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Zusammenfassung

Diese Dissertation untersucht die Eigenschaften und kosmologischen Konsequenzen von
topologischen Defekten. Der Fokus liegt auf magnetischen Monopolen und ihrer Rolle
im frühen Universum. Der erste Teil dieser Arbeit dient als Einführung in topologis-
che Defekte. Einige Eigenschaften von Domain Walls, Vortices und Strings sowie mag-
netischen Monopolen werden diskutiert. Dies beinhaltet auch ihr Verhalten in Soliton–
Antisoliton-Kollisionen sowie ihre Eigenschaften in der Dynamik von mehreren Solitonen
gleicher Ladung. Der aktuelle Forschungsstand zur Dynamik von topologischen Defek-
ten ist präsentiert und neue Ergebnisse werden diskutiert. Neue Resultate beinhalten das
Mehrfach-Rückprallverhalten in Vortex–Anti-Vortex-Kollisionen, den Einfluss von Mode-
nanregungen auf die Moduli-Raum-Dynamik von Vortices und die ersten komplett feldthe-
oretischen Simulationen von Kollisionen von magnetischen Monopolen gleicher Ladung.

Der zweite Teil dieser Dissertation thematisiert die Rolle von magnetischen Monopolen
im frühen Universum. Es wird angenommen, dass das Standardmodell von einer großen
vereinheitlichten Theorie abstammt, welche die drei fundamentalen Kräfte der Teilchen-
physik, die elektromagnetische, die schwache und die starke Wechselwirkung, vereint.
Allerdings sagen solche vereinheitlichten Theorien in der Regel einen Überfluss von mag-
netischen Monopolen voraus. Diese Arbeit fokussiert sich auf zwei mögliche Lösungen für
dieses kosmologische Problem der magnetischen Monopole, welche auf Interaktionen zwis-
chen verschiedenen unterschiedlichen Typen von topologischen Defekten basieren. Diese
erste Lösung beschreibt die Auslöschung von magnetischen Monopolen durch die Kolli-
sion mit Domain Walls. Durch diesen Prozess kann die Anzahl an Monopolen auf ein
Level reduziert werden, das konsistent mit Beobachtungen ist. Die zweite Lösung ist,
dass der magnetische Fluss von den Monopolen in magnetischen Flussröhren konzentriert
(confined) werden kann. Dadurch verbinden sich magnetische Monopole durch kosmische
Strings, welche diese zusammenziehen, bis sie kollidieren und sich auslöschen. Es werden
numerische Simulationen zu beiden Mechanismen präsentiert, und deren kosmologische
Konsequenzen werden in dieser Dissertation diskutiert.

Zu guter Letzt wird eine Modifikation des Confinement-Mechanismus, der sogenan-
nte “Slingshot-Effekt”, präsentiert. Er beschreibt Monopole, welche mit einer Wand kol-
lidieren, welche die Coulomb-Phase von einer Confinement-Phase trennt. Sobald ein
Monopol die Confinement-Phase betritt, erzeugt dieses einen kosmische String, welche
es mit der Wand verbindet. Die numerischen Ergebnisse zur Dynamik des Slingshot-
Mechanismus werden präsentiert. Zudem werden Anwendungen in anderen Feldern wie
QCD-Confinement oder D-Branen-Physik diskutiert. Außerdem kann der im frühen Uni-
versum relevante Slingshot-Effekt beobachtbare Signale in Form von Gravitationswellen,
primordialen schwarzen Löchern und dunkler Materie erzeugen. Diese Arbeit bietet erste
Abschätzungen für die Grenzwerte dieser Beobachtungsgrößen.
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Abstract

This thesis investigates the properties and cosmological implications of topological defects,
with a specific focus on magnetic monopoles and their role in the early Universe.

The first part of this thesis serves as an introduction to topological defects and reviews
several features of domain walls, vortices and strings, as well as magnetic monopoles. This
also includes their behaviour in soliton–anti-soliton collisions, as well as their characteristics
in the dynamics of multiple solitons of the same charge. The current status of research on
the dynamics of topological defects is presented, and new results are discussed. The new
findings include multi-bouncing behaviour in vortex–anti-vortex collisions, the influence of
mode excitations on the moduli space motion of vortices, and the first fully field-theoretic
simulations of collisions of magnetic monopoles with the same charge.

The second part of this thesis addresses the role of magnetic monopoles in the early
Universe. It is assumed that the Standard Model originates from a Grand Unified Theory,
which unifies the three fundamental forces of particle physics: the electromagnetic, weak,
and strong interactions. However, such unification scenarios generically predict an over-
abundance of magnetic monopoles. This thesis focuses on two possible solutions to this
cosmological magnetic monopole problem that are based on interactions between differ-
ent types of topological defects. The first is the erasure of magnetic monopoles through
collisions with domain walls. Through this process, the number of monopoles may be
reduced to a level that is consistent with observations. The second solution involves con-
fining the magnetic flux of monopoles into magnetic flux tubes. In this way, monopoles
become connected by cosmic strings, which pull them together until they collide and an-
nihilate. Numerical simulations of both mechanisms are presented, and their cosmological
implications are discussed in this thesis.

Last but not least, a modification of the magnetic monopole confinement mechanism,
the so-called “slingshot effect”, is presented. It describes monopoles colliding with a wall
that separates the Coulomb phase from a confining phase. When the monopole enters
the confining phase, it stretches a cosmic string connecting it to the wall. The numerical
results on the dynamics of this slingshot mechanism are presented, and applications in
other fields, such as QCD confinement or D-brane physics, are discussed. Moreover, the
slingshot effect, which is relevant in the early Universe, could leave observable imprints such
as gravitational radiation, primordial black holes, and dark matter. This thesis provides
first estimates of the bounds on these observables.
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like to thank you not only for the collaboration on several projects, but also for being
outstanding teachers over the past four years. The amount of physics we covered, as well
as the many conversations beyond physics, were pretty invaluable.

I want to thank Andrzej Wereszczynski. The two publications we wrote together rep-
resent only a small part of all that for which I have to be thankful to you. I am deeply
grateful for the incredible amount of time and effort you invested in supporting me in my
physics career. Thank you very much for everything you have done for me.

I would like to thank my collaborators Alberto Alonso Izquierdo and Josef Seitz. Thank
you very much for the work we did together. I truly enjoyed learning from you.

Moreover, thanks to all my colleagues at LMU and MPP, including our entire group:
Ana Alexandre, Philipp Bakauov, Lasha Berezhiani, Davide Chiego, Giordano Cintia, Gi-
acomo Contri, Manuel Ettengruber, Anna Jankowsky, Oleg Kaikov, Georgios Karananas,
Lucy Komisel, Emmanouil Koutsangelas, Florian Kühnel, Otari Sakhelashvili, Juan Se-
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slingshot and gravitational waves, Phys. Rev. D 110, 016001 (2024), arXiv:2309.14195
[hep-ph].

3. M. Bachmaier, G. Dvali, J. Seitz, and J. S. Valbuena-Bermúdez, Simulations of
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Conventions and Units

Throughout the thesis, natural units are used. This means, the speed of light c, the Planck
constant ℏ, and the vacuum permittivity ε0 are set to 1. In addition, we set the Boltzmann
constant kB to 1. If not otherwise stated, the Planck mass MP is never set to one and is
always kept explicit.

We denote space-time coordinates by xµ, where x0 corresponds to the time coordinate
and xi, with i ∈ 1, . . . , d, denote the spatial coordinates in d space dimensions. Greek
indices run from 0 to d, while Latin indices run from 1 to d. To avoid confusion between
spatial indices and the group indices of the symmetry group SU(2), we use i, j, k, . . . for
spatial vector components and a, b, c, . . . for group indices. For the Minkowski metric
ηµν , we take the mostly-minus signature. Throughout the thesis, we follow the Einstein
summation convention, meaning that AµB

µ =
∑

µ,ν A
µBνηµν and AiBi =

∑
iAiBi.

The Levi-Civita tensor with Greek indices follows the conventions ε0123 = +1, ε012 =
+1, and ε01 = +1 in 3 + 1, 2 + 1, and 1 + 1 spacetime dimensions, respectively. For the
Levi-Civita symbols with Latin indices we use the conventions ε123 = +1 and ε12 = +1.

The SU(2) generators are normalised according to Tr
(
T aT b

)
= δab/2, where δab denotes

the Kronecker delta. In SU(2), the generators satisfy the commutation relation [T a, T b] =
iεabc T

c.

Bold symbols such as A always denote a spatial vector A⃗. A hat, Â, indicates that the
vector is normalised to length one. We use a similar notation for the adjoint scalar fields
ϕa, where the normalised field is given by ϕ̂a = ϕa/

√
ϕbϕb. The dot ḟ(t) denotes the time

derivative of f(t), while the prime f ′(x) denotes the spatial derivative of f(x). Finally, we
sometimes use the notation ⊃ in equations to indicate that only a subset of terms is shown.
This means that, if an expression contains several terms, some are omitted because they
are not relevant for the discussion. For example, one may write L = f1 + f2 + f3 ⊃ f1.

Finally, we introduce some terminology that is typically used in a different context. A
major part of this thesis deals with an SU(2) gauge theory that is spontaneously broken to
U(1) via an adjoint scalar field ϕa. This leads to two massive gauge bosons and one mass-
less gauge boson. Due to the analogy with the Standard Model, we will refer to the massive
gauge bosons as W -bosons and to the massless gauge boson as the photon. Accordingly,
when we speak of electric and magnetic fields, we mean those associated with the massless
gauge boson in the SU(2) theory. The massive scalar field that remains after symmetry
breaking will be referred to as the Higgs boson (and similarly for the massive scalar de-
gree of freedom in the Abelian-Higgs model). For the spontaneously broken phase, we will
also use the term Higgsed phase. Furthermore, unless stated otherwise, we use the term
confinement not in the sense of QCD confinement, but in the context of magnetic field
confinement. This means, confinement describes the effect that magnetic fields become
concentrated (confined) in flux tubes, in analogy to the confinement of the colour-electric
field in QCD flux tubes.
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In this thesis, we use the following abbreviations:

BPS Bogomol’nyi–Prasad–Sommerfield
VEV Vacuum Expectation Value
DW Domain Wall
SM Standard Model
QCD Quantum Chromodynamics
GUT Grand Unified Theory
PBH Primordial Black Hole
KK Kaluza–Klein
GW Gravitational Wave



Chapter 1

Introduction

Magnetic monopoles play a central role in theoretical physics. Paul Dirac set up the foun-
dations for magnetic monopole research in the year 1931 [1]. He introduced the magnetic
monopole as a singularity of the vector field, the Dirac string, which can be considered as
an infinitely long solenoid ending on the monopole. Since this string should not be measur-
able, he had to introduce the quantization condition, Qe = nQm/2π, where n is an integer,
and Qe and Qm are the electric and magnetic charge, respectively. This condition means
that the existence of magnetic monopoles would explain why electric charge is quantized.
Because of its singularity, the Dirac monopole has infinite energy and is thus in its original
form not physical, but nevertheless, until today, serves as a very good prototype.

The UV completion for a magnetic monopole was found in 1974 by ’t Hooft and
Polyakov [2, 3] who, independently from each other, wrote down a magnetic monopole
ansatz in theories where the SU(N) gauge symmetry is spontaneously broken by a scalar
field, transforming in the adjoint representation. In their model, the magnetic monopole
is a topological defect that is stable due to its topological charge. After this discovery, two
communities became particularly interested in magnetic monopoles. On the one hand, be-
cause of the ’t Hooft-Polyakov monopole’s non-trivial topological structure, people started
working on multi-monopole configurations and their moduli space structure. On the other
hand, because of its applications in high-energy physics, people started thinking about the
consequences of magnetic monopoles in cosmology and particle physics.

Besides magnetic interactions, ’t Hooft–Polyakov magnetic monopoles also possess a
non-trivial scalar structure that gives rise to scalar attraction. Usually, these scalar in-
teractions are exponentially suppressed. However, in the special Bogomol’nyi–Prasad–
Sommerfield (BPS) limit, where the Higgs boson mass vanishes, the scalar interactions
become long-range and can compete with the magnetic force. In this limit, Manton
demonstrated that the scalar and magnetic forces exactly cancel for two equally charged
monopoles [4]. This remarkable observation motivated the study of higher-charged mag-
netic monopoles, which were indeed found and shown to have non-trivial topological struc-
tures [5, 6, 7]. Manton later proposed that monopole dynamics could be understood as
geodesic motion on the moduli space [8]. This idea finally led to the work of Atiyah
and Hitchin, who constructed the moduli space of two monopoles [9, 10]. Building on
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their results, many mathematicians and physicists worked out several different monopole
scattering processes. Now, about 40 years later, advances in computational power and
numerical techniques allow us to simulate these scattering scenarios.

A major part of this thesis (Chapter 3) is devoted to numerical simulations of the
dynamics of topological defects. One long-term goal is to achieve a more detailed under-
standing of magnetic monopole collisions. However, due to their non-Abelian structure
the numerical simulation of magnetic monopoles turns out to be highly non-trivial, as
will be shown throughout the thesis. For this reason, Chapter 3 first discusses the colli-
sions of lower-dimensional topological defects, such as domain walls and Nielsen–Olesen
vortices [11], before presenting the most recent results on the simulations of monopole col-
lisions currently available [12]. These simulations not only support the robustness of the
moduli space approximation, but also provide explicit confirmation of predicted scattering
phenomena, such as the famous right-angle scattering of two magnetic monopoles predicted
by Atiyah and Hitchin [9].

As mentioned before, another important direction in magnetic monopole research is
their role in high-energy physics. Magnetic monopoles naturally arise in theories where a
non-Abelian gauge group undergoes spontaneous symmetry breaking to a subgroup con-
taining a U(1) factor1. Prominent examples for theories that contain such spontaneous
symmetry breakings are provided by Grand Unified Theories (GUTs), in which the strong,
weak, and electromagnetic interactions are unified within a single gauge group. For in-
stance, the Standard Model (SM) group SU(3)× SU(2)×U(1) can be embedded into the
gauge group SU(5), which is the minimal possibility for grand unification [13]. Since to-
day’s Universe is well-described by the SM, a phase transition from the unified phase down
to the SM phase is required. During such a transition, magnetic monopoles are produced
through the Kibble mechanism [14]. Zeldovich and Khlopov in 1978 [15], as well as Preskill
in 1979 [16], estimated the abundance of monopoles generated in this process and found
that they would dominate the energy density of the Universe, which is in contradiction
with observations. This inconsistency is now known as the magnetic monopole problem.

This overabundance of magnetic monopoles in the Universe was, besides the horizon
and flatness problems, one of the original motivations for Guth in 1980 to propose the
idea of cosmic inflation [17]. During inflation the Universe expands so rapidly that the
monopole density can be decreased to a level consistent with current observations. How-
ever, this mechanism only solves the monopole problem if the monopoles were produced
before inflation. If instead inflation occurred before magnetic monopole production, the
problem would remain, and alternative solutions are required.

Around the same time, Langacker and Pi [18] proposed the possibility of an intermediate
stage in the evolution of the Universe during which the electromagnetic U(1) symmetry
is temporarily broken. At a certain critical temperature, a phase transition in which the
U(1) symmetry breaks may take place, leading to the formation of cosmic strings that
connect monopoles to anti-monopoles. These strings pull the monopole–anti-monopole

1More generally, the requirement is that the second homotopy group of the vacuum manifold M is
non-trivial, π2(M) ̸= 1, as we will discuss in Appendix B.
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pairs together until they collide and annihilate.
This solution is particularly appealing because it may be tested through future gravita-

tional wave experiments. When cosmic strings pull monopoles toward anti-monopoles, the
resulting strong acceleration leads to the emission of gravitational waves. First estimates
of this radiation, within a point-like approximation, were carried out in [19]. In Chapter 4,
we review these estimates and confirm them using numerical simulations. In this thesis we
also investigate a slight modification of the original idea by Langacker and Pi. Specifically,
we focus on magnetic monopoles connecting by strings during first-order phase transi-
tions. When a nucleating bubble collides with a single monopole, the monopole stretches
a string inside the bubble. We named this process the confinement slingshot effect. As
the bubble continues to expand, the monopole attached to the string is accelerated, lead-
ing to the emission of gravitational waves in a manner analogous to the radiation from
monopole–anti-monopole pairs connected by strings. The slingshot mechanism, together
with several of its implications, is discussed in detail in Chapter 5, which is based on the
two papers [20, 21]. In particular, we present numerical simulations of both single and
multiple slingshots, and use the resulting data to calculate the amplitude and frequency
spectrum of the corresponding gravitational radiation. Furthermore, applications of the
slingshot effect in other theories, such as QCD and string theory, are discussed.

A third solution to the magnetic monopole problem was suggested by Dvali, Melfo, and
Senjanovic in 1995 [22], who presented an example in which the symmetry remains non-
restored even at very high temperatures. In this case, the grand unified phase would never
have been realized in the early Universe, and thus no phase transition in which monopoles
are produced would have taken place.

The last solution to the monopole problem that we will discuss in detail in this thesis
is the erasure of magnetic monopoles through domain walls. In 1997, Dvali, Liu, and
Vachaspati argued [23] that in a grand unified phase transition, in addition to magnetic
monopoles, domain walls can also appear. These domain walls have the property that
within their cores, subgroups of the grand unified symmetry group can be restored. As
a consequence, if the subgroup from which the monopole originates is restored inside the
wall, the monopole can no longer be resolved there and unwinds when it collides with such
a wall.

The origin of the magnetic monopole problem, along with the various proposed solu-
tions, will be discussed in detail in Chapter 4.

This thesis is intended to emphasize the importance of magnetic monopoles, and other
topological defects, in theoretical physics. The work is organized along two closely con-
nected research directions. The first part is devoted to the dynamics of topological defects,
with particular focus on the classical scattering of point-like defects. The second part
investigates the role of magnetic monopoles in high-energy physics. If monopoles were pro-
duced during cosmological phase transitions, their subsequent evolution would have had
strong implications for cosmology. Research in both directions is essential in getting a full
understanding of The Fate of Magnetic Monopoles in the Early Universe.
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Chapter 2

Introduction to Topological Defects

This thesis is about topological defects, their properties, and their role in high-energy
physics. Topological defects are classical solutions in field theory that are stable due to
a conserved topological charge. They form a subclass of solitons, which are classical field
configurations not necessarily stabilized by topological arguments. In this thesis, we will
focus in particular on domain walls, vortices and strings, and magnetic monopoles. This
chapter aims to introduce these types of defects and discusses their main features.

The material presented in this chapter is standard and can be found in the literature.
It is based on and adapted from the textbooks [24, 25, 26, 27, 28, 29].

2.1 Domain Walls

In this section, the simplest type of topological defect is introduced, the domain wall,
also called a kink. It appears in theories with a discrete vacuum manifold. The vacuum
manifold, M, is defined as the set of field configurations that minimizes the energy of the
system. The most minimal theory in which domain walls can arise is a 1 + 1-dimensional
theory with a real scalar field ϕ(t, x) and a Lagrangian density of the form

L =
1

2
∂µϕ ∂

µϕ− V (ϕ) . (2.1)

For the moment, the potential is kept arbitrary, with the only condition that it gives rise
to a discrete vacuum manifold, M. All elements of the vacuum manifold are degenerate
in energy, and thus any choice ϕ ∈ M is equally preferred. It is possible that, at different
points in space, the field ϕ chooses different values of M. For example, in the Universe,
when two regions are causally disconnected and initially do not transfer any information to
one another, the scalar field in one region is not influenced by the other region in the choice
of the vacuum value. This application to the Universe will be discussed in more detail later
in this section, when phase transitions are addressed. The choice of two different values
at two different points in space implies that there has to exist a continuous function, the
domain wall, interpolating between these two domains.
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2.1.1 ϕ4 Domain Walls

For a prototype example of domain walls, let us consider the potential

V (ϕ) =
λ

4
(ϕ2 − v2)2 , (2.2)

where λ and v are constants of energy dimension two and zero, respectively. The vacuum
manifold is given by the two scalar field values ϕ = ±v that minimize the potential.
Consequently, a domain wall solution must interpolate between ϕ(x → −∞) = ∓v and
ϕ(x → ∞) = ±v. Imposing these boundary conditions, one can find an analytic (static)
solution to the field equations of the model. The static field equation is

d2ϕ

dx2
=
∂V (ϕ)

∂ϕ
. (2.3)

Multiplying this equation by dϕ/dx and applying the product rule, one obtains, after
integration, the Bogomol’nyi equation [30]

dϕ

dx
= ±

√
2V (ϕ) , (2.4)

where the integration constant has been set to zero, since both dϕ/dx and the potential
vanish asymptotically.

This equation has the trivial constant solutions ϕ = ±v. In addition, it possesses two
non-trivial domain wall solutions,

ϕDW(x) = ±v tanh
(mh

2
(x− x0)

)
, (2.5)

where mh =
√

2λ v is the Higgs boson mass of the theory and x0 is the position of the
domain wall centre. These two solutions are shown in Figure 2.1.

Using the Bogomol’nyi equation (2.4), the static energy density of the domain wall can
be written as

ε(x) = 2V (ϕDW(x)) =
m2
hv

2

4

(
tanh2

(mh

2
(x− x0)

)
− 1
)2
, (2.6)

which illustrated in Figure 2.1. Integrating over the full space yields the total mass of the
domain wall,

mDW =

∫ ∞

−∞
dx 2V (ϕDW(x)) =

∫ v

−v
dϕ
√

2V (ϕDW) =
2

3
mhv

2 . (2.7)

2.1.2 Topological Charge

Topological defects, such as the domain wall derived in the previous section, are charac-
terized by a non-trivial topological structure that is connected to a conserved topological
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Figure 2.1: This figure shows the kink and anti-kink solutions (left) together with their energy
density (right) for x0 = 0.

charge. This charge is conserved for topological reasons and is therefore insensitive to
continuous deformations of the field configuration. For the theory above, the topological
current can be written as

Jµ = − 1

2v
εµν∂νϕ , (2.8)

where εµν is the 2-dimensional Levi-Civita symbol1. Because the Levi-Civita symbol is anti-
symmetric in the indices, this current is obviously conserved, ∂µJ

µ = 0. The corresponding
topological charge, n, is given by

n =

∫ ∞

−∞
dx J0 =

1

2v
(ϕ(x→ ∞) − ϕ(x→ −∞)) . (2.9)

For the domain wall solutions given in equation (2.5), the charge is n = ±1. Due to its
conservation, the wall is stable and cannot decay.

2.1.3 Sine-Gordon Domain Walls

Another model in which domain walls appear is the Sine-Gordon model, where the potential
is given by

V (ϕ) =
m4

λ

(
1 − cos

(√
λ

m
ϕ

))
, (2.10)

with m being the mass of the scalar field and λ is a constant with an energy dimension of
two.

1We will use the convention ε01 = −1
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In high-energy physics, this model is particularly relevant in axion physics, since axions
are expected to be described by such a potential [31]. Therefore, the study of the prop-
erties of the domain walls appearing in this model is of great interest for understanding
phenomena that may arise in our Universe.

The minima of the potential (2.10) are given by ϕmin = 2πmN/
√
λ ≡ Nv, where N is

an integer. Consequently, the vacuum manifold of the theory consists of an infinite set of
disconnected points. All these vacuum field values can be connected by one or multiple
domain walls.

Similarly to the discussion above, the domain wall solutions that connect two neigh-
bouring vacua of the vacuum manifold can be obtained by solving the Bogomol’nyi equa-
tion (2.4) using the boundary conditions ϕ(x → −∞) = nv and ϕ(x → ∞) = (n ± 1)v.
The resulting solutions are

ϕ(x) = nv +
2v

π
arctan

(
em(x−x0)

)
, (2.11)

where x0 denotes the position of the centre of the domain wall. The total mass of these
walls is given by mDW = 2mv2/π2, and the corresponding topological charge is again
n = ±1.

In the ϕ4 model, it is possible to connect the vacua ϕ = ±v with each other, and
configurations with multiple domain walls can be constructed. However, an anti-wall must
always follow a wall and vice versa. In contrast, the Sine-Gordon model allows for more
freedom in the ordering of walls and anti-walls. Since the vacuum manifold contains in-
finitely many distinct vacua, it is possible to have more than one wall (or anti-wall) directly
after each other.

A characteristic feature of solitons is the possible presence of massive bound modes
that can be excited. While ϕ4 domain walls possess such resonant modes, leading to
clearly observable changes in their dynamics, Sine-Gordon domain walls do not exhibit
this behaviour due to the absence of massive bound modes. Massive bound modes and
their role in the dynamics of multi-soliton collisions will be discussed in detail in Chapter 3.

2.1.4 Domain Walls in Higher Dimensions

In the previous sections, domain walls were treated as one-dimensional objects. However,
such walls can also arise in higher spatial dimensions. A flat ϕ4 domain wall in three spatial
dimensions can be realised by the field configuration

ϕDW(x, y, z) = ±v tanh
(mh

2
(x− x0)

)
. (2.12)

Here it was assumed that the wall is flat, but in principle the wall may also be deformed.
Nevertheless, it is always energetically preferred for the wall to flatten. This property
is commonly described by stating that the domain wall has a so-called tension, which
characterises the energy per unit area of the domain wall. For the ϕ4 domain wall, the
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tension is given by

σDW =
2

3
mhv

2 , (2.13)

where v has mass dimension one in the 3 + 1-dimensional setup.
If the domain wall is taken to fill the entire infinite space, the total energy will of course

diverge. However, in cosmological phase transitions these objects typically appear as closed
domain wall bubbles. Due to the wall tension, such bubbles tend to collapse unless there
exists an additional source that generates an outward pressure on the bubble wall from
inside. Further aspects of phase transitions and the formation and evolution of domain
wall bubbles will be discussed in Chapter 4.

Another interesting feature of higher-dimensional domain walls are their gravitational
properties. Recall that the Newtonian limit of the Einstein equations of General Relativity
gives the Poisson equation

∆Vgrav = 8πG

(
T00 −

1

2
T

)
, (2.14)

where Vgrav denotes the gravitational potential, G is Newton’s constant, and Tµν is the
energy-momentum tensor describing the gravitational source (with T being its trace). The
energy-momentum tensor for a flat domain wall parallel to the x = 0 plane is given by

Tµν = 2
∂L
∂gµν

− gµνL

= εDW diag(1, 0,−1,−1) . (2.15)

Inserting this expression into equation (2.14) yields

∆Vgrav = −4πGεDW . (2.16)

Due to the overall minus sign, this implies that test masses are repelled by domain walls.
In this sense, domain walls “anti-gravitate”.

2.2 Vortices and Strings

As discussed in the previous section, domain walls are objects that are stable due to
their topological structure. Due to the possibility of different vacuum expectation values
(VEVs) in different regions of space, they carry a non-zero conserved topological charge.
This concept can be extended to theories in higher dimensions with a larger number of
propagating degrees of freedom. In 2 + 1-dimensional theories with two scalar degrees
of freedom, where a U(1) symmetry is spontaneously broken, the spectrum of the theory
can contain vortices as topological defect solutions. In 3 + 1 dimensions, these solutions
can be extended, similarly to domain walls, to higher-dimensional structures, the so-called
(cosmic) strings. In this section, the vortex and string solutions will be introduced.
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2.2.1 Topological Charge of Vortices

Before we analyse the full vortex solution, we now apply the concept of topological charge
to vortices. The simplest theories in which vortex solutions exist are scalar field theories
with a single complex scalar field, ϕ, and a single U(1) symmetry. The spontaneous
symmetry breaking of this U(1) symmetry requires a vacuum manifold that contains a
circular structure. The minimal choice is M ∼= S1. Therefore, there are infinitely many
scalar field configurations that minimize the energy of the theory. Analogously to domain
walls, we can assign different values from the vacuum manifold to different regions in space.
This can be implemented through a mapping of the form

ϕ(r → ∞, θ) ∝ eiα(θ) , (2.17)

where θ is the polar angle and α is a function of θ.
The topological current can be defined by

Jµ =
−i
2π
εµαβ ∂αϕ

∗ ∂βϕ . (2.18)

This current is topologically conserved, ∂µJ
µ = 0, and the topological charge can be

calculated by

Q =

∫
d2x J0

=
−i
2π

∫
d2x ε0ij ∂i(ϕ

∗∂jϕ)

=
1

2π

∮
C

dlj ∂jα , (2.19)

where the last integral is a contour integral over the contour C, which represents the circular
boundary of the two-dimensional space. Since ϕ is a continuous function, α(θ) must be a
periodic function of θ, with α(θ + 2π) = α(θ) + 2πn, where n is an integer. Hence, the
topological charge is given by Q = n. This number indicates how many times the mapping
from the circular boundary to the vacuum manifold winds around the vacuum manifold.
For this reason, the topological charge is also called the winding number.

As an illustrative example for visualising the winding number, one can consider a vector
whose direction represents the phase α at infinity. As the vector moves along the circle at
infinity, its direction changes continuously. The winding number then describes how many
times the vector completes a full rotation during one complete circular orbit.

2.2.2 Global Vortex

The simplest model involving vortices is a theory of a complex scalar field with a Lagrangian
of the form

L =
1

2
∂µϕ

∗ ∂µϕ− V (|ϕ|) . (2.20)
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This theory is symmetric under global U(1) transformations, ϕ 7→ eiαϕ, where α is a
constant.2 The equations of motion of this theory are given by

∂µ∂
µϕ+ 2

∂V

∂ϕ∗ = 0 . (2.21)

By an appropriate choice of the potential, the U(1) symmetry of the theory can be
spontaneously broken. For the following discussion, we will use a quartic potential of the
form

V (|ϕ|) =
λ

8

(
|ϕ|2 − v2

)2
, (2.22)

where λ and v are constants of energy dimensions one and 1/2, respectively. The vacuum of
the potential fully breaks the U(1) symmetry. The particle spectrum in the spontaneously
broken phase (which we will refer to as the Higgsed phase) contains one massive Higgs
boson with mass mh =

√
λv and one massless Goldstone degree of freedom. For a detailed

introduction to spontaneous symmetry breaking, we refer to the standard textbooks [32,
33].

The vacuum manifold of the theory is given by M = {ϕ0 = v eiα : α ∈ [0, 2π)} and has
the topology of a circle, S1. Therefore, this theory has the required structure to support
solutions with non-zero winding number. The simplest choice is3

ϕ(r, θ) = v Hn(r) einθ , (2.23)

where n is the winding number and Hn(r) is a profile function. At infinity, the scalar field
must approach the vacuum of the theory, |ϕ| r→∞−−−→ v, and therefore the profile function
satisfies the boundary condition Hn(r → ∞) = 1. For r → 0, we require continuity, and
thus the scalar field must vanish, implying Hn(r → 0) = 0.

The total energy of the global vortex is given by

E =

∫
d2x

(
1

2
|∂iϕ|2 + V (ϕ)

)
=

∫
d2x

(
1

2
|∂rϕ|2 +

n2

2r2
|ϕ|2 + V (ϕ)

)
, (2.24)

where we have explicitly separated the radial and angular contributions. While the inte-
gration of the first and the last term yields finite values, the second term diverges logarith-
mically,

E = πn2

∫
dr

|ϕ|2

r

r→∞−−−→ πn2v2 ln(rmax) , (2.25)

2Note that this convention is unusual in the high-energy physics community, since it is not canonically
normalized. However, most of the work on vortices in this thesis originates from collaborations within
the solitons community, where the convention used here is standard. These conventions are also used in
standard textbooks like [24, 25].

3Notice that instead of θ, one can choose an arbitrary periodic function α(θ), which can even be non-
linear. For the quartic potential (2.22), however, it turns out that the minimal-energy winding-1 solution
requires a linear function α(θ) = θ.
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where rmax is a large distance cut-off scale. This logarithmic divergence implies that an
isolated global vortex has infinite energy. More generally, the energy in this model diverges
whenever there is a non-zero total winding number. Notice that while there are configura-
tions with higher-charged vortices that solve the field equations, these objects are highly
unstable and will decay into multiple charge-1 vortices.

In a configuration containing one vortex and one anti-vortex, the total winding number
vanishes. Consequently, the total energy of the system is finite. More precisely, for large
separation distances d, it scales as

E ≈ 2πv2 ln(d) . (2.26)

Due to this logarithmic scaling, the force between the vortex and anti-vortex is long-ranged
and scales as ∝ 1/d. This long-range interaction is mediated by the massless Goldstone
boson.

2.2.3 Nielsen–Olesen Vortex

In the previous section it was shown that the energy of the global vortex diverges logarith-
mically, due to the gradient energy arising from the winding of the ϕ field. As we will see
in the following, this divergence can be compensated by introducing a gauge field into the
theory. The model we analyse now is a U(1) gauge theory with a single complex scalar
field. The Lagrangian is

L = −1

4
FµνF

µν +
1

2
Dµϕ

∗Dµϕ− V (|ϕ|) , (2.27)

where the potential is again given by equation (2.22) and the covariant derivative is defined
as Dµϕ = ϕ− igAµϕ, with g being the gauge coupling.4 The field equations of this theory
are given by

DµD
µϕ+

λ

2

(
|ϕ|2 − v2

)
ϕ = 0 , (2.28)

∂µF
µν − ig

2
(ϕ (Dνϕ)∗ − ϕ∗(Dνϕ)) = 0 . (2.29)

The spontaneous symmetry breaking of the U(1) gauge symmetry results in one massive
Higgs boson with mass mh =

√
λv and two massive gauge degrees of freedom with mass

mv = gv.
The vacuum manifold of the theory remains the same as in the global vortex case and,

therefore, the scalar field structure of the vortex solution in this model is unchanged. The
difference is that the gauge field now compensates the logarithmic divergence of the energy.
The total energy of the system is

E =

∫
d2x

(
1

2
(E2

i +B2) +
1

2
|Dtϕ|2 +

1

2
|Diϕ|2 + V (|ϕ|)

)
, (2.30)

4As in the global theory, we follow the conventions of the solitons community, which is why the La-
grangian is not canonically normalized.
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where Ei = F0i is the electric field and B = 1
2
εijFij is the magnetic field. For a finite

energy configuration, each term in the integrand has to fall off faster than with 1/r2 as
r → ∞. In particular, this implies the condition Dθϕ = 1

r
∂θϕ − igAθϕ

r→∞−−−→ 0, which is
necessary to eliminate the logarithmically divergent contribution. Therefore, for a vortex
configuration the gauge field has to satisfy

Aθ
r→∞−−−→ −i

gr

∂θϕ

ϕ
. (2.31)

The full (static) vortex ansatz can be written as

ϕ(r, θ) = v Hn(r) einθ , (2.32)

Aθ(r, θ) =
n

gr
Kn(r) , (2.33)

Ar(r, θ) = 0 . (2.34)

Similarly, one can express the gauge field as

Ai(r, θ) = −εij
n

g

xj

r2
Kn(r) , (2.35)

with i ∈ {x, y}. Notice that we will always work in the gauge where the static vortex
satisfies At = 0. The boundary conditions for the profile functions are

Hn(r → ∞) = 1 , Hn(r → 0) = 0 , (2.36)

Kn(r → ∞) = 1 , Kn(r → 0) = 0 . (2.37)

Inserting the vortex ansatz into the field equations (2.28), (2.29) gives the differential
equations for the profile functions

H ′′
n +

1

r̃
H ′
n −

n2(1 −Kn)2Hn

r̃2
+

1

2

m2
h

m2
v

Hn(1 −H2
n) = 0 , (2.38)

K ′′
n −

1

r̃
K ′
n + (1 −Kn)H2

n = 0 , (2.39)

where ′ denotes the derivative with respect to r̃ = mvr. These equations can be solved
numerically. For mh/mv = 1, the profile functions and the energy density of the n = 1
and n = 2 solutions are shown in Figure 2.2. Note that the scalar field profile has the
polynomial behaviour, Hn(r) ∝ rn, near the origin. This implies that the gradient energy
in the origin vanishes, leading to a local minimum of the energy density. Since the theory
is Higgsed, the profiles approach their asymptotic values exponentially fast as r → ∞.

The Nielsen–Olesen vortex has the special property that it carries a magnetic flux.
The magnetic field can be calculated by inserting the gauge field ansatz (2.33) into the
definition of the magnetic field,

B =
1

2
εijFij =

1

r

∂(rAθ)

∂r
=

n

gr
K ′
n(r) . (2.40)
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Figure 2.2: In the upper two figures, the numerically obtained profile functions for the Nielsen–
Olesen vortex with mh/mv = 1 and winding numbers n = 1 and n = 2 are shown. The lower
plot shows the corresponding energy density.

Since K ′
n(r) decreases exponentially fast to zero, the magnetic flux is fully localized within

the vortex core. This localization can also be understood from the scalar field structure.
Inside the vortex, the scalar field vanishes, i.e. the gauge boson mass is zero, whereas
outside the scalar field acquires a VEV, i.e. the gauge boson becomes massive. Therefore,
it is energetically preferred for the flux to be within the scalar core, where the gauge boson
mass vanishes. The total magnetic flux is given by

Φ =

∫
d2x B =

∮
C

dθ rAθ =
−i
g

∮
C

dθ
∂θϕ

ϕ
=

2πn

g
, (2.41)

where C represents the boundary of the two-dimensional space.
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2.2.4 Bogomol’nyi Bound and the BPS Vortex

Let us now calculate the energy of the vortex. First, the vortex does not source an electric
field and is completely time-independent. Therefore, the total energy is given by

E =

∫
d2x

(
1

2
B2 +

1

2
|Diϕ|2 +

λ

8
(|ϕ|2 − v2)2

)
. (2.42)

The covariant derivative term can be rewritten as

|Diϕ|2 = |(D1 ± iD2)ϕ|2 ± g ε0ij |ϕ|2∂iAj ∓ i ε0ij ∂i(ϕ
∗Djϕ) . (2.43)

The last term contributes to the total energy only through a boundary term and can
therefore be dropped in the integral. A further rewriting gives

E =

∫
d2x

1

2

(
B ±

√
λ

2
(|ϕ|2 − v2)

)2

+
1

2
|(D1 ± iD2)ϕ|2 ∓

|ϕ|2

2
B
(√

λ− g
)
±

√
λ

2
v2B

 .
(2.44)

This result gives one special feature of vortices. For the limit
√
λ = g, which corresponds

to mh = mv, the energy is bounded from below by

E ≥
√
λ

2
v2
∣∣∣∣∫ d2x B

∣∣∣∣ = |n|πv2 , (2.45)

where n is the winding number of the system. To saturate this energy bound, vortex
configurations have to satisfy the equations [30]

B ±
√
λ

2
(|ϕ|2 − v2) = 0 , (2.46)

|(D1 ± iD2)ϕ| = 0 . (2.47)

Vortices in the Bogomol’nyi–Prasad–Sommerfield (BPS) limit, mh = mv, satisfy these so-
called BPS equations. We will refer to these vortices as BPS vortices or critical vortices.
The BPS limit has several interesting consequences. First of all, the second-order differ-
ential equations reduce to first-order differential equations, which makes them easier to
solve.

For the second feature, let us briefly discuss the forces between two equally-charged
vortices. The total energy of two far-separated BPS vortices, each with mass mV = πv2, is
given by E = 2mV = 2πv2. This is exactly the same as the energy of a charge-2 BPS vortex,
as can be seen from the BPS bound (2.45). This means that all configurations, regardless
of their separation, are degenerate in energy and thus no force acts between them. Of
course, there is both a scalar force and a gauge force, and in the vortex–vortex case the
scalar force is attractive while the gauge force is repulsive. The very special property of
BPS vortices (or, more generally, BPS solitons) is that these two forces exactly cancel.
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This cancellation is only true for mh = mv. If mh < mv, the force between two equally
charged vortices is attractive, while for mh > mv it is repulsive [34]. This can be understood
from the field profiles. One may think of the vortex core as consisting of a scalar field core
of size ∼ m−1

h and a gauge field core of size ∼ m−1
v . The strength of the scalar and gauge

forces depends on how large the overlap of the scalar cores and gauge cores of two vortices
is. For mh < mv, the scalar field core is larger than the gauge core, and thus the attractive
scalar force dominates. For mh > mv, the gauge core is larger, and thus the repulsive
gauge force dominates.

2.2.5 Cosmic Strings

So far, we have considered vortices in 2 + 1 dimensions. However, just as domain walls
can be extended to higher dimensions, vortices can also appear in higher dimensions in the
form of so-called cosmic strings. An infinitely long cosmic string along the z-axis can be
thought of as infinitely many copies of a vortex stacked on top of each other. Therefore,
the solution is the same as for the vortex, but extended in the z-direction. The scalar field
thus has the structure ϕ(r, θ, z) ∼ exp(inθ), where θ is the polar angle around the z-axis
and r the radial distance from the z-axis. The magnetic flux of the Nielsen–Olesen vortex
now runs along the entire string, forming a magnetic flux tube. Similar to the domain wall,
the string has a tension that is given by µ ∼ v2.

In the early Universe, cosmic strings may have formed during phase transitions (we
will discuss phase transitions in more detail in Section 4.2). These strings appear as closed
loops forming a full string network. Due to their tension, string loops tend to collapse.
However, since their shape is typically not perfectly circularly symmetric, the dynamics is
way more non-trivial. The strings dynamics and the observational consequences remain
an active area of research [35, 36, 37, 38, 39, 40, 41, 42, 43].

Notice that such string networks can also appear for global cosmic strings. Although a
single global vortex has infinite energy, a vortex–anti-vortex configuration does not, since
the total winding of the system is zero. In this case, the energy has a logarithmic cut-off
that depends on the separation distance between the two vortices. Considering a string
loop, one can think about a plane cutting through the string. In this plane, the scalar field
has the structure of a vortex–anti-vortex configuration, and thus the energy integrated over
this plane is finite. This argument applies to the entire string loop, meaning that a string
loop even if it is part of a global theory has always finite energy.

2.3 Magnetic Monopoles

The last topological defect discussed in this thesis is the magnetic monopole. Magnetic
monopoles can arise in 3 + 1-dimensional theories in which the vacuum manifold has the
topology of a 2-sphere, S2. As the name suggests, these objects carry a magnetic charge,
which originates from a coupling to a gauge field. However, similarly to vortices, it is also
possible to consider global monopoles that consist solely of a scalar field. Before discussing
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the minimal gauge theory in which the so-called ’t Hooft–Polyakov magnetic monopoles can
appear, we first introduce the notion of topological charge and discuss global monopoles.

2.3.1 Topological Charge of Magnetic Monopoles

The most minimal theories in which magnetic monopole solutions exist are scalar field
theories with three scalar field components, ϕa with a = 1, 2, 3, and an SU(2) symme-
try5. Once one component (or a linear combination of them) acquires a VEV, the SU(2)
symmetry gets spontaneously broken to U(1). This type of symmetry breaking requires
the vacuum manifold to have the shape of a 2-sphere, M ∼= S2. Again, we can define a
mapping that assigns different points at the boundary of space to different values in the
vacuum manifold. In spherical coordinates (r, θ, φ), the simplest mappings take the form

ϕ̂a =

cos(nφ) sin θ
sin(nφ) sin θ

cos θ

 , (2.48)

where n is an integer.
Similarly to vortices and domain walls, this construction can give rise to a conserved

topological charge. A topologically conserved current satisfying ∂µJ
µ = 0 can be written

as

Jµ = − 1

8π
εµαβγ εabc ∂αϕ̂

a ∂βϕ̂
b ∂γϕ̂

c . (2.49)

Here εµναβ is the 4-dimensional Levi-Civita symbol and εabc is the 3-dimensional Levi-Civita
symbol. The corresponding topological charge can be rewritten as

Q =

∫
d3x J0

=
1

8π

∫
d3x εijk εabc ∂i

(
ϕ̂a ∂jϕ̂

b ∂kϕ̂
c
)

=
1

4π

∫
dθdφ εabc ϕ̂

a ∂θϕ̂
b ∂φϕ̂

c , (2.50)

where in the first step we made use of the antisymmetry of the Levi-Civita symbol, and in
the second step we applied Stokes’ theorem. Inserting (2.48) into this expression yields the
topological charge Q = n. Therefore, n characterizes the winding number of the monopole
configuration.

2.3.2 Global Monopoles

The Lagrangian of a global SU(2) theory with a scalar field, ϕ, transforming in the adjoint
representation and a quartic potential is given by

L = Tr
(
(∂µϕ)†(∂µϕ)

)
− V (ϕ) , (2.51)

5Notice that for the global version of the magnetic monopole an SO(3) symmetry would be sufficient.
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where we will use the following quartic potential,

V = λ

(
Tr
(
ϕ†ϕ
)
− v2

2

)2

, (2.52)

with λ and v being constants of energy dimensions zero and one, respectively. The scalar
field ϕ can be expressed in terms of its SU(2) components ϕ = ϕaT a, with T a being the
three generators of SU(2).6 The field equations of this model are given by

(∂µ∂µϕ)a +
∂V

∂ϕa
= 0 . (2.53)

Due to the shape of the potential, the SU(2) symmetry is spontaneously broken to U(1).
Consequently, the particle spectrum contains one Higgs boson with mass mh =

√
2λv and

two massless Goldstone bosons.
The vacuum manifold of this theory has the form of a 2-sphere, S2, and therefore it is

possible to construct a one-to-one map from the boundary of the three-dimensional space
to the vacuum manifold. Such a map may, for instance, be written as

ϕa(r, θ, φ) = v Hn(r)

cos(nφ) sin(θ)
sin(nφ) sin(θ)

cos(θ)

 , (2.54)

with n being the winding number and Hn(r) the profile function with boundary conditions
Hn(r → ∞) = 1 and Hn(r → 0) = 0.

The total energy of the global monopole is

E =

∫
d3x

(
1

2
∂iϕ

a∂iϕ
a + V (ϕa)

)
=

∫
d3x

(
1

2
∂rϕ

a∂rϕ
a +

1

2

(1 + n2)

r2
ϕaϕa + V (ϕa)

)
r→∞−−−→ 2πv2(1 + n2) rmax , (2.55)

where rmax is a large distance cut-off scale. Therefore, as in the case of the global vortex,
we find that an isolated global monopole has infinite energy. The difference is that here
the divergence is linear rather than logarithmic, as it is for the vortex.

The linear divergence leads to an interesting phenomenon. Consider a configuration
consisting of a monopole and an anti-monopole. In this case, the total winding number
vanishes, and the energy remains finite. For a separation distance d, the energy scales
as E ∝ d, which implies a constant force between the two objects. Thus, independently
of their separation, the monopole and anti-monopole always feel the same force between
each other. This can result in rather unintuitive dynamics. For example, consider a
configuration in which a monopole and an anti-monopole are very close to each other, with

6The generators are normalised by Tr
(
T aT b

)
= 1

2δab.
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the monopole located at the origin and the anti-monopole placed slightly on the negative
x-axis. Now add two additional anti-monopoles located far away along the positive x-axis.
Due to the constant force, the monopole will accelerate towards the positive x-direction,
rather than towards the nearby anti-monopole on the negative x-axis.7 More information
on the evolution of global monopole networks can be found in [44, 45].

2.3.3 ’t Hooft–Polyakov Magnetic Monopoles

As we will see in the following, similar to vortices, the divergence of the energy can be
compensated by introducing a gauge field that couples to the scalar field. The Lagrangian
of an SU(2) gauge theory with an adjoint scalar field is given by

L = −1

2
Tr(GµνG

µν) + Tr
(
(Dµϕ)†(Dµϕ)

)
− V (ϕ) , (2.56)

with the scalar potential given in equation (2.52). The SU(2) field strength tensor and the
covariant derivative are defined as

Gµν = ∂µWν − ∂νWµ − ig[Wµ,Wν ] , (2.57)

Dϕ = ∂µϕ− ig[Wµϕ] , (2.58)

where g denotes the gauge coupling constant. The gauge field Wµ and the scalar field
ϕ can be expressed in terms of their SU(2) components as Wµ = W a

µT
a and ϕ = ϕaT a,

respectively, with T a being the three generators of SU(2). Using this component notation
we can write the Lagrangian as

L = −1

4
Ga
µνG

µν
a +

1

2
(Dµϕ)a(Dµϕ)a − V (ϕ) , (2.59)

with

Ga
µν = ∂µW

a
ν − ∂νW

a
µ + gεabcW

b
µW

c
ν , (2.60)

(Dµϕ)a = ∂µϕ
a + gεabcW

b
µϕ

c , (2.61)

V (ϕ) =
λ

4
(ϕaϕa − v2)2 . (2.62)

The field equations of this model are given by

(DµDµϕ)a +
∂V

∂ϕa
= 0 , (2.63)

(DµG
µν)a + gεabcϕ

b(Dνϕ)c = 0 . (2.64)

As in the global theory, the SU(2) symmetry is spontaneously broken to U(1). The two
massless Goldstone bosons are now “eaten” by two of the three gauge fields and conse-
quently, two gauge bosons, which we will call W -bosons, acquire a mass mv = gv, while

7I would like to thank Jon Urrestilla for providing this example.
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one boson remains massless. We refer to this massless boson as the photon. In the scalar
sector, there is only one physical degree of freedom, namely the Higgs boson, with mass
mh =

√
2λv.

The static energy of a system described by this theory is given by

E =

∫
d3x

(
1

4
Ga
ijG

a
ij +

1

2
(Diϕ)a(Diϕ)a + V (ϕ)

)
. (2.65)

Each term in this expression must have a finite integral to ensure finite energy. The
divergence in the case of the global monopole originates from the scalar gradient term. To
avoid this in the gauge model, we must require (Diϕ)a

r→∞−−−→ 0 faster than with 1/r3. This,
in turn, implies that the gauge field must have the following structure

W a
i

r→∞−−−→ 1

g
εabc (∂iϕ̂

b)ϕ̂c + ciϕ̂
a , (2.66)

with ci being a constant vector. The last term depends on the choice of gauge. We will set
it to zero, which corresponds to the Coulomb gauge ∂iW

a
i = 0.

In principle, one could now insert a winding-n scalar field configuration and multi-
ply the fields by appropriate profile functions. However, it turns out that there are no
spherically symmetric solutions with n > 1 that have finite energy [46]. In this case, the
divergence in the energy does not originate from the asymptotic winding structure, but
rather from a divergence in the monopole core. Hence, while the asymptotic field configu-
ration remains valid, the ansatz breaks down near the core. Nevertheless, higher-charged
magnetic monopoles without spherical symmetry exist. The short distance structure of
such magnetic monopoles will be discussed further in Section 3.7.

Let us now focus on the finite-energy solution with winding n = 1. This corresponds
to the ’t Hooft–Polyakov magnetic monopole solution, which was first written down inde-
pendently from each other by ’t Hooft and Polyakov in 1974 and is given by [2, 3]

ϕa = v
xa

r
H(r) , (2.67)

W a
i =

1

g
εaij

xj

r2
(1 −K(r)) , (2.68)

W a
t = 0 , (2.69)

where H(r) and K(r) are profile function with the boundary conditions

H(r → ∞) = 1 , H(r → 0) = 0 , (2.70)

K(r → ∞) = 0 , K(r → 0) = 1 . (2.71)

2.3.4 Magnetic Charge of Magnetic Monopoles

As the name suggests, the magnetic monopole carries a magnetic charge. To compute
it, we first need to define the U(1) magnetic field. A naive approach is to project out
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the massless U(1) component of the gauge field by Aµ = ϕ̂aW a
µ , with ϕ̂a = ϕa/

√
ϕbϕb,

and to use the standard definition of the field strength from Maxwell electrodynamics,
Fµν = ∂µAν−∂νAµ. However, this expression is not SU(2) gauge invariant. To restore the
gauge invariance, one needs to add an additional term,

Fµν = ∂µ(ϕ̂aW a
ν ) − ∂ν(ϕ̂

aW a
µ ) − 1

g
εabcϕ̂

a(∂µϕ̂
b)(∂νϕ̂

c) . (2.72)

This expression can be rewritten to the ’t Hooft field strength [2]

Fµν = ϕ̂aGa
µν −

1

g
εabc ϕ̂

a(Dµϕ̂)b(Dνϕ̂)c . (2.73)

This definition of the field strength satisfies two conditions. First, it is gauge invariant and
second, for a constant VEV, for example ⟨ϕ⟩ = vT 3, it reduces to the familiar expression
Fµν = ∂µW

3
ν − ∂νW

3
µ . Therefore, it is the right field strength describing the U(1)-electric

and -magnetic fields.
We can now insert the ’t Hooft–Polyakov monopole ansatz. Substituting it into the

SU(2) field strength yields

Ga
ij =

1

g
εijk

1

r
(δka − n̂kn̂a)K ′ +

1

g
εijk

n̂kn̂a

r2
(K2 − 1) , (2.74)

where n̂a = xa/r, and we used the identity εija = εijk n̂
kn̂a + εjak n̂

kn̂i + εaik n̂
kn̂a. The

covariant derivative is given by

(Diϕ̂)a =
1

r
(δai − n̂an̂i)K . (2.75)

Combining these two results we obtain the photon field strength

Fij = −1

g
εijk

n̂k

r2
, (2.76)

which results in the monopole magnetic field

Bi =
1

g

n̂i

r2
. (2.77)

Therefore, the magnetic charge of the ’t Hooft–Polyakov magnetic monopole is Qm = 4π/g.
Notice that in all of the equations above we have used equalities. The calculation

leading to the same long-range magnetic field can be simplified by considering only the limit
r → ∞. In this limit, one can drop the second term in the ’t Hooft field strength (2.73),
such that Fµν

r→∞−−−→ ϕ̂aGa
µν , and one can neglect the profile function K(r), since it drops

to zero exponentially fast as r → ∞.
In particular, for higher-charged magnetic monopoles, the long-range field approxima-

tion is especially useful. As mentioned earlier, these configurations are not spherically
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symmetric at short distances, whereas their magnetic field becomes spherically symmetric
asymptotically. Let us use the relation [29]

εµαβγ ∂αFβγ = −1

g
εabc ε

µαβγ ∂αϕ̂
a∂βϕ̂

b∂γϕ̂
c , (2.78)

which is straightforward to prove by inserting equation (2.66). Notice that for n > 1 this
relation is only an equality in the limit r → ∞. The right-hand side is proportional to the
topological current (2.49). Therefore, after integration, one obtains Qm = 4πn/g. Hence,
the asymptotic magnetic field of a magnetic monopole with arbitrary winding number n
is given by

Bi
r→∞−−−→ n

g

n̂i

r2
. (2.79)

2.3.5 Bogomol’nyi Bound and the BPS Magnetic Monopole

Let us now perform the Bogomol’nyi completion for the magnetic monopole energy, analo-
gous to the case of vortices. The total static energy is given by equation (2.65). Completing
the square yields

E =

∫
d3x

(
1

2
(Ba

i − (Diϕ)a)2 +Ba
i (Diϕ)a +

λ

4
(ϕaϕa − v2)2

)
. (2.80)

The first term and the potential energy term are always positive. Therefore, the energy is
bounded by

E ≥
∫

d3x |Ba
i (Diϕ)a| =

∫
d3x |∂i(ϕaBa

i )| =
4πv

g
|n| , (2.81)

where we used the Bianchi identity. This bound is saturated in the BPS limit λ→ 0 (while
keeping v fixed) [30, 47] and for

Ba
i = (Diϕ)a , (2.82)

which is known as the BPS equation for the magnetic monopole. In this way, the second-
order field equations are reduced to first-order differential equations. Notice that this
equation makes it particularly clear that, in the BPS limit, the scalar force has the same
magnitude as the magnetic force. This was first shown by Manton in 1977 [4]. Therefore,
the force between two equally-charged BPS magnetic monopoles cancels.

In general, the mass of the monopole is given by

mM = f

(
mh

mv

)
mv

g2
, (2.83)

where f(mh/mv) is a monotonically increasing function with the limits f(mh/mv → 0) = 1
(BPS limit) and f(mh/mv → ∞) ≈ 1.787 [48].
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2.3.6 Profile Functions

Inserting the magnetic monopole ansatz (2.67) into the field equations (2.63) and (2.64)
results in second-order differential equations for the profile functions

H ′′ +
2

r̃
H ′ − 2K2H

r̃2
− m2

h

m2
v

(H2 − 1)H = 0 , (2.84)

K ′′ − K(K2 − 1)

r̃2
−KH2 = 0 , (2.85)

where ′ denotes the derivative with respect to r̃ = mvr. The first observation is that the
shape of the profile functions depends only on the parameter mh/mv. This is for the same
reason as in the case of vortices. We start with three parameters, g, v, and λ. By a well-
chosen rescaling of the fields, one parameter can be eliminated. A second parameter can be
absorbed into the definition of length and time scales (here encoded in the dimensionless r̃).

