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Quantum State Tomography with Conditional Generative Adversarial Networks
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Hopfield Networks
Restricted Boltzmann Machines
Variational Autoencoders

Torlai and RGM, Phys. Rev. B 94, 165134 (2016)

Carleo, Troyer Science 355, 602 (2017)
S. Wetzel, arXiv:1703.02435

RGM, Carleo, Carrasquilla, Cirac, Nature Physics 15, 887 (2019)

Generative Models   

Implicit Density

Explicit Density

hj = 0, 1
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Tractable Density

Approximate Density

Recurrent neural networks
Transformers
Autoregressive models

Carrasquilla, Torlai, RGM, Aolita, Nature Machine Intelligence 1, 155 (2019)

Sharir, Levine, Wies, Carleo, Shashua, Phys. Rev. Lett. 124, 020503 (2020) 

Cha, Ginsparg, Wu, Carrasquilla, L. McMahon, Kim, arXiv:2006.12469

Hibat-Allah, Ganahl, Hayward, RGM, and Carrasquilla, Phys. Rev. Research 2, 023358 (2020)
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x h

xi = 0, 1 hj = 0, 1

bi
cj

� = {W, b, c}

p� =
1

Z�
e�E�(x,h)

model parameters

joint probability distribution

Smolensky, Hinton, Salakhutdinov, BengioRestricted Boltzmann Machine

Like a Hopfield network, RBMs are “energy-based” models:

E�(x,h) = �
X

ij

Wijxihj �
X

i

bixi �
X

j

cjhj

“Training” means tuning the machine parameters     
to get the marginal distribution              to 
approximate the (unknown) target distribution

p�(x)

p�(x) =
X

h

p�(x,h)

visible units hidden unitsN nh

Wij



Block Gibbs Sampling

RBM: being “restricted” is a special property that allows sampling one layer 
at a time.

x0 ! h0 ! x1 ! h1 ! · · · ! xk ! hk

..
.

..
.

x h

N nh

p�(h|x) =
p�(x,h)

p�(x)
=

Y

j

p(hj |x)p�(x|h) =
p�(x,h)

p�(h)
=

Y

i

p(xi|h)

p(xi = 1|h) = �
�X

j

Wijhj + bi
�

p(hj = 1|x) = �
�X

i

Wijxi + cj
�} The firing rate of a 

(stochastic) neuron
�(z) =

1

1 + e�z

Sigmoid function

Each layer is updated with conditional probabilities



Define an optimization problem: minimize the Kullback-Leibler divergence

G. Hinton, Neural computation 14, 1771 (2002)

Training means tuning the machine parameters to minimize the difference between the 
marginal distribution                               and the (unknown) physical “target” distribution

Training the RBM

p�(x) =
X

h

p�(x,h)

KL(p||p�) =
X

x

p(x) log
p(x)

p�(x)
� 0

• A non-symmetric measure of the distance between two distributions 
• Always positive, and zero iff

the entropy of depends on the parameters over which to optimize

Equivalent to maximizing the “log-likelihood”

= �hlog p�(x)ip ⇡ �
X

i

log p�(xi)

p

L = hlog p�(x)ip

p = p�

p(x) p�(x)

KL(p||p�) =
X

x

p(x) log p(x)�
X

x

p(x) log p�(x)
X

x

p(x) log p(x) �
X

x

p(x) log p�(x)



“Contrastive Divergence”

Stochastic Gradient Descent
The optimization landscape is thus obtained - minimize using gradient 
descent 

� = {W, b, c}
The full gradient is too costly to calculate.  Instead sample some number m of your 
dataset, and perform stochastic gradient descent

“mini-batch” size = m

�0 = �� ⌘rL

1

m

mX

j=1

rL(xj) ⇡ rL

• The first term is computationally easy to calculate. 

