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Abstract

A punctured Riemann surface is a compact Riemann surface with nitely many
points removed. We will discuss an equivalence bim9QJ between tame harmonic
bundles, regular Itered stable Higgs bundles respDyx -modules and regular |-
tered local systems over these surfaces.

Zusammenfassung

Eine punktierte Riemannsche Flache ist eine kompakte Riemannsche Flache ohne
einer endlichen Anzahl ausgezeichneter Punkte. Wir zeigen eine Aquivalenz aus
[Sim9(Q zwischen zahmen harmonischen Biindeln, regulér ge Iterten Higgs Biindeln
bzw. Dy -Modulen und regulare ge Iterten lokalen Systemen tber einer punktierten
Riemannschen Flache.
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Introduction

The roots of the so called Kobayashi-Hitchin correspondence go back to the 1960's,
when M.S. Narasimhan and C.S. SeshardN§65 proved the correspondence be-
tween irreducible at unitary bundles and stable vector bundles with degree O,
on a compact Riemann surfaces. Once the result was well-understood, the nat-
ural question arose how it might be extended beyond complex dimension 1 and
beyond at unitary bundles. One of the rst extensions was done by Mehta and
Ramanathan MR84], who proved that at unitary bundles in general correspond

to stable vector bundles with trivial Chern class.

Then at the beginning of the 1980's KobayashKpob80] (and independently Liibke
[LUb82]) proved that a holomorphic bundle on a Kahler manifold equipped with a
Hermitian-Einstein metric is stable. This led Kobayashi and independently Hitchin
(according to Donaldson Don85) to formulate the inverse problem, i.e. does ev-
ery stable bundle possess a Hermitian-Einstein metric? Donaldson himself found
a proof in the compact Riemann surfaces case iBdn87,[Don85 and extended

it to algebraic surfaces. The general result over every Kahler manifold was nally
proved by Uhlenbeck and YaulY86].

On the other hand Hitchin introduced in Hit87] Higgs bundles, labeled like this
because there are similarities to the mathematical description of physical particles
like the "Higgs boson" in mathematical gauge theory. The term of a Higgs bundle
soon proved very useful, since Hitchin was able to nd a correspondence between
the existence of a Hermitian-Einstein metric on a Higgs bundle over a compact
Riemann surface and stability of the Higgs bundle.

When Carlos Simpson started his PhD thesis at end of the 1980's the non-compact
case was still untouched or at least the correspondence could not be established.
After proving the existence of a Hermitian-Einstein metric for every Higgs bundle
on a (in general not-compact) Kahler manifold (satisfying certain conditions) in
his [Sim8§ article on "Constructing variations of Hodge structure”, he turned to
the complex curve case, i.e. to Riemann surfaces. There he was able to estab-
lish a correspondence between harmonic bundles and stable ltered regular Higgs
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bundles, Itered local systems as well as at regular bundles (cfSjm9(Q).*
The correspondence established by Simpson ®ifn9J connects various elds of
mathematics:

Algebraic Geometry . Di erential Geometry Topology
stable Itered regular Higgs |$ : $ | stable Itered local
tame harmonic bundles

bundles with degree 0 systems eit degree (

Furthermore there are connections to partial di erential equations resp. analysis
as well as physics.

Therefore it seems worthy to take a closer look at the proof of the correspondence.
As it turns out, the article [SIim9(Q awlessly describes all major steps on the way
to the equivalence of categories, but leaves out the calculations and some interme-
diate steps. This is one of the reasons that make it di cult to follow the central
theme of the article. Another one is that the necessary background knowledge is
either assumed or scattered around the various articleSim89, [Sim93.

So in our explanation we try to collect these de nitions and results so that the
work becomes self-contained as far as possible. Furthermore we will add the miss-
ing details or rewrite some of the proofs if we were not able to follow the original
argument.

In view of these two tasks we start in the rst chapter with some background
knowledge on Algebraic and Di erential Geometry as well as a small introduc-
tion to Hodge theory. Of particular importance are some consequences of Serre's
GAGA and the result of Deligne on regular singularities establishing a relation
between algebraic and holomorphic vector bundles. They enable us to choose one
of the categories as long as we are on a compact surface. Moreover Deligne's
article tells us about the requirements a holomorphic connection has to obey in
order to be algebraic too - regularity. Consequently we will repeat the Riemann-
Hilbert correspondence connecting at holomorphic vector bundles, local system
and representations of the fundamental group. The theorem allows us for example
to understand the equivariance of the harmonic metric map or the correspondence
of the at bundles and local system in the context of Itered objects.

In the main text, we will often have to change between a vector bundle and its
sheaf of sections. We will recall that this construction essentially commutes with
tensor products in the di erential, holomorphic resp. algebraic setting.

The Hodge theoretical part will explain the adjoint of a connection and we
will have some basic Kahler identities in the hermitian case, i.e. not necessarily
kahlerian case. These identities will prove very useful later on when we consider
a metric as a map into the positive-de nite matrices. Another application is the
proof of the Chern-Weil formula.

1For the last of these four categories this was done by CorletteGor8§, too.
2We will see that the boundaries between the dierent elds become blurred and we may
assign the objects to di erent elds.
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In the next section we are going to start with the discussion of connections and
metrics. In particular we explain how a metric connection on higher di erential
forms has to look like in our notation. The second part of this section will be
devoted to the study of maps into the spac®, of positive-de nite matrices. This
space will be identi ed with the homogeneous spacal, (C)=U(n). After identi ca-
tion of the space of hermitian matrices with a real vector space we get a di erential
structure on H, and later, on P, via the exponential map. The main result of this
section is thatP, is a complete Riemannian manifold, which is negatively curved.
Thus we are in the position to use some convexity properties of geodesics in neg-
atively curved complete spaces.

In the proof of completeness we introduce a formula for the di erential of a bounded
linear operator on the space of hermitian matrices, which we call divided sums as
[BhaOg . This concept is used by Simpson in his articleSjm88 to prove the
existence of a harmonic metric.

Before we proceed with the description of our metric ma ! P, we need to
de ne the basis concepts of our thesis, namely Higgs bundld3y -modules and
harmonic bundles. A Higgs bundle is a holomorphic vector bunde with the
additional structure of a Higgs eld , that fullls some compatibility relation
with the holomorphic structure @. A Dx module is in fact a at bundle in
the sense of a vector bundle equipped with a at connection. From the structure
of the at bundle we can construct a Higgs eld and from a Higgs bundle we
can construct a connectiorD. Harmonicity is now the statement that the Higgs
bundle is at, i.e. that D has vanishing curvature. Hence we get a at bundle. On
a at bundle harmonicity means that ful lls the compatibility relation with the
holomorphic structure @, i.e. is a Higgs bundle. As a result we see that Higgs
bundles and at bundles are the same if they are harmonic. In order to justify
the term "harmonic” bundle we will show, using the K&hler identities, that our
metric map into P, is harmonic i the corresponding bundle is.

After de ning tameness of a Higgs eld and the notion of a local system we will
turn to the regularity of a connection. In order to do so we de ne the pushforward
sheafj (E) corresponding to the inclusiorj : X ,! X. Then the regularity of r
may be described in terms of its connection matrix, i.e. we allow only poles of
order one in some suitable framé.

In the last section of this rst chapter we start with the description of Itered vector
bundles. We recall the original idea of Mehta and Seshadri (ctMBE8(Q). A Itered
vector bundle is then a decreasing ltration off (E) by coherent subsheaves, that
ful Il certain relations. A ltered Higgs bundle is a Itered vector bundle with a
Higgs eld that respects the lItration. Analogously for a Itered Dy module,

r has to respect the lItration. We get a ltered local system if we have a lItration

3r is the (1;0)-part of the at connection.
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L of the locally constant sheal., such that L is preserved by the monodromy

of the local system.
The main result of the thesis will be a correspondence of categories. So we need
to clarify how the morphisms in the di erent categories look like. However, the
choice is natural, i.e. a map is a morphism of Itered objects if it preserves the
Itration as well as all additional structure, such as the Higgs eld . A short
subsection about the concept of residues in our context closes the chapter.

The second chapter describes Simpson's main estimate. The aim is to re ect
tameness, i.e. the growth of the eigenvalues, in terms of the Frobenius norm of
itself and more important to nd a bound of the curvature of the metric connection,
often denotedR;,. Before we start with the actual proof we will rst describe how
we can simplify the matrix representation of our Higgs eld in order to make it
manageable. This can be done using an eigenspace decompositida.dfowever
our eigenvalues are unfortunately not single-valued. The problem can be overcome
by transferring to a nite branched cover ofX and the corresponding pullback of
our bundle E. One advantage thereof is that we have a Laurent expansion there
with order at most n, wheren is the dimension of our vector bundle. So we add
to our eigenvalue a function such that the order of is n+1. Going
back to our original bundle will be bounded in terms ofjzj **";" 1=n4
Schur decomposition will lead us to an upper triangular form of as well as ,
where comes form the constructed before. It turns out that this is a block
upper triangular matrix, that can be decomposed further into a block diagonal
part + ©and a strictly block upper triangular part *.> The main estimate will
treat those parts separately.

After introducing some preliminary norm estimates involving and its

h conjugate Y, we describe the endomorphism bundle in detail. In the rest of
the paper we will often prot from the interaction between the initial bundle E
and the endomorphism bundle En¢E). So we think it is worth taking a closer
look. All di erential operators on E induce operators on the endomorphism bun-
dle. The induced operators inherit almost all properties of the original ones. In
particular our Higgs eld property @ + @ = 0 becomes(@ )enq( ) = O for
the induced operator(@ )enq on End(E). The metric h on E induces a metric
tr(HB HA) = PA;Bi for A;B 2 End(E), which becomes the Hilbert-Schmidt
inner product if we choose aitn  orthonormal frame. HereH is the corresponding
map into Py,.

Now we are in the position to use Grith's and Harris' [GH78] statement, that

4z is a local coordinate vanishing at the puncture.
SBlocks with respect to the eigenvalues; diagonal.
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curvature decreases in subbundles to get to our starting point:

K[ z; Y1KE

log k ,k ;
F k k2

1)
where the indexz indicates the connection matrix of resp. Y. Before we proceed
with the estimate itself we add two examples which will come of importance when
we try to construct a standard metric later on in the paper.
Step 1 of the main estimate is to nd a bound of itself. The idea behind the
calculation done in this subsection is to rst distinct two cases (cf. 1.5.1), where
one case is the desired resuk ,k JC;?’J and then to show that the other case
cannot occur. The second case is de ned by some inequaliy:,ke strictly bigger
than some functionm. Then we show that if this inequality holds on some non-
empty set S; we get a contradiction. In order to do so prove that, m is
subharmonic onS; (using (1)) and has its maximum , = m on the boundary
@% InsideS; weget , m 0, ., mcontradicting the de nition of S;.
At the beginning of step 2, we will rst recall an easy estimate of the real logarithm
function, namely that we always nd a straight line through O that is everywhere
greater than or equal the logarithm function. For a lower bound of the logarithm we
will in general not nd such a straight line strictly smaller than log. While Simpson
writes no further details on this lower bound, Mochizukioc074 claims that it
exists. The dierence between those two di erent conclusions is that Mochizuki
[Moc07d expects a certain constantb to be always positive, while we are not
so sure about that. So we describe a way around this problem in Step 3. The
rest of Step 2 is another application of the idea of Step 1, although slightly more
complicated. As a result we nd a bound for °.
The second part of the main estimate takes care about the strictly upper triangular
part of . Therefore we need a modi ed version of (1), which we introduced in the
context of the endomorphism bundle already, as well as some calculations involving
the adjoint representation® In particular we will show the invertibility of ad( )
on block upper triangular matrices. With the help of ad and some bounds of the
adjoint representation, we will rst show that the upper triangular parts of and
are mutually bounded and hence get into the position to repeat the argument of
Step 2. This leads us to a bound of* in terms ofjzj *". Using both estimates -
of ®and * - we can bound the norm of the curvaturdr,, of the metric connection
by Rp JZJ%I%W Putting the previous results together will lead us to Simpson's
theorem 1.
There are a few consequences of the main estimate described afterwards. The rst
one is that the norms of the at sections increase at most polynomially. Our proof
uses Gronwall's lemma to solve the di erential equation mentioned by Simpson.

6We change from the commutator to the adjoint representation ad to simplify notation.
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Using the polynomial bound of the at sections we are able to describe tameness
in terms of aDyx module: If the at sections grow at most polynomially then the
corresponding Higgs eld is tame. The proof is somewhat lengthy. H is our
harmonic metric we construct a second metri&€ . Then we estimateK in term
of H from above - from below we anyway have a bound by harmonicityK is
constructed as follows on an annulug-.;: For a small > 0 let K be constant
on A-, ., and a geodesic along each ray out of the puncture .-, . Now we
can use the completeness &, as well as the negative curvature to estimate the
lepgth of the geod¢§1ic. Thergafter Simpson uses, we guess, integration by parts
pon’ KKE =" *d .,k ki Instead of this formula we will use a
weaker estimate still leading to the right conclusion, i.e. we show that if is not
tame the estimates we got by constructing< are contradicted.

The last lemma in this chapter is of particular importance. It helps us to extend
an inequality f b for |ogszj I 0 and b positive, weakly over the puncture.
The proof is more or less an application of the properties of the Green function

>+ logjzj.
The third chapter deals with ltered objects. In the rst part we construct our
main functor  from the category of tame harmonic bundles to the category of
Itered regular Higgs bundles resp. lItered regularDy modules. The functor will
be a priori de ned on acceptable bundles. These are, roughly speaking, bundles
with a metric connection that is bounded in the same terms as the connection in
the main estimate. For technical reasons we add a perturbation byl function.

is in particularly compatible with taking duals, tensor products and determi-
nants. The proofs are not included in Simpson's workSjm9Q, but can be partly
found in [SIm8§. After adding these compatibility properties, we show that when
restricted to the subcategory of harmonic bundles, indeed mapsE to a ltered
regular Higgs bundle respDx module: Since maps already into ltered vector
bundles we only need to show that resp. r respects the Itrations. For this
is clear, forr we get the result by using the weak extension described above. At
the end of the section, we show that gives rise to a map of the corresponding
morphisms, i.e. is a functor.
The second part of the chapter describes a functor from Itered local systems
to Dx modules. First we will recall the general Riemann-Hilbert correspondence
and construct a meromorphic frame of th®yx moduleV using the at sections in
the corresponding local systerh. In terms of this frame we can de ne the functor

. As a rst step we show that is well-de ned. The second step is crucial,
because it simpli es the rest of the proof: is compatible with the decomposition
into generalized eigenspaces, even more compatible with the decomposition into

invariant subspaces ( the monodromy). Thereafter we may restrict to local
systems with only one eigenvalue to show compatibility with tensor products and
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duals.

