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* Introduction
* Scattering amplitudes n N=4 sYM
* Symmetries of amplitudes in planar N=4
* Recent formulations for tree-level:
* Grrassmaniian
* Amplituhedron
* Symwmetries of the amplituhedron:
* New differential egs
* Volume at bree-level
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Scattering amplitudes

Gouge theories are basis for every model of
elementary particles

Scattering amytiﬁuc&es: central objects in GTs
describe inkeractions between particles

* huge number of diagrams
* high complexity already at two Loops
* symmetries and good formalism can help

L. Ferro (LMU Minchen) Ringberq Castle, 24.11.2016



Scattering amplitudes

Scattering ampii&ud&s: central objects in &GTs
desceribe inkeractions bebtween particles

QCD is the GT of strong interactions

Problems: % at sktrong coupling
* ab wealk aouptiv\g)

Can we use another Eheory?

L. Ferro (LMU Minchen) Ringberq Castle, 24.11.2016



Scattering amplitudes

Scattering ampii&ud&s: central objects in &GTs
desceribe inkeractions bebtween particles

QCD is the GT of strong interactions

Maximally supersymmetric Yang-mMills theory

planar N=4 sYM

N=4 sYM

sYM
massless
massive

_ (picture of L. ‘Dixov!

Different Lagrangians but common properties

L. Ferro (LMU Minchen) Ringberq Castle, 24.11.2016



Scattering amplitudes n N=4 sYM

N=4 vs QCD

& ab weale «t::aupi.ihg bk shares prmper&es of QCD
~ ampls but easier to compute

tree level: gluon ampls are the same
loop level: one-loop QCD=sum of susy

| maxinmal Eranscendentality principle

| § new computational methods can be transferred
¢ at high energies QCD -» a conformal Limik

w@ ab strong coupling AAS/CFT can be used

L. Ferro (LMU Minchen) Ringberq Castle, 24.11.2016



Scattering amplitudes n N=4 sYM

Scattering ampii&ud&sz central objects in &GTs
deseribe inkeractions between particles

N=4 sYM: interacting 4d QFT with
highest deqree of svmm&rv
Features:
o scale thvariant
I hidden symmetries in planar Limit - integrable
structure
o triality ampls/Wilson loops/correlation fes
M ALS/CFT &orresgovxd@we

L. Ferro (LMU Minchen) Ringberq Castle, 24.11.2016



Scattering amplitudes n N=4 sYM

On-shell supermultiplet described by a superfield:

1 —D 1 _
gnAanCEABCDF +E77A77377077D€ABCDG

1
& =G+ 9T, + 5nAnBta“AB +
* p2 — ) pozd _ )\a’)v\d, qu _ )\anA

(Tree) Amplitudes labeled by two numbers:

sknumber of particles - n
*ketiaiﬁv -

 MHV Eree level

| 54 ( ) 58 ( ) [Parke-Taylor]
Al = PO ) = A%\,
2 T 12)(23) - (nd) () j
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Scattering amplitudes n N=4 sYM

* On-shell mebhods

-» BCFW recursion relakbiowns:

1—1 )
P
1 n

Exampte:

LR=thvarianks"
n—3 n-—1
ASMHV AMHV ;‘ ;‘ n,j—1,5.k—1 k]
j=2 k=j+2 -

ANUHY JA MRV {2; 3, 4, &, 1] T {2; 3, &, §, @] T {2; 4, 6, &, 1]
- {3’; 1, &, &, 4’] T ‘:3; R, 1, &, 5] T ‘:3; R, 1, &, 4’]
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Scattering amplitudes n N=4 sYM

cp g dualit |
Ampt&u&e > 7 Wilson loop
P1
p?dzxféd_x?fl
qqu = 90“4 eaA X1
on-shell superspace H dual superspace
(AZ,AS i) (A, 23, 654

Incidence relakions

Fourier transform

~& . 0o
o Aa :u"L T :Ui )\ia
7

Xfl = H?AAia

twistor superspace H momentum-twistor superspace

W = (ud, A3, 0 ZA = (N 5, x)

Later on: bosonized
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Summebries and ampls A N=4 sYM

Important in discovering the characteristic of ampls

Dual superconformal symm.
(planar) hidden

[ DHKS]
JAES =0, J. € psu(2 21>

Superconformal symm,
expected ..

