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Phase diagram at non-zero temperatures
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Non-zero temperatures

At the quantum-critical point at one-loop order, we can set= 0,
and then repeat the computation in Eq. (2) af > 0. This only
requires replacing the integral over the loop frequency by a
summation over the Matsubara frequencies, which are quantized

by odd multiples oft T. Such a computation, via Eq. (4) leads to
the conductivity

L 11
Re['( #)] =2 T In2)$(#) + %tanh ? ; (7)

the imaginary part of' (#) is the Hilbert transform of

Re[' (#)]! 1/4. Note that this reduces to Eq. (5) In the Iimit

#" T. However, the most important new feature of Eq. (7)
arises for# # T, where we Pnd a delta function at zero frequency
In the real part. Thus the d.c. conductivity is inPnite at this order,
arising from the collisionless transport of thermally excited carriers.
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Electrical transport in a free CFT3 far> 0
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Electrical transport for a (weakly) interacting CFT3
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Electrical transport for a (weakly) interacting CFT3
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Electrical transport for a (weakly) interacting CFT3
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Quantum critical transport

Quantum Onearly perfect [3uidt
with shortest possible
equilibration time, !¢q

where C IS a universal constant

S. SachdevQuantum Phase TransitionGambridge (1999)
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Quantum critical transport

Quantum Onearly perfect [3uidt
with shortest possible
equilibration time, !¢q

where C IS a universal constant

Zaanen: Planckian dissipation

S. SachdevQuantum Phase TransitionGambridge (1999)




Quantum critical transport

Transport co-od clents not determinec
by collision rate, but by
universal constants of nature

Conductivity

= @

= I [Universal constant O(1) ]

(Q is the OchargeO of one particl

M.P.A. Fisher, G. Grinstein, and S.M. GirviPhys. Rev. Letb4, 587 (1990)
K. Damle and S. Sachdd¥hys. Rev. B6, 8714 (1997).




Quantum critical transport

Transport co-od cients not determinec
by collision rate, but by
universal constants of nature

Momentum transport
| VISCOSIty

T
- entropy density
|

kB

" [Universal constant O(1) |

P. Kovtun, D. T. Son, and A. Starine®)ys. Rev. Lett94,11601 (2005)




AdS/CFT correspondence

AdS,
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This emergent spacetime Is a solution of Einstein gravity
with a negative cosmological constant

|
Sg = Ex "g = R+ 2
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AdS/CFT correspondence at zero temperature | gyyrat Raj+l

Consider a CFT in D space-time dimensions with a scalar operatoO(x) with
scaling dimension! . This is presumed to be equivalent to a dual gravity theory

on AdSp 4+ with action Sy . The CFT and the bulk theory are related by the
GKPW ansatz

D! exp(! Spu ) = exp  d°x!o(x)O(x)
bdy

where the boundary condition is

lim 1 (x,r) = rP 1 o(x).
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AdS/CFT correspondence at zero temperature | gyyrat Raj+l

Consider a CFT in D space-time dimensions with a scalar operatoO(x) with
scaling dimension! . This is presumed to be equivalent to a dual gravity theory
on AdSp 4+ with action Sy . The CFT and the bulk theory are related by the
GKPW ansatz

D! exp(! Spu ) = exp  d°x!o(x)O(x)
bdy

where the boundary condition is

lim 1 (x,r) = rP 1 o(x).

We consider the simplest case of a single scalar beld, where the bulk action is

I
1 v
Sbulk - é dD+1X g gablla!n b' + m2|

o

where g IS the AdSp 1 metric (we are working with a Euclidean signature, and
a, b extend over D + 1 dimensions) and g = det( gap). After Fourier transforming
space-time co-ordinates to momentg, the saddle-point equation for! (k,r) is

$ % 9 %

o
=
o
H
—
=
N

dr rP"1dr r2
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AdS/CFT correspondence at zero temperature | gyyrat Raj+l

This equation has two solutions asr ! 0, with ! " r2 or! " rP' 2 where
|
D D?
=~ 4+ — +m2
2~ 4

We will choose the positive sign in the manipulations below, but the Pnal results
hold for both signs. The complete solution of the saddle-point equation with the
needed boundary condition can be written as

L (K, 1) = Gpuk 1 bdy (K, r)! o(k)

where

21! A+ D/ 2

(I # D/ 2)

Ghulk 1 bdy (K, I') = S S GNP ()

whereK A1 p/ 2 1S @ modibPed Bessel function. 3
Next, it is useful to obtain the bulk-bulk GreenOs function by inverting the oper-
ator in the equation of motion. A standard computation yields