• The second term is hard.  Requires a MCMC to generate 
samples from the station distribution of the machine.  In practice 
a short chain of k steps is run

@ logL
@�

= �
X

h

p(h|x)@E
@�

+
X

x,h

p(x,h)
@E

@�

@L
@�

CDk



Stochastic Gradient Descent

steps

�

p(�)

KL

Exact
10 steps
500 steps

a

b

Example: 1D Ising model with 6 spins, trained using CD5

steps

�

p(�)

KL

Exact
10 steps
500 steps

a

b

Torlai and RGM, Phys. Rev. B 94, 165134 (2016)

KL not possible to calculate in the general case for larger N.

Other metrics, like physical observables, could be used to validate the training…



After the training is complete, and the weights and biases are stationary, 
one can use Block Gibbs sampling to produce new configurations

Sampling the RBM

x0 ! h0 ! x1 ! h1 ! · · · ! xk ! hk ..
.

..
.

x h

N nh

Restrict the observable to the visible layer only O = Ox

⇡ hOiphysical

p�(x) ! p(x)

hOijoint =
X

x

Ox

X

h

p�(x, h)

hOijoint =
1

Z

X

x,h

O · p�(x, h)

Can ask, how well do physical estimators calculated in this way match the exact values?  How does this 
depend on the number of parameters in the machine for a given system size,



Results from the generative model, after training:

exact

Torlai and RGM, Phys. Rev. B 94, 165134 (2016)

Learning Thermodynamics of the Ising model

N = 64

Note: The number of measurements required for training & sampling also affects efficiency 

hOi =
1

NMCS

X

x

Ox

This shows us in this example that the number of hidden units required for accurate generative modelling is 
approximately the same as the number of hidden units.

See: Chen, Cheng, Xie, Wang, Xiang, Phys. Rev. B 97, 085104 (2018)

x from standard MCMC 
         = “exact” 



Train with samples in the       basis

Torlai, Mazzola, Carrasquilla, Troyer, RGM, Carleo, Nature Physics (2018). 
doi:10.1038/s41567-018-0048-5, arXiv:1703.05334

In the case where the wavefunction is 
real and positive in a certain basis

Learning wavefunctions 1

Sz and afterwords calculate estimators from 
samples produced on the trained machine

hO
OD

i =
X

xx0

p
p�(x)

p
p�(x0)Oxx0 =

X

x

p�(x)
X

x0

p
p�(x0)p
p�(x)

Oxx0

hO
D
i =

X

x

p�(x)Ox “local” estimator

 �(x) /
p

p�(x)

S2(⇢A) = � log
⇥
Tr(⇢2A)

⇤
Entanglement entropy:

Hastings, Gonzalez, Kallin, RGM, Phys. Rev. Lett 104, 157201 (2010)



Torlai, Mazzola, Carrasquilla, Troyer, RGM, Carleo, Nature Physics (2018). 
doi:10.1038/s41567-018-0048-5, arXiv:1703.05334Learning wavefunctions 2

For a more generic wavefunction with amplitude and phase, represent both with 
hidden units

Now, different bases are needed to estimate both the amplitude and phases of the target state.

 �,µ(x) /
p
p�(x)e

i�µ(x)

L =
NbX

b

X

xb

log | �,µ(xb)|2
Nb = number of bases

state rotated into basis b with the appropriate unitary

r�L rµLFrom this, calculate            and            , use stochastic gradient descent, etc.

In practice, training is done in two stages: learning of amplitude first, then optimization of the phase 
parameters.

x



x

x0

Learning mixed states
In many experimental setups, quantum states are difficult to isolate, and can be entangled 
with the environment: one cannot assume purity

Can extend our RBM to represent mixed states described by 
density matrices

 �,µ(x,a) /
p
p�(x,a)e

i�µ(x,a)

⇢�,µ(x,x
0) =

X

a

 �,µ(x,a) 
⇤
�,µ(x

0,a)

Everything we need for quantum state tomography

example: Bell state with a global depolarizing 
channel, 50% error probability 

FRBM = 0.9992

FMaxLik = 0.9985

Torlai and RGM, arXiv:1801:09684

x



Rydberg atom arrays

• Atoms can be in their ground state, or an excited state with a large principle 
quantum number (a Rydberg state).  They form a strongly-interacting system. 

