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The role of high nucleon density on neutrino
production in exploding Supernovae

ABSTRACT

Chiral perturbation theory is an effective field theory for QCD, which allows us to
describe baryons and mesons in the non-relativistic limit. Gauging its SU(2)r, x SU(2)r
group, we can add fields and external currents in the theory such as axions and elec-
troweak gauge bosons. Density effects can be systematically included by modifying the
nucleon propagator.

In this thesis, we systematically build the chiral Lagrangian describing the interac-
tion of neutrinos with hadronic matter. We then use this construction to study the
neutrino production processes in high nucleon density environments such as Supernovae
and Neutron stars where neutral currents are affected by the high density of nucleons.
We calculate the density dependence of this process at one loop order.
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Chapter 1
Motivation

In this work we are looking at neutrinos in an environment characterized by an high
density of protons and neutrons (nucleons). In this way we can study objects present in
the universe such as Supernovae and Neutron stars.

Supernovae (SNe) are luminous optical transients, which, despite being rare events in
a single galaxy, are nowadays discovered at a rate of ten per day. They have became a
leading tool to probe the cosmic expansion, indeed SNe la provided the proof that the
cosmic expansion is accelerated by what is now called dark energy. SNe can be used
also as primary distance indicators: we can measure the value of the Hubble-Lemaitre
constant, Hy, with an error of only 1% [I]. Moreover, core-collapse supernova explo-
sions seem anthropically needed as they are thought to be one among the few sources
responsible for production of the intermediate-mass nuclei e.g. O, Fe, Ne, Na, mg, Al,
that are the ones necessary for human life [2].

A very important role inside a SN is played by neutrinos, indeed a quantitatively ac-
curate prediction of the fluxes and spectra of SN neutrinos is required for a theoretical
understanding of many fascinating phenomena such as the explosion mechanism, the
cause of neutron stars natal kicks, various aspects of SN nucleosynthesis and the in-
terpretation of the neutrino signal with or without the assumption of neutrino masses
and mixing [3]. Consequently, neutrinos are fundamental in the description of the SN,
it is fundamental and interesting to study their scattering with the nucleons inside the
SN. In doing so, we need to include the high density effect. In Figure we show the
densities that are reached during a core-collapse, we immediately realize that they need
to be considered to have a consistent analysis of the processes inside a SN. In particular,
neutrinos interact in two ways: with charged and neutral currents. In this work we focus
on neutral current interactions because they are more affected by high density effects
with respect to charged current interactions [3].

The dominant processes are extensively discussed in [3], here I want to briefly recall
them. The elastic scattering vN — Nv is the dominant SN opacity source for both p and
7 neutrinos. The dominant energy- and number-changing process is the bremsstrahlung
vvNN < NN and, to be more precise, for only the energy exchange, the related process
vNN < NNv is even more effective by about a factor of 10.

Another reason to systematically study neutrino-nucleons interactions is that successful
explosions are hard to get without other further assumptions [5]. The authors also
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Figure 1.1: Plot of the densities during the core-collapse of a SN [4]. We trust our
effective field theory up to around 1 nuclear saturation density, ng ~ 3 -
10%g/em3.

underline the importance of the study of neutral-current scattering since it is this one
that gives relevant contributions for the neutrino-energy deposition behind the stalled
shock wave.

These are the main reasons why we started this project: in this work we are systemat-
ically studying high density corrections using heavy baryon chiral perturbation theory
and a modified nucleon propagator to account for the high density of nucleons. There
are other approaches to tackle similar questions using the method of random phase ap-
proximation [6], where they study particle-hole excitations through a dynamic form
factor.

However, it is worth mentioning that SNe are not the only environment interesting to
study with this formalism. There is much experimental data on low-momentum nucleons
and pions, particles that are well described in this formalism.



Chapter 2
Supernova explosion

Here we briefly summarize the mechanism that leads to the Supernova explosion and
how the neutrinos play a fundamental role. We follow [2], so for more interested readers
that paper is a nice reference. Before starting, is worth mentioning that the standard
theoretical picture of core-collapse supernova explosions has not been established yet,
but what we have now is consistent with observation, for example of neutrinos from
SN1987A.

Everything starts from the collapse. The dynamics of stars is controlled by a balance
between gravity and the energy released in nuclear fusion reactions, that are responsible
for the formation of the heavier elements starting from lighter ones. The first stage is
the conversion of the hydrogen in the core into helium. As soon as it can no longer react,
gravity is not balanced anymore and so the core starts contracting. This causes a rise
in the temperature of the core up to when the helium fusion begins. Now, the mass of
the star plays a role: for stars with mass m < 8mg the fusion processes ends with the
creation of an electron degenerate carbon core, a White Dwarf is born together with a
planetary nebula. For massive stars with m > 8mg, once helium is exhausted, we have
a further raise in the temperature so that carbon burning begins. This is followed by
nuclear fusions of neon, oxygen and silicon. Since the temperature raises, each heavier
element burns faster than the previous one and neutrinos can carry away more energy,
while nuclear reactions releases less energy. We start seeing the role of neutrinos since
the very first stage. After the silicon, an iron core in the innermost part of the star
is formed. This stops the fusion chain because iron is the most stable element. So we
have now the structure of the supernova made by shells of successively lighter elements
burning around an iron core, its radius Rpe will be important in the following.

Since the iron core is the innermost shell, it is the electron degeneracy pressure that
balances gravity. From this we can compute its maximum mass that is indeed deter-
mined by the Chandrasekhar limit, mcy, ~ 1.4dmg ~ Yfmil/m%, where Y, ~ 1/2 is
the fraction of electrons per nucleon. But the mass of the iron core is not fixed: as
the silicon shell, that is the one surrounding the iron core, continues to burn, the iron
mass slowly increases approaching the Chandrasekhar limit above which the electron
degeneracy pressure is not enough anymore to balance gravity and the iron core starts
collapsing.

Second step: the deleptonization. Here neutrinos come into play, indeed weak interac-



tions contribute to the processes inside the star, and they become very important when
the mass of the inert iron is m ~ Mcy, value that gives an high enough sub-nuclear
density, p ~ 1075m2  such that electrons and protons are converted into neutrons and
neutrinos. Many elements participate in the inverse 5 decay reaction but the main con-
tribution is given by e 4+ *Fe — 5%Mn + v,. There is a difference between electrons and
neutrinos: the former supports the core with their degeneracy pressure, while the latter
freely escapes carrying energy. Subsequently, the core is de-leptonized, in a time scale
Tweak ~ 1/Cwearn o v* that is faster than the free-falling time-scale of the gravitational
collapse Tgyqy ~ %, in terms of numbers we indeed have T eqr = 1/10%s < Tgrav = 0.1s.
This has an impact on M¢y that suddenly decreases and consequently also the iron core
start collapsing. To be more precise, we will have two regions, the innermost part with
mass M;. and radius R;., that is the one that start collapsing and an outer core. A way
to define the boundary between these two regions is using the velocity of the collapse.
In the inner core, this is proportional to the radial distance, and so we can define the
boundary R;. as the point where the inward radial velocity equals the sound speed of
the fluid, which, on the contrary, lowers the radial distance.

Third step: rebounce. The inner core continues its collapse till when it reaches nuclear
density: at that point, so for distances below 1 fm, the nuclear force is repulsive and so it
can balance gravity. R;. can be estimated from the third root of the number of nucleons
inside the inner core multiplied by 1 fm obtaining R;. =~ 20 km. We have again to do a
splitting due to the mass, indeed if we keep the parametric dependence of R;., we can
notice that is similar to the Schwarzschild radius. We need to keep all the coefficients to
see that m > 40mg, for the neutron star to collapse into a black hole. However, we are
interested in the other case, so for m < 40mg. Here we have R;. decreasing, so, since the
sound velocity of the fluid decreases with the radial distance, the sound velocity is bigger
than the infalling one and so the inner core bounces. This generates an outward-going
shock wave that starts propagating. The first layer that it encounters is the outer more
stable part of the iron core, so it starts losing energy due to both iron dissociation and
neutrino production via electron capture, so the shock wave stalls at Rgshock ~ 100 km.
Fourth step: neutrino trapping. Let us now focus on what happens to neutrinos dur-
ing SN collapse dynamics. Matter density keeps increasing so neutrinos do not manage
to escape: they get momentarily trapped up to a radius R,, of what we can call the
neutrino-sphere, that is a bit larger than R;.. They play the important role of releasing
the gravitational energy produced during the collapse. Two factors need to be taken
into account, the time scale for the transmission inside the trapping volume and from
the neutrino-sphere surface. Diffusion is what controls the flow of neutrinos inside the
volume. We need to estimate the mean free path

1 vt
I, ~ ~ , 2.0.1
v NnOweak m%ﬂ% ( )

that, after a precise calculation, results to be [, < Rj. that means that neutrino are
really trapped. Then we can compute the time scale as a random walk process, so we
can estimate the number of steps needed to cover Ri. as N, ~ RZ/I2 obtaining for



diffusion time
Tvolume ~ Max (N, 1)l,. (2.0.2)

With this, we actually took into account only the diffusion of neutrinos inside the inner
core, while before we pointed out that the radius of the neutrino sphere is bigger than
the one of the inner core, so we need to analyze what happens there. Is it then possible
to estimate R, as ny,(Ry)0weak Ry ~ 1, from this compute the power emitted in neutrinos
as L, ~ R2T2 and eventually the cooling time of the surface, that is the time in which
neutrinos go beyond the trapping sphere, as

3/2
E m
Tsurface — .lfzt ~ v2£i/2 . (203)
n

Fifth step: heating. We need now to study what happens with the energy released
together with the neutrinos outside the neutrino sphere. The power we just computed
heats nucleons immediately outside the neutrino sphere with a rate

L

— . 2.0.4
A7 R2 (204)

Ql/ ~ Oweak

This power is split among all the interactions that happen: we have that the outgoing
neutrinos heat free nucleons through weak reactions as n+ v, — e~ + p and p + v, —
et + n. But the nucleons cool down capturing electrons and positrons. The relevant
heating is then given by the difference between the two rates and it turns out that there
is a radius, Rgain, above which the heating dominates. With numerical computations
we get Rgain ~ 3R, and that R, < Rgain < Rghock allowing neutrinos to push the shock
wave that realises the, delayed, explosion. In Figure 2.I] the important radii are shown.

10% ¢
RFe Rshock
£ 10% :
[=] L
S Ric Adaa
2
E 10 v wind
L Rv
10t/
1072 107! 10° 10!

Time after collapse in sec

Figure 2.1: Figure from [2]. Relevant radii are shown to visualize the dynamics of the
explosion.



This brief summary of a SN explosion does not want to be fully consistent, indeed not
everything is discussed, but it aims to give an idea of how relevant are neutrinos. This
emphasizes the motivation behind studying the scattering of neutrinos and nucleons
accounting for density corrections. Is it worth mentioning that this paper notices that
simulations of successful explosion require asphericity, magnetic fields, and so on.



Chapter 3

Goldstone bosons in Chiral Perturbation
Theory

This section here is a review to set the basis of our investigation. In Chapter 5], we will
generalize ChPT to include external fields and later we will take the heavy baryon limit.
Here we will mostly follow Prof. Weiler’s notes for QFT 2.

The relevant energy in our discussion is £ < vjges. This allows us to write the most
general low energy effective Lagrangian, even for our strongly interacting theory, low
energy QCD. The degrees of freedom won’t be quarks and gluons anymore but the
Goldstone bosons of a spontaneous breaking of an approximate flavor symmetry. In this
case our symmetry is only approximately broken because quarks acquire mass due to
the Higgs mechanism.

3.1 Non-linear parametrization

To make the GB-field explicit we can use the so-called non-linear parametrization
®(x) = (v+o(x))e™ ™/, (3.1.1)

were the light degrees of freedom will be ¥(z) = e™m /v To keep the Lagrangian
invariant the fields have to transform as

o — o,

%(r) — DpX(m)D}. (3.12)

Plugging ¥ inside the Lagrangian we notice that GBs appear only with derivatives so
all interactions of GBs are proportional to their momentum and consequently become
weak at low energies.

Since we are at low energies we can integrate out the o(x) field. One of the advantages of
using the non-linear parametrization is that, since o(x) doesn’t transform, the effective
field theory retains the SU(2)r, ® SU(2)g symmetry.



3.2. GOLDSTONE BOSON INTERACTIONS

3.2 Goldstone boson interactions

We can start looking at an EFT for GBs alone since they are the lightest particles in
the spectrum, this means that their energy F < mass of other particles. We want to
construct the theory using the underlying, spontaneously broken, global symmetry. Each
GB correspond to a dof, so we can parametrize the GB excitations in the following way

$(z) = D(x)go = e T @ /vy (3.2.1)

where 74 are the broken generators and ¢q is the vacuum expectation value. Now, we
need to study the behaviour under symmetry transformations. Under a global transfor-
mation g € G:

o(z) = go(), (3.2.2)
thus

X(z) — gX(z), (3.2.3)
which has not the same form of because g¥(x) is a generic element of G and so can
not be expressed as an exponential of a broken generator only. However, we can write
it as

g () = X(r')h, (3.2.4)
where h € H, form which will be helpful later.
The two matrices ¢3(m) and X(7’) describe the same field configuration which differs by
a transformation that leaves the vacuum invariant. So the Goldstone dynamics happens
only in the vacuum manifold. Moreover the transformation h is non-trivial because the
Goldstone manifold G/H is curved.
Equation tells us that the transformation of 3(m) reads

Y(7) — gB(m)h (g, X(n)). (3.2.5)

We now want to study this transformation. We can always write for any group element
ged B _
g= e efaldT® gifilo]T" (3.2.6)

where 7% generate the broken part and 7" the unbroken one. For infinitesimal transfor-
mation |a”t| < 1 this equals

14 (T + i T = (1 + i fa[e]T) (1 + i fs[a]TY), (3.2.7)
which gives

o = fila] + O(a?)

ot = fo] + O(a). 2
We can now transform the GB field
90 = g3(m)¢o = S(m")heo = X(7") o, (3.2.9)
where we notice that the transformation leaves ¢ in the same form but transforms w
T (3.2.10)



3.3. GENERAL G/H COSET

3.3 General G/H coset

Let us study the G/H coset.
We can decompose the generators {TA} into T% with ¢ = 1, ...,dimH generators of the
unbroken group H and 7% generators of the broken G/H with & = 1, ..., dimG — dimH

{14} = {1, 1%}, (3.3.1)
this means
(-
;zz B g' (3.3.2)
We can write the algebra for the generators starting from
(T4, TP =i fAB TC. (3.3.3)

We have three possible classes of commutators
([T, 1) =i f 7, T% 4 i f 7,1
(T, T = i fo 7¢ + i fib T (3.3.4)
[T&,Tg] - f@i’CTC 4+ fai)éfa’

not all these terms contribute, it is possible to further simplify. The first equation in
(3.3.4) is the commutator of generator of the subgroup H, that has a closed algebra, so

[T, 79 =if9,T%  with if", = (Tl,)] and f9,=0. (3.3.5)

This affects the second equation in (3.3.4) as well, because due to antisymmetry of f4Z
also fibj =0, so we get

[T, T =if*T¢  with if";=(T5)% and f*; =0, (3.3.6)
where we defined if®, = (T%)}, that can be identified as the unbroken generators in the
adjoint representation acting on G/H generators.

As regarding the third relation in , we know that for symmetric coset, with an
algebra automorphism T— -7, fai’é = 0.
Finally, from the standard normalization

Tr (T°T) = %5‘“’, (3.3.7)
we get

Tr (T'T7) = %6’7,

Te (T'T%) =0, (3.3.8)

Tr (PAFh) — %5@5.



3.4. TRANSFORMATION PROPERTIES UNDER G/H AND H

3.4 Transformation properties under G/H and H

Before we studied the symmetry transformation of the GB field under a group element
g € G. Having now discussed the generators of H and of G/H, we can look at the

transformations under the respective group elements.
iT ot

Let us start with the unbroken group H. Taking a generic group element h = e , we
get
¢ — ho,
Yi(m)pg — hX (7)o
(™ ™ 1 (3.4.1)
= hX(m)h™ " heo
= X(hrh™")go,
since
hE(m)h ! = h(e™ T )p!
L Q)2
=h (H + T 4 (m2) + ) h1
o p _arfiay—1;p, bibp—1 3.4.9
_ <H+ih7raTah_l N (ihm®T%h 22h7r T°h™") n > ( )
_ pihm TR
= X (h7h).
This can be further simplified using the BCH-formula
=1
Xy, —X
Y = — X, Y], 3.4.3
Nve ¥ =3 Xy (3.4

with [X, Y], = [X,[X,Y]]m-1 and [X,Y]o = Y. To understand how this works we can
write the first commutators, from (3.3.6)) we get

T, T, = (12T (3.4.4)
and so
[T, 7%, = [1°,[T", T%]
= (T)2[T", T (3.4.5)

We can now apply all of it to our expression

A S G A A A s Gy
hrdTap 1:(3204T7_[_cu1va6 il T

= i GaT)" Larpa (3.4.6)

10



3.5. MAURER-CARTAN FORM AND THE INVARIANT LAGRANGIAN

so, summarizing we have that

¢ — ho,

. i 3.4.7
S(m)do — S ) o, ( )

which shows that the transformation of the GB field under the subgroup H is linear.
The representation R, of the linear transformation under H can be found according to

adj(G@) = adj(H) & R;. (3.4.8)

Let’s now study the transformation under G/H, the broken generators,
6 — Ty,
S(m)do — ¢ T @M T /v g (3.4.9)
_ ei“/(x)éfé/”¢o.

To get a physical meaning we look at an infinitesimal transformation |o| < 1,

b R .
I+ imT% v+ ...) — (H +i (7; + ab> T° + > , (3.4.10)

where, focusing on the linear order, we read off the shift symmetry

71_!7 7.‘.b 3
— = —+a,
[

. (3.4.11)

while the higher order terms are a function of the symmetry parameter of.

3.5 Maurer-Cartan form and the invariant Lagrangian

Now we understood how the transformations work. We can now build the effective
Lagrangian. To do so we notice that there are objects which have simpler transformation
properties, we will call them d%(7) € Ry and e!,(7) € H. They are defined using the
maurer-Cartan-form decomposing on GG algebra generators

iS(m) 19,8 (m) = di(m)T* + €l (m)T". (3.5.1)

We want to study this object’s transformation properties under an element of the global
group g € G, recalling (3.2.5) we get

i 10,5 — kX ()t 0, (g2 (z)h T (7))

3.5.2
= h(ix710,2)h " +iho,h L (3:5.2)

11



3.5. MAURER-CARTAN FORM AND THE INVARIANT LAGRANGIAN

We can already see that the inhomogeneous term purely contains element of the unbroken
group, this can be translated into the transformation of the d and e symbol

i/ \Pa afay —1
dH(W)T = hlm, g|d;T*h™ " [, gl,

GL(W)Ti — hlrm, g] (eZTi + iau)h_l[w, ql.

(3.5.3)

Recalling equation (3.4.6) we can write the transformation under g for the d symbol as
df, — dt = (e Tm)idh (3.5.4)

that is the same transformation that the GB field has but under the unbroken group H.
From this we understand why is useful to introduce this symbol, because it transform
linearly even under the global group G.

Let us now study the e symbol. Since there is an inhomogeneous term in the transfor-
mation, it looks the same as a gauge transformation for a non-abelian symmetry under
the H group, so, we can use it to construct covariant derivative to make the Lagrangian
invariant under the group G. The upshot is that we can obtain all G-invariant operators
of the GB-EFT Lagrangian using d,,, e, and applying derivatives d,,. The kinetic term
for the GB field is indeed hidden in d: this can be seen expanding the Maurer-Cartan
form at linear order in 7

1. .
ix719,% ~ — =0T, (3.5.5)
SO 5
4 1 a on

We can finally write the leading term as
f? X
£® = Z oy @ (3.5.7)

with {f;} are the vevs of the irreps because R, can be a reducible representation under
H.

Now let’s look at the e symbol. As we notices before, this can be used to define a
covariant derivative

V=0, +ie, (3.5.8)
and a field strength
ey = Opey — Opey +ile,, ey, (3.5.9)
such that
e — h(m, 9)ewh (7, g). (3.5.10)

We have now all the terms to construct the invariant effective chiral Lagrangian: d,, e,
and the covariant derivative V, acting on them.

Another important point is the coupling to matter field. We can use the covariant
derivative just defined to get

(Vuth)r = Opibr — i€y i(T")j1bs, (3.5.11)
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3.6. SPONTANEOUS BREAKING OF CHIRAL SYMMETRY

where the matter field under g € G transform as

e = P9 = h[r, g)itps. (3.5.12)

The Lagrangian coupling Goldstone bosons to fermionic matter consequently reads

L = ipy"V b — myp (3.5.13)

3.6 Spontaneous breaking of chiral symmetry

Here we briefly discuss what happens in QCD to understand what a symmetry breaking
means and to connect this discussion to our investigation.

The global group is SU(3) that makes QCD a non-abelian gauge theory with quarks in
fundamental representation. Is empirically shown that quarks form bound states that
use color-singlets, the color charge is confined in neutral composite objects.

As mentioned before, quarks do have a mass, in particular u,d, s are light quarks m, <
Agcep and ¢, b, t are heavy quarks my > Ageop. Since we are interested in the low energy
spectrum we can ignore the heavy quarks in the following analysis. If we now set my = 0
we can rotate qr, and gr, separately, since they are not connected by the mass term,
by unitary matrices L, R € U(3) in flavor space:

ar; = Lyprar,,

(3.6.1)
ar; = Rypar,,
and so, for my = 0 the Lagrangian exhibit a global flavour symmetry
UB)LeUB)r=U1)pU(1)a® SU)y @ SU(3) 4, (3.6.2)
where
U(l)B © gy — eiﬁq}v,
U(l)a: — e g
Wa: g =e - (3.6.3)
SU(3)V gy — ezﬁ qy,
SU(3)A gy — emaTa%ch.

