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just one field…

multiplets of 

gauge groups
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Boulanger, Damour, Gualteri, Henneaux (2000): 

Multiple massless spin-2 fields  
cannot interact with each other. 



How do we make  
a spin-2 field massive ?

Can multiple spin-2 fields interact  
if we include mass terms ?



Massless and  
massive spin-2 fields



 

General Relativity

Maximally symmetric solutions: 

Massless Gravity

General Relativity with Einstein-Hilbert action for metric gµ⌫

SEH[g] = M

2
P

Z
d4x

p
g

⇣
R(g)� 2⇤

⌘

Einstein equations: Rµ⌫ � 1
2gµ⌫R+ ⇤gµ⌫ = 0

maximally symmetric solutions: R̄µ⌫ = ⇤ḡµ⌫

linear perturbation theory: gµ⌫ = ḡµ⌫ + �gµ⌫ :

Ē ⇢�
µ⌫ �g⇢� � ⇤g

�
�gµ⌫ � 1

2 ḡµ⌫�g
�
= 0

! equation for a massless spin-field with 2 degrees of freedom
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tensor analogue of

Hamiltonian analysis           2 d.o.f. also at the nonlinear level
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General Relativity 
= 

unique description of  
self-interacting massless spin-2 field 



 

Linear Massive Gravity 

propagates 5 degrees of freedom for

Linear Massive Gravity

Fierz & Pauli (1939): equation for massive spin-2 field

Ē ⇢�
µ⌫ �g⇢� � ⇤g

�
�gµ⌫ � 1

2 ḡµ⌫�g
�
+

m2
FP
2

�
�gµ⌫ � a ḡµ⌫�g

�
= 0

propagates 5 degrees of freedom for a = 1

for a 6= 1 there is an additional propagating scalar mode that
gives rise to a ghost instability
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for              there is an additional scalar mode which gives rise to a  
ghost instability (negative kinetic energy)
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Can we write down  
a nonlinear mass term ?



Nonlinear Mass Term … should not contain derivatives nor loose indices.Nonlinear Massive Gravity

Mass term should have non-derivative interactions of gµ⌫ , but
if we try to contract the indices we get:

g

µ⌫
gµ⌫ = 4

This is not a mass term.

Only way out: introduce second metric to contract indices

g

µ⌫
fµ⌫ = Tr (g�1

f) f

µ⌫
gµ⌫ = Tr (f�1

g)

Massive Gravity action is of the form

SMG[g] = SEH[g] �
Z

d4x V (g, f)

What determines fµ⌫?

10 / 26

For the spin-2 tensor contracting indices of the metric gives:

This is not a mass term.

�@µ�@
µ��m2�2 (1)

� Fµ⌫F
µ⌫ �m2AµAµ (2)

�gµ⌫@µ�@⌫��m2�2 (3)

� gµ⇢g⌫�F⇢�F
µ⌫ �m2gµ⌫AµA⌫ (4)

1

�@µ�@
µ��m2�2 (1)

� Fµ⌫Fµ⌫ �m2AµAµ (2)

�gµ⌫@µ�@⌫��m2�2 (3)

� gµ⇢g⌫�F⇢�Fµ⌫ �m2gµ⌫AµA⌫ (4)

1

Examples:           scalar (spin 0)                         vector (spin 1)
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Bimetric Theory 

Massive Gravity
nondynamical background metric fµ⌫ , fixed by hand

! 5 d.o.f.

dynamical fµ⌫ , determined by its equation of motion
! 5 + 2 = 7 d.o.f. [Rosen, 1940; Isham, Salam & Strathdee,1971/77]

Bimetric action:

Sb[g, f ] = m

2
g

Z
d4x

p
g

⇣
R(g)� 2⇤

⌘

+ m

2
f

Z
d4x

p
f

⇣
R(f)� 2⇤̃

⌘
�

Z
d4x V (g, f)

But there’s still a problem . . .

both metrics are dynamical and treated on equal footing

should describe massive & massless spin-2 field (5+2 d.o.f.)

Nonlinear action for two interacting tensors:
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But there’s still a problem . . .

both metrics are dynamical and treated on equal footing

should describe massive & massless spin-2 field (5+2 d.o.f.)

This looks good, but what about         ?          