The profile equations cannot, in general, be solved analytically. However, their structure
already provides insight into the scaling behaviour. The equations show that K always
decays exponentially fast to zero. For this reason, in the large r̃ limit, the coupling between
K and H disappears in the scalar field profile equation. The potential term acts as a
damping term, implying that H approaches 1 exponentially fast. The larger the damping
factor m2

h/m
2
v, the faster the scalar field profile H approaches unity, corresponding to the

VEV. The exponential scaling starts at r ∼ m−1
h . Therefore, we can say that the scalar

field interactions are only relevant for distances r ≲ m−1
h . Hence, well-separated magnetic

monopoles interact only via magnetic interactions.
Physically, this can be interpreted as follows. Interactions mediated by a massive field

are always exponentially suppressed. Here, the mediator of the scalar interaction is the
Higgs boson with non-zero mass mh. In contrast, since the photon in the theory is massless,
the magnetic interaction is unsuppressed. In the limit of vanishing Higgs boson mass,
mh → 0, corresponding to the BPS limit, the scalar interactions also become long-range.
In the profile equations, this is reflected by the fact that the damping term disappears
completely, resulting in a scalar field profile equation of H ′′ + 2H ′/r̃ = 0 for large r̃. This
equation indicates a 1/r scaling. Consequently, in this limit the scalar interactions can
compete with the magnetic interactions. As mentioned in the previous section, it turns
out that the interactions have exactly the same magnitude, meaning that two magnetic
monopoles of the same charge neither attract nor repel [4].

In the BPS limit an analytic solution for the profile functions exists. It is given by [47]

H(r) = coth(mvr) −
1

mvr
, (2.86)

K(r) =
mvr

sinh(mvr)
. (2.87)

These functions reflect the properties we have just discussed above. The profile functions
for the BPS limit and for the value mh/mv = 1, which we will use often in this thesis, are
shown in Figure 2.3.
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Figure 2.3: This figure shows the profile functions for the ’t Hooft–Polyakov magnetic monopole.
While the BPS solution is given by equations (2.86) and (2.87), the solution for mh/mv = 1 is
obtained numerically using relaxation.

2.3.7 Julia–Zee Dyons

Before we finish the introduction to magnetic monopoles, we briefly mention monopoles
that, in addition to magnetic charge, also carry electric charge, so-called dyons. In this
section, we specifically introduce the Julia–Zee dyon [49]. The solution has the same ϕa

and W a
i structure as the ’t Hooft–Polyakov magnetic monopole in equation (2.67), with

the only difference being that the time component of the gauge field is no longer vanishing,
but instead given by

W a
t = v

xa

r
J(r) , (2.88)

where J(r) is a profile function. This modification leads to the profile equations

H ′′ +
2

r̃
H ′ − 2K2H

r̃2
− m2

h

m2
v

(H2 − 1)H = 0 , (2.89)

K ′′ − K(K2 − 1)

r̃2
−K(H2 − J2) = 0 , (2.90)

J ′′ +
2

r̃
J ′ − 2K2J

r̃2
= 0 . (2.91)

As we can see from these equations, in contrast to the equation for H, the equation for
J does not possess a damping term. Therefore, in the long-range limit, J always exhibits
a 1/r scaling. This means that if J ̸= 0, there will always be a long-range electric field
given by

Ei = ϕ̂aGa
0i = −v n̂iJ ′(r)

r→∞−−−→ Qe

4π

n̂i

r2
, (2.92)
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where Qe is the electric charge of the dyon.

The electric charge depends on the asymptotic behaviour of the profile. It turns out
that the maximal possible electric charge of the dyon is, in general, not arbitrarily large.
This can again be seen from the profile equations. The equation for K contains a term
proportional to H2−J2. If this term changes sign, an exponentially growing mode appears,
leading to an instability. Therefore, the function J is bounded from above by J ≤ H. At
small distances, both profile functions, H and J , increase linearly, and in the case of
maximal charge these two functions are nearly identical. However, once the exponential
scaling of H sets in at around r ∼ m−1

h , the functions begin to differ. This implies that
the maximally allowed electric charge depends on the parameter mh/mv [50, 51].

In the BPS limit, mh → 0, the maximal electric charge becomes unbounded and can
indeed be arbitrarily large. The solution to the profile equations in the BPS limit is given
by [47, 24]

H(r) = coth(m̃vr) −
1

m̃vr
, (2.93)

K(r) =
m̃vr

sinh(m̃vr)
, (2.94)

J(r) = − tanh(α)H(r) , (2.95)

where m̃v = mv/ cosh(α), and α is an arbitrary parameter. Notice that for α = 0 we get
again the BPS ’t Hooft–Polyakov magnetic monopole profiles. The electric field of the BPS
dyon is

Ei =
sinh(α)

g

n̂i

r2
, (2.96)

and thus the electric charge is given by Qe = 4π sinh(α)/g, which increases up to infinity
as α → ∞. This limit corresponds to the case in which the profile function bound J ≤ H
is saturated, i.e. the profile functions H and J become identical.

Physically, the existence of a maximal electric charge can be understood from the fact
that an electric field above the Schwinger threshold, |E| ∼ m2

v/g, leads to instabilities
through W -boson pair production [49]. The Schwinger bound also explains why the max-
imal charge increases as mh decreases. By a simple rescaling, one can express length and
time units in terms of m−1

h instead of m−1
v . Then, decreasing mh corresponds to increasing

mv. Consequently, the Schwinger threshold increases with increasing mv, which agrees with
the observation that the maximal electric charge grows with increasing mv. The BPS limit
then corresponds to mv → ∞. In this case, Schwinger pair production is fully suppressed,
allowing for an arbitrarily large electric dyon charge.8

8The discussion on the maximal electric charge of the Julia–Zee dyon is not widely known, with most
of the relevant information scattered across the papers [49, 50, 51]. The review presented in this section
arose from work in collaboration with Giacomo Contri and Gia Dvali.
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2.4 Virial Identities

In this section, we want to use energetic arguments to determine whether topological
defects in a theory are allowed or not. These arguments are usually known under the name
Derrick’s theorem [52].

Let us first consider a global theory of the form

L =
1

2
∂µϕ

a∂µϕa − V (ϕa) , (2.97)

where a runs over all scalar fields in the theory. The total static energy is then given by
E = T + U , with

T =

∫
ddx

1

2
∂iϕ

a∂iϕ
a , (2.98)

U =

∫
ddx V (ϕa) , (2.99)

being the gradient and potential energy, respectively, and d denotes the number of spatial
dimensions. A soliton is stable if small deformations do not lead to configurations with
lower energy. In particular, consider the so-called Derrick’s scaling ϕas (x) → ϕas (λx) of a
soliton solution ϕas . The configuration at λ = 1 must then correspond to a minimum of the
energy. Implementing this scaling in the total energy gives

Eλ = λ2−d T + λ−d U . (2.100)

We can find the minimum by imposing that the derivative should be zero for λ = 1:

0 =
dEλ
dλ

∣∣∣∣
λ=1

=
(
(2 − d)λ1−d T − d λ−d−1 U

) ∣∣∣∣
λ=1

. (2.101)

This results in the virial identity for global solitons

(2 − d)T − dU = 0 . (2.102)

Now remember that T, U ≥ 0. This implies that for d > 2 the only solution to the
virial equation is T = U = 0. Hence, the configuration describes the trivial vacuum. For
d = 2 the virial identity requires U = 0 and thus only configurations are allowed that
carry solely gradient energy. Notice that for d = 2, global vortices that carry gradient but
also potential energy can exist and are topologically stable. Homotopy arguments allow for
such vortex solutions (see Appendix B), whereas the energetic arguments discussed here do
not, since the energy of a global vortex is infinite. The only remaining possibility for global
solitons with finite energy is therefore d = 1, for which one finds T = U . As we know,
these solitons are domain walls, which are topologically stable and have finite energy.

We can repeat the calculations for a gauged theory with the Lagrangian

L = −1

4
F b
µνF

µν
b +

1

2
∂µϕ

a∂µϕa − V (ϕa) , (2.103)
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where a runs over all scalar fields and b runs over all gauge fields. The total static energy
is now E = G+ T + U , where

G =

∫
ddx

1

4
F b
ijF

b
ij . (2.104)

Then Derrick’s scaling, ϕas (x) → ϕas (λx) and Aas,µ(x) → λAas,µ(λx), gives

Eλ = λ4−dG+ λ2−d T + λ−d U . (2.105)

The minimisation of the energy now yields the virial identity

(4 − d)G+ (2 − d)T − dU = 0 . (2.106)

This relation shows that finite-energy configurations can also exist for d = 2 and d = 3,
which is consistent with the existence of Nielsen–Olesen vortices and ’t Hooft–Polyakov
magnetic monopoles. For d = 4, the virial equation can only be satisfied if T = U = 0,
while G may remain non-zero. The G ̸= 0 case corresponds, for example, to Yang–Mills
instantons in four Euclidean space-time dimensions. For d > 4, the virial identity is
satisfied only by the trivial vacuum with G = T = U = 0.

In this section, we have seen that there are strong energetic constraints on the existence
of solitons in a given theory. In addition to these energetic considerations, topology can tell
us whether topological defects can exist. These topological aspects are typically discussed
within homotopy theory. A brief introduction to this topic is provided in Appendix B.
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Chapter 3

Dynamics of Topological Defects

So far we have considered topological defects as static configurations. However, they can
of course also move. Their dynamics becomes particularly interesting when they collide
with each other. In this chapter, the dynamics of such collisions will be introduced.

One long-term goal of magnetic monopole research is to understand their dynamics
in the early Universe. This includes understanding how an entire system of magnetic
monopoles behaves. In this chapter, we want in particular to understand what happens
when monopoles collide with each other. However, the topological structure of magnetic
monopoles is rather complicated compared to lower-dimensional defects such as vortices or
kinks. For this reason, the dynamics of these lower-dimensional objects will be discussed
first. It turns out that defects of different dimensionalities often share similar phenomena.

For instance, we will observe that in a head-on collision of a kink and an anti-kink, the
pair can either annihilate and form a bound state or recreate after the collision. Which of
these two outcomes occurs depends on the initial velocity and this dependence is chaotic.
A similar chaotic behaviour can be observed in vortex–anti-vortex collisions.

Another example where the dynamics are similar for two different types of topological
defects is the right-angle scattering for vortices and magnetic monopoles. Two vortices
of the same charge scatter at 90◦ in a head-on collision. The same is true for magnetic
monopoles.

Motivated by the considerations above, this chapter is structured as follows. First
(Section 3.1), excitations of topological defects are introduced. It turns out that internal
resonances of solitons play a crucial role in soliton collisions, as we will see throughout this
chapter. Subsequently (Section 3.2), the dynamics of multi-kink configurations is discussed.
In Section 3.3, the relativistic scattering of a vortex with an anti-vortex is discussed.
In particular, we analyse the recreation and multi-bounce phenomena. Afterwards in
Section 3.4, monopole–anti-monopole collisions are briefly presented.

Following the discussion of soliton–anti-soliton collisions, the focus turns to the scat-
tering of solitons with the same charge. For this purpose, we first introduce the moduli
space approximation (Section 3.5), which is required to understand multi-soliton dynamics
from a topological point of view. Subsequently, the collision of multiple equally-charged
vortices (Section 3.6) is presented. We first focus on simple, non-excited configurations
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and afterwards analyse collisions of excited vortices. Last but not least in Section 3.7, the
dynamics of magnetic monopole collisions is presented.

3.1 Excited Topological Defects

In nature, solitons are never truly isolated objects. Interactions with their surroundings can
significantly influence their dynamics. In particular, thermal and quantum fluctuations are
expected to occur throughout space and can therefore interact with solitons. It turns out
that solitons can possess resonance modes which may be excited by such fluctuations [53,
54]. Therefore, a full understanding of soliton dynamics requires understanding these
modes.

To introduce these resonance modes, let us first discuss them in the context of ϕ4 kinks,
described by the Lagrangian given in equation (2.1) with the potential (2.2).1 We begin
by rescaling the field, ϕ → vϕ, and expressing all length and time values in units of m−1

h .
This yields

L = v2m2
h

(
1

2
(∂µϕ)2 − 1

8
(ϕ2 − 1)2

)
. (3.1)

The overall prefactor v2m2
h does not influence the classical dynamics, since it drops in the

equation of motion

∂µ∂
µϕ+

1

2
(ϕ2 − 1)ϕ = 0 . (3.2)

The rescaling shows that all dynamical properties are fully encoded in this parameter-
independent equation of motion. For different values of mh, one can simply take the
solutions of this equation and rescale back the dimensionful quantities accordingly.

We now consider small perturbations around the domain wall solution of the form

ϕ = ϕDW + ξ f(x) cos(ωt) , (3.3)

where ξ ≪ 1 denotes the amplitude of the perturbation and ω is its frequency. Inserting
this ansatz into the equation of motion and keeping only terms up to linear order in f gives

−d2f

dx2
+

1

2

(
3ϕ2

DW − 1
)
f = ω2f . (3.4)

The frequency ω is given in units of mh. Therefore, we do not expect long-lived excitations
for ω > 1, since at these frequencies the energy is high enough to radiate massive Higgs
bosons. For ω < 1, however, the equation admits two bound solutions. The first solution
is given by

f1 =

√
3

2

dϕDW

dx
=

√
3

2
√

2
sech2

(x
2

)
, (3.5)

1This example is a standard textbook example that is discussed in great detail in the books [26, 24].
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for ω = 0, where we applied the normalization condition∫
dx f(x)2 = 1 . (3.6)

Since ω = 0, this mode does not carry energy. It is a so-called zero mode, associated with
a collective coordinate that describes the position of the domain wall. We will return to
this mode in Section 3.5. For now, we focus only on the massive modes with ω ̸= 0.

The only massive bound mode for the kink is given by the solution

f2 =

√
3

2
sinh

(x
2

)
sech2

(x
2

)
, (3.7)

with frequency ω2 = 3/4. Analysing the time dependence of this solution shows that the
mode corresponds to a wobbling of the kink. The kink energy density periodically spreads
out and contracts. Note that in deriving equation (3.4) we assumed small amplitudes ξ
and therefore neglected non-linear interactions. These non-linear effects couple the linear
modes, for example the shape mode with the continuum spectrum, and thus lead to a slow
decay of the mode over time. Nevertheless, the mode is very long-lived.

The shape and existence of a mode is strongly model-dependent. Here, we have analysed
the ϕ4 kink. For a different choice of the potential, the massive mode can have a different
frequency or may disappear completely. For instance, in the ϕ6 model [55] and in the Sine-
Gordon model [56], the kinks possess only the zero mode and no massive bound modes.
However, if one deforms these theories, massive modes can reappear [57, 58]. In the next
section, we will see that these modes play a crucial role in the collision of multiple kinks.

Last but not least, one comment is worth mentioning that is relevant for moving kinks,
or solitons in general. The frequency above corresponds to the mode frequency of a static
kink. When the kink is Lorentz-boosted, due to time dilation, the frequency changes to
ω/γ. We took this explicitly into account in the simulations presented in this thesis.

Let us now turn to Nielsen–Olesen vortices. The results on resonances of vortices
presented in the following were obtained within the projects [59, 60] in close collaboration
with Alberto Alonso-Izquierdo and Andrzej Wereszczynski. We adopt the conventions
used in the Lagrangian (2.27). Performing the rescaling xµ → xµ/(gv), we find that the
dynamical properties of the theory depend on a single parameter, which can be taken to
be the Higgs mass mh =

√
λv. For different values of g and v, one can take the solutions of

the rescaled Lagrangian and simply rescale back the dimensionful quantities accordingly.
Thus, without loss of generality, we can set g = 1 and v = 1, so that the theory is fully
parametrized by λ. In these conventions, the BPS limit is given by λ = 1.

To find a mode, we can follow the same procedure as for the ϕ4 kink. First, we add
perturbations to the vortex solution

ϕV(r, θ, t) = Hn(r) einθ + ξ fn(r) eiωnt einθ , (3.8)

AV,θ(r, θ, t) = n
Kn(r)

r
− ξ gn(r) eiωnt , (3.9)
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where fn(r) and gn(r) are the profile functions of the modes and ξ denotes the amplitude.2

Notice that the perturbed ansatz has to satisfy the Gauss constraint. Since we are working
in the gauge At = 0, this leads to the so-called background gauge condition [63] for the
fluctuations,

∂i(δAi) −
i

2
(ϕV δϕ

∗ − ϕ∗
V δϕ) = 0 . (3.10)

We will discuss the background gauge in more detail in Section 3.5. Inserting the perturbed
solution into the equations of motion (and imposing the background gauge) yields the
following differential equations for the mode profile functions

− d2fn
dr2

− 1

r

dfn
dr

+

(
n2(1 −Kn)2

r2
+

3λ

2
H2
n −

λ

2

)
fn +

2n

r
(1 −Kn)Hngn = ω2fn , (3.11)

− d2gn
dr2

− 1

r

dgn
dr

+

(
1

r2
+H2

n

)
gn +

2n

r
(1 −Kn)Hnfn = ω2gn . (3.12)

Since the system of differential equations is linear, it can be solved numerically by
reducing the equations to an eigenvalue problem. The method used to obtain the solutions
is presented in Appendix A.2.3. In Figure 3.1, the solutions for the mode of the charge-1
vortex and the lowest mode of the charge-2 vortex for λ = 1 are shown. The mode profiles
are normalized by ∫

d2x
(
f(r)2 + g(r)2

)
= 1 . (3.13)

In the BPS limit, the frequencies of these two modes are ω2
10 ≈ 0.77788 and ω2

20 ≈ 0.53898,
respectively.3 The frequencies of the 1-vortex mode for other values of λ are illustrated
in Figure 3.2. We observe that the frequency of the vortex mode grows with λ. For the
charge-1 vortex, the frequency curve hits the continuum spectrum (ω2 > 1) at λ ≈ 1.5.
Above this value, there exist no massive bound modes.

It turns out, however, that in the regime where no massive bound modes exist, there
can still be long-lived resonances. In particular, this becomes clear if we consider the limit
λ → ∞, which corresponds to the limit in which the vortex can be treated as a global
vortex. It is known that the global vortex has infinitely many bound modes [64]. The
transition from the gauge vortex without bound modes to the global vortex with bound
modes can be understood as follows. Even if there are no bound modes, the modes do not
necessarily vanish completely. Instead, there can be a half-bounded mode that lives only

2Notice that one can also consider fluctuations with a different scalar field structure. These modes have
higher frequencies and are discussed in detail in [61, 62]. In this thesis, we focus only on the linear mode,
which is the lowest (massive) frequency mode.

3The notation ωni is standard. The first index, n, denotes the winding of the vortex, while the second
index, i, labels the non-degenerate modes of a charge-n vortex. The case i = 0 corresponds to the lowest
mode. Notice that for n > 1, vortices also exhibit modes at higher frequencies [61, 62]. We will not
consider them here.
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Figure 3.1: This plot shows the normalized mode functions for the charge-1 vortex (left) and the
charge-2 vortex (right) in the BPS limit, λ = 1.

Figure 3.2: This figure shows the mode frequency of the charge-1 vortex for different values of λ.

in the scalar sector. The scalar field can still fluctuate with frequencies below the Higgs
boson mass, mh =

√
λ, but above the gauge boson mass threshold. These resonances are

called Feshbach resonances [65] and are long-lived if the interaction between the scalar
mode and the gauge sector is suppressed. Now, in the limit λ → ∞, the gauge sector
fully decouples, and thus the Feshbach resonances approach the bound modes of the global
vortex.4 We can approximately find such a Feshbach resonance mode by setting gn(r) = 0

4These modes of the global vortex correspond to radial excitations and are entirely localized in the
radial channel. It should be noted, however, that the global theory possesses a massless Goldstone degree
of freedom. This degree of freedom corresponds to an angular channel with a mass threshold at ω = 0.
Therefore, more precisely, the modes of the global vortex should be interpreted as Feshbach resonances,
since their frequency lies above the Goldstone boson mass threshold but below the Higgs boson mass
threshold.
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Figure 3.3: This figure shows the frequencies of the lowest Feshbach resonance of the charge-1
vortex for different values of λ.

in equation (3.11). This gives the equation

−d2fn
dr2

− 1

r

dfn
dr

+

(
n2(1 −Kn)2

r2
+

3λ

2
H2
n −

λ

2

)
fn = ω2fn , (3.14)

which can be solved numerically. We find that there are indeed solutions with frequencies
ω2 < m2

h. The frequencies of the lowest 1-vortex Feshbach resonance for different values of
λ are illustrated in Figure 3.3. We observe that the frequency increases with λ and remains
close to the Higgs boson mass threshold, but never crosses it. In Section 3.3, we will find
that such Feshbach modes can be excited in vortex–anti-vortex collisions.

The ’t Hooft–Polyakov magnetic monopole does not possess true bound modes. This
can be understood from the fact that after the symmetry breaking of the SU(2) symmetry
there is still a massless gauge field associated with the residual U(1) symmetry. Therefore,
the gauge field mass threshold is at ω = 0. However, similarly to the vortex, there can
be Feshbach resonances (very often also called quasi-normal modes), which decay faster
than usual bound modes but are still long-lived [66, 67, 68, 69]. A long-term goal is to
understand how these Feshbach resonances influence the dynamics of magnetic monopoles.
As we will see in Section 3.6, excitations of modes on vortices influence the vortex dynamics
significantly. In [70] it was suggested that the Feshbach resonances of magnetic monopoles
will alter the monopole dynamics. Whether this indeed happens is an open question
and needs to be confirmed numerically. In Section 3.7, we will study the collision of
magnetic monopoles, which serves as a preparatory step for the collision of excited magnetic
monopoles.

In this introductory section, it was shown that solitons can have long-lived resonances.
It turns out that such modes play a crucial role in the dynamics of soliton scattering, as
we will see in the next sections.
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Figure 3.4: This figure shows the time evolution of a kink–kink collision (left) and a kink–anti-
kink collision (right). In both cases, the initial velocities are chosen as u = 0.1. The colour scale
represents the scalar field value ϕ.

3.2 Multi-Kink Dynamics

In this section, we focus on two types of domain walls, the Sine-Gordon kink and the ϕ4

kink. The special feature of the Sine-Gordon model is that it is integrable. In particular,
besides the single Sine-Gordon kink solution, multi-kink solutions are also known analyt-
ically [71, 24], some of which will be presented in the following. Let us begin with the
kink–kink configuration. The solution is given by

ϕkk(x, t) =
4m√
λ

arctan

(
u

sinh(γmx)

cosh(γmut)

)
, (3.15)

where γ = 1/
√

1 − u2 is the Lorentz factor corresponding to the velocity u. For u ̸= 0, this
solution describes two kinks located at the positions

x1,2 =
±1

γm
arcsinh

(
1

u
cosh(γmut)

)
. (3.16)

One can show that the energy of this configuration is exactly twice the mass of the Sine-
Gordon kink, mDW = 2mv2/π2, multiplied by the Lorentz factor, that is, E = 2mDWγ.

As time runs from t < 0 to t = 0, the two kinks approach each other until they collide
around t = 0. At this moment, the configuration resembles a single kink of topological
charge 2. When the system evolves further, t > 0, the kinks bounce back and move in
opposite directions. This collision is elastic, since no kinetic energy is lost in the process.
In Figure 3.4 (left), the time evolution of the kink–kink scattering is shown.

Another analytic solution of the Sine-Gordon model is given by

ϕk̄k(x, t) =
4m√
λ

arctan

(
1

u

sinh(γmut)

cosh(γmx)

)
, (3.17)
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which describes a kink–anti-kink configuration. For m|t| ≥ arcsinh(u)/(γu), the kinks are
located at

x1,2 =
±sign(t)

γm
arccosh

(
1

u
sinh(γmu|t|)

)
, (3.18)

where the + sign corresponds to the anti-kink position and the − sign to the kink position.
We observe that initially, for t < 0, the anti-kink is on the left (negative x) and the kink
is on the right (positive x). At t = 0, they collide and the solution is given by ϕk̄k = 0, so
that at this moment it seems that the kink–anti-kink pair is annihilated. The full potential
energy disappears and the entire energy is given by the kinetic energy. As time evolves
further, t > 0, the kinks reappear at the opposite sides and move apart. Overall, one can
summarize that the kink and anti-kink pass through each other. In Figure 3.4 (right), the
time evolution of the kink–anti-kink collision is illustrated.

Another solution that should be mentioned is the so-called breather solution. It can be
obtained by the substitution u→ is in equation (3.17), resulting in

ϕbreather(x, t) =
4m√
λ

arctan

(
1

s

sin(γ̃mst)

cosh(γ̃mx)

)
, (3.19)

where γ̃ = 1/
√

1 + s2. This configuration is an oscillating solution with period T =
2π/(γ̃ms). For s ≪ 1, the configuration at t = −T/2 resembles that of a kink–anti-kink
configuration. As time evolves from t = −T/2 to t = 0, these two kinks move towards each
other until they “annihilate” at t = 0. Then, similarly to the kink–anti-kink case, they
recreate and move apart again as if they pass through each other. However, at t = T/2,
the velocity of the kinks becomes zero and they change their direction of motion. This
process repeats periodically. The larger s is, the smaller the distance between the kink and
the anti-kink at maximal separation and the larger the frequency of the oscillation is. For
sufficiently large s, the two kinks do not fully separate and the configuration looks like an
oscillating lump. In Figure 3.5, the time evolution for two different values of s is displayed.

The Sine-Gordon model is very special because it is integrable and therefore, there is no
transfer of the energy to the continuous modes. As a result, analytic solutions describing
collisions of multiple kinks are known and fully under control. In other theories, however,
the situation changes completely. As an illustrative example, let us consider kink–anti-
kink collisions in the ϕ4 model. Such collisions were already studied in [72, 73, 74]. For a
detailed review, the interested reader is referred to [75].

First of all, in the ϕ4 model a kink–kink configuration does not exist, since there are
only two vacua, ⟨ϕ⟩ = ±v. A single kink solution is given in equation (2.5). An important
advantage of this model is that the scalar field approaches its VEV exponentially fast,
since the scalar degree of freedom is massive. Therefore, it is an excellent approximation
to describe a kink–anti-kink configuration using, for instance, an additive ansatz [72] given
by

ϕk̄k = v − tanh

(
mh

2

(
x+

d

2

))
+ tanh

(
mh

2

(
x− d

2

))
, (3.20)
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Figure 3.5: This figure shows the time evolution of the breather solution given in equation (3.19)
for s = 0.05 (left) and s = 0.2 (right). The colour scale represents the scalar field value ϕ.

where d denotes the distance between the anti-kink at x = −d/2 and the kink at x = +d/2.
To construct an initial configuration for a simulation, the two kinks can be Lorentz-boosted
towards each other by replacing x±d/2 with γ1,2(x∓u1,2t±d/2), where u1 (u2) is the velocity
of the anti-kink (kink), and γ1,2 are the corresponding Lorentz factors. One finds that the
outcome of the collision is highly sensitive to the initial velocity. For very low velocities,
the kink–anti-kink pair annihilates and forms an oscillating bound state, the so-called bion
(or oscillon). This bion is very similar to the Sine-Gordon breather solution (3.19) for large
s. The difference is that the Sine–Gordon breather is stable and lives forever, whereas the
bion decays very slowly. For very high velocities, |u1,2| ≳ 0.26, the kink–anti-kink pair
always recreates and the two solitons separate forever. In the intermediate velocity range,
roughly between 0.1 and 0.26, the dynamics becomes much more chaotic. In this regime, a
variety of outcomes can occur. The kinks may form a bion, but they can also bounce two,
three, or more times before eventually separating. A summary of the possible scenarios
is shown in Fig. 3.6, where the time evolution of the scalar field value ϕ at the origin is
displayed for different initial velocities. One can clearly observe distinct windows in which
the kinks undergo multiple bounces before separating, as well as regions in which a bionic
bound state is formed.

The origin of such structures lies in the excitation of internal kink modes. In the
previous section, we found that the ϕ4 kink possesses a massive bound mode, which can be
excited during a collision. Through the so-called resonant energy transfer mechanism [72,
73, 74, 76], energy is exchanged between the kinetic energy of the kinks and the energy
stored in the internal degree of freedom, namely the massive bound mode. If not enough
kinetic energy is transferred into the mode, the kinks can eventually overcome the attractive
kink–anti-kink interaction barrier and re-emerge after the collision. In contrast, if too
much kinetic energy is transferred into the mode, the kinks cannot overcome the barrier
and eventually annihilate.

Although it is qualitatively understood that the origin of the multi-bounce windows
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Figure 3.6: This figure shows the scalar field value ϕ/v at the origin (x = 0) for a colliding
kink–anti-kink configuration as a function of time t, measured in units of mh, for different initial
kink velocities u1,2. Initially, the scalar field is in the vacuum state ϕ = −v. Whenever the kink
and anti-kink overlap, the scalar field at the origin changes up to ϕ = v. The initial distance
between the kink and the anti-kink was chosen to be d = 10m−1

h . The lattice properties and
numerical details of the kink–anti-kink simulation are provided in Appendix A.

lies in the existence of an internal mode, the detailed structure of the resulting fractal
pattern is not yet fully understood. For this reason, kink–anti-kink collisions remain an
active area of research. For instance, relatively recently, an effective collective coordinate
model for kink–anti-kink collisions in the ϕ4 model was developed in [76], in which the
mode amplitude is treated as an independent dynamical variable.

Furthermore, it is actively investigated how these patterns change for different scalar
potentials. For example, as discussed above, the Sine-Gordon kink does not possess a mas-
sive bound mode and the theory is fully integrable. Consequently, such chaotic behaviour
does not occur. However, for modifications of the Sine-Gordon model, these chaotic struc-
tures can reappear [77].

Multi-kink scattering and the appearance of multi-bounce windows have also been
studied in ϕ6 models [78, 79] and ϕ8 models [80, 81]. In particular, kink–anti-kink collisions
in the ϕ6 model present an interesting case, since the ϕ6 kink does not possess a shape
mode [55]. Nevertheless, it turns out that the kink–anti-kink configuration supports bound
modes that can be excited during the collision, leading to multi-bounce scattering [78].

In [82], more exotic modifications of scalar potentials are considered. The authors refer
to these as Frankensteinian potentials. These potentials are non-smooth combinations
of linear and quadratic functions that possess two discrete minima. The resulting kink
solution, however, remains differentiable. Studying such models may provide further insight
into which pieces of the potential are responsible for the emergence of the fractal structure.
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3.3 Resonance Phenomena in Vortex–Anti-Vortex Col-

lisions

Although some new aspects were added and discussions were rephrased, this section is an
ad verbatim reproduction with respect to equations and figures of the paper “Resonance
phenomena in vortex-antivortex collisions” [59] that I published with my collaborator An-
drzej Wereszczynski.

In the previous section we discussed the appearance of multi-bounce windows in kink–
anti-kink collisions. A natural question is whether similar multi-bounce patterns also arise
for higher-dimensional solitons. In this section, we focus on Nielsen–Olesen vortices in
the Abelian-Higgs model. Recently, it has been shown that the scattering of two BPS
vortices [83, 84, 85] and three BPS vortices [86] can be strongly influenced by excitations
of the vortex modes. In particular, in [83] it was demonstrated numerically that collisions
of two initially excited vortices can lead to fractal chaotic patterns with multi-bounce
right-angle scatterings.5 The outcome of the scattering is highly sensitive to the collision
velocity as well as to the initial amplitude and phase of the vortex excitations. The origin
of this multi-scattering behaviour is similar to that in kink–anti-kink collisions. It can
be understood in terms of a resonant energy transfer mechanism [84], in which energy
is exchanged between the kinetic energy of the vortices and the energy of their internal
excitations.

In this section, we do not focus on vortex–vortex collisions. Instead, we discuss vortex–
anti-vortex collisions and show that the resonant energy transfer mechanism also plays a
crucial role here. While it has long been known that a vortex–anti-vortex pair annihilates at
low collision velocities and can recreate at high relativistic velocities [87], we demonstrate
that the underlying pattern is far more non-trivial. In close analogy to kink–anti-kink
collisions, we find that multi-bounce windows exist in vortex–anti-vortex scatterings.

3.3.1 Simulations of Vortex–Anti-Vortex Collisions

For our analysis of vortices, we use the Abelian-Higgs model in 2+1 dimensions, described
by the Lagrangian density given in equation (2.27) with v = 1 and g = 1. As an ini-
tial configuration for head-on vortex–anti-vortex scattering, we take the standard product
ansatz [34]

ϕv-av(t, x, y) = ϕ+(γ1(x− u1t− d/2), y) · ϕ−(γ2(x− u2t+ d/2), y) , (3.21)

where ϕ+ denotes the vortex solution (positive winding) Lorentz-boosted with velocity u1,
and ϕ− the anti-vortex solution (negative winding) Lorentz-boosted with velocity u2. The
corresponding Lorentz factors are γ1 and γ2, and the separation between the vortices is
given by d. Due to the exponential suppression of the gauge field outside the vortex core,

5The right-angle scattering of vortices will be discussed in more detail in Section 3.6.
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Figure 3.7: This figure summarizes the different final states that arise in vortex–anti-vortex
collisions. The values of λ are shown on the x-axis, while the initial velocities are given on the
y-axis.

an additive ansatz provides a good approximation,

Aµ(t, x, y) =

−u1γ1A+
x (γ1(x− u1t− d/2), y)

γ1A
+
x (γ1(x− u1t− d/2), y)

A+
y (x, y)

+

−u2γ2A−
x (γ2(x− u2t+ d/2), y)

γ2A
−
x (γ2(x− u2t+ d/2), y)

A−
y (x, y)

 ,

(3.22)

where A+ and A− are the gauge field solutions of the vortex and anti-vortex, respectively.
For the numerical simulations presented in this section, we choose d = 30. We vary λ

in the interval [0.1, 8] with step size ∆λ = 0.1. The initial velocities are scanned over the
range |u1| = |u2| ∈ [0.8, 0.98], using step sizes ∆u1 = ∆u2 = 0.01 for the results shown in
Figure 3.7, and ∆u1 = ∆u2 = 0.001 for Figures 3.10, 3.10, and 3.11.

For the simulations, we use a slightly modified version of the second-order Runge–Kutta
integration scheme (RK2), supplemented by natural boundary conditions and adiabatic
damping near the boundaries. As a gauge-fixing condition, we choose the Lorenz gauge.
Further details of the numerical methods are provided in Appendix A. As a lattice size we
used 60×60 with spacing 0.05, and the time interval we investigated was [0, 100] with time
step 0.02.

The numerical results presented in this section are summarized in the following video:
https://youtu.be/1o__huMd13o

The outcome of head-on vortex–anti-vortex collisions depends on both the value of λ and
the collision velocity u1 = u2. By scanning over these parameters, we constructed the map
shown in Figure 3.7 that summarizes the different possible outcomes of the collisions.

https://youtu.be/1o__huMd13o
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Figure 3.8: This figure illustrates the terms “backscattered vortices” and “passed through vor-
tices”. The colour indicates the phase of the complex scalar field ϕ, while the circles mark the
core positions of the vortex (filled circle) and anti-vortex (empty circle).

As already noted in [87], for collision velocities above a λ-dependent critical value, the
vortices collide, recreate, and then separate forever. There are two possibilities, allowed
by the system’s symmetry, for how the vortices can recreate. On the one hand, they can
backscatter, meaning that the vortex and anti-vortex leave the collision in the direction
from which they initially came. On the other hand, they can pass through each other,
meaning that they leave the collision in the opposite direction. This terminology is illus-
trated in Figure 3.8. We observe that there is a critical value at around λcr ≈ 4.9. Below
this value, at high velocities, the vortices backscatter. This regime is illustrated by the
large green region in the upper left of Figure 3.7. For λ > λcr, the vortices pass through
each other, as shown by the large blue region in the upper right of the map. This is also
consistent with the observation that, in the global vortex–anti-vortex system (in the limit
λ → ∞), the zeros, although they never fully recreate and separate forever due to the
strong attraction, always pass through each other at high velocities and never backscat-
ter [88]. At λ = λcr, the critical velocity for full recreation and separation has a local
maximum.

Another possible outcome of the collision is annihilation. The corresponding regimes
are illustrated by the gray, yellow, orange, and red regions in Figure 3.7. For λ ≲ 2,
the vortex and anti-vortex annihilate directly (gray region), even at relativistic initial
velocities. There is only a small velocity window in which the vortices undergo a single
bounce before annihilating. For very small values of λ ≲ 0.1, which are not shown in the
map, we observed the formation of an oscillon after annihilation. This type of oscillon is a
flux-swapping oscillon, which has previously been observed in vortex–anti-vortex collisions
in [89].

In the map we use the terms “bounce” and “zero recreation” to describe the reappear-
ance of vortex zeros after they have disappeared for a short finite time. Zero recreation
does not necessarily imply that the vortex and anti-vortex are fully recreated, since their
overlap can still be large. We define full recreation as the stage at which the separation
of the vortex zeros exceeds the vortex size 2R, where R is the radius of a region around
the zero that contains 90 percent of the static vortex energy. The critical velocity above
which the vortices are fully recreated after the first bounce is indicated by the black dots
in Figure 3.7. We observe that this velocity is very high for λ ≪ 1, and that it has a
local maximum around λ ≈ 3.2. For larger values of λ, the critical velocity decreases. The
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Figure 3.9: This figure shows the time evolution for several examples of vortex–anti-vortex scat-
tering. The colour illustrates the real part of the scalar field, Re(ϕ), along the x-axis. The solid
and dashed lines represent the positions of the zeros of the vortex and anti-vortex, respectively.

reason why it increases for λ ≳ 3.2 lies in the appearance of Feshbach resonances, which
will be discussed in Subsection 3.3.2.

The bounce window, which is narrow for λ ≲ 2, increases by a lot for λ ≳ 2, and the
recreation scenarios begin to dominate. For λ < 4, the possible outcomes are relatively
simple. At sufficiently high velocities, the vortices backscatter and separate forever, at very
low velocities (not shown in the map) the vortex–anti-vortex pair annihilates directly, and in
between these two extremal regimes, they undergo one or two bounces before annihilation.
For λ ≳ 4, the situation becomes much more complex. We observe that the vortices can
bounce up to nine times before annihilation. In addition, new windows appear in which
the vortices bounce up to three times and subsequently separate forever. These regions are
indicated by darker blue and darker green colours in Figure 3.7. Figure 3.9 shows several
examples of the scattering scenarios described above.

Analogous to Figure 3.6 for multi-bounce kink scattering, we can construct a similar
plot for specific choices of λ. In Figure 3.10, we show the time evolution of the real part
of the scalar field at the origin for different initial velocities. In this plot, the different
bounce windows are clearly visible. There is a two-bounce window in the interval uin ∈
[0.8718, 0.9238] and a three-bounce window in uin ∈ [0.9397, 0.9409]. Next to these windows
are regions in which the vortex–anti-vortex pair annihilates. Thereby the vortices can
undergo multiple bounces before annihilation.

In Figure 3.11, we show the case λ = 4.9. We find several distinct bouncing windows. In
addition to the larger two- and three-bounce windows, there are smaller windows in which
the vortices bounce and then separate. As before, these windows are next to regions where
the vortices annihilate after multiple bounces. Note that for highly relativistic velocities,
uin ≳ 0.95, the lattice resolution may be insufficient to fully resolve the dynamics reliably.

Many of the outcomes observed in vortex–anti-vortex collisions are similar to those
found in one-dimensional setups. The resulting fractal patterns closely resemble those seen
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Figure 3.10: This figure shows the value of Re(ϕ) at the origin as a function of time t and initial
velocity uin for λ = 4.4.

in kink–anti-kink collisions [72, 73, 74, 76], oscillon–oscillon collisions [90], and Q-ball–anti-
Q-ball collisions [91].

3.3.2 Emergence of Resonances

The appearance of fractal patterns in soliton–anti-soliton collisions typically requires the
presence of an internal mode that enables the resonant energy transfer mechanism. It is
therefore surprising that, in vortex–anti-vortex collisions, multi-bounce windows emerge
for λ > 1.5, a regime in which the Nielsen–Olesen vortex does not possess a massive bound
mode. That the multi-bounce behaviour at large λ exists still due to the presence of some
form of resonances can be seen from two observations.

First, for the case λ = 4.4, we measure the velocity of the recreated vortices in the
bounce windows with final separation. The result is shown in Figure 3.12. As can be seen,
the final velocity is clearly smaller than the initial velocity. This supports the picture of
a resonant energy transfer mechanism, in which a part of the kinetic energy is converted
into the energy of an internal mode.

Second, we also observe that the vortices are excited after the recreation, based on direct
measurements. Due to the energy transfer, different contributions to the total energy of
the system exhibit oscillatory behaviour. Using the numerical simulation data, we measure
the total potential energy of the system as a function of time and extract the oscillation
frequency from it. Since the accessible time interval is relatively short due to the high
velocities of the recreated vortices and the limited lattice size, it is not feasible to perform
a Fourier analysis of the oscillations. Instead, we determine the frequency by calculating
the average time separation between two successive peaks of the potential energy. The
results are shown in Figure 3.13.

We observe that for λ ≲ 1.5, the frequency of the vortices agrees well with the frequency
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Figure 3.11: This figure shows the value of Re(ϕ) at the origin as a function of time t and initial
velocity uin for λ = 4.9.

Figure 3.12: This figure shows the velocity of the recreated vortices with respect to the initial
velocity uin for the case λ = 4.4.

of the massive bound mode of the Nielsen–Olesen vortex. In the interval λ ≈ 1.7 to
λ ≈ 3.2, the vortices after recreation exhibit only very weak oscillations, making it difficult
to extract a reliable frequency. For λ ≳ 3.2, however, clear excitations become visible. This
also explains why the critical velocity for full recreation, shown in Figure 3.7, decreases in
this regime. The energy transfer mechanism turns on and allows for efficient recreation.
For λ ≳ 3.2, we find that the observed frequencies lie well above the gauge boson mass
threshold, but still below the scalar boson mass threshold. As discussed in Section 3.1,
this is precisely the regime in which so-called Feshbach resonances can appear. In the
discussion of the mentioned section, we neglected mixing terms between scalar and gauge
field excitations for simplicity. The corresponding Feshbach resonance frequencies within
this approximation are shown as the orange line in Figure 3.13. Within the uncertainties
of our measurements and approximations, the agreement is very good. Therefore, we
can conclude that the observed excitations of the recreated vortices are indeed Feshbach



3.3 Resonance Phenomena in Vortex–Anti-Vortex Collisions 45

Figure 3.13: The black dots in this figure show the measured frequencies of the excited vortices
after a one-bounce collision. The blue and green lines indicate the scalar and gauge mass thresh-
olds, respectively. The red curve represents the frequency of the massive bound mode, while the
orange line shows the approximate frequency of the Feshbach resonance.

resonances. We also find that these Feshbach resonances become longer-lived as λ increases.
This can be understood from the fact that the gap between the scalar boson mass and the
resonance frequency grows with λ. This observation is consistent with the fact that in the
limit λ → ∞, the vortices approach global vortices, which are known to possess massive
long-lived modes.

3.3.3 Conclusion and Outlook

In this section, we have confirmed that the chaotic multi-bounce behaviour of solitons
can arise for Nielsen–Olesen vortex–anti-vortex pairs. This addresses the long-standing
question of whether the fractal pattern formation is unique to one-dimensional solitons
such as kinks. With the example presented here, we clearly demonstrate that such a
behaviour can also occur in theories with two spatial dimensions. A natural question that
follows is whether a similar multi-bounce behaviour can also occur for magnetic monopole–
anti-monopole pairs. So far such behaviour has not been observed. In the next section, we
provide further discussion on this point.

A surprising observation from the simulations is that it seems that fractal patterns do
not appear in the regime where the vortices possess massive bound modes, λ ≤ 1.5. In
this regime, we observe at most two recreations of the vortex zeros. In contrast, for λ ≳ 4,
where no massive bound modes are present, multi-bounce behaviour emerges. This can be
understood from the observation that the resonant energy transfer mechanism is driven by
the Feshbach resonances of the vortices.
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There are many possibilities what can be done next in this research direction. It is
important to achieve a more fundamental understanding of the appearance of multi-bounce
windows. This requires, first, further numerical investigations, and second, a more analytic
treatment. For a more analytic understanding, it would be useful to develop a collective
coordinate model, as has already been done for ϕ4 kink–anti-kink collisions [76]. This is
a highly non-trivial task, because, first, the model is more complex than the ϕ4 model,
and second, the multi-bounce windows appear in the highly relativistic regime. Therefore,
Lorentz contractions have to be taken into account in the moduli space structure (a general
discussion on the moduli spaces of solitons will be given later in this chapter).

Also numerically, there are many points that need to be explored in future studies. For
example, it would be interesting to investigate collisions of a vortex and an anti-vortex when
the vortices are already excited initially. Such an analysis is currently under investigation
for ϕ4 kink–anti-kink collisions [92]. It turns out that multi-bounce windows can be shifted
to lower velocities. It would be interesting to see whether the same applies to vortices.
Furthermore, it may happen that, due to an initial excitation, the resonant energy transfer
mechanism becomes active even in the bound mode regime for λ ≲ 1.5. In nature, initial
excitations are very natural, since vortices can become excited through interactions with
the background. This excitation can occur, for example, through thermal fluctuations or,
as shown recently, through an oscillating background originating from an inflation field [93].

Within this thesis project, we focused on head-on collisions. A natural continuation of
the analysis is to investigate small impact parameters. We performed first simulations and
found that, for small impact parameters, recreation and bouncing are still feasible. All
multi-bounce and recreation windows are, however, significantly deformed. For example,
in the case with λ = 1 and a collision velocity of uin = 0.9, the vortices end in annihilation
for an impact parameter of ∆y = 1, instead of backscattering as for ∆y = 0.

Due to the non-zero angular momentum of configurations with non-zero impact pa-
rameter, we observe an additional new phenomenon. It seems that part of the angular
momentum is transferred into an internal excitation of the vortex that carries angular
momentum. For this to occur, it is not necessary for the vortex zeros to annihilate. It
is sufficient that the vortices pass by each other at a small distance. This new type of
vortex excitation, and its role in vortex collisions, requires further investigation and is left
for future work.

Finally, it would also be interesting to explore whether such chaotic structure formation
can appear in models beyond the Abelian-Higgs model. Simple modifications would include
deformations of the potential. However, it would also be interesting to investigate whether
multi-bounces occur for semi-local strings [94, 95], semi-global strings [96], or electroweak
flux tubes [97]. Furthermore, one may wonder whether multi-bounce scattering can arise
in cosmological setups. In particular, the multi-bouncing behaviour may be relevant for
cosmic strings in 3 + 1 dimensions.
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3.4 Monopole–Anti-Monopole Collisions

In the previous sections, we discussed kink–anti-kink and vortex–anti-vortex collisions. A
natural continuation is the study of monopole–anti-monopole collisions. It turns out that,
apart from the simulations themselves, already the construction of the initial configuration
for a monopole–anti-monopole system is more involved than for kinks and vortices. This
has two main reasons. First, the topological structure is more complicated, as it is described
by a three-component SU(2) adjoint scalar field. Therefore, the standard product ansatz
used for vortices cannot be applied to monopoles. Second, magnetic monopoles possess
a long-range magnetic field. This implies that the gauge fields cannot simply be added
together, as was done in the vortex case.

Fortunately, a monopole–anti-monopole configuration has already been constructed and
analysed in a series of works [98, 99, 100, 101]. The corresponding scattering processes
have also been studied numerically in [99, 101]. This section does not present major new
results and partially reproduces the findings of these works. However, the monopole–
anti-monopole ansatz exhibits several properties that will become relevant throughout this
thesis, and therefore cannot be left unmentioned.

The monopole–anti-monopole ansatz is approximately given by [98, 99]

ϕ̂1 =
(
sin θ̄ cos θ − sin θ cos θ̄ cosα

)
cos (φ− α/2)

+ sin θ sinα sin (φ− α/2) ,

ϕ̂2 =
(
sin θ̄ cos θ − sin θ cos θ̄ cosα

)
sin (φ− α/2)

− sin θ sinα cos (φ− α/2) ,

ϕ̂3 = − cos θ cos θ̄ − sin θ sin θ̄ cosα , (3.23)

where ϕ̂a = ϕa/
√
ϕbϕb and α is a relative twist angle. The monopole and anti-monopole are

placed along the z-axis at the positions zM and zM̄, respectively. The angles θ and θ̄ denote
the polar angles measured from the z-axis with respect to the monopole and anti-monopole
positions. φ is the azimuthal angle around the z-axis. The final monopole–anti-monopole
ansatz can be then written in form of a product ansatz of the profile functions

ϕa =
1

g

H(rM)

rM

H(rM̄)

rM̄
ϕ̂a, (3.24)

W a
µ = − 1

g
(1 −K(rM))(1 −K(rM̄)) εabc ϕ̂

b∂µϕ̂
c . (3.25)

Here H(r) and K(r) are the profile functions for a single monopole. The radii rM and
rM̄ are measured from the monopole core and anti-monopole core and are given by rM =√
x2 + y2 + (z − zM)2 and rM̄ =

√
x2 + y2 + (z − zM̄)2, respectively.

The relative twist parameter provides an additional degree of freedom, which can give
rise to non-trivial phenomena, as we will see in this section. It ranges from zero twist,
α = 0, to maximal twist, α = π. Let us first focus on the untwisted case. In this limit, the
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scalar field orientation reduces to

ϕ̂1 = sin
(
θ̄ − θ

)
cos (φ) ,

ϕ̂2 = sin
(
θ̄ − θ

)
sin (φ) ,

ϕ̂3 = − cos
(
θ̄ − θ

)
. (3.26)

In Figure 3.14 (left), we sketch the scalar field and the corresponding magnetic field of
this configuration using a vector plot. The magnetic field lines exhibit the characteristic
shape expected for a charge–anti-charge configuration. Note that this ansatz is only an
approximation and requires numerical relaxation to obtain a configuration that solves the
field equations. This has been carried out in [100]. However, for a qualitative analysis,
this approximate ansatz is sufficient. We can now modify it by applying a Lorentz boost
to the monopole and anti-monopole, allowing us to study their collisions, as it was done
in [99, 101]. We reproduced these results using numerical simulations. Details of the
numerical methods used here are provided in Appendix A. One improvement of our results
compared to previous simulations lies in the efficiency of the numerical implementation.
We observed that the monopole–anti-monopole configuration is axially symmetric. This
symmetry can be used to solve the equations of motion in a single central plane. For
monopoles, this approach was first used in simulations of monopole erasure in [102]. In
this thesis, the method is extended to monopole–anti-monopole configurations. A detailed
description of the method is given in Appendix A.6.

A few snapshots of the scattering are shown in Figure 3.15. We observe that when the
monopole and anti-monopole collide, they annihilate, and their energy is radiated away
from the collision point. The dominant radiation channel is electromagnetic radiation, as
it corresponds to the massless photons. We considered collision velocities up to 0.98 and
several values of mh/mv, and consistently found that the monopoles annihilate directly 6.
We never observed recreation like for kinks or vortices. It is possible that monopole–anti-
monopole recreation does not occur at all. Although monopoles do not possess massive
bound modes, they can exhibit long-lived Feshbach resonances [67]. In principle, this
could enable a resonant energy transfer mechanism, which is essential for a multi-bounce
behaviour. However, it may be that, for monopoles, recreation is strongly suppressed
due to the dominance of radiation into massless photons7. From the vortex–anti-vortex
simulations discussed in Section 3.3, we know that recreation typically occurs only at highly
relativistic velocities. It is therefore possible that the velocities required for monopole–anti-
monopole recreation are even higher and not accessible within our simulations. Further
investigation in this direction is required and is left for future work.

6For the maximal velocities we have checked, the numerical accuracy may be problematic. We used a
minimal lattice spacing of 0.034 and a time step of 0.0125, which provide good precision, but may still be
insufficient.

7This is quite similar to the global vortex case, where massless Goldstone modes are present. It was
found that, for a quartic potential, a global vortex–anti-vortex always annihilate, even at highly relativistic
collision velocities [88].
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Figure 3.14: This figure shows the internal scalar field orientation and magnetic field in the y = 0
plane of a monopole–anti-monopole configuration for zero twist (left) and maximal twist (right).

Let us now turn to the maximally twisted scenario, α = π. In this case, the scalar field
orientation reduces to

ϕ̂1 = sin
(
θ̄ + θ

)
sin (φ) ,

ϕ̂2 = − sin
(
θ̄ + θ

)
cos (φ) ,

ϕ̂3 = − cos
(
θ̄ + θ

)
. (3.27)

The field vector and the corresponding magnetic field are sketched in Figure 3.14 (right).
We observe that the magnetic field has a qualitatively different structure compared to the
non-twisted case. Close to the monopole and anti-monopole, the field spreads radially
outwards as usual. However, there is a plane exactly between the two objects where the
magnetic field becomes parallel to this plane and the vectors flip by 180◦. Note that this
discontinuity is an artifact of the ansatz. After numerical relaxation, one can find that the
actual solution of the field equations exhibits smoothly connected magnetic field lines [100],
although the overall magnetic field is more spread compared to the untwisted case.

The maximally twisted configuration is a saddle point solution and corresponds to
a so-called sphaleron [103]. It is unstable, since it has higher energy than the untwisted
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Figure 3.15: This figure shows four snapshots of the magnetic energy density in the y = 0 plane
for a colliding monopole–anti-monopole pair. All time and length scales are given in units of m−1

v .
The energy density is expressed in units of m4

v/g
2. We chose mh = mv, the initial separation

distance was d = 40m−1
v , and the initial velocities were |u1,2| = 0.4. The numerical details for

this simulation are given in Appendix A.

Figure 3.16: This figure shows four snapshots of the magnetic energy density in the y = 0 plane for
a monopole–anti-monopole collision with maximal twist. The second and third frames show the
configuration shortly after the first bounce. The last frame shows an almost static configuration,
which formed after six bounces. The parameters for the simulation are the same as in Figure 3.15.
The numerical details for this simulation are given in Appendix A.

configuration and there exists a smooth transition from α = π to α = 0 [100]. The collision
of a maximally twisted monopole–anti-monopole pair exhibits an interesting behaviour.
Several time snapshots from our simulations are shown in Figure 3.16. When the monopole
and anti-monopole collide, they do not annihilate. Instead, they bounce back and move
apart. Subsequently, they are attracted again and bounce once more. This process repeats
several times until the configuration relaxes to a static monopole–anti-monopole pair with a
small separation distance (see the last frame of Figure 3.16). The backscattering behaviour
was previously observed in [99]. However, no multi-bounce events were reported there. The
reason we are able to observe them here is that, by employing the axial symmetry method
in our simulations, the system remains perfectly axially symmetric, which typically is not
true on fully three-dimensional lattices. In such cases, even small numerical fluctuations
can already lead to untwisting.

It is also interesting to note that the twist can be related to a Chern–Simons num-
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ber [104]. This opens up several directions for future studies. In particular, the untwisting
process generates non-zero values of Ga

µνG̃
µν
a , where G̃µν = 1

2
εµναβGαβ is the dual field

strength. Its coupling to an axion could provide an axion production mechanism in the
early Universe. Further investigations in this direction are planned for future work.

3.5 Moduli Space Approximation

In this section, the so-called moduli space approximation is introduced. This concept is
essential for developing a clear intuition about what happens during multi-soliton collisions.
In the previous sections, we discussed collisions between solitons and anti-solitons. From
now on, we will restrict our attention to solitons of the same charge. In particular, this
short section serves as a preparatory step towards understanding multi-vortex and multi-
monopole collisions. This section follows the textbooks [25, 24, 26].

Let us first introduce the terminology by analysing the ϕ4 kink solution (2.5). The
solution contains a constant x0, which represents the position of the domain wall. In
this chapter, the position of the soliton is always defined as the point where the scalar
field vanishes. For the domain wall this means that ϕDW(x = x0) = 0. Changing x0
leads to a translation of the kink, while the total energy remains unchanged. Parameters
that describe different solutions which are degenerate in energy will be called collective
coordinates. Therefore, x0 is a collective coordinate of the domain wall. The space spanned
by all collective coordinates is the so-called moduli space.

