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  Introduction

➡ In recent years there has been vast progress in the study of F-theory 
effective actions in four and six dimensions using an approach via M-
theory.

➡ The understanding of geometric properties and the physics in the effective 
actions are going hand in hand.
‣ classical moduli action
‣ fluxes and charged spectrum
‣ massless and massive U(1)’s,  gauge theory branches and resolutions
‣      corrections  ....

➡ Main motivations:
‣ phenomenology:  Grand Unified Theories, ...
‣ general effective theories within string theory (`minimal models’)
‣ formulating string theory away from weak coupling (M-theory) 

2

↵0
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  Computing the F-theory effective actions 

➡ F-theory encodes physics of seven-branes in higher-dim. geometry:
‣ singularities of the elliptic fibration:                                                 

‣ seven-brane locations (gauge group, matter, ...):                                                                       

➡ No twelve-dimensional low-enegry effective action for F-theory.
Analyze and define F-theory via M-theory   

(1) A-cycle:   if small than M-theory becomes Type IIA
(2) B-cycle:  T-duality  ⇒  Type IIA becomes Type IIB
(3) grow extra dimension:   send       - volume T-dual ⇒ B-cycle becomes large 

⇒   M-theory to F-theory limit connects 6d and 5d effective theories
                                                                      4d and 3d effective theories

3

T 2

  F-theory via M-theory

➡ F-theory viewed as auxiliary `12 dim.’ theory  (torus volume unphysical)  

➡ F-theory effective actions has to be studied via M-theory 
Consider M-theory on space      

(1) A-cycle:   if small than M-theory becomes Type IIA
(2) B-cycle:  T-duality  ⇒  Type IIA becomes Type IIB,     is indeed dilaton-axion
(3) grow extra dimension:   send                  than T-dual  B-cycle becomes large 

➡ can be generalized for singular       fibrations:  e.g.  Taub-NUT ➝ D6 ➝ D7 

9

T 2 ⇥M9

10

Computing the 4d N = 1 e�ective action I

• need a framework to work with varying � : from M-theory to F-theory (on one slide)

• Basic idea: consider M-theory one T 2 with metric

ds2
11 =

v

Im�

�
(dx + Re �dy)2 + (Im�)2dy2

⇥
+ ds2

9

� is the complex structure modulus of the T 2, v volume of T 2

�������

�������

a) consider A cycle: if small ⇥ M-theory becomes Type IIA strings

b) consider B cycle: T-duality ⇥ Type IIA becomes Type IIB strings

c) grow an extra dimension: send v ⇥ 0 since then T-dual B cycle becomes large

• Claim: the F-theory lift perform steps fiberwise for Y4 is T 2 fibration over B3

M-theory on Y4 (three-dim.) with v ⇥ 0 ⇥ F-theory on Y4 (four-dim.)

v ! 0

F-theory limit:

⌧

T 2

Sunday, March 17, 13

[Vafa]

y

2 = x

3 + f(u)x+ g(u)

� = 27g2 + 4f3
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  F-theory effective actions via M-theory

➡ effective actions can be computed via M-theory / 11-dimensional 
supergravity on the resolved Calabi-Yau manifolds 

                               

4

F-theory on singular  M 8/6 M-theory on resolved  M∼

3d/5d effective theory with
only abelian gauge symmetries

4d/6d effective theory with
non-Abelian gauge symmetry G
and non-Abelian tensors

1-dim. compactification

3d/5d effective theory pushed
to Coulomb branch

compare
explicitly compute 
characteristic data 
determining 
the action

8/6
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  F-theory effective actions via M-theory

➡ effective actions can be computed via M-theory / 11-dimensional 
supergravity on the resolved Calabi-Yau manifolds 

                               

5

F-theory on singular  M 8/6 M-theory on resolved  M∼

3d/5d effective theory with
only abelian gauge symmetries

4d/6d effective theory with
non-Abelian gauge symmetry G
and non-Abelian tensors

1-dim. compactification

3d/5d effective theory pushed
to Coulomb branch

compare

8/6

a)  can be a circle (standard approach)
b)  can be an interval for Spin(7)

c)  can be an fluxed circle 
      
 

[Bonetti,TG,Pugh] [Bonetti,TG,Palti,Pugh]
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  Comments on M-theory / F-theory limit

➡ Concrete way to perform computation in a genuine F-theory setup:
‣ compared to 2008 enormous progress (mostly on extracting discrete data):

(1)  chiral spectrum in 6d, four-form fluxes and chirality in 4d:

(2)  U(1) symmetries and their selection rules

‣ compute continuous quantities:  forced to improve understanding of M-theory
- corrections to Kähler potential and gauge coupling (GUT unification...)

