaos, which neglects correlations between particles (particles are
statistically independent)

¢ Game interactions are local and do not depend on the orientations of particles

The Boltzmann equations set the mathematical framework for the investigation
of our active particle system with game interaction. It is derived from a microscopic
model and therefore incorporates the dynamics of the system at the level of single
particles. We will use it as a starting point to derive simpler hydrodynamic equations
using a popular strategy of scaling arguments and appropriate truncation schemes
(8, 140].
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Chapter 5

Derivation of Hydrodynamic
equations

The Boltzmann equation[4.10]is a highly complex integro-differential equation which
means that an analytic treatment is not feasible. Luckily we are only interested in
those variables of the system that vary slowly in time and we do not need the full
description of the system. We will see that the slow variables are connected with the
conserved quantities of the system as well as its symmetries. In this section we will
extract a minimal set of equations for the slow variables from the full description
governed by equations following a strategy commonly employed for the active
Boltzmann equation for various systems; cf. [7, 40,8, |18} 42} 41].

The general procedure to arrive at a hydrodynamic description of the system con-
sists of two steps. In step one, we perform a Fourier series expansion in the angular
variable 0. The resulting infinite set of coupled differential equations describes the
time evolution of the Fourier modes. We will see that the long wavelength (small
wave number) modes grow or decay slowly whereas the short wavelength (big wave
number) decay fast. In step two we will use this fact to implement a truncation
scheme and cut off the short wavelength modes. This procedure will lead us to a
closed set of equations for the slow variables of the system.

5.1 Fourier expansion of the extended Boltzmann equations

In the following we will perform a Fourier series expansion on the dynamic equation
for a(r,0,t). We use the conventions

& = Fla(8)] = /n 46 a(6) e
| . (5.1)
w(0) = F lwy) = - Y oape ™, e (—mn),keZ

k=—o0

where we used the abbreviations a(6) and «j to lighten notation, keeping in mind
that both depend on space r and time . Note that a_; = &}, where the star denotes
complex conjugation.

We will Fourier transform each term of equation separately. It is sufficient to
concern ourselves with the dynamic equation for «, since the equation for 3 is com-
pletely analogous. The first term on the left hand side is the partial derivative of «
with respect to time. Since we can exchange time derivative and integration, this
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term becomes - .
/ d0e* 3,a(6) = o, / d0e*u(0) = ar.
—7T -7

The second term is the convection term. In the Fourier transformation we use e(6) =
(cos(8),sin(6))" and Euler’s formula to get

/f dfee(9) - Va(f) = /f df e? [cos(8)dy + sin(0)d,] ()

= /_7; do eikG% [(eig + efi(’) dx —1i (eig - efio) ay} a(6)

1 . .
=5 (0x +10y) ax_1 + 5 (0x —i9y) a1

1 1
= Evak—l + EV*WkH
where we used the abbreviations

V=9, 410,

5.2
V* = 9y — idy. 62

Next we Fourier transform the right hand side of equation The diffusion term
gives

/_ﬂd@eikeIdiff[zx]
:/ dg ekt [—a(@)—i—/ de// drgo a(0')Po(170) S (8" — 0 + 170)
s 0 .
= —at [" a0 [ dpe T (o) Poo)

_ _ak_'_ |:/71' dgl eike’“(g/)] |:/°° d170 eikr]OPO(WO)]

= —ay +ar Po
= (Poy — 1) ay.

Po is the Fourier transform of the self-diffusion noise probability Py(#o). As the
probability is a Gaussian distribution with standard deviation oy, its Fourier trans-
form is as well a Gaussian with standard deviation ¢;, L
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The Fourier transform of the collision term is a little bit more involved. We start with
the loss term 4.2 by decomposing «(6) into its Fourier modes

[ 0 T 0]

[

:/ do e [—oc(@) /n do'R (9,9/)“9/)]
- / deeM ): e ° / do'R (6 ): e

q*foo

A d9 d9’elk9e i90e-190'2 (9 ¢
qaq

gl

As a next step we make a substitution of variables by defining ¢ := 6 — ¢’ and
replacing 6’ everywhere with 6 — ¢. The bounds of integration stay the same since
we integrate over all angles. We also make use of the fact that the differential cross
section only depends on the difference of the two angles, R (6,0’) = R (|60 —0'|) =

R (l9])-

/d%wﬂﬁ ]

[

_ (271) Y txthq/df)elek 70 [ dpenR(ly)

q,q'=—00

o L g [ dpemR(y)

q* (o]
oe 3wy [ dpcosigp)R(vl)
qf—oo

where we have used the identity [” d6 elflk='—q) — 276k g —4 in the first step
and the fact that only the symmetric part of €% contributes to the integral because
R(|p|) is an even function in the second step. The Fourier transformation of the
gain term of the collision term follows similar steps. First, we decompose «(8) into
its Fourier modes and perform the integration over the delta-distribution

T
/ de ett? 78%" [, a]
—7T

coll

. 7T 7T [ee]
- / dg et / a6, / a6, / dy
- —7 - —00

[R (61,02) & (61) & (62) P (1) b (91 ;92 - 9)]

y ch/zx[]/ d91/ dez/ iy

qW——w
[e1k(9142r2+;7) —ig 91e 1q92«R 91 92 ]
BLEE s / oy / 46, [4(1 0TI R (6,0,)] x
qW— 0

/ dy 1P (1).
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The last factor is the Fourier transformation of the collision noise probability, P. As
for the loss term, we make a substitution, ¢ := 6; — 6, , and use f 7 L d01 elt(k=4'—q) —
2710 _g 4 as well as the symmetry of R (61, 6,) to get

/ d6 e 78" (4, o]

coll
Z)“ww/ oy e 10 [ g DR (|y)) P

( q g'=—o0
Eww/@ﬂh(%m
q* o
o 1w gy [ dpeos(yla - DR (yl) P
q—foo

As a last step we Fourier transform the game interaction term. The series expansion
of Ig‘ﬁ‘t is easy, since the densities 2 and b do not depend on the angular variable 6

T .
/ dg e'*? IA [a,B] = (Tab—TRa) b / d e (0) = (Tab — Tpa) bay.
-7

Putting everything together and performing the same steps for the dynamic equa-
tion for B gives us the Fourier expansion of the extended Boltzmann equations

1
oy + > (Va1 +Viagq)
00 (53&)
= (Pox—Dar+ Y, Cuxtty_gan+ (Tab—18a) bay

n=—oo

AP+ 5 (Vﬁk 1+ V*Bii1)
- (5.3b)
= (Pox— 1) B + _Z, Chi Bu—k Pn — (tab — Tpa) a By

with

oo . agkz

PO,k = / d17 elkﬂo ’Po(i]o) =e 2
o ; 5.4
P o0

Cpg = /7; dp R(|p|) [Pxcos((n —k/2)p) — cos(ny)] .

5.2 Hydrodynamic variables

The Fourier expansion of the Boltzmann equation is an infinite set of coupled partial
differential equations. It is fully equivalent to the original set of equations For
an analytic treatment to be feasible we need to find a reasonable cut off. Our goal
is to reduce the infinite set of equations 5.3|to a minimal set of equations for the
relevant fields. This can be achieved by defining a hierarchy of modes and keeping
only the ones of interest. The standard approach is to look for independent, so called
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slow or hydrodynamic variables. We will briefly introduce the notion of slow variables
and apply the concept afterwards to our system.

Slow variables vary on macroscopic time scales, meaning that long wavelength ex-
citation relax on time scales that are very large compared to the microscopic time
scales of the system such as collision time or mean free time. To identify these vari-
ables for a system, one uses the fact that slow variables are in general connected to
conservation laws and symmetries [33]. This claim can be explained by the follow-
ing argument [51]: Assume there is a slow variable X, that is not constrained by
conservation laws or symmetries. Then the dynamic equation of X will have the
general form

X = — X +F(X,Y) (5.5)
Tmic

with T,,;c a microscopic time scale and F a function of X and all other slow variables

Y of the system, since nothing forbids a term of the form — 2. Then 9;X < —

since Ty is by assumption much smaller than the dynamlcs ‘of X. We can therefomrce

set ;X ~ 0 in equation E 5.5 and solve for X as a function of Y. Hence, X is not an

independent variable of the system, as it can be expressed by the slow variables Y.

This argument shows that we only have to consider variables X whose equations
can not contain terms of the form ——-. The two mechanisms constraining a system
are conservation laws and symmetrles As far as our system is concerned, we have
two constraints given by

1. Particle conservation
2. Rotational symmetry.

Particle conservation forbids a decay of the overall density and makes it therefore
a slow variable of our system. Rotational symmetry forbids the decay of uniform
rotational perturbations: If all orientation vectors are rotated by the same angle, the
state of the system has effectively not changed and does not decay back to its orig-
inal configuration. The corresponding hydrodynamic variables are the momentum
fields or polar order fields.

As a next step we will see how the slow hydrodynamic variables are connected with
the long-wavelength Fourier modes of our system of equations. From the definition
of the Fourier series expansion it follows that the 0-th Fourier mode is just the density
function of the respective species, since

7T . T
ao(r, t) = / 400 (r,0,t) — / d0a(r,6,t) = a(x,t).
—7T —7T
Hence, the equations of the 0-th Fourier modes, ag and By, give the evolution of the

density fields a and b. It is easy to check that (Ppp —1) = 0 and C,9 = 0, so the
dynamic equations[5.3|for k = 0 become

o1+ = (Vuc 1+ V*ay) = (tab— ta) ab (5.6a)

otb + = (Vﬁ 1+ V*B1) = — (tab — ta) ab. (5.6b)
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where we plugged in ap = a and By = b. Next, we investigate the equations for the
1st mode, k = 1. The definition of the Fourier series gives

wy(r,t) = /_7r d0 e®u(r,0,t)
Bi(r t) = /_ﬂ 40 ¢?B(x,6,1).

We saw before, that the slow variables of the system are connected (among other
things) with its symmetries. Rotational invariance holds for the dynamic equations
for both species. The related slow variables are the polar order fields P, and P,

Py(rt) i— a(it) /_7; 46 e(8)a(r, 8, £)

Py (r,b) = b(:t) /7; 40 e(6)B(x, 0, 1)

where e(6) denotes the unit vector. We can relate the polar order fields P,(r, ) and

P, (r, t) to the first Fourier modes aq(r,t) and B1(r, t) using the correspondence of
complex numbers to 2-dimensional vectors in real space ¢/ = (cos(f),sin(6))T =

e(0). We also rename w(r, t) := a;(r, t) and u(r, t) := B1(r, t) for later convenience
w(r, t) = ay(r,t) = /_7; doea(r,0,t) = a(r,t) Py(r,t) (5.9a)
u(r t) = Bu(r t) = /7; 40 B(x,0,t) = b (r, £) Py(r, £). (5.9b)
The slow variable related to the conservation of particles is the local density
p(r,t)=a(r,t)+b(rt).
Usingp.6land & 1 = aj, B_1 = B} we get for the time evolution of p

0tp = 0ia + 0t

1 . i} . . (5.10)
= —E(fol—v 0&1+V,31+V ,Bl)

Plugging the definition of the polar order fields into and using once again the
correspondence of complex numbers to 2-dimensional vectors in real space gives

0o =-V(w+u)=-V(a-P,+b-Pp) (5.11)

which is a continuity equation with the overall flux of particles (a - P, + b - Py). This
reflects the fact that the total number of particles is conserved. In the remainder of
this thesis w and u will be referred to as polar order fields.

In the next section we will argue why it is reasonable to truncate the equations after
the first few modes. This procedure will lead to a closed set of differential equations
for the densities and polar order fields.
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5.3 Hierarchy of modes

We can get one solution of the full Boltzmann equation quite easily since we
know that (Pyx —1) = 0 and C,,x = 0 for k = 0. When we assume spatial homo-
geneity (Va, = VB = 0), the Boltzmann equations become for k = 0

dia = (Tab —tga) ab
otb = — (tab — 1a) ab.

Next we plugin b = p — a to get
oia = (Tap — (Ta +T8)a) (p—a)a.

This is our well-known replicator equation from chapter 3| It has the three fixed
points

ap =0,

apg = p,

agp = A =
EEETER A

ag is completely fixed by 74, 7 and p. These are the three independent control pa-
rameters of the system. The fixed points of the density by are given by by = p — ao:

bo = p,

by =0,

b= — P o=

0 TA+TBP + 8bp-

Recall that only the third fixed point is stable. A solution for the full Boltzmann
equations is therefor a = ag, b = bp and o = Bx = 0 for all k > 0. We are free to
choose arbitrary values for 74, 7 and p, which will lead to solutions for ag and by
between 0 and p.

This solution describes a system with spatially homogeneous densities, that are con-
stant in time. The values of the densities a and b are given by the game theoretical
fixed points. All other modes (including the polar order fields, w = u = 0) are zero,
ar = Px = 0 (k > 0), which means that the system exhibits no macroscopic order.

It is not possible to find other exact solutions for[5.3|analytically or numerically. The
standard approach is instead to linearize the equations homogeneously around the
solution to find out which modes will grow in time after a small perturbation. This
yields for k > 0

o01dny = [(PO,k — 1) + (CO,k + Ck,k) Elo] Soy + 0(52)

(5.14a)
= /\k(b‘lo) 51Xk + O<52)

9Bk = [(Pox —1) + (Co,l;+ Cik) bo] pi+ O (%) (5.14b)
= A(bo) 0Bk + O(67)

where O(42) stands representative for all terms that are at least quadratic in the per-
turbation. We defined Ay (x) := (Pox — 1) + (Cox + Ckx) x, which is a linear function
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of x € {ap, by} with slope (Cyx + Cxx) and interception point (Pyx — 1) (note that
the interception point is always negative since Py, < 1). The sign of A; governs the
linear stability of the modes ay: If Ay is positive, the corresponding Fourier mode
grows in time and if Ay is negative the mode decays.

The expression for A, shows the two main mechanisms that characterize the dynam-
ics of the Boltzmann description of active matter: The interception point is a measure
for the strength of diffusion and the slope comes from the alignment (collision) of the
particles.

Calculating the slope (Cox + Cix) for different values of k > 0 shows that it is pos-
itive for k = 1 (for collision noise values ¢ < 1) and negative for all k > 1. Hence,
A1(x) is the only coefficient that can become positive for x high enough. All other
Ak are negative and perturbations in all modes ay, B for k > 1 will decay. Pertur-
bations in the polar order a1 (1) grow when the order parameters p, T4, T are such
that ag (bp) is big enough and A; becomes positive. This result suggests that polar
order can emerge in the dynamics of species A and B in a certain parameter regime.

