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QFT and Scattering Amplitudes from a new perspective

The singularity structures from complex deformation of the kinematics

Amplitudes decomposition from factorization

The central role of Cauchy’s Residue Theorem (and its multivariate generalization)

Reduction to Master Integrals by Integrand Decomposition

Identify a unique Mathematical framework for any Multi-Loop Amplitude

Based on one property of Scattering Amplitudes: the quadratic Feynman denominator

Motivation



One-Loop Scattering Amplitudes
One-Loop Scattering Amplitudes

• n-particle Scattering: 1+2→ 3+4+ . . .+n

• Reduction to a Scalar-Integral Basis Passarino-Veltman

1-Loop = !
102−103

Z
dD!

!µ!"!# . . .

D1D2 . . .Dn

= c4 + c3 + c2 + c1

• Known: Master Integrals
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• Unknowns: ci are rational functions of external kinematic invariants
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Cutting RulesCutting Rule

• Discontinuity of Feynman Integrals Landau & Cutkosky

Cut Integral in the P2
12
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Unitarity & Cutting Rules
Unitarity & Cutting Rules

• Optical Theorem from Unitarity S≡ 1+ iT : S†S= 1 ⇒ 2ImT = −i(T −T †) = T †T

• One-loop Amplitude:

A1-loopn = 1−loop = c4 + c3 + c2 + c1

• Discontinuity of Feynman Amplitudes Cutkosky-Veltman; Bern, Dixon, Dunbar & Kosower

2Im
{
A1-loopn

}
= tree

i

j

tree

!1

!2

= c4 + c3 + c2

on− shell condition :
1

(!2i −m2i + i0)
→ !

(
!2i −m2i

)
(i= 1,2)
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The Strategy: Generalised Unitarity

The Strategy: Generalised Unitarity

• Multiple-cuts as optical filters

Replacing the original amplitude with simpler integrals fulfilling the same algebraic decomposition

= c4 Britto, Cachazo, Feng

= c4 + c3

Bern, Dixon, Dunbar, Kosower

P.M.

Forde

Bjerrum-Bohr, Dunbar, Perkins

= c4 + c3 + c2

Bern, Dixon, Dunbar, Kosower

Brandhuber, McNamara, Spence, Travaglini

Britto, Buchbinder, Cachazo, Feng, ⊕ P.M.

Anastasiou, Britto, Feng, Kunszt, P.M.

Forde; Badger

= c4 + c3 + c2 + c1 Glover, Williams

Britto, Feng
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Unitarity & Cutting Rules

• Optical Theorem from Unitarity S≡ 1+ iT : S†S= 1 ⇒ 2ImT = −i(T −T †) = T †T

• One-loop Amplitude:

A1-loopn = 1−loop = c4 + c3 + c2 + c1

• Discontinuity of Feynman Amplitudes Cutkosky-Veltman; Bern, Dixon, Dunbar & Kosower

2Im
{
A1-loopn

}
= tree

i

j

tree

!1

!2

= c4 + c3 + c2

on− shell condition :
1

(!2i −m2i + i0)
→ !

(
!2i −m2i

)
(i= 1,2)

Method ! Matching the cuts of any amplitudes onto the cuts of Master Integrals

Advantage 1 ! iterative construction: one-loop amplitudes by sewing tree-level amplitudes

Advantage 2 ! simplified input: tree-amplitudes vs Feynman graphs
tree-amplitudes are gauge-invariant on-shell quantities,

corresponding to sums of off-shell Feynman diagrams.
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The more you cut, the more you loose, the simpler it gets
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Britto, Mirabella



Cut-ConditionsComplex Solutions of the Cut-conditons

• under Multiple On-shellness Conditions :

- the loop-momentum becomes complex ;

- some of its components (if not all) are frozen;

- the left over free components are integration-variable

q2 = p2 = 0= !± · p= !± ·q , !µ = x1 pµ+ x2 qµ+ x3 !
+
µ + x4 !

−
µ

• Closer look at the Integrand Structure

Numerator and denominator of the n-particle cut-integrand are mutivariate-polynomials in (4− n)
complex-variables:

Cutn =
I

dx1 . . .dx4−n
P(x1, . . . ,x4−n)
Q(x1, . . . ,x4−n)

! Contour Integrals of Rational Functions ∼ Integrals by partial fractioning

! Analytic functions: Multi-pole Decomposition (think of CMB and Harmonic Decomposition)
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Complex Solutions of the Cut-conditons

• Loop momentum decomposition
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µ

• under Multiple On-shellness Conditions :

- the loop-momentum becomes complex ;
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- the left over free components are integration-variable
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complex-variables:

Cutn =
I

dx1 . . .dx4−n
P(x1, . . . ,x4−n)
Q(x1, . . . ,x4−n)

! Contour Integrals of Rational Functions ∼ Integrals by partial fractioning

! Analytic functions: Multi-pole Decomposition (think of CMB and Harmonic Decomposition)

• Singularity Classification

Master Integrals characterized by the location of the poles.
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" − !−µ !

+
"
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Corollary 1.4 (Generalized Cauchy Integral formulas)

Assume f ∈ Cω(D) and D ⊂ C simply connected, and δD = γ. For all n ∈ N
one has f (n)(z) ∈ Cω(D) and for any z /∈ γ

f (n)(z) =
n!

2πi

∫

γ

f(w) dz

(w − z)n+1
.

Proof. Just differentiate Cauchy’s integral formula n times.

It follows that f ∈ Cω(D) is arbitrary often differentiable.

Definition Let f ∈ Cω(D \ {a}) and a ∈ D with simply connected D ⊂ C with boundary γ. Define the residue of
f at a as

Res(f, a) :=
1

2πi

∫

γ
f(z) dz .

By Cauchy’s theorem, the value does not depend on D.

Example. f(z) = (z − a)−1 and D = {|z − a| < 1}. Our calculation in the example at the beginning of the section
gives Res(f, a) = 1.