• Single-atom resolved fluorescent imaging provides projective measurements 

• Arrays of atoms are currently used for simulation (groundstates, critical phenomena), 
solving combinatorial optimization problems 

• Neutral atoms (Rb, Sr) are loaded into a lattice 
formed by an array of optical tweezers



Rydberg Blockade Hamiltonian

H = ⌦
X

i

�
x
i ��

X

i

ni +
X

i<j

Vijninj

�x = |gihr|+ |rihg| n = |rihr|

Jaksch, Cirac, Zoller, Rolston, Cote, Lukin, Phys. Rev. Lett. 85, 2208 (2000)
Lukin, Fleischhauer, Cote, Duan, Jaksch, Cirac, Zoller, Phys. Rev. Lett. 87, 037901 (2001)
Fendley, Sengupta, Sachdev, Phys. Rev. B 69, 075106 (2004)

Browaeys, Lahaye, Nature Physics 16, 132 (2020)

V (R) =
⌦

(R/Rb)6

• Two atoms within the blockade radius cannot both 
be excited into a Rydberg state simultaneously 

• Lattice geometry crucially affects physics



Experimental lattices

Barredo, Lienhard, de Léséleuc, Lahaye, Browaeys
Nature 561, (2018)

Semeghini et. al. arXiv:2104.04119
Science, 374, 1242 (2021)

Ebadi et. al. arXiv:2012.12281 
Nature 595, 227 (2021)

Scholl et al. arXiv:2012.12268 
Nature 595, 233 (2021)



Data driven state reconstruction

The availability of high quality projective measurement data allows for state 
reconstruction, e.g. through the KL divergence or maximum likelihood methods

x1 = (1, 0, 0, 1, 1, 1, 0, 0, 0, 0, · · · , 1)
x2 = (1, 1, 1, 0, 1, 1, 0, 1, 1, 1, · · · , 1)
x3 = (0, 1, 1, 0, 0, 1, 0, 1, 0, 1, · · · , 0)

..
. }D

qubit projective measurement data

distributed according to Born rule,  p(x)

