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Chapter 1

On the Combination of Game
Theory and Active Matter

Competition and Cooperation are phenomena observable almost everywhere in na-
ture. There have been many studies of such behavior for a lot of different systems,
ranging from bacteria to humans [2]. The mathematical description of this field,
known as Game Theory, tries to find ways to model real life systems, develop theo-
ries for optimal behavior and strategies and predict behavior under predefined cir-
cumstances.

In nature, when observing living organisms, an optimal strategy most of the time
means getting an evolutionary advantage over competitors.

While it is of great interest to understand interactions between different agents lo-
cally, it is often insightful to introduce a spatial component and interaction ranges for
these systems to closer model nature, where spatial extension often plays a signifi-
cant role. Especially in the case of many-particle systems this can lead to astounding
results differing significantly from not extended or mean-field systems [38] [17] [28]]
[22].

A famous example for this is the case of the prisoners dilemma, a very basic game
theoretical model, where it is beneficial to betray interaction partners in order to
maximize the own gain. In the case of a local game this always leads to the extinction
of a cooperative strategy [14]. If spatial extension is introduced, cooperation can
survive by forming clusters [38]].

Particles in nature also move through space, either by diffusion, through some exter-
nal force or through self-propelled motion [16] [51]. The case of diffusion has been
studied and shown to yield interesting results for game theoretical models like spiral
patterns in rock-paper-scissors games [17] or the coexistence of species in a prisoners
dilemma model [38]. Because self-propelled system can exhibit spatial patterns as
well, we want to combine a game theoretical model and self-propelled movement
to observe the interplay between alignment and game interaction and how these
different mechanisms of possible pattern formation influence each other.

Self-propelled particles is the scientific term for agents which move through space
on their own without being guided by an external force, while usually interacting
with other active particles around them. This can lead to collective behavior such as
swarming, flocking and collective movement and can be observed in the most dif-
ferent of species in nature. From the smallest bacteria colonies [59] to large mammal
herds such as wildebeest [46], from fish swarms in the sea [30] to bird flocks in the air
[31], coherent motion is a phenomenon present over many scales and environments.
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Self propelled particles are part of the broader field called active matter. Active mat-
ter, the study of active agents, i.e. constituents that consume energy to exercise force
or motion, has been a focus of intense research in the last couple of years.

The growth and competition of species is a phenomenon omnipresent in nature [23].
These interactions lead to changes in local and global densities of species which in
turn are an essential parameter in active systems and the formation of order. Ac-
tive motion and coherently moving patterns on the other hand distribute particles
differently through a system than e.g. diffusion. It is therefore a central question of
this thesis if and how active particles, flocking and collective behavior can influence
cooperation, competition and the general outcome of such games.

On the other hand, starting from the perspective of active matter, we will examine
the question of how the interplay between different species can change the forma-
tion of order in a multi-species system. Does the game inhibit or promote pattern
formation? If it does, what are the underlying mechanisms? Do the emerging pat-
tern shapes, sizes or order formations change with different game parameters?



Chapter 2

Introduction to Active Matter

2.1 The State of Active Matter

Actively moving constituents are a feature seen in many different systems. While
many organisms are capable of self-propelled and directed motion, there have been
studies regarding the movements of inanimate object such as granular rods or
moving machines like robots [56], which can exhibit similar collective motion pat-
terns compared to self-propelled living organisms such as birds or fish. This col-
lective behavior originates from an interaction between the different particles in the
system and can be expressed in many different forms. While flocks of white stork
can fly long distances in parallel travel to then change their patterns to a swirling
motion catching an updraft [31]], wildebeest tend to align in linear formations when
traveling the Serengeti [46]. Fish schools seem to move and change direction in uni-
son when predators appear and insects like pharaoh ants start to exhibit order
in larger numbers [5] (examples in fig. EI) All of these behaviors bring some kind
of evolutionary benefit with them. The storks can better sense the thermal updraft
by travelling in flocks and observing their peers, wildebeest find the most efficient
or safe routes between different feeding grounds, fish can better detect and avoid
predators and ants organize themselves to fulfill their tasks more efficiently. In all
of these examples the individual becomes part of a bigger swarm or flock, which
displays properties not seen in the single constituents.

(a) (b) (©

FIGURE 2.1: Display of Collective Behaviour: Swarms and Herds in Nature. (a) Large
fish school (b) A flock of starlings (c) Migrating herd of wildebeest

IPhotos by Matthew T Rader, James Wainscoat and The Citizen
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The tools commonly used in statistical, especially non-equilibrium statistical physics,
have proven very useful in the study of such systems. This might come as no sur-
prise, because the field of statistical physics often times infers macroscopic observ-
ables from systems consisting of many constituents. Applied to the example of self-
propelled particles this can mean measuring different kinds of order or collective
behavior in the system.

2.2 Self-Propelled Models

The description of self-propelled particles has been an active field of research for the
last decades [58] [42] [55]. While coherent motion is a very distinct system feature,
achieving it can be realized by a multitude of models. Different implementations of
interactions between particles, different single-particle properties or the influence of
the environment the particles move in can all lead to collective behavior.

There are a multitude of models for implementing self-propelled systems and the
related formation of ordered motion. Many implementations, from leader-follower
models [25] to interactions with the n nearest neighbors [3] over so-called wet and
dry systems [32], where the substrate the particles move on either assists in momen-
tum conservation in the system or not, have been studied.

In this thesis we will discuss two approaches operating on different length scales,
an agent based approach following a generalized Vicsek model [57] as the main one
and a kinetic Boltzmann approach leading to hydrodynamic equations to verify and
discuss the results of the agent based approach..

The Vicsek model is chosen because it is a very basic and well analyzed model [9]
[8] [11] of self-propelled particles interacting. It consists of particles moving through
space with equal absolute velocity vp which adjust their individual directions to the
average of other particles nearby. This polar alignment is not perfect and disturbed
by variable noise. Depending on the density of particles and the amount of noise
present in the system, the formation of order can be observed [57]. Order is ex-
pressed through travelling wave states near the onset of order while for higher den-
sities and lower noise the system moves uniformly. Variations on the initial Vicsek
model revealed the robustness of this approach in describing pattern formation of
self-propelled particles [8].

Self-propelled systems can also be studied analytically via a hydrodynamic approach.
Central aspect of these models is to encode the dynamics of self-propelled agents in
a generalized Navier-Stokes equation [54] [6]. Like in the case of agent based mod-
els, depending on model parameters, the system forms ordered states [55] [34]. In
the early days of active matter, this description was usually based on symmetry and
conservation arguments to arrive at the hydrodynamic equations and macroscopic
observations [54] [53]]. This leads to the problem that even though one envisions
individual particles driving the dynamics, the parameters in the resulting equations
cannot be related to the underlying microscopic model. One way to close this gap
was found by deriving the macroscopic equations directly from microscopical quan-
tities through coarse graining of the microscopic dynamics in a kinetic Boltzmann
approach [6] [1] [4].

While we will use the hydrodynamic treatment as a comparison and derive it as
well, the main focus of this thesis will lie on an agent based simulation to imitate
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biological systems as closely as possible. This agent based approach will be intro-
duced after a brief introduction to the game theoretical model we utilize. We will
implement the agent based model as a gerneralized Vicsek model [57] consisting of
two individual species, where cross species interaction is mediated through a game
theoretical interaction, which will be presented in the following chapter. We will
then focus on analyzing the results of the agent based simulations and compare it
to previous studies. After this, starting from a Boltzmann ansatz, the derivation of
the hydrodynamic equations is explained briefly. We will use this to draw compar-
isons between the agent based and hydrodynamic model, focusing on similarities
between the two while pointing out differences and their possible reasons. For a
more detailed treatment of the hydrodynamic approach on its own, especially the
results when simulating the generalized Navier Stokes equations numerically, see
[33].






Chapter 3

The Game Theoretical Model

Game theory, which became a focus point of research during the late 1940’s and
1950’s and has been an active field of research ever since [26]. Even though there
have been earlier examples of works which one would consider to belong to the
field of game theory today [37], the birth of the field can maybe be dated to 1947 and
the book Theory of Games and Economic Behavior by von Neumann and Morgenstern
[27] [26], after which a myriad of books and papers followed in the years after.

Game Theory tries to mathematically model decision making and strategic think-
ing in many different fields such as economics, computer sciences, social sciences,
physics and biology [35] [36] [14] [21] [2]. The examples of game theoretical models
are plentiful, ranging from the description of bacterial populations and their interac-
tion [17] over the competition between different companies [48], to even diplomatic
consideration between different countries [44]. The field has produced ten Nobel
Prizes [26] until 2014 and influences almost every area of life. This is because it of-
fers a framework to model interactions between two or more parties and tries to
find rules, guidelines of behavior or strategies to improve the outcome of said inter-
actions.

The term game in this context describes a set of rules under which the protagonists,
called players, interact with each other and try to maximize their outcomes or mini-
mize their losses. The players, also referred to as agents, are, in classical game theory,
assumed to be rational and can adopt different strategies to win the game.

3.1 The Cooperator-Defector Game

The cooperator-defector game is a simple and very famous game theoretical model
often studied in introductory courses to the field [29]. The game consists of two ra-
tional players, which can either individually choose to play the role of a cooperator
or a defector. Depending on what they and their opponent chose to play, both of
them get a payout after the game. If both choose two play a cooperator, both get the
reward R. If one player decides to defect and the other cooperates, the defector gets
the temptation payout 7, whereas the cooperator gets the suckers payoff S. If both
players defect, both of them get punishment P. The relative values of these payouts
make it more or less profitable to play a certain strategy and therefore change the
dynamics of the game. The most famous version of this game is the so-called pris-
oner’s dilemma [2] [38] [28] in which the reward R is smaller than the temptation
T and the punishment P is bigger than the suckers payoff S. It gets its name from
the scenario that the two players in the game are criminals, which are apprehended



8 Chapter 3. The Game Theoretical Model

Opponent

C D
CIlR S

DT P

Player

FIGURE 3.1: Payout matrix

and interrogated by police at the same time about a crime they committed together.
If both of them keep quiet, they will both get a short prison sentence (R). If one
of them betrays his accomplice and talks to the police, the betrayer will walk free
(7)) while the other will get the maximum sentence (S). But if both of them talk,
both will get a medium prison sentence (P). Because the two prisoners can not talk
to each other to ensure cooperation and they are both rational players it is always
preferable for them to defect and talk to avoid the maximum sentence S. The case
where both players defect and get P is the outcome where neither player can ben-
efit by changing his own strategy. This case is called the Nash equilibrium. The
dilemma stems from the fact that if P < R, both players could get better payouts if
they would cooperate, but then both players would also have an incentive to defect
to get 7 (> R) again. There are multiple ideas and extensions to this game to ensure
or incentivize mutual cooperation [2] [21] [14], but in the basic version of the game
this dilemma leads to the fact that the Nash equilibrium performs worse than other
outcomes [29].

3.2 Evolutionary Game Theory

A central assumption of classical game theory is the player’s rationality. In areas like
microbial biology however, this cannot be expected anymore. A proposed solution
to this problem is evolutionary game theory. Here, the assumption of rationality
is dropped and replaced by an iterative approach, where the game is played over
many generations of various players, which hand down their strategies to the next
generation [47] [23]. Because the strategies a rational player would choose usually
perform better than other, after many generations, these strategies should be dom-
inant in the game. This is especially useful in biology to see how behavior evolves
and the dynamics of the system emerge.

3.2.1 Mean Field Limit and Replicator Equations

In the case of the cooperator-defector game we introduce the parameters a and b for
the density of cooperators and defectors in a spatially extended system. We define
the overall density a + b = p and assume for the beginning that the system is homo-
geneous in space. This mean-field approach is equivalent to the statement that the
dynamics of the game are much slower than the mixing of the system through e.g.
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diffusion. We also define the fitness of the species in analogy to [17] as

fA:F+Ra—|—Sb

fe=F+Ta+Pb 6D

with base fitness F. We can now define the dynamic equations, with help of eq.
as

31 = (fa — f5) ba (3.2a)
atb = (fB — fA) ab. (32b)

The equations are a form of so-called replicator equations [17] and encode the dy-
namics of the game. The interpretation of these equations is as follows: The fitness
difference indicates the relative strength of the species, while the ab term encodes
the probability of a cooperator and defector meeting and interaction with each other.
With this it is easy to see that p is constant

atp = atﬁl + atb = atll — ata =0. (33)
We now introduce the parameters T4 = S — P and 13 = 7 — R and write

dta = (tab — tpa)ab

3.4
0:b = (tga — Tab) ab. G4

We only need the two parameters 74 and 7, instead of the four absolute payouts R,
S, T, P to completely encode the interaction, because only the differences matter.
This can be understood as the fact that there are only two decisions to make: If
a player meets a cooperator (defector), is it favorable for him to choose the same
strategy? A negative Tp (T4) means it is.

3.2.2 Fixed Point Structure and the Four Games

We have seen that the overall density p is time independent, only the relative amount
of cooperators a and defectors b aren’t. Now we will have look at the fixed points
and flow of the four different possible game structures. Because d;a = —d;b we only
have to analyze one of the two equations and can write d;a as

ota = (tab—1ga)ab = (ta (1 —a) —ta)a(l —a), (3.5)

where it is easy to see the three fixed points (d;a = 0)

TA
TA +TB.

ap=0, a1 =1and a; = (3.6)

Prisoner’s Dilemma

As above, the prisoner’s dilemma is the case where R < 7 and S < P, which means
T4 < 0 and 13 > 0. This results in the fixed point structure of a stable one at a = 0
and an unstable one at @ = 1. The third fixed point a, lies outside the physically
meaningful region a2 € [0,1], because we think of 4 as a density and a +b = 1 at
all times. Therefore every possible initial state of the system flows to a = 0, which
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means that in the end all players will be defectors, in agreement with our previous
analysis of two rational players in the classical game.

d9ta

{go, ifa € [0,1] /
da

> (0, otherwise / a

Harmony

The opposite case to the prisoner’s dilemma is the game of harmony, where 74 > 0
and 13 < 0. Mutual cooperation is the ideal case while defecting brings no benefits,
therefore the fixed point at 4 = 1 is stable and all meaningful initial states flow
towards it.

dta
aa{zo, ifa e[0,1] V

<0, otherwise T X

Coordination

A more interesting structure with three fixed points in the valid regime can be ob-
served in the case of coordination, where both 74 < 0 and 73 < 0. Here it is al-
ways beneficial to be opportunistic and select the strategy the overwhelming ma-
jority plays. A typical example for this game would be choosing the side of the
road to drive on. It doesn’t matter which side is chosen as long as everyone fol-
lows the same rules. Here both fixed points a9 and a; are stable, while a- is unstable
and corresponds to the case that each side promises the same opportunities and any
movement in either direction will eventually lead to ag or a;. If T4 = 73, the game
would be symmetric and a; = %, which means the best strategy is to do whatever
the majority does. In contrast, ife.g. |Ta| > |73|, the fixed point is shifted in direction
of a1. This can be understood as the fact that the cooperators are "weaker" than the
defectors and therefore need a higher initial density to compensate for that and be
the dominant species is the end.

>0, ifa<O %a
=0 ifa e [0, %] /\
"1>0 ifae (521) X
<0, ifa>1

Snowdrift Game

Similar to the coordination game, the snowdrift game has three valid fixed points as
well. The name is derived from a scenario where two drivers are stuck on a road
which is blocked by a snowdrift. To be able to continue their journey, one of the
drivers has to get out of his car and remove the snow, which takes some effort but
enables both to get to their destination in the end. So if the other driver is already
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removing the pile it is the best decision to sit tight in the warm car and wait until the
road is cleared. But if the other driver does nothing, it is better to remove the snow
than staying stuck. It is therefore always the best decision to play the strategy the
opponent didn’t choose. In terms of the parameters this corresponds to 74 > 0 as
well as tp > 0. The fixed points ag and a; are unstable, while a. is stable.