Goulk 1 bulk (K, T1,12) = (r1r2)® 2l ar by 2(Kr<)K a1 py 2(Krs)

wherer< (r>) is the smaller (larger) or r1,. This bulk-bulk GreenOs function is
evaluated in the absence of any sources on the boundary, and so we have to impo
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AdS/CFT correspondence at zero temperature | gyyrat Raj+l

the boundary condition ! (k,r)! r- asr " 0 in solving the saddle-point equation.
The utility of this bulk-bulk GreenOs function is that it now allows us to extend
our results to include interactions in Sy by the usual Feynman graph expansion.
We can account for the presence of the boundary sourcég(k) in the CFT by
iImagining there iIs a corresponding bulk source Peldg(k,r) which is localized at
very small values ofr. Then this bulk source beld will generate a bulk! (k,r) via
the propagator Gpyik —puk - WWe now note that

r
lim Gnuw K rqi,r,)= 2
lim_ Gk bulk (K, T1,12) 2 # D)

Ghulk —bdy (K, I'1).

This Is a key relation which shows us that functional derivatives of the full action
w.r.t. Jo(k,r) (which yield bulk-bulk correlation functions) are the sameas func-
tional derivatives w.r.t. ! o(k) (which yield correlators of the CFT). This yields the
second statement of the equivalence between the bulk and boundary theories

BO(X1)...0Xn)%er = Z"limry coor S (X1, 1) ! (X T0) %
8 r—0 t9u

where the Owave function renormalizationO factoZ = (2! # D). Note that this
relationship holds for arbitrary bulk actions, and permits full quantum [Buctuations
In the bulk theory. Also, both correlators are evaluated In the absence of exter:
nal sources; for the bulk theory this means that we have the boundary condition
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AdS/CFT correspondence at zero temperature | gyyrat Raj+l

I (k,r) ! r' asr " 0. From this general relation we can evaluate the two-point
correlator of the CFT for the case of a bulk Gaussian action:

#HO(K)O($K)%pr = er”|mo(r)" *" Gpulk " buk (K, 1,1)
| o
| oy "k ¢ P r@as$! +D/2)
_ (2! " D) ®
Ir|!r110(2! $ D)r $ (2! $D) 5 "(1+1 $ D/ 2)

The brst term Is divergent, but it is independent of k: so it does not contribute to
the long-distance correlations of the CFT, and can be dropped. The second term
has the singular dependenceé k% " P, which is just as expected for a beld with
scaling dimension! , for the Fourier transformation yields

HO(X1)O(X2)%er ! IX1$ X2| .
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AdS/CFT correspondence at zero temperature | gyyrat Raj+l

The Pnal formulation of the bulk-boundary correspondence appears by using th
above relations for arbitrary multi-point correlators in the absence of a source, tc
make a statement for the one-point function in the presence of a source, workin
to all orders in the source and all bulk interactions. As we noted earlier, the CFT
source ! o(k) can be simulated by a sourcedgo(k,r) which is localized near the
boundary but acts on the bulk theory. Because of the identity above between the
source-free correlators, we can conclude thatO(x)" equalsZ lim, _,or =" ! (x,r)".
However, we have to remember that the sourcelg(k,r) is actually realized by a
boundary condition on ! (x,r), and so the complete statement is

In the presence of the sourcé o(x). Note that this result is not just linear response,
and holds to all orders in the source; it also allows for arbitrary bulk interactions and
guantum Buctuations. It can be checked that it is indeed obeyed by the correlator:
above of the Gaussian theory. This relationship is frequently used in practice
because It Is often straightforward to implement, especially when we are using th
classical saddle-point approximation for the bulk theory. Then we simply have to
extract the subleading behavior in! (x,r) asr # 0 to extract the full non-linear

response function to the perturbation! ¢(x) to the CFT.
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AdS/CFT correspondence at zero temperature | gyyrat Raj+l

A similar analysis can be applied to operators of the CFT with non-zero Lorentz
spin. Of particular interest to are correlators of a conserved currentJ,,, associated
with a global ORavorO symmetry, and the conserved stress energy teﬁl:':,pr

We couple the conserved current to a source,, and so are interested in evaluating

Z(a,) = <exp (/deau(x)Ju(x))> .
CFT

The conservation law! ,J, = 0 now implies that this partition function is invariant
under the gauge transformationa, ! a, + !,". So the bulk Peld dual to a (say)

U(1) conserved currentJ, Is a U(1) gauge IDeId which we denoté,(x,r). We
assume the gauge beld has a Maxwell action