Yukawas → mostly in local perspective or by dualities
- possible approach:  corrections to 11d supergravity 

6

5d / 3d Chern-Simons terms   ⟺  6d / 4d chiral matter  
deep relations to AdS-CFT refs [Landsteiner etal.] [Loganayagam etal.] [Golkar,Son]
relation to                              partition functions [Di Pietro,Komargodski]

→ review talk by T. Weigand        
→ talk by J. Keitel

→ talk by M. Weissenbacher

S3 ⇥ S1, S5 ⇥ S1

⇒  significant progress needed to study moduli stabilization, 
      susy breaking, inflation in F-theory
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➡ I like to discuss axions and U(1) gauge symmetries in F-theory 
compactifications on Calabi-Yau fourfolds and threefolds:

➡ Stepwise introduce:

  (1)  Systematics of axions in F-theory 

  (2)  Axion decay constants and their moduli dependence

  (3)  U(1) gauge symmetries that are massive by ‘eating’ axions

  (4)  Massive U(1) gauge symmetries to describe physics of 
         elliptic fibrations without section

7

  Goals of this talk
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(1)  Axions and their decay constants 
in F-theory

8
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  Generalities:   Axions in Type IIB

➡ Axions are generically present in Type IIB string compactifications:
‣ zero-modes of R-R, NS-NS form fields:  form-field axions

‣ can arise from D7-branes:  Wilson line axions

‣ symmetry points in geometrical moduli spaces:  geometrical axions
example:    ‘large complex structure point’ in complex structure moduli 
space of Calabi-Yau manifold 

9

C4 = ⇢↵ !̃↵C2 = ca !aC0 B2 = ba !a

C0 , ca, ba non-trivially transform under SL(2,Z) 

AD7 = ap ⇠p one-forms on brane world-volume
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  Axions in F-theory via M-theory

➡ F-theory on elliptically fibered Calabi-Yau fourfold        with base       
obtained obtained via M-theory

➡ Axions are arising from M-theory three-form:

➡ geometrical axions arise from complex structure moduli space of 
⇒        is geometrical axion in F-theory 
⇒  no shift symmetry in general F-theory setting

10

CM
3 = A↵ ^ !↵ + iGa ̄a � iḠa a

(2,1) - forms on CY fourfold 
one leg in fiber, two legs in      

(1,1) - forms on CY fourfold 
two legs in

Y4 B3

B3 B3

Y4

C0

A↵

Ga
yields       axions 
unifies form-field and Wilson line axions: 

C4 ⇢↵

ca, ba, ap
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  Axion decay constants  I

➡ focus on the (2,1)-form fields         in the following  (assume                        ):
‣ complex fields        live on complex  N-dimensional torus: 

      

‣ choice of basis:

‣ couplings of classical effective theory does only depend on 

11

Ga

Ga

T 2N =
H2,1(Y4,C)
H3(Y4,Z)

N = h2,1(Y4)� h2,1(B3)

h2,1(B3) = 0

complex structure on            is induce by complex structure of    T 2N Y4

 is a holomorphic function of the complex structure moduli of hab Y4

            integral 
three-forms

 a = 1
2 Im(hab)�1(�b � hbc↵c)

(↵b,�
b)

Ga � Ḡa

 shift symmetry for              (e.g. R-R two-forms,  D7-Wilson lines)ImGa
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  Axion decay constants  II

➡ metric for        , axion decay constants:

➡ Question:   Can the axion decay constants be large at special points?
‣ simplest example:   N = 1   

12

Ga

f2
ab =

i

V

Z

Y4

J ^  ̄a ^ b
           is Kähler form and 
volume of    
J, V

fab varies non-trivially over Kähler and complex 
structure moduli space

write locally:      = 1
2 Im(⌧)�1

!̃ ^ (dx� ⌧dy)

f2 =
1

Vb

Z

B
(Im ⌧)�1Jb ^ !̃2

fab        can receive large contributions from strong coupling 
regions on       , also needed for GUTs in F-theory