<0, ifa<O da

: T,
>0, ifae |0, %] /

<0, ifae (%1, \/ ]
>0, ifa>1

The framework we will develop in the coming chapters will be valid for all four
games, but we will restrict the simulations and analysis of our equations to the case
of the snowdrift game, because it is the only case with a stable fixed point with co-
existing species. To investigate how the combination of the game with active matter
influences this fixed point is one of the central questions of this thesis.
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Chapter 4

The Agent Based Approach

4.1 The Microscopic Agent Based Model

In the field of statistical physics we usually observe or predict macroscopic sys-
tem variables, e.g. order parameters, energy and/or temperature, which stem from
many combined microscopical quantities. An agent based simulation is a powerful
tool to get insight into how microscopical interactions can influence macroscopic dy-
namics and observables. Because it directly simulates the dynamics at particle level
there is no error or information loss apart from averaging through approximations
when we calculate macroscopic quantities. We introduce an agent based model sim-
ilar to Chaté et al. [9] [8] and Bertin et al. [7], a Vicsek model [57]] with diffusion.
The Vicsek model is a minimal model with very few assumptions and simple inter-
actions, while still exhibiting phenomenologically rich results. It is widely used in
active matter simulations and has been studied intensely for the past twenty years
[9] [40] [8] [6]. To put it into context with the different models mentioned in chapter
this is a model of a dry system with multiparticle metric collisions and polar par-
ticles aligning only in polar fashion. There are no leaders and we do not have direct
repulsion or attraction between particles.

In detail, this model consists consists of N particles on a two-dimensional quadratic
plane of area L x L. Each particle is either of species A or B, has a position vector
r; and moves with fixed velocity vy according to its velocity vector v = vpe(f) =

Vo <;°§((gi ) 6 is the angle enclosed with the x-axis. The time t is discrete in this
model in steps of dt. Particles move ballistically up to random diffusion events and
active matter interactions, which change the direction of v. The position update each
time step dt is given by r§+dt = r§ + v§dt. While the velocity v is fixed, each particle
updates its direction to the average direction of all particles of the same species in
its active matter vicinity A; at time . A; is defined as the disk around r§ with radius
do, the active matter interaction range. This directional average is then disturbed by
some noise 1. If the vicinity is empty except for particle j itself, a diffusion event
happens with probability ps;r, which changes the direction by a value of 7. 770 is a
stochastic variable which follows a flat distribution of range (—ho, ho7t|, ho € [0, 1].
The standard deviation is then given by op = ho%. The new direction at time t + dt
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is therefore calculated by

arg [ X %)+ if A #£ {f}
pt+dt _ ke Aj 4.1)
! 0; + 1, with probability pissdt and if Aj = {j}
6! else
]
with the stochastic active matter noise variable 77, which is given by a flat distribution
in the range (—hrm, hrt], h € [0,1] and standard deviation ¢ = h%. Noises are

uncorrelated to each other, in time and independent for each particle.

As mentioned, polar alignment requires polar particles, meaning particles with a
head and tail or at least a direction to break the otherwise symmetric interaction
of point-like particles with interaction radius dy. In our case this is the movement
direction e(6), which defines the "head" of our particle.

These properties, diffusion and alignment both, violate momentum conservation
and we therefore assume that the plane on which the particles move absorbs or sup-
plies the missing momentum.

In contrast to previous works we introduce two species and an interaction for parti-
cles to be able to change their species, if it is beneficial for them. If a particle switches
species, it can lose its directional information and fly in a random direction after-
wards until it aligns with partners of its new species again. We call this effect Switch
Randomization, which can be either turned on or off to probe the relevance of di-
rectional information transfer on order formation. This can be understood in the
context of two different systems: No randomization could refer to a system where
an existing particle just changes its species (by e.g. changing some species defining
properties like toggling the production of a resource), while a randomized system
could describe an interaction where the old particle dies and a new particle of the
other species pops into existence with random direction. We will usually refer to
both of these options as "species switch" regardless of the underlying cause.

Every particle has a fitness level f]f at time t. This is given by a base fitness F and a

value calculated from the number all other particles in its game theory vicinity g]?,
where g]? is the disk around particle j with radius dgt. The fitness is then calculated

by

Ni, . £
faj=F+ I\?{JR + Z\?t/]S = F+a/R+Db;S if jis of species A (4.2a)
j j
t t
fo = oddq Nbip b i s of species B (4.2b)
Bj — Nt Nt - j i ] pecies .
) )

where Ny, ; is the number of particles of species A € Gj, N ; the number of particles
of species B € Gj and N; = N}, . + Ny .. a; and b; are the relative densities N, ./Nj
and N ;/N}. A particle changes its species with probability p; if it would be bene-
ficial to it, i.e. it would attain a greater fitness value by switching its species. p;- is
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given by

; {(fg] - ffqu)dt if j is of species A and flg,j - fi‘,]- >0 (43)

Pi= (fa;— f;)dt if jis of species Band f} ; — fz ;> 0

This means switching species is more probable if the fitness gain would be greater
and less likely if there is only a marginal difference in fitness. If we introduce the
variables T=1t4 =S —Pand A = 13/74 = % we can substitute and reframe our
conditions in terms of relative fitness levels as

fgj— fa; =F+aT +bjP —F —aiR —b;S

(4.4)
=aitg — bita = T(ajA — b})
and therefore the switch probability as
; JT(@A —bi)dt if jis of species A and T(aiA — bj) > 0 (45)
Pi= T(bi —aiA)dt  if jis of species B and T(aiA — b}) <0 .

T can be interpreted as the game strength and A gives the relative strength of species
B in comparison to A. It is sufficient to assume 7 > 0 and limit A € [0, 1], because
we restrict our analysis to the snowdrift game only (see Chapter(3), where 74,73 > 0
and because of symmetry reasons we can assume w.l.o.g. T4 > 3.

We expect the snowdrift game to be the most interesting implementation of the co-
operator/defector game because it exhibits a stable fixed point of coexisting species,
while the other games have absorbing states of only one surviving species. In na-
ture, one could think of a system consisting of e.g. a colony of microbes able to
produce a common resource which benefits themselves and other particles in their
vicinity, while other microbes do not produce the resource and only profit from it
[19]. The balance between these two species, resource producing (cooperators) and
exploiting (defectors), is driven by the availability of this resource and therefore the
particles producing it. This balance can change by e.g. particles switching on and
off the production of this common good and results in a snowdrift game scenario
[17]. A variable biofilm production as an example of two distinct species can be ob-
served in Bacillus subtilis [45], where the non-producing species now also exhibits
self-propelled motion, while the other remains stationary. We add a new variation,
namely self-propelled motion for both species and study the effects flocking and
swarming on a system of multiple interaction species.

To measure order in the system we introduce the directional order parameter

1% 1|3
o= N [P )] @b = 5 | L exp (i) (4.6)
A k=1 B |k=1

for species A and B, respectively and their temporal averages (¢4) and (@p)

1 & 1 &
(pa) =72 94  (98) =75 ) 5 4.7)

=1 t=1

@Y, ¢4, (9a) and (@p) can vary between 0 and 1, where 0 means no order in the
system and 1 refers to perfect alignment of all particles.
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4.2 Implementation

Even with the enormous computing power of modern machines it is crucial to find
an efficient way to implement a simulation, because still the resource requirements
of many-particle simulations quickly reach the limits of todays computers. Espe-
cially in statistical physics, where we want to avoid finite size effects in our macro-
scopic observables, the need to generate and simulate a great amount of particles
is essential. If we are able to implement the simulation in a way that uses as little
resources as possible and scales well with the system size and particle number, we
can simulate many more particles in a reasonable time frame. The main concepts
utilized to implement this will be shortly explained in the following.

There are two ways to reduce the simulation runtime: On the one hand coding the
simulations efficiently to reduce the amount of calculations needed to evaluate the
required variables. This is especially important in parts of the simulations which are
executed repeatedly. On the other hand we can reduce the runtime by parallelizing
the computation. To achieve this it is necessary to set up the simulation in a way that
tasks can be run independently from each other on different CPU cores at the same
time.

The simulation is set up, as described in section as a system of particles in a
box of size L x L. Each particle has the properties position r, direction v (|v| = 1),
species S = {A, B} and fitness f. The simulation is set up in discrete time steps.
A time step dt has multiple components. First, the game theoretical interaction is
evaluated and the particle species is updated. In the next step the active matter
interaction is processed and the particle directions are adjusted as well as alignment
noise 1 or diffusive noise 77g are added. After this the particle positions are updated
and as a last step a snapshot of the system can be saved into a hdf5 database for later
analysis. These steps are repeated sim_steps = T /dt times, where T is the total time
of the simulation. To better understand how these individual tasks are implemented,
we take a look at the basic concepts of parallel computing and programming.

421 Parallel Programming

While normal computer programs are usually serial, parallel programming utilizes
the fact that certain tasks in a program can be executed independently from each
other and therefore evaluated simultaneously. One possible implementation of this
is to take a multi core processor and while the main program only runs on one core,
as soon as parts of the program which can be evaluated in parallel are reached, an
algorithm distributes the different tasks in so-called threads to multiple cores to be
evaluated there. After the parallel computation is finished, the threads and their re-
sults are reunited with the main thread and the serial computation continues (see fig.
. While it would most of the time be beneficial to parallelize the whole code, this
is usually not possible. Tasks have to be mutually exclusive in their dependencies to
be parallelizable [39]. In our case we used parallelization to evaluate the interactions
between particles and the update of their position each time step.

Even though parallel programming has a lot of advantages and benefits, there are
some drawbacks as well. First of all the parallelization has to be explicitly set up in
the code, because the process of auto-parallelization, where e.g. the compiler would
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FIGURE 4.1: A parallel section of a program embedded into serial parts before and after
it. A very simple example of a section like this in the simulation would be a code block
where the array of all particles is passed to a function and then a parallelized section is
initialized in which the position of the particles is updated in parallel by adding their
velocity multiplied by time step dt to their current position. If we for example pass 80
particles to a function which sets up 4 threads, thread 1 could then evaluate particles 1-
20, thread 2 particles 21-40, etc. After the position update the function would terminate
the tasks and return the now updated particle array back to the caller.

parallelize the program afterwards, has had very limited success to this day. Sec-
ondly there are challenges and problems which are inherit to parallel programming
and don’t happen in serial computing. The most important of these issues are so-
called race conditions. These can happen when two parallel tasks access the same
variable and make changes to it. If we e.g. take a variable varl and two threads
thrdl and thrd2, which both have the task to add some value to varl, this can result
in a race condition. If, for example, varl = 3 in the beginning and both thrd1l and
thrd2 want to increment it by 2. Naturally we should get the result varl = 7 in the
end. But, because of the way values are stored and edited in a computer, this is not
necessarily the answer we get, if, e.g.: thrdl reads varl with a value of 3 at time ¢,
after which thrd2 also reads varl at time t, with a value of three. Meanwhile thrdl
executes the add 2 operation internally to get a result of 5. Then, at t3, thrd2 does the
addition to get 5 as well, because it read out varl = 3 at t,. thrdl, at the same time
writes to varl and sets it to 5. Finally, at t4, thrd2 also writes varl = 5 and the paral-
lel computation finishes, but the result is not the one we expected. This read /write
overlap is called a race condition and can only happen if the computation is not eval-
uated serially. A visualization of this problem can be found in fig. To avoid this
behavior, parallel programming uses locks on variables. The way these work is that
threads lock the variable they’re accessing to have exclusive read /write permissions.
Other threads which want to access locked variables have to halt their computation
and wait for the lock to be lifted when the first thread is finished with accessing the
variable (see fig. [4.3). While this ensures the right result it slows down the compu-
tation because the threads have to check for locks and even stop their computation
if they find one. They also have to apply and lift locks on variables they are editing.
When writing code which is to be executed in parallel, the programmer always has
to pay attention which variables have to be locked to avoid race conditions. Always
locking variables negates most of the benefits parallel programming brings, while
not locking crucial variables can lead to wrong results.
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varl = 3 /varl 5 // varl = 5/
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FIGURE 4.2: A race condition occurs while reading and writing varl in parallel. The
wrong result is the fault of overlapping access to the same variable by threads thrd1 and
thrd2.
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FIGURE 4.3: The race condition is resolved by locking the variable before marking
changes to it. This process can slow down computation, because now thrd2 has to wait
for thrd1 to finish.

4.2.2 The Box Algorithm

In the worst case the computation time of the simulation scales quadratic with the
particle number N. This stems from the fact that to evaluate the interaction between
particles we have to check their distances to see if they are smaller than their respec-
tive interaction radius and therefore interaction partners. These checks scale with
N2 if we have to compare every particle with every other particle. Even though this
is a mathematical fact and our worst case performance will always be of quadratic
order, we can take measures to speed up computation in most cases.

The most important method to both reduce the computational effort, and addition-
ally set the system up to be parallelizable, is the partition of the system into small
boxes to evaluate the interactions [20]. The active matter interaction will serve as
an example for how the box algorithm is set up and works. The game theoretical
interaction can then be treated in a similar fashion. If we look at a particle j at time
t, it interacts with all particles in its vicinity A;. Finding these interaction partners
means one has to check the distances between particles. To avoid checking every
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particle against every other particle in the system at each step in time we partition
the system into boxes of optimal length

By =do+2vydts (4.8)

with dy the active matter interaction radius, particle velocity vy, time step dt and
step parameter s € IN, which is the number of time steps boxes can be reused before
they need to be updated. The algorithm works the following way: When the whole
system is initialized, the boxes and their boundaries are fixed by the real box length
B = By + h, where 0 < h < By/m, such thatm = |L/By| € IN boxes fit exactly into
L. For now we set s = 0 for simplicity and convenience. Now we can assign each
particle j to a box according to its position. Because the box size is always > d, all
particles in vicinity .A]t have to lie in same box as j or adjacent boxes. With this we
only have to compare adjacent boxes and their particles and not all N particles in the
system anymore. While this does not reduce the computational effort if all particles
are very close to each other, if we e.g. assume a homogeneous distribution the num-
ber of particles which have to be compared is reduced by a factor of (3B) 2L?. We
also have to compare each box only to its left and upper neighbors, because we iter-
ate over all boxes in the the system and the comparison with the lower right boxes
will be taken care of as soon as these are iterated over. As soon as we completed
this for all boxes, which can be done in parallel, and found all interaction partners,
we can perform the interactions. The same steps with the respective radii can also
be used for the game theoretical interaction. After this, the boxes will be reset, filled
again and the steps can be repeated for a new time step. Because it is an additional

" FIGURE 4.4: Box algorithm
example: The system is di-
B vided into 25 boxes of length
B. Particle j (orange dot) inter-
acts with all other particles in
its vicinity .A; (orange circle),
where the box algorithm in
= - this time step only compares
it to the upper left boxes(light
L c blue) and the particles as-
signed to them(red). All other
particles (grey) are invisible to
the active box where particle j
resides in. The particle which
lies in A} but in the box right
to j will be added to j’s inter-
action partner when this box is
active.

effort to make and fill the boxes it is sometimes beneficial to reuse the boxes multiple
time steps. This is where the parameter s comes into play. Particles move a maxi-
mal distance of 2v¢dt towards each other per time step. Therefore, if we increase the
box size by 2vodt - s we make sure that no two particles in non-adjacent boxes can
be closer than the interaction radius in the next s time steps. The tradeoff of the in-
creased box size is of course that we have to make more comparisons each time step
between particles which cannot be interaction partners. Choosing a small non zero
s can speed up computation in cases of low density or when the interaction radius
is large compared to the particle velocity vy and time step dt.
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The use of this algorithm is only possible because we are dealing with local interac-
tions and not global ones. We therefore know that two particles further apart than By
can never interact with each other in the next time steps. We utilize this to cut down
the number of comparisons between particles and achieve a block of code ideal for
parallelization.

