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▷ Statistical mechanics / Chemistry

▷ Quantum mechanics (wave functions)

▷ Bayesian statistical modelling

▷ Typically known up to normalization constant

Manipulating high-dimensional probabilistic models:
motivations
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ex: molecular configurations

ex: Astrophysics data modelling
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<latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit>

�↵ = 8.0
<latexit sha1_base64="KoglJtwE8rGrH8OkuLOGIQNlr7s=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIYC9C0YvHCrYWmlAm20m7dPPB7kYsoX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMC1LBlXacb6u0tr6xuVXeruzs7u0f2IfVjkoyybDNEpHIbgAKBY+xrbkW2E0lQhQIfAjGNzP/4RGl4kl8rycp+hEMYx5yBtpIfbvqBaiBeiDSEdAr2qg7fbvm1J056CpxC1IjBVp9+8sbJCyLMNZMgFI910m1n4PUnAmcVrxMYQpsDEPsGRpDhMrP57dP6alRBjRMpKlY07n6eyKHSKlJFJjOCPRILXsz8T+vl+mw4ec8TjONMVssCjNBdUJnQdABl8i0mBgCTHJzK2UjkMC0iatiQnCXX14lnfO669Tdu4ta87qIo0yOyQk5Iy65JE1yS1qkTRh5Is/klbxZU+vFerc+Fq0lq5g5In9gff4AvJ6S7A==</latexit><latexit sha1_base64="KoglJtwE8rGrH8OkuLOGIQNlr7s=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIYC9C0YvHCrYWmlAm20m7dPPB7kYsoX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMC1LBlXacb6u0tr6xuVXeruzs7u0f2IfVjkoyybDNEpHIbgAKBY+xrbkW2E0lQhQIfAjGNzP/4RGl4kl8rycp+hEMYx5yBtpIfbvqBaiBeiDSEdAr2qg7fbvm1J056CpxC1IjBVp9+8sbJCyLMNZMgFI910m1n4PUnAmcVrxMYQpsDEPsGRpDhMrP57dP6alRBjRMpKlY07n6eyKHSKlJFJjOCPRILXsz8T+vl+mw4ec8TjONMVssCjNBdUJnQdABl8i0mBgCTHJzK2UjkMC0iatiQnCXX14lnfO669Tdu4ta87qIo0yOyQk5Iy65JE1yS1qkTRh5Is/klbxZU+vFerc+Fq0lq5g5In9gff4AvJ6S7A==</latexit><latexit sha1_base64="KoglJtwE8rGrH8OkuLOGIQNlr7s=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIYC9C0YvHCrYWmlAm20m7dPPB7kYsoX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMC1LBlXacb6u0tr6xuVXeruzs7u0f2IfVjkoyybDNEpHIbgAKBY+xrbkW2E0lQhQIfAjGNzP/4RGl4kl8rycp+hEMYx5yBtpIfbvqBaiBeiDSEdAr2qg7fbvm1J056CpxC1IjBVp9+8sbJCyLMNZMgFI910m1n4PUnAmcVrxMYQpsDEPsGRpDhMrP57dP6alRBjRMpKlY07n6eyKHSKlJFJjOCPRILXsz8T+vl+mw4ec8TjONMVssCjNBdUJnQdABl8i0mBgCTHJzK2UjkMC0iatiQnCXX14lnfO669Tdu4ta87qIo0yOyQk5Iy65JE1yS1qkTRh5Is/klbxZU+vFerc+Fq0lq5g5In9gff4AvJ6S7A==</latexit><latexit sha1_base64="KoglJtwE8rGrH8OkuLOGIQNlr7s=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIYC9C0YvHCrYWmlAm20m7dPPB7kYsoX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMC1LBlXacb6u0tr6xuVXeruzs7u0f2IfVjkoyybDNEpHIbgAKBY+xrbkW2E0lQhQIfAjGNzP/4RGl4kl8rycp+hEMYx5yBtpIfbvqBaiBeiDSEdAr2qg7fbvm1J056CpxC1IjBVp9+8sbJCyLMNZMgFI910m1n4PUnAmcVrxMYQpsDEPsGRpDhMrP57dP6alRBjRMpKlY07n6eyKHSKlJFJjOCPRILXsz8T+vl+mw4ec8TjONMVssCjNBdUJnQdABl8i0mBgCTHJzK2UjkMC0iatiQnCXX14lnfO669Tdu4ta87qIo0yOyQk5Iy65JE1yS1qkTRh5Is/klbxZU+vFerc+Fq0lq5g5In9gff4AvJ6S7A==</latexit>

�
<latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit>

 
<latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit>
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<latexit sha1_base64="9texU6kT6z4QzQkGTlV/iI0X5xY=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoYKURARdFgVxGcFeoAnhZDpphk4uzEyEUoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz5g4wzqSzr2ygtLa+srpXXKxubW9s75u5eS6a5ILRJUp6KTgCScpbQpmKK004mKMQBp+1gcD2ptx+okCxN7tUwo14M/YSFjIDSlm8euAFVgG98F3gWQc11InbqOpKd+GbVqltT4UWwC6iiQo5vfrm9lOQxTRThIGXXtjLljUAoRjgdV9xc0gzIAPq0qzGBmEpvND1hjI+108NhKvRLFJ66vydGEEs5jAPdGYOK5HxtYv5X6+YqvPRGLMlyRRMyWxTmHKsUT/LAPSYoUXyoAYhg+q+YRCCAKJ1aRYdgz5+8CK2zuq357rzauCriKKNDdIRqyEYXqIFukYOaiKBH9Ixe0ZvxZLwY78bHrLVkFDP76I+Mzx+f15ZG</latexit><latexit sha1_base64="9texU6kT6z4QzQkGTlV/iI0X5xY=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoYKURARdFgVxGcFeoAnhZDpphk4uzEyEUoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz5g4wzqSzr2ygtLa+srpXXKxubW9s75u5eS6a5ILRJUp6KTgCScpbQpmKK004mKMQBp+1gcD2ptx+okCxN7tUwo14M/YSFjIDSlm8euAFVgG98F3gWQc11InbqOpKd+GbVqltT4UWwC6iiQo5vfrm9lOQxTRThIGXXtjLljUAoRjgdV9xc0gzIAPq0qzGBmEpvND1hjI+108NhKvRLFJ66vydGEEs5jAPdGYOK5HxtYv5X6+YqvPRGLMlyRRMyWxTmHKsUT/LAPSYoUXyoAYhg+q+YRCCAKJ1aRYdgz5+8CK2zuq357rzauCriKKNDdIRqyEYXqIFukYOaiKBH9Ixe0ZvxZLwY78bHrLVkFDP76I+Mzx+f15ZG</latexit><latexit sha1_base64="9texU6kT6z4QzQkGTlV/iI0X5xY=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoYKURARdFgVxGcFeoAnhZDpphk4uzEyEUoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz5g4wzqSzr2ygtLa+srpXXKxubW9s75u5eS6a5ILRJUp6KTgCScpbQpmKK004mKMQBp+1gcD2ptx+okCxN7tUwo14M/YSFjIDSlm8euAFVgG98F3gWQc11InbqOpKd+GbVqltT4UWwC6iiQo5vfrm9lOQxTRThIGXXtjLljUAoRjgdV9xc0gzIAPq0qzGBmEpvND1hjI+108NhKvRLFJ66vydGEEs5jAPdGYOK5HxtYv5X6+YqvPRGLMlyRRMyWxTmHKsUT/LAPSYoUXyoAYhg+q+YRCCAKJ1aRYdgz5+8CK2zuq357rzauCriKKNDdIRqyEYXqIFukYOaiKBH9Ixe0ZvxZLwY78bHrLVkFDP76I+Mzx+f15ZG</latexit><latexit sha1_base64="9texU6kT6z4QzQkGTlV/iI0X5xY=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoYKURARdFgVxGcFeoAnhZDpphk4uzEyEUoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz5g4wzqSzr2ygtLa+srpXXKxubW9s75u5eS6a5ILRJUp6KTgCScpbQpmKK004mKMQBp+1gcD2ptx+okCxN7tUwo14M/YSFjIDSlm8euAFVgG98F3gWQc11InbqOpKd+GbVqltT4UWwC6iiQo5vfrm9lOQxTRThIGXXtjLljUAoRjgdV9xc0gzIAPq0qzGBmEpvND1hjI+108NhKvRLFJ66vydGEEs5jAPdGYOK5HxtYv5X6+YqvPRGLMlyRRMyWxTmHKsUT/LAPSYoUXyoAYhg+q+YRCCAKJ1aRYdgz5+8CK2zuq357rzauCriKKNDdIRqyEYXqIFukYOaiKBH9Ixe0ZvxZLwY78bHrLVkFDP76I+Mzx+f15ZG</latexit>

�↵ = 0.0
<latexit sha1_base64="UAyMyXusRSiBx4CJnCdMvCR39EU=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCp7Argl6EoBePEcwDskvoncwmQ2YfzMyKYcmvePGgiFd/xJt/4yTZgyYWdFNUdTM9FaSCK+0431ZpbX1jc6u8XdnZ3ds/sA+rbZVkkrIWTUQiuwEqJnjMWpprwbqpZBgFgnWC8e3M7zwyqXgSP+hJyvwIhzEPOUVtpL5d9QKmkXgo0hGSa+LUnb5dM30OskrcgtSgQLNvf3mDhGYRizUVqFTPdVLt5yg1p4JNK16mWIp0jEPWMzTGiCk/n98+JadGGZAwkaZiTebq740cI6UmUWAmI9QjtezNxP+8XqbDKz/ncZppFtPFQ2EmiE7ILAgy4JJRLSaGIJXc3EroCCVSbeKqmBDc5S+vkvZ53XXq7v1FrXFTxFGGYziBM3DhEhpwB01oAYUneIZXeLOm1ov1bn0sRktWsXMEf2B9/gCwbpLk</latexit><latexit sha1_base64="UAyMyXusRSiBx4CJnCdMvCR39EU=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCp7Argl6EoBePEcwDskvoncwmQ2YfzMyKYcmvePGgiFd/xJt/4yTZgyYWdFNUdTM9FaSCK+0431ZpbX1jc6u8XdnZ3ds/sA+rbZVkkrIWTUQiuwEqJnjMWpprwbqpZBgFgnWC8e3M7zwyqXgSP+hJyvwIhzEPOUVtpL5d9QKmkXgo0hGSa+LUnb5dM30OskrcgtSgQLNvf3mDhGYRizUVqFTPdVLt5yg1p4JNK16mWIp0jEPWMzTGiCk/n98+JadGGZAwkaZiTebq740cI6UmUWAmI9QjtezNxP+8XqbDKz/ncZppFtPFQ2EmiE7ILAgy4JJRLSaGIJXc3EroCCVSbeKqmBDc5S+vkvZ53XXq7v1FrXFTxFGGYziBM3DhEhpwB01oAYUneIZXeLOm1ov1bn0sRktWsXMEf2B9/gCwbpLk</latexit><latexit sha1_base64="UAyMyXusRSiBx4CJnCdMvCR39EU=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCp7Argl6EoBePEcwDskvoncwmQ2YfzMyKYcmvePGgiFd/xJt/4yTZgyYWdFNUdTM9FaSCK+0431ZpbX1jc6u8XdnZ3ds/sA+rbZVkkrIWTUQiuwEqJnjMWpprwbqpZBgFgnWC8e3M7zwyqXgSP+hJyvwIhzEPOUVtpL5d9QKmkXgo0hGSa+LUnb5dM30OskrcgtSgQLNvf3mDhGYRizUVqFTPdVLt5yg1p4JNK16mWIp0jEPWMzTGiCk/n98+JadGGZAwkaZiTebq740cI6UmUWAmI9QjtezNxP+8XqbDKz/ncZppFtPFQ2EmiE7ILAgy4JJRLSaGIJXc3EroCCVSbeKqmBDc5S+vkvZ53XXq7v1FrXFTxFGGYziBM3DhEhpwB01oAYUneIZXeLOm1ov1bn0sRktWsXMEf2B9/gCwbpLk</latexit><latexit sha1_base64="UAyMyXusRSiBx4CJnCdMvCR39EU=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCp7Argl6EoBePEcwDskvoncwmQ2YfzMyKYcmvePGgiFd/xJt/4yTZgyYWdFNUdTM9FaSCK+0431ZpbX1jc6u8XdnZ3ds/sA+rbZVkkrIWTUQiuwEqJnjMWpprwbqpZBgFgnWC8e3M7zwyqXgSP+hJyvwIhzEPOUVtpL5d9QKmkXgo0hGSa+LUnb5dM30OskrcgtSgQLNvf3mDhGYRizUVqFTPdVLt5yg1p4JNK16mWIp0jEPWMzTGiCk/n98+JadGGZAwkaZiTebq740cI6UmUWAmI9QjtezNxP+8XqbDKz/ncZppFtPFQ2EmiE7ILAgy4JJRLSaGIJXc3EroCCVSbeKqmBDc5S+vkvZ53XXq7v1FrXFTxFGGYziBM3DhEhpwB01oAYUneIZXeLOm1ov1bn0sRktWsXMEf2B9/gCwbpLk</latexit>

�
<latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit>

 
<latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit>
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(c) �↵ = 2.2
<latexit sha1_base64="rrTk2nqDfeq34+PswLpAICgvPHc=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHaDoBch6MVjBPOA7BJ6J7PJkNkHM71iWPIrXjwo4tUf8ebfOEn2oIkFDUVVN91dQSqFRsf5ttbWNza3tks75d29/YND+6jS1kmmGG+xRCaqG4DmUsS8hQIl76aKQxRI3gnGtzO/88iVFkn8gJOU+xEMYxEKBmikvl3xAo5APZDpCOg1rdfqfbvq1Jw56CpxC1IlBZp9+8sbJCyLeIxMgtY910nRz0GhYJJPy16meQpsDEPeMzSGiGs/n98+pWdGGdAwUaZipHP190QOkdaTKDCdEeBIL3sz8T+vl2F45eciTjPkMVssCjNJMaGzIOhAKM5QTgwBpoS5lbIRKGBo4iqbENzll1dJu15znZp7f1Ft3BRxlMgJOSXnxCWXpEHuSJO0CCNP5Jm8kjdrar1Y79bHonXNKmaOyR9Ynz+2gpLo</latexit><latexit sha1_base64="rrTk2nqDfeq34+PswLpAICgvPHc=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHaDoBch6MVjBPOA7BJ6J7PJkNkHM71iWPIrXjwo4tUf8ebfOEn2oIkFDUVVN91dQSqFRsf5ttbWNza3tks75d29/YND+6jS1kmmGG+xRCaqG4DmUsS8hQIl76aKQxRI3gnGtzO/88iVFkn8gJOU+xEMYxEKBmikvl3xAo5APZDpCOg1rdfqfbvq1Jw56CpxC1IlBZp9+8sbJCyLeIxMgtY910nRz0GhYJJPy16meQpsDEPeMzSGiGs/n98+pWdGGdAwUaZipHP190QOkdaTKDCdEeBIL3sz8T+vl2F45eciTjPkMVssCjNJMaGzIOhAKM5QTgwBpoS5lbIRKGBo4iqbENzll1dJu15znZp7f1Ft3BRxlMgJOSXnxCWXpEHuSJO0CCNP5Jm8kjdrar1Y79bHonXNKmaOyR9Ynz+2gpLo</latexit><latexit sha1_base64="rrTk2nqDfeq34+PswLpAICgvPHc=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHaDoBch6MVjBPOA7BJ6J7PJkNkHM71iWPIrXjwo4tUf8ebfOEn2oIkFDUVVN91dQSqFRsf5ttbWNza3tks75d29/YND+6jS1kmmGG+xRCaqG4DmUsS8hQIl76aKQxRI3gnGtzO/88iVFkn8gJOU+xEMYxEKBmikvl3xAo5APZDpCOg1rdfqfbvq1Jw56CpxC1IlBZp9+8sbJCyLeIxMgtY910nRz0GhYJJPy16meQpsDEPeMzSGiGs/n98+pWdGGdAwUaZipHP190QOkdaTKDCdEeBIL3sz8T+vl2F45eciTjPkMVssCjNJMaGzIOhAKM5QTgwBpoS5lbIRKGBo4iqbENzll1dJu15znZp7f1Ft3BRxlMgJOSXnxCWXpEHuSJO0CCNP5Jm8kjdrar1Y79bHonXNKmaOyR9Ynz+2gpLo</latexit><latexit sha1_base64="rrTk2nqDfeq34+PswLpAICgvPHc=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHaDoBch6MVjBPOA7BJ6J7PJkNkHM71iWPIrXjwo4tUf8ebfOEn2oIkFDUVVN91dQSqFRsf5ttbWNza3tks75d29/YND+6jS1kmmGG+xRCaqG4DmUsS8hQIl76aKQxRI3gnGtzO/88iVFkn8gJOU+xEMYxEKBmikvl3xAo5APZDpCOg1rdfqfbvq1Jw56CpxC1IlBZp9+8sbJCyLeIxMgtY910nRz0GhYJJPy16meQpsDEPeMzSGiGs/n98+pWdGGdAwUaZipHP190QOkdaTKDCdEeBIL3sz8T+vl2F45eciTjPkMVssCjNJMaGzIOhAKM5QTgwBpoS5lbIRKGBo4iqbENzll1dJu15znZp7f1Ft3BRxlMgJOSXnxCWXpEHuSJO0CCNP5Jm8kjdrar1Y79bHonXNKmaOyR9Ynz+2gpLo</latexit>

�
<latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit>

 
<latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit>

�↵ = 8.0
<latexit sha1_base64="KoglJtwE8rGrH8OkuLOGIQNlr7s=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIYC9C0YvHCrYWmlAm20m7dPPB7kYsoX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMC1LBlXacb6u0tr6xuVXeruzs7u0f2IfVjkoyybDNEpHIbgAKBY+xrbkW2E0lQhQIfAjGNzP/4RGl4kl8rycp+hEMYx5yBtpIfbvqBaiBeiDSEdAr2qg7fbvm1J056CpxC1IjBVp9+8sbJCyLMNZMgFI910m1n4PUnAmcVrxMYQpsDEPsGRpDhMrP57dP6alRBjRMpKlY07n6eyKHSKlJFJjOCPRILXsz8T+vl+mw4ec8TjONMVssCjNBdUJnQdABl8i0mBgCTHJzK2UjkMC0iatiQnCXX14lnfO669Tdu4ta87qIo0yOyQk5Iy65JE1yS1qkTRh5Is/klbxZU+vFerc+Fq0lq5g5In9gff4AvJ6S7A==</latexit><latexit sha1_base64="KoglJtwE8rGrH8OkuLOGIQNlr7s=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIYC9C0YvHCrYWmlAm20m7dPPB7kYsoX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMC1LBlXacb6u0tr6xuVXeruzs7u0f2IfVjkoyybDNEpHIbgAKBY+xrbkW2E0lQhQIfAjGNzP/4RGl4kl8rycp+hEMYx5yBtpIfbvqBaiBeiDSEdAr2qg7fbvm1J056CpxC1IjBVp9+8sbJCyLMNZMgFI910m1n4PUnAmcVrxMYQpsDEPsGRpDhMrP57dP6alRBjRMpKlY07n6eyKHSKlJFJjOCPRILXsz8T+vl+mw4ec8TjONMVssCjNBdUJnQdABl8i0mBgCTHJzK2UjkMC0iatiQnCXX14lnfO669Tdu4ta87qIo0yOyQk5Iy65JE1yS1qkTRh5Is/klbxZU+vFerc+Fq0lq5g5In9gff4AvJ6S7A==</latexit><latexit sha1_base64="KoglJtwE8rGrH8OkuLOGIQNlr7s=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIYC9C0YvHCrYWmlAm20m7dPPB7kYsoX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMC1LBlXacb6u0tr6xuVXeruzs7u0f2IfVjkoyybDNEpHIbgAKBY+xrbkW2E0lQhQIfAjGNzP/4RGl4kl8rycp+hEMYx5yBtpIfbvqBaiBeiDSEdAr2qg7fbvm1J056CpxC1IjBVp9+8sbJCyLMNZMgFI910m1n4PUnAmcVrxMYQpsDEPsGRpDhMrP57dP6alRBjRMpKlY07n6eyKHSKlJFJjOCPRILXsz8T+vl+mw4ec8TjONMVssCjNBdUJnQdABl8i0mBgCTHJzK2UjkMC0iatiQnCXX14lnfO669Tdu4ta87qIo0yOyQk5Iy65JE1yS1qkTRh5Is/klbxZU+vFerc+Fq0lq5g5In9gff4AvJ6S7A==</latexit><latexit sha1_base64="KoglJtwE8rGrH8OkuLOGIQNlr7s=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIYC9C0YvHCrYWmlAm20m7dPPB7kYsoX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMC1LBlXacb6u0tr6xuVXeruzs7u0f2IfVjkoyybDNEpHIbgAKBY+xrbkW2E0lQhQIfAjGNzP/4RGl4kl8rycp+hEMYx5yBtpIfbvqBaiBeiDSEdAr2qg7fbvm1J056CpxC1IjBVp9+8sbJCyLMNZMgFI910m1n4PUnAmcVrxMYQpsDEPsGRpDhMrP57dP6alRBjRMpKlY07n6eyKHSKlJFJjOCPRILXsz8T+vl+mw4ec8TjONMVssCjNBdUJnQdABl8i0mBgCTHJzK2UjkMC0iatiQnCXX14lnfO669Tdu4ta87qIo0yOyQk5Iy65JE1yS1qkTRh5Is/klbxZU+vFerc+Fq0lq5g5In9gff4AvJ6S7A==</latexit>

