
A nice exampleof a theory with discrete gauge symmetries is
N4 so 2 SYM in 4 4

The choiceofalgebrafullyfixes the structure of localcorrelators
in the theory but the full theory requiresthe specification
ofextra data
SUleft2right vs 50 3

There are two Lie groups with suleft2right Lie algeba SU2 and

SOleft3rightnicefracSUleft2right2 They differ forexample in their irreps
S Oleft3right only contains irrepsof integralspin while SUC2 allows

for halfintegralspin
This can be translatedinto the language ofbundles there are

SVG bundles these are those bundles to whichwe can consistently

couple dynamicalparticles in halfintegralspin irreps
5013 bundles weonlyrequrethatwe couple integralspin particles

s2
gaugetransform SrightarrowG
up to deformation ofthe image
ofthemap this is pi1leftGright

Exercise
show SUleft2rightcongS3

We have pi1leftSUleft2rightrightpi1leftS3right0

pi1leftSOleft3rightrightpi1leftfracSOleft2right22rightpi1leftmathbbRmathbbR3rightmathbbZ2So for SUleft2right everybundle on s2 is toned

But we can put non trivial SOleftzetaright bundles on S2 andthis

is measuredby an element in mathbbZ2



Concretely the map in the second case when lifted
to SULL sends 1 1 as we go around the equator

consistent
So we cannot define a coupling of a half integralspin
particle to such a bundle

For generalmanifolds the obstruction to couplingfrac12 spin
particles to a given SOleftzright bundle is measuredby

U2leftErightinH2leftXmathbbZ2rightcongHowleftH2leftXmathbbZ2rightmathbbZ2right
Roughly this measures when is thebundle trivial when

restrictedto 2 ycles in X

The differencebetween SUleft2right and SOleft3right at the levelof
ignoring fermions
andscelersthepath integral is then

Z SU2 leftmu4zrightsum_omega2CAintleftDArighteSN such
4 lefteAright

connections

in E8

ZSOleft3rightleftu42rightsum_EintleftDArighteSsuleft2rightN4lefteAright
In fact because in the secondterm we are including bundleswith

W2leftErightneq0 we can introduce a variant

ZSOleft3rightpmleftmu4Zrightsum_EintleftDArighteSsvleftnrightN2nleftZArightleftpm1rightPleftW2leftErightright2
where PH2leftXmathbbZ2rightrightarrowH2leftXmathbbZ4right is the

n
Pontryagin square

In simple cases Pleftxrightoverlinex2 mod4 with overlinexinH2leftXmathbbZright such that

xoverlinex mod2 I n genest PleftxrightoverlinexcupoverlinexoverlinexUdeltaoverlinex mod 4



Montonen Oliveduality
It is believed supportedby a lot ofveryconvincingevidence
d4N4 SYM has Montown Olive duality which is

the statement

that

nicefractheta2pifrac4piig2N4tLLC1andnicefrac12v4mthGarz
with G the Langlands dual of Gstandardquetisation

sun USP2NG suriU il

LG so 2h1U il SOleft3right SUIN2yc

Additionally SOleft3rightleft2rightSOleft3rightleftnicefrac12right
For an impressive test of these relations on manifolds
such as K3 see VafaWitten t49408074 wherethey
compute Zk3leftSUleft2right2rightleftldotsrightZk3leftSOleft3rightnicefrac12right

For these lectures the moral is that there is no canonical

choiceofglobal form for N4 YM theorygivenjust its
algebra

Lambda similar story holds for suleftNright we can choose SUleftNright or

PSUleftNrightfracSUleftNrightmathbbZN or more generally fracSUleftNrightmathbbZk with KleftNright
together with some choicesof SPTs

ltimes couplepropto and they
are related in involvedways

Aharony Seibng Tachikawa 1305.0318

so there is no canonical choice



Ads CFT
I will start with the basic form ofAds CFT

IIB stringtheory
on AdS5timesS5

with intF55N
su N N4SYM

ons

The basic question in our context the algebra for the
SCFT side is su N but which glotal form shoud we

choose leftSUleftNrightSUleftNrightmathbbZNldotsright
wellgeneralising a bitfrom suleft2right to su N