5.4 Scaling ansatz

In the last section we learned that the polar order fields a; = w, p1 = u are the only
modes that can become unstable in a certain parameter regime. We use this fact to
obtain a scaling ansatz close to the instability threshold of the polar order fields. We
assume that close to this threshold, the polar order fields and the deviation from the
density fixed points are of the order of a small parameter €, while all higher modes
are of higher orders in €:

a(r,t) —ap ~ ¢,
w(r,t) ~ ¢, (5.15)
ag(r, t) ~ efl k>0

and the corresponding relations for species B. Note that this scaling ansatz is consis-

tent with the relation «_; = a}. Since we are interested in the long-wavelength and
long-timescale dynamics, space and time derivatives are small as well

Vo~ 9~ e (5.16)

For further justification of this scaling ansatz we refer to the work of Bertin et al. [7].
We will use this scaling assumption in the next section to get rid of terms that are of
high orders in €.

5.5 Truncation and closure

Now that we have established a hierarchy of modes we can truncate the equations
(meaning that we only keep terms up to a certain order in €). It turns out that the
lowest possible order to truncate and close the equations and get non-trivial results
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is €3. The Boltzmann equations up to 3rd order in € are for species A

o + % (V" + V*w) = (tab — 13a) ba G472)

dw + % (Va+V'az) = (Po1 — 1) w+ Coqqw'ar + Coraw (5.17b)
+ Crawa + Coamw” + (Tab — 1ga) bw

duy + %Vw = (Po2 =) a2+ Copaa + Crpww +Coptoa o, s

where we used the relation «_; = a] = w*. The only modes appearing in the
equations are 4, w and &, because all terms with modes ay, k > 2, are of higher order
in €. Our final goal is a closed set of equations for the slow variables (densities and
polar order fields).

Equation [5.17alfor the density a already only contains the densities, 2 and b, and the
polar order w. Note that it is an exact equation and does therefore not depend on the
truncation scheme. The equation for the polar order w (equation[5.17b) on the other
hand couples the modes a and w to the higher order mode «;, via nonlinear coupling
terms originating from the collision term of the Boltzmann equations.

We now turn our attention to equation governing the dynamics of ay. Rewrit-
ing the equation using the definition of Ax(x) from section[5.3|gives
1
o + EVw = Aa(a) ap + Cpow?.

The time derivative d;a, decays fast since A, < 0and |9;a2| < |Azaz|. Thus, the time
derivative is negligible compared to the other terms and we can set d;a» ~ 0. Then
we can solve for a; in equation and get

%Vw — Cl,ng

C Dyp— 1+ (Cop+Cop)a’

(L%) (5.18)

We rewrite

orw = [(150,1 - 1) + (Co1 +C11)a+ (tab — Tpa) b} w

1 1
_EVH + _EV* -+ (Cfl,l + 62,1) w* 1))

and plug in the expression. Since we only keep track of terms of the order e’
terms like wVp and VwVp can be neglected and we get the final hydrodynamic
equations

1
dia = -5 (Vw* + V*w) + (tab — 1a) ba

ow = (pta — €[w|?) w+vV* Vo — ywVw —xw Vu - %Va
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with the parameters
pa(a,b) = (Pog — 1) + (Con + C11) a + (Tab — t5a) b
= — ],[0 + Hia + (TAb — TBH) b
=-3 L [(Poz—1) + (Coz +Caz)a)” (5.20)
4v(a)Ciz
—4v
2v(a

(a) (Co1 +C-11) Cip
)(Co1 +C11).

Following the same steps for the equations for By (recall that By = b, 1 = u) we get
the final set of hydrodynamic equations

014 = —% (Vw* + V*w) 4 (tab — t8a) ba (5.21a)
0ib = 1 (Vu* + V*u) + (tga — tab) ab (5.21b)
350 = () — €(6) o)

(5.21¢)

+v(a) V'Vw —y(a) wV*w — x(a) w* Vw — %Va
Bt = (juy(a,b) — £(b) ulP) u

521d
+u(b) V*Vit — (b)) uV*u — x(b) u* Vs — %w. (214)

The new parameter y;(a, b) is - equivalent to i, (a, b) - defined as

up(a,b) = (Pop—1)+ (Cop +C11) b+ (ta — Tab) a
=: — o + p1b — (Tab — 14) 4.

The set of coupled partial differential equations describes the evolution of the
two densities and the corresponding polar order fields. If we set the game param-
eters T4 = T3 = 0, we recover (for each species) the well-known hydrodynamic
equations for active matter [8].

A non-zero game interaction couples the densities of both species and exerts a "force"
towards the game theoretical fixed point that acts on a and b. The polar order fields
are coupled to the density of the respective other species through the parameters
Ha, p- Note that if species A and B are precisely at the stable game fixed point (a =
a9 = gap, b = by = gpp), this coupling vanishes since then (taby — Ta9) = 0.

5.6 Hydrodynamic equations in real space

In this section we will rewrite the complex hydrodynamic equations in real space
to get more intuitive insights about the meaning and role of different terms in the
equation. We will showcase the calculation only for species A, since species B is
completely analogous.
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Defining w =: w, + iw, with w, = Re(w) and w, = Im(w), we can rewrite the
equations in real space using the correspondence

With this mapping between complex numbers and vectors it is easy to rewrite the
terms

I

% (Vwx+V'w) = V-w

(1o — Ellw]?) w = (pa — [ W]*) W
vV*Vw = vAw.

1%

The 7 and « terms are a little bit more work. Since they have a similar structure it is
convenient to examine the combination of both terms

—ywV*w —kw*Vw
= — [(2dx +wydy) + i(—wxdy + w,dx)] w
— & [(wx0x + wydy) + i(wxdy — wydx)| w
= — (7 +«) (Wxx + wydy)w — i(y — k) (—wxdy + W,y )W

wX> + (7 — &) (—wydy + wy D) ( Py )

= _(’Y + K) (wxax + wyay) <
Z/Uy _ZUx

Xa - 1ax
= (R (W V)w— (y—r) [ Ry Ty
_w_xayw_x + Wyaxwx

WxO0x Wy — WyOxWx

We add a zero vector 0 = ( > to the second term and rearrange to

wy 0y Wy + w0, Wy
get

—ywV*w —kw*Vw

Wx0yWy + wxaxwx>
Wy0x Wy + Wydywy

=—(y+r)(w-V)w— (7 —x) (

Wy0y Wy + Wy0 W
+(y—x) S
W0y Wy + WydywWy
1
=—-(r+x)(W-V)w— (v —x)w (V- -w) + (v —K)§VHWHz-

We can follow the same steps to rewrite the equations for b and u in real space.
Taking everything together and defining the new parameters ¢ :=  + x and & :=
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v — k we get the hydrodynamic equations for species A in real space

oia = —V - W+ (tTab —18a) ba (5.22a)
0tb = -V -u— (tab—1a) ba (5.22b)
ow+5(w-V)w = (ya—§||w]|2)w+1/Aw
) 2 , 1 (5.22¢)
—KW(V-W)+§V||W|| —EVa
ou+y(u-V)u= (],tb—§||u]|2)u+vAu
(5.22d)

—Ru(V w4+ V]l - %w.

The continuous rotational symmetry of the system can be seen explicitly in the hy-
drodynamic equations in real space: All terms in the polar order equations transform
like vectors and the equations are therefore invariant under rotations.

There are two main differences of equations compared to the hydrodynamic
equations for one-species active matter derived by Bertin et al [8]. One new feature
is that the individual densities are not conserved. Equations [5.22aland [5.22b| for the
dynamics of densities 2 and b are continuity equations with source or sink terms,
depending on the local values of a and b. The conserved quantity of the system is
the average of the overall density p = a + b. The second new property is that the
momentum fields are not only coupled to their corresponding density fields but to
the densities of both species. Fluctuations in one of the densities can therefore lead
to an instability in the momentum fields of both species as we will see in the next
chapter.

It is instructive to compare equations [5.22d and [5.22d| with the Navier-Stokes equa-
tion for a simple fluid. The §-term on the left hand side is an advection term. There
is a similar term in the Navier-Stokes equation called the material derivative. The
difference is that for a fluid, the coefficient is equal to one, 4 = 1. If this is the case,
the left hand side is invariant under Galileo transformations. The fact that ¢ # 1 for
active matter reflects that particles are moving relative to a substrate and do there-
fore not posses Galilean invariance [32].

The second term on the right hand side is a diffusive viscosity that smoothens out
distortions [43]. We can interpret the third term on the right as a sort of "crunch-
anxiety": Since & is positive it leads particles to speed up (or rather to increase their
order) if neighbours in front are crunched together. The fourth and fifth terms can be
rewritten as the gradient of a "pressure" term —V P, with the pressure P(q, |w||) =
3a — X||w]|| in equation and a corresponding term for equation This
highlights the parallels and the contrast with the Navier-Stokes equation: In the
latter, the pressure is determined by an equation of state in terms of the density and
temperature and not the velocity (or order) field [32].

There is no analogue in the Navier-Stokes equation for the first term on the right
hand side. It is responsible for the spontaneous breaking of rotational symmetry as
Ha/p becomes positive and determines a preferred magnitude of average velocity of
the flock. When w and u are regarded as orientations rather than velocities, we can
see similarities to the XY-model of spin configurations: The first term on the right
could be interpreted as the derivative of a free-energy functional with a minimum
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at 0 or ,/ % (depending on the sign of ,,;), that tries to orient spins in the same
direction.
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Chapter 6

Homogeneous Solution and
Stability Analysis

In this chapter we will analyze the hydrodynamic equations derived in the last chap-
ter. The hydrodynamic equations are easier to handle than the full Boltzmann equa-
tions, but it is still a difficult task to find solutions for the full set of equations. In-
stead, we will start by solving the equations for a homogeneous case. Afterwards
we will perturb this solution with spatially inhomogeneous perturbations in order
to find the perturbations that grow in time and indicate spatial pattern formation.

6.1 Homogeneous solution

When we consider a spatially homogeneous system, all spatial derivatives are equal
to zero and the density equations[5.21aland 5.2Tb|become

0ta = (Tab —1pa) ab
otb = (tga — tab) ba.

We will assume in the following sections that 74 > 7p, which we can do without
loss of generality, since the equations are completely symmetric with regard to inter-
changing A and B. It is also convenient to perform a change of variables

TaA=T
(6.2)
T3 = T * A.

In the Snowdrift game the domain of the game parameters is 74 > 0 and 3 > 0.
Hence, T and A have a parameter range of T > 0and 0 < A < 1 (since A = %‘; which
is smaller than one by assumption). In terms of the new variables the homogeneous
density equations are

dta = T(b— Aa)ab (6.3a)
dtb = t(Aa —b)ab. (6.3b)
Thus we can interpret T as the strength of the game interaction (or in other words

the probability that two particles will "play” when they meet) and A as the relative
strength of B compared to A. Equations[6.3|are independent of the polar order fields
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and can thus be solved separately. Adding the two equations gives
8ta + atb = Btp =0 (64)

indicating that p is constant in space and time. We can thus choose an arbitrary
constant p = pp that plays the role of a control parameter for the system. Plugging
inb = pg —a we get

91 =T (oo — (1+A)a) (o — a)a (6.5)
with three stationary solutions already familiar from chapter 3|
1
ag = 00, g« € {1,0, m}. (6.6)

We can plug the solutions in b = pg — a2 and get the corresponding solutions for b

A

e 6.7)

bo = g0, 8 €1{0,1,
Recall from chapter [3| that - for the Snowdrift game - only the third solution a9 =
QaPo = 1+L}\po and by = gyp0 = 1+L}\po is stable. Note that the homogeneous solutions
do not depend on the overall game interaction strength T but only on the relative
strength A.

For a homogeneous system the hydrodynamic equations of the polar order fields,
5.21cland 5.21d]} are given by

ow = (pa — &Jw|*) w (6.8a)
I = (o — &llu))?) u. (6.8b)

Hence, w = 0,u = 0 is always a trivial solution. When we plug the homogeneous
solutions for the densities in[6.8the parameters y,, 1, are given by

ta (a0,bo) = — (1 —Po1) + (Coqp +C11) gapo = —Ho + 118aP0
iy (a0, bo) = — (1 —Po1) + (Coqp + C11) o0 = —Ho + H18bP0-

Since pio, 11, 8asp > 0 (see section[5.3), we know that j, and py, are negative for small
po, and change sign at transition densities p; , and p;, defined as

01a = 1-Por  _ to
T (Cor+Cia)8 Hi8a
1-=Po1 Mo
Cor1+Cia)8r 18y

(6.9a)

orb = (6.9b)

For overall densities smaller than the transition densities, w = u = 0 is the only
stationary solution. It is stable against linear homogeneous perturbations (see figure

6.1a)).

One can check that parameter £ in equations|6.8]is positive for the parameter regimes
that concern us. Note that { > 0 has to be the case if we want the system to be well-
behaved.

When we increase the densities such that e.g. po > pt4, #a becomes positive and
w = 0 becomes unstable. Instead, a new homogeneously stable solution emerges
with ||w|| > 0 (see figure[6.1(b)). The equivalent happens in the polar order field u if
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(a) po < pta (b) 00> pt,a
(o — ElW|?)w (o — ElW|?)w

Iwl Vi€ \

FIGURE 6.1: Flow diagrams for the homogeneous equations of the

polar order field w. (a) for pg < ptq the isotropic state (||w| = 0)

is stable. (b) for pg > p;. the isotropic solution becomes unstable

and a new stable, stationary solution with ||w| = \/pa/& emerges.

This bifurcation structure describes the spontaneous breaking of the
rotational symmetry of the system.

the density reaches the transition density of species B. The new stable solutions for
w and u are

w =,/ % ew for po > pta (6.10a)
U=, /% ey for po > p¢p- (6.10b)

with e, and e, complex numbers of unit length, pointing in arbitrary directions in
complex space. This result suggests, that the system is in an isotropic state (||w|| = 0)
for low overall densities and that order can emerge spontaneously (||w| > 0) in an
arbitrary direction as soon as pg > p:4. The equivalent happens for species B as
po > ptp. From the assumption that A < 1 (13 < 74) follows that p;, < p;p. This
process describes the spontaneous breaking of the continuous rotational symmetry
of the system in the polar order field of species A.

We can conclude that for a homogeneous system there are in general three distinct
states, marking different regions in parameter space:

1. both species have no polar order (for pg < pt4, 00 < Ptp)
2. species A is ordered, species B has no order (for po > pt,4, 00 < ptp)
3. both species show polar order (for pg > 4,00 > Pt )

We will now analyze these different states and their respective regions in parameter
space for the different homogeneous solutions of the densities given by [6.6|and
The first two solutions are symmetric in a and b, which means, it is sufficient to
analyze one of them and transfer the results to the second one by interchanging a
and b as well as w and u everywhere. Let us take (a9, bp) = (po,0). Since by is zero
at all times, there are only two distinct states: Species A is either in an isotropic,
disordered state or in a homogeneously ordered state. The transition is governed by
the control parameter py = ao.