A generalization of Cauchy’s theorem is the following residue theorem:

Corollary 1.5 (The residue theorem)

f ∈ Cω(D \ {zi}n
i=1), D open containing {zi} with boundary δD = γ.

1

2πi

∫

γ
f(z) dz =

n
∑

i=1

Res(f, zi) .

Proof. Take ε so small that Di = {|z − zi| ≤ ε} are all disjoint and contained in D. Applying Cauchy’s theorem to
the domain D \

⋃n
1=1 Di leads to the above formula.

2 Calculation of definite integrals

The residue theorem has applications in functional analysis, linear algebra, analytic number theory, quantum field
theory, algebraic geometry, Abelian integrals or dynamical systems.

In this section we want to see how the residue theorem can be used to computing definite real integrals.

The first example is the integral-sine

Si(x) =

∫ x

0

sin(t)

t
dt ,

a function which has applications in electrical engineering. It is used also in the proof of the prime number
theorem which states that the function π(n) = {p ≤ n | p prime} satisfies π(n) ∼ x/log(x) for x → ∞.

Si(∞) =

∫

∞

0

sin(x)

x
dx =

π

2

Proof. Let f(z) = eiz

z which satisfies f ∈ Cω(C \ {0}. For z = x ∈ R, we have Im(f(z)) = sin(x)
x . Define for

R > ε > 0 the open set D enclosed by the curve γ =
⋃4

i=1 γi, where

294 Chapter 8 ! Residue Theory

x

y

z1

z2 z3

C3
C2

C1

C

D

. . .

zn – 1Cn – 1

Cn

zn

Figure 8.1 The domain D and contour C and the singular points z1, z2,. . . , zn in the
statement of Cauchy’s residue theorem.

expansion, we seek a method to calculate the residue from special information
about the nature of the singularity at z0.

           ResidueTheorem

anthropic principle

(the landscape)

scalar fields

(quintessence)

Tools for the Right-Hand SideTools for the RightTools for the Right--Hand SideHand Side

Duct Tape

On-shell condition



Unitarity-based Methods

One-Loop Integral basis :: MI’s ::  Li2(x), log(x)^2, log(x), O(x)       

log(x) ~ 1 ;     Li2(x) ~ log(x) ;      Li2(x) ~ 1   

Amplitude decomposition from matching cuts 

After Integration



Integrand-Reduction Methods

Residues are polynomials in irreducible scalar products (ISP’s)

ISP’s generate MI’s

Amplitude decomposition from polynomial fitting on the cuts

Before Integration

Unitarity-based Methods

One-Loop Integral basis :: MI’s ::  Li2(x), log(x)^2, log(x), O(x)       

log(x) ~ 1 ;     Li2(x) ~ log(x) ;      Li2(x) ~ 1   

Amplitude decomposition from matching cuts 

After Integration



At the Integrand LevelReduction at the Integrand-level

• Reduction to a Scalar-Integral Basis Passarino-Veltman

1-Loop = c4 + c3 + c2 + c1

Z
d4q A(q) = c4

Z
d4q

D0D1D2D3
+ c3

Z
d4q

D0D1D2
+ c2

Z
d4q

D0D1
+ c1

Z
d4q

D0

• Unknowns: ci are rational functions of external kinematic invariants
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• At the Integrand-level

A(q) != c4

D0D1D2D3
+

c3

D0D1D2
+

c2

D0D1
+

c1

D0

=
c4+ f4(q)
D0D1D2D3

+
c3+ f3(q)
D0D1D2

+
c2+ f2(q)
D0D1

+
c1+ f1(q)

D0

Z
d4q

f4(q)
D0D1D2D3

=
Z
d4q

f3(q)
D0D1D2

=
Z
d4q

f2(q)
D0D1

=
Z
d4q

f1(q)
D0

= 0

A(q) ≡ !0123(q)
D0D1D2D3

+
!012(q)
D0D1D2

+
!01(q)
D0D1

+
!0(q)
D0
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A(q) != c4

D0D1D2D3
+

c3

D0D1D2
+

c2

D0D1
+

c1

D0

=
c4+ f4(q)
D0D1D2D3

+
c3+ f3(q)
D0D1D2

+
c2+ f2(q)
D0D1

+
c1+ f1(q)

D0

Z
d4q

f4(q)
D0D1D2D3

=
Z
d4q

f3(q)
D0D1D2

=
Z
d4q

f2(q)
D0D1

=
Z
d4q

f1(q)
D0

= 0

A(q) ≡ !0123(q)
D0D1D2D3

+
!012(q)
D0D1D2

+
!01(q)
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+
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OPP-Integrand Reduction OPP Integral-Reduction (in a nutshell)

Ossola, Papadopoulos, Pittau

Ellis, Giele, Kunszt

Giele, Kunszt, Melnikov

• OPP-decomposition

Am =
Z
d4q

N(q)
D0 . . .Dm−1

N(q) =
m−1

!
i0<i1<i2<i3

"i0i1i2i3(q)
m−1

#
i"=i0,i1,i2,i3

Di

+
m−1

!
i0<i1<i2

"i0i1i2(q)
m−1

#
i"=i0,i1,i2

Di

+
m−1

!
i0<i1

"i0i1(q)
m−1

#
i"=i0,i1

Di

+
m−1

!
i0

"i0(q)
m−1

#
i"=i0

Di

• "(q) are known polynomials
• ci are the constant terms of "’s

! Fitting ci by numerical evaluating N(q) at different values of q ⊕ system inversion
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• q@ Quadruple-cut: Di0 = Di1 = Di2 = Di3 = 0

N(q) = !i0i1i2i3(q)
m−1

"
i"=i0,i1,i2,i3

Di
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• q@ Triple-cut: Di0 = Di1 = Di2 = 0