Ja AT =0,  jo € psu(2,2[4)

Yangian svmmaﬁr?
' Drummond Henn Plefia]
infinite number of ,levels' of generators
* level-zero generators: [ja:Jb] = fa’je =7 superconf. gens
* level—one generators: [jo,js'"] = far“jd" =» dual superconf. gens
* + Serre relations

The Yangian Y(g) of the Lie algebra g is generated by j and j¥

* tree-level collinear singularities
x broken ot Loop level

L. Ferro (LMU Minchen) Ringberq Castle, 24.11.2016




Crrassmaininiain

(Arkani-Hamed, Bourjaily, Cachazo, Caron-Huot, Cheung, Goncharov, Hodqes, Kaplan,Postinikov, Trinka Y(Mason,Skinner)

In momwenbum twistor space: ZA = (¥ 0 xh

7

dEXnC k -
Atree( 2y — % _ _ - 54|4 CaaZa
nk (Z) (12..%)(23..k + 1)..(nln + k — 1) El 2

a=1

* s compi.ex Fmrame&ers forming a lxn makrix

* (L irl...irhe-1): determinant of kxie submalbrix of ¢’
* &L nvariance

2 space of féwptames i n dimensions = Gr(fé‘,m)

* Yangian ithvariant

Laker own...
Rosonized momenbum Ewistors
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(Fccﬁu,ra of A. Gutmore)

L@MJ&&%M?& .
'1 the volume of the amﬂ&uﬁedram |

a—
.

QMfLLEud@. L fiav\o\r N=4 sY M

(N Arkahwﬂamed J. Triaka)

The idea: NMHY tree-level amplitudes = volume of
polytope in dual momentum twistor space (Hodges)

different trianqulations = different recursion rel.s

L. Ferro (LMU Minchen) Ringberq Castle, 24.11.2016



The idea: area of triangle in 24 plane

R

= Y1
1

Area 1| 1
-
3

I=1,2,3

L2

Y2
1

3 1 (123)

=220 W) (Zo Wa)(Zo - W)

<123> = GIJKW1[W2JW3K
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The idea: area of triangle in 24 plane -
| Ampié&ud&:
2 . area of the
triangle in

o b A!’f& 1 (abc)? . dual space

= 270bc)(0ab) (Oca) *= abe] -

1 c 3 - R-thvarianks®

Liles t Wﬂspaxze ity Poinks LA stpaca

ZCILW1[ — Zc{le =0 W1 — <>I< ZCZa>
Z£WZI — ZgWQI =0 W2 — <>|< ZaZb> (abc) — GIJKZC{ZI;’ZCK
ZyWsr = ZIWsr =0 W3 = (x ZpZc)
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7y Amplituhedron

The idea: area of polytope in 24 plane

L. Ferro (LMU Minchen) Ringberq Castle, 24.11.2016



= [413] - [213]
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1

1

[412]
[413]

-  [243]
-  [r13]
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B A Lituhe d\”(} 7\

center of mass of |
3 points in 24 |

— e ==

C1T1 + CoT2 + €373
C1 + Co + C3

Interior: ranging over all positive ¢, ¢, €3
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I=1,23

Interior: ranging over all positive ¢, ¢z, €3 (L))

L. Ferro (LMU Minchen) Ringberq Castle, 24.11.2016



'y Amplituhedron

In a nubkshell

Greneralizations:
m—+1
¢ triangle =» m-diml simplex Y'=) .z,
p— I=1.2 ..m+1
[
v k+m
space of l-planes in (krm) dimensions Y =) caiZ,
E a=1 I=1,2....k+m
v

more vertices than (dims+1)

Internal” positivity = interior

L. Ferro (LMU Minchen) Ringberq Castle, 24.11.2016



In a nubkshell

Creneralizakions:

¢ most general:

n
1 I
Yl =) caaZs
a=—1 121,2,. ’k_l_m
Geometbric JInternal™ positivity (€) = interior
requirements JExkernal” positiviby (Z) = convexibe

R_ _ ordered minors » ©

L. Ferro (LMU Minchen) Ringberq Castle, 24.11.2016



In a nukbkshell

Creneralizakions:

Positive grassmannion -» kree amplituhedron .. |
n

Y=Y cad)

a=1 Gt (k+m,n)
G(k,k+m)
Gt (k,n)

Amplituhedron Bosonized o
coords nmomenbtum btwistors

4

\ @?;CaA )
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Anmplituhedron

In a nubkshell

Creneralizakions:

Positive grassmannion -» kree amplituhedron .. |
n

Y=Y cad)
a=1 G-I_(k _I_ m, n)
G(k,k+m)
Gt (k,n)
[ohvsid‘.’:s: mM==-
tree: k=1 polytope, k>l more complicated ob ject
loops: similar, more complicated formulae

L. Ferro (LMU Minchen) Ringberq Castle, 24.11.2016



7 Amplituhedron

(LF, T. Lukowski, A, Orta, M. Parisi)

dRXnC

k
AY(Z) = [ d*oy...d? / 5 (Y, Y, / k4
ik (Z) / oLk (¥, o) (12..k)(23..k + 1)...(nl..n + k — 1) El 6 (Yo = D CanZa)

tree
Ik & Q”’k

Open questions we want to address
* how to campu&e volume
* how to Fverform the integral
% svmmeﬁries - Yangian?

