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Compressible quantum matter

¥ Consider an inPnite, continuum,
translationally-invariant quantum system with a glob-
ally conserved U(1) chargeQ (the Oelectron densityO
In spatial dimensiond > 1.
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Compressible guantum matter

¥ Consider an inPnite, continuum,
translationally-invariant quantum system with a glob-
ally conserved U(1) chargeQ (the Oelectron densityO
In spatial dimensiond > 1.

¥ Describe zero temperature phases whered!Q" /du #
0, wherep (the Ochemical potentialO) which change
the Hamiltonian, H, to H $ pQ.

¥ Compressible systems must be gapless.

¥ Conformal systems are compressible i = 1, but
not for d > 1.
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Compressible quantum matter

One compressible state Is theolid (or

OWigner crystalO or OstripeO).
This state breaks translational symmetry.
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Compressible quantum matter

Another familiar compressible state I
the superf3uid .

This state breaks the global U(1)
symmetry assocliated witQ)

Condensate of
fermion pairs
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Compressible quantum matter

@ The only compressible phase of traditional
condensed matter physics which does not break {he
translational orU(1) symmetries Is théandau Fernjl
liquid

@ The Fermi liquid state exhibits logarithmic violatjon
of the area law of entanglement entropy

@ Conjecture:Allcompressible quantum states which
do not break the U(1) symmetry exhibit logarithmijc
violation of the area law of entanglement entropy
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Compressible guantum matter

A. Fermi liquids:graphene

B. Holography: Reissner - N Srdstrom
solution

C. Non-Fermi liquids:
Bose metals and U(1) spin liquids

D. Holography: scaling arguments for
entropy and entanglement entropy
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Quantum phase transition in graphene tuned by
a chemical potential (gate voltage)

Dirac
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Quantum phase transition in graphene tuned by
a chemical potential (gate voltage)

Hole Electron
Fermi surface Fermi surface
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The Fermi liquid

n 2

= L —1 f
L=t '2mH

+ 4 Fermi terms

¥ Fermi wavevector obeys the Luttinger relation k& ! Q, the
fermion density
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The Fermi liquid

L=f I, — f
By H

+ 4 Fermi terms

¥ Fermi wavevector obeys the Luttinger relation k& ! Q, the
fermion density

¥ Sharp particle and hole of excitations near the Fermi surface
with energy ! ! |qg|*, with dynamic exponent z = 1.

¥ The phase space density of fermions id @ctively one-dimensiona
so the entropy densityS ! T. Itis useful to write thisisas S'!
T Yz with violation of hyperscaling exponent” = d" 1.
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Entanglement entropy of the Fermi quqid

B

A

A/P
. L . ; . 1
Logarithmic violation of Oarea lawO:Sg = 1—2(kF P)In(ke P)

for a circular Fermi surface with Fermi momentum kg,
where P Is the perimeter of region A with an arbitrary smooth shape

D. Gioev and I. KliclRhysical Review Let®&rs100503 (2006
B. SwinglePhysical Review Leti€rs, 050502 (2010
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FL
Fermi
liquid

¥ kg I Q, the fermion density

¥ Sharp fermionic excitations
near Fermi surface with
1 |gl*,and z=1.

¥ Entropy density S| T 1)/2
with violation of hyperscaling
exponent” = d" 1.

¥ Entanglement entropy
Se! k¥ 'PInP.
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Transport in graphene at non-zerop

From the Kubo formula

. 1k (&K ! f (S (K)
=20l T R 0T S 0)(K) ! S(K)F 1T+ 9%

SS:

where $(k) = s! ve |[k| and s, s’ = + 1 for the valence and conduction band:

T. Ando, Y. Zheng and H. Suzuura, J. Phys. Soc. Jpn.71 (2002) pp. 1318-132
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Transport In graphene at non-zerop

bl | AR L R SULI DU
Boltzmann ‘_’_‘_’_’_‘f’;‘f‘j";yo A is inversely proportional to disorder.
1 In the clean Iimit Al" LatT=0
- 11 e2 #F I I
10& 1 Rel (")]= 7 ¥ )+—/6I | # 2#)

Notice delta function Is present even a
T = 0 at non-zero density: this is a generi
consequence of the conservation of m
mentum In any clean interacting Fermi
liquid. Only OumklappO scattering cal
broaden this delta function.

(&)}

Dynamical Conductivity (units of e2/x2f)

0.0 0.5 1.0 1.5 2.0 2.5 3.0
Frequency (units of eg/h)

T. Ando, Y. Zheng and H. Suzuura, J. Phys. Soc. Jpn.71 (2002) pp. 1318-132
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Transport In graphene at non-zerop

bl | AR L R SULI DU
Boltzmann Conductivity | A\ js inversely proportional to disorder.

