
Why microbes?

• We can learn fundamental biology – applicable to higher organisms –
by the quantitative study of microbes.

Example I: establishing the role of mutations in evolution.

Example II: Quantifying evolutionary dynamics and the processes involved in it.

• Additional lesson:

Quantitative analysis of the data can lead to novel, 
qualitative insights

• So far… no physical forces etc., but a physicist’s approach

"Anything found to be true of E. coli must also be true of elephants.“
Jacques Monod, 1954 



Refs (for lecture I)

• Original paper: 

Luria and Delbruck, Genetics 28(6), 491 (1943)

• SI of Guo, Vucelja and AA, Science Advances, 5(7), eaav3842 (2019)

Yipei Guo

• Growth, branching processes: recursion!

• Details always in SI

𝑝 𝑠 ∝ 𝑠

Jie Lin, Michael Manhart and AA: 
Serial dilution with lag times and yield
Biorxiv:??

𝑠 ∝
Δ𝜆

𝜆
log 𝐷 − 𝜆Δ𝐿 Proof?



Outline 

(Lecture I)

• Why study microbes? Luria-Delbruck experiment, Evolution experiments

(Lecture II)

• Introduction to microbial growth, with focus on cell size regulation

• Size control and correlations across different domains of life 

• Going from single-cell variability to the population growth

(Lecture III)

• Bet-hedging

• Optimal partitioning of cellular resources



What does a (microbial) cell need?

K. Young (2006)

B. subtilis cells

A. Chastanet et al., Front Biosci (2012)

• What determines growth at the single-cell level ?

• How do microbes maintain their shape/size?

• How are the cellular processes coordinated?

(DNA replication, transcription , protein synthesis, division…)





Bacterial form and growth

“How does a bacterium construct a cell having
a defined length, diameter, and overall geometry?”

• How do bacteria maintain their cylindrical growth?

• How are the different processes coordinated?

(cell wall growth, DNA replication, division etc.)

Campylobacter jejuni

Bacteria have diverse 
shapes, given to them by 
their rigid cell walls

Streptococcus pyogenesEscherichia coli

K. Young (2006)



Bacterial growth

• Doubling time ~ typically tens of minutes

• Remarkable precision in growth

• All done under huge internal pressure! 

Wang et al., Robust Growth of Escherichia coli 
Current Biology (2010) 

Lan et al., PNAS (2007)

25 m

Bacillus subtilis
A. Chastanet et al., Front Biosci (2012)



Exponential growth at single-cell level

Exponential growth (with small fluctuations) is a good approximation

Cermak et al., 
Nature Biotechnology  (2016)

Buoyant mass (pg)

time (mins)

𝑑𝑚/𝑑𝑡

𝑚



Exponential growth at single-cell level

Exponential growth (with small fluctuations) is a good approximation

"Anything found to be true of E. coli must also be true of elephants.“
Jacques Monod, 1954 

Eun et al., 

Nature Microbiology 

(2018)

H. salinarum

Godin et al., 
Nature Methods  (2010)

E. coli

mamallianyeast

B. subtilis



Symmetry of division

Marr, Harvey and Trentini (1966)

• E. coli cells are very good in dividing symmetrically!

𝜎~0.037

Small effect on size distribution 

Mannik et al., PNAS (2011)

𝜎~0.018

Lan et al. (2007)



Symmetry of division

From: PNAS cover, Mannik et al. (2009)
Mannik et al., PNAS (2012)

• Remarkably, cells divide symmetrically even when severely deformed mechanically



Min oscillations

Meinhardt and de Boer, PNAS (2001)

“What I cannot create, I do not understand”
R. Feynman

Zieske and Schwille, eLife (2014)

For recent modeling work:
Jonas et al. PNAS (2018)



Dealing with noise: single-cell size variability:

• If generation time is stochastic (and assuming symmetric division):

𝑣𝑛+1 =
1

2
𝑣𝑛𝑒

𝜆𝑡
→ log(v) does a random walk [no size control]

→ Generation times must be correlated (“timer” doesn’t work in regulating size)

Focus now on control of 
Division timing,

e.g., Following size at birth 
across lineage



Generic model for cell size control

𝑣𝑑 = 𝑓(𝑣𝑛𝑏) Determinstic “strategy” which the cell will attempt to implement

“Perfect” size control

No size control (“timer” model)

𝑣𝑑 = 2𝑣0

𝑣𝑑 = 2𝑣𝑛𝑏

Definitions:
v0=average newborn size
𝜏= mass doubling time
𝜆=ln(2)/ 𝜏

• If the noise is small: only 𝐟′ 𝐯𝟎 = 𝟐(𝟏 − 𝜶) matters, 

(Taylor expand around typical size)

→ Two models with the same derivative are equivalent!

• A convenient choice: 𝑓(𝑣𝑛𝑏)=2v0
𝛼𝑣𝑛𝑏

1−𝛼

No size control

“Perfect” size control𝛼 = 0

𝛼 = 1

AA, PRL (2014)

See also: Brenner, Newman, Osmanović, Rabin, Salman, and Stein, PRE 2015



Generic model for cell size control

𝛼=1/2

Within this model, a cell attempts to add a (constant) volume before division.