The moduli space approximation assumes that, for slow soliton motion, the field configu-
rations are completely described by geodesics on the moduli space. Therefore, the geometry
of this space contains all information about the dynamics of solitons in the non-relativistic
(and unexcited) regime. In the case of the kink, there is one collective coordinate, which
can take any real value. Hence, the moduli space is flat and is simply given by M = R.

Let us now introduce a time dependence of the collective coordinate, x0 = a(t). The
scalar field configuration for a single kink is then given by ϕ(x, t) = ϕDW(x− a(t)). Recall
that for all choices of a(t), the energy remains the same. Taking this into account, the
action of the theory can be reduced to an effective action for a point particle:

S =

∫
dt

(
1

2
mDWȧ(t)2 −mDW

)
, (3.28)

where mDW denotes the mass of the kink. This action shows that the kink behaves like a
free point particle, which is reflected in the fact that the moduli space has no curvature.

A collective coordinate can always be related to a mode. To see this, let us proceed as
in Section 3.1. For the ϕ4 kink, we obtain the mode equation (3.4). Since ϕDW(x− a) has
the same energy as ϕDW(x) for all values of a, there exists a mode

δϕ(x) =
dϕDW(x− a)

da

∣∣∣∣
a=0

= −dϕDW(x)

dx
, (3.29)
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which does not carry any energy and therefore solves equation (3.4) with ω = 0. This
mode is called the zero mode. There is a one-to-one correspondence between collective
coordinates and zero modes8.

Let us apply this knowledge to the Nielsen–Olesen vortex. In this case we have one
additional spatial dimension and thus two collective coordinates, ax and ay, corresponding
to the position of the vortex. We can make the vortex solution time-dependent by writing

ϕ(x, t) = ϕV(x− a(t)) ≈ ϕV(x) − ai(t) ∂iϕV(x) , (3.30)

Ai(x, t) = AV,i(x− a(t)) ≈ AV,i(x) − aj(t) ∂jAV,i(x) , (3.31)

where we assume small ai. Notice that we can always apply a translation, x 7→ x+ δx, to
the solution. Therefore, even though we analyse small ai, the result holds in general.

However, introducing this time dependence violates the Gauss constraint

∂iFi0 +
ig

2
ϕ∗(D0ϕ) − ig

2
ϕ(D0ϕ)∗ = 0 , (3.32)

which corresponds to the ν = 0 component of the gauge field equation (2.29). To satisfy
the constraint, the time-dependent solution requires

At(x, t) = −ȧi(t)AV,i(x) . (3.33)

In order to work in time gauge, we perform an infinitesimal gauge transformation

ϕ 7→ ϕ− iαϕ , Aµ 7→ Aµ −
1

g
∂µα , (3.34)

with α = −g ai(t)AV,i(x). This sets At = 0, and the time-dependent vortex configuration
becomes

ϕ(x, t) = ϕV(x) − ai(t) (Diϕ)(V) , (3.35)

Ai(x, t) = AV,i(x) − aj(t)F
(V)
ji , (3.36)

where the label (V) indicates that the static vortex solution is inserted.
Let us now insert this into the kinetic energy of the system,

Ekin =

∫
d2x

(
1

2
F 2
0i +

1

2
|D0ϕ|2

)(V)

=
1

2

(∫
d2x (FikFjk + (Diϕ)∗(Djϕ))

)(V)

ȧiȧj

=
1

2

(∫
d2x

(
B2 +

1

2
(Dkϕ)∗(Dkϕ)

))(V)

ȧiȧi ,

8Notice that this statement applies to the (canonical) moduli space construction, where the moduli
space is built from static solutions that are degenerate in energy. However, it is also possible to treat
other quantities as collective coordinates that are not associated with zero modes. For example, in [76],
the amplitude of the massive kink mode is treated as a collective coordinate.
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where in the last step we used Fij = εijB, together with the rotational symmetry of
the vortex solution. In particular, under a 90◦ rotation we can replace Dx → Dy and
Dy → −Dx without changing the value of the integral. Using the virial identity (2.106)
for vortices finally yields

Ekin =
1

2
mV gij ȧiȧj , (3.37)

where mV denotes the vortex mass and gij = δij. Since the metric is simply the identity,
the moduli space of a single vortex is flat. This means that the vortex can be treated as a
point-like particle moving with velocity ȧ.

Finally, let us briefly comment on the translational zero modes of the vortex. As seen
above, there are infinitely many ways to construct the time-dependent vortex solution
due to the gauge invariance of the theory. Consequently, there are also infinitely many
possible representatives of the translational zero modes. Strictly speaking, this originates
from the fact that gauge invariance itself generates a zero mode. A gauge transformation
is a symmetry of the theory and therefore leaves the energy unchanged. However, all
gauge-transformed configurations are physically equivalent, and we therefore exclude them
from the moduli space. This is achieved by fixing the gauge through an appropriate gauge
condition. Since the standard vortex solution satisfies At = 0, it is natural to require that
the zero mode has a vanishing time component of the vector field, as already imposed in
equations (3.35) and (3.36). Equivalently, we can demand that the zero modes satisfy the
background gauge condition given in equation (3.10). The translational zero modes are
thus given by

δiϕ = −(Diϕ)(V) , δiAj = −F (V)
ij . (3.38)

Last, the same analysis can be applied to the ’t Hooft–Polyakov magnetic monopole.
The background gauge condition is now given by

(D
(M)
j (δiWj))

a + g εabc ϕ
b
M δiϕ

c = 0 . (3.39)

The translational zero modes satisfying this gauge condition are then given by

δiϕ = −(Diϕ)a,(M) , δiW
a
j = −Ga,(M)

ij . (3.40)

We can again compute the kinetic energy, and simplify the resulting expression by using
that the monopole solution is spherically symmetric,

Ekin =

∫
d3x

(
1

2
Ga

0iG
a
0i +

1

2
(D0ϕ)a(D0ϕ)a

)(M)

=
1

2

(∫
d3x

(
Ga
ikG

a
jk + (Diϕ)a(Djϕ)a

))(M)

ȧiȧj

=
1

2

(∫
d3x

(
1

3
Ga
jkG

a
jk +

1

3
(Djϕ)a(Djϕ)a

))(M)

ȧiȧi .
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Using the virial identity (2.106) for magnetic monopoles results in

Ekin =
1

2
mM g̃ij ȧiȧj , (3.41)

where mM is the monopole mass and g̃ij = δij.
In addition to the translational zero modes, there is another mode corresponding to

global U(1) transformations

ϕM 7→ UϕMU
† , (3.42)

WM,µ 7→ UWM,µU
† +

i

g
U∂µU

† , (3.43)

with U = exp(iαϕaM/v). Notice that under this transformation ϕM remains unchanged.
The only change is in δW a

i , which is given by

δW a
i =

1

gv
α(t)(Diϕ)(M),a . (3.44)

By promoting α to be time-dependent, we get an additional contribution to the kinetic
energy

∆Ekin =
1

2

α̇2

v2g2

(∫
d3x (Diϕ)a(Diϕ)a

)(M)

, (3.45)

which in the BPS limit simplifies to

∆Ekin =
1

2

mM

v2g2
α̇2 . (3.46)

Therefore, the full moduli space metric is gij = diag(1, 1, 1, g−2v−2). The moduli space
itself has the structure

M = R3 × S1 , (3.47)

where S1 corresponds to the collective coordinate α, which ranges from 0 to 2π.
This new collective coordinate has a very special meaning. This becomes apparent

when we analyse the electric field of the configuration,

Ei
r→∞−−−→ ϕ̂aGa

i0 =
α̇

vg
ϕ̂a(Diϕ)a . (3.48)

In the BPS limit, this simplifies to

Ei
r→∞−−−→ α̇

vg
Bi . (3.49)

We observe that for α̇ ̸= 0, an electric field is generated that is proportional to the magnetic
field of the monopole. Therefore, exciting the S1 zero mode corresponds to giving the
magnetic monopole an electric charge. This configuration is the Julia–Zee dyon [49].

So far, we have considered only single solitons. For all three types of solitons discussed
above, the moduli space is flat. This, however, changes once multiple solitons are taken
into account. This will be discussed for vortices and monopoles in the next two sections.
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3.6 Collision of Vortices with the Same Charge

Although some new aspects were added and discussions were rephrased, this section is an
ad verbatim reproduction with respect to equations and figures of the paper “From BPS
geodesics to mode-driven dynamics in the scattering of multiple BPS vortices” [60] that I
wrote with my collaborators Alberto Alonso Izquierdo and Andrzej Wereszczynski.

So far, we have mainly focused on soliton–anti-soliton collisions. For the rest of this
chapter, we turn our focus to interactions between solitons of the same charge. We be-
gin with the Nielsen–Olesen vortices of the Abelian-Higgs model, described by the La-
grangian (2.27). It is well-known that two vortices of the same charge repel for λ > 1 and
attract for λ < 1. In the BPS limit, λ = 1, all long-range interactions between equally
charged vortices cancel [34]. Due to the absence of such forces, the moduli space approxi-
mation can be used to determine vortex trajectories by identifying geodesics on the moduli
space [8]. In particular, this explains the well-known right-angle scattering observed in
head-on collisions of two vortices [105, 106].

Recently, it has been found that BPS geodesic motion on the moduli space can be
significantly modified when vortices are initially excited [83, 84, 85]. The underlying mech-
anism is the emergence of a mode-generated force. In particular, the lowest mode of a
vortex–vortex configuration induces an attractive force. This can result in multiple right-
angle scatterings, as observed numerically in [83]. A similar behaviour has also been shown
for the collision of three vortices [86].

In all cases studied in the mentioned works, the motion was confined to the geodesic
of the moduli space corresponding to the unexcited system. While the dynamics may
proceed back and forth along this geodesic, the geodesic itself is not deformed. This can
be understood from the enhanced symmetry of the configurations considered. In this
section, we also investigate less symmetric configurations and show that, in such cases,
excitations of internal modes can indeed deform the BPS geodesic.

The structure of this section on multi-vortex collisions is as follows. In Section 3.6.1, we
review the moduli space structure for two vortices, and in Section 3.6.2, we summarise the
current understanding of collisions of two excited vortices. We then turn to the charge-3
sector. In Section 3.6.3, we analyse the geodesic motion, and in Section 3.6.4, we study the
role of excitations. The same program is carried out for the charge-4 sector in Sections 3.6.5
and 3.6.6.

3.6.1 Moduli Space Structure for Two Vortices

This subsection follows the explanations of [25]. We observed already that a single vortex
has two collective coordinates corresponding to its position. When we add a second vortex,
the number of collective coordinates can increase, since both vortices can in principle
be placed at arbitrary positions. However, recall that collective coordinates parametrize
configurations that are degenerate in energy. For two vortices, their separation distance
is a true collective coordinate only in the BPS limit, λ → 1, because in this limit the
interaction energy between them vanishes. For λ ̸= 1, there is a force between the vortices,
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so changing the distance between them changes the energy. Notice that the force between
two vortices may violate the requirement of the moduli space approximation that solitons
move slowly. Furthermore, the moduli space approximation cannot be applied to vortex–
anti-vortex configurations, since there is always an attractive force between them. In the
following, we restrict our analysis to the BPS case, in which the two-vortex configuration
is described by four collective coordinates.

Let us denote the positions of the vortices by two complex numbers z1 and z2, such that
the vortices are located at (Re(z1), Im(z1)) and (Re(z2), Im(z2)). If we then parametrize
the positions according to z1 = zc +w and z2 = zc−w, where zc denotes the centre-of-mass
coordinate, the metric of the moduli space can be written as

ds2 = dz∗c dzc + f(w,w∗) dw∗ dw . (3.50)

Notice that the centre-of-mass term in the metric has no position-dependent prefactor, since
changing zc simply corresponds to moving around the full two-vortex configuration. The
w term in the metric, however, requires a position-dependent prefactor f(w,w∗), because
for small w the two vortex cores overlap, and the vortices can no longer be treated as two
separate point-like particles.

Let us reduce our analysis to the centre-of-mass frame. There the system is invariant
under rotations. Therefore, the prefactor f depends only on one parameter, which is given
by the distance between a vortex and the centre of mass, ρ = |w|. The moduli subspace
metric reduces to

ds̃2 = f 2(ρ)
(
dρ2 + ρ2dφ2

)
, (3.51)

where φ is the polar angle.
Note that the two vortices are indistinguishable. Hence, the two-vortex configuration

is symmetric under exchanging them, which corresponds to w → −w, or equivalently
φ→ φ+π. This symmetry must be taken into account in describing the moduli space. As
a result, φ only ranges from 0 to π. Thus, the half-plane spanned by r and φ is sufficient
to describe the positions of both vortices. The two lines extending from ρ = 0 to ρ → ∞
at φ = 0 and φ = π represent the same configurations. Therefore, the half-plane should be
“glued” along these two lines, which leads to a moduli space with the structure of a cone.
A more detailed analysis of the function f(r) shows that the tip of this cone is not sharp
but rounded [106]. The appearance of the cone is illustrated schematically in Figure 3.17.

The motion of the vortices is then described by geodesics on the cone. The simplest
geodesic is the one that passes directly through the tip of the cone. Translating this
trajectory back to the position space of the vortices shows that the vortices scatter at a
right angle (see Figure 3.18) [106].

This behaviour was numerically confirmed in [105, 107]. We reproduce these results
using the multi-vortex ansatz of [34], which corresponds to the configurations in equa-
tions (3.21) and (3.22) with ϕ− and A−

µ replaced by ϕ+ and A+
µ , respectively. The result

of the simulation is shown in Figure 3.19. Initially, the vortices move towards each other
along the x-axis. When they meet at the origin, they form a charge-2 vortex configuration,
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Figure 3.17: This figure schematically shows how the conic moduli space structure for a vortex–
vortex configuration arises. The red dots illustrate the vortices. First, a half-plane is sufficient
to describe the full configuration. This half-plane can then be glued together such that a cone
forms. The tip at the end needs to be rounded, as shown in [106].

Figure 3.18: This figure schematically shows how the right-angle scattering of two vortices arises.
The yellow line on the cone corresponds to a geodesic on the moduli space. Translated into the
target space, this corresponds to a trajectory that changes the direction by 90◦ when the two
vortices collide, as illustrated in the second and third figure.

with the energy density distributed in a circularly symmetric manner. Subsequently, they
separate along the y-axis and move apart. This motion is in perfect agreement with the
behaviour predicted in [106].

At the beginning of this section, we noted that the BPS limit, λ→ 1, is required for the
vortex separation distance to be a true collective coordinate. This is because, in this limit,
the forces between vortices vanish. Nevertheless, right-angle scattering persists even for
λ ̸= 1. Since in these cases the interaction force is exponentially suppressed (for λ↛ ∞),
its effect remains small for moderate collision velocities, u ∼ 0.1.

3.6.2 Collision of Two Excited Vortices

As discussed in Section 3.1, vortices can possess massive bound modes. These modes
carry an energy that depends on both their frequency and amplitude. In multi-vortex
configurations, the frequency changes as vortices approach each other, leading to variations
in the mode-dependent potential energy and, consequently, to a mode-dependent force
between vortices. Recently, it was shown in [83, 108, 85] that this mode-dependent force
allows excitations of massive bound modes to significantly affect the dynamics in head-on
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Figure 3.19: This figure shows the energy density at five moments during a vortex–vortex collision.
The numerical details of the simulations are given in Appendix A.

vortex–vortex collisions. These results will be briefly reviewed in this section.

In the following, we work entirely in the centre-of-mass frame and we will only focus on
BPS vortices. For head-on collisions of two vortices, the only relevant collective coordinate
is the separation distance. As an initial setup for the numerical simulation, we consider
two vortices separated along the x-axis and Lorentz-boost them towards each other. The
numerical details are provided in Appendix A.9

A useful tool for understanding the mode-dependent force is the spectral flow, which
describes the dependence of the mode frequencies of the two-vortex configuration on the
separation distance. This spectral flow was computed in [108, 85] and is shown in Fig-
ure 3.20.

Using numerical simulations, we confirmed the spectral flow (see light-gray lines in
Figure 3.20), as already done in [85], by studying the scattering of vortices with initial
excitations. For that we added perturbations as in equations (3.8) and (3.9) to each of
the two vortices. While the η1 mode can be excited by an in-phase excitation of the two
vortices, the η2 mode is excited by an out-of-phase excitation. Here, out-of-phase means
that one of the vortices carries an excitation with a phase shift iωt→ iωt+ iπ.

From the spectral flow, one can see that the frequency of the η1 mode decreases as
the separation distance becomes smaller. This implies that the mode-dependent potential
energy decreases with decreasing separation, and hence two vortices attract due to the
η1 mode excitation. When two vortices of the same charge collide, they scatter at 90◦,
as discussed in the previous section. Since the mode excitation induces an additional
attractive force, this right-angle scattering can occur multiple times. This behaviour has
been demonstrated in [83, 108]. It turns out that the resulting multi-bounce dynamics is
highly chaotic and very sensitive to the initial parameters, such as the separation distance,
initial velocity, and phase shift of the excitation. In [83], it was shown that this multi-
bounce scenario can exhibit a fractal structure, similar to the fractal patterns observed in
kink–anti-kink [72, 74] and vortex–anti-vortex collisions [59].

9This section on the scattering of two excited vortices is included for completeness. Since the numerical
codes for the simulations were developed within the project of [60] for the charge-3 and charge-4 sectors,
more detailed information on the numerics is also provided in the following sections on higher-charged
systems.



3.6 Collision of Vortices with the Same Charge 59

Figure 3.20: This figure shows the spectral flow of a vortex–vortex configuration as a function
of the separation distance d. The positive half-plane corresponds to vortices separated along
the x-axis, while the negative half-plane corresponds to vortices separated along the y-axis. The
light-gray lines in the background illustrate the measurements from the simulations (Notice that
the frequency along the light-gray lines changes from right to left as time passes, since we start
with d > 0 at t = 0.). The spectral flow data were provided by Alberto Alonso Izquierdo and
was computed by him and collaborators in [108, 85].

The origin of this fractal behaviour lies in the resonant energy transfer mechanism,
which we have already discussed for vortex–anti-vortex collisions in Section 3.3. Due to
the mode excitation, there is an oscillatory exchange between different constituents of the
vortex energy. For example, energy can oscillate back and forth between the kinetic energy
and the mode-dependent potential energy. If after a collision the kinetic energy dominates
over the mode energy, the vortices can escape from each other. If, however, the attractive
mode-dependent potential dominates, the vortices move again towards each other, leading
to another collisions.

Excitations of the η2 mode lead to the opposite behaviour, since they induce a repulsive
force. As can be seen from the spectral flow in Figure 3.20, the frequency increases for
smaller separation distances. Therefore, the mode-dependent potential energy increases,
resulting in a repulsive interaction. Furthermore, one observes that the mode reaches the
mass threshold. This can also be seen in the simulations. When the two vortices are excited
out-of-phase, corresponding to an excitation of the η2 mode, and move towards each other,
they can still scatter at a right-angle. After the collision, however, the mode enters the
continuum spectrum, meaning that it is no longer bound and the excitation disappears.
The point at which this occurs is referred to as the spectral wall and has been discussed
for vortex–vortex collisions in [85]. At the position of the spectral wall, the vortices nearly
stop moving. The reason is that the resonant energy transfer mechanism continuously
transfers energy between the kinetic and the mode-dependent potential energy. However,
since the mode energy is damped by excitations into the continuum spectrum, the energy
pumped from the kinetic sector to the mode sector is subsequently absorbed.
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The vortex–vortex configuration is special (in the centre-of-mass frame, where both
vortices are placed on the x- or y-axes), since it obeys reflection symmetry with respect
to both the x- and y-axes. This symmetry must be preserved at all times. Therefore,
excitations can only lead to deformations of the dynamics along the geodesic, but cannot
cause deviations of the trajectories away from motion along the x- and y-axes. In this
sense, the motion is confined to the BPS geodesic. This situation changes completely for
multi-vortex systems with reduced symmetry, as we will see in the following subsections.

3.6.3 Geodesic Motion of Charge-3 Configurations

In the charge-3 sector, there are six collective coordinates describing the positions of the
three vortex zeros. These positions can be described in a compact way by a third-degree
complex polynomial,

P3(z) = (z − z1)(z − z2)(z − z3)

= z3 + w2z
2 + w1z + w0 , (3.52)

where z = x+ iy parametrizes the x- and y-coordinates in the complex plane, and

w2 = −(z1 + z2 + z3) , (3.53)

w1 = z1z2 + z2z3 + z3z1 , (3.54)

w0 = −z1z2z3 . (3.55)

The roots of P3(z) correspond to the vortex positions. To simplify the analysis, we work
in the centre-of-mass frame, which imposes w2 = 0 and reduces the number of collective
coordinates to four. The corresponding moduli space is then described by the polynomial

P3(z) = z3 + w1z + w0 . (3.56)

The number of collective coordinates can be further reduced by imposing some symmetry.
We focus on configurations with reflection symmetry y → −y, which requires w1 and w0

to be real. The resulting moduli subspace is therefore only two-dimensional.
A useful parametrization of the zero positions is [86]

z1 = 2a , z2 = −a+
√

3b , z3 = −a−
√

3b , (3.57)

with a ∈ R and b ∈ R+ ∪ iR− ∪ {0}. In Figure 3.21, we show four representative examples
of configurations within this parametrisation. The first two examples correspond to con-
figurations where the vortices are arranged in a collinear way along the x-axis (b ∈ R+).
The last two plots describe configurations in which one vortex remains on the x-axis, while
the other two have non-zero y-coordinates (b ∈ iR−). The coefficients w1 and w0 are given
in terms of a and b by

w1 = −3(a2 + b2) , w0 = −2a(a2 − 3b2) . (3.58)
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Figure 3.21: This plot shows a few examples of configurations in the reduced moduli space,
described by the coordinates in the parametrisation of equation (3.57).

Remember that in the two-vortex case, it was sufficient to consider only half of the space
to reconstruct the full configuration. This observation motivated the conical structure of
the moduli space. A similar exclusion applies here. The region b > |a|/3 corresponds
to configurations that are already represented elsewhere in the a-b-space. Therefore, we
can exclude this region and “glue” the resulting boundaries together, leading again to a
conically structured moduli space. For illustrative purposes, we will keep the a-b-plane
unfolded and highlight the excluded region, as shown in Figure 3.22. When analysing
geodesics on this moduli space, it is important to keep in mind that the boundaries of the
excluded region, b = a/

√
3 with a > 0 and b = −a/

√
3 with a < 0, correspond to the same

physical configurations.
There are two setups with enhanced symmetry that have already been studied in [109,

86]. Due to these additional symmetry restrictions, the moduli spaces are reduced to one-
dimensional subspaces. The first case, the equilateral triangle configuration, possesses an
additional C3 rotational symmetry (rotations by 120◦), which in the a-b-parametrisation
imposes the condition b = ia. The positions of the vortices are then given by

z1 = 2a , z2 = −a+ i
√

3a , z3 = −a− i
√

3a . (3.59)

When three vortices that are obeying this cyclic symmetry collide, they form an intermedi-
ate charge-3 vortex configuration, which subsequently splits again. The scattering occurs
at an angle of 60◦, corresponding to a sign flip in a. The geodesic describing this process
is given by the blue curve in Figure 3.22.

The second setup exhibiting enhanced symmetry is obtained by imposing a reflection
symmetry x→ −x. In terms of the parameters a and b, this results in the submanifold

b =
a√
3
, for a ∈ R+ ,

a = 0 , for b ∈ iR− . (3.60)

This one-dimensional moduli subspace describes collinear configurations, in which one
vortex is always located at the origin, while the other two vortices lie either on the x-axis
or on the y-axis. At the collision, two vortices moving towards each other along the x-axis
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Figure 3.22: This figure illustrates a moduli subspace for three vortices. The BPS geodesics for
the equilateral triangle (blue), collinear (orange), and 2 + 1 collisions (green) are shown. The
green labelled dots indicate the time frames displayed in Figure 3.23.

collide simultaneously with the vortex at the origin. After the collision, one vortex remains
at the origin, while the other two separate along the y-axis. The geodesic describing this
scattering process is given by the orange line in Figure 3.22.

Last but not least, we describe a scattering process that is quite natural, but does
not possess an enhanced symmetry that reduces the moduli space to a one-dimensional
subspace. This is the head-on collision of a charge-2 vortex with a charge-1 vortex. The
geodesic of this scenario cannot be determined as easily as in the symmetric three-body
cases, and we therefore obtain it numerically using simulations.

For all simulations in this and the following sections, we employed a modified version
of the second-order Runge–Kutta method (RK2) together with absorbing boundary condi-
tions. These are implemented by combining natural boundary conditions with a damping
region near the boundary. For gauge fixing, we chose the Lorenz gauge. More details on
the numerical methods are provided in Appendix A. The lattice we used has size 60 × 60,
with spatial resolution ∆x = 0.05 and time step ∆t = 0.025. The total simulated time is
4000.

For the initial conditions of the 2-vortex–1-vortex collision, we again use a product
ansatz for the scalar field and add together the vector field configurations of the individual
vortex solutions. To place the centre of mass at the origin, we position the 1-vortex at
x = −7 and the 2-vortex at x = 14. We can then apply Lorentz boosts with velocities
u1 = −0.02 and u2 = 0.01, respectively, such that the vortices move towards each other.

Before presenting the results, we comment on some numerical subtleties. A minimum
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Figure 3.23: This sequence of plots shows five moments in time of the energy density during a
head-on collision of a 2-vortex with a 1-vortex.

separation distance of d ≈ 20 is required for the chosen lattice to avoid a too large overlap
of the vortices. For smaller separations we observed small instabilities in the late-time
evolution (t ≳ 1000). On the other hand, too large separation distances are also problem-
atic. Although the BPS charge-2 vortex is stable, small numerical fluctuations can induce
a splitting into two charge-1 vortices. While this effect is very small and does not affect
the qualitative behaviour of the time evolution, we minimise it by avoiding too large initial
separations. This motivates the choice of the initial separation given above.

A second comment concerns the choice of the vortex velocities. The moduli space ap-
proximation is valid only for small, non-relativistic velocities. For larger velocities, u ≳ 0.1,
two effects may arise. First, Lorentz contractions can deform the configuration, potentially
influencing the outcome of the collision compared to the non-relativistic case. Second, the
increased kinetic energy can excite internal vortex modes via the resonant energy transfer
mechanism, which has already been discussed previously for vortex–anti-vortex collisions
in Section 3.3. Numerically, we can observe such excitations for collision velocities u ≳ 0.1,
while for u ≲ 0.02 no such effects are visible.

The animated result of the 2-vortex–1-vortex collision is shown in the following video:
https://youtu.be/o-0fQn-0wlE

Furthermore, in Figure 3.23, we show five time frames of the full time evolution. By
tracking the positions of the zeros of the scalar field (for details see Appendix A.8), we
can determine the time dependence of the coordinates a(t) and b(t). This, in turn, allows
us to extract an approximate geodesic curve b(a), which is illustrated by the green line in
Figure 3.22.

Initially, the vortices are located at z1 = 2a and z2 = z3 = −a, with a = 7. As the
vortices approach each other, the charge-2 vortex begins to split along the x-axis. This
results in a non-zero real b, such that z2 = −a +

√
3b and z3 = −a −

√
3b. As long

as the single vortex remains entirely in the positive x-half-plane, a stays positive. Once
one of the vortices originating from the negative x-direction passes the origin towards the
positive x-half-plane, a flips the sign. In Figure 3.22, this corresponds to the moment
when the green geodesic hits the boundary of the excluded region at point C. This occurs
at approximately a ≈ 0.7068 and b ≈ 0.4080. Subsequently, the vortex that initially came
from the positive x-direction collides with one of the vortices coming from the negative

https://youtu.be/o-0fQn-0wlE
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x-direction. They undergo right-angle scattering, leave the x-axis, and move apart along
the y-direction. In the a-b-plane, this right-angle scattering is visible by the crossing of
the a-axis. The remaining vortex, originating from the initial charge-2 configuration, slows
down significantly and stays near the origin on the x-axis.

3.6.4 Collision of Excited Vortices in Charge-3 Configurations

Now that we have found the BPS geodesics, we want to investigate how the dynamics are
modified if the vortices are initially excited. For the equilateral triangle and the collinear
collision, this has already been studied in great detail in [86]. It was observed that ex-
citations of the modes can generate either attractive or repulsive forces. The attractive
interaction can lead to multiple scattering events. Due to the enhanced symmetry, the mo-
tion in these cases always remained along the BPS geodesic. In the collision of a charge-2
vortex with a charge-1 vortex, however, such enhanced symmetry is absent, and we will
see that the trajectories can leave the BPS geodesic when a mode is excited.

Before studying the time evolution of these excited configurations for the 2-vortex–1-
vortex scattering, we first need to understand which bound modes exist in multi-vortex
configurations and can be excited. Furthermore, we need to understand how these modes
evolve along the geodesic.

When the charge-2 vortex and the charge-1 vortex are far separated, the modes cor-
respond to those of the isolated vortices. The charge-1 vortex has one massive bound
mode with frequency ω2

10 ≈ 0.77788, while the charge-2 vortex has three massive bound
modes, one with frequency ω2

20 ≈ 0.53898 and two degenerate modes with frequency
ω2
21 ≈ 0.97256 [61]. Notice that the latter degenerate modes carry angular momentum.

Since these modes are rather non-trivial to excite, we will restrict ourselves to the lowest
bound mode with frequency ω20.

After the 2-vortex–1-vortex collision, there are three well-separated charge-1 vortices,
each supporting one mode corresponding to the frequency ω10. The modes of the 1-vortices
can be excited with a relative phase shift. This leads to infinitely many possible excitations,
which can be constructed as superpositions of the individual modes. We will see that it is
convenient to describe these superpositions in terms of the following normalized orthogonal
eigenstates [86],

ξ1 =
1√
3

(|1⟩ + |2⟩ + |3⟩) , (3.61)

ξ2 =
1√
2

(|1⟩ − |3⟩) , (3.62)

ξ3 =
1√
6

(|1⟩ − 2 |2⟩ + |3⟩) , (3.63)

where eiα |i⟩ schematically describes the excitation of one of the three vortices, and α
corresponds to the phase shift between the excitations. Hence, in the above eigenstates,
the plus sign corresponds to α = 0, while the minus sign corresponds to α = π. Along
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Figure 3.24: In this figure, the numerically obtained spectral flow for the 2-vortex–1-vortex
collision is illustrated. To the left of the frequency axis, the flow along the geodesic with a < 0 is
shown, while to the right of the frequency axis, the flow along the geodesic with a > 0 is plotted.
The light-gray curves correspond to the frequencies measured in the numerical simulation.

the BPS geodesic, the spectral flow should exhibit a continuous transition from the modes
of the separated charge-2 and charge-1 vortices to superpositions of the three separated
charge-1 vortex modes.

The complete spectral flow of the modes can be computed numerically. For this we
take the numerically obtained geodesic b(a) and determine, for the different points along
the moduli space geodesic, the corresponding static 3-vortex solutions using numerical
relaxation. Using these numerical solutions, one can introduce small fluctuations and
reduce the resulting differential equations to an eigenvalue problem, which can then be
solved numerically to obtain the frequencies of the corresponding modes. For further
details, we refer to [108, 62]10. The final result is shown in Figure 3.24.

As a cross-check, we can measure the spectral flow directly from the numerical sim-
ulation. For this purpose, we excite the vortices with very small mode amplitudes, such
that the modification of the dynamics remains small. Since there is a continuous flow be-
tween the different energy contributions of the system, we use the time dependence of the
potential energy to extract the time dependence of the oscillation frequency.11 Applying
a Gaussian filter to the obtained data in order to reduce numerical noise then yields the
frequency flow lines shown in light-gray in Figure 3.24.

We checked two curves of the spectral flow. The lowest mode, η1, is obtained by exciting

10In this thesis, we will not go further into the numerical details of the spectral flow calculation, since
these computations were not performed by myself, but by my collaborator Alberto Alonso Izquierdo.

11When modes are excited out-of-phase, it is sometimes not possible to extract a certain frequency from
the total potential energy. This issue can be resolved by calculating the potential energy only of one half
of the lattice.
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only the charge-2 vortex. The η2 mode, on the other hand, is obtained by exciting only the
charge-1 vortex. We observe that the measured frequencies follow the predicted spectral
flow very well.

The numerical simulation also provides information about the excitation of the final
state. We find that for the η1 mode all vortices are excited in-phase in the final state,
which corresponds to the excitation given by the eigenstate ξ1. In contrast, when the
charge-1 vortex is excited initially, corresponding to the η2 mode, the final state shows
that the single vortex remaining on the x-axis is excited out-of-phase with respect to the
other two vortices. This corresponds to the ξ3 mode. We have not tested the η3 mode in
the simulation. However, we expect that the final state will exhibit the excitation given
by ξ2.

The η4 mode hits the continuous spectrum at a ≈ 1.6651 and b ≈ 0.0867. Notice that
such behaviour of a mode can lead to spectral walls [85, 110]. The fact that one mode
must reach the mass threshold can also be understood from a simple counting argument.
As mentioned above, the charge-2 vortex has three bound modes and the charge-1 vortex
has one bound mode. Thus in total there are four bound modes. In contrast, the final
state with three separated charge-1 vortices admits only three independent superpositions
of modes. Therefore, one mode must disappear when the configuration transitions from a
2-vortex–1-vortex system to three separated 1-vortices.

Finally, we want to mention that there is a level crossing at b ≈ −0.5489i, which means
that the η2 and η3 modes are degenerate at this point. Such behaviour is expected due to
the known results for the spectral flow of the equilateral triangle [86], where it was found
that this configuration always has two degenerate modes. Since the 2-vortex–1-vortex
collision passes through the equilateral triangle configuration (see the crossing of the blue
and green trajectories in Figure 3.22), the frequencies in our collision scenario should match
those of the equilateral triangle configuration at this point.

In the simulation, we can now excite the vortices using equations (3.8) and (3.9). By
choosing different amplitudes, ξ, we can observe how the dynamics change. Besides attrac-
tive and repulsive forces, which have already been observed in [83, 86], we can additionally
see a deformation of the BPS geodesic. Such a deformation arises from two effects. First,
there is a mode-generated force [84]. The excitation of the modes leads to an additional po-
tential energy, which is higher for higher frequencies and lower for lower frequencies. Since
the frequency changes during the motion, as seen in the spectral flow plot, this induces a
force that pushes the configuration towards regions of lower frequency. The second effect is
the so-called Coriolis effect [111], which describes a velocity-dependent force resulting from
a coupling between the zero mode and the massive modes. Through this effect, the mod-
uli space becomes deformed, leading to a moduli space metric that depends on the mode
amplitude. For the 1-vortex, such a modification has been computed recently in [112].

Excitation of the η1 Mode

Let us first focus on the modification of the dynamics due to the excitation of the lowest
mode, the η1 mode. The trajectories in the a-b-parametrisation are shown in Figure 3.25
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Figure 3.25: In this figure, the trajectories of the 2-vortex–1-vortex scattering are shown in
the a-b-plane. The black curve represents the BPS geodesic, while all other coloured curves
correspond to cases in which the vortices are initially excited with different amplitudes ξ. In
the left plot, trajectories are shown where the 2-vortex is initially excited, whereas the right plot
displays trajectories where the 1-vortex is initially excited. The dark blue lines correspond to
the lowest amplitudes we tested. These low amplitude cases were used to measure the spectral
flow corresponding to the light-gray lines in Figure 3.24. Animated results of some displayed
trajectories can be found in the following video: https://youtu.be/o-0fQn-0wlE .

(left). From this plot, it is clearly visible that the motion is no longer confined to the BPS
geodesic. Already small amplitudes ξ lead to noticeable deviations of the trajectories. At
the beginning of the motion, the trajectories follow the BPS geodesic quite closely, meaning
that the 2-vortex and the 1-vortex approach each other. Subsequently, the 2-vortex splits
along the x-axis into two charge-1 vortices. One of them then scatters at a right angle with
the 1-vortex coming from the positive x-direction. Up to this point, the dynamics remain
very similar to the unexcited scenario.

However, starting from around b ≈ −i, the trajectories begin to deviate significantly.
This is due to the strong change in the spectral flow at approximately the same value of
b. The curves bend towards the a-axis and, for sufficiently large amplitudes, even cross
the b-axis. This corresponds to a sign flip in the x-coordinates of the three vortices. If
the amplitude is large enough, the vortices located off the x-axis reverse their direction of
motion after reaching a maximal separation. This can be understood from the behaviour of
the potential energy of the modes, as can be seen in the spectral flow shown in Figure 3.24
for Im(b) ≲ −1. The mode energy increases as the separation of the vortices in the y-
direction grows (i.e. for more negative imaginary values of b).

After the two vortices reverse their direction of motion, the trajectory re-enters the

https://youtu.be/o-0fQn-0wlE
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negative a-half-plane, and the two vortices off the x-axis undergo another right-angle scat-
tering. Subsequently, two different outcomes can be observed. The first possibility occurs
within a very small amplitude window around ξ ∼ 0.1 (green line in Figure 3.25 (left)),
in which the trajectory can hit the excluded region once more and then leave towards the
positive a-direction. While the 1-vortex moves towards positive x, i.e. in the direction
from which it initially came, the other two vortices move towards negative x and undergo
multiple right-angle scatterings, forming a bound charge-2 state. The second possibility,
which is the dominant scenario for amplitudes ξ ≳ 0.11, corresponds to trajectories that
move towards the negative a-direction (red and purple lines in Figure 3.25 (left)). The
final state then consists of a charge-1 vortex moving towards the negative x-axis and a
bound, multi-bounce charge-2 state moving towards the positive x-axis. The frequency of
the multi-bounce behaviour increases with increasing amplitude. Surprisingly, the maximal
separation distance of the oscillating multi-bouncing remains the same.

As already mentioned earlier, the deviations of the trajectories are due to two effects,
the mode-generated force and the Coriolis effect. Qualitatively, we can say that the Coriolis
effect leads to a bending of the curves as a result of the deformation of the moduli space
metric, while the mode-generated force induces an effective attraction between the charge-1
vortex constituents.

In the final state, when the multi-bounce charge-2 structure appears, the mode-generated
force becomes the dominant effect. This multi-bounce behaviour is the same as that stud-
ied in [83, 84] and arises due to the resonant energy transfer mechanism [76, 72, 74], which
we have already discussed for vortex–anti-vortex collisions in Section 3.3. Whenever the
vortices collide, energy is exchanged between the kinetic energy and the energy stored in
the excitation. If the kinetic energy is sufficiently small, the attractive interaction between
the vortices dominates, leading to the formation of a bound, bouncing state.

Finally, it should be briefly mentioned that the dynamics also change under slight
variations of the initial separation distance or small changes of the phase of the excitation,
iωt→ iωt+ iα. This arises due to the energy exchange between the different contributions
to the total energy. For instance, at the moment when the first two vortices collide, the
distribution of energy among the different energy constituents can vary depending on the
initial phase, which in turn affects the outcome of the collision. This behaviour was already
observed in [83]. Overall, however, our simulations show that qualitatively the trajectories
and their behaviour remain unchanged.

Excitation of the η2 Mode

We can excite the η2 mode by exciting the 1-vortex in the initial configuration. Similarly
to the η1 mode, we simulate the collision for different amplitudes ξ of the initial excitation.
The resulting trajectories are shown in Figure 3.25 (right).

In contrast to the previous case, the trajectories start to deviate from the BPS geodesic
already at early times. Due to the excitation, the 1-vortex induces an attractive force that
pulls one constituent of the charge-2 vortex towards it. As a result, the trajectories hit
the excluded region at larger values of a. Afterwards, the two vortices that collide perform
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the right-angle scattering, which is again visible in the crossing with the a-axis. In the
lower left quadrant of the a-b-plot, we observe that stronger excitations lead to a stronger
bending of the trajectories towards the negative a-direction, until, for sufficiently large
amplitudes, the trajectories change their direction by 180◦.

This behaviour can be understood from the spectral flow shown in Figure 3.24. The
η2 mode exhibits a maximum at around b ∼ −1.5i. If the amplitude is sufficiently small,
such that the kinetic energy dominates over the mode energy, the trajectories can bend
slightly (see for example, the orange line in Figure 3.25 (right)), but the overall motion still
proceeds towards more negative imaginary values of b. As the amplitude of the excitation
increases, more kinetic energy can be transferred into the potential energy of the modes,
which slows down the vortices in the y-direction (i.e. along the imaginary b-direction). For
sufficiently large amplitudes, the maximum in the spectral flow cannot be overcome, and
the vortices reverse their direction of motion (see the light blue line in Figure 3.25 (right)).
Notably, this change in direction occurs approximately at the point where the spectral flow
of the η2 mode reaches its maximum.

When the vortices reverse their direction, they can cross the a-axis again, leading to
another right-angle scattering. For sufficiently large mode amplitudes, they can even hit
the excluded region once more, such that the final state consists of a charge-1 vortex
moving towards the positive x-direction and a bouncing charge-2 state moving towards the
negative x-direction.

We can summarize that the structure of the trajectories is rather organized and can
be partially understood from the spectral flow. Of course, the dynamics of the charge-2
bouncing states remain chaotic and highly sensitive to the initial ansatz, but the overall
way in which the trajectories deform is very robust.

3.6.5 Geodesic Motion of Charge-4 Configurations

A natural continuation of the above study is to perform the same analysis for four BPS
vortices. Before discussing the collision of vortices in the charge-4 sector, we first describe
the reduced moduli space on which we will focus.

Similarly to the configurations with three vortices, we can encode the positions of the
vortices as the roots of a complex polynomial of fourth order

P4(z) = (z − z1)(z − z2)(z − z3)(z − z4)

= z4 + w3z
3 + w2z

2 + w1z + w0 , (3.64)

with

w3 = −(z1 + z2 + z3 + z4) , (3.65)

w2 = z1z2 + z1z3 + z1z4 + z2z3 + z2z4 + z3z4 , (3.66)

w1 = −(z2z3z4 + z1z3z4 + z1z2z4 + z1z2z3) , (3.67)

w0 = z1z2z3z4 . (3.68)
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Therefore, the moduli space depends on four complex parameters, i.e. it has eight dimen-
sions. We again restrict our analysis to the centre-of-mass frame, which sets w3 = 0 and
thus reduces the number of dimensions by two. Furthermore, we focus on a subspace that
satisfies the symmetries x → −x and y → −y. This implies that the polynomial must be
invariant under the transformations zi → −z∗i and zi → z∗i . As a consequence, we obtain
w1 = 0, while w0 and w2 are restricted to be real, resulting in the reduced polynomial

P̃4(z) = z4 + w2z
2 + w0 , (3.69)

where w0, w2 ∈ R. Therefore, the moduli subspace has only two dimensions.
We can again introduce a useful parametrisation that allows us to understand the

dynamics on the moduli space in an illustrative way. For one part of the moduli subspace,
we use

z1 = a+ b , z2 = a− b ,

z3 = −a+ b , z4 = −a− b , (3.70)

where a and b are complex numbers. Using a ∈ R and b ∈ iR yields configurations in
which the vortices are located at the corners of a rectangle. However, since exchanging
vortices leads to the same configuration, it is sufficient to restrict to a ∈ R+ and b ∈ iR−.
We will refer to these as rectangle configurations. The choices a ∈ R+ and b ∈ R+ (and
similarly a ∈ iR− and b ∈ iR−) describe configurations in which all four vortices lie on the
x-axis (or the y-axis). We will refer to these as collinear x-axis (y-axis) configurations. As
before, we want to avoid double counting in the moduli space. In this case, exchanging
vortices, corresponding to a ↔ b, yields the same configuration. Therefore, one of the
regions separated by the line b = a can be excluded.

One last class of vortex arrangements is missing, which we refer to as cross configura-
tions. These describe situations in which two vortex zeros lie on the x-axis and the other
two on the y-axis. For this, we can use the parametrisation

z1 =
√

2a , z2 =
√

2b ,

z3 = −
√

2a , z4 = −
√

2b , (3.71)

with a ∈ iR− and b ∈ R+.
Illustrative examples of this parametrisation are shown in Figure 3.26 (left). In Fig-

ure 3.26 (right), the a-b-plane representing the moduli subspace we are considering is
displayed.

We consider three scattering scenarios. The first, which we call square scattering,
describes four vortices placed at the corners of a square and moving towards each other
such that they collide at the origin. The corresponding geodesic is given by b = −ia, which
describes vortices initially in a cross configuration. Upon collision, the vortices scatter
at 45◦ [109], enter the rectangle configuration regime, and then move apart again. This
geodesic is shown as the blue line in Figure 3.26 (right).
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Figure 3.26: The figure on the left shows representative examples of the four different config-
urations that can be described by the parametrisation introduced in the text. The subfigures
are arranged in the same order as the four different quadrants of the a-b-plot shown in the right
figure. The right figure also displays three different BPS geodesics corresponding to square (blue),
collinear 1 + 2 + 1 (orange), and 2 + 2 (green) vortex scatterings. The labelled dots indicate the
points corresponding to the snapshots shown in Figure 3.27.

The second scenario we consider is the collinear 1 + 2 + 1 scattering, which corresponds
to a charge-2 vortex at the origin and two charge-1 vortices located on the x-axis away from
the origin. The two outer vortices move towards the central 2-vortex and collide with it.
The third scenario is the 2 + 2 scattering, i.e. two charge-2 vortices undergoing a head-on
collision along the x-axis.

The BPS geodesics for the latter two cases have to be determined numerically. We
utilize the same numerical methods as for the 2-vortex–1-vortex scattering. As before,
we choose the initial separation between the vortices to be at least 20. Specifically,
we place the vortices at {(15, 0); (0, 15); (−15, 0); (0,−15)}, {(−20, 0); (0, 0); (20, 0)}, and
{(−10, 0); (10, 0)} for the square collision, the collinear 1 + 2 + 1 collision, and the 2 + 2
collision, respectively. The velocities of the moving vortices are taken to be |u| = 0.01 in all
cases. The lattice properties are the same as in the 2-vortex–1-vortex case, with the only
difference that for configurations where the vortices are initially close to the boundary, the
lattice size is increased to 80 × 80.

The animated results of the collisions are shown in the following video:
https://youtu.be/o-0fQn-0wlE

Additionally, we display several snapshots of the time evolution for the three scattering
cases in Figure 3.27. Using the numerical data, we again determine the BPS geodesic

https://youtu.be/o-0fQn-0wlE
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Figure 3.27: This figure displays five snapshots of the energy density for square scattering (first
row), collinear 1 + 2 + 1 scattering (second row), and 2 + 2 scattering (third row).

motion in terms of the coordinates a and b. The corresponding trajectories are shown in
Figure 3.26.

The dynamics of the 1 + 2 + 1 scattering proceeds as follows. First, the two vortices
located on the x-axis away from the origin move towards the origin, where the charge-2
vortex is located. As they approach, the 2-vortex begins to split into two charge-1 vortices
along the x-axis. Subsequently, this leads to two simultaneous right-angle scatterings. In
Figure 3.26, this corresponds to the point where the orange trajectory crosses the a-axis.
At this stage, the four vortices are located at the corners of a rectangular configuration.
The two upper vortices move towards each other and collide, ending up on the positive
y-axis. The same happens simultaneously for the two lower vortices. In the a-b-plot, this
is visible as the crossing of the orange trajectory with the b-axis. Afterwards, all vortices
move apart along the y-axis.

In the 2 + 2 scattering, the two charge-2 vortices initially move towards each other. As
they approach, they begin to split along the x-axis. The two charge-1 vortices closer to
the origin scatter first at a right angle and continue moving apart along the y-axis. This
corresponds to the point where the green trajectory hits the excluded region in Figure 3.26.
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Figure 3.28: The spectral flow along the BPS geodesic for the square scattering is shown in this
figure. The light-gray lines correspond to the frequencies obtained from measurements in the
numerical simulations. Notice that in contrast to Figures 3.20, 3.24, and 3.29, the frequency
along the light-gray lines changes from left to right as time passes, since we start with the cross
configuration at t = 0.

At a later stage, the remaining two vortices on the x-axis also collide at a right angle and
subsequently move along the y-direction.

3.6.6 Collision of Excited Vortices in Charge-4 Configurations

With the setup for the collision of four vortices introduced in the previous section, we
can now analyse what happens when the vortices are initially excited. For this, we follow
the same procedure as in the scattering of a 2-vortex with a 1-vortex. We first discuss
the possible excitation combinations and the spectral flow, and then analyse the resulting
change in the dynamics.

Let us begin with the square collision. The spectral flow is shown in Figure 3.28, and
was determined using the same methods described earlier. In addition, we again measured
the frequencies directly in the simulations (see light-gray curves) to verify the predicted
behaviour of the spectral flow.

In the initial and final state, we expect the frequency to approach that of the 1-vortex
mode, ω2

10 ≈ 0.77788, since the vortices are well-separated and can be treated as isolated
objects. Furthermore, because the configurations before the scattering coincide with those
after the scattering up to a rotation of 45◦, the spectral flow is symmetric with respect
to the frequency axis. The lowest mode, the η1 mode, can be obtained by a symmetric
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excitation of all four vortices

ξ1 =
1

2
(|1⟩ + |2⟩ + |3⟩ + |4⟩) . (3.72)

As the vortices approach each other, the frequency decreases and reaches that of the lowest
4-vortex mode, ω2

40 ≈ 0.31928 [61], when the configuration forms the intermediate state
of a charge-4 vortex. After the 45◦ scattering, the frequency increases again towards its
initial value. Notice that the measured frequency of the simulation agrees very well with
the predicted behaviour of η1.

The highest-frequency mode, η4, can be obtained by exciting the vortices with the state

ξ4 =
1

2
(|1⟩ − |2⟩ + |3⟩ − |4⟩) . (3.73)

This corresponds to the two vortices located on the x-axis being excited out-of-phase
with respect to the two vortices on the y-axis. Notice that this excitation respects the
symmetry of the moduli subspace that we are considering, but does not preserve the cyclic
C4 symmetry of the unexcited square configuration. As a result, in simulations with very
small excitation amplitudes, we can measure the frequencies, but they do not perfectly
match the predicted behaviour of the spectral flow. In the simulations, we clearly observe
that the flow of this mode reaches the mass threshold. At this point, the excitation of the
η4 mode disappears. The configuration then effectively reduces to one with excitation in
the η1 mode, as can be seen from the light-gray curve in Figure 3.28. It initially follows the
green and red curves, but after hitting the mass threshold, it falls down to the blue curve.
The origin of this behaviour lies in non-linear interactions, through which all modes are
weakly coupled. Consequently, even if only the η4 mode is initially excited, the η1 mode
can also become excited during the collision. Once the η4 mode disappears, i.e. its energy
radiated into the continuum spectrum, only the η1 mode remains, even though with a small
amplitude.

Notice that, through such non-linear interactions between the modes, the η2 = η3 mode
cannot be excited, since this mode corresponds to orthogonal superpositions

ξ2 =
1

2
(|1⟩ + |2⟩ − |3⟩ − |4⟩) , (3.74)

ξ3 =
1

2
(|1⟩ − |2⟩ − |3⟩ + |4⟩) , (3.75)

which do not obey the symmetry of the moduli subspace, x→ −x and y → −y. Since the
excitations ξ1 and ξ4 respect this symmetry, it must be preserved at all times. Nevertheless,
in the simulations we still excited the η2 and η3 modes by hand with small amplitudes,
such that the deviation from the symmetry remains small. This allowed us to reconstruct
the spectral flow, which agrees very well with the predicted behaviour.

The spectral flow for the collinear 1 + 2 + 1 collision is shown in Figure 3.29. Due
to the reduced symmetry compared to the square scattering, the behaviour of the flow is
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Figure 3.29: This plot shows the spectral flow along the BPS geodesic corresponding to the
collinear 1 + 2 + 1 scattering. The light-gray curves represent the frequencies extracted from the
numerical simulations.

more involved, and there are several different ways in which the vortices can be excited.
One possibility is to excite only the 2-vortex through its modes. The simplest excitation
corresponds to the lowest mode with frequency ω2

20 ≈ 0.53898. We observe that the
frequency initially decreases, reaching a minimum approximately when the first right-angle
scattering occurs. Subsequently, it increases again and eventually approaches the frequency
of the 1-vortex mode, since at late times the vortices are well-separated.

The highest mode, η4, is non-trivial to excite, which is why we have not considered it in
the simulations. Its behaviour can be described as follows. Initially, the mode is excited at
the frequency of the two degenerate modes of the 2-vortex, ω2

21 ≈ 0.97256 [61]. These two
degenerate modes then split. One disappears into the continuum spectrum (brown curve),
while the other, the η4 mode, falls down, crossing the η2 and η3 modes, and approaches
the η1 mode. The level crossing with the η2 mode can be attributed to the fact that
the configuration passes through a square configuration. As seen in the spectral flow for
the square case in Figure 3.28, there are only three distinct modes, since η2 and η3 are
degenerate. This explains why, at this stage of the spectral flow for the 1 + 2 + 1 collision,
the η2 and η4 modes become degenerate.

The η2 and η3 modes can be obtained by exciting the 1-vortices in the 1 + 2 + 1
configuration. They can be excited either out-of-phase or in-phase. In the simulations,
we find that the out-of-phase excitation corresponds to the η2 mode. Notice that this
mode breaks the symmetry of the moduli subspace, x → −x. Nevertheless, the simulated
results and the predicted spectral flow agree quite well. This mode first decreases, reaching
a minimum at the point where the first right-angle scattering occurs. Afterwards, the
frequency increases and hits the mass threshold. The shape of the flow at the end is
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similar to the out-of-phase excitation of a vortex–vortex configuration [85].
The η3 mode, obtained from the in-phase excitation of the two 1-vortices, initially in-

creases and approaches the mass threshold very closely. In the simulations, we observe
that the excitation indeed reaches the continuum spectrum, where the η3 mode becomes
strongly damped. Subsequently, the η1 excitation with small amplitude remains. As in
the square scattering case, this can be attributed to non-linear interactions between the
modes, through which the η1 mode becomes excited.

Next, we analyse the dynamics of the excited configuration using numerical simulations.
We restrict ourselves to excitations that respect the symmetry of the moduli subspace,
x → −x and y → −y. Other cases are difficult to interpret, since the motion leaves the
two-dimensional a-b-space.

In the square scattering, there are two possible excitations that obey this symmetry,
namely ξ1 and ξ4. The ξ1 excitation, corresponding to the η1 mode, fully preserves the
cyclic C4 symmetry, and therefore, even in the presence of the excitation, the trajectories
remain confined to the BPS geodesic. We can again observe multiple bounces due to the
attractive force generated by the mode. This behaviour is very similar to the scattering
of two vortices [83, 108, 85], as well as to the equilateral triangle and collinear scattering
in the three-vortex sector [86]. The ξ4 excitation, corresponding to the η4 mode, leads
to deviations from the BPS geodesic, as shown in Figure 3.30. This mode generates an
energetic barrier, making it energetically costly to increase the value of a. This effect is
clearly visible in the behaviour of the trajectories. The larger the mode amplitude ξ is, the
more the trajectories are bent. For sufficiently large amplitudes, the mode interactions can
even prevent the configuration from leaving the crossed configuration (see, for instance,
the red line).

In the collinear 1 + 2 + 1 scattering, the two modes η1 and η3 can be excited without
violating the symmetries of the moduli subspace. The η1 mode is excited through the lowest
mode of the 2-vortex, while the η3 mode arises from the in-phase excitation of the two 1-
vortices. The trajectories for these two cases are shown in Figure 3.31. We observe that,
for small amplitudes, the deviations are similar in both scenarios. Initially, the trajectories
follow the BPS geodesic quite closely, but at later times they begin to bend towards the
crossed-configuration region.

At high amplitudes, the η1 mode leads to final states in which two vortices leave the
collision along the y-axis, while the other two vortices form a multi-bounce state at the
origin. For very large amplitudes, the final configuration closely resembles a collinear
1 + 2 + 1 configuration oriented along the y-direction.