The functor is furthermore essentially surjective: We construct an inverse !
that maps each lItered regularDx module on a local system and is the inverse
construction to . Simpson constructs ! in a di erent way and concludes then,
that his inverse is the same as ours.

Finally we show that the functor is fully faithful and therewith  establishes
an equivalence of the categories of ltered local systems and Itered regular
Dx modules.

The aim of chapter V is to show that two metrics that induce the same ltration
under are mutually bounded and further that is fully faithful. The main point
are two Weitzenbo6ck formulas given at the beginning of the section. For the rst
part we need a lemma that tells us that if a holomorphic sectior is bounded by
jzj " for all " > 0, then it is already bounded, if the curvature isLP. The proof
uses theLP integrability of the curvature to bound logkek by a LP function f .’
Then solve the Poisson equation~u = f and extend it weakly over the puncture.
Subharmonicity will lead to a bound ofe.

The lemma applied to the identity element of the endomorphism bundle is enough
to show that two metrics that induce the same ltration are mutually bounded.

In order to show that is fully faithful we need to show that a Higgs bundle
morphism on the by induced Itered regular Higgs bundle is a morphism of
harmonic bundles, i.e. it is a morphism of Itered regularDx modules. This
is done by our Weitzenbé6ck formula. The same holds for into Itered regular
Dx modules.

The chapter titled "Residues and Standard Metrics" continues our two examples
1.4.17 and 1.4.18. It turns out that they are the basic building blocks to construct
a "standard" metric on a Higgs bundle. We will describe how a "jump”, i.e. a in
the Itration ( E) suchthatGr (E) 6 O transferstothe ( E) Dx module and
further to the local system corresponding under . From this observation we see
that by considering tensor products of the bundles de ned in the two examples will
lead us to any residue and any residue homomorphism up to isomorphism. Now us-
ing the isomorphism between the residues we can state the main result 4.3.1 of the
chapter, namely that every regular Itered Higgs bundle respDx module resp.
Itered local system can be equipped with an acceptable metritthat induces the
Itrations under . This metric is not necessarily harmonic. In particular we show
that it does not matter whether we consider the ltration on a local system directly
induced by h via order of growth or the Itration coming from the Dx module

( E) via

The nal chapter will lead to our main result. We rst give the de nition of the
algebraic/parabolic degree of a Itered object and the analytic degree using Chern

"The Weitzenbdck formula relatese and the curvature
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classes. Then we show that both notions are actually the same #y ( E). We will
give an extended proof assuming less than necessary in order to treat subbundles,
which will come up later, as well. One of the main topics of the chapter are the
Chern-Weil formulas, that describe how the curvature of a subbundle looks like
in terms of the original curvature. After de ning stability for each of our objects
we will be in the position to show that ( E) (for an irreducible tame harmonic
bundle E) is stable and has degre® and that every harmonic bundle decomposes
into irreducible ones.

The main existence theorem ofim8§, will provide us with a harmonic metric,
which is bounded with respect to our standard metric, i.e. induces the same
Itrations under . Showing that every ltered bundle already comes from a tame
harmonic one and showing that preserves degree and stability will lead us to
our main result:

Main theorem.  The category of tame harmonic bundles is naturally equivalent
via the functors , to the categories of direct sums of stable Itered regular Higgs
bundles of degree zero, of direct sums of stable lItered regul®y modules of
degree zero, and of direct sums of stable Itered local system of degree zero.
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Main Estimate
for Tame
Harmonic Bundles

This rst chapter starts with some de nitions and preliminary results. The main
part then contains the actual estimate of our Higgs eld close to the punctures.
Finally we add some conclusions as well as technical lemmas needed in the following
chapters.

1.1. Harmonic Bundles

1.1.1. Higgs Bundles

In this rst paragraph we will in short de ne the notion of a Higgs eld and its
basic properties. Most of the upcoming de nitions and notational conventions are
explained in the Appendix.

Hitchin introduced in [Hit87] the notion of a Higgs eld:

De nition 1.1.1. (E; @; ) is a Higgs bundle ifE is a (holomorphic or algebraic)
vector bundle with holomorphic structure@ and a bundle homomorphism

V,.
E! E ¢ 3°
which satises@ + @ =0. Then is called Higgs eld.

If we restrict to holomorphic sections, j |, (x.e), then
@(s)=0; 852 (X E);

i.e. the last property@ + @ =0 simpliesto @ =0.
Using A.1.24 and A.1.25 we can write for every opdd X

ju2  (Homguy((U;E); (UE) & )
A;0
" (U;Home(E;E ¢ U))
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A;0
" (UE c¢cE ¢ U
A0
" (UEndc(E) ¢ U)

" (U;Endc(E)) g 303

To nd the equivalent to @ + @ = 0 we need the induced holomorphic
structure on the endomorphism bundle, which is described in A.4:

@w @ X(End(E))!  M(End(E))
_@nd(!) = _@! + !_@;
for any (1;0) form!. Therefore@ + @ =0, @nm()=0.
But we have

A;0
ho(U;ENde(E) ¢ )'f s2 (UENde(E)) euy 3 i@na(s) =09
U
. . . Vl'O

Thus can be understood as a holomorphic section into ER(E) ¢ . By
some authors this discription is used as a de nition for. However, we will stay
with the de nition chosen by Carlos Simpson.
Note that maps holomorphic sections to holomorphic one-forms, since

0= (@ + @)9)= @(5s):
Thus in a suitable basis (s) has holomorphic coe cients.
Remark 1.1.2. For a Riemannian surface 2 = 0:
(=s ') Hs) = (s ')

(s)"!
= (s) (s™P)

But! =fdz;!q =gdz) fdz~gdz=1fg dz~dz=0.

If our Higgs bundle with Higgs eld is equipped with a hermitian structureh (see
A2),thenlet Y: (X;E)! (X;E) %'= 9%YE)?Ex sheaf homomorphism
be theh adjoint, i.e.

h(; )=h("; ) ; 2 (XE):

1For a proof see Huy05], p. 110 and p. 73 forH°() = o ().
2In [SIm9Q VY is denoted by .
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Locally® for a Riemann surface this becomes = (dz2); ¥ = y (1d2
and
h(; ) (1dz)= h(; (Adz))=h( y (1d2); )=h( y; ) (1d2)
y h(; ): h( v, ):

Thus Y is uniquely determined by andh. It inherits the homomorphism property
by

(Y £)) =*h( K (D=h( ()rF)
h(; (- F)=hC’() D

h(Y()~f;, ); 8; 2 (UE);f 2E(V):

Hence Y( f)= Y( )~ f. Y() is smooth sinceh and are. Further we have
(Y)2=0 (see 1.1.2).

1.2. Harmonicity of Vector Bundles

In the rst part of this section we will return to Higgs bundles and de ne har-
monicity for Higgs bundles. We will see that harmonic Higgs bundles are just the
harmonic Dy modules. Furthermore we will get relations between the de ning
operators. This will be the foundation of all our calculations. Please note that in
comparison with Simpson we changd®$ D°and d°¢ D%

The second part considers our metric as a map into the spaeg of positive de nite
matrices. There we will use some perturbations iR, to show that the metric is
harmonic in the bundle case i it minimizes the energy, i.e. is harmonic as a map
into P,.

1.2.1. Higgs Bundles and Flat Vector Bundles
With the de nitions of the last section we can introduce a new connection
D=@+@+ + Y

on our holomorphic Higgs bundIl€E; @; ;h). We can check this is indeed another
connection although it is in general no metric connection.

D: X(E)!  X(E)

3 Y are sheaf homomorphisms and so well-de ned on any U; E); U open.

4At this point the notion might be confusing. f is just a C valued function which acts
by multiplication, i.e. here = . The hermitian structure of h enables us to putf on the side.



4 | 1. Main Estimate for Tame Harmonic Bundles

since all component maps go into Y (E). The Leibniz Rule is satis ed forD =
@ + @ sinceD is a connection. Since; Y are E(U) module homomorphisms
Leibniz rule holds forD: 8s2 ( U;E); 2E(U)=

Dis ) =(@+@+ + ")(s )

= D(" +s d + (s )+ (s )
D" +s d + (9" + V(9"
(D+ + ")(s) +s d
D(s)® +s d:

De nition 1.2.1. A metric holomorphic Higgs bundle(E; @ ; h; ) is called har-
monic bundle ifD is at, i.e. if D D =0.

We will not assume harmonicity for now.
Lemma 1.2.2.
D’= @@+ @@+ '+’
for Riemann surfaces.
Proof. This is because
@@; 5" @e; @@

vanish. Further@ + @ =0) @ Y+ Y@ = 0. We could prove the last
equation by using the compatibility with the metric of @ + @ to receive from the
Higgs property an equation involving the term@ Y+ Y@ . However, the aim of
this section is to show that a harmonic bundle corresponds to a at bundle with
a certain property: vanishing Pseudo-curvature. The tools used in this section

will therefore automatically lead to an easy explanation 1.2.6 df, := D? =
@a+a@@+ Y+ V. O
Remark 1.2.3. (i) Note that @ + Y is another holomorphic structure ofE.

(i) W.r.t. the holomorphic structure @ + Y the operator @ + becomes a
holomorphic connection (cf. A.2.12) on a harmonic Higgs bundle, since

(@+ @+ )+(@+ )@+ "

-@areq: 't @ gy

= 0 harmonic = 0 Higgs = 0 Higgs
=0 :

(@+ )(_@+ y)] ho|(X;E):0;5
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) (@+ )@+ )=0;
i.e. holomorphic sections are mapped to holomorphic sections.

We want to start with a smooth vector bundleV with at connection D, and a
hermitian metric hy. Then we can split up the connection into(1;0) and (0; 1)
part

D =D% D%

D is not necessarily metric, so we add an operatof°of type (0;1) to D%and an
operator °of type (1;0) to D®such that D°+ %and °+ D°become each metric

connections® Dene @ := DOQZ* ®  We want to show that the operator explains

a holomorphic structure: Obviously_@ =0 as(0;2) form on a Riemann surface;
the Leibniz rule follows from

D00y 00
|
1 — _
=7 E(DO‘(s)"! +s @+ P21 +s @)
00, 00
= D -2|- s Nl +s _@I
@s N +s @' s2 (uv); 2 &%

@(s !)

Thus @ determines a holomorphic structure o¥ .
Similarly we get for@ := Do; ° that @ =0 as(2;0) form and the Leibniz rule
holds:

|

= %(Do(s)"!+s @'+ s +s @)
DO+ 0

= AL+ !
28 s @

(@s)"!' +s @!; s2 (U;V);! 2 B4

@(s !)

In particular @ + @ is a connection. This connection respects the metric since

(@ )+ (i@ ) = (D %; )+ hy(; (% 9 )

Sw.rt. @ + Y a section is holomorphic i it is killed by @ + V.
6¢f. A.2.10 and the following remark.
DY gre (0; 1) parts of a connection and satisfy therefore the Leibniz rule.
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Moreover we can de ne :=

1. Main Estimate for Tame Harmonic Bundles

=5 2 h(® )@ ) h( °)
(i )+ @h(; ) h( %)
= @hv(; ), 5 2 (UV)
_ D° 0_ y Doo 00

. Again ? =( Y)?> = 0. Further

the two operators areE(U) module sheaf homomorphlsms

(s ')

y(s

and Y are adjoint:

hv(?¥; )

De nition 1.2.4.

0 0
P 1)
109Nt +s @ 9N s @)
DO 0
5 s N
(s)M, s 2 (uUv);l 2 B
00 00
T s 1)
%(DOF(S)A!+S @' %21 s @)
DOO 00
> s N
Ys AL s 2 (UpV); L2 B
00 00
hy D 5 ;
2% )+ @) ()
2(v(:D°) hy(; °))
-DO 0 — . . . . .
hy > =hy(; ); 2 (UV):

The pseudo-curvature of the metrichy, is

Gh=(P=@ + @;°

whered®= @ + ;d°= @ + V.
A at bundle, D? =0, is called harmonic if the pseudo-curvature vanishes.

8D0+ 00p00+ O hermitian connections.
9@ = 2=0 for a Riemann Surface.
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Thus if the at bundle is harmonic is a Higgs eld and so we have constructed
a harmonic bundle as de ned for Higgs bundles, since the curvatukg vanishes

Fr=(@+@+ + Y)?=(D°+ D%?=D?=0:

So starting with a harmonic (Higgs) bundle from which we constructed a at
connectionD, we can get back to the same Higgs bundle by the scheme above, i.e.
the two de nitions of harmonicity are essentially the same.

Remark 1.2.5. Notethat @ + @ + VY is another metric connection, since

@+@+ " ):)+h:@+@+ > ))
=dn(; )+ n(Y )i )*hG(Y ))

dh(; )+h((* )i ) hCY )i )
dn(; )

In particular this connection respects the holomorphic structure@ + Y from
remark 1.2.3.