N(q) −
m−1

!
i0<i1<i2<i3

"i0i1i2i3(q)
m−1

#
i"=i0,i1,i2,i3

Di

= "i0i1i2(q)
m−1

#
i"=i0,i1,i2

Di
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• q@ Double-cut: Di0 = Di1 = 0

N(q) −
m−1

!
i0<i1<i2<i3

"i0i1i2i3(q)
m−1

#
i"=i0,i1,i2,i3

Di

−
m−1

!
i0<i1<i2

"i0i1i2(q)
m−1

#
i"=i0,i1,i2

Di

= "i0i1(q)
m−1

#
i"=i0,i1

Di
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• q@ Single-cut: Di0 = 0

N(q) −
m−1

!
i0<i1<i2<i3

"i0i1i2i3(q)
m−1

#
i"=i0,i1,i2,i3

Di

−
m−1

!
i0<i1<i2

"i0i1i2(q)
m−1

#
i"=i0,i1,i2

Di

−
m−1

!
i0<i1

"i0i1(q)
m−1

#
i"=i0,i1

Di

= "i0(q)
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solution 2: Polynomials and Discrete Fourier Transform

• OPP-reduction Ossola, Papadopoulos, Pittau (2006)

From the knowledge of the multi-variate polynomial-structure of the Integrand, all n-point coefficients

can be determined by fitting a system of polynomial equations.

Advantage ! No integration required

Pitfall ! Numerical System Inversion (!→ 0)

• Improved Reduction with DFT Ossola, Papadopoulos, Pittau, & P.M. (2008)

Pm(x) = c0+ c1x+ c2x
2+ . . . cmx

m

! step 1: sample Pm(x) at (m+1) equidistant-points on the unit-circle, Pm,k ≡ Pm(xk),

xk = e
−2"i k

(m+1) (k = 0, ...,m) .

! step 2: find ci from orthogonality (plane-waves):

c! =
1

m+1

m

#
k=0

Pm,k e
2"i k

(m+1)!
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The most general numerator of one-loop amplitudes N (q̄, ✏) can be thought as composed

of three terms,

N (q̄, ✏) = N0(q, µ
2) + ✏N1(q, µ

2) + ✏

2
N2(q, µ

2). (2.3)

The coe�cients of this ✏-expansion, N0, N1 and N2, are functions of q⌫ and µ

2. In the

following discussion we will denote by N any element of the set {N1, N2, N3}.
The numerator N(q, µ2) can be expressed in terms of denominators D

i

, as follows

N(q, µ2) =
n�1
X

i<<m

�
ijk`m

(q, µ2)
n�1
Y

h 6=i,j,k,`,m

D

h

+
n�1
X

i<<`

�
ijk`

(q, µ2)
n�1
Y

h 6=i,j,k,`

D

h

+

+
n�1
X

i<<k

�
ijk

(q, µ2)
n�1
Y

h 6=i,j,k

D

h

+
n�1
X

i<j

�
ij

(q, µ2)
n�1
Y

h 6=i,j

D

h

+
n�1
X

i

�
i

(q, µ2)
n�1
Y

h 6=i

D

h

, (2.4)

where i << m is the lexicographic ordering i < j < k < ` < m. The functions �(q, µ2)

are polynomials in the components of q and in µ

2. The decomposition (2.4) expose the

multi-pole nature of the integrand

A(q, µ2) =
n�1
X

i<<m

�
ijk`m

(q, µ2)

D

i

D

j

D

k

D

`

D

m

+
n�1
X

i<<`

�
ijk`

(q, µ2)

D

i

D

j

D

k

D

`

+
n�1
X

i<<k

�
ijk

(q, µ2)

D

i

D

j

D

k

+

+
n�1
X

i<j

�
ij

(q, µ2)

D

i

D

j

+
n�1
X

i

�
i

(q, µ2)

D

i

. (2.5)

For each cut (ijk · · · ), D
i

= D

j

= D

k

= · · · = 0, a basis of four massless vectors

E(ijk··· ) =
n

e

(ijk··· )
1 , e

(ijk··· )
2 , e

(ijk··· )
2 , e

(ijk··· )
4

o

, (2.6)

such that
⇣

e

(ijk··· )
i

⌘2
= 0 , e

(ijk··· )
1 · e(ijk··· )3 = e

(ijk··· )
1 · e(ijk··· )4 = 0 ,

e

(ijk··· )
2 · e(ijk··· )3 = e

(ijk··· )
2 · e(ijk··· )4 = 0 , e

(ijk··· )
1 · e(ijk··· )2 = �e

(ijk··· )
3 · e(ijk··· )4 = 1 .
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Cuts and Residues

The most general numerator of one-loop amplitudes N (q̄, ε) can be thought as composed

of three terms,

N (q̄, ε) = N0(q, µ
2) + εN1(q, µ

2) + ε2N2(q, µ
2). (2.3)

The coefficients of this ε-expansion, N0, N1 and N2, are functions of qν and µ2. In the

following discussion we will denote by N any element of the set {N0, N1, N2}.
The numerator N(q, µ2) can be expressed in terms of denominators Di, as follows

N(q, µ2) =
n−1∑

i<<m

∆ijk"m(q, µ
2)

n−1∏

h "=i,j,k,",m

Dh +
n−1∑

i<<"

∆ijk"(q, µ
2)

n−1∏

h "=i,j,k,"

Dh+

+
n−1∑

i<<k

∆ijk(q, µ
2)

n−1∏

h "=i,j,k

Dh +
n−1∑

i<j

∆ij(q, µ
2)

n−1∏

h "=i,j

Dh +
n−1∑

i

∆i(q, µ
2)

n−1∏

h "=i

Dh , (2.4)

where i << m is the lexicographic ordering i < j < k < " < m. The functions ∆(q, µ2)

are polynomials in the components of q and in µ2. The decomposition (2.4) expose the

multi-pole nature of the integrand

A(q, µ2) =
n−1∑

i<<m

∆ijk"m(q, µ2)

