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this talk …

This talk is based on work together with F. Cordonier-Tello and D. Lüst ::

Open-string T-duality and applications to  
non-geometric backgrounds [arXiv:1806.01308]
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motivation :: non-geometry

Non-geometric backgrounds ::

1) Cannot be described using Riemannian geometry (CFT description). 

2) Are globally-defined using (T-)duality transformations.

Properties ::

◾ Provide origin for gauged supergravities. Grana, Louis, Waldram - 2005

Cassani - 2008


Blumenhagen, Font, Plauschinn - 2015

◾ Give rise to non-commutative & non-associative structures. Blumenhagen, Plauschinn - 2010

Lüst - 2010


Mylonas, Schupp, Szabo - 2012

◾ Used for moduli stabilization and inflation. Shelton, Taylor, Wecht - 2006

…

◾ Needed for mirror symmetry and heterotic/F-theory duality. Grana, Louis, Waldram - 2005

Malmedier, Morrison - 2014


Gu, Jockers - 2014

Font, Garcia-Etxebarria, Lüst, Massai, Mayrhofer - 2016



motivation :: d-branes

investigate non-geometric backgrounds from an open-string world-sheet perspective.Objective ::

non-geometric background  
with D-branes

understand global properties

apply known model-building 
techniques

open-string T-duality

doubled geometry

…

…



motivation :: this talk

This talk :: 1) Analyse global properties of D-branes in non-geometric T-fold backgrounds.

2) Discuss Buscher's procedure for open strings (including technical details).
Alvarez, Barbon, Borlaf - 1996


Dorn, Otto - 1996

Förste, Kehagias, Schwager - 1996


Albertsson, Lindström, Zabzine - 2004
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non-geometry :: t-duality group

The T-duality group for toroidal compactifications is                    — which contains ::O(D,D;Z)
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◾   -transformations (                       )A
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◾   -transformations (       an anti-symmetric matrix)
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gauge transformations b ! b+ ↵0B
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◾   -transformations (      an anti-symmetric matrix)
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T-duality transformations gii ! ↵02

gii
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◾ factorized duality (     with only non-zero            )Ei
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non-geometry :: torus fibrations I

The standard example for a non-geometric background is a     -fibration over a circle.T2
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duality transformation



non-geometry :: fibrations II

The non-geometric background is part of a family of     -fibrations ::T2
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with H-fluxT3
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non-geometry :: three-torus with h-flux

A three-torus with H-flux is characterized as follows ::

2. The background is well-defined under                         using a gauge transformation.X3 ! X3 + 2⇡
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3. The H-flux               can be expressed in a vielbein basis as

H =
↵
0

2⇡

h

R1R2R3
e
1 ^ e

2 ^ e
3
,

<latexit sha1_base64="mQ5/gKJn9bc9/ILsQWIMMDjnKzo="></latexit><latexit sha1_base64="mQ5/gKJn9bc9/ILsQWIMMDjnKzo="></latexit><latexit sha1_base64="mQ5/gKJn9bc9/ILsQWIMMDjnKzo="></latexit><latexit sha1_base64="mQ5/gKJn9bc9/ILsQWIMMDjnKzo="></latexit>

H123 =
↵
0

2⇡

h

R1R2R3
.

<latexit sha1_base64="LxLu14chO9LrH/yz7gyO9O/Mtso="></latexit><latexit sha1_base64="LxLu14chO9LrH/yz7gyO9O/Mtso="></latexit><latexit sha1_base64="LxLu14chO9LrH/yz7gyO9O/Mtso="></latexit><latexit sha1_base64="LxLu14chO9LrH/yz7gyO9O/Mtso="></latexit>

H = dB
<latexit sha1_base64="8g5jEqdy0vl2qpfm1Z7Lg+Jw900="></latexit><latexit sha1_base64="8g5jEqdy0vl2qpfm1Z7Lg+Jw900="></latexit><latexit sha1_base64="8g5jEqdy0vl2qpfm1Z7Lg+Jw900="></latexit><latexit sha1_base64="8g5jEqdy0vl2qpfm1Z7Lg+Jw900="></latexit>



3. A geometric f-flux is defined via a vielbein basis as

dea =
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2
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a eb ^ ec ,
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non-geometry :: twisted three-torus

2. The background is well-defined under                         using a diffeomorphism.X3 ! X3 + 2⇡
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Kachru, Schulz, Tripathy, Trivedi - 2002
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3. A non-geometric Q-flux is defined via a vielbein basis and                               as(G�B)�1 = g � �
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2. The background is well-defined under                         using a    -transformation.X3 ! X3 + 2⇡
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non-geometry :: t-fold