We want to add the missing part of the proofoD? =0, @@+@ @+ Y+ Y =
0, i.e. to show that

Lemmal26. @ + @=0) @Y+ [@0.%

Proof. Start with a Higgs bundle (not necessarily harmonic). Note that for %=
@ VYY) D+ =@+ + @ VYis metric justasD% Cfor °= @

Now we are in the same situation as in the at bundle case. Next note that
(DY2=(D%2=( 92=( %2 =0 by degree considerations. Then

@+ a@=(@+)

1

— Zr(Do+ 04 poo %2

- %(DODOO_'_ DObO DO 00 Obo
+DOOO+ q:)OO 0 00 00(5

- %(DO 04 DOoy %2

= Vv @ %

what proves the claim. ]

10Even, .
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Remark 1.2.7. Note that we didn't use harmonicity here. However, iD is at
then DD %+ D°D°= 0. We further get

h(( °+ %% )

=2dh(( °+ % )+ h(( °+ %;(D°+D%)

=4dh(: ) 2dh(; (D% D%)+2dh(; (D°+ D% ) h(; (D% D%? )
=4dth(; ) h(; (D°+ D%?)

=0;

ie. 0004 000=( 04 092 =0 and the Higgs eld property becomes equivalent
to DOOO+ q:)OO: DO 004 0%0.

The main theorem is an equivalence of categories, so we must clarify the notion of
a morphism.

De nition 1.2.8. B Let (E;hg; DE;d‘E’()_be a harmonic vector bundle with at
connectionDe = @+ @+ ¢+ {,d¥= @+ . Analogous de ne(F; hg; Dg;d%).
A map

"TE! F
is a morphism of harmonic vector bundles/a gauge transformation if
() * (De)="D e,
(i) * (d)="dg
(i) kK ker g © <1 (cf. remark A.4.2)

Analogously in the language of sheaves.

1.2.2. Metric as a map

We proceed by considering metrics as maps into the positive-de nite matrices (see
A.2).

Let D be as before andD@+ , T @+@+ Y the metric connection of the
previous remark 1.2.5. TherD = Dg,, y +2 . Let (s)) be aD at frame, i.e.
D(sj) = 0.1 Let H be the representation of the metrich in this frame. Then we
have by remark 1.2.5

dhij = dh(Sj;Si): d(SiHsj)
(D 2)s)Hs;+sH(D 2)s

1 Existence by Kobayashi Kob87], p. 5.
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= 2(si) Hs; IZsiH S|

X X
= 2 kSk Hs;+sH ki Sk
k=1 k=1
X
= 2 kD + ik
k=1
= 2( YH + H )ij :
and thereforedH = 2( YH + H ). Since every positive-de nite matrix is invert-
ible!? and by degree considerationdH =0 , =0.
Now use the inner producth; iy,.n from A.2.20. Then we get

kdHK .y

hdH; dHiy g =40 YH + H );( YH + H )iy, 4

Atr(H Y(YH)H ! ,H)dz” d2)+4tr(H Y(H )H ! ,H)dz”» d2)
+4tr(H Y(YH)H H Y)(dz» dz)+4tr(H *(H )H 'H Y)dz» dz)
=4tr(H * Y ,H)( idz~dz)+4tr( , ¥)idz"dz

=4itr(2 , Y)dz~ dz

=8ik k2 dz~ dz

=16k k2 dx " dy;

where we usedlz® dz= 2idx” dy.
Thus we have the energy of as

2 kdHK . C .
E-(h) = T':m h; ihsdz”~dz
AZl A'L;.]_
= 4i k kRdz" dz*®
A"~;l

We want to show that h is harmonic, i.e. minimizes the energy functional.

Recall the construction of the previous subsection. We constructed rst an
operator °resp. % (dependent on the metric) and de ned with the help of
these operators. We will redo the process for a variated metric.

Now consider an arbitrary variationH + "HU; U any matrix-valued function which
is at least twice di erentiable onB and vanishes on the boundary d8 . Note that

2similar to a diagonal matrix with positive diagonal entries.

13To ensure integrability use A~; = fz2 Cj0<"; j zj 1g closed and that we have no
singularities outside the punctures. For simplicity we used that the boundary@B X - possible
after rescaling.
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sincedet is polynomial (and therewith the invertible matrices are an open subset
of C" ") H + "HU s invertible for " small enough,H 2 GI,(C). Let °denote
the new extension oD°to a metric connection and %+ O("2) = 9 % We will
show that =" oY,

@H + "HU)
) "@HU)

(D (H+ "HU)+(H +"HU) ¥
(H+"HUY(CE )
(H + "HU)( %+ O("?%):

In order to calculate @HUchange to the endomorphism bundle. In A.4 we see
that we get induced connections on EndE) and that (Ejj ) = i j iISDgng  at.
The metric is hgng(A;B) = tr(HAHB ). We get

@ (HUHE ji )

X

@ her Unchi ij i
s;rk;l =1

X

@  hy Ughy
rk=1

@HUH); :

@Bna(U; Ej)

and therefore

@HUH); =  @bna(U;Ej)
= hena( 24U Ej) + hena(D2gU; Ej)
= hea( U U UEy)
= tr(H “UHE; HU °HEj)
X
= 14 N Pkouklhlm mj si hsr Urk |(<)|(hlm mj si

s;nkikm =1

X 00 0
= hie RUkhy  hi U oy
rk;l =1
= (H OQJH)ij (HU O(H)ij .

SinceH is invertible as a positive-de nite hermitian matrixgnd_@and contribute
each one di erential on each side of the equation, we g&@HU) = U U =

14 0= @+ C; ¥ = @+ Cix. Here @is the usualC operator, which can be informally written

as diag @;::: @.
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00
End(U)-
Thus for ©= " 2,(U)+ O("?)

"@HU) = H 2,(U)=(H + "HU)( %+ O("?)
) 0 = HO("?)+ H"( %+ 0O("%);

and since"HU %is of order2in " we can construct a term inO("?) to shorten

"HU % producing a possibly higher order deviation, i.e. alway®("?). Thus

004 O(IIZ) - 80 0(.)

Analogous 80 O 0= 0 :rOOOO("Z) =" ErSjO(UO)Jf %gzg 0 or?
Reca“ — DT"’ y — D 5 ) u = 5 u = 5 = 5 (LJ + O(n2)
and {,= Y 35 U+ O("?). Then proceed as in the unperturbed case to dét

E-(H + "U) |
Z N N .
=4 hY; Yi+h; i 2hY O(U)i 2h; ?U)i + 0O("?)
A 2 2
= !
=4 hY: Yi+h; i "hY; QU)i "h; QU)i+ 0("?) 1
A"_;]_

Since the integrand is' di erentiable and the di erential is integrable on A, we

may interchange the" di erentiation and integration
!

@ Z
@M+ = 4 R e h G ga(U)i ¢ O0)
@ z" |
) @Ry =4 Ui h s (U

Therefore we have a critical point i the integral does vanish for allJ, i.e. if the
integrand vanishes.
Now we use Hodge theory (cf. A.1.34) to apply the adjoint:’

h y; g(r)\d(u)l + h; gnd(u)i = I’( 09End y;Ui + I’( %End( );Ui
= HOSEnd y+( C)End;Ui:
Note that 2,(U)= U U %n a0 formU and 2,()= ® %on the

1 forms .

15The inner product, i.e. the trace is de ned since as mentioned above fot small enough
H + "HU invertible.

8 Again integrability by di erentiability of U; ; outside the punctures.

"Note that the requirement Ujga., =0 is satis ed.
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In order to show( % Y+ ( 9 we apply the Kahler identities from A.1.36 and
receive i (( D°Y+ YDY+i( D+ D9%. RecallthatD?°= @+ ;D %= @ + V.
Therefore

i Dgng ¥ 1 Deng

=i @ Y 4+ Y+ Y 4+ y@ _@ y y _@
i (@)End Y (_@')End

Since we saw in the Erevious subsection th&@®)enq ¥ =0 if (@)eng = O, the
map h is harmonic if (@ )eng = 0, i.€. if the at bundle is harmonic on A~ for all
=> 0.

1.3. Tameness

In this short section we will given the de nition of tameness as well as some basic
properties of multivalued eigenvalues.

De nition 1.3.1. Let E ! X be a holomorphic vector bundle.s : U !

P (E); U X18is a multivalued sectioni 9s: X ! E holomorphic s.t. s(z) =
s ~ (fzg) and s~ Y(fzg)= fzgforallz2 U.2®

Note that on a (small enough) open setl X, ~ ! decomposes into a disjoint
union of setsU;, each di eomorphic toU. So we can identify (vial; ' U) s with
a collection of sectionss; on U. De ne (s) as the unique holomorphic function
on X which is identi ed with (s;) for all j.%°

Remark 1.3.2. In literature (and in the following) one usually writess as a map
s:U! E.

De nition 1.3.3.  An eigenvalue of is a possibly multivalued holomorphic one-
form such that

for a multivalued sections.
Locally we can write dz and then is a multivalued holomorphic function.

Remark 1.3.4. Locally (on a small enough contractible set)) can be written
as a matrix d z w.r.t. the local frame eld s; and a local coordinatez. Then
(in the eigenvalue dz) is a solution of

det( ( x) (X)E) =0:

18P (E)= ~ 4 P (Ex);Ex= L(fxg);P (Ey) power set ofE,.
19X the universal cover ofX and ~: X' ! X the corresponding projection.
2As  is a sheaf morphism, the (s;) (as functions onU;) glue together.
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SinceC is algebraically closed there ar@ (not necessarily disjoint) solutions on
every ber. But the entries of are holomorphic and so islet as a polynomial, i.e.
locally the solutions ; are meromorphic functions of order at Ieas% at the sin-
gularity.?* Now if necessary minimizéJ such that there is at most one singularity
si.?2 Then the ; are holomorphic onUnfsg (resp. U if there is no singularity) and
they are eigenvalues. They can be multivalued but there are at mostbranches
sincedet( ( x) (X)E) =0 has at mostn solutions on each ber.

Note that around a punctures; 2 X nX there are still eigenvalues, but their order
at the puncture (considered as a meromorphic extension) is no longer bounded by
% since resp. sections can in general not be extended holomorphically over the
puncture.

As usual if two eigenvalues resp. sections on di erent open sets coincide on a con-
nected open intersection of the sets, then they extend each other holomorphically.

De nition 1.3.5. A harmonic bundle is tame if for all eigenvalues; of and
all puncturess; :

i i CHzj;

for a local coordinatez; of a small enough neighbourhood o, where C is any
constant andz;(s;) = 0.
The absolute value (w.r.t. some local coordinate) of a local one-form ; = ;dz
isdened asj ij =] ij.

1.4. Decomposition of the Higgs Field

In the rst subsection we will see how we may use nite branched covers to
construct an operator such that the eigenvalues of and have the same
residue. Then using Schur decomposition we will get the upper triangular ma-
trices = + , =+ @, which we may further decompose into block upper
triangular and block diagonal parts. The second part of this section will provide
us with some basic estimates of these operators.

For the proof of the main estimate we will apply the fact that curvature decreases
in subbundles to a section of the endomorphism bundle, namely It will lead us
to a rst inequality, widely used in the following two sections on the actual main
estimate.

Further we will add two examples that might help to illustrate the concept of a
Higgs bundle. They will prove important in the following chapters.

2lcf. the Main Estimate below.
22possible since the subset of singularities has no accumulation point for a meromorphic func-
tion.
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Please note that from now on we will usually work on a punctured disc. Since all
our punctures are isolated this is certainly justi ed.

1.4.1. Eigenvalues, Eigenspaces and Finite branched Covers

As a model to describe the behaviour around a puncture we choose the unit disc
B = Bnf0g;B := fz2 Cjjzj 1gwith the euclidean metricjzdzj?> = zz dz"dz;
z the standard coordinate. The distance from the puncture is sometimes denoted
r = jzj. Assume that there are no further punctures on the boundary = 1; if
necessary we rescale.
Further choose a frameg(sj); i » for our bundle E on B and denote the ma-
H,ix representation of w.r.t. this frame. If we apply ( X) to a vegior e =

i”=1 iSi(X) in E4 this can be understood as the evaluation of s);s = i”=1 iSi
at x.
For a tame harmonic bundlg(E; ; @ h) the eigenvalues of are bounded by de -
nition: j jj C=r. They are holomorphic onB resp. on some smaller punctured
disc around the puncture0. If necessary we rescale the whole process to ise

Lemma 1.4.1. 9"> Osuchthat9C > Oand 8 ; eigenvalue9a, 2 C

. dz C
] a‘ Z jzjl

-, & 2 C pairwise disjoint. (1.4.1.1)

This holds independent of the branch of ;, i.e. for all values. In particular" can
be chosen greater or equdk=n.

In order to understand the claim we need to nd a suitable description of mul-
tivalued functions. One way to look at multivalued eigenvalues is to use a
branched cover. The open punctured unit disB is covered by itself via the map
g :B ! B ;z7! zfor some positive integek. The map is obviously surjective
and proper. Hence we have oB a nite branched cover g :B! B;z 7! zN. To
clarify notation write p :B ! B = D;z 7! zN. extends to an endomorphism
b onD by p p = . Denote byu the local cagrdinate ofD with z = uN.
he eigenvalue equatiordet( E )=0 writtenas [, pi(z) '(z) =0 becomes
ToPi(uN) TuN)y = L pp .i(u) 5 (u) where we used that thep, are sums of
products of entries of and therefore transform asp p = . Having a solution
onB =B n(B \ R )?thereis a corresponding solutionp, on a component
Bo b(B ).?* We can extend p to the next component ofB; o(B ) along
some path inD. After at most n such extension we nd a componenB, such that
b pojBo= b pjBi= ,0 1 n. Soifwe choos& to ben! we get for each

23Respectively any other branch cut.
24Choosing a component corresponds to choosing a branch of théth root.
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Figure 1.1: A multivalued section - possibly an eigensection of It can be closed
by gluing along the arrows.
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solution on B a meromorphic function  onD suchthat p p = .
Over D we have the pullback bundleE, = [ E =f(x;e)2 D Ej p(X) =
(g D E=

proof of 1.4.1. Note that for the Laurent series expansion p = i L geuk,

for tame bundles withm = N, we haveg = 0, forall N <k < % This is
because p p shall be a solution of a degrea algebraic equation with holomor-
phic coe cients?®, i.e. the nth-power of 5  has to be an integer, in particular
nk N ) k NL. Of course this extends togc = 0 8 1 18k with

IN<k<I| + % Still there could be a function withk branchesgcd(k; n) <k, i.e.
a solution which has no single-valued holomorphic counterpart iD for N = n.