DiDjDkD"Dm
+

n−1∑

i<<"

∆ijk"(q, µ2)

DiDjDkD"
+

n−1∑

i<<k

∆ijk(q, µ2)

DiDjDk
+

+
n−1∑

i<j

∆ij(q, µ2)

DiDj
+

n−1∑

i

∆i(q, µ2)

Di
. (2.5)

For each cut (ijk · · · ), obtained setting Di = Dj = Dk = · · · = 0, we introduce a basis

of four massless vectors

E(ijk··· ) =
{
e(ijk··· )1 , e(ijk··· )2 , e(ijk··· )3 , e(ijk··· )4

}
, (2.6)

such that
(
e(ijk··· )i

)2
= 0 , e(ijk··· )1 · e(ijk··· )3 = e(ijk··· )1 · e(ijk··· )4 = 0 ,

e(ijk··· )2 · e(ijk··· )3 = e(ijk··· )2 · e(ijk··· )4 = 0 , e(ijk··· )1 · e(ijk··· )2 = −e(ijk··· )3 · e(ijk··· )4 = 1 .

The massless vectors e(ijk··· )1 and e(ijk··· )2 can be written as a linear combination of the two

external legs at the edges of the propagator carrying momentum q + pi, say K1 and K2,

along the lines of [18]. In the case of double-cut, K1 is the momentum flowing through

the corresponding 2-point diagram, and K2 is an arbitrary massless vector. In the case of

single-cut both K1 and K2 are chosen as arbitrary vectors. In the case of quadruple-cut

(ijk") we define

v(ijk")⊥ =
(
K3 · e(ijk")4

)
e(ijk")3 −

(
K3 · e(ijk")3

)
e(ijk")4 ,

v(ijk") =
(
K3 · e(ijk")4

)
e(ijk")3 +

(
K3 · e(ijk")3

)
e(ijk")4 . (2.7)

The momentum K3 is the third leg of the 4-point function associated to the considered

quadruple-cut. To simplify our notation we will omit the indices of the cut (ijk · · · ) when-
ever possible.
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Cuts and Residues

The most general numerator of one-loop amplitudes N (q̄, ✏) can be thought as composed

of three terms,
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2) + ✏N1(q, µ

2) + ✏

2
N2(q, µ

2). (2.3)

The coe�cients of this ✏-expansion, N0, N1 and N2, are functions of q⌫ and µ

2. In the
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• Loop momentum decomposition
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• ISP’s = Irreducible Scalar Products:

– spurious: vanishing upon integration

– non-spurious: non-vanishing upon integration ) MI’s

• @ 1-Loop

– (q · p
i

) are ALL reducible

– ISP’s could be chosen to be ALL spurious

– n-ple cut identifies an n-point diagram

• Determine the n-point residue (�) from the n-ple cut:

the subtraction of the m-point residues with n < m  5 is necessary to guarantee

a polynomial form ! numerical fitting

• the 5-point residue doesn’t show up
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• �R = reduced polynomial (⇢ �)
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The cut (2)

We parametrize the single cut solution (3.18) in the basis (5.12),

q(2)+ = −k2 + x1 e1 +
m2

(2k1 · k2)
1

x1
e2. (5.33)

The large x1 expansion in eq. (3.19) is obtained from the large x1 expansion of the sub-

traction coefficients

∆R
012, +

D0, +D1, +

∣∣∣∣∣
x1→∞

= b(2|01)1,0 +O
(

1

x1

)
+ Ω(x1) ,

∆R
21, +

D1, +

∣∣∣∣∣
x1→∞

= b(2|1)1,0 +O
(

1

x1

)
+ Ω(x1) ,

∆R
02, +

D0, +

∣∣∣∣∣
x1→∞

= b(2|0)1,0 +O
(

1

x1

)
+ Ω(x1) , (5.34)

and from the polynomial division of the ratio

N+

D0, +D1, +
= a(2)1,0 +O

(
1

x1

)
. (5.35)

The tadpole coefficients is

c(2)1,0 = a(2)1,0 − b(2|01)1,0 − b(2|1)1,0 − b(2|0)1,0 =
1

8(k1 · k2)2

(
〈1|w|2] 〈2|v|1] − 〈1|w|1] 〈2|v|1]

+ 〈1|w|1] 〈2|v|2] + 3〈1|w|2] 〈2|v|2] + 3〈2|v|2] 〈2|w|1]

− 〈1|v|2]〈1|w|1] + 〈2|v|2] 〈2|w|2]
2

+
〈1|v|1]〈1|w|1]

2

)
+
(
v ↔ w

)
. (5.36)

6. Extended decomposition

In the previous sections we assumed to deal with a renormalizable theory, where the rank

r of the numerator can not be greater than the number of external legs n. In this section

we extend the integrand decomposition to the case where the rank r can become larger

than n.

In general the residue of an m-point function is a a multivariate polynomial in µ2

and the ISP’s characterizing the residue. Each monomial has to be irreducible and its

maximum rank has to be at most (m + r − n). In the following we list the irreducible

monomial entering each cut. For later convenience we give the decomposition of gµν in

terms of the basis (2.6) and of the vectors (2.7),

gµν = (eµ1e
ν
2 + eµ2e

ν
1)− (eµ3e

ν
4 + eµ4e

ν
3) , (6.1)

gµν = (eµ1e
ν
2 + eµ2e

ν
1) +

vµ vν

v2
+

vµ⊥ vν⊥
v2⊥

. (6.2)
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• Quintuple cut, (ijk!m) – The only irreducible monomial is µ2. Indeed the residue

of the quintuple cut does not have ISP’s, thus the allowed monomials are (µ2)α.