A second T-duality along       gives the T-fold background ::X2
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non-geometry :: world-sheet action

The possible boundary conditions for       areXi
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�
tan

,
<latexit sha1_base64="X7QFgSaMHTzD8s7AFxNnMFEVcQ8="></latexit><latexit sha1_base64="X7QFgSaMHTzD8s7AFxNnMFEVcQ8="></latexit><latexit sha1_base64="X7QFgSaMHTzD8s7AFxNnMFEVcQ8="></latexit><latexit sha1_base64="X7QFgSaMHTzD8s7AFxNnMFEVcQ8="></latexit>

0 = Gai

�
dXi

�
norm

+ 2⇡↵0iFab

�
dXb

�
tan

,
<latexit sha1_base64="v9oG5NsDShLFfam7yrbnksCL6vo="></latexit><latexit sha1_base64="v9oG5NsDShLFfam7yrbnksCL6vo="></latexit><latexit sha1_base64="v9oG5NsDShLFfam7yrbnksCL6vo="></latexit><latexit sha1_base64="v9oG5NsDShLFfam7yrbnksCL6vo="></latexit>

S = � 1

2⇡↵0

Z

⌃


1

2
Gij dX

i ^ ?dXj +
i

2
Bij dX

i ^ dXj

�

� 1

2⇡↵0

Z

@⌃


2⇡i↵0aidXi

�
.

<latexit sha1_base64="b5gfdeykM13sPEuGwnK9mhEeDPs="></latexit><latexit sha1_base64="b5gfdeykM13sPEuGwnK9mhEeDPs="></latexit><latexit sha1_base64="b5gfdeykM13sPEuGwnK9mhEeDPs="></latexit><latexit sha1_base64="b5gfdeykM13sPEuGwnK9mhEeDPs="></latexit>

The world-sheet action for the open string takes the form (     is a 2d manifold with              )⌃
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non-geometry :: boundary conditions
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The open-string boundary conditions can be expressed using (restriction to      is understood)@⌃
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A particular type of D-brane is selected using a projection operator
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Question ::   are D-branes globally well-defined on non-geometric backgrounds?



non-geometry :: transformations I

The coordinate differentials behave under transformations                           asO 2 O(D,D;Z)
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T-fold



non-geometry :: transformations II

The projection onto a particular D-brane has to be performed after the transformation
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Boundary conditions for the previous examples are well-defined using                   transformationsO(D,D;Z)
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non-geometry :: summary

Summary :: ◾ When applying T-duality transformations to geometric      -fibrations, 
◾ non-geometric backgrounds can be obtained.

TD
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◾ Open-string boundary conditions are well-defined for such fibrations.
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t-duality :: buscher's procedure

T-duality transformations for curved backgrounds are obtained following Buscher's procedure ::

1) Identify a global symmetry (isometry) of the world-sheet action. 

2) Gauge the global symmetry by introducing a gauge field. 

3) Integrate-out the gauge field.
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t-duality :: world-sheet action

The possible boundary conditions for       areXi
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<latexit sha1_base64="v9oG5NsDShLFfam7yrbnksCL6vo="></latexit><latexit sha1_base64="v9oG5NsDShLFfam7yrbnksCL6vo="></latexit><latexit sha1_base64="v9oG5NsDShLFfam7yrbnksCL6vo="></latexit><latexit sha1_base64="v9oG5NsDShLFfam7yrbnksCL6vo="></latexit>

S = � 1

2⇡↵0

Z
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1

2
Gij dX

i ^ ?dXj +
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2
Bij dX

i ^ dXj

�

� 1

2⇡↵0

Z
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2⇡i↵0aidXi

�
.

<latexit sha1_base64="b5gfdeykM13sPEuGwnK9mhEeDPs="></latexit><latexit sha1_base64="b5gfdeykM13sPEuGwnK9mhEeDPs="></latexit><latexit sha1_base64="b5gfdeykM13sPEuGwnK9mhEeDPs="></latexit><latexit sha1_base64="b5gfdeykM13sPEuGwnK9mhEeDPs="></latexit>

The world-sheet action for the open string takes the form (     is a 2d manifold with              )⌃
<latexit sha1_base64="KQ3L8XDBd71FktULNHaCraCyl/g="></latexit><latexit sha1_base64="KQ3L8XDBd71FktULNHaCraCyl/g="></latexit><latexit sha1_base64="KQ3L8XDBd71FktULNHaCraCyl/g="></latexit><latexit sha1_base64="KQ3L8XDBd71FktULNHaCraCyl/g="></latexit>