______ A->(D

E - N In the clean Iimit Al" ,atT=0

Ni T — O, u > O ) "
s | i - e2

g \ No disorder) | rer = & ®aey+ o 14 2)

% 1%/3‘ { Notice delta function Is present even a
g o 1 T = 0 at non-zero density: this is a generi
2 10 | consequence of the conservation of m
é mentum In any clean interacting Fermi
S liqguid. Only OumklappO scattering cal

— ¥ Dbroaden this delta function.

Frequency (unlts of eg/N)

T. Ando, Y. Zheng and H. Suzuura, J. Phys. Soc. Jpn.71 (2002) pp. 1318-132
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Optical conductivity of graphene
Undoped graphene

0 1,000 2000 3000 4000 5000 6000 7000 8,000
(v (cm"‘)

Li, E. A. Henriksen, Z. Jiang, Z. Hao, M. C. Matrtin, P. Kim,

Z. Q.
H. L. Stormer, and D. N. Basov, Nature Physics 4, 532 (2008).
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Compressible guantum matter

A. Fermi liquids:graphene

B. Holography: Reissner - N Srdstrom
solution

C. Non-Fermi liquids:
Bose metals and U(1) spin liquids

D. Holography: scaling arguments for
entropy and entanglement entropy
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Compressible guantum matter

A. Fermi liquids:graphene

~\

'B. Holography: Reissner - N Srdstrom
solution

. J

C. Non-Fermi liquids:
Bose metals and U(1) spin liquids

D. Holography: scaling arguments for
entropy and entanglement entropy
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Begin with a CFT
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Holographic representation: AdS

\_

[ A2+1
dimensiona|

CFT
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J




Holographic representation: AdS

ds? =

with f (r

21‘[‘

L
r
)=1

dr?

f(r)

\_

[ A2+1
dimensiona|

CFT
at 1=0

J

J

f(r)dt? + dx® + dy?




Apply a chemical potential
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AdS; theory of Onearly perfect RuidsO

To leading order In a gradient expansion, charge transport In
an inpnite set of strongly-interacting CFT3s can be described by
Einstein-Maxwell gravity/electrodynamics on AdS 4-Schwarzschilc

| H
' I 1
Sem = d* g " SFapF®
EM g 4g£ ab

This Is to be solved subject to the constraint
Au(r! Oxy,t)= Au(xy,t)

where A, Is a source coupling to a conserved U(1) currend,,
of the CFT3 |

S= Scet + | dxdythuJu
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AdS; theory of Onearly perfect RuidsO

To leading order In a gradient expansion, charge transport In
an inpnite set of strongly-interacting CFT3s can be described by
Einstein-Maxwell gravity/electrodynamics on AdS 4-Schwarzschilc

| H
' I 1
Sem = d* g " SFapF®
EM g 4g£ ab

This Is to be solved subject to the constraint
Au(r! Oxy,t)= Au(xy,t)

where A, Is a source coupling to a conserved U(1) currend,,
of the CFT3 |

S= Scet + | dxdythuJu

At non-zero chemical potential we simply requireA, = .
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The Maxwell-Einstein theory of the applied
chemical potential yields a AdReissner-NordtrSm
black-brane

S.A. Hartnoll, P. K. Kovtun, M. MYller, and S. Sachdev, Physical R&@etB502 (2007)
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The Maxwell-Einstein theory of the applied
chemical potential yields a AdReissner-NordtrSm
black-brane

E =
E = 1Q'

dszz:% o %'f(r)dt2+dx +dy¢ "

with f (r) = 1| L&Z'l"‘ 2_r+3L and R = 6Lg4 andA,:“%]_I Lg

R R R? T - " R
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The Maxwell-Einstein theory of the applied

chemical potential yields a AdReissner-NordtrSm
black-brane

At T =0, we obtain an extremal black-brane, with
a near-horizon (IR) metric of AdS,! R?

T. Faulkner, H. Liu
J. McGreevy,

and D.Vegh,
arXiv:0907.2694
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Compute conductivity using response to a time-dependel
vector potential as a function of /T and WT

1.2;

1.0-

|

0.8-

Re" #0.6-

0 5 10 15 20 25

0.0

S.A. Hartnoll, arXiv:0903.32
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Compute conductivity using response to a time-dependel
vector potential as a function of /T and WT

1.2+

1.0 .