Now, once we include the mass, U(1) stays unbroken and it is an accidental global
symmetry, the baryon number. U(1)4 is anomalous, is not a symmetry of the quantum
theory. SU(3)y is an exact symmetry for my — 0 or my = ml, the quark masses
different values explicitly break SU(3)y but the subgroup, that we are interested in,
(u,d) is less strongly broken since m,,mg < ms. As regarding SU(2)4 (the subgroup
of SU(3) that we are considering), the spectrum has 3 excitations: 7% 7%, they are
the lightest particles, with negative parity and zero spin, the GBs, corresponding to a
broken axial symmetry.
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3.7. EFFECTIVE CHIRAL LAGRANGIAN

3.7 Effective chiral Lagrangian

We can now study the effective chiral Lagrangian. Above we said that pions come from
the breaking of SU(2)4 but to get this breaking we can make a dynamical assumption
saying that the effect of the QCD force is to form quark-antiquark condensates

Qe gh + he|Q) #0,  i=u,d,c,s,bt. (3.7.1)

We can restrict to ¢ = (u,d) and study the symmetry of this new vacuum. If we now
transform

qr —>LqL, L e SU(Q)L,

(3.7.2)
qRr —>RqR, R e SU(Q)R,

the condensate stays invariant only for L = R. Moreover the QCD vacuum does not
have a flavour

(QaLak + Trat|Q) = viopd™, (3.7.3)

so we can parametrize the GB as

(¢) = (é (1)> vQCD; (3.7.4)

where ¢ — LoRT. Indeed in this way we get, as expected, the transformation under the
unbroken part of the group with L = R

(¢) = L(¢)LT = (¢)LL" = (¢) (3.7.5)

and so the broken generators L = R parametrize the GB fields

S(w) = L(z)(¢) L(x)[T] (3.7.6)
With this parametrization we can write

21
T

Y(x) = eI ™@ m(x) =1'7%x), a=1,2,3, 7%:Pauli matrices (3.7.7)
and so also the transformation can be written as

> — ¥ = LYR, (3.7.8)

with L = ¢3“L and R = e%”R, where w;, = wiA® and wr = WA We can study
separately what happens under the unbroken and broken group: under the former (H)
om = %[wv,ﬁ(:r)] + .., WL = WR = wy (3.7.9)

"Here L(z) = R'(z) depends on x because is the generator of the broken symmetry. Being no more a
symmetry of the vacuum can be used to parametrize the Goldstone field. This does not mean that
we are gauging the global symmetry, we are not introducing any gauge field.
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3.7. EFFECTIVE CHIRAL LAGRANGIAN

and under the latter (G/H)
fr

1
om = ?wA — ;[T(, [T, wal] + ... WL = —WR = WA-. (3.7.10)

Again we see that we can only write terms with derivatives of the GB due to the shift
symmetry. The unique term with least derivatives isﬂ

2
L=""Tr[9,20"S ]
16 " (3.7.11)
:1 Tttt +
50u

Explicit chiral symmetry breaking

The shift symmetry (3.7.10]) forbids mass terms for pions, since would be not invariant.
Here I want to mention how we can include a mass term.
Reintroducing quark masses we add

; ; m 0
To keep the Lagrangian invariant we can make the mass matrix transform, m;; can
indeed be viewed as a ”spurion” of flavour symmetry breaking. We can postulate

M — LMRY, (3.7.13)

so that the Lagrangian stays formally invariant.

We need to include this in the chiral effective Lagrangian and the only term that can be

written is

V3
QCD

Ly = Tr (MTS + 2TM) (3.7.14)

since i Tr (M 1Y — X M) is not invariant under parity since 7 is a pseudoscalar. Explicitly
in SU(2) up to quadratic order we have

21 __a,a 2 4
E — e‘?ﬂﬂ- T = I[ —+ fillﬂ'a’ra — 27.][‘27_‘,&7_0,71_[)7_17 + ceey (3715)
s K

which gives
Tr (MY + XTM) =Tr (M(Z + 1))

4
= — — Tr (M%) 7% + ...

IE
2 (3.7.16)
_ b b
> Tr (M{r®, °})mn” + ...
s
2 a,_b
= =2 Tr (M)r7” + ...
V£
2Later when the Z boson will be included, the partial derivative will be substituted by a covariant

derivative.
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3.7. EFFECTIVE CHIRAL LAGRANGIAN

From here we can read off the mass term (equal) for all the 3 pions (for simplicity we
rename vQcp = v)

3
Lo D = Tr M7®n® + ..., (3.7.17)
217
SO
2 v’
ms = (my + md)ﬁ' (3.7.18)
™

Higher orders

In writing the Lagrangian we only kept the leading order with the least number of
derivatives

2 2
L= 15T (0,298 + mafg TrXfM +he,  mi=(my+mamd.  (3.7.19)

Higher orders are suppressed

2
p
Tr (049,%19,0,%) — o

(3.7.20)
vyt Fo2 m%M
Tr (0"E10, X3 "mgm) — A2
with A the cut-off scale, and this can be generalized for more fields as well
P2
extra 0,0" — =,
A2
) (3.7.21)
207 mgM
extra moM — Az

so that the expansion is valid for p?, m3M < A%. We now want to understand the value
of the cut-off scale, and to do that one way is to compare the tree level scattering to the
loop level asking that the second contributes less than the first one.

We can take the four pions interaction and evaluate it in momentum space

2 1 p2
T _
T6 Tr (8#28ME ) — E,

where p is the external pion momentum, and then at 1 loop order

(3.7.22)
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3.7. EFFECTIVE CHIRAL LAGRANGIAN

7T» T
L TN
N N
P AN
T s
1 d*k k* A4 A2
—>p27 (3.7.23)

T n?) R AmRpE T (w2
because we need at least a two derivatives interaction to not violate the shift symmetry.
We require for the cut-off

2 2
p s A
— .7.24
727V et 720
that gives
A <Arnf, — A~ (1-2)GeV. (3.7.25)
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Chapter 4

Electroweak symmetry breaking, Z, boson
and neutrino production

Here we will briefly discuss the theoretical framework of the Z,, boson and its decay, we
will follow [7].

In the previous section we discussed Goldstone Bosons and Symmetry breaking in the
context of global symmetry. We here want to briefly mention what happens when it is
a local symmetry to be broken.

The electroweak part of the Standard model Lagrangian reads

1, o, 1
L= —Z(WW)2 — ZBEW + (D, H)Y(D,H) +m*H H — \(H'H)?, (4.0.1)
where the gauge group is SU(2) x U(1)y, By is the U(1)y hypercharge gauge boson

with By, its field strength, W the SU(2) gauge bosons, W}, their field strength, H is
the Higgs multiplet and D), is the appropriate covariant derivative, such that

D,H = 0H —igW;i"H — %z’g’BuH. (4.0.2)
The gauge group gets broken: SU(2) x U(1)y — U(1)gam by the vacuum expectation
value of the Higgs field.

The vev is found as the minimum of the Higgs potential V(H) = —m?|H|?> + A\|H|*.
Expanding H around its vev it is a way to study the behaviour at low energy. Without
loss of generality we can take the vev to be real and in the lower component of the Higgs
multiplet, the H expansion reads

7Ta7_a O
H = exp <2i > (( v h >> , (4.0.3)
v oL

where v = ﬂ/\ is the vev and 7¢ = %U“ are the canonically normalized SU(2) generators.

7® and h are the fluctuations aroud the vev but we are now interested in what happens
when H assumes its expectation value, we can anyways avoid 7% using unitary gauge
where we can set 7 = 0.

We want to rewrite the Lagrangian when the Higgs assumes its vev, so we need to rewrite
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its covariant derivative (4.0.2). Plugging in and computing the matrix product we get
2 2 0 1,2 242 g 3 ?
[DLHP = 2 (W12 + (W2)? + (gBu - W#> , (4.0.4)

since they are squared field terms, in the Lagrangian they will be the mass terms: we
started with massless gauge bosons but when the Higgs field acquires a vev they get
massive.

These terms are not diagonalized. To understand how to proceed we notice that the
kinetic terms are already canonically normalized, so we need only to rotate the fields, in
particular only the ones that are not perfect squares, so B;, and Wg’ . To do so we define

Z,, = cos HWWE —sin by By,

' . (4.0.5)
Ay = sin W, + cos 0w By,
and inverting we get
B, = cosOw A, —sinbyZ,, (4.0.6)
W2 = sin by A, + cos b Z,., B
tan Oy = L. (4.0.7)
g

This is the choice that diagonalizes the mass matrix. We can now focus on the Z,, boson
only, the part of the Lagrangian where it is described is

Z= —%Zﬁ,, + %mQZZ“ZM, (4.0.8)
with myz = m‘qv and Z,,, = 0,2, — 0, Z,.
Since the gauge group is a non-abelian gauge group the gauge bosons transform in the
adjoint representation and their interaction is given by the commutators. In particular,
together with the Z, boson we defined the photon field A, and its coupling as the
coeflicient of the commutator representing its coupling to the Wj:

g[A,, Wi = gsin GWWSWI?[T3,TG], (4.0.9)

giving

e = gsinfy = ¢ cos Oy . (4.0.10)
Now that we understood how the Z, boson appears after the Higgs acquires a vev, we
can discuss its coupling with the fermion sector of the SM, in particular with neutrinos.
Till now we only looked at the free part of the Lagrangian, here we need to include
interactions. In this work we are focusing on the neutral current interactions, so here
I will only report the neutral gauge boson interactions. The coupling to the Z,, boson
reads .
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with

1
Z _ 3 a2 EM
Ji = p— (J; —sin” Oy J,/ ). (4.0.12)

At the best of our knowledge SU(2)weak acts only on left-handed states, so the currents
are

J = Z pEAPTL,
‘ _ _ (4.0.13)
T =" Qi AT + AT,

Neutrinos are neutral particles so Jgp;s = 0, so the only relevant interaction is given by
J3

In this way we understand how the Z,, couples with neutrinos, giving a link between
ChPT with external fields and neutrinos.

With this we end our review on the basis topics that are needed to understand our work.
From the next chapter on we are showing our original results.
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Chapter 5

Construction of the HBChPT Lagrangian
with 7,

In this section we construct the Lagrangian describing the interaction between nucleons
N and Z, boson. To do so we will follow some references later specified but we will also
add some new contributions peculiar to our research.

5.1 QCD Lagrangian

The QCD Lagrangian
1 .
Locp,o = _ZGHVG/W +iql)q, (5.1.1)

is invariant under

SU(Nf)L X SU(Nf)R X U(l)v X U(I)A. (5.1.2)

The axial subgroup U(1) 4 is broken spontaneously by the chiral condensate as well as by
anomaly effects at Agcp. The SU(Ny)r x SU(Ny)r symmetry is spontaneously broken
by the chiral condensate (Grqr) which is invariant only under the vectorial subgroup

SU(Nf)L x SU(N;)g x U(L)y x U(1)4 = SU(N;)y x U(1)y. (5.1.3)

This results in new low energy degrees of freedom, the Goldstone bosons, which acquire
mass due to the additional explicit symmetry breaking due to the quark mass matrix.
The number of the GB depends on Ny, for Ny = 3 we should get 9, 8 from SU(3)a
and 1 from U(1)4, but since the axial anomaly leads to large explicit breaking, the
associated Goldstone boson 7’ it is a non-perturbative effect and can not be calculated
by an effective Lagrangian at energies below Agcp.

5.2 Chiral symmetry and CCWZ

We want to be able to construct the QCD Lagrangian together with Z,, boson. To do
this we will make use of the QCD global symmetry.
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5.2. CHIRAL SYMMETRY AND CCWZ

We start following the review [8], by parametrizing the vacuum with an element of the
broken symmetry. From now on we will work with 2 quarks u,d, so Ny = 2, extending
to three quarks would be a possible next step.
The Nambu GB can be parametrized using configurations that are related to a vacuum
by a local transformation, after dropping the redundant ones, the ones that leave the
vacuum invariant, as o

Ulr(z) = ¢ 7. (5.2.1)
Under chiral symmetry this transforms as U’ = R'UL", with R’ € U(2)g and L' €
U(2)r. For the following we also denote R € SU(2)r and L € SU(2), their relation is
R = UOVHONR and I/ = e~{Ov=0O4)L,
To write the Lagrangian we use the CCWZ construction, which exploits the maurer-
Cartan form of U

iU~19,U, (5.2.2)

and its derivatives to build terms invariant under the symmetry group.
Before proceeding we need to add to the bare QC'D Lagrangian, the external fields we
are interested in. First of all we need to include the mass term, that explicitly breaks
the symmetry. To do so we need scalar and pseudoscalar external fields which transform
as the field U, we then define

X = 2B(s —ip), (5.2.3)

where s is the scalar and p the pseudoscalar field. B is a constant related to the explicit
chiral symmetry breaking B(m, + mg) = m2, where in our case we have s —ip = {J, so
that we get that the field transformation is x' = RxL, the same as U, so it can be used
together with U to write invarint terms for the Lagrangian.

Now we need to implement the external vector and axial vector fields, which will be
called respectively v, and a,. It is more convenient to make manifest their isospin

structure, they are indeed either isovector, v,gv) and a,(fv), or isoscalar fields v,(fs) and

al(fs), where the isovector are proportional to 72 in the isospin space and the isoscalar

to the identity matrix. The isovector gauge fields vfllv), agv) belongs to the groups

SU(2)v and SU(2) 4, whilst the isoscalar v,(LIS) and al(fs) to U(1)y and U(1) 4.

Our target is to include the Z boson. To do so we notice that the electroweak gauge
group SU(2)r, x U(1)y could be thought to be a subgroup of the gauged version of the
SU(2)r x SU(2)r x U(1)y flavour group in the limit of zero mass. So, what we can do
is to gauge the full flavor group and only later to identify the electroweak subgroup [9].

We can then define matrix-valued gauge fields [, (x) and r,(x) transforming as

l, — LI, LY +iLo, LT,

. . (5.2.4)
ry — Rr,R" +iRO,R',

with L(z) and R(x) 2% 2 unitary matrices corresponding to a general SU(2)r x SU(2) g %
U(1)y gauge transformation; we restrict the U(1) part of the transformation to the
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5.2. CHIRAL SYMMETRY AND CCWZ

vector subgroup by requiring det L = det R and Trl, = Trr,. We can extend the
transformation for the U field as well and make it local

U — LUR. (5.2.5)

Now we focus on the pion part of the Lagrangian. To now make it gauge invariant we
just replace ordinary derivatives with appropriate covariant derivatives 9, — D,. To
determine the form for each field, we require it to transform in the same way as the field
itself, e.g. D,U — L(D,U)R', finding

DU = 8,U — il U +iUr,,

5.2.6
DU =0,U" +iUTl, —ir,UT. (5:2.6)

Before moving on, is important to clarify what happens to the GBs (pions) after gauging
the group, because there is also another symmetry breaking, namely the electroweak
trough the Higgs mechanism. So, one question that may arise is why do the electroweak
SU(2)r x U(1) gauge bosons not eat the pions emerging from the symmetry breaking
due to the chiral condensate. This is because we have two very different scales, where the
electroweak one is way bigger than the chiral condensate. So at first we have the massless
electroweak gauge bosons, with 2 degrees of freedom, after the breaking due to the Higgs
mechanism, each of them eats one Goldstone boson and they become massive, so with
3 degrees of freedom. Since we have 3 gauge fields, the Higgs loses 3 degrees of freedom
and it is left with 4-3=1 degree of freedom. When the, under our identification, same
symmetry gets broken again, due to the quark condensate, the gauge fields are already
massive and so they can’t eat any GB more. However what will happen is that they will
eat a combination of the Goldstone bosons generated by the two symmetry breakings.
Since the energy scales are so far apart approximately this is as if there would just eat
the Goldstone bosons from the symmetry breaking at a higher energy scale and the
pions can be viewed as the Goldstone bosons from symmetry breaking due to the quark
condensate, they are not eaten. However the masses of the electroweak gauge bosons
gain an additional (though tiny) mass correction from the symmetry breaking at the
energy scale of the quark condensate.

Having this in mind, we can write all the invariant combinations of U, x and covariant
derivatives of them, finding at leading order

L2 = if,f{Tr[VuUTV“U + XU +xUT} (5.2.7)

So far we didn’t include baryons. To do this we introduce an isospin doublet given by 2
Dirac spinors, the proton and the neutron, as

N = (p,n)T. (5.2.8)

There are many ways to properly describe the transformation of this isospin doublet. In
this contest usually people proceed as in [10], defining u(x)

u?(z) = U(x) (5.2.9)
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and so o
u=VU = e " . (5.2.10)

We now need to find the transformation property for w, this is induced by U since
U'(x) = RU(x)L' = «/? and can be written as the following

Ru=JK. (5.2.11)

Solving for K it gives
K =VLU'RIRVU = VRULILVU? (5.2.12)

and, as explained in [I0] the field K is the correct one to parametrize the transformation

of N
N' = K(L,R,U)N. (5.2.13)

Until now we only studied the transformation behaviour under SU(2)y x SU(2)4 and
we now need to go to the full chiral symmetry SU(2)y x SU(2)4 x U(1)y x U(1)4. To
do so we just need to substitute in the previous equations R’ and L’ to R and L. We can
immediately notice from that A doesn’t transform under U(1) 4, whilst it does
under U(1)y, picking up a phase N' — e~y N, Tt is now fundamental to stress that
©1 # Oy in the UV theory, however, they can be matched, finding that ©}, = 30y.
©1, represents the baryon number and ©y the quark number, that explains the factor
of 3 difference. This will be relevant in defining properly the external isoscalar vector
gauge field.

Having clarified the transformation properties, we can now include the nucleon doublet
in the Lagrangian; here as well we need to define an appropriate covariant derivative

DMN = 8MN+ FMN’, (5.2.14)
such that
DMN — K(L, R, U)D,Lf\f7 (5.2.15)
so we need
D, =KD,K' T, =KI,K'+Kg,K" (5.2.16)

5.3 Construction

We now have the basis to set up the chiral Lagrangian. We still need to include the
external fields that in our case will describe the Z,, boson.

Let us briefly summarize the procedure. We start by rewriting the UV Lagrangian
containing the Z,, boson in order to make explicit what are our vector and axial fields.
After that we can construct the invariant building block of the Lagrangian using P and
C symmetry as well. We can then employ the equation of motion at leading order to
eliminate some terms up to higher order corrections. There is still one simplification
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left, we can apply the heavy baryon limit, since nucleons inside a SN are slowly moving,
that leads us to integrate out the heavy part of the nucleon field.

We start by writing the UV Lagrangian after Electroweak symmetry breaking. We need
to consider only the part with the Z,, boson; from [7] we have

e 7'3

L= 5

2 1-
Zy @Lfy“ qiL — sin 9124/ (gufy“u — 3d’y“d)] ) (5.3.1)

sin Oy cos Oy

where % and —% are the electromagnetic charges of respectively v and d. We will use the
convention e = gsin fyy .
We want to rewrite this as the QCD Lagrangian with external fields

_ _ . u
L= Lqocpo + " (v +5a.)q — G(s — iv5p)q, q= <d> , (5.3.2)

where )
[’QCD,O = _ZG#VGMV + lqlﬁq (533)
To do so we first split the external fields in the following way

= : = 1 s = s
—4(s = 1y5p)a + (@ (vu + 30 Dg=ayr + (@ (@ + G) V50 g=ayrs  (5:34)

. _ 3
and we rewrite qZ-Lv“qiL% as

3 3

T4~ T—~5 7 _ T
g ay =ab = s s - sleg =
, , (5.3.5)
N L IV
=qY 4 q—q7 s 4 q-
Now we need to collect the u and d in the vector ¢ = (u,d)”:
2/3 0\ 1. 1,
( 0 _1/3> = 6H+ 57 (5.3.6)
So we get
e T3 73 I 73
L=—— — 7 gt g —dyvPyr—qg —sin B2 5F | = + —
Y - Mlqv 74D e —sinby | o+ 5 g
) r r . r (5.3.7)
L=—— " Z7g|"|— —sinb3 — —sinh,= | — y*—
sin Oy cos Oy wd P <4 St Pw 2 St W6> 7 475] e
from where we can read off
3 3
g T T
UN = —mzuz + eZMtaIleW?,
=9 77 (5.3.8)
B cosOy M4

e
vy, = §Zu tan By,
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and define
X = 2B(s —ip), (s —ip) = ﬁﬁb (5.3.9)
and so we can construct

3
Ty = e, tan@wg,

3

I, = —ﬁ&ﬂj +eZ, tan QW%, (5.3.10)

TZ = lfL = UZ = EZM tan Oy,

where 1 1
Up = i(ru ), au= 5(7"# = lu)- (5.3.11)

It is important to clarify why in equation 1) we write £ D %vz and what are the
requirements to be met by all the external fields under local SU(2)r, x SU(2)r x U(1)y.
As discussed in [I1], we can rewrite the external field part of the Lagrangian as

_ 1 1_ 2
v (v + gv(s)u + Y5a,)q ziqv“[m +1l,+ gvff) +v5(ry — 1)

) ) (5.3.12)
=qrY" (m + 311;(;9)) qr + qry* (lu + 3U£s)) qr,
and similarly
q(s —ivsp)q = qr(s — ip)qr + qr(s +ip)qr. (5.3.13)
This means that we can rewrite (5.3.2)) as
1 1
_ /0 _ _

— qr(s +ip)qr — qr.(s — ip)qr.