However, we know that for the Snowdrift game the solution for (ag, by) = (po,0) is
not stable and the system will therefore not stay in this state. Instead, the densities
will shift towards the stable solution (ag, by) = (H%po, 1+LMOO). Now the transition
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(a)A=1 (b)A=0.8

(c)A=0.5 (d)A=0.01

FIGURE 6.2: Bifurcation for the homogeneous equations. If py >
Pta (0 > ptp) the isotropic solution w = 0(u = 0) becomes un-

stable and a new stable solution with ||w|| = \/ua/& (||lull = /up/€)

exists and breaks the rotational symmetry of the system. The control

parameter A determines the overall density pg at which this transition

takes place. The figures show the bifurcation of the polar order fields

of the homogeneous system for (a) A =1, (b) A = 0.8, (c) A = 0.5, (d)
A = 0.01. Noise parameters are setto o = 0p = 1/2.

between isotropic and ordered states for both species depends on the two control
parameters pg and A.

Let us fix the game parameter A and see what happens for different values of pj (see

tigure . If both species are equally strong (A = 1) then p;, = p;p = % and

order emerges simultaneously in both species. If species A is stronger than species
B (A < 1), the density threshold for order in A, p;, = w, is smaller than the

transition density for B p;, = % Hence, order emerges in species A for smaller

overall densities than for species B. For the limit of A — 0, g, = 14%/\ — 1 and
8y = ﬁ — 0 and the onset of order for species A goes to p;, — % (which is the
transition density for a one-species system) while order will never occur in B.

6.2 Interlude: Role of the noise

An aspect we have not considered so far is that the system depends not only on three
but on five free parameters: Besides the two game parameters and the density, the
two noise parameters ¢ and oy also play the role of control parameters. Plugging the
expressions for Py 1,Cp1 and C 1 in we can find an expression for the transition
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FIGURE 6.3: Phase diagram of the model in the (p, 0)-plane for A =

1. In this case p;, = p;p. For high noise ¢ or low density p, the

homogeneous system is in an isotropic state with no order (w = u =

0). When the noise is turned down or the density is turned up, the

isotropic state becomes unstable, indicated by the transition lines in
the graph (full line: oy = o; dashed line: oy = 1).

density p; ;, where j € {a,b}, as a function of the noise ¢y and o

T (1 - e“ré/z)

o1 = (6.11)
YY)y

The transition density increases for increasing noise (see figure[6.3). We will always
keep the diffusive noise tied to the alignment noise, ¢ = 0y, which is the convention
used by Bertin et al. [8]. For systems with ¢ = op = 0 the transition density is zero,
which means that the alignment of particles will always lead to ordered motion.
Changing the two noise intensities relative to each other results in a shift of the
transition line. For high densities, the noise at which a transition occurs saturates to

avalue o = ZIn% ~ 0.9, above which order will never occur.

The mechanism responsible for the disorder-order transition lies in the interplay
between diffusion which drives the system towards isotropy and particle alignment,
which promotes the formation of order. Instead of considering the transition as a
function of the density, we could also look for the transition by varying the noises at
given fixed densities [§]. However, in this thesis we choose to use the density as free
control parameter and we will keep the noise parameters at fixed values

1
=== 12
0 =0=3 (6.12)
in order not to get too many free parameters. Choosing other values for the noise
would change our results quantitatively but would not lead to qualitatively different

results.

6.3 Stability against inhomogeneous perturbations

So far we have seen that the minimal set of hydrodynamic equations for the system
has a homogeneous solution that is stable against homogeneous perturbations.
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The main feature of this solution is that it suggests a transition from an isotropic state
to a broken symmetry state with macroscopic order in A (for A < 1) and a second
transition to a state in which both species show macroscopic order. However, so far
we have only tested the solution against homogeneous perturbations (i.e. perturba-
tions with infinite wavelength). We do not know how inhomogeneities influence the
dynamics of the system. In fact, experiments of self-propelled particle systems [46,
45| 9] show that inhomogeneities become important at the transition to macroscopic
order and can lead to spatial patterns.

In this section we will test the homogeneous solutions against perturbations with
a finite wavelength. Similar to one-species active matter systems we will find that
there are instabilities close to both transitions to macroscopic order for long wave-
length perturbations.

The main difficulties in solving are the non-linearities of the equations. We will
perturb the homogeneous solutions of the equations with inhomogeneous perturba-
tions that are small enough to neglect all terms of non-linear order in the perturba-
tion

a(r,t) = ag+da(r,t), w(r,t)=wy+ dw(r,t)

b(x,t) = by +0b(r, 1), u(r,t) = uo + ou(r,t). (6.13)

If we plug this into the full hydrodynamic equations and only keep terms up to
linear order in the perturbation we get for the equations for a and w

di0a = — % (V*(Sw + Vow™) + T(bo — 2)\610)170 oa + T(Zbo — /\ao)ao ob

010w =pa0w — & (w%éw* +2 ]w0\25w> + (%P;“ - ginon) woda

+ Ia _ a—fHu)oH2 wodb — kwiVow — ywoV* dw — EVM +vV*Viw
ob ob 2
(6.14)

and the two corresponding equations for b and u. Note that we have to differentiate
between perturbations éw and its complex conjugate dw*. In a next step we expand
the perturbations in Fourier space

_i 0 iq-r

da(r, t) = = [m dqe'd%daq(t)

5WM:;/de%m 6.15)
1 o .

5" (1,1) = 5 / dq e 15w} (1).

and equivalently for 5bg, dug, 5”3' Our task is now to find out which modes éaq, 6bq,
dwyq, (5wfi, dug, 5u2‘l as functions of q grow in time. To this end we plug the Fourier
expansion of the perturbations in the linearised equations We can now per-
form the spatial derivatives since only the exponential depends on r. Afterwards we
multiply by e’4"* and integrate over r. Overall this results in the replacement of the
derivatives by the following replacement rules

V:8x+iay—>iqx—qy

* . . (6.16)
V* =0y —idy — iqyx +qy.
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We plug this replacement rule in the equations and omit the subscript q for better
legibility and get

910a =7 (bg — 2Aag)by 6a + T(2by — Aag)ag 6b — %(iqx + qy)0w — %(iqx — qy)ow

9:0b =T(—bg + 2Aag)by da + T(—2bg + Aag)ag 6b — %(iqx + qy)0u — %(iqx —qy)ou*
oy, 0 1 d

oW = {( ai — é” 0H2> wo — —(1qx qy)} da + [ai;wo] ob

+ [ =€llwol1? = (iqx — gy)w5 — Y(igx + gy)wo — v(a + ¢2) | éw

— Ewgbw
* ayﬂ : ayﬂ *
=% ) 0o+ [
—£(w8)2f5w
+ [ =€lwol2 = k(g + qy)wo — Y(igx — 9y )5 — v(gh + 3)] 6"
oMy oMy 1.
0:0u = {aau}é a+ [(—H ||2> “0_2(1%_%)] ob
[ =€lluoll? = x(igx — gy)uy — Y(ix + gy)uo — v(a3 + 73)] ou
— Eudu
dou* = | s a4 %—711 ol2) (iq +a,)| b
a " ob 0 Vi Ty
_g(ugm

+ [=€luo 2 = (g + gy o — ¥ (igx — )5 — vigt + g2) | o’
(6.17)

Overall we get a system of six linear equations that we can summarize in the form

oa oa
ob ob
ow ow
p) = 6.18
s J Suo (6.18)
ou ou
ou* ou*

where ] is the Jacobian of the system. Itis a 6 x 6 matrix depending on q and the ho-
mogeneous solution (ag, by, wo, up). Its components can be read off from equations
Compared to one-species active matter systems we get several new terms. The
time evolution of perturbations in the densities depends not only on fluctuations of
the corresponding order parameter but also on fluctuations of both densities. These
terms have a smoothing effect on perturbations that deviate from the game theo-
retical fixed point. A second difference to one-species active matter systems is that
fluctuations in the order parameter fields depend not only on their respective den-
sity fields but also on perturbations in the density of the other species. This implies
that a fluctuation in density a (b) could lead to a growing instability in the polar
order field u (w), even if species B (A) is in a homogeneous state.
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Finding the regions of parameter space for which the modes grow in time is equiva-
lent to finding the parameters for which there are positive eigenvalues, s(q) > 0, of
J. The eigenvectors corresponding to positive eigenvalues point in the direction of
the instability.

Before we show the results for the calculations of the eigenvalues and eigenvectors
of the full Jacobian J we will briefly discuss what happens when we turn off the
game.

6.4 Stability without game interaction

When we turn off the game by setting T = 0, we have a system of two active species
that do not interact with each other. The equations for the two species are completely
equivalent and the Jacobian has therefore only three degenerate eigenvalues (instead
of six).

Hence, for T = 0 we recover the well-known properties of active systems described
by a Boltzmann approach [7, 8]. We used this fact to check our equations and meth-
ods. Here, we briefly summarize the main results for a stability analysis of active
matter without game, to have an overview of the status quo:

o Calculations of the eigenvalues show that for p < p; = p;,/p, the system is
stable against inhomogeneous perturbations.

e When p reaches the onset of order with the spatially homogeneous, polarized
solution wy, the system becomes unstable with respect to longitudinal pertur-
bations. One a priori considers vectors q and perturbations éwy that point in
arbitrary directions with respect to the macroscopic order wy. However, one
can show that the real part of the eigenvalues s can only be positive for per-
turbations with q pointing along the direction of wy [8]. The growth rate s is
maximal for perturbations éw, pointing as well in the direction of macroscopic
order.

e The longitudinal instabilities of the homogeneously ordered state are expected
to give rise to a state with a stationary wave-like spatial pattern. Bertin et al.
[8] showed that the Boltzmann equation supports a solitonic wave solution.
Such a wave pattern is also found in agent-based simulations of microscopic
models such as the Vicsek-model [11].

e For p big enough, the instability vanishes again and a homogeneously ordered
state emerges. This result of the hydrodynamic description is also supported
by agent-based simulations [11].

To illustrate these findings, we calculate all eigenvalues for T = 0 and A = 1, such
that the two species are not coupled and the density fixed points are at a9 = by =
p/2. Polar order fixed points are either wy = 1y = 0 for p < p; =~ 0.43, or wy =
VHa/E ug = /up/E for p > py. Plugging the parameter and fixed point values
in the Jacobian defined by we can calculate the eigenvalues as functions of q
and p. As mentioned above, there are three degenerate eigenvalues. We call the
biggest eigenvalue as a function of the longitudinal wave vector s(qy). Figure
shows s(qy) for different values of the control parameter p. For small p (exemplary
in the figure for p = 0.3), the eigenvalue is smaller or equal to zero for all values
of q. If p > pt, s becomes positive for a band of long-wavelength, longitudinal
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perturbations q|. In figure this is demonstrated for the values p = 0.5 and
p = 0.8. The instability vanishes again for p bigger than a transition density to
homogeneous order, which we call py;, ~ 0.98. Figure shows this effect for
p=1.0.

We summarize the behaviour of s(qy) for increasing overall density p in figure
It shows the maximal value of s, which we call s,,x, as a function of p. A value of
Smax < 0 means that the system is stable against inhomogeneous perturbations for
the corresponding value of p. If 5,5, > 0, perturbations grow in time.

(a) (b)
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FIGURE 6.4: (a) Biggest eigenvalue s of the Jacobian as a function
of the wavevector q pointing in direction of macroscopic order for
a system with no game interaction (t = 0). For p < p; =~ 0.43 all
eigenvalues are negative and the homogeneous isotropic solution is
therefore stable (here, p = 0.3). As soon as the density reaches the
onset of order, p > p;, eigenvalues becomes positive, which indicates
an instability of the system against inhomogeneous, longitudinal per-
turbations (here shown for, p = 0.5,p = 0.8). For high enough p the
system stabilizes again (here shown for, p = 1.0). (b) Maximal value
of s over all q) as a function of the overall density p. The system is
unstable against inhomogeneous perturbations (sy.x > 0) for values

pt <0 < Pan-

6.5 Stability with game interaction

The six eigenvalues of the Jacobian [6.18]are functions of q and of the control param-
eters (p, T,A). As fixed points for the polar order fields we set wg || up, since we
expect that the coupling of both species through inhomogeneous terms will result
in the polar orders w and u always emerging in the parallel direction for sufficiently
long times. This expectation will be justified through our numerical analysis of the
full hydrodynamic equations and through agent-based simulations.

Similar to the case without game interaction, we find that eigenvalues are maxi-
mal for wave-like perturbations with wave vectors q pointing in the direction of
ordered motion wy, uy. Hence, as for one-species systems, instabilities are longitudi-
nal.

Figure 6.5/ shows the maximal eigenvalue s as a function of q for different values
of p, fixed T = 0.5 and A = 1 in figure A = 0.5 in figure For small p
the homogeneous isotropic state of the system is stable for both values of A. As
p reaches the respective first transition density, p1, = p;p ~ 0.43 for A = 1 and
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pra ~ 032 for A = 0.5, the maximal eigenvalue s becomes positive in a range of
small q;. This indicates an instability of the system at the onset of order against long-
wavelength, longitudinal perturbations. The instability persists for p in a parameter
range that depends on A. When p crosses transition values that we call pg, , and pgy, 1
respectively, s becomes negative again for all q. This transition happens at values
Pdna = Panp ~= 098 for A = 1 and pgy, , =~ 0.51 for A = 0.5. For A = 1, the eigenvalues
will stay negative if we further increase p. Note that the transition values of p for
A = 1 are the same as for a system without game interaction (compare the values of
Pt.a/bs Pdn,a/p With the ones from the last section). For A = 0.5 on the other hand, there
is a second unstable band when p reaches the second transition density, p;;, ~ 0.64
until values of pg, , ~ 1.2 are reached.

(a) (b)
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0.01}
=08 o =0.65
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FIGURE 6.5: (a) Biggest eigenvalue s of the Jacobian as a function of

the wavevector q for T = 0.5 and two different values of A. (a) A = 1:

s has a positive band for values of p € (014, 04n4] = [0tp, Panp] =

[0.43,0.98] and is smaller than zero otherwise. (b) A = 0.5: There are

two unstable bands, one at each transition density: p € [0t,4, 041,4) ~
[0.32,0.51] and p € [p;p, Panp] ~ [0.64,1.2].

As a next step we look for the parameter regions of the unstable bands. In order to
do so, we compute the real part of the maximal value of s(q) over all q, called s;4x.
If Suqx is smaller or equal to zero for certain parameter values (p, T, A), perturbations
will decay and the homogeneous solution is stable. If s,,,x > 0, perturbations grow
in time and the system is unstable.

Figures illustrate the results for the calculations of s,,,;, done with Mathematica.

They show the values of s« in the (7, p) plane for different fixed A € {1.0,0.8,0.6,0.5,0.4,0.2}.
Coloured regions indicate values in parameter space (7, p) for which s, > 0, white

regions mean that s, < 0.