1 11
S d°*tx gF,,FeP
M 4g|\/| gFap
plus other possible gauge couplings to the bulk Pelds. By an analysis very simila
to the scalar beld, we can establish the following bulk-boundary correspondences
D" 2

IMm#AL (X, 1)$ = au(x)+ =i, (x)$
rl O / M

rIllmoaﬁféé\r (x,r)$ =0

Au(x1) . dr (Xn)&er = (Zgy?)" I|m rf 0t DAL ) AL (X ) S
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AdS/CFT correspondence at zero temperature | gyyrat Raj+l

with Z = D! 2. Working with only the Maxwell action these relations yield

| ! "
D! 2)1 (21 D/2) k °'#¢ k., K
Juldn (eer = | Oi ) (! (D/ 2) ) 2 ! S

This Is precisely the expected form for the correlator of a conserved current in
CFT in D space-time dimensions. For the cas® = 3 it has the expected form
I

| k, ki
"Ju(K)dr (K)#er = Kk 1 b =

k2

with
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AdS/CFT correspondence at zero temperature | gyyrat Raj+l

A similar analysis can be applied to the stress-energy tensor of the CFTT,, . Its
conjugate beld must be a spin-2 beld which is invariant under gauge transformations

it is natural to identify this with the metric of the bulk theory. Now the needed
partition function Is

I $%

Z('w)= | exp  d”x ! (X)Tur (x)
CFT

and the source is related to the metricgy, via

lIm
r! Ogrr

lIm
r! Ogru

lIm |
r Ogu'

Ty (X1) « o T (Xn)"cpr = p, r|i!mor1f> coor P
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AdS/CFT correspondence at zero temperature | gyyrat Raj+l

with Z = D. Applying this prescription to the Einstein action, we obtainin D =3

|
| ke K "
T (K) T (% K)Hopr = Grikl® Tl + 1o e ™ Lyl + 1 kz# + 1oy Lliz.
"l KiKy . Kuks | Kike, l Kyke n Kk K- Ky
" U k2 - k2 g k2 s I# k2 k4

This is the most-general form expected for any CFT, and the Ocentral chargeO i
related to a dimensionless combination of the gravitational constant and the AdS

radius

CT$ﬁ
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AdS/CFT correspondence at zero temperature | gyyrat Raj+l

So, to recapitulate, we have equated the correlators of the CFT3 to a bulk theon
on AdS, with the Einstein-Hilbert action

11 0
1! ' | ! 1# $%

S = d4 " OF Fab_|_ 4 — n
49%4 X (Fap dxg

This action is characterized by two dimensionless parametersgy andL?/! 2. These
parameters determine, respectively, the two-point correlators of a conserved U(
current J,, and the stress-energy tensoif,; .

However, this action is non-linear, and it also implies non-zero multipoint cor-
relators of these operators, even at tree-level in the bulk theory. For the simples
3-point correlator, a lengthy computation from the bulk theory yields

Kiko
(k1 + k2)°

A (K1)Jdr (k2) T (" K1 " k2)$ %

le Ky K1 kqg + 175 terms

with co-e! cients determined bygy and L?/! 2.

We can now compare this 3-point correlator with that obtained by direct compu-
tation on a CFT3. A general analysis of the constraints from conformal invariance
(Osborn and Petkou, 1993) shows that this 3-point correlator is fully determined by
the valuesK, C+, and one additional dimensionless constant which 1s characteristic
of the CFT3.
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AdS/CFT correspondence at zero temperature | gyyrat Raj+l

To bx this additional constant by the bulk theory, we have to go beyond the
Einstein-Maxwell action. This action is the simplest action with up to 2 derivatives
of the bulk Pelds. So, in the spirit of & ectively Peld theory, let us now include all
terms up to 4 derivatives. We want to work in linear response for the conserve
current, and so we exclude terms which have more than 2 powers é&f,,. Then, up
to some Peld redebnitions, there turns out to be a unigue 4 derivative term, an
the extend action of the bulk theory now becomes

. | o . # | o " $ 5 %
Spuk = Z d*x" g ZFabFab+ | L?CapegF®F® + d*% g " >3 R+

where Cgpeq IS the Weyl tensor. Now we have a new dimensionless parameter,

stability constraints on this action restrict |! | < 1/ 12. The Weyl tensor vanishes on
the AdS metric, and consequently! does not modify the previous results on the 2-
point correlators of J, and T;;; . However,! does change the structure of the 3-point
correlator. We computed! in a large-3avor-number expansion for a class of CFT3
(D. Chowdhury, S. Raju, S. Sachdev, A Singh, and P. Strack, arXiv:1210.5247)
and found! =1/12 for free fermions,! = " 1/12 for free scalars, and =1/12 for

the topological current of the U(1) gauge beld in the Abelian Higgs model.