0.8 :

Re" #0.6 (") = & HE &")
| I (%+ P) -

0.4 where $ is the number density -

' IS the energy density, -

0.2 and P is the pressure. )

0.0% 5 10 15 20 25

1T

S.A. Hartnoll, P. K. Kovtun, M. MYller, and S. Sachdev, Physical R&@getB502 (2007)
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Optical conductivity of graphene
Undoped graphene

0 1,000 2000 3000 4000 5000 6000 7000 8,000
(v (cm"‘)

Li, E. A. Henriksen, Z. Jiang, Z. Hao, M. C. Matrtin, P. Kim,

Z. Q.
H. L. Stormer, and D. N. Basov, Nature Physics 4, 532 (2008).
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Features of AdSX R

¥ Has non-zero entropy density atT = 0, and Ovol-
umeO law for entanglement entropy.

¥ GreenOs function of a probe fermion (enesino) can
have a Fermi surface, but self energies are momentL
Independent, and the singular behavior Is the san
on and o! the Fermi surface

¥ Debcit of order! N2 in the volume enclosed by th
mesino Fermi surfaces: presumably associated wi
Ohidden Fermi surfacesO of gauge-charged partic
(the quarks).

S.-S. Led2hys. Rev. 19, 086006 (2009);
M. Cubrovic, J. Zaanen, and K. Sch&orenc825, 439 (2009);
T. Faulkner, H. Liu, J. McGreevy, and D.Vegh, arXiv:0907.2694
S. Sachdelhys. Rev. LdiD5, 151602 (2010).
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Compressible guantum matter

A. Fermi liquids:graphene

B. Holography: Reissner - N Srdstrom
solution

C. Non-Fermi liquids:
Bose metals and U(1) spin liquids

D. Holography: scaling arguments for
entropy and entanglement entropy
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Compressible guantum matter

A. Fermi liquids:graphene

B. Holography: Reissner - N Srdstrom
solution

~N

' C. Non-Fermi liquids:
Bose metals and U(1) spin liquids

.

D. Holography: scaling arguments for
entropy and entanglement entropy
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Bose-Hubbard model at integer Plling

ni(ni ! 1) 5 n " bhb

Superfluid

Jc 0= U/t
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Bose-Hubbard model at integer Plling

Superfluid Insulator

CFT3 of the XY model: 0= U/t

A L s ol M &
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Bosons With correlated hoppin¢
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Bosons with correlated hopping at half-Plling

HZ!chh"’ Zn(n,! 1)+WZ SReRsRe

ij " ik 11
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Bosons with correlated hopping at half-Plling

=1t bh+ —Zn(n.! D+w > hhhhb

'Ij kK 1#!
O
°e o0
o o o o
0o o0
O
O o o o
_ Insulator with modulation
Superfluid in boson bond-density

o g= U

N. Read and S. Sachdé&lhys. Rev. Let62, 1694 (1989).




Bosons with correlated hopping at half-Plling

H =1 chlq + %Zni(ni! 1)+ w Z b b, b

jj ijk 1#]

O O
°e o0
o o o ¢
0o o0
O
O o o o
_ Insulator with modulation
Superfluid in boson bond-density

/4 g= U

ODeconbPnedO critical point: boson fractionalizZies z,z,, and the
fractionalized bosons are coupled to an emergent U(1) gauge Peld
L= (""" 1Az + (M + iAW Z|2 + s(|za]? + 2217) + u(|za | + [22]9)%" v]zi]|?|Z2)?

O.l. Motrunich and A. VishwanatlPhys. Rev. BO, 075104 (2004
T. Senthil, A. Vishwanath, L. Balents, S. Sachdev and M.P.A. FiSweence303 1490 (2004
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Bosons with Correlated hopping close to half-Pl

HZ!chh"’ Zn(n,! 1)+WZ SReRsRe

ij " ik 11
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Bosons with correlated hopping close to half-pPl
U
H=1t» bhb+ Ezi:ni(ni I 1)+w » hbhhbh

jj ijk 1#]

¥ NFL , the non-Fermi liquid Bose metal The z1, 7z
guanta fermionize into f1, f,, each of which form:
a Fermi surface. Both fermions are gauge-charge
and so the Fermi surfaces are partially OhiddenO.

