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   The Space-Time Block

SPACE + TIME ! SPACETIME



Special Relativity General Relativity
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Explicit form of Einstein's equations 
(in harmonic coordinates)
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Einstein’s Theory in one sentence:
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Space-Time is an elastic structure which is deformed by the 
presence, within it, of Mass-Energy

  Space = Jelly

A

B

C

2R

M

bA+ bB + bC ⇡ ⇡(1 +
2GM

c2R
)



Brief history of General Relativity
1915-1930: Blossoming 
Perihelion of Mercury’15, « Schwarzschild Black Hole»’16,

Solar system (De Sitter’16), Relativistic Cosmology (Einstein’17,Friedmann’22, 

Lemaître’27,Hubble’29), Deflectionion of light rays’19, Generalisations (Weyl, 
Eddington,Cartan, Einstein), Exact solutions (Weyl, Levi-Civita),Kaluza-Klein,… 
1930-1960: Eclipse of GR (Quantum M.+ lack of observational results)

but: dark matter (Zwicky), black hole (Oppenheimer-Snyder’39), Hot Big Bang (Gamow, 
Alpher, Herman), Y. Choquet-Bruhat

1960-1974: First golden era (Pound-Rebka, Quasars, Pulsars,Penzias-
Wilson, Dicke, Nordtvedt, Shapiro, Bondi,Trautman, Weber, Kerr, Regge-Wheeler, 
Zeldovich, Penrose,…)

1974-now: Second golden era (theoretical et experimental):


Gravitation and string theory (Scherk-Schwarz’74), Quantum Evaporation of black 
holes (Hawking74), Supergravity (76 Freedman-vanNieuwenhuizen-Ferrara;

Deser-Zumino), Superstrings (Green-Schwarz82), inflationary cosmologies ’80


Binary Pulsar (Hulse-Taylor74), Binary X ray Sources, Gamma Ray Bursts, Dark 
matter(Rubin-Ford’80), COBE-Planck, Cosmic Acceleration, Lunar-Laser-Ranging, 
Cassini, gravit. lenses, SgrA*, LIGO-Virgo, Microscope, Event Horizon Telescope,….




Karl Schwarzschild 

decembre 1915-


january 1916

22 décembre 1915 



Rg =
2GM

c2

Strange Structure of the 
Schwarzschild Solution 

«  Schwarzschild Singularity» : when r=R_g ??

Rg =
2GM

c2
= 3km

M

M�



Theoretical developpements and observational discoveries 
that allowed the emergence of the BH concept (1)

• 1920-: evolution of stars (Eddington)
• 1926 Special Relativity + Quantum M.

+ Exclusion  Principle
theory of cold relativistic fermionic 
matter (Fowler 1926)

• 1929-35 maximum mass of White Dwarf 
• (Chandrasekhar, Landau)

• 1934 Concept of neutron star ([Landau], Baade-Zwicky) density of neutron star:
  

• 1938: energy source =nuclear fusion (Bethe)

• 1939 Oppenheimer-Volkoff : neutron stars in General Relativity :
   maximum mass neutron stars

• July 1939 Oppenheimer-Snyder : stars which are too massive to « end their lives »
 as neutron stars, undergo gravitational collapse, until the light emitted by the star 
cannot escape to infinity

⇠ M� dans 10km ! ⇢ ⇠ 1014g/cm3 ⇠ ⇢nucleaire



• 1963 Quasars !" 
Existence of supermassive black holes?