The main results of the linear stability analysis are:

e There are no instabilities for the homogeneous isotropic state (0 < pq,p <
Otb)-

o At the onset of order for A (p > p;,) the system becomes unstable. This insta-
bility vanishes again when p is sufficiently larger than p; ,.

e A second instability occurs at the onset of order for B (09 > p;}), which also
stabilizes again for p sufficiently larger than p; .
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FIGURE 6.6: Contour plots of the maximum value of all eigenvalues
of the Jacobian, sy, in the (7, p) plane for different A. Coloured re-
gions indicate values in parameter space (7,p) for which s, > 0.
The legend in (a) is valid for all plots. (a) For A = 1 there is a band,
that is unstable against long-wavelength, longitudinal perturbations,
at the onset of order, pt, = p;) ~ 0.43, which is independent of the
game strength 7. (b)-(f) For A < 1 we can distinguish between two
different unstable bands, that emerge when p crosses the transition
densities pt ,(A) and p; ,(A) respectively. The transition densities (and
therefore the unstable bands) move away from each other for decreas-
ing A. The system stabilizes again for p far enough from the respective
onsets of order.

L
2.0
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The unstable bands depend on the control parameters. We summarize our findings
in the following statements:

e for A = 1 (both species are equally strong) and therefore p;, = p; , there is only
one parameter region in which the system is unstable. It is the same regime of p
as the unstable band of a system with no game interaction (compare the values
of the transitions for p with the ones from the previous section with no game).
The value of the game interaction strength T does not play a role.

o for decreasing A (for A getting stronger than B) the transition densities differ
(0ta < prp) and there are two distinct parameter regions of instability. For A
close enough to 1, the regions of instability overlap (see figure and
(A =0.8and A = 0.6)). When A is small enough there are separate regions (see

figure|6.6d}6.6e}6.6f (A = {0.5,0.4,0.2})).

e for T — 0 we recover the well-known results for active matter. One can check
for T — 0, that the parameter ranges of p of the unstable bands correspond to
the unstable regime of a system without game interaction. When the game is
turned on (t > 0), the results show that the parameter region of linear insta-
bility is more narrow, hence the game has a (linearly) stabilizing effect.

e We can distinguish between not only three as in the case without game in-
teraction [8], but up to five different regions in parameter space that suggest
different phases of the system. The five different regions have the following
properties:

1. Isotropic, stable state (for p < pi4,0 < 1)

2. The homogeneous solution with polar order fields wy > 0,1y = 0 is un-
stable, which indicates pattern formation (for p > pt4,0 < ptp)

3. The system stabilizes again. Homogeneous order in A (wy > 0), no order
in B (1o = 0) (for p well above pt4, 0 < ptp)

4. The homogeneous solution with polar order fields wy > 0,19 > 0 is un-
stable and indicates pattern formation (for p > pt4,0 > p1p)

5. The system is stable with homogeneous solution wy > 0,1 > 0.

In the next two sections we will take a look at the transition from an isotropic system
to a system with macroscopic order and analyze the eigenvectors in the regions of
instability.

6.6 Transition to order

We start in the region of parameter space with p < p;4, 0 < ptp. The system is in an
isotropic, homogeneous state with the fixed point (ag, b, wo, up) = (1%\9' p%/\p, 0,0).

As mentioned before, the calculations show that all eigenvalues are smaller than
zero for all values of q in this region. Thus the isotropic homogeneous state is stable
against inhomogeneous perturbations.

An interesting question we can ask is, how the transition at p = p;, from the isotropic
state to a state with macroscopic order, w > 0, happens. We want to know which
modes become unstable when the system crosses the border to the parameter regime
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of order formation. These will be the modes that start growing and push the system
out of its homogeneous, isotropic state.

We start with a homogeneous system (ag, by, wo, tg) = (H%p, HLAP' 0,0) with p <
ptq and calculate the maximal eigenvalue s of the Jacobian at this fixed point as
functions of p for fixed A = 0.5,7 = 0.5. We then turn up the density such that it
becomes slightly bigger than the transition density, p < pt,4.

We find that s becomes positive for a range of q-values as expected. Since (so far) the
symmetry of the system is not broken, g, and g, are symmetric in the equations of s
and the eigenvalue is positive for an arbitrary direction of q- The eigenvector corre-
sponding to the instability points always in the w-direction in space that is transverse
to q, which means that the instability amplifies the polar order field perpendicular
toq.

6.7 Eigenvectors

The two unstable bands have different homogeneous fixed points. For the following
discussion we choose coordinates s.t. the x-axis points in the direction of macro-
scopic order. For the first parameter region of instability the fixed point is then

1 _ i
a0 = P > Pta, wo:wx+0-z:\/7,
e ¢ (6.19)

A
bo = T3P <P =0
and for the second region of instability

1 .
ﬂoZmP>Pt,m wy=wy+0-1= %,

_ A _ . [He
b0_1+/\p>pt,b, ug=uy+0-1= e

We find that the eigenvector corresponding to both instabilities has the general form

(6.20)

[
(%)
v=| |, 6.21)
o

Oy

Oy

Note that the components of the vector corresponding to growth rates in dw and
dw* are equal, which means that the eigenvector has a non-zero component in x-
direction, éw,, whereas it does not point in y-direction, dw,. The equivalent state-
ment is true for, du, and (Suy. Hence, the general form of the eigenvector shows that
modes éa, 6b, éw, and du, are unstable (the instability points in da-, 6b-, dw, and du,
-direction). The instability in the polar order fields is in the direction of macroscopic
order.
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The values of v;,] € 4, b, w,u, vary strongly with the values of the control param-
eters. However, components in a- and w,-direction are always of comparable size,
just as components in b- and u,-direction.

If A = 1 there is only one unstable region. All non-zero components of the eigen-
vector have values of the same order of magnitude. This means that all of the four
modes da, db, dwy and Su, will grow at a comparable speed and lead to inhomo-
geneities of similar sizes in the four fields.

If A < 1 we can distinguish between the two emerging unstable regions. Let us start
with the first region, p > p;4,0 < ptp. The smaller the values of A, the smaller are
the components of the eigenvector pointing in b- and u,-direction compared to the
components in a- and wy-direction (v,, v, > vy, v, for A well below 1). Hence, the
eigenvector points mainly in éa- and dw,-direction and perturbations in da and dw,
will grow faster than in 6b and du,.

Let us pause here for a second and think about what these results indicate. We are
looking at the region in parameter space with p > p;,, meaning that order can form
spontaneously in A, whereas the fixed point of B is still in the isotropic regime. We
know from the Boltzmann equation without game interaction that there is a linear
instability at the onset of order, so the instability pointing in a- and w,-direction as
soon as p crosses the threshold density p;, is not surprising. However, the calcu-
lations show that the instability points not only in a- and wy-direction but has also
non-zero components pointing in the direction of density b and its corresponding
polar order field (in the direction of macroscopic order) u,. This is a new effect com-
ing purely from the game coupling of the two species: The instability in A leads to
an instability of the isotropic state of B.

We now turn to the second region of instability, po > pt4,00 > ptp. Here, calcu-
lations show that all non-zero components of the eigenvector have the same order
of magnitude. From the hydrodynamic equations without game we know, that we
are in a region where (without game) we would only expect an instability in b and
uy-direction. This suggests that the observed instability in a- and w,-direction is an
effect of the coupling of both species through the game interaction.
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Chapter 7

Numerical Analysis of the
Hydrodynamic equations

7.1 Numerical methods

To investigate the full equations we use numerical methods, specifically a finite-
difference approximation. We model our system by a 2D-grid with periodic bound-
ary conditions and replace all spatial derivatives with their finite difference approx-
imations. The idea is then, that if we know the state of the system (the values of the
fields at every grid point) at t = 0, we can find the solution for t = At,2At,3At, ...
via an explicit iterative process (4th order Runge-Kutta method).

First, we recall the Taylor series expansion of a function f(z)

2
f(z+k) :f(z)+kf’(z)+%f"(z)+... (7.1)

with k a small number. If we truncate after the first two terms and solve for f/(z) we
get

f() ~ ¢ [fz+B) — £()] 72)

which is called the forward-difference approximation to the first derivative of f. We
will use a slightly different approximation, which can be obtained by the Taylor
series of f(z +k) — f(z — k)

F(2) % o [f(z+K) = £z~ k)] 73

and is called the central-difference method. We can use the central-difference method
twice using & as small parameter instead of k to obtain an approximation for the sec-
ond derivative

() = L [ k/2) = 2= k/2)] = 5 [f 4 K) = 2f(2) + fz = K] (74

These approximations are the same for partial derivatives. In our case f represents
the densities or the polar order fields (then f is a complex function) and z is a space
variable. To solve our equations by finite differences, we start by defining a square
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grid in space with grid points

X; = ik
yj = jk, i,j€1,23,..,N.

The fields are now time dependent N x N matrices

a;(t) :== a(t, x;,y;)
b i(t) == b(t, xi,y;)
w;j(t) == w(t, xi,y;)
u; i(t) == u(t, x;,y;)

with complex entries in the case of w and u. Using the approximations for spatial
derivatives we get the following replacement rules for the field equations

a(t,x,y) — a;j(t)
da(t,x,y) — % [aiy1,j(t) —ai—1,i(t)]
oya(t,x,y) — 217{ [aija(t) —aij1(1)]

o%a(t,x,y) — % [air1,j(8) —2a; () +a;1j(1)]
Ra(t,x,y) — % [aij41(t) — 2a;5(t) + a; ;-1 ()]

and the corresponding rules for b,w and u. Overall we now have 4N? ODEs (one
ODE for every entry of the four N x N matrices) of the general form

dsa;j = G(ayy, by, Wi, k), k1€1,2,3,..,N. (7.5)

We assume now that we know the state of the system at a time t = 0. To iteratively
solve for later times, the 4th order Runge-Kutta (RK4) method worked very well for
our system. Before we apply the method to our system, we will explain the general
concept of RK4 briefly. Consider the initial value problem

f=F(f), flt=0)=fo

where the initial value fy and the function F are given. As a first step we discretise

the time
t, = hn, nel?23,..,M

with & a small number. Hence, also the time dependent function is disctretised as
fn := f(tn). The RK4 method now states that f,+1 = f(f,4+1) can be approximated
by
h
Surr = fut+ ¢ (ki +2ka +2ks + ka) (7.6)
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with

ky :P<fn>
k2=P<fn+k21>

mr (1)
ks =F (fn+ks).

The value of the wanted function after one time step, f,1, is determined by the
present value f, plus the weighted average of four different increments. Each one
of the increments is the product of the time interval h, and an estimated slope calcu-
lated from the function F.

(7.7)

The first increment, ky, is based on the slope at the beginning of the time interval. k
and k3 are based on the slope at the midpoint of the interval. The value of f at the
midpoint is estimated by f, + kz—l for ky and f,, + kz—z for k3. The fourth increment, ky
is based on the slope at the end of the interval, estimated using f, + k3. These four
increments are averaged, whereas greater weight is given to the increments at the
midpoint.

In our case, f is an array of the four relevant fields

[y a;j(tn)

P B P R (7.8)
Wi j w; ()
Upij Ui (tn)

and F = F(f) is given by the hydrodynamic equations We choose initial con-
ditions (ao;;j, bo,; j, Wo;i j, to;i,;) for the fields at every grid point (i, j) and find the so-
lution for t = At,2At,3At, ... via the RK4 method outlined above.

We choose periodic boundary conditions for our system. In order to discretise the
fields we have to select the size of the 2D grid (the matrices) and the spacing between

grid points Ax. One can show that we the time step At has to be At < AT"Z in order
for the algorithm to converge [21]. We typically chose the parameters to be

gridsize = 160 x 160, Ax = 0.4, At = 0.25 x Ax> (7.9)

and let the program run for times of the order of magnitude of T € [1000, 100 000].
The methods described here proved to work very well for our system. We typically
started with a homogeneous field configuration (aq; ;, bo;i j, wo; j, Uosij) = (5,5,0,0)
for fixed control parameters p, T, A. We perturbed the system at all points of the grid
with perturbations of random sizes of the order of magnitude 10~3. This perturba-
tion is necessary since a homogeneous configuration is an (unstable) fixed point and
without perturbing the system, it could stay there forever. After setting the initial
state of the system we let it evolve iteratively in time steps At.

In the next sections we will present our findings from the numeric calculations about
the active matter system with game interaction.
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7.2 Phases and spatial patterns

As we discussed in chapter|[f} a linear stability analysis of the hydrodynamic equa-
tions (for A < 1) suggests up to five distinct phases - two of which are linearly
unstable. Previous work on active matter suggests the formation of traveling waves
emerging in regions of linear instability. This state, characterized by spatially inho-
mogeneous, density-segregated moving patterns, was shown to exist in the hydro-
dynamic framework [8] as well as in numeric solutions of the Boltzmann equation
[50]. Agent-based simulations have confirmed this traveling wave state [11]].

The numerical treatment of our system confirms the existence of five distinct phases
suggested by linear stability analysis. In this section we will give an overview of
the phases and the emerging spatial patterns. Transitions between phases and their
corresponding parameter regimes will be subject of the next section. Ordered by
increasing overall density p, the different phases are:

1. An isotropic, homogeneous phase, in the following referred to as IHP.

2. A broken symmetry state with macroscopic order and traveling wave patterns
in A and B, respectively, where waves in B are induced by A (we will explain
what we mean by this statement later in this section). In the following we will
refer to this phase as traveling wave phase one (WP1).

3. A broken symmetry state with macroscopic homogeneous order in A and an
isotropic state with no macroscopic order in B, which we will refer to as ordered
phase one (OP1).

4. A broken symmetry state with macroscopic order and traveling wave patterns
in A and B, where waves in A are induced by B. We will refer to this phase as
traveling wave phase two (WP2).

5. A broken symmetry state with macroscopic homogeneous order in A and B,
which we will refer to as ordered phase two (OP2).

We assumed for this list that A is sufficiently small, such that there is a clear distinc-
tion between the different phases. If we increase A, WP1 and WP2 start to overlap
until for A = 1, OP1 is gone completely and the region of parameter space for WP1
is the same as for WP2 (compare with figures|6.6).

FIGURE 7.1: Wave patterns emerge in WP1 for the parameters p =

04,0 = 05,7 = 1. From left to right: a,w”,b,uH, where w) and u|

point in the direction of macroscopic order. The components of the

polar order fields in perpendicular direction to macroscopic order are

negligible: w; ~ 0,u; ~ 0. The red arrows indicate the direction of

motion of the wave fronts. All plots have the same scaling for better
comparability.
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Figure 7.1/ shows a wave pattern in our 2D system in WP1. The wave vector of the
traveling wave front points in the direction of macroscopic order, as suggested by
linear stability analysis. When viewed from a comoving frame, the pattern is ho-
mogeneous in the direction perpendicular to the wave vector x| . We can therefore
restrict the description of the emerging patterns to the parallel direction x| along
macroscopic order.