To see this consider the algebraic equation + 3 =0 with solutions ;=0 and

0=3 = X (each 2 branches) andjcd(2 3) = 1 < 2. However, for our purpose
N = n!is su cient. p
: - 1 k : _
e can write p = = m&U“ as Laurent series and get =

b Geexp(h@2 oy Fwith exp(M2*2 Ky the Ith branch of for1 | n
(or less thann in the case of less branchedj. This shows in particular that

z=uN=exp( InN(2)+21)=exp( In(z)) independent ofl, and thereforea;

(hereq ) constant on all branches of a multivalued solution. m
By the lemma we may uniquely de ne a functiorm : f1;:::;ng!f 1;:::;Kg;0
R n for which
dz C
i @mi) izjt

m becomes monotonically increasing after reordering the.
Remark 1.4.2. Ifin lemma 1.4.1 alreadyj jj JZ% then ay) = 0.
Let

Ea 1= sparf vj( JE)*v =0 for somek 2 N andm(j) = ag

the union of the generalized eigenspaces which correspondtoBy the meromor-
phy of the eigenvalues we know that distinct eigenvalues don't coincide on a dense

This is a holomorphic vector bundle on D with projection g, [x;€] = x and equipped
with the subspace topology. Local trivializations and transition functions (U;;' u;; gj ) become
( Dl(Ui);idD pro(" u; Pra); p% = Gj p). Furthermore any sections2 ( B ;E) induces a
section ;s2 (D ;E)by ps(x):=(x;s p(x)) and a metrich becomeshpy ((x;e);(x;f)) :=
h(e;f); dmEp =dim E. See for example Munteanu Aun04], p. 22.

26holomorphic on the punctured disc, meromorphic on the whole disc.

2lj+1 | nforj 6 0 mod n will lead to another eigenvalue. Forl > n branches will
repeat.
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subset of an open connected neighbourhood @by the identity theorem. Hence
we may assume, after possible rescaling, that distinct eigenvalues do not inter-
sect on our punctured neighbourhood, i.e. their algebraic multiplicity is constant.
Therefore rank E)* is constant for k big enough and thus we know that
the generalized eigenspaces gf span a holomorphic subbundle dE.?® Construct

a basis of generalized eigenvectors as usual, i.e. start with some (multivalued)
eigenvectorv; to the eigenvalue , add all linear independent eigenvectors to the
same eigenvalue, say,;:::;V;, than solve( E )v;+1 = vy to nd a generalized
eigenvector and so on until we have all generalized eigenvectors toThen start
over with the next eigenvalue. This construction ensures that

Visn = Vit Vi osparfyvjl j o r+1g;

i.e. ( sparfvjjl 1g) sparfyjl j |g. DenoteV, := sparfv,g and

the corresponding complete ag , i.e. a ltration with Gri(F) = FinF; ; of
dimension 1. The Gy(F) = sparfvig=V, are pot necessarily subbLLndIes since the
v; are in general multivalued. HoweverE, = . ;)= sparfvjg = j"zl Vi mi

is a subbundle as an union of generalized eigenbundles. In particular the classical
direct sum decomposition into generalized eigenspaces ensuigs\ E, = ; for

a 6 g.

De nition 1.4.3.  An endomorphismf :V ! V is called semi-simplei8W V
f invariant subspace, i.ef (W) W, 9W° V f invariant subspace such that
W WP%= V. A sheaf homomorphism( U;E) ! ( U;E) Ejl(E) is semi-simple
if the restriction to each ber resp. stalk is.

Remark 1.4.4. Every diagonalizable endomorphism of a nite-dimensional vector
space is semi-simple.

De ne a semi-simple endomorphism : (B ;E)! (B ;E)  9%E) in the
basis(v;) by
0 1
Aam() 0 0
- % 0 amp : %%
5 o Koz
0 0 Am(n)

28Here we consider as a bundle homomorphism.
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Like , T respects the Itration since it is diagonal (hence semi-simple) and has
eigenspace¥; and eigenvaluesay (). Transform ~ to in the initial frame (s;).
Of course this does not change the eigenspaces™ofesp. . Later on we make
some norm estimates and so we only want unitary transformations. So we stick
with (s;) for now.

Remark 1.4.5. In general for matricesA, B with the same generalized eigenspaces
E; and B with geometric equals algebraic multiplicity, i.e. B diagonalizable, we
have A and B commuting. Since the vector space decomposes into tk¢ and
both A and B respect this decomposition we can restrict to one of the generalized
eigenspaces. Choosg 2 E; then ABv; = A Bv; = BAv; and BAv; = EBAy,,
sinceAv; E; eigenvalue toB. Thus AB = BA.

By denition and commute and naturally a base transformation does not
inuence that, T !:ATT BT =T 'ABT =T !BAT =T IBTT !AT.

Eecall the Gram-Schmidt process to produce via, = IW"l—lkh;ek =V
}‘:11 E((Z,Jk:‘))qq = ke?’kh an orthonormal frame. This frame is smooth by con-

struction and the smooth inner product. We know thatF; = sparfejl | ig.
This frame is still multivalued in general. In fact as long as we require a contin-
uous frame any non-subbundl&/ will lead to a multivalued basis element. Note
that E; := sparfeg 6 V; in general?®. Moreover every generalized eigenbundle is
spanned by some,, in particular E, = sparfgjm(j) = ig.

Now let us apply Schur decomposition. Since and commute we can construct
the normal form simultaneously for both matrices. Thee(z) are eigenvectors
(resp. generalized eigenvectors) so and  have (Schur) normal forms in this
frame, i.e. are upper triangular with eigenvalues on the diagonal. We write

= ,dz= dz+ dz = ,dz= dz+ qdz
where ,; ; ; ,; ;q are the matrix representations:
dz=diag( 1;:::; n); = diag(as;:::;ap);

are the diagonal parts, while and q are strictly upper triangular.3°

Remark 1.4.6. Note that ~ has eigenspace¥;. Since ~ acts like an)E on the
generalized eigenspace of, ~ is single-valued and so is. The eigenspaces of
are just the E; and acts also likeay)E on the generalized eigenbundle of;,
i.e. single-valued®® This is because the projections of two distincy; resp. e

29In Simpson E; and V; are interchanged.

30We will often drop "strictly", but we will always mean it.

31Single-valued as functions orB . On the cover this corresponds to periodicity. More precisely
Gk = znk G for the Laurent coe cients.
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may di er but will still lie in the same generalized eigenspace by the subbundle
property. Hence ; are invariant under the projection, i.e. single-valued.
Dene = , than

= + = + and =q;

are single-valued as di erences of single-valued functions.

De nition 1.4.7. Decompose further

M
M*T = Hom(E,;Es) ENd(E)
0M<i
MO = End(Ey) End(E)
OMn
M = Hom(Ea;Es) ENd(E)
0 if n

L
o j<i nHOM(E4;Ey) is the set of endomorphism& ! E which restrict to

homomorphismsE,, to j”<i E, . Since theE, are subbundles, the bundle resp.
sheaf homomorphisms are de ned as usual, in particular single-valued.

M* are the block upper triangular matricesM the block lower triangular ma-
trices, and M © the block diagonal matrices.

Remark 1.4.8. As described in remark 1.4.6 has elgenspaceﬁ_i and

eigenspacey;. In particular both preserve the ltration Fi = ._, V; = J - Ej.
Letw?2F;nF ,Fm(l) =m()+1. Then &?yvv,we 2 F; andc,;c, constants such
ant W= w, + k=0 Cvka m(k)i — = We + k=0 CekeK m(k)i with F 3 We Wy =
k=0 m@)i(Cy Vk Ce &) and
X X
gw) = (w) W= W+ G Vk mii) (Wet  Ce®& mi)
k=0 k=0
X
= (W) (we) + Ani)C Yk mk)i  Am(i)Cec & m(k)i
k=0
X
| (Wy) {z (Weg +8m(i) m(K)i FC\/ka iz Cekek? 2Fy;
2F k=0 2F |

| s )
i.e. q(Fi) = Fj or o(E4) im ()< Ea ) 42 M7,

De nition 1.4.9. Decompose = %+ * with © block diagonaland * 2 M*.
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Lemma 1.4.10. * is single-valued or equivalently the decomposition=°%+ *
exists; the decomposition into block diagonal and block upper diagonal part is
obvious, but we claim further that * 2 M ™, i.e. single-valued.

Proof. + s single-valued by 1.4.6, whereasand could be multivalued. More
precisely is multivalued if and only if there is a multivalued eigenvalue ;. If there
was no multivalued eigenvalue, everything would be single-valued and the lemma
would follow trivially. Therefore assume multivalued. Since and preserve the
generalized eigenbundles so does Then for everyw 2 F; nFj;m(i) = m(j) +1
resp.9s 2 E, single-valued, e.g. a combination of thés;)®?, s 2 E, multivalued.
But %2 E, and *s2F; leads to( + )s single-valued) F_-'-{Zﬁf |{;}s
2F i nF; 2Fj

single-valued, i.e. + © single-valued, * single-valued on eaclt, and hence on
E. O

1.4.2. Norm estimates

Remark 1.4.11. All estimates in the rest of the chapter are meant pointwise
and branchwise, i.e. the calculation works if we compare corresponding branches,
e.g. of and °. Especially later on, when we di erentiate w.r.t. z it might seem
more comfortable to have no discontinuity at branch cuts, i.e. consider the whole
process oveD . Naturally we will use the normdu” du on D as well. By the
transformation formula we havedz = (d u) or informally

_ @l _ N 1, — N2
dz—@du—(N)u du—Nadu

resp. dz~ dz = szlzj—j.zdu A du. We will see in the subsection after the next,
1.4.16, that for Simpson's main estimate we consider only the matrix part and
the form part shortens out. There is one more slightly di erent behaviour in
the branched cover case, which we will mention at the point where is becomes
important. Everywhere else we may just replace by u, B by D and E by Ep .

In the following proof we will use the Frobenius normnk ka which is equivalent

to all other norms onC" ", in particular k k, k Kk ¢ nk k. This choice
might need some explanation. On the one hand side after the transition to the
h orthonormal frame (g), h = E in this frame, the adjoint of an operator in
matrix form is just the adjoint matrix and the norm is just the euclidean norm. So

it seems somehow natural to choose the induced euclidean norm. But this choice
makes life rather di cult. The reason for our choice of the Frobenius norm will

82 ,. subbundle guarantees the existence of a single-valued frame.
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be given in the next subsection. The advantage of the Frobenius norm is that it
is entry-wise and so we are able to split up our matrix:

2 2 X ; 12 X H 12
kki = k+ ke= Jyi"= Ty at il
i =1 i =1
X
= it jil?=k kE+k k&:
ij =1 ij =1
Lemma 1.4.12. ) K[; Ylke ciK[; YIkg.
(i) K[; ke ©Ck K2.

Proof. The purely diagonal part of the commutator[; Y] vanishes as diagonal

matrices are commutative -[; 7] = 0. [; Y] is lower triangular and [ ] upper
triangular and therewith both do not contribute to the diagonal Then
y y X y X y
( i = i i i i
j=1 j=1
X] _ _ X] N -2 . -2
= i i i = Vil )il
kzl )j<:1 j=1
= j i’ j i’
i<j j<i
X X
(Y Y = i ki Ti k-
j=1 j=1
P P P
ObViOUS|y k[ ; y]k,Z: P |nJ -1 j i j2 b jij2 , i< Ijjijnjz j<i ] ji jz; 81 i n.

Fori =1 thisis just . j 4j? <1) j? = [Lj yj? since 11 = 0. But
then we havej 4;j2 k [; Y]kZ forall 1 j n. Inductively we get fromj ;j?

(kDk[; YIk&;81 j m1 k ijustj en;i® (i+2)K[; YIk&;81 j n
by
2 X . X 2
K[; Ylke J Gl BT,
(i+1) g JI< (i+1)
{z }
PNkl Y]ke 33
2 . . 2 X . .2 X . .2 - .
Yk [ VIke +iGiDk[; YIkg ] (i+)) ey ™ T0NKE YTke
(i+1) g j< (i+1) {z )
0
) G+1) i)

(i+1) <j
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X
) (i + 1)k VIkE NI
(i+) <

Thusj j2 nk[; Yke )k [; YIK2 %k k2 shows (i) although this estimate
iS generous.

For (ii) the argument is similar. Consider the two casek kg 1 anda=1
as well Bsk ke > 1anda=2. Assume thatj( ¥ Y );j?2< k k2 =

(n!)zﬁ .JJuJ Then

(nI)Za n2a

. y y . )41 . -2 1 2=a
J( )111:.11111 <(n!)2—r12k ke
J:

. : 1 - :
)i yit< (n!)Z—nZk k% 81 j n
,(é\glz)ain b)g induction from j ,;j? < kki%8l j ml k itojgwi®<
Pk k%81 ) n

n! n2

n'n2

1 - ) .
——k k[2:a > j( Y Y )(i+1)(i+1;(]

I
won X 2 : i234
= J (+1)j) Jia+n) )
(i+1) < j|< (i+1) {Z }
and further we have
1 - i(i! - X . X _ il -
) Wk k§a+n!( r:zk ke = i (i)l Jj(i+1)Jz+Wk ke
(i+1) < 1< (i+1)
{z }
X . >0
> J i+l
(i+1) <
i+1 . . .
) (nl n)2 k k2 > jengis 81§ o

This leads to the contradiction

X0 | _ 2
a=l:kk =  jif’< ﬁkk?ga %kkézkkﬁ

ij =1 =1

33 . i =0
(i+1(i+1) — Y-
34We can drop the absolute value, because if the rst term is smaller than the second, we are
done.
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— . , _ X L, X 22 N% 4 2.
a=2:k ik = yffc ook kK< kK
i =1 ihj =1

Thus9l i n:j( ¥ Y )il ek KK [ K G (Y Y )
Wk ke mpeaeK KE. This estimate is another quite generous one, but
for us su cient. m
Lemma 1.4.13. (i) k k2 o7
(i) For = we havek ki cjzj .
(i) k k2 = S
Proof. By construction. ]

1.4.3. Sections of the Endomorphism Bundle

It is natural to consider End(E) with the induced holomorphic structure[@; ].
Deng denotes the unique metric connection compatible with this holomorphic
structure (see A.4).