The η3 mode exhibits a repulsive behaviour at high amplitudes, as expected from the
spectral flow shown in Figure 3.29. In particular, this repulsive behaviour is clearly visible
in the red trajectory. First, the two strongly excited 1-vortices approach the 2-vortex at the
origin. Initially, the 2-vortex splits slightly into two 1-vortices along the x-axis, but due to
the strong repulsive interaction, the incoming vortices change their direction of motion and
scatter at a right angle at the origin. At this point, the η3 mode reaches the mass threshold
and falls down to the η1 mode (see the light-gray curve behind the η3 mode in Figure 3.29).
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Figure 3.30: This a-b-plot shows the trajectories of the square collision with the η4 mode excited.
The blue line indicates the trajectory used to measure the spectral flow, corresponding to the
light-gray curve (behind the η4 mode) in Figure 3.28.

Figure 3.31: These two plots show the trajectories of the collinear 1 + 2 + 1 scattering with the
η1 mode excited (left) and the η3 mode excited (right). The blue lines indicate the cases used to
measure the spectral flow, corresponding to the light-gray curves behind the η1 and η3 modes in
Figure 3.29.
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Figure 3.32: This a-b-plot shows the trajectories of the 2+2 collision, where both charge-2 vortices
are initially excited with their lowest modes.

This, in turn, causes the two vortices near the origin to attract and to scatter once more,
finally resulting in an overall collinear 1 + 2 + 1 configuration that closely resembles the
initial state.

Finally, we briefly comment on the 2 + 2 scattering. One possible excitation that
respects the symmetry of the moduli subspace is given by an in-phase excitation of the
lowest charge-2 vortex mode. The resulting trajectories are shown in Figure 3.32. We
observe that this mode corresponds to an attractive interaction. After the trajectories
enter the cross configuration region, they bend strongly towards the negative imaginary
b-direction. Subsequently, the two vortices on the x-axis scatter at a right angle at the
origin and move apart along the y-axis. For sufficiently large amplitudes, the vortices in the
positive and negative y-half-planes form two multi-bounce bound states that move apart
along the y-direction. At very high amplitudes, the maximal bouncing separation becomes
rather small, and the final state is approximately given by two charge-2 vortices that are
moving apart.

3.6.7 Conclusion and Outlook

In this section, we studied the modification of BPS vortex dynamics due to excitations of
massive bound modes. The focus was primarily on scenarios without enhanced symmetry.
In particular, we focused on 2-vortex–1-vortex scattering in the charge-3 sector, as well as
on square, collinear 1 + 2 + 1, and 2 + 2 scatterings in the charge-4 sector. Our analysis
proceeded in three steps. First, the BPS geodesic was determined. Second, the spectral
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flow was analysed. Finally, the modification of the geodesic induced by these excitations
was studied qualitatively.

In cases with enhanced symmetry, namely the head-on collision of two vortices, the
equilateral triangle and collinear collisions of three vortices, and the square collision of four
vortices, the vortices always move along the BPS geodesic with no excitations. The motion
along this geodesic can nevertheless change significantly, in the sense that the vortices can
move back and forth along the geodesic due to attractive and repulsive mode-generated
forces. This can lead to chaotic multi-bounce dynamics. In these cases, a change of the
trajectory in the moduli space has never been observed, since the enhanced symmetry of
the system cannot be violated by excitations that respect this symmetry.

In less symmetric setups the situation changes fully. We found that the dynamics are
significantly affected by mode excitations. In particular, we showed that the behaviour of
the trajectory modifications is much more involved than in cases with enhanced symmetry,
which have been studied previously [83, 108, 85, 86]. The modification arises mainly from
two effects, the mode-generated force and the Coriolis effect. The former originates from
a potential on the moduli space, while the latter describes the modification of the moduli
space due to non-linear interactions between the bound modes and the zero modes.

An interesting observation from our simulations is that multi-vortex systems appear to
prefer final states in which two vortices form a bound multi-bounce configuration. In other
words, it seems that excited vortices tend to pair up into long-lived bound states.

Phenomenologically, the change in the dynamics of vortices, or rather strings, due to
excitations can have important implications in cosmology. First of all, the appearance of
excitations is very natural, since during phase transitions vortices and strings can already
form in excited states. Furthermore, thermal and quantum fluctuations, or vortex–vortex
collisions as we saw in our numerical simulations, can also excite these modes. Since
massive bound modes of vortices and strings generally decay slowly [113], vortices and
strings should generically be considered to be excited in cosmological settings. Excitations
may also explain the differences observed between string network simulations based on the
Nambu–Goto theory [36], where bound modes are not included, and fully field-theoretic
simulations [40, 41, 42, 43]. Notice that mode excitations of strings play a crucial role
in gravitational radiation emission from string networks and may significantly affect the
resulting spectrum.

The work presented in this thesis provides a qualitative study of the mode-driven dy-
namics of vortices. However, for a more complete understanding of the trajectory modifica-
tions, a more detailed analysis of the Coriolis effect is required, which so far has only been
studied in detail for a single vortex [112]. Furthermore, a collective coordinate model that
implements these excitations would be desirable, as it could predict the spectral structure
of the full moduli space.

In addition to vortices and strings, we expect that the dynamics of higher-dimensional
solitons, such as non-BPS vortices [114, 115, 116], non-Abelian vortices [117], chiral
skyrmions [118], and BPS magnetic monopoles [8, 119], may also be affected by the excita-
tion of massive bound modes or other resonances. For magnetic monopoles, the first fully
field-theoretic simulations of the unexcited dynamics were performed within this thesis
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(see next section). Extending this analysis by including mode excitations is non-trivial,
but feasible in the near future. Moreover, it was recently pointed out in [120] that the
excitation of “memory modes” can modify the dynamics of black holes. This suggests that
the study of the mode-driven dynamics in solitons may also give a better understanding of
black hole dynamics.

3.7 Simulations of Magnetic Monopoles Collisions

Although some new aspects were added and discussions were rephrased, this section is an
ad verbatim reproduction with respect to equations and figures of the paper “Simulations
of Magnetic Monopole Collisions” that I published together with my collaborators Gia
Dvali, Josef E. Seitz, and Juan Sebastián Valbuena-Bermúdez [12].

The final part of this chapter continues the analysis of soliton–soliton collisions by
turning to the collision of magnetic monopoles. Compared to vortices, monopoles share
several similarities, as we will see throughout this section, but they also exhibit important
differences that make the analysis more involved.

Since magnetic monopoles carry magnetic charge, they source a long-range magnetic
field associated with the massless photon in the theory. The Higgs boson provides another
channel for interactions. However, due to its non-zero mass, the corresponding scalar-
mediated force is typically suppressed and thus of short range. In the Bogomol’nyi–Prasad–
Sommerfield (BPS) limit [47, 30], the Higgs boson mass mh → 0 (with the VEV fixed),
the Higgs-mediated interaction becomes long-range and can compete with the magnetic
force. Manton showed that for two equally charged magnetic monopoles, the attractive
scalar force exactly cancels the repulsive magnetic force [4]. This motivates the study of
collisions of slowly moving magnetic monopoles.

Similar to vortices, their dynamics can be approximated by geodesics on their moduli
space, which exhibits a particularly rich structure in the BPS limit due to the absence of
forces between equally charged monopoles. This moduli space framework for describing
monopole dynamics was introduced by Manton [8] and later mathematically confirmed by
Stuart [121]. For the case of two monopoles, the corresponding moduli space is given by
the Atiyah–Hitchin manifold [9, 10]. This manifold sets the basis for studying monopole
collisions within the moduli space approximation. In [10], the scattering of two magnetic
monopoles was analysed, including the famous right-angle scattering in a head-on collision.
Subsequently, a variety of further scattering scenarios for monopole configurations with
particular symmetries have been investigated [5].

The aim of this section is to verify these predictions within a fully field-theoretic de-
scription by solving the complete equations of motion through numerical simulations. To
enable accurate simulations, we developed several approximate analytic configurations for
different multi-monopole setups. The scattering processes we investigated include planar
90◦, 60◦, and 45◦ scatterings for systems of two, three, and four monopoles, respectively. In
addition, we simulated non-planar scatterings involving toroidal higher-charged monopoles
which interact with a single charge-1 monopole or with another toroidal monopole.
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The structure of this section is as follows. First, in Section 3.7.1, we review the funda-
mentals of the moduli space approximation for ’t Hooft–Polyakov magnetic monopoles. In
Section 3.7.2, we numerically compute the toroidal structure of static charge-N monopoles.
The approximate initial configurations used in our simulations are presented for two mono-
poles in Section 3.7.3, and for more than two monopoles in Section 3.7.4. Finally, the results
of our numerical simulations are discussed: planar scattering scenarios in Section 3.7.5, and
non-planar scattering in Section 3.7.6.

3.7.1 Moduli Space Structure for Two Magnetic Monopoles

Magnetic monopoles are solutions to the classical field equations that represent localized,
finite-energy configurations. For a fixed total magnetic charge, there exists a continuous
family of solutions that are degenerate in energy. In the moduli space approximation, we
focus on those configurations that are related to each other through continuous transfor-
mations, like for example spatial translation. In Section 3.5, we have already found the
moduli space structure for a single magnetic monopole. Here we want to focus on two
magnetic monopoles. It turns out that in the BPS limit, the moduli space is particularly
interesting, because in this limit there is no long-range interaction force [4].

In the low-energy regime, the dynamics of monopoles can be approximated by pro-
moting the collective coordinates to time-dependent variables. Within this moduli space
approximation, the monopole behaves like a point particle, and its low-energy motion is
governed by geodesics on the moduli space [8].

As mentioned earlier, in the case of a single monopole, three collective coordinates
describe the position of the monopole core. In addition, there is a fourth coordinate
associated with a global U(1) transformation. Exciting the mode corresponding to this
coordinate gives rise to an electric charge on the monopole. The full moduli space structure
of a single monopole is M = R3 × S1.

For two magnetic monopoles, there are four collective coordinates analogous to the
single-monopole case: three describing the centre of mass and one associated with the global
U(1) transformation responsible for electric charge. In the BPS regime, where long-range
forces are not present, there are four additional collective coordinates. One corresponds to
the separation between the monopoles and the remaining three describe rotations around
the three spatial axes. As we will see explicitly later, a two-monopole configuration is not
axially symmetric and so the rotation around the axis connecting the two monopoles is
non-trivial. Therefore, all three rotational coordinates must be included. It can be shown
that the moduli space describing the low-energy dynamics of two monopoles is [10, 25]

M = R3 × S1 ×MAH

Z2

, (3.76)

where the Atiyah–Hitchin manifold MAH is spanned by the four last mentioned coordi-
nates.

A submanifold of the Atiyah–Hitchin manifold that is particularly relevant for our
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discussion is the surface12 with the metric

ds2 = f 2(ρ) dρ2 + a2(ρ) dφ2 , (3.77)

where φ ∈ [0, π], and f(ρ) → 1 and a(ρ) → ρ as ρ → ∞. This surface is R2/Z2 and
has the geometry of a cone. A more detailed analysis [10] shows that a(ρ) → 0 faster
than linear as ρ → 0, meaning the tip of the cone is rounded. Because we are considering
two identical monopoles, interchanging them leaves the physical configuration unchanged.
That’s why we have to include the Z2, which in turn gives rise to the conical structure of
the submanifold. This moduli subspace has a similar structure as the moduli space for two
vortices described in Subsection 3.6.1.

This submanifold fully captures the monopole dynamics when their motion is restricted
to a plane, which we will refer to as the x-y-plane. Scattering within this plane corresponds
to the geodesic that passes through the tip of the smoothed cone (see Figure 3.33 (left)).
Since φ ranges from 0 to π, the angle φ changes by ∆φ = π/2 when passing over the tip.
As a result, a head-on collision of monopoles in the x-y-plane leads to right-angle scattering
similar to the right-angle scattering of vortices [106].

Another relevant submanifold is the one describing monopole motion in the x-z- and
y-z-planes13. For both planes, we can apply the same symmetry argument as in the x-y-
case. Since the two monopoles are identical, the submanifold should again have a conic
structure. However, a more detailed analysis [10] shows that, in both cases, the tip of the
cone opens up, giving the shape of a hopper. As a result, the origin of the moduli space
is given by a full circle. The circular tip of the hopper describing the x-z-plane can be
identified with that of the y-z-plane. Combining these two geometries yields the so-called
“Atiyah–Hitchin trumpet”, which is illustrated in Figure 3.33 (right).

For a head-on collision, the geodesic corresponds to the path passing straight through
the throat of the trumpet. As the monopole crosses the midpoint of the throat, it changes
the plane of its motion, resulting in a change of the direction by 90◦, which is consistent
with the previous description on the smoothed cone. If the monopoles collide with a small
impact parameter along the z-direction, there is angular momentum within the x-z-plane.
The geodesic motion in the moduli space would have the form of a spiral entering the throat
of the trumpet, and upon emerging on the other side, this angular momentum becomes
visible as an electric charge. Therefore, two monopoles colliding with a small impact
parameter can scatter into dyons [9, 122]. For larger impact parameters, the monopoles
remain in their original plane and deflect slightly when they pass each other.

In the low energy regime, the kinetic energy of a monopole is ∼ mMu
2, with u being

the velocity and mM being the monopole mass. The moduli space approximation doesn’t
include the emission of radiation and thus, the velocity of the monopoles before and after
the scattering should be the same. However, because we can think of the monopoles as a
composite object that consists by parts of charged W -bosons, this cannot be completely
right and so during the scattering, there should be radiation emitted. Nevertheless, it was
found in [123] that this radiation emission is suppressed by a factor of ∼ u5.

12denoted as Σ1 in the notation of [10].
13denoted as Σ2 in the notation of [10].
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Figure 3.33: These two illustrations depict the structure of the moduli space for two magnetic
monopoles. The cone with the rounded tip represents the monopole trajectories within the x-
y-plane. The trumpet-shaped manifold characterizes the monopole motion within the x-z- and
y-z-planes.

Another limitation of the moduli space approximation comes from classical decoher-
ence effects, which occur when monopoles approach each other at distances ∼ 1/mv. In
this regime, the individual monopole profiles begin to overlap. According to [121], such
decoherence becomes relevant when monopoles remain close together for times t ≳ 1/v.

In conclusion, the moduli space approximation is only valid if the inner structure of
the monopoles remains approximately undeformed. In Section 3.7.5, we will test these
statements by using relativistic collision velocities in our numerical simulations.

This section provided a brief overview of the essential concepts needed to understand
the right-angle scattering of magnetic monopoles, which is investigated numerically in
this work. For more details, we refer the reader to the reviews [25, 10] and the lecture
notes [124]. Furthermore, an illustrative explanation of the moduli space for two magnetic
monopoles, summarizing some of the above discussion, is provided in the following video:
https://youtu.be/2DfE9ty727c

3.7.2 Charge-n Magnetic Monopoles

After the discovery of the magnetic monopole solution, Weinberg and Guth [46] asked the
question whether monopoles with higher magnetic charge could exist. They proved that a
spherically symmetric configuration carrying multiple units of magnetic charge cannot have
finite energy. However, later it was found that higher-charged monopoles do exist, if the
energy distribution breaks spherical symmetry. The simplest realizations exhibit toroidal
symmetry [125, 126, 127]. Using a numerical relaxation method (see Appendix A.3), we
computed toroidal solutions for BPS monopoles with charges two, three, and four in units
of 4π/g. Energy contour plots of these configurations are shown in Figure 3.34. We can
observe that the radius of the torus increases with magnetic charge. For the numerical

https://youtu.be/2DfE9ty727c
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Figure 3.34: In this figures three contour plots for the distribution of the energy density of toroidal
charge-2, -3, and -4 monopoles in the BPS limit are presented. The contours show energy densities
within the intervals [0.045, 0.07], [0.032, 0.053], and [0.03, 0.045] (in units of m4

v/g
2), respectively.

The length values are given in units of m−1
v .

relaxation, we used an initial configuration of the form

ϕ̂1 = cos (nφ) sin θ ,

ϕ̂2 = sin (nφ) sin θ ,

ϕ̂3 = cos θ . (3.78)

For ensuring finite energy ((Diϕ)a → 0 for r → ∞), we took the gauge field to be

W a
i

r→∞−−−→ −1

g
εabc ϕ̂

b∂iϕ̂
c . (3.79)

Taking parameters beyond the BPS limit does not lead to stable higher-charged mono-
poles. Nevertheless, we can still investigate the structure of these objects using the nu-
merical relaxation method. Figure 3.35 shows a contour plot of the energy density for
a charge-2 monopole with mh/mv = 0.1. In contrast to the BPS case, we observe that
energy appears at the centre of the torus. As mh/mv increases, this central energy density
grows, and the overall size of the monopole shrinks. The total energy of this configuration
is larger than that of two well-separated charge-1 monopoles, meaning that the charge-2
configuration is unstable and decays into two individual monopoles.

3.7.3 Two-Monopole Configuration

Remarkably, an exact solution describing two separated BPS monopoles was constructed
in [128]. However, it does not directly give an expression for an initial configuration of two
Lorentz-boosted monopoles, which is required in the simulations. In this section, we present
an approach for constructing an approximate solution describing charge-2 monopoles.
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Figure 3.35: This contour plot illustrates the energy density of a non-BPS charge-2 monopole
with mh/mv = 0.1. The contours represent energy densities within the range [0.04, 0.065] (in
units of m4

v/g
2). As visible in the plot, energy appears in the centre of the torus. The length

scales in the plot are given in units of m−1
v .

The motivation came from starting with a winding-2 scalar field configuration (see
previous section). In the limit where the distance between the two monopoles is zero or
equivalently, for r → ∞, the configuration should reduce to that of a single winding-2
monopole. This observation led to the idea of splitting 2φ into φ1 + φ2, where φ1 and φ2

are the azimuthal angles around the first and second monopole, respectively. The ansatz
is then given by

ϕ̂1 = cos(φ1 + φ2) sin θ ,

ϕ̂2 = sin(φ1 + φ2) sin θ ,

ϕ̂3 = cos θ , (3.80)

with

φ1,2 = arctan2(y, x− x1,2) ,

θ = arccos

(
z

r1

)
ΘH(−x) + arccos

(
z

r2

)
ΘH(x) ,

r1,2 =
√

(x− x1,2)2 + y2 + z2 ,
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Figure 3.36: These vector plots illustrate the direction of the scalar field: (ϕ̂1, ϕ̂2)T in the x-y-
plane (top) and (ϕ̂1, ϕ̂3)T in the x-z-plane (bottom).

where ΘH is the Heaviside step function, and x1 = −x2 < 0.
A vector plot of ϕ̂a in the x-y- and x-z-planes is shown in Figure 3.36. In contrast to an

axially symmetric monopole–anti-monopole configuration, the figure clearly shows that a
configuration with two separated, equally-charged monopoles has no axial symmetry. Once
a good behaviour of the scalar field is found, one can write down a complete approximate
ansatz:

ϕa =
1

mvg

H(r1)

r1

H(r2)

r2
ϕ̂a , (3.81)

W a
i = −1

g
(1 −K(r1))(1 −K(r2)) εabc ϕ̂

b∂iϕ̂
c , (3.82)

where H(r) and K(r) are the profile function given by the BPS solution (2.86), (2.87).
Another possibility to obtain a configuration with two magnetic monopoles is by mod-

ifying the monopole–anti-monopole ansatz with maximal twist, given in equation (3.27).
As can be seen from Figure 3.14 (right), the shape of the magnetic field lines resembles that
of a monopole–monopole configuration, with the only difference being that the direction
of the field lines has the wrong sign in one half-plane. This incorrect sign can be compen-
sated by introducing a sign flip at z = 0 in the definition of the angle φ. The resulting
configuration indeed describes two magnetic monopoles of the same charge. However, it
turns out that this construction is slightly less accurate than the one presented above. For
this reason, we do not use this ansatz and instead focus on the previous method.14

3.7.4 n-Monopole Configuration

Using the insights from the two-monopole configuration, one can generalize the setup to
n monopoles arranged with cyclic symmetry around the z-axis in the x-y-plane. The idea

14For more details on the modification of the monopole–anti-monopole ansatz to obtain a monopole–
monopole configuration, the interested reader is referred to [12].
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remains the same. In the limit where the separation distance between the monopoles goes
to zero, we should recover a winding-n scalar field configuration. To achieve this, we replace
nφ with

∑n
k=1 φk, where each φk denotes the azimuthal angle around the kth monopole.

Inserting this into the normalized scalar field vector yields

ϕ̂1 = cos

(∑
k

φk

)
sin θ ,

ϕ̂2 = sin

(∑
k

φk

)
sin θ ,

ϕ̂3 = cos θ , (3.83)

with

φk =arctan2(yk, xk) ,

θ =
∑
k

arccos

(
z

rk

)
· ΘH (cos (αk − ∆α/2) x+ sin (αk − ∆α/2) y)

· ΘH (cos (αk + ∆α/2) x+ sin (αk + ∆α/2) y) ,

rk =
√
x2k + y2k + z2 . (3.84)

The positions of the monopoles in the x-y-plane are given by the coordinates xk and yk.
They have to be chosen such that the monopoles are arranged in a cyclically symmetric
way:

xk = cos(αk)x+ sin(αk)y −R ,

yk = cos(αk)y − sin(αk)x , (3.85)

with R being the radial distance from the origin to each monopole, and αk is the azimuthal
angle around the z-axis specifying the position of the kth monopole. The angular separation
between two neighbouring monopoles is given by ∆α. To ensure cyclic symmetry, we set
∆α = 2π/3 for a configuration with three monopoles. In this case, we choose the angular
positions αk = {π/3, π, 5π/3}. For four monopoles, we have to choose ∆α = π/2 and take
αk = {0, π/2, π, 3π/2}.

3.7.5 Numerical Simulations

The information about the motion of the magnetic monopoles can be included by applying
Lorentz boosts to the initial configurations. Since we have an analytic approximate ansatz
that includes the positions of the monopoles, these boosts can be implemented straightfor-
wardly and analogously to the previously discussed setups in this chapter. In the case of
two monopoles, one can simply replace x−x1,2 with γ(x−x1,2−u1,2t), where u1 and u2 are
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the velocities of the two monopoles. In all processes, we assume that the magnitudes of the
velocities are the same. Therefore, the Lorentz factor γ is identical for all monopoles. For
a general ansatz of n monopoles in planar scattering, the coordinates xk in equation (3.85)
are boosted according to

xk = γ
(

cos(αk)x+ sin(αk)y −R− ut
)
, (3.86)

with u being the absolute value of the velocity towards the origin of each monopole. Using
the boosted scalar field ansatz provides the full approximate initial configuration, including
the time derivatives of the scalar fields. Furthermore, by inserting the boosted scalar field
direction into the gauge field ansatz

W a
i = −1

g

(
n∏
k=1

(1 −K(rk))

)
εabc ϕ̂

b∂iϕ̂
c , (3.87)

we can also obtain the boosted ansatz for the gauge field.
For the time iteration we employed the Crank–Nicolson method with two iterations.

Dirichlet boundary conditions were chosen and the results were cross-checked using ab-
sorbing boundaries and larger lattice sizes. The standard lattice size used was a cubic
lattice with 2403 lattice points and a lattice spacing of 0.25m−1

v . For the time step, we
used ∆t = 0.1m−1

v . For fixing the gauge, we used the Lorenz gauge, ∂µW
µ
a = 0. More

details on the numerical methods can be found in Appendix A.
Using the approximate solutions from the previous two subsections, we were able to sim-

ulate head-on collisions of monopoles. Let us begin with the scattering of two monopoles.
In the first simulation, the monopole velocity was set to 0.2. Three snapshots of the scat-
tering are shown in Figure 3.37, and full animations of all simulations are available at:
https://youtu.be/a2wOOo2AAHI

From the simulation, we observe that the monopoles scatter by 90◦ within the x-y-plane.
When the two monopoles meet at the origin, the energy density distributes in a toroidal
shape, forming the intermediate charge-2 monopole configuration, which we have already
discussed in Section 3.7.2. All these observations are in perfect agreement with the pre-
dictions from the moduli space approximation [10].

Initially, when the monopoles are far apart, the configuration seems to exhibit axial
symmetry. However, as already seen in Figure 3.36, it becomes clear that the configuration
has no axial symmetry. This becomes even more apparent when the monopoles form the
toroidal intermediate state during the scattering process. Therefore, the internal structure
of the scalar field sets the specific plane in which the monopoles will scatter, here the x-y-
plane. Analysing the scalar field direction in two-dimensional slices of the two-monopole
configuration, as shown in Figure 3.36, we observe similarities with the scattering behaviour
of vortices. Considering the complex scalar field ψ = Re(ψ) + iIm(ψ) for two vortices of
same winding, a vector plot reveals a structure similar to Figure 3.36 (left). In Section 3.6.1
we showed already that two vortices scatter at 90◦, due to a similar moduli space structure.
Applying this analogy to the two-monopole case suggests that, within the x-y-plane, the

https://youtu.be/a2wOOo2AAHI
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Figure 3.37: This figure shows the energy density for three snapshots of the two-monopole head-
on collision in contour plots. We observe that the monopoles scatter with a right-angle, and when
they meet at the origin, they briefly form a toroidal state. Length and time are given in units of
m−1
v , and the energy densities shown are above 0.06m4

v/g
2.

two-dimensional winding must be preserved and thus leading to the 90◦ scattering. In
contrast, the scalar field direction in the x-z-plane (Figure 3.36 (right)) resembles that of a
vortex–anti-vortex pair. In this system, one expects annihilation of the vortices. While the
monopoles obviously don’t annihilate, they leave the x-z-plane in a perpendicular direction,
so that the effective two-dimensional winding vanishes. This analogy with vortex dynamics
may help for constructing more complicated monopole configurations. Some ideas will be
discussed in Section 3.7.6.

We used the simulation data to track the monopole zeros, i.e. the points where all
components of the scalar field vanish (ϕa = 0). We observed that, for a large separation
between the monopoles, the zeros are localized in the centre of the monopole cores. As
the monopoles approach each other, the zeros leave the cores and move towards the origin,
where they meet when the torus forms. At this point, they change the direction of motion
by 90◦, and once the monopoles are again sufficiently far apart, the zeros re-enter the
cores. This behaviour is in complete agreement with theoretical expectations, as the two-
monopole system has a Z2 symmetry that must be preserved throughout the time evolution.
Tracking the position of the zeros also allowed us to determine the monopole speeds before
and after the collision. The trajectory of the zeros for an initial monopole velocity of
u = 0.2 is shown in Figure 3.38. We found that the velocity change after the scattering is
about ∆u ≈ 0.01, meaning that almost no radiation is emitted during the process. Even
for a relativistic initial velocity of u = 0.62, the velocity change is only ∆u ≈ 0.04. Manton
and Samols showed in [123] that radiation emission is suppressed in this scenario, because
the two-monopole configuration has no dipole moment. The leading contribution arises
from the quadrupole term.

In the figure, it can also be seen that the velocities of the zeros become very large when
the monopoles approach each other to form the torus. We observed that the velocities can
even exceed the speed of light. However, since the zeros do not correspond to physically
measurable quantities like energy, this is not in contradiction with special relativity. The
energy of the system still propagates at speeds below the speed of light along the torus.
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Figure 3.38: This figure shows the radial distance between the zeros of the scalar field and the
origin with respect to time. The blue line illustrates the initial motion along the x-axis and the
orange line shows the motion of the zeros after the right-angle scattering along the y-axis. Length
and time are given in units of m−1

v .

An advantage of our fully field-theoretic simulations is that they allow us to test the
robustness of the moduli space predictions beyond the BPS limit and at relativistic veloc-
ities. As discussed in Section 3.7.1, in these regimes the moduli approximation ceases to
be valid.

We investigated velocities up to u = 0.8, for which the characteristic right-angle scat-
tering remained consistently present. However, we observed that the axially symmet-
ric toroidal structure becomes distorted. While the energy of the intermediate charge-2
monopole is still distributed around the origin, with no energy at the origin itself, the torus
shape becomes more rectangular, with slightly flattened edges. In addition, the overall size
of the charge-2 object is smaller. The deformation of the torus is clearly visible in Fig-
ure 3.39. The deformation arises due to the Lorentz contraction of the initially separated
monopoles. Rather than remaining spherically symmetric, the energy density takes on an
ellipsoidal form.

Besides relativistic velocities, we went beyond the moduli approximation by considering
non-BPS regimes, i.e. cases with a finite Higgs mass, mh ̸= 0. In this scenario, the
scalar force is exponentially suppressed for separations r > m−1

h , thus leaving the magnetic
repulsion as the dominant force. Hence, an energy barrier emerges that the monopoles
have to overcome before the scalar attraction becomes relevant.

Imagining the monopoles as point particles, one can estimate the energy required to
overcome the barrier. The magnetic potential takes the form

∆Emagn ∼ q2m
r

∼ 1

g2r
. (3.88)

Therefore, bringing the monopoles with mass mM to separations of order r ∼ m−1
h requires
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Figure 3.39: This figure shows the energy density for a relativistic scattering (velocity u = 0.6)
of two monopoles in a contour plot. A torus-like structure is still forming, but the distribution of
the density is not axially symmetric as in the low energy scattering. The contours show energy
densities bigger than 0.015m4

v/g
2. The length and time values are given in units of m−1

v .

an energy of

∆Emagn ∼ mh

g2
∼ mh

mv

mM .

Consequently, the Lorentz factor necessary to overcome the magnetic barrier, and thus to
allow for right-angle scattering, is

γ − 1 ∼ mh

mv

. (3.89)

Here we assumed that the magnetic repulsive 1/r2 force is present for separations r ≳ m−1
h .

However, this is only valid for mv ≳ mh. For mv ≲ mh, the Coulomb-like interaction exists
only for r ≫ m−1

v . When the monopole separation is within the range m−1
h ≲ r ≲ m−1

v ,
they experience a strong constant repulsive force. This regime can be viewed as the limit
g → 0 for r ≪ m−1

v , and thus resembles the interaction between global monopoles, where
the interaction potential is linear.

In the above estimates we treated the monopoles as point-like objects and neglected non-
linear interactions. In particular, we did not account for their extended structures, which
are compressed by Lorentz contraction before and after the collision, and are deformed
into a torus-like structure during the collision. Moreover, non-linear effects can also play
a significant role at short distances, which we have also neglected in the estimations.
Nonetheless, our numerical simulations show that velocities below u = 0.8 are sufficient
to produce 90◦ scattering in the interval mh/mv ∈ [0, 1.0]. We also observed the strong
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repulsive force characteristic for global monopoles. In this case, however, the interaction
is so strong that right-angle scattering could not be realized in the simulation.

The ansatz developed in Section 3.7.4 allowed us to study the planar scattering of n
monopoles arranged to preserve a cyclic symmetry Cn. We observed that three monopoles
scatter by 60◦, while four monopoles scatter by 45◦, consistent with the expectations from
the moduli space approximation. As in the two-monopole case, the monopoles form a
toroidal charge-n configuration during the collision. Animated results of our simulations
are available in the following video: https://youtu.be/a2wOOo2AAHI

All the observations made for two monopoles also hold for three and four monopoles.
This includes the deformation of the toroidal structure at relativistic velocities. Further-
more, the behaviour of the zeros is similar. Initially, they are in the cores of the separated
monopoles. As the three or four monopoles approach each other, the zeros leave their cores
and form a single zero of winding three or four, respectively, in the origin. The velocities
of the zeros can again be superluminal.

3.7.6 Non-planar Scattering

All the scattering processes described above were planar, meaning that the monopoles re-
mained in the x-y-plane throughout the entire process. However, there also exist non-planar
scattering processes, in which the monopoles can leave the x-y-plane after the collision.
Although the energy density in the infinite separation limit always appears identical for all
scalar field orientations, the outcome of a scattering process depends very sensitively on
the internal structure of the scalar field. This we already observed in the scattering of two
monopoles. While the energy density of two monopoles at infinite separation seems to be
axially symmetric, it provides no information about the plane in which the monopoles will
scatter. Here, the knowledge of the internal structure is essential to determine the scat-
tering plane. In the case of an N -monopole scattering process with N > 2, the monopoles
do not need to remain in a single plane and can acquire momentum in the perpendicular
z-direction.

A useful tool to study how monopoles scatter are rational maps. In [5], Hitchin, Manton,
and Murray discussed several special cyclically symmetric configurations. For example,
three monopoles placed cyclically symmetrically around the z-axis in the x-y-plane can
scatter with three different outcomes. One of these is the planar scenario discussed in the
previous section. Another possibility is a configuration in which the monopoles scatter into
a single monopole that moves along the positive z-axis while a toroidal charge-2 monopole
moves along the negative z-axis. The third outcome is the mirror image of this process:
a single monopole moving in the negative z-direction and a toroidal charge-2 monopole
moving in the positive z-direction. When the monopoles meet at the origin, the energy
density takes the form of a tetrahedral structure, which is discussed in more detail in [6].

Another example discussed in [5] is a configuration of four monopoles arranged cyclically
symmetrically. In this case, there are four possible scattering outcomes. The first is the
planar scenario, as described in the previous section. Two further possibilities correspond
to a scattering into a single monopole and a toroidal charge-3 monopole moving in opposite

https://youtu.be/a2wOOo2AAHI
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z-directions. In this case, the monopoles pass through an intermediate state with the shape
of a pyramid. The final possibility is a scattering into two toroidal charge-2 monopoles
moving in opposite z-directions. During the collision, the intermediate state has a cubic
structure [6].15

For simulating such processes, an initial configuration that has the correct orientation
of the scalar field is needed. Such configurations are not known yet, but before explaining
how we solved this issue, we want to present some ideas of how these configurations should
look like. Here, the concept of the 2D winding in the x-y-plane can be used. In the
previous section, we already mentioned that for two monopoles the scalar field carries a
conserved 2D-dimensional winding number of two in the x-y-plane. This explains why
the two monopoles remain in the x-y-plane. As an explicit example for a non-planar case,
consider four monopoles. In the planar case, each monopole contributes with a 2D winding
number of one. If these are the only windings present in the x-y-plane, the total winding
number is four, which must be conserved, and the four monopoles will therefore undergo
planar 45◦ scattering. To obtain a non-planar behaviour such as the cubic scattering, 2D
anti-windings must be introduced. In this case, two of the monopoles contribute with a
2D winding of one and the other two monopoles with a 2D anti-winding of one, yielding
a total 2D winding number of zero. This allows the monopoles to leave the x-y-plane to
perform non-planar scattering. This way of interpreting the role of the 2D winding number
is fully consistent with the behaviour observed in our numerical simulations presented
below. Understanding these structures can help for finding explicit approximate analytic
configurations that can be used for simulations of non-planar scatterings.

Another useful tool for constructing such configurations may be rational maps. For sim-
ple non-toroidal multi-monopole configurations, such as the tetrahedral charge-3 monopole
or the cubic charge-4 monopole, explicit rational maps describing the correct structures
are already known [7]. These rational maps can provide a starting point for deriving the
corresponding scalar and gauge field solutions. For multiple separated charge-1 monopoles,
these solutions should be recovered in the limit where the distance between the monopoles
goes to zero. Therefore, rational maps may offer valuable guidance in identifying the
correct configurations.

Since finding these solutions is still work in progress, we simulated non-planar processes
by starting from the outgoing configurations: a toroidal charge-n1 monopole and a toroidal
charge-n2 monopole separated along the z-axis. Scattering them in a head-on collision
along the z-axis results in a splitting into n1 +n2 charge-1 monopoles arranged with cyclic
symmetry.

15Note that other structures can also arise in multi-monopole configurations without cyclic symme-
try [129].
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The scalar field configurations ϕ̂a1 and ϕ̂a2 of the charge-n1 and -n2 monopole configura-
tions placed at z1 and z2 respectively are

ϕ̂1
1 = cos(n1φ) sin θ1 , ϕ̂1

2 = − cos(n2φ) sin θ2 ,

ϕ̂2
1 = sin(n1φ) sin θ1 , ϕ̂2

2 = sin(n2φ) sin θ2 ,

ϕ̂3
1 = cos θ1 , ϕ̂3

2 = − cos θ2 , (3.90)

with

φ = arctan2(y, x) ,

θ1,2 = arccos

(
z − z1,2
r1,2

)
,

r =
√
x2 + y2 + (z − z1,2)2 . (3.91)

We can combine these two configurations using an exponential smoothing function to
ensure that the scalar field remains continuous:

ϕ̂a =
1

1 + eβmvz
ϕ̂a1 +

1

1 + e−βmvz
ϕ̂a2 . (3.92)

Notice that the relative minus signs in equation (3.90) are crucial for obtaining the correct
field orientation and for ensuring smooth continuity across the z = 0 plane.

We performed the simulations with the smoothing parameter β = 0.5 and the monopole
positions z1 = −20m−1

v and z1 = 20m−1
v . The collision velocity was set to 0.2. The

animated results for all non-planar cases that we simulated are given in the video:
https://youtu.be/a2wOOo2AAHI

The resulting dynamics agree with the description of Hitchin, Manton, and Murray [5]
in the language of rational maps. In the case of three monopoles, we observed that the
single monopole colliding with the toroidal charge-2 monopole splits into three charge-1
monopoles (see Figure 3.40). The intermediate state, when all three monopoles meet at
the origin, takes the form of a tetrahedral structure. In the case of four monopoles, we
observed that a single monopole colliding with a toroidal charge-3 monopole splits into
four separated monopoles, with the intermediate state being a pyramid. Finally, when two
toroidal charge-2 monopoles collide along the z-axis, they also split into four separated
monopoles, with the energy density distributing in a cubic structure during the collision
(see Figure 3.41).

Since the simulation is performed for all field components of the theory, we are able
to use the simulation data for analysing the dynamics of the zeros of the scalar field ϕa.
Around each zero one can determine the local winding of the field. In the planar scattering
the behaviour of the zeros was rather simple. Initially, each monopole contains one zero
in its centre. At the collision when the axially symmetric toroidal state is formed all zeros
meet at the origin and form a single zero of winding n, where n depends on the number
of monopoles that are involved in this process. After the collision, there is a again one

https://youtu.be/a2wOOo2AAHI
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Figure 3.40: Three time frames of the collision between a charge-1 monopole and a charge-2
monopole are shown. During the collision, a tetrahedral intermediate state is formed, after which
the monopoles split into three separated charge-1 monopoles. Length and time values are given
in units of m−1

v . The energy contours correspond to energy densities greater than 0.025m4
v/g

2.

zero of winding one per monopole. This behaviour is the only possibility to ensure cyclic
symmetry throughout the full process.

In non-planar scatterings, this cyclic symmetry must also be preserved all the time.
However, the formation of special structures like the tetrahedron sometimes requires addi-
tional zeros with negative local winding (anti-zeros) [130]. The behaviour of the zeros in
the non-planar scattering of three monopoles is as follows. Initially, there is one zero of
winding one within the charge-1 monopole and one zero of winding two within the toroidal
charge-2 monopole. When these monopoles approach each other, the winding-2 zero splits
into three zeros of winding one arranged cyclically symmetric and another single zero of
winding minus one. As the tetrahedral state forms, there are four zeros of winding one at
the corners of the tetrahedron, and one anti-zero in its centre. Afterwards, the tetrahe-
dron splits into three separated monopoles, each containing one zero of winding one. The
anti-zero then annihilates with the zero originating from the initial charge-1 monopole.
Notice that the overall winding is preserved throughout the process, as expected from the
conservation of topological charge.

The non-planar scattering of four monopoles with an intermediate pyramidal structure
is very similar. The zero with winding three at the centre of the toroidal charge-3 monopole
splits into four zeros of winding one and a single anti-zero. When the pyramid forms, the
zeros are located in the corners, while the anti-zero remains at the centre. Subsequently, the
monopoles split into four separated monopoles, each containing one zero of winding one,
and the anti-zero annihilates with the zero originating from the initial charge-1 monopole.

In the cubic scattering, no anti-zeros appear. Here, the two zeros of winding two
originating from the toroidal charge-2 monopoles overlap at the origin, forming a single
zero of winding four when the cubic structure is formed. Afterwards, when the monopoles
split, the zeros become localized at the centres of the four separated monopoles.

The dynamics of the zeros observed in our simulations align perfectly with the predic-
tions of Sutcliffe in [130].
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Figure 3.41: Three time frames for the collision of two charge-2 monopoles are shown. After
they formed an intermediate cubic state they split into four separated monopoles of charge one.
Length and time values are given in units of m−1

v . The energy contours correspond to energy
densities greater than 0.025m4

v/g
2.

3.7.7 Conclusions and Outlook

In this section on magnetic monopole collisions, we simulated several multi-monopole scat-
tering processes that had previously been predicted using the moduli space approximation.
Specifically, we studied the scattering of two, three, and four monopoles. In the planar
case, the monopoles remain confined to a single plane and scatter at angles of 90◦, 60◦,
and 45◦, respectively. During the collision, a toroidal intermediate state is formed. We
also investigated non-planar scattering scenarios. In these cases, we observed the forma-
tion of tetrahedral and cubic structures in the scattering of three and four monopoles,
respectively. Notice that all of these observed structures resemble those for higher-charged
skyrmions [7].

Since our simulations solve the full field equations, we were able to explore parameter
regimes beyond the moduli space approximation. In particular, we simulated scatterings
at relativistic velocities and with a non-vanishing Higgs boson mass. The similar behaviour
observed in all these cases, besides the magnetic repulsion for mh ̸= 0, demonstrates the
robustness of the moduli space approximation for monopole collisions.

Many of these observations were already known from the moduli space approximation.
Nevertheless, our work on monopole collisions provides meaningful progress towards devel-
oping a complete field-theoretic level description of multi-monopole systems. The analytic
approximate solutions for planar scatterings, presented in Sections 3.7.3 and 3.7.4, offer
an intuitive picture of how the field structure looks and evolves. As mentioned in Sec-
tion 3.7.6, such analytic approximate solutions for multiple charge-1 monopoles scattering
in a non-planar way is not yet known and remains work in progress.

Another ongoing work concerns the behaviour of monopoles in collisions that are not
head-on. An offset within the x-y-plane should lead to deflections of the monopoles, as
predicted in [10]. However, an offset in the z-direction is also possible. For sufficiently
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large z-separations, the monopoles scatter with some non-trivial scattering angle, whereas
for small offsets the moduli approximation predicts that the monopoles still undergo right-
angle scattering, with the angular momentum of the system becoming observable as electric
charge [122, 10]. In this case, the initially purely magnetically charged monopoles turn into
dyons with opposite electric charges. In [122], it was suggested that the induced electric
charge might lead to a subsequent attraction of the monopoles after the collision. However,
the actual outcome remains unknown and requires numerical investigation.

A further effect that can strongly modify the dynamics of monopoles are excited modes.
In Section 3.6, it was already discussed that the excitation of massive modes can lead to a
multi-bounce behaviour in the right-angle scattering or modification of the BPS geodesics.
Even though magnetic monopoles do not have massive bound modes, they do have an
infinite number of quasi-normal modes. Each mode by itself decays rather quickly, but in
combination, such excitations can be long-lived [67]. These could give rise to multi-bounce
windows similar to those observed for vortices. Some first ideas in this direction are
discussed in [70]. Preliminary numerical tests with our simulations already indicate that
such modes can generate both attractive and repulsive interactions between monopoles,
and that the attraction can end in a right-angle scattering. A full exploration of the
multi-bounce behaviour is left for future work.

Summarising, we want to emphasize once more that with this work we aim to start
a new phase of research on multi-monopole configurations. We have demonstrated that
simulations provide a powerful tool for understanding the dynamics of monopole collisions.
On the one hand, they make it possible to test the predictions of the moduli space approx-
imation, and on the other hand, they open the door to exploring new phenomena such as
those outlined in the previous paragraphs.
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Chapter 4

The Magnetic Monopole Problem
and its Solutions

This chapter is devoted to the role of magnetic monopoles in the early Universe. We
first explain why magnetic monopoles are expected to exist and how and why they are
formed (see Sections 4.1 and 4.2). It turns out that the formation of monopoles may lead
to a problem, since they are overproduced during phase transitions in the early Universe.
This issue is discussed in Section 4.3. Finally, several possible solutions are presented.
Inflation and symmetry non-restoration, as two potential solutions, are briefly reviewed in
Section 4.3. Two further solutions, the erasure of magnetic monopoles through domain
walls and the connection of monopoles by strings, are presented in detail in Sections 4.4
and 4.5, respectively.

4.1 Magnetic Monopoles in Grand Unified Theories

It is a well-known fact that the strengths of the three fundamental forces of particle physics
– the electromagnetic, weak, and strong interactions – are energy scale-dependent. In
other words, the corresponding coupling constants had different values in the early Uni-
verse, when the temperatures were much higher. It turns out that when one extrapolates
the coupling constants to higher energies, they approach very similar values. In 1974,
Georgi, Quinn, and Weinberg showed that the Standard Model (SM) coupling constants
evolve in such a way that they possibly reach the same value at energy scales of order
∼ 1015–1016 GeV [131]. This observation motivated a new class of theories, the so-called
Grand Unified Theories (GUTs). These theories assume that all interactions of the SM
originate from a theory in which interactions are unified within a single gauge group. The
minimal version of a GUT was proposed by Georgi and Glashow in 1974 and is based on
the gauge group SU(5) [13].

However, one should note that the SU(5) theory has several problems. First, in its
original form it predicts equal masses for the charged leptons and the down-type quarks.
Second, in view of the today’s stronger experimental constraints [132], it appears that
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the gauge couplings do not fully unify1. Beyond SU(5), there exist other, non-minimal
GUTs, such as those based on SO(10) or SU(6), which are not experimentally excluded.
Nevertheless, even if the prospects for SU(5) grand unification have become less promising,
it still serves as an excellent prototype model for grand unification.

Let us assume that an SU(5) phase was present in the early Universe. Then, as the
temperature drops, it has to be broken down to the SM. This breaking takes place via phase
transitions (see Section 4.2). The only way to realize a spontaneous symmetry breaking of
the form

SU(5) → SU(3) × SU(2) × U(1) , (4.1)

is to introduce a scalar field transforming in the adjoint representation of SU(5). Now,
using the rules of homotopy theory (see Appendix B), one finds that the second homotopy
group of the SU(5) vacuum manifold,

π2

(
SU(5)

(SU(3) × SU(2) × U(1)) /Z6

)
∼= Z , (4.2)

is non-trivial. Therefore, there exist non-trivial mappings from R2 to the vacuum manifold,
implying the possibility of monopole solutions. The same idea can be applied to other
GUTs beyond the SU(5) theory.

Magnetic monopoles in the SU(5) theory possess a variety of properties. Since the
monopole solution can mix with different subgroups of the SM gauge group, monopoles
may carry, in addition to the U(1) magnetic charge, other charges, such as an SU(3) colour
charge. Many of these possibilities are discussed in detail in [24]. In this thesis, however,
we focus on the simplest monopoles, which carry only a U(1) magnetic charge. This allows
us to study magnetic monopoles within SU(2) gauge theories as prototype objects for GUT
monopoles.

4.2 Phase Transitions

In this section, we briefly review the main concepts of phase transitions in the early Universe
without detailed derivations. We use the equations provided in [27] and focus only on
concepts which are relevant for this thesis. For a more detailed discussion, the interested
reader is referred to the book by Vilenkin and Shellard [27].

In the previous section, it was shown that GUTs predict magnetic monopoles. How-
ever, to ensure a dynamical symmetry breaking in the early Universe, a phase transition
is required. Such a phase transition usually occurs through a change in the shape of the
effective potential of the theory. Since the shape of the effective potential is temperature-
dependent [134, 135, 136], these phase transitions typically occur due to a change in tem-
perature. Therefore, as the Universe cools down, phase transitions are expected to take
place.

1Notice, however, that it was recently shown that this problem can be solved by introducing higher-
dimensional effective operators, allowing for unification at scales of order ∼ 1014 GeV [133].
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4.2.1 Second-Order Phase Transitions and Kibble Mechanism

As a simple example for a phase transition, we first focus on the model (2.20) with one
complex scalar field ϕ. Thermal corrections result in the effective potential

Veff = λ
(
|ϕ|2 − v2

)2
+
λ

3
T 2|ϕ|2 . (4.3)

Therefore, the mass term of the theory becomes temperature-dependent. We also see that
the temperature term has the opposite sign compared to the original zero-temperature
mass term, −2λv2|ϕ|2. Hence, the sign of the temperature-corrected mass term depends
on the temperature T . The sign flip occurs at the critical value Tc =

√
6 v.

For T > Tc, the potential has a single minimum at ϕ = 0. Therefore, the vacuum
manifold of the theory consists of only one point, and the entire system is filled with the
VEV ⟨ϕ⟩ = 0.

For T < Tc, the potential obtains the Mexican hat shape. Hence, the vacuum manifold
is a full circle with a non-zero VEV, resulting in the breaking of the U(1) symmetry. As
described in Section 2.2, this allows for a vortex solution.

We can summarize that when a system cools down below the critical temperature
Tc, it undergoes a phase transition. In this specific example, the system starts at high
temperatures in the symmetric U(1) phase and enters the U(1)-Higgsed phase at low
temperatures. Such a phase transition, in which at a critical temperature the potential
minimum at ϕ = 0 disappears and other minima at ϕ ̸= 0 emerge, is called a second-order
phase transition.

While the structure of these vortices was already discussed in great detail in this thesis,
it has not yet been explained how these vortices form during a phase transition. The idea
was first proposed by Kibble in 1976 [137]. When a system undergoes a phase transition,
different regions are causally disconnected2, meaning that not enough time has passed
for information about the vacuum expectation value to be transferred from one region to
another. In the case of the vortex model, this implies that each region can independently
choose an arbitrary point on the vacuum manifold. If the phases of the scalar field are
aligned such that, at the intersection of several regions with different VEVs, a non-trivial
winding occurs, a vortex will form. This process is illustrated schematically in Figure 4.1.

The same concept can be applied to domain walls and magnetic monopoles. Let us
consider, for example, a domain wall model with a vacuum manifold consisting of two
values, ±v. When the phase transition occurs, two causally disconnected regions can get
different VEVs. Thus, one region may get the value −v, while a neighbouring region
obtains the value +v. In such a case, a domain wall forms between these two regions. It
serves as a boundary separating the two vacua.

For monopoles, we need at least three scalar fields, usually realized as the components of
an adjoint scalar field ϕa. The idea works similarly to the cases of domain walls and vortices.
For example, if there is a region where the VEVs are such that all three components are

2In cosmology, instead of the term “causally disconnected regions” the word “horizons” is quite often
used.
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Figure 4.1: This figure sketches how the Kibble mechanism works for a vortex. The left square
depicts a system with four different causally disconnected regions. In each region, the phase
(illustrated by the vectors) of the scalar field can take a different value. These phases correspond
to different points on the circular vacuum manifold, as illustrated by the mapping to a circle. If
the configuration is oriented as shown in the figure, a vortex will form in a region around the
centre of the square.

smaller than zero, ϕa < 0, and a neighbouring region where all components are larger than
zero, ϕa > 0, then a magnetic monopole will form between these neighbouring regions. An
example setup is illustrated schematically in Figure 4.2.

4.2.2 Dynamics of Vacuum Bubbles

Before we continue with phase transitions, a short discussion about vacuum bubbles is
given. In this thesis so far, we have only considered flat domain walls and mainly focused
on domain walls in one spatial dimension. But of course, domain walls exist also in higher
dimensions. There, the wall doesn’t have to be necessarily flat. It can also be curved and
form full domain wall bubbles. As an example let us think of a real scalar field theory with
a quartic potential (2.2) in 2 + 1 dimensions. We want to find a rotationally symmetric
configuration. Therefore, we can drop all derivatives with respect to the polar angle φ.
The static field equation is then given by

∂2rϕ+
1

r
∂rϕ =

∂V (ϕ)

∂ϕ
, (4.4)

where r is the polar radius.
In the limit of large bubble radii, we can neglect the second term, and we are left with

the same form of the differential equation as for a flat domain wall. The domain wall
solution was already derived and is given in equation (2.5). By replacing the x-coordinate
with r, we obtain

ϕDW(r) = ±v tanh
(mh

2
(r − r0)

)
, (4.5)

where r0 is now the radius of the bubble. Notice that this configuration solves the equations
of motion only in the limit r0 ≫ m−1

h , since only in this case we can neglect the second term
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Figure 4.2: This figure shows two regions with opposite signs of the adjoint scalar field ϕa. The
two boxes are meant to depict two causally disconnected regions. The idea for this illustration
was taken from [138].

in equation (4.4). For small radii r0, the solution receives corrections due to the curvature
of the wall. These corrections can be found numerically.

Next, we want to understand how such a bubble evolves in time. For simplicity, we
remain in the thin-wall limit r0 ≫ m−1

h and focus only on two spatial dimensions. The
total energy of the bubble is then given by E0 = 2πr0σ, where σ denotes the tension of
the domain wall. If we now allow the bubble to grow or shrink, the energy more generally
takes the form E(t) = 2πr(t)σγ(t), where γ(t) is the Lorentz factor associated with ṙ(t).
Imposing energy conservation, E(t) = E0, we obtain the differential equation(

r(t)

r0

)2

= 1 − ṙ(t)2 , (4.6)

which can be solved by r(t) = r0 cos(t/r0). We thus see that the bubble collapses at the
time t ≃ πr0/2. In more than two dimensions, the bubble also collapses. However, the
collapse time becomes shorter as the number of spatial dimensions increases.

Let us now introduce a small potential difference, ∆V , between the two minima of
the potential. The higher minimum is referred to as the false vacuum, while the global
minimum is the true vacuum. If the false vacuum is inside the bubble, the collapse is further
enhanced, since the vacuum energy can be converted into kinetic energy of the domain wall
as the bubble shrinks. If the false vacuum is outside of the bubble, the collapse becomes
slower, since the vacuum energy has to be created from the energy of the domain wall.
If the tension of the wall is not high enough, the bubble can even start growing. For a
domain wall with tension σ, the critical radius at which the domain wall bubble is static is
given by rc = σ/∆V . For r0 > rc, the bubble will expand, whereas for r0 < rc, the bubble
will collapse.

Notice that the same concepts described above can be applied to cosmic string loops
in three spatial dimensions. In the limit of thin strings, the dynamics is exactly the same:
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the string collapses within the time t = πr0/2, where r0 is now the radius of the string
loop. Instead of vacuum energy, one can introduce a planar domain wall attached to the
string [31, 139]. This wall can either lie inside the string loop, forming a disk of radius r0,
or outside the loop, forming an infinitely large wall with a hole of radius r0. In the latter
case, the string loop collapses or expands depending on its size. The critical radius is now
given by rc = µ/σ, where µ and σ are the string and wall tensions, respectively.

The formation of holes in domain walls can proceed either through a quantum tunnelling
process [140] or through thermal fluctuations [141]. A numerical analysis of the thermal
creation of holes in domain walls is a work in progress and will be published after the
submission of this thesis [54].

4.2.3 First-Order Phase Transitions

Second-order phase transitions described earlier are phase transitions in which the symme-
try is broken everywhere at approximately the same time, assuming that the temperature
distribution is homogeneous. This is due to the sign flip of the temperature-dependent
mass term, which changes the shape of the potential from having a single minimum to
having multiple minima.

First-order phase transitions are more controlled than second-order phase transitions.
The overall idea is that when the temperature drops, there is a critical value at which
the vacuum at ϕ = 0 becomes a false vacuum, but still remains a local (but not global)
minimum of the potential. Once such a change occurs, vacuum bubbles can nucleate
through quantum [142] or thermal [143] fluctuations. If the pressure difference between
the outside and the inside of the bubble is sufficiently large, the bubbles grow until they
fill the entire space.

In the following, we consider the Abelian-Higgs model as an example. We take the
Lagrangian

L = −1

4
FµνF

µν + (Dµϕ)∗(Dµϕ) − V (ϕ) , (4.7)

with the potential V (ϕ) = V0 = m2
0|ϕ|

2. Through quantum and thermal corrections, the
effective potential contains different types of contributions:

Veff = V0 + Vquantum + Vthermal . (4.8)

Coleman and Weinberg showed in 1973 [144, 145] that the quantum corrections at one-loop
order give

Vquantum =
m2

0

vσ2
|ϕ|4 ln

(
|ϕ|2

σ2

)
, (4.9)

where v = 16π2m2
0/(3g

4σ2) and σ is the renormalisation scale. Thermal corrections yield
the contribution [27]

Vthermal =
1

4
g2T 2|ϕ|2 . (4.10)
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Figure 4.3: This figure shows the temperature-dependent Coleman–Weinberg potential of the
Abelian-Higgs model for different temperatures.