�
<latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit>

 
<latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit>
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<latexit sha1_base64="9texU6kT6z4QzQkGTlV/iI0X5xY=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoYKURARdFgVxGcFeoAnhZDpphk4uzEyEUoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz5g4wzqSzr2ygtLa+srpXXKxubW9s75u5eS6a5ILRJUp6KTgCScpbQpmKK004mKMQBp+1gcD2ptx+okCxN7tUwo14M/YSFjIDSlm8euAFVgG98F3gWQc11InbqOpKd+GbVqltT4UWwC6iiQo5vfrm9lOQxTRThIGXXtjLljUAoRjgdV9xc0gzIAPq0qzGBmEpvND1hjI+108NhKvRLFJ66vydGEEs5jAPdGYOK5HxtYv5X6+YqvPRGLMlyRRMyWxTmHKsUT/LAPSYoUXyoAYhg+q+YRCCAKJ1aRYdgz5+8CK2zuq357rzauCriKKNDdIRqyEYXqIFukYOaiKBH9Ixe0ZvxZLwY78bHrLVkFDP76I+Mzx+f15ZG</latexit><latexit sha1_base64="9texU6kT6z4QzQkGTlV/iI0X5xY=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoYKURARdFgVxGcFeoAnhZDpphk4uzEyEUoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz5g4wzqSzr2ygtLa+srpXXKxubW9s75u5eS6a5ILRJUp6KTgCScpbQpmKK004mKMQBp+1gcD2ptx+okCxN7tUwo14M/YSFjIDSlm8euAFVgG98F3gWQc11InbqOpKd+GbVqltT4UWwC6iiQo5vfrm9lOQxTRThIGXXtjLljUAoRjgdV9xc0gzIAPq0qzGBmEpvND1hjI+108NhKvRLFJ66vydGEEs5jAPdGYOK5HxtYv5X6+YqvPRGLMlyRRMyWxTmHKsUT/LAPSYoUXyoAYhg+q+YRCCAKJ1aRYdgz5+8CK2zuq357rzauCriKKNDdIRqyEYXqIFukYOaiKBH9Ixe0ZvxZLwY78bHrLVkFDP76I+Mzx+f15ZG</latexit><latexit sha1_base64="9texU6kT6z4QzQkGTlV/iI0X5xY=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoYKURARdFgVxGcFeoAnhZDpphk4uzEyEUoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz5g4wzqSzr2ygtLa+srpXXKxubW9s75u5eS6a5ILRJUp6KTgCScpbQpmKK004mKMQBp+1gcD2ptx+okCxN7tUwo14M/YSFjIDSlm8euAFVgG98F3gWQc11InbqOpKd+GbVqltT4UWwC6iiQo5vfrm9lOQxTRThIGXXtjLljUAoRjgdV9xc0gzIAPq0qzGBmEpvND1hjI+108NhKvRLFJ66vydGEEs5jAPdGYOK5HxtYv5X6+YqvPRGLMlyRRMyWxTmHKsUT/LAPSYoUXyoAYhg+q+YRCCAKJ1aRYdgz5+8CK2zuq357rzauCriKKNDdIRqyEYXqIFukYOaiKBH9Ixe0ZvxZLwY78bHrLVkFDP76I+Mzx+f15ZG</latexit><latexit sha1_base64="9texU6kT6z4QzQkGTlV/iI0X5xY=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoYKURARdFgVxGcFeoAnhZDpphk4uzEyEUoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz5g4wzqSzr2ygtLa+srpXXKxubW9s75u5eS6a5ILRJUp6KTgCScpbQpmKK004mKMQBp+1gcD2ptx+okCxN7tUwo14M/YSFjIDSlm8euAFVgG98F3gWQc11InbqOpKd+GbVqltT4UWwC6iiQo5vfrm9lOQxTRThIGXXtjLljUAoRjgdV9xc0gzIAPq0qzGBmEpvND1hjI+108NhKvRLFJ66vydGEEs5jAPdGYOK5HxtYv5X6+YqvPRGLMlyRRMyWxTmHKsUT/LAPSYoUXyoAYhg+q+YRCCAKJ1aRYdgz5+8CK2zuq357rzauCriKKNDdIRqyEYXqIFukYOaiKBH9Ixe0ZvxZLwY78bHrLVkFDP76I+Mzx+f15ZG</latexit>

<latexit sha1_base64="QZrGo6WeUQb9S5AjqTal5KweHXw="></latexit>

⇢(x) =
1

Z�
e��U(x)

<latexit sha1_base64="dxE+0XfzAdgb5tiUou5Qhu5/as0="></latexit>

⇢(✓|D) =
1

ZD
⇢(D|✓)⇢(✓)



Now that I know the Boltzmann distribution, 
what can I do?

Distribution of physical state:

▷ Next?

o Look for ground states

2

<latexit sha1_base64="QZrGo6WeUQb9S5AjqTal5KweHXw="></latexit>

⇢(x) =
1

Z�
e��U(x)

<latexit sha1_base64="meagO2uoiRSgIiQ3cSDQoSTaFNM="></latexit>

x 2 ⌦ ⇢ RD
e.g. particle positions, field values 

on a lattice etc … 

<latexit sha1_base64="Sj9/EQX0dsKUx7lQc4Vm+FwEI0w="></latexit> x0

U0 = U(x0) = min
x
U(x)

[Jumper et al. Highly accurate protein structure prediction with AlphaFold. Nature, 596(7873), 583–589. (2021)] 



Now that I know the Boltzmann distribution, 
what can I do?

Distribution of physical state:

▷ Next?

o Look for ground states

o Compute equilibrium properties 

• Approximate the partition function
(and derivatives!)

• Sample !

3

<latexit sha1_base64="QZrGo6WeUQb9S5AjqTal5KweHXw="></latexit>

⇢(x) =
1

Z�
e��U(x)

<latexit sha1_base64="meagO2uoiRSgIiQ3cSDQoSTaFNM="></latexit>

x 2 ⌦ ⇢ RD
e.g. particle positions, field values 

on a lattice etc … 

<latexit sha1_base64="Sj9/EQX0dsKUx7lQc4Vm+FwEI0w="></latexit> x0

U0 = U(x0) = min
x
U(x)

<latexit sha1_base64="WC6kREo/PVr1W9PNoUDjbaVHixw="></latexit>

Z� =
Z

⌦
e��U(x)dx

in some models/limits
e.g. mean field limits



▷ Random variable , and density with unknown

▷ Task: Compute expectations

▷ Method: Monte Carlo approximations, generate

such that

In particular if are i.i.d. draws from

▷ Monte Carlo Markov Chains idea to obtain samples: 
Design transition kernel such that 

chain = samples from for    large enough

▷ Importance sampling:
Reweight samples from an “easy” distribution 

Monte Carlo Methods 4
<latexit sha1_base64="lh6UGQsWla3I6kyLdjWVhvcV67w="></latexit>

x 2 ⌦ ⇢ RD
<latexit sha1_base64="08SxM69gLhUdPIzVxzm2Ecv/PzY="></latexit>

⇢(x) =
1

Z e
�U(x) <latexit sha1_base64="PkMTK6PaWHbGjmSY/Cy4iYW4OAo="></latexit>

Z

<latexit sha1_base64="NY+Ia+UyV47U3MnzUvP+Au/63go="></latexit>

E⇢[f (x)] =
Z

⌦
f (x)⇢(x)dx

<latexit sha1_base64="7ajspH5dT2diKkj40hlb1jBv5/A="></latexit>

E⇢[f (x)] = lim
N!1

1

N

NX

i=1

f (xi)

<latexit sha1_base64="lM4g/nkY/TjPJDKo9Bnyj+WYHCk="></latexit>x1, . . . xN , . . .

<latexit sha1_base64="lM4g/nkY/TjPJDKo9Bnyj+WYHCk="></latexit>x1, . . . xN , . . .
<latexit sha1_base64="NH3P2j0Reh5I0WcEylEjbkVUn5k="></latexit>

⇢(x)

[e.g. Liu. Monte Carlo Strategies in Scientific Computing, 2004 – Brooks et al. Handbook of MCMC, 2011]

<latexit sha1_base64="o2no9O6cqcL2dT3OgVkP/7i/3sk="></latexit>

⇡(xt+1|xt)
<latexit sha1_base64="uv46mehgb0041J90w4SSK+CH8B8="></latexit>x0, x1, . . . , xt

<latexit sha1_base64="H2ai9P3Nm3dTd9A65AZ1yZNGc/M="></latexit>

t
<latexit sha1_base64="UEtVkP0GvSk7FY3hWGkYEA2B3xM="></latexit>

⇢(x) / e�U(x)

Are we done already ??

e.g. Gibbs sampling, Metropolis-Hastings 
<latexit sha1_base64="7ouANApFi9BetSjXjBpyn+FeqtE="></latexit>

E⇢[f (x)] ⇡
1

N

NX

i=1

wi f (xi)

xi ⇠ ⇢prop(x)



Outline
1. A couple of important sampling methods

1.1 - Importance sampling 

1.2 - Metropolis-Hasting

2. Unsupervised learning / generative models

2.1 - Latent deep generative models

2.2 - Normalizing flows

3. Combining traditional inference method and learning

3.1 - Variational Inference

3.2 - Adaptive algorithms

4. Will it scale?

4.1 - Local sampling in reparametrized space

4.2 - Local-global sampling 

4.3 - Joining forces with annealing

4.4 - Leveraging physics

5
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1.1 Importance Sampling
▷ Context: with unkown

▷ Task: Compute expectations

▷ Importance sampling

o Samples from proposal distribution

o Self-normalized weights

o Compute

o Asymptotically “unbiased”

6

<latexit sha1_base64="PuVVrSArba9lRo0C3scQMJK6Eko="></latexit>

xi ⇠ ⇢p(xi)

<latexit sha1_base64="Rg1LrA+71/bq6BxzImlXy6x2Quk="></latexit>

E⇢⇤ [f (x)] ⇡
1

N

NX

i=1

wi f (xi)

wi =
⇢⇤(xi)/⇢p(xi)PN
i=1 ⇢⇤(xi)/⇢p(xi)

<latexit sha1_base64="PkMTK6PaWHbGjmSY/Cy4iYW4OAo="></latexit>

Z
<latexit sha1_base64="QxGORYkvxtx8DEIwns32KTe6PDo="></latexit>

⇢⇤(x) =
1

Z e
�U(x)

<latexit sha1_base64="keuVedTEuPyuEBL5HZNRa3v4fzs="></latexit>

E⇢[f (x)] =
Z

⌦
f (x)⇢⇤(x)dx

<latexit sha1_base64="l8I0JpKjwohC9etQf99TvK7N+nI="></latexit>

N !1
<latexit sha1_base64="Su/MQeXZfVmyj8qvdUsDB2Ovyhw="></latexit>

E⇢[f (x)] = lim
N!1

1

N

NX

i=1

wi f (xi)

<latexit sha1_base64="dutjPhbic3pk4VVUwhKbJNqbE44="></latexit>

wi =
e�U(xi )/⇢p(xi)PN
i=1 e

�U(xi )/⇢p(xi)

<latexit sha1_base64="nKsXpR0Fq1r2oVoYGX6XGQPfVNU="></latexit>

⇢p(x)

<latexit sha1_base64="tBcKRAJZTR8qCNR0PjKfn9nyW88="></latexit>

⇢⇤(x)

e.g. Gaussian, factorized, …



71.1 Importance Sampling: did it work?

<latexit sha1_base64="KL+nWqDGGg6kebZEgHddaGSQ2Mw="></latexit>

⇢⇤(x) = e
�U⇤(x)/Z

▷ Look at a concrete example: 2d Muller Brown potential

▷ What can go wrong?

<latexit sha1_base64="PuVVrSArba9lRo0C3scQMJK6Eko="></latexit>

xi ⇠ ⇢p(xi)
<latexit sha1_base64="A+48zMr0xKfKCQz/zMAPjHVIRpI="></latexit>

⇢p(x)

<latexit sha1_base64="dutjPhbic3pk4VVUwhKbJNqbE44="></latexit>

wi =
e�U(xi )/⇢p(xi)PN
i=1 e

�U(xi )/⇢p(xi)



81.1 Importance Sampling: did it work?
<latexit sha1_base64="PuVVrSArba9lRo0C3scQMJK6Eko="></latexit>

xi ⇠ ⇢p(xi)

<latexit sha1_base64="dutjPhbic3pk4VVUwhKbJNqbE44="></latexit>

wi =
e�U(xi )/⇢p(xi)PN
i=1 e

�U(xi )/⇢p(xi)
<latexit sha1_base64="A+48zMr0xKfKCQz/zMAPjHVIRpI="></latexit>

⇢p(x)



▷ Changing the variance now

▷ How will I realize this is happening?  

o Importance weights

o Effective sample size

o All samples “participates”

o Only one “participates” 

91.1 Importance Sampling: did it work?

<latexit sha1_base64="Rg1LrA+71/bq6BxzImlXy6x2Quk="></latexit>

E⇢⇤ [f (x)] ⇡
1

N

NX

i=1

wi f (xi)

wi =
⇢⇤(xi)/⇢p(xi)PN
i=1 ⇢⇤(xi)/⇢p(xi)

<latexit sha1_base64="TxUYUxYvJ4P38KQy/UT3FOAw1NI="></latexit>

ESS =

�PN
i=1 wi

�2
PN
i=1 w

2
i

<latexit sha1_base64="Ggv9XGTTBoiYoVkr3do4ZNYmx8k="></latexit>

ESS =

�PN
i=1 wi

�2
PN
i=1 w

2
i

ESS = N

wi = 1/N 8i
ESS = 1

w1 = 1, w2 = w3 = · · · = 0

<latexit sha1_base64="Ggv9XGTTBoiYoVkr3do4ZNYmx8k="></latexit>

ESS =

�PN
i=1 wi

�2
PN
i=1 w

2
i

ESS = N

wi = 1/N 8i
ESS = 1

w1 = 1, w2 = w3 = · · · = 0

<latexit sha1_base64="Ggv9XGTTBoiYoVkr3do4ZNYmx8k="></latexit>

ESS =

�PN
i=1 wi

�2
PN
i=1 w

2
i

ESS = N

wi = 1/N 8i
ESS = 1

w1 = 1, w2 = w3 = · · · = 0

<latexit sha1_base64="Ggv9XGTTBoiYoVkr3do4ZNYmx8k="></latexit>

ESS =

�PN
i=1 wi

�2
PN
i=1 w

2
i

ESS = N

wi = 1/N 8i
ESS = 1

w1 = 1, w2 = w3 = · · · = 0

<latexit sha1_base64="fzuc66NNSWzXnHSX5HLvp09B/zM="></latexit>)
<latexit sha1_base64="fzuc66NNSWzXnHSX5HLvp09B/zM="></latexit>)

Not too small, not too big ..

Proposal and target need to be well adapted!



▷ Idea: design transition kernel such that chain produces samples 
from for    large enough

▷ Important example: 

1.2 Markov Chain Monte Carlo 10

[e.g. Liu. Monte Carlo Strategies in Scientific Computing, 2004 – Brooks et al. Handbook of MCMC, 2011]

<latexit sha1_base64="o2no9O6cqcL2dT3OgVkP/7i/3sk="></latexit>

⇡(xt+1|xt)
<latexit sha1_base64="uv46mehgb0041J90w4SSK+CH8B8="></latexit>x0, x1, . . . , xt

<latexit sha1_base64="xNM9qhUtj7MW5Qm6qxgyD9peBTE="></latexit>

⇢⇤
<latexit sha1_base64="H2ai9P3Nm3dTd9A65AZ1yZNGc/M="></latexit>

t

Metropolis-Hastings sampler
Initialize:
Iterate:
o Propose

o Accept/Reject with prob.

o If reject stay

<latexit sha1_base64="e/WBbKYxSfLG+Lz/aK6ycW3VIHY="></latexit>x0

<latexit sha1_base64="Bc8CFasaimqIPleN7mYRJCcp5ZU="></latexit>

acc(xt+1|xt) = min

1,
⇢⇤(xt+1)⇢p(xt |xt+1)
⇢⇤(xt)⇢p(xt+1|xt)

�

<latexit sha1_base64="adpCVcUlKtVmciDlpBobtocr2NI="></latexit>

xt+1 ⇠ ⇢p(xt+1|xt)

<latexit sha1_base64="wMfZjTM/OqUxSFS6IiJpYzDtK9w="></latexit>

xt+1 = xt



Examples of Metropolis-Hastings MCMC
▷ Gaussian random walk

▷ (Metropolis Adjusted) Langevin algorithm (MALA)

11

Metropolis-Hastings sampler
Initialize:
Iterate:
o Propose

o Accept/Reject with prob.

o If reject stay

<latexit sha1_base64="e/WBbKYxSfLG+Lz/aK6ycW3VIHY="></latexit>x0

<latexit sha1_base64="Bc8CFasaimqIPleN7mYRJCcp5ZU="></latexit>

acc(xt+1|xt) = min

1,
⇢⇤(xt+1)⇢p(xt |xt+1)
⇢⇤(xt)⇢p(xt+1|xt)

�

<latexit sha1_base64="adpCVcUlKtVmciDlpBobtocr2NI="></latexit>

xt+1 ⇠ ⇢p(xt+1|xt)

<latexit sha1_base64="wMfZjTM/OqUxSFS6IiJpYzDtK9w="></latexit>

xt+1 = xt

<latexit sha1_base64="aSIZtzpY1s0sKS2fxed4JdIHr7U="></latexit>

⇢p(xt+1|xt) = N (xt � dtrU(x),
p
2dtId)

<latexit sha1_base64="Jp7tSJcKAkyXwqeraHJkDJGDjPk="></latexit>

⇢p(xt+1|xt) = N (xt ,⌃)

T = 100 steps

<latexit sha1_base64="KL+nWqDGGg6kebZEgHddaGSQ2Mw="></latexit>

⇢⇤(x) = e
�U⇤(x)/Z

e.g. 2d Müller-Brown potential

T = 100 steps



▷ Gaussian random walk

▷ Many many proposition for faster “mixing”
o Use gradient information: Langevin dynamics, Hamiltonian MC

o Gradually approach the target: Sequential Monte Carlo, Annealed Importance Sampling

T = 100 steps

Challenge: Decorrelation and convergence 12

<latexit sha1_base64="Jp7tSJcKAkyXwqeraHJkDJGDjPk="></latexit>

⇢p(xt+1|xt) = N (xt ,⌃)

<latexit sha1_base64="kZo3SGI1DcnjfBiJZFLeXy5E/0I=">AAACBnicbVBNS8NAEN34WeNX1aOXxSJ4KkkR9VjQg8cKpi20oWy2m3bp7ibsToQSevfsVX+DN/Hq3/An+C/ctjnY1gcDj/dmmJkXpYIb8LxvZ219Y3Nru7Tj7u7tHxyWj46bJsk0ZQFNRKLbETFMcMUC4CBYO9WMyEiwVjS6nfqtJ6YNT9QjjFMWSjJQPOaUgJXa3TsmgOCgV654VW8GvEr8glRQgUav/NPtJzSTTAEVxJiO76UQ5kQDp4JN3G5mWEroiAxYx1JFJDNhPrt3gs+t0sdxom0pwDP170ROpDFjGdlOSWBolr2p+J/XySC+CXOu0gyYovNFcSYwJHj6PO5zzSiIsSWEam5vxXRINKFgI1rYQmWk+WAIE9e12fjLSaySZq3qX1X9h8tKvVakVEKn6AxdIB9dozq6Rw0UIIoEekGv6M15dt6dD+dz3rrmFDMnaAHO1y+svpjW</latexit>