@⌃ 6= ?
<latexit sha1_base64="ec0BOY5rDiuQNqM/0jd07qrjJTw="></latexit><latexit sha1_base64="ec0BOY5rDiuQNqM/0jd07qrjJTw="></latexit><latexit sha1_base64="ec0BOY5rDiuQNqM/0jd07qrjJTw="></latexit><latexit sha1_base64="ec0BOY5rDiuQNqM/0jd07qrjJTw="></latexit>



t-duality :: hodge decomposition

The Hodge decomposition theorem for manifolds with boundaries can be expressed using 

◾ closed forms 

◾ exact forms 

◾ closed & co-closed, vanishing normal part

Cp = {! 2 ⌦p : d! = 0} ,
<latexit sha1_base64="Ni/P8643iTEVuzMuLYIve5Pe33M="></latexit><latexit sha1_base64="Ni/P8643iTEVuzMuLYIve5Pe33M="></latexit><latexit sha1_base64="Ni/P8643iTEVuzMuLYIve5Pe33M="></latexit><latexit sha1_base64="Ni/P8643iTEVuzMuLYIve5Pe33M="></latexit>

Ep = {! 2 ⌦p : ! = d⌘, ⌘ 2 ⌦p�1} ,
<latexit sha1_base64="JNs1l1d0sWpeoE5mAKjTlZr4M8k="></latexit><latexit sha1_base64="JNs1l1d0sWpeoE5mAKjTlZr4M8k="></latexit><latexit sha1_base64="JNs1l1d0sWpeoE5mAKjTlZr4M8k="></latexit><latexit sha1_base64="JNs1l1d0sWpeoE5mAKjTlZr4M8k="></latexit>

CcCp
N = {! 2 ⌦p : d! = 0, d†! = 0,!norm = 0} .

<latexit sha1_base64="OARdxVDzqR++HliGJlbzumj+GNY="></latexit><latexit sha1_base64="OARdxVDzqR++HliGJlbzumj+GNY="></latexit><latexit sha1_base64="OARdxVDzqR++HliGJlbzumj+GNY="></latexit><latexit sha1_base64="OARdxVDzqR++HliGJlbzumj+GNY="></latexit>

e.g. Capell, DeTurck, Gluck, Miller - 2005 

For closed forms on then finds                              .Cp = Ep � CcCp
N

<latexit sha1_base64="7Dnp9bvmIRjPifZSDyXKEDF8hWU="></latexit><latexit sha1_base64="7Dnp9bvmIRjPifZSDyXKEDF8hWU="></latexit><latexit sha1_base64="7Dnp9bvmIRjPifZSDyXKEDF8hWU="></latexit><latexit sha1_base64="7Dnp9bvmIRjPifZSDyXKEDF8hWU="></latexit>

This implies for Dirichlet directions        that          is exact.  X î
<latexit sha1_base64="aRE5Z76bBUPQeEubPsUouuzFVU4="></latexit><latexit sha1_base64="aRE5Z76bBUPQeEubPsUouuzFVU4="></latexit><latexit sha1_base64="aRE5Z76bBUPQeEubPsUouuzFVU4="></latexit><latexit sha1_base64="aRE5Z76bBUPQeEubPsUouuzFVU4="></latexit>

dX î
<latexit sha1_base64="u7EfjIRaI0aV6LiWZFMtVbhzM/U="></latexit><latexit sha1_base64="u7EfjIRaI0aV6LiWZFMtVbhzM/U="></latexit><latexit sha1_base64="u7EfjIRaI0aV6LiWZFMtVbhzM/U="></latexit><latexit sha1_base64="u7EfjIRaI0aV6LiWZFMtVbhzM/U="></latexit>



t-duality :: global symmetry

For Buscher's procedure, one assumes that the action is invariant under a global transformation

�✏X
i = ✏ ki(X) ,

<latexit sha1_base64="3kcd3TOOqajk2KQPIx65MezUvPs="></latexit><latexit sha1_base64="3kcd3TOOqajk2KQPIx65MezUvPs="></latexit><latexit sha1_base64="3kcd3TOOqajk2KQPIx65MezUvPs="></latexit><latexit sha1_base64="3kcd3TOOqajk2KQPIx65MezUvPs="></latexit>

✏ = const. ⌧ 1 .
<latexit sha1_base64="XyEiCSRRC5nMAaZiejV9zvbEG9A="></latexit><latexit sha1_base64="XyEiCSRRC5nMAaZiejV9zvbEG9A="></latexit><latexit sha1_base64="XyEiCSRRC5nMAaZiejV9zvbEG9A="></latexit><latexit sha1_base64="XyEiCSRRC5nMAaZiejV9zvbEG9A="></latexit>