4.3 Results of the Simulation

4.3.1 Isotropy, Active Matter Waves and Coherent Motion

To be able to better classify results and get an understanding of the novelties the
combination of active matter and game theory offers, it is useful to look at the base
case of a pure active matter simulation. This means that we switch off the game
theoretical interaction and can therefore study differences and similarities of the two
cases: With and without game. While there are 17 free parameters in the system and
it is far from feasible to test every combination we mainly focus on and vary a few
essential ones: The density p = NL72, the alignment noise standard deviation o,
which we tie to the diffusive noise standard deviation 0y, so ¢ = 0y, the absolute
game strength T and the relative game strength between species A.

The first thing we want to study are the different phases of order in the system.
According to previous agent based simulations, we expect them for certain density
and noise combinations [9] [8]. Without game we can observe three phases: In the
low density, high noise regime we see isotropic movement and the density remains
homogeneous throughout the system. The inverse case, the high density, low noise
regime yields coherent motion of a system with many clusters in an arbitrary, but
uniform direction. The intermediate case, where the onset of order happens, is the
most interesting though: Above a threshold density p; for a given noise we can ob-
serve that the particles form wave patterns which travel through the system (fig.
[4.5a). These waves then get broader with increasing density until we reach the or-
dered phase where no wave is visible anymore in a continuous manner. We define
the density above which we can not distinguish the wave from the background any-
more as pg,. All these results are in perfect agreement with previous agent based
active matter simulations [7] [9] [57].

In the next step we switch on the game theory interaction and get a similar picture
of different unordered or ordered phases: Depending on the parameters, especially
T and A, we now get up to five different phases in the system. In the case of A =1,
which means both species are equally strong, we recover the three phases we have
already seen in the pure active matter scenario of homogeneous isotropy, waves and
homogeneous coherent motion. With respect to the overall density p we observe that
the onset of order happens later, which is to be expected because the active matter
interaction only works inner-species and therefore the number of particles that can
be interacted with is reduced. Naively one could assume that the threshold density
p: for the balanced game case is twice as large as for the case without game because
the distribution of particles should be 50/50. But because the directional informa-
tion can be destroyed when a particle switches species due to switch randomization,
which acts as an additional noise in the system when a particle switches its species
back and forth, the threshold density lies even higher.
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FIGURE 4.5: Agent Based Simulation without Game (a) Snapshot of the simulation in a
wave state with p = 1.1, ¢ = 0.73. The arrow indicates the direction of movement the
wave travels. (b) p/o plot. The plot points with error bars mark the transition to order
0¢(p) in the simulation. The dashed line is a plot of o, (p), the expected transition to
order given by the hydrodynamic equations, which we will treat in chapter|6} The cross
marks the position of simulation (a) in the parameter plane

Within the tested parameter regime the game theory interaction is much faster than
the active matter interaction, meaning that the fixed points of relative densities of
species A and B are reached long before there is an onset of order. This reduces
the effective noise introduced by switch randomization of particles because these
events become rarer. A linear fit to simulation data puts the increase this effective
noise induces in ¢ at the density p = 1.5 at ~ 0.05A.

From now on we will fix p = 1.5 and use ¢ as the variable to differentiate the dif-
ferent order regimes. This corresponds to taking a vertical slice in figs. while
fixing o and varying p would mean slicing horizontally. In the parameter regime we
choose here, both approaches yield phenomenologically equal results. We choose to
fix p here to suppress finite size effects for small p and lengthy simulations for large

o.
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FIGURE 4.6: Transition to Order for Dif-
ferent Values of A. (a) 04 against the
overall density p with A = 0.2. Com-
parison between system with (dashed
line) and without switch randomization
(solid line). While the difference in 0} 4 is
very significant for small and scarce sys-
tems, it almost vanishes for higher val-
ues of p. (b)A = 0.6 (c) A = 1.0 The data
for the black solid line is taken from fig.

- With randomization to compare the cases of one species
1 - Without randomization and two species which interact via the
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The Five Phases

If we choose A < 1, we observe up to 5 phases, depending on the values of T and
A. For small A < 0.3, the first case we want to look at, the phases we observe with
increasing density (or decreasing noise) are:

Species A Species B Phase Name I dgr}:;?izrs
I homogeneous | homogeneous Holri(ggr(e)ii)us (pa) =0, (¢p) =0
isotropic isotropic Phase (IHP) (va) <03, (vg) < 0.3
Wave
induced (9a) 2 0.25, (pp) ~
1) waves Phase I N
>
waves (WP1) (va) 2 0.3, (vg) < 0.3
) clustered clustered ?)ﬁize? (pa) 2 0.5, (pp) = 0.25
ordered isotropic (OP1) (va) <03, (vg) < 0.3
Wave
induced (pa) 2 0.5, (pp) = 0.25
I\%) waves Phase II ~ NG
>
waves (WP2) (va) <03, (vg) 2 0.3
V) clustered clustered (sziszeﬁl (pa) =1, (pp) 2 0.7
ordered ordered (OP2) (va) <03, (vg) < 0.3

TABLE 4.1: The Five Phases

These combinations exist because the transition density for each species is depen-
dent on A. We introduce the parameter

L

1 2
v =2, 1 X (#he = (0a0) 49)

to classify the phases. The system is partitioned into L channels either along the x—
or y—axis depending on the direction of order (see figs. 4.7{4.11)). The order parame-
ter ¢, . is calculated for each channel c. v/, is defined as twice the standard deviation
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of ¢, .. The factor 2 is introduced so that vy € [0,1] and (v4) is the temporal average
of v;. It measures the differences in directional order in the system and can therefore
be used to judge if there are waves present in the system (high values of v%,) or if the
order is uniform (low values of v}). v§ for species B is defined accordingly.

oA

iy : _r —
The densities of species A and B are on average a = 1 and b = {75

We can then classify and describe the five different phases for fixed p in detail:

(I) If westartinahigh noise regime, both species are isotropic, so ¢4, ¢ ~ 0. The
system is homogeneous and movement looks diffusive. We refer to this phase
as Isotropic Homogeneous Phase (IHP). It is very similar to the isotropic phase
we have already seen in the pure active matter simulation.

(II) If we now decrease the noise and pass the threshold o0; 4, species A starts to
form plane waves. Species B should still be isotropic from an active matter
perspective, because ¢ > 0 g. But even though we don’t see a directional order
@B, we still observe a wave pattern in B (fig. . This happens because the
increased density of species A inside the wave induces an increase in species
B in this location as well. We refer to this phase as Wave Phase I (WP1).

(IlT) If we now further decrease the noise, order with high ¢ 4 emerges in species A.
The spatial variations are larger than in the IHP, but the distribution is more
homogeneous than in WP1. We observe loose clusters of species A. Species
B is also clustered but still isotropic in this phase, which is called Ordered
Phase I (OP1). The explanation for this phenomenon lies in the small value
of A. In this phase we are in the regime of 04, 4 > ¢ > 0 3, meaning species
A would be ordered and homogeneous even in a pure active matter scenario,
while species B would still be isotropic and homogeneous, so ¢ > 0;;. The
observation we make here is therefore very similar to the case with no game
theoretical interaction. This can be explained by the fact that because both
species are spatially nearly homogeneous compared to the wave phases. This
results in the game not having much influence apart from enforcing the overall
ratio § = Np/ N4 everywhere.

(IV) The next phase we reach with lower noise is more interesting again. It is called
Wave Phase II (WP2), because we now reached ;g > ¢ and species B starts
to form plane wave patterns on its own. A very interesting observation here is
that now also species A forms waves again, even though from an active matter
standpoint it should be homogeneously ordered. This is again the result of
the game interaction where the increased density of B inside the wave raises
the amount of A as well while outside the wave the opposite happens. The
difference to WP1 is that now both ¢ 4 and ¢p are nonzero, so we have order in
both species. There is also a completely new observation in this phase, namely
the formation of species-distinct bands inside the wave. This phenomenon and
its causes will be examined in section4.3.2]

(V) The last phase emerges with even smaller noise. It consists of clustered, or-
dered motion in both species and corresponds to the ordered phase we already
know from the pure active matter case. Like in OP1, the game doesn’t have
much influence apart from enforcing 6, but compared to OP1 ¢ is larger now
and we observe clustering of the species A and B. We call this phase Ordered
Phase IT (OP2).
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The presence of the five distinct phases is due to the fact that the transitions oy 4, 01, 4,
0y p and oy, , are all dependent on A. For small enough A < 0.3 we are in the regime
where 0y, , > 0}, which means species A can be in an ordered and clustered phase
already without the presence of waves, while species B is not able to form waves on
its own yet. The five phases only appear in systems with switch randomization, as
the direction transfer between the species induces order in both species as soon as
one species starts to exhibit coherent motion.

In contrast to a well mixed scenario ({(¢) ~ 0 and vodt > dg¢) we observe § > A
for A < 1. This effect is stronger for WP2 and OP2, where we observe the species
separation. It therefore seems plausible that these two effects are related (see section
4.3.2). It is also interesting to note that the wave structure in WP1, where only A
shows directional order, is weaker compared to WP2 or a similar case without game.
This leads to the conclusion that the game inhibits wave and pattern formation in
this particular case. A simulation of the hydrodynamic equations revealed hysteresis
effects (see chapter [7) for the four phase transitions. It would be interesting to see
if these also appear in the agent based simulation, but would require further work
and analysis as the the current way the simulation is implemented makes it hard to
check for these effects.
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© species A
@ Species B

FIGURE 4.7: The Isotropic Homogeneous Phase (IHP) with ¢ = 1.0, (p4) = 0.007,
(¢p) = 0.007, v4 = 0.06 and vp = 0.09. All simulations underlying figs. 4.7] with
parameters p = 1.5, 7 = 0.4, A = 0.2, dgt = 10, L = 256. Snapshot of the system on the
left and profile view with local densities in upper and local order parameters in lower

plot on the right.
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FIGURE 4.8: The First Wave Phase (WPI) with ¢ = 0.65. The blue arrow indicates the

direction of order of species A. (¢4) = 0.37, (pp) = 0.4, v4 = 0.06 and v = 0.15
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FIGURE 4.9: The First Ordered Phase (OP1) with o = 0.55 (¢4) = 0.61, (¢p) = 0.11,

vp = 0.06 and vg =0.2
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FIGURE 4.10: The Second Wave Phase (WP2) with o = 0.40. The red arrow indicates
the direction of order of species B. (¢4) = 0.79, (¢p) = 047, v4 = 0.12 and v = 0.45
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FIGURE 4.11: The Second Ordered Phase (OP2) with o = 0.15, (¢4) = 0.95, v4 = 0.01
and vg = 0.16

Merged Wave Phase

If we set A to an intermediate value 0.3 S A < 1, the WP1 and WP2 phases merge
and OP1 vanishes. We now observe directional order in both species inside the new
merged wave phase. Beginning from A ~ 0.3, we start seeing that in the regime
where WP1 would lie, the game interaction increases b so much inside the wave,
that the induced wave in species B also begins to display a nonzero order parameter
¢p. This means that locally p > p;p, so the isotropic state becomes unstable and
order emerges, contrary to the case with the same parameters but without game.
Because we now get order in both species as soon as order emerges in one, OP1
disappears.

The transition between WP1 and WP2 becomes fluent and the phases impossible to
distinguish because of the induced ordered wave in B even in higher noise regimes.
That this phase is indeed composed out of two underlying phases can be seen by
the comparison with simulations without game and also by the fact that the joined
wave phases are occurring in a wide range of ¢, with ¢; 4 as the bound towards the
IHP and oy, g to OP2.
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(a) (b)

@ Species A
@ Sspecies B

FIGURE 4.12: Snapshot and wave profile of merged wave phase with A = 0.5, p = 0.45,
T = 0.4, L = 256 and dgt = 10 (a) The system snapshot displays a very even wave front
with a more diffuse tail travelling through the system from left to right. The species
distinct bands are clearly visible inside the wave (b) Wave profile in x averaged over
y-axis. The system was partitioned into 256 channels along the x-axis, all particles in
the channels counted and then the channel density (upper plot) and directional order
(lower plot) evaluated. We see a clear correlation between wave and order, while the
scarce background seems isotropic.

The wave itself and the species separated bands get a lot more prominent for in-
creasing A (fig. [£.12). We therefore conclude that a more equal game stabilizes the
patterns. Before we further analyze the patterns inside the wave we will try to un-
derstand their formation and origin.

4.3.2 Game Theoretical Pattern Formation

We now want to turn to the phenomenon of separating species, as seen in WP2 and
OP2, and the ratio increase. If we switch off the active matter interaction, so only
diffusive movement and game theoretical interactions are present, we can observe
the species forming spot- or band- like patterns (fig. and fig. under certain
conditions. These patterns emerge with increasing absolute game strength 7 for
given velocity vg and noise ¢. The size of the patterns depends on the game theory
interaction radius d¢; and the relative game strength A. While we would expect the
ratio of species A to B, 4, to be A in the well mixed case, with the emergence of the
patterns J increases if A < 1 (fig. £.19).

One Dimensional Case and Model

To better understand this phenomenon we model the system in 1d and observe the
same behavior. Particles move only on a line and diffusion is implemented as a flip
in movement direction occurring with probability p each time step dt. With slow
(vodt < dgt) or completely switched off movement the patterns emerge quickly and
become static. We now have alternating stripes of species A and B, where we can
analyze the fitness value of every single point in the system. We assume the line to
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FIGURE 4.13: The Spot Order in 2d. Spot Order in a system with p = 1.5, T = 1.0,
A =04, v = 0.016 and op = 0.5 with magnified spot on the right

be continuous and that a section of the line has a weight according to its length I in
the fitness evaluation. The lengths of sections of species A and B are defined as x4
and xg, respectively.

FIGURE 4.14: Formation of Species Separated Patterns in One Dimension: The braces
of length 2d¢; mark the vicinities G of the particles at the center of the brace, x4 and xp
are the lengths of the sections of species A and B. 174 = dgt —Xp, g = dgt — x4, 04 and
op are helper variables to calculate the optimal lengths of x4 and xp, which maximize
the fitness. The dark grey trapezoidal lines indicate the fitness values of particles at this
point.