L. Ferro (LMU Minchen) Ringberq Castle, 24.11.2016



denC k
k+m
23..k+1)...(nl.n+k—1) aH O (Yo = D caaZa)

=1

H/_/

(m)
Qn,k

Symmetries of £
(LF, T. Lukowski, A, Orta, M. Parisi)

wL{m+k) covariance
wexL(1) tnvariance for 25 and GL(&) covariance for Vs

wCapelli differential equations

0 m
det < - ) QU(y, Z) = 0
a‘17 v ’
Y ) 1<v<k+1

1<u<k+1
T — —————————
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Anmplituhedron

denC k
tree _ m m mk Edtm,
Ank (2) /d P1...d 9”‘“/5 (Y’YO)/(12...k)(23...k+1)...(n1...n+k—1)OH 6" (Yo = ) caaZa)

=1

H/_/

w . S
Symmetries of £

(LF, T. Lukowski, A, Orka, M. Parisi)
wL{m+k) covariance
wexL(1) tnvariance for 25 and GL(&) covariance for Vs

wCapelli differential equations

Skart wikh Eaj model: m=2

L. Ferro (LMU Minchen) Ringberq Castle, 24.11.2016



A &)3 model

— m=2 instead of m=4

X k=l Q(W):/ d"c S — - 7)

ik satisfies:

aQQ aQQ | . . . A,B: 1,2,3
SWAOWE — 8WB WA ~Yangian ihvariance = 0.1, m
ZA ! W]A WA = = a;{) homog&hei&j ap = —3, ay,..,0p, =0
> Wi 8%? = 040 invariance

—> What if we start from the differential equations?

L. Ferro (LMU Minchen) Ringberq Castle, 24.11.2016



A ktou wmodel

Solution for (m=2, k=1):

(following Gelfand, Graev, Retakh)

+00 n
1 ;

Q= dtodt O(Z} + 1222 +t3772) doomem
/0 N 3(Y1+152Y2+tgy3)3gl (Zi +1227 +1327) &

domain of inteqration

with no singularities

ks Qw:l. ks dual space

TRt

number of particles just in O-fc o
- ) EB n
A
S 1
-> Greheralizes to generic m =t

L. Ferro (LMU Minchen) Ringberq Castle, 24.11.2016



A &)3 model

Solution for (m=2, k=1):

o0 -
1
0 — dtodt O(Zi + 22 + 132
A 2 3(Y1 +t2Y2 _|_t3Y3)3 g ( 2 _I_ 2444 _I_ 3 'z,)
s S / 1 (123)°
0, — dtodt = = -
3 /0 2 T YT T YR YIYeYS H (Yioy(vas)(val) o

ks 4

123]

>&2
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A ktou wmodel

Solution for (m=2, k=1):

n

1

+0o0
0 = dtodt O(Zr + 15,72 + 1277
/0 ’ 3(Y1+152Y2+153Y3)3gl i & 05 4 1)

1
(Y1 +1Y2 +¢3Y3)3

+o0
94:/ dtodts0(Zy + 1925 + 1373
0

ks 4

[134]

—_— ;&2
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A ktou wmodel

Solution for (m=2, k=1):

n

1

+0o0
0 = dtodt O(Zr + 15,72 + 1277
/0 ’ 3(Y1+152Y2+153Y3)3gl i & 05 4 1)

Oy = [123] + [134

ks 4 ks 4

[123] - _[134]

> ks — > ko
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Exbensions

* k=l, generic m

O
4

(m) e m! -
Qp :/(H th> oy I] o z)
A=2

1=m-+2

M w=4 <—> Fhvsws
¥ no need to think aboutb Eriangulation
] di‘xec&tv A dual space

* Higher hei.wi&j

O integrand not §uttv fixed
O can Yangian symmetry help us?

L. Ferro (LMU Minchen) Ringberq Castle, 24.11.2016



Creneral idea

In general:

Capelli differential equations:

0
det <5’WA> Qn,k =0

+ Uavariance and scaling

Question: find a function satisfying the requirements

* Grassmannian integral satisfies the egs for any k
* solve the diff. eqs directly in dual space
* no need to think about briangulation

L. Ferro (LMU Minchen) Ringberq Castle, 24.11.2016



Conclusions

‘ R
. — ==

Amplituhedron is conjectured to give a
geometric interpretation of the amplitudes
for planar N=4 sYM

%k how to evaluate volume for k>l and for loops?
%k is Yangian symmelry preserved?

* do Capelli diff. egs correspond to a symmetry?
¥k new recursion relabtions?

A Lot of work still has to be done!

L. Ferro (LMU Minchen) Ringberq Castle, 24.11.2016