3

En

FIG. 1: Localization of the axion support (dashed line)
near a strong coupling point.

correct the GUT gauge coupling function as

↵�1

GUT = Vol(S) + (Imh)�1(ImG)2 , (3)

where  is a model-dependent number encoding the in-
tersection number with S. This coupling has to be fixed
at the GUT scale of 3⇥1016 GeV. Crucially, this will also
choose a frame for the Sl(2,Z) symmetry of T2

c and ren-
der the notion of having large (Imh)�1 well-defined. In
other words, as we discuss in more detail in section III C,
moduli stabilization of the the Kähler sector is linked to
the value of f2 in two ways: (1) f2 directly depends on
the vacuum value of the Kähler form J

b

, (2) the correct
definition of the N = 1 coordinates of the volume moduli
is modified by G and has non-trivial monodromies on T2

c .

II. INFLATION DRIVEN BY AXIONS

In the following we review some basics on natural in-
flation [6, 35]. We introduce the basic constructions in
subsection IIA. A candidate supergravity embedding is
described in subsection II B. We will argue in the next
section that such a supergravity theory can arise in F-
theory.

A. Brief review of natural inflation

Let us start with a set of axion-like scalars ca, a =
1, . . . , N . By definition these admit a perturbatively pre-
served Peccei-Quinn shift symmetry

ca ! ca + �a , (4)

where �a are constants. The Lagrangian for these fields
takes the form

L =
1

2
f2

ab@µc
a@µcb � V . (5)

The f2

ab might depend on other scalar fields of the the-
ory, but are perturbatively independent of ca. Only non-
perturbative e↵ects can induce a subleading ca depen-
dence.

To briefly discuss the phenomenological properties of
such a model we assume that all fields determining f2

ab

have been fixed to their minimum and diagonalize f2

aa =
f2

a . Canonically normalized scalars ✓a are obtained as

✓a = ca fa , (6)

where no sum is performed. If the axions ca are periodic
with period 2⇡ the accessible field ranges are

� ⇡ < ca  ⇡ , �fa⇡ < ✓a  fa⇡ . (7)

Since the shift symmetry (4) protects the theory from
perturbative corrections in ca, a scalar potential can only
be induced by non-perturbative e↵ects. Schematically,
neglecting all cross couplings, the potential for the nor-
malized axions ✓a takes the form

V (✓a) = ⇤4

0

+
X

na

⇤4

na

�
1� cos

⇥
na ✓

a/fa
⇤�

, (8)

where ⇤
0

is the cosmological constant at the vacuum ✓a =
0, {na} is a model dependent set of integers, and ⇤4

na
are

the scales at which the Peccei-Quinn symmetries (4) are
broken. One observes that the continuous symmetry (4)
is broken by V to a discrete subgroup determined by the
set {na}.
A theory with axions ca and scalar potential (8) allows

for models of natural inflation [6] or chaotic inflation for
small ✓a [36]. Let us introduce the slow roll parameters
for a separable potential V as in (8). In this case the
slow roll parameters are given by

✏ =
M2

P

2

X

a

✓
V,a

V

◆
2

, ⌘ = M2

P min
a

✓
V,aa

V

◆
. (9)

where V,a ⌘ @✓aV and V,aa = @2

✓aV , and MP = 2.436 ⇥
1018 GeV is the reduced Planck mass. The slow roll
conditions read ✏ < 1 and |⌘| < 1 and define a multi-
dimensional subspace in the fields ✓a where inflation
takes place. In this inflationary region of the field-space
the relevant physical observables can be defined as a func-
tion of the potential V and its derivatives only. For ex-
ample, the tensor to scalar ratio r, is given by

r = 16✏ . (10)

Therefore, it is straightforward to evaluate r for the scalar
potential (8). As was noted in [13–16], even if each of the
axions ✓a rolls over a distance smaller than MP , an assis-
tance e↵ect for N axions can ensure a su�cient number
of e-folds and a large r.
Of particular importance in this work will be the case

of one axion ✓ = c · f . This yields the simple and elegant
model of natural or chaotic inflation. In a general string
compactification one might encounter numerous axions
that are counted by the topological numbers of the com-
pactification space. However, the masses of these axions
can di↵er significantly during inflation, such that e↵ec-
tively only one field should be viewed as the inflaton. In
such a scenario, however, the axion has to roll over a dis-
tance larger than MP . In particular, calculating r one