We want to find the system configuration and therefore the lengths x4 and xp which
maximize the fitness in the system. After sufficient time has passed the system is in
the static case, which is equivalent to the statement that the fitness is non-negative
everywhere in the system. If we look at a particle at the boundary point B of the
species and its vicinity G, which is indicated by the grey brace in fig. we see
that the ratio of species A to Bin G is

XA+HA
=2 12 4.10
E=% B+ 1B (4.10)
Because f4 = — fp per definition, we can infer that the fitness level on the boundary

has to be zero which is only the case when 6z = A. We can therefore write the
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following equations:

dot =xa + 1B (4.11a)
dgt =xg+ 14 (4.11b)
Xg+ g =A(xa +14) (4.11¢0)

where we used the fitness equation f4 = 7(a — Ab) = 0 to deduce the last equation.
We can solve this system of equations in terms of x4 and write

A=1
XB :mdgt +Xxa (412&)
2
A =37 1dgt — XA (4.12b)
1B =dgt — x4 (4.12¢)

If we now want to deduce the fitness of other points than the boundary, we can
simply start at a boundary point and slide the brace, and therefore the corresponding
base point in fig. e.g. right and observe how the ratio § changes. We can see
that up to the point where either end of the brace reaches a boundary point (see blue
brace in fig. [£.14), the fitness (dark grey trapezoidal lines) linearly increases. After
that, there is a fitness plateau until the other end of the brace reaches a boundary
point. From here on the fitness linearly decreases until the center of the brace reaches
the next boundary point. For the other species the reasoning is analogue.

The width of the fitness plateau is marked by o4 and o3, respectively. Depending
on the value of A, there are two distinct cases: Either the right edge of the brace hits
a boundary point first when sliding to the right (case I), or the left edge reaches a
boundary point first (case II). We will evaluate case I first. The equation for o4 is
therefore

U'AZXA—Z(XB—ﬂB)ZXA—Z(XA—UA):—XA+217A (4.13)
The fitness contribution of x4 can then be written as

fa = o JZFOA (4.14)

with the maximal fitness value

max T2xB — )\(XA +UA)

max — 2, (4.15)

which is assumed at the plateau and where we used f4 = t(a — Ab) again with a
and b the relative parts of species A and B in the brace of size 2dy;. If we plug in
(4.12afc), we can, after some calculation, write the fitness in A as

2
fa= (008 s - ) (@16
8

If we look at case II next, we can write

UA:xA_ZﬂA (417)
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with the same equation for f,4, but differently looking peak fitness

ZXB —0p — /\XA
max __
max _ 2, (4.18)

But if we plug in (4.12al-c) again, we get the same value for f in the end as in (4.16).
The same would be true for fp and o, but calculations show that, because we as-
sumed w.lo.g. A < 1, only one case exists for cg anyway, as the other becomes
relevant only for A 2 1.64. This leads to the conclusion that both cases lead to the
same optimal value for x4 and x in the end. For o and fg we can therefore write

0p = XB — 2173 (419)
fo = ot lOE ;UB (4.20)
with the maximal fitness in B of
A2x 4 — —
s = A 0) ~ 3 @21)
gt

If we now plug in (4.21) into (4.20), we can, with the help of (4.12afc), write

fo= g (—(/\ 1) + (A +2)dgraa — dgt) (4.22)

We can now define the average fitness per unit length

;o fa+t fa 1—2(A+1)x§‘+(A+5)dgtxA—Q—ﬁd@t

= 4.23
Xa+xp  dgt 2%+ 451 429
The optimal length of x 4 is now the value which maximizes (4.23):
ont 1 11—-A
With the use of (4.12a)) we can then write
1 11—-A
opt _
xB - ﬁdgt - Em gt (4:25)
This also means the length x4 + xp = \@dgt is invariant for different A.
We can now make an estimate for ¢
1, 11-A
5:"B:ﬁ+““:ﬁ_1+<ﬁ+1)A (4.26)
Y4 g V2H1+(V2-1)a

This prediction is only valid in the regime where 74 > 0 and g > 0. If we write
them in terms of x4 we get

-2 _ .
TA=3x11 "4
g =1—2x4 (4.27b)

(4.27a)



4.3. Results of the Simulation 31

It is easy to see that 74 > 5 for A < 1, so the variable of interest is #p. If we now
plug x7 “into 1i we get 7 = 0 for

hei = Y28
crit 3_\/5

If A < Ayt the separated order breaks down because there is no net positive fitness
anymore for particles in xp. This can also be seen in the simulation, as evident by fig.
If A > Agit, the predictions match the results of our simulations perfectly apart
from small deviations caused by the periodic boundary conditions. If the system
length L is chosen as a multiple of \@dgt, the discrepancies between theory and
simulation vanish.

~ 0.2612 (4.28)

1.04
FIGURE 4.15: The Effects of
Species Phase Separation on the
Ratio 6. The circles mark the
realised ratio § for a given A
in the simulation. The red line
is the calculated J by the pre-
diction (4.26) and matches the
simulation perfectly until A,
(red cross). The dashed line is
the ratio in the well-mixed case.
Parameters: L = 100, dgt =

V20L/10, T =1
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FIGURE 4.16: Species Order Phase Separation in 1d Simulation. The in fig. pre-
dicted patterns, seen in the simulation. Position in x-axis, fitness in y-axis.

Two Dimensional Case

For our two dimensional system the reasoning is similar as for one dimension re-
garding the heightened average fitness in an ordered state. The patterns which ap-
pear are circles (fig. or bands (fig. and calculations to evaluate the optimal
size of these patterns are more complicated than in the one dimensional case. For
A S 0.60 the patterns appearing are circles with radius 7, while for A > 0.60 the
circles merge and form band structures in the system which bear a fitness advan-
tage. The transition between spots and bands seems to be continuous, as there are
still spots visible for higher values of A. The increase in § for both the spots and the
bands can be seen in[4.19]

For A < 0.6 we rely on the simulations to measure the spot size by two methods:
A diameter measurement and averaging over many spots estimates the spot width
xp directly. The second method utilizes the fact that we can measure the relative
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fer oy
ot

FIGURE 4.17: The Band Order in 2d. Band Order in a system with p = 1.5, 7 = 1.0,
A =0.66, v9 = 0.016 and oy = 0.5 with magnified bands on the right.

amount 2 and b. We assume p to be spatially homogeneous, which is a reasonable
assumption because the particles are initialized with random positions and move
diffusively through the system with no active matter interaction between them. We

can therefore estimate xp as
b
xp =Ly | (4.29)
Ngpots T

with Ngpots the number of spots in the system. We assumed the spots to be perfect
circles with area A = (x/2)%m, so bL? = NspotsA. Both methods were used to get
more reliable measurements.

Analogue to the one dimensional case we find a linear dependency of xz on dgt, SO
-2

gt 7 while the realized ratio ¢ is

the number of spots N in the system scales with d
independent of d; (fig. 4.18a).

As soon as the spots become unstable and the bands emerge, we see a rise in A =
0 — A, the absolute deviation from the mean field limit. The width xp of the bands has
been measured directly on multiple positions in the system and then been averaged.
This average seems to scale linear with dg; as well, while § independent of dg; (fig.

4.185).

These findings ought to be expected, because we only have two length scales in our
system without active matter interaction: The particle movement velocity vy times
dt and the game theoretical interaction radius dg;. In absence of movement the only
remaining length scale is d¢; and all other parameters in the system should adjust
accordingly. We attribute deviations int the measurements to finite size effects, es-
pecially for small d;.

Fig. shows the measured ratio ¢ against the relative game strength A for two
dimensional systems, analogue to fig. for the one dimensional case.
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FIGURE 4.18: Spot and Band Width in Comparison to dg;. (a) Average spot widths for
different A. We can see a linear growth of xg with dg as in the 1d case. The width grows
faster for higher A. Inset: J ratios in comparison to dg; for the same values of A. (b) Band
width against dg;. We again observe a linear relation. In comparison to the spots we
observe slower growth. Inset: J is again constant for different dg;
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FIGURE 4.19: The Effects of Spot
Order Phase Separation on the
Ratio é. The circles mark the re-
alised ratio ¢ for a given A in the
simulation. The dashed line is
the ratio in the well-mixed case.
The merge of spots into bands
is clearly visible in the ratio &
at about A = 0.6. Parameters:
L =256,d¢t =10, T =1
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Spot Order vs. Diffusion

The game theoretical patterns appear and vanish in a continuous fashion with the
interplay between the game strength T and the diffusive movement. We fix oy = 0.5,
so the movement strength is controlled by the value of vy.

The species separated patterns vanish when the movement of the particles is so fast
that the game interaction is not able to compensate for the mixing any longer. This
means we are in the mean-field limit now and the ratio J equals the relative game
strength A. dg, the game theoretical interaction range of each particle is an important
control parameter as well, because for larger values of d¢; particles have to travel
further to escape the interaction with other particles. For larger d ot We also observe,
in analogy to the on dimensional case, increasing pattern size. In a system without
active matter interaction we could also use dg¢; as a measure for the system, as it is
the only relevant length scale in this case. But because we want to take into account
the possibility of a combined system and the influence of the interplay between d;
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FIGURE 4.20: Gradual Disappearance of Spots for Increasing Diffusion. Parameters:
T=0.1,A=03,dg =20, p = 1.5and 0y = 0.5 (a) Clearly visible spots for vy = 0.04.
(b) The spots get more diffuse, vy = 0.12. (c) No visible spots anymore at vp = 0.2.

and do we use dg; as a control parameter. Fig. [4.20]shows the system for A = 0.3,
T = 0.1 and vy € [0,0.2], where we can see the gradual disappearance of the spots.
The same behavior occurs for the band structure as well. To measure the influence
of pattern formation we analyzed the difference between A and 4, A = § — A for
various values of A and dg; (fig. [4.21).

In regimes where diffusion outweighs the game and we would not see patterns for
non-active particles, the patterns reappear when we switch on the active matter in-
teraction and collective motion occurs. The reason for this is that the high directional
order decreases the relative movement of particles compared to each other. This then
leads to the game theoretical interaction being able to restabilize the species separa-
tion in regions with high ¢ again.
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FIGURE 4.21: Species Separation Induced Ratio Shift A for Different Values of 7, vy (a)
A=03,dgt =10(b) A =0.3,dgt =20 (c) A = 0.5,dgt =10 (d) A = 0.8, dgt = 10

4.3.3 Polar Order Stabilized Species Separation

While we have seen bands in the case without particle alignment only for A > 0.6,
we observe them in the combined system (fig. |4.22) as soon as the merged wave
phase appears (A 2 0.3).

This effect is caused by the alignment that reduces the relative motion between parti-
cles stronger in travelling direction than perpendicular to it. The explanation for this
lies in the way the noise ¢ is incorporated: While there is an alighment in movement
direction every time step dt, the noise mainly displaces the particles sideways. The
spots are therefore stretched along the axis perpendicular to w and u to the point
where the spots get so much they eventually form bands.

If switch randomization is implemented, particles loose their alignment when switch-
ing species and therefore fall behind inside the wave and get "caught" by the next
cluster of their own species, where they align again. This contributes to the separa-
tion of species inside a wave, so switch randomization enhances the band formation
inside waves.

4.4 Central Results of the Agent Based Approach

We implemented an agent based approach to an active system with two species to
probe for effects of a combination of active matter and a cooperator/defector game.
In contrast to previous active matter simulations [9] we use two active species
whose densities can vary locally and also globally in exchange with each other.

While both species align individually, they adapt their densities according to a co-
operator/defector game in a snowdrift game scenario. We probed for the effects the
game has on the formation of order in the system and how the self-propelled motion
and pattern formation influences the game theoretical fixed points.

After confirming results of previous studies [9] [7] for a single species we turned
to the combined model of two species and observed a shift in the onset of order
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FIGURE 4.22: Wave Bands for Different A (2) 0.3 and (D) 0.6. Bands get more prominent
for higher values of A

towards higher density values. This effect is enhanced if the particles cannot transfer
directional information upon switching species.

For very uneven games with one much stronger species, we observed up to five dif-
ferent phases by varying the noise in the system: An isotropic homogeneous phase
where neither species moves coherent, two wave phases, where either one (Wave
Phase I) or both species (Wave Phase II) display directional order inside the wave.
And two ordered phases, where there is ordered motion in the whole system for ei-
ther one (Ordered Phase II) or both species (Ordered Phase II). For more equal games
the first ordered phase vanishes and both wave phases merge into one.

With increasing order we observe species separation into either clusters (spots) or
bands. This effect is rooted in the continuous game theoretical interaction and while
it can also be observed without active matter interaction if diffusive movement is
slow compared to the strength of the game, it is restabilized in regimes with high
directional order.

While there have been studies probing spatially extended cooperator /defector games
on a lattice, the separation of species has not been observed before in a
spatially continuous snowdrift game to our knowledge. In contrast to previous lat-
tice models we observe a decreasing ratio of cooperators for all values of relative
game strength between cooperators and defectors. We developed a one dimensional
model for the formation and fitness advantage this species separation induces for
particles in separated systems and confirmed it with further simulations.

In the next chapter we want to compare the results of our agent based simulation
with an analytic approach using the Boltzmann equation for active matter to link
microscopic and macroscopic parameters and arrive at a hydrodynamic description
of our system. For this alternative approach to our system of two interacting active
species we will define a microscopic model first and derive hydrodynamic equations
describing it. These equations, their fixed points and stability will be analyzed ana-
lytically and numerically. We will draw comparisons to the agent based simulations,
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confirm results and conclusions we drew in this chapter and point out differences
and their most likely reasons. A more in-depth study of the following Boltzmann
and hydrodynamic approach on its own can be found in [33].
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Chapter 5

The Kinetic Boltzmann Approach

5.1 The Microscopic Model

To be able to better put the results we derived through the agent based approach
into context, we consider the model of two interacting active species from a different
viewpoint and on a different length scale. We will outline a kinetic Boltzmann ap-
proach leading to a hydrodynamic description and compare numerical simulations
of these equations to the results we discussed last chapter.

In analogy to Bertin, Droz and Grégoire [6], we define our model consisting of a two
dimensional plane with coordinates x and y, which is populated by two species of
point-like, active particles. Each particle has a position r; and moves through space
with velocity v; = vpe(6;) with the absolute value vy identical for all particles, but
adjustable and individual direction ¢;. The direction 6; is given as an angle in re-
lation to the x-axis in the periodic range of (—7, 7r]. Furthermore the particles are
subject to stochastic diffusion with diffusion probability A per unit time. This diffu-
sion manifests as a direction change 7, where the new direction §' = 6 + 7, adjusted
for the periodicity of the angle. The noise 7 arises from a Gaussian distribution Py(7)
with standard deviation oy.

Because our aim is to study the collective behavior of particles, we need to introduce
an interaction between particles. A collision between two particles is defined as the
event when their respective interaction radii dy overlap. We assume only binary col-
lisions here in contrast to the multiparticle collisions we used for the agent based
approach. We need to make this assumption in order to be able to corse-grain the
model and derive the Boltzmann equation for active matter. There is still a debate
if and how this difference in collision implementation influences the dynamics [49]
[6] [24]. It would be subject of further research to see how much of the observed dis-
crepancies between agent based and hydrodynamic results are due to this difference
in implementation.

The probability of two particles colliding with each other is proportional to their
cross-section R, which can be derived from geometric observations. In the reference
frame of particle 1, the relative velocity of its potential collision partner, particle 2, is

Vel = vo(e(62) — e(61)). (5.1)
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The two particles collide in a time step dt if particle 2 is somewhere in the area C
given by fig. The area can then be evaluated to

7T
C= / 40 2dyo,dt = 27tdyo, g dt. (5.2)
0

Together with (5.1), this then leads to the cross section

R(91,92) = 27'[d07)0‘8(92> — 8(91)’ (53)

FIGURE 5.1: Geometric cross
section for binary collision in

at the rest frame of particle 1.
The blue circle indicate the
interaction radius of particle
1, while particle 2 has to lie
somewhere in the grey area R
in order to collide with par-
ticle 1 in the next time step
dt. wv,, is the absolute value

N (e\
the area gives the direction of
z
o calculated either by integral or
geometric considerations to be

of v,,;, while the orientation of
V,e;- The area R can then be
of size 27tdyv,,dt.