Next we want to use that the curvature decreases in subbundleldyy05] 4.3.18
or [GH78:* Let End(E)-, denote the subbundle of En(E) spanned by' , (cf.
Def. 1.3.1). Here' = ',dz, i.e. ', is the endomorphism part of 3¢ ', is
a holomorphic section w.r.t. the holomorphic structure on En(E) and therefore
spans indeed a subbundle. We have seen that the induced connection on &)d

is again hermitian and compatible with the holomorphic structure. Since such a
connection is unique (cf. theorem A.2.10.), it is just the canonical connection on a
hermitian line bundle with curvature Dénd; ()= @®ghena(; ); 2 End(E):
non-vanishing. In particularly for the natural frame which extends' , we get

Dénd;' (' z) = @@ghEnd(' 7 z).37 But
XG‘ . ) 2
hEnd(I z;l z) = j' il” = k' sz:
ij =1

Then we haveDZ 4. (' ;) = @®@gk' ,kZ.

35We will more or less prove this theorem when we prove the Chern-Weil formula later on.

36,2 ( X; End(E)).

ST@@®gheng (' ) = @heng (5" ) *@bng (3" ), i.e. the curvature is invariant under mul-
tiplication by a scalar (here a smooth non-vanishing function) and therefore independent of the
chosen frame.
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The result of Grith (cf. [ GH78|, p. 79.) applied to line subbundles reads (cf.
[Huy05], rmk. 4.3.16 on p. 189):

hena (Dgna; (' 2)S;9)(ViV)  hend(DEngjenae) ,)s;9)(V;V); 8s2 End(E) ,:*
If we apply this inequality to ' , itself we get
hEnd((_@@gk' zk[2:)' z;' z)(V;v) hEnd([Dz;l z];I z)(V;v)

ButD?= @@ + @@+ Y+ Y = D2+ Y+ Y =0 the curvature for a
harmonic bundle, i.e.D? = y Y =(.,¥ Y¥Y,dz”~dz Hence

@O v k2 K K2(dzr v
@@Zlogk K2 K k2 (dzZn dZ)(v;v)
hena ([ 23 Y1 21" 2)(d 2 dZ)(v; V)

_ @ g— @

Now evaluate forv = & v = &. Then we have
h T
) _@—@Iogk' K2 ena ({1 2 Z]2 d Z)Z
@ @z k' ,kg

Remark 1.4.14. Simpson rewrites both sides in terms of real di erential forms
i - i e@ - 1 @ @ -1
viadzNdz= 2idx” dy and @o:- 3 @ext ey — i - Then note that
for the Lefschetz operator on the vector spacel, X with (almost) holomorphic
structure |, 1 2 = @@y'l @@y = & andadierential 2 form! we have ! =

@ @ 39 Thi i i - @-1 @ ;@
L Gx oy This applied to a holomorphic tangent vectov = &= 5 &, I3y

leads todz~ dz(v;v) = 2idx~dy(v;v) = 2iji=1=dx"dy && =
d x~dy= } d z"dz. Now multiplying by the factor 4 from ; = £& implies
2i d z” dz. Still this has value 4 for the chosenv and so the ratio between the
two sides won't change.

Further for ' , = , we get

hena(l[ 2; 21 21 2) = hena([ 2 7 7 25 2] 2)
hena( 2 Y2 37 73+ 2Y 4 2)
= hea( Y2 ¥ 2) hena( 22 hena( 2% 3 )+ hena( Y 25 ¥ 2)
= hena( Y2 2% Y2 hea( Y2 D)+ hena( 2 Y 25 2)
%A real (1;1) form ! is (semi-)positive, i for all holomorphic tangent vectors v 2 T19(X):

il (v;v) 0. Animaginary (1;1) form ! %is positive if i! is positive as a real form.
39See Huybrechts Huy05], p. 41, Ex. 1.2.10.
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hEnd( )z/ z z %/; %’ z) hEnd(( )z/ z z %) ) z)
40hEnd( %’ z z %’ %/ ) hEnd(( %’ z z ¥)1 z %/
hena ([ 25 Y11 2 Y1) = K[ 25 YIKE:

Another special case occurs if, commutes with ,:

hEnd([[ z 32/];. z];I z)
= hEnd([z %’ gz;'z];lz)

= hena( 232 772 zz23% ' 232" 2)
= hEnd( %" Z) ;“ z) hEnd( z' Z zI z)
hend(" 2 33 7' 2)* Pena(" 2 73" 2
= hEnd( %“ z ' z )z/; %" z) hEnd( Y zI z;I z)+ hEnd(' z )z/ z;I z)

= hEnd( %" z ' z %/; é" z) hEnd( v z z;I z)+ hEnd(' z %/ z;I z)

- hEnd( glz 'z %’i %" z) hEnd( ylz Iz g;'z ¥

= hEnd([ %’;' z]; %/;' z])
= K[ %K

Remark 1.4.15. For with constantrankand 60 weget ,60 )k ,kZ 60.
By holomorphy of this still holds on some neighbourhood dd even if we have no
constant rank. Still the Frobenius norm squared is just a sum of absolute values
jfj2. If f =0 this might be not di erentiable. But the preimage of 0 under the
smooth functionf is closed inB . So itis the union of closed balls and of countably
many isolated points. On the closed balls (apart frod dim) jf j? is di erentiable
and the counta'lqbly many isolated Rooints add nothing in the distributional sense (not

k - Y1k2 B
measurable) - log k ,k2 %]TF for all smooth, non-negative .
Z0F

We have shown the following theorem:
Theorem 1.4.16. For the Higgs eld

K[ 2; JKE |

log k ,kZ ok

and more general

hena ([ 23 71" 215" 2).

log K ,k2 i :

40Cf. A4.1.
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for a non-vanishing(U) module homomorphism( U;E) !  ( U;E) )1<;°. If
; and' ; commute we get

KL% Ko MK

log k ,k2 =
g K% K K2 K K2
Example 1.4.17. LetX = B, X =B, E = X C with pr,. Dene
H= jz? ; 2Rand@e=0 w.rt the frame &z) = z; . Further

1
0
@e=e —$%;(9=e a,a20*(X)and Y=e af by

@h; ) = @te ue )= @7 1)
= @ a0z id (@) iE” o

,-',:l@l

3

jzj?
z

@1

= 7 @ i+ i @)+ i Ty o
= h(e @;)+h(;e % +e @)
= h(@: )+ h(;@ )

n(; ) = e )= et
= h(;a )=h(; ),

forall ; 2 ( X;E). Moreover is a Higgs eld:

(@ + @) )=h(@): )+h( @) )

= h(@e 1a¥; )+ h(e @i )

=he @)+ he air @)

=he (@)al+ @) )+ he 1 n @y )

=he (@)~ali+ @80 )+ he alr @y )

=he (@)"ali)rhe 2@y )

:O,

by holomorphy of a and the alternation of di erential forms. The bundle is har-
monic:

@Q@(18 = @(e @)
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= e % N@+ (e @y);
@@(18 = @(e — N 1te @)
e @ -2 n, 22 r@+e @@
| —{z—}
=0
= e % n@.1te @@
where we used@ 22 ~ ; = @-% ~ , -2z r@,.

Hence@@ + @@ = 0. Moreover

AN N
( Y+ Y)() = 1ejaj2dzjzjzdz+ o L,dzNdz _

has a single eigenvalue = adTZ = odz. Inthistrivialcase =( )and =0,
alZ = aydz as well asE,, = hei = E. Obviouslyj o aoj J% The curvature D2
forD = @+ @ is zero, i.e. the bundle is at, by the calculation above. Then the
curvature on the endomorphism bundle is at and the equation log j j> O

holds trivially by the concavity of the logarithm.

The following example has non trivial curvature:

Example 1.4.18. LetX =B ,X = B,E =X C?with = pr,. Dene

H = %’ yol 'y = logjzji? Oand @e, = @e = 0dzZ w.r.t. the frame

ez = z é &(2) =z 8 . Further @e; = & 3@& = &
00 01 4

d — dz. — d

xd2 = 1 0 T 77 g 0 o

@b; ) = @1yt 22y Y
dz _ dz —_
E3 11+t Y@ 179+ yTz"' y 1@ 2 )

— d_z/\— 1 d_z/\

= Y1 zy 1Ty "2 Zy

+H(@1" 1+ 1" @)y +(@2" 2+ 2N @)y *
X2 _

h( & @)

i=1

2
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_ dzA dzA X _
+h(; e z_y 1t & z_y 2+i:191 @)

= h(@; )+ h(;@ );

dz dz

h(; ) = h(e 7’\ 1; ):y17’\ 12

_ydz L _ dz
= )77’\ 1,=h(;e; Z_y22)
= h(; Y);

for ; 2 (X;E). HenceD = @ + @ is the Enique hermitian connection, which
is compatible with the holomorphic structure@ . Moreover is a Higgs eld:

_ _ x — — dz
(@+@) = ( & @)+ @(e 7" 1)
i=1

_ dz . — — dz .
= e > @1+ & @7 1
3 dz . — dz . —
= ©& - @ e - @1
= O,

where the minus in the last row comes from the usual Leibniz rule fgr forms
(here a 1-form). The curvature of the unique hermitian connection for a metrid

ina@ holomorphic frame is just@ @A, i.e.

2 _ aulgy O Yt o0 F+ 0
D_@H@Oyl_@OyPyledz
_ 19 L0
= @ 6’2 1 dz= VO‘ZJ 1 dz~dz
yz yZjz?
1 0 dzndz,
0 1 y?zj2
Further
Y 00 Ole"dZ+ 01 00 dz*dz
1 0 0 0 jzj2y? 00 10 ijzj2y?
_ 00 1 0 dz”~dz _ 1 0 dz~dz,
01 00 jzizy 0 1 jzizy?

Thus (E;h; @; ) is a harmonic bundle.
The eigenvalues of are ; = , = 0. The eigenspaces are spanned by the
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P — .
orthogonal vectorse;;e. Dene € := ezp y;€ = e y L Then is upper
triangular in this new basis,

o 0 y? dz
-0 0 z°
Hence
_ _ 0y dz
_0’ - 0 0 7!
and so on.
In the Frobenius norm we get
K[ © yo]kE _ 0 y=z 0 0 0 y=z ?
0O O y=Z 0 y=z 0 0 O .
- y 2:j2j2 ? = 2y 4:jzj4.
0 y 5§75 '
Moreoverk %2 =y 25zj? and so
KO YR _ 2y ‘g7t 2
k &Z y 2522 y?jzj*
On the other hand
_ _ 2 2
@®gk %2 = @®qg(y 25jzj°) = _—______dz~ dz= ——dz"dz:
g e 9 52 (log(izj?))?jzj? y?jzj?
Hence
@@ , KIS VK2
@@JOQK %E K92 92z

and since we have even equality this bound is sharp.

The previous example ful lls as expected that we have

K[® Yk2 K[ % YKk

2
log k %2 4 K3 ke (1.4.18.1)
with =4 2 If we omit the middle term we get the inequality of Simpson
[Sim9Q, p. 728. By Lemma 1.4.12 we can write

K[ ® YIk2

2 2
log( k ki + k kg) KT kIE 2+ k K2
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ke[ © yﬁké
k k& + k k2
cick ke

_A2n TF (1.4.18.2)
K k2 + k k2

Remark 1.4.19. As promised we want to mention the di erences in the branched
cover case. In fact by the chain rule

@) @ _el e
oy @ (o= (@)

@u @z
— N 1 .
= Nu @£ (2);

h o)

and hence4 .f( p(u)) = NZjuj™ 2@%@; (z) for every di erentiable function f .

1.5. Main Estimate, Part |

We subdivide the section again, similar to Simpson ir5jm9Q, p. 729. Note as
well the rewritten version by Moc074, chapter 7.

As already described in the introduction we will distinguish two cases, and then
use the maximum principle to show that one of the cases cannot occur. The second
step follows the same principles, although we will need more intermediate steps
until we may use the maximum principle. As mentioned before we will construct
a constantb that is certainly bounded from below, but could be still negative. In
order to nd a lower bound for b and consequently for = we add a third
step, originally not included in Simpson orfoc07d. Thus we get a bound for °.

151 Stepl

In what follows we will use the special form the Laplacian takes on rotationally
symmetric functions in the two dimensional case, i.e.

The following estimate should be understood pointwise.
Let B be the unit disc as before. LeBgr be the disc of radiusO<R 1 and By
with the same - euclidean - metric.

Lemma 1.5.1. Dene

() k k2 cjzj 2.
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(i) log k k2 cak SK2.
There are constantscs; ¢4 0 such that for all z 2 By either (i) or (ii) holds:

Proof. Choosec; = 2¢ . Assume that (i) does not hold, i.e. k ;k2  2c jzj 2.
Hence

K2 = kk2 k K k & = 2jz?

jzj 2 jzj 2
_cC
iz 2
and further
c k ,k2
kké: kzkﬁ jzj—zkzkék ké)k ké 2F:
By 1.4.18.2
ccgk ki ccik ki
2 1 F Z™NF
o9 k 2k K K2+ K K2 K K2
Gk k2
—
With ¢, = # the claim follows. O
Lemma 1.5.2. Let
. — Cm . . n . n - . 41
ml,Cm(Z)' (JZJ "1)2(ij R)Z, B’ 1> O,ZZfZ'] 1< Z‘<Rg : Al,R'
If
2
ﬂ; and ¢, R?%
Ca
then
() log m- ., (2) Cam- ¢, (2) and

(i) M, (2)  caizj 2
Proof. By direct calculation for jzj = r.

1@ o
r@r@rr "1)?(r R)?

41SinceR for "ring" is already taken we chooseA for annulus to denote ring areas.

0g M-, (2) =
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_ @r A "y R 2@ 2r? "y Rr
Cor@r(r ")3(r RE r@(r ")i(r R)3
_2( r’R r?;+4r";R "R R?)