Q=DbFC
Ar = 1Q°

O. I. Motrunich and M. P.A. Fishdthys. Re.75, 235116 (200

L. Huljse and S. Sachdelwhys. Re. 84, 026001 (201
S. Sachdey, arXiv:1209.1
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Non-Fermi liquid Bose Metal

For suitable interactions, we can have the bosonb, fractionalize into two fermions
f1,2 i

b! fif,

This implies the e! ective theory for f 1 » Is invariant under the U(1) gauge transfor-
mation

il fi @090 fol foe MTOOT)

Consequently, the e ective theory of the Bose metal has an emergent gauge Pel
A, and has the structure

| " | "
' | " jA)2 ' |+ jA)?
L=f, !." iA." ( o )" ( o )" u fs

n fo+f, e+ A"

The gauge-dependentf;, GreenOs functions have Fermi surfaces obeyifky =
#Q% However, these Fermi surfaces are not directly observable because it is gaug
dependent. Nevertheless, gauge-independent operators, suchlasr b b, will exhibit
Friedel oscillations associated with fermions scattering across these hiddekRermi
surfaces.
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FL
Fermi
liquid

¥ kg I Q, the fermion density

¥ Sharp fermionic excitations
near Fermi surface with
1 |gl*,and z=1.

¥ Entropy density S| T 1)/2
with violation of hyperscaling
exponent” = d" 1.

¥ Entanglement entropy
Se! k¥ 'PInP.
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FL
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liquid

¥ kg I Q, the fermion density

NFL
Bose
metal

¥ Hidden Fermi
surface with k2 | Q.

¥ Sharp fermionic excitations
near Fermi surface with
1 |g“,andz=1.

¥ Entropy density S| T 1)/2
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exponent” = d" 1.
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FL
Fermi
liquid

¥ kg I Q, the fermion density

NFL
Bose
metal

¥ Hidden Fermi
surface with k¢ ! Q.

¥ Sharp fermionic excitations
near Fermi surface with
1 |gl*,and z=1.

¥ Di! use fermionic
excitations with z =3/ 2
to three loops.

¥ Entropy density S| T 1)/2
with violation of hyperscaling
exponent” = d" 1.

¥ Entanglement entropy
Se! k¥ 'PInP.

P. A. Lee, Phys. Rev. Lett. 63, 680 (1989
M. A. Metlitski and S. Sachdev,
Phys. Rev. B 82, 075127 (201C
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Field theory of non-Fermi quuib

¥ A Ructuation at wavevector fj couples most & ciently to fermions
near + ko.
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Field theory of non-Fermi quuib

¥ A Ructuation at wavevector fj couples most & ciently to fermions
near + ko.

¥ Expand fermion kinetic energy at wavevectors aboutt ko. In
Landau gaugeA = ( a,0).
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Field theory of non-Fermi quuib

L[I i’a‘]lz n I 1
| " I In | o 2 l + | T + In | o 2 '
+ | X y + ! | X y |
# s 4
la .1, 1,1, +2—92"ya)

M. A. Metlitski and S. Sachdev, Phys. Rev. B 82, 075127 (201C
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Field theory of non-Fermi quuib

One loop a self-energy with N¢+ fermion [3avors:

|
- d’k d! 1

228 V(0 + ")+ ke O F(ky +q)2] Ll Ky + K2
N¢ || :
4 |o | Landau-damping

H

L

N

D(B.")
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We Prst explicitly evaluate"” (q,! »). We will only be interested in terms that are singu-
lar in g and ! ,, and will drop regular contributions from regions of high momentum and
frequency. In this case, it is permissible to reverse the conventional order of integrating ove

frequency Prst in (17), and to Prst integrate ovek,. It is a simple matter to perform the
Integration over k, in using the method of residues to yield

(. ):i! dd”ky! dth .,  sgnfh +!,)! son@h)

e ()Y 2" g1+ iveq + 16/ 2 + i%&éﬁ‘y”

I
L I L P 1
2" Vg

(2")d! 1 : : : p #. (19)
$ln+ IVEG + 1%/ 2+ i Yef K,

We now integrate along the component cﬁ‘y parallel to the direction of § to obtain

|
_ |! n| : dd! Zky
! (q1| n) - 2|| VF%C‘yl (2")d' 2
_ |I nl nd 2
= ' 20
T (20)

Note that in d = 2 the last non-universal factor is not present, and the result fot Is

universal with " 9 2 = 1. Note also that $ has dropped out of the result : this will be

Important in our subsequent treatment of quantum critical points.
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Field theory of non-Fermi quuib

Electron self-energy at order IN ¢ :
!