For A < 1, we have distinct phases WP1 and WP2, which both show traveling wave
patterns.
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FIGURE 7.2: Wave profiles for p = 0.35,A = 0.4 and different game
strengths. The system is in WP1. (a) For T = 0, density a exhibits
waves, while b is in an isotropic, homogeneous state. (b) For T =
0.2, the traveling wave in A induces an enslaved wave in species B
through the game interaction. The stronger the game interaction, the
more do the wave patterns approach each other. This is illustrated
in (c), where we see an increase of wave amplitudes in b and u as
well as a decrease of wave amplitudes in a4 and w| compared to (b)
for game strength T = 1.0

Figure shows wave profiles for the system in WP1 for different values of 7.
The other control parameters are p = 0.35 and A = 0.4. For these parameters,
the overall density is higher than the transition density for a, p > p;,, but lower
than the transition density for b, p < p;;. Hence, if we turn off the game interac-

tion, T = 0, but keep the average densities 4 and b at their respective fixed points,

a= 15 =025b= 1)% = 0.1, traveling waves emerge in species A, while species B

is in an isotropic, homogeneous state. Figure shows the wave profiles in a, b, w)
and u| for T = 0. The spatial averages of the waves in a and w) are the fixed point
a= 025w = \/pa/§ ~ 0.09. As expected, species B is in an isotropic, homoge-
neous state with b = 0.1, u| = 0, everywhere in the system.
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When we now turn on the game, T > 0, we see a wave pattern forming in species
B (see figures and [7.2c)). The pattern in b follows the wave in a through the
system. The wave in species B is enslaved to the traveling wave in species A. Recall
that our results in the linear stability analysis showed a positive growth rate in b- and
u)|-direction in WP1, which already hinted at the formation of patterns in species B.
We call this process of wave pattern formation for T > 0 in a species, that does not
exhibit waves for T = 0, an induction of waves.

Figure[7.2)shows how the mutual influence between the species grows with the game
strength: The higher 7, the higher the amplitude of the induced wave and the lower
the amplitude of waves in A. This is illustrated in figure with T = 1.0 compared
to[/.2b. There is an increase of wave amplitudes in b and 1| as well as a decrease of
wave amplitudes in 2 and w).
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FIGURE 7.3: Wave profiles for p = 0.8, A = 0.4 and different game

strengths. The system is now in WP2. (a) For T = 0, species A is

in a homogeneously ordered state, while species B exhibits traveling

waves. (b), (c) For T > 0, the traveling wave in B induces an enslaved
wave in species A through game interaction.

We now turn to the second density-segregated phase with traveling waves, WP2,
with p > pt4, 0 > p1p. Exemplary for this phase we choose parameters p = 0.8, A =
0.4, which leads to the homogeneous density fixed points @ = HLA ~ 057 and b =

1)_% ~ 0.23. Here, the stationary state of A is - for a system without game - in

a regime of homogeneous flow, w| = /p./§ = 0.39 . The stationary state for B
is in the regime of wave formation with the homogeneous polar order fixed point
i = /mp/& =~ 0.06. Hence, for T = 0, we expect wave patterns in b and u and
homogeneous ordered motion in 2 and w) (see figure ).

We now turn on the game by setting T > 0. Figures and show, that species
B induces traveling waves in species A. The induction of traveling waves leads to
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FIGURE 7.4: Density profile and polar order profile are approximately
related via the homogeneous polar order fixed point w| = /pa/¢
everywhere.

high amplitudes even for low T.

A general feature of the patterns is, that the wave profiles of density and polar order
are related to each other via the homogeneous polar order fixed point w = /pa/§
at every point to a high degree of accuracy (see figure[7.4).

Having now established that the interplay of activity and game interaction leads to
the formation of wave patterns in both species, we test how the patterns vary for
different values of p. First, we look at the patterns when both species are equally
strong, A = 1. In this case we only have one phase that exhibits pattern formation
(the parameter regime of WP1 equals the parameter regime of WP2). Figure [7.54]
shows typical profiles of density a for different overall densities p. The wave pattern
in b has (for the special case of A = 1) the exact same shape and both waves travel
synchronously through the system.
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FIGURE 7.5: Typical wave profiles of density a for A = 1,7 = 0.5. (a)

A wave pattern spontaneously emerges for p > p;,, segregating the

system in regions of high density with macroscopic order (w > 0) and

isotropic regions of low density (w = 0). The wave gets broader and

higher as the overall density is increased, whereas the low density

background stays unchanged. (b) For high enough densities p we
observe two wave peaks in the size of our system.

The wave patterns have a rather steep front and fall off less steep in the back. This
asymmetry has also been reported in several numerical studies of self-propelled,
polar particles without game interaction [50, 11]. For densities close to the onset of



58 Chapter 7. Numerical Analysis of the Hydrodynamic equations

order, the waves are relatively narrow. As we increase the density, the wave profiles
get broader and the asymmetry becomes more pronounced.

The pattern segregates the system in regions of high density with macroscopic order
(w > 0) and isotropic regions of low density (w = 0). The high density, ordered
wave moves through the system on an isotropic, low density background [50]. Note
that the density level for the low density background stays approximately the same
for varying overall densities. Hence, the plus in density a is solely added to the
high density wave pattern when p is increased. Similar results have been reported
for one-species active matter systems. An increasing density broadens the wave
patterns, while the low density background remains approximately unchanged [50].

For high enough densities we also observe two wave peaks in the system size L
(see figure [7.5b). The wave structures get broader as the overall density is further
increased. Compared to wave structures with just one peak, the low density back-
ground for this state is slightly higher and increases with the overall density p.
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FIGURE 7.6: Wave profiles of density a and b for A = 0.4 and (a)

T = 02, (b) T = 1.0 for different values of the overall density,

p € {0.32,0.38,0.44,0.5}. The wave gets broader and more asymmet-

ric as the overall density is increased. The low density background

stays roughly unchanged for density a. Inset of (a): The amplitude of

the wave (Max(a)) initially grows approximately linearly with p and
saturates for high enough densities.

When A < 1, the wave shapes in 2 and b differ from each other. Figure [7.6/shows
wave patterns in a and b for different values of p. The system is in WP1 with the
parameters A = 0.4 and T = 0.2 in figure and T = 1.0 in figure Values
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in p are {0.32,0.38,0.44,0.5}. As before, the low density background stays approx-
imately the same for the inducing species A for all densities. The background in
density b increases with p, which shows that the wave formation is due to a differ-
ent mechanism (induction through game interaction) and not due to active motion.
With increasing p the wave shapes get broader. We also observe that the amplitudes
grow initially approximately linearly with the overall density and saturate for high
enough densities.
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7.3 Bifurcation structure

After having seen that the system gives rise to up to 5 distinct phases, we will an-
alyze the transitions between the different phases and the bifurcation structure in
more detail. In chapter |6l we computed the regions in parameter space that are lin-
early unstable. This gives us a first draft for the phase diagram of our system. Using
the numerical methods outlined in section[Z.1lwe can now check how non-linearities
influence the phase diagram.

We will test the system especially for hysteresis effects, which have been reported
in numerical solvers of the Boltzmann equations for one species [50], hydrodynamic
descriptions [40], as well as in agent-based simulations of the Vicsek model [19].

In order to detect hysteresis effects, we numerically compute the stationary solution
of the system for fixed parameters (A, T) and initial conditionsa = b =p/2,w = u =
0 plus random perturbations at every grid point. Then we quasistatically reduce (or
increase) the overall density p in small steps. With the term “quasistatic”, we mean
here that the system is given a sufficient amount of time to equilibrate in between
successive adjustments in p.

As a measure of whether spatial patterns exist, we use parameters that we call varia-
tion parameters n(a) and 17 (b), which measure spatial variations in the densities a and
b by taking the average of the numeric spatial derivative [7.3|over all grid points. If
n = 0, the density of the corresponding species is homogeneously distributed. For
n > 0 the system is in an inhomogeneous state, hence, a state with traveling wave
patterns.

First, we calculate the bifurcation diagram of the variation parameter and the polar
order parameter as a function of the overall density for no game interaction, 7 = 0
(see figure[7.7a)). Since for no game interaction both species behave exactly the same,
we only show #(a) and ||w|| in figure[7.7] Blue dots indicate stable fixed points of the
system’s dynamics and have been determined numerically. Dashed lines are drawn
“by hand” and indicate the estimated position of unstable fixed points.

To get the numerical data for the bifurcation diagram, we used the following pro-
tocol. We start in an isotropic homogeneous state (7(a) = 0,7 = 0) at low densi-
ties p = 0.2, and then quasistatically increase p. We have indicated the path of the
system for increasing p with black arrows in figure At the transition density
pr ~ 0.43, wave patterns emerge spontaneously in A, which we can see by a jump
of the variation and the spatial average of the order parameter #(a) > 0,|@w| > 0.
The homogeneous state of the system is now unstable, indicated by the dashed line
aty(a) =0, |®@| = 0 in figure The system stays in the traveling wave phase as
we further increase the overall density p up to densities well beyond the transition
density to a homogeneously ordered phase, pg;, ~ 0.9 suggested by linear stability
analysis. This transition occurs at a density p, ~ 1.1, where the variation #(a) jumps
back to zero.

Once we have reached this point, we start to quasistatically decrease p again. The
path of the system is now indicated by grey arrows. The system stays in a homo-
geneously ordered phase until pg,, where it jumps back to a traveling wave state.
As we further decrease density p, the system stays in the wave state until a density
pi = 0.3, well below p;.
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FIGURE 7.7: (a) Variation #(a) and (b) average of the polar order pa-
rameter |@| as a function of the overall density p for a system without
game interaction, T = 0. The variation is a measure of pattern for-
mation. Dots indicate stable fixed points of the systems dynamics
and have been determined numerically. Dashed lines are drawn "by
hand" and estimate unstable fixed points. The data indicates that the
bifurcation is subcritical with hysteresis effects and the transitions are
first order. The arrows show the path of the system for quasistatic in-
crease (black arrows) and decrease (grey arrows) of density p.

Summarizing, we can conclude that the bifurcation is subcritical and the system is
bistable in the regions p € [p;, p¢] and p € [pan, pp], in the sense that two different sta-
ble solutions exist for the same values of the parameters. The transitions between the
isotropic phase, the traveling wave phase and the homogeneously ordered phase are
accompanied by hysteresis effects. This behaviour suggests first order transitions as
has previously been reported for one species active matter systems [50, 40].

We can now turn the game on again. Figure[7.8|shows the variation parameters, 1 (a)
and 77(b), and the average polar order parameters |@| and |ii| as functions of p for
A = 04, T = 0.2. It shows the bifurcation diagrams for the transitions between the
phases IHP, WP1 and OP1. Blue and red dots indicate stable fixed points of A and
B respectively and dashed lines indicate the approximate positions of unstable fixed
points.

Following the same protocol of quasistatic increase and decrease of the overall den-
sity as described above, we get the following results: If the initial state of the system
is in IHP and we quasistatically increase the overall density, the transition density to
WP1 is at p;, ~ 0.31, where the variation parameters 7(a), 77(b) and the polar order
parameters @ and 7 jump to non-zero values (see figure[7.8a|for 17(a), 17(b) and figure
[7.8b|for w,i1). Non-zero values of the induced quantities #7(b) and it are much smaller
than the ones of variation #(a) and polar order @, that jump to non-zero values due
to the properties of active matter. The values of #(b) and i are higher the bigger the
value of the overall game strength 7 is, as we have already seen in the last section.
If the system is on the other hand initially in WP1 and the density is decreased, the
stationary inhomogeneous state is stable down to values p; , ~ 0.23.

An equivalent effect occurs for the transition WP1 <+ OP1: Starting in WP1, the
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system stays in the inhomogeneous phase up until p,, ~ 0.55. An initial state
in OP1 and quasistatic decrease leads to a transition to WP1 at pg,, ~ 0.52. Fig-
ure shows that 77(a) jumps to higher values than it had for increasing p during
this transition. This is due to the formation of wave structures with a wavelength
that fits twice in the system size L (hence, a wave structure with two wave peaks
in L). We suspect that this state was suppressed for increasing p, since the system
was already in a wave state with one peak in L when the respective values were
reached. The shorter-wavelength (two-peak) state decays to the longer-wavelength
(one-peak) state for low enough p (in figure the system jumps from the higher
values of 77(a) to the same non-zero values as for increasing p at a density of approx-
imately p = 0.35). The same effect happens for species B, the effect on 7(b) is just
very small compared to species A since the variation in B is much smaller than the
onein A.
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FIGURE 7.8: (a) Variation #(a) and (b) average of the polar order pa-
rameter |@| as a function of the overall density p for A = 0.4, 7 = 0.2.
Dots indicate stable fixed points (calculated numerically), dashed
lines indicate unstable fixed points (drawn "by hand"). The control
parameter p sweeps over regimes of IHP, WP1 and OP1. Black and
grey arrows show the path of the system for quasistatic increase and
decrease of p respectively. The bifurcation is subcritical and exhibits
hysteresis effects.

We follow the same procedure of increase and decrease in p for the transitions OP1
< WP2 and WP2 <> OP2. The results for the whole range of overall density p is
shown in figure If the initial state of the system is in the inhomogeneous wave
regime WP2 and we quasistatically decrease the overall density, the stationary in-
homogeneous state is stable down to values p;, ~ 0.63, below the transition point
Py ~ 0.77 for the transition OP1 — WP2. The transition from WP2 to OP2 occurs
at pp,, ~ 1.4 and the transition from OP2 to WP2 at py,, ~ 1.2. Figure shows
the jumps in the polar orders |w| and |u| at the respective transition points and the
steady increase of polar order with the overall density afterwards.

As a summary we can make the following statements: Phase separated, inhomoge-
neous solutions are observed in parameter regions wider than the linear instability
domains of the homogeneous states. This implies that there are bistable regions in the
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FIGURE 7.9: (a) Spatial variations #(a),7(b) and (b) average of the
polar order parameters |®@|, |ii| as functions of the overall density p
for A = 04,7 = 0.2. Dots indicate stable fixed points (calculated
numerically), dashed lines indicate unstable fixed points (drawn "by
hand"). The sweep in p goes over all of the five distinct phases. There
are bistable regions with two coexisting phases and hysteresis effects
at every transition. The system performs jumps in the variation pa-
rameters and the order parameters at the transition points, indicating
first order phase transitions.

sense that two stable phases coexist in the parameter regions: For p;, < p < ptq, the
system is either in IHP or WP1; for pg,, < p < ppq, it is either in WP1 or OP1; for
pip < p < pp in OP1 or WP2 and for pg;, < p < ppp, the system is either in WP2
or OP2. The initial conditions determine which phase is realized in each of the co-
existence regions. The bifurcation is subcritical and there are hysteresis effects at every
transition. A consequence of the subcritical nature of the bifurcation is that a homo-
geneous system in a coexistence region is stable to small perturbations but unstable
to large ones that will lead to pattern formation. The system performs jumps in the
variation parameters and the order parameters at the transition points, indicating
first order phase transitions.