(r "D%r R)*
R(r2 2r;+"3) ",(r2 2R+ R?
(r ")%r R)*
2y, 2R
r(r ") r(r R)?
~2 (7 R, R(zl ")’
Cm jZj jZ]

SINTIN TIN

M-, (Z):

Moreover 2 < 1onA-r, (jzi R)*=jzj* 2Rjzj+ R* | z}* 2jzjjzj + R?
R? j zi# R2?onA., and

izi "% (izj ") . . o
(JJ_ 1) (izj "1) izl iz R

- —
1) _J{z_}
>0
So
n n 2
% fJZJ {Z R)2+ (J l . 1) 2R2
165 St B T - R
<1
implies
2 "i(izi R)? R(izi "1)?
log m- .. (z2) = — — + —
9 M@ = g iz jzi PG
I {z } 0
2R?2
2 2R?
Cm m"1§Cm (Z):

Now the condition ¢, % implies (i). The second inequality (ii) is the result of

M (2) = Cm cR? Cs
s (zi "v2(Gzi R)? (zi "v? (z1 R)? (jzj "1)?
C3_

where we used rstB > c3R? by assumption, thenR?  (jzi R)2 on A., g and
atlast (jzj "1)? j zj?on A g. O
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Before we come to the next lemma recall the (weak) maximum principle

Theorem 1.5.3. Let U RY be open and bounded andi 2 C?(U)\ C(U)
subharmonic onu, i.e. u 0. Then max g u(X) = maxyz @uu(X).

Proof. Mdller, [PDEQ9] p. 16 or any book on the topic. [

Remark 1.5.4. There is a stronger version of the Maximum principle (for example
in [LiLoOQ] p. 244, theorem 9.4, orGar9]] resp. Pah77) using upper semi-
continuity requiring only limsup,, guu(x) =: F < 1 ** instead of the continuity
on the boundary. Then subharmonicity impliesu(x) F.

We will mainly use the classical version.

Lemma 1.5.5. The setS; ;= fz2 Bgjk k& >m- . (2)gis empty.

Proof. Assume thatS; is not empty. Then at least for onez 2 A r: Kk Zké >
M-, (2) % by the previous lemma. Hence (ii) of 1.5.1 holds: log k ,k2
C4k Z(Z)klzza

) log kK zk|2: =M, (2) = log k zk|2: + log k zk|2: =M, (2)
B ok (2)kE + cme e, (2)
Cq Kk z(z)k|2: M- (Z)
0

Thenlog (k ;kZ2=m- ., (z)) is subharmonic and we can use the maximum principle,
if the function is continuous on@$. The function is continuous onA-, g and
@\, r\ @%=; sincem- ., (z) isinnityon @\-,r = fzjjzj = "19[f zjjzj = Rg,
i.e. f Bm- ., (z) there. The maximum principle tells us that the function has its
maximum on the boundary ofS;, so the maximum is just obtained fork ,k2 =
m-,.c, (2). On S;

log k ;k2=m-.. (z) log(1)=0)k ,k& m. . onS:
But this is a contradiction to the de nition of S; if S; 6 ;. HenceS; = ;. O

Conclusion 1.5.6. For";! 0 we obtain

2 Cm
<K pia Ry

on Byg,.

42For almost every x.
43(j) of 1.5.2.
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Conclusion 1.5.7. For any R, with 0<R; <R, <R

;&
<K

onBg,. Herecs = =z *xy.

Remark 1.5.8. Remember A.1.18 in the branched cover case. We get instead of
Cs how W and so in the proof of lemma 1.5.5 we still have subharmonicity
and so conclusion 1.5.7 still holds.

1.5.2. Step 2

For this paragraph assume 6 0.4

Recall, = ,b:=k k¥ k k2 . Note that since and have non-trivial
entries at the same position the Frobenius norm does not decompogek?Z +
k k2 k k2. We saw alreadyk k cjzj **" and furtherb c jzj 2*".%

Lemma 1.5.9. De ne

jzj*(k k& + b+ k ki)
C

k(z) = log
Then there is a constantcg such that
CE bzj®+ k kZjzj>  k(z); (left inequality)
for hzj> + k kZjzj> 0
k(z) ci bzj? + k kZjzj®> ; (right inequality).
everywhere.

Proof. Rewrite k

=212 2 2
k(z) =log 2 (k ke : brkke) log 1+

jzj*(b+ k k§)
Cc

- . . i7i2 2
Note that b’ci %z 2+"2 <", < 1for z small enough, i.e.1+ w >, >

0.

44c works analogously, although the case is less complicated.

. . 2 .
“SFor ; eigenvalue of , ;= &+ ;) 2=2%+0(z ).
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Now the right inequality is obvious, for example bylog(1 + t) monotonically in-
creasing,log(1 + t)jizo =0 = tjizo and Slog(t+1)= & 1= Zifort 1and
the other way round fort 1. (f(t) = t is a majorant function). For the left

inequality use Conclusion 1.5.7

2 2 2 _ 2 Cs jzi’k k& G
k ki k ki + k ki =k ,kg jz7)c— c
) jzj?(b+ K KE) G+ G5 46
c c
Choosecs := Cbﬁ = log 1+ 2% | ie. use athe secant line through the smallest
and the biggest value resp. upper limit ok(z) and the concavity of the logarithm.
O
51 1
4+ 255 ypper bound 3
here X< 2,513 |
3| |
2| |
t I
o |
| ‘ ‘cst;t 0, h?re cg=1 :2.‘ t

1 0) 05 1 15 2 25
1 |
log(L + 1) 21 3
3 1
4| 3

; . - _ jziP(brk k2)
Figure 1.2: Lower and upper bound for a part of the logarithmt = =——==.

®jzji’b  cpjzj 2?2 jzi* o forjzj L
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Lemma 1.5.10.

— - I

ciad 5o logjzi)
for a suitable constantc;.

Proof. To simplify calculation write jzj = a,10 ¥ 10 ("D for a uniquea 2 [1; 10[
and|l 1. Thenlog(jzj) =log(a,) |log(10). By de nition loga 2 [0; 25}

1

(logiz) * ((1+1)10g(10) *= (- Fv5 15007

On the other hand
jzi =a10" 100 Y:

The claim follows if we are able to show & (I +1)210 .

(1+1)210 "¢ Y (1+1)210"

210 "0 2) - |2
1 "_ 1
, 1+ — 1072 ;| _—
I 10=2 1

1

a7

So the right hand side decreases for 10..:12 ;- Hence for

2cy(10g(10))? 1 Ch— 1
c, = , +1 10 w771
’ c 102 1

we have the desired estimate. O

Choosecg 0 with

Similar to step 1 we want to get
Lemma 1.5.11. Either

() k(z) <c7(log(jzj)) 2 or

(i) k(2) < ck(2)%zj ?
holds.

4’The other branch of the square root leads to no solution within thek 1.




1.5. Main Estimate, Part | |

Proof. Assume (i) does not hold. Then we get by 1.5.10

1 1 . .2 Co._.» quzl
2k(Z) 2c7( logjzj) L c

.
) k) B k@) k@)= k@)

The right inequality in 1.5.9 leads to
bzi? _ k KEjzj?.

1 hzjz 1 ., 2 2
ék(z) k(2) < ¢ bzj” + k kgjzj c c
Negate and square the inequality:
2k?(2)
4 .
kK kg IO
Recall Equation 1.4.18.2
_ 2 jzj? cdok ki 2
k(z) = log( k ;kg) log c 2 iz
wsn Gk Kzt 2 GECK@i 2
Cs jzj? 4jzj*cs jzj?
ek¥z) 2 ki),
27 Qi

Lemma 1.5.12. De ne
P, (2 = G( logjzj) >+ "y ( logjzj);

for ¢, = 6¢5t. Then

) Poe(@  Cerge and
(i) Py (2)>co( logjzj) °.
Proof.

p"p;Cp (Z)

)
N
ﬁl_o

37
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_ 1 6c _ 6,
r(log(r))4r ~ (log(r))?r2
6 , 12,  6(og(r)?

o e | ey

0
607, (2) _ CeP’ ., (2)
cor2 rz -

This shows (i). Recall thatcs < 2 by de nition ) ¢, =6c3* >cy. Thus
p'p?Cp(Z) = Cp( Iongj) i " Illifg%g
G ( logjzj) *>c7( logjzj) *;
the second inequality. m

We want to use again the maximum principle to show-_.c,(z) k(z). Therefore
setS; ;= fzjk(z) > p-,.,(2)9.

Lemma 1.5.13. S, =;.

Proof. AssumeS; 6 ;, then k(z) > p-,,,(2) > c7( logjzj) % for at least onez.
1.5.11 applied to the current situation implies

k(z) < ck*(2)izj %

and further

1512 cgk?(2) N CaP? .,

(kK Puc)2) (K+ P2 <

jzj? jzj?
k?(z) p?.
= Cs Lf'pﬁp <0
—
>0
So the functionk p- ., is subharmonic and sinc& p- .., is smooth onBy, and

it is continuous on@$% (as @S\ @B = ;) - p,, IS innite on @B = f7jz =

Og\f #jzj= Rg) k&p-,,, on @B -ie.p . continuous on@$ By. So we
are in the position to use the maximum principle again and we gék p-,.¢,)(2)

(k kK)(2)=0) k(z) p,c(2):822S;,i.e. acontradiction to the de nition of

S,. HenceS, = ;. O]
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Conclusion 1.5.14.  The previous lemma holds for all', > 0 and yields for
"p! 0
k(@) ( logjz) *:

Remark 1.5.15. Remember A.1.18 in the branched cover case. We get instead
of cg now W and so in the proof of lemma 1.5.13 we still have subharmonicity
and so conclusion 1.5.14 still holds.

1.5.3. Step 3

b=k kZ k k2 isin general not positive. We need to nd a connection between
k k& and b. First note that both are not equal. For example for (z) = % =

(2); @)= 4atz=Lkk=32=4kk=23 4°=0)k Kk =16b=
0

z

Lemma 1.5.16.

Proof. We have

b k k,2::kk,2:kk,2:kk,2:
= X i+ .2 iz i2
z ' ; b
i=1
_ a 2 &’ 2
- ;"' i ; J i)
i=1
aj 2 a . . . o g2 2
? +2;J|J+J|J ? J |J
i=1
Z%J.d
i=1
2nc ¢ jzj >
and
b k k,2:=kj,2:kj,2:kk,:
_ X a 2 a2 2
= ;"'i 3l )il
i=1
M a, 7oAz
= Z+ i = ) il
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X0 . 2 2
8 i a 2
El Il = Il
i=1
a 2 & . ... o2 & 2
oz ZZJ|J+J|J - |
X .
2 % J il
i=1
2nc ¢ jzj 2

]

Conclusion 1.5.17. Lemma 1.5.10 tells us that we nd another constant, sag
such that

k KEjzi* Wz + o jz"  bzj*+ e ( logjzj) *

We have seen in 1.5.9 thak is bounded from below forzj? + k k2 0. Our
aim is to nd a lower bound for all z. Therefore we construct a lower bound
for hzj2 + k k2 < 0 and show that the sum of this bound with the one for
bzj?+ k k2  0from 1.5.9 boundsk everywhere.

Choose aradiuks suchthatl 2jzj' ",> Oaswellasl 2co( logjzj) 2

"5 > 0 for some constants'4;"s. This is obviously possible as both terms converge
tol1forz! 0. Then

- ) -
14 0ad°tkke bz
C C

Co._.»
1 - .
c 14

and 801+M 1 Cp
c

Ljzj" ", > 0onBg,. Now we use 1.5.10 again to

nd more constants ¢;o; ¢;; such that for b‘Z’ bz+k k< 0 o< jzZj<Rs

_ bizj? + Kk k2
k(z) = log 1+ c

log 1+bJJ log 1 &jzj"
C
| —Az—1}
0 1
o0f1 Zeio( logizi) 7§
{2 }

=t 1

cﬂ%cm( logjzj) 2: (1.5.17.1)
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The last step is again using the concavity of the logarithm. Since is bounded
from above the logarithm is bounded from below and so the graph lfg(1 t)
is bound from below bylog("s), and above by0. c;;t intersectslog(1l t) at zero
for arbitrary c¢;;. Now choosec;;t the line through the smallest value ofog(1 t)
and the biggest value ofog(1 t), i.e. 0.

Note that ( logjzj) ? is negative everywhere and adding a negative function

1.5 %

"5 lower bound 1+ log(1 + t)
here "5  0;980.

05

1 05 05 1 15 2 25

1.5

21

25|

cutt 0o 3

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
: here ¢c11 = 1=2.
1 35
|

4+

| 45 |

Figure 1.3: Lower bound for a (negative) part of the logarithm;t =
Se0( logjzj) .

to the left side of the left inequality in 1.5.9 won't change the inequality. On the
other hand addinghjzj?> + k k& < 0 on the right-hand side of equation 1.5.17.1
preserves the inequality as well. In formula

bizj? + k kZjzj? 0: & bizj2+ k kZjzj? cucio( logjzi) ? & bz + k k2jzj?2  k(2);

bizj® + k kZjzj? < 0: £ bzj2+ k kEjzj?  cughcio( logjzi) ?  cugtco( logjzj) ? k(2):
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Therefore we have by conclusion 1.5.17

2k iz K EiZ? cu et 6 ( logiz)

| {z }

=:C12

k(2): (1.5.17.2)

This shows the rst part of the main estimate:

Theorem 1.5.18.
k% k %+ K& k + k& co(j zlogjzj) *:

Proof. Use rst that the Frobenius norm is entry-wise, than equation 1.5.17.2 and
nally 1.5.14
0,2 2 2 2 1. k(2) 1 N
k “kg k + ki k ki + k kf CGCW-'_CG c ci2(] zjlogjzj)
Go'c G (j Zilogjz) *+ cz'c cip( logjz) *:
Choosec o = ¢g'c (¢, + C12). O

Remark 1.5.19. We have seen that the results of Steps 1 and 2 hold for the
branched cover case as well, and since we have no more di erentiation in step 3
theorem 1.5.18 holds in the branched cover case as well.