Nonlinear action for two interacting tensors:

Linear Massive Gravity

Fierz & Pauli (1939): equation for massive spin-2 field

Ē ⇢�
µ⌫ �g⇢� � ⇤g

�
�gµ⌫ � 1

2 ḡµ⌫�g
�
+

m2
FP
2

�
�gµ⌫ � a ḡµ⌫�g

�
= 0

propagates 5 degrees of freedom for a = 1

for a 6= 1 there is an additional propagating scalar mode that
gives rise to a ghost instability
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The Nonlinear Ghost Can we extend the Fierz-Pauli mass term  
                                by nonlinear interactions ?

Can we choose coefficients      such that the          remains absent ?

The nonlinear ghost

Can we extend the linear mass term by higher-order interactions?

m2
FP
2

�
�gµ⌫ � ḡµ⌫�g

�
+ c1�g

⇢
µ �g⇢⌫ + c2�g�gµ⌫ + . . .

! Can we fix coefficients ci such that ghost is absent?

Boulware & Deser (1972): Beyond linear order this is impossible!

No consistent nonlinear Massive Gravity?
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No consistent nonlinear massive gravity / bimetric theory ?
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The ghost-free  
theory



- free Bimetric Theory
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e3(S) =
1
6

⇣
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) Consistent theory for massless & massive spin-2

arbitrary spin-2 mass scale

Ghost-free interaction potential
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[de Rham, Gabadadze & Tolley, 2010; Hassan & Rosen, 2011; Hassan, ASM & Rosen, 2011]

The potential involves . . .

. . . an arbitrary mass scale m, 3 free parameters �n

. . . the elementary symmetric polynomials

en(S) =
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n!(4� n)!
✏µ1...µn�n+1...�4✏
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⌫1 . . . S
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. . . a square-root matrix S defined through S
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f
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de Rham, Gabadadze, Tolley (2010); 
Hassan, Rosen, ASM, von Strauss (2011)

Based on

ASM, M. von Strauss
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S.F. Hassan, ASM, M. von Strauss
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Ghost-free bimetric theory 
= 

unique description of  
massless + massive spin-2 



 

gives two copies of Einstein’s equations                       :

Proportional solutions

Proportional backgrounds [Hassan, ASM & von Strauss, 2012]

Particularly important solution to equations of motion:

f̄µ⌫ = c

2
ḡµ⌫ with c = const.

– gives two copies of Einstein’s equations (↵ ⌘ mf/mg)

Rµ⌫(ḡ)� 1
2 ḡµ⌫R(ḡ) + ⇤g(↵,�n, c)ḡµ⌫ = 0

Rµ⌫(ḡ)� 1
2 ḡµ⌫R(ḡ) + ⇤f (↵,�n, c)ḡµ⌫ = 0

– consistency condition: ⇤g(↵,�n, c) = ⇤f (↵,�n, c) determines c

) maximally symmetric backgrounds with Rµ⌫(ḡ) = ⇤g ḡµ⌫
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16 / 26

Hassan, ASM, von Strauss (2012)

Proportional backgrounds [Hassan, ASM & von Strauss, 2012]

Particularly important solution to equations of motion:

f̄µ⌫ = c

2
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Maximally symmetric backgrounds with 

Ansatz:
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Mass spectrum 

Bimetric mass spectrum [Hassan, ASM & von Strauss, 2012]

perturb bimetric equations around proportional backgrounds:

gµ⌫ = ḡµ⌫ + �gµ⌫ fµ⌫ = c

2
ḡµ⌫ + �fµ⌫

fluctuations diagonalizable into mass eigenstates:

massless �Gµ⌫ / �gµ⌫ + ↵

2
�fµ⌫

massive �Mµ⌫ / �fµ⌫ � c

2
�gµ⌫

) linear equations:

Ē ⇢�
µ⌫ �G⇢� � ⇤g

�
�Gµ⌫ � 1

2 ḡµ⌫�G
�
= 0

Ē ⇢�
µ⌫ �M⇢� � ⇤g

�
�Mµ⌫ � 1

2 ḡµ⌫�M
�
+

m2
FP
2 (�Mµ⌫ � ḡµ⌫�M) = 0

with mass mFP = mFP(↵,�n, c)

17 / 26

Perturbations around proportional backgrounds:

Can be diagonalised into mass eigenstates:

Bimetric mass spectrum [Hassan, ASM & von Strauss, 2012]

perturb bimetric equations around proportional backgrounds:

gµ⌫ = ḡµ⌫ + �gµ⌫ fµ⌫ = c

2
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Linearised equations: 
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What is the physical metric ? 