The variation of the action vanishes provided that

LkG = 0 ,
<latexit sha1_base64="2ZtYuu6M4BxSKUZ1Tip4YLG6Chg="></latexit><latexit sha1_base64="2ZtYuu6M4BxSKUZ1Tip4YLG6Chg="></latexit><latexit sha1_base64="2ZtYuu6M4BxSKUZ1Tip4YLG6Chg="></latexit><latexit sha1_base64="2ZtYuu6M4BxSKUZ1Tip4YLG6Chg="></latexit>

2⇡↵0Lka
��
@⌃

= (�v + d!)
��
@⌃

.
<latexit sha1_base64="EhUV0EjhQwapcND+WbbCxH4jrA0="></latexit><latexit sha1_base64="EhUV0EjhQwapcND+WbbCxH4jrA0="></latexit><latexit sha1_base64="EhUV0EjhQwapcND+WbbCxH4jrA0="></latexit><latexit sha1_base64="EhUV0EjhQwapcND+WbbCxH4jrA0="></latexit>

LkB = dv ,
<latexit sha1_base64="qmM0FHI40fjVu9MeC7dD19PkaKI="></latexit><latexit sha1_base64="qmM0FHI40fjVu9MeC7dD19PkaKI="></latexit><latexit sha1_base64="qmM0FHI40fjVu9MeC7dD19PkaKI="></latexit><latexit sha1_base64="qmM0FHI40fjVu9MeC7dD19PkaKI="></latexit>

globally-defined one-form on       ,v
<latexit sha1_base64="IuWm3nzSzMbHjGoMiY2kuoACQ44="></latexit><latexit sha1_base64="IuWm3nzSzMbHjGoMiY2kuoACQ44="></latexit><latexit sha1_base64="IuWm3nzSzMbHjGoMiY2kuoACQ44="></latexit><latexit sha1_base64="IuWm3nzSzMbHjGoMiY2kuoACQ44="></latexit>

globally-defined function  on       ,

⌃
<latexit sha1_base64="GDeHjnHy6iKAe+j9lT+Q1357hr4="></latexit><latexit sha1_base64="GDeHjnHy6iKAe+j9lT+Q1357hr4="></latexit><latexit sha1_base64="GDeHjnHy6iKAe+j9lT+Q1357hr4="></latexit><latexit sha1_base64="GDeHjnHy6iKAe+j9lT+Q1357hr4="></latexit>

@⌃
<latexit sha1_base64="ZY80uqiMczdwJSoDYuHuMwmJTpw="></latexit><latexit sha1_base64="ZY80uqiMczdwJSoDYuHuMwmJTpw="></latexit><latexit sha1_base64="ZY80uqiMczdwJSoDYuHuMwmJTpw="></latexit><latexit sha1_base64="ZY80uqiMczdwJSoDYuHuMwmJTpw="></latexit>

!
<latexit sha1_base64="UfHD4PqKdM5JSoGy6KdjQxvp/HU="></latexit><latexit sha1_base64="UfHD4PqKdM5JSoGy6KdjQxvp/HU="></latexit><latexit sha1_base64="UfHD4PqKdM5JSoGy6KdjQxvp/HU="></latexit><latexit sha1_base64="UfHD4PqKdM5JSoGy6KdjQxvp/HU="></latexit>



t-duality :: local symmetry

The local symmetry transformations take the form

�̂✏X
i = ✏ki , �̂✏A = �d✏ , �̂✏� = �✏ ◆kv .

<latexit sha1_base64="AR04L98ac1X0ZBqi2L75e/pLckA="></latexit><latexit sha1_base64="AR04L98ac1X0ZBqi2L75e/pLckA="></latexit><latexit sha1_base64="AR04L98ac1X0ZBqi2L75e/pLckA="></latexit><latexit sha1_base64="AR04L98ac1X0ZBqi2L75e/pLckA="></latexit>

The global symmetry can be gauged by introducing a gauge field     (and a Lagrange multiplier    )A
<latexit sha1_base64="l4JgGeGiLGKKkOv1JcnG4f++qlg="></latexit><latexit sha1_base64="l4JgGeGiLGKKkOv1JcnG4f++qlg="></latexit><latexit sha1_base64="l4JgGeGiLGKKkOv1JcnG4f++qlg="></latexit><latexit sha1_base64="l4JgGeGiLGKKkOv1JcnG4f++qlg="></latexit>