Following this procedure for fixed A = 0.4 and increasing 7, we expect from lin-
ear stability analysis that p;;, , decreases and that the distance between pg;, , and p;,
grows (see figure[6.6). Figure compares bifurcation diagrams for #(a),n(b) for
increasing values of T and A = 0.4. Indeed, as can be seen in figure we mea-
sure a decrease in pgp, , as well as in pj, ,. However, the stable branches of the phases
WP1 and WP2 do not move correspondingly farther apart. Since the value of p;),
decreases faster than pj, for increasing 7, the distance between p;,, and p;; actu-
ally gets smaller. Hence, the branches of the traveling wave phases approach each
other until they unite to one branch (o;;, ~ pj,q) for T ~ 1 (see figure [7.10d). The
structure of the bifurcation diagram is different, in the sense that now there is only
one phase transition to an inhomogeneous state and one transition back to a homo-
geneous state (instead of two) when p is increased or decreased quasistatically over
the whole parameter range. A state of homogeneous order in A and isotropy in B
is only exhibited by the system if it is placed in this state by its initial conditions.
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The transition from WP1 to WP2 is continuous for increasing or decreasing p. Con-
sequently, there is only one discontinuous transition to order in |w| and |u|. This is
illustrated in figure The system is only in OP1 if its initial conditions are re-
stricted to this phase. In particular, OP1 is unstable for sufficiently large fluctuations
in this case and is therefore not a globally stable state anymore.
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FIGURE 7.10: Variations #(a), n(b) for different values of T €
{0.2,0.6,0.97,1.0} and fixed A = 0.4 as functions of the overall density
p. Dots indicate stable fixed points (calculated numerically), dashed
lines indicate unstable fixed points (drawn "by hand"). The value of
pip decreases faster than p, , for increasing 7. Hence, the branches
of the traveling wave phases, WP1 and WP2, approach each other
until they unite to one branch at T &~ 1. Then there is a continuous
transition from WP1 to WP2 and OP1 is unstable to large fluctuations
everywhere.

The bifurcation diagram has a different structure for certain parameter regimes of
A. We know from linear stability analysis that if A is decreased, the inhomogeneous
phases WP1 and WP2 move farther apart from each other in parameter space (see
figure[6.6). For A < 0.4, we find that the bifurcation diagram has qualitatively the
same structure as the one for A = 0.4, T = 0.2, characterized by five distinct phases
and discontinuous transitions between them. The distance between the branches of
the inhomogeneous states increases for decreasing A such that the distance is too
big for the branches to meet and unite in the parameter regime of T € [0,1] that
we have considered here. It would be subject for further investigations to explore
higher values of T to get a more complete picture of the bifurcation structure and
phase diagram of the system.

If A is increased on the other hand, we see a new effect: If T is sufficiently small, the
branches of the inhomogeneous phases do not meet at their "edges" as they did in the
case of figure instead they overlap in a parameter region of p € [p; 4, 0,4] (note
that in this case p; ;, < pj ). Figure illustrates this effect for the parameter values
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FIGURE 7.11: Averages of |w| and |u| as functions of p. Game param-

eters are set to A = 0.4 and 7 = 1.0. The inhomogeneous phases WP1

and WP2 are united to one phase and there is consequently only one

discontinuous transition to order in |w| and |u|. The transition from

WP1 to WP2 is continuous and can roughly be estimated by the kink
in both curves.

A = 0.5,7 = 0.2. The fundamentally new feature of the bifurcation is, that there are
regions in parameter space where both inhomogeneous traveling wave states are
stable. Depending on the initial conditions, the system can either be in WP1 or WP2
in these regions. This property leads to the existence of tristable states (one stable
homogeneous solution and two stable inhomogeneous, traveling-wave solutions).

Similar to the A = 0.4 case described above, the branches unite to one inhomoge-
neous phase if T is increased and reaches a threshold value that depends on A. In
the parameter region of p where both branches would have overlapped, the system
is neither in WP1 nor WP2 as we defined it, since neither of the waves is purely due
to the induction mechanism. Instead, both species form traveling waves, that move
with approximately the same speed through the system, synchronized by the game
interaction.
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FIGURE 7.12: Bifurcation diagram of #(a),n(b) for parameter values

= 0.5,7 = 0.2. The branches of the inhomogeneous phases over-

lap, which leads to regions in parameter space where both inhomo-
geneous traveling wave states are stable.
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7.4 Wave delay

We have seen that a wave pattern in A induces waves in B and vice versa, as we turn
on the game interaction. Since the waves travel through the system and the game
interaction can only react within a time proportional to 7!, there is a time delay of
the induced wave compared to the original wave. We can quantify this delay d in
the numeric solutions and measure it as a function of the game interaction strength
T.

This was done by counting the number of spatial grid points, 4, that lie between the
peak of the wave in a and the peak of the wave in b. The other control parameters p
and A were kept constant for each T-sweep. Figure[7.13a|shows d(7) for p = 0.4,A =
0.4. The system is in WP1. For a strong game interaction,7 > 1, the reaction time of
the game is fast and the system is pulled strongly towards its fixed point everywhere.
The induced wave closely follows the first wave. It is thus an intuitive result that the
delay vanishes (d(t) — 0) for T > 1.

Figure shows the delay d(7) for different values of A. We find that the delay
is bigger when A is smaller. For A > 0.5 we observe a drop in the delay when
T reaches certain values. This can be explained by the change of the bifurcation
diagram of the system. As was explained in the last section, an increasing value of
T decreases the value of p; j, at which species B starts to form traveling wave bands.
The drop of the delay d(7) in figure can be traced back to the value of T for
which p;;, = 0.4, thus the smallest value of T with traveling waves in B. Before this
drop (and for the lower values of A displayed in the figure), the system is in a state
where A induces waves in B (WP1). This induction is delayed in time because of the
finite reaction time of the game. After the drop in the delay for A > 0.5, the system
is in a state where both species form waves. In this state, both traveling waves move
with approximately the same speed and are synchronized by the game interaction.
Compared to an enslaved wave, the delay is thus much smaller.
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FIGURE 7.13: (a) Delay of the wave in density b compared to the wave

ina as a function of T for p = 0.4, A = 0.4. The effect is higher for small

7. (b) Comparison of d(7) for p = 0.4 and A € {0.1,0.2,0.5,0.6}.

The smaller A, the bigger the delay. The drop in the delay for A =

0.5,A = 0.6 can be explained by the change of transition density p;
for increasing .
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7.5 Density shift

We find in the numerical calculations that the system goes to its fixed point, (7, b,|®|,|i]) =
(a0, bo, wo, 119), when it is in a homogeneous phase. Figure illustrates this state-
ment for the system in two different homogeneous phases for fixed A = 0.3 and
T = 0.5. In figure the value of the overall density is p = 0.2 and the system
is in the isotropic (|@| = |it| = 0), homogeneous (17(a) = #(b) = 0) phase, IHP. For
p = 0.6 in figure[7.14b} the system is in the phase of homogeneous order in species A
and isotropy in species B, OP1. The different graphs show the time evolution of the
spatial average of the densities, 7 and b, the average of the polar order fields, |@| and
|ii|, as well as the measure for spatial variation of the densities, 77(a) and 7(b). The
initial state is a = b = §, w = u = 0 at every point on the spatial grid plus random
perturbations.

Figure shows that the densities reach their respective fixed points, ag = H%p,
by = 1izp after some time and stay there. The variation of the densities goes to
zero after the initial perturbation of the system, which shows the homogeneity of
the final state. The values of the order parameters |@| and |i| both go to zero in
the isotropic case in figure If the system is in OP1, as in figure order
parameter || goes to its fixed point given by |w| = /j,/§ ~ 0.3 while |i| = 0.
Hence, the stationary state in the numerical calculations reproduces the predictions
we made analytically.
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FIGURE 7.14: Spatial average of densities @ and b (upper graph), po-
lar order fields @ and # (middle graph) and spatial variation of the
densities #(a),1(b) (lower graph) over time for T = 0.5, A = 0.3 and
(a) p = 0.2 (isotropic phase IHP) (b) p = 0.6 (homogeneously ordered
phase OP1). The initial stateisa = b = §, w = u = 0 at every grid
point plus random spatial perturbations. In both cases the system

goes to its homogeneous fixed point a = H%p, b= HLAP and in (a)

w=0,i=0,in(b) |@ =/ pHa/& 1 =0.
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Now we turn to systems that are in an inhomogeneous phase with traveling waves
as stationary state. Figure[7.15a]shows an example for the time evolution of the spa-
tially averaged fields for the system in WP1 for parameters p = 0.4,A = 0.4, 7 = 0.2.
We find that in the beginning, while the system is still homogeneous, densities @ and
b go towards their respective fixed points a9 ~ 0.29,by ~ 0.11. However, as soon
as wave patterns form ((a) > 0), the densities shift away from the homogeneous
fixed point, such that @ < a9, b > by. The amount by which density @ decreases is
the same as the increase of density b, since the overall density p is conserved. The
average values of the polar order fields are given by their respective fixed points,

evaluated at the average densities, || = / @, lit] = y/@.
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FIGURE 7.15: Spatial average of densities @ and b (upper graph), polar

order fields @ and # (middle graph) and spatial variation of the den-

sities #7(a),1(b) (lower graph) over time for T = 0.2,A = 0.4 and (a)

p = 0.4, (b) p = 1.2. As soon as patterns form in the system, 17(a) > 0,

the densities shift away from the homogeneous fixed point, such that

in(a) @ < ag, b > bp(the system is in WP1) and in (b) @ > a9, b < by
(the system is in WP2).

In the second region of instability, the density shift is in the opposite direction: The
average density 7 increases while b decreases by the same amount. This is illustrated
by figure for the parameters T = 0.2,A = 0.4and p = 1.2.

We can therefore conclude that the species that induces waves in the system has a
disadvantage in the game. The species that would be in a homogeneous state, if it
were not for the game interaction, gains an advantage. In general, we can say that
the activity of the particles changes the outcome of the game.

This phenomenon is an effect of the coupling of active matter with game theory.
When the actively moving particles of one species form traveling wave patterns, the
game interaction leads to a feedback mechanism that induces a traveling wave in
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the second species. Since the formation of the two waves is due to different mech-
anisms, their shapes differ and are not just scaled versions of each other. Another
feature is the time delay between both waves which we saw in the last section. These
differences in shape and position of the pattern give rise to the non-linear feedback
that changes the outcome of the game. We will analyze this interplay further in sec-
tion[7.5.2) where we will derive an analytic expression for the mechanism of density
shifts.

As a next step we fix T and A and look at the magnitude of the density shift as
a function of p. Figure shows the density shift of species A, @ — ag, for the
parameters A = 0.4,7 = 0.2. Note that we use the same values for A and 7 as in
our example for the bifurcation structure in the last section. Hence, the values for
all transition densities are the same and figure can be compared with figure
The data was collected by quasistatic increase and decrease of the density.

When the system is in WP1, species A induces traveling waves in B and the average
density of A is shifted towards lower values, 2 < ag. In figure this can be seen
in the region p € [p;q, Pnq), Wwhere @ — ag < 0. Note that at densities, for which we
have seen the coexistence of one-peak and two-peak wave solutions, we also see
two different values for the density shift. The shift depends on which wave pattern
is realized. When the system is in WP2, species B induces waves and species A gains
an advantage. in figure[7.16/we see an increase of 7 in p € [0; , O5,)-

Since the system undergoes hysteresis at the transitions between homogeneous and
inhomogeneous stationary states, the density shift also exhibits coexistence regions.
Note that the density shift of species B, which is not shown here, has the same values
as the shift of A with opposite sign, b — by = —(a — ag), since the overall density p is
conserved.

Pia Pra Pdh.a Pha Pib Pib Pdh.p Php

a—ay 1 A=04,7=02
0.010

m
0.000 1 — [

-0.010 A

-0.020 A

0.2 0.4 0.6 0.8 1.0 1.2 1.4

FIGURE 7.16: Bifurcation diagram of the density shift of species A for
the parameters A = 0.4, 7 = 0.2. In WP1, density 7 decreases due to
the shift. In WP2 we see an increase in 4. Since the system undergoes
hysteresis at the transitions between homogeneous and inhomoge-
neous stationary states, the density shift also exhibits coexistence re-
gions. The grey arrows mark the density shifts atp = 0.4and p = 1.2

corresponding to figures and respectively.

The density shift does not only depend on p but on all control parameters. Figure
shows the absolute value of the the shift of species A, |d — 49|, in WP1 as a
function of 7 for different values of A and fixed p = 0.4. The magnitude of the shift
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is higher for T < 1 and goes to zero for large 7. This behaviour is quite intuitive: If T
is big, game interactions happen fast, the waves have similar positions and shapes,
and the system does not deviate largely from its fixed point. For small T on the other
hand, the species are weakly coupled, thus the delay between waves is high and
their shapes differ significantly. This leads to a larger effect in the density shift. For
the extreme case of T < 1 the induced waves in b are so small that b(x) ~ b =
constant. The deviations of the values of a(x) from the fixed point ay are maximal in
this case.

Figure shows that the shift grows with increasing A. We can explain this fact
intuitively when we think about what a small or big value of A means for the sys-
tem. A small relative game strength A implicates that density 4 is much bigger than
density b. Since there are factors of a(x, t) and b(x, t) in the game term of the hydro-
dynamic equations, the game interaction has a weaker effect when the value of one
of the densities is small. Hence, the density shift increases for increasing values of A.

(a) (b)
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FIGURE 7.17: (a) Density shift compared to the fixed point, |7 — a|, as
a function of 7 for A € 0.1,0.2,0.3,0.4,0.5 and p = 0.4 in logarithmic
scale. The magnitude of the shift is higher for small T and high A. (b)
For A > 0.5 there is a drop in the density shift as T is increased. This
effect can be explained by changes in the bifurcation diagrams.

