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Neural networks and uncertainties

Neural networks

· nothing but numerically evaluated functions
regression x → f (x)
classification x → p(x) ∈ [0, 1]
generation x → pX (x) with sampled x ∼ N
· constructed through minimization of loss function

· Error bars making us scientists x → f (x)±∆f (x)?
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Uncertainties

Kinds of uncertainties

· statistical uncertainties [Poisson, Gauss, vanishing for large stats]

· systematic uncertainties [nuisance parameter]

reference measurement elsewhere [Gauss, transferred statistical uncertainty]

detector efficiency [distribution from simulations]

unknown stuff [distribution unknown]

· theory: nuisance parameter
no frequentist interpretation
no transformation invariance, range [σ → 1/σ → log σ]

· reduction of exclusive likelihood
Bayesian: integrate out nuisance parameter
likelihood/frequentist: profile over nuisance parameter
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Uncertainties

Kinds of uncertainties

· statistical uncertainties [Poisson, Gauss, vanishing for large stats]

· systematic uncertainties [nuisance parameter]

reference measurement elsewhere [Gauss, transferred statistical uncertainty]

detector efficiency [distribution from simulations]

unknown stuff [distribution unknown]

· theory: nuisance parameter
no frequentist interpretation
no transformation invariance, range [σ → 1/σ → log σ]

NN with uncertainties

· regression: pT of jet from constituents, error bar?
classification: probability of Higgs event, error bar?
generation: phase space density for large /pT , error bar?

· standard LHC approach
train black box on Monte Carlo
calibrate with reference data

→ Try to do better...
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A tale of four theses

David MacKay (1991)

· Bayesian methods [posterior=likelihood*prior/evidence]

P(M|D) =
P(D|M)P(M)

P(D)

· Bayesian networks for inference
data modelling through parameters w

P(w|D,M) =
P(D|w,M)P(w|M)

P(D|M)

· Occam factor for model evidence [posterior/prior volume]

· technically: Gaussian weight distributions?
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A tale of four theses

David MacKay (1991)

· Bayesian methods [posterior=likelihood*prior/evidence]

P(M|D) =
P(D|M)P(M)

P(D)

· Bayesian networks for inference
data modelling through parameters w

P(w|D,M) =
P(D|w,M)P(w|M)

P(D|M)

· technically: Gaussian weight distributions?

Radford Neal (1995)

· deep Bayesian networks [regression, classification]

· beyond Gaussian approximation

· hybrid Monte Carlo sampling

· technically: avoid overtraining for large BNNs

→ Deep BNNs for inference
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A tale of four theses

Yarin Gal (2016)

· deep learning and uncertainties

· active learning/reinforcement learning

· technically: variational inference

· technically: stochastic regularization

→ BNNs for uncertainty
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Yarin Gal (2016)

· deep learning and uncertainties

· active learning/reinforcement learning

· technically: variational inference

· technically: stochastic regularization

→ BNNs for uncertainty
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A tale of four theses

Yarin Gal (2016)

· deep learning and uncertainties

· active learning/reinforcement learning

· technically: variational inference

· technically: stochastic regularization

→ BNNs for uncertainty

Manuel Haußmann (2021)

· many proper derivations

· active learning, reinforcement learning

· stochastic differential equations

· technically: BNN variational inference
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Jet regression

Jet properties with uncertainties

· train many networks
different architectures/hyperparameters
different trainings
different initalizations
different data sets

· histogram network output f (x), use f (x)±∆f (x)

· remember NN function fω(x) described by weights ω

→ Bayesian network ∆fω(x) from ∆ωj

Energy measurement for jet j

· expectation value from probability distribution

〈E〉 =

∫
dE E p(E)

· Bayesian network
sample weight distributions p(ω|T )

p(E) =

∫
dω p(E|ω) p(ω|T )
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Likelihood loss

Replacing the MSE

· start from variational approximation [think q(ω) as Gaussian with mean and width]

p(E) =

∫
dω p(E|ω) p(ω|T ) ≈

∫
dω p(E|ω) q(ω)