�
<latexit sha1_base64="jcdCtf5D7laCCgAXMQ+6VaTQL9M="></latexit><latexit sha1_base64="jcdCtf5D7laCCgAXMQ+6VaTQL9M="></latexit><latexit sha1_base64="jcdCtf5D7laCCgAXMQ+6VaTQL9M="></latexit><latexit sha1_base64="jcdCtf5D7laCCgAXMQ+6VaTQL9M="></latexit>
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<latexit sha1_base64="MkSnuUqXEZN0vl3TC6Bv1MSL3M0="></latexit><latexit sha1_base64="MkSnuUqXEZN0vl3TC6Bv1MSL3M0="></latexit><latexit sha1_base64="MkSnuUqXEZN0vl3TC6Bv1MSL3M0="></latexit><latexit sha1_base64="MkSnuUqXEZN0vl3TC6Bv1MSL3M0="></latexit>



t-duality :: boundary conditions

The boundary term has the following form ::

⌦@⌃ = 0 .
<latexit sha1_base64="N2R+tZEyA1Tz5YfEpSMGo9ZJa+0="></latexit><latexit sha1_base64="N2R+tZEyA1Tz5YfEpSMGo9ZJa+0="></latexit><latexit sha1_base64="N2R+tZEyA1Tz5YfEpSMGo9ZJa+0="></latexit><latexit sha1_base64="N2R+tZEyA1Tz5YfEpSMGo9ZJa+0="></latexit>

✏|@⌃ = 0
<latexit sha1_base64="7elxHUorkXB5QyzwNH8K+zLVrNo="></latexit><latexit sha1_base64="7elxHUorkXB5QyzwNH8K+zLVrNo="></latexit><latexit sha1_base64="7elxHUorkXB5QyzwNH8K+zLVrNo="></latexit><latexit sha1_base64="7elxHUorkXB5QyzwNH8K+zLVrNo="></latexit>

◾ For Dirichlet boundary conditions the variation parameter satisfies                and hence

⌦@⌃ =
�
�+ �+ ! � 2⇡↵0◆ka

�
A ,

<latexit sha1_base64="rnbv8+YYCq9yL0ZtGrZl0V+QTPY="></latexit><latexit sha1_base64="rnbv8+YYCq9yL0ZtGrZl0V+QTPY="></latexit><latexit sha1_base64="rnbv8+YYCq9yL0ZtGrZl0V+QTPY="></latexit><latexit sha1_base64="rnbv8+YYCq9yL0ZtGrZl0V+QTPY="></latexit>

globally-defined function on       ,

function on       .

@⌃
<latexit sha1_base64="ZY80uqiMczdwJSoDYuHuMwmJTpw="></latexit><latexit sha1_base64="ZY80uqiMczdwJSoDYuHuMwmJTpw="></latexit><latexit sha1_base64="ZY80uqiMczdwJSoDYuHuMwmJTpw="></latexit><latexit sha1_base64="ZY80uqiMczdwJSoDYuHuMwmJTpw="></latexit>

�
<latexit sha1_base64="gPGDYtW/KjfyNnuhgOuvOk2+Blo="></latexit><latexit sha1_base64="gPGDYtW/KjfyNnuhgOuvOk2+Blo="></latexit><latexit sha1_base64="gPGDYtW/KjfyNnuhgOuvOk2+Blo="></latexit><latexit sha1_base64="gPGDYtW/KjfyNnuhgOuvOk2+Blo="></latexit>

@⌃
<latexit sha1_base64="ZY80uqiMczdwJSoDYuHuMwmJTpw="></latexit><latexit sha1_base64="ZY80uqiMczdwJSoDYuHuMwmJTpw="></latexit><latexit sha1_base64="ZY80uqiMczdwJSoDYuHuMwmJTpw="></latexit><latexit sha1_base64="ZY80uqiMczdwJSoDYuHuMwmJTpw="></latexit>

constant�
<latexit sha1_base64="temoDtoiTNyQI/iVK52yuWfa9mY="></latexit><latexit sha1_base64="temoDtoiTNyQI/iVK52yuWfa9mY="></latexit><latexit sha1_base64="temoDtoiTNyQI/iVK52yuWfa9mY="></latexit><latexit sha1_base64="temoDtoiTNyQI/iVK52yuWfa9mY="></latexit>

