






























Maxwell theoryand its symmetries
In this lecture I willdiscuss Maxwell theory and its

higherformsymmetry structure
It's a goodexample to understandhow to study
higher formsymmetries in QFT but more

importantly Good testbedformath syntFT still wip
Maxwell theory is richenough to exhibitmany of
the phenomena we'd like tounderstand in more involved

QFTs but in a setting which is simpleenough
to understandfully So if you are confusedabout

some aspectofsymmetries in QFT see ifyou can

formulate an analogous question in Maxwell

Maxwell theory is rich because it's fairly universal
see for instance 2204.06495 where together with
Michele we understood the 1 formsymatesof may N2
4nd theories by reducing theproblemto Maxwell theory

I am setting theta0 tokeepSMctimes1frac12e2intFwedgeF
Locally FdAso

thingssimple Exercise generalise
everything I say inftythetaneq0

ArightarrowAlambda is a symmetry as long as d 0 Additionally flat
integrallyquantised

lambda can always be written in the formfrac12pig1 dg
with ginM4rightarrowUleft1right a gaugetransformation so thespaceof
symmetrytransformtions is

up

1

fracOmegad1leftu4rightOmegamathbbZ1leftu4right closed
too



Let's unpackthis a bit

Imagine that we have a circle SsubsetM4 parameterizedby
thetainleft01right We can choose gSleftthetarighte2piintheta with uinmathbbZ

This is an exampleofwinding We then have

frac12piiint_Sg1dgnint_Sdthetan
Note In this argument I have implicitlyused that any
UCI bundlewith connection can be uniquelydetermined up to

gazetransformations by
holonomies andcurvature Cheeger Simons

What is the Noether current for this symmetry
We can run Noether's argumentagain Integratingbyparts
recall that we are ignoringboundarybehaviour we can write

S1Maxwell frac12e2intAwedgedF
so the symmetry acts as Snaxwell rightarrowS me

1

med frac1e2intlambda no xF
and we find a Noether current up to a factor

2piijlefterightfrac1e2F
We call this current the electriccurrent Note that it is

a two form so we can integrate 0 2 manifolds togenerate

Ualphaleftmu2rightexpleftalphaint_mu2Fright
This operator is topological at least away fromchanged

operators What are these



Wilson lines
verymassive

Consider the insertion of a classical non fluctuating
chargedparticle in thepathintegral Assume that the

particle has worldline r a 1dimensionalmanifold
Such an insertion of WqleftgammarightCau Wilson line on gamma modifies

the pathintegralas

ZMaxwell rightarrowleftlangleWfleftgammarightrightrangle
zn
1

me

int leftDArighteS maxwell leftAright2piiqint_gammaA
or equivalently explain from source

modification toMaxwell's
equationstoWqleftgammarightexpleft2piqint_gammaAright dF2piqe 2deltaleftgammaright

Notethat undergaugetransformationsof theform ArightarrowAdalpha

this canonlybegayeinvestifpartialr0 due to Stokestheorem

int_gammaArightarrowint_gammaAint_gammadalphaint_gammaAint_partialgammaalpha
Even if we take 2gamma0 theWilson line operator is notinvariant
underlargegauge transformations if ArightarrowAlambda with lambdainOmegamathbbZleftmu2right
them WqleftgammarightrightarrowWqleftgammarighte2iqint_gammalambda So onlythoseWilsonloops
with qinmathbbZ are invariantunder largegauge transformations

An alternative wayof understanding thisstatementis
by writing Wqleftgammarightexpleft2piiqint_DFright with partialDgamma It's not

alwayspossible to choose such a D

Then for two choices D D with partialDpartialDgamma

WqleftDrightWqleftDrightexpleft2piiint_DDFright



we have that partialleftDDrightpartialDpartialD0 so if

int_Sigma2FinmathbbZ the usualquantisationof UCI theory but more
on this below then vqleftDrightwqleftDright D D if qinmathbbZ

So whenever qnotinmathbbZ we shouldreally view the Wilson line

as the boundary af an open opertor MqleftSigma2rightexpleft2piqint_Sigma2Fright
Note dFdleftdArightd2A0 so uqleftSigma1right is also

deformation invariant so it's a symmetry What does it measure

More on this later
Under a symmetry transformation ArightarrowAlambda we have

VqleftgammarightrightarrowWqe2piiqint_gammalambda
so our electric symmetrygenerator is changedunder