Moreover from eq. (6.1)

(
µ2
)α

=
[
Di +m2

i − p2i − 2 (q · pi)− q2
]α

=
[
Di +m2

i − p2i − 2 (q · pi)− 2 (q · e1)(q · e2) + 2 (q · e3)(q · e4)
]α

= constant terms + RSP’s , (6.3)

where the abbreviation “RSP’s” means “reducible scalar products”. This relation

allows to express all the powers of µ2 in terms of a particular one, (µ2)α0 . As in the

renormalizable case we choose α0 = 1 in order to decouple the contribution of the

pentagons from the computation of the coefficients of the boxes.

• Quadruple cut, (ijk!) – The irreducible monomials are

(µ2)α ((q + pi) · v⊥)β with β = 0, 1 and α = 0, 1, 2, . . . . (6.4)

Eq. (6.2) implies

((q + pi) · v⊥)2 = v2⊥

(
q2 − 2 ((q + pi) · e1)((q + pi) · e2)−

((q + pi) · v)2

v2

)

= constant terms + terms in µ2 +RSP’s ,

therefore the terms with β ≥ 2 are reducible.

• Triple cut, (ijk) – In this case the irreducible monomials are

(µ2)α ((q + pi) · e3,4)β with α, β = 0, 1, 2, . . . . (6.5)

The monomials containing both e3 and e4 are reducible. Indeed from eq. (6.1)

((q + pi) · e3) ((q + pi) · e4) = constant terms + terms in µ2 +RSP’s .

• Double cut, (ij) – The irreducible monomials are of the type

(µ2)α ((q + pi) · e3,4)β ((q + pi) · e2)γ with α,β, γ = 0, 1, 2, . . . . (6.6)

As in the previous case, the monomials depending on both e3 and e4 are reducible.

• Single cut, (i) – The irreducible monomials read as follows

(µ2)α ((q + pi) · e1,2)β ((q + pi) · e3)γ ((q + pi) · e4)δ with α,β, γ, δ = 0, 1, . . .(6.7)

Eq. (6.1) allows to write

((q + pi) · e1) ((q + pi) · e2) = ((q + pi) · e3) ((q + pi) · e4)
+ constant terms + terms in µ2 +RSP’s .

Therefore the terms containing both e1 and e2 do not enter the parametrization of

the residue.
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renormalizable case we choose α0 = 1 in order to decouple the contribution of the

pentagons from the computation of the coefficients of the boxes.

• Quadruple cut, (ijk!) – The irreducible monomials are

(µ2)α ((q + pi) · v⊥)β with β = 0, 1 and α = 0, 1, 2, . . . . (6.4)

Eq. (6.2) implies

((q + pi) · v⊥)2 = v2⊥

(
q2 − 2 ((q + pi) · e1)((q + pi) · e2)−

((q + pi) · v)2

v2

)

= constant terms + terms in µ2 +RSP’s ,

therefore the terms with β ≥ 2 are reducible.

• Triple cut, (ijk) – In this case the irreducible monomials are

(µ2)α ((q + pi) · e3,4)β with α, β = 0, 1, 2, . . . . (6.5)

The monomials containing both e3 and e4 are reducible. Indeed from eq. (6.1)

((q + pi) · e3) ((q + pi) · e4) = constant terms + terms in µ2 +RSP’s .

• Double cut, (ij) – The irreducible monomials are of the type

(µ2)α ((q + pi) · e3,4)β ((q + pi) · e2)γ with α,β, γ = 0, 1, 2, . . . . (6.6)
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• Single cut, (i) – The irreducible monomials read as follows

(µ2)α ((q + pi) · e1,2)β ((q + pi) · e3)γ ((q + pi) · e4)δ with α,β, γ, δ = 0, 1, . . .(6.7)

Eq. (6.1) allows to write

((q + pi) · e1) ((q + pi) · e2) = ((q + pi) · e3) ((q + pi) · e4)
+ constant terms + terms in µ2 +RSP’s .

Therefore the terms containing both e1 and e2 do not enter the parametrization of

the residue.
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• Quintuple cut, (ijk!m) – The only irreducible monomial is µ2. Indeed the residue
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)α
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therefore the terms with β ≥ 2 are reducible.

• Triple cut, (ijk) – In this case the irreducible monomials are

(µ2)α ((q + pi) · e3,4)β with α, β = 0, 1, 2, . . . . (6.5)

The monomials containing both e3 and e4 are reducible. Indeed from eq. (6.1)

((q + pi) · e3) ((q + pi) · e4) = constant terms + terms in µ2 +RSP’s .

• Double cut, (ij) – The irreducible monomials are of the type

(µ2)α ((q + pi) · e3,4)β ((q + pi) · e2)γ with α,β, γ = 0, 1, 2, . . . . (6.6)

As in the previous case, the monomials depending on both e3 and e4 are reducible.

• Single cut, (i) – The irreducible monomials read as follows

(µ2)α ((q + pi) · e1,2)β ((q + pi) · e3)γ ((q + pi) · e4)δ with α,β, γ, δ = 0, 1, . . .(6.7)

Eq. (6.1) allows to write

((q + pi) · e1) ((q + pi) · e2) = ((q + pi) · e3) ((q + pi) · e4)
+ constant terms + terms in µ2 +RSP’s .