In facts in this basic case there is no choice tomake

recall that w2leftErightinH2leftmu4mathbbZomegaright but

H2leftS4mathbbZNright0
so every PSUleftNrightfracSUleftNrightmathbbZ2 bundle lifts to a SUIN

Sundle and there is no choice to poundsmade

So we replace S4rightarrowmu4 for M generic We expect
that the holographic dud will still look like mu4timesmathbbR
at least close to the boundary the UV from the

point of view ol the CFT so locally the same as s4

Let us devote the bulk geometry x5 In fact x5 night
stop beinggeometric farenough from the boundary but this
does not matter for the argument

beginmatrixmathbbRmu4endmatrix x5 close tothebounds



Now the question becomes interesting what is the

difference between the holographic duals of SUCN PSCCN
on M Answeredby Witten hepth 9812012

We will assume that the bulk supergravity is the
same in all cases Reasonable hard to imagine other

since the local CFT data is independentof the choiceof
global form
We focus on the following coupling on x5 saga

2piint_SGammatimesXTF2wedgedB2rightarrow2piiNint_X5C2wedgedB2
It is notobvious that one can neglet the kinetic

terms for CL and Bz in this analysis as pointed
out in papers by Belov andMoore 04 06

Only addressed recently in 2510 03392 by Barba

Dymarsky Shaper
The result foundby Witten is that the differentglobal
forms for the theory are in 1 to 1 correspondence with

boundaryconditions for the BF theory above

state in the Hilbertspace of theBF theory on MY

EdRecall that in QFT a fulldefinitionof Z requires to
Specify states on boundary components



Quantising 5d BF theory

UleftSigma2rightexpleft2piint_Sigma2B2right
VleftThetarightexpleft2piiint_ThetaC2right

Note that if we insert UNleftSigma2right in the path integel

intDBDC e2piNintB2wedgedC2UNleftSigma2right
intDB DCe2piNintB2nleftdC2PDleftSigma2rightright

We take

partialSigma2partialTheta70
for gauge invariance

But PDleftSigma2right is closed since partialSigma20 and integrally

quantised since int_pi3PDleftSigma2rightpi3cdotSigma2inmathbbZ
so PDleftSigma2rightdD2 for some D2

int_DBDCe2piiNintB2wedgedleftC2D2right
and we can redefine D2 away So we learn that
uN1 and similarly VN1



We are interested in constructing states so we switch

to a Hamiltonian picture quantizing towards theboundary

leftX5M4timesmathbbRright
From the Lagrangian

L2lambdaNintB2wedgedC2
we learn that BL and C2 are canonically conjugate

leftB2leftxrightC2leftyrightrightfrac12oplusNdeltaleft4rightleftxyright
so

intersectionproducton 4h

UleftSigma2rightVleftTheta2righte2piisum2cdotTheta2NVleftTheta2rightUleftSigma2right
So U and V operators do not commute in general
In order to define states we can specify eigenvalues

for a maximal set of untually commenting operators
This is like choosing the hatx operators andgiving a

wavefunction psileftxright Once I do this the effectof
moments hatp on psirangleintdxpsileftxrightxrangle is fully fixed
Example N2

generatedby
The algebraofoperators is U V UV Recall

U2V21
There are three choices of maximal county sets
of opertors 404 304 LUVE



Saying that

UleftSigma2right0Brangle0Brangle
is then saying tht Bpartial0

0rangleB

forallSigma2

0rangleB U becomes

trivial when
pushedto
the boundy

U

We also have

UleftSigma2rightVleftTheta2rightOBrangle
e2piiSigma2cdotTheta22VleftTheta2rightUleftSigma2rightOBrangle