• 1963 exact solution of Roy Kerr
   (generalizing Schwarzschild) 
1965 Doroshkevich-Zel’dovich-Novikov: gravitational
 collapse of a rotating star ->  « frozen star » 
• 1967 Pulsars 
• 1968  Crab Pulsar : existence of neutron stars
• 1960-68 the name « black hole » is invented 
• (Dicke+Journalists+Wheeler)
• 1969 global space-time picture
   of a black hole (Penrose)
• 1970 binary  X-ray sources and existence of 
    black holes ~ 10 M_sun
• 1973 [1963] gamma-ray bursts
…………………………….
• 2015 gravitational waves from
the coalescence of two black holes 
 ~30 M_sun (LIGO)
• 2019 image of M87 (EHT)

Theoretical developpements and observational discoveries 
that allowed the emergence of the BH concept (2)



Collapse of a star and formation of a black hole
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Black hole surface
 (or «  horizon » ):
  a bubble of light

that « stays put ». 
one-way 

membrane
Black Hole interior: 

the spacetime 
jelly 

is torn in a 
« big crunch » 

(Oppenheimer-Snyder 1939,  Doroshkevich-Zel’dovich-Novikov 1965, Penrose 1969)



Black Holes as Physical Objects

Kerr (1963):  
two parameters:  
mass M and  

 angular momentum  
J= GM a/cˆ2

Regge-Wheeler1957

Vishveswara 1970

Scattering of gravitational waves  
on a black hole, and discovery 

of « damped vibration modes »  
(Quasi-Normal Modes) of a BH

Energetics of black holes 
(Penrose ’69; Christodoulou-Ruffini ’70, Hawking’71) 
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Thermodynamic, electric
and hydrodynamic properties 
of black holes (Bardeen-Carter-Hawking,
Hartle-Hawking, Damour)

surface resistivity=377 Ohm
Navier-Stokes equation with a
viscosity equal to 1/(16 pi)

�Mirr � 0



Black Holes in Astrophysics

X-ray binaries: 
Cygnus X1:

Giacconi Gursky

active galacti nuclei
M87 (Event Horizon Telescope)

centre of our  
Galaxy 
 SgrA*: 

notably S2

Penrose  Genzel      Ghez



Gravitational Waves 
linearized waves: Einstein 1916,1918

gµ⌫ = ⌘µ⌫ + hµ⌫

⇤hµ⌫ + @µH⌫ + @⌫Hµ = �16⇡G(Tµ⌫ � 1

D � 2
⌘µ⌫T )

Hµ =
1

2
@µh� @

⌫
hµ⌫ @⌫Tµ⌫ = 0

ds2 = �c2dt2 + (�ij + hij)dx
idxj

Two tensor polarisations transverse-traceless (TT)  
propagating at v=c

€ 

gij = δij + hij

€ 

hij = h+(xix j − yiy j ) + h×(xiy j + yix j )
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L
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hijn
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slow-motion approximation



A few pioneers of   
gravitational waves



Yvonne Choquet-Bruhat 
1952 Acta Math. 88, 141-225

Cauchy problem

Einstein’s gravitation equations

characteristic conoid

gravitational waves and rays

non analytic
propagation phenomenon

Lichnerowicz’s versus Leray reactions

At a time where many  
physicists were still  
confused about the 

existence and reality 
of GWs!



Joseph Weber
(starting in 1955, invited by Dyson at the IAS) 

€ 
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Freeman Dyson’s challenge: describe 
the intense flash of GWs emitted by 
the last orbits and the merger of a binary 
BH, when v~c and r~GM/c^2

Einstein 1918 + Landau-Lifshitz 1941

Freeman Dyson (1963) GWs from compact binaries

Buonanno-
Damour

 2000

inspiral merger ringdown



Laser Interferometric GW detectors 

Initial idea: [ Weber]   Gertsenshtein-Pustovoit 1962  
First detailed noise analysis: Rainer Weiss 1967-1972 
First prototype: Forward ~ 1970 
First search of GW signals: Levine-Hall, Levine-Stebbins 1972 
Development of sensitive interferometric detectors ~ 1980’s 
Garching: Billing H, Maischberger K, Ruediger A, Schilling R, Schnupp L, Winkler, W 1979;   
Shoemaker D et al  1988 
Glasgow: Drever, Hough, Pugh, Edelstein, Ward, Ford, Robertson 1979 
Caltech:  Drever et al 1981 
France:  Brillet, Man, Vinet  1982 
Italy:  Giazzoto 
Founders/Deciders/Managers:  Thorne, Isaacson, Barish, … 