It Is clear that similar results apply at higher orders: matching higher multipoint
correlators of the CFT requires higher derivative terms in the & ective bulk theory.
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AdS/CFT correspondence at non-zero temperatures

AdS-Schwarzschild black-brane

I

A 2+1
dimensional
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5 AIR
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AdS/CFT correspondence at non-zero temperatures

AdS-Schwarzschild black-brane
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AdS/CFT correspondence at non-zero temperatures

AdS-Schwarzschild black-brane

A 2+1
dimensional
system at Its

guantum
critical point:

I
kBT - —3 :

Black-brane at
temperature of : Beckenstein-Hawking

2+1 dimensiona : entropy of black brane
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AdS/CFT correspondence at non-zero temperatures

AdS-Schwarzschild black-brane

A 2+1
dimensional
system at Its

guantum
critical point:

I
kBT - —3 :

Black-brane at
temperature of :  Friction of quantum

2+1 dimensiona i criticality = waves

guantum critical

system ; falling into black brane
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AdS/CFT correspondence at non-zero temperatures

At non-zero temperatures, we consider a Euclidean metric with a horizon at

r = R:
! 11 # $
2" dr2

ds® = % W+f(r)d!2+ dx? + dy?

with f(r) = 1! (r/R)3; note f (R) = 0. In the near horizon region we debne
z= R! r and write this metric as

| . "L H# 472 $
ds = TRz If ' (R)|zd dx< + dy
%
Now we introduce co-ordinates’ =2 z/|f'(R)|and#=2$%$T!, and then the metric

IS

ds’= —  d"?+ ——2 "20#+ dx®+ dy?

Now If we choose the Hawking temperature

_ I (R)]

then the spacetime is periodic undert " ! +1/T , and there is no singularity at
the horizon.
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Computing conductivity at non-zero temperatures

In Euclidean signature, all the correspondences between the bulk and boundal
correlators remain exactly the same as before. We need only add the addition
requirement that the bulk solutions remain integrable at the horizon.

However, it is often convenient to work directly in real time and frequencies.
and obtain the corresponding response functions directly, rather than by analytic
continuation. It can be shown that the process of analytic continuation translates
iInto the requirement of in-going wavesat the horizon. The only other change in
the equations Is due to the change in the metric from Ad% to AdS,-Schwarzschild,
via the factor f (r).

In terms of the co-ordinate u = r/R , the equation for A, (u) in the presence of ¢
probe oscillating at frequency! is

! 2u g |l " I 1] 4 2
Al 4 f (3! 2u<"f ") 2u"f(2f + uf )A;+ L—!—AX:O,
f (3! 2u2"f") R2 f 2

where the primes are derivatives w.r.tu. Solution of this equation, subject to the
boundary conditions discussed earlier yields the conductivity.
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AdS4 theory of electrical transport in a strongly
Interacting CFT3 foil >0

Conductivity IS
iIndependentof ! /T

for " =0.
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AdS4 theory of electrical transport in a strongly
Interacting CFT3 foil >0

Conductivity IS
iIndependentof ! /T

for " =0.
Consequence of self-duality of Maxwell theory in 3+1 dimensior
=
LT

C. P. Herzog, P. K. Kovtun, S. Sachdev, and D. T. Sor
Phys. Rev. D 75, 085020 (2007).
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Electrical transport in a free CFT3 far> 0

Complementary ! -dependent
conductivity in the free theory

>

/T
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AdS; theory of Onearly perfect RuidsO
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R. C. Myers, S. Sachdev, and A. SinghPhysical Review D83, 066017 (2011
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AdS; theory of Onearly perfect RuidsO

0.0 »
0.0

¥ The ! > 0 result has similarities ta
the quantum-Boltzmann result for
transport of particle-like excitations

o5 10 15 T

R. C. Myers, S. Sachdev, and A. SinghPhysical Review D83, 066017 (2011

Thursday, August 8, 13



AdS; theory of Onearly perfect RuidsO

1.5I ) i
(") 12
()
1.0 ' =0
| = | ¥ The ! < 0 result can be Interpretec
0.5 as the transport of vortex-like
* excitations
00
0.0 0.5 1.0 15 g"T