�U
<latexit sha1_base64="rhhXTFBYCTL8yTAkizfK2PO+YgI=">AAACEnicbVDLSsNAFJ34rPEV69LNYBFclaSIuiy4cVnFPqCJZTKZtEMnkzAzkZaQv3DtVr/Bnbj1B/wE/8JJm4VtPXDhcM693MPxE0alsu1vY219Y3Nru7Jj7u7tHxxaR9WOjFOBSRvHLBY9H0nCKCdtRRUjvUQQFPmMdP3xTeF3n4iQNOYPapoQL0JDTkOKkdLSwKpOoEs5dCOkRr6f3eePwcCq2XV7BrhKnJLUQInWwPpxgxinEeEKMyRl37ET5WVIKIoZyU03lSRBeIyGpK8pRxGRXjbLnsMzrQQwjIUeruBM/XuRoUjKaeTrzSKjXPYK8T+vn6rw2ssoT1JFOJ4/ClMGVQyLImBABcGKTTVBWFCdFeIREggrXdfCFxz5gg5HKjdN3Y2z3MQq6TTqzmXdubuoNRtlSxVwAk7BOXDAFWiCW9ACbYDBBLyAV/BmPBvvxofxOV9dM8qbY7AA4+sXPSqdcQ==</latexit>

x 2 Rd

<latexit sha1_base64="h9klQAWLIcGPwpY/GoimaBqY8mI=">AAACAnicbVBNS8NAEJ3Urxq/qh69LBahXkpSRD0WvHisYNpCG8pmu2mW7m7C7kYopTfPXvU3eBOv/hF/gv/CpM3Btj4YeLw3w8y8IOFMG8f5tkobm1vbO+Vde2//4PCocnzS1nGqCPVIzGPVDbCmnEnqGWY47SaKYhFw2gnGd7nfeaJKs1g+mklCfYFHkoWMYJNLXq17OahUnbozB1onbkGqUKA1qPz0hzFJBZWGcKx1z3US40+xMoxwOrP7qaYJJmM8or2MSiyo9qfzW2foIlOGKIxVVtKgufp3YoqF1hMRZJ0Cm0ivern4n9dLTXjrT5lMUkMlWSwKU45MjPLH0ZApSgyfZAQTxbJbEYmwwsRk8SxtISJQbBSZmW1n2birSayTdqPuXtfdh6tqs1GkVIYzOIcauHADTbiHFnhAIIIXeIU369l6tz6sz0VrySpmTmEJ1tcvRbaW8Q==</latexit>

U(X)

<latexit sha1_base64="iA10ZualebuvRuBE8OP7PCvhK4g=">AAACGHicbZDLSsNAFIYnXmu8Rd0IbgaLUAVrIkXdCAU3LiuYttjGMJlOm6GTCzMTsYT4IK7d6jO4E7fufATfwmmbhW39YeDjP+dwzvxezKiQpvmtzc0vLC4tF1b01bX1jU1ja7suooRjYuOIRbzpIUEYDYktqWSkGXOCAo+Rhte/GtYbD4QLGoW3chATJ0C9kHYpRlJZrrHb5n7kHpUeD+ElJPfpsa0wO4F3rlE0y+ZIcBasHIogV801ftqdCCcBCSVmSIiWZcbSSRGXFDOS6e1EkBjhPuqRlsIQBUQ46egHGTxQTgd2I65eKOHI/TuRokCIQeCpzgBJX0zXhuZ/tVYiuxdOSsM4kSTE40XdhEEZwWEcsEM5wZINFCDMqboVYh9xhKUKbWILDjxOe77MdF1lY00nMQv107J1Vq7cVIpVM0+pAPbAPigBC5yDKrgGNWADDJ7AC3gFb9qz9q59aJ/j1jktn9kBE9K+fgHZ2Z4Q</latexit>

⇢⇤(x) = e
�U(x)/Z

e.g. 2d Müller-Brown potential
<latexit sha1_base64="KL+nWqDGGg6kebZEgHddaGSQ2Mw="></latexit>

⇢⇤(x) = e
�U⇤(x)/Z

▷ Trade-off size local moves / acceptance

T = 10000 steps

still difficult to switch mode!

powerful but computationally heavy!



Outline
1. A couple of important sampling methods

1.1 - Importance sampling 

1.2 - Metropolis-Hasting

2. Unsupervised learning / generative models

2.1 - Latent deep generative models

2.2 - Normalizing flows

3. Combining traditional inference method and learning

3.1 - Variational Inference

3.2 - Adaptive algorithms

4. Will it scale ?

4.1 - Local sampling in reparametrized space

4.2 - Local-global sampling 

4.3 - Joining forces with annealing

4.4 - Leveraging physics

13



▷ Use transformation (deep neural network) from simple base distribution :

▷ Two main training methods of unsupervised learning:

o Maximum likelihood: with      data samples

o Adversarial training:  with       data distribution

2.1 Deep generative models 14

<latexit sha1_base64="ph08DsLmILhT9li8l9gX39YfvuU=">AAACBnicbVDLSsNAFJ34rPFVdelmsAiuSlJEXRbcuKzQF7ShTKaTZujMJMzcCCV079qtfoM7cetv+An+hdM2C9t64MLhnHu5954wFdyA5307G5tb2zu7pT13/+Dw6Lh8cto2SaYpa9FEJLobEsMEV6wFHATrppoRGQrWCcf3M7/zxLThiWrCJGWBJCPFI04JWKnbHPQhZkAG5YpX9ebA68QvSAUVaAzKP/1hQjPJFFBBjOn5XgpBTjRwKtjU7WeGpYSOyYj1LFVEMhPk83un+NIqQxwl2pYCPFf/TuREGjORoe2UBGKz6s3E/7xeBtFdkHOVZsAUXSyKMoEhwbPn8ZBrRkFMLCFUc3srpjHRhIKNaGkLlaHmoximrmuz8VeTWCftWtW/qfqP15V6rUiphM7RBbpCPrpFdfSAGqiFKBLoBb2iN+fZeXc+nM9F64ZTzJyhJThfv1eQmUA=</latexit>

T✓
[“GANs” Goodfellow et al. NeurIPS 2014, 
“VAEs” Kingma & Welling ICLR 2014, 

“Normalizing flows” Papamakarios et al. JMLR 2021] 

<latexit sha1_base64="duba844qdsi905LAHYhW+m5Yq3w=">AAACBnicbVDLSsNAFJ3UV42vqks3g0VwVZIi6rLgxmUF+4A2lMl00gydmYSZG6GE7l271W9wJ279DT/Bv3DaZmFbD1w4nHMv994TpoIb8Lxvp7SxubW9U9519/YPDo8qxydtk2SashZNRKK7ITFMcMVawEGwbqoZkaFgnXB8N/M7T0wbnqhHmKQskGSkeMQpASt1+xAzIAN/UKl6NW8OvE78glRRgeag8tMfJjSTTAEVxJie76UQ5EQDp4JN3X5mWEromIxYz1JFJDNBPr93ii+sMsRRom0pwHP170ROpDETGdpOSSA2q95M/M/rZRDdBjlXaQZM0cWiKBMYEjx7Hg+5ZhTExBJCNbe3YhoTTSjYiJa2UBlqPoph6ro2G381iXXSrtf865r/cFVt1IuUyugMnaNL5KMb1ED3qIlaiCKBXtArenOenXfnw/lctJacYuYULcH5+gUgHJkd</latexit>

✓1
<latexit sha1_base64="C79hnAlPPcvVb/cE29DkcS9sivQ=">AAACBnicbVDLSsNAFJ3UV42vqks3g0VwVZIi6rLgxmUF+4A2lMl00gydmYSZG6GE7l271W9wJ279DT/Bv3DaZmFbD1w4nHMv994TpoIb8Lxvp7SxubW9U9519/YPDo8qxydtk2SashZNRKK7ITFMcMVawEGwbqoZkaFgnXB8N/M7T0wbnqhHmKQskGSkeMQpASt1+xAzIIP6oFL1at4ceJ34BamiAs1B5ac/TGgmmQIqiDE930shyIkGTgWbuv3MsJTQMRmxnqWKSGaCfH7vFF9YZYijRNtSgOfq34mcSGMmMrSdkkBsVr2Z+J/XyyC6DXKu0gyYootFUSYwJHj2PB5yzSiIiSWEam5vxTQmmlCwES1toTLUfBTD1HVtNv5qEuukXa/51zX/4araqBcpldEZOkeXyEc3qIHuURO1EEUCvaBX9OY8O+/Oh/O5aC05xcwpWoLz9Qsht5ke</latexit>

✓2
<latexit sha1_base64="bRAdQJ07h5D4lhkVAaFvw6oY9Fo=">AAACBnicbVDLSsNAFJ34rPFVdelmsAiuSlJFXRbcuKxgH9CGMplOmqEzkzBzI5TQvWu3+g3uxK2/4Sf4F07bLGzrgQuHc+7l3nvCVHADnvftrK1vbG5tl3bc3b39g8Py0XHLJJmmrEkTkehOSAwTXLEmcBCsk2pGZChYOxzdTf32E9OGJ+oRxikLJBkqHnFKwEqdHsQMSP+yX654VW8GvEr8glRQgUa//NMbJDSTTAEVxJiu76UQ5EQDp4JN3F5mWEroiAxZ11JFJDNBPrt3gs+tMsBRom0pwDP170ROpDFjGdpOSSA2y95U/M/rZhDdBjlXaQZM0fmiKBMYEjx9Hg+4ZhTE2BJCNbe3YhoTTSjYiBa2UBlqPoxh4ro2G385iVXSqlX966r/cFWp14qUSugUnaEL5KMbVEf3qIGaiCKBXtArenOenXfnw/mct645xcwJWoDz9QsjUpkf</latexit>

✓3 <latexit sha1_base64="DnTYyht3xWsB74QpAOI8UWMqgLw=">AAACEHicbVDLSsNAFJ34rPEVdelmsAh1U5Ii6kYouHFZoS9oQ5hMJ83QyYOZm2IN/QnXbvUb3Ilb/8BP8C+cPha29cCFwzn3ci7HTwVXYNvfxtr6xubWdmHH3N3bPzi0jo6bKskkZQ2aiES2faKY4DFrAAfB2qlkJPIFa/mDu4nfGjKpeBLXYZQyNyL9mAecEtCSZ1mP+BbXvS6EDEjp6QJ7VtEu21PgVeLMSRHNUfOsn24voVnEYqCCKNVx7BTcnEjgVLCx2c0USwkdkD7raBqTiCk3n34+xuda6eEgkXpiwFP170VOIqVGka83IwKhWvYm4n9eJ4Pgxs15nGbAYjoLCjKBIcGTGnCPS0ZBjDQhVHL9K6YhkYSCLmshhUa+5P0Qxqapu3GWm1glzUrZuSo7D5fFamXeUgGdojNUQg66RlV0j2qogSgaohf0it6MZ+Pd+DA+Z6trxvzmBC3A+PoFGSKboQ==</latexit>

x = T✓(z)

 

  

Forward SDE (data   noise) 

Reverse SDE (noise  data) 

score function

 

  

Forward SDE (data   noise) 

Reverse SDE (noise  data) 

score function

 

  

Forward SDE (data   noise) 

Reverse SDE (noise  data) 

score function

 

  

Forward SDE (data   noise) 

Reverse SDE (noise  data) 

score functionSong et al. ICLR 2021

<latexit sha1_base64="ph08DsLmILhT9li8l9gX39YfvuU=">AAACBnicbVDLSsNAFJ34rPFVdelmsAiuSlJEXRbcuKzQF7ShTKaTZujMJMzcCCV079qtfoM7cetv+An+hdM2C9t64MLhnHu5954wFdyA5307G5tb2zu7pT13/+Dw6Lh8cto2SaYpa9FEJLobEsMEV6wFHATrppoRGQrWCcf3M7/zxLThiWrCJGWBJCPFI04JWKnbHPQhZkAG5YpX9ebA68QvSAUVaAzKP/1hQjPJFFBBjOn5XgpBTjRwKtjU7WeGpYSOyYj1LFVEMhPk83un+NIqQxwl2pYCPFf/TuREGjORoe2UBGKz6s3E/7xeBtFdkHOVZsAUXSyKMoEhwbPn8ZBrRkFMLCFUc3srpjHRhIKNaGkLlaHmoximrmuz8VeTWCftWtW/qfqP15V6rUiphM7RBbpCPrpFdfSAGqiFKBLoBb2iN+fZeXc+nM9F64ZTzJyhJThfv1eQmUA=</latexit>

T✓

<latexit sha1_base64="3I9MW3bDKsU2KlJGrXPtINkleW4=">AAACE3icbVDLSsNAFJ3UV62vapduBotQNyUpoi4LblxWsA9oSphMJ83QmSTM3Iih9DNcu9VvcCdu/QA/wb9w2mZhWw9cOJxzL+dy/ERwDbb9bRU2Nre2d4q7pb39g8Oj8vFJR8epoqxNYxGrnk80EzxibeAgWC9RjEhfsK4/vp353UemNI+jB8gSNpBkFPGAUwJG8soVV3OJXRXGngshA1J7uvDKVbtuz4HXiZOTKsrR8so/7jCmqWQRUEG07jt2AoMJUcCpYNOSm2qWEDomI9Y3NCKS6cFk/vwUnxtliINYmYkAz9W/FxMitc6kbzYlgVCvejPxP6+fQnAzmPAoSYFFdBEUpAJDjGdN4CFXjILIDCFUcfMrpiFRhILpaymFSl/xUQjTUsl046w2sU46jbpzVXfuL6vNRt5SEZ2iM1RDDrpGTXSHWqiNKMrQC3pFb9az9W59WJ+L1YKV31TQEqyvX9hnnb4=</latexit>

⇠ ⇢✓(x) “push-forward” 
distribution

<latexit sha1_base64="155LbBMdpfVG7nd6GDSYHwPhmRs=">AAACFXicbVDLSsNAFJ34rPUVFdy4GSxC3ZSkiLosunFZwT6gCWEynTRDZ5IwMxHamO9w71Z/wZ24de0f+BlO2yxs64ELh3Pu5VyOnzAqlWV9Gyura+sbm6Wt8vbO7t6+eXDYlnEqMGnhmMWi6yNJGI1IS1HFSDcRBHGfkY4/vJ34nUciJI2jBzVKiMvRIKIBxUhpyTOPx9CRlENHhLGXOYLDm7w6PvfMilWzpoDLxC5IBRRoeuaP049xykmkMENS9mwrUW6GhKKYkbzspJIkCA/RgPQ0jRAn0s2m/+fwTCt9GMRCT6TgVP17kSEu5Yj7epMjFcpFbyL+5/VSFVy7GY2SVJEIz4KClEEVw0kZsE8FwYqNNEFYUP0rxCESCCtd2VwK5r6gg1DlZV2NvVjEMmnXa/Zlzb6/qDTqRUklcAJOQRXY4Ao0wB1oghbA4Am8gFfwZjwb78aH8TlbXTGKmyMwB+PrF/pqnos=</latexit>

z ⇠ ⇢B(z)

<latexit sha1_base64="PyMuMquP536tcC1/FF/8UGeWBD0=">AAACBHicbVDLSgNBEOyNr7i+oh69DAbBU9gNoh6DXjxGMA9IljA7mU3GzOwsM7NCWHL17FW/wZt49T/8BP/CSbIHk1jQUFR1090VJpxp43nfTmFtfWNzq7jt7uzu7R+UDo+aWqaK0AaRXKp2iDXlLKYNwwyn7URRLEJOW+Hoduq3nqjSTMYPZpzQQOBBzCJGsLFSs6uGsnfTK5W9ijcDWiV+TsqQo94r/XT7kqSCxoZwrHXH9xITZFgZRjiduN1U0wSTER7QjqUxFlQH2ezaCTqzSh9FUtmKDZqpfycyLLQei9B2CmyGetmbiv95ndRE10HG4iQ1NCbzRVHKkZFo+jrqM0WJ4WNLMFHM3orIECtMjA1oYQsRoWKDoZm4rs3GX05ilTSrFf+y4t9flGvVPKUinMApnIMPV1CDO6hDAwg8wgu8wpvz7Lw7H87nvLXg5DPHsADn6xei0phN</latexit>

⇢B

<latexit sha1_base64="X+ncMr27iRVx/5S8GpPfgkKZqAA="></latexit>

L[⇢✓] = �
NX

i=1

log ⇢✓(xi)
<latexit sha1_base64="qpQA31id/2Wp5dqMZbXr21qfDy4="></latexit>xi

<latexit sha1_base64="SJrJyUHE/GDO8LAB8dwW6rPK8EQ="></latexit>

min
✓
max
�

⇥
E⇢D [lnD�(x)] + E⇢B [ln(1�D�(T✓(z)))]

⇤
<latexit sha1_base64="RxNBDfXa/AVXpqgs4XQNWxHiHSQ=">AAACA3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMeAHjxGMA9IljA7mU2GzGOZ6RXCkqMf4FU/wZt49UP8An/DSbIHk1jQUFR1090VJYJb8P1vr7C2vrG5Vdwu7ezu7R+UD4+aVqeGsgbVQpt2RCwTXLEGcBCsnRhGZCRYKxrdTv3WEzOWa/UI44SFkgwUjzkl4KRW1wx17w73yhW/6s+AV0mQkwrKUe+Vf7p9TVPJFFBBrO0EfgJhRgxwKtik1E0tSwgdkQHrOKqIZDbMZudO8JlT+jjWxpUCPFP/TmREWjuWkeuUBIZ22ZuK/3mdFOKbMOMqSYEpOl8UpwKDxtPfcZ8bRkGMHSHUcHcrpkNiCAWX0MIWKiPDB0OYuGSC5RxWSfOiGlxVLx8uKzU/z6iITtApOkcBukY1dI/qqIEoGqEX9IrevGfv3fvwPuetBS+fOUYL8L5+AeV4mFo=</latexit>

⇢D

<latexit sha1_base64="4qD0VKzh9farf90ekk2eagSWy60=">AAACEHicbVDLSsNAFJ3UV62vWJduBovgqiRS1GVBFy6r2Ac0scxMJ+3QySTMTKQl9Cf8ALf6Ce7ErX/gF/gbTtosbOuBC4dz7uUeDo45U9pxvq3C2vrG5lZxu7Szu7d/YB+WWypKJKFNEvFIdjBSlDNBm5ppTjuxpCjEnLbx6Drz209UKhaJBz2JqR+igWABI0gbqWeXx9BjAnoh0kOM0/vp403PrjhVZwa4StycVECORs/+8foRSUIqNOFIqa7rxNpPkdSMcDoteYmiMSIjNKBdQwUKqfLTWfYpPDVKHwaRNCM0nKl/L1IUKjUJsdnMMqplLxP/87qJDq78lIk40VSQ+aMg4VBHMCsC9pmkRPOJIYhIZrJCMkQSEW3qWvhCQizZYKinphl3uYdV0jqvuhfV2l2tUnfyjorgGJyAM+CCS1AHt6ABmoCAMXgBr+DNerberQ/rc75asPKbI7AA6+sX5bidMg==</latexit>

x 2 RD
<latexit sha1_base64="duba844qdsi905LAHYhW+m5Yq3w=">AAACBnicbVDLSsNAFJ3UV42vqks3g0VwVZIi6rLgxmUF+4A2lMl00gydmYSZG6GE7l271W9wJ279DT/Bv3DaZmFbD1w4nHMv994TpoIb8Lxvp7SxubW9U9519/YPDo8qxydtk2SashZNRKK7ITFMcMVawEGwbqoZkaFgnXB8N/M7T0wbnqhHmKQskGSkeMQpASt1+xAzIAN/UKl6NW8OvE78glRRgeag8tMfJjSTTAEVxJie76UQ5EQDp4JN3X5mWEromIxYz1JFJDNBPr93ii+sMsRRom0pwHP170ROpDETGdpOSSA2q95M/M/rZRDdBjlXaQZM0cWiKBMYEjx7Hg+5ZhTExBJCNbe3YhoTTSjYiJa2UBlqPoph6ro2G381iXXSrtf865r/cFVt1IuUyugMnaNL5KMb1ED3qIlaiCKBXtArenOenXfnw/lctJacYuYULcH5+gUgHJkd</latexit>

