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MOTIVATION

¢ QFT and Scattering Amplitudes from a new perspective

¢ The singularity structures from complex deformation of the kinematics

¢ Amplitudes decomposition from factorization

¢ The central role of Cauchy’s Residue Theorem (and its multivariate generalization)
¢ Reduction to Master Integrals by Integrand Decomposition

¢ Identify a unique Mathematical framework for any Multi-Loop Amplitude

¢ Based on one property of Scattering Amplitudes: the quadratic Feynman denominator



One-Loop Scattering Amplitudes

e n-particle Scattering: 1 +2 —=3+4+4+...+n

e Reduction to a Scalar-Integral Basis Passarino-Veltman
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e Unknowns: c; are rational functions of external kinematic invariants



Cutting Rules

e Discontinuity of Feynman Integrals Landau & Cutkosky

Cut Integral in the P7,-channel
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Unitarity & Cutting Rules
e Optical Theorem from Unitarity S=1+iT : S'S=1 = 2ImT=—i(T-TH=T'T

e One-loop Amplitude:

N
A;-Ioop: = C4 + C3 ]>< + Cp >©< +C Q
/

e Discontinuity of Feynman Amplitudes Cutkosky-Veltman; Bern, Dixon, Dunbar & Kosower
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The Strategy: Generalised Unitarity

e One-loop Amplitude:

+c3 ]>< ter y(x e Q

Replacing the original amplitude with simpler integrals fulfilling the same algebraic decomposition
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The more you cut, the more you loose, the simpler it gets



The Strategy: Generalised Unitarity

e Multiple-cuts as optical filters
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Bern, Dixon, Dunbar, Kosower
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Cut-Conditions

e Loop momentum decomposition
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e under Multiple On-shellness Conditions : ® On-shell condition
- the loop-momentum becomes complex ;

- some of its components (if not all) are frozen; 5 (glz B mlz>
- the left over free components are integration-variable

e Closer look at the Integrand Structure
Numerator and denominator of the n-particle cut-integrand are mutivariate-polynomials in (4 — n)
complex-variables:

P(Xl, ce ,X4_n)

Q(xb s 7x4—n)

Cut, :7{ dxy...dxs_,

> Contour Integrals of Rational Functions ~ Integrals by partial fractioning

® ResidueTheorem A c




UNITARITY-BASED METHODS
€ After Integration
One-Loop Integral basis :: MI's :: Li2(x), log(x)"2, log(x), O(x)
Iogg(x) ~ 1 Li;2(x) ~log(x) ; ~-Li2(x) ~ |

Amplitude decomposition from matching cuts



UNITARITY-BASED METHODS
€ After Integration
One-Loop Integral basis :: MI's :: Li2(x), log(x)"2, log(x), O(x)
Iogg(x) ~ 1 Li;2(x) ~log(x) ; ~-Li2(x) ~ |

Amplitude decomposition from matching cuts

INTEGRAND-REDUCTION METHODS
¢ Before Integration
Residues are polynomaals in irreducible scalar products (ISP’s)

ISP’s generate Ml’s

Amplitude decomposition from polynomaal fitting on the cuts



AT THE INTEGRAND LEVEL

e Reduction to a Scalar-Integral Basis Passarino-Veltman
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e Unknowns: c¢; are rational functions of external kinematic invariants
e At the Integrand-level C
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OPP-INTEGRAND REDUCTION

e OPP-decomposition

e A(g) are known polynomials
e c; are the constant terms of A’s
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Ossola, Papadopoulos, Pittau
Ellis, Giele, Kunszt

Giele, Kunszt, Melnikov

> Fitting ¢; by numerical evaluating N(q) at different values of ¢ @ system inversion



e g @ Quadruple-cut: D;, = D;, = D;, = D;; =0
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e g @ Triple-cut: D;, = D; =D;, =0

m—1 m—1
N(qg) - 2 Aigirinis(q) H D,
i0<i1<ip<i3 1#£10),11,02,03

m—1
= Niii,(q) H D,

i710,11,i2



® g @ Double-cut: D; =D,
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e g @ Single-cut: D;, =0
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e OPP-reduction Ossola, Papadopoulos, Pittau (2006)

From the knowledge of the multi-variate polynomial-structure of the Integrand, all n-point coefficients
can be determined by a system of polynomial equations.