In Figure 4.3, the effective potential is shown for different temperatures. The potential
has several different regimes in which its shape exhibits different properties. Let us start
with very high temperatures. In this case, the potential has a single minimum at ϕ = 0.
Below the temperature T1 = (2m0/g)

√
v1/v − 1 , with v1 = 2e−3/2, additional minima at

|ϕ| ̸= 0 appear. As long as the temperature is still sufficiently high, these minima lie above
the minimum at ϕ = 0. Therefore, the true vacuum corresponds to ϕ = 0.

However, at the critical temperature Tc = (2m0/g)
√
vc/v − 1 , with vc = e−1, all

minima of the potential become degenerate. At this point, the vacuum manifold of the
theory has its richest structure. It is a disconnected vacuum manifold, and therefore
static domain walls separating vacua with ϕ = 0 from vacua with ϕ ̸= 0 can exist. Since
the vacua are degenerate, tunnelling processes from one vacuum to the other are also
possible. This means that small vacuum bubbles can emerge through quantum and thermal
fluctuations [142]. However, due to the tension of the domain walls, these vacuum bubbles
collapse very quickly.

The situation changes when the temperature decreases further. For T < Tc, the true
vacuum corresponds to minima with ϕ ̸= 0. Therefore, the symmetric vacuum at ϕ = 0
becomes a false vacuum. Again, this allows for the nucleation of bubbles through quantum
and thermal fluctuations.

The nucleation rate through a quantum tunnelling process can be estimated by analysing
the instanton solution for the vacuum bubble. The nucleation rate is then given by Γ ∼ e−B,
where B is the bounce action, defined as B = S − S0 [142, 146, 140]. Here, S denotes the
action of the instanton, and S0 is the action of the false vacuum. In 3 + 1 dimensions, one
finds B = 27π2σ4/(2∆V 3), where ∆V is the potential difference between the true and the
false vacuum, and σ is the domain wall tension.

The thermal nucleation rate is given by Γ ∼ e−Esphaleron/T [141], where the sphaleron
energy corresponds to the static vacuum bubble configuration with the critical radius,
Esphaleron = 4πr2c σ. The critical radius is given by rc = 2σ/∆V .

The vacuum energy outside of the nucleated bubble creates a pressure difference be-
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tween the inside and the outside. This allows bubbles with radius r > rc to grow and
eventually fill the entire system with the true vacuum.

The Coleman–Weinberg potential has a rather non-trivial structure due to the loga-
rithm. However, since in this thesis we focus only on scenarios around the critical temper-
ature Tc, we can approximate the Coleman–Weinberg potential by a sextic potential,

V = λ
(
|ϕ|2 − v2

)2 |ϕ|2 . (4.11)

With this potential, the vacuum manifold is now given by a single point at ϕ = 0 and a
circle at |ϕ| = v. The shape of this potential is very similar to the Coleman–Weinberg
potential at the critical temperature Tc. By adding an extra quadratic term α|ϕ|2, one can
introduce a potential difference between the minima at ϕ = 0 and ϕ ̸= 0. This makes it
possible to study the dynamics of growing vacuum bubbles.

In this section, we focused on Abelian theories. The discussion is slightly modified for
non-Abelian theories. However, the qualitative idea remains the same.

4.3 The Magnetic Monopole Problem

We saw that Grand Unified Theories predict the existence of magnetic monopoles. Through
the Kibble mechanism, they may have been produced in phase transitions taking place
in the early Universe. The most natural question one may ask is how many magnetic
monopoles we expect in today’s Universe. This question was first raised by Zeldovich and
Khlopov in 1978 [15] and analysed in great detail by Preskill in 1979 [16]. It was found
that the number of monopoles would exceed the present energy density of the Universe. In
these studies, it was shown that the annihilation of monopole–anti-monopole pairs via their
Coulomb attraction proceeds too slowly to sufficiently reduce the monopole abundance,
which has recently been confirmed numerically in [147]. This issue is referred to as the
magnetic monopole problem. For order-of-magnitude estimates, we neglect the Coulomb
attraction in this section.

Let us assume that the GUT phase transition occurs at the temperature TGUT and the
monopole mass is given by mM. Since magnetic monopoles interact very strongly with
the surrounding plasma, their kinetic energy can be neglected and they behave as non-
relativistic matter. Therefore, the magnetic monopole density parameter can be estimated
as

ΩM =
ρM
ρ0

∼ NmM

R3
H

(
a(TGUT)

a(T0)

)3
Ωrad

T 4
0

, (4.12)

where we have assumed that magnetic monopoles redshift as matter. Here, RH ∼MP/T
2
GUT

denotes the horizon size at temperature TGUT, ρc is the critical energy density of the
Universe, Ωrad ∼ T 4

0 /ρc is today’s radiation energy density parameter, and N is the number
of monopoles per horizon at the time of their creation. Using a(T ) ∝ 1/T and simplifying
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the expression, we finally obtain

ΩM ∼ N
mM T

3
GUT

T0M3
P

Ωrad ∼ 1016N
( mM

1017 GeV

)( T 3
GUT

1016 GeV

)3

. (4.13)

As a simple estimate, we follow Kibble’s argument and assume that, during the phase
transition, approximately one monopole per horizon, N ∼ 1, is produced. Taking mM ∼
1017 GeV and TGUT ∼ 1016 GeV then gives a density parameter of ΩM ∼ 1016. For a fully
homogeneous distribution, this would correspond to roughly one magnetic monopole per
cubic meter. This is already in contradiction with the fact that we have not detected a
magnetic monopole yet.3 The even bigger problem is that the density parameter exceeds
the current density of the Universe by 16 orders of magnitude, which is in strong disagree-
ment with observations.

Several ideas have been proposed to solve the magnetic monopole problem. Already
in [16], Preskill pointed out that if the phase transition is strongly first-order, monopole
production can be significantly less efficient, such that the resulting monopole density could
be compatible with current observations of the Universe.

The most famous solution to the magnetic monopole problem is probably inflation.
Indeed, one of the original motivations for Guth’s idea of inflation was the monopole
problem [17]. During inflation, the exponential expansion of the Universe leads to an
exponentially fast decrease of the monopole number density. In terms of equation (4.12),
this corresponds to an additional exponential suppression factor. Hence, if the inflationary
epoch takes place after the monopoles are created, during the GUT phase transition, the
monopole density is expected to be sufficiently small so that it no longer exceeds the critical
density.

However, there exist several inflationary scenarios in which inflation occurs before a
GUT phase transition and thus before the creation of magnetic monopoles. In this case,
inflation is not available to solve the magnetic monopole problem, and alternative solutions
are required. A very minimal solution is, for example, symmetry non-restoration [22]. The
idea is that even at high temperatures around the GUT scale the GUT symmetry group
remains broken. Therefore, there is no phase transition during which magnetic monopoles
are produced. In [22], it was shown that this is indeed possible in the context of SU(5)
grand unification. The actual realisability, however, depends on the structure of the Higgs
sector and is therefore highly model-dependent.

There are two further ideas to solve the magnetic monopole problem by introducing
other types of topological defects. In [23] it is suggested that during a phase transition, do-
main walls can form in addition to magnetic monopoles. When monopoles collide with these
walls, they get erased. This erasure mechanism is discussed in great detail in Section 4.4.
The second possibility involves a subsequent symmetry breaking, in which strings form

3Notice that on Valentine’s Day 1982, Cabrera reported an experimental signal consistent with the
detection of a single magnetic monopole [148]. However, this result could not be reproduced afterwards,
and thus we can say that magnetic monopoles have not been detected so far.
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that connect monopole–anti-monopole pairs. Due to the string tension, the monopoles are
pulled together until they eventually collide and annihilate. This idea was introduced by
Langacker and Pi in 1980 [18] and will be discussed in detail in Section 4.5. A modification
of this idea in the form of the so-called slingshot effect is presented in Chapter 5.

4.4 Erasure of Magnetic Monopoles through Domain

Walls

Although some new aspects were added and discussions were rephrased, this section is an
ad verbatim reproduction with respect to equations and figures of the paper “Radiation
emission during the erasure of magnetic monopoles” [149] that I wrote with my collabora-
tors Gia Dvali and Juan Sebastián Valbuena-Bermúdez.

The erasure mechanism is a minimal solution to the magnetic monopole problem. In
1997, Dvali, Liu, and Vachaspati [23] pointed out that higher-dimensional topological de-
fects can erase lower-dimensional ones. In particular, domain walls can erase magnetic
monopoles when they encounter them. Since the SU(5) GUT predicts both the existence
of domain walls and of magnetic monopoles, this erasure phenomenon may occur in such
a framework. The erasure mechanism allows for a reduction of the number of magnetic
monopoles and, as pointed out in [23], may provide a possible solution to the magnetic
monopole problem.

The main idea of the erasure mechanism described in [23] is that a domain wall can be
viewed as a surface on which the symmetry is higher than in the surrounding vacuum. If the
symmetry inside the wall is partially restored in such a way that the single U(1) symmetry
required for the existence of a magnetic monopole becomes embedded in a larger symmetry
group, the monopole configuration can unwind. Although the SU(5) kink solution, in which
the full SU(5) symmetry is restored, is unstable, other domain wall solutions, which do
not fully restore the SU(5) symmetry, are stable [150]. Within such walls, the symmetry
is reduced compared to the symmetry outside. Nevertheless, it remains possible for them
to eliminate magnetic monopoles if the embedding of the U(1) symmetry changes within
or behind the wall. Depending on the scalar field structure of the wall, a monopole may
either pass through it or be erased. This behaviour has been studied numerically in [151].

The erasure mechanism has already been studied numerically in several different sce-
narios. These include the erasure of magnetic monopoles in SU(5) [102, 151], in the
Pati–Salam model [152], and in an O(3) linear sigma model [153]. The erasure of vortices
and strings has been discussed in [154, 155]. Finally, the erasure of skyrmions was studied
numerically in [156, 157].

In this thesis, the erasure mechanism is presented for an SU(2) gauge theory with
a scalar field transforming in the adjoint representation. Instead of considering a single
domain wall, we study an SU(2)-invariant vacuum layer, that is, a layer in the SU(2)-
symmetric phase separated from the outer U(1)-invariant phase by two domain walls [158].
We again observe that the monopoles erase when they encounter the domain wall. The
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goal of this section is to gain a better understanding of what exactly happens during the
erasure process. In particular, we want to clarify what happens to the magnetic charge
after the monopole has been erased.

4.4.1 The Model and its Solutions

The Lagrangian describing an SU(2) gauge theory with an adjoint scalar field ϕ and gauge
fields Wµ is given by

L = −1

2
Tr (GµνG

µν) + Tr
(
(Dµϕ)†(Dµϕ)

)
− V (ϕ) . (4.14)

In this chapter, we follow the same conventions and notations as in Section 2.3.3. The
potential V (ϕ) requires a specific choice, since in the original ’t Hooft–Polyakov La-
grangian (2.56) with a quartic potential, a stable domain wall solution does not exist.
However, because we want the theory to support both magnetic monopoles and domain
walls, the potential has to be modified. In particular, we require a vacuum manifold that
is, first, disconnected and, second, supports both an SU(2)-invariant vacuum and a U(1)-
invariant Higgsed vacuum. These properties are realized by the sextic potential

V (ϕ) = λ

(
Tr
(
ϕ2
)
− v2

2

)2

Tr
(
ϕ2
)
. (4.15)

The vacuum expectation value ⟨Tr
(
ϕ†ϕ
)
⟩ = 0 corresponds to the SU(2)-invariant vacuum,

whereas ⟨Tr
(
ϕ†ϕ
)
⟩ = v2/2 corresponds to the U(1)-invariant Higgsed vacuum in which

the SU(2) symmetry is Higgsed down to U(1). The particle spectrum differs in these two
phases. In the SU(2)-invariant vacuum, the three vector fields are massless and the three
scalar degrees of freedom are massive. In the Higgsed vacuum, two of the vector fields
acquire a mass mv = gv, with g being the gauge coupling, while one remains massless. In
addition, there is a Higgs boson with mass mh =

√
λv2. In the following, we refer to the

two massive vector fields as the W -bosons and to the massless vector field as the photon.
Notice that, due to the ϕ6 term, the theory is not renormalizable. However, as discussed
in Section 4.2, the sextic potential can be treated as an effective potential. For instance,
it may be taken as an approximation to the Coleman–Weinberg effective potential in the
intermediate regime where the symmetric and broken phases are degenerate.

The field equations of this model are given by

(DµD
µϕ)a +

∂V

∂ϕa
= 0 , (4.16)

(DµG
µν)a − gεabc (Dνϕ)bϕc = 0 . (4.17)

These equations contain domain wall solutions. For instance, the solutions for an infinite
domain wall located at z = 0 are given by

ϕ(v,0)(z) =
v√

1 + emhz
naT a , (4.18)

ϕ(0,v)(z) =
v√

1 + e−mhz
naT a , (4.19)
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where na is a normalized SU(2) vector describing the internal SU(2) orientation of the
wall. These walls interpolate between the Higgsed vacuum with VEV v and the SU(2)-
invariant vacuum with VEV 0. For the erasure mechanism, we consider a combination of
the wall solutions ϕ(v,0) and ϕ(0,v) in order to form an SU(2)-invariant vacuum layer [158].
The ansatz we use is

ϕVL(z) = ϕ(v,0)(z) + ϕ(0,v)(z − h) , (4.20)

where h denotes the width of the vacuum layer. Notice that this configuration of a wall
and an anti-wall is not static, because there is an attractive force between them. However,
the interaction is exponentially suppressed with the separation h, and thus the attraction
becomes negligible for h≫ m−1

h ∼ m−1
v . For the value h = 20m−1

v used in our simulations,
the vacuum layer can be considered as stable during the time interval we investigated.

The magnetic monopole solution has the usual ’t Hooft–Polyakov structure [2, 3]

W a
i = εaij

rj

r2
1

g

(
1 −K(r)

)
,

W a
t = 0 ,

ϕa =
ra

r2
1

g
H(r) , (4.21)

where K(r) and H(r) are the usual profile functions. Their boundary behaviour remains
unchanged, and their shape is only slightly modified compared to the case with a quartic
potential.

4.4.2 Initial Configuration

We want to analyse the collision of a magnetic monopole with an SU(2)-invariant vacuum
layer, using a numerical simulation. To achieve this, a good initial condition for the scalar
and vector field is required. To combine the monopole solution with the domain wall
solution we are taking the product ansatz

ϕa(r, t = 0) =
1

v
ϕaM(r)ϕVL(z − d) , (4.22)

W a
µ (r, t = 0) = W a

M,µ(r) , (4.23)

where d is the separation between the magnetic monopole, which is placed in the origin,
and the vacuum layer.

Before introducing the Lorentz-boosted configuration, we should analyse the validity
of this ansatz first. We observe that for small separations d the monopole is attracted
to the vacuum layer. Such an attraction was already mentioned in [153]. However, it is
exponentially suppressed and thus can be neglected for our study. Note that in this work
we completely neglect gravitational interactions. Since any gravitational repulsion between
the monopole and the wall is suppressed by M2

P (the Planck mass), this effect can be safely
ignored.
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Furthermore, Ambjørn and Olesen [159] showed that the W -bosons can condense in the
presence of a uniform magnetic field with B > m2

v/g. This effect arises from a bilinear term
in the gauge fields that generates modes with imaginary frequencies. Since the Higgs profile
vanishes inside the vacuum layer, the gauge boson masses also vanish there, which could
in principle lead to instabilities. In our simulations, we confirmed this effect for a uniform
magnetic field with B < m2

v/g. As expected we found that there are no growing modes
outside the layer, because the magnetic field is below the Ambjørn–Olesen critical value,
whereas inside the layer such growing modes do appear. However, for a single monopole
configuration, the situation is different. The eigenvalues of the gauge boson mass matrix
in the background of the magnetic monopole are always positive. As a result, even in the
presence of the wall, the Ambjørn–Olesen effect does not destabilize the vacuum inside the
vacuum layer.

Finally, the ansatz should be examined with respect to possible quantum effects. In
the Higgsed vacuum, the running of the gauge coupling g2 stops at the scale mv ∼ mh.
Within the SU(2)-invariant vacuum layer, the scalar degrees of freedom remain massive
and therefore also decouple at energy scales of order ∼ mh. However, because the Higgs
profile vanishes inside the layer, the gauge boson mass term also vanishes. As a result,
the gauge coupling continues to run down to the scale h−1, where h denotes the width of
the vacuum layer. Because we work in the regime h ≫ m−1

v , this running can be treated
analogously to that in a pure SU(2) gauge theory. Taking the running into account, one
finds that the gauge coupling inside the layer, g2inside, is stronger than the coupling outside,
g2outside:

g2inside = g2outside +
11

12π2
g4outside ln(mvh) + O(g6outside) . (4.24)

As a consequence, the magnetic energy of the monopole is reduced inside the layer
(see Figure 4.4). This results in an attractive interaction between the monopole and the
vacuum layer. At one-loop order, the corresponding attractive potential can be estimated
as

V (d) ≈ − 11

24π

h

d(d+ h)
ln(mvh) . (4.25)

The corresponding force therefore scales as ∼ (h/d3) ln(mvh) for h ≪ d. Hence, at large
distances, as considered in our simulations, the force is strongly suppressed and can be
neglected. Therefore, the classical analysis indeed captures the right physical behaviour.

When discussing quantum effects, one has to distinguish between the perturbative weak-
coupling regime and the strong-coupling regime. In the present setup, these two regimes
correspond to h−1 ≫ Λ and h−1 < Λ, respectively, where Λ denotes the strong-coupling
scale of the SU(2) gauge theory. The perturbative treatment which we discussed in detail
above is valid only in the weak-coupling regime. For the strong coupling regime, h−1 < Λ,
the SU(2) vacuum inside the layer becomes confining and a mass gap of order Λ is gen-
erated. As a consequence, the U(1) electric field is repelled, while the magnetic field is
screened by the vacuum layer. This phenomenon was originally discussed in [160, 161, 158].
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Figure 4.4: This figure shows the distribution of the magnetic energy density of a monopole
located close to an SU(2)-invariant vacuum layer. Taking into account the quantum correction
to the gauge coupling given in equation (4.24), one finds that the magnetic energy is reduced
inside the layer.

In this work, we focus on the regime in which the thickness of the vacuum layer is much
smaller than the inverse confinement scale Λ−1, so that these strong-coupling effects can
be neglected.

With all these potential effects of both classical and quantum origin in mind, we now
know the regimes of validity of the ansatz given in equations (4.22) and (4.23). To anal-
yse the collision of the monopole with the vacuum layer, we have to Lorentz boost the
configurations. This can be implemented through the following modification of the ansatz:

ϕaM(r) → ϕ̃aM(r, t) = ϕaM(x, y, γM(z − uMt)) , (4.26)

ϕVL(z − d) → ϕ̃VL(z, t) = ϕVL(γVL(z − uVLt− d)) , (4.27)

where uM and uVL denote the initial velocities of the monopole and the vacuum layer,
respectively, and γM and γVL are the corresponding Lorentz factors. For the gauge field,
we apply the same replacement of the z-coordinate as for the monopole scalar field. In
addition, however, we must account for the Lorentz transformation of the vector field itself.
This yields

W a
M,µ(r) → W̃ a

M,µ(r, t) =


−uMγMW a

M,z(x, y, γM(z − uMt))
W a

M,x(x, y, γM(z − uMt))
W a

M,y(x, y, γM(z − uMt))
γMW

a
M,z(x, y, γM(z − uMt))

 . (4.28)

Using this ansatz as the initial configuration allows us to numerically simulate the erasure
mechanism.
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4.4.3 Simulation and Results

The numerical simulation of the erasure was carried out by solving the field equations (4.16)
and (4.17) in Lorenz gauge using the iterative Crank–Nicolson method. Moreover, we made
use of the axial symmetry of the system and solved the field equations only in the y = 0
plane. This significantly improves the computational efficiency and allows the use of a
smaller lattice spacing. As boundary conditions, we chose adaptive boundaries. Further
details on the numerical methods are provided in Appendix A.

For the lattice, we chose a size of 120m−1
v ×120m−1

v and analysed the time evolution up
to t = 150m−1

v . The lattice and time spacings were set to ∆x = 0.25m−1
v and ∆t = 0.1m−1

v

for monopole velocities uM < 0.8. For monopole velocities uM ≥ 0.8, we increased the
resolution in the z-direction by a factor of two and reduced the time step accordingly by
the same factor.

We varied all parameters of the theory. We find that the qualitative behaviour of the
erasure mechanism does not depend on the theory parameter mh/mv. Therefore, for the
cases presented here, we set mh/mv = 1. In addition, we varied the width of the vacuum
layer, h, the distance between the monopole and the vacuum layer, d, and the initial ve-
locities of the monopole, uM, and of the vacuum layer, uVL. For the figures shown in this
thesis, we choose h = 20m−1

v and d = 30m−1
v . We considered velocities up to uM = 0.8 and

uVL = 0.98. These values represent the maximal velocities for which we can trust the re-
sults with the chosen lattice resolution. Note that, in particular for the maximal case, this
corresponds to a relative Lorentz factor of about γ ≈ 15. In earlier works [102, 151, 154],
the erasure mechanism has not been studied in the highly relativistic regime. Our simula-
tions therefore provide a first test of the erasure mechanism in this regime.

In all cases we analysed, we observe that the magnetic monopole is erased by the SU(2)-
invariant vacuum layer. This confirms the prediction of the erasure mechanism of [23] for
the SU(2) gauge theory with a sextic potential. The results for two representative cases
are shown in Figures 4.5, 4.6, 4.7, and 4.8. In all figures, length and time are given in
units of m−1

v , and the energy densities are expressed in units of m4
v/g

2. The corresponding
animated results can be found in the following video:
https://youtu.be/JZaXUYikQbo

One feature that can be observed in the figures is that the impact of the monopole on
the wall leads to deformations of the vacuum layer. This effect can be separated into two
parts, the deformation of the first wall and that of the second wall. Initially, the gauge
field is localized around the core of the monopole. Since the gauge boson masses vanish
inside the magnetic monopole, this configuration is energetically preferred. However, inside
the vacuum layer the gauge boson masses also vanish. As a result, the gauge field spreads
within the layer. This can be understood as a pulse of gauge bosons that become effectively
free inside the vacuum layer. When this packet of gauge field radiation reaches the second
wall, it transfers momentum to the wall and causes it to deform. This effect is best visible
in the ultra-relativistic case shown in Figure 4.7.

The deformation of the first wall can be seen in the domain wall’s potential energy

https://youtu.be/JZaXUYikQbo


114 4. The Magnetic Monopole Problem and its Solutions

Figure 4.5: This figure shows the time evolution of the potential energy density of the erasure
process in the y = 0 plane. For this case, the initial velocities are uM = 0 and uVL = −0.8.
Length and time are given in units of m−1

v , and the energy density is expressed in units of m4
v/g

2.

Figure 4.6: This figure shows the time evolution of the magnetic energy density during the erasure
process in the y = 0 plane. For this case, the initial velocities are uM = 0 and uVL = −0.8. The
black lines indicate the contour defined by

√
ϕaϕa = 0.5, thus illustrating the positions of the two

domain walls of the SU(2)-invariant vacuum layer.

density shown in Figure 4.5. This deformation occurs because the scalar field profile of the
magnetic monopole merges with that of the vacuum layer. As a consequence, a travelling
wave is generated on the domain wall, propagating radially outward from the collision point
along the first wall. Such travelling waves on domain walls have been previously discussed
in [162]. It was shown in [163] that the associated emission of electromagnetic and scalar
radiation is negligible, with the dominant energy loss arising from gravitational radiation.
Using the methods described in Section 5.4, we computed the emitted gravitational energy
and observed a constant power of gravitational radiation associated with this travelling
wave. Note that we do not include the back-reaction of the gravitational radiation on
the propagating wave. Accounting for this effect would lead to a damping and eventual
disappearance of the travelling wave.

Another observation from the simulation is the presence of a magnetic energy density
that is roughly three orders of magnitude smaller than the energy density in the core of
the monopole, which propagates radially outward from the collision point, even beyond
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Figure 4.7: This figure shows the time evolution of the magnetic energy density for the maximal
velocities we have simulated, uM = 0.8 and uVL = −0.98. The black lines illustrate the position
of the vacuum layer.

the vacuum layer. This magnetic energy density corresponds to electromagnetic radiation.
Several observations support this interpretation. First, we find that the radiation propa-
gates at the speed of light. Second, the electric and magnetic fields show the characteristic
structure of electromagnetic radiation, as shown in Figure 4.9. The electric field is per-
pendicular to the y = 0 plane and due to the axial symmetry we can conclude that it has
circular symmetry around the z-axis. The magnetic field has no y-component in the y = 0
plane and exhibits a banana-shaped structure. This radiation pattern is characteristic for
the electromagnetic radiation emitted during the acceleration of a magnetic point charge.4

Indeed, by comparing the radiation direction for different initial monopole velocities, we
find that its dependence on the initial velocity closely resembles the behaviour expected
for electromagnetic radiation from an accelerated magnetic point charge.

Before interpreting these similarities, let us take a closer look at the direction of the
magnetic field after the erasure of the monopole. In Figure 4.8, one can clearly see that
initially the magnetic field lines point radially outward from the centre of the monopole.
However, after the pulse of electromagnetic radiation has passed, the magnetic field arrows
reorient and point to the right, i.e. perpendicular to the domain wall. The reason for
this behaviour is that the magnetic charge, which was initially localized in the monopole
core, becomes distributed over the entire vacuum layer. Effectively, the wall turns into
a magnetically charged plane. The information about this redistribution of the magnetic
charge is transported by the photon, and this is why the magnetic field reorients to the
right after the erasure process.

This redistribution also explains the similarities in the radiation pattern between the
erasure process and the acceleration of a magnetic point charge. In the erasure scenario, the
magnetic charge spreads into the vacuum layer when the monopole hits the first domain
wall. During this process, the entire magnetic charge begins to move into the SU(2)-

4Notice that the radiation pattern of an accelerated electric point charge is well-known. The radiation
of an accelerated magnetic point charge is essentially the same, with the electric and magnetic fields
exchanged.
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Figure 4.8: This figure shows the time evolution of the magnetic and electric fields in the y = 0
plane for the case of vanishing monopole velocity and a vacuum layer velocity of uVL = −0.8.
The colour density plot represents the y-component of the electric field. The arrows indicate the
direction of the magnetic field within this plane. Notice that the x- and z-components of the
electric field and the y-component of the magnetic field vanish in the y = 0 plane.

invariant vacuum, i.e. it undergoes acceleration. Therefore, the resulting radiation char-
acteristics resemble those of an accelerated magnetic point charge.

As already mentioned, we observe the erasure in all cases we analysed, and it appears
impossible for the monopole to pass through the vacuum layer. In [23], this behaviour is
explained in terms of a loss of coherence. After the monopole collides with the vacuum
layer, the coherence required to reconstruct a localized magnetic monopole configuration
is carried away by the emitted radiation. This phenomenon can also be understood from
entropy arguments presented in [164]. A state containing radiation has a much larger
entropy than a state with a single monopole. Consequently, the recreation of a monopole
from the state with radiation is highly suppressed. Similar explanations have been used in
previous works [154, 165].

4.4.4 Conclusion and Outlook

In this section, the erasure mechanism was presented for an SU(2) gauge theory with an
adjoint scalar field. Thereby, we collided a magnetic monopole with an SU(2)-invariant
vacuum layer to prove the erasure using numerical simulations. With these simulations we
deepened the understanding of the erasure process itself. In particular, we observed that
during the erasure, electromagnetic radiation is emitted, which is sourced by an accelerated
magnetic charge that is spreading from the monopole core into the vacuum layer.

Since the erasure mechanism can occur in the early Universe, it may contribute to
the production of high-energy particles that could, in principle, be detectable today. In
addition to the electromagnetic radiation emitted during the erasure process, gravitational
radiation is also produced. From the radiation spectrum and the total emitted energy,
it may be possible to derive constraints on the monopole abundance and on the grand
unification scale in the early Universe. A more detailed investigation of these implications
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Figure 4.9: This figure shows a zoomed version of the magnetic and electric fields of the elec-
tromagnetic radiation emitted during the erasure process. The arrows indicate the x- and z-
components of the magnetic field, while the colour represents the y-component of the electric
field.

is left for future work.

Finally, we comment on the original motivation for the erasure mechanism, namely its
role as a possible solution to the magnetic monopole problem. In this section, we have anal-
ysed a highly simplified setup consisting of a planar vacuum layer and a single magnetic
monopole. In a realistic cosmological phase transition, however, the situation is consider-
ably more complicated. Instead of a single monopole, there will be many monopoles and
anti-monopoles. And instead of a single planar domain wall, closed domain wall bubbles
can form. Due to the pressure difference between the interior and exterior, such bubbles
may either collapse or expand and collide with other bubbles. During their expansion or
collapse, they can encounter multiple monopoles and erase them in the process. As ob-
served in our simulations, after the collision, the magnetic charge of a monopole spreads
over the entire wall. In the presence of multiple monopoles and anti-monopoles, the mag-
netic charges distributed on the wall can neutralize each other. An analogy of this process
is a conducting plate with an initially inhomogeneous charge distribution. Due to the con-
ductive properties of the plate, positive and negative charges redistribute and neutralize.

However, one may ask what happens if the numbers of monopoles and anti-monopoles
erased by a domain wall bubble are not equal. In that case, the magnetic charge cannot fully
neutralize on the wall. By charge conservation, a net magnetic charge must remain, even if
the bubble subsequently collapses or collides with other walls. A possibility supported by
the theory is the recreation of magnetic monopoles that carry exactly this residual charge.
In our numerical analysis, this scenario was explicitly tested. We found that if the domain
wall collapses after erasing a single monopole, it is indeed possible for a monopole to be
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recreated, carrying its original magnetic charge.

Furthermore, for a monopole to be erased, it must collide with a wall. However, it
remains unclear whether every monopole will indeed encounter a domain wall.

These thoughts imply that the erasure mechanism in the early Universe may not elimi-
nate all magnetic monopoles permanently. A residual fraction of monopoles can, in general,
remain. In [23], it was argued that the erasure mechanism can nevertheless be highly ef-
ficient. However, its viability as a solution to the magnetic monopole problem could in
principle be strongly model-dependent. For instance, it depends on the velocities of the
domain walls, as well as on the abundance of domain walls and magnetic monopoles. A
complete understanding therefore requires a more detailed analysis, which is left for future
work.

4.5 Magnetic Monopoles Connected by Cosmic Strings

The last solution to the magnetic monopole problem that will be presented in this thesis
is the so-called Langacker–Pi mechanism. In 1980, Langacker and Pi suggested [18] that,
after the phase transition from the grand unified phase down to the SM phase, there can
be a subsequent phase transition that breaks the electromagnetic U(1)em symmetry group
for a finite period of time. One possible breaking pattern could be

SU(5) → SU(3)c × SU(2)L × U(1)Y → SU(3)c × U(1)em → SU(3)c → SU(3)c × U(1)em .
(4.29)

In [18], Langacker and Pi explicitly showed that such a breaking pattern can be realized. In
the first symmetry breaking, where the SU(5) symmetry is broken down to the SM gauge
group, magnetic monopoles are produced. During the electroweak symmetry breaking,
nothing happens to these monopoles, since an overall U(1) symmetry remains unbroken.
In the next step, when the electromagnetic symmetry group U(1)em is broken, cosmic
strings in the form of Nielsen–Olesen flux tubes [11] can form. These strings have the
property that the U(1)em symmetry is restored inside their core. Therefore, outside the
string the photon becomes massive, while inside it remains massless. As a result, it is
energetically favourable for the magnetic flux, originating from the monopoles, to become
confined within the cosmic string. In this way, monopoles and anti-monopoles become
connected by the strings. Due to the string tension, the monopoles are pulled toward each
other, and when a monopole and an anti-monopole collide, they annihilate. In this way,
all monopoles can disappear before the U(1)em symmetry is fully restored at a later stage
in the evolution of the Universe. In [166], it was shown that this Langacker–Pi mechanism
is indeed efficient enough to solve the magnetic monopole problem.

There are several different ways in which magnetic monopoles can become connected
by strings. In Section 4.5.1, magnetic monopole necklaces, which are monopoles with two
strings attached to them, will be briefly discussed. In Section 4.5.2, magnetic monopole
dumbbells, which are monopole–anti-monopole pairs connected by a string, will be anal-
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ysed. Subsequently, we will study the gravitational radiation spectrum resulting from
magnetic monopole dumbbells.

4.5.1 Magnetic Monopole Necklaces

The minimal model in which magnetic monopole necklaces can appear is an SU(2) gauge
theory with a gauge field Wµ and two adjoint scalar fields, ϕ and χ. The Lagrangian we
will study is [11]

L = −1

2
Tr(GµνG

µν) + Tr
(
(Dµϕ)†(Dµϕ)

)
+ Tr

(
(Dµχ)†(Dµχ)

)
− V (ϕ, χ) , (4.30)

with the potential

V (ϕ, χ) = λϕ

(
Tr
(
ϕ2
)
−
v2ϕ
2

)2

+ λχ

(
Tr
(
χ2
)
−
v2χ
2

)2

+ β Tr(ϕχ)2 . (4.31)

Here, we take all constants to be positive, λϕ , vϕ , λχ , vχ , β > 0. In this chapter, we use
the same conventions and notation as in Section 2.3.3. For the moment, let us assume the
hierarchy mh,ϕ =

√
λϕ v

2
ϕ > mh,χ =

√
λχ v

2
χ. When the ϕ field obtains a non-zero VEV, the

SU(2) symmetry is broken down to U(1). This remaining U(1) symmetry can be further
broken down to Z2 by the field χ. Notice that the second breaking is only possible if β > 0,
since only in this case the minimization of β Tr(ϕχ)2 enforces that the two vectors ϕa and
χa are perpendicular to each other. In contrast, if β < 0, the minimization of the β-term is
achieved by having ϕa and χa parallel to each other. In this case, the U(1) symmetry would
remain unbroken. Since we are interested in the formation of strings we will continue the
discussion with β > 0.

The string solution in this model is called a Z2 string and is given by [167]

ϕa = vϕδa3 , χa = vχH(r)

cosφ
sinφ

0

 , W a
φ = −1

g
K(r)δa3 , (4.32)

where φ denotes the azimuthal angle in spherical coordinates (r, φ, θ), and H(r) and K(r)
are profile functions. These strings carry a magnetic flux, which can be calculated by
Φ =

∫
S
B · dS, where the U(1) magnetic field is given by Bi = −1

2
εijk ϕ̂

aGa
jk. One finds

that the flux is given by Φ = 2π/g [11].
In addition to the string solution, this model contains a magnetic monopole solution.

At scales below mh,ϕ, but above mh,χ, the SU(2) symmetry is broken down to U(1).
Therefore, a magnetic monopole solution exists, which is given by the standard ’t Hooft–
Polyakov magnetic monopole. Its total flux is 4π/g, i.e. twice the flux of the Z2 string.
Now, below the scales mh,χ, the U(1) gets broken. Therefore, all the magnetic flux sourced
by magnetic monopoles gets confined into magnetic flux tubes. The only way this can be
achieved in this model is to attach two Z2 strings to the monopole such that they carry
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away the full flux. Notice that it is necessary to have two strings with flux 2π/g to confine
the full magnetic monopole flux 4π/g. [168]

A possible scalar field ansatz for an infinite string with a single monopole located at
the origin can have the following structure

ϕa ∝

 sinφ sin θ
− cosφ sin θ

cos θ

 , χa ∝

cosφ
sinφ

0

 . (4.33)

This configuration has a winding in ϕ around the origin. Furthermore, there is a winding
in χ around the z-axis. Using numerical relaxation, one can use this ansatz to find the
actual solution for such a configuration.

During phase transitions, multiple magnetic monopoles can end on string loops, forming
magnetic monopole necklaces. Notice that there cannot be two magnetic monopoles of the
same charge next to each other on the string. This implies that string loops always contain
the same number of monopoles and anti-monopoles. In Figure 4.10, a numerically obtained
monopole necklace system is shown.

Above we assumed the scaling hierarchy mh,ϕ > mh,χ. This implies that magnetic
monopoles form in the ϕ field, while strings form in the χ field. For mh,ϕ < mh,χ, this
would be the other way around, i.e. monopoles would form in the χ field and strings would
form in the ϕ field. However, the overall behaviour remains the same.5

The dynamics of magnetic monopole necklaces was first simulated in [169]. It turned out
that the evolution of necklaces is different from earlier predicted dynamics [170, 171]. The
simulations showed that the relative velocity of the monopoles on the strings is negligible
and, thus, the only way to annihilate magnetic monopoles is through the collapse of the
necklaces. In this way, the magnetic monopole problem can be solved: In a first phase
transition (SU(2) → U(1)), magnetic monopoles form, which become confined in a second
phase transition (U(1) → Z2), resulting in magnetic monopole necklaces. These necklaces
can collapse, leading to the annihilation of the magnetic monopoles.

4.5.2 Magnetic Monopole Dumbbells

This section presents a brief and partial reproduction of the work [165] published by my
collaborators Gia Dvali, Juan Sebastián Valbuena-Bermúdez, and Michael Zantedeschi.
The simulation programs used to obtain the numerical results shown here were developed
within the project [20].

Another possibility to annihilate magnetic monopoles is to connect a monopole–anti-
monopole pair by a single cosmic string, forming a so-called magnetic monopole dumbbell.
This may lead to very efficient annihilation, since the string induces a distance-independent
force between the monopole and anti-monopole, resulting in a strong acceleration towards
each other until they collide and annihilate.

5An interesting case is the regime with λϕ = λχ and vϕ = vχ, which corresponds to mh,ϕ = mh,χ. In
this case, single monopoles split into two so-called semipoles located on the string. More details can be
found in [169].
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Figure 4.10: This figure shows a time frame of a magnetic monopole necklace system described
by the Lagrangian (4.30). The figure shows a density plot of the scalar field profiles for ϕ and
χ (values close to the vacuum expectation values are made transparent). The monopole–string
structure is obtained dynamically. More details on how this is achieved numerically are given in
the Appendix A.9.

As a prototype model we will consider an SU(2) gauge theory with a scalar field ϕ
transforming in the adjoint representation, which allows for the spontaneous symmetry
breaking SU(2) → U(1). To further break U(1) → 1, we introduce another scalar field, ψ,
transforming in the fundamental representation of SU(2). The Lagrangian of the theory
is given by [172, 173]

L = Tr
(
(Dµϕ)† (Dµϕ)

)
+ (Dµψ)†(Dµψ) − 1

2
Tr (GµνGµν) − V (ϕ, ψ) , (4.34)

with the potential

V (ϕ, ψ) = λϕ

(
Tr
(
ϕ†ϕ
)
−
v2ϕ
2

)2

+ λψ
(
ψ†ψ − v2ψ

)2
+ βψ†ϕψ . (4.35)

Again, we use the same conventions and notation as in Section 2.3.3. The covariant
derivative for the ψ field can be defined as usual by Dµψ = ∂µψ − igWµψ.
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We wish that the first symmetry breaking is triggered by the scalar field ϕ, and the
second by ψ. Therefore, we assume the hierarchy vϕ > vψ. The overall breaking pattern is
then given by

SU(2)
⟨ϕ⟩−→ U(1)

⟨ψ⟩−−→ 1 . (4.36)

After the first breaking, only one of the three generators is generating the residual unbroken
U(1) symmetry. Hence, one gauge boson, the photon, remains massless. The other two
gauge bosons acquire a mass mv,ϕ = gvϕ. The remaining scalar degree of freedom, the Higgs
boson, has a mass mh,ϕ =

√
2λϕvϕ. Through the VEV of the field ψ, the U(1) symmetry

gets also spontaneously broken. This gives an additional contribution of mv,ψ = gvψ/
√

2
to all three gauge boson masses. The Higgs boson associated with the ψ field acquires a
mass mh,ψ = 2

√
λψvψ.

It is important to comment that the interaction term βψ†ϕψ cannot be generated
through quantum corrections. This is because for β = 0 the theory has a Z2 symmetry,
ϕ 7→ −ϕ, which is preserved by quantum corrections. In the limit g → 0, this term is
required in order to realize the breaking pattern (4.36), while in the gauged case, g ̸= 0,
the non-linear structure of the gauge interactions with the scalar fields are sufficient to
obtain the correct breaking. One might therefore ask why to include this β-term at all.
Indeed, even without it, the magnetic flux can still become confined in cosmic strings.
However, these strings are stable only for sufficiently small values of mhψ . This becomes
evident in the limit vϕ → ∞, where the strings reduce to known configurations of semi-local
strings, which are stable only when mhψ is sufficiently small [95, 94].6 In what follows, we
will thus restrict to the case β ̸= 0.

From the Lagrangian (4.34), we can derive the classical field equations

(DµG
µν)a = ja,νϕ + ja,νψ , (4.37)

(DµD
µϕ)a +

∂V (ϕ, ψ)

∂ϕa
= 0 , (4.38)

DµD
µψ +

∂V (ϕ, ψ)

∂ψ† = 0 , (4.39)

where the currents are given by ja,νϕ = gεabc(Dνϕ)bϕc and ja,νψ = igψ†T a(Dνψ) + h.c..
Let us first consider the case without a fundamental scalar field (ψ = 0). Since the

adjoint scalar field ϕ acquires a VEV, the SU(2) symmetry is spontaneously broken down
to U(1). As a consequence, the field equations contain a ’t Hooft–Polyakov magnetic
monopole solution [2, 3]. When the ψ field acquires a VEV, the magnetic flux originating
from the monopoles becomes confined into Nielsen–Olesen flux tubes [11]. In contrast to
the Z2 string discussed in the previous section, these flux tubes now carry magnetic flux
Φ = 4π/g, i.e. the same flux as for a single magnetic monopole. Therefore, each monopole

6For the model considered here in this thesis, this has been analysed in detail in the Master’s project
of Deniz Ali Duru, which I supervised together with Gia Dvali and Giacomo Contri.
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is attached to a single string. This results in a monopole–anti-monopole pair connected by
a cosmic string.

In Section 3.4, we have already discussed an ansatz for a monopole–anti-monopole pair
with arbitrary relative twist angle α. In this section we will focus on twist zero, α = 0,
giving us the scalar field ansatz [100, 99]

ϕ̂a =

cos(φ) sin
(
θ − θ̄

)
sin(φ) sin

(
θ − θ̄

)
− cos

(
θ − θ̄

)
 . (4.40)

The monopole and anti-monopole are placed along the z-axis at the positions zM and zM̄,
respectively. The angles θ and θ̄ denote the polar angles measured from the z-axis with
respect to the monopole and anti-monopole positions. φ is the azimuthal angle around the
z-axis.

To minimize the potential, the interaction term −βψ†ϕψ has to be extremized. This
can be achieved by choosing ψ such that the vector ψ†T aψ is parallel to ϕa. This condition
gives us [98]

ψ̂ =

 sin
(
θ−θ̄
2

)
cos
(
θ−θ̄
2

)
eiφ

 . (4.41)

With this orientation the ψ field will break the U(1) symmetry.
Using the scalar field configurations (4.40), (4.41) and the gauge field orientation W a

µ ∼
εabcϕ̂

b∂µϕ̂
c, we apply a numerical relaxation procedure to obtain a solution of the field

equations (4.38), (4.37), (4.39). The resulting configuration can then be used as input for
a numerical simulation to study the dynamics of a monopole dumbbell configuration. The
results for a specific choice of parameters are illustrated in Figure 4.11.

Furthermore, for illustrative purposes, a full system of monopole dumbbells was ob-
tained dynamically in a numerical simulation. One time frame of the time evolution is
shown in Figure 4.12.

As expected, we observe that the string pulls the monopole and anti-monopole together.
When they collide, they annihilate and emit a pulse of gauge and scalar radiation. In a
point-like approximation, we can estimate the acceleration by assuming that the entire
string energy is converted into kinetic energy of the monopoles. This yields a constant
acceleration a = µ/mM. Therefore, a larger string tension leads to a larger acceleration.

The constant acceleration has two cosmologically relevant consequences. First, such
a system is expected to emit gravitational radiation. The form of the gravitational wave
spectrum is discussed in Section 4.5.3. Furthermore, since the monopoles gain a large
amount of kinetic energy, they may form a black hole upon collision [174].

The Schwarzschild radius of two monopoles connected by a string is given by rS =
2M/M2

P, where M denotes the total mass of the system, M ∼ µL+ 2mM. L is the initial
length of the monopole dumbbell. As the monopoles accelerate towards each other, they
emit gravitational and gauge radiation and also interact with the surrounding plasma.
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Figure 4.11: These figures show the time evolution of a confined monopole–anti-monopole pair.
Here the energy density is illustrated in units ofm4

v,ϕ/g
2. Time and space values are given in units

of m−1
v,ϕ. For this figure we used the parameters mh,ϕ = mv,ϕ, mv,ψ = 0.4mv,ϕ, mh,ψ = 0.4mv,ϕ,

and β = 0.01mvϕ .

Nevertheless, if we neglect these energy losses and assume that the total energy remains
stored in the monopole–anti-monopole system, we can estimate the minimal initial length
of the confined pair that is required for the formation of a black hole. For the occurrence
of black hole formation, the Schwarzschild radius must exceed the string thickness, since
this corresponds to the characteristic scale at which annihilation would take place. Hence,
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Figure 4.12: This figure shows a time frame of a system with magnetic monopole dumbbells
described by the Lagrangian (4.34). The figure shows a density plot of the scalar field pro-
files for ϕ and ψ (values close to the vacuum expectation values are made transparent). The
monopole–string structure is obtained dynamically. More details on how this is achieved numer-
ically are given in Appendix A.9.

the string length at the moment of monopole–anti-monopole pair formation must satisfy
L ≳M2

p/µ
3/2, where we have assumed that the string thickness is of order µ−1/2.

This required length is typically very large, making it possible for the string to split
into smaller segments via monopole–anti-monopole pair production. Nevertheless, there
remains a non-zero probability that the string does not break before the monopoles form
a black hole. Thus, this provides a mechanism for black hole formation [174, 165]. Since
such monopoles are expected to form very early in the Universe, this process may play an
important role in primordial black hole physics.

So far, we have assumed scenarios in which the monopoles collide head-on. However,
at high velocities it is quite possible that the monopoles miss each other and simply pass
by. In this case, they do not collide and no black hole is formed. Instead, they form an
oscillating monopole–anti-monopole pair connected by a string. Such a configuration was
considered by Martin and Vilenkin [19], who estimated the corresponding gravitational
radiation spectrum analytically. We will review their calculations in the next section.

Finally, we briefly comment on monopole–anti-monopole configurations with relative
maximal twist. Above, we considered only the untwisted case, for which we observed that
the pair annihilates upon collision. In contrast, for maximal twist (α = π), the monopole
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Figure 4.13: This figure shows one time frame of a simulation of a confined monopole–anti-
monopole pair with maximal relative twist. The black and the orange lines show one contour,
corresponding to half of the respective vacuum expectation value, of the ϕ and ψ profiles. Initially,
the monopoles are pulled together. When they collide, they bounce. The time frame shown here
corresponds to a stage after the monopoles have already bounced multiple times.

and anti-monopole bounce several times before annihilating [165]. We find that for a perfect
axially symmetric setup, implemented in the simulations using the axial symmetry method
described in Appendix A.6, the monopole–anti-monopole pair connected by a string does
not annihilate within the investigated time interval. Instead, it bounces multiple times. It
is very likely that the configuration relaxes to an unstable sphaleron configuration [103].
Notice that we observed the same phenomenon in the unconfined case in Section 3.4.
In Figure 4.13, the twisted confined monopole–anti-monopole configuration after multiple
bounces is shown. At this stage, the bouncing amplitude is already small compared to
the monopole size. Therefore, we assume that the unstable static sphaleron configuration
has the structure shown in the figure. Note again that we imposed axial symmetry in the
simulation. Without this constraint, small numerical fluctuations are sufficient to cause
the configuration to decay, as discussed in [165]. The decay of this configuration leads to
a non-zero value of GµνG̃

µν during the untwisting. Therefore, this could find interesting
applications in axion physics, since the untwisting may serve as a production mechanism
for axions. A more detailed study is left for future work.
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4.5.3 Gravitational Waves from Monopoles Connected by Cos-
mic Strings

In the previous section, we found that a monopole–anti-monopole pair connected by a
cosmic string attracts with constant acceleration a = µ/mM. Martin and Vilenkin showed
in 1996 [19] that in the point-like approximation a pair of oscillating monopoles, accelerated
towards each other with constant acceleration, emits, in the highly relativistic regime, a
characteristic power spectrum given by dP/dω = 2Gµ2/ω, where G is the gravitational
constant and ω is the frequency of the gravitational wave signal.7

In this section, we first want to review the calculations by Martin and Vilenkin. We then
apply similar calculations to a non-oscillating confined monopole–anti-monopole pair. In
particular, we consider two monopoles that are initially pulled together by the string, but
whose velocities instantaneously become zero when they collide. The reason for analysing
this case is that, in a fully field-theoretic setup as considered in the previous section, a
confined monopole–anti-monopole pair will annihilate in a head-on collision and will not
pass through each other. We will confirm that one can expect a similar power spectrum
from pulling together the monopoles by the string. It should be noted that a monopole
dumbbell can, in general, also undergo rotational motion. In such cases, the gravitational
radiation spectrum we will calculate in the following would be modified. However, we will
not consider these scenarios in this work. The interested reader is referred to [175] for a
discussion of gravitational radiation from rotating monopole dumbbells.

Oscillating Confined Monopole–Anti-Monopole Pair

In the following, we review the calculations performed by Martin and Vilenkin [19] for
the gravitational wave spectrum of an oscillating pair of monopoles connected by a cosmic
string. We assume a point-like approximation, i.e. we treat the two monopoles as point
masses of mass mM. Furthermore, we neglect the string in the calculation and only assume
that it induces a constant acceleration of the monopoles. The trajectories of such an
oscillating pair of point masses can be described by

ỹ(t) = z̃(t) = 0 ,

x̃(t) = ±sign(t)
1

a

(
γ0 −

√
1 + (γ0v0 − a|t|)2

)
. (4.42)

At t = 0, the monopoles meet at the origin with maximal velocity v0 and the corresponding
Lorentz factor γ0. At t = ±γ0v0/a, the distance between the monopoles is maximal and the
monopoles are at rest. In this calculation, we only take into account gravitational effects
and neglect any electromagnetic effects that may originate from the monopoles’ magnetic
charges. Therefore, a full period is described by the time interval from t = −γ0v0/a to
t = +γ0v0/a, and thus the period time is given by T = 2γ0v0/a.

7Notice that at high frequencies ω ≳ γ20/T , where γ0 is the maximal Lorentz factor of the monopoles
and T is the period of oscillation, the power spectrum starts to fall off faster, scaling as ω−2. In this thesis,
we will only focus on lower frequencies.
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To compute the gravitational radiation spectrum, one can use Weinberg’s formula [176]

dPn
dΩ

=
Gω2

n

π

(
T ∗
µν(ωn,k)T µν(ωn,k) − 1

2

∣∣T µ
µ (ωn,k)

∣∣2) , (4.43)

where dΩ is the differential solid angle and ωn = 2πn/T is the frequency of the gravitational
wave signal corresponding to the mode number n. Here, T µν(ωn,k) denotes the Fourier-
transformed energy-momentum tensor,

T µν(ωn,k) =
1

T

∫ T

0

dt eiωnt
∫

d3x e−ik·x T µν(x, t) . (4.44)

For a point mass moving in the x-direction, only the components T 00, T 01, T 10, and
T 11 are non-vanishing. Using energy momentum conservation, kµT

µν = 0, one can write
T 00 = uT 01 and T 11 = T 01/u, where u = kx/ωn. Making use of these relations and
integrating (4.43) over all directions of radiation emission finally yields

Pn = 2Gω2
n

∫ 1

0

du
(1 − u2)2

u2
∣∣T 01(ωn,k)

∣∣2 . (4.45)

The energy-momentum tensor corresponding to the monopole motion (4.42) is

T 01(t,x) = mM (γ0v0 − a|t|) δ(y) δ(z) [δ(x− x̃(t)) − δ(x+ x̃(t))] . (4.46)

The Fourier-transformed energy-momentum tensor can then be calculated as

T 01(ωn,k) =
mM

T

∫ T

0

dt (γ0v0 − a|t|) [cos(ωnt) + i sin(ωnt)] (−2i) sin(ωnux̃(t)) . (4.47)

Due to the periodic motion, we can extend the integral to the lower boundary −T and
divide the full expression by a factor of two. We can then use that the imaginary part of
the integrand is anti-symmetric under t → −t and thus can be dropped. The real part
remains and, after using trigonometric identities, we find

T 01(ωn,k) =
mM

T

∫ T

0

dt (γ0v0 − a|t|) [cos(ωnt− ωnux̃(t)) − cos(ωnt+ ωnux̃(t))] . (4.48)

Next, we perform the substitution ξ = 1 − at/(γ0v0). Furthermore, we are interested
in the highly-relativistic regime with γ0v0 ≫ 1 and v0 ∼ 1. In this limit, the x̃-trajectory
can be approximated by x̃(ξ) ≈ (γ0/a)(1 − |ξ|). Inserting this into (4.48) yields

T 01(ωn,k) ≈ mMγ
2
0

Ta

∫ 1

−1

dξ ξ [cos(nπ(1 − ξ)(1 − u)) − cos(nπ(1 − ξ)(1 + u))]

=
8mMγ0
n2π2

u sin2
(
nπ
2

(1 − u)
)

(1 − u2)2
. (4.49)
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Inserting this into equation (4.45) finally gives, after integration and simplification,

Pn ≈ 16Gµ2

nπ

∫ nπ/2

0

dũ
sin4(ũ)

ũ2
(
1 − ũ

nπ

)2 ≈ 4Gµ2

n
. (4.50)

Notice that we used the substitution ũ = nπ(1 − u)/2 and the last integral has been
performed numerically.

In summary, this result describes the gravitational radiation spectrum in the highly
relativistic regime for frequency modes up to n ∼ γ20 [19].

Colliding Confined Monopole–Anti-Monopole Pair

Above, we analysed the gravitational radiation spectrum for an oscillating pair of monopoles.
The oscillating pair is cosmologically well-motivated, since the probability that a pair of
relativistic monopoles collides when pulled together by the string is very low, they instead
tend to miss each other and fly by. This behaviour can be approximated by the oscillating
pair described above [177]. Nevertheless, mainly in view of the discussion we will provide
in Chapter 5, we also perform the same calculation for a colliding confined monopole–anti-
monopole pair. In this case, we assume that the monopoles are first accelerated by the
string, but at the moment of collision they stop immediately and do not pass through each
other.

The motion describing this setup is the same as in equation (4.42). The difference is
that we now consider the time interval from t = −γ0v0/a to t = 0. Thus, the monopoles
start at rest and stop once they have reached their maximal velocity v0. For the calculation,
we assume that this process occurs periodically, i.e. after the monopoles collide and their
velocity is reset to zero, they begin accelerating again. The period of this motion is therefore
T = γ0v0/a.