✓1
<latexit sha1_base64="C79hnAlPPcvVb/cE29DkcS9sivQ=">AAACBnicbVDLSsNAFJ3UV42vqks3g0VwVZIi6rLgxmUF+4A2lMl00gydmYSZG6GE7l271W9wJ279DT/Bv3DaZmFbD1w4nHMv994TpoIb8Lxvp7SxubW9U9519/YPDo8qxydtk2SashZNRKK7ITFMcMVawEGwbqoZkaFgnXB8N/M7T0wbnqhHmKQskGSkeMQpASt1+xAzIIP6oFL1at4ceJ34BamiAs1B5ac/TGgmmQIqiDE930shyIkGTgWbuv3MsJTQMRmxnqWKSGaCfH7vFF9YZYijRNtSgOfq34mcSGMmMrSdkkBsVr2Z+J/XyyC6DXKu0gyYootFUSYwJHj2PB5yzSiIiSWEam5vxTQmmlCwES1toTLUfBTD1HVtNv5qEuukXa/51zX/4araqBcpldEZOkeXyEc3qIHuURO1EEUCvaBX9OY8O+/Oh/O5aC05xcwpWoLz9Qsht5ke</latexit>

✓2
<latexit sha1_base64="bRAdQJ07h5D4lhkVAaFvw6oY9Fo=">AAACBnicbVDLSsNAFJ34rPFVdelmsAiuSlJFXRbcuKxgH9CGMplOmqEzkzBzI5TQvWu3+g3uxK2/4Sf4F07bLGzrgQuHc+7l3nvCVHADnvftrK1vbG5tl3bc3b39g8Py0XHLJJmmrEkTkehOSAwTXLEmcBCsk2pGZChYOxzdTf32E9OGJ+oRxikLJBkqHnFKwEqdHsQMSP+yX654VW8GvEr8glRQgUa//NMbJDSTTAEVxJiu76UQ5EQDp4JN3F5mWEroiAxZ11JFJDNBPrt3gs+tMsBRom0pwDP170ROpDFjGdpOSSA2y95U/M/rZhDdBjlXaQZM0fmiKBMYEjx9Hg+4ZhTE2BJCNbe3YhoTTSjYiBa2UBlqPoxh4ro2G385iVXSqlX966r/cFWp14qUSugUnaEL5KMbVEf3qIGaiCKBXtArenOenXfnw/mct645xcwJWoDz9QsjUpkf</latexit>

✓3
<latexit sha1_base64="155LbBMdpfVG7nd6GDSYHwPhmRs=">AAACFXicbVDLSsNAFJ34rPUVFdy4GSxC3ZSkiLosunFZwT6gCWEynTRDZ5IwMxHamO9w71Z/wZ24de0f+BlO2yxs64ELh3Pu5VyOnzAqlWV9Gyura+sbm6Wt8vbO7t6+eXDYlnEqMGnhmMWi6yNJGI1IS1HFSDcRBHGfkY4/vJ34nUciJI2jBzVKiMvRIKIBxUhpyTOPx9CRlENHhLGXOYLDm7w6PvfMilWzpoDLxC5IBRRoeuaP049xykmkMENS9mwrUW6GhKKYkbzspJIkCA/RgPQ0jRAn0s2m/+fwTCt9GMRCT6TgVP17kSEu5Yj7epMjFcpFbyL+5/VSFVy7GY2SVJEIz4KClEEVw0kZsE8FwYqNNEFYUP0rxCESCCtd2VwK5r6gg1DlZV2NvVjEMmnXa/Zlzb6/qDTqRUklcAJOQRXY4Ao0wB1oghbA4Am8gFfwZjwb78aH8TlbXTGKmyMwB+PrF/pqnos=</latexit>

z ⇠ ⇢B(z)
<latexit sha1_base64="IA/L8EBfPVl9c7Q5xIKaf5mctLc=">AAACAHicbVDLSsNAFJ3UV62vqks3g0VwVRIp6rLgxmUF+4A2lMl00gydmYSZG6GEbvwAt/oJ7sStf+IX+BtO2ixs64ELh3Pu5d57gkRwA6777ZQ2Nre2d8q7lb39g8Oj6vFJx8SppqxNYxHrXkAME1yxNnAQrJdoRmQgWDeY3OV+94lpw2P1CNOE+ZKMFQ85JZBLgyTiw2rNrbtz4HXiFaSGCrSG1Z/BKKapZAqoIMb0PTcBPyMaOBVsVhmkhiWETsiY9S1VRDLjZ/NbZ/jCKiMcxtqWAjxX/05kRBozlYHtlAQis+rl4n9eP4Xw1s+4SlJgii4WhanAEOP8cTzimlEQU0sI1dzeimlENKFg41naQmWg+TiCmU3GW81hnXSu6t51vfHQqDXdIqMyOkPn6BJ56AY10T1qoTaiKEIv6BW9Oc/Ou/PhfC5aS04xc4qW4Hz9Aiwel3E=</latexit>

�
<latexit sha1_base64="ppOE2gInTjsSyxtljl7tWaZXkd4=">AAACEnicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJFHVZ0IXLCvYBSQiT6aQZOpmEmYlYQ//CD3Crn+BO3PoDfoG/4bTNwlYPXDiccy/ncoKUUaks68soLS2vrK6V1ysbm1vbO+buXkcmmcCkjROWiF6AJGGUk7aiipFeKgiKA0a6wfBq4nfviZA04XdqlBIvRgNOQ4qR0pJvHlz7bhrR2sMJdCmHjnUKbc83q1bdmgL+JXZBqqBAyze/3X6Cs5hwhRmS0rGtVHk5EopiRsYVN5MkRXiIBsTRlKOYSC+ffj+Gx1rpwzAReriCU/X3RY5iKUdxoDdjpCK56E3E/zwnU+Gll1OeZopwPAsKMwZVAidVwD4VBCs20gRhQfWvEEdIIKx0YXMpOA4EHURqrJuxF3v4Szpndfu83rhtVJtW0VEZHIIjUAM2uABNcANaoA0weATP4AW8Gk/Gm/FufMxWS0Zxsw/mYHz+AAPQnIY=</latexit>

D�(x) 2 [0, 1]

+ SGD!



▷ Use transformation (deep neural network) from simple base distribution :

▷ Two main training methods of unsupervised learning:

o Maximum likelihood: with      data samples

o Adversarial training:  with        data distribution

2.1 Deep generative models 15

<latexit sha1_base64="ph08DsLmILhT9li8l9gX39YfvuU=">AAACBnicbVDLSsNAFJ34rPFVdelmsAiuSlJEXRbcuKzQF7ShTKaTZujMJMzcCCV079qtfoM7cetv+An+hdM2C9t64MLhnHu5954wFdyA5307G5tb2zu7pT13/+Dw6Lh8cto2SaYpa9FEJLobEsMEV6wFHATrppoRGQrWCcf3M7/zxLThiWrCJGWBJCPFI04JWKnbHPQhZkAG5YpX9ebA68QvSAUVaAzKP/1hQjPJFFBBjOn5XgpBTjRwKtjU7WeGpYSOyYj1LFVEMhPk83un+NIqQxwl2pYCPFf/TuREGjORoe2UBGKz6s3E/7xeBtFdkHOVZsAUXSyKMoEhwbPn8ZBrRkFMLCFUc3srpjHRhIKNaGkLlaHmoximrmuz8VeTWCftWtW/qfqP15V6rUiphM7RBbpCPrpFdfSAGqiFKBLoBb2iN+fZeXc+nM9F64ZTzJyhJThfv1eQmUA=</latexit>

T✓
[“GANs” Goodfellow et al. NeurIPS 2014, 
“VAEs” Kingma & Welling ICLR 2014, 

“Normalizing flows” Papamakarios et al. JMLR 2021] 

<latexit sha1_base64="duba844qdsi905LAHYhW+m5Yq3w=">AAACBnicbVDLSsNAFJ3UV42vqks3g0VwVZIi6rLgxmUF+4A2lMl00gydmYSZG6GE7l271W9wJ279DT/Bv3DaZmFbD1w4nHMv994TpoIb8Lxvp7SxubW9U9519/YPDo8qxydtk2SashZNRKK7ITFMcMVawEGwbqoZkaFgnXB8N/M7T0wbnqhHmKQskGSkeMQpASt1+xAzIAN/UKl6NW8OvE78glRRgeag8tMfJjSTTAEVxJie76UQ5EQDp4JN3X5mWEromIxYz1JFJDNBPr93ii+sMsRRom0pwHP170ROpDETGdpOSSA2q95M/M/rZRDdBjlXaQZM0cWiKBMYEjx7Hg+5ZhTExBJCNbe3YhoTTSjYiJa2UBlqPoph6ro2G381iXXSrtf865r/cFVt1IuUyugMnaNL5KMb1ED3qIlaiCKBXtArenOenXfnw/lctJacYuYULcH5+gUgHJkd</latexit>

✓1
<latexit sha1_base64="C79hnAlPPcvVb/cE29DkcS9sivQ=">AAACBnicbVDLSsNAFJ3UV42vqks3g0VwVZIi6rLgxmUF+4A2lMl00gydmYSZG6GE7l271W9wJ279DT/Bv3DaZmFbD1w4nHMv994TpoIb8Lxvp7SxubW9U9519/YPDo8qxydtk2SashZNRKK7ITFMcMVawEGwbqoZkaFgnXB8N/M7T0wbnqhHmKQskGSkeMQpASt1+xAzIIP6oFL1at4ceJ34BamiAs1B5ac/TGgmmQIqiDE930shyIkGTgWbuv3MsJTQMRmxnqWKSGaCfH7vFF9YZYijRNtSgOfq34mcSGMmMrSdkkBsVr2Z+J/XyyC6DXKu0gyYootFUSYwJHj2PB5yzSiIiSWEam5vxTQmmlCwES1toTLUfBTD1HVtNv5qEuukXa/51zX/4araqBcpldEZOkeXyEc3qIHuURO1EEUCvaBX9OY8O+/Oh/O5aC05xcwpWoLz9Qsht5ke</latexit>

✓2
<latexit sha1_base64="bRAdQJ07h5D4lhkVAaFvw6oY9Fo=">AAACBnicbVDLSsNAFJ34rPFVdelmsAiuSlJFXRbcuKxgH9CGMplOmqEzkzBzI5TQvWu3+g3uxK2/4Sf4F07bLGzrgQuHc+7l3nvCVHADnvftrK1vbG5tl3bc3b39g8Py0XHLJJmmrEkTkehOSAwTXLEmcBCsk2pGZChYOxzdTf32E9OGJ+oRxikLJBkqHnFKwEqdHsQMSP+yX654VW8GvEr8glRQgUa//NMbJDSTTAEVxJiu76UQ5EQDp4JN3F5mWEroiAxZ11JFJDNBPrt3gs+tMsBRom0pwDP170ROpDFjGdpOSSA2y95U/M/rZhDdBjlXaQZM0fmiKBMYEjx9Hg+4ZhTE2BJCNbe3YhoTTSjYiBa2UBlqPoxh4ro2G385iVXSqlX966r/cFWp14qUSugUnaEL5KMbVEf3qIGaiCKBXtArenOenXfnw/mct645xcwJWoDz9QsjUpkf</latexit>

✓3 <latexit sha1_base64="DnTYyht3xWsB74QpAOI8UWMqgLw=">AAACEHicbVDLSsNAFJ34rPEVdelmsAh1U5Ii6kYouHFZoS9oQ5hMJ83QyYOZm2IN/QnXbvUb3Ilb/8BP8C+cPha29cCFwzn3ci7HTwVXYNvfxtr6xubWdmHH3N3bPzi0jo6bKskkZQ2aiES2faKY4DFrAAfB2qlkJPIFa/mDu4nfGjKpeBLXYZQyNyL9mAecEtCSZ1mP+BbXvS6EDEjp6QJ7VtEu21PgVeLMSRHNUfOsn24voVnEYqCCKNVx7BTcnEjgVLCx2c0USwkdkD7raBqTiCk3n34+xuda6eEgkXpiwFP170VOIqVGka83IwKhWvYm4n9eJ4Pgxs15nGbAYjoLCjKBIcGTGnCPS0ZBjDQhVHL9K6YhkYSCLmshhUa+5P0Qxqapu3GWm1glzUrZuSo7D5fFamXeUgGdojNUQg66RlV0j2qogSgaohf0it6MZ+Pd+DA+Z6trxvzmBC3A+PoFGSKboQ==</latexit>

x = T✓(z)

 

  

Forward SDE (data   noise) 

Reverse SDE (noise  data) 

score function

 

  

Forward SDE (data   noise) 

Reverse SDE (noise  data) 

score function

 

  

Forward SDE (data   noise) 

Reverse SDE (noise  data) 

score function

 

  

Forward SDE (data   noise) 

Reverse SDE (noise  data) 

score functionSong et al. ICLR 2021

<latexit sha1_base64="ph08DsLmILhT9li8l9gX39YfvuU=">AAACBnicbVDLSsNAFJ34rPFVdelmsAiuSlJEXRbcuKzQF7ShTKaTZujMJMzcCCV079qtfoM7cetv+An+hdM2C9t64MLhnHu5954wFdyA5307G5tb2zu7pT13/+Dw6Lh8cto2SaYpa9FEJLobEsMEV6wFHATrppoRGQrWCcf3M7/zxLThiWrCJGWBJCPFI04JWKnbHPQhZkAG5YpX9ebA68QvSAUVaAzKP/1hQjPJFFBBjOn5XgpBTjRwKtjU7WeGpYSOyYj1LFVEMhPk83un+NIqQxwl2pYCPFf/TuREGjORoe2UBGKz6s3E/7xeBtFdkHOVZsAUXSyKMoEhwbPn8ZBrRkFMLCFUc3srpjHRhIKNaGkLlaHmoximrmuz8VeTWCftWtW/qfqP15V6rUiphM7RBbpCPrpFdfSAGqiFKBLoBb2iN+fZeXc+nM9F64ZTzJyhJThfv1eQmUA=</latexit>

T✓

<latexit sha1_base64="3I9MW3bDKsU2KlJGrXPtINkleW4=">AAACE3icbVDLSsNAFJ3UV62vapduBotQNyUpoi4LblxWsA9oSphMJ83QmSTM3Iih9DNcu9VvcCdu/QA/wb9w2mZhWw9cOJxzL+dy/ERwDbb9bRU2Nre2d4q7pb39g8Oj8vFJR8epoqxNYxGrnk80EzxibeAgWC9RjEhfsK4/vp353UemNI+jB8gSNpBkFPGAUwJG8soVV3OJXRXGngshA1J7uvDKVbtuz4HXiZOTKsrR8so/7jCmqWQRUEG07jt2AoMJUcCpYNOSm2qWEDomI9Y3NCKS6cFk/vwUnxtliINYmYkAz9W/FxMitc6kbzYlgVCvejPxP6+fQnAzmPAoSYFFdBEUpAJDjGdN4CFXjILIDCFUcfMrpiFRhILpaymFSl/xUQjTUsl046w2sU46jbpzVXfuL6vNRt5SEZ2iM1RDDrpGTXSHWqiNKMrQC3pFb9az9W59WJ+L1YKV31TQEqyvX9hnnb4=</latexit>

⇠ ⇢✓(x) “push-forward” 
distribution

<latexit sha1_base64="155LbBMdpfVG7nd6GDSYHwPhmRs=">AAACFXicbVDLSsNAFJ34rPUVFdy4GSxC3ZSkiLosunFZwT6gCWEynTRDZ5IwMxHamO9w71Z/wZ24de0f+BlO2yxs64ELh3Pu5VyOnzAqlWV9Gyura+sbm6Wt8vbO7t6+eXDYlnEqMGnhmMWi6yNJGI1IS1HFSDcRBHGfkY4/vJ34nUciJI2jBzVKiMvRIKIBxUhpyTOPx9CRlENHhLGXOYLDm7w6PvfMilWzpoDLxC5IBRRoeuaP049xykmkMENS9mwrUW6GhKKYkbzspJIkCA/RgPQ0jRAn0s2m/+fwTCt9GMRCT6TgVP17kSEu5Yj7epMjFcpFbyL+5/VSFVy7GY2SVJEIz4KClEEVw0kZsE8FwYqNNEFYUP0rxCESCCtd2VwK5r6gg1DlZV2NvVjEMmnXa/Zlzb6/qDTqRUklcAJOQRXY4Ao0wB1oghbA4Am8gFfwZjwb78aH8TlbXTGKmyMwB+PrF/pqnos=</latexit>

z ⇠ ⇢B(z)

<latexit sha1_base64="PyMuMquP536tcC1/FF/8UGeWBD0=">AAACBHicbVDLSgNBEOyNr7i+oh69DAbBU9gNoh6DXjxGMA9IljA7mU3GzOwsM7NCWHL17FW/wZt49T/8BP/CSbIHk1jQUFR1090VJpxp43nfTmFtfWNzq7jt7uzu7R+UDo+aWqaK0AaRXKp2iDXlLKYNwwyn7URRLEJOW+Hoduq3nqjSTMYPZpzQQOBBzCJGsLFSs6uGsnfTK5W9ijcDWiV+TsqQo94r/XT7kqSCxoZwrHXH9xITZFgZRjiduN1U0wSTER7QjqUxFlQH2ezaCTqzSh9FUtmKDZqpfycyLLQei9B2CmyGetmbiv95ndRE10HG4iQ1NCbzRVHKkZFo+jrqM0WJ4WNLMFHM3orIECtMjA1oYQsRoWKDoZm4rs3GX05ilTSrFf+y4t9flGvVPKUinMApnIMPV1CDO6hDAwg8wgu8wpvz7Lw7H87nvLXg5DPHsADn6xei0phN</latexit>

⇢B

<latexit sha1_base64="X+ncMr27iRVx/5S8GpPfgkKZqAA="></latexit>

L[⇢✓] = �
NX

i=1

log ⇢✓(xi)
<latexit sha1_base64="qpQA31id/2Wp5dqMZbXr21qfDy4="></latexit>xi

<latexit sha1_base64="SJrJyUHE/GDO8LAB8dwW6rPK8EQ="></latexit>

min
✓
max
�

⇥
E⇢D [lnD�(x)] + E⇢B [ln(1�D�(T✓(z)))]

⇤
<latexit sha1_base64="RxNBDfXa/AVXpqgs4XQNWxHiHSQ=">AAACA3icbVDLSgNBEJyNrxhfUY9eBoPgKeyKqMeAHjxGMA9IljA7mU2GzGOZ6RXCkqMf4FU/wZt49UP8An/DSbIHk1jQUFR1090VJYJb8P1vr7C2vrG5Vdwu7ezu7R+UD4+aVqeGsgbVQpt2RCwTXLEGcBCsnRhGZCRYKxrdTv3WEzOWa/UI44SFkgwUjzkl4KRW1wx17w73yhW/6s+AV0mQkwrKUe+Vf7p9TVPJFFBBrO0EfgJhRgxwKtik1E0tSwgdkQHrOKqIZDbMZudO8JlT+jjWxpUCPFP/TmREWjuWkeuUBIZ22ZuK/3mdFOKbMOMqSYEpOl8UpwKDxtPfcZ8bRkGMHSHUcHcrpkNiCAWX0MIWKiPDB0OYuGSC5RxWSfOiGlxVLx8uKzU/z6iITtApOkcBukY1dI/qqIEoGqEX9IrevGfv3fvwPuetBS+fOUYL8L5+AeV4mFo=</latexit>

⇢D

[Radford et al ICLR 2016;  Karras et al CVPR 2019 ]



Nota Bene: Intractability of the push-forward of 
many latent generative models

▷ In general latent dimension much smaller than data dimension

o Push-forward computation involves marginalization …

▷ Hence difficult to do maximum likelihood: 
e.g. optimize ELBLO (evidence lower bound in VAE)
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<latexit sha1_base64="ph08DsLmILhT9li8l9gX39YfvuU=">AAACBnicbVDLSsNAFJ34rPFVdelmsAiuSlJEXRbcuKzQF7ShTKaTZujMJMzcCCV079qtfoM7cetv+An+hdM2C9t64MLhnHu5954wFdyA5307G5tb2zu7pT13/+Dw6Lh8cto2SaYpa9FEJLobEsMEV6wFHATrppoRGQrWCcf3M7/zxLThiWrCJGWBJCPFI04JWKnbHPQhZkAG5YpX9ebA68QvSAUVaAzKP/1hQjPJFFBBjOn5XgpBTjRwKtjU7WeGpYSOyYj1LFVEMhPk83un+NIqQxwl2pYCPFf/TuREGjORoe2UBGKz6s3E/7xeBtFdkHOVZsAUXSyKMoEhwbPn8ZBrRkFMLCFUc3srpjHRhIKNaGkLlaHmoximrmuz8VeTWCftWtW/qfqP15V6rUiphM7RBbpCPrpFdfSAGqiFKBLoBb2iN+fZeXc+nM9F64ZTzJyhJThfv1eQmUA=</latexit>