With this form is easier to see that the Lagrangian remains invariant under the local
transformations

qr — exp (i(a(:f)v)R(fC)qR,

qr, — exp <_i@(;:)v>l/(x)QL7

(5.3.15)

provided that the fields transform as

r, — Rr,R'4+iROR,
l, — LI, LT +iLoLt,
vl(f) — vl(f) - 0,0y,
s+ip — R(s+ip)L',
s—ip — L(s—ip)R".
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5.4. EOM ELIMINATIONS

From the quark transformation we can understand why we introduce a factor of 1/3
in front of v,(f): in our chiral perturbation theory Lagrangian we want to describe the
interaction between nucleons that contain 3 quarks each.

We can now proceed with the construction of the other building blocks of the chiral

Lagrangian

1 . ,
r,= §[uT, Oyu] — %uTruu — %ul#uff =
= 1[1[f Opu| — 3.uTeZ tan 6 T—Su + E.ULZ ul — E'ueZ tan 6 7-—?)uJr =
Tl T g A R W S T o cos Oy g o ERYW T
1 . :
= 5[uT, ] — %e tan Oy Z,ul m3u + %ZM (COSQHW — etan 9W> urdul,
r, = —%uTrZu - %ulZuT = —iv, = —z’%ZM tan Oy,

uy, = i{ul, Opu} + ulrpu — ul,ul

Z
= i{ul, d,u} + %tan Ow Zul T3 + 7“ (cosgew — etan 9W> urul,

Ao tS,, a8, T
ty = u'ryu —ulu' =0,
3

Fp¥=otr? — 0"rt —i[r#,r¥] = e% tan Oy (01 ZY — 0V ZH),

tan Oy

P = o — o1t — i 1Y) = (=2 > Sorzr — o' zv
L i vl < 2 cos Oy 2 ™ )
= F = 9o — 00" = = tan Oy (92" — 0 2).

(5.3.16)

So now the covariant derivative reads: D, = 9, + ', + fu-
We can also associate a covariant derivative to U, which reads V,, = 0,U —ir,U —iUl,,
such that V,U transforms the same way as U.

From the fields derived above we can define
N R | T
X+ =u'xu' £ux'u,
N R Lot (5.3.17)
F,, =uFjuxtuF u'.

5.4 EOM eliminations

In this paragraph we briefly mention how to simplify our ChPT Lagrangian employing
the equation of motion at leading order for the nucleon field. Together with the equation
of motion there are various identities that reduce the minimal set of independent terms,
this is extensively treated in [I2]. Going back to the EOM elimination, the equation of
motion at leading order let us make the following substitution

PN — —imN, (5.4.1)
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5.5. DISCRETE SYMMETRIES: PARITY P AND CHARGE CONJUGATION C

that helps reducing the number of terms. However this is not the only replacement that
we can make, Indeed we need to pay attention to other terms not explicitly containing
IDN but can be brought to a for which include that term. Keeping all into account
many terms result to be redundant at leading order. This is extensively explained in
[12], where the following set of operators has been found to be sufficient to generate the
complete chiral Lagrangian up to fourth order:

]I.

V5V Dy
g;w,a—um'%'yuDuaD,uu; (5.4.2)
GuvY57ps g,uVDm Uul/Dpa eﬁupD/\7 757uDupa Duup?

A
GuvGpr, €uvpr, Juv0pr, guu757pDTa g;u/DpTu UuVDpTy E/J,pr)\T7 75'YuDl/pT; Dw/pT-

It is worth mentioning that we can derive equation (5.4.1)) also as a result of field trans-
formations provided that the S-matrix elements are left untouched.

5.5 Discrete symmetries: Parity P and Charge Conjugation C

QCD Lagrangian is both P and C' invariant, so has to be its HBChPT projection.
Consequently, we can construct the terms requiring those invariance, to do so we follow
[12]. However it is worth noticing that, even if electroweak interactions maximally break
P and C, this does not modify our construction: we proceed keeping all the fields and
building blocks general, e.g. 7,, [, and so on. We construct the terms consistently with
P and C invariance and only after we break it substituting our values for the fields.
We will end up with a Lagrangian invariant under C'P only as it should be considering
electroweak interactions.

To properly write the terms we have to make them hermitian, so every term in the
relativistic Lagrangian should be written as

NA¥-Q,, N +h.c., (5.5.1)

where A, is a product of pion and (or) external fields and their covariant derivatives,
while ©,,,... is a product of a Clifford algebra element I',, . and a totally symmetrized
product of n covariant derivatives acting on the nucleon fields D" so it has the

af..w’
following form
@;w...aﬁ... = F;w...Dg/B,,,a (5'5'2)
with Dpg = {Da,{Dp,{.., Dw}}}. The relevant fields here are
Uy, )2-1—7 <>2+>7 FL? <F;;> (553)

and combinations of them and together with the covariant derivative. The Clifford
algebra elements are expanded in the standard basis (I, vs, V4, Y.75, 0v) and we include
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5.5. DISCRETE SYMMETRIES: PARITY P AND CHARGE CONJUGATION C

there as well the metric and the Levi-Civita tensors. There are some restrictions on the
structure of ©,, . that are discussed in the appendix of [I2]. As regarding A", it is
made by all possible products of the pion, external fields and their covariant derivatives,
but every index increases the chiral order by one, so since our analysis goes up to
O(p?), we need a limited number of terms. To get simple transformation properties
under charge and hermitian conjugation we write everything in terms of commutators
and anticommutators, that for our case translates into decomposing each term into an
isoscalar and isovector part.

Having said that we can start studying the transformation properties. We define the
constant hy, hr, c4 and cp

AT = (=1)haA, A°=(—1)1AT,

5.5.4
I = (-1)"m'1y" 1= (-1)T", (554
where ha,ca, hr and cr depend on the specific choice of the field. So any term in L,y

takes the following form
NAw--0B- Dty N4 (=1)PaThe ND Ty, AR 0BN (5.5.5)

Our target here is to derive the Lagrangian up to O(p?), so we need expressions with
u,, up to quadratic order. Let’s give a look on how the building block transform under
C and P symmetry. To understand how it works it is better to start at the level of
the pion field. C sends 7% into 7~ and viceversa that it is exactly v — u’, whilst the
pion field gets a - sign when transforming under P, since it is a pseudoscalar field, that
corresponds to u — uf. From this we can easily derive the transformation properties of
Uy

To avoid confusions, as already mentioned, it is better to separate isoscalar from isovector
component of the fields, we can do this manually by defining for a generic field X in our
chiral Lagrangian

X=X- (X, (5.5.6)

where (...) stands for the trace in flavour space. Consequently we can write the La-
grangian in terms of the isovector X and the isoscalar (X) component of each field. For
example the anticommutator can be rewritten in terms of an isoscalar piece

{uy, .} = (uyu)l. (5.5.7)

We now need to study the specific transformations of the building blocks in the La-
grangian. Let us briefly recap the transformations of the external fields. To compute
it we need to ask for the invariance under P and C symmetry of the Lagrangian in

equation ([5.3.4). Doing so we get

vy, 5 Uy, MORAHON a, LN —ay, a®) B () 555)

G
Uy = —Uy, U, P
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5.5. DISCRETE SYMMETRIES: PARITY P AND CHARGE CONJUGATION C

The nucleon N is a fermion so it transforms as follows
NECONT, NENTC, C =iy, (5.59)
NE "N, NE —iNAY.

We now can compute the transformations of Clifford algebra elements and fields. They
are listed in table [5.1] and In particular we report only plus or minus signs that
follow from the transformation, because they are the important information that we
need to keep in mind when constructing the terms in the Lagrangian. Indeed, we could
also have some parity matrices with open indices: those will not play a role since they
will be contracted. In equations we get

(5.5.10)

with P} = diag(1,—1,—1,—1). As we mentioned before, we don’t need to keep track

@;w... I Y | Yu¥V5 | Opuv | Guv | Exuvp D;LN VS’YLLDVN D,uuN
Chiral dimension | 0 | 1 0 0 0 0 0 0 0 0
P + | - + - + + - + - +
C + | + - + - + + - - +

Table 5.1: Transformation properties and chiral dimensions of Clifford algebra elements
and derivatives of the nucleon field.

A,w/... Uy, [u,uv Uu] <u,ua uz/> X+ <X+> F;jy <F;ju>
Chiral dimension | 1 2 2 2 2 2 2
P - + + + + + +
C + - + + + - -

Table 5.2: Transformation properties and chiral dimension of the building blocks.

of P#’s in the tables, due to Lorentz invariance. Is also important to explain what do we
mean by writing the transformation of gamma matrices and other objects that are not
fields. They do not transform under P and C, however the nucleons do. Consequently
their transformation is induced by the fields according to and . In the
tables the chiral dimension of the fields is displayed as well; it will be important in
constructing the Lagrangian up to a fixed order, in our case O(p?). It can be computed
from the number of derivatives acting on all the fields except on the nucleon and from
the pion mass insertions. <5 represents an exception: we assign to it 1 because the
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5.6. HBCHPT FORMULATION

projection to HBChPT does not give a chiral leading order term, indeed 5 first appears
together with chiral order one terms.
Let us show one explicit example for each symmetry

NywysN = —iNA 7,757 N
= N y757°N
=~ N 77 N (5.5.11)
= —NjasN
= —P5N7a75f\f

so, it gets a (—) sign. Under C' it transform as

NN o NTC’W%C'NT
= —/\/'TCWVE)C*l/\_fT
= -NTC,C7 1 CyC7INT
= /\/T(%)T(%)T/\’/T (5.5.12)
= — (N5 T

In this way we can work out all the transformations, some of them are explicitly computed
in [12] and [13].

We now have all the ingredients to construct the ChPT Lagrangian. To do so, we need
to take, from the terms in table and the combinations that are invariant under C'
and P symmetry and to keep into account the EOM elimination. Additionally requiring
that the Lagrangian is invariant under chiral transformation and that all the operators
are hermitian (this requires adding factors of ¢ and adding the h.c. if necessary), we find
for the most general form of the chiral Lagrangian up to O(p?)

Loy = L5+ L2

W _ ey 94
Lo = NP —m+ o) N (5.5.13)

7
[,f]z, = Z CiNOz(z)N,

i=1

where (91(2) are given in Table

5.6 HBChPT formulation

Now that we have all the ingredients to properly write our Lagrangian in a relativistic
manner, the next step is to study its Heavy Baryon limit. To do so, we closely follow
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section 5.5 of [II]. The idea is to split the four momentum of the nucleon £* into a

large piece mv* and a residual smaller piece p* that represents the external momenta

transferred by pions or external field as the Z,, boson in our case. This can be written
as

kY =mot +p*, with v-p<<m, (5.6.1)

v 1

where v, is the nucleon four velocity, that in the rest frame is v, = (1, 0) and
has to hold. This fits well a SN environment, since nucleons are almost fixed.

With this we can expand any Lagrangian Efrljz[ in powers of

p

yr—t (5.6.2)

— and

since the two scales are almost the same size. Consequently the nucleon field N splits
into two fields, an heavy one with momentum v* and a light one with momentum p*
that will be the interacting one.
One question that may arise is how can we use HBChPT with a Z,, boson. Using this
formalism to describe axions is very straightforward because axions are almost massless
so they can be produced as external states from the scattering of nucleons with small
momentum p*. On the contrary Z,, bosons can have a small Cartesian momentum p
but the zeroth component will always be not negligible. So to properly include them we
need to treat them as off-shell particles, only as mediators, so that the relation ¢ = mQZ
is not satisfied. Indeed in this work they are used to describe the interactions among
nucleons and neutrinos and they will never be studied as external particle: as soon
as they are produced they will decay into neutrino-antineutrino that indeed are more
similar to axions as they have a very small -here zero- mass, so they can be produced
from very low energetic nucleons.

Expansion of the ChPT Lagrangian

Here we derive the Heavy Baryon limit for our Chiral Lagrangian, so starting from

_ /. A
5;1]2, =N (Z’VMD“ —m+ 927“757@) , (5.6.3)
we want to arrive to its HBChPT formulation
EASK, = N{iv-D+gaS-u}N (5.6.4)

where the " stands for the HB projection and N and S will be defined in the following.
Using the previously defined four momentum v*, with the properties v = 1 and v > 1
we can define the projectors

1+
Pv:l: = 9 ¢7 (565)
which can be used to split the nucleon isospin doublet into two pieces
N, =e™7p N, H,=e™?%pP,_N, (5.6.6)
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5.6. HBCHPT FORMULATION

such that A
N(x) = e " *[Ny(x) + Hy(x)]. (5.6.7)

Now, we can write the EOM from ([5.6.3) using the projected fields to get

0= <uz> —m+ g;‘m) e "M T(N, + H,)

‘ (5.6.8)
e (g4 i) o+ S ) (V. + H),
which can be simplified using
PNy = Ny, YH, = —H,, (5.6.9)
to get
<ZlD + g;%%) Ny, + <ZlD —2m + 9214?/475) H, =0. (5.6.10)

We can now use P, to project this equation onto the two subspaces. To do so we need
the following identities [11]

PU+APU+ :’U'APU+,

P AP, =A P, =P A,
PU,AP _ = ALP _=—v-AP,_,
P,_ AP, = P,y =P,_ ,

v A v+ AL v+ v AL (5.6.11)
Py BysPoy = Bivs5 Py,
PyyBysP,— =v-BysP,_ =v- BP, s,
Py_BvsP,— = B 7Py,
PU—B’Y5PU+ = —0U- B’Y5Pv+ = —U- BPU—’Y57

where
A =AF —v- AVt v A =0. (5.6.12)

We can now multiply the EOM for P, and P,_ and use the other projector operator
inside N, and H, to get the two projected equations

(Z'U'D—i-g;’lﬂl’%)]vv—l-(ilDJ_—l-gAU'U’}%)Hv:O,

2 (5.6.13)
. gA . ga
(llDL — 2’()-u’75> Nv+ (—ZUD—2TTL+2%J_’)/5> Hv =0.
We can now solve the second equation for H,
—1
(w "D+ 2m— gg‘mys) (uz)l - %Av : m5> N, = H,, (5.6.14)

35



5.6. HBCHPT FORMULATION

where we can already see that H, is at least suppressed by one more power of % with
respect to IV,. We can plug this back into the first projected EOM in order to have an
equation only dependent on N,

(iv D+ g;?/u%) Ny + (ij_ + %4’0 : U’Ys) X
(5.6.15)

-1
x(iv.D—}—Qm—g;;/LJ_%) <Z’lﬁL—g2Av-ufy5)Nv:0.

From this, we can trace back the form of Lagrangian from which this EOM could come
from

Lo =N, <Z'U D+ g;;h%) N, + N, (iﬁL + %41) ' U%) X
(5.6.16)

-1
X (z’v -D+2m — g;;hfyg,) (lel - 92’4v-u75> N,
where we see that the second term is suppressed by at least % and does not contribute
to the leading order terms. This shows that we can expand the Lagrangian in a series
1

in =:
m

_ e 1
Lo = N, (iv D+ 9;%%) Ny+ Y ———Lefin. (5.6.17)
n=1

— (2m)" ¢
We are integrating out the heavy part of the spinor. This can be thought as we are
effectively integrating out the anti-particle: then, it can not appear in a loop calculation
and so all pure nucleon vacuum loops in HBChPT are zero. This is however not true for
finite density loops.
To get to the final expression we need to define the operator that will appear in HBChPT,
that is S¥,

. 1 )
Sh = %750‘“’% = —575(7% —ot), o= %[’Y“,’YV]- (5.6.18)
The relations
N,Y*N, = v*N,N,,
v vty (5.6.19)

eryu'75Nv = 2NUS5NU

finally allow us to write the leading order Lagrangian, dropping the index to simplify
the notation, as
LY = N{iv-D + gaS - u}N. (5.6.20)
For the derivation of ﬁf]z, refer to [11]. We get
7

1 - _ .
@ = -N((v-D)*~ D> —iga{S - D,v-u})N + > &NOPN, (5.6.21)

L
2m i=1

where the operators (;)1(2) are collected in table as done in [I2] and discussed in
the next subsection. They come from projecting the (’)1(2) part of the relativistic ChPT
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Lagrangian.
From now on, unless otherwise stated, we choose
v = (1,0,0,0)". (5.6.22)
Using this we can show that S* = (0, 9):
i L
5750';11/7) = 5750';10
1
= _175(7;/70 — Y0 V) (5.6.23)
B {0 for pu=0
— 175 2770 = —3757k0  for p=k=1,2,3
and
(-1 0 0 og)\(0 1Y 1,0 —ox)\ (0 1) _ (-ox O
N0 1) - 0)\1 0) T2 =x 0 J\1 0)T 0 —o)°
(5.6.24)
SH = (0, ;) (5.6.25)

SO we get
5.7 Construction of the relevant HBChPT Lagrangian

We can now write the relevant parts of the Heavy Baryon Lagrangian:

L=Lr+LNN+LNNN + Lan + LaNN,

where we can expand each term accordingly to his chiral order:
Lo=L2+LW 4
)
Nt s

2)

Ly =Ly + LS
NNN T

LNNN = ﬁg\%\;N +L

Lon =L+ 28 + ..,

LriNN = ES}VN + Esz,N + ...,
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explicitly they are given by
1
£ = S ATV UV + XU + XU}

O, = —%CS(NN)(NN) +2C7(NSN) - (NSN)

0 1 Cp . o o
Ly = —57rx (VN(NTN) - (NTN)
G, (5.7.3)
Lo =N(iv-D+gaS-u)N
7
@ _ L N (D2iigis. Do HNOP)
L4 = 2mN(D +1i9a{S - D,v u})N—i—;czNOi N
1 CD N,
L = gpn. VNS uN)

where the terms are constructed requiring Lorentz, parity and charge invariance. Trans-
formations properties of operators and fields are collected respectively in table and

OAi(Q) can be found in the table

i 01(2) OAZ@) 2m(}- — Ci)
1 (X+) (X+) 0

2 | — gz (uuuy) D +hec. 3 ((v-u)?) -1

4 Tlu, wJot $1SH, 57 [uy, u) i

5 X X+ X+ 0

6 %T”F‘E’UWV —%%m[S“, %’/”]F!z,/ 2m

7 %<Fuy>0‘u _R[Suﬂs ]<F/u/> 0

Table 5.3: Independent operators with chiral dimension equal to 2 in ChPT and
HBChPT Lagrangian. The 1/m corrections are listed as well.

Esz, written above is simplified, indeed the full expression would be

7
N (v D)2 = D*~iga{S-D,v-u}) N+ > &NOPN, (5.7.4)

2@ _
" 2m =1

but we can use a field redefinition or the equation of motions to simplify the first term,
here we can define [I1]

iv- D . .
N:{lth 945 U}N.

- o (5.7.5)

Inserting this into the lowest order Lagrangian (5.7.3) we get

= ~ 1 = o 2 = 7 1
N(z’v-D—l—gAS-u)N——N(U-D)QN—g—ANS-uS-uN—i—total derivative+O(—). (5.7.6)
2m 2m m?
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So we see that the second term here derived cancels the same term in [,7(33[ and the last
term can be rewritten in terms of independent ones already present in the Lagrangian

S-uS-u= i[(v cu)? — - u) + %ie“l’povaguMu,,. (5.7.7)
These fields should be added to the operators already present. This, as already said,
does not change the number of independent operators. However does change the LECs.
Anyways this is a O(%) suppressed, so we can neglect it.

To write the nucleon contact terms in the Lagrangian, we kept only the independent ones
and we used the EOM for the light field to write the leading order. Possible building
blocks can be found in table As explained in [I4] and as we will show in the
following, terms that contain two nucleon bilinears can be constructed without isospin
matrices. They can be considered as possible part of monomials only for at least three
bilinears where Fierz reshuffling is not enough to eliminate those terms.

Let us start with the construction. We can already make the first simplification, only
all the two nucleon bilinears with maximum one spacetime and one isospin index are
considered. Only bilinears because, both for spin and isospin matrices it is possible to
apply Fierz identity

T%T,?l = 26z'l5lcj — 5ij6kla (5 7 8)
OabOed = 20addct — SabOecd;

which reduces possible non bilinear terms to bilinear. As regarding the isospin space we
get similar simplifications using the commutator and anticommutator

{r%, 7%} = 26, (79, 7% = 2iebere, (5.7.9)

while terms where €%*¢ has two open indices have to be contracted with two indices from
the other bilinear. But these two indices can just come from a d,;, which gives zero or
from a 7,7, or another epsilon tensor. 7,7, are reduced to either . or €4, but also the
contraction of two epsilon tensors is reduced to product of Kronecker delta. The same
is true for e#”?? with more than one open index, which has to be contracted and again
gives redundant terms: with more than one v, goes to zero, more than one S, is reduced
using the identities below, with another epsilon tensor gives Kronecker delta.

Only one spacetime index because terms are built using S*, v*, e#*? and since

1 1
SiS” = S{8", 8"} + 5[5, 5"),

1
{5, 87} = S (" — g),

[S#, 5] = €17 0,5, (5.7.10)
v = 1,
3
82 ==
47
v-S =0,
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we see that contractions of these vectors do add only redundant terms in the Lagrangian.
In Table [5.4] we show the relevant monomials and their transformations.
Terms as:

(N(v: D)N)(NN),

(N(v-D)S,N)(NS'N), (5.7.11)
can be eliminated using EOM. Others as
(NSEN)(ND,N),
(N(S-D)N)(NN), (5.7.12)
(Nv"N)(Nu,N),

are neither parity neither charge invariant. We could ask ourselves what about terms
with more derivatives. As explained in [I4], they are part of 55\2!3\7 Using this table we

Operator Parity (P) | Charge (C)
NN +
NSEN -
NDHN
Nv,N
NuMN -
NS“uuN
Nv“D,N
NSyupNe“”p"vo - -

++
+ o+t

+ +

Table 5.4: Transformation properties of the monomials for the four nucleons contact
term in HBChPT.

can construct terms with 2 nucleons bilinear either pure nucleons or also with a pion
insertion.