Therefore the terms containing both e1 and e2 do not enter the parametrization of

the residue.
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The functions ∆(q, µ2) are parametrized in terms of the basis (2.6) and of the vec-

tors (2.7):

∆ijk!m(q, µ
2) = c(ijk!m)

5,0 µ2 , (2.8)

∆ijk!(q, µ
2) = ∆R

ijk!(q, µ
2) + c(ijk!)4,0 + c(ijk!)4,2 µ2 + c(ijk!)4,4 µ4 , (2.9)

∆ijk(q, µ
2) = ∆R

ijk(q, µ
2) + c(ijk)3,0 + c(ijk)3,7 µ2 , (2.10)

∆ij(q, µ
2) = ∆R

ij(q, µ
2) + c(ij)2,0 + c(ij)2,9 µ

2 , (2.11)

∆i(q, µ
2) = c(i)1,0 + c(i)1,1((q + pi) · e1) + c(i)1,2((q + pi) · e2)

+ c(i)1,3((q + pi) · e3) + c(i)1,4((q + pi) · e4) . (2.12)

For later convenience, we define the reduced polynomials ∆R as,

∆R
ijk!(q, µ

2) =
(
c(ijk!)4,1 + c(ijk!)4,3 µ2

)
(q + pi) · v⊥ , (2.13)

∆R
ijk(q, µ

2) =
(
c(ijk)3,1 + c(ijk)3,8 µ2

)
(q + pi) · e3 +

(
c(ijk)3,4 + c(ijk)3,9 µ2

)
(q + pi) · e4

+ c(ijk)3,2 ((q + pi) · e3)2 + c(ijk)3,5 ((q + pi) · e4)2

+ c(ijk)3,3 ((q + pi) · e3)3 + c(ijk)3,6 ((q + pi) · e4)3 , (2.14)

∆R
ij(q, µ

2) = c(ij)2,1 (q + pi) · e2 + c(ij)2,2 ((q + pi) · e2)2

+ c(ij)2,3 (q + pi) · e3 + c(ij)2,4 ((q + pi) · e3)2

+ c(ij)2,5 (q + pi) · e4 + c(ij)2,6 ((q + pi) · e4)2

+ c(ij)2,7 ((q + pi) · e2)((q + pi) · e3) + c(ij)2,8 ((q + pi) · e2)((q + pi) · e4) . (2.15)

Neglecting terms of O(ε), the one loop amplitude can be written in terms of master

integrals and of the coefficients of ∆ijk!m, ∆ijk!, ∆ijk, ∆ij, and ∆i,

An =
n−1∑

i<j<k<!

{
c(ijk!)4,0 Iijk! + c(ijk!)4,4 Iijk![µ

4]

}

+
n−1∑

i<j<k

{
c(ijk)3,0 Iijk + c(ijk)3,7 Iijk[µ

2]

}

+
n−1∑

i<j

{
c(ij)2,0 Iij + c(ij)2,1 Iij [(q + pi) · e2] + c(ij)2,2 Iij [((q + pi) · e2)2] + c(ij)2,9 Iij [µ

2]

}

+
n−1∑

i

c(i)1,0Ii , (2.16)

where

Ii1···ik [α] ≡
∫

ddq̄
α

Di1 · · ·Dik
, Ii1···ik ≡ Ii1···ik [1]. (2.17)
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Spurious terms of the boxes

Again, we focus on the cut (0123) assuming p0 = 0. The spurious terms are

∫
ddq̄

(q · v⊥)

D0D1D2D3

,
∫
ddq̄

µ2(q · v⊥)

D0D1D2D3

. (6)

We consider the Lorentz decompositions

Iµ0123 ≡

∫
ddq̄

q̄µ

D0D1D2D3

=
3∑

j=1

pµjDj

Iµνρ0123 ≡

∫
ddq̄

q̄µq̄ν q̄ρ

D0D1D2D3

=
3∑

i,j,k=1

pµi p
ν
jp

ρ
kDijk +

3∑
i=1

(ĝµνpρi + ĝµρpνi + ĝρνpµi )D00i

The first spurious integral vanish since pi · v⊥ = 0 and

∫
ddq̄

(q · v⊥)

D0D1D2D3

=
3∑

j=1

(v⊥ · pj)Dj = 0. (7)

The integral with µ2 in the numerator vanishes as well. We can show it using

∫
ddq̄

µ2(q · v⊥)

D0D1D2D3

= −g̃µν(v⊥)ρ I
µνρ
0123, (8)

and the properties (1).

Finally, we have corrected the typos in eq. (2.14).

Best regards,
Pierpaolo Mastrolia,
Edoardo Mirabella,
Tiziano Peraro.
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Spurious terms of the triangles

For simplicity we consider the cut (012) and we assume p0 = 0. The gener-
alization is straightforward. The spurious terms are

∫
ddq̄

(q · e3,4)

D0D1D2

,
∫

ddq̄
(q · e3,4)2

D0D1D2

,
∫
ddq̄

(q · e3,4)3

D0D1D2

,
∫
ddq̄

µ2(q · e3,4)

D0D1D2

, (4)

We consider the Lorentz decompositions

Iµ012 ≡

∫
ddq̄

q̄µ

D0D1D2

=
2∑

j=1

pµjCj

Iµν012 ≡

∫
ddq̄

q̄µq̄ν

D0D1D2

=
2∑

i,j=1

pµi p
ν
jCij + ĝµνC00

Iµνρ012 ≡

∫
ddq̄

q̄µq̄ν q̄ρ

D0D1D2

=
2∑

i,j,k=1

pµi p
ν
jp

ρ
kCijk +

2∑
i=1

(ĝµνpρi + ĝµρpνi + ĝρνpµi )C00i

Using the relations e23,4 = (e3,4, ·p1) = (e3,4, ·p2) = 0, it is easy to realize that

∫
ddq̄

(q · e3,4)

D0D1D2

=
2∑

j=1

(e3,4 · pj)Cj = 0

∫
ddq̄

(q · e3,4)2

D0D1D2

=
2∑

i,j=1

(e3,4 · pi)(e3,4 · pj)Cij + e23,4C00 = 0,

∫
ddq̄

(q · e3,4)3

D0D1D2

=
2∑

i,j,k=1

(e3,4 · pi)(e3,4 · pj)(e3 · pk)Cijk

+
2∑

i=1

3e23,4(e3,4 · pi)C00i = 0.

The integrals with µ2 in the numerator vanish. It can be easily shown using

∫
ddq̄

µ2(q · e3,4)

D0D1D2

= −g̃µν(e3,4)ρ I
µνρ
012 (5)

and the properties (1).