T✓

<latexit sha1_base64="duba844qdsi905LAHYhW+m5Yq3w=">AAACBnicbVDLSsNAFJ3UV42vqks3g0VwVZIi6rLgxmUF+4A2lMl00gydmYSZG6GE7l271W9wJ279DT/Bv3DaZmFbD1w4nHMv994TpoIb8Lxvp7SxubW9U9519/YPDo8qxydtk2SashZNRKK7ITFMcMVawEGwbqoZkaFgnXB8N/M7T0wbnqhHmKQskGSkeMQpASt1+xAzIAN/UKl6NW8OvE78glRRgeag8tMfJjSTTAEVxJie76UQ5EQDp4JN3X5mWEromIxYz1JFJDNBPr93ii+sMsRRom0pwHP170ROpDETGdpOSSA2q95M/M/rZRDdBjlXaQZM0cWiKBMYEjx7Hg+5ZhTExBJCNbe3YhoTTSjYiJa2UBlqPoph6ro2G381iXXSrtf865r/cFVt1IuUyugMnaNL5KMb1ED3qIlaiCKBXtArenOenXfnw/lctJacYuYULcH5+gUgHJkd</latexit>

✓1
<latexit sha1_base64="C79hnAlPPcvVb/cE29DkcS9sivQ=">AAACBnicbVDLSsNAFJ3UV42vqks3g0VwVZIi6rLgxmUF+4A2lMl00gydmYSZG6GE7l271W9wJ279DT/Bv3DaZmFbD1w4nHMv994TpoIb8Lxvp7SxubW9U9519/YPDo8qxydtk2SashZNRKK7ITFMcMVawEGwbqoZkaFgnXB8N/M7T0wbnqhHmKQskGSkeMQpASt1+xAzIIP6oFL1at4ceJ34BamiAs1B5ac/TGgmmQIqiDE930shyIkGTgWbuv3MsJTQMRmxnqWKSGaCfH7vFF9YZYijRNtSgOfq34mcSGMmMrSdkkBsVr2Z+J/XyyC6DXKu0gyYootFUSYwJHj2PB5yzSiIiSWEam5vxTQmmlCwES1toTLUfBTD1HVtNv5qEuukXa/51zX/4araqBcpldEZOkeXyEc3qIHuURO1EEUCvaBX9OY8O+/Oh/O5aC05xcwpWoLz9Qsht5ke</latexit>

✓2
<latexit sha1_base64="bRAdQJ07h5D4lhkVAaFvw6oY9Fo=">AAACBnicbVDLSsNAFJ34rPFVdelmsAiuSlJFXRbcuKxgH9CGMplOmqEzkzBzI5TQvWu3+g3uxK2/4Sf4F07bLGzrgQuHc+7l3nvCVHADnvftrK1vbG5tl3bc3b39g8Py0XHLJJmmrEkTkehOSAwTXLEmcBCsk2pGZChYOxzdTf32E9OGJ+oRxikLJBkqHnFKwEqdHsQMSP+yX654VW8GvEr8glRQgUa//NMbJDSTTAEVxJiu76UQ5EQDp4JN3F5mWEroiAxZ11JFJDNBPrt3gs+tMsBRom0pwDP170ROpDFjGdpOSSA2y95U/M/rZhDdBjlXaQZM0fmiKBMYEjx9Hg+4ZhTE2BJCNbe3YhoTTSjYiBa2UBlqPoxh4ro2G385iVXSqlX966r/cFWp14qUSugUnaEL5KMbVEf3qIGaiCKBXtArenOenXfnw/mct645xcwJWoDz9QsjUpkf</latexit>

✓3 <latexit sha1_base64="DnTYyht3xWsB74QpAOI8UWMqgLw=">AAACEHicbVDLSsNAFJ34rPEVdelmsAh1U5Ii6kYouHFZoS9oQ5hMJ83QyYOZm2IN/QnXbvUb3Ilb/8BP8C+cPha29cCFwzn3ci7HTwVXYNvfxtr6xubWdmHH3N3bPzi0jo6bKskkZQ2aiES2faKY4DFrAAfB2qlkJPIFa/mDu4nfGjKpeBLXYZQyNyL9mAecEtCSZ1mP+BbXvS6EDEjp6QJ7VtEu21PgVeLMSRHNUfOsn24voVnEYqCCKNVx7BTcnEjgVLCx2c0USwkdkD7raBqTiCk3n34+xuda6eEgkXpiwFP170VOIqVGka83IwKhWvYm4n9eJ4Pgxs15nGbAYjoLCjKBIcGTGnCPS0ZBjDQhVHL9K6YhkYSCLmshhUa+5P0Qxqapu3GWm1glzUrZuSo7D5fFamXeUgGdojNUQg66RlV0j2qogSgaohf0it6MZ+Pd+DA+Z6trxvzmBC3A+PoFGSKboQ==</latexit>

x = T✓(z)
<latexit sha1_base64="3I9MW3bDKsU2KlJGrXPtINkleW4=">AAACE3icbVDLSsNAFJ3UV62vapduBotQNyUpoi4LblxWsA9oSphMJ83QmSTM3Iih9DNcu9VvcCdu/QA/wb9w2mZhWw9cOJxzL+dy/ERwDbb9bRU2Nre2d4q7pb39g8Oj8vFJR8epoqxNYxGrnk80EzxibeAgWC9RjEhfsK4/vp353UemNI+jB8gSNpBkFPGAUwJG8soVV3OJXRXGngshA1J7uvDKVbtuz4HXiZOTKsrR8so/7jCmqWQRUEG07jt2AoMJUcCpYNOSm2qWEDomI9Y3NCKS6cFk/vwUnxtliINYmYkAz9W/FxMitc6kbzYlgVCvejPxP6+fQnAzmPAoSYFFdBEUpAJDjGdN4CFXjILIDCFUcfMrpiFRhILpaymFSl/xUQjTUsl046w2sU46jbpzVXfuL6vNRt5SEZ2iM1RDDrpGTXSHWqiNKMrQC3pFb9az9W59WJ+L1YKV31TQEqyvX9hnnb4=</latexit>

⇠ ⇢✓(x)
<latexit sha1_base64="155LbBMdpfVG7nd6GDSYHwPhmRs=">AAACFXicbVDLSsNAFJ34rPUVFdy4GSxC3ZSkiLosunFZwT6gCWEynTRDZ5IwMxHamO9w71Z/wZ24de0f+BlO2yxs64ELh3Pu5VyOnzAqlWV9Gyura+sbm6Wt8vbO7t6+eXDYlnEqMGnhmMWi6yNJGI1IS1HFSDcRBHGfkY4/vJ34nUciJI2jBzVKiMvRIKIBxUhpyTOPx9CRlENHhLGXOYLDm7w6PvfMilWzpoDLxC5IBRRoeuaP049xykmkMENS9mwrUW6GhKKYkbzspJIkCA/RgPQ0jRAn0s2m/+fwTCt9GMRCT6TgVP17kSEu5Yj7epMjFcpFbyL+5/VSFVy7GY2SVJEIz4KClEEVw0kZsE8FwYqNNEFYUP0rxCESCCtd2VwK5r6gg1DlZV2NvVjEMmnXa/Zlzb6/qDTqRUklcAJOQRXY4Ao0wB1oghbA4Am8gFfwZjwb78aH8TlbXTGKmyMwB+PrF/pqnos=</latexit>

z ⇠ ⇢B(z)

<latexit sha1_base64="uDKc6qmMjqtGjmEwScNkG8HP58I="></latexit>

⇢✓(x)dx =

Z

Rd
dz ⇢B(z) �(T✓(z)� x)

“push-forward” 
distribution

“VAEs” Kingma & Welling ICLR 2014] 



▷ Parametrized invertible map

o Base distribution 

o Push-forward distribution

▷ e.g. “Coupling layers”: easy-to-compute inverse and Jacobian

2.2 A special type of Deep Generative Models
Normalizing Flows (NF): Invertible networks
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[Tabak & Vanden Eijnden Commun. Math. Sci. 2010,  Dinh, L. et al ICLR 2017, Papamakarios, G et al JMLR 2021]

<latexit sha1_base64="O1baf0S33oEIO9DzOYNcEO5vuJQ="></latexit>

T✓ : ⌦ 7! ⌦
<latexit sha1_base64="sL92Hfdt2dAUCx7mDYeTDmcAeUo="></latexit>

⌦ ⇢ Rd

<latexit sha1_base64="DnTYyht3xWsB74QpAOI8UWMqgLw=">AAACEHicbVDLSsNAFJ34rPEVdelmsAh1U5Ii6kYouHFZoS9oQ5hMJ83QyYOZm2IN/QnXbvUb3Ilb/8BP8C+cPha29cCFwzn3ci7HTwVXYNvfxtr6xubWdmHH3N3bPzi0jo6bKskkZQ2aiES2faKY4DFrAAfB2qlkJPIFa/mDu4nfGjKpeBLXYZQyNyL9mAecEtCSZ1mP+BbXvS6EDEjp6QJ7VtEu21PgVeLMSRHNUfOsn24voVnEYqCCKNVx7BTcnEjgVLCx2c0USwkdkD7raBqTiCk3n34+xuda6eEgkXpiwFP170VOIqVGka83IwKhWvYm4n9eJ4Pgxs15nGbAYjoLCjKBIcGTGnCPS0ZBjDQhVHL9K6YhkYSCLmshhUa+5P0Qxqapu3GWm1glzUrZuSo7D5fFamXeUgGdojNUQg66RlV0j2qogSgaohf0it6MZ+Pd+DA+Z6trxvzmBC3A+PoFGSKboQ==</latexit>

x = T✓(z)

<latexit sha1_base64="QtflIHkCliC5foMRoS45J/6c03M="></latexit>

z ⇠ ⇢B(z)

<latexit sha1_base64="XNPxblVKHmaWEfn/23jaO77FZok=">AAACKXicbZDLSgMxFIYz9VbrbdSlm2ARWoUyU0TdCAU3LivYC7TDkEkzbWjmQnJGWkqfwQdx7VafwZ26deVbmLaz6MUfAj/fOYdz8nux4Aos68vIrK1vbG5lt3M7u3v7B+bhUV1FiaSsRiMRyaZHFBM8ZDXgIFgzlowEnmANr383qTeemFQ8Ch9hGDMnIN2Q+5wS0Mg1i0PXxrdYuW3oMSCFgVsu4nM80PQCwzx1zbxVsqbCq8ZOTR6lqrrmb7sT0SRgIVBBlGrZVgzOiEjgVLBxrp0oFhPaJ13W0jYkAVPOaPqlMT7TpIP9SOoXAp7S+YkRCZQaBp7uDAj01HJtAv+rtRLwb5wRD+MEWEhni/xEYIjwJB/c4ZJREENtCJVc34ppj0hCQae4sIUGnuTdHoxzOZ2NvZzEqqmXS/ZVyX64zFesNKUsOkGnqIBsdI0q6B5VUQ1R9Ixe0Rt6N16MD+PT+J61Zox05hgtyPj5A8tFpDQ=</latexit>

y1 = s✓(x2) ⇤ x1 + t✓(x2)

<latexit sha1_base64="ld7DOQ2s7Bkc8M/h4imaDh+kbLY=">AAACB3icbVDLSsNAFL3xWeOr6tLNYBFclaSIuhEKblxWsA9pQ5hMJ+3QmSTMTMQQ+gGu3eo3uBO3foaf4F84bbOwrQcuHM65l3vvCRLOlHacb2tldW19Y7O0ZW/v7O7tlw8OWypOJaFNEvNYdgKsKGcRbWqmOe0kkmIRcNoORjcTv/1IpWJxdK+zhHoCDyIWMoK1kR4yv4au0ZNf88sVp+pMgZaJW5AKFGj45Z9ePyapoJEmHCvVdZ1EezmWmhFOx3YvVTTBZIQHtGtohAVVXj49eIxOjdJHYSxNRRpN1b8TORZKZSIwnQLroVr0JuJ/XjfV4ZWXsyhJNY3IbFGYcqRjNPke9ZmkRPPMEEwkM7ciMsQSE20ymttCRCDZYKjHtm2ycReTWCatWtW9qLp355W6U6RUgmM4gTNw4RLqcAsNaAIBAS/wCm/Ws/VufVifs9YVq5g5gjlYX7+M8Ziz</latexit>y2 = x2
<latexit sha1_base64="xHZuLCOi6B9usaFjyeOgHGsobsU=">AAACAXicbVDLSgNBEJyNr7i+oh69DAbBU9gNoh4DXjxGNA9IljA7md0MmZldZnrFEHLy7FW/wZt49Uv8BP/CSbIHk1jQUFR1090VpoIb8Lxvp7C2vrG5Vdx2d3b39g9Kh0dNk2SasgZNRKLbITFMcMUawEGwdqoZkaFgrXB4M/Vbj0wbnqgHGKUskCRWPOKUgJXun3rVXqnsVbwZ8Crxc1JGOeq90k+3n9BMMgVUEGM6vpdCMCYaOBVs4nYzw1JChyRmHUsVkcwE49mpE3xmlT6OEm1LAZ6pfyfGRBozkqHtlAQGZtmbiv95nQyi62DMVZoBU3S+KMoEhgRP/8Z9rhkFMbKEUM3trZgOiCYUbDoLW6gMNY8HMHFdm42/nMQqaVYr/mXFv7so17w8pSI6QafoHPnoCtXQLaqjBqIoRi/oFb05z8678+F8zlsLTj5zjBbgfP0CMW6W8A==</latexit>x2

<latexit sha1_base64="6TljLrgbFjtAjGgvqlSc+Jjq86k=">AAACAXicbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPBi8eKthXaUDbbTbp0dxN2J2IJPXn2qr/Bm3j1l/gT/Bdu2xxs64OBx3szzMwLU8ENeN63U1pZXVvfKG+6W9s7u3uV/YOWSTJNWZMmItEPITFMcMWawEGwh1QzIkPB2uHweuK3H5k2PFH3MEpZIEmseMQpASvdPfX8XqXq1bwp8DLxC1JFBRq9yk+3n9BMMgVUEGM6vpdCkBMNnAo2druZYSmhQxKzjqWKSGaCfHrqGJ9YpY+jRNtSgKfq34mcSGNGMrSdksDALHoT8T+vk0F0FeRcpRkwRWeLokxgSPDkb9znmlEQI0sI1dzeiumAaELBpjO3hcpQ83gAY9e12fiLSSyT1lnNv6j5t+fVulekVEZH6BidIh9dojq6QQ3URBTF6AW9ojfn2Xl3PpzPWWvJKWYO0Rycr18v05bv</latexit>x1

<latexit sha1_base64="ONhabxCP8sVeWTzxCN8mrbgISVE=">AAACBnicbVBNS8NAEJ34WeNX1aOXxSJ4KomIeix48VjBfkAbyma7aZfuJmF3IpTQu2ev+hu8iVf/hj/Bf+G2zcG2Phh4vDfDzLwwlcKg5307a+sbm1vbpR13d2//4LB8dNw0SaYZb7BEJrodUsOliHkDBUreTjWnKpS8FY7upn7riWsjkvgRxykPFB3EIhKMopXaptfFIUfaK1e8qjcDWSV+QSpQoN4r/3T7CcsUj5FJakzH91IMcqpRMMknbjczPKVsRAe8Y2lMFTdBPrt3Qs6t0idRom3FSGbq34mcKmPGKrSdiuLQLHtT8T+vk2F0G+QiTjPkMZsvijJJMCHT50lfaM5Qji2hTAt7K2FDqilDG9HCFqZCLQZDnLiuzcZfTmKVNC+r/nXVf7iq1LwipRKcwhlcgA83UIN7qEMDGEh4gVd4c56dd+fD+Zy3rjnFzAkswPn6BYmUmV0=</latexit>s✓
<latexit sha1_base64="mB/3iH35YiKSbLl8gzHjW41NZp4=">AAACBnicbVBNS8NAEJ34WeNX1aOXxSJ4KomIeix48VjBfkAbyma7aZfuJmF3IpTQu2ev+hu8iVf/hj/Bf+G2zcG2Phh4vDfDzLwwlcKg5307a+sbm1vbpR13d2//4LB8dNw0SaYZb7BEJrodUsOliHkDBUreTjWnKpS8FY7upn7riWsjkvgRxykPFB3EIhKMopXa2OvikCPtlSte1ZuBrBK/IBUoUO+Vf7r9hGWKx8gkNabjeykGOdUomOQTt5sZnlI2ogPesTSmipsgn907IedW6ZMo0bZiJDP170ROlTFjFdpORXFolr2p+J/XyTC6DXIRpxnymM0XRZkkmJDp86QvNGcox5ZQpoW9lbAh1ZShjWhhC1OhFoMhTlzXZuMvJ7FKmpdV/7rqP1xVal6RUglO4QwuwIcbqME91KEBDCS8wCu8Oc/Ou/PhfM5b15xi5gQW4Hz9Aos2mV4=</latexit>

t✓

<latexit sha1_base64="4e4UZy8vnOag6aAseNJC21YI944=">AAAB/3icbVDLSgNBEJz1GddX1KOXwSCIh7Aroh4DXjwmYB6QLGF20psMmdldZnqFEHLw7FW/wZt49VP8BP/CSbIHk1jQUFR1090VplIY9LxvZ219Y3Nru7Dj7u7tHxwWj44bJsk0hzpPZKJbITMgRQx1FCihlWpgKpTQDIf3U7/5BNqIJH7EUQqBYv1YRIIztFLtslsseWVvBrpK/JyUSI5qt/jT6SU8UxAjl8yYtu+lGIyZRsElTNxOZiBlfMj60LY0ZgpMMJ4dOqHnVunRKNG2YqQz9e/EmCljRiq0nYrhwCx7U/E/r51hdBeMRZxmCDGfL4oySTGh069pT2jgKEeWMK6FvZXyAdOMo81mYQtXoRb9AU5c12bjLyexShpXZf+m7NeuSxUvT6lATskZuSA+uSUV8kCqpE44AfJCXsmb8+y8Ox/O57x1zclnTsgCnK9fgASV/Q==</latexit>⇤ <latexit sha1_base64="cbzT+WDoBXvWitt/RPndmR0SBiE=">AAAB/3icbVDLSgNBEJz1GddX1KOXwSAIQtgVUY8BLx4TMA9IljA76U2GzOwuM71CCDl49qrf4E28+il+gn/hJNmDSSxoKKq66e4KUykMet63s7a+sbm1Xdhxd/f2Dw6LR8cNk2SaQ50nMtGtkBmQIoY6CpTQSjUwFUpohsP7qd98Am1EEj/iKIVAsX4sIsEZWql22S2WvLI3A10lfk5KJEe1W/zp9BKeKYiRS2ZM2/dSDMZMo+ASJm4nM5AyPmR9aFsaMwUmGM8OndBzq/RolGhbMdKZ+ndizJQxIxXaTsVwYJa9qfif184wugvGIk4zhJjPF0WZpJjQ6de0JzRwlCNLGNfC3kr5gGnG0WazsIWrUIv+ACeua7Pxl5NYJY2rsn9T9mvXpYqXp1Qgp+SMXBCf3JIKeSBVUiecAHkhr+TNeXbenQ/nc9665uQzJ2QBztcvgZ+V/g==</latexit>

+

Affine coupling layer
<latexit sha1_base64="noIe/qo10NM4Av4/zzU2HXBs69U="></latexit>

T✓(x)

<latexit sha1_base64="ld7DOQ2s7Bkc8M/h4imaDh+kbLY=">AAACB3icbVDLSsNAFL3xWeOr6tLNYBFclaSIuhEKblxWsA9pQ5hMJ+3QmSTMTMQQ+gGu3eo3uBO3foaf4F84bbOwrQcuHM65l3vvCRLOlHacb2tldW19Y7O0ZW/v7O7tlw8OWypOJaFNEvNYdgKsKGcRbWqmOe0kkmIRcNoORjcTv/1IpWJxdK+zhHoCDyIWMoK1kR4yv4au0ZNf88sVp+pMgZaJW5AKFGj45Z9ePyapoJEmHCvVdZ1EezmWmhFOx3YvVTTBZIQHtGtohAVVXj49eIxOjdJHYSxNRRpN1b8TORZKZSIwnQLroVr0JuJ/XjfV4ZWXsyhJNY3IbFGYcqRjNPke9ZmkRPPMEEwkM7ciMsQSE20ymttCRCDZYKjHtm2ycReTWCatWtW9qLp355W6U6RUgmM4gTNw4RLqcAsNaAIBAS/wCm/Ws/VufVifs9YVq5g5gjlYX7+M8Ziz</latexit>y2 = x2
<latexit sha1_base64="xHZuLCOi6B9usaFjyeOgHGsobsU=">AAACAXicbVDLSgNBEJyNr7i+oh69DAbBU9gNoh4DXjxGNA9IljA7md0MmZldZnrFEHLy7FW/wZt49Uv8BP/CSbIHk1jQUFR1090VpoIb8Lxvp7C2vrG5Vdx2d3b39g9Kh0dNk2SasgZNRKLbITFMcMUawEGwdqoZkaFgrXB4M/Vbj0wbnqgHGKUskCRWPOKUgJXun3rVXqnsVbwZ8Crxc1JGOeq90k+3n9BMMgVUEGM6vpdCMCYaOBVs4nYzw1JChyRmHUsVkcwE49mpE3xmlT6OEm1LAZ6pfyfGRBozkqHtlAQGZtmbiv95nQyi62DMVZoBU3S+KMoEhgRP/8Z9rhkFMbKEUM3trZgOiCYUbDoLW6gMNY8HMHFdm42/nMQqaVYr/mXFv7so17w8pSI6QafoHPnoCtXQLaqjBqIoRi/oFb05z8678+F8zlsLTj5zjBbgfP0CMW6W8A==</latexit>x2