The Fourier-transformed energy-momentum tensor has the same form as the one we
already had earlier,

T 01(ωn̄,k) =
mM

T

∫ T

0

dt (γ0v0 − a|t|) [cos(ωn̄t) + i sin(ωn̄t)] (−2i) sin(ωn̄ux̃(t)) . (4.51)

Here ωn̄ = 2πn̄/T . Notice that since the period is only half of that in the oscillating
monopole pair case, we have n = 2n̄ corresponding to the same frequencies, ωn̄ = ωn.
Furthermore, if we were to extend the integral to the lower boundary −T , the integrand
would no longer be anti-symmetric under t → −t, unlike in the previous case. Therefore,
we cannot drop the imaginary part. However, since one term is purely imaginary while
the other is purely real, we can treat them separately, because they give two additive con-
tributions to the gravitational power, Pn̄ = PRe

n̄ + P Im
n̄ . Using substitutions and rewriting

steps analogous to those in the previous calculation, we obtain for the real part

PRe
n̄ ≈ 32Gµ2

n̄3π3

∫ n̄π

0

dũ
sin4(ũ)(

1 − ũ
n̄2π2

)2 ≈ 2Gµ2

n̄
. (4.52)
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Again, the last integral has been performed numerically. Notice that, after using n = 2n̄,
the resulting power is exactly the same as the power obtained for the oscillating monopole
pair. Now, however, we also have an additional contribution coming from the imaginary
part of equation (4.51),

P Im
n̄ ≈ 2Gm2

Mγ
2
0v

2
0

n̄2π2T 2

∫ 1

0

du
1

u2
(1 − u2)2

(
2n̄πu(1 − u2) + (1 + u2) sin(2n̄πu)

(1 − u2)2

)2

≈ 8Gm2
Mγ

2
0v

2
0

1

T 2
. (4.53)

Thus, we obtain a contribution to the power spectrum that is constant in the frequency.
We can compute the energy spectrum dEIm/dωn̄ = Pn̄ T

2/2π, which gives

dEIm

dωn̄
=

4

π
Gm2

Mγ
2
0v

2
0 . (4.54)

This energy spectrum corresponds to two particles that change their velocity instanta-
neously at the origin. A similar example has already been calculated in [176].

Therefore, we can summarize the results for the power spectrum of the colliding confined
monopole pair as follows. The dynamics we considered describe a monopole pair that
accelerates towards each other with constant acceleration. When they collide, their velocity
instantaneously drops to zero. The two contributions to the power spectrum can be directly
associated with these two events. The term PRe

n ≈ 4Gµ2/n corresponds to the phase of
constant acceleration, while P Im

n ≈ const. corresponds to the instantaneous change in the
velocity. We thus conclude that the power spectrum equation obtained by Martin and
Vilenkin [19] can also be applied to a setup in which a confined monopole–anti-monopole
pair annihilates.

Comparison to the Numerical Simulation

The programs used to calculate the gravitational radiation spectrum, which is presented
in this subsection, were developed in close collaboration with Michael Zantedeschi.

For the numerical calculation of the gravitational energy spectrum, we follow the same
procedure, which will be explained in detail in Section 5.4.1. In short, the procedure
works as follows. From the numerical simulation, we determine the energy-momentum
tensor of the system, then compute its Fourier transformation, and finally insert it into
Weinberg’s formula (5.18) and integrate over the solid angle. This yields the gravitational
energy spectrum shown in Figure 4.14. First of all, we clearly observe the ω−1 behaviour
of the spectrum, which was already predicted in the point-like approximation discussed
above. Furthermore, we varied the parameters mh,ψ and mv,ψ, and observed that the
power spectrum exhibits the expected scaling ∝ µ2. Therefore, we conclude that the result
of Martin and Vilenkin, given in equation (4.50), provides a very good approximation for
the fully field theoretic setup beyond the point-like approximation.
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Figure 4.14: This figure shows the gravitational energy spectrum for a confined monopole–anti-
monopole pair. The red dots show the measurements from the simulation, while the blue dashed
line displays a ω−1 curve for comparison. The frequency is given in units of mv,ϕ. The parameters
used in the simulation are the same as those listed in the caption of Figure 4.11.

4.5.4 Discussion and Outlook

In this section, it was shown that magnetic monopoles can connect by cosmic strings in
phase transitions where the U(1) symmetry, corresponding to the U(1) magnetic field of the
magnetic monopole, gets broken. The resulting structures can either be magnetic monopole
necklaces or magnetic monopole dumbbells. Both cases provide an efficient mechanism to
annihilate magnetic monopoles and thus may solve the magnetic monopole problem. For
magnetic monopole dumbbells, we also saw that they can emit a characteristic signal of
gravitational radiation, which could be detectable in future gravitational wave experiments.

Besides gravitational waves, monopoles connected by strings are phenomenologically
interesting because their annihilation can be a source of ultra-high-energy cosmic rays [178].
Furthermore, their annihilation can lead to the formation of primordial black holes [179,
174], which may serve as dark matter candidates.

Models that involve magnetic monopoles and cosmic strings may also be relevant for
the dynamics of cosmic string networks. A series of works on cosmic string networks [35,
36, 37, 38, 39] obtained promising results for a stochastic gravitational wave background
that could be observable in future gravitational waves experiments. In [38], it was shown
that the latest data from pulsar timing arrays already provide bounds on the parameters
of theories involving cosmic strings. In particular, it was found that µ/M2

P ≳ 10−11 is
excluded, where µ is the string tension and MP is the Planck mass. In minimal models,
this would imply that cosmic strings from Grand Unified Theories are excluded, since
their typical scale is of order µ/M2

P ∼ 10−8 − 10−6. In [180], however, it was argued
that this regime can still be viable if one takes into account the metastability of cosmic
strings in models that also contain magnetic monopoles. Through quantum tunnelling, a
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monopole–anti-monopole pair can nucleate on the string, causing it to break [181, 140].
For a single string loop, this means that the loop splits into a confined monopole–anti-
monopole pair. This supports the idea of string networks originating from GUTs, since the
late-time evolution of the network, which is responsible for the gravitational wave signal
in the frequency range probed by pulsar timing arrays, is cut off at the scale where the
strings decay, i.e. where they split into monopole–anti-monopole pairs.

In this section, we only analysed two prototype models, in which confined monopoles
can appear. However, there are of course many more models in which such objects can
arise. For example, in the SM, so-called electroweak dumbbells may exist [182]. Their
structure and dynamics have been analysed numerically in great detail in [183, 184].

Furthermore, the structure of confined monopole–anti-monopole pairs can become far
more non-trivial in larger gauge groups SU(N) withN > 2. For example, in [185], it was ar-
gued that in a symmetry breaking SU(3) → (SU(2) × U(1)) /Z2, magnetic monopoles can
appear that carry U(1) magnetic charge and, in addition, SU(2) colour-magnetic charge.
In a subsequent symmetry breaking SU(2) → Z2, the colour-magnetic field becomes con-
fined, leading to the formation of dumbbells. As long as the monopoles have opposite
colour-magnetic charge, their U(1) magnetic charges can have either the same sign or op-
posite signs. These objects share similar dynamics to confined quarks [186]. Therefore,
constructing models in which multiple monopoles can become confined and form higher-
charged “mesons” and “baryons” may provide a full dual picture of confinement and lead
to a better understanding of its dynamics. Similarities between confined monopole–anti-
monopole pairs and confined quarks have been discussed in detail in [165]. Furthermore,
we will return to this topic in the next chapter.



Chapter 5

The Confinement Slingshot Effect

Although some new aspects were added and discussions were rephrased, this chapter is
an ad verbatim reproduction with respect to equations and figures of the two papers
“Confinement slingshot and gravitational waves” [20] and “Cosmological Implications of
the Slingshot Effect: Gravitational Waves, Primordial Black Holes and Dark Matter” [21]
that I wrote with my collaborators Gia Dvali, Juan Sebastián Valbuena-Bermúdez, and
Michael Zantedeschi.

In this chapter, a new mechanism, the confinement slingshot effect is introduced. This
phenomenon arises in theories that allow the coexistence of confined and unconfined vacua.
It describes a charge that enters the confined region, where its flux becomes concentrated
into flux tubes, producing a string that connects the charge with the wall that is separating
the two different phases. Due to the string’s tension, it pulls the charge back towards the
unconfined vacuum.

These dynamics can appear in various fields of physics. For instance, in a QCD-like
theory that supports coexisting confined and unconfined regions, heavy quarks entering the
confined region stretch QCD flux tubes. A realization of such a scenario was first described
in [160] and we will discuss some details in Section 5.5. Another example in which the
slingshot mechanism can appear is in string cosmology, in particular in string-theoretic
inflation scenarios [187, 188, 189]. In this context, the role of the slingshot is played by D-
strings attached to D-branes of different dimensionalities. We will discuss such a D-brane
realization in Section 5.6.

In this chapter, we will specifically focus on magnetic monopole models, in which the
U(1)-Coulomb magnetic field of the monopole becomes confined within a U(1)-Higgsed
domain. In the U(1)-Coulomb region, the photon is massless and the magnetic monopole
can propagate freely. However, when the monopole enters the Higgsed region, where the
photon is massive and the magnetic field is confined into flux tubes, it stretches a cosmic
string that connects the monopole to the wall separating the Higgsed and Coulomb regions.

Such a scenario for magnetic monopoles can, for example, appear during phase tran-
sitions in Grand Unified Theories. As discussed in Chapter 4, it was predicted that, in
the absence of a mechanism reducing their density, these monopoles would dominate the
Universe today [15, 16]. Besides several other solutions [17, 23, 22], we discussed in great
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detail the idea by Langacker and Pi [18] in Section 4.5. They proposed that in the evo-
lution of the Universe, there can be another phase during which the electromagnetic U(1)
symmetry is temporarily broken. This causes monopoles to become connected by strings
that, due to their tension, pull the monopole and anti-monopole toward each other until
they collide and annihilate. This provides an efficient mechanism to reduce the number of
magnetic monopoles.

While Langacker and Pi assumed that all monopoles connect to strings approximately
simultaneously (second-order phase transition), in this chapter, we will consider the pos-
sibility that this phase transition occurs as a phase transition of first-order type. In this
case, there exists an intermediate stage during which the slingshot effect takes place, before
all monopoles become connected in pairs.

Since the slingshot effect can appear in a variety of cosmological setups, it is important
to understand the gravitational radiation produced by this effect. Focusing on magnetic
monopoles arising from GUTs, we will investigate the gravitational wave spectrum for a
single slingshot and extrapolate our results to full slingshot systems that could have oc-
curred in the early Universe. We will present the characteristic properties of this radiation
and provide estimations for the expected signal observable today.

Furthermore, we will discuss the phenomenological consequences of the D-brane sling-
shot. We will show that it can lead to detectable gravitational radiation, as well as to
the emission of Kaluza–Klein gravitons that may serve as a dark matter candidate [190].
Moreover, similar to the idea proposed in [191], the collapse of a D-brane slingshot can
result in the formation of a primordial black hole [192, 193, 194, 195, 196].

This chapter about the slingshot effect is structured as follows. In Section 5.1, we
introduce our prototype model. Since our work is based on numerical studies and the
initial configurations of the simulations are highly non-trivial, Section 5.2 is devoted to the
setup of these initial conditions and to the numerical implementation. The results of the
simulations are then presented in Section 5.3, followed by an analysis of the gravitational
radiation produced by the slingshot effect in Section 5.4. Subsequently, we will discuss
applications of the slingshot effect in other theories beyond magnetic monopole models.
This includes confined quarks in QCD (Section 5.5), D-brane cosmology (Section 5.6), and
vortex/string models (Section 5.7).

5.1 The Slingshot Model

We want to construct a prototype model that, first, contains a magnetic monopole solution
and, second, supports domain walls separating the U(1)-Coulomb vacuum from a vacuum
in which the U(1) theory is Higgsed. It turns out that the theory of the Subsection 4.5.2
is the perfect choice. It only requires a small modification of the potential:

V (ϕ, ψ) = λϕ

(
Tr
(
ϕ†ϕ
)
−
v2ϕ
2

)2

+ λψ
(
ψ†ψ − v2ψ

)2
ψ†ψ + βψ†ϕψ , (5.1)

where we replaced the quartic potential for ψ by a sextic potential.
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Notice that the sextic structure of the potential for ψ is not renormalizable. However,
this is not an issue in our context, since we are treating it as an effective potential derived
from an underlying renormalizable theory (see the discussion about the Coleman-Weinberg
potential in Section 4.2).

In Subsection 4.5.2, we already discussed the role of the β-term. Besides its role in
ensuring stable strings, it provides an additional advantage for the slingshot mechanism,
as it allows for accelerating domain walls. One can construct scenarios in which a vacuum
energy persists in the Coulomb phase, leading to an acceleration of the wall towards that
phase. In this way, we can effectively simulate the dynamics of expanding vacuum bubbles.

This model contains three types of topological defects. First, it supports magnetic
monopoles, because the scalar field ϕ breaks the SU(2) symmetry to U(1).

Second, due to the disconnected vacuum manifold structure of the ψ field (for β = 0),
the theory admits static domain wall solutions separating the ψ = 0 (Coulomb) phase from
the |ψ| = vψ (Higgsed) phase. Explicit domain wall solutions can be found by solving the
Bogomol’nyi equation [30]. For example the solution can be of the form ψ = (ξ, 0)T , with
four non-trivial possibilities for ξ:

ξ(±vψ ,0)(z) =
±vψ√

1 + emh,ψz
, (5.2)

ξ(0,±vψ)(z) =
±vψ√

1 + e−mh,ψz
. (5.3)

This shows that the U(1)-invariant Coulomb phase and the U(1)-Higgsed phase can indeed
coexist, separated by domain walls formed by the ψ field.

For β ̸= 0, a potential difference arises between the two vacua. This causes a pressure
that acts on the domain wall leading to an acceleration toward the phase with the higher
potential energy. In this process, the vacuum energy is converted into kinetic energy of the
accelerating wall. The magnitude of the potential difference, and hence the acceleration,
is controlled by the parameter β. Such accelerating domain walls play an important role
in first-order phase transitions, where bubbles of the Higgsed phase nucleate and expand
until all of the space is filled with the broken phase. A substantial part of this chapter will
focus on these scenarios.

Last but not least, there exists a third type of topological defect in this theory. For |ψ| ̸=
0, the U(1) symmetry is Higgsed, and the magnetic field becomes confined within Nielsen–
Olesen magnetic flux tubes (cosmic strings) [11]. Consequently, in the Higgsed vacuum,
free monopoles can no longer exist and each must be attached to such a string. This
occurs either by connecting a monopole–anti-monopole pair or by attaching an individual
monopole to the domain wall separating the Coulomb phase from the Higgsed phase. In
this chapter, we will focus on the latter configuration. It is important to note that, because
monopoles are part of the allowed spectrum of solutions, these cosmic strings are not stable.
Through quantum pair production of monopole–anti-monopole pairs, a string can break
into several segments [197]. Nevertheless, this process is exponentially suppressed.
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5.2 Initial Configuration and Numerical Simulation

We want analyse the collision of magnetic monopoles, initially placed in the Coulomb
vacuum, with domain walls separating the Coulomb vacuum from the Higgsed vacuum.
There are two main goals of our simulations: first, to understand the dynamics of these
processes, and second, to compute the resulting spectrum of gravitational radiation (see
Section 5.4). Our strategy is as follows. Accurate calculations of the gravitational wave
spectrum require both a high lattice resolution in the numerical simulations and carefully
prepared initial conditions. For this, we used several tricks to optimise the results for a
single monopole colliding with the wall. We will extrapolate the results for the gravitational
waves originating from this process involving only one monopole to multiple monopoles
colliding with the wall. For the understanding of the dynamics of multiple monopoles
colliding with such a domain wall we also extend our analysis to more complex scenarios.
We will study two monopoles colliding with the wall, and a prototype phase transition in
which an expanding vacuum bubble interacts with monopoles. The construction of these
initial configurations, along with the details of their numerical implementation, will be
presented in the following.

5.2.1 One Slingshot

For precise measurements, it is important that the initial configuration does not deviate
too strongly from the true solution. Therefore, we need an ansatz that captures the correct
physical behaviour of the system. If a monopole is placed in a pure Coulomb vacuum, the
magnetic field spreads radially outward decreasing as 1/r2. In contrast, in the Higgsed
vacuum the magnetic field is confined, leading to a repelling behaviour along the wall that
separates the Coulomb from the Higgsed phase1. To construct an analytic ansatz that
incorporates this structure, we used the analytic equations describing a monopole–anti-
monopole configuration with maximal twist [100]. For this ansatz, in the central plane
between the two monopoles, the magnetic field lines go parallel to the surface, and the
field flips sign across it. The resulting field-line structure resembles that of two monopoles
with the same charge, except that the magnetic field direction in half of the volume is
inverted. In Section 3.7.3, it was noticed that if this sign flip is compensated by an
additional signum function, one can obtain an approximate ansatz for two monopoles
of equal charge. The monopole–anti-monopole ansatz with arbitrary relative twist angle α
is given in equations (3.23), (3.24), (3.25). For the maximal twist this reduces to

ϕ̂a =

 sin(φ) sin
(
θ + θ̄

)
− cos(φ) sin

(
θ + θ̄

)
− cos

(
θ + θ̄

)
 . (5.4)

where ϕ̂a is defined by ϕ̂a = ϕa/
√
ϕbϕb. The monopole and anti-monopole are located on

the z-axis at zM and zM̄, respectively. θ and θ̄ represent the polar angles (with respect to

1Notice that this effect is analogous to the Meissner effect of superconductors [198].
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the z-axis) centred at the monopole and anti-monopole positions. The angle φ denotes the
angle around the z-axis. As already discussed in Section 3.4, an approximate monopole–
anti-monopole ansatz is then given by [100]

ϕa =
1

g

H(rM)

rM

H(rM̄)

rM̄
ϕ̂a , (5.5)

W a
µ = − 1

g
(1 −K(rM))(1 −K(rM̄)) εabc ϕ̂

b∂µϕ̂
c , (5.6)

where H and K are the profile functions for a single monopole. rM and rM̄ are the radii mea-
sured from the monopole and anti-monopole and are given by rM =

√
x2 + y2 + (z − zM)2

and rM̄ =
√
x2 + y2 + (z − zM̄)2 , respectively.

We place the domain wall separating the Coulomb and Higgs phases at the central plane
between the monopole and the anti-monopole. In this setup, the monopole at z = zM < 0
lies in the Coulomb phase, while the anti-monopole at z = zM̄ > 0 is fully contained in
the Higgsed phase. Since we wish to simulate only a single monopole entering from the
Coulomb vacuum into the Higgsed vacuum, we remove the anti-monopole in the Higgsed
phase by applying the following modification:

ϕa(x, y, z > 0) → ϕa(x, y, z = 0) , (5.7)

W a
µ (x, y, z > 0) → W a

µ (x, y, z = 0)
1

1 + eεz
. (5.8)

The suppression factor ε is chosen such that most of the gauge field is suppressed within
the domain wall of thickness m−1

v,ψ. This suggests ε = mv,ψ.
With the monopole solution, the directions of the scalar fields are constrained, which

must be taken into account when implementing the domain wall solution. As mentioned
in Section 4.5.2, for the minimization of the potential we require that ψ†T aψ is parallel to
ϕa. One possible choice is given by

ψ1 = −
ξ(0,+vψ)√

2

(ϕ̂1 − iϕ̂2)√
1 + ϕ̂3

,

ψ2 =
ξ(0,+vψ)√

2

√
1 + ϕ̂3 . (5.9)

The magnetic field lines, the ϕ field vector, and the profile of the ψ field in the final
configuration are shown in Figure 5.1. As a cross-check of how well this ansatz satisfies the
field equations, we applied a numerical relaxation to it. For more details on the relaxation
we refer to Appendix A. Remarkably, the resulting changes in the configuration turned out
to be very small. Moreover, inserting the above ansatz into a numerical simulation showed
that there are almost no initial fluctuations. Taken together, these observations demon-
strate that our constructed ansatz provides an excellent approximation for our purposes.

For β ̸= 0, the domain wall accelerates toward the monopole, naturally leading to
a collision event. To observe stronger effects, we additionally Lorentz boost both the
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Figure 5.1: This figure schematically illustrates the initial configuration. The colour plot repre-
sents the profile of the ψ field. The blue region (ψ = 0) corresponds to the unbroken Coulomb
phase, while the red region (|ψ| = vψ) corresponds to the Higgsed phase. In the upper plot, the
field lines show the magnetic field of the monopole. In the lower panel, the vectors indicate the
scalar field direction ϕ̂.

monopole and the domain wall. The monopole can be boosted by replacing z − zM and
z−zM̄ with γM(z−uMt−zM) and γM(z+uMt−zM̄), respectively, in equations (5.5) and (5.6),
where uM is the monopole velocity and γM is the corresponding Lorentz factor. A boost of
the domain wall is implemented by replacing z with γDW(z−uDWt) in equation (5.9), where
uDW is the domain wall velocity and γDW its Lorentz factor. Accordingly, in equation (5.8),
the suppression factor ε should be replaced by γDWε.

The above-described initial configuration was implemented into a numerical simulation
to study the time evolution of the system. The simulation program was written in Python.
The strong improvement in computational speed was achieved by making use of the axial
symmetry of the system. This symmetry allows us to evaluate the field equations only in
a single plane, which we will choose to be the y = 0 plane. For the time evolution of the
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equations of motion, we employed the second-order Crank–Nicolson method. As boundary
conditions, we used absorbing boundaries for the fields ϕa and W a

µ . For the ψ field, we
imposed Dirichlet boundaries in the z-direction and since the domain wall is moving, we
applied periodic boundaries in the x-direction2. All details about the programming lan-
guage, axial symmetry method, the Crank–Nicolson method, and the boundary conditions
can be found in Appendix A.

For the field equations, we fixed the gauge by choosing the Lorenz gauge, ∂µW
µ
a =

0. To satisfy this condition initially, we imposed ∂tW
a
t = ∂iW

a
i as an initial condition.

Analytically, the Lorenz gauge remains satisfied at all times. However, numerically it can
become violated. Therefore, we kept track of the gauge condition throughout the time
evolution to ensure it was maintained. In the axially symmetric cases, the condition was
always preserved.

In the simulations we obtained great results for a lattice and time spacing of 0.25m−1
v,ϕ

and 0.1m−1
v,ϕ, respectively. The lattice size was [−60m−1

v,ϕ, 60m−1
v,ϕ] in the x-direction and

[−180m−1
v,ϕ, 60m−1

v,ϕ] in the z-direction. The analysed time interval was given by [0, 180m−1
v,ϕ].

To obtain a big picture of the dynamics, we varied all free parameters. However, we
focused on the cases where g = 1 and mv,ϕ/mh,ϕ = 1, while varying the remaining free
parameters within the intervals mv,ψ ∈ [0.1mv,ϕ, 0.7mv,ϕ], mh,ψ ∈ [0.1mv,ϕ, 1.0mv,ϕ], and
β ∈ [0.001mv,ϕ, 0.1mv,ϕ]. The domain wall and the magnetic monopole were initially
placed at z = 0 and zM = −40m−1

v,ϕ, respectively. The initial velocities of the magnetic
monopole and the domain wall were varied within the interval uM, uDW ∈ [0, 0.98]. No-
tice that an initial Lorentz boost of the monopole is not required in order to ensure a
collision with the domain wall, since the wall itself accelerates due to the β-term in the
potential (5.1).

The monopole–anti-monopole ansatz given in equation (5.4) can be generalized to a
configuration of multiple monopole–anti-monopole pairs placed along the z-axis. We sim-
ulated two untwisted pairs with a maximal relative twist between them. The orientation
of the scalar field is then described by

ϕ̂ =

− sin
(
θ1 − θ̄1 + θ2 − θ̄2

)
sinϕ

sin
(
θ1 − θ̄1 + θ2 − θ̄2

)
cosϕ

− cos
(
θ1 − θ̄1 + θ2 − θ̄2

)
 . (5.10)

Here, θ1 and θ̄1 denote the polar angles around the monopoles of the first pair, while θ2
and θ̄2 are the corresponding polar angles for the second pair. As before, we can place
the domain wall between the two pairs and remove the second pair. This gives an initial
configuration describing a monopole and an anti-monopole entering the Higgsed phase
subsequently.

2Notice that for maximal twist (α = π), the imaginary component of ψ1 is anti-symmetric in x-direction.
This has to be taken into account for the periodic boundary conditions.
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5.2.2 Two Slingshots

In the previous section, we found an ansatz for two monopoles entering the Higgsed phase
subsequently along the z-axis. However, this setup produces only a single slingshot. We
also aim to study interactions between different slingshots, since in the Universe multiple
monopoles are expected to collide with vacuum bubbles.

To this end, we simulated a monopole–anti-monopole pair entering the Higgsed phase
in parallel. For this, we used the monopole–anti-monopole ansatz (3.23), (3.24), (3.25)
without twist (α = 0). Instead of placing the domain wall perpendicular to the z-axis,
we aligned it parallel to it. An analytic approximate configuration capturing the repelling
behaviour of the magnetic field lines at the wall is not known. However, since the axis going
through the monopoles is parallel to the wall, the magnetic field lines are approximately
aligned correctly near to the wall. A subsequent numerical relaxation was applied to further
improve the configuration and minimize energy emissions in the form of radiation during
the simulation.

This numerically determined configuration, however, cannot be Lorentz boosted as easy
as the analytic initial configuration in the previous section. Therefore, the monopole–anti-
monopole pair was kept static initially, and only the domain wall was boosted. In addition,
the domain wall naturally accelerates toward the monopoles due to the β-term.

In this scenario, the system no longer exhibits axial symmetry. Consequently, a full
three-dimensional simulation was required, which results in a lower lattice resolution due
to the limits of computational resources. Instead of the 0.25m−1

v,ϕ spacing used in axially

symmetric cases, we used 1.0m−1
v,ϕ. The full lattice was cubic with edge length 240m−1

v,ϕ.
While the resolution was lower than in the axially symmetric cases, it remained sufficient
to capture the relevant phenomena qualitatively. To avoid numerical instabilities, we also
included a small artificial friction term in the field equations.

Contrary to the previously described axially symmetric cases, the Lorenz gauge condi-
tion, ∂µW

µ
a = 0, was not maintained throughout the simulation. Therefore, we adopted the

better behaving time gauge, W a
t = 0, as gauge fixing condition in the equations of motion.

This choice was straightforward to implement, because the static monopole–anti-monopole
configuration already satisfies W a

t = 0.

5.2.3 Many Slingshots

In addition to the constructed scenarios discussed above, we also simulated a full vacuum
bubble that grows and collides with many monopoles. This provides a qualitative picture
of how a first-order phase transition may evolve. The initial configuration for this setup is
rather simple. The gauge fields W a

µ were set to zero at the beginning. For the scalar field
ϕa we introduced small random perturbations around ϕa = 0. Since the system naturally
minimizes the potential, the scalar field ϕ quickly falls into the minimum of the potential.
In this process magnetic monopoles and anti-monopoles form dynamically. All of the
initial potential energy of the system is converted into the creation of these monopoles,
along with the emission of radiation. We included a small artificial damping term in the
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field equations, which suppresses this radiation. In a cosmological context, such damping
could arise naturally through interactions with a surrounding plasma.

For the ψ field, we initially inserted a small vacuum domain wall bubble of radius
R = 3m−1

v,ϕ:

ψ1 = ξ(0,±vψ)(r −R) ,

ψ2 = 0 , (5.11)

where ξ(0,±vψ) is the domain wall solution given in equation (5.3). At the beginning of the
simulation, we did not evolve the field equations for the ψ field. This kept the bubble
configuration fixed, while the scalar field ϕ automatically oriented itself such that the β-
term in the potential (5.1) was minimized. Once the magnetic monopoles had formed and
the radiation had been sufficiently damped, we began solving the field equations for ψ
as well. Because of the vacuum energy, the domain wall bubble started to expand and
subsequently collided with the monopoles. The results of this setup will be discussed in
Section 5.3.3.

As boundary conditions, we utilized periodic boundaries in all directions. Moreover,
the Lorenz gauge was chosen as the gauge-fixing condition. The lattice size was set to
180m−1

v,ϕ × 180m−1
v,ϕ × 360m−1

v,ϕ with a lattice spacing of 1.0m−1
v,ϕ.

5.3 Results from the Numerical Simulations

The results of the numerical simulations outlined above provide us with valuable insight
into the dynamics of magnetic monopoles during first-order phase transitions. The corre-
sponding observations are presented in the following.

5.3.1 One Slingshot

In the case of a single monopole moving towards the Higgsed phase, we observe that as the
monopole approaches the wall, electromagnetic energy appears along it. This energy can be
understood by two effects. First, the magnetic field is repelled at the wall. As the monopole
comes closer, the magnetic field lines rearrange themselves and dam up at the wall, thereby
increasing the density of the field lines and, thus, the magnetic energy localizes there.
This adjustment occurs very rapidly, which in turn produces electromagnetic radiation.
Furthermore, the collision of the monopole with the wall serves as an additional source
of radiation. The resulting radiation propagates towards the Coulomb phase. However,
since the wall moves at ultra-relativistic speeds, much of the radiation energy remains near
the wall for a long time. Radiation is also emitted into the Higgsed phase, but there the
photon is massive, and as a result this radiation is strongly damped and will dissipate.

After the collision of the monopole with the wall, a string is stretched into the Higgsed
region. This is the only way a monopole can enter the Higgsed phase, since all the mag-
netic flux originating from the monopole becomes confined within a flux tube. The string
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Figure 5.2: This figure shows a slingshot formed after the monopole collided with the ψ domain
wall and entered the Higgsed phase. The colour plot illustrates the magnetic energy density in
units of m4

v,ϕ/g
2, the field lines represent the magnetic field, and the black line indicates the

contour with the ψ field profile being |ψ| = 0.1mv,ϕ. The coordinates are given in units of m−1
v,ϕ.

For this figure we used the parameters mh,ϕ =
√
2λϕ vϕ = mv,ϕ, mv,ψ = gvψ/

√
2 = 0.15mv,ϕ,

mh,ψ = 2
√
λψ v

2
ψ = 0.6mv,ϕ, and β = 0.01mvϕ . The initial velocities for the monopole and

domain wall were uM = 0.8 and uDW = −0.8.

connects the monopole to the domain wall, where the magnetic flux is released into the
Coulomb region. Hence, an observer in the Coulomb vacuum measuring the magnetic field
would see a point-like magnetic source localized on the wall.

One time frame of the simulation can be found in Figure 5.2. There, the magnetic energy
density and the magnetic field lines are illustrated. The full simulated time evolution can
be found in the following video: https://youtu.be/IPJAPjo3nSc

If one modifies the potential for the field ψ such that the potential difference caused by
the interaction term −βψ†ϕψ is compensated, one can construct non-accelerating static
domain walls. Here, the monopole would collide with the wall and also stretch a string.
All the kinetic energy of the monopole then goes into some deformation of the domain wall
and into the energy of the string. By neglecting the deformation of the wall, the maximal
length of the string can be estimated to be

lmax ∼ (γM − 1)
mM

µ
, (5.12)

where γM is the Lorentz factor of the monopole during collision, µ ∼ m2
v,ψ/g

2 is the string
tension, and mM ∼ mv,ϕ/g

2 is the monopole mass.
After all of the monopole kinetic energy has been transferred into the energy of the

https://youtu.be/IPJAPjo3nSc
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string, the monopole changes its direction of motion and begins accelerating back towards
the Coulomb phase. The energy stored in the string is then converted back into the kinetic
energy of the monopole until it leaves the Higgsed region and moves freely away from
the wall within the Coulomb phase. For this reason, we refer to this phenomenon as the
confinement slingshot effect.

For an accelerating domain wall, the situation becomes more involved. In our simula-
tions, we observed that the monopole decelerates when the string is stretching. Once the
string reaches its maximal length, the monopole, the domain wall, and the string begin to
move collectively toward the Coulomb vacuum. This behaviour occurs because addition-
ally to the monopole that is accelerated by the string tension, there is the domain wall
that is accelerated by the vacuum energy in the Coulomb phase. Notice that the equal
velocity of the monopole and the domain wall is only an illusion. Both objects are strongly
accelerated and quickly approach ultra-relativistic speeds. As a result, their velocities are
only slightly below the speed of light, making the small difference between them difficult
to resolve. These accelerations of the domain wall and the monopole can be estimated by

aDW ∼ δ

σDW

∼ β
mv,ϕ

gmh,ψ

, (5.13)

aM ∼ µ

mM

∼
m2
v,ψ

mv,ϕ

, (5.14)

with δ being the difference in the potential energy of the two different vacua. σDW ∼ mh,ψv
2
ψ

is the domain wall tension.
Several different outcomes are possible. If both mv,ϕ and mh,ψ are large, the monopole

may enter the Higgsed phase and stretch a string. However, if the acceleration of the wall
is smaller than the acceleration of the monopole due to the string tension, the monopole
can be pulled back into the Coulomb phase until the domain wall accelerates further and
collides with it again. For sufficiently large masses, it may even occur that the monopole
never enters the Higgsed phase at all but instead remains localized on the domain wall.
Assuming the thin-wall and thin-string approximation, and neglecting any deformation of
the wall due to the slingshot formation, the maximal string length can be estimated as

lmax ∼ γc
mM

µ
, (5.15)

for ultra-relativistic collision velocities, where γc denotes the relative Lorentz factor.
Another natural question concerns the stability of the string. In principle, the en-

ergy stored in it could be sufficient for the string to split into a monopole–anti-monopole
pair, leaving behind a shorter slingshot and a monopole–anti-monopole pair connected by
a string. However, such processes can only occur through thermal or quantum effects.
Although the collision of the monopole with the wall does generate small thermal fluctua-
tions, they are far too weak to trigger a string breaking. Moreover, since our simulations
capture only classical dynamics, quantum pair production cannot take place.

But a detachment of the string from the wall can occur when an anti-monopole enters
the string at the string-wall junction. We simulated such a scenario by considering a



144 5. The Confinement Slingshot Effect

Figure 5.3: This figure shows a confined monopole–anti-monopole pair that forms after an anti-
monopole enters the throat of the slingshot. The parameters are the same as those given in the
caption of Figure 5.2.

monopole–anti-monopole pair colliding with the domain wall along the z-axis. When the
first monopole enters, it stretches a string as explained in detail above. Once the anti-
monopole enters the string throat, all the magnetic flux can be absorbed by it. As a
result, the string detaches from the wall, leaving behind a monopole–anti-monopole pair
connected by a string (see Figure 5.3). Subsequently, the two monopoles accelerate towards
each other until they collide and annihilate [165], analogously to the dynamics described
in Section 4.5.2. The animated time evolution of this slingshot process can be found in the
following video: https://youtu.be/IPJAPjo3nSc

5.3.2 Two Slingshots

We saw that a detachment of the string from the wall can be achieved by introducing
an additional anti-monopole that enters the throat of the string. Another possibility for
the detachment can be obtained through interactions with a nearby (anti-)slingshot. To
simulate this scenario, we considered a configuration in which, in addition to the monopole,
an extra anti-monopole enters the Higgsed phase at a different location. Both monopoles
enter the Higgsed phase simultaneously. The initial separation distance is given by d =
|zM̄ − zM|, where zM and zM̄ denote the z-coordinates of the monopole and the anti-
monopole, respectively.

We investigated different setups by varying the initial separation d between 20m−1
v,ϕ and

90m−1
v,ϕ. This range was chosen for two reasons. For separations d ≲ 20m−1

v,ϕ, the Coulomb
attraction between the monopole–anti-monopole pair is so strong that the monopoles are

https://youtu.be/IPJAPjo3nSc
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already too close to each other when they collide with the domain wall, preventing the
formation of two distinct slingshots. On the other hand, separations larger than d ∼
90m−1

v,ϕ would require a larger lattice for the simulations, which was beyond our available
computational power and memory. The animated results of the simulations are shown in
the following video: https://youtu.be/PnErf4-zUEg

In addition to varying the initial separation distances, we also analysed different relative
twists, α. Specifically, to gain a clearer understanding of the dynamics, we considered the
cases α = 0, α = π/2, and α = π. Finally, we rotated the monopole–anti-monopole pair
such that the monopole enters the Higgsed phase before the anti-monopole, but at different
locations on the domain wall.

By varying all these parameters, we obtained a clearer picture of how multiple sling-
shots interact with each other and of how the slingshot manifests itself in a full phase
transition, which we will discuss later.

No Twist. If no relative twist, α = 0, is present between the monopole and the anti-
monopole, we observed that when the slingshots form, the strings bend away from each
other (see Figure 5.4 (left)). Furthermore, a flux tube forms that is localized on the wall.
Such flux tube formation was previously mentioned for quarks entering a confined region
in [199]. This flux tube explains why the strings bend away from each other, because the
magnetic field lines of the tube tend to straighten. For larger initial separation distances
d, the flux tube on the wall becomes wider, weakening the bending effect. For very large d,
the slingshots become completely isolated and behave like single fully separated slingshots,
which were discussed in the previous section. In this case, the magnetic field in the Coulomb
region resembles that of a widely separated monopole–anti-monopole pair.

Due to the magnetic flux tube on the wall, the attraction between the string-wall junc-
tions is very strong. Within the investigated time interval, we observe for small initial
distances d that the junctions approach each other until the slingshots detach from the
domain wall, forming a monopole–anti-monopole pair connected by a single string. After
the detachment, the string wishes to straighten, resulting in a strong acceleration toward
the monopoles. If the string is sufficiently long, it can even oscillate between the monopoles
multiple times.

Maximal Twist. If the monopole and anti-monopole are maximally twisted initially,
the behaviour of the slingshots is entirely different. In this case, no flux tube forms on
the wall and the magnetic field spreads further into the Coulomb region. Due to the
absence of a flux tube, the strings do not bend but remain parallel to each other, as
illustrated in Figure 5.4 (right). The string-wall junctions still attract each other via the
Coulomb interaction, causing the slingshots to move towards each other. However, the
strings remain parallel all the time. Once the slingshots approach sufficiently close, the
strings annihilate, leaving behind a twisted monopole–anti-monopole pair connected by a
very short string. This behaviour is in contrast to the untwisted case, where the strings
bend and the monopoles are still far apart when the strings are detaching from the wall.
Here in the twisted case, the strings stay parallel, and thus the monopoles are already very

https://youtu.be/PnErf4-zUEg
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Figure 5.4: This figure shows monopole–anti-monopole pairs entering the Higgsed phase in par-
allel. The upper two plots illustrate the magnetic energy density in the y = 0 plane for two
slingshots without relative twist (left) and with maximal twist (right). The black lines indicate
the contour |ψ| = 0.16mv,ϕ, marking the location of the domain wall. For the upper plots,
the initial separation between the monopoles was d = 34m−1

v,ϕ. In the lower plots, the initial

separation is d = 60m−1
v,ϕ, with the left plot showing the untwisted case and the right plot the

twisted case. The density plots illustrate the magnetic energy density for values greater than
5.0 · 10−6m4

v,ϕ/g
2 (left) and 2.0 · 10−5m4

v,ϕ/g
2 (right). The domain wall is represented by the

contour |ψ| = 0.2mv,ϕ. For the simulations the following parameters were chosen: mh,ϕ = mv,ϕ,
mv,ψ = 0.2mv,ϕ, mh,ψ = 0.6mv,ϕ, β = 0.01mv,ϕ.

close together when the detachment occurs.
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Once the twisted monopole–anti-monopole pair connected by the string has formed, the
monopoles collide. Before the annihilation we observe a single bounce. This feature is char-
acteristic for maximally twisted monopoles and has already been reported in [165, 101].
In a perfectly symmetric setup, the monopoles would not annihilate at all and bounce
multiple times until they form an unstable static sphaleron configuration [103]. Such a
configuration was already discussed in Subsection 4.5.2.

In addition to the cases with zero twist, α = 0, and maximal twist, α = π, we also
investigated intermediate twisting angles. In these scenarios, we observed a superposition
of the two effects. A part of the magnetic field becomes confined in a flux tube on the
wall, while another part spreads into the Coulomb region. As a result, the bending angle
of the slingshots changes smoothly between the two extremes, showing maximal bending
for α = 0 and no bending for α = π.

All simulations that we performed were for cases with rather small distances, d, between
the slingshots. As mentioned earlier, for large separations, d≫ 1/Λ, we expect a Coulomb-
like attraction, where Λ is the confinement scale which is of order mv,ψ. Let us estimate
the time it takes until two slingshots collide and annihilate. Here, we can distinguish two
cases. If the distance between the slingshots is much smaller than the string length, L, the
accelerated mass is given by a small piece of the string close to the string–wall junction,
m ∼ µ/Λ ∼ Λ. For d ≫ L, the full string is accelerated, and thus the relevant mass is
the full slingshot mass, m ∼ µL ∼ Λ2L. Assuming that only the magnetic field in the
Coulomb phase contributes to the attraction, the time evolution of the separation distance
between the slingshots is described by

mẍ ∼ 1

x2
. (5.16)

The solutions of this equation provide an estimate for the lifetime of the two slingshots,

τ ∼

{
Λ

1
2 d

3
2 for d≪ L ,

ΛL
1
2 d

3
2 for d≫ L .

(5.17)

Note that we assumed that only the magnetic field in the Coulomb phase contributes to the
attraction. The dynamics would change completely if, for example, a surrounding plasma is
present or if the field lines are partially concentrated along the domain wall. However, since
such effects depend strongly on the details of the model, like for example the abundance
of slingshots, our above assumption is sufficient to obtain order-of-magnitude estimates.

5.3.3 Many Slingshots

The final scenario that we simulated was an expanding vacuum bubble colliding with mag-
netic monopoles. When they collide, the monopoles form many slingshots at different
locations on the bubble’s surface. The results are shown in Figure 5.5. The animated
results can be found in the following video: https://youtu.be/PnErf4-zUEg

https://youtu.be/PnErf4-zUEg
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Again we observe phenomena similar to those discussed earlier. For instance, if two sling-
shots are sufficiently close, their strings bend strongly. When the string-wall junctions ap-
proach each other close enough, the slingshots detach from the wall and form a monopole–
anti-monopole pair connected by a string. In addition to these already known effects, we
also made further noteworthy observations.

It is a well-known fact that when two strings intersect, they can reconnect in different
ways. This has interesting consequences for intersecting slingshots. In such a case, the
strings can reconnect in a way that produces a monopole–anti-monopole pair, while leaving
behind a string with both of its ends attached to the wall.

Another observation that we made was the formation of very long strings when two
vacuum bubbles collide. To simulate this, we placed the vacuum bubble close to the
boundary. Due to the periodic boundary conditions, the growing bubble reappears on
the opposite side of the lattice. This setup allowed us to study domain wall collisions
without explicitly implementing a second vacuum bubble. At the moment of the collision,
we observed that very long strings can form, extending almost across the entire analysed
volume. The reason for this effect can be understood as follows. Shortly before the walls
collide, only few free monopoles and slingshots remain, since most of them have already
formed confined monopole–anti-monopole pairs within the Higgsed phase of the vacuum
bubble. When the walls collide, the few remaining monopoles and slingshots must still find
partners. Because of the reduced density, these partners can be far apart, which naturally
leads to the creation of very long strings. Later, through intersections with other confined
monopole–anti-monopole pairs, these long strings can split into shorter segments.

Last but not least, we observed that collisions of monopoles with the wall, as well as
the subsequent formation of slingshots, create strong deformations of the bubble wall. In
addition, these monopoles act as a source of friction, effectively slowing down the bubble’s
expansion. Both the deformations and the friction effects are non-trivial for the resulting
gravitational wave emission during bubble collisions [200]. Hence, the slingshot effect
represents a relevant physical mechanism that must be taken into account in such analyses.

5.4 Gravitational Radiation

All the effects that we observed have important implications for gravitational wave physics.
Among them are pure string loops that collapse, deformed domain wall bubbles that ex-
pand with constant acceleration and eventually collide, as well as confined monopole–anti-
monopole pairs in which the monopoles are pulled together under strong acceleration. Each
of these mechanisms is already a well-known source of gravitational waves. In this work,
however, we found a new phenomenon, the slingshot effect, which provides an additional
source of gravitational radiation in the early Universe, for instance during first-order phase
transitions in GUTs.

In this section, we first analyse the gravitational radiation emitted by a single slingshot.
Afterwards, we extrapolate these results to a full system of many slingshots. Our focus
will be on deriving order-of-magnitude estimates for the characteristic gravitational wave
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t=100 

t=155 t=190 

t=135 

Figure 5.5: This figure shows the time evolution of an expanding vacuum bubble colliding with
several magnetic monopoles, leading to the formation of multiple slingshots. The blue and red
density plots illustrate the absolute values of the scalar fields, |ϕ| and |ψ|, respectively. Only
a part of the full lattice is shown, corresponding to a box of size (170m−1

v,ϕ)
3. The parameters

chosen in the simulation are: mh,ϕ = mv,ϕ, mv,ψ = 0.15mv,ϕ, mh,ψ = 0.6mv,ϕ, β = 0.2mv,ϕ.

frequencies and the corresponding density parameters that would be expected today as
remnants of the slingshot dynamics.
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5.4.1 Spectrum for One Isolated Slingshot Event

For our study of the gravitational wave spectrum, we will neglect the back-reaction of the
gravitational field on the slingshot dynamics. Since we assume that the mass scales of
our theory are well below the Planck mass, the gravitational back-reaction is expected to
produce only small corrections. These corrections could appear from the following effects.
First, when the slingshot accelerates along with the domain wall, energy is radiated away in
the form of gravitational waves, which slightly slows down the acceleration of the slingshot
and modifies its dynamics. Second, the monopole in the Coulomb phase experiences a
gravitational repulsion from the domain wall. As shown in [201, 202], planar infinite
domain walls anti-gravitate. The gravitational force originating from the domain wall with
tension σDW on a test mass m is F ∼ GσDWm. For mass scales approaching the Planck
mass, this force can compete with the string tension pushing the monopole away from the
wall and may even prevent the monopole from entering the Higgsed phase. However, for
scales well below the Planck mass, these effects are negligible.

Note also that, in addition to neglecting the gravitational back-reaction, we ignore the
effects of a background plasma. Such a plasma could slow down the slingshot dynamics
and thus reduce the emission of gravitational radiation.

With these assumptions, we can calculate the gravitational radiation spectrum from the
energy-momentum tensor of the system. For this purpose, we use Weinberg’s formula [176],
which gives the radiated gravitational energy per unit frequency and solid angle3

dE

dΩ dω
=
Gω2

2π2
Λij,lm(k̂)T ij∗(k, ω)T lm(k, ω) , (5.18)

where ω is the frequency of the radiation, k̂ (|k| = ω) is the direction of radiation emission,
and dΩ is the differential solid angle. Notice that we have already used a rewritten version
of this formula in Section 4.5.3. The Fourier transform of the energy-momentum tensor,
Tµν , can be calculated with

Tµν(k, ω) =

∫
It

dt

∫
IV

d3x eiωt−ik·x Tµν(x, t) , (5.19)

where the investigated time interval and volume region are It and IV , respectively. Within
the analysed time interval of the full simulation, the duration during which the slingshot is
present is T ≃ 80m−1

v,ϕ. As a volume, we chose a cubic box of size V ≃ T 3, which captures
the relevant dynamics. In equation (5.18), Λij,lm is the projection operator that extracts
the transverse-traceless part of the energy-momentum tensor. The operator is given by

Λij,lm(k̂) ≡ Pil(k̂)Pjm(k̂) − 1

2
Pij(k̂)Plm(k̂) , (5.20)

where Pij(k̂) = δij − k̂ik̂j projects out the orthogonal direction of k̂.

3We follow the conventions from [203].
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Notice that equation (5.18) is only valid if the energy-momentum tensor is divergence-
free, kµT

µν = 0, which is an assumption in the derivation of Weinberg’s formula. As a
check of the numerical data, we verified this condition and found it to be well satisfied.

The initial configuration used in the simulations does not solve the field equations
exactly and therefore serves only as an approximate ansatz. This leads to fluctuations in
the fields, which appear as noise in the gravitational wave spectrum. Additionally, the
simulations are performed on a discretized lattice with finite spacing. Even with carefully
chosen resolution and numerical methods, some numerical fluctuations are unavoidable.

To isolate the gravitational signal of the slingshot from the background, we calculated
the gravitational spectrum for a monopole that is Lorentz-boosted with the same velocity
in the direction away from the domain wall. Within the time interval under consideration,
this monopole does not collide with the domain wall. Consequently, this spectrum contains
only background contributions that are not of interest. We then used this background data
to subtract it from the spectrum obtained in the simulation where the monopole collides
with the wall and forms the slingshot.

In the analysis of the gravitational radiation, we kept the following parameters fixed:
mh,ϕ = mv,ϕ, mh,ψ = 0.6mv,ϕ, and β = 0.01mv,ϕ. We varied the photon mass for values
mv,ψ ≤ 0.7mv,ϕ. For larger values of mv,ψ, the Lorenz gauge was violated too strongly
during the numerical simulation. In the following, we present an example with mv,ψ =
0.6mv,ϕ, where the background noise contributes with less than 5% of the gravitational
energy spectrum and is therefore negligibly small.

Integration over the solid angle yields the energy spectrum shown in Figure 5.6 (note
that we set the gravitational constant to one, G = 1). We find that the scaling of the
energy spectrum can be approximated by

dE

dω
∝ ω−1 . (5.21)

This frequency dependence is very similar to that predicted for a confined magnetic monopole
pair in the point-like approximation by Martin and Vilenkin [19] (for more details we refer
to Section 4.5.3). This similarity is expected, since the acceleration of the monopole due to
the string tension is the same as in the confined monopole pair. In [19], it was also noted
that in the very high-frequency regime, the energy spectrum begins to decay exponentially.
Unfortunately, the resolution of our lattice does not allow us to resolve this regime.

Weinberg’s formula allowed us to calculate the direction of radiation emission. The
result is illustrated in Figure 5.7. First, we observe that most of the radiation is emitted
along the direction of acceleration. Second, a dependence between the emission angle θ
and the frequency ω can be seen. This dependence is approximately given by

θ ∝ ω−1/2 . (5.22)

The same behaviour has also been calculated in the point-like approximation for a con-
fined monopole–anti-monopole pair in [177]. However, there is a small difference. For the
slingshot, the radiation is emitted mainly in the interval θ ∈ [0, π/2]. In contrast, for two
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Figure 5.6: The red dots in this figure show the gravitational energy spectrum obtained from
our numerical data. The blue dashed line illustrates an ω−1 behaviour for comparison with the
numerical results. The frequency is given in units of mv,ϕ.

magnetic monopoles connected by a string, the same amount of radiation with the same
scaling is additionally emitted in the interval θ ∈ [π/2, π], due to the second monopole.

Multiplying dE/dω by 2π/T 2 gives the instantaneous power PGW. In Section 4.5.3,
a scaling of PGW ∼ µ2/M2

P with µ ∼ Λ2 was calculated, where Λ ∼ mv,ψ is the scale
of monopole confinement. From our numerical results, we observe that this scaling is in
approximate agreement with the predicted behaviour.

Notice that in the simulations used to calculate the gravitational wave spectrum, we
did not vary the parameters extensively. This was mainly due to numerical limitations.
For instance, for sufficiently low mv,ψ, we observed that the radiation from the collision of
the monopole with the domain wall becomes comparable to the radiation emitted by the
slingshot itself. A complete understanding of the gravitational radiation across different
parameter regimes would require a detailed and precise study, which is beyond the scope
of this work and left for future research. Nevertheless, we expect only small corrections to
the results we obtained for the gravitational radiation emitted by the slingshot itself.

In summary, we have shown that the gravitational energy spectrum of the slingshot
decays as ω−1, and the emission angle depends on the frequency as θ ∝ ω−1/2. Therefore,
the slingshot effect produces a characteristic gravitational radiation signal. To gain better
intuition about the regimes in which these gravitational waves might be detectable, we use
the results above to estimate the gravitational radiation density parameter.
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Figure 5.7: This density plot shows the radiated energy per unit frequency and solid angle as
a function of the frequency ω and the radiation emission angle θ. The angle is the polar angle
measured from the axis of motion with θ = 0 corresponding to the direction of acceleration. The
black dashed line indicates an ω−1/2 behaviour for comparison.

5.4.2 Estimation for the Gravitational Radiation Density Param-
eter

The gravitational radiation density parameter is given by ΩGW ≡ (1/ρc) dρGW/ d(ln f),
where f is the frequency of the gravitational wave signal. In the slingshot example, this
parameter measures the fraction between the energy density carried by gravitational waves
from the slingshot, ρGW, and the critical energy density of the Universe, ρc. For a phase
transition in which slingshots form, we expect the following density parameter, which
accounts for the gravitational radiation emitted by the slingshots only:

Ωpeak
GW ≃ PGW tsl nM

(
a(Tsl)

a(T0)

)4
1

ρc
, (5.23)

Here, PGW ∼ Λ4/M2
p is the power emitted by a single slingshot, t is the duration of

the slingshot, and nM is the monopole density, which we assume to be approximately
equal to the slingshot density since nearly every monopole stretches a string. The scale
factors, a, account for the redshift due to the expansion of the Universe. Throughout
these estimations, we assume that the Universe is radiation-dominated until all monopoles
annihilate at T ∼ Tsl. Additionally, we will consider only scenarios in which all slingshots
cease to exist once the entire Universe is filled with the Higgsed vacuum. We do not
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account for cases in which their intersections or annihilations could shorten their lifetime.
Therefore, the duration of the slingshot can be estimated approximately by the horizon
time, tsl ∼ MP/T

2
sl. This is justified, since the vacuum bubbles expand at relativistic

speeds. Notice that we will focus only on the peak of the gravitational radiation density
parameter. A detailed analysis of the full signal shape is left for future work. Furthermore,
in our estimates we will neglect order-one factors.

Under these assumptions, the gravitational wave density parameter can be approxi-
mated as

Ωpeak
GW ≃ Λ4nM

T 6
slMP

Ωrad , (5.24)

where we replaced the critical density of the Universe, ρc, with the radiation density pa-
rameter, Ωrad = ρrad/ρc ∼ T 4

0 /ρc. The radiation frequency of the signal that would be
observed today is

f ≃ 1

tsl

a(Tsl)

a(T0)
≃ TslT0

MP

. (5.25)

In general, it is possible that the monopole confinement scale, Λ, does not coincide with
the scale at which the slingshot occurs, Tsl. The magnitude of any separation between
these scales is highly model-dependent. At the end of this section, we will provide some
qualitative discussion. For the purpose of keeping our estimations general, however, we
treat these two scales as independent parameters.

These two parameters, Λ and Tsl, together with the monopole density, nM, cannot be
chosen arbitrarily in equation (5.24), because they must be consistent with observational
constraints from our Universe. For instance, a phase with domain wall dominance could
leave a too strong imprint on the cosmic microwave background. Avoiding such domain
wall domination requires that the walls collapse at temperatures

Tsl ≳

(
Λ

MP

) 3
2

MP . (5.26)

For the same reason, we also want to avoid a monopole domination phase. This requires

nM ≲
T 4
sl

mM

, (5.27)

where mM is the monopole mass.
However, a stronger bound on the monopole density arises for a different reason. Above,

we assumed that throughout the bubble expansion, the slingshots do not detach from
the wall. As discussed in Section 5.3.2, two slingshots attract each other and eventually
annihilate. To account for this effect, equation (5.24) is valid only if the slingshot lifetime
due to their attraction is larger than the Hubble time used for the slingshot duration,
τ ≳ tsl. Since we are interested in the maximally possible values of ΩGW, we consider
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the slingshot density to be as high as possible, which implies that the mean separation
distance, ⟨d⟩, between the string-wall junctions is small compared to the slingshot length,
L. From equation (5.17) with ⟨d⟩ ∼ 1/

√
nMt, it then follows that

nM ≲
T

14
3

sl Λ
2
3

M
7
3
P

. (5.28)

Let us discuss some minimal examples for scenarios in which the slingshot effect can take
place. The simplest case is a standard first-order phase transition with vacuum bubbles that
expand, collide with monopoles, and form slingshots at the temperature scale T ∼ Tsl ∼ Λ.
In this setup, the resulting density parameter is given by

Ωpeak
GW ≲

(
f

T0

) 10
3

Ωrad . (5.29)

Another possibility is that the phase transition is delayed. This can, for example, occur
through supercooling [204] or through domain walls that remain in a scaling regime with
energy density ρDW ≃ Λ3/t (for a review see [205]). In this case, the slingshot effect may
take place at scales different from the confinement scale, i.e. Tsl < Λ. Taking the caveats
discussed above into account, this leads to a gravitational wave density parameter of

Ωpeak
GW ≲

(
f

T0

) 16
9

Ωrad . (5.30)

From equations (5.29) and (5.30) we can find that gravitational wave signals from the
slingshot will not be in the sensitivity range of the next generation of gravitational wave ex-
periments if we assume all the above mentioned constraints. In Figure 5.8 the bound (5.30)
is illustrated as the red dashed line. More non-minimal scenarios that could lead to an
even stronger signal within the reach of future experiments can be constructed, but we
leave their exploration to future work. Taken together, the slingshot mechanism gives rise
to gravitational radiation in the high-frequency regime. In this range, significant research
is in progress to design new detection strategies [206, 207, 208].