EalphaleftSigma2rightexpleftalphaint_Sigma2Fright recallthat this was the Noetherrelation between
X and alphaSigmaZholleftlinkSigma2rightalpha current for the symmetry

which in the Euclidean path integral formulation is

intWqleftgammaright EalphaleftSigma2righte2piiqalphaLleftSigma2gammarightWqleftgammaright
with the linking LleftSigma2gammaright defined as

D3cdotgamma with 2D3Notes
In general there can be multiple choices for D3 that

give different linking members

Take for instance a spacetimeof the form S3timesS1 with

gammapttimesS



We can construct a Sigma2 by taking a s2cs3

andptsubsetS1 Schematically

wq EalphaleftSigma2right We have two choicesfor D3 indicated

in yellow D and pink leftDright both
with partialDpartialDgamma with right
choicesof orientation
But gammacdotD1 while g D0
Schematically twowaysofcontactinggammarightarrow0

WqEalphaleftSigmaLright

Recall that this should all be understood inside a correlate

so we have shown contracting inside

leftlangleWqleftgammarightrightrangleleftlangleEalphaleftSigma2rightWqleftgammarightrightranglee2piqalphaleftlangleWqleftgammarightrightrangle
mucleating EalphaleftSigma2right fromoutside

which for qneq0 andgenic
alpha implies leftlangleWfleftgammarightrightrangle0

This is a version for higherdimensionaloperators of the
familiarstatement thatexpectation values ofchargedoperators
necessary vanish on a compactspace

Note forspontaneous breaking wewouldbeinterestedin non compactspacetime
so the pictureabove wouldgetmodifiedWhat we are computinghere

is closer to Tr efrac1TH which is indeed invariantunderthesymm

Magnetic symmetry

Quitebyaccident we found a new symmetry MalphaleftSigma2rightexpleft2pialphaint_Sigma2Fright
what does this measure



Maxwell's equations in vacuum

dFdF0 forgettingaboutquantiation

have a symmetry FleftrightarrowF or in fact any GLleftZmathbbRright action

on the leftbeginmatrixFFendmatrixrightdoublet Quantummechanically the situation is

more interesting there's a parameter e valued in the
2Dtheta2pifrac4pig2

upper halfplace that measures instanto contributions and

the transformation above is not generically a symmetry

but a duality ZMaxwell leftZrightZ Maxwell leftnicefrac12right up tosimg2simnicefrac1g1
some prefactors I'll ignore see hep the as 05186by
Wittenfor a determinationofthese factors and some other
subtleties I'll gloss over andalso HsiehTachikawa Yonkers

2003.11550
We startwith
SMaxwell frac12e2intFwedgeF

Here FdA with A a connection on a Uleft1right bundle

We introduce a new dynamical field B a connection

2 form on a Uleft1right bundle with fieldstrength HdB

We also introduce a 1form connection AD with field
strength FDdAD also dynamical Consider this setof
fields with action

SDfrac12e2intleftFBrightwedgeleftFBright2piintBwedgeFD
Thegauge transformations in this theory areor moegenelly a largegaugetransfer

AB invariantADrightarrowADdalpha
and



ArightarrowAlambdaBrightarrowBdlambdaAD invarant comment on gauge
invarianceofsecondterm

A 1formconnection
Claim This theory is equivalentto Maxwelltheory

Proof Integratingby parts the secondterm we have

frac12piintHwedgeAD
so AD appears as a Lagrange multiplier setting H0

Integrating over FD the topologicalsectors instead

imposes intBinmathbbZi So B is an integrallyquantised
DiracComs

closedform so it can be fully removedby a largegauge
transformation and we are left with the standardMaxwell
action subject to the remaininggaze transformsof the form

lambdadp Note wedidn'treallyuse Fforanything hr so frac12e2intBnBfrac12piiintBnFD
with 31 a 2 form is anequallygoodpresentationofMaxwell
theyMagnetic theory

Once we have written the action as above there's a

second thing we can do if we fully gauge A away using
thegauge invariance we have

SDfrac12e2intBwedgeB2piintBwedgeFD
This is a quadratic action on B so we can do the

path integralexplicitly up to a 1 loop determinant

factor we have eDfrac12pie
Exercise
Checkandgenerlise
to 0 seepaper

intleftDBrighteSDexpleftfrac4pi2c22intFDwedgeFDright



For the theory with action SD the equation

ofmotionfor B is FDfrac12piic2leftFBright so we identify
gaugeinvariantWilson lines of the electric theory with magnetic

lines of the dual theory and vice versa

intFD10intF1rightarrowointintleftFBright1
In the intermediate In the dualIn theoriginal