We still need to explain how to get the trilinear term in Lyyny. We will not derive it
here but we refer to [15] and [16].

5.8 Chiral power counting

We need a power counting to understand the correct relevance of the diagrams for our
scattering process. The power counting in effective field theories, in particular in ChPT,
was pioneered by Weinberg [17], [18], [19], [20], while for a more modern view we refer
to [11], [21], [22]. The idea is to expand our EFT in powers of momentum over mass
scale. In particular, in ChPT this corresponds to (§)” where A ~ 700 MeV is the QCD
scale and p is the transferred small momentum. A Feynman diagram will in general be
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written in terms of the following elements:

0)° [t T (5.5.1)

where L is the number of loops, I, (Ip) is the number of internal nucleon (meson) lines,
d; is the number of derivatives or pion mass insertions in the i** vertex appearing V;
times in the diagram, C' is the number of disconnected diagrams. From this we can
compute the power v that here we call

0=4—-4C+4L - 2L, — I, + Y _Vid;
1

(5.8.2)
=44 4(L—C)—2I,— I, +>_Vid;.
i
To simplify this we can use the identities
> Ving =21, + Ey,
' (5.8.3)
> Vipi =21, + E,,
i
and a topological one
L-C=IL+1I,-)_V, (5.8.4)
i

where E,, (E,) is the number of external nucleon (meson) lines in the diagram, n; (p;)
is the number of nucleons (mesons) lines attached to each vertex with index i. With the
two previous identities we can rewrite the topological one as

2(L-C)=~-FE,—E,+ Z Vi(ni +pi — 2). (5.8.5)

Plugging this back in the expression for 7 we get
7=442L-C)—Ey—E,—2I,— I, + Y Vi(di + n; + pi — 2)
i
E N (5.8.6)
=442(L-0)- =" Vi(di + o — 2).
+2( ) -~ +zi: i(di+ 5 = 2)

From this we can immediately see that this power counting introduces problems when we
add external nucleons that are just spectators and do not interact, because we have E,,
in the expressionlﬂ The reason for this is the different normalization of the 2/3 particle

'Moreover, as pointed out by Weinberg in [19], expression has its leading contribution for
tree level diagrams when L = 0 and when (d; + % — 2) = 0 since any chiral invariant interaction
must have either no nucleon fields and at least two pions derivatives or two nucleon fields and one
derivative. This would rule out the existence of bound nuclear states that indeed arise from graphs
with arbitrary number of loops. The issue here is that this higher order terms are afflicted with
infrared divergences, that arise from the non-relativistic expansion. He discuss about it with the
help of old-fashioned perturbation theory, we will no longer mention it since it is not relevant to our
problem.
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states:
2N : (p1pa|p)

) = 8OF — 1) (B — pa),
3N : (P1p2ps] D

) i} ) (5.8.7)
) = 6 (51 — 51)0) (B — 2)0 (B — ).

15(
PPt
As explained in [22] this can be solved by assigning a chiral dimension to the transition
operator, where we effectively consider only the interacting particles, rather than to the
matrix element in the N-nucleon space, resulting in the addition of %En — 6 to 7 that
now becomes v. This results in the leading order Feynman diagram to be given by v = 0
independently of the number of the external non interacting nucleons. Thus we get for
the power counting in ChPT

1
v=-24E,+2(L-C)+ Y _ViAi, Aj=d;+ g =2 (5.8.8)

Power counting in HBChPT

Here we have to be careful because we are expanding our Lagrangian simultaneously in
terms of (£ )” and i with m ~ 1 GeV, the nucleon mass. The two scales, although
similar, do not have the same value, so the difference has to be taken into account as
discussed in [19], [23] and more recently in [24], [25], [26], [I5]. We have two
possibilities, either 2 is one order higher

b b

—~ 5.8.9

m A>2<7 ( )
or the same order » »

— o~ . 5.8.10

m Ay ( )

Numerically, the terms % are suppressed by a factor of 0.7, so we can actually decide.

We will use the latter counting.

Last thing here, we want to explicitly write the chiral mass dimensions of fields and
operators that will appear in the following, as done in [27], [I3] (here ¥ represents the
nucleon field)

O1) : m, ¥, ¥, D, U, WU, U(x), Uy, ¥, Uytys ¥, Uoh U, Wok” v,
Op) : (ip —m)W, U5V, 8,U (), up (@), Ly (@), (), (5.8.11)
O(pQ) (‘x)’p(x)aXi»F:lé :

the reason why (i) —m)¥ = O(p) is given in [28]. The nucleon field has chiral dimension
zero as a consequence of the manipulations done to go from o to v above.
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5.9 Renormalization

In this work we are interested in computing the density loop corrections to the vertex
NNZ,, to later use it for various types of neutral current interactions. However when
computing the integrals with the corrected nucleon propagator not only integrals with
a natural cut-off will appear but also divergent ones; these will be called vacuum cor-
rections as they arise form the zero density part of the nucleon propagator. To properly
take them into account, they need to be renormalized. The renormalization of the Pion-
Nucleon interaction has been studied by Ecker in [29] at order O(p?) and extended at
O(p*) in [30]. To renormalize our diagrams we will use the higher dimensional operators
there analyzed and their 8 functions and we use dimensional regularization. As we will
see from the results of the computations of the diagrams, loop contributions set in at
O(p?) only, so neither g4 nor the other LECs c1, ..., ¢y of O(p?) need to be renormalized.
We can introduce the counterterm Lagrangian

Ly = LN (@) + £ @)
— W;T?)Q Z biN(2)0%) (2)N (z) + (47&72)2 Z 4N ()0 ()N () (5.9.1)

where b; and d; are dimensionless coupling constants. We can decompose them into a
finite and divergent part

(5.9.2)

The j3; are functions of g4 constructed such that they cancel the divergences up to O(p?)
and the complete list of operators and the respective 3; can be found in [29]. The §;
depend both on g4 and the O(p?) LECs and the complete list of O(p*) operators and
their §; can be found in [30]. The finite parts b] and d] are measurable quantities
satisfying

d T
Md*bz‘ (1) = —Bi,
1
d (5.9.3)
—d;i (1) = —6;,
that implies
T T H
bi () = b; (o) — BiIln —,
Ho (5.9.4)

d (1) = di (o) — 6 In -
Ho

Before concluding this section is worth noticing that the tables presented in the papers
list a complete set of operators for the renormalization of Green functions for off-shell
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5.9. RENORMALIZATION

baryons. As long as one is interested in on-shell nucleons only the number of operators
gets reduced using the equation of motion

iv-VN = —gaS-uN. (5.9.5)
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Chapter 6
Feynman Rules

In this section we derive the Feynman rules that will be necessary to compute the
corrections for the vertex NNZ,,. We will display all the computations here, so if the
reader is interested only in the results, please refer to the last lines of each subsection.

6.1 Formalism

Here we explain the notation, let us use as an example a 2-to-2 nucleons scattering. For
the initial and final state we write

i) = Ni(p)Ni(—p)|0) = [Ny (p)Ni(—p))
1f) = N;(p + q)Ni(—p — 9)|0) = [Nj(p + ¢)Ni(—p — q)),

here the nucleon carries an index that represents both spin and isospin. We need as well

(6.1.1)

(f1 = 1T = O/(N;(p+a)Ni(=p—))T = (0| N;(—p—q)Nj(p+q) = <Nj(p+CI)Ni(_](9_Q))
1.

Additionally, when we go to the Fourier space we use 0, — ip, with p, outgoing.

6.2 Nucleon propagator

In this work we want to systematically keep into account the dense nucleon environment.
One way to do this is modifying the nucleon propagator. Here we only report the main
steps, but the full exposition can be found in Appendix [A]l

The fermion propagator at finite density in HBChPT, here the nucleon, is given by [31]

) - 1
——— =275 (k")O(p") 0 (ks — |k|) + O(— 6.2.1
= 200y — [F) +O), (621)
where p#* = mv* + k*, with k* the residual momentum. Let us analyze the two terms.
The first is the zero density non-relativistic propagator, while the density effects

iG(p) = P1iGo(p) Py =
) koiie
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6.3. PION PROPAGATOR

are included in the second term and as we can see from 6(ky — |k|), accounts for the
filled Fermi sea of nucleons. The propagator could also be written with the v* vector
explicit, while here we used

k2

vk=——=kK'=F-m<m (6.2.2)

2m
with our choice for v* = (1,0,0,0).
Here we show the derivation of the vacuum non-relativistic part, which comes from
taking the m — oo limit at the relativistic propagator

limM: lim 4 m;é—l—%—i—m
m—00 p2 —m2 m—o00 (mv + k)Q —m?2
— i g AR (6.2.3)

m—oo m2 + 2mu - k + k2 — m?

oom(L+p) k(L)
= 1 = =
mg‘nooZva-k+k‘2 121)-1@ vk

PU+7

where

p,. = U ! 24 (6.2.4)

We don’t need to write P, because we have already integrated out the heavy part of
the nucleon field.
Following again [31] we report here the next to leading order contribution

(6.2.5)

i 1 k2
2m (v-k+i€)?
Using tools of QFT at finite density and temperature and taking the 7' — 0 limit we get
for the nucleon propagator at finite density

) k2 1
) T)= -2 0o_ - N
G, T) kO + ie 4 [Mk 2m)0(p )eﬂ(w_“) +1
(6.2.6)
1 1
0 0 <
00+ 2m)0(—1) s | + O (m) ,
where w = p® ~ m + k°.
6.3 Pion propagator
T
The pion propagator in ChPT is given by k
_idab
W. (6.3-1)
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6.4. NNt

6.4 NN7m

This vertex is computed from

L DgANS“uMN

JA © 2 S a.a (6.4.1)
==~Ng- N.
of, - Var
And the corresponding vertex rule is
. a = 1 a - .
(N @)7(@)lgaNS*uuNIN(p)) = — i (N (p)* (@)l gaN S*7"(ipr)m’ (p1) NN (p))
1
=945 quT"
__ L.
= 2fWQAU qT
(6.4.2)
6.5 NNZ, vertex (A =0)
N

=
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6.6. NNnZ, VERTEX (A =0)

This vertex is given by the following part of the Lagrangian ([5.7.1)):

L D gaN(iv"D,, + S*u,)N
In_9_

2 cos by (1 — sin? Qw)UT3UT> N+

D gaNSH (; tan GWZMUTT?’U +

- . g .. 2 3 .€
+ Nivt {_HKLCOS@W(l — 2sin” 0w ) Z,1° — 1§Zu tan QW} N (6.5.1)
gag NE" 3 AT M g _ s 2 3
v HWNS ZurN = Nt o [(1 2sin? Oy )T +etan9w} Z,N
__9AY = F 3N Nt 9 (1 _ 9ain? 3
= 4c059WNU Z7°N — Nv Teos Oy [(1 2sin” Oy )T —i—etan@w} Z,N
Thus we find
NP Zu(@)] () IN(p)
99 s VO T ogin? 3
= 4cos€wa er Zg4cos9W {(1 2sin” Ow )T +etan0w} (6.5.2)
= —im [gA(é’ AT+ (v-€) ((1 — 2sin? Oy )73 + etan GW)} .
6.6 NN7Z, vertex (A = 0)
N
p
I Zy,
Q1 22
p
N
Again from the same part of ((5.7.1)):
L D gaN(iv*D, + S*u,)N. (6.6.1)
Using
378 — 7973 = [73 19 = 2437, (6.6.2)
we can write
N o gy ) N ¢ s 4 g}
uTr#u 5 T#Zﬂ' T B 1T Ty = Zi(ng)iefiabTb,
2 o ' 663
ulut 51 Tt iﬂaT"“l im® (L 73)iebab e
- = = (1l 77)ie” T,
! " 2fx 2fr M fa "
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6.7 NNnm VERTEX (A=1)

SO
2(vu7?) g
t —ul | M a 3ab_b _ 1_2-20 3ab,_a, b
u'ryu —ul,u 3 e’ T ”2cosﬁwfﬂ< sin W)e w77,
i 2(auT®) o sab b _ g 3ab_a,_b
—§(UTT“U + ’U,lu'U/T) = Zﬁﬂ'aﬁ @ T =1 um @ 7TaT .
(6.6.4)
Now we can go back to the Lagrangian and we get
LD —gaNGZ (ge3“b7ra7'b (1 — 2sin? 9W>> N
4 cosOw fr
) (6.6.5)
- N (ge3abﬂ'“rbv . Z> N.
4dcosbf;
Thus
iN(p')Z,u(a2)1(6-6.5) |7 (q1) N (p))
— g 3ab by, N _ . 994 w2 =~ = 3ab_b
= 174(:0591/‘/]‘,#6 (v - €) 1740089‘4”[” (1 2sin 0W> (- €)er (6.6.6)
_ 9 3ab,_b . C 9wn2 -
= Z4c059wf7re T [(v €) 4+ ga (1 2sin HW) (¢ E)}
6.7 NNnm vertex (A =1)
N
]p
Mommmmmmmmfmmmmm - T
0 a2
p
N
We need the O(p?) part of the Lagrangian
LD & N{x+)N + ésNuru, N + &, N[S*, S"]u,u, N, (6.7.1)

the ¢ doesn’t contribute, as can be seen from (6.2.2)), it is additionally suppressed by
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6.7 NNnm VERTEX (A=1)

% factor. We can split the computation in two terms
(N ()7 (g2)[(e1N (x+)N + ésNuu, N)|w"(q1)N (p))

=i(N(p)m"(q2)] (

261m2 _ ¢
}2 N(rers) N

(BN 7¢(p1) 72 (p2)) N ) 7 (q1) N (p))

IE
_ <_461m7r5ab (T by )q{bqw> (6.7.2)
£ 12
Zf:;b( 401m + 203Q1 Q2;¢)
= Z;zb (4é1m? + 263q1 - Ga),
and the other term
{N @) (a2)|(eaN[S", 8" Juuy N) |7 (q1) N (p))
= N () (a2) <c4N [; "2] PP (p1) 7 (p2) N ) [ (a1)N ()
f‘2 (041[0' ollgigb(r )
T e
=— ;;%(64€ijkakQIiQQj€abcTc)
= i@ (@ x 8o
i (6.7.3)
So the Feynman rule is
iN ()7 (g2)|() 7" ()N ()
= —ijc;:b (4erm2 + 28341 - Ga) — if%((fl (G2 x 7))e™r". (074

50



6.8. NNnZ, VERTEX (A =1)

6.8 NN7Z, vertex (A =1)

q1 q2

This vertex can be read off the O(p?) part of the Lagrangian

C3 ¢4 y . Co V1 b
L D) 5N<U . u)N + E[S#, S HUH’U’V] - ’LR[S#, S ]F,u,l/’ (681)
contributions from
.gA | 2
LD —z%N{S -D,v-u}N + 02N§<(v ~u) )N (6.8.2)

are suppressed because, calling k the small momentum of the nucleon and choosing for
v* = (1,0,0,0), then we get
i2
vk=——=ky=E—-m<<m. (6.8.3)
2m

For —ig—ﬁl]\_f{S-D, v-u}N is possible to see that the only way to get the right contribution
is from taking the pion from wu, and the Z, from D,, but u, D —8“7;:Ta, so it is
suppressed.

Let us start with 2N (u-u)N

8 aa
(uput) O < (— 1T 4 Ctan Ow 2,73 + _ 9 _ g (1 — sin? HW) 73)

I 2 2cos Oy
oHrr® e g
_ b (2 R A/ ' a2 3
( T + g tanby 207+ o (1 sin 9W)7)> (6.8.4)
D< B oumit® g 3ou g 3 8H7Ta7'“>
fx  2cosby 2 cos Ow fo
using
(1973) + (137 = 2(r273) = ({79, 73}) = 46%3, (6.8.5)
we get for this term
é3 - 26%3¢
—N|—-———"—0,7"Z" | N. 6.8.6
2 ( fr cos Oy ur ( )
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6.8. NNnZ, VERTEX (A =1)

Now for %[S*, S¥)u,,u,], we use

1
[5%,5"] = ;loi, 0] (6.8.7)
and
0,7m1% e g .
[y, uy] = (— “fw + B tan Oy Z,7° + mZH (1 — sin? 9W> 7'3> (...),
—(h=v)
ST e = 5o 77O 2) + T (Z,0,m) (6.8.8)

- TGTS(ZMa,ﬂT ) — ST “(Z,0,m")]

— —fm%ewiegabTb(Zuf)yﬂ - Z,0,7"),

where we used tricks already used before. So we get

- Qigﬁ[ai, 0]€3%7b( 20,74 — Z;0;7?). (6.8.9)

8 fr cos Oy J J J

Let us analyze now the last term —4=-é5[S*, SY|F}, s
+ ot TR L 1

F,, =F, =uF u+ulF,u

e it e _ 3 it
= (]I 57 > < tan9W> (OuZy — 0, Z,)T (]I—i— o7 )—}—

T g etan9w> B 3< - Z',n.a,ra)
+( > < 2 cos By + 2 02y — 0y Z,)7" (1 27,
¢ (6.8.10)
D<2tan9W) -0 Z) 27 (7_37_ —rard) g
etanHW in® s
+( 2COSOW 2 >(a“ZV_8VZu)2fW( e + 797°)
Sab ar b
9 Z, 7).
2]"7r cos@w6 (8 -0 u)
so we get X
L N[~ ~.1.3ab_a _bra . o 7
l32m(3os0Wf,rN[U“U]]6 m7(9iZ; — 0 Zi)N. (6.8.11)
We now want to check also what happens for C—2<(U . u)2>7
__ 9 (a3 a 3 a a
() > 2fx cosQW(<T ) Oum®Zy) + (T°7) (2,0, 77))
— L a, 3 a a
= T 2oty T TN Oum 2y + 2,0,m)) (6.8.12)
— _J  ga3 aZz/ 7 ., a
fﬂ c039W5 (r* >(8“7T + Z,,0,m))
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6.8. NNnZ, VERTEX (A =1)

doing similar computations as shown for the ¢4 term. So we get

- %f#éﬁﬁ(v -Orv-Z+v-Zv-0r*)N
w COSOw (6.8.13)
=—2¢ 75“3N on%v - Z)N.
f7r cos Oy (v-0ontv-2)
We can finally compute the Feynman rules for them
(N ) Zu(@2)| — G2 03N (v - On%0 - Z)N|7%(q1)N (p))
" cos B (6.8.14)
_ — 6279((]1 "U)(Sa?)v‘f, o
fr cos Oy
. 63 = 5“39 pra a
i(N (") Zu(g2) N ma Zy | N|m*(q1)N(p))
s
A (6.8.15)
39 3
= 39 s34, .
fr cos Oy ae
. . ¢ =
H(N () Zu(@2)| = i o N0, 03] r (2307 = 2,0 |n° (@) N (p))
8 fr cos Oy
Cag Y o o Ne o o
:mﬁ?)ab b([ff € (=) - qi| — [(—=i)7 - ¢i,0 - )
Y (6.8.16)
_ €49 3ab_bj= = = -
= Z4fﬂCOSHW T’[0 - €,7 - ¢i]
Gy 3ab b~ =\ =
~ 2frcos by T(@ % d) -6
. : 69 o (3ab_a_b
Z<N(p')zu(q2)|zmlv[m,aj] Cntr°(0:Z; — 9;Z;) N7 (q1)N (p))
. Ceg 3ab_bj—» = =
_ .G 8.1
ZleCOS@wfﬂ-G (Go - 7,5 - € (6.8.17)
_ 69 Bab bz 2. g
~ 8mcos 9Wf7T (@2 x 7)€
where, as expected, the é term is suppressed. Summing we get
iN () Zu(g2)|(--) |7 (q1) N (p))
C3g 3 Cag 3ab_b/ = — 6y 3ab,_b
N A 1L P A - L A
for cos Oy a 6+2f7rcos0W6 (¢ X 7) - € 8m(:089w/f7r6 (@2 x ) - &
(6.8.18)

93



6.9. NN=rZ, VERTEX (A =0)

6.9 NNrrZ, vertex (A = 0)

We need to look at B B
L = Ni(v- D)N + gaN (S u,)N (6.9.1)

For gANS“uMN we write

e tan Oy imeTe  1irtreintrt imeTe  1imer? imbr
Uy D———Z, |1 — = ™| I+ =

9 2f. 2 2f. 2f 2f. 2 2f. 2f

n Zy ( 9 tan 9W> <]I n imtT? N 1imer® i7TbTb> 3 (]I _amtr? n 1imer® iﬂ'bTb)

2 \costy 2fr 2 2fx 2fx 2fr 2 2fx 2fx
_ ( g ) _ 37T“7Tb7'“7'b B rogbrard 5 imer® 3 im0oT?
"9 cos Oy 812 82 2fx 2fx |’

(6.9.2)

let us look at the square brackets. Notice that the first two terms are the same because
since the 7 matrices multiply the 7, only the symmetric part survives, so

T T T T + —T T T T°T

Af? 4f2
a.b
S (73 — 317

AfZ

= (—2ie°rerb)

|: 1ab3ab 1aba3b:|

b

won?
4f2

= (=205 (57T + iePir?)