1~ d?qd# 1
Ik, = 11— " #
’ Ny 4722 2
| O R R RS I R
$ %3
., 2 of 2/ 3
— ! I _ ~ S n 11} 11
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[ I
" dig T d% 1

(28)" 2% g + &%/ |oy|

This can be evaluated by the same methods used for (18). Integrating owgrwe bnd the

! (k’n n) = I ? GO(k T q’%-l_ ! n) (45)

analog of (21)

| !
n2 dd. 1qy d$1 Sgn($~| + l n)|QY|

2 (k.| = 7 —
( ? n) ( U (ZI#)d! 1 2# |qy|3 + %$1| #
) . dd! 1 3 04l
_ Qy |(]y| + /‘]’ n|
= sgn(! In . 46
Z#UF% g (l n) (2#)d| 1|QY| |qy|3 ( )

Evaluation of the ¢, integral yields a result which agrees with (42) and (43) id = 2, and
with the expected logarithmic corrections ind = 3. In the physically important case of
d =2, the gy Integral evaluates to

n 2

Z(kal n) — #’UF%/?’! §Sgn(! n)ll n|2/3 y d

2, (47)

In agreement with (43).
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Field theory of non-Fermi quui{:l

Schematic form ofa and fermion GreenQOs functions

1/N ¢ 1
D(f," ) = — ., Gi(f") = .
oy |
In both casesq, " qf " " %%, with z = 3/2. Note that the
bare term " " in G; " is irrelevant.

Strongly-coupled theory without quasiparticles.
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Field theory of non-Fermi quui{:l

Simple scaling argument forz = 3/ 2.

M. A. Metlitski and S. Sachdev, Phys. Rev. B 82, 075127 (201C
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Field theory of non-Fermi quuib

Simple scaling argument forz = 3/ 2.

Under the rescalingx ! x/s,y! vy/st? and! ! 1/s?, we
Pnd Invariance provided

a | as
" I " S(22+1) /4
g | g 3! 22)/ 4

So the action Is invariant provided z = 3/ 2.

M. A. Metlitski and S. Sachdev, Phys. Rev. B 82, 075127 (201C
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Fermi
liquid

¥ kg I Q, the fermion density

NFL
Bose
metal

¥ Hidden Fermi
surface with k¢ ! Q.

¥ Sharp fermionic excitations
near Fermi surface with
1 |gl*,and z=1.

¥ Di! use fermionic
excitations with z =3/ 2
to three loops.

¥ Entropy density S| T 1)/2
with violation of hyperscaling
exponent” = d" 1.

¥ Entanglement entropy
Se! k¥ 'PInP.

P. A. Lee, Phys. Rev. Lett. 63, 680 (1989
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Phys. Rev. B 82, 075127 (201C
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Entanglement entropy of the non-Fermi quu‘d

)
y

Logarithmic violation of Oarea lawO:Sg = Ge kg P In(kg P)

for a circular Fermi surface with Fermi momentum kg,
where P Is the perimeter of region A with an arbitrary smooth shape
The prefactor Gz Is expected to be universal butE 1/12:
Independent of the shape of the entangling region, and dependen

only on IR features of the theory.

B. SwinglePhysical Review Leti€rs, 050502 (201
Y. Zhang,T. Grover, and A.Vishwandthysical Review Lett€¥s, 067202 (201
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Compressible guantum matter

A. Fermi liquids:graphene

B. Holography: Reissner - N Srdstrom
solution

C. Non-Fermi liquids:
Bose metals and U(1) spin liquids

D. Holography: scaling arguments for
entropy and entanglement entropy

Friday, August 9, 13



Compressible guantum matter

A. Fermi liquids:graphene

B. Holography: Reissner - N Srdstrom
solution

C. Non-Fermi liquids:
Bose metals and U(1) spin liquids

~

D. Holography: scaling arguments for
entropy and entanglement entropy

Friday, August 9, 13



Holographj/

Friday, August 9, 13



Consider the metric which transforms under rescaling as

Xi | X
t | 1 2 t
ds ! 1Y (s,

This identiPes z as the dynamic critical exponent (z = 1 for
OrelativisticO quantum critical points).

" Is the violation of hyperscaling exponent.

L. Huljse, S. Sachdev, B. Swingle, Physical Re@ewB5121 (2012)
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Consider the metric which transforms under rescaling as

Xi | X
t | 1 2 t
ds ! 1Y (s,

This identiPes z as the dynamic critical exponent (z = 1 for
OrelativisticO quantum critical points).

" Is the violation of hyperscaling exponent.
he most general choice of such a metric is

dt?
r2d(z! 1)/ (d! !) |

+ r2!/ (d! !)dr2 + dX2

We have used reparametrization invariance inr to choose s
that it scales asr ! 1" )/d

L. Huljse, S. Sachdev, B. Swingle, Physical Re@ewB5121 (2012)

Friday, August 9, 13



At T > 0O, there is a Oblack-braneO at = ry,.

The Beckenstein-Hawking entropy of the black-brane is th
thermal entropy of the quantum systemr = 0.

The entropy density, S, Is proportional to the

OareaO of the horizon, and s§ ! r, ¢
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At T > 0O, there is a Oblack-braneO at = ry,.

The Beckenstein-Hawking entropy of the black-brane is th
thermal entropy of the quantum systemr = 0.