For A > 0.5 we encounter the same effect that is responsible for a jump in the delay
function d(7) from the last section: The transition density p; , decreases for increas-
ing values of T and the branches of the inhomogeneous phases overlap. As long as
pip > 0.4, species A induces waves in species B and the average density a is shifted
to lower values by a non-linear feedback mechanism that is due to deviations from
the fixed point because of the formation of traveling spatial patterns. When the pa-
rameters A and T are such that p;;, = 0.4 (which is the value of p in figure[7.17), B
starts to form wave patterns on its own and the density shift jumps to lower values
(see figure for A = {0.6,0.72}). The system is then in a regime in which both
A and B form traveling waves moving with similar speed, w/a ~ u/b, through the
system. Compared to induced waves in WP1, which have small amplitudes, the
separation in low and high density regions of the wave in b is more extreme when
species B forms waves on its own. Since the wave pattern travels simultaneously
with the wave in density 4, the system is then closer to its fixed point values at every
point in space. The mechanism responsible for the density shift is therefore weaker.
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FIGURE 7.18: Time evolution of the system in WP1 for p > p; ;. Pa-

rameters are set to p = 0.4,A = 0.7, 7 = 0.2. When species A starts

to form wave patterns (7(a) > 0), a (b ) is shifted to lower (higher)

values. As soon as 77(b) > 0, this effect gets damped and @ ( b ) shifts
back to higher (lower) values.

This process over time is illustrated in figure forp =04,A = 0.7, T = 0.2. First
(as long as the system is still homogeneous) the average densities 7 and b go towards
their respective fixed points. As soon as inhomogeneities start to form in species A
(17(a) > 0), the mechanism of the density shift kicks in and starts to shift a (b ) to
lower (higher) values. Then also species B starts to form wave patterns (7(b) > 0)
and the effect of the density shift gets damped.

Convenient parameters to quantify the density shift for varying A and T are g, = 1%\

and Ty, = Ta + 71 = T(1+ A). Figure shows the average density  as a
function of g, for p = 0.4 and Ty € {0.01,0.1,0.5}. In the new coordinates, the
fixed point a¢ follows a straight line from ap = pat g, = 0toagp = 0 at g, = 1. The
parameters are chosen such that the system is in WP1. For g, = 1/2, both species are
equally strong and the density shift vanishes (7 = ap). If species A is stronger than
B (g» < 1/2), we know that @ < a¢. Since the system is symmetric with respect to
switching A and B, we know that the curve of i has to be symmetric about g, = 1/2
(for g > 1/2, species B is stronger than A). We see in figure that the deviation
of the density from the fixed point is small for values of g, close to zero or one, gets
bigger as g, approaches 1 and decreases again to zero as g, = 3. The density shift
is, as we have seen before, higher for low ;..
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FIGURE 7.19: average density a as a function of g, = 1%\ The solid

black line shows the fixed point of a (parameters: p = 0.4, Typty =
7(1+4 0) = 0.01). The deviation from the fixed point is maximal for
values of g; close to 1.

7.5.1 Inversion of the game

We have seen that the activity of the particles changes the outcome of the game
through a mechanism we called density shift. In some parameter regimes the density
shift can even lead to an inversion of the game outcome. This happens when the
fixed points of the densities lie relatively close to each other and the parameters are
such that shift is large. Figure shows an example of this phenomenon for the
parameters p = 0.4, A = 0.72, T = 0.006. Both species start outata = b = p/2. In the
beginning, density 4 increases towards its fixed point until it crosses the transition
density for pattern formation. At that point waves start to form in A (17(a) > 0) and
induce a wave pattern in B (7(b) > 0). Note that the wave pattern in b is almost
negligible (7(b) ~ 0) since the game strength 7 is small. The density shift kicks
in and @ decreases. In figure @ this decrease (and respective increase in b) is big
enough such that eventually @ becomes bigger than b.

In the example above, the density of species A entered the regime of pattern for-
mation and induced waves in B. After 4 has decreased below b, the traveling wave
pattern in A is still intact because of hysteresis effects. Species B on the other hand
is still below the threshold density for pattern formation and is therefore enslaved
to the waves of species A. We can check this claim in when we take a look at
the variations of the densities #(a) and #(b). The variation in the density of A, 7(a),
shows that there are traveling waves in a, whereas the variation in the density of B,
1(b), is close to zero. This indicates that waves in B are very small and are thus not
formed by active matter effects but are induced by the traveling waves of species A.

However, if the increase in b is big enough such that b crosses the transition threshold
for pattern formation as a consequence of the density shift, we observe a new kind
of state in the system (see figure [7.2I): B starts forming wave patterns on its own
while the traveling waves of A still persist. The density shift will now push b down
to lower values and A has the upper hand again. Figure shows snapshots of
the wave profiles for different times of the system in figure Since the wave
fronts have different speeds, the faster wave of species A will pass the slower wave
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FIGURE 7.20: Spatial average of densities @ and b (upper graph), polar

order fields @ and i (middle graph) and spatial variation of the den-

sities 17(a), n7(b) (lower graph) as functions of time for the parameters

p=04A = 072,7 = 0.006. After a crosses the transition density

for pattern formation ((a) > 0), the density shift leads to a decrease

(increase) of a (b). This decrease (increase) is big enough to eventually
invert the outcome of the game.

of species B from time to time. The non-linear feedback mechanisms during this
process give rise to the oscillations in densities and polar orders we see in figure

721l
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FIGURE 7.21: (a) Traveling waves in 4 and the subsequent density
shift lead to an increase in b. This increase is high enough such that
b forms a wave pattern on its own and shifted back to lower values.
Traveling waves in 7 are faster than in b. The passing of wave patterns
gives rise to the oscillations in densities and polar order fields. The
parameters are set to p = 0.4,A = 0.82, T = 0.0055. (b) Snapshots of
wave profiles of densities a and b at consecutive times. Red arrows
indicate the speed of the wave fronts. The faster wave in a passes the
slower wave in b from time to time.
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7.5.2 Analytic explanation of density shift

To explain the phenomenon of the density shift analytically we use the condition
= ‘1//dr (Tab — Ta)ab (7.10)

meaning that the overall game interaction integrated over all space points should
cancel out. Note that this is an exact condition if the pattern is stationary o; [ dra =
0, which is true for long enough times. We assume that the wave pattern is in x-
direction and that it is independent of the y-direction in a system of size L x L. Next,
we assume that we know the shape of the wave profiles in a and b. We define the
shape of the waves s,(x) and s,(x) s.t.

L L
/ dxs,(x) =0, / dxsy(x) =0, (7.11)
0 0

Then
a(x) = a+sq(x), b(x) =b+sp(x) =p—a+sp(x) (7.12)

with , b the average densities. Our goal is to find @ (and therefore b) as a function of
the control parameters and the shapes of the wave profile. Note that s,(x) and s, (x)
are actually determined by the control parameters, but we do not have the means to
calculate that functionality. We can now use condition[7.10]to find a

L

0= */0 dx (tab(x) — tga(x))a(x) b(x)

= % /L dx (Tab — t8a + Tasp(x) — T854(x)) (b + 5,(x)) (@ + 54(x)).
0

We know that all terms linear in s, or s, will per definition not contribute to the
integral. Hence, when we factorize the product we get

L
0 =(tab — Tpa)ba + TBb/ —sa (%)% + TAd/ d—xsb(x)z

+2(TAE—TBa)/O dfsa x) sp(x +/ (Tasp(x) — Tosa(x)) sa() 5 ().

As a next step we plug in Ta = T and 13 = A7. In the following we will use the
abbreviation fo F5a/6(x) = [ sasp to keep the notation simple

=1 (b— Aa)ba + —)\TE/serTa/si
+27(b— Aa )/sasb+/ (sp — ASy) Sq Sp-
We divide by 7, plug in b = p —  and bring the first term to the left hand side to get

(p— A+ A)a)p—a)a= {/\p/s —Zp/sasb+//\sa— SaSb]Jr

[—A/sﬁ—/s§+2(1+A)/sa5b]a
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Introducing the parameters

k::Ap/s§—2p/sasb+/()\sa—sb)sasb

(7.13)
m:= —A/sg—/si+2(1+/\)/sash
we get the final form of the equation
(o—(1+A)a)(p—a)a=k+ma. (7.14)

The left hand side is the familiar replicator equation from chapter 3| with roots at
a = {0,p0, 5 }. The right hand side is a linear equation in @ where the intersection
with the vertical axis and the slope depend on the shapes of the wave patterns s,
and s;. The solution for a is the intersection of the two graphs of left and right hand

side (see figure|(7.22).

— (-0 +Da)p—a)a
k+ma

a
0 (jao Y4

FIGURE 7.22: Graphical solution for the density shift condition. The
intersection point of the two graphs is the solution for a.

To check our solution, we deduce values for the wave shapes at every point of the
grid from numerical calculations for different values of the control parameters and
plug them into our analytic expression. The so derived solution matches perfectly
the results for @2 coming from numerics (see figure Table[7.1)). Hence, condition
provides an explanation for the underlying reasons of the density shift. For a station-
ary state, the game interaction has to cancel out over the whole system. Wherever
a(x,t) > ap, the game interaction executes a "pull" to lower values and at points in
space where a(x,t) < ap, the density is "pushed" to higher values. However, the
pull towards lower values is overall stronger. This imbalance comes both from the
non-linearity of the game interaction term and the asymmetric shape of the wave
pattern. and leads to an effectively lowered average density.

We can now ask, under which conditions the average of the density and the fixed
point match, 4 = ag? We plug a = 4y into and use the fact that (t4by — t3a9) = 0
to get

0= /dx (Tasy — t8Sa) (bo + sp) (a0 + Sa)- (7.15)
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T k m | Agnatytic | Anumeric
0.01 | 0.0056 | -0.014 | 0.224 0.224
0.2 | 0.0026 | -0.004 | 0.240 0.240
0.4 | 0.0001 | 0.002 0.248 0.248
0.6 | -0.0027 | 0.014 0.252 0.252
0.8 | -0.0034 | 0.016 0.254 0.254
1.0 | -0.0039 | 0.017 0.256 0.256

TABLE 7.1: Comparison of 4 computed analytically (with numerical
input for the shape functions) vs numerically for different values of T
and p = 0.4, A = 0.5. The game theoretical fixed point lies at ay = 0.26

This condition is obviously fulfilled for s,(x) = sp(x) = 0, which corresponds to a
homogeneous system with no patterns. A second solution is

B

sp(x) = —s,(x) = Asg(x). (7.16)

TA
This corresponds to a wave in B that is the game theoretical fraction of the wave in
A. If this relation holds, A and B are at the fixed point at every point in space. This
result is intuitive, since if A and B are at the fixed point everywhere, the game inter-
action is zero everywhere.

We know that relation can only hold if the the densities go to the fixed point at
every point in space much faster than all other interactions of the system happen,
hence, for T >> 1. We will use this fact to get some general results about the average
density from equation In general the game interaction is not fast enough to
bring the system to its fixed point everywhere. Instead, the wave induced in species
Bis delayed (as explained in the previous sections) and its amplitude is smaller than
A times the amplitude of the wave in species A. Relation[7.16is the limiting case for
big T, so we know that

/sig)xz/sg and
(7.17)

/sas;7 g)\/sﬁ.

We will now use these relations on the right hand side of equation for the region

1< 0= 1y

k—|—md:A(p—ﬁ)/sg—ﬁ/sﬁ—Z(p—(1+/\)ﬁ)/sasb+/(ﬂtsa—sb)sasb
zA(p—a)/sg—mz/sg—z(p—(1+A)a)A/sg

- A[—p+(1+A)a]/s§
(7.18)

where we have used in the second line that f dx (As, — sp)sasp > 0. The linear
equation on the right hand side of the inequality is k + ma in the limit of big 7. Its
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intersection point with the y-axis is at —Ap ['s? < 0 and it becomes positive at the
game theoretical fixed point @ = ap = £5. Hence, the intersection with the left hand
side of equation is precisely at the fixed point.

The inequality tells us, that the values of k + ma are always bigger or equal than
the line leading to the fixed point solution. Hence, the intersection with the left hand
side of equation[7.14)will always be at lower values of 4 (see figure[7.23). This shows
that the unstable species, inducing the wave pattern (in our case species A), will
always experience a decrease in its density (and never an increase).

— (p—=A+Da)p—a)a
k+ma
------- Min(k + m a)

a
0 a ag P

FIGURE 7.23: Graphical solution for the density shift condition. For
the limit of T > 1, the graph of k + ma intersects the graph of the repli-
cator equation at the fixed point, 7 = a9 = . The values k + ma
for all T are always higher or equal to this limiting case in the region
ofa <ay= HLA Hence, the intersection of the two graphs is always
at values @ < ap and the density shift will therefore always lead to a
decrease in the density of the wave inducing species. Note that this
figure is only schematically correct since actually the left hand side
(blue graph) also changes with 7.
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Chapter 8

Agent-based Simulation

Our hydrodynamic description left us with interesting results. In order to validate
the assumptions and approximations our equations are based on, we use an agent-
based simulation as a reference tool. In this chapter we will briefly discuss how the
simulation was done and compare the main results with the predictions of the hy-
drodynamic description. For a detailed description of the simulation and its results
we refer to the Master Thesis of Michael Obermiiller [38].

8.1 Microscopic agent-based Model

The agent-based model aims to reproduce the microscopic model described in sec-
tion 4.1] as far as possible. We base it on a model of active matter introduced by
Bertin et al. [8]. The implementation and adaptation to include game theory was
done by Michael Obermidiller, whose approach we will briefly describe below. A
detailed explanation of how the simulation is implemented efficiently for many par-
ticle systems can be found in [38].

N particles move on a two-dimensional plane of size L x L. Each particle belongs to
either of the species A or B, and is characterized by its position r; and its orientation
8;. Every particle moves with the fixed speed vy. Time is discretized in steps of dt
and the position of particles follows the update rule r' ™ = r! + voe(6!)dt.

Self-diffusion and collisions of particles are implemented by the following update
rules. We define an active matter vicinity A! for every particle as a disk with radius d
around its position r;. If there are no other particles at time ¢ in A}, the particle self-
diffuses with a probability py;sr. Self-diffusion means that the particle changes its
orientation by a value 1y, which is a stochastic variable drawn from a flat distribution
of range (—ho7t, hort], ho € [0,1]. We can connect hy with the standard deviation oy
from the analytic description via 0y = h()%. If on the other hand there are other
particles in the active matter vicinity, all of them align with the orientational average
of all particles in \A!. To account for mistakes during the alignment process, we add
a stochastic noise 1, which is given by a flat distribution in the range (—hrm, hml,
h € [0,1] and connected to the standard deviation o = h%. Noises are uncorrelated
in time and independently drawn for each particle. The new direction at time f + dt
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is therefore calculated by

arg [ X %)+ if A #£ {f}
gi+dt _ ke Aj (8.1)
! 0; + 1, with probability pissdt and if Aj = {j}

t
9]- else

Besides the active matter interaction, we also need to implement the game interac-
tion of the Snowdrift game. Particles should switch their species if it is beneficial for
them. In order to do so, we define a game theory vicinity g]? as a disk around particle
j with radius dg;. In the analytic description, the time evolution of densities a and
b were proportional to the factor +7(b — Aa). We translate this for the agent-based
model in the following way. In a first step the number of particles of species A, NY; i
and B, Np j»in the game theory vicinity of particle j are counted. We can then define
t t

local densities of species A and B as a§ = % and b]t- = % Then particle j
switches its species with probability p§ given by

; {—T(b; — Aa)dt if jis of species A and (b —ajA) <0 82)

PI7 (0t~ Aa)dt  if jis of species Band (b! — aiA) > 0

If a particle switches species, it loses its directional information and flies in a random
direction afterwards until it aligns with partners of its new species again. This is
done to prevent directional information transfer between the two species [38].