· similarity through minimal KL-divergence [Bayes’ theorem to remove unknown posterior]

KL[q(ω), p(ω|T )] =

∫
dω q(ω) log

q(ω)

p(ω|T )

=

∫
dω q(ω) log

q(ω)p(T )

p(T |ω)p(ω)

= KL[q(ω), p(ω)]−
∫

dω q(ω) log p(T |ω) + log p(T )

∫
dω q(ω)

= KL[q(ω), p(ω)]−
∫

dω q(ω) log p(T |ω) + log p(T )

· well-defined evidence lower bound (ELBO)

log p(T ) = KL[q(ω), p(ω|T )]− KL[q(ω), p(ω)] +

∫
dω q(ω) log p(T |ω)

≥
∫

dω q(ω) log p(T |ω)− KL[q(ω), p(ω)]

→ loss with likelihood p(T |ω) and prior p(ω)

L = −
∫

dω q(ω) log p(T |ω) + KL[q(ω), p(ω)]



BNNs

Tilman Plehn

Basics

Regression

Classification

Generation

Link to standard networks

Regularization and dropout

· Gaussian prior

KL[qµ,σ(ω), pµ,σ(ω)] =
σ2

q − σ
2
p + (µq − µp)2

2σ2
p

+ log
σp

σq

· deterministic network q(ω)→ δ(ω − ω0)

L ≈ − log p(T |ω0) +
(µp − ω0)2

2σ2
p

+ const

standard network with fixed L2-regularization

→ deterministic counterpart

· Monte-Carlo dropout
meant to reduce overfitting
remove random weights during training
loss with Bernoulli distribution [weight xω0 = 0, ω0]

L = −
∫

dx
[
ρ

x (1− ρ)1−x
]

x=0,1
log p(T |xω0) ≈ −ρ log p(T |ω0)

→ trivial version of variational training
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Weight sampling

Weight space

· expectation value using trained network q(ω)

〈E〉 =

∫
dEdω E p(E|ω) q(ω)

≡
∫

dω q(ω)E(ω) with E(ω) =

∫
dE E p(E|ω)

· output variance

σ
2
tot =

∫
dEdω (E − 〈E〉)2 p(E|ω) q(ω)

=

∫
dω q(ω)

[
E2(ω)− 2〈E〉E(ω) + 〈E〉2

]
=

∫
dω q(ω)

[
E2(ω)− E(ω)2 +

(
E(ω)− 〈E〉

)2
]
≡ σ2

stoch + σ
2
pred

Two uncertainties
· contribution vanishing for q(ω)→ δ(ω − ω0)

σ
2
pred =

∫
dω q(ω)

[
E(ω)− 〈E〉

]2

· contribution in weight space

σ
2
stoch ≡ σ

2
model =

∫
dω q(ω)

[
E2(ω)− E(ω)2

]
=

∫
dω q(ω) σstoch(ω)2
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Implementation

Approximations and implementation

· network output in weight and phase space

BNN : x, ω →
(

E(ω)
σstoch(ω)

)
· Gaussian weights & likelihood

L =

∫
dω qµ,σ(ω)

∑
jets j


∣∣∣E j (ω)− E truth

j

∣∣∣2
2σstoch,j (ω)2

+ log σstoch,j (ω)


+
σ2

q − σ
2
p + (µq − µp)2

2σ2
p

+ log
σp

σq

· heterostedastic loss, deterministic network

L =
∑
jets j


∣∣∣E j (ω0)− E truth

j

∣∣∣2
2σstoch,j (ω0)2

+ log σstoch,j (ω0)


· supervised uncertainties

training statistics
stochastic training data
systematics from data
label augmentations
model limitations
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Jet measurements with error bars

Measure pT ,t of hadronically decaying top [Kasieczka, Luchmann, Otterpohl, TP]

· BNN regression pT ,t

pT of (fat) jet decent estimate for ptruth
T ,t

· non-Gaussian truth label
symmetric in ISR-jet ‘QCD heat bath’
without ISR jets need for correction