B3
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  Axion potential 
➡ Large axion decay constants might allow for interesting models of 

natural axion inflation

➡ Axion potential in F-theory:
‣ arises from M5-brane instantons in dual M-theory picture
‣      - dependence through a theta-function                 on the torus 

‣ axion decay constants large where higher harmonics become relevant, 
i.e. for                             no parametrically safe realization, 
                                        fine-tuning in special setups?

13

[Freese,Frieman,Olinto]

T 2NGa

WM5(z,G, T ) = f(z) ⇥(G, h) e�T

⇥(G, h)

⇥(G, h) =
X

na2�

exp

�
1
2 ih

abnanb + inaG
a
�

hab ⌧ 1

[Witten] [Ganor] [TG]
[TG,Kerstan,Palti,Weigand]
[Kerstan,Weigand]

→ related to talk by 
     C. Angelantonj

→ talks G. Shiu,
     L. McAllister
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  Summarizing remarks
➡ it is of key importance to find properties of F-theory vacua that distinguish 

them from weakly coupled Type IIB
‣ key example:   10 10 5 Yukawa  →  exceptional enhancement → GUTs

‣ axion decay const. of       - axions → computable strong coupling corrections 
→ holomorphic function         is reminiscent of 3d duality of axions ⇿ vectors

‣ size of axion decay constants have to be determined at various point in 
complex structure moduli space

➡ dynamics of axions is crucially depending on scalar potential
‣ region of  large axion decay constants (compared to Planck mass), requires to 

include higher harmonics (similar in spirit to [Banks,Dine,Fox,Gorbatov])   

14

→ talk by F. Marchesano

Ga

hab
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(2)  Massive U(1) gauge symmetries 

15
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  Massive U(1)s from geometric Stückelberg
➡ weakly coupled Type IIB theory:  D7-brane U(1)s can admit Stückelberg 

coupling 

➡ geometrically massive U(1)s in F-theory:
‣ gauging of (2,1)-form axions:     

‣ non-Kähler resolutions:  include massive U(1)s in effective theory
‣ beautiful explicit geometric realization 

16

dualize       : shift gauging of       axions     C6 C2 ca

Dca = dca +maAU(1) purely geometric
SSt =

Z

D7�
C6 ^ FU(1)

[Jockers,Louis]

[TG,Weigand] [TG,Kerstan,Palti,Weigand] 

dCM
3 = idGa ^  ̄a +AU(1) ^ d!U(1) + c.c.

= DGa ^  ̄a + c.c.

non-closed (1,1)-form

[A. Braun,Collinucci,Valandro] 

Z

C
dJ =

Z

@C
J = vU(1)
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  F-theory on manifolds without section
➡ Calabi-Yau threefold with genus-one fibration without section:

‣ base       is not a submanifold locally described by embedding equations
‣ dilaton-axion             can be still extracted at each point of  
⇒  F-theory well-defined on this space, despite having no Weierstrass model?

‣ M-theory on Calabi-Yau threefolds without sections is well defined and can 
be analyzed using 11d sugra ⇒  5d effective description of F-theory setup!

➡ Our Proposal:  
   (1)  F-theory setup contains geometrically massive U(1)s and  
          charged spectrum under these U(1)s
   (2)  Derivation from M-theory requires a fluxed circle reduction from 6d → 5d
          ⇒  new massive and massless 5d combinations of circle Kaluza-Klein 
                vector and 6d massive U(1) 
          ⇒  agreement of 5d effective theories after integrating out massive fields                   

➡ recent analysis of geometries without section 
17

B2

B2⌧(u)

[Anderson,García-Etxebarria,TG,Keitel]

[V.Braun,Morrison] [Morrison,Taylor]
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  Local checks via T-duality
➡ metric for      -fibration      without section can locally only brought to form:

➡ non-trivial field strength in simplest situation

➡ M-theory on       connects to Type IIB theory on extra       : 
‣ non-vanishing flux                              : 