(6.9.3)

b
Af2

_ (_27;63(117 + 27_d(63b5ad _ 63d6ab))

b

Af3

won?

_ a $3b 3 cab
= (790" — 17§ )2f7%
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6.9. NN=rZ, VERTEX (A =0)

Then we get for the vertex

ggaA N b/ _as3b 3 cab
—2Z  __Ng¢ 0°° — 120" S*Z N 6.9.4
Tcos Oy 2 w7 (T T ) L ( )

and the corresponding Feynman rule

HUN ) Zu (@) n|—2TA Nrorb(796% — 735%)S¥ 2, N|N (p))

4 cos Oy f2
99A bs3a a53b 3 sab
=i————=SH(17) 6% —27°8
"Ycos Ow [2 (ro™ %) (6:95)
994 = = _bs3a as3b 3 sab
=—j———7- ) 5% —27°0%).
ZSCOSGWﬁJ €76 + 1 T20%)

Now, from Ni(v- D)N we get

wog®

w3y = urdul = (7963 — 73590) 572 (6.9.6)
so that the covariant derivative
a,..b
€ a <3b ab T
D,>— ZZZM tan Oy (79630 — 73590) e
: a, b
[ 9 as3b 3gab\ T T
-7, | — — — 6.9.7
1% (cos@w etan9W> (1§ T7°0%) 272 ( )
a.b
__s(—as3b 3cab T T g
=i(799% — 1°0%) 172 (20059W —etan@w) Zys
gives the following contribution
_ 1 _
NZ('U . D)N = TfTQF (e tan HW — 2(30.291/‘/> N('U . Z)(Ta(sgb — Tg(sab)ﬂ'aﬂ'bN. (698)
From this we can write the Feynman rule
{N(P') Zu(q)mw"|(..)IN (p))
i (6.9.9)

- 4f2 (e ban B = 2 coz Ow (8% + 7067 = 2% - 6)> '

We would have another contribution coming from E% O —5-ND?N, but this is O(-)
suppressed.
So the relevant contribution is

iN @) Zu ()7 7°|(.)IN(p))
— Z&a—‘ . 6—’(7_55311 4 Ta53b . 27_35ab)

8 cos Oy f2 (6.9.10)
i g bs3a a £3b 3 sab
+4f7%<etanew2cosevv)(7—6 +7'6 *27’5 )'U'E
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6.10. NNNN VERTEX (A =0)
6.10 NNNN vertex (A =0)

N N

The relevant part of the Lagrangian is

£Lo— %csmzv)(m) + 201 (NSN) - (NSN)
__ %CS(NN)(NN) _ %OT(NEN) . (N&N).

Let us split the computation of the Feynman rule in the two terms

HNGN )]~ Cs (NN (VNN ()N (p2)
__ %CS<O|N2/N1/(NN)(NN)NlNQ\m

1
=— 505(51/152/2 + 0920171 — 112091 — 2116172)
= — iCS((51/152/2 - 51’252’1)

and

NN @I~ 5 Co(NGN) - (NGN)IN (pr)N (p2)

- %CT<O|N2'N1/(N5N) - (NGN)N1N2|0)

7
= — §CT(O'1/10'2/2 + 09190111 — 01/209/1 — 0'2/10'1/2)
= —iCr (011092 — 01/20911),

so in total we get

= _i(CS((sl’l(sQ’Q - 51’252’1) + CT(Ul’IUQ’Q - 0—1’20—2’1))'

o6

(6.10.1)

(6.10.2)

(6.10.3)

(6.10.4)



6.11. NNNN7m VERTEX (A=1)

6.11 NNNN7 vertex (A =1)

To compute the Feynman rule here we need

£ = 5 f2 ™ (NN)(NS,u"N), (6.11.1)

i<N(p’1)N(p’2)7r“(Q)!< 224, (NN)(NS*u, N )> [N (p1)N (p2))
= — i(N ()N ()7 (a) (2;;1<NN>(Ns“u')qmb(ql)fbw)) N ()N (p2)
TEX

=(N (PN (py)m"(q)] <2f3A (NN)(NS" g1, (q1)7 N)) [N(P1)N(p2))

C
:2f3DA [(S*quT*)11022 + (S*qur®) 22011 — (S*quT®) 210172 — (SPquT®) 172021
X
c Y a o L L
= — 4f3[;X [(U - qT )1’152/2 + (0' - qT )2/2(51/1 — (0’ - qT )2/1(51/2 — (O' - qT )1,262,1]_
TEX

(6.11.2)
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6.12. NNNNZ, VERTEX (A =1)

6.12 NNNNZ, vertex (A =1)

N N

Here we need

1 CD o o
L8y —g . (VNS N)

CD - N g 3
Sa (V) (NSM%OS o Z“N) (6.12.1)

CDY N G 35 7
=———""——(NN)(N -ZN
8f7%AXcos9W( J(NT'a )

so the vertex is

i{N(P1)N (p2) Zyu(q)|

_; Dy
8f2A, cos Oy

cpg

- (N
8f2A, cos by ( (6.12.2)

[(TSO'i)lll(SQ/Q —+ (TSO'Z‘)2/2(51/1 — (TSO'i)Qll(Sl/Q — (TSO'Z‘)1/2(52/1].

N

N

We can compute the loop vertex as well. Here we should have the vacuum and the density
contributions. The vacuum one is zero because the nucleon propagator in HBChPT has
only one pole, this means that we can choose the contour to avoid it, so that we are left
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6.13. NNZ, VERTEX (A=1)

with the density contribution alone

d*k cpyg v Y >
' N;(pZ,(q)| — ———=2—(NN)(N73G - ZN)|N;
o D20~ G (NN (N - 2NN )

_ . ¢pg (3 P P 3 N L Pr3 N | Pr3_ 6.12.3
= —ZW <—5z](7' Uk:)llz - Zéll(T Uk:)zy + Z(T Uk)zg + Z(T Uk)z]) ( )
B cpgp 3\

- 16 f2A,, cos Oy (Tok)iy

where the trace is both over the spin and the isospin space.

6.13 NNZ, vertex (A =1)

This vertex is not present in the axion Lagrangian, indeed comes from

L3 o &N (—4;[8“, S”]FL) N+ &N ( [S*, S”]<ij>) (6.13.1)

1
m

in particular

PS¢ 7, — 8,7.)3 (_ g e > Z,)73
WDQtaHQW(ﬁy Oy Z,)T° + 2cos€W+2tan0W (OuZy)T
(0,7, — B, 7.)7° 9 ) (6.13.2)
(Ou OvZ,,)T (etanﬁw S eost )’
(F:;} =etan Ow (0,2, — 0, Zy),
S0,
@ - _,; G — 9\ Nlor o (8: 7 — 0: 7)1
Ly D Tom <etan9w 2cos€> Nloi,0)(0;Z; — 0;Z;)T° N 6.153)
Cre tan Oy o
- in[Gi, aj](@»Zj — 0J~ZZ-)N.

16m
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6.14. NNnnZ, VERTEX (A=1)

This gives the following Feynman rule

iN®)Zu(@)](-) N (p))

A éretan 0
:<C6 <€tan9WMZ{%V>73+W>([¢5.15.Q[E.e*,ic?-qﬂ)

16m 16m

oo Co g 5 Cretan 9W>
—9il¢-da-d(—" (etanby — —2 Gretanvw
i a.0-d (16m (e anrw 2cos9W)T T 6m
= M (66 (e tan Oy — g) 73 + éretan 6W> .

4m 2 cos Oy

6.14 NNnrnZ, vertex (A = 1)

With the same reasoning as is (3.3), immediately follows that é; term is suppressed.
Contributions come from

A

L5 e3N{u-u)N + %4[5“, SY)[ty0, s [S¥, S"|F,. (6.14.1)

. Co
—ip -
We start from é3
70,7 Z,

fr fr

a
L OnT gn <_g + etan GW) e3cbperb (6.14.2)
2 cos Oy

(_g + etan GW) Sbrard
2 cos Oy

ZM 9 3cb,_c_b,_a a
+f7%<_2coséw+etan0w)6 7’0, e,

we need to analyze the isospin structure
630b7_a7_b :63cb(5ab]1 + iéaded) — 63caﬂ + i€b3cebda7_d
:€3caﬂ + i(53d50a _ 53a50d>7_d
:€3caﬂ + idcaT3 _ Z~63a7_c

630b7_b7_0L :€3ca]1 . i50a73 + i(SSaTC,

(6.14.3)
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6.14. NNnnZ, VERTEX (A=1)

tracing over isospin indices we get for both

(3brarhy = (3brbray — gedea, (6.14.4)
So we get
é3N(u uyN D 2 <_g + etan 9W> E“NZ - dnr® (6.14.5)
2 2\ 2cosby ’ o

For ¢4 we proceed similarly, we indeed have the same isospin structure, but here the 6
does not simplifies:

T 2 g 3cb,_c b
Upty = f: 7: <_200s0W + etant%V) T
Ziu 9 ) 3ch T 9,
— |\~ 57— tan 6 e
+f7r< 20089W+6an w T fr
o,z
T “7}2 - (—QCO‘Z . + etan QW) 22’(5“73 — 53a7-0)7T0
o,m*Z
_ V7}2 2 <2COZ9W +etan9w> 2,L-(60a7_3 _ 53(17_C)7Tc
™
2i
= (_2(3029{/[/ + etan 9W> f2 (50(1 3 53aTc)(a/,L7TaZy _ Zﬂ&m‘l)ﬁc
(6.14.6)
so we get
il% <_2coie +etan 9W> Nloi,0,)(8in Z; — Z;0jm®)(5°7° — §°47¢)n°N. (6.14.7)
T w
For computing the vertex, we need to contract the pions obtaining
i(G - &)i(8" 7% = 6%7") + (G - Di(6°7° — 577 (6.14.8)

and the same for j and multiply with [0}, 0;],
B80T = 8%07°) + (007 - 6%r%)), 7 -
& (@ (897 — 3%970) + (607 — §%07)] (6.14.9)
=2[G-&,7 - (¢> (5ab 3 53a7_b) + (73(5@7_3 _ 63b7“))}.
For ég we need
F;; = uTFﬁ,u + uFi,juJr
a ;b

b

T 1im%r% ¢m°r

imere  14mor® imbrb e
I— - — tan 6 Z, —0,Z,)r 1 =
D( 2, T22f 2, ) (5tanow) @2~ 0,700 ( TR T

it 1in®r%inbrb g e tan Oy
+ 1+ + = — +
2fr 2 2fr 2fx 2 cos Oy 2

it?r® 1 im%r?® iwbrb>

_ 3 _ -
(OuZy — 0 Z,)T (]I 57 +2 5f. 2f.

(6.14.10)
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6.15. WHY DO WE NEVER INCLUDE THE GOLDSTONE BOSONS OF THE
ELECTROWEAK SYMMETRY BREAKING?

With the same simplification as for NN7wZ, at A =0 we get

A a.b
— (. gcCe LT 4 3b 3cab i .
N <Z32mcos o (04, 05] 272 (190°° — 776 )(1 2smw) (0,2, 6JZ,)> N (6.14.11)

So we get the corresponding Feynman rule

{UN (D) Zu(@1) 7 (a2)7° (43)| () IN (p))

— _L — 9qin2 _ .\, 3ab

© cosfy f2 (1 2sin HW) ((q2 —a3) - €)e
S (1 — 2sin” 9W) ((6°°73 = 6%7%) (G x &) - €+ (6°7° — 6%°7%) (G5 x &) - €)
2 cos Oy f2

9% (1 gun2 bs3a | —as3b o 3sabyim o =y =
16 cos Byym f2 (1 2sin 0W> (7707 + 7% 27°6"%)(q1 x 7) - €.

(6.14.12)

6.15 Why do we never include the Goldstone Bosons of the
electroweak symmetry breaking?

Here we computed all the Feynman rules that we will later use to compute the matrix
element squared for N Nvv process. We will use for the Z,, boson the propagator [32]:
)

T2 2 s
k? —m?,

(6.15.1)

this means that we choose the Feynman gauge, {7 = 1, for our gauge field. The complete
propagator indeed reads

7 kR LY
R —m M — (1 = fz)m : (6.15.2)

With this choice the propagator of the Goldstone boson G is not 0, and has to be taken
into account: this Goldstone boson corresponds to the longitudinal degree of freedom
that the massive gauge field has
i i
= . 6.15.3
K2 - ¢ ZmZZ k2 — m2Z ( )

We need to understand where the GB is relevant. For the computation of the vertex
correction, we never inserted a Z, boson propagator because it has the biggest mass
compared to all the others and so its effect becomes negligible. But in the computation
of the scattering amplitude we do need the Z, propagating from the nucleons to the
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6.15. WHY DO WE NEVER INCLUDE THE GOLDSTONE BOSONS OF THE
ELECTROWEAK SYMMETRY BREAKING?

neutrinos. Here we should consider the GB as well. From [32] we can see that the
vertex vvGO is

2 5 % 1 * l
— ;5f1f2myf1fy -0 (Ug2f2 afi CgI;Q}ﬁ?)PL —Ugnn ngzC£;1p3PR) (6.15.4)
* l * ! o
+v <U92f2 g1f1 lez2p3PL ~Unn g2f2035221 3PR) ’

For our purpose this vertex is zero because we are considering the mass of the neutrino
to be equal to zero and the C coefficients are 5 dimensional operators, so higher order
compared to the others.
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Chapter 7
Results

The aim of this section is to report what are the corrections that follow from inserting
vacuum and density loops to NN Z,, vertex.

At first we show that at tree level the HBChPT formulation is equivalent to the effective
four-fermion interactions. Then we compute both the vacuum and the density vertex
corrections and we notice that various new independent structures arise. We plot the
density dependence of the relevant ones that will be used to compute the scattering
matrix element squared. Finally, we report its density dependence, comparing it with
the tree level result, showing what is the role of density in a N Nvv scattering process.
We compute only 1PI diagrams up to chiral power counting v = 3.

7.1 Equivalence between HBChPT and four-fermion
interaction

The interaction between neutrinos and nucleons can also be written using the effective
four-fermion interactions Lagrangian [33]:

Gr, . Gr
£nc = —=l,j!'=—
vz TR

We can make a consistency check for our formalism: we can indeed compute NN — vv
in both the effective theories.

Let us start with £, in Projecting out the heavy part of the nucleon field and
writing the neutrino field in terms only of the left component, we get

V(1 = 75) b Ny (Cv — Carys ). (7.1.1)

Lne = V2Gp([0ry vL)guw Ny (Cy — Cavs)N. (7.1.2)
Focusing on the nucleon part, we can use the relations [I1]

N+*N = v*NN,

_ _ 7.1.3
NA#ysN =2NSHN, ( )
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7.1. EQUIVALENCE BETWEEN HBCHPT AND FOUR-FERMION
INTERACTION

so that
N(Cyy* — Cay'ys)N
= NCyy*N — CANA# 5N

_ _ (7.1.4)
=Cyv*NN —2C4NS*N
= Cyv"NN —2C4NS*N.
The Lagrangian now reads
Lpe = \/iGF(ﬂL’yVVL)gM,,(C\/U“NN — QCANS‘LLN) (7 1 5)

= V2Gp(oryuv1) (N (Cyot —2C45*)N).

Now, we should get the same result also using the vertex NN Z,, computed in the previous
section.

We need the Z,vv vertex and the Z,, boson propagator as well. We can read them off
from the lepton sector of the standard model as in [9]

A AT TN (3 R

sin Oy cos Oy~ M 0

while the propagator can be read off from the free part of the Lagrangian to be g""/ m2Z
We can then rewrite the Lagrangian as

e _ 0 ot vy,
in . Z _
Lint DQSlnHWCOSGW " (0 VL) <U“ 0) (0)

(7.1.7)
e
:—Z 1) M
2 sin By cos Oy wVLT VL
so we get the following vertex
i(vpl()|Zw) =t——————
2 sin Oy cos Oy
. g . (7.1.8)
2cosby

We can now multiply this with the other vertex and the propagator to get the Amplitude
for NN — vv

_ g (- . gag 3
7 2 (N[ =222 5.
(VLZ2COS Ow %VL)mQZ < ( Z4cos Ow oir

1%
+iv— [(_g + etan0W> 3+ etan&w} N
2 2 cos Oy

2 ) ) ; | |

:WQW wryv) ™ (N (92140273 - ?ﬂ((z sin® Oy ) — 1)7° + 2sin? HW) N) )
Z

(7.1.9)
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7.2. FINITE DENSITY VERTEX CORRECTIONS

To compare (7.1.5) and ([7.1.9) we observe that the vz(...)vz factor is the same, so we
only need to look at the other factor. We need to simplify the N(...)N factor for the
neutron and the proton, knowing that

Chk=—ga/2, Cyp=-1/2, CY=ga/2, CL =1/2-2sin*0y (7.1.10)

and
2

g
2Gp = ——————. 7.1.11
V2Gr 4 cos? Oyym?, ( )

Starting from the proton, that we get from considering only the element (1,1) of 73, we
get

_ 1
N <—gAS” — v”(2sin? Oy — ))

2 (7.1.12)
_ N(Cyv” — 2045")N
that is the same as For the neutron, element (1,—1) we get
— . v
N <9AUJ _ U) N
2 2 (7.1.13)

= N(Cyv” — 2C4S")N

again, in agreement. As it will be discussed later, we can do the consistency check
directly computing the matrix element squared for the scattering process at tree level in
the two different ways. This has been done and we get the same result.

7.2 Finite density vertex corrections

Here we compute the corrections to the vertex NN Z, that derive from the density part
of the propagator. The integrals used can be found in Appendix [C] We treat separately
the Feynman diagrams accordingly to the number of nucleons present in the loop and
to the power counting v. We contract the expressions with the Z, polarization vector
€. This will not change the results because in this work we are always considering
the Z,, boson as an external particle since it is too massive and its propagator would
be suppressed, but this is useful to understand what structures appear. The difference
between v = 2 and v = 3 lies in what value of A have the vertices that we use.

In all the integrals here shown we don’t write the fermion polarization, these will be
considered directly in the computation of the matrix element squared.

Vi : NNZ, vertex with one nucleon in the loop (contributes at v = 2)

Here we have both NN7Z, and NNm at A = 0.
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7.2. FINITE DENSITY VERTEX CORRECTIONS

) Z,
k—p—q| '7A |k ¢

P+q

_ dk ) g 30, g4 g ) o
= [ im0 i (i et ) -6

7 0" ga .,
(2800 ~ 1) (e ) (- == )
7_/ d'k 2m6(K)O(ky — [K)(k~ 7~ 0) -G 9A s v _a

B (2m)4 (k—p—q)%2—m2+ie 452

g g -
<2C089W(v ) gA( 2c059w+6tanew> (@ a)

Bk (k=P—9-F ga, oo 5 9
— = 2 . — — t 9 5 .
/E<kf (2ﬂ)37h§+(k 5 @)24f( )2iT <2cost9w(v €) QA( 2COS@W+6 an W) (¢ a)
B Pk (k+P+d)-F  ga 7
_/Egkf 2m)3 m2 + (k4 5+ *)24f2 <20089w(v'€)_gA <_2COS«9w+etan9W) (J'g)>
29}42 <2(:OZQW (v-€)+ga (QCOzGW — etan9W> (5’-6’)) 3I3(0,p +q)

gAg = g g . =
= (v-e)i W T I(o,p+q)+ (G- g)fb4f2 Igse (1—2sin® Oy ) I3 (0, p + q).
(7.2.1)

We have a similar diagrams but with vertices exchanged
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7.2. FINITE DENSITY VERTEX CORRECTIONS

-/ él:; (~gra- G -p7) (Grprmmayse) 200Gy — IF))

2 _m2 14
ms + 1€

. g 3ab__b . gA g = 3ab_b
9 . g4 (_ tan 6 :
< 140059Wf7r€ (v 6)+Z2fﬂ( 26059W+6 an W) (G- €)e T)
Bk 7 (k+P) g4 .. 3 g
= - 224 . —etanf -
/13<I<:f (27)3 m2 + (k + p)2 Af? v (2COSGW(U € +9a <2cos W ctan W> (@ €)>

_ .94 3
_ZTﬁT IS(‘LP)(

(v-6)+g,4( etan9W> (6’~€))

2 cos Oy 2 cos Oy

2
o . ga9g 3 . 9A9 ) 3 =
= (U'E)Z%TOVVT [3(U,p)+lm(l—281n QW)T Ig(O',p)(O'a

(7.2.2)

Vo : NNZ, vertex with two nucleons in the loop (contributes at v = 2)

Here we have both the vertices NNm and NNZ, at A=0.
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7.2. FINITE DENSITY VERTEX CORRECTIONS

N

k+q

P+q

/ d*k ( 9A 5 (= pyre ) <m—2w5(k0)@(kf—\gl)>

emi\ 2%
( 24(3%290”/_‘.;73—'_@-(02'6) <_QCOZHW +etan9w> 3 +etan9w>
. ga _’ _Z'(S(za

(s 20 it = E+ ) (527 (=) ) (=)
[ o--(k:—ﬁ% (G (0 et + ) (2)2mO(K + )y — E + )G - (F—)7* %
) @ kKO(m2 — (k — p)?) Af2

_/ d'k G- (k—p)ro(=)2md(k°)O (ks — [K)) (..t - & + .. (v- ©)eum® + )5 - (k — p)r° g%
2m)1 (KO + ¢0)(m2 — (k — p)?) Afz
(7.2.3)

We notice that this integral is made by two very similar parts, we compute them sepa-
rately. Moreover it is better to divide each part in two, considering the non trivial vertex
structure. We call respectively 1) an 2) the first and second integral. Inside them, we
call 1a) the part with (& - €)73 and 1b) the rest. Same is done for 2).
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7.2. FINITE DENSITY VERTEX CORRECTIONS

la)

d'k oj(k—p);7(=i) gag 0. 0 - g4

7 - e6;7°(—)2 Ok — |k k — o) 24

/(277)4k0(m2 (k— p?) Teosfy 67 (72RO + )0y = [k Dol =" ()
_ 949 Sy VR—. 3 / Pk 00 - eakez(k‘ p—q)ik—p—q)

16(3059Wf2 Fj<k; (2m)3 M2 (k—p—(j)2
_ g9 —p- )(k P=@k o o oaoa o
— 216008 O 1240 7' 3 /|E|<kf 2m) Zr (/Z i (0ji0k — 0k0 - €4 0305 + i€k )€
_ . 9a9 / Bk (26 (k+p+ J)(k+p+q‘> G—(k+p+q) (k+7+q35 ¢

16 cos Oy f2¢° Fj<k; (2m)3 2 (k:+p+(f)2
- iﬁ7a737“<2f1(0,p +q,6) — L(p+q)7-

939’49 3(9F F

= _iWT (2Li(o,p+ q.€) — I2(p+ q)7 - €),

(7.2.4)
where we can use the same standard integrals and we use

000 = 5ij0'k + ieijlalak = 5ij0'k + z’eiﬂ(élk + ielkmam)
= 0ij0 + i€ — 00y + 0105 (7.2.5)

= (51'ij — (51']{0]‘ + 5jk0i + i€k -

The same can be done for 2a) and we get

3
ga9 3 =
_ 9AI 3¢ _of I 9. 7.2.6
ZlGCOSQWfT%qu( 1(0',]9,6)"‘ 2(p)0' g) ( )
For 1b)
/ d*k & (k—p)roc- e(—)2m8(K° + ¢°)© (k‘f—|k—|—(ﬂ)o_:-(/g—]5)7‘a(_)é
(2m)* kO (mz — (k —p)?) 412
__ % se-ert &k G- (k+7+ Q7 (k+5+3)
4124 Fi<ky (27)° 02 + (k+ 7+ q)?
_ 9124 Lo, a/ Bk (k+p+q) - (k+p+ Q) (7.2.7)
41240 Fi<ky 27)3 @2 + (k+ 5+ §)?
2 ~
—4g2Aq07'ac eIy (p + q)

N . gag .2 3 2N\ T
_—(v-e)zm((1—2sm 0)t° + 6sin” 0)I2(p + q),
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7.2. FINITE DENSITY VERTEX CORRECTIONS

where we called ¢ the part of the vertex proportional to v*.
Immediately we get for 2b)
)
Af2q°

= (v-e€)i

T - eT%I5(p)

(7.2.8)
g‘a%g((l —25sin? 0)7% + 6sin? 0) Ir(p).
16 £2¢° cos Oy

NNZ, vertices with vanishing loops (contributes at v = 2)

Here we have both NNNN and NNZ, at A = 0.