<latexit sha1_base64="ONhabxCP8sVeWTzxCN8mrbgISVE=">AAACBnicbVBNS8NAEJ34WeNX1aOXxSJ4KomIeix48VjBfkAbyma7aZfuJmF3IpTQu2ev+hu8iVf/hj/Bf+G2zcG2Phh4vDfDzLwwlcKg5307a+sbm1vbpR13d2//4LB8dNw0SaYZb7BEJrodUsOliHkDBUreTjWnKpS8FY7upn7riWsjkvgRxykPFB3EIhKMopXaptfFIUfaK1e8qjcDWSV+QSpQoN4r/3T7CcsUj5FJakzH91IMcqpRMMknbjczPKVsRAe8Y2lMFTdBPrt3Qs6t0idRom3FSGbq34mcKmPGKrSdiuLQLHtT8T+vk2F0G+QiTjPkMZsvijJJMCHT50lfaM5Qji2hTAt7K2FDqilDG9HCFqZCLQZDnLiuzcZfTmKVNC+r/nXVf7iq1LwipRKcwhlcgA83UIN7qEMDGEh4gVd4c56dd+fD+Zy3rjnFzAkswPn6BYmUmV0=</latexit>s✓
<latexit sha1_base64="mB/3iH35YiKSbLl8gzHjW41NZp4=">AAACBnicbVBNS8NAEJ34WeNX1aOXxSJ4KomIeix48VjBfkAbyma7aZfuJmF3IpTQu2ev+hu8iVf/hj/Bf+G2zcG2Phh4vDfDzLwwlcKg5307a+sbm1vbpR13d2//4LB8dNw0SaYZb7BEJrodUsOliHkDBUreTjWnKpS8FY7upn7riWsjkvgRxykPFB3EIhKMopXa2OvikCPtlSte1ZuBrBK/IBUoUO+Vf7r9hGWKx8gkNabjeykGOdUomOQTt5sZnlI2ogPesTSmipsgn907IedW6ZMo0bZiJDP170ROlTFjFdpORXFolr2p+J/XyTC6DXIRpxnymM0XRZkkmJDp86QvNGcox5ZQpoW9lbAh1ZShjWhhC1OhFoMhTlzXZuMvJ7FKmpdV/7rqP1xVal6RUglO4QwuwIcbqME91KEBDCS8wCu8Oc/Ou/PhfM5b15xi5gQW4Hz9Aos2mV4=</latexit>

t✓

<latexit sha1_base64="Q28wZiFPoZhwr2CDyRbosuxiMz0=">AAAB/3icbVDLSgNBEJz1GddX1KOXwSB4MeyKqMeAF48JmAckS5id9CZDZnaXmV4hhBw8e9Vv8CZe/RQ/wb9wkuzBJBY0FFXddHeFqRQGPe/bWVvf2NzaLuy4u3v7B4fFo+OGSTLNoc4TmehWyAxIEUMdBUpopRqYCiU0w+H91G8+gTYiiR9xlEKgWD8WkeAMrVS77BZLXtmbga4SPyclkqPaLf50egnPFMTIJTOm7XspBmOmUXAJE7eTGUgZH7I+tC2NmQITjGeHTui5VXo0SrStGOlM/TsxZsqYkQptp2I4MMveVPzPa2cY3QVjEacZQszni6JMUkzo9GvaExo4ypEljGthb6V8wDTjaLNZ2MJVqEV/gBPXtdn4y0msksZV2b8p+7XrUsXLUyqQU3JGLohPbkmFPJAqqRNOgLyQV/LmPDvvzofzOW9dc/KZE7IA5+sXhNWWAA==</latexit>�
<latexit sha1_base64="c85NjDQqlAi+CPt+89zAMNTi33o=">AAAB/3icbVDLSgNBEJyNr7i+oh69DAbBg8RdEfUY8OIxAfOAZAmzk95kyMzsMjMrhCUHz171G7yJVz/FT/AvnCR7MIkFDUVVN91dYcKZNp737RTW1jc2t4rb7s7u3v5B6fCoqeNUUWjQmMeqHRINnEloGGY4tBMFRIQcWuHofuq3nkBpFstHM04gEGQgWcQoMVaqX/ZKZa/izYBXiZ+TMspR65V+uv2YpgKkoZxo3fG9xAQZUYZRDhO3m2pICB2RAXQslUSADrLZoRN8ZpU+jmJlSxo8U/9OZERoPRah7RTEDPWyNxX/8zqpie6CjMkkNSDpfFGUcmxiPP0a95kCavjYEkIVs7diOiSKUGOzWdhCRajYYGgmrmuz8ZeTWCXNq4p/U/Hr1+XqRZ5SEZ2gU3SOfHSLqugB1VADUQToBb2iN+fZeXc+nM95a8HJZ47RApyvX4bXlf4=</latexit>

/
<latexit sha1_base64="FhNJRqe5Zi6YHSHh5R64UOAwAMA=">AAACAXicbVDLSsNAFJ3UV62vqks3g0VwVRIRdVlw47KifUAbymQ6SYfOTMLMjRBCV67d6je4E7d+iZ/gXzhts7CtBy4czrmXe+8JEsENuO63U1pb39jcKm9Xdnb39g+qh0dtE6eashaNRay7ATFMcMVawEGwbqIZkYFgnWB8O/U7T0wbHqtHyBLmSxIpHnJKwEoP2cAbVGtu3Z0BrxKvIDVUoDmo/vSHMU0lU0AFMabnuQn4OdHAqWCTSj81LCF0TCLWs1QRyYyfz06d4DOrDHEYa1sK8Ez9O5ETaUwmA9spCYzMsjcV//N6KYQ3fs5VkgJTdL4oTAWGGE//xkOuGQWRWUKo5vZWTEdEEwo2nYUtVAaaRyOYVCo2G285iVXSvqh7V3Xv/rLWcIuUyugEnaJz5KFr1EB3qIlaiKIIvaBX9OY8O+/Oh/M5by05xcwxWoDz9QsxcJbw</latexit>y1

Inverse layer
<latexit sha1_base64="zwIHP1uD2iSD4dKiz5MmXv6oYBg="></latexit>

T�1✓ (y)

<latexit sha1_base64="zvN/mj7YGtT+zkHnvBx805xqJS0=">AAACMXicbVDLSsNAFJ3UV42vqks3g0WoC0tSRN0IBTcuK9gHtCVMppNm6OTBzI0YQr/DD3HtVr+hO3En/oTTNgvbemDg3HPu5d45biy4AsuaGIW19Y3NreK2ubO7t39QOjxqqSiRlDVpJCLZcYligoesCRwE68SSkcAVrO2O7qZ++4lJxaPwEdKY9QMyDLnHKQEtOSX72bHxLcY9TxKa4VRXFxicHvgMSCV1aufjTC2UTqlsVa0Z8Cqxc1JGORpO6bs3iGgSsBCoIEp1bSuGfkYkcCrY2OwlisWEjsiQdTUNScBUP5t9bYzPtDLAXiT1CwHP1L8TGQmUSgNXdwYEfLXsTcX/vG4C3k0/42GcAAvpfJGXCAwRnuaEB1wyCiLVhFDJ9a2Y+kSHBDrNhS00cCUf+jA2TZ2NvZzEKmnVqvZV1X64LNetPKUiOkGnqIJsdI3q6B41UBNR9ILe0Dv6MF6NifFpfM1bC0Y+c4wWYPz8AnnKqEY=</latexit>

x1 =
y1 � t✓(y2)
s✓(y2)

<latexit sha1_base64="7UvNF5+VvZ/abAxN2976wNPunkI="></latexit>

rxT✓(x) =

s✓(x2)Id/2 0
0 Id/2

�
Block diagonal Jacobian:

<latexit sha1_base64="3ADIN0VDGb9Tg4nY9Ha2t6LkrCM="></latexit>

⇠ ⇢✓(x) = ⇢B(T�1✓ (x)) det
��rxT�1✓

��

Most generative model are 
not invertible!

Intractable push-forward.



Easy to sample and easy to evaluate density 

▷ Parametrized invertible map

o Base distribution 

o Push-forward distribution

▷ Composition to encode for sophisticated transformations

2.2 A special type of Deep Generative Models
Normalizing Flows (NF): Invertible networks

18

[Tabak & Vanden Eijnden Commun. Math. Sci. 2010,  Dinh, L. et al ICLR 2017, Papamakarios, G et al JMLR 2021]

<latexit sha1_base64="O1baf0S33oEIO9DzOYNcEO5vuJQ="></latexit>

T✓ : ⌦ 7! ⌦
<latexit sha1_base64="sL92Hfdt2dAUCx7mDYeTDmcAeUo="></latexit>

⌦ ⇢ Rd

<latexit sha1_base64="DnTYyht3xWsB74QpAOI8UWMqgLw=">AAACEHicbVDLSsNAFJ34rPEVdelmsAh1U5Ii6kYouHFZoS9oQ5hMJ83QyYOZm2IN/QnXbvUb3Ilb/8BP8C+cPha29cCFwzn3ci7HTwVXYNvfxtr6xubWdmHH3N3bPzi0jo6bKskkZQ2aiES2faKY4DFrAAfB2qlkJPIFa/mDu4nfGjKpeBLXYZQyNyL9mAecEtCSZ1mP+BbXvS6EDEjp6QJ7VtEu21PgVeLMSRHNUfOsn24voVnEYqCCKNVx7BTcnEjgVLCx2c0USwkdkD7raBqTiCk3n34+xuda6eEgkXpiwFP170VOIqVGka83IwKhWvYm4n9eJ4Pgxs15nGbAYjoLCjKBIcGTGnCPS0ZBjDQhVHL9K6YhkYSCLmshhUa+5P0Qxqapu3GWm1glzUrZuSo7D5fFamXeUgGdojNUQg66RlV0j2qogSgaohf0it6MZ+Pd+DA+Z6trxvzmBC3A+PoFGSKboQ==</latexit>

x = T✓(z)

<latexit sha1_base64="QtflIHkCliC5foMRoS45J/6c03M="></latexit>

z ⇠ ⇢B(z)
<latexit sha1_base64="3ADIN0VDGb9Tg4nY9Ha2t6LkrCM="></latexit>

⇠ ⇢✓(x) = ⇢B(T�1✓ (x)) det
��rxT�1✓

��

NADE networks also! 

<latexit sha1_base64="duba844qdsi905LAHYhW+m5Yq3w=">AAACBnicbVDLSsNAFJ3UV42vqks3g0VwVZIi6rLgxmUF+4A2lMl00gydmYSZG6GE7l271W9wJ279DT/Bv3DaZmFbD1w4nHMv994TpoIb8Lxvp7SxubW9U9519/YPDo8qxydtk2SashZNRKK7ITFMcMVawEGwbqoZkaFgnXB8N/M7T0wbnqhHmKQskGSkeMQpASt1+xAzIAN/UKl6NW8OvE78glRRgeag8tMfJjSTTAEVxJie76UQ5EQDp4JN3X5mWEromIxYz1JFJDNBPr93ii+sMsRRom0pwHP170ROpDETGdpOSSA2q95M/M/rZRDdBjlXaQZM0cWiKBMYEjx7Hg+5ZhTExBJCNbe3YhoTTSjYiJa2UBlqPoph6ro2G381iXXSrtf865r/cFVt1IuUyugMnaNL5KMb1ED3qIlaiCKBXtArenOenXfnw/lctJacYuYULcH5+gUgHJkd</latexit>

✓1
<latexit sha1_base64="C79hnAlPPcvVb/cE29DkcS9sivQ=">AAACBnicbVDLSsNAFJ3UV42vqks3g0VwVZIi6rLgxmUF+4A2lMl00gydmYSZG6GE7l271W9wJ279DT/Bv3DaZmFbD1w4nHMv994TpoIb8Lxvp7SxubW9U9519/YPDo8qxydtk2SashZNRKK7ITFMcMVawEGwbqoZkaFgnXB8N/M7T0wbnqhHmKQskGSkeMQpASt1+xAzIIP6oFL1at4ceJ34BamiAs1B5ac/TGgmmQIqiDE930shyIkGTgWbuv3MsJTQMRmxnqWKSGaCfH7vFF9YZYijRNtSgOfq34mcSGMmMrSdkkBsVr2Z+J/XyyC6DXKu0gyYootFUSYwJHj2PB5yzSiIiSWEam5vxTQmmlCwES1toTLUfBTD1HVtNv5qEuukXa/51zX/4araqBcpldEZOkeXyEc3qIHuURO1EEUCvaBX9OY8O+/Oh/O5aC05xcwpWoLz9Qsht5ke</latexit>

✓2
<latexit sha1_base64="bRAdQJ07h5D4lhkVAaFvw6oY9Fo=">AAACBnicbVDLSsNAFJ34rPFVdelmsAiuSlJFXRbcuKxgH9CGMplOmqEzkzBzI5TQvWu3+g3uxK2/4Sf4F07bLGzrgQuHc+7l3nvCVHADnvftrK1vbG5tl3bc3b39g8Py0XHLJJmmrEkTkehOSAwTXLEmcBCsk2pGZChYOxzdTf32E9OGJ+oRxikLJBkqHnFKwEqdHsQMSP+yX654VW8GvEr8glRQgUa//NMbJDSTTAEVxJiu76UQ5EQDp4JN3F5mWEroiAxZ11JFJDNBPrt3gs+tMsBRom0pwDP170ROpDFjGdpOSSA2y95U/M/rZhDdBjlXaQZM0fmiKBMYEjx9Hg+4ZhTE2BJCNbe3YhoTTSjYiBa2UBlqPoxh4ro2G385iVXSqlX966r/cFWp14qUSugUnaEL5KMbVEf3qIGaiCKBXtArenOenXfnw/mct645xcwJWoDz9QsjUpkf</latexit>

✓3
<latexit sha1_base64="cooO9al4TZUwMNnG87aq1nJHgmE=">AAACBnicbVDLSsNAFJ34rPFVdelmsAiuSlKKuiy4cVnBPqANZTKdNENnJmHmRiihe9du9RvciVt/w0/wL5y2WdjWAxcO59zLvfeEqeAGPO/b2djc2t7ZLe25+weHR8flk9O2STJNWYsmItHdkBgmuGIt4CBYN9WMyFCwTji+m/mdJ6YNT9QjTFIWSDJSPOKUgJW6fYgZkEF9UK54VW8OvE78glRQgeag/NMfJjSTTAEVxJie76UQ5EQDp4JN3X5mWEromIxYz1JFJDNBPr93ii+tMsRRom0pwHP170ROpDETGdpOSSA2q95M/M/rZRDdBjlXaQZM0cWiKBMYEjx7Hg+5ZhTExBJCNbe3YhoTTSjYiJa2UBlqPoph6ro2G381iXXSrlX962r9oV5p1IqUSugcXaAr5KMb1ED3qIlaiCKBXtArenOenXfnw/lctG44xcwZWoLz9Qsl45kj</latexit>

✓4

<latexit sha1_base64="yn8Cf+0OznITOlGVmWK7UWlSw1s=">AAACUHicbZDLSgMxFIbP1Fsdb1WXboJFcFVmtKgboeDGZYXeoC1DJk3b0MyF5IxQhnktH8Sd4FbBN3Cn6UXoxQMhP99/Dif5/VgKjY7zZuU2Nre2d/K79t7+weFR4fikoaNEMV5nkYxUy6eaSxHyOgqUvBUrTgNf8qY/epj4zWeutIjCGo5j3g3oIBR9wSga5BWqNa+DQ46U3JOal860V85IhwnFFtD1OrpaR27mFYpOyZkWWRfuXBRhXlWv8NXpRSwJeIhMUq3brhNjN6UKBZM8szuJ5jFlIzrgbSNDGnDdTac/z8iFIT3Sj5Q5IZIpXZxIaaD1OPBNZ0BxqFe9CfzPayfYv+umIowT5CGbLeonkmBEJjGSnlCcoRwbQZkS5q2EDamiDE3YS1tY4CsxGGJm2yYbdzWJddG4Krk3pfJTuVhx5inl4QzO4RJcuIUKPEIV6sDgBd7hAz6tV+vb+slZs9a/G05hqXL2L0H1tDI=</latexit>

T✓ = T✓4 � T✓3 � T✓2 � T✓1

<latexit sha1_base64="DnTYyht3xWsB74QpAOI8UWMqgLw=">AAACEHicbVDLSsNAFJ34rPEVdelmsAh1U5Ii6kYouHFZoS9oQ5hMJ83QyYOZm2IN/QnXbvUb3Ilb/8BP8C+cPha29cCFwzn3ci7HTwVXYNvfxtr6xubWdmHH3N3bPzi0jo6bKskkZQ2aiES2faKY4DFrAAfB2qlkJPIFa/mDu4nfGjKpeBLXYZQyNyL9mAecEtCSZ1mP+BbXvS6EDEjp6QJ7VtEu21PgVeLMSRHNUfOsn24voVnEYqCCKNVx7BTcnEjgVLCx2c0USwkdkD7raBqTiCk3n34+xuda6eEgkXpiwFP170VOIqVGka83IwKhWvYm4n9eJ4Pgxs15nGbAYjoLCjKBIcGTGnCPS0ZBjDQhVHL9K6YhkYSCLmshhUa+5P0Qxqapu3GWm1glzUrZuSo7D5fFamXeUgGdojNUQg66RlV0j2qogSgaohf0it6MZ+Pd+DA+Z6trxvzmBC3A+PoFGSKboQ==</latexit>

x = T✓(z)
<latexit sha1_base64="3I9MW3bDKsU2KlJGrXPtINkleW4=">AAACE3icbVDLSsNAFJ3UV62vapduBotQNyUpoi4LblxWsA9oSphMJ83QmSTM3Iih9DNcu9VvcCdu/QA/wb9w2mZhWw9cOJxzL+dy/ERwDbb9bRU2Nre2d4q7pb39g8Oj8vFJR8epoqxNYxGrnk80EzxibeAgWC9RjEhfsK4/vp353UemNI+jB8gSNpBkFPGAUwJG8soVV3OJXRXGngshA1J7uvDKVbtuz4HXiZOTKsrR8so/7jCmqWQRUEG07jt2AoMJUcCpYNOSm2qWEDomI9Y3NCKS6cFk/vwUnxtliINYmYkAz9W/FxMitc6kbzYlgVCvejPxP6+fQnAzmPAoSYFFdBEUpAJDjGdN4CFXjILIDCFUcfMrpiFRhILpaymFSl/xUQjTUsl046w2sU46jbpzVXfuL6vNRt5SEZ2iM1RDDrpGTXSHWqiNKMrQC3pFb9az9W59WJ+L1YKV31TQEqyvX9hnnb4=</latexit>

⇠ ⇢✓(x)<latexit sha1_base64="155LbBMdpfVG7nd6GDSYHwPhmRs=">AAACFXicbVDLSsNAFJ34rPUVFdy4GSxC3ZSkiLosunFZwT6gCWEynTRDZ5IwMxHamO9w71Z/wZ24de0f+BlO2yxs64ELh3Pu5VyOnzAqlWV9Gyura+sbm6Wt8vbO7t6+eXDYlnEqMGnhmMWi6yNJGI1IS1HFSDcRBHGfkY4/vJ34nUciJI2jBzVKiMvRIKIBxUhpyTOPx9CRlENHhLGXOYLDm7w6PvfMilWzpoDLxC5IBRRoeuaP049xykmkMENS9mwrUW6GhKKYkbzspJIkCA/RgPQ0jRAn0s2m/+fwTCt9GMRCT6TgVP17kSEu5Yj7epMjFcpFbyL+5/VSFVy7GY2SVJEIz4KClEEVw0kZsE8FwYqNNEFYUP0rxCESCCtd2VwK5r6gg1DlZV2NvVjEMmnXa/Zlzb6/qDTqRUklcAJOQRXY4Ao0wB1oghbA4Am8gFfwZjwb78aH8TlbXTGKmyMwB+PrF/pqnos=</latexit>

z ⇠ ⇢B(z)



▷ Parametric model: Simple base random variable transformed by a deep neural network

▷ Opportunity alert! Sample complicated by modelling it with deep generative model? 

o Need to learn       for which we need data - - do we? 

o Even if we get , unlikely to learn perfect model                         , right?