◾ For Neumann boundary conditions a second Lagrange multiplier is needed and

0 = Gaik
iAnorm + 2⇡↵0iFabk

bA tan

��
@⌃

.
<latexit sha1_base64="eNzRbVir3XBEIgCAxiNmMCKn0+U="></latexit><latexit sha1_base64="eNzRbVir3XBEIgCAxiNmMCKn0+U="></latexit><latexit sha1_base64="eNzRbVir3XBEIgCAxiNmMCKn0+U="></latexit><latexit sha1_base64="eNzRbVir3XBEIgCAxiNmMCKn0+U="></latexit>

The possible boundary conditions for the gauge field are

Dirichlet

Neumann
Albertsson, Lindström, Zabzine - 2004

0 = Atan

��
@⌃

,
<latexit sha1_base64="QznLxTixSMR6BfT0xRkwFbyPp3k="></latexit><latexit sha1_base64="QznLxTixSMR6BfT0xRkwFbyPp3k="></latexit><latexit sha1_base64="QznLxTixSMR6BfT0xRkwFbyPp3k="></latexit><latexit sha1_base64="QznLxTixSMR6BfT0xRkwFbyPp3k="></latexit>
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t-duality :: back to original action

The original action is obtained from the gauged action using the Lagrange multipliers ::

F = dA = 0 ,
<latexit sha1_base64="2fdHBHnFOOL39C5HXUbIiVCKgag="></latexit><latexit sha1_base64="2fdHBHnFOOL39C5HXUbIiVCKgag="></latexit><latexit sha1_base64="2fdHBHnFOOL39C5HXUbIiVCKgag="></latexit><latexit sha1_base64="2fdHBHnFOOL39C5HXUbIiVCKgag="></latexit>

◾ equation of motion for      (globally-defined on      )�
<latexit sha1_base64="EHehmVEoG88x1Y1EFRC7+pDX62g="></latexit><latexit sha1_base64="EHehmVEoG88x1Y1EFRC7+pDX62g="></latexit><latexit sha1_base64="EHehmVEoG88x1Y1EFRC7+pDX62g="></latexit><latexit sha1_base64="EHehmVEoG88x1Y1EFRC7+pDX62g="></latexit> ⌃

<latexit sha1_base64="KQ3L8XDBd71FktULNHaCraCyl/g="></latexit><latexit sha1_base64="KQ3L8XDBd71FktULNHaCraCyl/g="></latexit><latexit sha1_base64="KQ3L8XDBd71FktULNHaCraCyl/g="></latexit><latexit sha1_base64="KQ3L8XDBd71FktULNHaCraCyl/g="></latexit>

Atan|@⌃ = 0 .
<latexit sha1_base64="Jvfj+Lhf64qQW/gsCBihhvkCRSs="></latexit><latexit sha1_base64="Jvfj+Lhf64qQW/gsCBihhvkCRSs="></latexit><latexit sha1_base64="Jvfj+Lhf64qQW/gsCBihhvkCRSs="></latexit><latexit sha1_base64="Jvfj+Lhf64qQW/gsCBihhvkCRSs="></latexit>

◾ equation of motion for      (globally-defined on      )�
<latexit sha1_base64="wvK/or7RKgLV2G/85oT9PTIR1zg="></latexit><latexit sha1_base64="wvK/or7RKgLV2G/85oT9PTIR1zg="></latexit><latexit sha1_base64="wvK/or7RKgLV2G/85oT9PTIR1zg="></latexit><latexit sha1_base64="wvK/or7RKgLV2G/85oT9PTIR1zg="></latexit>

@⌃
<latexit sha1_base64="gx73q81nBUg0xP6oYlVX86RyD2A="></latexit><latexit sha1_base64="gx73q81nBUg0xP6oYlVX86RyD2A="></latexit><latexit sha1_base64="gx73q81nBUg0xP6oYlVX86RyD2A="></latexit><latexit sha1_base64="gx73q81nBUg0xP6oYlVX86RyD2A="></latexit>

Using Hodge decomposition for manifolds with boundary the original action is recovered via (                    ) !m 2 CcC1
N

<latexit sha1_base64="Ku0MHbygEJ/A7fN6YyUyHPzBsLY="></latexit><latexit sha1_base64="Ku0MHbygEJ/A7fN6YyUyHPzBsLY="></latexit><latexit sha1_base64="Ku0MHbygEJ/A7fN6YyUyHPzBsLY="></latexit><latexit sha1_base64="Ku0MHbygEJ/A7fN6YyUyHPzBsLY="></latexit>