R. C. Myers, S. Sachdev, and A. SinghPhysical Review D83, 066017 (2011
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AdS; theory of Onearly perfect RuidsO

. 1
! (n ) 12
()
1.0 ' =0
|
0.5 ¥ The ! =0 case Is the exact result for the largeN limit
of SU(N ) gauge theory with N = 8 supersymmetry (the
ABJM model). The " -independence Is a consequence
self-duality under particle-vortex duality ( S-duality).
0.0
0.0 0.5 1.0 15 4T

R. C. Myers, S. Sachdev, and A. SinghPhysical Review D83, 066017 (2011

Thursday, August 8, 13



AdS; theory of Onearly perfect RuidsO

" 12 |¥ Stablility constraints on the e! ective
theory (|! | < 1/12) allow only a lim-

ited " -dependence In the conductivity

OO | | ‘ | | | | ‘ | | w | | | | | ]
0.0 0.5 1.0 15 A" T

R. C. Myers, S. Sachdev, and A. SinghPhysical Review D83, 066017 (2011
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AdS; theory of Onearly perfect RuidsO

The holographic solutions for the conductivity are found to satisfy two sum rules
(W. Witzack-Krempa and S. Sachdev, arXiv:1210.4166)

diRe["(1)! " (" )]
N #
1 1

0

0
| !

[
-

I
o ST )

These sum rules are expected to be obeyed by all CFT3s. The second sum ru
follows from the existence of aS-dual CFT3, whose conductivity is the inverse of
the conductivity of the original CFT3.

Traditional Boltzmann theory computations make a choice of a OparticleO basi
at the outset: consequently they satisfy onlyone sum rule but not the other.

The holographic computation is unigue in that it satisPesboth sum rules. It does

not bias the theory to either the particle or vortex basis: it starts from the self-dual
point, and is able to expand away from it using the small value of the parametet.
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Quantum Monte Carlo

WWK, E. Sorensen & S. Sachdey, Iin prep.

I SimulateO(2) QCP !via loop model & quant. rotors”

| Finite#T but iImaginary time
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Quantum Monte Carlo

WWK, E. Sorensen & S. Sachdey, Iin prep.
I SimulateO(2) QCP !via loop model & quant. rotors”
| FInite#T but imaginary time

| Analytic continuation di$cult!
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* Bose#Hubbard haparticle!like

Holographic bt

L iw

0.5C

0.45

0.4C

0.35

0.3C

0.20

= 0075 =“1/12

E. Sorensen
June 2013

(BT e S et e T B St e P RT Tl el o s e e e T e B T T Ca g T

o2
r o
IS o
*
G
() :2557 3
. o
-
g
L e
G

-------------------------
-----------
_________
-
Prids
-
.
-
*
o*
.

transport

Thursday, August 8, 13



Holographic bt

I hiw"
0.5C

0.45 2 =:0:075:< 1:{1:2

0.40\\ E. Sorensen
ds G June 2013

--------------------------------
AT s S g g g g By ST i+
mm
m=
O 307 ="
] £
L .
s
S
r .

o2
r o
IS o
O 25 g
Q
L o
. o
-
g
L e
G

DD S e aood A o) o i 4 S e W

* Bose#Hubbard haparticle!like transport

I #(0)/ o(" ) Inagreement with 'naive" holographic
bound

Thursday, August 8, 13



OHolographic continuationG
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OHolographic continuationC
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Before / After
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Before / After

Smakov & Sorensen PRL 05 Using holography
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Traditional CMT

@ |dentify quasiparticles and
their dispersions
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Traditional CMT Planckian dissipation and grav

Q@ Identify quasiparticles and| @ Start with strongly

their dispersions interacting CFT without
particle- or wave-like

@ Compute scattering excitations

matrix elements of

quasiparticles (or of tS

collective modes)

Q@ These parameters are to
Input Into a quantum
Boltzmann equation
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Zero temperatures
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Traditional CMT

@ |dentify quasiparticles and
their dispersions

@ Compute scattering
matrix elements of
guasiparticles (or of
collective modes)

@ These parameters are
Input Into a quantum
Boltzmann equation

@ Deduce dissipative and
dynamic properties at non-
Zero temperatures

Planckian dissipation and grav

@ Start with strongly
iInteracting CFT without
particle- or wave-like
excitations

@ Compute OPE co-efbcients
of operators of the CFT

Q@ Relate OPE co-efbcients to
couplings of an effective
graviational theory on AdS

@ Solve Einsten-Maxwell-...
equations, allowing for a
horizon at non-zero
temperatures.
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