When two particles of the same species collide, they align with each other by av-
eraging their directions 6; and 6, to both move approximately in direction 0, apart
from collision noise:

9;:9_-1—171 9/2:(;-{-172 (5.4)

with ‘ ‘
0 =arg (e’ﬂl + elez) (5.5)

and 71, 172 independent noise variables derived from the Gaussian distribution P(7)
with standard deviation ¢, which can differ from 6y. These variables o, oy and dis-
tributions P(7) and Py(#) are referred to as the collision and diffusion noise, respec-
tively.

Because we want to study the interplay between two active species, we need to in-
troduce a second interaction, which enables the species to influence each other. This
is realized by a game theoretical interaction like we have seen in chapter 3| If one
particle of species A and one particle of species B meet, they play a game with each
other, whereby the fitness of each particle changes according to the game parame-
ters T4 and 7. If it would be advantageous from a fitness standpoint for a particle to
switch its species, it does so with probability corresponding to the expected fitness
gain.
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5.2 The Boltzmann Equation

Now that we have a definition of our model, we need to describe it mathematically.
Starting from Hamiltonian dynamics, the Boltzmann equation can be derived from a
many particle Hamiltonian and the BBGKY-hierarchy [18]]. To achieve this, we need
to coarsen the microscopic model. While it is also possible to start from a macro-
scopic hydrodynamic description of our system, we choose to use the Boltzmann
equation for the reason that it can be derived from our microscopic model and used
to arrive at the hydrodynamic description through a series of transformations and
approximations. It can therefore be seen as an intermediary and a connection be-
tween the microscopic and macroscopic model [40]. Because of this property it has
been a focus of research for active matter systems in the past years and been applied
to a variety of systems [24] [15] [52] [6] [7] [41].

To use this approach, we introduce the ballistic length d;,;, which is the average
distance the particles travel in a straight line without diffusion, and the average dis-
tance between particles dy,,. The coarsening requires the assumption that the ballistic
length is much larger than the interaction radius, so dy; > do. We further need to
assume that the mean distance between particles is much larger than the interaction
radius, dy, > dp. These assumptions assure that we can view the interactions as
single events and there is no memory effect carrying over from one collision to the
next.

The Boltzmann equation is then a function of the one-particle density f(r, p, t) in the
phase space, where f is normalized such that

N(t) :/f(r,p,t)drdp (5.6)

is the number of particles in the phase space volume integrated over. f can therefore
be viewed as a probability density function of particles at position r with momentum
p at time t. Because the particles in our model all have the same absolute momentum
|p|, we can make a substitution, introduce 6 and integrate out the absolute momen-
tum, so that f(r, 0, t) is the probability density of particles at position r, pointing in
direction 0 at time ¢.

We can then write the Boltzmann equation for our system of self-propelled particles
(for now still without game theoretical interaction and only one species) as

otf (I‘, 0, t) + voe(9>al‘f (1‘, 0, t) = Idz'f [f] + Leol [f/ f] : (5.7)

with partial time derivative of f and a second term on the left hand side and the
diffusion and collision terms on the right hand side. With no diffusion or interaction
in the system the right hand side would be zero and the dynamics be governed by
the term vpe(0)o,f (r, 0, t). It is easy to see that this so-called streaming term conveys
the flow in the system: The gradient of the one particle density f (r,0,t) gives the
direction and amount of the maximal spatial change in f and e(6) the direction of
movement. This means that in absence of interactions the change of f in time is just
the current movement in the system.

With diffusion and collisions, which are implemented through the framework of
master equations consisting of gain and loss terms to f (r,0,t). We start with the
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diffusion term in our case is given by

Ligl[f] = =Af@) + ) [ do' [ anf@)Pomen(®@ —0+m),  (58)

—00

where we suppressed r and ¢ in the notation of f, which will be done often to sim-
plify notation, when parameters are not relevant at the moment. The first term of
(5.8) represents the loss term of all and can be interpreted as the subtraction of all
particles which had direction 6 before but scattered with probability A to a different
direction and are therefore no longer part of f(6). The second term, also called gain
term is the integral over all possible configurations which had direction 6" before
and point now, after the diffusion event of probability A, in direction 6 because of
the addition of noise

Py(n) = ! exp [—;722} . (5.9)
2mo? 203
The collision term reads
6+ T 01+m
Lt (.8 == £6) [ d6'R(6,6)3(6)+ [ doy [ doaf(6r)g(e2)R(er,02)
b= T bem (5.10)

T 01+ 0
x/P(n)(szﬂ(e— 2 2—;7>.

Again, the first part represents a loss term and the second a gain term. We have to
remove all particles from f(0) which pointed in direction of 6 and collided with any
other particle pointing in direction §'. This happens with a probability given by the

cross section
sin (9_29> ‘ (5.11)

that has been derived in (5.3). The gain term on the other hand adds all particles
which pointed in direction 6; before and now, after collision with a particle with
direction 6, and addition of the 27t periodic noise

R(6,6") = 2vodo|e(0) — e(0)| = 4vod

1 2

point in direction 0. The cross section R again represents the probability of the colli-
sion happening in the first place.

Put together this equation captures, with the assumptions we made before about a
dilute system and molecular chaos, the dynamics of our microscopic system. It is a
highly complicated integro-differential equation which can usually not be solved by
analytic methods.
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5.3 The Combined Model

Now that we have established the pure active matter Boltzmann equation, we want
to modify it to incorporate two species A and B and an interaction term to couple the
two. To achieve this we introduce the species specific functions «(r, 6, t) and B(r, 6, t)
and a game theory interaction term I¢;. The two resulting coupled Boltzmann equa-
tions are

at(x (I', 9/ t) + voe(e)ar“ (l', 9/ t) = Idif [0‘] + ICDI [ ] + IA [ ﬁ] (5 13)
0P (x,6,) + v0e(0):p (v,0,1) = Ly [B] + Leor [B, B] + I;i Bal
with the game theoretical interaction terms
I;} [a, B] = (Tab — Tpa)ba and I 2 [B, &) = (tga — tab)afp
(5.14)

where a(r, t /d90¢r9t) and b(r /d()ﬁr@t)

in complete analogy to chapter but now with spacial dependencies in the sense
that we no longer work in the mean field limit and the combined density p(r) =
a(r) + B(r) can therefore vary locally. There is no inter-species alignment term
Lot [, B] which means the only interaction between species is of game theoretical
nature. It acts as an intermediary between the two species and can change their
local and overall densities &« and B through the opposing gain and loss terms.

5.4 Fourier Transformed Boltzmann equation

The set of coupled Boltzmann equations we have is very complicated and not
completely solvable. While it would be possible to directly simulate the equations
numerically, we choose the approach to approximate the equations and arrive at a
hydrodynamic description of our model which can be analyzed and interpreted eas-
ier than the complete equations. We do this to derive the slow hydrodynamic fields,
which have an illustrative counterpart and interpretation in nature. Additionally,
we can draw comparisons to the Navier Stokes equation.

After a derivation, which can be found in Appendix|A.1jand a rescaling which effec-
tively sets A = vy = dyp = 1, we arrive at the Fourier representation of the Boltzmann
equation

e (V“k 1+ Vi) = (Pox — D+ Y &k—php A, x4 (TaPo — Tio) Boly
P

otPr + % (VBi1 + V*Brsr) = (Pox — DB+ Y BepBpApx — (TaPo — tsio) dofy-
' (5.15)
with -
= / d6 e (1,0,t), (5.16)
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Bi defined analogue and

App = / R(|9]) Pkcos ((% - p)ﬁ) - COS(pl?)) . (5.17)

D, and po,k are the Fourier transformation of the noise distributionsand V = 9, +id,,.

5.4.1 The Continuity Equation

If we have a closer look at the definition of the Fourier series and take species A as
an example, we can see that

— /de ¢ (r,0, 1) — /de a(r,6,t) = a(r, t) (5.18)

which corresponds to the spatial density of species A. The same is true for B and if
we add them together we can define the overall density

with a and b from (5.14). Furthermore, if we now turn to

/d@elearet /d@cos r,0,t) +z/d951n 0)a(r,0,t)

(5.20)
_/deex r,0,t) —|—z/d96y a(r,0,t) = wy(r, t) + iwy (1, t)

which can be identified with the momentum field
Uy (1,1)
N = [doe@amon = () (5.21)

of species A. This field indicates the flow of species A because of the fact that a(r, 6, t)
is the function which gives a value for the amount of particles at location r pointing
in direction 6 at time t. When we weight this with the (because of the rescaling)
normalized velocity vector e(6) and integrate over 6, we get the averaged direction
the field is flowing at this point in time and space weighted with the local density «.

The same reasoning leads to the flow field of species B which can be written as
rt) = /de e(0)B(x,0,1) = (). (5.22)

These are the only two modes of the Fourier representation that have a direct in-
terpretation and correspondence to macroscopic observables in our system. They
are called slow fields because they vary on macroscopic time scales only and are an
important part of the hydrodynamic treatment in the next chapter, where we derive
generalized Navier Stokes equations for these observables.

Dividing w(r) by p(r) gives the polar order field, which can take on values from 0
to 1 and indicates the directional order at r.
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If we now take the time derivative of the overall density p, we can expand it with

help of (5.19) and (5.15)

At = dtlg + 9Po = — 5 (V&} + Vg + VB + V*B1) + (Poo — 1) (&0 + o)

&,y P0+Zﬁ BpApo

N[ +—

s (5.23)

“M

where we used the fact that because «(r,6,t) is a real-valued function, its Fourier
components fulfill the relation &_(r,t) = &;(r,t). Also, because Py is a probability
density its 0-th Fourier component Pyg = [ fooo Py = 1 and all components A are
zero, which can be easily seen from its definition in only the term with the
spatial derivatives is non-zero and we can write

= — %((ax + iay)(wx — iwy) + (ax - iay)<wx + lwy)

+ (0x +19y) (ux — iuy) + (9x — i0y) (ux + iuy))
= — (0x(wx + 1x) + 0y (wy + 1y)) = —0¢ - (W+u) = —0; - (pv)

(5.24)

where we defined the velocity field v = (w 4 u)/p. So in the end we arrive at the
continuity equation
i+ ;- (pv) =0 (5.25)

from which we can follow that the spatial integral of p is constant in time, so the
overall number of particles in the system is conserved.

5.4.2 The Isotropic Solution

For convenience and better understanding, we want to make a change of variables:
We introduce the absolute and relative game strength 7 and A as

T =Ty (5.26a)
A =1 (5.26b)
TA

so we can write the game theoretical interaction term as

+ (TAﬁO — TB(XO) OCO‘BO =47 (:BU — )\lXo) IXOﬁo. (527)

Even though the derived equations until now and in the following are applicable
to alle four cases of the cooperator-defector game, from now on we want to restrict
ourselves to the case of the snowdrift game with 74,73 > 0 again in analogy to
chapter E] and to be able to draw comparisons. Because T4, g > 0 and the fact that
we can choose 74 > 13 without loss of generality using the interchangeability of A
and B in our underlying equations, we can easily see that T > 0 and A € [0,1]. This
is why we can refer to T as the absolute game strength as it indicates the rate and
therefore the strength with which the game theoretical interaction takes place, while
A is the relative game strength of B compared to A.

With these new parameters we want to try to solve the previously derived Boltz-
mann equations. Even though there is no general solution available, we can easily
see one particular solution: The isotropic solution in which a(r,6,t) = a(t) and



46 Chapter 5. The Kinetic Boltzmann Approach

B(r,0,t) = p(t):
a(r,0,t) =a(t) = &o(t) =2ma(t), & =0Vk#0
B(r,0,t) =B(t) = Po(t) =2ma(t), Pr=0Vk#0
which follows directly from the definition of the Fourier series (A.2). From now on
we will drop the hats over &, and By to clean up the notation which shouldn’t lead

to any ambiguity because now we exclusively work in Fourier space. With this the
only two remaining equations are

(5.28)

8ta0 :T(ﬁo — )UX())DCO,B()

a13,80 :T()\DCO — ﬁO)‘XOﬁO = —0p. (529)

The spatial derivatives evaluate to zero because there is no dependency on r any-
more. The term with the Fourier transformed noise vanishes again because of the
normalization of the probability density. We can now easily find the fixed points of
these equations by setting the left hand side of the equations to zero:

e (D
dP={ o BF=< 0 (1) (5.30)
PTix prix ()

Checking the linear stability of these fixed points, we see that fixed points (I) and
(II) are always unstable, while fixed point (III) is stable below critical density

1Py, 1= Por
iy = (14+A) = Qi = ————
Ocrit,n Al,l T AO,l ( ) crit,0 Al,l + Ao/1 5.31
1—Pyy 1 1= Moy .
p=7———— (1+A7") = Boio= —>—,
Pcrit,B A1,1+A0,1 < ) ,Bcrlt,O A1,1+A0,1

while it is unstable above it. This is true as long as p.,;y > 0. A negative p.,;; indicates
that the fixed point is always stable (see Appendix[A.2]for details). pcrit, is the global
density at which the first Fourier mode of species A becomes critical and & is
then the density of species A at which the mode becomes critical. So for values
of p < pgir fixed point (III) remains stable, while above this threshold none of the
homogeneous, isotropic fixed points is stable any longer. To get insight into what
happens in this case, we need to approximate the equations. This is done in the next
chapter by a scaling ansatz, imposing a cut-off and closing the equations to arrive at
a hydrodynamic description.
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Chapter 6

Hydrodynamic Equations and
Linear Stability Analysis

6.1 The Hydrodynamic Equations

The system of equations is not closed and we will need to make assumptions
and approximations before solving the resulting hydrodynamic equations. The stan-
dard way to do this is by making a scaling ansatz and imposing a cutoff [6] [7]. The
approximation relies on the fact that we work in a regime close to the isotropic so-
lution and therefore «(r,6,t) and B(r, 6, ) only slightly depend on 6. This can be
reframed as the fact that the momentum fields w and u are small in comparison to
the individual particle velocity. We have also seen that the instability of the homo-
geneous fixed point occurs first for the mode k = 1.

Imposing the scaling ansatz and cut-off (see Appendix for details), we arrive at
the hydrodynamic description:

Ay = — 3(Vaj + V*a1) + t(Bo — Aao) Boro (6.1a)

9tBo = — 2(VBi + V*B1) — T(Bo — Ang)Boao (6.1b)

ot =(paleo, Bo) — Ealmo)|ar]?)ar +va(wo) V Vay — IVag 610
—ya(wo)a Vi —xa(ag)ai Vag

3B =(us(wo, Bo) — &8 (Bo)|B11*)B1 + v(Bo) V¥V B1 — 3V o 6.1d)

—v8(Bo)B1V*B1 — x5(Bo)B1 V1

with parameters

VA = — }1 [Po2 — 1+ (Ag2 + AZ,Z)“O]il

v =— 1 [Pop — 14 (Aoz + Az2)Bo]

pa =Py — 1+ (Ag1+ A1,1)ao + T(Bo — Aao)Bo

up =Po1 — 1+ (Ao1 + A1,1)Bo — T(Bo — Aao)ao

Ya =4vpA1p ko =20a(A21+A11) Sa=—4(A1+ A 11)vaArp

vp =4vgA1p kg =2vp(Ay1+A_11) &g = —4(Ay1+ A _11)vBA1o.
While the equation for the densities ag and B are still exact equations and indepen-

dent of our truncation scheme, the momentum equations are an approximation with
the first non-trivial cutoff imposed to close the infinite system of equations (5.15).
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Equations (6.1c) and (6.1d) can be viewed as generalized Navier Stokes equations.
Because both equations, (6.1c) and (6.1d), are very similar, we restrict our analysis
to (6.1d), but the reasoning for is analogue. While the left-hand side only
only consists of the time derivative of «1, which is complex but has a one-to-one
correspondence to the momentum field and is strongly related to the polar order
field (see section , the right hand side encodes the dynamics of this change.
The first two terms with prefactors y4 and &4 are active matter based and have
no correspondence in the Navier Stokes equations. They indicate the flocking and
ordering of particles depending on the noise and alignment properties. In contrast
to the one species system Bertin et al. [6] treated, these properties depend not only
on the density of their own species, but also on the density of the second one. This
is encoded in the factor p4(wo, Bo). The third term is the viscous damping, with
the only difference to the Navier Stokes equation being the ay dependency of v4.
The forth term can be rewritten together with party of the las two terms to form
the pressure gradient, again with the only difference to the classical Navier Stokes
equation lying in the density dependency of a prefactor. The remaining parts of the
last two terms convey the non-linear coupling of the flow field to itself. In contrast
to the Navier Stokes equation the active matter hydrodynamic equations are not
Galilei invariant anymore. The reason for this lies in the fact that particles always
move with velocity vy relative to the stationary surface they travel on we therefore
restrict our frame of reference, which destroys Galilei invariance.