Advantage > No integration required

Pitfall > Numerical System Inversion (A — 0)

e Improved Reduction with DFT Ossola, Papadopoulos, Pittau, & P.M. (2008)

P,(x) =co+cix+ x>+ ... X

> step 1: sample P,,(x) at (m+1) -points , Pk = Pp(xp),

ok
Xp= e e (k=0,...,m) .

> step 2: find ¢; from orthogonality (plane-waves):



Cuts and Residues

For each cut (ijk---), D; = D; = Dy, = --- = 0, a basis of four massless vectors

(igh) (ko) (igk) (ijh)
{61 y 62 y 62 , 64
(egzjk...)) —0, eg”k...) -eéwkm) _ egwk...) . egjk...) —0 .
egjk...) . €g(>,ijkm) _ egijk...) ' ez(fjkm) _0. egz'jk...) -eg‘jk“') _ —egijkm) 'Q&ijkm) _q
The massless vectors egij k) and egj k) can be written as a linear combination of the two

external legs at the edges of the propagator carrying momentum g + p;, say K1 and Ko,
along the lines of [18]. In the case of double-cut, K is the momentum flowing through
the corresponding 2-point diagram, and K5 is an arbitrary massless vector. In the case of
single-cut both K7 and Ky are chosen as arbitrary vectors. In the case of quadruple-cut
(ijkl) we define

uE
o (E7kE) _ <K3.6§lijk:£)) egijké) n (Kg.ei())ijkﬁ)) €4ijl<:€)_ (2.7)

The momentum K3 is the third leg of the 4-point function associated to the considered
quadruple-cut. To simplify our notation we will omit the indices of the cut (ijk ---) when-

U(z‘jkzé) _ <K3 . eiz'jke)) eé@'jké) B <K3 _ egijk£)> ez(lz'jkﬁ)’
( (

ever possible.



Cuts and Residues

For each cut (ijk---), D; = Dj = Dy, = --- = 0, a basis of four massless vectors

{egj >,eé‘7 ),eéj )7623 )}

(e(yk...)) —0, egwk;...) ‘e(wk...) . e(wk...) . e(wk...) — 0

7 3 - 1 4 )
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four external legs)
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Cuts and Residues

For each cut (ijk---), D; = Dj = Dy, = --- = 0, a basis of four massless vectors

{egj >,eé‘7 ),eéj )7623 )}

(e(yk...)) —0, egwk;...) ‘e(wk...) . e(wk...) . e(wk...) — 0

7 3 - 1 4 )
3 4 2 3 2
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one leg

+ three auxiliary )




Cuts and Residues

For each cut (ijk---), D; = D;j = Dy, = --- =0, a basis of four massless vectors
{e&” >,€; ),€é >764(1 )}
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Cuts and Residues

For each cut (ijk---), D; = D; = Dy, = --- = 0, a basis of four massless vectors
{egw )’eé ),eé >7€£L )}

(egwk...)) —0 7 egwk...) .egwk...) _ egwk...) . eglzjk...) — 0 ,

€5 - e = e i —0 7 egz‘jk...) -egijkm) _ _eg‘jk...) -eé(fjkm) _q
3 4 2 3 2

’ <:[ j>3 1=+ O
1 > 1 4 1

e Loop momentum decomposition

4
d+pi= 3 g el
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The Shape of Residues

cut/legs basis A-variables (ISP’s)
external (p;) | auxiliary (v;)
5 410 2
4 3|1 2. q-u
3 2 |2 2 q-v (i=1,2)
2 113 2. q-v (i=1,...,3)
1 0|4 2 qov (i=1,...,4)

e [SP’s = Irreducible Scalar Products:

— g-components which can variate under cut-conditions

— spurious: vanishing upon integration

— non-spurious: non-vanishing upon integration = MI’s

e Q 1-Loop

— (q - p;) are ALL reducible
— ISP’s could be chosen to be ALL spurious

— n-ple cut identifies an n-point diagram

Pittau, de I'Aguila




In general the residue of an m-point function is a a multivariate polynomial in u?
and the ISP’s characterizing the residue. Each monomial has to be irreducible and its
maximum rank has to be at most (m + r — n). In the following we list the irreducible
monomial entering each cut. For later convenience we give the decomposition of g"” in
terms of the basis (2.6) and of the vectors (2.7),

g = (efey +ehel) — (ehey + ejey) | (6.1)
LR L L
g = (6162 + 6261) +—s+ lz - (6.2)
v v{

o Quintuple cut, (ijkfm) — The only irreducible monomial is p?. Indeed the residue
of the quintuple cut does not have ISP’s, thus the allowed monomials are (u?)~.
Moreover from eq. (6.1)