‣ Fluxed circle reduction induces gauging with Kaluza-Klein vector               

18

ds2(X) = gi|̄du
idūj +

v0

Im⌧
|X � ⌧Y | X = dx+ X̃

Y = dy + Ỹ

non-trivial
KK-vectors

T 2

T 2 Y3

Y3

G3 = F3 � ⌧H3

flux along the circle

S1

F3 = �n !̃ ^ dy

hdXi = �n!̃ hdY i = 0

Dc = dc+ nA0

A0

gauging of the        axion arising 
from the expansion in 

C2

!̃

[Witten]
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  Fluxes circle reduction with massive U(1)
➡ combining 6d Stückelberg gauging with gauging from fluxed circle 

reduction:

➡ Massive         and massless               linear combinations:

➡ 5d effective theory for massless modes can be compared with M-theory
‣ need to compute the charges of the 6d states on        under massless

19

Dc = dc+mAU(1) + nA0

L = f2|Dc|2 ! Lmass = f2|mAU(1) + nA0|

Amass

Ã0

Ã0

q̃i = qjN
j
i N j

i =

✓
m n
�n m

◆
geometry of manifolds 
with bi-section:
m = 2� n = �1

S1

Amass
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  Integrating out all massive states
➡ 5d massive states:     -  charged 6d matter in the 5d Coulomb branch

                                     -  Kaluza-Klein states to all 6d multiplets

➡ one-loop Chern-Simons terms `see’ massive spectrum:

20

Kaluza-Klein mass (level n)ms = mCB +mn
KK

Coulomb branch mass ⇣IqI
n r�1

[Bonetti,TG,Hohenegger]

k↵�� =
X

mass. states

kr · q↵ q� q� sign(m)

↵ =
X

mass. states

r · q↵ sign(m)

kr
r

spin-1/2     spin-3/2     tensor

1               5             -4
1              -19            8

Aµ

Aµ or gµ⌫

Aµ or gµ⌫

     are the charges of the states
under the massless 5d U(1)s
q↵

� 1

48⇡2
k↵��

Z

M5

A↵ ^ F � ^ F � � 1

384⇡2
↵

Z

M5

A↵ ^ Tr(R ^R)
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  Global checks by computing 1-loop CS terms
➡ compare 1-loop Chern-Simons terms with intersection numbers and 

second Chern class for Calabi-Yau examples      without section
‣ concrete examples with one massive 6d U(1) have a ‘bi-section’ 

‣ to check proposal in global models compute hypermultiplet spectrum 
charged under massive 6d U(1) by using conifold transition to models with 
two sections   ⇒   massless U(1) in 6d  ⇒  find perfect agreement

‣ to apply proposal:  compute hypermultiplet spectrum by using Chern-Simons 
terms, i.e. intersection numbers and Chern-classes of 

➡ extension to Calabi-Yau fourfolds with four-form flux is an important open 
problem  ⇒  Yukawa couplings and U(1) selection rules?

21

→ more on geometry and the proposal:  talk by Iñaki García-Etxebarria

Y3

Y3

many works on F-theory with multiple U(1)s:   
[TG,Weigand], [Morrison,Park] [Borchmann,Mayrhofer,Palti,Weigand], [V.Braun,TG,Keitel], 
[Cvetic,Klevers,Piragua,Song] [A.Braun,Collinucci,Valandro] [Kuntzler,Schäfer-Nameki] ...
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➡ Axions in F-theory
‣ F-theory allows to unify axions from bulk supergravity (form-field axions) 

and seven-brane sector (Wilson line axions)  ⇒  (2,1)-form axions
‣ axion decay constants of (2,1)-form axions depend on complex structure and 

Kähler moduli  ⇒ controlled large at special points in complex structure 
moduli space (special seven-brane configurations, strong coupling effects)

‣ (2,1)-form axions: key to understand physics of geometrically massive U(1)s

➡ Massive U(1)s and F-theory on geometries without section
‣ proposal: F-theory effective action for such geometries using M-theory dual 
‣ crucial to include 6d/4d massive U(1)s perform fluxed circle reduction
⇒ Kaluza-Klein vector mixes with U(1)s into massless/massive combination

‣ spectrum including modes charged under massive U(1) can still be 
determined 

  Conclusions
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