Because the density equations (6.1a}b) are still exact and we have already shown
the conservation of the density p taken over the whole system, this is also valid for
our hydrodynamic equations. This means while locally neither ay(r), Bo(r) nor p(r)
are conserved and even globally the amount of species A and B can vary, the overall
density density conservation guarantees that we can use the average of p as a control
parameter to describe the system.

6.2 Homogeneous Solutions

With our simplified system of equations (6.1ald) we can find solutions by assuming
that our fields are spatially homogeneous, therefore all spatial derivatives vanish
and we remain with

oty =7(Bo — Awg)Boro (6.2a)
dar =(pa — &alar|?)an (6.2b)
9tBo = — T(Bo — Aag)aoBo (6.2¢)
9iB1 = (15 — plBa1*) - (6.2d)

The overall density p = &g + By is still conserved, as can be easily seen by adding

(6.2a) to (6.2¢):
0tp = drtg + 0¢fo =0 (6.3)
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If we now set the left hand side of (6.2al-d) to zero, we can find the fixed points of
these equations

o

PTix (6.4)

0
=P = — pfP —
w=h _{ iigigs =P _{ 15 iy
€A 33

$a, pp € [0,271] are complex phases which indicate the direction the species is trav-
elling via the relations w = wy +iw, and u = uy + iu,. The symmetries of these
equations and therefore the fixed points enable us to only consider the behavior of
species A as representative for the whole system. The three different density fixed
points together with the zero velocity fixed point we recognize from our analysis of
the full Fourier transformed Boltzmann equations. For our purposes only the fixed
point a = pp%)\ is relevant, because the others are, as we have already shown, un-
stable. This is also evident from our agent based simulation as we only see mixed
states of both species A and B present with aratiod = b/a ~ A.

We also have a new solution with non-zero momentum +/p4/£4 which becomes
valid if both y4 > 0 and {4 > 0. For small noise values both factors are positive
and 14 is the first to switch sign with either increasing noise or decreasing density.
To reduce the number of free parameters we set ¢ = 0y, which can be understood as
setting the diffusion noise equal to the alignment noise. This does not alter the phe-
nomenological outcome [7]. For noise values o > /2In(3/2) ~ 0.901 we get g < 0
regardless of the density a (see Appendix ’ and the non-zero momentum fixed
point vanishes. For even higher noise ¢ > 1/2In(5/2) ~ 1.35, {4 becomes negative
and the fixed point reappears theoretically. This regime is not physically sensible
anymore because it would refer to the fact that with higher noise the hydrodynamic
velocity field would become more ordered and grow without boundary for certain
density values. This solution is an artefact of our approximation and can therefore
be neglected.

It can be shown that noise and density can both be control parameters of the system
[7] and it doesn’t make a phenomenological difference if we use ¢ or p, as long as
we are in the regime of 0 < ¢ < 4/2In(3/2). In the future we will only work in
this regime, so {4 > 0 and p4 can, for large enough densities, take on positive val-
ues. This critical density, which guarantees the existence of the non-zero momentum
fixed point, can be obtained by plugging in the density fixed point

A
Ct wry S s s (6.5)
into pp
1
ta(a,b) =Py — 1+ (Agy + Al,l)Pm (6.6)
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FIGURE 6.1: Fixed point and flow structure of the zero and non zero velocity cases. (a)
The momentum field & plotted against its temporal derivative daq, for p = 0.4, A = 1.
The arrows indicate the flow towards the only stable fixed point at #; = 0. (b) Same as
(a), but now p = 1. The zero velocity fixed point becomes unstable in this scenario and
the flow points towards the stable fixed point w.

and setting it equal to zero. With the same calculations for species B the critical
densities then read

1— Py
ity =————"—(14+A 7
Pcrlt,a AO,l n A 11 ( + ) (6 a)
ig=—"-—""—(14+A . .7b
pcrzt,ﬁ AO,l T §1,1 ( + ) (6 )

A visualization of the two relevant cases and their flow for species A with the density
either p < perita (Zpia < 0)and p > perita (Zpa > 0) can be found in fig. [6.1aand
fig. respectively.

Here it is easy to see, that for low densities the zero velocity fixed point is stable but
for high densities it becomes unstable and the non-zero velocity fixed point is stable.
This leads to the bifurcation structure of fig. where the fixed points w and u in
relation to the density p are shown. The four different figures refer to four different
values of A. The larger A gets, the more the bifurcation points get shifted apart, p.it
to the left and p.it g to the right. The dotted lines along the p-axis, originating at the
bifurcation points indicate the unstable region of the zero velocity fixed point. The

two green lines in fig. indicate the slices where fig. and fig. lie.

6.3 Inhomogeneous Perturbations

Until now we only looked at homogeneous solutions for, and homogeneous per-
turbations to the hydrodynamic equations. While this is a good way to get insight
into the dynamics at play, it fails to capture the whole picture. Even though there
is no solution available to the full system of hydrodynamic equations, we can still
analyze inhomogeneities by adding space-dependent perturbations to our homoge-
neous fixed points and check the stability and evolution of the resulting equations.
We can then make the ansatz

ag(r,t) =a+da(r, t) Bo(r, t) = b+ db(r,t)

a(rt) =w+dw(rt)  pu(rt) = u+ou(rt) o

with a, b, w, u the homogeneous fixed points of ag, Bo, a1, B1, respectively and da,
0b, 6w, éu the inhomogeneous perturbations. We plug this into the hydrodynamic
equations (6.1ald) and expand to first order.
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FIGURE 6.2: Bifurcation structure of w and u with ¢ = 0y = 0.5 (a) For A = 1 the
bifurcation for w and u overlap, as the species are equally strong. For p < pcyita = Pcrit g/
the velocities are w = u = 0. Assoon as p > Ocita = Perit,p We get the homogeneously
stable solution w = u = \/ua/éa = \/up/&s > 0. The zero branch gets unstable
for p > pcritn (dashed line). The green lines mark the position of fig. and fig.
(b), (c),(d) With A < 1 we get prita < Perit,p as the two bifurcations split and drift
apart with decreasing A. We still have the regime of w = u = 0 for p < Pt and

w = \/pa/éa, u = \/up/&p for p > pgit g, but now get a new area where u = 0 still,
butw = VHA /&a > 0 for Perite < P < Perit,p-

To analyze the stability of the fixed points, we then employ a plane wave ansatz
with wave vector q, which leads to a Jacobian matrix whose eigenvalues indicate
the stability. A more detailed derivation of this can be found in Appendix|A.4{or in
[33].

6.3.1 Stability: Eigenvalues of Jacobian Matrix without game

The Jacobian matrix for the ordered homogeneous as well as for the isotropic fixed
point yields six eigenvalues s;_s, which are dependent on the density p, the game
parameters T and A, the wave vector of the perturbations q and noise ¢. Without loss
of generality we choose that the velocity of A encoded in w points in x-direction. We
start with the case of T = 0, A = 1, which corresponds to a switched off game with
an equal distribution of species A and B. This means the system decouples and we
have two independent active matter species. These behave exactly alike and we can
therefore just observe species A for now. Because there is a correspondence between
o and p in active matter systems as mentioned before, we can fix o = 0.5 and still get
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a full picture of the dynamics in the system [7]. We are now left with the eigenvalues
s1-3(p, q) as functions of the density and wave vector corresponding to species A.
Analysis shows that positive eigenvalues and therefore instabilities occur first and
strongest for q || (), when the inhomogeneity points in the same direction as the
velocity. We can now track the largest eigenvalue s(p, q) as a function of p and the

absolute value of q, 4 = |q| (fig.:[6.3).
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FIGURE 6.3: The maximum eigenvalue of the Jacobian matrix without game. (a) s(q)
as a function of g for different densities p. Densities below p < 0.42 correspond to
the isotropic fixed point, while densities above show non-zero velocities. (b) Maximal
value of syax(0) = maxys(p,q) over all . Again, p < 0.43, shows no instability and cor-
responds to the isotropic regime, with the unstable order above until, for high densities,
the system gets stable again

For p between ~ 0.43 and ~ 0.98 we get s,,x > 0 and therefore the system is un-
stable under inhomogeneous perturbations. Below and above these densities (0.
and pg;) the system is stable in the isotropic and ordered regime, respectively. The
unstable regime is where the transition from isotropic to ordered happens and can
be associated with the onset of order in the system.

The eigenvector corresponding to s.x > 0 gives the direction of the instability and
reads

oa U
v=|[Jow | = [ vy (6.9)
ow* Vw

with the factors dependent on the specific value of p. Because dw = éw* and the
relation to the velocity field in position space w = wy + iw, we can infer that the
eigenvector v points in the same direction as the instability wave vector q and the
velocity of the system.

If we account for the fact that the densities for each species are p/2, because A =1,
these results are in perfect agreement with [7]. This comes to no surprise as the
system without game reduces exactly to the one e.g. Bertin et al. analyzed. The
main findings were:

e For low densities p < pi; there is no order in the system and the isotropic ho-
mogeneous solution is stable against homogeneous and inhomogeneous per-
turbations.

e For densities above p.i; the homogeneous ordered solution is unstable against
inhomogeneous perturbations and leads to the formation of wave-like patterns
which travel through the system with isotropic regions in between. The insta-
bility is largest for perturbations parallel to the direction of motion.
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e For very high densities the homogeneous ordered solution becomes stable
again with velocity /p/¢ against homogeneous and inhomogeneous pertur-
bations.

Even though we did just recover results of previous analysis, it is still valuable to
mention them for two reasons: We see that in the limit case of no game we recover
the base model again and we can compare findings we make with this base model
Now.

We can also draw comparisons to the agent based simulation, where we see three
phenomenologically different regions as well: For low densities and high noise there
is no order in the system and we see an isotropic homogeneous state. After we cross
the threshold density p.; or threshold noise oy we observe waves in the system.
This corresponds to the region of instability and positive eigenvalues in the hydro-
dynamic analysis. For even higher values of p, we see a clustered but uniformly
moving system in the simulations, while the eigenvalues indicate a stabilization of
the non-zero velocity fixed point.

6.3.2 Stability: Eigenvalues of Jacobian Matrix with game

In the next step we switch on the game by setting T # 0, while still keeping A =1
at first. The degeneracy in the eigenvalues vanishes and we get a single maximum
eigenvalue s (fig.: [p.4a). We find a regime with positive maximum eigenvalue s,y
This regime is independent of 7, except for the limit of very small T (fig.: [6.5a),
which corresponds to the transition to no game again. Below the critical density of
Pcrita = Perit,p ~ 0.43 the system displays no order and the homogeneous isotropic
fixed point is stable. Above pg,, = panp ~ 0.98 the system becomes stable again in
the ordered homogeneous state. In between we expect wave pattern formation, as
the results mirror the case without game.

We want to study the case of A # 1 next. The species are now unequally strong and
therefore their ratios and critical densities differ. This results in interesting stability
structures which depend on the values of A and T not just quantitatively but also
qualitatively (fig. and fig. [6.5). Depending on the value of A, we can observe
an unstable band, which splits into bands two for small enough A < 0.55 and cor-
respondingly strong enough 7. We therefore see up to five different regions, two of
them unstable, three stable. We can identify the first stable region with the smallest
values of p with the isotropic state of both species and the region with the high-
est values of p with the regime where both species are ordered. The two unstable
bands correspond to the regions where p.it < p < panq for the lower band and
Peritp < p < Panp for the upper. These regions are mutually exclusive for small
enough values of A in the sense that pg,, < pcrit,5, which explains the emergence
of two unstable bands. The onset of order, equivalent with the first unstable region
happens earlier for smaller values of A. This is due to the fact that for small A the
density pit » decreases. The stable band in the middle is caused by the a state where
species A is already ordered while species B is still isotropic. The game interaction
stabilizes the system in this region, evident by the fact that for larger values of T
the stable band gets broader. The limit of T — 0 always recovers the standard pure
active matter system, as expected.

In summary, we see up to five regions:
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FIGURE 6.4: The maximum eigenvalue of the Jacobian matrix with game. (a) s(g) as a
function of g for different densities p with A = 1.0. Densities below p < 0.42 correspond
to the isotropic fixed point, while densities above exhibit non-zero velocities. pg ;o =
Pcritp ~ 043, pana = panp ~ 0.98 (b) Like (a), but A = 0.5 now. prit = 0.32, P =~
0.51, pcrit,p = 0.64 and pgpp ~ 1.2

(I) Both species are isotropic and homogeneous

(II') The fixed point of w > 0 and u = 0 becomes unstable. Order begins to emerge
in the system, presumably with wave pattern formation (in analogy to pure
active matter case)

(II) Species A is ordered and homogeneous, while species B is still isotropic (w > 0,
u =0)

(IV) w > 0and u > 0, though unstable, probably with wave pattern formation
(V) Species A and B are both homogeneous and ordered

These five regions are the hydrodynamic equivalent to the five phases we have seen
in the agent based simulation with a few distinct differences. It is generally difficult
to make quantitative comparisons between the two approaches. This is evident by
the fact that even for parameters which should have a one to one correspondence
e.g. A we see the five phases only up to A ~ 0.3 in the agent based simulations,
while they are already visible in the hydrodynamic analysis at A ~= 0.55. This
could be due to different model implementations e.g. the difference of binary ver-
sus multiparticle collisions or due to nonlinear effects not accounted for in the linear
stability analysis. We also note that the Boltzmann and hydrodynamic descriptions
are approximations and use assumptions which could be violated in the system and
therefore lead to inexact results. We therefore mainly resort to qualitative compar-
isons between the two approaches.

A very clear difference between the agent based and the hydrodynamic results al-
ready evident here is that in OP2 we see uniformly moving, but spatially clustered
particles. The hydrodynamic description on the other hand predicts a homogeneous
distribution again. We also see species separated bands in OP2, which are incom-
patible with the spatial homogeneity of region (V).
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We can’t draw any conclusions about species separation in region (IV), as the fixed
point is unstable, but we will see in chapter [/| that the spot or band order is a phe-
nomenon of the agent based description only. This is due to the spatially extended
implementation of the interactions in the simulations, while in the Boltzmann de-
scription interactions are completely local.

Apart from these differences, the agent based simulations and the hydrodynamic
description agree overwhelmingly.