The entropy density, S, Is proportional to the

OareaO of the horizon, and s§ ! r, ¢

Under rescalingr ! 14" ")/d ¢ gnd the
temperature T " t' 1, and so

S " T(d' I)/Z — Tdeff /z

where" = d# d.. measures Odimension depcitC
the phase space of low energy degrees of a freed
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1 dt* 21/ (dl 1) 4y 2 2
r2 | 2d(z! 1)/ (dl 1) + 2 (@ dr? + dx;

is® =

At T > 0, there Is a horizon, and computation of its
Bekenstein-Hawking entropy shows

S I T(d! 1)/z |

So! Is indeed the violation of hyperscaling exponent a
claimed. For a compressible quantum state we shou
therefore choose! = d" 1.

No additional choices will be made, and all subsequent r
sults are consequences of the assumption of the existel
of a holographic dual.

L. Huljse, S. Sachdev, B. Swingle, Physical Re@ewB5121 (2012)
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Holography of a non-Fermi liquid

o_ 1 dt-

21/ (d! 1) 42 2
ds” = r | r2d(z! 1)/(d! !) T T dr® + dx

The null energy condition (stability condition for gravity)
yields a new inequality

In d = 2, this implies z ! 3/2. So the lower bound I
precisely the value obtained from the Peld theory.

N. Ogawa, T. Takayanagi, and T. Ugajin, Ji2BP, 125 (2012).
L. Huljse, S. Sachdev, B. Swingle, Physical Re@ewB5121 (2012)

Friday, August 9, 13



Holography of a non-Fermi liquid

42 = 1 dt £ p2V @D g2 4 gy
2 r2d(z! /(1) i

Application of the Ryu-Takayanagi minimal area formula to
a dual Einstein-Maxwell-dilaton theory yields

Se! PInP

with a co-e! cient independentof the shape of the entanglin

region. These properties are just as expected for a circul
Fermi surface.

N. Ogawa, T. Takayanagi, and T. Ugajin, Ji2BP, 125 (2012).
L. Huljse, S. Sachdev, B. Swingle, Physical Re@ewB5121 (2012)

Friday, August 9, 13



> 3

rqg = W(r,z,;)

Surface area A
/7 T

)xj

N Za = w(z;)

Surface area X
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Let us parameterize the extended surface by (see Fig. 1)
Xq = W(r, X;j). (3.4)
Then we have to Pnd the optimum functionW (r, X;) subject to the constraint
W(O, X;) = w(X;). (3.5)

Let us compute the area of the general holographic surface in (3.4). The induced met
on this surface is

5 #$,% 4 s &
L | D ||W ||W ||W ||W ||W
d © = = Gor?' @+ —  drf+2- drdx; + #:+ dx; dx;

r rOUX Xj "X
(3.6)
The area element on the surface is determined by the square-root of the determinant of t
Induced metric, which Is
! &
#"W$2 r|2|/(d||) $ 12

dr
_ d 1/2 d 1
dA = L™ G, IRV d 1+ s + Y ; (3.7)

We now observe that ford! $(d! $ " 1, which is equivalent to (1.8), ther integral
IS divergent asr # 0: then the leading term to the integral overdA is an ultraviolet
contribution proportional to ! (see Fig. 1) which yields the Oarea lawO of entanglem
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entropy. Thus we expect that the inequality (1.8) applies to holographic duals of all gener!
local quantum bPeld theories which do not have large accidental degeneracies in their |
energy spectrum. Also, as we noted earlier, relativistic conformal beld theories h&e 0.

The remainder of this section limits consideration to the casg= d! 1 of interest in this
paper, where we have a logarithmic violation of the area law. Let us study the nature of th
r # O limit more carefully. Let us expandW in this limit as

W(r,Xxj)= w(x)+r"t(x)+ ... , r# 0, (3.8)

where it remains to determine the exponent, of the leading correction, and is an arbitrary
function of thed! 1 co-ordinates. Inserting this in (3.7) we have

| # %, &7

dr | ||W ||W ||! r2(n| d)
dA= L9/ —d"x;, 1+ — +2r" + n?l 2+ . (3.9)

r X] Xj X 0y

The variational derivative of the integral of this expression with respect td (Xj) must
vanish. A non-trivial solution is only possible if the two leading terms in powers aof can

cancel against each other. So we must hawe= 2(n! d) or

n=2d. (3.10)
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So ther- and ! -dependent terms inside the square-root in are indeed subdominant, and
leading logarithmic accuracy we can write

| !
2" 2" LY - Tmax gy

S = 2 dA= U2 bl 3.11
- #2 #2 go I min r ( )
where " 0/
! H % $,7%2
= gty 14 2V 12
XJ $Xj (3 )