()" = [Di+mi —pf =2(a-p) = ¢*]°
= [Dz + mZZ
= constant terms + RSP’s | (6.3)

where the abbreviation “RSP’s” means “reducible scalar products”. This relation
allows to express all the powers of 42 in terms of a particular one, (2)®. As in the
renormalizable case we choose ap = 1 in order to decouple the contribution of the
pentagons from the computation of the coefficients of the boxes.



e Quadruple cut, (ijk¢) — The irreducible monomials are
(12 (q+pi)-v.)” with 8=10,1 and @ =0,1,2,... . (6.4)

Eq. (6.2) implies

((g+pi)- 0)2)

(a+p)- 00 = (& =200+ 00 ella+) o) - OFD

— constant terms + terms in p? + RSP’s |
therefore the terms with 8 > 2 are reducible.
e Triple cut, (ijk) — In this case the irreducible monomials are
(13 (g +pi) - e3)” with o, 3=0,1,2,... . (6.5)
The monomials containing both es and e4 are reducible. Indeed from eq. (6.1)

((q +p:) - e3) ((g +p;) - e4) = constant terms + terms in p* + RSP’s .



e Double cut, (ij) — The irreducible monomials are of the type
(1)* ((g+p)-e3n)” ((g+p)-e2)”  witha, 8,7 =0,1,2,... . (6.6)
As in the previous case, the monomials depending on both e3 and e4 are reducible.
e Single cut, (i) — The irreducible monomials read as follows
(1D)® ((g+p:) - e12)® (@+pi)-es) (q+pi) - ea)’ with ,8,7,5 = 0,1,...(6.7)

Eq. (6.1) allows to write

((g+pi)-e1) ((g+pi) - e2) = ((g+pi) - e3) ((g+pi) - ea)
+ constant terms + terms in u? + RSP’s .

Therefore the terms containing both e; and es do not enter the parametrization of

the residue.



The functions A(q, u?) are parametrized in terms of the basis (2.6) and of the vec-

tors (2.7):

ke
Nijrem (g, p°) = gf) ™ 2

Kl k4 Kl
Azykﬁ(qa ) Azgkﬂ(% H ) + C(ZJ : + Cé(lw2 ):u2 + Cz(lzzl ):u4 )

Nijila, 1?) = Al (g 12) + 507+ 5302

Aij(q, 1) = Ali(q, p )+c<] +C§9)u ,

Ailg, 1?) = i) + 8 (g +pi) - e1) + iy (g + i) - e2)

(
1
+ (g +pi) - e3) + (g + i) - ea) -

For later convenience, we define the reduced polynomials A% as,

Al g, p?) = (Cffjlkg) + 9 )(Q+pi) cvy

(ijk) 2 (igk) (ijk) 2

AR, n?) = (557 + 500 ) (a+ pi) - es + (57 + 5702 (0 + pi) - s

+ &9 (g + i) - e3)? + 52 (g + pi) - ea)?

+ &9 (g +pi) - e3)* + 53 (g +pi) - ea)?

Af}(%“ ) = 021 (q+p¢) - €2 +Cé‘£ ((q+pi) - e2)?
+ e (q+pi) - es + 57 (g +pi) - e3)?
+ SV (q+pi) - ea+ S8 (g +pi) - ea)?
+ &SP ((a+pi) - e2)((a+pi) - e3) + &SP (g +pi) - e2)((q +pi)

(2.8)
(2.9)
(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

64) . (2.15)



Spurious terms of the boxes

Again, we focus on the cut (0123) assuming pg = 0. The spurious terms are

/dd(j (Q'UJ-) ddq :u2(q'UJ-) (6)
DoDiDyD;’ DoDiDyD;’

We consider the Lorentz decompositions

PR Dijr + Z 9" + §"pi + §°7pl) Dooi

1=1

3
. = / dig—1 — N iD,
0123 qD0D1D2D3 jz::lpg j
3
0§, k=1

1 7V 7P
];wp — /dd— qq9 9
0123 qD0D1D2D3

The first spurious integral vanish since p; - v, = 0 and

3
(¢ vi)
| 15,5, = P =0 0

J=1

The integral with ;2 in the numerator vanishes as well. We can show it using

_ Q UJ_)
/ d'q D0D1D2D3 = 9w (vL)s Lorzs, ®)

and the properties (1).