A = da(0) + a(m)!
m

<latexit sha1_base64="GfbI+adQzEWUVcK59WfRkN01nts="></latexit><latexit sha1_base64="GfbI+adQzEWUVcK59WfRkN01nts="></latexit><latexit sha1_base64="GfbI+adQzEWUVcK59WfRkN01nts="></latexit><latexit sha1_base64="GfbI+adQzEWUVcK59WfRkN01nts="></latexit><latexit sha1_base64="GfbI+adQzEWUVcK59WfRkN01nts="></latexit>

dA = 0
<latexit sha1_base64="u1OB5M1bWIOnkw+R8FrXt3cBxK4="></latexit><latexit sha1_base64="u1OB5M1bWIOnkw+R8FrXt3cBxK4="></latexit><latexit sha1_base64="u1OB5M1bWIOnkw+R8FrXt3cBxK4="></latexit><latexit sha1_base64="u1OB5M1bWIOnkw+R8FrXt3cBxK4="></latexit>

Atan = 0
<latexit sha1_base64="YPhNTTKrMYF4b5RO5Xw4QX0BM2U="></latexit><latexit sha1_base64="YPhNTTKrMYF4b5RO5Xw4QX0BM2U="></latexit><latexit sha1_base64="YPhNTTKrMYF4b5RO5Xw4QX0BM2U="></latexit><latexit sha1_base64="YPhNTTKrMYF4b5RO5Xw4QX0BM2U="></latexit> a(m) = 0

<latexit sha1_base64="otJa5VtCwKqzHsHEvIHKgq9hsc0="></latexit><latexit sha1_base64="otJa5VtCwKqzHsHEvIHKgq9hsc0="></latexit><latexit sha1_base64="otJa5VtCwKqzHsHEvIHKgq9hsc0="></latexit><latexit sha1_base64="otJa5VtCwKqzHsHEvIHKgq9hsc0="></latexit>

a(0) = 0
<latexit sha1_base64="p9AqBA8lGOfk3HnREHnj4NA1DVo="></latexit><latexit sha1_base64="p9AqBA8lGOfk3HnREHnj4NA1DVo="></latexit><latexit sha1_base64="p9AqBA8lGOfk3HnREHnj4NA1DVo="></latexit><latexit sha1_base64="p9AqBA8lGOfk3HnREHnj4NA1DVo="></latexit>

�̂✏A
<latexit sha1_base64="tWej9AW3Wt1gMXf+khETJ7mHHNs="></latexit><latexit sha1_base64="tWej9AW3Wt1gMXf+khETJ7mHHNs="></latexit><latexit sha1_base64="tWej9AW3Wt1gMXf+khETJ7mHHNs="></latexit><latexit sha1_base64="tWej9AW3Wt1gMXf+khETJ7mHHNs="></latexit>

A
<latexit sha1_base64="1oHQYI475TpPvRpBNwtTZlNhYbQ="></latexit><latexit sha1_base64="1oHQYI475TpPvRpBNwtTZlNhYbQ="></latexit><latexit sha1_base64="1oHQYI475TpPvRpBNwtTZlNhYbQ="></latexit><latexit sha1_base64="1oHQYI475TpPvRpBNwtTZlNhYbQ="></latexit>



t-duality :: integrating-out the gauge field I

Interpreting                          as the dual coordinate, the Buscher rules can be read-off dX̃1 = ± 1
↵0 d�

<latexit sha1_base64="qMVBKrN4PEJV19eqYlvaKHpSVkM="></latexit><latexit sha1_base64="hcfsGvfxZNuXkX1hWYfMJF/wsx0="></latexit><latexit sha1_base64="hcfsGvfxZNuXkX1hWYfMJF/wsx0="></latexit><latexit sha1_base64="7iAUyFBIzlne2NOE1OPe15nlHr0="></latexit>

Ǧ11 =
↵02

G11
,

Ǧm1 = ±↵0 Bm1

G11
, B̌m1 = ±↵0 Gm1

G11
,

Ǧmn = Gmn � Gm1Gn1 �Bm1Bn1

G11
, B̌mn = Bmn � Bm1Gn1 �Gm1Bn1

G11
.

<latexit sha1_base64="buLIoNKF0hPDgQAj6XlMAIdCrYI="></latexit><latexit sha1_base64="buLIoNKF0hPDgQAj6XlMAIdCrYI="></latexit><latexit sha1_base64="buLIoNKF0hPDgQAj6XlMAIdCrYI="></latexit><latexit sha1_base64="buLIoNKF0hPDgQAj6XlMAIdCrYI="></latexit>

Buscher - 1987, 1988
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Integrating-out the gauge field gives the action (with                           and                             )ki = (1, 0, . . . , 0)
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t-duality :: integrating-out the gauge field II

The variation of      on the boundary introduces a constraint, which is implemented asA
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The Neumann boundary condition for      becomes as Dirichlet condition forA
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t-duality :: integrating-out the lagrange multiplier

Integration over      is trivially performed.�
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After integrating-out the gauge field, the path integral takes the form
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t-duality :: integrating-out the original coordinate
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The terms in the action depending on the original coordinate read (with                           )
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Expand                                      . For      compact and free                   , and

X̃1 = ± 1
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The dual coordinate                    is quantized on the boundary and thus compact. 



t-duality :: summary neumann

Summary :: ◾ T-duality along a Neumann direction results in a T-dual Dirichlet direction.