 Gravitational Wave Detectors
Joseph Weber (1919-2000) 

Understands (helped by Marcel Riesz) 
the reality of GWs 
Develops the theory of GW detectors  
(during a sabbatical at the IAS, invited 
by Freeman Dyson in 1955) 
Constructs resonant GW detectors  ~ 1960 
Conceives interferometric detectors 



Rainer Weiss  (1972)
importance of broad-band antenna



STARTING FROM 14 SEPT 2015: 
GRAVITATIONAL WAVE (GW) DETECTIONS BY

 TWO LIGO (+ VIRGO+KAGRA+…) GW DETECTORS

Virgo (IT)

LIGO  
Hanford

LIGO  
Livingston

KAGRA
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LIGO  Raw Data for First Binary Black Hole Events

GW150914 from 
LIGO open data

GW151226 from 
LIGO open data

GW170104 from 
LIGO open data


�L

L

�

obs

⇠ 10�18

� hGW . 10�21



GW150914 with matched-filter SNR=24

10^-21

Buonanno-Damour 2000 + NR (Pretorius 2005,…)

EOBNR
template
waveform

10^-18



!26

Rµ⌫ = 0

ds2 = gµ⌫(x
�) dxµdx⌫

= 0

GW
emission

from
radiation-reacted

binary
dynamics



TWO-BODY/EOB “CORRESPONDENCE”: 
 THINK QUANTUM-MECHANICALLY (J.A. WHEELER)

1:1 map
(m1, m2)

µ =
m1m2

m1 + m2

ge�
µ⇥

Bohr-Sommerfeld’s  
Quantization Conditions 
(action-angle variables & 
  Delaunay Hamiltonian)

J = ⌃� =
1
2�

�
p�d⇥

N = n� = Ir + J

Ir =
1
2�

�
prdr

Real 2-body system 
(in the c.o.m. frame)

An effective particle 
in some effective metric

Hclassical(q, p) Equantum(Ia = nah) = f�1[Equantum
e� (Ie�

a = nah)]

E = f(E)

Hclassical(Ia)

µ2 + gµ⇥
e�

⇥Se�

⇥xµ

⇥Se�

⇥x⇥
+O(p4) = 0



hringdown
⇤m (t) =

�

N

C+
Ne��+

N (t�tm)

hEOB
�m = �(tm � t)hinsplunge

�m (t) + �(t� tm)hringdown
�m (t)

EOB

Complete waveforms 
for BBH coalescences: 

Hamiltonian:
conservative

dynamics

Rad Reac Force
Resummed
waveform



General Relativity and Experiment
(review: particle data group)

Tests of the Equivalence Principle

Microscope
(Touboul et al.)

Lunar-
Laser 

ranging

Sommerfeld’s
« constant » 1916 

↵ ⌘ e2

~c ⇡ 1

137.036



Tests of post-Newtonian gravity (solar system)

Cassini Mission

Two post-Newtonian parameters

�̄ = � � 1

�̄ = � � 1



Binary Pulsar Tests: strong and radiative fields

Taylor   HulsePSR1913+16

 Double  Pulsar(Kramer et al)

5 precision  tests of GR



GR tests from LIGO-Virgo
Correlation between the observed GW signal
from the coalescence of two black holes
and the GR prediction: 
> 96%
The most direct evidence that the
BHs predicted by GR
exist and have the expected 
structure, notably the final damped
vibration modes.

90 events, incl.: 
2 NS-NS; 3 NS-BH; 85 BH-BH

. GW170817



Other tests 

EHT

centre of our 
Galaxy 
 SgrA*: 

notably S2

cosmology



Two «  black clouds » ??  

dark
matter

dark
energy



Theoretical Puzzles
lP ⇡ 1.66⇥ 10�33cmperturbative non renormalisability 

quantum mysteries of black holes 
Bekenstein Hawking

Quantum
Evaporation:
information ?

EPR= ER ??  (Maldacena-Susskind 2013)



�36

Quantum Cosmos (Mukhanov-Chibisov 1981) 
(compatible with CMB observations)