N
k+gq
P a
Zu
A
pP+q
N

d'k i - 9Ag ot g
= 119/ — — 27 ko ke — |k —1 7 5 — -
/(27?)4‘/1122<k mo(k)O (ks — | D>1Q< Z4COS(9WUT Ty 2 cos Oy

+ etan 9W> 3 + etan 6W>>

7 -
<M —216(k° + ¢")O (ks — |k + (ﬂ))

11!
29 2/1

d*k . s
D) / o) Vit (—145;1‘;‘/ aﬂ?’ + z? <<— 5 cog o + etan HW) 3 + etan €W>)

1 - 7 -
——9 0 0 — —_ " 9 0 _ )
( 10 wo(k” 4+ ¢")O(ky — |k + q) K0+ g0 wd(k")O(ky — |k])

&’k i - i .
= [, Ty ) (0O — ) — 500 ~ 1))
d°k

= [ T ) (0O = 1) — 500y 1)) =0,

(7.2.9)

where Vi/19/9 is the four nucleon vertex computed in paragraph
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7.2. FINITE DENSITY VERTEX CORRECTIONS

V3 1 NNZ, vertex with one nucleon in the loop (contributes at v = 3)

Here and below we have NN7Z,, at A =1 and NNmat A =0.

We have three contributions coming from ¢és3, é4, g, it is easier to look at them separately,
so we split the integral

dk [ 20 ¢ i
/( ( 959k —p — e+ i 05 &G (R~ )]

2m)4 \ fr cos 0w l4f7rcos€W
Ceg 3ab b~ = = i 0 -
B Tomm—— 5,8~ —270(k°)O (ky — |
l16mcos0Wf,T6 Tlg-d.9 a) (U-k—i—ie mo(k7)O (ky — | D)

(=) (577 o7 07)

(7.2.10)
in 13), 14), 16)-
13)
d*k (k —p— q)"eu(—)2m6(k0)O(ky — |K|)G - (k — - é:
[ GO ) Bopd )y e g0
(2m)4 mZ2 — (k—p—q)? 12 cos Oy
It is easier to split the integral for p =0 and p =1,
for u=0
z’w(po—i-qo)eo/ Pk G- (k+i+d)
12 cos Ow K<k, (2m)3 M2 + (k+p+q)?
N 3
. C39gAT 0 0y, 7
=77 I 7.2.12
Peaty @ Nolslop ) (7.2.12)
A 3
. C399AT x
=@ -(p+q)(v- €)Zm13(03p +4q)
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7.2. FINITE DENSITY VERTEX CORRECTIONS

and for p =1

. C3ggaT®
2
f2cos Oy

/ Bk (k+75+q) - (k+p+Q)
A 5 2.
. C399AT" =
— T .
2 cos iy 1(o,p+q,¢€)

1g)

Ggga . oo - 5 [ dk —27r5(k‘0) (kf—\El) (k—p—7)
<Z16mcosﬁwf7%[q 7,0 dr )/(2ﬂ)4 —(k—p—q)?

_ i%AzW' G - aT3/
16m cos Oy f2 k| <k (27)3
C699A . 37
p— s — . . I
16m cos Oy 2 q-6,¢-drls(o,p+4)

oL C699A 3%
= — . X _— I
(q-(€ a)>8m cos HWJ?T s(o.p+a),

+(k+p+ ) (7.2.14)

where we have to pay attention to the order of the Pauli matrices since they do not

commute.
14)
/ d'k (¢85 (k=5 = DU)2mOR)Ok; — [R)G- (F =5 =) ), eaggar’
(2m)4 m2 — (k—p— q)2 412 cos Oy
_; Caggar’ / ¢k G- (k@) 7 (k—§- 0587 (k-7 Q)
412 cos Oy |k|<ks (2m)3 mngr( — P —q)?
G- (k (k-p—q3 & (k—pF—q

_ 64ggaTd / Bk g (k—p—q
412 cos Oy |k|<ks (2m)3

A 3
. C49gAT - = ~
ZQfECOSHW((U Lp+4q) = lilo,p+4,6)),
(7.2.15)

where we simplified the numerator in the following way

oiojorei(k —p—q)j(k —p— Q)

= (04jo) — Oir0j + 0jk0; + i€z )ei(k —p —q)j(k —p — )k

=c-dk—-p—q) - (k—p—),

ojoiorei(k —p—q)j(k —p— @

= (0jior — djroi + 6o +icjip)ei(k —p —q)j(k — p—Q)k

=(k=p-) @ (k=70 (k-F-0 k—p- D5 e+ (k-F- 7 & (k=7
(7.2.16)

™y
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7.2. FINITE DENSITY VERTEX CORRECTIONS

and subtracting them we get

which gives us the integrals above.

N

(7.2.17)

The integral 2), as for v = 2 case, is very similar, we only have some vertices exchanged
and small differences in the momentum. Doing the explicit computations we see that

we only need to replace p + ¢ with p and m2 with m2. The results are
23)

A 3
. C399gAT
p— O . . —

1 (p-v)(e U)ngcosew

. Caggat®
2
fZcosOw

I3(U7p)7

:U’:_Z Il(U,p,€),

24) ;
. C4ggaAT®
_=JIA AT .
2f7%COS0W((O- g) 2(p) 1(071776))7

26)

66.9914 N 3
_ 6994 =, ) I

. C6ggA
=—(7-(€x 7))

3
I
81 coS HWf;%T 3(0a p)a
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Vi : NNZ, vertex with two nucleons in the loop (contributes at v = 3)

We have here the corresponding diagram as for v = 2, so we refer to diagram [7.2] for the
choice of momenta. The difference is that NN Z,, vertex has A = 1.

/ éﬁ (~55- =) (s — 2m 00000k — 1) )

R 5 e tan 0
2i[G - 7,5 - €] <CG <etan9w— J >73+c76 an W)
16m

2cos Oy 16m
(i—27r5(k0+q0)®(k - y;;JHﬂ)) <9Ag.(;;;_@7a> (—“W)
v (k+q) +ie f 2fr mZ — (k —p)?
_ i / &R G- (R+ P[5 4,6 - deid - (K +p)r°
2070 \Jiki<ny (2m)° m2 + (F + )’
_/ d*k 5~(5+ﬁ+q)r“[5-q’,a.aci5.(;;+ﬁ+qw>
ik (2m)° m2 + (k+ P+ )2

(7.2.21)

Here as well we need to analyze the Pauli matrices structure, here we write the one for
the first integral, the second one works the same way:

(0jor0ior — ojoi0k01)(k — p)jqr(k — phie;

= (010501 — 0;0,01 + 010501 + i€)i01 — 05,0101 — 050,07 + Oinojo; + i€5ik0or) (K — D) jqr(k — p)i€;

= (2010401 — 2650107 + 2ieji01)(k — p)jar(k — p)ie;

= (201 (031 + i€itmom) — 205;(Ok1 + i€kimom) + 2i€ki00)(k — p)jqu(k — p)i€;

= 2(8;k0i + 10,k €itmOm — 05i0ki — Oji€himOm + i€ki01) (K — ) jqru(k — p)i€;

=2(i(k — P) - Geamom(k — )i — i(k — P) - Eerimomai(k — p)i + iejri(k — p)jard - (k — 7))

=20i(k+p)- G- (k+p) x &) —ilk+7)- &7 (k+p) x &) +ic- (k+p) x )G - (k + 7))

=2i((k+p)-qk+7)-Gx&)—(k+p)-&k+p)-(@x+ (k+p) - (TxF - (k+p)).
(7.2.22)

We can now use the usual standard integrals because everything works the same. So,
going back to the integrals we get

g4 i | @k (k+7) -Gk +p) (G x&) — (F+5) &k +7) (5 x Q)

kl<k; (2m)3 m2 + (k + p)2

(E+m-(qxaa.(é+m_p
m2 + (k + p)?

_l’_
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2
=— %Tﬂéﬂa(hﬂ& x €,p,q) — (|6 x ql,p,€) + I (o,p, |7 < €)
~nL(¢x &, p+q,q)+L(1dxq,p+q.e€ —Li(o,p+q|7xé))
939

= — oo (e0(1 = 25in By )7 + 6 sin® By ) (1117  8.pva) = 115 x 2.p.)
™

+Ii(o,p, |7 x &) = LI(|1G x él,p+q,q) + 111G x ql,p + q,€) — Ti(0,p + ¢, |7 x &])).
(7.2.24)

Vs : NNZ, pure nucleon loop vertex (contributes at v = 3)

For the computation and the diagram we refer to (6.12.3]).

NNZ, vertices with vanishing loops (contributes at v = 3)

It is equal to 0 doing the same computations as for the same integral that contributes
at v = 2, the different vertex NNZ, at A =1 does not affect the integration.

7.3 Zero density vertex corrections

These are the corrections that come from the zero density non relativistic part of the
nucleon propagator. Since they do not have any density dependence, they can be con-
sidered as an off-set for our density plots. Nonetheless to have a consistent treatment
we need to include them as well. A relevant difference with respect to the previous
ones is that here the loop momentum can go to infinity and so the diagrams need to
be renormalized. We will first compute the diagrams and we will after explain how to
renormalize them. The integrals here used can be found in Appendix [C]
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Vo1 1 NNZ, vertex with one nucleon in the loop (contributes at v = 2)

We refer to for the diagrams.

d*k . g 3ab_b/. g ~ . 3ab_b
/(271_)4 (_Z4C059Wf7r6 T (vley) +Zﬁ (_26050W +etan9W> (0 €)e’ T )
i 10 ga -
(v‘k+ie)<(k—p—q)2—m2+ie> (an (k P ®T>

= ;9 Bab bopu ga (__ 9 tan 0 ) - o 3ab b) (5m ga a>
( 240089Wfﬁ6 (v 6,1)—1—12]?7T ( 5 cos O +etanby | (G- €)e’*T of
igl/“&k (k—p—q);

(2m)4 (v'k—l—ie)((k—p—q)2—m2+ie) N
2 29
-2t (it - g (A -0) ) o

ial/‘&k —k;
i) 2t (v-(p+q)—v-k+ie) (k2 —m2 +ie)

2 0
-7 (’45389“6)—1“( g;iséfv (& a)>7%ﬂ1( (p+4) =0.
(7.3.1)

2fx

This can be considered as a sample integral since the tricks used here will be used for the
others as well. These are: simplifications of products of 7 and ¢ matrices and writing the
integrals with only the loop momentum in the numerator together with the denominator
that needs to have the form such as it is possible to use the standard integrals defined
in Appendix [C] To simplify even more we remind that

S-v=0. (7.3.2)

For the exchanged one we have

/ éljrl)l( TRl ((k—m;éjam%ﬂ'e) (vs)

<—ig e3ab7b(v“eu) + i 94 (_g + etan 9W> (o - €)63“b7b>

4 cosbw fr 2fr 2 cos Oy
4 4
:_01/'dk (p — k); (7.3.3)
Ti ) 2m)A ((k —p)2 —m2 +ie)(v -k + ie)
e g u gAg2sm Oy — 1 gA
Z( 4cos€wf7r(v €u) + 2f7T 2 cos Oy (7€) 2f,,2”
o ) M9AY ey in2 0w — 1)(5 - NS =
Ule(v p)4f72r COSGW((U 6#) ga(2sin” Oy —1)(7 - €))r 0,

so they do not contribute.
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Vu2:NNZ, vertex with two nucleons in the loop (contributes at v = 2)

Here we refer to for the diagram.

[ s (o) ()

CgA9 . 3 -(U'€)< g > 3 )
— . — tan Oy tan Oy
< Toosd (0-e)1° +1 5 5 eos 0 + etan 7° 4+ etan

i ga - - o 10%¢
() G E-9) (=)
—/ d'k G- (k=787 - (k) (_ 99% TQT?,TG>
(2m)* (v-k+ie)(v- (k+ q) +ie)(m2 — (k — p)?) 4(2f2) cos Oy
+/ d*k G- (k—p)e-(k—p)
(2m)4 (v-k+ie)(v- (k+ q) +ie)(m2 — (k. —p)?)

995 (v-e€) (2sin? Oy — 17’“737'“ n sin? Oy aa
(2f0)% 2 2 cos Oy cos Oy

:_/ d'k 26-(E—ﬁ)a.(fé—ﬁ)—(%—m(%—ﬁ)&f( 99% 7_3)
(

2m)% (v -k +i€e)(v- (k+q) +ie)(m2 — (k —p)?) \ 16f2 cos Oy
B 5jk/ d'k (k —p) (k —p)*
2m)* (v~ k+ie)(v- (k+ q) +ie)(m3 — (k —p)?)

2
994 ) (9 ain2 _1).3 i 2
(16]? cos O (v-e) ( (2sin“ Oy — 1)7° 4 6sin HW)) ,

(7.3.4)

where the numerator of the first integral has been computed as the respective finite
density integral. We proceed analyzing the sum separately. With some manipulations
and the identity mentioned in Appendix [C] the first becomes

3 4
994 3 : Lo 1/ d*k kik,
—(—27A Qieioy — G- €0 )~
(16f720089 T > <( 1650k o €]k)Z~ (27T)4 (U'p—U'k+i€)(v-(p+q)—v-/€+i6)(k2—m72r)

3
9ggx 3 e - 1
= _716]‘2 P GWT (Q’LGjUk — 2065]']6)7_1} ] q(guy[JQ('U . q) — JQ(O)] + Uu’l)l,[Jg(’U . q) — Jg(O)])

_ 949 L
_Zle%COSAvi(v-Q)Tg(e.a)[JQ(U'q)_JZ(O)L ( |
7.3.5
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and the second one

s L[ ke
; jkzi/(27?)4(0-p—v-k‘—|-ie)(v-(p—i—q)—v-k—i—ie)(kQ—m%—i-ie)
995 9 3 2
(16]"7%6089[/{/(’0'6) (*(QSID Ow — 1)7° + 6sin 9W)> (7.3.6)

2
= (im]igﬁew(” “€) (—(251n2 Oy — 1)7° 4 6sin” eW)> [Jo(v - q) — J2(0)].

NNZ, vertices with vanishing loops (contributes at v = 2)

As in the density case this integral gives no contribution since both the poles lie in
negative imaginary half of the complex plane. This was expected since we integrated
out the heavy part of the nucleon field.

NNZ, vertex with pion loop (contributes at v = 2)

This diagram contributes only as a vacuum corrections since nucleon propagators are
not present here. This is a purely divergent contribution:

/ d4/€ ( ig (_ (&» ) g) + (2 Sin2 Oy — 1)(1} . 6))(7_b53a + Ta53b _ 27.351117)) &
(2m)* \ 8cos Oy [2 94 W k2 —m2 +ie

(L ga(G D)+ (2sin? Oy — 1)(v-6))73/ ok :

"~ 4cos by f2 94 v (2m)* k% — mZ + ie
1 o .

= —mf?’(—w +€) + (25in” fw — 1)(v - €)) Ar
i . :

= —mv%—mg L&) + (2sin” O — 1)(v - €))m2A(N),

(7.3.7)

using again Appendix [C]
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Vuz 1 NNZ, vertex with one nucleon in the loop (contributes at v = 3)

Here we proceed similarly as the v = 2 case, having in mind the diagrams Some of
the manipulation we did in the finite density case are needed here as well. In the first
diagram

&k [ 2 ‘ £
/ ( I p— g iz 25 (= - )

(2m)4 \ fr cos Oy 4 £, cos Oy
. C6g 3ab b~ = = ¢ (7.3.8)
Z16mc059Wf7r6 Tlg-7,9 5]) (v-k+ie)

(= ap=) (577 G- 07)

we can be split the sum and analyze the three integrals separately
1)

23994 730,6,%.1/ d'k (k—p—qulk—p—q)
2ffcosOw 7 i) @2m)t (v-k+ie)((k —p—q)? —m3) (7.3.9)
= _%73(&' -€)J2(v-q) in the nucleon rest frame,
2)
o Cagga 5 m.}/ 'k (k—=p—q)k—p—q)
cos Oy 1 m)* (v-k+ e —p—q)—m
2fFcosOw - T 2m)t (v k K toma (7.3.10)
= i%;’(ﬁ - €)Ja(v - q) in the nucleon rest frame,
3)
26994 3. - .1/ d*k (k—p—q);
_ . - =0. (7.3.11
8mc050wf7%7— ’ (qxg)gﬂi 2m)4 (v-k+ie)((k—p—q)? —m2) ( )

The other integral of this kind can be either computed or can be already solved comparing
with the first, since for our purpose, the only different thing is the pion momentum that
get shifted: kK — p — ¢ — k — p. We immediately get

1)
iC3994 3.~
—— . .3.12
5 Zcos Oy | (7 - €)J2(0) (7.3.12)
2)
. C499A 35 o
—_ . 3.1
Zf% s 9WT g - €J2(0), (7.3.13)

in the nucleon rest frame and the third piece is zero here as well.
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Voa 1 NNZ, vertex with two nucleons in the loop (contributes at v = 3)

We have here the corresponding diagram as for v = 2 but with NNZ, vertex with

A=1.
o (o ) () o

e 2sin?0y —1 346 sin? Oy ( i )(gA_, (/%’—*)“)( 99 )
16m” 2 cos Oy 4 7916mCOS(9W v-(k+q)+ie) \2f; pT (k—p)2—m2)’

(7.3.14)

where we manipulate the Pauli matrices as in the density case and use the standard
integrals to get

B 949
32f2(v - g)m cos Oy

& - (€x §)(—ég(2sin® Oy — 1)73 + 687 sin? Oy )[J2(0) — Jo(v - )],
(7.3.15)

again in the nucleon reference frame.

NNZ, vertices with vanishing loops (contributes at v = 3)

As in the density and v = 2 case this integral gives no contribution since both the
poles lie in negative imaginary half of the complex plane.