8.2 Results and comparison with the Hydrodynamic treat-
ment

In analogy to the analysis of the hydrodynamic equations, we use three parameters
of the system as free control parameters: The overall density, which is defined as
p = NL72, the relative game strength A and the overall game strength 7, which has
to be adapted by a factor to incorporate the game theory radius dg; [38]. In some
cases it is convenient to replace the density control parameter with the noise param-
eter o, which we tie to the diffusive noise 0y, so 0y = 0. In sectionwe argued that
it is a matter of taste whether to use p or ¢ as free control parameter, since increasing
density and decreasing noise have the same qualitative effects. All other parameters
of the simulation are kept at fixed values.

In a first step we compare the simulation for turned off game interaction (7 = 0)
with previous agent-based models of active matter done by Bertin et al. [8]. As in
previous studies, the simulation finds that the system exhibits three distinct phases:
An isotropic state for low densities (high noise), a state of homogeneous motion
for high densities (low noise) and in between a state with wave patterns that move
through the system. Measurements of the onset of order in parameter space (p, o)
are in almost perfect agreement with the results of [8]].
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FIGURE 8.1: Snapshots of the 2D system of size L = 512 at successive
time steps. Blue dots are particles of species A, red dots particles of
species B. Parameters are set to p = N/ 12 = 061,60 = op = 05,

T = 0 (the species are uncoupled) and A = 0.5 in the sense that the

densities of the two species are a = 5 ~ 0.4l and b = 1/_% ~ 0.2.

Both species form wave patterns that move uncoupled through the

system: The wave in A moves diagonally to the bottom right while

the wave in B moves downwards. The wave pattern in A is more

distinct and broader than the one in species B since density a is higher
than density b.

As long as the game interaction is turned off, both species are not coupled to each

other. Figure 8.1| shows snapshots of the 2D system of size L = 512 at successive

time steps. The overall density is p = N/L? = 0.61 and the game parameters are

set to T = 0 (both species are uncoupled) and A = 0.5 in the sense that we initialize
P

the densities of the two species at the fixed points given by a9 = 7 ~ 0.41 and

by = 1/%\ ~ 0.2. Both species form wave patterns. The wave in A is more distinct
and broader than the one in species B since density a is higher than b. Since the two
species are uncoupled, the wave patterns move in arbitrary directions.

In a next step we switch the game interaction on to check which predictions of the
hydrodynamic equations can be verified by the simulations. As a starting point we
implement that half the population size is of species A and the other half of species
B. The game interaction between particles instantly leads to the switching of species
until the game theoretical fixed point is (almost) reached (we will come back to why
the fixed point is not reached exactly at the end of this section). We will keep A below
or equal to one w.l.o.g. for all simulations.

As a first result we can confirm the existence of the different phases described in
section[7.2} For low overall densities the particles move in random directions, as in
the simulations without game interaction. The average over all orientations is zero
in this state. This state is illustrated by figure

For increasing densities the species start to form cluster (patches of higher densi-
ties) that move through the system. When the overall density is high enough these
patches combine and form bands of ordered particles that move in the direction of
macroscopic order with a velocity of the order of magnitude of the particle velocity
vg. This wave consists of particles of both species. A snapshot of a typical wave is
shown in figure In the high density wave band the particles of the two species
are separated in stripes along the wave front. This phenomenon is due to the imple-
mentation of locality of the game interaction. See for a detailed description of
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(b)

FIGURE 8.2: (a) Isotropic phase of the system. Blue dots are particles
of species A, red dots particles of species B. Parameters are set to p =
N/L? = 03,0 = 0p = 05,7 = 04 and A = 0.5. (b) For p = 0.46
particles of both species form a wave pattern, meaning a high density
band of ordered particles. The wave front moves in the direction of
macroscopic order (indicated by the yellow arrow).

this effect. Figure[8.3|shows the corresponding wave profile of the number of A- and
B-particles, N4 and Np, and a measure of the polar order fields w,u. The profiles of
the distribution of particles in space were computed by splitting up the horizontal
axes into small pieces dx and then counting all particles positioned in a slice dx x L.
For the polar order wave profiles the velocities of all particles in dx x L were added
and divided by the number of particles in the particular slice. The figure shows the
fraction of this value compared to the maximal possible order parameter vgp. The
wave profiles show the characteristic steep wave front and fall off less steep in the
back. The background of the wave band is approximately isotropic as can be seen
by the low and volatile values of w and u in the front and rear of the wave band in

figure

For A = 1 the number of A-particles, N4, equals the number of B-particles, Np. In
the analytic description the threshold density at the onset of order was twice the
value of the threshold density for a one-species system. In the simulation the thresh-
old density lies a little higher since the directional information is destroyed when
a particle switches species. This acts as an additional noise in the system when a
particle switches its species back and forth [38]. We observe solitonic waves as well
as periodic solutions. For increasing densities the waves get broader as in the hy-
drodynamic description. There is a transition to a homogeneous state when the high
density regions of the wave take up almost all of the system size.

If we turn off the game interaction but keep the ratios of A- and B-particles fixed at
p/2, the species are no longer coupled to each other. We therefore observe indepen-
dent traveling wave bands of both species that can move in arbitrary directions with
an arbitrary offset respective to each other. All of these findings are in qualitative
agreement with the hydrodynamic predictions.

For A < 1 we found in the hydrodynamic description, that species A induces waves
in species B for p;, < p < ptp. A simulation in the analogue parameter regime shows
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FIGURE 8.3: Wave profiles of different parameters in space. The sys-

tem is in a wave state as shown in figure Upper graph: Wave

profile of the number of particles of species A and B, Ny and Np.

Lower Graph: Fraction of the order fields w,u compared to the maxi-

mal value vpp. The wave profiles have the characteristic steep wave

front and fall off less steep in the back. The background of the wave
band is approximately isotropic.

a wave pattern in A as well as in B that move simultaneous through the system. We
can check that the wave in B is induced by the game interaction by comparing this
result to a simulation without game interaction, but with the same ratios of A- and
B-particles. Indeed, we find that B-particles are in an isotropic state in this case and
only A-particles show a wave pattern. Hence, we can confirm the process of wave
induction through game interaction and therefore the existence of the phase WP1.

Using this reasoning we can also confirm the induction of waves in A through
species B, WP2, for densities high enough in certain parameter regimes. In between
the two inhomogeneous states of the system we find a state with homogeneous or-
der in A and random motion in B. The simulations also confirm the state of homo-
geneous order in both species for high density or low noise values.

We can thus in general confirm the existence of all of the five phases in qualitative
agreement with hydrodynamic predictions. To find the different phases we used a
noise sweep instead of increasing the value of the overall density p since it turned
out to be the more convenient tool for the simulations.

The simulations do not confirm the density shift that the hydrodynamic treatment
predicted. We do observe a small shift in the density of the stronger species to lower
values (and a corresponding shift of the other species to higher values), but this
shift is too small to match the hydrodynamic predictions. We suspect that it is due
to a different mechanism, which we will briefly explain at the end of this section.
Since this second mechanism is always present, it is difficult to find a measure of the
density shift that is only due to the mechanism described in section [7.5/and we did
not find a satisfying way to do so. It would be subject of further investigations to
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find out whether it is nevertheless possible to measure the effect of a density shift in
the agent-based simulation.

An other possibility for future investigations is to try different implementations of
the game interaction in the simulation. The density shift in the hydrodynamic de-
scription is due to the non-linearity of the interaction term. This non-linearity is in
the simulations so far only reflected in the calculations of the local densities. It is
possible that a different game interaction rule between particles that has a stronger
non-linear character might confirm the predictions of a density shift.

As mentioned above, we also find new effects of the game interaction in the agent-
based simulation, that can not occur in continuous descriptions. In the equations,
we assumed that game interactions depend on local densities. To transfer this as-
sumption to agent-based models, we had to define a notion of "local" densities as
relative numbers of particles that are not farther away than a game interaction ra-
dius dg;. In order to get meaningful averages, dg; has to be chosen sulfficiently large
(we chose dg; = 10 - dp). In the Snowdrift game it is favourable for each particle to
have as many particles of the other species in its game interaction range as possible.
This results in the formation of patterns of the order of magnitude of the size of dg;.
This mechanism is also responsible for a shift in the densities, that makes it hard to
measure the shift due to the mechanism described in section We have devel-
oped a theory that can explain the formation of patterns and the pattern sizes using
geometric reasoning. For an outline of this theory and detailed results of the pattern
formation we refer to the Master thesis of Michael Obermdiller [38].
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Chapter 9

Summary

In this thesis we developed and analyzed the description of a system that combines
the evolutionary dynamics of game theory with active motion. The system is char-
acterized by the interplay between mobility in a spatially extended system and the
locality of game theoretical interactions.

In the field of active matter one usually describes systems of particles that align
according to collision rules and have a fixed number of particles [8, 40, 11]. An ex-
tension of this model to two species coupled through a game interaction that locally
changes population numbers can change the properties of an active system and give
rise to a range of new effects that are interesting from an active matter perspective.

To our knowledge there exist no studies about the influence of self-propelled motion
on systems of interacting particle species. There is a number of systems in nature for
which this interplay is relevant. Examples include different types of microorganisms
[14, 12} 15| 16] that can exhibit collective motion and are in competition with other
microbes, which can be understood in the language of game theory. Previous studies
have shown that mobility, like diffusion, can change the outcome of cooperator-
defector games in the sense that the population numbers are different to a well-
mixed scenario [26} 37, 31]]. It is therefore plausible that other types of mobility can
also have an influence. In this thesis we asked the question of how the activity of
particles changes the outcome of a Snowdrift scenario in a two-species system.

We defined a microscopic model system and used the framework of a kinetic Boltz-
mann approach to describe the system on a coarse-grained level. The Boltzmann
equations for active matter are a well-established and robust tool [8, 7, 40] which we
extended to include interactions between the two species. The interaction term is
inspired from the replicator equations for the Snowdrift game scenario. It depends
on local densities and lets particles switch species if it is advantageous. We coarse-
grained the Boltzmann equations following a procedure developed by Bertin et al.
[8] in which higher order correlations are truncated according to a scaling scheme.
This coarse-graining led to four coupled hydrodynamic equations for the macro-
scopic quantities of the system: The densities and polar order fields of both species.

The coarse-grained hydrodynamic equations for our system have two main new
features compared to the usual hydrodynamic equations of active matter. One new
feature is that the individual densities are not conserved. They are coupled via a non-
linear game term that acts as a source- or sink-term depending on the local densities
of both species. The conserved quantity of the system is the average of the overall
density p, which plays the role of a control parameter. The second new property is
that the momentum fields are not only coupled to their corresponding density field
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but to the densities of both species. Fluctuations in one of the densities can therefore
lead to an instability in the momentum fields of both species.

Besides the overall density p we identified the overall strength of the coupling be-
tween species, 7, and the relative strength of the two species, A, as control parame-
ters.

The results from linear stability analysis and numeric solutions of the hydrodynamic
equations suggest that we can distinguish between up to five different phases, de-
pending on the control parameters. There are (up to) three homogeneous phases
(isotropic, homogeneous motion in the stronger species and homogeneous motion in
both species) and two inhomogeneous phases. We find ordered bands of high den-
sity in both species in the inhomogeneous phases that travel simultaneously through
the system on an isotropic background. Wave patterns at the onset of ordered mo-
tion are a typical feature of active matter systems [8]. The interesting new feature in
our system is, that a wave pattern in one of the species gives rise to a non-linear feed-
back mechanism that induces a wave in the respective other species. An increase in
the overall density first leads to an increase in wave amplitudes and then to a broad-
ening of the wave patterns, while the low density background stays approximately
unchanged. We have confirmed the existence of the five phases and the mechanism
of wave induction through the game interaction in agent-based simulations.

The regimes of the different phases depend on all three control parameters. We find
that the traveling wave phases typically exist in parameter regions wider than the
linear instability domain of the homogeneous states. This result implies that there
are regions in parameter space in which two stable solutions exist. In these regions
the homogeneous solutions are sensitive to fluctuations. This subcritical nature of
the bifurcation implies discontinuous transitions between the different phases.

The system exhibits all five distinct phases with discontinuous transitions between
them only if one species is sufficiently stronger than the other one. For game param-
eters leading to more balanced ratios of densities, the two inhomogeneous phases
merge and the transition between them becomes continuous. A third possibility re-
alized in certain parameter regimes is that the stable branches of the inhomogeneous
phases overlap, which leads to the existence of tristable states (one stable homoge-
neous solution and two stable inhomogeneous, traveling-wave solutions).

The fact that wave patterns in one species induce patterns in the other species leads
to a couple of interesting effects. Since the waves travel through the system and
the game interaction can only react within a time proportional to the inverse of the
coupling of the game term, 7!, there is a time delay of the induced wave compared
to the original wave. We measured this delay as a function of the game parameters
and found that the delay is stronger, the smaller the relative and the total game
strength is.

A second effect of the formation of waves is a feedback mechanism that reduces
the average density of the inducing species (and increases the density of the other
species accordingly) compared to a well-mixed system. In some parameter regimes
this effect can even lead to an inversion of the game. We also found a state of the
system in which the density shift leads to waves in both species that travel with dif-
ferent speeds. The faster wave passes the slower one periodically, which leads to an
oscillatory behaviour of the average densities. For future studies it would be inter-
esting to further explore the phenomenon of the density shift and its consequences
like the emergence of new states of the system. An other task for the future is to try
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to confirm the density shift with agent-based simulations, which we were not able
to do so far.

We developed an analytic explanation for the mechanism of the density shift by
studying the implications of the condition that average densities are constant in time
when a stationary state is reached in the system. This condition only holds if the
game interaction integrated over the whole system cancels out. We found that the
density shift can be explained by the combination of the non-linearity of the game
interaction and the asymmetric shape of the wave pattern.

We saw that the combination of an active matter system with an interaction inspired
by game theory leads to a range of new and interesting phenomena. The implemen-
tation of the game interaction we chose for this thesis leads to a "pull" towards the
game theoretical fixed point of the Snowdrift game at every point in space. It is there-
fore not suitable to describe phenomena like the formation of clusters consisting of
only one species that have been reported for different spatially extended models of
evolutionary game theory [26] 37, 31]. In future studies it could be interesting to
develop and investigate other implementations of a game theoretical interaction in
self-propelled systems.
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