◾ Momentum modes of       determine winding modes via                       .X1
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◾ The dual metric and B-field can be identified as (contain open-string gauge flux)
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◾ The dual gauge field reads                     .ǎ = amdXm
<latexit sha1_base64="l2EPa8mdMnUxAdLLZ/m1Cl7XKzk="></latexit><latexit sha1_base64="l2EPa8mdMnUxAdLLZ/m1Cl7XKzk="></latexit><latexit sha1_base64="l2EPa8mdMnUxAdLLZ/m1Cl7XKzk="></latexit><latexit sha1_base64="l2EPa8mdMnUxAdLLZ/m1Cl7XKzk="></latexit>

◾ A Wilson loop along       shifts the dual coordinate as                                            .X1
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t-duality :: back to original action

The original action is obtained using the Lagrange multiplier ::

◾ Perform a Hodge decomposition (                    )!m 2 CcC1
N
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◾ and recall the boundary conditions Atan|@⌃ = 0 .
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◾ The equation of motion for        gives�(m)
<latexit sha1_base64="0/vR791LD22U2jgc+7QtTQQ3lFs="></latexit><latexit sha1_base64="0/vR791LD22U2jgc+7QtTQQ3lFs="></latexit><latexit sha1_base64="0/vR791LD22U2jgc+7QtTQQ3lFs="></latexit><latexit sha1_base64="0/vR791LD22U2jgc+7QtTQQ3lFs="></latexit>

A = da(0) + a(m)!
m .

<latexit sha1_base64="nPD80xPJQC4iZ0k7OaEAIcf9OJ0="></latexit><latexit sha1_base64="nPD80xPJQC4iZ0k7OaEAIcf9OJ0="></latexit><latexit sha1_base64="nPD80xPJQC4iZ0k7OaEAIcf9OJ0="></latexit><latexit sha1_base64="nPD80xPJQC4iZ0k7OaEAIcf9OJ0="></latexit>

Perform then the following steps to recover the original action ::
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◾ The gauge symmetry can be used to set a(0) = 0 .
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t-duality :: integrating-out the gauge field
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The Dirichlet boundary condition for     becomes as Neumann condition forA
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Integrating-out the gauge field leads to the Buscher rules similarly as before ::
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t-duality :: integrating-out the original coordinate
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The terms in the action depending on the original coordinate read (with                           and          )v = 0
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Expand                                  , and for       compact perform the path-integral

X̃1 = ± 1
↵0�
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This gives Wilson loop and quantized momenta for the dual coordinate                    .



t-duality :: summary dirichlet

Summary :: ◾ T-duality along a Dirichlet direction results in a T-dual Neumann direction.

◾ Winding modes of       determine momentum modes of       .X1
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◾ The position of            determines a Wilson loop for      .X1|@⌃
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◾ The dual metric and B-field can be identified as

Ǧ11 =
↵02

G11
,

Ǧm1 = ±↵0 Bm1

G11
, B̌m1 = ±↵0 Gm1

G11
,

Ǧmn = Gmn � Gm1Gn1 �Bm1Bn1

G11
, B̌mn = Bmn � Bm1Gn1 �Gm1Bn1

G11
.
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◾ The dual gauge field reads                                         .ǎ = X1
0 |@⌃

2⇡ dX̃1 + amdXm
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t-duality :: summary

Summary :: Neumann boundary conditions
◾ momentum modes
◾ Wilson loop

Dirichlet boundary conditions
◾ winding modes
◾ D-brane position

T-duality

Here :: ◾ CFT results are reproduced for curved backgrounds. 
◾ T-duality along Dirichlet directions. 
◾ Inclusion of non-trivial world-sheet topologies.



t-duality :: outlook

Paper :: includes the generalization to collective T-duality along multiple directions.
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summary

Summary ::

◾ Open-string T-duality via Buscher's procedure has been discussed, 
◾ taking into account non-trivial world-sheet topologies.

◾ Boundary conditions for D-branes on certain flux-backgrounds 
◾ are well-defined using                   transformations.O(D,D;Z)
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