Eigenvectors

To analyze the direction the instability exhibits, we need to evaluate the eigenvector
of 5,,4x again. We can write it in a general form as

oa Ua
ob Op
I X I
V=t | = - (6.10)
ou Uy
ou* Vu

We therefore have the growing instability pointing parallel to the disturbance q and
the macroscopic velocities.

For A = 1 we the system is similar to the one without game except for one crucial
fact:

While in the case of no game the velocities of the two species w and u pointed in
uncorrelated directions, we now find w || u at the onset of order where s, > 0.
This coupling is enforced by the game theoretical interaction in an inhomogeneous
regime where the densities approach the game theory fixed point locally. If these in-
homogeneities now move through the system, they have to move in the same direc-
tions to still obey the ratio given by A locally. This directional alignment is a general
phenomenon of the game theoretical interaction and independent of the value of A.
We have seen this already in the agent based simulations, where the motion of both
species synchronizes as soon as the game theoretical interaction is switched on.

If we now set A # 1, we always get a parameter regime where w, u > 0 and species
A would be stable at the ordered fixed point for the case without game, while the
species B fixed point would be unstable. This regime corresponds to the upper un-
stable band (for A < 0.55, so that the bands are distinct) or at least the upper region
of the unstable band (for 0.55 < A < 1). Even though species A should be stable,
the eigenvector indicates an instability in w. This means that the game induces an
instability in the otherwise stable fixed point of species A.

A similar effect happens for the lower band (or lower region of the joined bands),
where w > 0, u = 0 and the eigenvector of s, displays an instability in w-direction
as well as in u-direction. This means that the game induces a motion in species B
even though it would not form order on its own as evident by the fact that p < pcyit g

We can therefore conclude that the coupling between the species through their game
theoretical interaction induces a change in their active matter behavior. This can
again be linked to results of the simulations, the induced waves in WP1 and WP2.
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FIGURE 6.5: Maximal Eigenvalue s,y as a function of p and 7 for six different values
of A. White areas indicate negative s;,x, while the color coded regions correspond to
Smax > 0 with darker colors referring to higher values of sy (1) A = 1: T has no
influence on 5,4y, very similar to the case without game. (b), (c) A = 0.8 and A = 0.6:
The unstable regions broadens, T begins to show influence on sy;y. (d) A = 0.5: The
stable band between the two instabilities emerges. (e), (f) A = 0.4 and A = 0.2: The
stable band broadens
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Chapter 7

Simulation and Analysis of the
Hydrodynamic Equations

7.1 The Algorithm

We turn to a numerical simulation of the hydrodynamic equations (6.1ald) in order
to check the results of the agent based simulation. We start by making the system dis-
crete and imposing a two dimensional grid with periodic boundary conditions. The
spatial derivatives are then replaced by their finite difference approximations and
time evolution is done via a 4th order Runge-Kutta method. For further details re-
garding the implementation and a more detailed discussion of the results presented
in this chapter, see [33].

7.2 Results and Comparison to the Agent Based Simulation

7.2.1 The Five Phases and the Density Shift

Starting with the knowledge in mind that the linear stability analysis in section
revealed up to 5 different stability regions for our system, we try to study these nu-
merically. We use p as a system control parameter and keep ¢ = 0y = 0.5 fixed
in contrast to the agent based approach, where the noise was the control parame-
ter. The agent based simulation revealed the five phases IHP, WP1, OP1, WP2 and
OP2 for small values of A (see section [4.3.1). These five phases also appear in the
hydrodynamic simulation (wave phases see fig. [7.1|and fig. [7.2).
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FIGURE 7.1: Wave profile for WP1 with p = 0.35, A = 0.4 and T = 1. All plots show a
spatial slice of the system with constant i on the x-axis. The y-axis gives just the density
for the left plot, density and velocity order for the right and middle column of plot.
Species A induces the wave in B.
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FIGURE 7.2: Wave profile for WP2 with p = 0.80, A = 0.4 and T = 1. Species B induces
the wave in A.

For increasing A the phases start to blend into each other and OP1 vanishes. It can
also happen that multiple waves of the same shape travelling with equal velocity
form. W.Lo.g. we assume the waves to travel in x-direction. We can then only look
at a slice of the system in x-direction, because the wave is symmetric along the y-
axis. The shape of the wave is asymmetric with a very steep front and more shallow
tail at the end. This tail gets broader with increasing values of p, similar to the agent
based results, while the wave also gets higher (fig. [7.3).

A=04,7=1.0

0.05-

0.0- | 0.00-
X X

FIGURE 7.3: Wave increase with p. The system is in WP2, both waves increase and get
broader with increasing p.

In contrast to the agent based simulation we do not observe species separating spa-
tial patterns. This is due to the fact that the game theoretical interaction in the agent
based simulation averages the relative amounts of particles over a circle with radius
dgt, while in the hydrodynamic simulation the densities are completely local vari-
ables. But in the wave phases WP1 and WP2 we still observe a density shift for a
different reason: While the waves are travelling through the system, the game the-
oretical interaction takes time to adapt to the ever changing densities a and b and
realize the optimal ratio A again. This results in a wave delay between the wave
forming from the active matter interaction and the induced wave from the game.
This effect gets stronger for smaller values of 7, so when the game is weaker. This
is line with expectations, because a weaker game takes longer to readjust the ratio
of a to b. This wave delay and also the fact that the waves and therefore their local
deviations from the optimal ratio A are not symmetric, leads to a shift in the ratio
0 = b/a. This ratio shifts away from the fixed point and increases for WP1, while it
decreases for WP2 (fig. [7.4).

The density shift increases for larger values of A and smaller values of 7. It can even
happen that this wave induced ratio shift inverses the outcome of the game in the
sense that we get § > 1 while A < 1, so the weaker species from a game perspective
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FIGURE 7.4: The wave induced density shift for A = 0.4 and T = 0.2. All plots share
their abscissa in units of simulation time T. First row: density, second row: velocity
order, third row: inhomogeneity parameter 7 (2) In WP1 the ratio § = b/a increases as
evident from the first plot. In comparison with the other two plots we can see that the
density shift emerges as the waves appear. (b) For WP2 we get a density shift with wave
formation as well, but smaller and in the other direction, so § decreases.

comes out on top. For a more detailed explanation, an analytic ansatz and further
discussion of these effects, see [33].

We couldn’t reproduce this effect in the agent based simulation yet, due to the fact
that we already observe a density shift from the spot order. Because of the species
separation which occurs with the spot order and the extended area the agent based
game averages over the effects stemming from the wave delay are suppressed. It
would be interesting to see if the effect can be reproduced or confirmed through
further agent based studies.

7.2.2 The Bifurcation Structure

While we have observed the five phases in both simulations and in the linear sta-
bility analysis, we can go further with the hydrodynamic simulation and check for
hysteresis effects at the transitions between different phases. This is achieved by
putting the system in different initial states and then slowly varying the parameters,
especially the density p to observe the parameter range of different phases. We mea-
sure the inhomogeneities in the system with parameters #(a) and #(b), the averages
spatial variations over the system in a and b, respectively. For 7 = 0 the system is in
a homogeneous state, while 7 > 0 indicates pattern formation and inhomogeneities.

The pure active matter case with no game reveals hysteresis for both transitions (fig.
[7.5d), in agreement with [40] [52].

If we switch on the game and start with parameters A = 0.4, T = 0.2, we observe
hysteresis effects at all transitions. This means the phases are bistable in the over-
lapping regions. If we for example start in WP1 and decrease p quasi-statically, the
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system remains inhomogeneous even below p;,, the density at which the IHP be-
comes unstable according to the linear stability analysis. The wave collapses after
crossing p;, (fig. [7.5b). The same behavior can be observed at all transitions with
the phases stability extended beyond their point of linear stability. This happens
due to the non-linear nature of the system and is an indicator for first order phase
transitions [40] [52].

For increased 7 the overlapping regions get wider and ultimately the branches of the
two wave phases merge at T ~ 1 (fig. [7.5d). This corresponds to a state where OP1
can only be reached through the right initial conditions and not through a collapse
of a wave phase anymore.

Alternatively, if we keep T constant and sufficiently small and vary A, we observe
the branches getting wider and starting to overlap but not join as in the case for large
T before. We therefore have a tristable state in the system where both WP1 and WP2
as well as OP1 can be stable (fig. . For a more detailed discussion see [33].
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FIGURE 7.5: The different bifurcations and hysteresis effects in the system (p against 7).
Solid lines mark stable branches and are generated from simulation data while dashed
lines mark estimated unstable fixed points. (2) No game (t = 0, a = b). We see that both
the transition from IHP to WP and from WP to OP show hysteresis effects. Following
the arrows shows the flow in the system and the points where the system jumps to a
different branch. (b) A = 0.4, T = 0.2 The system shows hysteresis effects on all four
transitions. The higher 7(a) in WP1 indicates multiple waves in the system and is the
branch the system jumps to when decreasing p starting in OP1. (c) Joined branches for
A = 0.4, T = 1. There is only one joined wave phase anymore consisting of a merge of
WP1 and WP2. (d) Tristable states and overlapping wave phases for A = 0.5, T = 0.2.
Small T prevent the branches from merging and we instead see multiple stable wave
states in certain parameter regions.
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Chapter 8

Summary and Outlook

We started this thesis with the open question of how an active matter system with
multiple species interacting in a game theoretical scenario would behave. To probe
this we developed a model of two active species interacting in a snowdrift game
scenario. In contrast to previous active matter systems [57] [9], global densities of
individual species are no longer conserved, while the different implementation of
motility through self-propelled particles offers a distinction to earlier studies regard-
ing spatially extended cooperator/defector games [22] [50].

In nature, there are many systems which involve both actively moving constituents
that have to compete with other species for e.g. resources [12] [10] [13]]. It is therefore
an interesting question how such a combination can be modelled mathematically.

We chose a minimal model in order to keep results general while still observing
phenomenologically rich behaviour. Starting with an agent based model, we im-
plemented simulations on a continuous 2d surface populated by two species of ac-
tive particles in a generalized Vicsek model [57]. Previous agent based simulations
of one active species revealed pattern formation for Vicsek models with travelling
wave states near the onset of order [9] [8].

For our system of two species we observe up to five different phases of isotropic,
ordered or wave states in the system. If one species is much stronger than the other,
resulting in a very high ratio of this species in the system, the onset of order for
both species can be observed in distinct wave states for different noise values. Wave
forming species induce waves in the other species as well through local game inter-
actions. While in the first wave phase only the stronger species moves in an ordered
fashion, the second wave phase displays order for both species. Located between
the two wave states (when differentiating by noise/density values), we have found
a state of uniform movement of the stronger species while the other species moves
isotropically still. In the regimes above and below the wave states we find, simi-
lar to previous agent based simulations [9] a phase where the whole system moves
uniformly or is completely isotropic, respectively.

For more equal games the ordered phase between the two wave phases vanishes and
we observe a new, merged wave phase, where both species exhibit order as soon as
the wave emerges. This wave is more distinct than the solo wave phases for more
dissimilar games. A more equal game therefore stabilizes the active matter induced
pattern formation.

We also observe species separated bands inside the system as soon as both species
are ordered. This means that both the second wave phase and the uniformly ordered
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phase have this property. For more equal games this effect gets stronger and can be
observed best in the merged wave phase.

For very low motility the separation of species can also be observed for systems
without active matter interaction. Depending on the relative game strengths we
observe either the formation of species distinct spots or bands inside the system. We
developed a 1d model to understand this phenomenon and probed the effect in 1d
and 2d for its dependency on different parameters like motility, relative and absolute
game strength. This separation of species also induces a shift in the ratio of species
away from the well mixed fixed point towards a more equal distribution. While a
similar effect has been observed to a degree in previous simulations of a snowdrift
game on a lattice [22] [50], to our knowledge it was not studied in a continuous
model before. Also, in distinction to lattice simulations, we observe the continuous
formation of bands out of spots and the ratio shift is always in the direction of more
equal outcomes in contrast to [22]. It would be subject to further studies to develop
a 2d model for this effect, the formation of bands and prediction of spot and band
sizes.

While these patterns vanish with increasing motility, they are restabilized in ordered
systems of active matter, especially in the highly ordered wave bands of the merged
wave phase.

To further verify results we achieved by the agent based simulations and point out
differences where necessary, we also developed and implemented a model following
a kinetic Boltzmann approach. This ansatz has proven useful more active matter in
previous works [6] [7] [40]. We derived hydrodynamic equations and implemented a
numeric simulations to compare results to the agent based approach. This approach,
especially the numerical simulations and its results, is explained in more detail in
[33] as a stand-alone model, while it has been used mainly as verification for the
agent based approach in this thesis.

We could confirm the five phases for strongly uneven games, which merge again
for disparities in the species ratios, similar to the agent based model. Through a
study of the phase transitions we could observe hysteresis effects for all transitions.
This could not yet be observed in the agent based approach due to implementation
limitations. It would be task of further research to probe for hysteresis effects.

Because of differences in implementation, especially the local nature of the game in-
teraction, the formation of spot and band order and the connected ratio shift could
not be observed in the hydrodynamic approach. While we found a ratio shift also
for the hydrodynamic simulations in wave phases, the effect is of different reason,
namely in the interplay of the game theoretical interaction enforcing the ideal species
ratio everywhere in the system while travelling wave bands constantly shift the ratio
away from the game theoretical fixed point. If this effect is solely visible in the hy-
drodynamic simulations or hidden under the species separation induced ratio shift
remains to be seen in further studies.

While this thesis only probed a few characteristics of this simple but phenomenolog-
ically rich system, we have seen interesting results stemming from the combination
of active matter and evolutionary game theory. We believe there are still many re-
sults to be discovered and probed in systems like this which exceed the scope of this
thesis but are possible starting points for further works in this direction.
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Appendix A

Detailed Calculations

A.1 Derivation of Fourier transformed Boltzmann terms

In chapter 5} we want to perform the Fourier transformation of
atﬂé (rl 0, t) + er(e)ar“ (rl 0, t) = Idif [(X] + ICOl [Dlr D‘] + I;f [D(, IB] (Al)

in 0 with Fourier representation

f(r,0,t)= % i e F (r,t) and fi(r, / do e™f (r,6,t), (A2)
k=—o0

7T

therefore / ™ =2m5 and Y e7* =275(0).

g k=—o0

If we multiply every term in (A.1) by ¢/’
representation of the Boltzmann equation.

and integrate over 6, we get the Fourier

To simplify the notation, we suppress writing all dependencies of space and time,
also, if not specified differently, all integrals have boundaries —7t to 7t and sums run
from —oco to oo. For the first part we can easily write

° /d9 eikgata(Q) = Btﬁck

Next, a little more involved, but also quite straightforward is the convection term.

W.Lo.g. we choose e(6) = (COS(G)

sin(0) ) and write

) /dG e vge - 9, (0) = vo/de e’ (cos(8)0x + sin(0)dy )a(6)

= vo/d() elkgl <el€ +e 19) dxx(0) + Uo/d9 elke 1 ( 0 _ e_’e) dya(0)

(0 (]
= —0x (&gy1 +&-1) + 27 (Bj1 — A1)

2

v s

> ((9x = i0y) &1 + (9x + 0y ) &x—1)
0

= *O (Vag_q +V'ag),

where we introduced the Fourier space derivatives V = d, +id, and V* = dy — idy,.
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Now we transform the terms ¢, I,y and Ig:

/ 49 ™ I [a] / d6 ¢\ ()
+ /de elk9A/d9 / dn Po(7) (0 )82(6 — 6 — 1)

!

