
 

Finiteness Complexity and the Swampland

Motivation

drat existence of unifying principle

underlying the valid swampland conjectures

maybe generalized finiteness principle

entropy amplitudes information
complexity

very vague

Input from String theory standard approach

arising effective
theories are not generic

but tied to geometry even in tod
see F theory

can we turn this into a principle



Example Flux compactification f Grata

VCz.IS SFpy
F t

very
complicated function of ZE

but can be given geometrically

integrals over form on manifolds

periods
what could happen

Uh sin k infinitely ay
wa cha

Tally infinite spirals I distance
conjecture

But this never happens

Goals Implement fundamentally
that effective them

are geometric at core
without using
string theory

Ind i pose
that each quantity

has finite amount of informationco plexity

finiteness of geometric complexity



How to make this precise

Tod Swampland program of mathematics

Classification of mathem
theories models

arithmetic
Swampland A

e g Godel's theorems
Z it

has undecidable statements

e.g solutions to certain Diophantine
egations

divide theory space by properties
mathematical logicModel theory

geography of tame mathematics
Hrushouski

developed in last century
stating with Tarski

Map of the model
theorehi

universe google



Here
pick models that are

o minimal Final van den
Dries

answer to a dream of
a topology for geometers

tame topology

basics book by van den Dries

Tame topology and o minimal structures

notion of complexity and information

Isharplyouinindsmanstominimal Bingamini Novikov



O minimality as a fineness principle

Definition o minimal structure

collection of subsets of IR n o

definable sets tame sets

a closed under

he unions intersections products complement

projections IR IR
I

b contains zero sets of all real poly o aids
a b structure

d o minimal only definable
subsets of IR

are finite unions of points and
intervals

E definable

Jane definable function graph is tame set

tame geometry finite atlas of tone sets

ta coord charges



Not o minimal

integers sink XER sin t x010,1

infinite spirals

certain non oscillatory fats

W isominal
collect Pilx Xu 0 Pj x Xu 0

Rang real alg geom

specify which fats are fine I fi 84

gen
sets Pi Ix Xu ft f Of

Kexp Ran Ran exp
restated
analytic e.g Six go

first
order

Pfaffian structure PCS

8 g Xf g in g
second

order

exotic structures 22 structure defing
Pal 54 no



i 1

Basic theorem f R R tame function

Itin

domain splits into finite number of open
intervals on which f is continious monotonic

I constant

max finitely many jumps discontinuities

finitely many
minima maxima

t tame tail to infinity

consequences
f E E holomorphic t tame polynomial

f A E holomorphic tame O is not
A essential sing

punctured Patzer
disk

tameness can replace compactness def able Chow

definable Chow Peter zil Starchenko 08



more advanced tameness revolution

proofs of longstanding mathematical

conjectures Andre Oort
Ax Schanuel for Hodge Structures

Andre Grotherdiek

new proof Cattani Deligne Kaplan

famous theorem about Hodge loa
e.g 2,2 fluxes

on CY

BUT 20 period map period integrals are

tame functions in Iran exp

e.g WG fr fr
E t Zane't

t
large complex

structure but always
true

Whl is Jane definable in Rau exp



Application to the flux lanscape

use general theorem of Bost 21

shows that of selfdual flux vaca

with tadpole bound is finite
vacum landscape Trae set

G IG and fight k

of Gy Gy and Sy GiGy k

IThfffrs.ae

tame

Finiteness statement follows from Swanplant

conjectures
43 hep th 0303194

Douglas Acharya 06 hep th 0606212

finiteness of effective
theories valid

below fixed cut off HMVV 21
2111.00015

10500 flux vacna Members later



Exploring the landscape

Hodge theory is tame
online lectures by Klingler

Timerman

flux compactification proofs of statements

tadpole conjecture 1

Ozil O od W O has more

eat than
u knows unlikely intersection

locus always comes
with symmetry CY is special

i t
evidence for distance conj from Cy

first results but largely unexplored

BPS States on Cys Blts unexplored

Feynman amplitudes are tame DGS 22

but none of the none of the recent math

breakthroughs use in this context



Tameness conjecture TG 21 DGS 23

Space of effective them's coupling fats
field spaces parameter spaces that are valid
below a fixed energy scale is tame