e2piSigma2Theta22VleftTheta2right0Brangleleft1rightSigma2cdotTheta2VleftTheta2right0B
So VleftThetaright has the effectof turny background B2
flux on any cycle intersecting Theta2 an even umberoftimes

v So V remains
as a non trial
topologicalopertorB0Bneq0

There is one additional importantobservation U operators

can end or the boundy

Since we are fixing B0 at

the boundy so opensurfaceopertors
are Ok we onlyneedtoworry about

u



gauge symmty for fields we integate over

This does not work for V
start with 0Crangle which satisfies

V0ranglerangle0Crangle
Now note

sum_SigmaUleftSigmaright0Crangle0Brangle
So oBrangle can be interpreted as an average over all

U backgrounds A V defectwouldbechargedunderthese

backponds so whendoing the sum it would leadto

a vanity correlator This is basically a discrete

version of the Gauss law

There are three versions of this picture depending
on whether we choose Dirichlet boundaryconditions

for uv or UV
For some choice ofduality frame we can identify
these theories with SUleft2rightSOleft3right and 5013

Check Under SLleft2mathbbZright leftbeginmatrixBCendmatrixrightrightarrowleftbeginmatrixabcdendmatrixrightleftbeginmatrixBCendmatrixright
50

s
T

SUleft2rightleftrightarrowSOleft3rightleftrightarrowSOleft3rightleftbeginmatrix0110endmatrixrightleftbeginmatrix01endmatrixright leftbeginmatrix1101endmatrixright leftright
which agrees with the expectation from fieldtheory

leftbeginmatrix10endmatrixright



In factthe setof boundary conditions and the aition
ofduality on them agrees with the classification ofSUIN
theories in Aharony Seibng Tachikawa 1305.0318

for all N
Summary

2 with some
choiceofboundary
conditions

B0 say

TOPOLOGICAL

THEORY

U

1
Ipi

sim1
neg

cleftharpoondown

v

This is of course the usualsandwich picture for the
SymTFT Normally in the SymTFT we wouldreplace
the gritational bulk with the gaplessmodes descby
the CFT dynamics but according to AdsCFT both
descriptions shouldbe equivalent



Other tests

By now there are many tests that this derivation

of the SymTFT by looking to the topologicalfeatures
of the buk near infinity
Let me highlight some interest cases

In holography a global Uleft1right symmetry in the
bulk is expectedto be associatedwith a 011

gayethey on the bulk Recall that Maxwell
could be described as

frac12e2intBwedgeinftyB2piintBwedgedA
The topological limit is described by frac12e2rightarrow0
which leaves a fBndA term where B
is a form mathbbR valuedconnection and A
a Uleft1right connection

This is indeed a valid modelproposedfor
the SymTFT for continuous well symmetries

Brennan Sun 24 Antinucci Benini 24

Non abelian also works
Bonetti DelZoto Minasian 24 Autucci Benini

Rizi 243

Granty more specifically led gnarty also

seems to fit the pattern
Aprizzi Dondi IGE Lam SchaferNameki 25



Non invertiblesymmetries they are

roughly TFTS over a submenfold

intDphieSleftldotsright
Many examples of these have been recoveredApruzziBah Bonetti SchifNoneh isfrom thephysicsof D branes
In fact recently discovered phenomena in categorical

symmetriesget translated into classical bravephysics
Twisted untrustedtransition Hanany Wiltoneffect
Non invertible selectionrules FreedWitten

IGE 25

anomalies

Big OPEN Questions

We just saw that the SymTFT seems to live
near i fruity in holography There are twoquestions

Can we turn this into a precise mathematical

procedure

Can we push towards the bulk by
deforming the SymTFT in a well defined

way to recover the sugar bulk dynamics
All the fields seem tobe present in the

SymTFT so thebulk sugar is somehow built
out ofsymmetries