How much does the theory  
differ from GR ?



Recovering  
general relativity



Matter Coupling
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⌘

) Consistent theory for massless & massive spin-2

Absence of ghosts: only one metric can couple to matter!

     is gravitational metric 

Which metric represents gravity?
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Mass Eigenstates

The gravitational metric is not massless but a superposition of mass eigenstates. 
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Akrami, Hassan, Koennig, ASM, Solomon (2015)
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Physical interpretation [Hassan, ASM & von Strauss, 2012]

Bimetric Theory = Gravity + massive spin-2

Can rewrite bimetric action in terms of gravitational metric gµ⌫ and
massive spin-2 field Mµ⌫ :
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) for small ↵ = mf/mg (i.e. weak gravity!), the massive spin-2
field interacts only weakly with matter:

↵ ! 0 is the General Relativity limit of Bimetric Theory
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massless      massive

(linearised) gravitational metric:

Proportional backgrounds [Hassan, ASM & von Strauss, 2012]

Particularly important solution to equations of motion:

f̄µ⌫ = c

2
ḡµ⌫ with c = const.

– gives two copies of Einstein’s equations (↵ ⌘ mf/mg)

Rµ⌫(ḡ)� 1
2 ḡµ⌫R(ḡ) + ⇤g(↵,�n, c)ḡµ⌫ = 0

Rµ⌫(ḡ)� 1
2 ḡµ⌫R(ḡ) + ⇤f (↵,�n, c)ḡµ⌫ = 0

– consistency condition: ⇤g(↵,�n, c) = ⇤f (↵,�n, c) determines c

) maximally symmetric backgrounds with Rµ⌫(ḡ) = ⇤g ḡµ⌫
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Hassan, ASM, von Strauss (2012)
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Quadratic (Fierz-Pauli) Cubic (suppressed by        )

Babichev, Marzola, Raidal, ASM, 
Urban, Veermäe, von Strauss (2016)
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massive mode becomes heavy and strongly coupled for small 

Physical interpretation [Hassan, ASM & von Strauss, 2012]
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field interacts only weakly with matter:

↵ ! 0 is the General Relativity limit of Bimetric Theory

19 / 26



This is a slide titleself-interactions of massless spin-2 sum up to Einstein-Hilbert action

Quadratic (Fierz-Pauli) Cubic (suppressed by        )

Higher-Order Vertices
Babichev, Marzola, Raidal, ASM, 

Urban, Veermäe, von Strauss (2016)

13/22

massive mode becomes heavy and strongly coupled for small 

Physical interpretation [Hassan, ASM & von Strauss, 2012]

Bimetric Theory = Gravity + massive spin-2

Can rewrite bimetric action in terms of gravitational metric gµ⌫ and
massive spin-2 field Mµ⌫ :

m

2
g

Z
d4x

p
g R(g) +m

2
f

Z
d4x K(g,M) +

Z
d4x V (g,M)

+

Z
d4x

p
g Lmatter(g,�)

Recall: �gµ⌫ / �Gµ⌫ � ↵

2
�Mµ⌫

) for small ↵ = mf/mg (i.e. weak gravity!), the massive spin-2
field interacts only weakly with matter:

↵ ! 0 is the General Relativity limit of Bimetric Theory

19 / 26

          Dark Matter ?



Ghost-free bimetric theory 
= 

Massive spin-2 in background 
set by massless spin-2  



 

Curvature corrections

14/22

Gording & ASM (2018)

      Equations for         can be solved perturbatively in

Nonlinear Massive Gravity

Mass term should have non-derivative interactions of gµ⌫ , but
if we try to contract the indices we get:

g

µ⌫
gµ⌫ = 4

This is not a mass term.

Only way out: introduce second metric to contract indices

g

µ⌫
fµ⌫ = Tr (g�1

f) f

µ⌫
gµ⌫ = Tr (f�1

g)

Massive Gravity action is of the form

SMG[g] = SEH[g] �
Z

d4x V (g, f)

What determines fµ⌫?
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Higher-derivative action for       : 

Which metric represents gravity?

Absence of ghost: only one of the metrics couples to matter
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! only known coupling that does not re-introduce the ghost

! gµ⌫ is the gravitational metric

The gravitational metric is not massless!
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(Weyl tensor)   + total derivative2

curvature corrections to GR capture effects of heavy spin-2 field
{

general relativity



Ghost-free bimetric theory 
= 

General Relativity + corrections  
induced by additional tensor field  



Can we have more 
than two spin-2 fields ?