400 500 600 700 800 900
ptruth

T, t  [GeV]

0.000

0.002

0.004

0.006

0.008

0.010

0.012

0.014

No
rm
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d

with ISR

without ISR

pT, j = 600...620 GeV
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Jet measurements with error bars

Measure pT ,t of hadronically decaying top [Kasieczka, Luchmann, Otterpohl, TP]

· BNN regression pT ,t

pT of (fat) jet decent estimate for ptruth
T ,t

· non-Gaussian truth label
symmetric in ISR-jet ‘QCD heat bath’
without ISR jets need for correction

· training sample size
separate σstoch � σpred
statistics not the problem [LHC theme]

noisy label inherent limitation
checked with deterministic networks 104 105
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Frequentist
   Dropout
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Jet measurements with error bars

Measure pT ,t of hadronically decaying top [Kasieczka, Luchmann, Otterpohl, TP]

· BNN regression pT ,t

pT of (fat) jet decent estimate for ptruth
T ,t

· non-Gaussian truth label
symmetric in ISR-jet ‘QCD heat bath’
without ISR jets need for correction

· training sample size
separate σstoch � σpred
statistics not the problem [LHC theme]

noisy label inherent limitation
checked with deterministic networks

· non-Gaussian network output
remember ptruth

T ,t non-Gaussian
model p(T |ω) as Gaussian mixture
weight distribution q(ω) still Gaussian

500 600 700 800 900
pT, t [GeV]

0.000

0.005

0.010

0.015

No
rm

al
ize

d 68%

pT, j = 600...620 GeV
truth
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Data augmentation

Calibration means error propagation

· calibration means label measured elsewhere [with error]

· training on smeared data?
training with smeared labels!

· Gaussian noise over label
· added to the stochastic uncertainty

σ
2
tot = σ

2
stoch + σ

2
pred

= σ
2
stoch,0 + σ

2
cal + σ

2
pred

→ error extracted correctly 0 20 40 60 80 100 120
smear [GeV]

0

20

40

60

80

100

120

ca
l [

Ge
V]

pT, j = 600...620 GeV
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Data augmentation

Calibration means error propagation

· calibration means label measured elsewhere [with error]

· training on smeared data?
training with smeared labels!

· Gaussian noise over label
· added to the stochastic uncertainty

σ
2
tot = σ

2
stoch + σ

2
pred

= σ
2
stoch,0 + σ

2
cal + σ

2
pred

→ error extracted correctly 0 20 40 60 80 100 120
smear [GeV]

0

20

40

60

80

100

120

ca
l [

Ge
V]

pT, j = 600...620 GeV

Jet regression bottom lines

· BNN regressionion working

· statistical uncertainty controlled

· stochastic uncertainty sizeable

· non-Gaussian output working

· training-data augmentation

· calibration straighforward
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Precision amplitudes

Loop amplitudes gg → γγg(g) [Badger, Butter, Luchmann, Pitz, TP]

· amplitudes A over phase space points xj — simple regression

· weight-dependent pull
Aj (ω)− Atruth

j

σmodel,j (ω)

· training data exact in x and A
· improvement→ interpolation by weighting [by pull or σ]

L =

∫
dω qµ,σ(ω)

∑
points j

nj ×


∣∣∣Aj (ω)− Atruth

j

∣∣∣2
2σmodel,j (ω)2

+ log σmodel,j (ω)

 · · ·
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(ANN-A) / model
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Precision amplitudes

Loop amplitudes gg → γγg(g) [Badger, Butter, Luchmann, Pitz, TP]

· amplitudes A over phase space points xj — simple regression

· weight-dependent pull
Aj (ω)− Atruth

j

σmodel,j (ω)

· training data exact in x and A
· improvement→ interpolation by weighting [by pull or σ]

L =

∫
dω qµ,σ(ω)

∑
points j

nj ×


∣∣∣Aj (ω)− Atruth

j

∣∣∣2
2σmodel,j (ω)2

+ log σmodel,j (ω)