:—Auck+A/d9 /d;ye +’7)P0(17)uc(9)

= — Aby + Ay Py = A (P — 1)y

Here we used the Fourier transformation f; = [ dx explikx] f(x) to write the k-th
Fourier mode of Py(17) as Py = exp(—k2032/2).

To get a more general understanding of the dynamics, the collision term will be
evaluated for different collision partners and their dependent functions a and p.

Furthermore we will split the calculation up into two parts (I) and (II) to get more
manageable equations:

0))
0+

/deelk"lwl / 46 ¢ (6) / d6' R(6,6)B(6)

01+

+/d9e”‘9/d61 / d@z/dnzx (01)B(02)R (01, 02) P(1)32r (6 — 5% — )

(I1)
We use (A.2)) to substitute in &; and ﬁk

0+

Y e, [ ag'R(e,6) e B,
1 -7 P
%/d@/dﬁz&qﬁpli(\ﬂ])em(kqp)e’w
(27) o
1 .5 i I v, =&
=~ 5 [ @0 L aBuR(8N0gs e = 5 Ty [ o cos(po)R(|0])
q.p P

At the second equality we make a change of variables for the second integral and
introduce ¢ = 6, — 01, after which we can integrate over 6 and finally evaluate the
sum over g with help of J,x_,. We can split up exp(—ip®) into cos(p?) + isin(p?),
where the latter term vanishes because R is only dependent on the absolute value of
¢ and therefore symmetric, so the complete integrand is antisymmetric and therefore
vanishes over symmetric integral boundaries.
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The same substitutions and methods can be applied to the second part of the colli-
sion integral as well and we can write

91+7T

/ do / a6, / 6, / dy Ze”‘" ~it ,=iP2 R (9, )

91+7T

—7(2 E /d@l/dﬁ Zeif’l (k=9=p)¢i0k/2-0) s B R(|8)])
9.p
1 S/ 2V B A B
:ﬂ/dﬂ Y Sge-pe" "2 P Big By R(|9])
q.p
1 A B D k
=5 Zuck,pﬁppk/dﬂ cos <(§ — p)19) R(]9]),
p
where we integrated over 6 first to get rid of the J-distribution and used the defini-

tion of the k-th Fourier mode of P(7), Py = exp(—k?0?/2).

So in total we get for the collision term:

/de Lot [, B] = (I) + (I1) = Y &k pBpApk
2
with A, = ;Z;iR(|19|) (ﬁkcos ((% - p)ﬁ) - COS(pl?)) (A.3)

The last remaining part to complete the Fourier representation of (A.1) is I¢:
o /d@ eikglg = /d@ eikg(TAb - TBa)le(Q) = (TAﬁo — Tgﬁco)ﬁoﬁék

We only demonstrated the transformation I ; here, but I;t works exactly the same
way.

If we put everything together we are able to write down the complete Fourier repre-
sentation. For convenience and to get rid of all constants we rescale the parameters
s.t.

t— & r—r

(A4)
a — apn b — bpn

with py = ﬁ. The remaining factors in Iy are then absorbed into 74 and 73, which
are therefore rescaled as
d2
d} (A.5)
0%
T

TaA — TA——

B — TB——
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This is equivalent to setting A = vg = dp = 1. So in the end we arrive at

A 1 A * A A A A A A A 5 A
el + 5 (Va1 + Vi) = (Pog — )&k + Y & php A,k + (TaPo — TaRo) Pol
P

1. s . . . . s
OB + 5 (VBr-1+ V*Bri1) = (Lo — 1)Br + Y Br—pBpApx — (TaPo — Taio)RoPk-
P

(A.6)

A.2 Linear Stability of Isotropic Solution

Starting from the Fourier transformed Boltzmann equations, in chapter we
found the isotropic solutions for these equations. In the following we will analyze
their linear stability a bit more detailed.

The fixed points are

e (D
f =3 o B ={ 0 (I (A7)
PTiz prex (1)

To observe the behavior near these fixed points we add small perturbations day(t),

OBk (t) s.t. ag(t) = oc;:p + day and Bi(t) = ,8{’7 + 0Bk (t), substitute these into (5.15)
and write down the first order equations

dudai = |(Pos = 1) + (A + Aol + (B — Al ) B
1/ W OW, (A9
—2vAal B b0 — (B — Aadl )l 00| o

0B = {(Po,k — 1)+ (Are+ Ao By — T (ﬁgp - /\’Xgp> o A9
—Zszfpﬂfp(5 —i—T(,pr—/\afp) [pré }‘5’3 ( ’ )
0 Po Y0k 0 0 0 Y0,k k-

We can now check the stability of each fixed points by plugging in the three solutions
(I), (IT) and (III):

oe(I): aff =0 B =0p

dtday = [Py — 1+ Tp?] S (A.10)

to which the solution is an exponential function day = dalexp(ut] with u = Pyy —
1+ 7. This function and therefore the perturbation is growing when y > 0, which
is equivalent to the fixed point becoming unstable. Because Py is the Fourier trans-
formed noise, where the original distribution is > 0 everywhere and normalized, we
have Py, < 1, therefore Py — 1 < 0. Since Tp? > 0, we can solve for a critical overall
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density p.i+ from where on the fixed point becomes unstable.

1— Py
T

Pcrit = (All)
If we now set k = 0, we can see that the critical density is zero for this mode and
therefore the fixed point is unstable for all p. For the second fixed point we get:

«(I): o =p Py =0

for k=0:
didag = [TAP?] dag (A.12)

This mode is unstable again for p > 0. We could also have concluded this instability
from the fact that the system is symmetric under the exchange of species A and B
and the fixed points are symmetric as well. So therefore fixed point (II) is nothing
else than the mirror image of (I) and has to be unstable as well. More interesting is
the case of the third fixed point:

1 A
() w' = ey B =priy
for k=0:
2A
N P
85040—[ TAp (1+)\)2} dug

o (A.13)

oo = | <1 3| 6o

both of which are negative for all p and therefore lead to a stable mode. For k # 0 in
turn we get

oy, = |:P0,k — 1+ (Ak,k + AO,k) ooy

1
PTA

N (A.14)
aéﬁk = [P@/k -1+ (Ak,k + Ao'k)pl—{—)\:| 5‘51(

with Py, —1 < 0 again. Therefore it is crucial for the stability of the k-th mode if the
second term is greater than zero. This comes down to the question if Ay + Agyx > 0,
because all other factors in the second term are positive. So if Ay + A > 0 for any
k, we can find a critical density again which separates the regimes of stability and
instability. This is indeed the case, but only for k = 1 and for certain values of noise
variance 02, as shown in Appendix

A.3 Derivation of Hydrodynamic Equations

In chapter|f| we use a scaling ansatz to derive the hydrodynamic equations.

We introduce a parameter ¢ and make the ansatz

wo = 0(e), ar =0y vk #£0

(A.15)
Bo=0(e), Br=0() Vk#£0
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which is consistent with the fact a_; = &} and we assume the scaling
O ~ Oy ~ Jy ~ & (A.16)

Further justification for this ansatz can be found in [7] [33]. We can now expand the
Fourier representation of the Boltzmann equations (5.15) up the lowest order which
gives non-trivial solutions, which is > in our case and truncate higher orders:

o k=0:

1
oo + E(szi‘ + V1) =+ t(Bo — Aag)aoPo

: (A17)
ItPo+ 5 (VB1 + V'B1) = — (o — Ao) oo
o k=1:
drxy + %(Vﬂ(o + V*UCZ) = (PO,l — 1)0&1 -+ (AO,l + Al/])DC()DCl
+ (Az,l + A,Ll)ﬂéi‘txz + T(,Bo — )wco)leﬁo (A 18)
9tB1+ 2(VBo+ V*Ba) = (Poy — 1)B1 + (Ao1 + A11)Bopa
+ (A1 + A_11)B1B2 — T(Bo — Awo) o1
o k=2:
ooty + %V(Xl :(Po,z — 1)062 + (A(),z + Az,z)lXole + ALQOC% (A 19)

9tB2+ 3V B1 =(Po2 — 1)Ba + (Ao2 + Azp)Bof2 + Aqp3

Because we only want to have a maximum order of & in our final equation as well,

we can drop the third order terms d;a; and 0;52 in (A.19) and solve for a; and B,.
With the introduction of

1
_4(P0,2 -1+ (AO,Z + A2,2>D‘0)

vy = (A.20)

we can write
Ny = 41/AA1,7_1X% - ZUAVDq (A21)

If we plug this into (A.18), we get
atle = — %VIXO — 2V*1/A (ALZOC% — %lel) — 2VA (2A1/20€1V*IX1 — %V*V(xl)
+ (P(),l — 1)0&1 + (Ao/l + A1,1)1X()061 + 41/AA1,2(A2,1 + A,Ll)lXTIX% (A.22)
—2va(Az1 + A11)a7Vag + 7(Bo — Aag)Bors

where, if we drop all orders of ¢* or higher and rearrange the equation a bit, arrive
at

= [(POJ — 1) + (A0/1 + Al,l)tx() + 4(A2,1 + A,1,1)|D(1‘21/AA1,2 + T(ﬁo — )\ao)ﬁo] ®q

- %V(XO + AV Vay —4vg A1 200V 0y —2va(Ax1 + A_q11)a]Vag.
(A.23)
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After a similar calculation for f; and with the introduction of the new parameters

va=— [Py — 1+ (Aoz + Azp)ao] !

vp=—1[Po2— 1+ (Aoz + Az)Bo] !

HA :PO,l -1+ (AO,l + A]J)lXo + T(ﬁo — /\DC())IBO

up =Po1 — 14 (Ag1 + A1,1)Bo — T(Bo — Aao)ao

YA =4vpaA1p KA =2va(A2n+ A1) Ea=—4(Ary1 +A_11)vadip
vp =4vpAip kg =2vp(Azy1 +A_11) &g = —4(Ay1 + A_11)vBAip

we can write the hydrodynamic equations as

Ay = — 3(Vaj + V*ay) + t(Bo — Aao) Boro (A.24a)

0tfo = — %(Vﬁ? + V*B1) — T(Bo — Awg) Boro (A.24b)

s =(pa(®o, Bo) — Ealao)|ar|?)ar +valao) V*Vay — 1Vag
— ya(ag)ar Vi — x4 (o) Vaq

diB1 =(ps (o, Bo) — &8 (Bo)|B1]*)B1 + vB(Bo) V*VB1 — 3 Vo
—78(Bo)B1V"B1 — xB(Bo) B1V 1

(A.24¢)

(A.24d)

A.4 Linear Stability of Hydrodynamic Equations

In chapter |6.3|we employ a linear stability analysis to study the stability of our ho-
mogeneous fixed points using inhomogeneous perturbations:

ao(r,t) = a+da(r, t) Bo(r,t) = b+ b(x,t)

a1(r,t) = w+ dw(r, t) Br(x,t) = u+ Su(r,t) (A.25)

a, b, w, u are the homogeneous fixed points of g, Bo, a1, B1, respectively and éa, 6b,
dw, éu the inhomogeneous perturbations.

If we plug this into our hydrodynamic equations (6.1ald) and only write down terms
up to first order, we get

d10a = — %(V(Sw* + V*ow) + T(2b — Aa)adb + t(b — 2Aa)bda (A.26a)

010b = — %(V(Su* + V*ou) — t(2b — Aa)adb — t(b — 2Aa)béa (A.26b)
. ayA . 8§A 2 _ 1 a]JA

ddw = [<aa e w|” | w EV oa+ % LR wsb — £qw?s (A.26¢)

4+ (pa = 2a|wf* +vAV*V — yawV* — k40" V)ow

61 = [(5’;;3_85% |2) u—V] 5b+a§‘Bu5a—g 12 (A.26d)

+ (up — 2¢g|ul® + vpV*V — ypuV* — kpu*V)du
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To analyze the stability of our solutions, we employ a plane wave ansatz which can
be framed as a Fourier transformation of the spatial variable like

17 1 7 ‘
f(l', t) :E / dq e“]rfq fq _ E / dr efzqrf(r)
- - (A.27)

1 7 ‘ 1 7.
* — —iqr g * iqr g
Flet) = [daeiogy  fo=o [drevr ()

where f is a surrogate for éa, dw, etc. Now, with this definition, we can transform the
equations (A.26al-d) by multiplying with exp(iqr) and integrating over r to arrive at

a system of linear equations in dagq, dbq, dwy, (5w,q, duq and (5u’iq

didaq = [T(b —2Aa)b] daq + [T(2b — Aa)a] 6bq
+ (=2 (g2 +qy)] dwq + [ =3 (igx — 4y)] ow’ g
010bq = [—7(b —2Aa)b] daq + [—T(2b — Aa)a] Sbq
+ [—3(igx +qy)] duq + [—5(igx — qy)] 6u
s A 1, 3
0iwq = [(El;j - a—: w|2> w— E(qu - qy)] daq + [ 5; ] dbq
+ [1a = 26alw = va(@ + 63) — vawlige + gy) — Kaw* (igx — q,) | 6wg
+ [—€aw?] bw’

] 9 3 s 1. OpA_
-9~ K;;A - 87: w]2> w— 5(1% +‘7y)] daq + [ aVbA ] 0bq
+ [—€a(w")?] dwg
+ [1a = 2€alwP —valq +7) — aw' igs = qy) — cawigs +g,)] 6w’
(A.28d)
a}lB 853 2 1.
o+ | (%2 = Goul ) u = 5(ins — a,)] oty

da
[us - 2€B\u —vp(q% + q;) — vew(iqy + qy) — Kpu* (igy — qy)} dugq
[—&pu?] ou

(A.28a)

(A.28b)

(A.28¢c)

atw

atuq = |:
+
_|_
(A.28e)
8;¢B E){B * 1,.
8 |: 9 :| (Sﬂq I:(ab | ’2> u — E(qu +qy):| (qu
+ [—€p(u*)?] duq
+ {VB - 2§B|M|2 —vp(g2 + qy) yeu*(iqx — qy) — xpu(ige + qy)} ou
(A.28f)
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This rather involved system of linear equations can be framed as

oa oa
ob ob
ow ow
ou ou
ou* ou*

where we dropped the subscripts to simplify the notation and introduced the Jaco-
bian matrix J which can be read off f). As an example, we can plug in the
homogeneous, isotropic fixed point with w = w* = u = u* = 0,a = le%A and
b= pl%\, which simplifies the expression for J:

_pZT(lfA)z PTatay  — Ggtay)  (p—ife) 0 0
P%ﬁ —P2Tﬁ 0 0 _ (qu;rqy) (qy—zqu)
J = _% 0 fa —vag? 0 2 0 0
7 0 0 HA —Vaq 0 0
0 _M 0 0 UB — Vqu 0
’ _w 0 0 0 HB — qu2

with ¢ = ¢% + qi. The eigenvalues of this matrix encode the stability of the fixed
point.

A.5 Collision Factors

The collision factors A, appear in the collision term of the Boltzmann equation I,
and later on in the hydrodynamic equations as well. They play an important part in
the stability of the fixed points and are defined as

Apy = /(ziiR(\l?D (Pkcos ((% — p)ﬁ) — cos(pﬂ)) (A.30)
with
R(|8]) = 4| sin <§> ' (A31a)
0.2
P, = exp <—2k2) ) (A.31b)

The most important of these factors for our treatment are given in the following:

2
e A1 = % (exp [—02} —2>

4 a2l 2
.ALl:; eXp —? +§
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Appendix A. Detailed Calculations

o App = —% <; exp [—207] + 1>
0 Ay = % <exp [—2(72] + ;)

o Ay = % <—; exp [—202] + 115
e Ay1 = % (— exp [—;] + 125)
-2l
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