Notice that all the above estimations are only first approximations. A more detailed
and precise analysis is left for future work. Effects that should be taken into account
include, for example, interactions with the surrounding plasma. This could slow down the
slingshot attraction and thus weaken condition (5.28). If we only consider the constraint
of avoiding monopole domination (5.27), we obtain a bound

Ωpeak
GW ≲

(
f

T0

) 2
3
(
MP

mM

)
Ωrad . (5.31)

For M ≃ 1016 GeV, a signal at f ≃ 102 Hz can give a gravitational radiation density
parameter of Ωpeak

GW ≲ 10−8, which is within the reach of current gravitational wave ex-
periments like aLIGO [209], Virgo [210], and KAGRA [211], but also future experiments
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Figure 5.8: This figure indicates in which regime we may expect the peak of the gravitational
radiation signals originating from the slingshot effect. The red region represents the magnetic
monopole slingshot presented in this section. The solid red line shows the bound given in equa-
tion (5.31) forM ∼ 1016GeV. The red dashed line shows the bound given in equation (5.30). The
blue region illustrates the parameter regime in which the wrapped D-brane slingshot (which will
be explained in Section 5.6) can emit signals. The blue line represents equation (5.47), which is
bounded by equation (5.48). The sensitivity curves for LISA [212], aLIGO [209], and the Einstein
Telescope [214] were taken from the open-access code provided in [216]. A Hubble constant of
68 km/s/Mpc was assumed to calculate the corresponding ΩGW values.

like LISA [212], Cosmic Explorer [213], and Einstein Telescope [214]. We illustrate the
bound (5.31) as a solid red line in Figure 5.8. The full red region represents the regime in
which the monopole slingshot can emit gravitational radiation, assuming the bound (5.31).
Another possible increase of the upper bound for Ωpeak

GW could arise by allowing a short
period of domain wall domination. With a careful choice of parameters, this may still
be consistent with constraints from the cosmic microwave background [215]. This would
weaken the condition (5.26).

Furthermore, besides the slingshot itself, there are additional sources of gravitational
waves that arise after the slingshot effect has taken place. For instance, when the strings
detach from the wall, they undergo a rapid acceleration towards the monopoles as the
strings attempt to straighten. In addition, the confined monopoles themselves also emit
gravitational waves. However, these further sources are beyond the scope of this thesis.
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5.5 Slingshot in QCD

In 1974, Mandelstam [186] suggested that confined magnetic monopoles may give a model
for quark confinement. And indeed, it turns out that the dynamics of a pair of confined
magnetic monopoles behaves similarly to a pair of confined quarks due to their linear
interaction potentials. Therefore, the slingshot effect may also exist in QCD-like gauge
theories that allow for the coexistence of a confined and unconfined phase. An explicit
realisation was first discussed in [160]. There, a scenario was considered in which the
SU(2) gauge theory is confined away from a domain wall, while on the wall it becomes
unconfined. In a similar setup, the domain wall can be replaced by an unconfined vacuum
layer of arbitrary thickness [158]. The Lagrangian density for such a model can be written
as

L = − 1

2
Tr (GµνGµν) + Tr

(
(Dµϕ)† (Dµϕ)

)
− V (ϕ) + iQ̄γµDµQ−MQQ̄Q , (5.32)

with ϕ being the Higgs field transforming in the adjoint representation of the SU(2) gauge
group. The potential is given by

V (ϕ) = λTr
(
ϕ2
)(

Tr
(
ϕ2
)
−
v2ϕ
2

)2

. (5.33)

For simplicity, we consider only a single flavour of the quark Q with mass MQ. The quark
Q transforms in the fundamental representation of SU(2), and we take it to be heavy, i.e.
its mass lies above the confinement scale Λ of the theory.

Due to the sextic form of the potential, we have, similarly to the magnetic monopole
slingshot model, two vacua with different properties. In the vacuum with ϕ = 0, the SU(2)
gauge field is massless and the theory becomes confining below the confinement scale Λ.
Hence, colour-electric flux can exist only in the form of flux tubes with tension µ ∼ Λ2.
These are the so-called QCD strings [217, 218]. In this confined phase, the model (5.32)
does not support free quarks, which means that quarks are always confined, i.e. a string is
attached to each of them. Such a string can either end on another (anti-)quark, forming a
meson, or attach to the wall that separates the confined phase from a different, unconfined
phase.

The unconfined phase corresponds to the second vacuum, for which ϕ = vϕ. In this case,
the SU(2) symmetry is broken to U(1), and thus two of the gauge bosons acquire a mass
mv,ϕ = gvϕ, while the one associated with the residual U(1) symmetry remains massless.
Therefore, the effective low-energy theory is a U(1) gauge theory and no confinement effects
appear in this phase.

This theory has a classical solution for the domain wall, which has a shape similar to
the domain wall given in equation (5.3). Notice that quantum effects can slightly deform
the wall. However, these effects are negligible and do not change the overall behaviour of
the wall. Furthermore, quantum corrections can induce a shift in the potential such that
the two vacua become non-degenerate. This generates a pressure difference between the



158 5. The Confinement Slingshot Effect

two phases and causes the wall to accelerate. If required, this can be compensated by an
appropriate adjustment of the potential (5.33).

The slingshot effect in this model works as follows. When a quark enters the confining
region, its entire colour-electric flux is squeezed into a QCD flux tube. As a result, the
quark becomes connected to the wall by a QCD string. The resulting dynamics are directly
analogous to those observed in our numerical simulations of the slingshot effect for magnetic
monopoles. Therefore, in this QCD model, the role of the magnetic monopole is played by
the quark, while the role of the cosmic string is taken over by the QCD string.

However, it should be noted that in the standard picture of QCD confinement the
confinement scale, Λ, is much larger than the masses of the light Standard Model quarks.
As a consequence, long strings cannot persist, since quark–anti-quark pair production
quickly leads to hadronization [199]. Nevertheless, the situation changes for heavy quarks,
where string breaking into smaller segments is exponentially suppressed. Moreover, since
the QCD gauge coupling may have taken different values in the early Universe [219], the
effective masses of the fields could also have been different such that the string breaking
is unlikely. In such a case, the slingshot effect could have played a crucial role during the
QCD confining phase transition.

5.6 Slingshot for D-Branes

Objects with the form of a slingshot can emerge naturally in D-brane physics, for example
in D-brane inflationary scenarios [187, 188, 189], which can be realized in string theory.
In this section we will focus on string theory in 10 dimensions. Six of the nine spatial
dimensions are compactified, such that the only non-compact dimensions correspond to
the 3 + 1 space-time dimensions of “our world”. A D-brane can have different dimen-
sionalities. For instance, a D0-brane is a point-like object, a D1-brane has the form of a
one-dimensional string, and a D2-brane is a two-dimensional plane. The 10-dimensional
tension of a Dp-brane is given by Tp ∼ g−1

s Mp+1
s , where Ms denotes the string scale and gs

is the dimensionless string coupling, which we set to one in the following.
The slingshot in this theory can be realized in several different ways. The simplest

configuration that reproduces the same dynamics as the magnetic monopole slingshot con-
sists of a string-like D1-brane connecting a point-like D0-brane to a Dn-brane with n ≥ 2.
The slingshot can be oriented in different ways. It can be aligned parallel to our three
non-compact spatial dimensions x∥, or perpendicular to them, in which case it is stretched
along the compact spatial dimensions x⊥. More generally, it may be oriented at an arbi-
trary angle, with components along both directions.

D-branes aligned parallel to x∥ have already been analysed in [220, 221]. Such ob-
jects can arise from brane collisions [222] at the end of brane inflation [187, 188, 189].
In this context, configurations analogous to monopole dumbbells, but of string-theoretic
origin, can form. Their dynamics is expected to coincide with that of magnetic monopole
dumbbells. The same correspondence applies to the slingshot dynamics.

The production of strings stretched along the x⊥ coordinates has already been dis-
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cussed in [188]. However, the slingshot effect was not considered there. The dynamics of
the slingshot effect in the compact perpendicular coordinates is mainly controlled by the
dynamics of the D-branes, which are parallel to the coordinates x∥ but move along the x⊥
coordinates.

The dynamics is similar for both the parallel slingshot and the perpendicular slingshot.
However, their phenomenological consequences are different. Analogously to the magnetic
monopole slingshot, the parallel D-brane slingshot emits gravitational radiation on our
brane. The gravitational radiation from the perpendicular D-brane slingshot, however,
is suppressed since the dynamics takes place entirely in the compact coordinates x⊥. In
general, we will assume that the slingshot can be oriented along both directions. The
emitted gravitons can be both massless or massive. The massive gravitons are the so-
called Kaluza–Klein (KK) gravitons, which are candidates for dark matter [190].

For the gravitational radiation from the magnetic monopole slingshot, the main restric-
tion on the gravitational radiation density parameter was coming from avoiding domain
wall dominance. However, the full D-brane tension, which corresponds to the brane we are
living on, contributes to the vacuum energy that causes inflation and subsequently relaxes
to today’s vacuum. Therefore, the issue of wall dominance no longer arises. As we will see,
this allows us to enter the regime in which the gravitational radiation may be detected by
the next generation of gravitational wave experiments.

Before discussing gravitational radiation, some general properties of the D-brane sling-
shot should be mentioned. For simplicity, we focus on the slingshot effect stretched along
one large extra dimension [223, 224, 190] of size R⊥. In agreement with today’s bounds
on Newtonian gravity [225, 226], its largest allowed size is R⊥ ∼ 30µm. All other extra
dimensions we assume to be compactified on scales smaller than R⊥.

The tension of a stretched string is given by µ ∼ M2
s , where the string scale, Ms, is

determined from the relation M2
P ∼M3

sR⊥ [190]. This results in a slingshot mass of

Msl ∼
(
M2

P

R⊥

) 2
3

L , (5.34)

with L denoting the length of the slingshot, which we take to be of order L ∼ R⊥. The
bound on the D1-brane slingshot mass is given by

Msl ∼
(
M2

P

R⊥

) 2
3

R⊥ ≲ 1029 GeV , (5.35)

where we have inserted the experimental bound R⊥ ≲ 10−2 cm.

So far, we have discussed a string-like D1-brane ending on a point-like D0-brane. How-
ever, the D1-brane can also be replaced by a higher-dimensional brane. In string theory
with 10 dimensions, a brane can be wrapped around all 6 compact dimensions. We can
consider a wrapped D1+5-brane, which is wrapped around five small compact dimensions
but acts effectively as a string-like object along the largest extra dimension. The wrapping
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effectively increases the string tension, which is given by

µ ∼M2+5
s

5∏
j=1

2πRj , (5.36)

Using the five small extra dimensions and the relation M2
P = g−2

s M8
s V6, where V6 is the

total compactified volume, gives the effective string tension

µ ≃ M2
P

R⊥Ms

, (5.37)

where R⊥ is the size of the largest extra dimension. The current bound on the quantum
gravity scale is Ms ∼ TeV [190], which leads to the bound Msl ≲ 1035 GeV for the slingshot
mass.

In the following, we first restrict our analysis to one large extra dimension of size R⊥
and consider the D1-slingshot. We discuss the emission of gravitational radiation in the
form of massless gravitons as well as massive KK gravitons. Moreover, we briefly address
the production of primordial black holes (PBHs) from a slingshot collapse. Finally, we
consider all three aspects also for the wrapped D1+5-slingshot.

5.6.1 Massless Gravitational Radiation in One Large Extra Di-
mension

For the emission of massless gravitons, for simplicity, we first assume that the slingshot
effect takes place after inflation. Furthermore, we assume that the horizon size MP/T

2
sl at

slingshot annihilation at temperature Tsl is set by the extra dimension size R⊥. Notice
that these are strong simplifying assumptions, which can of course be relaxed in a more
detailed investigation. However, in this thesis only the main concepts will be introduced.
Using these assumptions, the red-shifted frequency of today’s gravitational wave signal is

fpeak ≃ T0√
MPR⊥

, (5.38)

where we have also ignored factors that may arise from the number of degrees of freedom.
Using equation (5.23) and replacing the quantities by those of the D-brane slingshot

results in the gravitational radiation density parameter

Ωpeak
GW ≃ ϵGW

NslMslHsl

M2
P

Ωrad , (5.39)

where Hsl ∼ 1/R⊥ is the Hubble parameter at slingshot time and ϵGW ∼ EGW/Msl is
the conversion factor that quantifies how much of the slingshot energy is converted into
gravitational radiation. The fraction describes the ratio between the energy in all slingshots
per horizon, NslMsl, and the total energy available within the horizon, M2

P/Hsl, at slingshot
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time. Since we do not want a Universe dominated by slingshots, this fraction should not
exceed one.

For the application of the above formula for Ωpeak
GW , a few warnings need to be mentioned.

First of all, the emission of massless gravitational radiation depends on the alignment of
the slingshot. As mentioned earlier, a slingshot that is perfectly perpendicular to our world
brane will not emit massless gravitational radiation. This can be understood intuitively
from its geometry. We, living in the world with coordinates x∥, see the slingshot only as a
massive lump of mass Msl. We are not able to observe the dynamics in the x⊥ direction.
Therefore, when the slingshot gets shorter, the string energy is converted into kinetic
energy, but an observer living in x∥ cannot see this. The massive lump remains unchanged
(at least if we ignore other excitations of the slingshot). A similar argument applies to
the massless gravitons. They are emitted only if the shape in the x∥ coordinates changes.
Since this is not the case for a perpendicular slingshot, the emission of massless radiation
is suppressed. The situation, however, changes completely if there is an angle smaller than
90◦ between the slingshot and the brane. Therefore, for convenience, we take the slingshot
to never be exactly perpendicular. We assume it has a significant contribution in both
directions, x⊥ and x∥, such that the projection onto the corresponding coordinates is of
order one.

An additional caveat concerns the emission of massive Kaluza–Klein gravitons. We
assume that the energy spectrum scales with ω−1, similarly to the magnetic monopole
slingshot. However, the emission of KK gravitons, which is not present for the magnetic
monopole slingshot, may lead to deviations from the ω−1 scaling. We do not take such an
effect into account.

There is another difference between the magnetic monopole slingshot and the D-brane
slingshot. Due to the long-range Coulomb magnetic attraction, the slingshot phase in the
monopole case was strongly restricted. For the D-brane slingshot, however, only gravi-
tational attraction has to be taken into account. The relevant time scales are therefore
determined by gravitational merger effects, which can be neglected as long as there is no
overabundance of slingshots in the Universe.

5.6.2 Emission of Kaluza–Klein Gravitons

Additionally to the massless gravitons, there can be massive gravitons emitted in the
slingshot process. Such massive gravitons appear due to the compactification of x⊥. These
are the Kaluza–Klein gravitons, with masses mn = n/R⊥, where n ≥ 1 is an integer.
Through non-linear interactions, these KK gravitons can decay. Their lifetime is given
by τn ∼ M2

P/m
3
n. This lifetime exceeds the current age of the Universe for masses below

100 MeV. Hence, KK gravitons with masses mn ≲ 100 MeV can serve as dark matter
candidates [190].

The emitted KK gravitons have frequencies ω > mn. For massless gravitons, the
emitted gravitational power is given by dPGW/dω ∼ µ2/(M2

P ω) (for more details see the
derivation in Section 4.5.3). We assume that the emission into a single KK channel does
not exceed the energy emitted in the massless gravitational radiation channel and, for
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an order-of-magnitude estimate, we further assume that the spectrum exhibits the same
frequency dependence.

Notice that the ω−1 scaling requires a perfectly straight string. However, in general it
is quite natural for the slingshot to be curved. We will assume that the curvature occurs
on length scales of order the slingshot length. This implies that only the lowest-frequency
modes, n < n∗ ∼ O(1), radiate with a frequency scaling ∝ ω−1. For n > n∗, the radiation
is instead suppressed further [19]. With this scaling the total emitted energy in the nth
KK graviton mode is

En ∼ µ2

M2
P

R⊥

n∗∑
k=n

1

k
. (5.40)

This energy corresponds to the sum of the rest mass and the kinetic energy of the
KK gravitons. Due to the expansion of the Universe, the kinetic contribution disappears,
such that only the rest mass contribution remains. Thus, for each frequency mode, only a
fraction mn/ω contributes to the rest mass. Integrating over the spectrum then yields

Emass
n ∼ Nsl

µ2

M2
P

1

mn

. (5.41)

This is the energy that can contribute to today’s dark matter in the form of KK gravitons.
Including the corresponding redshift factor then gives the density parameter

Ωn ∼ 1

mnR⊥

Tsl
T0

Ωpeak
GW , (5.42)

for the nth graviton mode. Here, Ωpeak
GW denotes the density parameter of the massless

gravitational radiation given in equation (5.39).
All graviton modes with masses below mmax ∼ 100 MeV can contribute to today’s dark

matter abundance. We therefore have to sum over all these graviton modes, which yields
the total KK dark matter density parameter

ΩKK ∼ Θ(mmaxR⊥ − 1)

√
MP

R⊥

1

T0
ln (min(mmaxR⊥, n∗)) Ωpeak

GW , (5.43)

with Θ being the Heaviside step function.
For extra dimensions of size R⊥ ≳ 10−13 cm, the lowest graviton mode already has a

mass above 100 MeV. Therefore, for smaller sizes of the extra dimension, there are no KK
gravitons that can serve as dark matter candidates. This condition is taken into account
by the Heaviside step function Θ in equation (5.43).

As already mentioned for the massless gravitons, the emission of KK gravitons can
modify the dynamics of the slingshot effect. Therefore, when applying equations (5.43)
and (5.39), one should always verify that the total emitted energy is negligible compared to
the total slingshot mass Msl. Notice that, for the emitted energy, both the kinetic energy
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and the rest mass have to be taken into account, as given in equation (5.40). Since we are
assuming n∗ ∼ O(1), the back-reaction can be always neglected.

The emission of KK gravitons imposes a strong bound on the gravitational wave density
parameter Ωpeak

GW , since their abundance must not exceed ΩKK ∼ O(1). We find that
for frequencies f < 10 Hz (corresponding to R⊥ ≳ 10−13 cm), the gravitational radiation
density parameter is strongly suppressed by this bound and therefore does not yield a signal
within the reach of future gravitational wave experiments. For frequencies f ≳ 10 Hz,
however, there is no Kaluza–Klein graviton dark matter contribution, and thus this bound
does not affect Ωpeak

GW .

5.6.3 Primordial Black Hole Production

Finally, the production of primordial black holes (PBHs) from a slingshot collapse should be
briefly mentioned. The D0-brane gains a significant amount of energy when it is pulled by
the string toward our world brane. Upon colliding with the world brane, the Schwarzschild
radius of the slingshot can exceed the string thickness, such that a black hole may form.
This mechanism has already been discussed for confined quarks in [191].

The 5-dimensional gravitational radius for the rest mass of a slingshot of length R⊥
(see equation (5.35)) is given by

R5 ∼
(
Msl

R⊥

M2
P

) 1
2

∼ R
2
3
⊥

M
1
3
P

∼
√
R⊥

Ms

∼ MP

M2
s

. (5.44)

This relation shows that it is very likely that a PBH will form during the collision, since
R5 ≫M−1

s .
For the largest possible extra dimension size, R⊥ ∼ 10−2 cm, the PBH mass would be

∼ 105 g. Using the extrapolated Hawking radiation emission rate would yield a lifetime of
∼ 107 s. However, it has been shown that once the black hole’s information load is taken
into account, the memory burden effect can significantly extend the lifetime [227, 228, 229,
230, 231]. In the case of black holes with mass ∼ 105 g, the memory burden effect could
increase the lifetime to at least 1020 times the present age of the Universe. Therefore,
PBHs produced through the slingshot effect can have masses that may be relevant for
astrophysical Gamma-ray and neutrino observations [232, 233, 234, 235, 236].

The density parameter for the PBHs of mass MBH = Msl = µR⊥ can be calculated to
be [191]

ΩPBH ∼ ϵPBH
µ

3
2

M
1
2
BH T0M

3
2
P

Ωrad , (5.45)

where ϵPBH is the conversion factor of slingshots into black holes.
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5.6.4 Phenomenology of the Wrapped D-Brane Slingshot

As mentioned earlier in this section, the D1-string can be replaced with a wrapped D1+5-
brane. The resulting effective string tension is then given by equation (5.37). Using this
tension results in a gravitational wave conversion factor of

ϵ6dGW ≃ µ

M2
pl

≃ 1

MsR⊥
, (5.46)

which gives the gravitational radiation density parameter

Ωpeak
GW ≃ Nsl

M2
sR

2
⊥

Ωrad ≃ 10−13Nsl

(
TeV

Ms

)2(
f

10 Hz

)4

. (5.47)

To avoid an overabundance of slingshots, the number of slingshots per horizon should
satisfy the bound

Nsl ≲
MP

MslHsl

≃MsR⊥ ≃ 104 Ms

TeV

(
10 Hz

f

)2

. (5.48)

As an example, we can consider one slingshot per horizon. Furthermore, we take the
values Ms ∼ TeV and f ∼ 10 Hz. For this frequency, no dark matter KK gravitons are
produced and thus they do not impose an additional restriction on the density parameter.
The resulting signal can be within reach of the next generation of gravitational wave
experiments, such as the Cosmic Explorer [213] and the Einstein Telescope [214]. For Nsl ∼
104, we can even obtain a signal that is in the reach of current gravitational wave detectors
such as aLIGO [209], VIRGO [210], and KAGRA [211]. In Figure 5.8, we illustrate the
regime (blue) in which the wrapped D-brane slingshot can emit a potentially observable
gravitational radiation signal. For frequencies below 10 Hz, we do not expect a detectable
gravitational wave signal due to dark matter bounds that arise because of the emission of
a large number of KK gravitons. However, at these scales, corresponding to sizes R⊥ ≳
10−13 cm for the largest extra dimension, we can obtain a significant contribution to the
dark matter energy density from these massive KK gravitons. The corresponding density
parameter is given by

ΩKK ∼ 10−1Nsl

(
10−9 cm

R⊥

) 5
2
(

TeV

Ms

)2

, (5.49)

where we dropped logarithmic factors. Hence, for instance, for one slingshot per horizon,
Ms ∼ TeV, and R⊥ ∼ 10−9 cm, we obtain an abundance of KK gravitons, which could
account for the entire dark matter energy density of the Universe today.

Last but not least, the collapse of the slingshot can lead to the production of a PBH.
The corresponding density parameter is given by

ΩPBH ≃ 1013 ϵPBHNsl

(
TeV

Ms

)(
10−13 cm

R⊥

) 3
2

. (5.50)
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For the previously mentioned example parameters, Ms ∼ TeV and R⊥ ∼ 10−13 cm, it is
sufficient to have a conversion factor of about ϵPBH ∼ 10−14, i.e. only one out of 1014

slingshots has to end in a PBH that still exists today, to have the right present-day dark
matter abundance. This small value of ϵPBH implies that most slingshots should not collapse
into a PBH, but instead for instance be erased by a brane [23] or another annihilation
mechanism.

Notice that all the above discussion about the D-brane slingshot relies on several strong
assumptions. In particular, we assumed that the slingshots are simply present and then
collapse. The question of how exactly these slingshots form remains open. Furthermore, we
simplified their dynamics by assuming that they collapse only along the string direction.
Bending of the strings could significantly modify the dynamics and potentially lead to
different results.

5.7 Slingshot of Confined Vortices and Strings

So far, we have considered the slingshot only for point-like sources that are connected to
walls by strings. However, the slingshot effect can also arise for objects with different
co-dimensionalities. For example, a full string traversing from an unconfined region into a
confined region can stretch an entire domain wall. The stretched object is a domain wall
(partially) bounded by a string. Such configurations were already discussed in [139] and
find applications in axionic models [31, 237, 238].

This phenomenon can be reduced to 2 + 1 dimensions, where vortices can be confined
by domain strings [239]. In this section, we modify the model of [239] by adapting the
potential such that it supports two degenerate vacua, a confined vacuum and an uncon-
fined vacuum. The model can then be straightforwardly extrapolated to a third spatial
dimension. Therefore, analysing the vortex slingshot in 2 + 1 dimensions provides insight
into what happens in 3 + 1 dimensions for the “string slingshot”. Moreover, this setup can
be viewed as a toy model for the magnetic monopole slingshot.4

The theory for the vortex slingshot effect requires two complex scalar fields, ϕ and χ.
With ϕ we want to break a U(1) gauge symmetry to Z2. With χ we subsequently want to
break the Z2 symmetry. The Lagrangian supporting such an idea is given by

L =(Dµϕ)∗(Dµϕ) + (Dµχ)∗(Dµχ) − 1

4
FµνF

µν − V (ϕ, χ) , (5.51)

where Fµν is the field strength tensor for the U(1) gauge field Aµ. The potential is given

4As already discussed in Chapter 3, to develop a good intuition for the topological structure of magnetic
monopole systems, it is often useful to first consider a lower-dimensional analogue in which monopoles are
replaced by vortices. Although vortex models are typically simpler, their dynamics often exhibit close
similarities to those of monopoles (see, for example, the right-angle scattering of vortices and monopoles
described in Section 3.6 and Section 3.7, respectively). When we started the project on the slingshot
effect, we indeed first investigated the slingshot for vortices, since their dynamics were easier to simulate.
Afterwards we extended the analysis to the magnetic monopole slingshot.
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by

V (ϕ, χ) =λϕ(|ϕ|2 − v2ϕ)2 + λχ(|χ|2 − v2χ)2|χ|2 + βϕ∗χ2 + c.c. . (5.52)

The covariant derivatives are defined by

Dµϕ = ∂µϕ− igAµϕ , (5.53)

Dµχ = ∂µχ− i
g

2
Aµχ . (5.54)

Notice that the couplings to the gauge field are different for ϕ and χ. This is required due
to the structure of the β interaction term and its gauge invariance. This theory is invariant
under the U(1) gauge transformation

ϕ 7→ eiαϕ , χ 7→ ei
α
2 χ , Aµ 7→ Aµ −

1

g
∂µα . (5.55)

When ϕ obtains a non-zero VEV, the U(1) gauge symmetry is spontaneously broken to
Z2. In this phase, the Higgs boson mass is given by mh,ϕ = 2

√
λϕvϕ, while the gauge boson

acquires a mass mv,ϕ =
√

2 gvϕ. Notice that, in contrast to the monopole model, there is
no massless gauge boson. Therefore, no long-range gauge fluxes arise that could become
confined when the Z2 symmetry is further broken by a non-zero expectation value of χ.5

In the confined phase, the Z2 symmetry is Higgsed and the gauge boson mass receives an
additional contribution given by mv,χ = gvχ/

√
2. The Higgs mass associated with the χ

field is mh,χ = 2
√
λχvχ. The overall breaking pattern is given by

U(1)
⟨ϕ⟩−→ Z2

⟨χ⟩−→ 1 . (5.56)

Of course, here we assumed a hierarchy of the scales, mh,ϕ > mh,χ.
In the Z2-symmetric phase, the U(1) symmetry is broken and, correspondingly, Nielsen–

Olesen vortices [11] with topological charge n can appear (more details on vortices are given
in Section 2.2.3).

When the Z2 symmetry is broken further by the χ field, these vortices become con-
fined [239]. This is due to the β-term in the potential, which depends on the phase. The
minimization of this term forces the phases of the two scalar fields to be

θϕ = 2θχ . (5.57)

However, this condition cannot hold everywhere if the ϕ field contains a vortex. Around
a vortex, the phase of the ϕ field changes by 2π, whereas, due to equation (5.57), the
phase of χ would change only by π. This would imply a discontinuity in the χ field. The
phase jump is smoothed out by the formation of a domain wall, which we will refer to as a

5Due to the analogy with confinement, we will nevertheless sometimes use the term “confined”, even
though in the standard literature confinement typically refers to the confinement of electric or magnetic
flux.
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domain string. This domain string solution arises from the breaking of the Z2 symmetry.
Consequently, the domain string is attached to the vortex.

Similarly to the cosmic string, which can pair up a monopole and an anti-monopole,
the domain string can pair up two vortices. And similarly it is also possible for the domain
string to connect a vortex with a domain wall separating the Z2-symmetric phase from the
Z2-Higgsed phase. The domain wall separating the two phases has the same profile as the
one encountered in the SU(2) slingshot model for the ψ field:

ξ(x) =
vχ√

1 + emh,χ(x−xDW)
, (5.58)

where we fix the U(1) direction of the wall by choosing ξ = Reχ.
For the simulation of the slingshot effect for vortices, the initial configuration is easier to

construct. Since the gauge field is massive, there is no long-range field that requires special
treatment at the domain wall. Therefore, we can simply choose the field orientations
ϕ ∼ exp(inθ) and χ ∼ exp(inθ/2), with θ = arctan (y/(x− xV)) and xV denoting the
position of the vortex. The vortex in ϕ is implemented as the usual Nielsen–Olesen vortex
described in Section 2.2.3, while the profile for the χ field is given by the domain wall (5.58).

The numerical methods are the same as in the monopole slingshot case. We again choose
a lattice spacing of 0.25m−1

v,ϕ and a time step of 0.1m−1
v,ϕ. The lattice size is 240m−1

v,ϕ ×
120m−1

v,ϕ. We solve the equations of motion in Lorenz gauge and again use the Crank–
Nicolson method for the time integration. The boundary conditions for the χ field are
periodic in the y-direction and Dirichlet in the x-direction. For the ϕ and Aµ fields, we
choose absorbing boundary conditions.

The parameters for the figures presented in this section are mv,ϕ = mh,ϕ = 1, g = 1/
√

2,

mv,χ = 0.3mv,ϕ, mh,χ = 0.8mv,ϕ, and β = −0.01m
3/2
v,ϕ . The initial separation between the

vortex and the domain wall was chosen as 40m−1
v,ϕ. Both the vortex and the domain wall

were Lorentz-boosted towards each other with velocities 0.8.
The animated results of the simulations are shown in the following video:

https://youtu.be/IPJAPjo3nSc?si

Furthermore, Figures 5.9 and 5.10 show selected time frames of the scalar field structure
obtained from the simulation.

In Figure 5.9, we observe that the vortex forms a domain string when it hits the
domain wall and enters the Higgsed region. In contrast to the monopole slingshot, the
domain string carries no flux, while the remaining dynamics is very similar. The effect of
the β-term is also straightforward to see. While the ϕ field winds by 2π around the vortex,
the χ field winds only by π and exhibits a jump along the domain string. This behaviour
also explains why the domain string cannot detach from the domain wall. Detachment
would require a full (or zero) winding in χ, which cannot be achieved with a single vortex
in ϕ due to the condition (5.57).

To detach the domain string from the wall, we can introduce an additional anti-vortex
that enters the throat of the domain string. Once the anti-vortex enters, the domain string
detaches from the wall and a confined vortex–anti-vortex pair remains. This pair eventually

https://youtu.be/IPJAPjo3nSc?si
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Figure 5.9: This figure shows the distribution of the phases of the scalar fields at time t = 100m−1
v,ϕ.

The phase is illustrated in a vector plot using the parametrization (Re(ϕ), Im(ϕ))T (top) and
(Re(χ), Im(χ))T (bottom). The profiles of the domain wall and the domain string are indicated
by the red contour corresponding to |χ| = vχ/2. The black circle marks the position of the vortex
(contour |ϕ| = vϕ/2). All length scales are given in units of m−1

v,ϕ.

annihilates upon collision. However, due to the absence of a flux, there are two possible
ways to detach the domain string. Besides forming a vortex–anti-vortex pair, we can also
obtain a vortex–vortex pair. The latter carries winding number 2 in the ϕ field and winding
number 1 in the χ field. The vortex–vortex pair forms a bound state. The string pulls
the vortices together until they scatter at a right angle. Afterwards, they separate again,
but the domain string pulls them back, leading to another right-angle scattering. This
process repeats multiple times. Two time frames illustrating this behaviour are shown in
Figure 5.10. The right-angle scattering of vortices was discussed in detail in Section 3.6.

As mentioned earlier, in the vortex slingshot case there is no confinement of a gauge
flux, since the gauge field is already massive on both sides of the wall. However, there is a
flux associated with the gradient of the Goldstone field. To see this more clearly, let us set
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Figure 5.10: This figure shows the scalar field orientation at times t = 120m−1
v,ϕ and t = 180m−1

v,ϕ

for a confined vortex–vortex pair that was formed after a single vortex slingshot detached from
the domain wall when another vortex of the same charge entered the throat of the slingshot.

β = 0. In this case, the theory in (5.51), after the spontaneous breaking of the U(1) gauge
symmetry by the VEV of ϕ, still possesses a global U(1) symmetry. When χ acquires a
VEV, this global U(1) symmetry is also spontaneously broken, giving rise to a massless
Goldstone boson. This degree of freedom is responsible for the long-range (logarithmic)
interactions between vortices in the χ-field. For β ̸= 0, however, this Goldstone mode
becomes confined within the domain string.

All the dynamics observed in 2 + 1 dimensions can, of course, be extended to the 3 + 1-
dimensional case, where strings replace vortices. In that setting, a string can collide with a
domain wall and stretch a full domain wall behind it. Similarly to the vortex–vortex pair,
one can now obtain a string–string pair bounded by the χ-field. The resulting configuration
has a cable-like structure.

Furthermore, by modifying the powers of the χ-field in the β-term, it is possible to
confine more than two vortices/strings. For instance, one can form a bound state of three
vortices/strings.

5.8 Conclusion and Outlook

In this chapter, we introduced the so-called slingshot effect. This effect occurs when a
flux-carrying source enters a region in which the flux is confined. In the confined phase,
the flux becomes concentrated into a string that connects the source to a wall separating
the confined from the unconfined region. We observed that this effect is very general and
can arise in several different models. While we mainly focused on magnetic monopoles
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that become confined in a region where the U(1) symmetry, associated with the Coulomb
magnetic field, is spontaneously broken, the effect also finds applications in QCD and
in string theory. Moreover, as shown in the last section, it can be reduced to a 2 + 1-
dimensional model involving vortices.

As an example of the monopole slingshot, we considered an SU(2) gauge theory with
one adjoint scalar field ϕ, responsible for the symmetry breaking SU(2) → U(1), and
a fundamental scalar field ψ, which subsequently breaks U(1) → 1. Furthermore, we
employed a sextic potential for ψ that allows confined and unconfined vacua to coexist.
When the magnetic monopole collides with the domain wall, it stretches a string in the
form of a Nielsen–Olesen flux tube. This string then pulls the monopole back into the
unconfined region.

This slingshot effect may occur during first-order phase transitions in the early Universe.
The motivation for this work originates from the Langacker–Pi mechanism [18], which
exploits confining dynamics to reduce the monopole abundance and thereby solve the
magnetic monopole problem. The slingshot model provides a framework in which such a
reduction of the monopole number can be achieved through magnetic confinement.

Besides the magnetic monopole slingshot, we analysed the relevance of this effect in
other scenarios that may have played a role in the early Universe.

First, a dual version of the slingshot effect can arise in QCD. In this case, quarks
crossing the boundary between an unconfined and a confined region stretch colour-electric
flux tubes (QCD strings). The dynamics we simulated for confined magnetic monopoles is
expected to closely resemble the dynamics of confined vortices.

The slingshot effect also finds applications in D-brane physics. In particular, it can
arise quite naturally in brane-inflationary scenarios [187, 188, 189]. In this context, the
role of the monopole is played by a D0-brane that is connected to “our world” brane by
a string, or by a wrapped D-brane that effectively behaves as a string. Once again, the
dynamics are similar to those observed for magnetic monopoles.

Taken all together, the slingshot effect may be relevant in many cosmological setups. We
find that it is of phenomenological interest, in particular due to the emitted gravitational
radiation. We found that both the monopole slingshot and the D-brane slingshot can
produce signals within the sensitivity range of current gravitational wave experiments such
as LIGO [209], Virgo [210], and KAGRA [211], as well as future experiments like the
Einstein Telescope [214] and Cosmic Explorer [213]. In addition to gravitational radiation,
the slingshot can also trigger the formation of primordial black holes via the mechanism
proposed in [191]. If the memory burden effect [227, 228, 230] stabilizes these black holes,
they could account for the present-day dark matter abundance [229, 240, 230, 231].



Chapter 6

Concluding Remarks and Outlook

This thesis provided an overview of several research topics in the field of topological defects.
In particular, the focus was on the current status of magnetic monopole research. Thereby,
this thesis concentrated on two main research directions: the dynamical properties of
solitons and the applications of magnetic monopoles in high-energy physics.

My motivation for research on topological defects is that numerous experiments clearly
demonstrate that our current understanding of the Universe, while robust, is still incom-
plete. The Standard Model of particle physics, although highly successful, is known to
be missing key components and therefore requires extensions. There is, however, an over-
whelming “sea” of possible extensions, which makes finding the correct one extremely
challenging. To design targeted experiments, more theoretical work is needed to provide
clear predictions that can be tested. Topological defects may be helpful in this context,
since they are common by-products of SM extensions, even though the underlying the-
ories themselves can differ significantly. Therefore, a promising strategy is to focus on
topological defects as broader consequences of extensions to the SM.

As shown in detail in this thesis, topological defects can produce observable signals such
as gravitational waves, making them attractive targets for future experiments. However,
depending on their properties and abundance, topological defects can also create challenges.
Studying these consequences provides an efficient way to narrow down the experimental
search space and improve the chances of discovering new physics.

Following these principles, my research focuses on three main interests, which were
presented throughout this thesis:

1. I aim to understand the structure and dynamics of topological defects. In Chap-
ter 3, several steps towards a full understanding of the dynamical properties of vor-
tices and magnetic monopoles were performed. New results such as the discovery of
multi-bounce windows in vortex–anti-vortex collisions and the influence of resonances
on BPS vortex dynamics were presented. Furthermore, several predictions from the
1980s and 1990s regarding the BPS dynamics of magnetic monopole collisions were
confirmed using numerical simulations.
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2. I aim to investigate the theories in which such defects can arise and study their spe-
cific properties and cosmological consequences within these frameworks. In Chap-
ter 4, it was explained that magnetic monopoles are predicted by Grand Unified
Theories. However, it was also shown that there may be an overproduction of mag-
netic monopoles. This motivated several ideas for solving the magnetic monopole
problem. For example, magnetic monopoles could be erased by domain walls, as
explained and numerically studied in Section 4.4, or magnetic monopoles can be
connected by strings that pull them together until they collide and annihilate, as
presented in Section 4.5. For the latter idea, we also studied a modification in Chap-
ter 5, the so-called confinement slingshot effect, where monopoles become connected
to a domain wall by a string when they collide with vacuum bubbles in first-order
phase transitions.

3. I aim to provide guidance for experiments, for example by identifying frequency win-
dows in which gravitational radiation originating from topological defects is expected.
This can help for decisions about the design and construction of future experiments.
In particular, for the slingshot effect presented in Chapter 5, we estimated the grav-
itational radiation density parameter for both the magnetic monopole slingshot and
the D-brane slingshot. While we found that signals observable by current and future
gravitational wave experiments may exist, we also observed that the signals from the
slingshot effect, or more generally from magnetic monopoles connected by strings,
are rather expected to lie in a high-frequency regime for which experiments cur-
rently do not exist. This provides motivation for further research on high-frequency
gravitational wave experiments.

One of my goals with this thesis was to emphasize the importance of topological de-
fects in a wide variety of theories. While one main focus was the cosmological magnetic
monopole problem, magnetic monopoles and other solitons find applications in other areas
of high-energy physics. As discussed briefly in Section 5.5, confined magnetic monopoles be-
have similarly to confined quarks. Therefore, studying the dynamics of confined monopoles
may provide new insights towards understanding QCD confinement. Furthermore, as men-
tioned multiple times in Chapters 4 and 5, topological defects provide mechanisms for the
production of primordial black holes, which are candidates for dark matter.

Additionally, I would like to mention an example that was not discussed in this thesis
but was part of my PhD research. The non-trivial vacuum structure of QCD suggests
an additional term in the SM Lagrangian, known as the θ-term. This term describes the
so-called θ-vacua. Using quantum arguments, Witten argued in 1979 [241] that a magnetic
monopole placed in a θ-vacuum acquires electric charge in addition to its magnetic charge.
In an effective classical description of θ-vacua, we were able to provide the first classical
effective demonstration of this effect using numerical tools [242]. Our work resulted in two
important outcomes: first, it provides a direct confirmation of Witten’s prediction, and
second, it deepens our understanding of θ-vacuum physics. As a side result of this project,
we also discovered that a magnetic monopole is polarizable. This means that when it is
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placed in a background electric field, it develops an electric dipole moment. This finding
provides valuable new insights into the internal structure of the ’t Hooft–Polyakov magnetic
monopole.

In this thesis several open questions were identified that require further investigation.
In Chapter 3, it was shown that in vortex–anti-vortex collisions the vortices can be recre-
ated if the collision velocity is sufficiently high. An open question is whether a similar
phenomenon occurs for magnetic monopoles. Additionally, we provided an approximate
ansatz for certain multi-monopole configurations that were useful for studying monopole
collisions in numerical simulations. However, many configurations remain to be constructed
in order to obtain a more complete understanding of the moduli space structure of magnetic
monopoles.

In Chapter 4, it was demonstrated that a monopole–anti-monopole pair can become
connected by a cosmic string. In extended theories, even confined monopole–monopole
configurations may exist. However, such a configuration has not yet been found. Identify-
ing such solutions could provide an interesting analogy to mesons and baryons arising from
confinement in QCD. Furthermore, we introduced the erasure mechanism as a possible
solution to the magnetic monopole problem. The central idea is that magnetic monopoles
could be completely eliminated through collisions with domain walls. However, it remains
unclear whether this process occurs efficiently in a realistic cosmological setting. In partic-
ular, an important question is whether all monopoles can be erased or whether a surviving
fraction would still exceed cosmological bounds.

In Chapter 5, we presented the slingshot effect as a mechanism that may arise in theories
that support the coexistence of confined and unconfined phases. We provided preliminary
estimates of the resulting gravitational wave signals, which may lie within the sensitivity
range of current or future gravitational wave experiments. For the magnetic monopole
slingshot scenario, we imposed constraints derived from avoiding domain wall or monopole
domination. It remains to be clarified whether relaxing these constraints is theoretically
acceptable, or whether additional cosmological or phenomenological bounds must be taken
into account.

These are only a few of the new questions that emerged during the projects presented
in this thesis. While many questions were answered, even more new ones appeared. In the
upcoming years, I wish to address many of them and contribute to a better understanding
of topological defects, extensions of the Standard Model, and the fundamental nature of
the Universe. This thesis is just the beginning . . .
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Appendix A

Numerical Methods

The majority of the discussions in this thesis is based on numerical results. This appendix
provides a brief overview of the numerical methods that have been applied. It should be
noted that this appendix is not intended as an introduction to numerical methods, but
rather as a short summary of the techniques used throughout this thesis and together
with their implementation. Readers interested in further details are referred to standard
textbooks [243, 244, 245], which have partially served as a basis for this appendix.

Performing numerical simulations requires several steps to obtain the final results. First,
one needs suitable initial conditions. This initial ansatz does not have to solve the field
equations exactly, but it should be sufficiently close. The farther away the initial configu-
ration is from the true solution, the larger the numerical fluctuations and the less reliable
the results become. Finding appropriate initial conditions is a non-trivial task, as discussed
throughout the thesis. One important subtask is determining the profile functions of soli-
tons. While the domain wall solution is often known analytically, the profile functions
for vortices and magnetic monopoles (except for the BPS monopole) are not. Section A.2
presents the methods that can be used to obtain these profile functions.

The numerical computation of the time evolution is explained in Section A.4. When
performing the time iteration on a lattice, one must keep in mind that the lattice represents
a finite volume, which requires careful treatment at the boundaries. The choice of boundary
conditions is crucial in all numerical simulations. Therefore, all possibilities we have used
are discussed in Section A.5.

Initial conditions and the time evolution are the two main ingredients of numerical sim-
ulations. However, there are many additional subtleties that must be taken into account,
several of which are also discussed in this appendix.

A.1 Discretized Derivatives

In the following, we use one representative function f to describe the methods. Everything
can be straightforwardly generalized to the full field content of the theory, i.e. f can be
replaced by the fields ϕa, W a

µ , etc. To solve differential equations numerically, one needs
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to discretize time and space. We use the same lattice for each field of the theory. The
differential equations are then solved by computing the field values f(tn, xn, yn, zn), where
xn, yn, and zn denote the spatial lattice points and tn are the discrete time steps at which
the fields are evaluated. For simplicity, we will present the numerical methods mostly in
one spatial dimension.

To calculate spatial derivatives, one needs at least two lattice points for first-order
derivatives and at least three lattice points for second-order derivatives. The simplest way
to compute them on the lattice is

f ′(x) =
f(x+ dx) − f(x− dx)

2dx
, (A.1)

f ′′(x) =
f(x+ dx) + f(x− dx) − 2f(x)

dx2
, (A.2)

where we assume the central difference approximation of the derivatives. Besides this cen-
tral version, there are also forward and backward derivatives, which for first-order deriva-
tives are given by f ′(x) = (f(x + dx) − f(x))/dx and f ′(x) = (f(x) − f(x − dx))/dx,
respectively. However, we do not apply them on the spatial lattice in order to avoid a
breaking of symmetries.

To improve the precision, one can include more lattice points in the calculation of spatial
derivatives. The first- and second-order derivatives can be computed more accurately by

f ′(x) = − 1

12
f(x+ 2dx) +

2

3
f(x+ dx) − 2

3
f(x− dx) +

1

12
f(x− 2dx) , (A.3)

f ′′(x) = − 1

12
f(x+ 2dx) +

4

3
f(x+ dx) − 5

2
f(x) +

4

3
f(x− dx) − 1

12
f(x− 2dx) . (A.4)

Including additional lattice points with appropriate coefficients can further improve the
accuracy. Tables of the finite difference coefficients are provided in [246].

A.2 Numerical Calculation of Profile Functions

To calculate profile functions of solitons numerically, one can use different methods. The
most well-known is probably the shooting method, which we describe in Subsection A.2.2.
In this thesis, however, we mainly used the relaxation method, which is discussed in the
following subsection.

A.2.1 Relaxation Method

For the relaxation method, one already needs an ansatz. Such an ansatz can be obtained
by making an educated guess that takes into account specific properties of the solutions.

For example, for the profile function of the vortex, we already know its approximate
shape. For Hn(r) in equation (2.32), we know that it satisfies the boundary values Hn(r →
0) = 0 and Hn(r → ∞) = 1. Furthermore, the function approaches 1 exponentially fast.
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These properties are all captured by the hyperbolic tangent function. Therefore, we can
take Hn(r) = tanh(r) as an ansatz.

For the magnetic monopole profile functions, there exists an analytic solution in the
BPS limit, given in equations (2.86) and (2.87). This can be used as an ansatz for the
relaxation method for solutions beyond the BPS limit, that is, for values mh ̸= 0.

The relaxation method used in this work is the Gauss–Seidel method. The following
discussion is based on [100, 183, 12]. Consider the profile equations written as

E[f ] = ∂2xf + S[f ] = 0 , (A.5)

where f denotes the profile function and S[f ] collects all terms in the differential equation
except for the second-order derivative term. The second-order derivative can be discretized
as

∂2xf = − 2

δ2
f(x) +

∆

δ2
, (A.6)

where ∆ = f(x+ δ) + f(x− δ). Inserting this expression into (A.5) gives

f =
∆

2
+
δ2

2
S[f ] =

δ2

2
E[f ] + f . (A.7)

For f to be a solution of the differential equation E[f ] = 0, equation (A.7) must be satisfied.
However, the exact solution is not known. As discussed at the beginning of this subsection,
we therefore require an educated guess as a starting point. In this context, E[f ] quantifies
how well a given function f satisfies the profile equation. The correct solution can then be
approached numerically by applying the following iteration:

f (n+1) =
δ2

2
E[f (n)] + f (n) . (A.8)

This procedure updates the function f (n) by adding a correction proportional to the error.
The exact solution is obtained once E[f (n)] = 0. Of course infinitely many iterations would
be required to reach the exact solution, so a stopping criterion is needed. A convenient
choice is the total energy. During the iteration, the energy should approach a constant
value. Once it is sufficiently close to its converged value, the iteration can be terminated.

To determine the profile functions, we applied a small modification to improve the
precision. In equation (A.8), we replaced δ2 by δ4, which leads to smaller but more precise
iteration updates. We first performed several iteration steps at low resolution to obtain an
approximate shape. For the final refinement, we then increased the spatial resolution up
to δ ∼ 0.05.

A.2.2 Shooting Method

For the shooting method, a full ansatz is not required. One only needs to know the
solution at one point and its behaviour at another point. Let us consider, as an example,
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a second-order differential equation for a function f(x) of the form

∂2xf = S[f, f ′] . (A.9)

If we start at one point f0 = f(x0), we can use the forward derivative to iterate from one
lattice point to the next via

fn+1 = fn + dx f ′
n , (A.10)

f ′
n+1 = f ′

n + dt S[fn, f
′
n] . (A.11)

This method is called Euler integration. Usually, one value f0 together with its derivative
f ′
0 is sufficient to determine the full solution. However, the reliability of the result depends

on the accuracy of the iteration method. The Euler integration presented here has rather
low precision, which means that the solution at points far away from x0 cannot be trusted.
To improve the accuracy, one can use more advanced iteration schemes. These follow the
same implementation principles as the time integration methods described in Section A.4.
To determine the Feshbach resonance frequencies shown in Figure 3.3, we used the shooting
method with the modified Runge–Kutta iteration scheme described in Subsection A.4.4.

Now we come to the actual shooting procedure. The previous paragraph assumes that
at a single point, both the function value f0 and its derivative f ′

0 are known. However,
this is not necessarily the case. Very often, only the function value f0 is known, while the
derivative is not. In such cases, one has to guess the derivative. In general, this initial guess
will not yield the desired result. However, from the resulting solution, one can find whether
the chosen derivative was too large or too small. Typically, the asymptotic behaviour of
the function is known, and this information can be used to iteratively adjust the derivative
until the correct asymptotic behaviour is obtained for a specific choice of the derivative.

Of course, tuning the parameters by hand is tedious and time-consuming. However, this
procedure can be automated by writing an algorithm. The shooting method is particularly
easy to apply in problems where only a single parameter needs to be adjusted. For this
reason, we used it to determine the Feshbach resonance frequencies shown in Figures 3.3.
For problems involving more parameters, the shooting method can still be applied, but its
implementation becomes less straightforward, as the algorithm required to tune multiple
parameters is more involved.

Finally, we want to note that the results obtained from the shooting method can be
further improved by applying a relaxation procedure afterwards. This is especially useful
for function values far away from the initial point f0.

A.2.3 Eigenvalue Method

As a final method for finding profile functions, we discuss the eigenvalue method. This
method is very powerful, as it requires only the boundary values. However, it can only be
applied to linear differential equations, i.e. equations in which every term is linear in the
function f .
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For the implementation of this method, we followed [108, 62]. The main ideas are
briefly summarized in this subsection. As in the referenced works, we apply this method
to determine the profile functions and frequencies of bound modes of vortices. It was used
to obtain the functions shown in Figure 3.1 and the frequencies presented in Figure 3.2.
The differential equations we consider are of the form

Df + Af + Cg = ω2f , (A.12)

Dg +Bg + Cf = ω2g , (A.13)

where A, B, and C collect all non-derivative terms, which may also be space-dependent,
D contains the derivative terms, and ω denotes the frequency of the mode. For the radial
profile functions of vortices, D is given by

D = − d2

dr2
− 1

r

d

dr
. (A.14)

The differential equation system can be written as a matrix equation by(
D + A C
C D +B

)(
f
g

)
= ω2

(
f
g

)
. (A.15)

We now expand the two-dimensional matrix equation to a 2N -dimensional system,
where N denotes the number of lattice points. This is done by treating the lattice values
fn = f(rn) and gn = g(rn) as components of the vectors f and g. In this representation,
A, B, and C become diagonal N ×N matrices. The matrix D is obtained by discretizing
the first- and second-order derivatives (A.1), (A.2):

(Df)n = −
(

1

dr2
+

1

2dr rn

)
fn+1 +

2

dr2
fn +

(
− 1

dr2
+

1

2dr rn

)
fn−1

= L+
n fn+1 + L0

nfn + L−
n fn−1 . (A.16)

This can be written as a matrix equation by

Df =


L0
1 L+

1

L−
2 L0

2 L+
2

L−
3 L0

3 L+
3

L−
4

. . .



f1
f2
f3
...

 . (A.17)

Using this rewriting, the full system of differential equations can be expressed as a 2N×2N
matrix equation, Mv = ω2v. This is an eigenvalue problem, meaning that the eigenvalues
of M correspond to ω2. Numerically, we determine the eigenvalues and eigenfunctions of
M using the linear algebra tools provided by the Python package SciPy [247].

In this section, we have applied the eigenvalue method to a coupled system of differ-
ential equations involving two functions. Of course, the method can be straightforwardly
reduced to a single function or extended to systems with more than two functions. The
implementation remains essentially the same.
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A.3 Relaxation Method for Static Soliton Configura-

tions

In Subsection A.2.1, we have already explained how the relaxation method can be used
to obtain solutions for the profile functions. Of course, this method can also be applied
to higher-dimensional problems. For example, we used it to find toroidal higher-charged
magnetic monopole solutions in Section 3.7.2 or the confined monopole–anti-monopole
configuration in Section 4.5.2. The following explanations were taken from [100, 183, 12].

The static field equations can again be written as

E[f ] = ∂2i f + S[f ] = 0 , (A.18)

where the Laplacian ∂2i f can be discretized by

∂2i f = − 6

δ2
f(x, y, z) +

∆

δ2
, (A.19)

with

∆ =f(x+ δ, y, z) + f(x− δ, y, z) + f(x, y + δ, z) (A.20)

+f(x, y − δ, z) + f(x, y, z + δ) + f(x, y, z − δ) . (A.21)

Following the same idea as in Subsection A.2.1 gives the iteration rule

f (n+1) =
δ2

6
E[f (n)] + f (n) . (A.22)

In some cases, we applied this method to non-static or unstable configurations. In such
situations, a modification of the relaxation procedure is required. For example, when con-
structing a static ansatz for a confined monopole–anti-monopole pair, one needs to enforce
that the monopoles remain at fixed positions. The relaxation method typically minimizes
the total energy. However, since the energy of a monopole–anti-monopole configuration de-
creases as the distance between them becomes smaller, the relaxation would not converge.
Instead, the monopoles would approach each other, eventually overlap, and annihilate.

To fix the positions, we can constrain the scalar field structure ϕ̂a. With this choice,
the relaxation is applied only to |ϕ| =

√
ϕaϕa. This can be implemented by inserting

ϕa = |ϕ|ϕ̂a into the scalar field equations and deriving the corresponding static equation
for the profile |ϕ|. By keeping ϕ̂a, ∂iϕ̂

a, and ∂2i ϕ̂
a fixed throughout the iteration procedure,

the scalar field profile is relaxed while its orientation remains unchanged. For all other
field components, the standard relaxation equations can be used.

Fixing the scalar field orientation forces the monopole zeros to remain at their initial
positions. Of course, this method does not give the exact solution, since in general there can
be a back-reaction on the scalar field orientation, which is not captured in this approach.
However, for all applications considered in this thesis, the method was very precise. This
can be cross-checked by inserting the obtained result into a numerical simulation.
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A.4 Time Iteration Methods

In this section, we briefly present the methods that we used for the simulations in this
thesis. For any simulation, the starting point is always the initial configuration. These
initial configurations have to be chosen very carefully, as they set the foundation of the
entire simulation. Since everything builds on the initial configuration, the time iteration
must be sufficiently precise in order to reliably describe also the late-time evolution. This
requires appropriate choices for the time integration methods. We discuss our choices in
this section. For more detailed information, we refer to [243, 245].

A.4.1 Euler Integration

The simplest time integration method is the Euler integration. It is based on the forward
derivative

ḟn =
fn+1 − fn

dt
, (A.23)

f̈n =
ḟn+1 − ḟn

dt
. (A.24)

Using these definitions one can solve differential equations of the form

∂2t f = S[f, ḟ ] , (A.25)

by the iteration procedure

fn+1 = fn + dt ḟn , (A.26)

ḟn+1 = ḟn + dt S[fn, ḟn] . (A.27)

This method works for simple simulations, such as the erasure of a static magnetic monopole
by a slowly moving domain wall. However, for more relativistic velocities, the method
breaks down. In general, its precision is rather low, and it is therefore not recommended
for accurate measurements. Nevertheless, it provides the basis for the integration methods
that we will present in the following three sections.