1.6. Main Estimate, Part Il

We will start this second part of the main estimate by recalling the adjoint repre-
sentation. Then we will add a proof that ad ) is invertible on the block upper-
triangular matrices. Using consistency of the Frobenius norm with the original
norm h (in an h orthonormal frame) we may estimate ad in terms of its entries.
In particular * is bounded in terms ofg. Now we can construct a functiork as

in the second step of part |. Fortunately the problems that made us add step 3,
will not occur in this case and the rest of the argument works as in step 2. Now
we get a bound for * additionally to our bound for ° from part I. Together we
get the desired bound for the curvature of the metric connection.

1.6.1. The Adjoint Representation

Next we will estimate the block upper triangular part *. We start with a general
discussion of the Lie bracket of two block matrices.
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Lemma 1.6.1. Letl=1;<l,<:::<l, n, K nandm:fl:::;ng!

with a; = § i@j;@ = am@) iama 2 Candm@i)=m(),9 1 s K:ls
I;j <I s+1. In words the diagonal of the upper triangularA is an)E on blocks.
Then ad(A) is bijective on the set of block upper triangular matrices.

Proof. Let C = (¢j) 2 M,(C) be block upper triangular w.r.t. thel;, i.e. ¢; =0
for all J |m(i)-

X x
(AC)ik = aj Gk = i 185 Gk K gy s
j=1 j=1
(CAik = Gj & = K 3G Ak | Iy s
j=1 j=1
(AC CA)x = & Gk fj igf k Ingya g Gi &k fk jof i Ingiya 9-
j=1

AssumeAC CA =D, D =(dj)1 ij n strictly block upper triangular. Consider

(AC CA)ik for lR [ n. Then Ik = Im(i) lm(j) <l m(j)+1 ) lm(j)+1 >n and
thusfj ig\f k Ingy29=. Similarfj ig\f kK Ing)+19= ;. So this suits
toc; =0;d; =0;8l, i n. Thisis our base case for the inductio. Now we

are going to show that stepwise foralk;1 s K, 8ls i<l¢1;81 |J n:g
is determined byD. Assume this holds fors; s! s 1:
Notethatj Is 1) m(j) s 1 Hencefj I 1g\fls Ing9="F]=
s lgandfls jog\fj Ing 1+19=f] = ls0.

Di; 11, = dig 11, =(AC  CA), 1y,

X

= As 1iGis £ s 19¥ Is Ty 9 Os LiSils fls o | Inas 1o 9
j=1

als Lls 1C|s Lls qs l;lsals;ls = Cls l;ls(als Lls 1 als;ls)
G, 1;|s(fm<ls y am(lﬁ}z)i

z

60

d's Lls .
(s 1 Am(ls)
uniquely determined. Of coursey, 14, =0 for D = 0. This is just the base case

for another induction B with induction step ¢. 1.;8ls r k n uniquely
determined) ¢, 1.x+1, Uniquely determined. It follows directly from

) Cls Lls =

Di, 1k+1 = Oy 1k41 = (AC  CA)i, 1x+1
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X
= As 15 CGk+1 fj Is 29 k+1 Ingpa g Os Lj&k+1 fk+l o\ j Ings 1 O
i=1
X 48
=&, 11s 16 1k+1 Tt As 1) Gk+1 fj 1sgf k+1 Iy @
j=1
Co 1%k +1 fk+l | lsg
= A 115 1G¢ 1k+1 Gy 1k+1 F‘k+{z-k+§
am (Is)
X
+ A 1 Gk+1 fj 1so\f k+1 Ipgypa g Os 1 Fk+1 fk+1>j Isg
j=1
= Qg 1k+1 Is 1y_ @m(
. (Bm s 2 (s?)
60
x
+ A, 1 Cik+1 fj lsg\f k+1 Iy g COs 1k +1 fk+1>) Isg
(i)
j=1
_ dls 1:k+1 X
) G, 1k+1 = Qg 1 CGk+1 fi 1saf K+l 1y 9
Am@s 1)  Gm(ls) j=1 am(ls 1) 2m(ls)
+C|s 1j Gk +1 fk+1> g,
)
Am(ls 1)  8m(ls)

where the second term is uniquely determined byD and thus G, 1x+1
IST Gik+1 fj Isg¥f k1 I i1 @ determined by Induction hypothesis A and
C. 1j fk+1 | Isg Dy HypothesisB. Note that the second term vanishes by hy-
pothesis forD = 0.

This proves the inductionB claim and thereforec, ,; uniquely determined byD,
81 j n*

The claim of induction B could be seen as a starting point for another induction
C. Before we start with this last induction we want to repeat what we are actually
doing: Induction A shows that once we have one block Gf already determined by
D all other blocks are determined. InductionC induces the determination from
one row up to another and inductionB induces the determination from one entry
to the one right of it.

For induction C the hypothesis is¢ck;81 Kk n;8lg 1 r i ls 1+1

Bk 15 by assumption implies that fj = Is 19 f j Is 1g\f k+1 Iy g and of

course forj = Is 1 there is no further restriction on k sincek +1 I, 1+1 = ls is anyway
ful lled.
PForj<lg ¢, 1j =0 by the block upper triangular form. For D =0 all ¢, 1; vanish.
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Figure 1.4: The arrows shall illustrate how the induction®\; B and C proceed.

determined byD ) ¢ 1x;81 k n determined. Again

Di 1. = d 15, =(AC CA)i 1.,

X
= A 1iGils ) i 19 Is Ingpe g G 1i@ls fls oV | Im 11 O
j=1
= A 1iGils fls> i 19 G 110
j=1
X
=& 1 1G 115 G g t & 1iGis fls>j g
j=1
x

=G 1;|5(Flm(|s o am(ls?)"' . a 1Gis 1> g
60 -

) G d 1, @ 1Gi, i g,
1 Lils — !
Am(ls 1)  Am(ls)

uniquely determined byD. The second term is determined by hypothesiS. Then
induction B implies that ¢ 1.« uniquely determined for allk. This shows the claim
of induction C, which implies the claim of inductionA and our lemma. m
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Conclusion 1.6.2. ad( ) is invertible on the block upper triangular matrices
M* for = + g. Analogously invertible on M.

Use the same notation as in the previous lemma. De ne new matrices

A= diag( m@yiiii mans m2iiii m@, ) mQyiiih mQy):

the diagonal part of A and A%:= A A®% Finally let A%%= (&)1 i n;& =
&j | Inqa D€ the block upper triangular part ofA.

Lemma 1.6.3. ad(A9(A% = ad(A9(A%Y, i.e. the adjoint representation with
a matrix which acts as a dilation on the blocks depends only on the block upper
triangular part.

Proof. By direct calculation
0p00 AO X
(AA% ARy = am() i &k k> 8 j>i Am(k) ik
j=1
= Am@{ak ki Ak ksi Amek) = Ak (@Bm@)  Am(k)) ki
= ak(@ni)  Amm) Kk Ingya
= Am(i)3k k lpiyp Ak Kk Iyay+1 8m(k)
X
= Am(i) i Ak k Imgy S j Inoy+l 8m(k) jk
j=1
= (AP0 A0RO. -

1.6.2. An estimate for +

Remember that[; ,] =0 by de nition. Then

0 = ad( )()=[ +; +d
= [l{z}] +sal+ls 1+[5d]
=0 diagonal
[ +al+[; ]I=[ + + :ql+[; ]
[ +:al+[:ql]+[: ]
) ad( )( ) ad( + )(q)+ ad( )(q)

Lemma 1.6.3 tellsus thatad )( )= ad( )( *);ad( )(g9 2 M* and thus ad +
)(Q) 2 M*, sinceq2 M ™.
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Remark 1.6.4. (i) We have seen that our inner product induces the Hilbert-
Schmidt inner producthg,g on the endomorphism bundle. To estimate maps
fromM* ! M™* we use the induced norm

kgky+ = sup kg(B)kr =sup K9(B)ke .

—__ 2 End(M *):
KB ke =1 Bso KBKg g (M™)

If g is a bounded and invertible operator on a nite-dimensional normed
vector space (hence a Banach space), sais. To estimate the norm of the
inverse, recall the proof of lemma 1.6.1. Then fé&k<C CA = D we saw that
the ¢; depend onD and A naturally. On the diagonal part of A, i.e. A°
however, the dependence is clearec; is proportional to the inverse of the
product of di erences between distinct entries oA But these di erences
are just T- for some constantsm;. So the nite product looks like Z; my
constant,r 2 N nf0g. Thus the inverse is proportional tojzj" | zj. Hence
G mjjzj)k ad(A9 Y(D)ke = kCke Cad(aoy 112J;8kDkr =1 and some
constant Cg a0 1-

In our caseA®= : kad( ) 'ku+  Cy ) 7.

(i) For the Frobenius norm we have
! !

, XX Lxox o
kABKZ = aj b jaj | iBk]
k=1 j=1 k=1 | j=1 j=1
X X '
= ja j? ik
i =1 k=1
= KAKZKBKZ;

by Cauchy-Schwarz. Hence we have submultiplicity for the Frobenius norm.
By the triangle inequality

kad(A)ky+ = sup kAB BAkg sup kABkg + kBAkg
kBkF =1 kBkF =1
sup 2kAkrgkBkr = 2KAKg:
kBkF =1

The remark leads to

ad( )( ") ad( + )(q)+ ad( )(a)

) (ad( ) ‘ad( ) +)=(|ad( ) {lgd( MIRIC AN

= f

(f + E)(0):
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Note that by 1.5.18

k + kK& co(j zjlogjzj) *
YK fkus  02izjcay 2 Co(j Zilogjz) *= o
i jlogjzij

=G

After restricting, if necessary, to a smaller neiqbbourhooBRs we havekf ky +
o C: < 1. Then the von Neumann series ._( f)¥ converges and + E
fogizy = &t < + k=0 9

is invertible. Moreover9c,; independent ofjzj such that k(f + E) 'k < c3 by

Pl Pl
k(f + E) 'Bke K ol 1)Bhe gy, s k(1)K KBk
KB ke kB ke kB ke
1
1 G
1 .
1 Cf.

)k (f + E) ku-

Remark 1.6.5. Using again 1.5.18 we get

1 Co Cia

+ 1 .
kake Kk ket +E) Twe T Tlooid Gizilogizi

In particular a bound for q leads to a bound for * which di ers at most by a
scalar multiplication, and vice versa.

Now
2 - kg2 2, %4 qoqin) 2
T KIETKIE g (298
<C?2<1
Gis
77
Recall 1.4.16 for =

k k2 k k2
As we have seen, the denominator is bounded li%% For [' ;; ¥] we calculate

[ = [ +a =0 A+la=+ "1=[; A+l + + 7]

S0use (ii) of the previous remark 1.6.4.
SlFor the operator norm we know that kg(A)ke k gky + kAke (by de nition).
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= [ A+[o1+[a; + ]

The rstterm [; 7] is not upper triangular, while the second tern{q;™] is. The
third term [g; + Y] is mixed. Since

K[' 2; %/]klzi = K[' 2 g]bupklzz + K[ 2 g]bdiag;blowkgzz;

with [' ;; Y]oup the block upper triangular part of [' ;; Y] and [' ;; Y]bdiag:blow, I-€.
the block lower triangular part including the block diagonal part, it will be enough
to estimate one of the terms to nd a lower bound. In fact again by lemma
1.6.1 and remark 1.6.4, (i) we know that™ is invertible on M* and bounded by
kad(™) ‘ky -+ Cad(—) :2j. Furthermore remark 1.6.4, (ii) and 1.5.18 lead to

supk(ad( + *)(B))nupkr supk(ad( + ")(B)ke 2k + Yk
B 60 B 60

Co .

i zjlogjzj
Hence onBy, for some small enough radiuRe, ™= (ad(™)) Yad(” + Y)(B)) bup
satis es kfky - ”J;,ﬁ < C < 1 for suitable constants as before. Thug + f~

invertible with upper bound k(E + f) ky+  Cys,

Yk oke  ciekg+ (ad(M) “(ad( + Y)(0)bupkr
cisk(ad(7)) ‘kekad(T)(a) + (ad( +  Y)(0)) bupke
= cek(@d(™)) 'Kek[' 2; Yloupke:

So we have shown

Lemma 1.6.6. There is a constantc;; such that

kagk2 kok2 , ,
C17 J.Zj; = clﬁczq e KO Tkt KT K
ad(7) *
and hence
2\

kok? Ci7C1s jzj2kak?
2 = F 2.
log k kg C17jzj2k i 72 C1gKOKE

Now we are in the position to proceed similarly to part I. First

C jzj?
C1gkgk2 log k ;k2 = log T 1+ C—qu%
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- < ﬂ 2
= log 7 log 1+ kakg
2
- 1 @ 2: = log 1+ J—quké
rey L5

2

log 1+ J—qukﬁ

I z. }

=1 k(z)
k(z): (1.6.6.1)

Lemma 1.6.7. There is a constantc;g such that
2 2
Cro ‘C—'qug k(z) ‘C—‘quéz

Proof. Note that this is the analogon to lemma 1.5.9. Fortunately this case is

easier as"é—jqukﬁ 0. The right inequality holds in general for the logarithm (cf.
proof 1.5.9). On the other hand

iz jzj? 1
—kak =! Cpot
c KF ¢ 2,jzj? |Io%z” cc, G20

Setcig = ¢4 log(l + cx). Then concavity of the logarithm guarantees the
claim. =

Lemma 1.6.8. 9c,; such that
k(2)
k(z) C21W

Proof. From equation 1.6.6.1 and the right inequality in lemma 1.6.7

z}fy
2 CigC C1k(2).
k(z) Cigkake 22 k(z) = iz
O
Remark 1.6.9. In particular we have by 1.6.5
@ Tige 2

¢ |C§JZJ)2

for a constantcy,.
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Similar to 1.5.12
Lemma 1.6.10. De ne
Py (2) 1= Gizj™ + "p( logjzj);

for u? < c,1, GRg" > C22. Then

M) P, (@) > I > gy Pt
(if) p'p;cp;up(RG) > Cy > Kk (Rg).
Proof.
1@ @ 1@ "
Pisn@ = gloPrm@= rof el P
1@ . 1
= F@r(upcprup - uicrte *
= ucpr'® 2 cuGprtt 2
Cprup n 2
Co1~ 3 F21 o ( {Izogr)r )
0
= Co1 p"P;CP;UD(Z) .
jzj)2

This shows (i). For (ii) consider

? GRg" 2>k (Re):

p'picpiup(RG) = CpRgp " .|IP( _IPZijGj
0

[]

Next we show the analogon to 1.5.13, i.e. use the maximum principle to show
P (2)  K(Z). Therefore setS; := fzjk(z) > p-,ic,u,(2)9

Lemma 1.6.11. S3;=;.