<latexit sha1_base64="bmHj8Uk56DbOSYdpZScm4nqkBGc=">AAAB53icdVDLSgMxFL1TX7W+qi7dhBahIgwzVbDdFd24rGAf2Cklk2ba0ExmSDJiGfoNbkTcKPo3/oJ/Y9rqoj4OBA7nnHDvuX7MmdKO82FllpZXVtey67mNza3tnfzuXlNFiSS0QSIeybaPFeVM0IZmmtN2LCkOfU5b/uhi6rduqVQsEtd6HNNuiAeCBYxgbaSbuJR6foDuJke9fNGxT6sV56SKfhPXdmYo1gre8SsA1Hv5d68fkSSkQhOOleq4Tqy7KZaaEU4nOS9RNMZkhAc0ne05QYdG6qMgkuYJjWbqQg6HSo1D3yRDrIfqpzcV//I6iQ4q3ZSJONFUkPmgIOFIR2haGvWZpETzsSGYSGY2RGSIJSbanCZnqn/3Q/+TZtl2Hdu9Mjc4hzmycAAFKIELZ1CDS6hDAwgIeIBneLGYdW89Wk/zaMb6+rMPC7DePgEuhY3m</latexit><latexit sha1_base64="LbEByulAngszu4bnHjrdFwksXPA=">AAAB53icdVDLSgMxFL1TX7W+qi7dhBahIgwzKtjuim5cVrAP7JSSSTNtaCYzJBlxKP0GN0XcKPg3/kL/xrTVRX0cCBzOOeHec/2YM6UdZ2plVlbX1jeym7mt7Z3dvfz+QUNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/vB65jcfqFQsEnc6jWknxH3BAkawNtJ9XBp5foAexyfdfNGxLypl57yCfhPXduYoVgve6WRaTWvd/IfXi0gSUqEJx0q1XSfWnRGWmhFOxzkvUTTGZIj7dDTfc4yOjdRDQSTNExrN1aUcDpVKQ98kQ6wH6qc3E//y2okOyp0RE3GiqSCLQUHCkY7QrDTqMUmJ5qkhmEhmNkRkgCUm2pwmZ6p/90P/k8aZ7Tq2e2tucAULZOEIClACFy6hCjdQgzoQEDCBV3izmPVkPVsvi2jG+vpzCEuw3j8BKLOPbA==</latexit><latexit sha1_base64="LbEByulAngszu4bnHjrdFwksXPA=">AAAB53icdVDLSgMxFL1TX7W+qi7dhBahIgwzKtjuim5cVrAP7JSSSTNtaCYzJBlxKP0GN0XcKPg3/kL/xrTVRX0cCBzOOeHec/2YM6UdZ2plVlbX1jeym7mt7Z3dvfz+QUNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/vB65jcfqFQsEnc6jWknxH3BAkawNtJ9XBp5foAexyfdfNGxLypl57yCfhPXduYoVgve6WRaTWvd/IfXi0gSUqEJx0q1XSfWnRGWmhFOxzkvUTTGZIj7dDTfc4yOjdRDQSTNExrN1aUcDpVKQ98kQ6wH6qc3E//y2okOyp0RE3GiqSCLQUHCkY7QrDTqMUmJ5qkhmEhmNkRkgCUm2pwmZ6p/90P/k8aZ7Tq2e2tucAULZOEIClACFy6hCjdQgzoQEDCBV3izmPVkPVsvi2jG+vpzCEuw3j8BKLOPbA==</latexit><latexit sha1_base64="yyOjnp+ki+S/4eK0l5coe7PNfu8=">AAAB53icdVDLSgMxFL1TX7W+qi7dBItQN0PGCra7ohuXFewD21IyaaYNzWSGJCOWod/gRsSNgn/jL/g3pg8X9XEgcDjnhHvP9WPBtcH408msrK6tb2Q3c1vbO7t7+f2Dho4SRVmdRiJSLZ9oJrhkdcONYK1YMRL6gjX90dXUb94zpXkkb804Zt2QDCQPOCXGSndxMe34AXqYnPbyBeyeV8q4VEG/iefiGQqwQK2X/+j0I5qETBoqiNZtD8emmxJlOBVskuskmsWEjsiApbM9J+jESn0URMo+adBMXcqRUOtx6NtkSMxQ//Sm4l9eOzFBuZtyGSeGSTofFCQCmQhNS6M+V4waMbaEUMXthogOiSLU2NPkbPXvfuh/0jhzPex6N7hQvVwcIQtHcAxF8OACqnANNagDBQlP8ApvDncenWfnZR7NOIs/h7AE5/0LK2CMXQ==</latexit>

Goal: use available data to reconstruct the 
quantum state using a generative model

p(x) p�(x)
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Experiment
Exact Diag.
NN recnstr.

“local” estimator

Stoquastic Hamiltonian:

Exact Diagonalization

NN  
reconstruction

Torlai, Timar, van Nieuwenburg, Levine, Omran, Keesling, 
Bernien, Greiner, Vuletić, Lukin, RGM, Endres, 


Phys. Rev. Lett. 123, 230504 (2019)


Rydberg state reconstruction
• one-dimensional chain 
• 3000 projective measurements per detuning parameter 
• assume positively & purity of the state - use RBM
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Experimental reconstruction

• Second Renyi entropy via SWAP
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