NNZ, vertex with pion loop (contributes at v = 3)

As for v =2 this diagram contributes only as a vacuum corrections since nucleon
propagators are not present here. This is a purely divergent contribution. Three LECs
contribute to the vertex NN7wZ, at A = 1 but only the ¢ term doesn’t cancel here,
SO we get

/ d*k 36 . & 2sin?fy —1
(

2m)4 k2 — m2 +ie ! 16mf2  2cosbw

éeg 2sin? Oy —1 35

> (Tb(s?:a +Ta53b 27_35ab)[ (T a- —]

A
8mf2 cos Oy H(@x )

(7.3.16)

Renormalization of zero density corrections
We here sum and regularize all the vacuum contributions, first at ¥ = 2 and secondly at

v = 3. To do so we use the functions defined in Appendix[C] To simplify the notation we
will write w = v - ¢ and, as already done in the computation of the vacuum corrections,
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we set the reference frame as the rest frame of the outgoing nucleon with momentum p
such that v-p = 0.
At v =2 we get

. g
l48f7% cos Oyyw

3
ooy ( L —w\\ _ My
((m,r w )<87r2 Ve —w arccos(m )) 87r>>

™

((3931(—(2 sin Oy — 1)7° + 6sin? Oy ) (v - €) — g7 (€ 5)>

27/9 2 3 9 2 9
_<<3cosewfz’”ﬂ<“> (-~ 3o -2sin e = 1) o* — ygahzsin® o)

gagmz 5o L 4—g4
f2C059WT (€-0)

; 2
L9 2 2 3 .9 3 3/ -
T 1272 cos O (—39A(—(28m Ow — 1)7° + 6sin® Oy ) (v - €) + g4 (6.0))>>A(>\),
(7.3.17)

where we separated the finite piece, in the first 2 lines, from the divergent piece that can
be recognized by A()). Looking closer to it, as expected, this can be renormalized using
only O;(p?) operators and B; coefficients. In particular, following Table 1 in [29] we
need the operators collected in Table because at tree level they give contributions

Oi(p*) Bi
by(MN(S - ul{x )N 9a(4—g%)/8
bis(A)N (i(v - D)*)N —39%

bis(A) N (v - DS - uw- D)N )
bao(A)N ({x+)iv- D + h.c)N —9¢%/16

Table 7.1: Operators at order O(p?) and the respective 3 functions. Those are the ones
needed to renormalize our contributions.

respectively proportional to

(7.3.18)

that are exactly the contributions that we want to renormalize. Looking carefully at
the expression we can see that the all the 4 §; functions appear in front of the correct
tree level pieces. There is only the coefficient multiplying (v - €), coming from the pion
loop, that seems not to be renormalized with these ;. Our suspicious is that since in
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a pion loop all the nucleons are on-shell, we can use the equation of motion to discard
that piece and so we do not need to renormalize it. So, after we managed to remove all
the infinities, it is now the turn of the finite pieces generated by the counterterms. The
finite pieces that come from operators that can be eliminated by an appropriate field
redefinition, e.g. proportlonal to v - D, are zero, this removes the finite terms coming
from 015, O16 and Ogy. The one coming from Og is not zero, however, since it comes
from an O(p3) operator, it is negligible with respect to the other finite parts as it is
suppressed by one more power of the nucleon mass.

Let us analyze now the v = 3 diagrams. Summing all together we get

1994 3,4 . R 1 2 2 w 1 2 2 —w m3
- 7 . 9 _ - _ W B
2 cos o (0 €)(C3/2 — éa) <3 ((m7T w?) (8772 —4W2\/ﬁarccos( ) + =

949
 32f2wm cos 9W

—3<(mw—w)<87r2—47r2\/m —w arccos( )+87r

. (€>< (f)(—éﬁ(? sin? Ow — 1)7‘3 + 6¢7 sin? Hw)

1994 3.2 i on 2 8i99A 3.~ via ony 3
- (— oo HWT (0 &) (3 —2¢)miw + 32 cos GWT (0 €)(é3 — 2¢4)w

2(2 O — 1 1 2
B (2sin? Oy, )06973_, (& x Dym? (7_9714)

2m f2 cos Oy 4 16
BgAg 5. (2 . 225in2 Ow
. X 2 - 7
32f22 (€x q)2ermn 2 cos Oy

949 o (> 24 .2 5 sin® 0w (=284)939% o0 - - 2
— 2" 5. (€X 2 Ow — 1 —£24f22 - (€x A
2122m6 cos HWU (€ Q) (2sin”bw — 1)7° - cosby 2m g fa2m@ - (€x qw )
+0O(d —4),
(7.3.19)
where the first three lines are the finite piece and the other lines need to be renormalized.
To do so, here we need O; (p4) operators and §; coefficients. In particular, using the same

notation of in [30] in Table 1 we need the operators collected in Table because at
tree level they give contributions respectively proportional to

(7.3.20)

oSy oy

that are exactly the ones that we want to renormalize. From this list above we can
notice that 2 different operators give rise to the same tree level term, the difference lies
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Oi(p*) O
d5a(A) Nvpe?? Sy i, (x4 )N ¢g/2m (1/4 — g5/16)
ds5(A) NvpeP? So (Ff) (x+)N 39%4¢67/32m
d117(A)N({x+)S -uiv- D + h.c.)N ga(és — 2¢4)
dlgg()\)vae”“Wng . F;;v -DN 912466/4771
d1g6(A)Nvpe?? Syv - D(F,f)v- DN —¢439% /4m
d1o3(N\)N (S - wi(v - D)? 4+ h.c.)N 8/3ga(é3 — 2¢4)

Table 7.2: Operators at order O(p*) and the respective 3 functions. Those are the ones
needed to renormalize our contributions.

in the LECs that multiply the expressions. Here there is a complete agreement between
the §; and the coefficients from of the sum of the diagrams, all the terms match. So
we renormalize the v = 3 part of the diagrams with O(p*) operators. As regarding the
finite pieces that arise with the counterterms the same as for v = 2 applies.

7.4 Mathematica implementation

In the course of this section we presented analytical result. The next important step is to
graphically see their implementation, in order to understand the relevance of the density
corrections. We will show our results for the two types of neutral currents: proton-proton
and nucleon-nucleon scattering. We here present two main results. Everything has been
done using Wolfram Mathematica.

Plot of the structures

As soon as we compute loop corrections to NN Z,, vertex we realize that new structures,
with respect to the tree level case, appear. By saying structure we mean scalar or Carte-
sian products where Pauli matrices &, the reference vector v# and the Z,, polarization ¢,
are contracted between each others and with the external momenta ¢*. These can not
be plotted, but it is interesting to plot their coefficients and compare them with the tree
level case. Two scenarios open here: either the structure is already present in the tree
level vertex and so we see how it gets modified by density or the structure is not present
at tree level and so we study the new ones and their coefficient, to understand how
relevant they are, estimating the order of magnitude. We proceed doing an expansion in
¢" since the momentum of the Z,, boson here is considered to be small. The plots will
then refer to the case g* = 0. Let us recall the tree vertex; it is computed in section
and written in terms of structures reads

9 B i . _ain2 3 .2
Z4C089WT (€-0) Z20050W<v €) <<1 St 0W>T +2sin 0W>7 (7.4.1)
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where we see that there are only two structure appearing €- ¢ and v - €.

Adding density effects we have now 5 different structures: (- €)(p'- @), (7 (€ X &)),
(p-€), (€-7) and (p'- &)(v-€). We can immediately notice that there is no pure vectorial
contribution as at tree level, instead we have (p'- &)(v - €). This is expected because the
energy transfer in vector interactions vanishes as the momentum transfer goes to zero
due to vector-current conservation [33]. However HBChPT allows us to keep track of
mixed interactions and so terms like (p'- &)(v - €) can appear. This is relevant because
this type of structure is what has not been considered in previous analysis [33], [34].
In Figure[7.1jand we plot the five structures both for incoming protons and neutrons
(the difference lies in an overall sign due to the isospin matrix), to understand which are
the most relevant. As could be expected, the axial structure present at tree level is the
most relevant one at loop level as well. However, looking at the plots we can immediately
notice that the second most relevant structure is the one containing a vectorial part. This
will later be important in the computation of the matrix element squared.

Computation of the matrix element squared

First step was computing the matrix element squared at tree level, using only the NN Z,
of section (6.5 vertex, with no corrections.

N1 N2

R
R

There are two main reasons why we do this: the first is that computing a matrix ele-
ment including only one vertex is way easier and let us understand how to code it in
Mathematica, the second is that is actually of fundamental importance because can be
compared with the matrix element squared that can be computed using four-fermion
interactions, so it represents another proof of the reliability of the loop result.

Before proceeding, we list the numerical values used for the couplings in Tables and

(L4l

A [meV] | fr [meV] | ga [meV] g cosOw | sinfw | e | my [meV] | m [meV]
700 130 1.2723 | 0.47212 | 0.88153 | 0.47212 | 1 136.16 939
C3 [meV‘l] ¢4 [meV‘l] Ce Cr (635)

(—=5.344+0.04) 1073 | (2.84£0.15) 1072 | 5.64 1073 | -2.881073 | (—0.85 4+ 2.15)
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Figure 7.1: Plots of the coefficients of the structures appearing at O(¢°) with incoming
protons. We show the value of the coefficient versus density expressed in
terms of nuclear saturation density ng.

All the ¢; are taken from [35] and c¢p from [36].

Back to the implementation, one difficulty that we encounter already at tree level is
the matching between relativistic and non-relativistic formalism. HBChPT is a non-
relativistic theory while the decay of the Z,, boson is described using electroweak theory.
This results in an expression where we both have Pauli matrices and Gamma matri-
ces, structures that are not compatible. This is of course a problem that appears when
multiplying these 2 different objects, computing traces and so on. Here, this has been
solved writing all Pauli matrices, Cartesian scalar products and cross products in terms
of 4-dimensional objects.
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Figure 7.2: Plots of the coefficients of the structures appearing at O(q°) with incoming
neutrons. We show the value of the coefficient versus density expressed in
terms of nuclear saturation density ng.

Once these problems are solved, computing the tree level amplitude is almost straight-
forward. We need to be careful about the spinor sum for the non-relativistic case, here
the following is true

Zus (p)us(p) = 2m

iis(p) = ul(p).

(7.4.2)
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We get
> [Mapins|* = 32GH(CA(3 — cos0) + Cp (1 + cos b)), (7.4.3)

in agreement with [33], where this is computed using the 4-fermion interactions. Let
us stress the differences in the two approaches. When we compute the matrix element
squared in HBChPT we need to implement the non-relativistic spinor sum How-
ever we do not need to do any other simplification since the non relativistic limit is
already included in the spinor sum and in HBChPT. While, when we do the computa-
tion using the four-fermions interaction we need to manually impose that the nucleons
are non-relativistic e.g. saying that the scalar product between a nucleon and a neutrino
momentum gives only the product of the two temporal components, that in the nucleon
case it is its mass, or that the scalar product of 2 nucleons gives the mass of the nucleon
squared, implying that the only angle that is relevant is the one between the two neu-
trinos.

Next step is to implement all the vertex corrections listed in the previous subsections.

N, & v,

A big difficulty here encountered is given by the fact that is computationally heavy,
it requires a big amount of time, so also the debug process is slowed down. So we
proceed with approximations. The computation, here presented, of the matrix element
squared is given assuming ¢ — 0. This however is an assumption in agreement with
all what has been said till now, since it’s really at the heart of our implementation of
HBChPT for our study. Here we will not report the analytic result but we plot the
density dependence of the matrix element squared. First, we connect our results to [34]
where they considered only the quenching of the axial coupling g4. In Figures [7.3] and
[7.4] we show the comparison between the matrix element squared computed in the two
ways: taking the tree level one but substituting g4 with its quenched version and using
HBChPT considering only pure axial contributions coming from the diagrams computed
before.

We see that there is perfect agreement between the two methods. We now show what
changes adding the vectorial contributions. In the literature this has been computed
not in nucleon density environments but in high temperature ones in [37]. However, as
pointed out in [36], there is an analogy between density and temperature corrections; the
temperature T" as well as the chemical potential u, sets the effective energy of particle in a
system, due to a coupling to a "heat bath”. Moreover, we could account for temperature
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Figure 7.3: 1 Loop matrix element squared for incoming protons computed quenching
g4, in red, and considering only axial contributions from HBChPT in blue.
The shaded region is due to the errors in the LECs.

corrections using a temperature corrected propagator that can be derived following [38]
and [39].

Back to our results, we can see the effect of vectorial contributions in two ways. As
recalled in [37], ultra-relativistic neutrinos preserve their helicity, thus back scattering
can only occur through their axial current coupling to the nucleon spin. This is indeed
what we get: our matrix element squared for back scattering doesn’t change considering
or not the vectorial contribution. In Figure we show what we get in this case.
Finally, in Figure [7.6] we show the matrix element squared for forward scattering for
both incoming protons and neutrons, compared to [34]. We get a very similar result
compared to [37]; indeed the suppression of the axial response is partially compensated
by the enhancement of the vector one.
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Figure 7.4: 1 Loop matrix element squared for incoming neutrons computed quenching
ga, in red, and considering only axial contributions from HBChPT in blue.
The shaded region is due to the errors in the LECs.
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its value versus density expressed in terms of nuclear saturation density ng.
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versus density expressed in terms of nuclear saturation density ng.
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Chapter 8

Axions in heavy baryon chiral perturbation
theory

This section is here because this project is inserted in a bigger one where PhD students
are investigating axions properties in environments characterized by high density of
nucleons [40]. What is showed here is what has been done before starting the project
on neutrinos. Here we compute zero density corrections to the nucleon-nucleon-axion
vertex at ¥ = 3. Other contributions are related to the understanding of some relevant
points and to the redoing of some of their computations that, however, are not reported
here.

8.1 Brief theoretical overview

This section does not want to be fully self-consistent and exhaustive, for a complete
analysis we refer to [40]. Here we will only underline the main differences and similari-
ties that appear when studying neutrinos and axions interacting with nucleons.

For axions as well the most efficient production mechanism in a supernova core is the
nucleon-nucleon bremsstrahlung process [41]. However, the axion-nucleon coupling does
not depend only on one energy scale f, as for the pion f,, but is also model dependent.
We would have a slight model dependence in the neutrino case as well since there are
many models extending SM neutrinos, but in this work we only analyzed the SM ones,
considering m,, = 0. One difference about their behaviour inside a SN is that neutrinos
are trapped while QCD axions have a mean free-path bigger than the radius of a proto-
neutron star. From this follows that it is interesting to study their production in a SN
core since they can provide an additional source of energy loss or transfer with respect
to the neutrino emission and so they do have a feedback on the dynamics of the star.
The study of the axion-nucleon coupling, in a bremsstrahlung process, provides con-
straints on the axion mass as well.

We want to point out that there is one main difference in the formalism: while the Z,
boson can only be produced as an off-shell particle due to its large rest mass, the axion
a can be produced as an on-shell particle, due to its almost zero mass, so we can have
final states with an axion. However, processes with more than one axions are highly
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suppressed due to the large value of f,.

8.2 v = 3 NNa vertex zero density contribution

Here we proceed the same way as for the Z,, boson case There is a slight difference
in the functions used, they will be defined in the following.

As for the Z,,, we have the same two diagrams that can be obtained just by exchanging
the two vertices:

N
\m
oef ATEm
\pl
N
/ <gﬂl§N()l “%fw}?( —k- q2+§ff;f? 7 (71— 0,7 Talleant”)

2fx
(8.2.1)
~7oY P - ;i ley—a, .gAO] ;
=N % 53(1 Cu—d 5ac JAa . T, ) U— 2% i59c; 247t et il
(2) fTrfa 22f7rT “qou(d - €)(I1)" 2f7rfa64 i€ijkOKG2j€azpT i 2f7r (I1)
9Cu+d 4 ac,; ij ~ afa -4 ga
+1 q;16 z L)Y — 4é5 10qci=—— (0 - )T(I2) N =
Folo o 17 ()Y — desi—gtr ibuciy (6 (1) | N ()

(8.2.2)

96



8.2. v=3 NNA VERTEX ZERO DENSITY CONTRIBUTION

Cu—d . i
=N(2) |- f2f 23975 q2,( - €)(I1)M —ZfT;gAC4Q2j7'3(5il5jn—5m5ﬂ)0n(-71l)
" (8.2.3)
.CoCytd 3 - i
—imgts 2 Lgagqio; (1) + 2 Sm2 fog.a31 - (L)' | N (1),
f Ja 2 Ix
and
N
P2
p1— k1. k
St a
Y oa
P
N

/éljrl;m{_%?'(?‘?l”ﬂ =) or H 2id =) e

2fx (pl v-k+ e  fa
1 Cu—d 5 1> i — - - C 9Cy, C 2 .
+ §fﬂfj04[o- . (k - pl)) g - q2](€c3b7'b) fﬂ-f—:d (k pl) q2 —+ 4657, f{f T N(l) —
(8.2.4)
N@)oe | — 2 )Y — . O ij
( )QfW[ " fwfacg(a qj(h)" - 2ir’ fﬁfac4q2l(6j Ou — 0;x01:)0n (1)
(8.2.5)
CgCqud R 2fa ;
o 31(7 - €)Q2u(f1) —4ési—z 31(c - &)(I2)" | N(1),
fﬂfa f
where we used:
[0, 05] = 2i€;jx0%,
6a3b7'b7' = 6a3bl€bac — 2(527’0 = 27-37 (826)

ar® =31,

€ijk0k01 = €3k (Ol + i€pnon) = il +i(0:10jn — 0indji)on,
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and in the last line the €I drops when multiplied by (Il)“ because the integral is
symmetric under index exchange.

The last integral is

D2
----a

b1

N

o v

3 ~ - —>
vk & ic 2f72rfan ((CDcu a7 + CDCu-‘rd)U pa)l] ( )

0, (8.2.7)
because has only one pole and so choosing the proper contour we don’t get any residue.

(I1)" and (I2)* are defined and computed in the Appendix C of [I1], as follows:

. 4 d"k (pl - k)'u(pl - k)u k— k4
I 24 = 4 n/ L p1
) ! 2m)" [(p1 — k)2 — m2 +ie](v - k + i€)
(

2m)" (k2 —m2 4+ ie)(v -k + v - p1 + ie)
= " O (v - p1,m2) + g Ca1 (v - p1, m2)

1
=vkv” [S(szr + (v-p1)3)Ten (050 - p1)

1 v-p1 m2 (’U 'p1)2
— sv-p1l I
30 Plx0)F g0 ( 2 3 )|
£ |2 = 0D T O 1) + (0 ) 1a(0) — LB (e (0P
3 s s 9 T 127T2 2 3 ,
(8.2.8)
and
. 4 d"k (pl_k)ﬂ R
L) = iyt n/ o
(B)f = 2m)" [(p1 — k)2 — m2 + i€](v - k + i€)
= 4—n/ d"k kH
Y (2m)" (k2 — m2 +i€)(v -k + v - p1 + i€) (8.2.9)

= v"Cy(v-p1,m3) =

= 0" (I;(0) — v - p1J=n (050 - p1)),
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2
R+m(”gr>_1
W

2y/(v-p1)2 —m2 cosh™! E%:) —27min/(v - p1)? —m2, for v -p1 > mg

with:

v-p1
Jan(0;0 - p1) = 52

+

1
t3 2y/m2 — (v-p1)2cosh™! —%), for (v-p1)? < m2
—2y/(v-p1)% —m2 cosh™! (—%), for v-p;1 < —mg
(8.2.10)
and
ma e\ |4 O — 4 8.2.11
R=——— —[In(dr) + r'(1)+1]. (8.2.12)

Additionally there is no A = 1 contribution for the vertex NNnma from {S - D,v - u}
and {S - D,v -4} in the Lagrangian because they are order # suppressed.
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Chapter 9
Conclusions and QOutlook

In this thesis we analyzed nucleons-neutrinos scattering in environments characterized
by the high density of nucleons, as Supernovae and Neutron Stars. We systematically
constructed the Heavy Baryon Chiral Perturbation Theory Lagrangian and modified the
nucleon propagator to properly take in account nucleons density. With our formalism we
computed some Feynman rules that have been used to calculate the NN — vv neutral
scattering. We are in agreement with the previous results, which were taking into account
only modification in the axial coupling, and we compute here the contribution of the
vectorial coupling.

Possible outlook are:
o to compute the (differential) cross-section;
e to consider higher powers of the transfer momentum;

e to study the density dependence on the other neutral current scattering processes,
e.g. NN < NN and vNN < NNv;

o to study the full SU(3)4 symmetry breaking, as in [42] for axions;
e add other effects as weak magnetism; strange quarks and so on;

e study positivity constraints to give bounds on low-energy-couplings characterizing
the axion-Lagrangian;

e add temperature corrections given that 7' # 0 during the core-collapse.
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Appendix A
Nucleon propagator at finite density

In this appendix we derive the propagator at finite density and temperature using the
tools of QFT at finite temperature among which the real-time formalism. We start
adding a chemical potential to the theory so we use the grand canonical ensemble. Our
main references are [38] and [39].