For later convenience we split the d-dimensional metric tensor ĝµν into
the 4-dimensional part, gµν , an the (−2ε)-dimensional part, g̃µν . We have

ĝµν = gµν + g̃µν, g̃µν ĝµν = −2ε, g̃µνq
µqν = −µ2, g̃µνk

µ = 0, (1)

Spurious terms of the tadpoles

The spurious terms are

∫
ddq̄

((q + pi) · ea)

Di

, (a = 1, · · · , 4). (2)

The integrand is an odd function integrated over an even domain. Therefore
the integrals vanish.

Spurious terms of the bubbles

For simplicity we consider the cut (01) and we assume p0 = 0. The general-
ization is straightforward. The spurious terms are

∫
ddq̄

(q · e3,4)

D0D1

,
∫

ddq̄
(q · e3,4)2

D0D1

,
∫

ddq̄
(q · e3,4)(q · e2)

D0D1

. (3)

Using the Lorentz decompositions

Iµ01 ≡

∫
ddq̄

q̄µ

D0D1

= pµ1B1

Iµν01 ≡

∫
ddq̄

q̄µq̄ν

D0D1

= ĝµνB00 + pµ1p
ν
1B11

we get

∫
ddq̄

(q · e3,4)

D0D1

= (p1 · e3,4)B1 = 0,

∫
ddq̄

(q · e3,4)2

D0D1

= e23,4B00 + (p1 · e3,4)(p1 · e3,4)B11 = 0,

∫
ddq̄

(q · e2)(q · e3,4)

D0D1

= (e2 · e3,4)B00 + (p1 · e2)(p1 · e3,4)B11 = 0.

The integrals vanish since e23,4 = (e2 · e3,4) = (p1 · e3,4) = 0

For later convenience we split the d-dimensional metric tensor ĝµν into
the 4-dimensional part, gµν , an the (−2ε)-dimensional part, g̃µν . We have

ĝµν = gµν + g̃µν, g̃µν ĝµν = −2ε, g̃µνq
µqν = −µ2, g̃µνk
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Spurious terms of the tadpoles

The spurious terms are

∫
ddq̄
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Di

, (a = 1, · · · , 4). (2)

The integrand is an odd function integrated over an even domain. Therefore
the integrals vanish.

Spurious terms of the bubbles

For simplicity we consider the cut (01) and we assume p0 = 0. The general-
ization is straightforward. The spurious terms are

∫
ddq̄

(q · e3,4)

D0D1

,
∫

ddq̄
(q · e3,4)2

D0D1

,
∫

ddq̄
(q · e3,4)(q · e2)

D0D1

. (3)

Using the Lorentz decompositions

Iµ01 ≡

∫
ddq̄

q̄µ

D0D1

= pµ1B1

Iµν01 ≡

∫
ddq̄

q̄µq̄ν

D0D1

= ĝµνB00 + pµ1p
ν
1B11
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∫
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The integrals vanish since e23,4 = (e2 · e3,4) = (p1 · e3,4) = 0



The functions ∆(q, µ2) are parametrized in terms of the basis (2.6) and of the vec-

tors (2.7):

∆ijk!m(q, µ
2) = c(ijk!m)

5,0 µ2 , (2.8)

∆ijk!(q, µ
2) = ∆R

ijk!(q, µ
2) + c(ijk!)4,0 + c(ijk!)4,2 µ2 + c(ijk!)4,4 µ4 , (2.9)

∆ijk(q, µ
2) = ∆R

ijk(q, µ
2) + c(ijk)3,0 + c(ijk)3,7 µ2 , (2.10)

∆ij(q, µ
2) = ∆R

ij(q, µ
2) + c(ij)2,0 + c(ij)2,9 µ

2 , (2.11)

∆i(q, µ
2) = c(i)1,0 + c(i)1,1((q + pi) · e1) + c(i)1,2((q + pi) · e2)

+ c(i)1,3((q + pi) · e3) + c(i)1,4((q + pi) · e4) . (2.12)

For later convenience, we define the reduced polynomials ∆R as,

∆R
ijk!(q, µ

2) =
(
c(ijk!)4,1 + c(ijk!)4,3 µ2

)
(q + pi) · v⊥ , (2.13)

∆R
ijk(q, µ

2) =
(
c(ijk)3,1 + c(ijk)3,8 µ2

)
(q + pi) · e3 +

(
c(ijk)3,4 + c(ijk)3,9 µ2

)
(q + pi) · e4

+ c(ijk)3,2 ((q + pi) · e3)2 + c(ijk)3,5 ((q + pi) · e4)2

+ c(ijk)3,3 ((q + pi) · e3)3 + c(ijk)3,6 ((q + pi) · e4)3 , (2.14)

∆R
ij(q, µ

2) = c(ij)2,1 (q + pi) · e2 + c(ij)2,2 ((q + pi) · e2)2

+ c(ij)2,3 (q + pi) · e3 + c(ij)2,4 ((q + pi) · e3)2

+ c(ij)2,5 (q + pi) · e4 + c(ij)2,6 ((q + pi) · e4)2

+ c(ij)2,7 ((q + pi) · e2)((q + pi) · e3) + c(ij)2,8 ((q + pi) · e2)((q + pi) · e4) . (2.15)

Neglecting terms of O(ε), the one loop amplitude can be written in terms of master

integrals and of the coefficients of ∆ijk!m, ∆ijk!, ∆ijk, ∆ij, and ∆i,

An =
n−1∑

i<j<k<!