The quantity ! depends only on the entangling region on the boundary, and indeed it is jL
Its surface area. So we conclude that the log-divergent entanglement entropy is proportio
to the surface area of the entangling region, and is otherwise independent of its shape.
IS precisely the property of the entanglement entropy of a spherical Fermi surface [43, ¢
our holographic analysis is for spatially isotropic systems, so a spherical Fermi surfac
expected. Also note from (3.2) that the prefactor of (3.11) is of orde®(® Y@ and so the
complete Q-dependence of the entanglement entropy is that displayed in (1.7).
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Entanglement entropy of a non-Fermi liquid in holograpl

-
/

Logarithmic violation of Oarea lawO:Sg = Ge kg P In(kg P)
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Holography of a non-Fermi quu‘d
Einstein-Maxwell-dilaton theory

lectric flux

E = Q'
| d+2 I T 1 ” " 2 n
S= d"x "g o1 2 R" 2(#!)

V(i) . Z0)
L2 4e?

with Z(N = Zge' ,V(h= "Vpe ',as! $% .
C. Charmousis, B. Gouteraux, B. S. Kim, E. Kiritsis and R. Meyer, JHEP 1011, 151 (2010)

S. S. Gubser and F. D. Rocha, Phys. Rev. 81, 046001 (2010).
N. lizuka, N. Kundu, P. Narayan and S. P. Trivedi, arXiv:1105.1162 [hep-th].

FabF ab
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Holography of a non-Fermi quu‘d
Einstein-Maxwell-dilaton theory

lectric flux

| E = Q"
Leads to metricds® = L% ! f (r)dt® + g(r)dr? +

with f(r)" r'" ,g(r)" r,!1(r)" In(r)asr #$

C. Charmousis, B. Gouteraux, B. S. Kim, E. Kiritsis and R. Meyer, JHEP 1011, 151 (2010)
S. S. Gubser and F. D. Rocha, Phys. Rev. 81, 046001 (2010).
N. lizuka, N. Kundu, P. Narayan and S. P. Trivedi, arXiv:1105.1162 [hep-th].

dx? + dy?
r2
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Holography of a non-Fermi liquid

42 = i | dt? + 2 (A Dyr2 4+ gy
oy " op2d(z! 1)/(d! ) |
Ther!" metric has the above form with
d2"
I —
#+(d# 1)"

| 8(d(d# 1)+ 1)2
Lt gt d2(d# 1)#2

N
[

Notez$ 1+ !/d.

In the present theory, we have to choose# or " sc
that ! = d# 1.

Needed: a dynamical quantum analysis which auto
matically selects this value of!.
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Holography of a non-Fermi liquid

1 dt?

+ r2!/ (d! !)er + dXIZ

" p2d(z! 1)/ (d! )

Using the Einstein-Maxwell-dilaton theory we obtain a more
precise result for the entanglement entropy

SE — (:E Q(d! 1)/d » |n(Q(d! 1)/d P)

where the co-é cient G Is independent of all UV details
(e.g. boundary conditions on the dilaton), but depends onz
and other IR characteristics. These properties are just as e
pected for a circular Fermi surface with a Fermi wavevecto
obeyingQ ! k¢.

L. Huljse, S. Sachdev, B. Swingle, Physical Re@ewB5121 (2012)
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Holography of a non-Fermi liquid

Hidden
Fermi

surfaces |
of OquarksD!l <

l

E = IQ

ectric flux

This is a ObosonizationO of thederFermi surfac4a
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Conclusions
Compressible quantum matter

Evidence fohidden Fermi surfaces€ompressible states
obtained for a class of holographic Einstein-Maxwell-dilatgn
theories. These theories describenan-Fermi liguitlFL) stat

of gauge theories at non-zero density.
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Conclusions
Compressible quantum matter

Evidence fohidden Fermi surfaces€ompressible states
obtained for a class of holographic Einstein-Maxwell-dilatgn
theories. These theories describenan-Fermi liguitlFL) stat
of gauge theories at non-zero density.

After bxing ! = d! 1 to obtain thermal entropy density S" T2 , we founc
¥ Log violation of the area law In entanglement entropy, Sg .
¥ Leading-log Sg independent of shape of entangling region.

¥ The d =2 bound z # 3/2, compared toz = 3/2 in three-loop Pelc
theory.

¥ Evidence for Luttinger theorem in prefactor of Sg.