Deep generative models for sampling target          ? 19

<latexit sha1_base64="duba844qdsi905LAHYhW+m5Yq3w=">AAACBnicbVDLSsNAFJ3UV42vqks3g0VwVZIi6rLgxmUF+4A2lMl00gydmYSZG6GE7l271W9wJ279DT/Bv3DaZmFbD1w4nHMv994TpoIb8Lxvp7SxubW9U9519/YPDo8qxydtk2SashZNRKK7ITFMcMVawEGwbqoZkaFgnXB8N/M7T0wbnqhHmKQskGSkeMQpASt1+xAzIAN/UKl6NW8OvE78glRRgeag8tMfJjSTTAEVxJie76UQ5EQDp4JN3X5mWEromIxYz1JFJDNBPr93ii+sMsRRom0pwHP170ROpDETGdpOSSA2q95M/M/rZRDdBjlXaQZM0cWiKBMYEjx7Hg+5ZhTExBJCNbe3YhoTTSjYiJa2UBlqPoph6ro2G381iXXSrtf865r/cFVt1IuUyugMnaNL5KMb1ED3qIlaiCKBXtArenOenXfnw/lctJacYuYULcH5+gUgHJkd</latexit>

✓1
<latexit sha1_base64="C79hnAlPPcvVb/cE29DkcS9sivQ=">AAACBnicbVDLSsNAFJ3UV42vqks3g0VwVZIi6rLgxmUF+4A2lMl00gydmYSZG6GE7l271W9wJ279DT/Bv3DaZmFbD1w4nHMv994TpoIb8Lxvp7SxubW9U9519/YPDo8qxydtk2SashZNRKK7ITFMcMVawEGwbqoZkaFgnXB8N/M7T0wbnqhHmKQskGSkeMQpASt1+xAzIIP6oFL1at4ceJ34BamiAs1B5ac/TGgmmQIqiDE930shyIkGTgWbuv3MsJTQMRmxnqWKSGaCfH7vFF9YZYijRNtSgOfq34mcSGMmMrSdkkBsVr2Z+J/XyyC6DXKu0gyYootFUSYwJHj2PB5yzSiIiSWEam5vxTQmmlCwES1toTLUfBTD1HVtNv5qEuukXa/51zX/4araqBcpldEZOkeXyEc3qIHuURO1EEUCvaBX9OY8O+/Oh/O5aC05xcwpWoLz9Qsht5ke</latexit>

✓2
<latexit sha1_base64="bRAdQJ07h5D4lhkVAaFvw6oY9Fo=">AAACBnicbVDLSsNAFJ34rPFVdelmsAiuSlJFXRbcuKxgH9CGMplOmqEzkzBzI5TQvWu3+g3uxK2/4Sf4F07bLGzrgQuHc+7l3nvCVHADnvftrK1vbG5tl3bc3b39g8Py0XHLJJmmrEkTkehOSAwTXLEmcBCsk2pGZChYOxzdTf32E9OGJ+oRxikLJBkqHnFKwEqdHsQMSP+yX654VW8GvEr8glRQgUa//NMbJDSTTAEVxJiu76UQ5EQDp4JN3F5mWEroiAxZ11JFJDNBPrt3gs+tMsBRom0pwDP170ROpDFjGdpOSSA2y95U/M/rZhDdBjlXaQZM0fmiKBMYEjx9Hg+4ZhTE2BJCNbe3YhoTTSjYiBa2UBlqPoxh4ro2G385iVXSqlX966r/cFWp14qUSugUnaEL5KMbVEf3qIGaiCKBXtArenOenXfnw/mct645xcwJWoDz9QsjUpkf</latexit>

✓3 <latexit sha1_base64="DnTYyht3xWsB74QpAOI8UWMqgLw=">AAACEHicbVDLSsNAFJ34rPEVdelmsAh1U5Ii6kYouHFZoS9oQ5hMJ83QyYOZm2IN/QnXbvUb3Ilb/8BP8C+cPha29cCFwzn3ci7HTwVXYNvfxtr6xubWdmHH3N3bPzi0jo6bKskkZQ2aiES2faKY4DFrAAfB2qlkJPIFa/mDu4nfGjKpeBLXYZQyNyL9mAecEtCSZ1mP+BbXvS6EDEjp6QJ7VtEu21PgVeLMSRHNUfOsn24voVnEYqCCKNVx7BTcnEjgVLCx2c0USwkdkD7raBqTiCk3n34+xuda6eEgkXpiwFP170VOIqVGka83IwKhWvYm4n9eJ4Pgxs15nGbAYjoLCjKBIcGTGnCPS0ZBjDQhVHL9K6YhkYSCLmshhUa+5P0Qxqapu3GWm1glzUrZuSo7D5fFamXeUgGdojNUQg66RlV0j2qogSgaohf0it6MZ+Pd+DA+Z6trxvzmBC3A+PoFGSKboQ==</latexit>

x = T✓(z)
 

  

Forward SDE (data   noise) 

Reverse SDE (noise  data) 

score function

 

  

Forward SDE (data   noise) 

Reverse SDE (noise  data) 

score function

 

  

Forward SDE (data   noise) 

Reverse SDE (noise  data) 

score function

 

  

Forward SDE (data   noise) 

Reverse SDE (noise  data) 

score function

<latexit sha1_base64="ph08DsLmILhT9li8l9gX39YfvuU=">AAACBnicbVDLSsNAFJ34rPFVdelmsAiuSlJEXRbcuKzQF7ShTKaTZujMJMzcCCV079qtfoM7cetv+An+hdM2C9t64MLhnHu5954wFdyA5307G5tb2zu7pT13/+Dw6Lh8cto2SaYpa9FEJLobEsMEV6wFHATrppoRGQrWCcf3M7/zxLThiWrCJGWBJCPFI04JWKnbHPQhZkAG5YpX9ebA68QvSAUVaAzKP/1hQjPJFFBBjOn5XgpBTjRwKtjU7WeGpYSOyYj1LFVEMhPk83un+NIqQxwl2pYCPFf/TuREGjORoe2UBGKz6s3E/7xeBtFdkHOVZsAUXSyKMoEhwbPn8ZBrRkFMLCFUc3srpjHRhIKNaGkLlaHmoximrmuz8VeTWCftWtW/qfqP15V6rUiphM7RBbpCPrpFdfSAGqiFKBLoBb2iN+fZeXc+nM9F64ZTzJyhJThfv1eQmUA=</latexit>

T✓

<latexit sha1_base64="3I9MW3bDKsU2KlJGrXPtINkleW4=">AAACE3icbVDLSsNAFJ3UV62vapduBotQNyUpoi4LblxWsA9oSphMJ83QmSTM3Iih9DNcu9VvcCdu/QA/wb9w2mZhWw9cOJxzL+dy/ERwDbb9bRU2Nre2d4q7pb39g8Oj8vFJR8epoqxNYxGrnk80EzxibeAgWC9RjEhfsK4/vp353UemNI+jB8gSNpBkFPGAUwJG8soVV3OJXRXGngshA1J7uvDKVbtuz4HXiZOTKsrR8so/7jCmqWQRUEG07jt2AoMJUcCpYNOSm2qWEDomI9Y3NCKS6cFk/vwUnxtliINYmYkAz9W/FxMitc6kbzYlgVCvejPxP6+fQnAzmPAoSYFFdBEUpAJDjGdN4CFXjILIDCFUcfMrpiFRhILpaymFSl/xUQjTUsl046w2sU46jbpzVXfuL6vNRt5SEZ2iM1RDDrpGTXSHWqiNKMrQC3pFb9az9W59WJ+L1YKV31TQEqyvX9hnnb4=</latexit>

⇠ ⇢✓(x) “push-forward” 
distribution

<latexit sha1_base64="155LbBMdpfVG7nd6GDSYHwPhmRs=">AAACFXicbVDLSsNAFJ34rPUVFdy4GSxC3ZSkiLosunFZwT6gCWEynTRDZ5IwMxHamO9w71Z/wZ24de0f+BlO2yxs64ELh3Pu5VyOnzAqlWV9Gyura+sbm6Wt8vbO7t6+eXDYlnEqMGnhmMWi6yNJGI1IS1HFSDcRBHGfkY4/vJ34nUciJI2jBzVKiMvRIKIBxUhpyTOPx9CRlENHhLGXOYLDm7w6PvfMilWzpoDLxC5IBRRoeuaP049xykmkMENS9mwrUW6GhKKYkbzspJIkCA/RgPQ0jRAn0s2m/+fwTCt9GMRCT6TgVP17kSEu5Yj7epMjFcpFbyL+5/VSFVy7GY2SVJEIz4KClEEVw0kZsE8FwYqNNEFYUP0rxCESCCtd2VwK5r6gg1DlZV2NvVjEMmnXa/Zlzb6/qDTqRUklcAJOQRXY4Ao0wB1oghbA4Am8gFfwZjwb78aH8TlbXTGKmyMwB+PrF/pqnos=</latexit>

z ⇠ ⇢B(z)

<latexit sha1_base64="ph08DsLmILhT9li8l9gX39YfvuU=">AAACBnicbVDLSsNAFJ34rPFVdelmsAiuSlJEXRbcuKzQF7ShTKaTZujMJMzcCCV079qtfoM7cetv+An+hdM2C9t64MLhnHu5954wFdyA5307G5tb2zu7pT13/+Dw6Lh8cto2SaYpa9FEJLobEsMEV6wFHATrppoRGQrWCcf3M7/zxLThiWrCJGWBJCPFI04JWKnbHPQhZkAG5YpX9ebA68QvSAUVaAzKP/1hQjPJFFBBjOn5XgpBTjRwKtjU7WeGpYSOyYj1LFVEMhPk83un+NIqQxwl2pYCPFf/TuREGjORoe2UBGKz6s3E/7xeBtFdkHOVZsAUXSyKMoEhwbPn8ZBrRkFMLCFUc3srpjHRhIKNaGkLlaHmoximrmuz8VeTWCftWtW/qfqP15V6rUiphM7RBbpCPrpFdfSAGqiFKBLoBb2iN+fZeXc+nM9F64ZTzJyhJThfv1eQmUA=</latexit>

T✓

<latexit sha1_base64="TLXp/2w9Ca2MY3YaQxDFCgLwS3o=">AAACGnicbVDLSsNAFJ34rPEVdaebwSJUwZoUUTdCwY3LCqYttrFMptNm6OTBzEQsIeCHuHar3+BO3LrxE/wLp2kWtvXAhTPn3Mude9yIUSFN81ubm19YXFourOira+sbm8bWdl2EMcfExiELedNFgjAaEFtSyUgz4gT5LiMNd3A18hsPhAsaBrdyGBHHR/2A9ihGUkkdY7fNvbBzVHo8hJeQ3CfHdvZIT+BdxyiaZTMDnCVWToogR61j/LS7IY59EkjMkBAty4ykkyAuKWYk1duxIBHCA9QnLUUD5BPhJNkNKTxQShf2Qq4qkDBT/04kyBdi6Luq00fSE9PeSPzPa8Wyd+EkNIhiSQI8XtSLGZQhHAUCu5QTLNlQEYQ5VX+F2EMcYalim9iCfZfTvidTXVfZWNNJzJJ6pWydla2b02K1kqdUAHtgH5SABc5BFVyDGrABBk/gBbyCN+1Ze9c+tM9x65yWz+yACWhfvw6mnqw=</latexit>

⇢⇤(x) = e
�U⇤(x)/Z

<latexit sha1_base64="qEVuzuqik5bw9ZFe8DSIYVZxqxM="></latexit>

xi ⇠ ⇢⇤(x)

<latexit sha1_base64="1ghg067Sxdp7m8d7Bkn/kxLZ1SY=">AAACGnicbZC7SgNBFIZn4y2ut1U7bQaDEC3CbghqIwRsLCOYC2RDmJ3MZofMXpg5K4Yl4INY2+oz2ImtjY/gWzi5FCbxh4GP/5zDOfN7ieAKbPvbyK2srq1v5DfNre2d3T1r/6Ch4lRSVqexiGXLI4oJHrE6cBCslUhGQk+wpje4GdebD0wqHkf3MExYJyT9iPucEtBW1zpyZRB3XQgYkOLjGb7GE+Ncc9cq2CV7IrwMzgwKaKZa1/pxezFNQxYBFUSptmMn0MmIBE4FG5luqlhC6ID0WVtjREKmOtnkDyN8qp0e9mOpXwR44v6dyEio1DD0dGdIIFCLtbH5X62dgn/VyXiUpMAiOl3kpwJDjMeB4B6XjIIYaiBUcn0rpgGRhIKObW4LDT3J+wGMTFNn4ywmsQyNcsm5KFXuKoVqeZZSHh2jE1REDrpEVXSLaqiOKHpCL+gVvRnPxrvxYXxOW3PGbOYQzcn4+gXGzZ+2</latexit>

⇢✓(x) = ⇢⇤(x)

<latexit sha1_base64="0oe0zQ5Gi+vqoBGmMb0Woq3yQug=">AAACB3icbVC7SgNBFJ2Nr7i+opY2g0GIFmFXglpYBGwsI5iHJEuYncwmQ+axzMyKYckHWNvqN9iJrZ/hJ/gXTpItTOKBC4dz7uXee8KYUW0879vJrayurW/kN92t7Z3dvcL+QUPLRGFSx5JJ1QqRJowKUjfUMNKKFUE8ZKQZDm8mfvORKE2luDejmAQc9QWNKEbGSg8dNZDds9LTabdQ9MreFHCZ+Bkpggy1buGn05M44UQYzJDWbd+LTZAiZShmZOx2Ek1ihIeoT9qWCsSJDtLpwWN4YpUejKSyJQycqn8nUsS1HvHQdnJkBnrRm4j/ee3ERFdBSkWcGCLwbFGUMGgknHwPe1QRbNjIEoQVtbdCPEAKYWMzmtuCeahof2DGrmuz8ReTWCaN87J/Ua7cVYrV6yylPDgCx6AEfHAJquAW1EAdYMDBC3gFb86z8+58OJ+z1pyTzRyCOThfvzl6mSk=</latexit>

⇢⇤(x)

[ “Score based diffusion models” Song et al. ICLR 2021] 

<latexit sha1_base64="GgX7G9UGU1DCqPWwXwTvMC6b9aE=">AAACPXicbZC7SgNBFIZnvcb1tmppMxgEq7Abg9oEAjaWEXKDJCyzk9lkyOyFmbNCWPZpfBBrW618AAtBbG2dJFvk4g8DP985h3Pm92LBFdj2h7GxubW9s1vYM/cPDo+OrZPTlooSSVmTRiKSHY8oJnjImsBBsE4sGQk8wdre+H5abz8xqXgUNmASs35AhiH3OSWgkWtVG24PRgwIruKGm869e53hHuWSLqDyOnIy1yraJXsmvG6c3BRRrrprffUGEU0CFgIVRKmuY8fQT4kETgXLzF6iWEzomAxZV9uQBEz109k3M3ypyQD7kdQvBDyjixMpCZSaBJ7uDAiM1GptCv+rdRPw7/opD+MEWEjni/xEYIjwNDM84JJREBNtCJVc34rpiEhCQSe7tIUGnuTDEWSmqbNxVpNYN61yybkpVR4rxZqdp1RA5+gCXSEH3aIaekB11EQUPaNX9IbejRfj0/g2fuatG0Y+c4aWZPz+AZh9roU=</latexit>

T✓ = T✓3 � T✓2 � T✓1

<latexit sha1_base64="C/aqlVLb1s1DLgMa9NfDG6V8Uus=">AAACIHicbZDNTsJAFIWn+If4V3XpZiIxQRekJURdkrhxiYmACSVkOgx0wrTTzNwaSMPWB3HtVp/BnXGpb+BbOEAXAp5kkpPv3pt75/ix4Boc58vKra1vbG7ltws7u3v7B/bhUVPLRFHWoFJI9eATzQSPWAM4CPYQK0ZCX7CWP7yZ1luPTGkuo3sYx6wTkkHE+5wSMKhrY08FsutBwICURufYI3Gs5GiOLwzp2kWn7MyEV42bmSLKVO/aP15P0iRkEVBBtG67TgydlCjgVLBJwUs0iwkdkgFrGxuRkOlOOvvJBJ8Z0sN9qcyLAM/o34mUhFqPQ990hgQCvVybwv9q7QT6152UR3ECLKLzRf1EYJB4GgvuccUoiLExhCpubsU0IIpQMOEtbKGhr/gggEmhYLJxl5NYNc1K2b0sV++qxVolSymPTtApKiEXXaEaukV11EAUPaEX9IrerGfr3fqwPuetOSubOUYLsr5/AUn0oqs=</latexit>

⇢✓(x) ⇡ ⇢⇤(x)

a.k.a. 
chicken-and-egg 

problem!



Outline
1. A couple of important sampling methods

1.1 - Importance sampling 

1.2 - Metropolis-Hasting

2. Unsupervised learning / generative models

2.1 - Latent deep generative models

2.2 - Normalizing flows

3. Combining traditional inference method and learning

3.1 - Variational Inference

3.2 - Adaptive algorithms

4. Will it scale?

4.1 - Local sampling in reparametrized space

4.2 - Local-global sampling 

4.3 - Joining forces with annealing

4.4 - Leveraging physics

20



3.1. Variational Inference or do we really need data?
▷ Context: known up to normalizing factor

▷ Task: Compute expectations

▷ Variational inference (VI):
o Optimize surrogate tractable distribution to minimize Kullback-Leibler divergence

o Then use the proxy for all purpose 

▷ Questions:
1. Example of suitable         ?
2. Which problems do you anticipate?

1. Factorized/mean-field, Gaussian …
2. Quality of the approximation?

21

<latexit sha1_base64="QhSQsQpYxebyrpG4s+wqhi7dchE="></latexit>

DKL(⇢✓k⇢⇤) =
Z
log
⇢✓(x)

⇢⇤(x)
⇢✓(x)dx

<latexit sha1_base64="wEJ3ub12JDiF+cUQ5kZHeCK/HNY="></latexit>

xi ⇠ ⇢✓(x)
<latexit sha1_base64="it5NS4AKhYrAigGrLH7VmAohoPM="></latexit>

L[⇢✓] = �
NX

i=1

log
⇢✓(xi)

⇢⇤(xi)
<latexit sha1_base64="PONYoCyVmfDDvo1HRKVSw4mXgnA="></latexit>

=)

Weiss, P. (1907). L’hypothèse du champ moléculaire et la propriété ferromagnétique. 
Wainwright, M. J., & Jordan, M. I. (2008). Graphical Models, Exponential Families, and Variational Inference. 

<latexit sha1_base64="PkMTK6PaWHbGjmSY/Cy4iYW4OAo="></latexit>

Z
<latexit sha1_base64="QxGORYkvxtx8DEIwns32KTe6PDo="></latexit>

⇢⇤(x) =
1

Z e
�U(x)

<latexit sha1_base64="NY+Ia+UyV47U3MnzUvP+Au/63go="></latexit>

E⇢[f (x)] =
Z

⌦
f (x)⇢(x)dx

<latexit sha1_base64="agUGOY8UzMHlaP1EVub/SfdBQac=">AAACIHicbZDLSsNAFIYn9VbrLerSzWARqouSSFGXBTcuK9gLNKVMptNm6CQTZk6kJXTrg7h2q8/gTlzqG/gWTtssbOsPAz/fOYdz5vdjwTU4zpeVW1vf2NzKbxd2dvf2D+zDo4aWiaKsTqWQquUTzQSPWB04CNaKFSOhL1jTH95O681HpjSX0QOMY9YJySDifU4JGNS1sacC2fUgYEBKo3PskThWcjTHF4Z07aJTdmbCq8bNTBFlqnXtH68naRKyCKggWrddJ4ZOShRwKtik4CWaxYQOyYC1jY1IyHQnnf1kgs8M6eG+VOZFgGf070RKQq3HoW86QwKBXq5N4X+1dgL9m07KozgBFtH5on4iMEg8jQX3uGIUxNgYQhU3t2IaEEUomPAWttDQV3wQwKRQMNm4y0msmsZl2b0qV+4rxaqTpZRHJ+gUlZCLrlEV3aEaqiOKntALekVv1rP1bn1Yn/PWnJXNHKMFWd+/SVqiqQ==</latexit>

⇢✓(x) ⇡ ⇢⇤(x)

<latexit sha1_base64="sq0Y/ALDl6tocC/0A7ONDpUZxwE=">AAACD3icbVDLSsNAFJ3UV42PRl26GSxC3ZREirosuHFZwT6gDWEynTRDJw9mbsQS+hGu3eo3uBO3foKf4F84bbOwrQcuHM65l3M5fiq4Atv+Nkobm1vbO+Vdc2//4LBiHR13VJJJyto0EYns+UQxwWPWBg6C9VLJSOQL1vXHtzO/+8ik4kn8AJOUuREZxTzglICWPKsykGHiDSBkQGpPF9izqnbdngOvE6cgVVSg5Vk/g2FCs4jFQAVRqu/YKbg5kcCpYFNzkCmWEjomI9bXNCYRU24+f3yKz7UyxEEi9cSA5+rfi5xESk0iX29GBEK16s3E/7x+BsGNm/M4zYDFdBEUZAJDgmct4CGXjIKYaEKo5PpXTEMiCQXd1VIKjXzJRyFMTVN346w2sU46l3Xnqt64b1SbdtFSGZ2iM1RDDrpGTXSHWqiNKMrQC3pFb8az8W58GJ+L1ZJR3JygJRhfv4g8m/I=</latexit>

⇢✓(x)

Quickly need expressive proxy!