physical observables are tame in parameters

I compute on Euclidean tame spacetime

evidence
i plies previous finiteness conjectures

e.g HMV 21

IT fi te loop amplitudes in renorm

QFT are definable in Rau exp
DGS 22

tame QFT with cut off A finite vama

I
N c N the QFT file rama



all String theory effective
actions that I

know are tame

no relation to other swampland conjectures

no discrete infinite order symmetries
as required for no global symmetries in QE

no potential with infinite spirals as min

as required for distance conjecture

finitly many sectors near infinite distance

points finitely many towers to satisfy
distance conjecture

not along every path
a new tower

distance

but not extremely strong no Mp

need measure

of information



Complexity and tameness

recap
introduced o mii al structure

tone sets functions

next measure for inforcation confef
in these sets fats

example polynomial axixitaxixit o

number of free coeff I degree D
variabes F

Q1 H tap't t g't
COlxctixlt.to 3 e ga ti

need complexity of exponentia fat

Idea
Khovanskii Gabriela Vorobjou

def Pfaftian chain J Sr

Pig
x na 5 fi

triangular

Pfaffian fat f x P x Xu f fr



taint Pij P are polynomials

II If feghPij
degr p

ID Pfaffian complexity

What is meaning of CF D

topological solutions to fix O

E Poly D
Off

computational
Comp E Poly D

O F ONE PID
running time of algorithm

to check statement

very rough in effective theory

I number of fields and non trivial fats

D how complicated are
the functions



Examples
fix e af A D 42.4

simple rule to def exp

fix Y ID 2,3

fix a x'd b xd IF D 1 2d

but simpler presentation

5 Yy 5 xd d 5,5

II D 3,6 II fix 2

upshot complexity depends
on representation of f

define complexity IF D min reprj
min reps

function in moreLj

W 1

rs
can always repr

complex way

or D



fix cos x on C T T

9 talk g
cos y ED 3,5

but fuk cos ux a ET.TT
F D 3,4 m

Fourier expansion

X If an cos ux a If an cos tux

pp
simple increasingly

complex
strict N D list reduces complexity

Recently I 21,22

Extortion of castration to all sets of Rpg.gg

Rpgaff structure generated by all
Pfaffian chains

Note challenge is to incorporate complement

of set
explicit constr for rest Pfaffian fat



Majorana
notion of sharply

o minimal structures

to mini d see Binyamin Novikov Zak

Every set statement has F D finitely
may

min

polynog positive coeff

HFE IN I computable PID s.t AIR

Tameuss

ha
yes the Pt'D d

to minattlese

o min at

Y gen analytic fat in Raw
never

841 EEE Iggy many sharply
o mini

free parameters



simple applications

a O di QFT S E p't 44
change

EndD

In f do 0 Es
g It

x

Zg Ilg R e Ky g note not analytic

1 at 2 0 transseries

nod Bessel fat of
not in Iran exp

second kind

resurgence

trick transform second order diff eg for
Io

to first order eggs using
hcg I 8g

CF D Z 43
ceiling fat

ID In 4,3 147
coplexity D
grows with
of insertion

but I cost due
to algretatis



b I dim QFT quantum mechanics

Euclidean time

harmonic oscillator H pattgax

CO x ta x it 10 ge
gaz t

FD
3 5

wavefunction
Solve Hime indep Schrodinger eq

54

4 x the E HnIFx

in variable x ID 2,3 4

for En Ctt w



involved applications

Math conjecture Binyamin Novikov 22

period integrals are o minimal

perturbative aptitudes in Crenorm QFTS

use conjecture CTD Campi 2

SUN seiberg Witton theory
4d N2

Yang Mills they
F D

sun

algebraic independence of periods

I n
grows with

N

Open problems
10500 1020000

number of flux vacua

compare with other
notions of complexity

Assign IT D EFT
to effective theory

compute for string theory examples

What is behavior bound on D Ett
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