Multi spin-2 
interactions



 

Multimetric Interactions
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Absence of ghosts: only pairwise bimetric interactions
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! only known coupling that does not re-introduce the ghost

! gµ⌫ is the gravitational metric

The gravitational metric is not massless!
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Nonlinear Massive Gravity

Mass term should have non-derivative interactions of gµ⌫ , but
if we try to contract the indices we get:

g

µ⌫
gµ⌫ = 4

This is not a mass term.

Only way out: introduce second metric to contract indices

g

µ⌫
fµ⌫ = Tr (g�1

f) f

µ⌫
gµ⌫ = Tr (f�1

g)

Massive Gravity action is of the form

SMG[g] = SEH[g] �
Z

d4x V (g, f)

What determines fµ⌫?
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Hinterbichler & Rosen; 
Nomura & Soda (2012)



 

Multimetric Interactions

No loops !!!

Linear Massive Gravity

Fierz & Pauli (1939): equation for massive spin-2 field

Ē ⇢�
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�
�gµ⌫ � 1

2 ḡµ⌫�g
�
+

m2
FP
2

�
�gµ⌫ � a ḡµ⌫�g

�
= 0

propagates 5 degrees of freedom for a = 1

for a 6= 1 there is an additional propagating scalar mode that
gives rise to a ghost instability
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theory with     metrics describes 1 massless and            massive spin-2
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Can we have interactions beyond  the pairwise bimetric couplings?

Which metric represents gravity?

Absence of ghost: only one of the metrics couples to matter
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! only known coupling that does not re-introduce the ghost

! gµ⌫ is the gravitational metric

The gravitational metric is not massless!
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Linear Massive Gravity

Fierz & Pauli (1939): equation for massive spin-2 field
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Nonlinear Massive Gravity

Mass term should have non-derivative interactions of gµ⌫ , but
if we try to contract the indices we get:
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Vertices including more than two tensor fields:

Linear Massive Gravity

Fierz & Pauli (1939): equation for massive spin-2 field
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2 3

1 …

vierbein

Multi Spin-2 Vertices



 

Vierbein Formulation
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Einstein-Hilbert terms:

Introduce two sets of vierbein fields:

a general vierbein has 16 components; including 6 degrees of freedom 
that can be removed by a Lorentz transformation 

 constraints in bimetric equations will remove the extra components



 

Vierbein Interactions

18/22

Hinterbichler & Rosen (2012)

interaction terms:



 

Vierbein Interactions
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Hinterbichler & Rosen (2012)

equivalent to bimetric theory and ghost-free only if

interaction terms:

  existence of square-root and intersection of light cones  (Hassan & Kocic, 2017)

solves the dynamical constraints, removes additional components



 

New interactions
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Hassan & ASM (2018)

start from ghost free multivierbein action with only pair wise interactions

integrate out a non-dynamical field to obtain new vertices:

up to 4 different vierbeine in one vertex !

interactions not always expressible in terms of metrics.



 

Most general interactions
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Interaction potential:

determinant vertex:

bimetric interactions:

Hassan & ASM (2018)



 

General interaction graph
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           used to be a (nondynamical)     which has been integrated out

ij

Hassan & ASM (2018)



Multi-spin-2 vertices  
require the use of 

vierbein fields. 



Summary & 
Outlook



Ghost- free bimetric theory…

 review:  ASM, Mikael von Strauss; 1512.00021
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is one of the few known consistent modifications of General Relativity

can be interpreted as gravity in the presence of an extra spin-2 field

can be extended to multiple spin-2 interactions using vierbeine
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is one of the few known consistent modifications of General Relativity

can be interpreted as gravity in the presence of an extra spin-2 field

can be extended to multiple spin-2 interactions using vierbeine

Charged spin-2 fields ?

Additional symmetries ?

Most general interactions ?

Linear Massive Gravity

Fierz & Pauli (1939): equation for massive spin-2 field

Ē ⇢�
µ⌫ �g⇢� � ⇤g

�
�gµ⌫ � 1

2 ḡµ⌫�g
�
+

m2
FP
2

�
�gµ⌫ � a ḡµ⌫�g

�
= 0

propagates 5 degrees of freedom for a = 1

for a 6= 1 there is an additional propagating scalar mode that
gives rise to a ghost instability

6 / 26

  Thank you for 
your attention!