Spurious terms of the triangles

For simplicity we consider the cut (012) and we assume pg = 0. The gener-
alization is straightforward. The spurious terms are

/dd q 634 /ddcj(q . 63,4)2 /ddq_(q . 63,4)3 /dd(j'u2(q . 63,4) (4)
D0D1D2 DyD,D5’ DyD1D’ DyDD "’

We consider the Lorentz decompositions

I, = /dd‘iq =3 e,
012 qD0D1D2 ;p] J
d q/.tqy 2
o= /d —1 9 _ 1O+ M C

vo _¢"q"q’ y y
Iy = /ddQ; = Z P50 Cijie + Z 3" + §"pi + 37 v ) Cooi
DobhDy 552

Using the relations e3, = (es4, -p1) = (€34, p2) = 0, it is easy to realize that
/dd q 634 _
D0D1D2
/dd (q-e34)? _
DyD; D
/dd (q-es4)® _
DyD1 D,

2
+ 23634 €34 - Pi)Cooi = 0.

=1

M

<
I
—

(e34-p;)C5 =0

o

(€34 -pi)(esq-pj)Ci; + €5 4000 =0,

=

<
I
—_

[M]w

(634 Pz)(€34 'pj)(€3 'pk)Cz'jk
1

=

b
ES
I

The integrals with p? in the numerator vanish. It can be easily shown using

_112(q - es4) . y
/dd m = —guu(€3,4)p 1515 (5)

and the properties (1).



Spurious terms of the bubbles

For simplicity we consider the cut (01) and we assume pg = 0. The general-
ization is straightforward. The spurious terms are

Q 634 d— q 634 d— q 634 q 62)
%G , / g / g . 3
/ DyDq DyD, DyD, ( )

Using the Lorentz decompositions

Iy, = /dquoDl = pi' By

v — qﬂq” A~V 124
Iyy = /ddq = ¢"" Boo + pi'p{ Bn1

DoD,
we get
e
/dd % (- esa)By =0,
0 1
dd q 634 . 9 B B _0
W = €34Bo0 + (p1-e34)(p1- €34)Bi =0,
€ e
/dd q 12) ;I) 3,4) — (62 . 63,4)300 + (pl . 62)(]71 . 6374)311 —0.
01

The integrals vanish since 3, = (3 - €34) = (p1 - €34) =0

Spurious terms of the tadpoles

The spurious terms are

/ddq((q—i_gi.)'ea)7 (a:17.”74)- (2)

The integrand is an odd function integrated over an even domain. Therefore
the integrals vanish.



Neglecting terms of O(e), the one loop amplitude can be written in terms of master
integrals and of the coefficients of Ajjxem, Dijke, Dijk, Nij, and Ay,

n—1
17kl 17kl
A=) {CSL,% MLijhe + ) )Iz'jkﬁ[“ﬂ}

i<j<k<£
n—1

+ ) {Cg,{) Lk + C:(),Z,]7 )Iijk[NQ]}
<g<k

n—1
+ ) {C%)Iz‘j + Cg,‘?fij[(q + ;) - ea] + Cg,jg)fz'j[((q +p;) - €2)’] + Cg,jg)lij [M2]}

1<J
n—1
Y, (2.16)
where
Ly [a] = /ddqﬁ, Liyoiy, = Ty [10. (2.17)
11 1k



As already noted in [5, 8, 12|, some of the terms appearing in the integrand decomposi-
tion (2.5) vanish upon integration. They are called spurious and do not contribute to the
amplitude (2.16). Beside the scalar boxes, triangles, bubbles and tadpoles, the other master
integrals are the linear and quadratic two-points functions [40,41] and the integrals con-
taining powers of 12 in the numerator. The latter can be traded with higher dimensional
integrals [40,41]

Ly [(02) fq, 1?)] = i H (m — 3+ )/dd”?“ % : (2.18)

As already noticed in [42], eq. (2.16) is free of scalar pentagons.
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A, = [ Alg) = Ao123(q Ao12(q
" D0D1D2D3 DoDlDz DoDl

¢ Master Integrals in the 4D-decomposition
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