 · · ·

Precision regression

· quality of network amplitudes

∆(train/test)
j =

〈A〉j − Atrain/test
j

Atrain/test
j

→ Beyond fit-like regression
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Precision amplitudes

Loop amplitudes gg → γγg(g) [Badger, Butter, Luchmann, Pitz, TP]

· amplitudes A over phase space points xj — simple regression

· weight-dependent pull
Aj (ω)− Atruth

j

σmodel,j (ω)

· training data exact in x and A
· improvement→ interpolation by weighting [by pull or σ]

L =

∫
dω qµ,σ(ω)

∑
points j

nj ×


∣∣∣Aj (ω)− Atruth

j

∣∣∣2
2σmodel,j (ω)2

+ log σmodel,j (ω)

 · · ·

Precision regression

· quality of network amplitudes

∆(train/test)
j =

〈A〉j − Atrain/test
j

Atrain/test
j

→ Beyond fit-like regression 10 3

10 2

10 1

d
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g
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Classification problem

‘Hello world’ of LHC-ML
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Classification problem

Top tagging with uncertainties [Bollweg, Hausßmann, Kasiecka, Luchmann, TP, Thompson]

· (60±??)% top vs gluon probability
· Bayesian classification network

p(c) =

∫
dω p(c|ω) p(ω|T )

≈
∫

dω p(c|ω) q(ω)

· advantage: parton content not stochastic
complication: output in closed interval [0, 1]

Sigmoid(x) =
ex

1 + ex
⇔ Sigmoid−1(x) = log

x
1− x

· Gaussian to classification output

µpred =

∫ ∞
−∞

dω Sigmoid(ω) Gµ,σ(ω)

=

∫ 1

0
dx

x
x(1− x)

Gµ,σ
(

log
x

1− x

)
∈ [0, 1]

→ correlation σpred vs µpred

σpred ≈ µpred
(
1− µpred

)
σ

Gauss
pred
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Jet classification with error bars

BNN Top tagging

· data: QCD and top jets [pT = 550 ... 600 GeV]

jet image [DeepTop/CNN]

ordered constituents [LoLa]

· performance BNN vs deterministic
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Jet classification with error bars

BNN Top tagging

· data: QCD and top jets [pT = 550 ... 600 GeV]

jet image [DeepTop/CNN]

ordered constituents [LoLa]

· performance BNN vs deterministic

· prior independence [LHC means frequentist]

σprior 10−2 10−1 1 10 100 1000

AUC 0.5 0.9561 0.9658 0.9668 0.9669 0.9670
error — ±0.0002 ±0.0002 ±0.0002 ±0.0002 ±0.0002
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Jet classification with error bars

BNN Top tagging

· data: QCD and top jets [pT = 550 ... 600 GeV]

jet image [DeepTop/CNN]

ordered constituents [LoLa]

· performance BNN vs deterministic

· prior independence [LHC means frequentist]

σprior 10−2 10−1 1 10 100 1000

AUC 0.5 0.9561 0.9658 0.9668 0.9669 0.9670
error — ±0.0002 ±0.0002 ±0.0002 ±0.0002 ±0.0002

· µ− σ parabola correlation
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Jet classification with error bars

BNN Top tagging

· data: QCD and top jets [pT = 550 ... 600 GeV]

jet image [DeepTop/CNN]

ordered constituents [LoLa]

· performance BNN vs deterministic

· prior independence [LHC means frequentist]

σprior 10−2 10−1 1 10 100 1000

AUC 0.5 0.9561 0.9658 0.9668 0.9669 0.9670
error — ±0.0002 ±0.0002 ±0.0002 ±0.0002 ±0.0002

· µ− σ parabola correlation

· training statistics
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Data augmentation

Shifted energy scale

· test on augmented data [specific systematics]

shift leading pixed by −10% ... + 10%
effect on σpred only after sigmoid
adversarial attack [hierarchical subjets = top]
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Data augmentation

Shifted energy scale

· test on augmented data [specific systematics]

shift leading pixed by −10% ... + 10%
effect on σpred only after sigmoid
adversarial attack [hierarchical subjets = top]