{
c(ijk!)4,0 Iijk! + c(ijk!)4,4 Iijk![µ

4]

}

+
n−1∑

i<j<k

{
c(ijk)3,0 Iijk + c(ijk)3,7 Iijk[µ

2]

}

+
n−1∑

i<j

{
c(ij)2,0 Iij + c(ij)2,1 Iij [(q + pi) · e2] + c(ij)2,2 Iij [((q + pi) · e2)2] + c(ij)2,9 Iij [µ

2]

}

+
n−1∑

i

c(i)1,0Ii , (2.16)

where

Ii1···ik [α] ≡
∫

ddq̄
α

Di1 · · ·Dik
, Ii1···ik ≡ Ii1···ik [1]. (2.17)
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As already noted in [5, 8, 12], some of the terms appearing in the integrand decomposi-

tion (2.5) vanish upon integration. They are called spurious and do not contribute to the

amplitude (2.16). Beside the scalar boxes, triangles, bubbles and tadpoles, the other master

integrals are the linear and quadratic two-points functions [40, 41] and the integrals con-

taining powers of µ2 in the numerator. The latter can be traded with higher dimensional

integrals [40,41]

Ii1···ik [(µ
2)rf(q, µ2)] =

1

πr

r∏

κ=1

(
κ− 3 +

d

2

)∫
dd+2r q̄

f(q, µ2)

Di1 · · ·Dik

. (2.18)

As already noticed in [42], eq. (2.16) is free of scalar pentagons.

3. Reduction algorithm

The one loop amplitude is completely known, provided the coefficients c appearing the

r.h.s. of eq. (2.16) are known. In this subsection we show how to get the coefficients of

each polynomial ∆ performing suitable series expansions.

Quintuple Cut

The coefficient c(ijk"m)
5,0 , eq. (2.8), can be computed using a quintuple cut. However its

actual value it is not relevant in our reduction algorithm. Therefore its computation is

omitted.

Quadruple cut

The solutions of the quadruple cut Di = . . . = D" = 0, can be expressed as

q(ijk")± = −pi + x1e1 + x2e2 + xvv ± u v⊥ u =

√

α⊥ +
µ2

v2⊥
(3.1)

where the coefficients x1, x2, xv and α⊥ are fully determined by the cut-conditions. The

only two coefficients that are needed are obtained from [4,35].

1

2

[
N(q(ijk")+ , 0)

∏
h "=i,j,k,"Dh(q

(ijk")
+ , 0)

+
N(q(ijk")− , 0)

∏
h "=i,j,k,"Dh(q

(ijk")
− , 0)

]
= c(ijk")4,0 , (3.2)

N±∏
h "=i,j,k,"Dh,±

∣∣∣∣∣
µ2→∞

= c(ijk")4,4 µ4 +O(µ3) . (3.3)

Here and in the following we use the abbreviation

f± ≡ f
(
q(ijk")± , µ2

)
, (3.4)

omitting whenever possible the indices of the cuts {i, j, . . .} as well as the µ2 dependence.
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• At the Integrand-level

A(q) != c4

D0D1D2D3
+

c3

D0D1D2
+

c2

D0D1
+

c1

D0

=
c4+ f4(q)
D0D1D2D3

+
c3+ f3(q)
D0D1D2

+
c2+ f2(q)
D0D1

+
c1+ f1(q)

D0

Z
d4q

f4(q)
D0D1D2D3

=
Z
d4q

f3(q)
D0D1D2

=
Z
d4q

f2(q)
D0D1

=
Z
d4q

f1(q)
D0

= 0

A(q) ≡ !0123(q)
D0D1D2D3

+
!012(q)
D0D1D2

+
!01(q)
D0D1

+
!0(q)
D0
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Aone−loop
n = c5,0 + c4,0 + c4,4

+c3,0 + c3,7 + c2,0 + c2,9 + c1,0

– 1 –

Aone−loop
n = c5,0 + c4,0 + c4,4

+c3,0 + c3,7 + c2,0 + c2,9 + c1,0

– 1 –

Aone−loop
n = c5,0 + c4,0 + c4,4

+c3,0 + c3,7 + c2,0 + c2,9 + c1,0

– 1 –

Aone−loop
n = c5,0 + c4,0 + c4,4

+c3,0 + c3,7 + c2,0 + c2,9 + c1,0

– 1 –

Aone−loop
n = c5,0 + c4,0 + c4,4

+c3,0 + c3,7 + c2,0 + c2,9 + c1,0

– 1 –

Aone−loop
n = c5,0 + c4,0 + c4,4

+c3,0 + c3,7 + c2,0 + c2,9 + c1,0

– 1 –

(q.p4) (q.p4)^2

Master Integrals in the 4D-decomposition

...in our example...

can be computed analytically from quadruple-cuts only.

• The computation of 3-, 2-, and 1-point coefficients is independent of the residues of

the 4-point functions. In particular the 3-point coefficients are computed from triple

cuts, without any subtraction.

• The subtraction at the integrand level is replaced by the subtraction at the coefficient

level. Indeed in the original reduction method the subtractions guarantee the poly-

nomiality of each residue allowing its determination through polynomial fitting. The

Laurent expansion makes each function entering the subtraction separately polyno-

mial. Therefore the subtraction of higher point residues can be omitted during the

reduction. Its effect is accounted for correcting the reconstructed coefficients.

• The correction terms of 2-, and 1-point functions are parametrized by universal func-

tions in terms of the higher points coefficients.

• The application of the Laurent expansion for the determination of 3-, 2-, and 1-point

coefficients is implemented via polynomial division. The Laurent series is obtained

as the quotient of the division between the numerator and the product of the uncut

denominators, neglecting the remainder.

This algorithm has been implemented in c++ and in mathematica using the S@M

package [36]. The semi-analytic implementation in c++ has been designed as a reduction

library to be linked to codes likeGoSam and FormCalc which provide analytic expression

of the integrands, or to any package which can provide the tensor-structure of the integrand

as described in [37, 38] and in the more recent Open-Loop technique [39]. The version in

mathematica has been used to obtain closed formulas for the coefficients, depending

on the vector-basis associated to each cut and on the generic tensors appearing in the

integrand. In this latter fashion, the reduction procedure is replaced by a simple pattern-
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