¥ Monopole operators lead to crystalline state, and have the corre
features to yield Friedel oscillations of a Fermi surface.
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Holographic theory of a compressible state

Add a fermonic Peld! to the bulk e! ective action, carrying the U(1) charge of the bulk
gauge Peld: consequently, this Peld corresponds to a boundary fermion which cari
charge Q, but is neutral w.r.t to any gauge belds in the boundary theory. We refer t
such fermions asmesinos

| § # $ %

1 6 1 o _
S=  d'* g 53 R+ 5 FaF22+i(T"MDy! +mil )

L A9z,

For a Pnite density state, we impose the boundary conditionA;(r # 0) = J. Procedure
to solve the bulk theory:

1. Assume some reasonable form for the electric potentid; (r) and the metric gy (r).
2. Solve Dirac equation for fermions in this background.

3. Occupy negative energy fermions states.

4. Compute the U(1) density and T, of the occupied states.

5

. Use PoissonOs equation and EinsteinOs equations to recompyie) and the metric
gu!(r)-

6. Return to step 2.
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Holographic theory of a fractionalized-Fermi liquid (FL*)

: Visible Fermi
Hidden surfaces
Fermi of OmesinosO
surfaces
of OquarksD 7"

l

‘_

gr — Q — Qmesino

gr:Q

A state with partial fractionalization, and
partial electric Rux exiting horizon

S. SachdeRhysical Review Lett€)rs, 151602 (2010); S. Sachdehrysical Review8®H, 066009 (2011
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Holographic theory of a fractionalized-Fermi liquid (FL*)

: Visible Fermi
Hidden surfaces
Fermi of OmesinosO
surfaces
of OquarksD 7"

l "
I E——

gr — Q — Qmesino

gr — Q
The OmesinosO corresponds to the Fermi surfaces obtained in the early probe fermion c
putation (S.-S. Lee, Phys. Rev. D79, 086006 (2009); H. Liu, J. McGreevy, and D. Vegt
arXiv:0903.2477; M. Qubrovig, J. Zaanen, and K. Schalm, Scienc&25, 439 (2009)).

These are spectators, and are expected to have well-dePned quasiparticle excitations.
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Holographic theory of a Fermi liquid (HL)

Visible Fermi
surfaces
of OmesinosO

g'r:Q

¥ ConbPning geometry leads to a state which has all the propertie
of a Landau Fermi liquid.

S. Sachdeyv, Physical Reviewdd, 066009 (201
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Gauss Law In the bulk
I Luttinger theorem
on the boundary

S. Sachdeyv, Physical Reviewdd, 066009 (201
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Compressible quantum matter
the holographic perspective

¥ Fermi liquid (FL): the entire charge Q Is
contained in the bulk, and there Is no electric
[3ux leaking to inPnity.

¥ Bose metal (NFL ): All the electric Bux leaks
to InPnity, and this Is linked to hidden Fermi
surface of gauge-charged OquarksO.

¥ Fractionalized Fermi liquid (FL'): Part of
the electric [3ux leaks to inPnity, and remain-

der I1s within visible Fermi surfaces In the
bulk.
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Compressible quantum matter
the cond-mat perspective

¥ Fermi liquid (FL): the entire charge Q Is
contained within visible Fermi surfaces

¥ Bose metal (NFL ): the entire charge Q Is
contained within hidden Fermi surfaces of
gauge-charged fermions.

¥ Fractionalized Fermi liquid ( FL " ): the charge
Q I1s divided between visible and hidden Fermr
surfaces.
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Conformal beld theories In

a periodic chemical potential
A. Lucas, P. Chesler,and S. Sachdev arXiv:1308.0329
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Figure 19: lllustration of the positions of the Dirac points with positive gp for V/k =5.3. The dashed
line is the location of the electron and hole Fermi surfaces of Figl7. These are folded back into the Prst
Brillouin zone ! k/ 2 < gx < k/ 2 and shown as the full lines. The Dirac points are the Plled circles at the
positions in EqQ. (69), and these appear precisely at the intersection points of the folded Fermi surfaces in

the Prst Brillouin zone.

IR behavior is described by a CFT whose Ocentral chargeO
changes In discrete steps as a functioWif every time
pairs of Dirac zero modes appear.
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Figure 19: lllustration of the positions of the Dirac points with positive gp for V/k =5.3. The dashed
line is the location of the electron and hole Fermi surfaces of Figl7. These are folded back into the Prst
Brillouin zone ! k/ 2 < gx < k/ 2 and shown as the full lines. The Dirac points are the Plled circles at the
positions in EqQ. (69), and these appear precisely at the intersection points of the folded Fermi surfaces in

the Prst Brillouin zone.

IR behavior is described by a CFT whose Ocentral chargeO
changes In discrete steps as a functioWif every time
pairs of Dirac zero modes appear.
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