Using the properties of the Hodge star 21 we obtain

that theobjectcharged underintF is a Wilson line for AD
Such objects are known as t Hooft lines and can be

thoughtof as insertions ofclassical Cldotseta massive rigid
monopole worldlines in thepath integral

fundamental

By definition avmonopole has intF1 around1 t

Summary In summary we havefound that Uleft1right Maxwell

theory in fourdimensions has at least two V11 1form
symmetries with generators

expleftialphaint_T2FBrightMalphaleftSigma2rightexpleft2piialphaint_Sigma211FrightEalphaleftSigma2rightexpleftalphaint_Sigma2Fright
and chargedobjects nint_Sigma2F2whireSigma2linhsgamma

Hnleftgammarightexpleftiqint_gammaADrightWqleftgammaright
Open surfacewhere weitgte BF intheintermediateformulation

RightarrowleftBFrightndeltaleftSigmarightBnFDRightarrowFDdeltaleftSigmarightRightarrowdFDneq0 so we needtochangethe
nature ofAD to includedisorder on gammafracdeltaSdeltaB0 as youmightexpectExercise writedown Ealpha MalphaWf andHn andcompute their linkinginthe intermediateform



Goldstone's theorem forhigherformsymmetries
Polyakov 80 KovnerRosenstein Eliezer 91 Kourer Rosenstein92

Gaiotto Kapustin Seiberg Willett

Lake 1802 07747 Iqbal Hofman 1802 0951238
Consider an extendedoperator such as Wqleftgammaright which has
perinet law largeperimeter

eTlogtlleftgammaright perimeter lawleftlangleWqleftgammarightrightrangle
Note here y is taken to be topologically trivial so wqleftgammaright
has net 0 charge Computation in chapter82ofSednicki
Consider a Wilson loop of the form

a UVcutoff
with ears a Then the

z expectation valueofthe loop is dominated
by ezH in the presenceof changedinsertions
In QED we have a potential Vleftrrightsimfrac1r
so thecontribution to the energy is

Hsimfrac1rfrac1a with a some cutoff
dependentselfenergy S0leftlangleWleftrrightrightrangleexpleftleftfrac1rfrac1arightzright
In the limitof re7 laze r the ten depending on a dominates

We can define a renormalisedoperator overlineWqleftgammarightWleftgammarightefrac1alargtLleftgammaright
so that forthe geometryabove

Withsome
appropriate
choicesleftlangleoverlinevqleftgammarightrightranglesimexpleftfraczrfracnarightsim1

Note any finitenonzero vev in the r z infty limit willdo
I 6



timedirectio
Consider now our spacetime to be mathbbR4 and gammamathbbR 1he

equation above still holds andadditionallyoverlineWqleftgammaright is charged
under EalphaleftSr2right with Sr2 a sphere aroundthe origin

sladius
in the spatial mathbbR3 We have

leftlangleEalphaleftsr2rightoverlinewqleftgammarightrightrangleleftlangleeiqalphaoverlinewqleftgammarightrightrangleeiqalpha
Taking the derivative with respect to α on bothsides

this implies

int_Sv2leftlangleFleftxrightoverlineWqleftgammarightrightrangledOmegaiq
So the left handside is constant Due to the rotational

symmetry of the configuration in
mathbbR3 we musthave

leftlangleFleftxrightoverlineomegaqleftrrightrightranglesimrholeftrright
Since int_Sr2dOmega4pir2 it mustbe that

leftlangleFleftxrightoverlineomegaqleftgammarightrightranglefraciq4pir2
This is a power law correlation which indicates

the presenceof a massless mode mdlgwhtsquare

So there is a massless mode which we identify with the

Goldstone mode What is it We can identify the
Goldstone mode as themode thatshiftslinearlyunder the

spontaneously broken symmetry By construction EalphaleftSigma2right

shifts A linearly so this is the Goldstone mode

QED In QED Maxwell chargedmatter we no

longerhave the electric Uleft1right symmetry EalphaleftSigma2rightealphaint_Sigma2F
because d 1 je with jeneq0 the electric current



J

Alternatively heavy probe particles can decay into
dynamic excitations so the Wilso line can break so it

Saysomethingabout
particlesofchangego1cannot carry

conservedchanges

wqleftrright Wfgd

l
But as long as we don't havedynamicalmonopoles

Malphalefttau2right is still an spontaneously broken u1

symmetry so the argumentabove mostly applies The

only difficulty is that we naturallyget AD from theshifting
argument but thisobject is not welldefinedin theusualpresentation

Compute 0leftFright photo to see that the photon is

the desired Goldstone Exerci