▷ Training without data?
o minimize Kullback-Leibler = variational principle with expressive         ansatz

▷ First results: quality as a function of expressivity

Normalizing flows as powerful ansatz for VI

d = 2

# layers

22

<latexit sha1_base64="wEJ3ub12JDiF+cUQ5kZHeCK/HNY="></latexit>

xi ⇠ ⇢✓(x) easy to obtain!

<latexit sha1_base64="559TLsjATkfMJimkHrcUveCe8IE="></latexit>

DKL(⇢✓k⇢⇤) =
Z
log
⇢✓(x)

⇢⇤(x)
⇢✓(x)dx

⇡
NX

i=1

log
⇢✓(xi)

⇢⇤(xi)

<latexit sha1_base64="LlbzN8DJtoQuopTWzRcAAvdpCog="></latexit>

⇢✓(x)
<latexit sha1_base64="ygnlhKN6g7nzz28l+CklBFjxwKs="></latexit>

DKL(⇢✓k⇢⇤) =
Z
log
⇢✓(x)

⇢⇤(x)
⇢✓(x)dx ⇡

NX

i=1

log
⇢✓(xi)

⇢⇤(xi)

<latexit sha1_base64="49W5ILBM8DZqEqTwR9liF8YLjDg="></latexit>

⇢✓(x) = ⇢B(T
�1
✓ (x)) det

��rxT�1✓
�� explicit!

Rezende & Mohamed, (2015). Variational inference with normalizing flows, 
Albergo et al (2019). Flow-based generative models for Markov chain Monte Carlo in lattice field theory. PRD 2019. 
Wu et al. (2019). Solving Statistical Mechanics Using Variational Autoregressive Networks. 

D. Rezende: “good entry point for ML”



Target density:
Generative model parametrized density             trained by Variational inference

▷ Algorithm: Metropolis-Hastings with generative model proposal

Initialize:       
Loop:

o Draw from generative model

o Accept-reject

▷ Φ4 model at T > Tc

Correcting the samples with a MCMC 23

<latexit sha1_base64="TLXp/2w9Ca2MY3YaQxDFCgLwS3o=">AAACGnicbVDLSsNAFJ34rPEVdaebwSJUwZoUUTdCwY3LCqYttrFMptNm6OTBzEQsIeCHuHar3+BO3LrxE/wLp2kWtvXAhTPn3Mude9yIUSFN81ubm19YXFourOira+sbm8bWdl2EMcfExiELedNFgjAaEFtSyUgz4gT5LiMNd3A18hsPhAsaBrdyGBHHR/2A9ihGUkkdY7fNvbBzVHo8hJeQ3CfHdvZIT+BdxyiaZTMDnCVWToogR61j/LS7IY59EkjMkBAty4ykkyAuKWYk1duxIBHCA9QnLUUD5BPhJNkNKTxQShf2Qq4qkDBT/04kyBdi6Luq00fSE9PeSPzPa8Wyd+EkNIhiSQI8XtSLGZQhHAUCu5QTLNlQEYQ5VX+F2EMcYalim9iCfZfTvidTXVfZWNNJzJJ6pWydla2b02K1kqdUAHtgH5SABc5BFVyDGrABBk/gBbyCN+1Ze9c+tM9x65yWz+yACWhfvw6mnqw=</latexit>

⇢⇤(x) = e
�U⇤(x)/Z

<latexit sha1_base64="lchVBoETStb1AmVE1g9DxpcrILI="></latexit>

⇢✓(x)

NF proposal!

<latexit sha1_base64="mBohfdqKTUhXPoonqJlYLHKD1FU=">AAACA3icbVA9TwJBEN3zE88v1NJmIzGxIneEqCWJjSUmHpAAkr1lDzbs7l1254zkQmltq7/Bztj6Q/wJ/gsXuELAl0zy8t5MZuaFieAGPO/bWVvf2NzaLuy4u3v7B4fFo+OGiVNNWUBjEetWSAwTXLEAOAjWSjQjMhSsGY5upn7zkWnDY3UP44R1JRkoHnFKwErB0wPveb1iySt7M+BV4uekhHLUe8WfTj+mqWQKqCDGtH0vgW5GNHAq2MTtpIYlhI7IgLUtVUQy081mx07wuVX6OIq1LQV4pv6dyIg0ZixD2ykJDM2yNxX/89opRNfdjKskBabofFGUCgwxnn6O+1wzCmJsCaGa21sxHRJNKNh8FrZQGWo+GMLEdW02/nISq6RRKfuX5epdtVSr5CkV0Ck6QxfIR1eohm5RHQWIIo5e0Ct6c56dd+fD+Zy3rjn5zAlagPP1C7wwl84=</latexit>

x i0
<latexit sha1_base64="jFU9ATGLxNM4WgVo1pAnP0moOyU="></latexit>

i = 1 · · ·N

<latexit sha1_base64="CiAa5xYkexXpW+sBFphtcFecE14="></latexit>

x it+1 ⇠ ⇢✓(x)
<latexit sha1_base64="gf/KDFUXycwB1Azc0DtxohiFEGE="></latexit>

acc(x it+1|x it) = min

1,
⇢⇤(x it+1)⇢✓(x

i
t)

⇢⇤(x it)⇢✓(x
i
t+1)

�

Albergo et al (2019). Flow-based generative models for Markov chain Monte Carlo in lattice field theory. PRD 2019. 
Wu et al. (2019). Solving Statistical Mechanics Using Variational Autoregressive Networks. 

”For simplicity in this initial work, all 
parameters were chosen to lie in the 

symmetric phase. In principle, the 
flow-based MCMC algorithm can be 

applied with identical methods to the 
broken-symmetry phase of the 

theory, but it remains to be shown 
that models can be trained for such 

choices of parameters.”



▷ No need for data?
o minimize Kullback-Leibler = variational principle with expressive         ansatz

▷ What can do wrong?

Normalizing flows as powerful ansatz for VI 24

<latexit sha1_base64="wEJ3ub12JDiF+cUQ5kZHeCK/HNY="></latexit>

xi ⇠ ⇢✓(x) easy to obtain!

<latexit sha1_base64="559TLsjATkfMJimkHrcUveCe8IE="></latexit>

DKL(⇢✓k⇢⇤) =
Z
log
⇢✓(x)

⇢⇤(x)
⇢✓(x)dx

⇡
NX

i=1

log
⇢✓(xi)

⇢⇤(xi)

<latexit sha1_base64="LlbzN8DJtoQuopTWzRcAAvdpCog="></latexit>

⇢✓(x)
<latexit sha1_base64="ygnlhKN6g7nzz28l+CklBFjxwKs="></latexit>

DKL(⇢✓k⇢⇤) =
Z
log
⇢✓(x)

⇢⇤(x)
⇢✓(x)dx ⇡

NX

i=1

log
⇢✓(xi)

⇢⇤(xi)

Rezende & Mohamed, (2015). Variational inference with normalizing flows
Wu et al. (2019). Solving Statistical Mechanics Using Variational Autoregressive Networks. 

prone to mode collapse ! 

example:                
mixture of 2 Gaussians (2d)

<latexit sha1_base64="Og4GVl0wxP/dHRL4pFDq7EK7iMY="></latexit>

⇢⇤(x)

<latexit sha1_base64="4Wxm4CzIMMiIQz8QPTud1une5Zg="></latexit>

⇢✓t (x) = ⇢B(T
�1
✓t
(x)) det

��rxT�1✓t
��



3.1 Combinig VI with a little dataset 25

“Boltzmann generator” Noé et al. (Science 2019)

▷ Minimize combined loss

o Training “by energy” (= Variational Inference)

o Training by data (= maximum likehood (ML))

▷ Correct samples                   with importance weights

<latexit sha1_base64="wEJ3ub12JDiF+cUQ5kZHeCK/HNY="></latexit>

xi ⇠ ⇢✓(x)

Noé et al (2019). Boltzmann generators: Sampling equilibrium states of many-body systems with deep learning. Science, 

e.g. BPTI protein (58 amino acids) 

<latexit sha1_base64="3EylNPeLfF36bGCU43I3EVHWL1k="></latexit>

LVI[⇢✓] = �
NX

i=1

log
⇢✓(xi)

⇢⇤(xi)

Surrogate m
odel

C
ontrol

<latexit sha1_base64="TJ3ojKWojLCVB8eRdUXzmdXBn3w="></latexit>

Ldata[⇢✓] = �
NX

i=1

log ⇢✓(xd,i)small data set 
(from MD)

How much data is enough data?

<latexit sha1_base64="tsXcSi7kCoEuROpDRHjJiDA4qr4="></latexit>

LML[⇢✓] = �
NX

i=1

log ⇢✓(xd,i)

<latexit sha1_base64="/c6XQPk2veg3X0yiCe8VOmHLfqI="></latexit>

L[⇢✓] = LVI[⇢✓] + LML[⇢✓]

<latexit sha1_base64="Rg1LrA+71/bq6BxzImlXy6x2Quk="></latexit>
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Target density:
Generative model parametrized density:

▷ Algorithm: Metropolis-Hastings with generative model proposal

Initialize:       
Loop:

Loop over parallel chains:

o Draw from generative model

o Accept-reject

o Local resampling

o Update NF paramters

3.2 Adaptive MCMC with normalizing flow 26
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[Parno & Marzouk 2018, Gabrié, Rotskoff, Vanden-Eijden, PNAS 2022]

Another name could be: 
active learning!



3.4 Adaptive MCMC – 2d Mixture of two Gaussians 27

Local method only:
Concurrent:

starting with one walker
Concurrent:

careful intialization

Final learned density:Target density:

No mode discovery!
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o Adaptive / “non-linear” Monte Carlo [Haario at al Bernoulli 2001, Jasra et al Statistics and Computing, 2007,  
Andrieu et al Bernoulli 2011,  Sejdinovic et al ICML 2014,  Parno & Marzouk 2018, Naesseth et al. Neurips
2020, Gabrié et al. PNAS 2022, …]

o Softwares: 

Improves NF proposal
in MH kernel

Maximum 
likelihood GD

Local sampling

Training

Non-local sampling

Metropolis-Hastings
with NF

e.g. Langevin 
(MALA)

Propagates 
MCMC chains

3.4 Adaptive MCMC with normalizing flow

pytorch: jax:

with Kaze Wong (Flatiron Institute)



Outline
1. A couple of important sampling methods

1.1 - Importance sampling 

1.2 - Metropolis-Hasting

2. Unsupervised learning / generative models

2.1 - Latent deep generative models

2.2 - Normalizing flows

3. Combining traditional inference method and learning

3.1 - Variational Inference

3.2 - Adaptive algorithms

4. Will it scale?

4.1 - Local sampling in reparametrized space

4.2 - Local-global sampling 

4.3 - Joining forces with annealing

4.4 - Leveraging physics
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“Looks like, we can find training 
procedures for flows in this context 
and speed up sampling”



EXAMPLES

30



▷ Star-exoplanet system orbiting center of mass

▷ Radial velocity along the orbit

Bayesian inference: 
An example of model selection from astrophysics
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10
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t)
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Bayesian model for velocity parameters
▷ Radial velocity

▷ Priors

▷ Parameters

▷ Likelihood from observations

32
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Acceptance
along training

Sampling from the posterior 33
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Sampling metastable silver clusters 34

With Ana Molina Tarboda, Olga Lopez-Acevedo (Universidad de Antioquia), Pilar Cossio (Flatiron Institute)

[Taborda et al. in preparation]

▷ Target density: Ground truth = Density Fonctional Theory: 2 metastable isomers

▷ Local sampler: Molecular Dynamics

▷ Adaptive  MCMC jumping between isomers

2 dimension projection of 
the free energy surface



Outline
1. A couple of important sampling methods

1.1 - Importance sampling 

1.2 - Metropolis-Hasting

2. Unsupervised learning / generative models

2.1 - Latent deep generative models

2.2 - Normalizing flows

3. Combining traditional inference method and learning

3.1 - Variational Inference

3.2 - Adaptive algorithms

4. Will it scale?

4.1 - Local sampling in reparametrized space

4.2 - Local-global sampling 

4.3 - Joining forces with annealing

4.4 - Leveraging physics
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Will it scale? A few hard problems

▷ Mode finding

▷ Disordered/Glassy landscapes

▷ Probing bigger and bigger systems

36

https://www.cs.umd.edu/~tomg/projects/landscapes/



▷ A systematic study on the 2d - Φ4 model (Del Debbio, PRD 2021)

o Action 

o Typical configurations

o Mean acceptance probability after training

Can the method scale to big systems? 37

Efficient Modelling of Trivializing Maps for Lattice φ4 Theory 
Using Normalizing Flows: A First Look at Scalability
Del Debbio et al PRD 2021
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▷ Can surrogate probabilistic models scale?

▷ Metropolis acceptance scaling with dimension

o

o Same story if importance sampling

▷ A first idea: be less ambitious and retain some locality in sampling

Loop over:
o Propose

o Accept/reject

Scaling to larger and larger systems 38
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2d - Φ4 model 
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Conditional proposal less local 
than tradiotinal kernel?



Outline
1. A couple of important sampling methods

1.1 - Importance sampling 

1.2 - Metropolis-Hasting

2. Unsupervised learning / generative models

2.1 - Latent deep generative models

2.2 - Normalizing flows

3. Combining traditional inference method and learning

3.1 - Variational Inference

3.2 - Adaptive algorithms

4. Will it scale?

4.1 - Local sampling in reparametrized space

4.2 - Local-global sampling 

4.3 - Joining forces with annealing

4.4 - Leveraging physics
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4.1 Reparametrization: reverse NF for MCMC

▷ Reverse transformation is normalizing = “Gaussianizing”

▷ Idea: train normalizing flow and use latent space to run traditional MCMC

40

Noé, F  et al (2019). Boltzmann generators: Sampling equilibrium states of many-body systems with deep learning. Science, 
Hoffman et al. (2019). NeuTra-lizing Bad Geometry in Hamiltonian Monte Carlo Using Neural Transport. 

Latent space Layer 1 Layer 2 Layer 3 Output

Target density: Latent space



4.1 Reparametrization: reverse NF for MCMC
▷ NeuTra-lizing Bad Geometry in Hamiltonian Monte Carlo Using Neural Transport. 

(Hoffman et al 2019)

▷ Test case:
1. Train a flow on a mixture of Gaussian
2. Run MALA in the “latent space” on the push-backward

41

Noé, F  et al (2019). Boltzmann generators: Sampling equilibrium states of many-body systems with deep learning. Science, 
Hoffman et al. (2019). NeuTra-lizing Bad Geometry in Hamiltonian Monte Carlo Using Neural Transport. 
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Target density:
Generative model parametrized density:

▷ Algorithm: “Explore-Exploit MCMC” 

Initialize:       
Loop over parallel chains:

o Draw from generative model

o Accept-reject

o Local resampling

▷ Local + Mode jumping methods [Sminchisescu & Welling AISTAT 2017, Pompe et al. Ann. 
Stat 2020, Sbailò et al. J. Chem. Phys. 2021, ,…] 

4.2 Global-Local samplers: the best of both worlds 42
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[Global-Local samplers: the best of both worlds - Samsonov et al. (ariXv2209.????)]

With Eric Moulines, Sergey Samsonov and collaborators.



▷ In general tails of the distribution will be learned poorly

▷ Intuition: Local kernels allow to
o Explore regions that are not (yet) properly learned

o Drive learning there (if runing an adaptive MCMC, a.k.a. adaptive learning)

▷ Possible to derive theoretical guarantees of the improvement they bring.

4.2 Global-Local samplers: the best of both worlds 43

[Global-Local samplers: the best of both worlds - Samsonov et al. (ariXv2209.????)]

Global only Local + global



▷ Does Global-local samplers scale better than
NeuTraMCMC (transported MCMC)?

o Multimodal Gaussian mixture

o Train a flow to reproduce the mixture
in higher dimension

o Measure of how many modes are 
visited by the differemt alforithms

4.2 Global-Local samplers: the best of both worlds 44

[Grenioux, Moulines, Gabrié (in preparation)]

Flows are better exploited with 
Explore-Exploit than the NeuTraMCMC !



1. A couple of important sampling methods

1.1 - Importance sampling 

1.2 - Metropolis-Hasting

2. Unsupervised learning / generative models

2.1 - Latent deep generative models

2.2 - Normalizing flows

3. Combining traditional inference method and learning

3.1 - Variational Inference

3.2 - Adaptive algorithms

4. Will it scale?

4.1 - Local sampling in reparametrized space

4.2 - Local-global sampling 

4.3 - Joining forces with annealing
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▷ Going back to Variational Inference:
o Minimize Kullback-Leibler = variational principle with expressive         ansatz

o Recall, issue is mode collapse.

▷ Idea: start at high temperature and progressively decrease to desired model

4.3 Joining forces with annealing 46
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▷ “Solving Statistical Mechanics Using Variational Autoregressive Networks”
Wu, Wang and Zhang (PRL 2019)

▷ Variational inference with annealed target +  MCMC correction

4.3 Joining forces with annealing 47

Wu et al. (2019). Solving Statistical Mechanics Using Variational Autoregressive Networks. 

Sherrington-Kirkpatrick model – N = 20 spins



▷ Annealing to create progressively dataset of training  

From high-temperature repeat:
o Use                                in MCMC to sample

o Use as data to train  

▷ (Continuously Repeated) Annealed Flow Transport 
o Add flow transport maps within steps of sequencial Monte Carlo (SMC)

4.3 Joining forces with annealing:
Pushing towards more complicated models

48

Boosting Monte Carlo simulations of spin glasses using autoregressive neural networks- B. McNaughton .., S. Pilati PRE 2020
(Continuously Repeated) Annealed Flow Transport Monte Carlo. Arbel, Matthews et al (2021 & 2022) 

S. Pilati PRE 2020

2d – Edwards Anderson
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4.4 – Leveraging physics

▷ Using symetries and invariance
o cf Danilo’s talk
o cf cluster updates by Wu, Rossi & Carleo, PRR (2021)

▷ Using informed base measures
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Wu, D., Rossi, R., & Carleo, G. (2021). Unbiased Monte Carlo cluster updates with autoregressive neural networks. 
Physical Review Research, 3(4). 
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▷ Discretized: N=100
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Uncoupled vs coupled base distributions 51
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4.4 – Leveraging physics

▷ Using symetries and invariance
o cf Danilo’s talk
o cf cluster updates by Wu, Rossi & Carleo, PRR (2021)

▷ Using informed base measures
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Wu, D., Rossi, R., & Carleo, G. (2021). Unbiased Monte Carlo cluster updates with autoregressive neural networks. 
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1. A couple of important sampling methods

1.1 - Importance sampling 

1.2 - Metropolis-Hasting

2. Unsupervised learning / generative models

2.1 - Latent deep generative models

2.2 - Normalizing flows

3. Combining traditional inference method and learning

3.1 - Variational Inference

3.2 - Adaptive algorithms

4. Will it scale?

4.1 - Local sampling in reparametrized space

4.2 - Local-global sampling 

4.3 - Joining forces with annealing

4.4 - Leveraging physics

Outline 54



Take aways
▷ Opportunities

o VI, IS and MCMC can be powered by normalizing flows/NADE

o IS or MCMC allows to de-bias the training model

▷ Challenges for scaling things up and morals
o ML models should be joining forces with « traditional » sampling methods

o ML models should leverage the physical knowledge about systems

▷ Softwares

55

Adaptive MCMCs Sequential MCMCs



56

Join us in Paris 
or online!



Open opportunities for phds or postdocs!
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