A.1 Real-time formalism

To properly describe systems with chemical potential and temperature we can start with
the grand canonical ensemble, in particular the temperature average is defined as

Tr{e_ﬁkfl}
Tr{e—#K}

A

((A)) =7 'T{ePKA}, K=H-/B. (A.L1)

To simplify the notation we set /' = 0 in the first part of the discussion, we will extend
it later. For simplicity we define o = —fu and we assume g > 0. We can now define the
generating functional for scalar field and manipulate it:

21j) =2((Tee Jo I
— Te{e AT Jo d'mi@e(@))
S (@(to) e P Toe? Je T35 g 1) (A.1.2)
¢

S (@lto — i) |Tue Jo #2919 510,
¢

From the last formula we can notice that the contour C' has to start at ¢y and end at
to — i83. As long as the propagator is not divergent at any point in the complex plane
the path passes through, the result is independent on the path.
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A.1. REAL-TIME FORMALISM

The propagator is given by

iA (x — o) =((Ted(x) (')
=00 (t — ') (($(2)d(2')) + ot — £){(d(x)d(a))) (A-1.3)
=0c(t —t")C~ (x — a') + 0o (t' — 1)C<(z — '),

with

C*(x —a') =C<(2 — 2) = 27 Te{e T §(x) (')}

=27 S (g lm ml () Bt Bute—tvipy - (A1)
mn
Thus the propagator converges only if
—B<Im(t—t)<0, t+—1*,
B ( ) (A.1.5)

0<Im(t—t)<p, t+«—t,

where Oc(t —t') means that ¢’ is before ¢ on the path C' and ¢ «— ¢’ means that ¢ follows
t' on the contour. Is also possible, following [38], to extend this till the boundary. With
this we can constraint the range in the complex t-plane where the path C' can go.
We could choose as a contour a straight vertical line that only goes through the imaginary
part that corresponds to the complex-time formalism, but here we will focus on the real-
time formalism. We can then choose the other path. For simplicity it is better to split
the path in three parts C1, Co and C5 and it is possible to show that the generating
functionals for C'y and Cs can be factorized out from the one describing Cs

tfl—igrloo tol_i)rg@Z[j] = Z12Zmj]. (A.1.6)
However, this happens in a non-trivial way by rewriting (and therefore regularizing)
the delta distribution appearing in the Fourier transform of the propagator in a way
such that the spectral density stays a meromorphic function. This trick changes the
convergence behaviour in such a way that the factorization can be proven. We will
analyze the example of the fermion field propagator, that is the one that we need for
our work. It is important to emphasize that the factorization of equation implies
also that all convolutions of propagator from path C; or Cy with C3 vanish identically
in the infinite time limit (as in [38]). Thus we can ignore them and focus on the paths
C1 and Cs. Indeed the physical external states will have propagators just coming from
path C since their time arguments are purely real. Furthermore, since all vertices will
be diagonal in C; and C5, the only thing we really need for our calculations is the
propagator from the path C4, so whenever we are talking about “the propagator” we
will now mean the propagator from the path C.
We start by writing down the partition function for a fermion field with an additional
chemical potential as

_ (U _ _ —
ZEQ=N [ exvli [ a'a(Cot i + €0+ 06, (ALT)
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A.1. REAL-TIME FORMALISM

with £ the fermion Lagrangian. To find the Feynman propagator we can split the
Lagrangian into a free and interacting part

— . 5 6
71,6 = Zoexp [ ] @t L(say)’ —z'aawH

X exp [—i/d4m/d4m'£(t,x)G(()c) (t—t,x—2)W, 2],

(A.18)

where
0" + ) — m] G (¢, &) = o0, (A.1.9)

with n# = (1,0,0,0)T and the propagator can be written as

A A

iGS) (t,2) = (T, 2)0(0)))o = (6 (D(E, 2)ib(0)))o — Bl =) (W (0)D(E, )))o;
(A.1.10)

we can additionally notice that the two terms are not independent since

A

(D(O)B(t,2)))o = ((W(t — iB, 2)P(0)))o- (A.1.11)
()
(

The next step is to find an explicit expression for iGj
solutions for ¢ and v

CC) _ Z d3p (as —1ipT bs’[ s zpac) it
N (2m)3\ /2w, Pt ’

t,z), to do so we need the

Z/ d3p sT s 1p$+bs —s —sz> —ipt (A.1.12)
2m)3 2w
Since we will need to do the thermal average, we notice that
(apar ") = @m0 85 = B)ig(w, ), 7y =1-ng(w,a) (A113)
(B3T7)) = (2m)*6,50P) (5 — B)nyp(w, @),
with 1 ]
ny(w,a) = a1 ny(w, o) = cetag ] Y = (A.1.14)

We will now work out the explicit form of the propagator.
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A.2 Particle part of the propagator

We start with the thermal average

- 33
(W) =Y [ Gt g e

Bpd3k

:Z/ 27)8 2wp\/ 2wy,
I
_Z/ o) 32w Flw, @)upiy e Pret

- / (277)32wp (Zﬁ - m)ﬁf(% a)e‘imei“t

(2m)30,5 63 (5 — E)ﬁf(w, a)uf,uk e~ Tt

4 | |
N / (;lﬂz))‘l (2m)0(p°)é(p* — mQ)(;'Z’ +m)ng(w, a)e Pt

d*p
(2m)*

—e (i + m) / 2055 — m2)ip(w, a)e— ",

(A.2.1)

and similarly

4

(D O()) = (i +m) [ (;Z7§1<Q7r>e<p°>6<p2 —mng(w,0)e P (A2.2)

Plugging it back in the particle propagator

iGgartlde(Hf) = "M (i + m)/ (;lﬂl;l e*’px(27r)6(p0)5(p2 — mQ)[GC(t)ﬁf(w, a) = Oc(—t)nf(w, o)
4 .
= ei“t(i(? + m)/ <;l7r]))4 e_w(27r)0(p0)(5(p2 — mz)[ﬁc(t) —ny¢(w, a)l.
(A.2.3)
Let’s analyze the first term
d4p —1ipx
| G B30 — m6 (1)
4

-/ (§W§4elpz(27r)2;)5(p —w)0(t)

by e 1 ] 1 - (A.2.4)

B (27r)4e %Z PO —wp+ie PO —w, —ie e(t)

d* e 1 1
:/ p4 e Py —i 0 :
(2m) 2wy | PY —wp + e
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where, remembering that the integration contour has to be closed in the lower half plane,
the 6 function cancels the second fraction. We can now use the identity

1
lim — =P— Find(w). (A.2.5)

With this we can rewrite the particle propagator as

2wy \ p¥ — wp + i€

4 { m
_ emt/(dplleipw [1 (W)> — (27T)9(p0)(p+m)5(p2 — mQ)nf(w,oz)] )

2m) 2wy \ p¥ — wp + i€
(A.2.6)

) . 4 , ?
Z'GYE))artlcle(‘%_) _ ewt(i(?—i—m)/ ((217:))4 e~ [1 (> — (27‘(’)9(130)6(1)2 _ m2)nf(w704)‘|

thus, Fourier transforming in momentum space, we get

Z-Ggarticle(p) — i (Z(p—l—ﬂl)) _ (QW)H(pO)(p + m)5(p2 o m2)nf(w’ a)‘ (A27)

2wy \ PO — wp, + i€

A.3 Anti-particle part of the propagator

We do the same for the anti-particle part

- 33
W@ =% | e

)%/ 2wpy/ 2w
Bpd3k oo ipa s
:Z// (27r)6\/m\/m(27{')3655/5( )(p k:)nf( )Upvkep it

d®p
:Z/W}nf(w,—a)vgvz e it
s P
d3p o
:/(Qﬂ?%;(pm)”f(w, —a)ePretht

4 . .
= [ G RIS — ) = (e

4 | |
S / d'p (2m)0(—p°)3(p* — m?) (P + m)ng(—w, —a)e Pt

2n)?
4 )
== i m) [ S M )5(0? = g (o, 0)e
(A.3.1)
and similarly
4 .
(O)6() = =i+ m) [ S mO )50 = m sl c)e ™. (A32)
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Plugging it back in the anti-particle propagator

Gann par‘mcle(x) _ —e“‘t(z’a + m) / (;iﬂf;l e_sz(QTr)G(—pO)(S(pQ _ m2)[06(t)ﬁf(w, a) — 90(—t)nf(w, Oé)]
= (g +m) [ e RO )50 — B —0) — . )

(A.3.3)

Let’s analyze the first term in the same way as before

4
/ (;Zwl)) e P (2m)0(—p°)6(p* — m?)0e(—t)

e~ PT( 277)—5(19 + wp)Bc(—1)

2w
d4 1 1 1 (A.3.4)
- / Poemive ;| . — | 0(—t)

(27) 2wy, | PP+ wp+ie  pO+w, —ie

4
(2m) 2wy,

With this we can rewrite the particle propagator as

1
PO +w, —ie|’

4 1
Gantl partlcle(x) _ eiut(ia + m)/ d*p e~z [1 (_) _ (27T)9(—p0)5(p2 _ m2)nf(w,a)]

(27T)4 2wp po + wp — 1€
o [ A e[ 1 i(ptm) )
= e l‘zwp <p+w—> (Emo(=")(p +m)3 <p2—m2>nf<w,a>],
(A.3.5)

thus, in momentum space

. (1 +
ingt—partlcle(p) _ _i ( Z(P m)

2w, \ PO Hwy — e

) —(27r)9(—p0)(p+m)(5(p2—m2)ﬁf(w, a). (A.3.6)

A.4 Full propagator at finite density

Combining the results from the last two sections we find:

— . 4 .
(a0 =" (19 +m) [ 5B (2m)[0") — (=50 =)o @)~

:ezpt(ia+m)/ (;iﬂ]))élp(p)nf(w,()é)e_wz

(AA41)
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and
n it d*p 0 0 2 2 —ipzx
(((0)ip())) =e (23+m)/(27r)4(27r)[9(p ) = 0(=p")]o(p” — m7)ns(w, a)e
it d'p —ipx
=e" (i + m) / Wﬂ(ﬁ)”f(w»a)e P
(A.4.2)
having defined
p(p) = 2m)[0(p°) — 0(=p")]6(p* — m?). (A.4.3)
We can finally write the fermion propagator at finite density
'G(C) _ iupty: d4p —ipz _
IG5 (1) = 10+ m) [ e ) Be(1) (. 0) = 0.~ . )]
A gy (A.4.4)
= i+ m) [ G5 pp)OlE) — s, ),
that can be further manipulated using the identity (A.2.5) to rewrite p since
7 1 1 1 1
k)=— - -
po(k) 2wy, {k’o—(«)k—FiG ko —wp —te ko + wg + 1€ + ko + wg — i€
™
= o [0elko = wr) = 0c(ho +wi)] (A.4.5)

= 27sgn(ko)de(k? — m?)
= i[B(ko) — O(—ko)][Aor (k) — Ad p(k)],
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so we get for the first term

it (; d'p i
e (i + m)/ am)i° Pp(p)be(t)
: d'p i | 1 1 1 1
—t (i) 4 m) [ oo Bpemirr L _ - _ [ 0.(1)
(2m)4 2wp | po —wp +ie  po—wp—i€  po+wpt+ie  po+wp— i€
, dp . i | 1 1
ity —wpr__~ — 0.(t
¢ (1<?+m)/ (2m)4 2wp |Po —wp +ie  po+wp e e(t)
; dp . i [ 2w
it —wpxr " p 0.(t
(i +m) / (271')46 2wy | Pg+wi+ 2p0ie] e(t)
; dp . i [ 2w
—ptht (s —wpxr " p 0.(t
i)+ m) / (27r)4e 2wy | p§— Wi+ 2p0ie] e(t)

. 4 ) 0 0
:ewt(iéﬁ—km)/ d p e~ WT; |})g_ 9(]? ) + 0( p ) ‘|

(2m)4 w2 + 2poie  p§ — w2 + 2poiie

zewt(ia—f—m)/ d*p e iPT; |j)g - 9(]9 ) i 9( D ) ‘| [nf(w,a) +ﬁf(w,oz)]

(2m)4 w2 + 2poie  p§ — w4 2poie
iyt d'p —ipz; -
=ct(id -+ m) [ B e i0)A0r (p) + 01" Al (p) g (. 0) + . 0),
(A.4.6)
and its Fourier transform reads
GY)(p) = Gor(p) + 2ri(p + m)sc(p? — m*)Ny(w, ) | (A7)
where we defined
Nyp(w, o) = 0(p")np(w, @) + 0(—p°)iy (w, @),
1 1
A - ALk
or (k) k2 —m2 + e’ or (k) k2 — m2 — ie’ (A.4.8)
_ (F+m) i . (F4+m)
Gor (k) = k2 —m?2 4 i€’ Gor (k) = k2 —m?2 — ie
and used that
[Aor(k) — Al o (k)] = —i(2m)0. (k> — m?). (A.4.9)

In the case of Supernova matter we can take the T — 0 limit that simplifies the expression
to

s
e o 00 w68k 1P| (A410)
p

G(p) = (p+m)

where we can see that the first term is the usual vacuum propagator and the second term
is what is called either density insertion or density propagator. We can further notice
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A.4. FULL PROPAGATOR AT FINITE DENSITY

that in this limit the density part of the anti-particle propagator vanishes as we can see
from comparing (A.1.14) and (A.3.6) with (A.4.10). Here we are still in a relativistic
framework, we need to take another limit to go to HBChPT, that is what we are going
to do next.

In HBChPT we split our fermion field into an heavy and light component, so we just
need to do the projection in the computations done right above, or we can simply do
the projection at the very end, let us now see why.

We recall equation (|5.6.6))

N, =™ P, N, H,=e™ PN (A.4.11)

with ¢(x) = N(z) from now on and our choice for v# = (1,0,0,0)". We can the

substitute in (A.1.10) our N

iGO (1, ) = (TN (2)N(0)))o = 0e(t) (N ()N (0)))0 — Oe(—t) (N (0)N (2)))o (AA4.12)

and project to get the heavy and light components propagators (we remove the hat to
simplify the notation)

iGEE"™ () = 0:(8) ((N ()N (0)))o — c(—t) ((N (0)N (2)))o,

heav = _ (A413)
iGo™ () = 0c(t) ((H (2) H(0)))o — Oc(—t) ((H (0) H (2)))o-

Since we are mainly interested in the light component field we will proceed with it but
the computations are analogous for the heavy component. We need to relate it to the
relativistic fermion

(N (2)N(0))) = (™ PLN(@)N(0)Pre™™)) = PL{N(@)N(0)))Pr  (A4.14)

and the last step is correct because the projectors act on the spinors and they commute
with the thermal average. The same holds for

(NO)N (@) = (€™ PLN(O)N (2) Pre™ ™)) = PN O)N (@) Py (A4.15)
It is now straightforward to write the HBChPT propagators

i

. Al . = 1
iGo™" (p) = PyiGo(p) P = 35— — 2m8(1)0(0")0 (ks — |i]) + O(—),
. 0 . (A.4.16)
. ~heav N . _ ¢ 0 0 7
IGE™ (p) = P_iGo(p)P- = —5— + 7 —6()0()0(ks — [I1) + O(- ),
where we used the usual decomposition p* = mu* + . We see that iGgeaVy(p) is

suppressed by one more power of m and that we get what we expected for iGgght (p).
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Appendix B
Density loops

Here we analyze how to solve loop integrals with the finite density part of the nucleon
propagator. For a fermion tadpole we get

d*k o &Pk A kP p 2k}
) [ G miet —F = [ 5=y = =g
(B.0.1)

In the Lagrangian sometimes the terms which can be contracted to a non-vanishing loop
at finite density could appear as NN = N (]ISIX)I; @ IEQ)N = N(I4x4)N. This results in
an additional factor of 4 from the trace:

4
[ s ORI (B0

d*k

| o
/

(0| Ni (k)ILi; N; (k)| 0)

d'k
(2m)*

(—)8u2md (k0)O (ky — |K|) (B.0.2)

:4/ @k SOk — [RD
(2m)* !
47 k;’c _

(2m)3 3 P
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Appendix C
Useful integrals

Here we report the explicit form of the integrals that appear in our computations.

C.1 Density integrals

We define
k‘f 1 kQ
T = dk d
op) /0 /—1 xm% +p? + k% + 2pkx’
k?f 1 k?)x/p
r = dk d
1(p) / / ) +p T k2 + 2pka’
2?) /2
Ia(p) = dk dx
2(p) / / m2+p +k2+2pkx
s 322 1) / (27)
ng_/ dk/ dm2+p 2 + k2 + 2pka’
and
) e [ K
T =
op) ./0 /4 xm% + p? + k2 + 2pka’
- k‘f 1 k?)x/p
Pl(p)_/ dk/ e +p + K2+ 2pka’
B () — z?) /2
F2p_/ dk/ dm2+p +k2+2pkx
i b 302 — 1) / (20°)
ng_/ dk/ dm2+p 2 + k2 + 2pka’
with
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C.1. DENSITY INTEGRALS

There are three combinations of those integrals that appear, let’s begin with
Bk G- (k+ )7 (k+p

Il(U,p,Q):/_, 3 ( 4)—' ( j

Fi<ky (2m)7 m2 4+ (k + p)?

2m G- (k+p)q- (k+7p)
dkdzdok?
27r / // ¢ m2 + p2 + k% + 2pkx

2m (G- E)@ k) + (G BT )+ (PG k) + (@ P P)
23 / / dhdadgh? m2 + p? + k2 + 2pkz ‘

Using that some of the d¢ integrals vanish we can simplify the numerator

27
= / do {quku (1 — $2) cos® ¢ + o,qk? (1 — xz) sin? ¢ + azqzk2x2]
0
= oqukz (1 - ) T+ quyk:2 (1 — 3:2) T+ Uzqzk2x227r
= axqu:z (1 —x° )T+ quyk:2 (1 —x ) T+ quzk: (1 — x2) T+ azqzkgw (3332 — 1)

_k3m (31,‘2 —1)

’)
=G gk (1-2?) 7+ 6577 =

)

0% a9l(6-R)(@-5) + (- P)(T-F) = 02“ doka O DT D) : (-9 D)

o (@ -p)(q- D)
p

= do2kzx
0

— d T PNT D)
p

Therefore we are left with

o k4 (1—=? R o k(3221 - R o
) 1 opep o G0N @@ ) (8 G
<(’p’q)_472// v m2 + p? + k? + 2pkz
1

= 12 [(@-DT2(p) + (- P)(7- P) (To(p) + 201 (p) + T3 (p))]-

The same procedure can be done to show explicitly that for I1(o,p + ¢, q) one indeed
just has to replace p' with 9+ ¢. So to summarize we found

Ii(o,p,q) = ﬁ (@ OT2(p) + (- P)(7-P) (Do(p) + 2T'1(p) + T3(p))],  (C.1.1)

Li(o,p+4q,q) = 4%2 (G- Plap+q) +7- P+ §7 (F+7) (Lolp+q) + 2l (p+q) + Ts(p+q))]-
(C1.2)
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C.1. DENSITY INTEGRALS

For the case where the mass in the integral is replaced by m2 = m2 — (qo)2 we define
the integrals

. Bk & (k+p)q (k+
h(a,p,q):/ﬁ 3 (~2 T { 25)
Kl<k; (27)° W2 + (k + p)
&k G- (k+5+D7- (k+5+ 9
<ky (27)% 2 4 (k4 P+ Q)2

L(o,p+q,q9) = /|E

which evaluate to

Ii(o.p.0) = — [

- QTa(p) + (7 7)(@-7) (Do) + 201 (p) + Ts(0)) | |,

(C.1.3)

Lowp+a.0) =5 [@ D2+ +5 G+D7 G+ (Dol +a) +201p+9) + T30 +9)] |
(C.1.4)
Next we analyze
ho— [ A% G Er
Fi<k; (2m)3 m2 + (k + p)2
B dk [m2+ (k+p)? m2
Kl<ky )3 | m2 + (k+9)2  m2+ (k+ p)>2
_ k| m
Fl<k; (27)3 m2 + (k + p)2
_ 1k 2 1
(2m)33 3 mxTo(p) 472
1 [2k3
=12 (3f - mﬁo(ﬁ))
Analogous for
E(p):/ 3k (k+m~(k:+ﬁ)_
<k (27)3 W2 + (k + p)2
So we summarize
N
Ly(p) = w2\ 3 myTo(p) | | (C.1.5)
. 1 (2K},
Ly(p) = yps) <3 —mzlo(p) (C.1.6)
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C.2. VACUUM INTEGRALS

Another important integral is

. a3k k+
13(0',]7):/_, 3 - (—' m2a
kl<k; (2m)% M2 + (k + p)
which evaluates to
L1
Li(o,p) =G 97— (T1(p) + To(p) | (C.1.7)
y(o,p) = - s (Fr(p) + T C.18
3(0.p) = 775 (Du(p) +Tolp)) | (C.L8)
C.2 Vacuum integrals
As in [43] we define
1 [ d% 1 ) 1 My
A, = —g/ g (L()\) + A) LOd—1), (C21)

d
% / (;lwl;d (k2 — m2{1+’l§5)’(%kyz}) Tt~ Vo) v @), g () + vt Jy(w)s
" (C.2.2)
where i . .
L) = G (d_4 ~ Slnar (1) + 1]) (C.2.3)
and
Jo(w) = —4wL + (42:)2 (1 —2In n;”) - ﬁ\/m% - wQarccos;T(: +0O(d—-4),
J1(w) =wdy(w) + Ay, (C.2.4)
Jo(w) = ﬁ[(mi — W) Jo(w) — wAL,
J3(w) = wJi(w) — Jo(w)

We can notice that the expression for Jo(w) is valid for w < m; that is the region we
are interested in since we can stay in the reference frame of the outgoing nucleon. Even
if we are not in the nucleon reference frame and we encounter v - (p 4 ¢), this would still
be < my since we have a small momentum propagating in the scattering.

Another integral often appearing is

L dh kk, 1
i) (2m)4 (k2 —m2 +ie) (W —v-k+ie)(w—v-k+ie)

(C.2.5)
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C.2. VACUUM INTEGRALS

This can be rewritten using the following identity

1 1 1 1
W —v ktio)w—v-ktie) o —wl|lw—v-k+ic w’—v-k—i—ie} » (C26)
(
as
1 1/ ddk kpky W= w/
W —w \iJ) 2m) (k%2 —m2 +ie)(w — v -k +ie) (C.2.7)
1
H(QMV[JQ(W) — Jo(w)] + vpvy [J3(w) — J3(w))).
We can define a scale dependent and divergent quantity as
1 My

and report a combination of functions that will often appear in the following

1 w 1 w m3
Ja(w)£J2(0) = 71 [(mi —w?) <87r2 - R\/mi — w? arccos <_m)> + B (6m2w — 4w3)A()\)] ,

(C.2.9)
that in d = 4 reads
I P AL By ey <_W)> ME e — 4o
Ja(w)£J2(0) = 3 [(m7r w?) (8#2 1.2 /M — w? arccos p— + o (6miw — 4w’ )A(N)
(C.2.10)
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