(Incremental Model , Sompayrac and Maaløe, 1973)

𝑓(𝑣𝑛𝑏)≈ vnb+v0𝑓(𝑣𝑛𝑏)=2v0
𝛼𝑣𝑛𝑏

1−𝛼

Generically we will assume: 𝑡 = 𝑡𝑎 + 𝑡𝑛

= Noise (random variable with standard deviation        )𝑡𝑛 𝜎𝑇

𝑡𝑎 = 𝜏 +
𝛼

𝜆
ln[v0/vnb]                 

Adding noise…



Generic model for cell size control

AA, eLife (2017)
Ho, Lin and Amir,
Annual Reviews of 
Biophysics (2018)

𝑑𝑥

𝑑𝑡
= −

𝑘

𝛾
𝑥 + 𝜎𝜉 (Ornstein-Uhlenbeck process)

xn+1 = 1 − 𝛼 𝑥𝑛 + 𝜆𝜉 (Discrete stochastic map/ autoregressive process)
𝑥𝑛: log2 (Size at n’th birth)

Po-Yi Ho (Harvard→ Stanford)



Solving the model

But Vd and Vm must have the same distribution! 

→ Size distribution is log-normal (right skewed), 

and we can find its variance.

log2[𝑉𝑑/𝑉0] = (1 − 𝛼)log2[𝑉𝑚/𝑉0] + 𝜆𝑡𝑛

→ 𝑃 𝑉𝑛𝑏 =
1

2𝜋ln[2]𝜎𝑣

𝑒
−𝑙𝑜𝑔22

𝑉𝑛𝑏
𝑉0

/2𝜎𝑣
2

𝑉𝑛𝑏
, 𝜎𝑣 =

𝜎𝑇

𝜏(2−𝛼)𝛼
,CV≈ ln(2) 𝜎𝑣



Solving the model

𝑡 = 𝜏 + 𝛼ln[𝑉0/𝑉𝑚] + 𝜆𝑡𝑛

𝑃 𝑡 =
1

2𝜋𝜎𝑡
𝑒
−

𝑡−𝜏 𝟐

2𝜎𝑡
𝟐 , 𝜎𝑡 = 𝜎𝑇

2

2−𝛼

→ Time distribution is Gaussian, we can 

calculate its variance in the same way

• Both size and time distributions controlled by the same noise!

• For extended discussion of the mathematical problem (including asymmetric division):

Stochastic modeling of cell growth with symmetric or asymmetric division
Marantan and Amir, Phys. Rev. E. (2016)



Correlation between mother and daughter size

For a narrow size distribution, we can expand:

ln[𝑉𝑛𝑏/𝑉0]≈
𝑉𝑛𝑏−𝑉0

𝑉0

→Therefore it is equivalent to calculate the correlation coefficient of log(size)

Measured value of 0.55 → suggests the incremental model

𝐶𝑚𝑑=
Ε[l𝑛[𝑉𝑚𝑜𝑡ℎ𝑒𝑟/𝑉0]l𝑛[𝑉𝑑𝑎𝑢𝑔ℎ𝑡𝑒𝑟/𝑉0]]

𝜎𝟐𝒗

ln[𝑉𝑑/𝑉0] = (1 − 𝛼)l𝑛[𝑉𝑚/𝑉0] + 𝜆𝑡𝑛Using:

→ 𝐶𝑚𝑑=(1-𝛼) A robust way of finding the size control strategy!

𝛼 =
1

2
⟺ 𝑓(𝑣𝑛𝑏)≈ vnb+v0



Correlations!

Soifer, Robert and Amir, Current Biology (2016)

See also: Campos et al, Cell (2014)
Taheri-Araghi et al, Current Biology (2014)

Slope of best fit very close to 1 → Incremental Model

Stewart et al., Plos Biology (2005).



Correlations!
Similarly, there will be a negative correlation of size and time:

𝐶𝑥𝑡 = −
𝛼

2
• Similarly:   

• Size-time correlation coefficient measured recently found to be -½:
Robert et al., BMC (2014)  → Consistent with incremental model!

For the incremental model:

𝑉𝑑 = 𝑉𝑏 + Δ →

𝝀𝒕𝒂 = 𝐥𝐨𝐠[𝟏 +v0/vnb]

Soifer, Robert and Amir, Current Biology (2016)
see also: Osella et al, PNAS 2014



Connecting time and size distributions

Using the previous formulas:

𝜎𝑡 = 𝜎𝑇
2

2−𝛼
, 𝜎𝑣=

𝜎𝑇2

𝜏2𝛼(2−𝛼)

𝛾 = 𝐶𝑉𝑠𝑖𝑧𝑒 /𝐶𝑉𝑡𝑖𝑚𝑒 = ln 2 / 2𝛼 ≈ 0.69

Soifer, Robert and Amir, Current Biology (2016)

Data from three different experiments

on agarose gels:

𝛾 = 0.72, 0.67, 0.63 (average  0.67)



“Adders” in Nature

Soifer et al., Current Biology (2016)
Eun et al., Nature Microbiology (2018)
Logsdon et al., Current Biology (2017)

Ilya Soifer
(CalicoLabs)

Yejin Eun
(Harvard)

Ethan Garner
(Harvard)

Bree Aldridge 
(Tufts)



By now 6 species of bacteria

Are “adders”
optimizing
population 

growth?



How do variability&size control affect population growth?

𝑵 ∝ 𝒆𝚲𝒑𝒕

• Assume here a constant environment, and will not consider “bet-hedging” scenarios
e.g., Balaban et al., Science (2004)

Are “adders”
optimizing
population 

growth?



How do variability&size control affect population growth?

𝑵 ∝ 𝒆𝚲𝒑𝒕

Are “adders”
optimizing
population 

growth?

Jie Lin Ethan Levien



Key Assumption: 
no correlation in mother-daughter generation time

Powell, 

Microbiology, 

1956

Result: variability enhances the population growth

independent generation time model 

2න
0

∞

𝑒−Λ𝑝𝜏𝑓 𝜏 𝑑𝜏 = 1

PNAS, 2016

Current Biology, 2016

Single-cell variability: Gaining from noise?