· test on noisy data
20-40% noise on constituents
minor effect before sigmoid
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Data augmentation

Shifted energy scale

· test on augmented data [specific systematics]

shift leading pixed by −10% ... + 10%
effect on σpred only after sigmoid
adversarial attack [hierarchical subjets = top]

· test on noisy data
20-40% noise on constituents
minor effect before sigmoid

· test with noise events [pile-up]

increased error for constituent architecture
instability for image architecture
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Data augmentation

Shifted energy scale

· test on augmented data [specific systematics]

shift leading pixed by −10% ... + 10%
effect on σpred only after sigmoid
adversarial attack [hierarchical subjets = top]

· test on noisy data
20-40% noise on constituents
minor effect before sigmoid

· test with noise events [pile-up]

increased error for constituent architecture
instability for image architecture

· train on augmented data
10% noise on constituents
augmented training softening adversarial attack
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Data augmentation

Shifted energy scale

· test on augmented data [specific systematics]

shift leading pixed by −10% ... + 10%
effect on σpred only after sigmoid
adversarial attack [hierarchical subjets = top]

· test on noisy data
20-40% noise on constituents
minor effect before sigmoid

· test with noise events [pile-up]

increased error for constituent architecture
instability for image architecture

· train on augmented data
10% noise on constituents
augmented training softening adversarial attack

→ Jet classification bottom lines
BNN classification working
statistical uncertainy controlled
sigmoid output leading pattern
training- and test-data augmentation



BNNs

Tilman Plehn

Basics

Regression

Classification

Generation

Generation problem

Unsupervised Bayesian networks [Bellagente, Haußmann, Luchmann, TP]

· data: event sample [points in 2D space]

learn phase space density
normalizing flow mapping to latent space [INN]

standard distribution in latent space [Gaussian]

mapping bijective
sample from latent space

· Bayesian version
allow weight distributions
learn uncertainty map

· 2D wedge ramp

p(x) = ax + b = ax +
1− a

2 (x2
max − x2

min)

xmax − xmin

(∆p)2 =

(
x −

1
2

)2
(∆a)2

+

(
1 +

a
2

)2
(∆xmax)2 +

(
1−

a
2

)2
(∆xmin)2

explaining minimum in σpred(x)

0.5

1.0

1.5

N
or

m
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ed
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Truth

±σpred
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Fit: ∆a = 0.09, ∆xmax = 0.01

σpred

±δσpred
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Generation problem

Unsupervised Bayesian networks [Bellagente, Haußmann, Luchmann, TP]

· data: event sample [points in 2D space]

learn phase space density
normalizing flow mapping to latent space [INN]

standard distribution in latent space [Gaussian]

mapping bijective
sample from latent space

· Bayesian version
allow weight distributions
learn uncertainty map

· 2D wedge ramp

· kicker ramp

· Gaussian ring [µ = 4, w = 1]

∆p =

∣∣∣∣G(r)

r
µ− r

w2

∣∣∣∣2 (∆µ)2 +

∣∣∣∣∣ (r − µ)2

w3
−

1
w

∣∣∣∣∣
2

(∆w)2

explaining dip in σpred(x)

0.00

0.01

0.02

0.03

N
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Truth

±σpred
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Fit: ∆µ = 0.04 σpred

±δσpred

σpred

±δσpred
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Generation problem

Unsupervised Bayesian networks [Bellagente, Haußmann, Luchmann, TP]

· data: event sample [points in 2D space]

learn phase space density
normalizing flow mapping to latent space [INN]

standard distribution in latent space [Gaussian]

mapping bijective
sample from latent space

· Bayesian version
allow weight distributions
learn uncertainty map

· 2D wedge ramp

· kicker ramp

· Gaussian ring [µ = 4, w = 1]

∆p =
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→ INNs just (non-parametric) fits
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Bayesian networks

Initially developed for inference they work for...

...regression with error bars

...classification with error bars

...generation with error bars

http://www.thphys.uni-heidelberg.de/~plehn/pics/modern_ml.pdf
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