A.4.2 Crank–Nicolson Method

For all magnetic monopole simulations, we employed the Crank–Nicolson method with two
iterations. The main reason for this choice is that it has already been shown in [99, 165] to
work well in magnetic monopole simulations. Of course, it is possible that other methods,
such as the Runge–Kutta method, which we briefly describe in Subsection A.4.4, could
provide better results. This remains to be investigated in future work.

The following description of the Crank–Nicolson method is taken from [248, 12]. The
field equations for which we used this method have the form

∂2t f = S[f, ḟ ] . (A.28)
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We can split this second-order differential equation into two first-order differential equations
by treating ḟ as a separate field,

∂tḟ = S[f, ḟ ] , (A.29)

∂tf = ḟ . (A.30)

The initial iteration step of every time step is given by

˜̇f (1) = dt S[f0, ḟ0] + ḟ0 , (A.31)

f̃ (1) = dt ḟ0 + f0 , (A.32)

with f0 being the initial field. Before the next iteration is applied, one takes the average
of f0 and f̃0,

¯̇f (1) =
˜̇f (1) + ḟ0

2
, f̄ (1) =

f̃ (1) + f0
2

. (A.33)

The next iteration steps (still within the same time step) are given by

˜̇f (n) = dt S[f̄ (n−1), ¯̇f (n−1)] + ḟ0 , (A.34)

f̃ (n) = dt ¯̇f (n−1) + f0 , (A.35)

¯̇f (n) =
˜̇f (n) + ḟ0

2
, f̄ (n) =

f̃ (n) + f0
2

. (A.36)

The step that closes the iteration is finally

ḟ1 = dt S[f̄ (n), ¯̇f (n)] + ḟ0 , (A.37)

f1 = dt ¯̇f (n) + f0 . (A.38)

At each time step, this full iteration procedure is applied. We used two iteration steps,
meaning that we have the initial and the final step, along with one additional intermediate
iteration. In [248], it was argued that more than two iterations do not further improve the
accuracy of the simulation significantly.

We found that the Crank–Nicolson method is particularly precise for Lorentz-boosted
magnetic monopole configurations. However, it also comes with some disadvantages. One
is that, for two iterations, it requires computing the field equations three times, which
slows down the computational speed by a factor of around three compared to the Euler
method. Nevertheless, this is a reasonable price to pay for the improved precision of the
simulations. Another disadvantage is that the Crank–Nicolson method does not conserve
energy very well over long time scales. For the relatively short time intervals considered in
the monopole simulations, the energy conservation was sufficient. However, for scenarios
that require longer evolution times, such as the analysis of oscillons [249, 250], we found that
the rather poor energy conservation leads to an artificially fast decay of the oscillons. For
such setups, methods like leapfrog and Runge–Kutta, which we describe in the following,
are more suitable choices.
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A.4.3 Leapfrog Method

In this section, we describe the leapfrog integration method following the description given
in [243]. First of all, this method can only be applied to field equations of the form

∂2t f = S[f ] , (A.39)

i.e. without ḟ -dependence in the equations of motion. The iteration scheme works as
follows

ḟn+1/2 = ḟn−1/2 + dt S[fn] , (A.40)

fn+1 = fn + dt ḟn+1/2 . (A.41)

This iteration means that the time derivative is never evaluated at the same time as the field
values themselves, but rather at the midpoint times. Compared to the Euler integration,
which has an accuracy of O(dt), the accuracy here improves to O(dt2) [243].

This leapfrog iteration can be modified to the so-called synchronized leapfrog, also
referred to as Verlet integration. This is the method we used to obtain the results in
Figure 3.6. The idea is to eliminate the midpoints in the time derivative by averaging:

ḟn+1 =
1

2

(
ḟn+1/2 + ḟn+3/2

)
. (A.42)

Then, to obtain the value fn+1, one computes ḟn+1/2 not from ḟn−1/2, but instead from ḟn:

ḟn+1/2 = ḟn−1/2 + dt S[fn] = ḟn +
1

2
dt S[fn] . (A.43)

The resulting iteration scheme is

fn+1 = fn + dt ḟn +
1

2
dt2 S[fn] , (A.44)

ḟn+1 = ḟn +
1

2
dt (S[fn] + S[fn+1]) . (A.45)

A.4.4 Runge–Kutta Method

The last method we will discuss has a similar accuracy to the leapfrog algorithm but with
the advantage that it can be applied to field equations of the form

∂2t f = S[f, ḟ ] , (A.46)

which means that the equations of motion may also depend on the first time derivative
of the field f . In this section we follow the explanations of [243, 245]. The method
described in the following is of second order, which implies that one has to perform two
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steps (i.e. evaluate S[f, ḟ ] twice) for obtaining a single time iteration. First, one computes
intermediate values for the fields using the standard Euler integration

f̄ = fn + dt ḟn , (A.47)

¯̇f = ḟn + dt S[fn, ḟn] . (A.48)

The n+ 1 values can then be obtained by

fn+1 = fn + dt ḟn +
1

2
dt2 S[fn, ḟn] , (A.49)

ḟn+1 = ḟn +
1

2
dt
(
S[fn, ḟn] + S[f̄ , ¯̇f ]

)
. (A.50)

The term Runge–Kutta method should be understood as a full class of numerical time
integration methods. There are several different ways in which this procedure can be
implemented. The scheme described above corresponds to the so-called midpoint method.
For other implementations, the interested reader is referred to [245]. Furthermore, the
method is of second order, i.e. one needs to evaluate S[f, ḟ ] twice, which is why it is
commonly referred to as RK2. The accuracy can be increased by introducing additional
intermediate steps. For instance, the fourth-order RK4 method requires evaluating S[f, ḟ ]
four times and improves the accuracy to O(dt4) [243, 245].

In this thesis we used a slight modification of the RK2 method, which can be seen as a
combination of the RK2 and the synchronized leapfrog algorithms. In the last step of the

RK2 midpoint method we replace S[f̄ , ¯̇f ] by S[fn+1,
¯̇f ]. In the cases we analysed, this was

found to slightly improve the precision.
It turns out that the Runge–Kutta method performs very well in conserving the energy.

Therefore, it is a perfect choice for simulations over large time intervals. This includes, for
instance, simulations of oscillons [249, 250], as well as simulations of excited solitons [83,
85, 86]. We made use of the above mentioned modified version of the RK2 method in the
vortex simulations presented in Sections 3.3 and 3.6.

A.5 Boundary Conditions

An important aspect of numerical simulations is how the fields are treated at the boundary.
Of course, one can choose sufficiently large lattices such that boundary effects do not play
a role within the investigated time interval, and indeed this is the standard approach in
simulations in one spatial dimension. In more than one dimension, however, computational
resources typically do not allow for such large lattices, and therefore appropriate boundary
conditions are required. There is no general perfect choice of boundary conditions, since
every system is different and comes with its own constraints at the boundary. In this
section, we briefly describe all boundary conditions used in the simulations of this thesis.

For simplicity, we restrict the discussion to one spatial dimension. However, all methods
can be straightforwardly generalized to higher dimensions.
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A.5.1 Dirichlet Boundaries

The boundaries that are easiest to implement are Dirichlet boundaries. They correspond
to fixed boundaries, where the field values at the boundary lattice points are not updated
during the time evolution. In other words, the boundary values are entirely determined by
the initial conditions. Clearly, for describing dynamical situations, this is in general not an
ideal choice, since the field values are time-dependent. However, Dirichlet boundaries can
still work very well if most of the dynamics takes place sufficiently far away from them. We
used them, for example, in the simulations of magnetic monopole collisions in Section 3.7.

Several issues can arise in the vicinity of Dirichlet boundaries. For instance, energetic
radiation or localized objects such as solitons are typically reflected at the boundary. While
the total energy of the system is conserved, the overall momentum can change. Moreover,
particularly in simulations involving topological defects, the motion of these objects can
be affected by the fact that the scalar field orientation is fixed at the boundary. For
example, from the scalar field orientation at infinity, one can reconstruct the position of
a vortex zero. However, when a vortex moves, its zero also moves accordingly, whereas
the boundary information remains unchanged due to the fixed condition. As a result, the
boundary becomes incompatible with the field configuration in the interior of the lattice.
Nevertheless, Dirichlet boundaries remain a useful choice for sufficiently large lattices,
where such boundary effects are rather small.

A.5.2 Periodic Boundaries

Another type of boundary that we used multiple times, when we wanted to avoid reflections
or modifications of the motion, are periodic boundaries. The idea is that the space is
smoothly connected everywhere, meaning that a lattice point on one side of the lattice
is identified with a corresponding point on the opposite side. For N lattice points, the
boundary condition can be implemented by ϕ(xN) = ϕ(x1).

1 As a consequence, when a
wave or a classical solution such as a soliton approaches the boundary, there is no back-
reaction. Instead, it passes through the boundary and reappears on the opposite side of
the lattice. These boundaries are particularly useful for simulations in which topological
defects, such as cosmic strings, are created dynamically, as in Section 4.5.

Furthermore, in the simulations of the slingshot effect in Chapter 5, we utilized these
boundaries for the ψ field along the directions parallel to the wall (i.e. in the x- and
y-directions). In this context, periodic boundaries are especially useful, since the domain
wall hits the boundary.

Nevertheless, periodic boundaries also have disadvantages, particularly in the case of
domain walls, as observed in the slingshot simulations. The total mass of the wall depends
on the lattice size. If the lattice is too small, one can observe a significant back-reaction
on the domain wall when a monopole collides with it at high velocities. The momentum
transfer can be large enough to push back the entire domain wall. Even if some push
back is expected physically, with periodic boundaries this effect becomes dependent on the

1Note that, in some cases, periodic boundaries require an additional sign shift.
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lattice size, which makes it unphysical. However, for sufficiently large lattices, this artifact
becomes negligible and the resulting dynamics are more reliable.

A.5.3 Time-dependent Boundaries

Periodic boundaries were the ideal choice for the ψ domain wall in the slingshot simulations.
In contrast, in the simulations of the erasure of magnetic monopoles through a domain wall
(Section 4.4), we could not use periodic boundaries. The reason is that the domain wall is
described by the same scalar field ϕa as the magnetic monopole. Periodic boundaries require
the total winding number of the system to vanish, which prevents the implementation of
a single magnetic monopole on a lattice with periodic boundaries.

For the erasure simulations, we instead employed time-dependent boundaries. The
initial boosted configuration already requires a time-dependent ansatz, which can be used
to approximately predict the position of the domain wall at later times. This allows us
to adapt the boundary values at each time step using this ansatz. For a setup involving
a single domain wall, this is an excellent choice. However, once interactions with other
objects become relevant, this approach is no longer exact. Nevertheless, for sufficiently
large lattices, the error sourced by the boundary remains negligible. Therefore, for the
erasure simulations, this method was a very good option.

Note that these time-dependent boundaries behave similarly to Dirichlet boundaries,
in the sense that they reflect energetic waves.

A.5.4 Absorbing Boundaries

Absorbing boundaries describe boundaries where energetic waves are, as the name says,
absorbed by the boundary. This implies that radiation is not reflected back at it. Such
boundaries are especially useful when one aims to avoid a back-reaction on the dynamics in
the interior of the lattice. However, it should also be mentioned that absorbing boundaries
are never perfect. There is always a small fraction of radiation that may be reflected. The
goal is therefore to minimize this reflected contribution as much as possible. Within this
thesis, we used two types of absorbing boundaries, the Sommerfeld radiation condition,
and a method that combines natural boundaries with an adiabatic damping.

Sommerfeld Radiation Condition

For the Sommerfeld radiation condition, we rewrite all field equations in the form of a
Klein–Gordon equation, (∂2x + m2)ϕ(x, t) = 0, where m denotes the effective mass of the
field. Solutions to this equation are given by

ϕ(x, t) = Aei(ωt−kx) +B ei(ωt+kx) , (A.51)

where the first term describes waves propagating to the right, while the second term cor-
responds to waves propagating to the left. At the boundary, we require that waves can
leave the lattice but do not enter it. Therefore, at the right boundary, right-moving waves



A.5 Boundary Conditions 187

are allowed, whereas left-moving ones are excluded. This corresponds to considering only
solutions with A ̸= 0 and B = 0. This condition leads to the relation

ϕ̇ = −ω
k
ϕ′ . (A.52)

This can be implemented in the time iteration through the boundary condition

ϕ(t+ ∆t) = ϕ(t) − ∆t
ω

k
ϕ′(t) , (A.53)

where for ϕ′(t) one can use the backward derivative.
The remaining question is how to choose ω/k. For massless fields, this is rather straight-

forward, since the dispersion relation is simply ω = k. For massive fields with effective
mass m, the situation is less clear. In that case, the dispersion relation reads ω2 = k2 +m2,
and therefore ω/k =

√
1 +m2/k2. The ratio thus obtains a dependence on k. However,

this means that the condition is only valid for one specific k. Hence, for massive fields, the
Sommerfeld radiation condition cannot absorb all waves equally well. In our simulations,
we assumed that the wavelength is of order m−1

v and therefore took k ∼ mv. By trial and
error, we then tuned k to a value that yields reasonable absorption at the boundary.

We applied this boundary condition to the simulations with confined magnetic monopoles.
This includes the simulations in Section 4.5 as well as those in Chapter 5.

Natural Boundaries with Adiabatic Damping

The second method we used consists of natural boundaries in combination with an adiabatic
damping region. It turns out that this approach is very effective, in the sense that, if
implemented correctly, it absorbs almost all energetic radiation regardless of the frequency.
Moreover, in contrast to the Sommerfeld radiation condition, it is perfectly compatible with
the initial conditions, i.e. during the initial stage of the simulation no artificial radiation is
emitted from the boundaries, which is typically observed for Sommerfeld conditions applied
to massive waves. However, the price to pay for this absorption method is that it requires
a rather large lattice. Therefore, we used it only in two-dimensional problems, such as the
vortex simulations in Sections 3.3 and 3.6.

A detailed explanation of natural boundaries can be found in [83, 251]. The idea is to
consider the energy functional E[fa, ∂if

a], where fa denotes the full field content of the
theory. Due to energy conservation, its variation should vanish:

0 = δE =

∫
V

d3x

(
∂E

∂fa
δfa +

∂E

∂(∂µfa)
δ(∂µf

a)

)
=

∫
V

d3x

(
∂E

∂fa
− ∂µ

(
∂E

∂(∂µfa)

))
δfa +

∫
∂V

dS

(
ni

∂E

∂(∂ifa)

)
, (A.54)

where, in the second line, we integrated by parts and imposed the constraint ∂t (∂E/∂tf
a) =

0. The first term in the second line vanishes due to the Euler–Lagrange equations. The
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second term is a boundary contribution, which we also require to vanish. This leads to the
boundary conditions

ni
∂E

∂(∂ifa)
= 0 . (A.55)

Applying this boundary condition to vortices resolves a problem that arises for Dirichlet
boundaries. As discussed, for a single vortex the position of the vortex zero can be recon-
structed from the field orientation at infinity. In the Dirichlet case, this property breaks
down once the vortex moves, since the field orientation at the boundary is fixed. With
the natural boundary conditions introduced above, this issue does not appear, because the
field orientation at the boundary adjusts dynamically.

An advantage compared to the Sommerfeld radiation condition is that this boundary
condition does not generate radiation at the initial stage. The boundaries are fully consis-
tent with the field configuration, and therefore no artificial radiation is emitted from the
boundaries at the initial time step.

Using the above condition does not prevent radiation from being reflected at the bound-
ary. For this reason, an additional adiabatic damping can be applied. In this thesis, we
used this damping method only in combination with natural boundaries. However, it can
also be applied to all other boundary conditions discussed previously. An adiabatic damp-
ing can be implemented by modifying the field equations in a region close to the boundary.
The idea is to add a term proportional to the time derivative of the field to the equations
of motion, in the form [252]

Θ(r − rmin)α (∂tf
a) e−β(r−rmin)

2

, (A.56)

where Θ denotes the Heaviside step function, α controls the strength of the damping, and
rmin sets the radius beyond which the damping is applied. The parameter β determines
how rapidly the damping increases with increasing radius r. The Gaussian profile is chosen
to ensure that the damping does not become too strong too quickly, since a strong damping
term effectively behaves like a Dirichlet boundary. The appropriate choice of parameters
must be determined by trial and error.

For the vortex simulations in Sections 3.3 and 3.6, we chose the minimal radius as
rmin = 25 for simulations with a 603 lattice, and rmin = 35 for those with an 803 lattice.
For the damping parameters, we used α = 0.1 and β = 0.0035.

A.6 Axial Symmetry

One major disadvantage of numerical calculations is that their precision is often limited
by available computational resources. Therefore, techniques such as taking advantage of
symmetries can be used to improve computational efficiency. In this thesis, we make use
of such a technique for certain magnetic monopole configurations. Many of the head-on
collision scenarios considered in this thesis possess an axial symmetry, which allows us to
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Figure A.1: This figure illustrates schematically why interpolation is required to calculate the
field values at the lattice points of neighbouring planes using the axial symmetry. The lattice
points of the central plane are shown in green, while those of the neighbouring planes are shown
in grey. The orange point corresponds to a point on the axial symmetry axis.

solve the field equations on a single two-dimensional plane rather than in the full three-
dimensional space. This approach was suggested in [253].

Before presenting the axial symmetry of magnetic monopole systems, let us briefly
explain how the method works. The equations of motion contain second-order derivatives.
To evaluate them, one needs at least three lattice points in each direction. This implies
that, if we wish to compute the field equations solely in the x-z-plane, we still require at
least three lattice points in the y-direction. In other words, we need the values on the
two neighbouring planes with y = ±∆x. These values can be obtained using the axial
symmetry. Accordingly, the simulation proceeds as follows. First, the field equations are
computed on the central plane using a chosen time integration method, for example one
of the methods described in Section A.4. In a second step, axial symmetry is used to
determine the values on the neighbouring planes. This then enables the computation of
the field equations on the central plane in the subsequent time iteration step.

One subtlety should be mentioned here. We use the simplest implementation of a
lattice, where each cell is cubic. As illustrated in Figure A.1, applying axial symmetry on
a cubic lattice to determine the values at a lattice point on a neighbouring plane requires
the field value at a point that lies between two lattice points of the central plane. To
obtain this value, an interpolation method is needed. In our cases, we used Lagrange
interpolation, as suggested in [253].

The axial symmetry method was first applied to magnetic monopole systems in [102],
where an axial symmetry was identified for a system consisting of a single magnetic
monopole and a domain wall. In [20], we extended the axial symmetry equations to
configurations involving monopole–anti-monopole pairs. The scalar field ansatz for the
monopole–anti-monopole configuration with maximal twist is given in equation (3.23).
From this, we can read off the axial symmetry of the scalar field.

ϕ1 =xf1 + yf2 ,

ϕ2 =yf1 − xf2 ,

ϕ3 =f3 , (A.57)

with fi being functions that depend only on the axial radius, the z-coordinate, and time t.
The ansatz for the gauge fields can be obtained by inserting the scalar field ansatz (A.57)
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into the condition Dµϕ = 0, which yields

W 1
x = xyf4 + y2f5 + f6 , W 1

y = y2f4 − xyf5 − f7 ,

W 2
x = −x2f4 − xyf5 + f7 , W 2

y = −xyf4 + x2f5 + f6 ,

W 3
x = xf8 + yf9 , W 3

y = yf8 − xf9 ,

W 1
z = xf10 + yf11 , W 1

t = xf12 + yf13 ,

W 2
z = −xf11 + yf10 , W 2

t = −xf13 + yf12 ,

W 3
z = 0 , W 3

t = 0 . (A.58)

For the cases in which we consider magnetic monopole–anti-monopole pairs confined
by a cosmic string, an additional field, described by ψ, is required. From equation (4.41),
we obtain the following ansatz for ψ

ψ1 = (x− iy)f14 + (y + ix)f15 ,

ψ2 = f16 . (A.59)

The axial symmetry method is a useful way to significantly increase the computation
speed in three-dimensional simulations. Instead of evaluating the equations of motion on
N3 lattice points, it is enough to compute them on only N2 lattice points. Of course,
some additional computation time is required to determine the values on the neighbouring
planes of the central plane using the axial symmetry. However, the computational cost is
small compared to the time that is saved.

A.7 Gauge Choices

For all simulations we performed, we chose either the time gauge, W a
t = 0, or the Lorenz

gauge, ∂µW
µ
a = 0. Both conditions require a careful treatment in the numerical calcula-

tions, which we briefly explain in this section. For this purpose, let us focus on the SU(2)
gauge theory described by the Lagrangian (2.56). However, the discussion can be applied
to all gauge theories.

First of all, the choice of gauge often depends on the initial conditions. As an example,
consider a single static magnetic monopole. The ’t Hooft–Polyakov ansatz (2.67) satisfies
both the time gauge and the Lorenz gauge conditions. Therefore, both gauges can be ap-
plied straightforwardly. Now let us instead consider a Lorentz-boosted magnetic monopole.
Since the Lorenz gauge is Lorentz-invariant, it remains satisfied. The time gauge, however,
is no longer fulfilled, because the Lorentz transformation generates a non-vanishing W a

t

component. In principle, one can use a gauge transformation to set this component back
to zero, but this is rather non-trivial. For this reason, for boosted configurations the Lorenz
gauge condition is the more convenient choice.

Let us first discuss how one implements the time gauge. Inserting W a
t = 0 into the

equations of motion yields three gauge field equations that are second-order in time, cor-
responding to the ν = i components of equation (2.64). The ν = 0 component of equa-
tion (2.64), on the other hand, reduces to a first-order differential equation in time. This is
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the so-called Gauss constraint. If the initial conditions satisfy the Gauss constraint, it will
remain satisfied at all times. For more details on this so-called Cauchy problem, we refer
to [28]. However, one should keep in mind that in numerical simulations the Gauss con-
straint can be violated due to small numerical inaccuracies. Therefore, one has to ensure
that it is satisfied at all times. Here we follow the approach of [184]. The Gauss constraint
can be written as

∂t∂iW
a
i + gεabcW

b
i ∂tW

c
i + gεabcϕ

b∂tϕ
c = 0 . (A.60)

We now implement the Gauss constraint into the simulation by treating ∂iW
a
i as an inde-

pendent field Γa and enforcing the constraint by

∂tΓ
a = ∂t∂iW

a
i − η

(
∂t∂iW

a
i + gεabcW

b
i ∂tW

c
i + gεabcϕ

b∂tϕ
c
)
, (A.61)

where η is a numerical parameter. In all equations of motion, we now replace ∂iW
a
i by

Γa. Equation (A.61) then provides a way to correct ∂iW
a
i by adding a term proportional

to the violation of the Gauss constraint. The numerical parameter η has to be chosen by
trial and error.

The Lorenz gauge is easier to implement. Inserting the condition ∂µW
µ
a = 0 into the

equations of motion does not directly reduce them to three second-order equations plus
one Gauss constraint. To recover the Gauss constraint, one would need to replace ∂tW

a
t

by ∂iW
a
i in the equations of motion for W a

t . However, this is not the approach we take.
Instead, we keep all four gauge field equations, which are second-order in time, and evolve
all four components W a

µ accordingly. To ensure that the Lorenz gauge is satisfied initially,
we impose ∂tW

a
t = ∂iW

a
i as an initial condition.

A.8 Measurements

By measuring physical quantities such as the energy density of the system, one can gain
good intuition about the outcome of a given setup. In many cases in this thesis, we
used simulations primarily to obtain qualitative results. However, in some cases we also
performed more precise measurements of non-trivial quantities beyond the energy density.
These include the positions of the zeros of topological defects, the mode frequencies, and
the gravitational spectrum of confined magnetic monopoles. These three measurements
will be briefly discussed in this section.

A.8.1 Soliton Zero Position Measurement

To determine the positions of solitons, one can follow different approaches. The most
precise, but also more involved, method is the following. For simplicity, we consider a
vortex as an example. The vortex is described by the scalar field components Re(ϕ) and
Im(ϕ). The zeros are given by the points where both components vanish. These can be
found by first determining the contour lines defined by Re(ϕ) = 0 and Im(ϕ) = 0, and
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then identifying their intersection points. In general, however, this procedure is not always
straightforward to implement for numerical data. In cases where the solitons move along
the coordinate axes, the method becomes much simpler. One can then choose the phase
such that one of the two contour lines coincides with a coordinate axis. The problem reduces
to finding the intersection of the remaining contour with this axis, which is typically easy
to determine. We used this approach, for example, for the vortex position measurements
in Section 3.3 and for the zero-position measurement of magnetic monopoles shown in
Figure 3.38.

For the discussion of the zero behaviour in the non-planar tetrahedral scattering of three
monopoles in Section 3.7.6, we did not determine the exact positions. Instead, we plotted
the ϕ1 = 0, ϕ2 = 0, and ϕ3 = 0 contour surfaces using Mathematica and interpreted the
results qualitatively by analysing the intersections of these three surfaces, which correspond
to the zeros of the field.

In Section 3.6, we determined the vortex centres by computing the winding number for
each grid cell of the lattice. This is done by evaluating the complex phase of ϕ at each
lattice point and summing the phase differences around the four points that form a given
grid cell. If the result is approximately 2πn, the cell contains an n-vortex. Numerically,
some careful treatment is required along lines where the phase jumps from 0 to 2π. Keeping
this in mind, we wrote an efficient program based on this method to track the positions of
the vortices.

A.8.2 Mode Frequency Measurement

In the vortex simulations of Sections 3.3 and 3.6, internal modes of the vortices were excited.
These modes carry characteristic frequencies, which can be measured. They transfer energy
between different energy components, such as potential and kinetic energy. While the total
energy is conserved, individual contributions like the potential energy are not and therefore
fluctuate. These fluctuations can be used to extract the mode frequencies.

There are two main approaches to do this. First, one can perform a Fourier analysis
of the data to identify frequency peaks. However, this method only works reliably if the
available time interval is sufficiently large. In the cases we analysed, such large intervals
were not available, since the vortices move and reach the boundaries of the lattice too
quickly.

The second approach is to determine the frequency directly by measuring the time
difference between peaks of a given energy component. In our case, we always used the
potential energy for measuring the frequency. The advantage of this method is that it allows
to track the time dependence of the frequency. Since in Section 3.6 we were particularly
interested in how the frequency depends on the arrangement of multiple vortices, this
method was especially useful.

The measured results typically contain numerical noise. To reduce this noise, we applied
a Gaussian filter to the data. This smooths the frequency curves and leads to cleaner
results. The outcomes of the frequency measurements in multi-vortex collisions are shown
as light-gray curves in Figures 3.24, 3.28, and 3.29.
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A.8.3 Gravitational Radiation Spectrum

The basis for the gravitational radiation measurement in Sections 4.5.3 and 5.4 is given by
the Weinberg formula in equation (5.18). In this section, we briefly discuss some details of
the computation that are not included in the main text.

To calculate the spectrum, one requires the Fourier-transformed energy-momentum ten-
sor. An important point is that our simulations were performed using the axial symmetry
method described in Section A.6. Therefore, before applying the full three-dimensional spa-
tial Fourier transform, one first has to reconstruct the complete three-dimensional energy-
momentum tensor from the axially-symmetric data. This can be done straightforwardly
by making use of the symmetry. We then perform the Fourier transform first in space
and subsequently in time. The Fourier-transformed energy-momentum tensor can then be
inserted into equation (5.18).

To obtain the radiated power as a function of the direction k̂ and the frequency ω,
one has to ensure that the dispersion relation ω2 = k2 is satisfied. To this end, we first
reduce the dimensionality by setting ky = 0, which is justified by the axial symmetry. We
then compute the gravitational energy per solid angle per frequency on a Fourier lattice
spanned by ω, kx, and kz. Using the dispersion relation, this three-dimensional lattice can
be reduced to a two-dimensional one. For this we use an interpolation method (NumPy
interp() function) to express the gravitational energy in terms of kx and kz. Subsequently,
we rewrite kx and kz in polar coordinates ω and θ by applying a second interpolation (SciPy
interpolate.interpn() function). Here, θ corresponds to the direction of the emitted
radiation.

A.9 Creating Defects Dynamically

Within this thesis we sometimes created topological defects dynamically. This method was
used, for example, in Figures 4.10 and 4.12. Let us briefly describe how this can be achieved
in numerical simulations. The key idea lies in the choice of the initial configuration. Let
us consider, for instance, a quartic potential of an SU(2)-adjoint scalar field with the form
V (ϕ) ∼ (ϕaϕa−v2)2. As discussed several times, this potential has minima on a two-sphere
defined by ϕaϕa = v2, while at ϕa = 0 it has a local maximum.

To create defects dynamically, we start by setting the scalar field to zero everywhere.
We then choose as an initial condition small random fluctuations around zero. Since the
system tends to evolve towards the minima of the potential, the scalar field will naturally
acquire a non-zero vacuum expectation value during the time evolution. This, in turn,
leads to the formation of magnetic monopoles.

The available energy is given by Vol · V (ϕa = 0), and only a small fraction of it is
converted into the energy required to create the magnetic monopoles. The remaining
energy is stored in thermal fluctuations and radiation. To remove this extra energy, one
can introduce an artificial friction term in the field equations of the form α(∂tϕ

a) (and
similarly for the gauge field). This damps the fluctuations, such that only slowly moving
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magnetic monopoles remain.
To create magnetic monopoles connected by cosmic strings, one follows the same pro-

cedure also for the additional fields that are required to form the strings.

A.10 Numerical Checks

To ensure that the numerical simulations provide reliable results, one always has to perform
checks. Even if not explicitly mentioned in the main text, we carried out such checks for
all simulations.

When writing simulation codes, small typos can easily occur. Therefore, the imple-
mentation of the equations of motion should first be tested in scenarios that are fully
understood. For example, before analysing non-trivial collisions of topological defects,
such as magnetic monopoles with domain walls, one can consider a single static monopole
and insert it into the simulation. Apart from very small numerical fluctuations, the config-
uration should remain unchanged. As a next step, one can implement a Lorentz-boosted
monopole, which should propagate with constant velocity without emitting radiation. Once
these tests are successful, one can proceed to more complicated configurations and study
the interactions of different solitons.

An important check in all simulations is the conservation of the total energy. While
small fluctuations are acceptable, larger deviations should be avoided. In this context,
the choice of boundary conditions is crucial. For absorbing boundaries, a decrease in
energy is expected since radiation can leave the system. However, for Dirichlet or periodic
boundaries, the total energy should be conserved at all times. Significant changes in
the energy can typically be traced back to the numerical time integration scheme or to
insufficient lattice resolution.

This leads to another essential check, the dependence of the results on the lattice
resolution. A simulation result cannot be trusted if it changes with the resolution of the
lattice. Therefore, one has to verify that the outcome remains unchanged under changes
of the lattice spacing. A straightforward approach is to halve the lattice spacing and check
that the results remain the same. In cases where computational resources do not allow for
this, one can instead double the lattice spacing and verify that the results are consistent
even at lower resolution.

Another important check concerns the boundaries. In some cases, boundary effects can
influence the outcome of the simulations. In Section A.5, we already discussed different
types of boundary conditions and in which setups they can be applied. To assess the
influence of the boundaries, the simplest test is to vary the size of the lattice. For larger
lattices, the boundaries should become less relevant and artificial effects should decrease.
If the results do not change with an increasing lattice size, one can (not in all cases) trust
the chosen boundary conditions. In addition, it can be useful to change the boundary
conditions completely to check whether the results depend on their specific choice.

The checks mentioned above are crucial and were performed for all simulations. In
addition, one can carry out further tests. For example, one can change the time integration
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method, consider different gauge choices, or monitor additional physical quantities besides
the energy, such as the electric charge. Many other checks are possible. Which of these
checks are necessary and useful always depends on the specific problem that is considered.
However, the main message of this section is that numerical results should not be trusted
without performing a sufficient number of consistency checks beforehand.

A.11 Python as a Coding Language for Numerical

Simulations

As a coding language for all simulations performed within this thesis, Python [254] has been
used. Python on its own is typically not well suited for numerical calculations on large
lattices, as its execution speed is relatively slow. However, in combination with appropriate
packages, the performance can be significantly improved. In all simulations, we used the
package Numba [255]. Numba translates the Python code into efficient machine code and
thereby speeds up the computations. The Numba package can be easily implemented by

from numba import jit

@jit(nopython=True)

def function ():

...

where the @jit decorator indicates that the entire function function() is compiled into
machine code before execution. Notice that Numba is not compatible with all Python
packages. For all computations, we used only the package NumPy [256] in combination
with Numba.

In addition to the machine code translation, Numba provides an easy way to implement
parallelisation. In particular for three-dimensional lattices, this further speeds up the com-
putation significantly. We implemented the parallelisation as follows. Instead of evaluating
the field equations on all lattice points on a single core, we split the lattice into n parts
and distribute the computation across n cores. This does not lead to a full speed-up by a
factor of n, since communication between the cores is still required at each time-iteration
step. Nevertheless, a substantial performance improvement can be achieved. Depending
on the lattice size and the available computational resources, we used up to 64 CPU cores.

Using Numba, the parallelisation can be implemented by

from numba import jit , prange

@jit(nopython=True , parallel=True)

def function ():

for i in prange(N):

...

where prange indicates that the code within the for-loop is parallelised. Each computation
corresponding to the index i is performed on a separate core. If fewer cores than iterations
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N are available, computations that cannot be assigned initially are carried out once a core
becomes available.

Besides computational speed, memory is often an important issue in simulations. For
computing the field values at a single moment in time, the available RAM on the machines
we used was always sufficient. However, to study the time dependence, one needs to store
field configurations at many time steps. First, not all time steps need to be stored to
extract the relevant physical information. Therefore, we saved only a subset of all time
steps. Second, it is not necessary to store the full lattice. Instead, one can restrict the
output to regions where the relevant dynamics occur, which further reduces memory usage.
Another important aspect is that it is generally not recommended to keep all data in the
RAM. A significant amount of memory can be saved by writing data that is not needed
for further computations directly to the disk. NumPy provides an elegant solution for this.
Before starting the time evolution, we save the required “empty” data arrays directly on
the hard disk by

np.save(’path/data.npy’, data_array)

where data_array is the array that collects the data we want to store. Whenever we want
to access or modify the data, we load it by

data_array=np.load(’path/data.npy’, mmap_mode=’r+’)

The mmap_mode=’r+’ ensures that not the entire array is loaded into the RAM, but only
the part that is required when modifications are made.

All the aspects discussed so far in this section make Python a very convenient choice
for numerical simulations. Besides NumPy and Numba, the only other package we used in
a few numerical computations was SciPy [247], for small linear algebra tasks such as those
required in the eigenvalue method described in Subsection A.2.3, as well as for efficient
interpolations.

All figures in this thesis were created using the package Matplotlib [257] in Python or
using the program Mathematica [258].

A.12 List of Numerical Methods

The following two tables provide an overview of many of the numerical calculations we have
performed, together with the methods used. The first table lists the numerical methods
used for static or initial configurations. The second table lists the methods used for the
simulations.
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Numerical Methods for Static and Initial Configurations
Numerical Method Lattice Properties

Profile functions for the
Nielsen–Olesen vortex
(Figure 2.2)

Relaxation in
multiple steps

4000 lattice points,
dr ∼ 0.025

Profile functions for the
’t Hooft–Polyakov magnetic
monopole (Figure 2.3)

Relaxation in
multiple steps

4000 lattice points,
dr ∼ 0.025m−1

v

Vortex mode profile functions
and frequencies (Figures 3.1
and 3.2)

Eigenvalue method 10000 lattice points,
dr = 0.008.

Feshbach resonance frequencies
(Figure 3.3)

Shooting method 5000 lattice points,
dr = 0.01

Toroidal higher-charged
monopole solutions (Figures 3.34
and 3.35)

Relaxation method
with fixed scalar field
orientation

2403 lattice points,
dx = 0.25m−1

v

Confined monopole pair (initial
configuration) in Figures 4.11
and 4.13

Relaxation method
with fixed scalar field
orientation

4802 × 3 lattice
points (axial
symmetry method
used), dx = 0.25m−1

v,ϕ

Two slingshots (initial
configuration) in Figure 5.4

Relaxation method
with fixed scalar field
orientation

2403 lattice points,
dx = 1.0m−1

v,ϕ
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Numerical Methods for Simulations
Numerical
Integration
Method

Boundary
Conditions

Lattice Properties

Vortex–anti-vortex
collisions in
Section 3.3

Modified RK2 Natural
boundaries with
adiabatic
damping

12002 lattice points,
5000 time points,
dx = 0.05, dt = 0.02

Monopole–anti-
monopole collisions in
Section 3.4

Crank–Nicolson
method

Sommerfeld
radiation
condition

4802 × 3 lattice
points (axial
symmetry method
used), 2000 time
steps, dx = 0.25m−1

v ,
dt = 0.1m−1

v

Multi-vortex collision
in Section 3.6

Modified RK2 Natural
boundaries with
adiabatic
damping

12002 lattice points
(for some cases 16002

lattice points), 4000
time steps, dx = 0.05,
dt = 0.025

Multi-monopole
collisions in
Section 3.7

Crank–Nicolson
method

Dirichlet
boundaries

2403 lattice points,
1000 time steps,
dx = 0.25m−1

v ,
dt = 0.1m−1

v

Erasure of magnetic
monopoles in
Section 4.4

Crank–Nicolson
method

Dirichlet
boundaries in
z-direction and
time-dependent
boundaries in
x-direction

For monopole
velocities < 0.8,
4802 × 3 lattice points
(axial symmetry
method used), 1500
time steps,
dx = dz = 0.25m−1

v ,
dt = 0.1m−1

v ;
For monopole
velocities ≥ 0.8,
480 × 960 × 3 lattice
points, 3000 time
steps, dx = 0.25m−1

v ,
dz = 0.125m−1

v ,
dt = 0.05m−1

v

Systems of monopole
necklaces and
monopole dumbbells
in Figures 4.10
and 4.12

Crank–Nicolson
method

Periodic
boundaries

1503 lattice points,
1200 time steps,
dx = 1.0m−1

v,ϕ,

dt = 0.3m−1
v,ϕ
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Confined monopole
pair in Figures 4.11
and 4.13, and for the
gravitational
radiation calculation
with result given in
Figure 4.14

Crank–Nicolson
method

Sommerfeld
radiation
condition

4802 × 3 lattice
points (axial
symmetry method
used), 1000 time
steps, dx = 0.25m−1

v,ϕ,

dt = 0.1m−1
v,ϕ

Slingshot with axial
symmetry in
Figures 5.2 and 5.3,
and for the
gravitational
radiation calculation
with the results given
in Figures 5.6 and 5.7

Crank–Nicolson
method

Sommerfeld
radiation
condition for ϕ
and Wµ; For ψ,
periodic
boundaries in
x-direction and
Dirichlet
boundaries in
z-direction

480 × 960 × 3 lattice
points (axial
symmetry method
used), 1800 time
steps, dx = 0.25m−1

v,ϕ,

dt = 0.1m−1
v,ϕ

Two slingshots in
Figure 5.4

Crank–Nicolson
method

Sommerfeld
radiation
condition,
Periodic
boundaries in
x-direction for ψ

2403 lattice points,
600 time steps,
dx = 1.0m−1

v,ϕ,

dt = 0.5m−1
v,ϕ

Slingshot system in
Figure 5.5

Crank–Nicolson
method

Periodic
boundaries

180 × 180 × 360
lattice points, 600
time steps,
dx = 1.0m−1

v,ϕ,

dt = 0.4m−1
v,ϕ

Vortex slingshot in
Section 5.7

Crank–Nicolson
method

Sommerfeld
radiation
condition for ϕ
and Aµ; For χ,
Dirichlet
boundaries in
x-direction and
periodic
boundaries in
y-direction

960 × 480 lattice
points, 2000 time
steps, dx = 0.25m−1

v,ϕ,

dt = 0.1m−1
v,ϕ
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Appendix B

Homotopy Theory

In the literature, arguments for the existence of topological defects are often given by the
use of homotopy theory. In this section, the most relevant concepts of homotopy theory
will be briefly reviewed. Thereby we follow the books [24, 28].

Let us first define the vacuum manifold of a scalar field theory more precisely. Let ϕ0

be one minimum of the potential and G the symmetry group of the theory. We then define

Oϕ0 = {ϕ = gϕ0 : g ∈ G} , (B.1)

as the orbit of ϕ0. In other words, the orbit is the set of all ϕ that are related by a
transformation in G.1 The vacuum manifold is defined as the set of all field values that
minimize the potential,

M =
⋃

ϕ0 minimizes V

Oϕ0 . (B.2)

As an example let us consider a complex scalar field theory with U(1) symmetry and the
potential V1(ϕ) = λ(|ϕ|2 − v2)2. One minimum of the potential is given by ϕ = v and its
orbit is given by

Oϕ0=v = {gv : g ∈ U(1)} = {eiαv : α ∈ [0, 2π)} . (B.3)

The vacuum manifold is just the orbit itself, M = Ov, because this orbit already contains
all minima of the potential. Note that this is not true in general. As an example, consider
a complex scalar field theory with the potential V2(ϕ) = λ(|ϕ|2 − v21)2(|ϕ|2 − v22)2 with
v1 ̸= v2. There are two non-equal orbits, Ov1 and Ov2 , and the vacuum manifold is given
by their union, M = Ov1 ∪ Ov2 .

The group G can contain elements that have no effect on the elements of the orbit.
These elements are collected in the stabiliser subgroup

Hϕ0 = {h ∈ G : ϕ0 = hϕ0} . (B.4)

1For convenience, we write g, but we actually mean the representation T (g).
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Furthermore, let us define the (left) coset by

gHϕ0 = {gh : h ∈ Hϕ0} , (B.5)

and the coset space by

G/Hϕ0 = {gHϕ0 : g ∈ G} . (B.6)

We can now observe that there is a one-to-one correspondence between G/Hϕ0 and Oϕ0 ,
i.e. each coset gHϕ0 can be mapped to a point ϕ0 of the orbit. In this way, group trans-
formations can be related to actual scalar field values of the vacuum manifold. The coset
space G/Hϕ0 corresponds to one single orbit Oϕ0 . If there are more inequivalent orbits,
one can combine the corresponding coset spaces into one single coset space by

G/H =
⊔

inequivalent orbits

G/Hϕ0 , (B.7)

where
⊔

denotes the disjoint union2. In this case, there is a one-to-one correspondence
between the vacuum manifold M and G/H.

As an example let us consider the potential V1(ϕ), which we have already used above.
The stabiliser subgroup of ϕ0 is simply given by Hϕ0 = {1}, the coset is gHϕ0 = {eiα : α ∈
[0, 2π)}, and the coset space is G/H = G/Hϕ0 = {{eiα} : α ∈ [0, 2π)}.

As a second example let us consider the potential V2(ϕ), which makes clear why
the disjoint union is required. In this case, we have two stabiliser subgroups, given by
Hv1 = Hv2 = {1}. The cosets are gHv1 = gHv2 = {g} and the coset spaces are given
by G/Hv1 = G/Hv2 = {{eiα} : α ∈ [0, 2π)}. The full coset space is then given by
G/H = {{eiα}1, {eiα}2 : α ∈ [0, 2π)}. Without the disjoint union, one would obtain
G/Hv1 ∪ G/Hv2 = {{eiα} : α ∈ [0, 2π)}, which does not provide a one-to-one correspon-
dence with the vacuum manifold.

Let us take as a third example an SU(2) theory with a scalar field transforming in the
adjoint representation. For the potential we take the quartic form V (ϕ) = λ(Tr(ϕ2)− v2)2.
One minimum of this potential is for example ϕ = vT 3. Then the orbit, which also
corresponds to the vacuum manifold of the theory is

OvT 3 = {eiαaTa vT 3 e−iα
aTa : αa ∈ [0, 2π)} = M . (B.8)

The stabiliser subgroup is HvT 3 = {eiαT 3
: α ∈ [0, 2π)}, the coset is gHvT 3 = {geiαT 3

: α ∈
[0, 2π)}, where g ∈ G, and the coset space is

G/H = G/HvT 3 = {{eiβaTaeiαT 3

: α ∈ [0, 2π)} : β1, β2 ∈ [0, 2π), β3 = 0} , (B.9)

which is isomorphic to a 2-sphere S2.

2The disjoint union keeps the information from which set an element is coming from. For example
{1, 2} ⊔ {1, 2, 3} = {11, 21, 12, 22, 32}, where the number in the subscript denotes its original set. With the
usual union we would just get {1, 2, 3}.
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Now that we have discussed how the vacuum manifold is related to a coset space, we
can continue with homotopy theory. Two mappings f : X → Y and g : X → Y are called
homotopic to each other if they can be continuously deformed into one another, i.e. if there
exists a family of continuous mappings ht with t ∈ [0, 1] such that h0 = f and h1 = g. The
set of all mappings that are homotopic to each other is called a homotopy class.

Let us consider, as an example, two continuous mappings from a circle to a two-
dimensional real space, f1,2 : S1 → R2. In this case, the two mappings f1 and f2 are
always homotopic to each other, since one can continuously deform one into the other.
Therefore, all continuous mappings from S1 to R2, of which there are infinitely many,
belong to a single homotopy class.

The situation changes if we exclude a point, for example the origin. In that case, the
mappings are from S1 to R2 \ (0, 0). Now there exist mappings that are not homotopic to
each other. For instance, a mapping that describes a circle enclosing the excluded point
is not homotopic to one that does not enclose it. Since one can also wind multiple times
around the excluded point, there are infinitely many mappings that are not homotopic to
each other. This means that there are infinitely many homotopy classes, where each is
characterised by a winding number n.

The group of all homotopy classes consisting of mappings from Sk to a space G is
called the homotopy group πk(G).3 For the above example with the excluded point, this
gives π1(R2 \ (0, 0)) ∼= Z. Another example is π0(Z2) ∼= Z2, which shows that there are
two homotopically distinct ways to map a set of two points to another set of two points:
either both points are mapped to the same point or to two different points in the target
space. An example of a trivial homotopy group is π1(S2) = 0. This homotopy group
describes mappings of circles to a 2-sphere. Since each such mapping can be continuously
contracted to a single point, all mappings are homotopic to each other. To be precise, these
mappings should be included in the homotopy group, since they form a single homotopy
class. However, since these mappings are trivial, they are often ignored, which is why we
write π1(S2) = 0.

There are two important rules, which we will use in the following without proving them:

πn(G1 ×G2) = πn(G1) × πn(G2) , (B.10)

π2(G/H) = π1(H) , (B.11)

where G is a compact and simply connected group. The first rule can be understood
intuitively by considering a torus T2. There are two non-trivial ways to map circles S1 onto
the torus. One can map them through the hole of the torus and another one around its
central hole. Each of these mappings can again have multiple windings. Therefore, the first
homotopy group is given by π1(T2) ∼= Z×Z. The second rule can be applied to the SU(2)
adjoint scalar field theory with a quartic potential. In this case, the stabiliser subgroup

3The group operation of homotopy groups is given by the concatenation of maps from k-spheres Sk to
G. For instance, let us take two elements of the homotopy group π1(G), which describe two loops based
at the same point x0. Their concatenation consists of following one loop starting at x0 until returning to
x0, and then subsequently following the second loop.
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(unbroken subgroup) is H = U(1), and thus G/H = SU(2)/U(1). Applying rule (B.11)
then gives π2(SU(2)/U(1)) = π1(U(1)) ∼= Z.

Finally, let us connect these observations to topological defects. As we already saw
throughout this chapter, we always got topological defects when there were non-trivial
mappings from the boundary of the space to the vacuum manifold. In the language of
homotopy theory this means that we can get topological defects if there are non-trivial
homotopy groups. For example, the topology of the theory allows a domain wall, vortex,
or magnetic monopole solution if the homotopy group π0(G/H), π1(G/H), or π2(G/H) is
non-trivial, respectively.

The example π0(Z2) = Z2 corresponds to domain walls. As discussed, there are two ho-
motopy classes. One class describes mappings where both points of Z2 (i.e. the two bound-
aries of the one-dimensional space) are mapped to the same point in the vacuum manifold.
This corresponds to the trivial solution, where the scalar field takes the same vacuum ex-
pectation value everywhere. The second homotopy class describes mappings where the two
points are mapped to two different values in the vacuum manifold. This corresponds to the
domain wall solutions. Similarly, one can consider vortices with π1(U(1)/1) ∼= π1(S1) = Z
or monopoles with π2(SU(2)/U(1)) ∼= Z. In these cases, there are infinitely many homo-
topy classes, characterised by a winding number n, which correspond to the infinitely many
winding solutions of vortices or monopoles.

Last but not least we want to give one example which is relevant for the GUT symmetry
breaking discussed in Chapter 4. It is the symmetry breaking SU(5) → SU(3)×SU(2)×
U(1). The second homotopy group is given by

π2(G/H) = π2

(
SU(5)

SU(3) × SU(2) × U(1)

)
= π1 (SU(3) × SU(2) × U(1))

= π1(SU(3)) × π1(SU(2)) × π1(U(1))

= π1(U(1)) ∼= Z , (B.12)

where in the second equality we applied rule (B.11) and in the third equality we applied
rule (B.10). Notice that in the last line we used π1(SU(3)) = 0 and π1(SU(2)) = 0.

Notice that the symmetry breaking of SU(5) more precisely results in the coset space
(SU(3) × SU(2) × U(1)) /Z6. This Z6 identification is required, since there exist six com-
binations of SU(3), SU(2), and U(1) transformation matrices that correspond to the same
SU(5) matrix. Consequently, rule (B.10) cannot be applied. Nevertheless, the presence of
Z6 does not affect the topology arising from the U(1) factor, and therefore the final result
remains unchanged

π2

(
SU(5)

(SU(3) × SU(2) × U(1)) /Z6

)
∼= Z . (B.13)

For all purposes considered in this thesis, the calculation (B.12) remains valid.
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1. Resonance phenomena in vortex-antivortex collisions
Referred to in Section 3.3, (https://youtu.be/1o__huMd13o)
This video summarizes the results of vortex–anti-vortex collisions. Several animated
multi-bounce scattering events are illustrated using the data from numerical simula-
tions.

2. From BPS geodesics to mode-driven dynamics in the scattering of multiple
BPS vortices
Referred to in Section 3.6, (https://youtu.be/o-0fQn-0wlE)
Several representative examples of collisions of excited vortices are shown in this
video. These include the 2-vortex–1-vortex collision, the four-vortex square collision,
the 1 + 2 + 1 collinear collision, and the 2 + 2 head-on collision.

3. Scattering of Magnetic Monopoles
Referred to in Section 3.7, (https://youtu.be/2DfE9ty727c)
In this video, the explanations on the moduli space of two magnetic monopoles of
Subsection 3.7.1 are presented using illustrative animations. Moreover the numerical
results of the simulations of magnetic monopole collisions are shown.

4. Simulations of Magnetic Monopole Collisions
Referred to in Section 3.7, (https://youtu.be/a2wOOo2AAHI)
This video summarizes the numerical results we obtained for the collision of multiple
magnetic monopoles. The planar scattering of two, three, and four monopoles, as
described in Subsection 3.7.5, is shown, as well as the non-planar scattering scenarios
described in Subsection 3.7.6.

5. Radiation Emission during the Erasure of Magnetic Monopoles
Referred to in Section 4.4, (https://youtu.be/JZaXUYikQbo)
The animated numerical results for the erasure of a magnetic monopole through its
collision with an SU(2)-invariant vacuum layer are shown in this video. This includes
all cases discussed in Section 4.4.

6. Confinement Slingshot and Gravitational Waves
Referred to in Chapter 5, (https://youtu.be/IPJAPjo3nSc)
In this video, the confinement slingshot effect introduced in Chapter 5 is presented.
A single magnetic monopole slingshot is shown, as well as a slingshot that detaches
from the wall via an anti-monopole entering the slingshot throat. Furthermore, ani-
mations corresponding to the vortex slingshot described in Section 5.7 are included.

https://youtu.be/1o__huMd13o
https://youtu.be/o-0fQn-0wlE
https://youtu.be/2DfE9ty727c
https://youtu.be/a2wOOo2AAHI
https://youtu.be/JZaXUYikQbo
https://youtu.be/IPJAPjo3nSc
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7. Cosmological Implications of the Slingshot Effect
Referred to in Chapter 5, (https://youtu.be/PnErf4-zUEg)
This video summarizes the numerical results described in Subsections 5.3.2 and 5.3.3.
It illustrates the behaviour of magnetic monopoles during first-order phase transi-
tions, where the monopoles enter a confining phase. Interactions between two sling-
shots are shown, and a full monopole system interacting with an expanding bubble
is presented.

https://youtu.be/PnErf4-zUEg
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[70] Alberto Garćıa Mart́ın-Caro, Jose Queiruga, and Andrzej Wereszczynski, “Fesh-
bach resonances and dynamics of BPS solitons,” Phys. Rev. D 111, 096002 (2025),
arXiv:2501.02589 [hep-th] .

[71] Ryogo Hirota, “Exact solution of the sine-gordon equation for multiple collisions of
solitons,” Journal of the Physical Society of Japan 33, 1459–1463 (1972).

http://dx.doi.org/10.1016/j.physletb.2026.140324
http://arxiv.org/abs/2510.17964
http://arxiv.org/abs/2603.04495
http://dx.doi.org/10.1016/j.physletb.2015.11.070
http://arxiv.org/abs/1509.06632
http://dx.doi.org/10.1103/PhysRevD.110.125026
http://dx.doi.org/10.1103/PhysRevD.110.125026
http://arxiv.org/abs/2410.08705
http://dx.doi.org/10.1088/1475-7516/2021/10/047
http://arxiv.org/abs/2107.02215
http://dx.doi.org/10.1016/0003-4916(58)90007-1
http://dx.doi.org/10.1016/0003-4916(58)90007-1
http://dx.doi.org/10.1103/PhysRevLett.92.151801
http://arxiv.org/abs/hep-th/0311061
http://dx.doi.org/10.1103/PhysRevLett.92.151802
http://arxiv.org/abs/hep-th/0311062
http://dx.doi.org/10.1103/PhysRevD.77.025019
http://arxiv.org/abs/hep-th/0609110
http://dx.doi.org/10.1103/PhysRevD.83.065004
http://arxiv.org/abs/1012.3438
http://arxiv.org/abs/1012.3438
http://dx.doi.org/10.1103/PhysRevD.111.096002
http://arxiv.org/abs/2501.02589
http://dx.doi.org/10.1143/JPSJ.33.1459


220 Bibliography

[72] T. Sugiyama, “Kink - Antikink Collisions in the Two-Dimensional Phi**4 Model,”
Prog. Theor. Phys. 61, 1550–1563 (1979).

[73] M. Moshir, “Soliton - Anti-soliton Scattering and Capture in λϕ4 Theory,” Nucl.
Phys. B 185, 318–332 (1981).

[74] David K. Campbell, Jonathan F. Schonfeld, and Charles A. Wingate, “Resonance
structure in kink-antikink interactions in φ 4 theory ,” Physica D 9, 1 (1983).

[75] Panayotis G. Kevrekidis and Roy H. Goodman, “Four Decades of Kink Interactions
in Nonlinear Klein-Gordon Models: A Crucial Typo, Recent Developments and the
Challenges Ahead,” (2019), arXiv:1909.03128 [nlin.PS] .

[76] N. S. Manton, K. Oles, T. Romanczukiewicz, and A. Wereszczynski, “Collective
Coordinate Model of Kink-Antikink Collisions in ϕ4 Theory,” Phys. Rev. Lett. 127,
071601 (2021), arXiv:2106.05153 [hep-th] .

[77] Patrick Dorey, Anastasia Gorina, Ilya Perapechka, Tomasz Romańczukiewicz, and
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A. Wereszczynski, “Oscillons in the broken vacuum and global vortex annihilation,”
(2026), arXiv:2603.28298 [hep-th] .

[89] Marcelo Gleiser and Joel Thorarinson, “A Phase transition in U(1) configuration
space: Oscillons as remnants of vortex-antivortex annihilation,” Phys. Rev. D 76,
041701 (2007), arXiv:hep-th/0701294 .
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