Proof. AssumesS; 6 ;, then k(z) > p-,,(2) for at least onez. Use lemma 1.6.8
and lemma 1.6.10 to obtain

N

Czll.((—.zz) Czl—p'p;(.:p;szp (Z)
1Z] 1Z]
C
= jZ%(k(z) P, (2) < O:

( k(@) Py, (2)
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Thus k(z)  p-,;c,u,(2) is subharmonic and is continuous o® $ since it is contin-
uous ofBr, and @S\ @B, = ; by (ii) of the previous lemma 1.6.10 and since
log(z) blows up forz! 0. The requirements of the maximum principle 1.5.3 are
fullled and hence k(z) p-,:c,.u,(2) = 0 is the maximal value ofk(z) p-,:c,:u,(2)
on S; and sok(z) P.coiup(Z) ON S3 - @ contradiction. ThereforeSz = ;. [

Conclusion 1.6.12. Using the left inequality in lemma 1.6.7

1

Cig
e g

c CioC

@ e

(coizj™ + "p ( l0gjzj))

we get for", ! 0

I
kakg Ci9C Gjzj™" ? = cfjzj™r %
Finally set " = min f u,=2; 1=ng and use remark 1.6.5 to receive

Theorem 1.6.13. There is a constantc - such that

kgke —2 kK2 ST
RARNTH SNFE

Remark 1.6.14. Again recall A.1.18 in the branched cover case. We get instead

of co1 now W and so in the proof of lemma 1.6.11 we still have subharmonicity

and so conclusion 1.5.14 still holds.

In Simpson Bim9(Q, theorem 1.6.13 and theorem 1.5.18 is called "Theorem 1".
Moreover "Theorem 1" additionally states

Lemma 1.6.15. ForD = @ + @ and the metric connectionDg,, v == @ +
@+ Vv (cf. 1.2.5) we have

% 2 .y

2 : 2 :
P g P iz

Here the norm of the curvatureD shall be understood as the norm of the corre-
sponding matrix representationD, w.r.t. z. In future we will often refer to the
curvature of the unique metric connection byRy,.

Proof. We have already seen, that for the harmonic bundB?= @@ + @@ =
y Y. Further

DL., = (@+@+ "’ )e@+a@+ "’ )
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@E{I-Z_@;@ y Y+ @ Y+ Y@ _@ _@

- 2 y 2 y;
where all other terms shorten out by the holomorphy of the Higgs eld or degree
considerations. In matrices we havB? =, ¥+ ¥ Z;DZ@+ o= 2023 Y2
Moreover
Ko ke = K[+ ke =KL+ o+ ke

kK[ +; + YI+[; +()'] [T+ “lke
2k + kek + Ykg +2k kek +( V) 'ke +2kkek + ke

2k + k2 +4k kek + Tke
Co

where we used in the last step lemma 1.5.10 and 1.6.13 to get

_ (o C C+
yy+ - + il
k kek +( Y) kg K ke(k ke + k "kg) g + i

c(c +c-) Co3 ]

iZi7 " jzilogjzj®’

and 1.5.18 for
C
k + k|2: 24

jzj?jlogjzjj?’
with suitable constantscys; Coa.
Before we used (to receive the second line) that and — commute as diagonal
matrices and that resp. — commute with ( ¥)° resp. °: Since; 7 9 ( ¥)° are
block diagonal it is enough to consider the multiplication of the blocks. But acts
on each block ag E and E commutes with every matrix. Therefore commutes
with % ( ¥)? as well as— commutes with %;( ¥)°.
For CD@+ , =20 the second inequality holds, too. O

1.7. Consequences

As a direct consequence of the main estimate we get the following lemma as well
as its inverse below. It tells us that the at sections of a tame harmonic Higgs
bundle grow at most polynomially. The inverse tells that polynomially bounded
at sections lead to tameness. Thus we have two di erent descriptions of tameness.
At the end of the section we add a technical result that allows us to extend solutions
of the Poisson equation weakly over a puncture.
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Lemma 1.7.1. (i) Let vbe a atsection, i.e. Dv =0 then kvk?  Cyr .52

(i) Let w be a at section of the dual of the determinant bundle, i.e.(detE)
(cf. 5.1.6), then kwk? Csof . Hence these sections decrease at most
polynomially along a ray intoO.

Proof. Ad (i): Dg.,+2 = @ + @+ Y+ = Dis a at connection by
harmonicity of the bundle andk ,k2 J‘Z% by conclusion 1.5.7.
Hence

dh(v;v) = h(Dg. yv;V)+ h(v;Dg, yV)

h(D 2)v;v)+ h(v;(D 2)v)
2h(v;v) 2h(v; v):

Now reduce the equality to the matrix part as in the section on the endomorphism
bundle - A.4. We get

@ @
—+ — h(v;v) = 2h( ,v;v) 2h(v; ,V):
of @ "viv (2viv)  2h(vi 2)
In order to prove the estimate recall that we have
@ @ @
r— = X—+y—
@r @x y@y
_z+z _@+_@ +z 4 _@ _@
- 2 @z @ 2 @z @
@ _@
= 72—+ 7 —
@z @
and therefore
@ @ _@
r—h(v;v) = z—+7Z— h(v,v
@r( ) @z @ (viv)
= Zzh&)zv;v) 2zh(v; V)  4jzjk ke kvk2S3
C25kaﬁ @ 2 2 @_ Cz5kaﬁ
) . @}th 4kvkg e ,
)k Vkﬁ Coel Ca5

For the last line use Gronwall's lemma (A.1.35): Substituté(r)=1 r, @'= 1.

@r

Rescale if necessary to work on the unit disc again. Equally we could choose

52Simpson's missing a sign in the rst remark to the main estimate in [Sim90. Compare
Deligne [Del7Q], p. 55, theorem 1.19.

S3For v = (vi;:::;Vvy) in our orthonormal basis, dene V := diag(vi;:::;vh). Then
kvk2 = kVkZ and by submultiplicity of the Frobenius norm and Cauchy-Schwarz's inequality
jhena ( 2V:V)j k ,VKkekVke =k ;kekVkZ = Kk ,kg kvkZ.
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t(r)= R7 r onBg,. Then

@ 2 C25kaﬁ
@Fth r

@ 2 Cz5kV(1 t)k%
) Gl DK T

@ 2 Coskv(1 t)kﬁ
) Sl DK T

t

Yk v(I K2 k v(1  O)kZexp % _4s

ol s
= kv(1)k2 exp( CsIn(l t))
Yk v(r)k2 K v(1)K3r o

As we have no punctures apart from0 the smooth sectionv is bounded, i.e.
kV(l)kﬁ Cos- vV

Ad (ii): Every section into jnzl E looks likef (x) = (x)e;”™ ::: "™ e,. h induces
a metricon [, E by

hY( (e i ey (X)e™ siihe) = (x) (x)det(H)%;

H w.r.t. the Qasis(g). For example foraD at frame (&) we get from(i): jh;j =
jh(g;e)j h(e;e)h(g;g) Cpr “ by Cauchy-Schwarz. Then det(H)j
Cof “7 for suitable constantsc,g; C3p, Since it is a degreen polynomial in the
entries.
Ina D atframe (g) (X)ee™ :::"e,is atif d (x) =0 - locally constant.
d is metric hence (x)(ep ™ :::"Ne,) is atif d (x) = 0. For the metric on
the dual\}aundle we got a formula in the context of A.4. Ifeg » ::: " e, is our
basis of j":l E then hV(;e ~ ::: " e,)det(H) ! is the dual basis. In general
(1™ :::Mey) =hV(;e1”::Me)det(H) t and now set

hV. (f det(H) ;g det(H) ') = hV.(f ;g)det(H) ?

hY (f;g)det(H) 2
“(X) (x)det(H) *

forf = (X)ee™:::Meg= (X)eeMiihepandf = T(x)er M i eg =
“(x)e1” :::” e,. Hence a at section into the dual of the determinant bundle
is bounded from below bydet(H) 1, i.e. by 0291r°27 = Cgor®. The casecyg = 0
cannot occur sinceH is positive-de nite, hence invertible. m

S4Note that det(H) > 0 by unitary similarity to a diagonal matrix with positive entries.
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Proposition 1.7.2. SupposeV is a Dx module with harmonic metric and
suppose that at sections grow at most polynomially and that the determinant
decreases at most polynomially, i.e. the bounds of the previous lemma 1.7.1 apply.
Then the eigenvalues of are bounded byf—, i.e. the harmonic metric is tame.

Proof. We will think of the harmonic metric as a harmonic mapH : X !
Gl,(C)=U(n) as in the chapter about Harmonic bundles. LeS denote a cir-
cle of radius" around0 and S; = @B. In the subsection on harmonic maps we
have seen that our metricH has minimal energy on the annulush-; under all
metrics with the same boundary values, sincd is harmonic. Hence for any other
metric K with the same boundary valuesK jga, = Hjga , We get

Z z

kdH kﬁn kdK kﬁn:
Awg A
We want to calculate the energy oK in order to estimate the energy oH .
ChooseK as follows: Let :[0;1]! X;r 7' re'; 2[0;2 [and K : [ 1]!
Glp(C)=U(n) suchthatK =g ;g: X! GI,(C)=U(n) with

ng”+;1 HJSl ) K j["+ vl] :(HJS]_\ )'
g \a.. = geodesic fronHjs, to Hjs,

for " + 1
Parametrize S by -( )= "€’ ; 2 [0;1]andS; by () = €' . Denote
v() = @iy ) = 820D the tangent vectors of H on the bound-
ary. Now consider the sector with cornerdH( «( )) = H- ;H( 1()) :=
Hy sHe +"ve( ) ( )+ O( 2( )iHs +vi( ) ( )+ O( 2()),where( ) O
is a small perturbation in the angle (Taylor series). Note thatv,( ) is bounded
- kvi( )ki  c1;8 2 [0;1] - sinceH is smooth onA-; asis , and dH can be
written in terms of H and , as we saw in the chapter on harmonic bundles.
In order to estimate the energy ofK let us start with the r integration on the
interval [" + ; 1]
Z 1 2
@ @
. . + @ K rdr
St r@'
' vi( )
v 1@

ca(jlog(d) log("+ )i)( )+ (jlog(1) log("+ )(O( *( )

rdr

2
+O(( ) rdr
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Figure 1.5: An example, how the metricK could look like. The metricK is
marked by the green surfacel] the outer transparent surface.K is rst constant
and increases than geodesically to the inner circk. .
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= Cajlog(" + )jd:
Later on summing up over all sectors, i.e. integration over the anglethe second
order terms will drop out, so we could as well save some space and omit them
from now on and simply writed for (). The other equalities follow by the
r constancy off on["+ ; 1] and sinceK coincides withH on the boundary.
gQn the interval [ " + ] the integration is slightly more complicated. LetL =
’ @@'K (r) HeiK (1) be the length of the geodesic. Since a geodesic has by

de nition constant speed, the speed on the interval is constant®®. Then the

radial component is

2 Z ., 2

@ 3 L
@F Hnrdr = — rdr
L ZZ"+
— "+ )dr
L2("
= EO )eh oy
L2("+ ).

Finally the angular component. Recall that we showed that the spacB, is
negatively curved. The eld J(r) = % . for a parametrized family of

geodesicsy is called Jacobi eld. In non-po_sitively curved spaces recall that
jd(r))j? is convex®® Hence it is maximal on the boundary, i.e. @@J( 2

Hn
maxfk vvvkﬁn;%g k v-kg + k2. Therefore we get
Z. 2 Z.
* @ ’ 2 Ca1
—K rdr kveki + ——— dr dr
@ Hn " Fin (" + )2
C Zn
2 31 n
kv-ky  + r e . + d dr
n C n n
= kel (' )r - j 0
n C .
= kvky ("+ )d + (,,il )d :
Adding up the single terms and summing up over the sectors leads us to
Z 1 Z 1 LZ(H + )
kdK k& Cajlog(" + )jd + ——=d
Aw g 0 0

Ry
55 KK —  kif _independent oft.
56Greene and Yau (3Y93], p. 182. Use Proposition A.2.27 to guarantee completeness.
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Z, .
+ kwky (T )+ e d

0 "+ )
L2+ ), om
"+ )

Cajlog(" + )j+
Z 1
£ ) ke d

0
L2("+ ), GCa

= Caj |09("+Z)J"" + C+ )
LOFD)TEeHA()
— ., @ .
2/
= culogC+ )i+ s ("Cil )
" z
PG R
S.

where we used that onlykv- kE'n actually depends on the angle and that it is the
derivation of the harmonic metricH along S-.

We want to estimate the lengthL. In A.2.27 we saw thatP, is a complete metric
space and so a geodesic minimizes the lengthFor any path :[" + ]! Py:
Z.,

LO) K (ko

De ne a path (t) = exp(log(H ("))t- +log(H(1))(1 t-)) with t- = L@t ).
Then

") H@A):; (+ )=H()
() > = exp( logHCDt logHD)L )
qy = 29HO) T0HMD) oy togH ()t +log(H@YA 1))

log(H (")) log(H (1))

(@ *

Thenk( (1)) * O(t)an;E = Lklog(H (") 1)an;E + L klog(H (1) l)an;E.

We now want to use the polynomial bound (c.f. 1.7.1) afi (") and H (") .

As in the case of the exponential function we gdbg(U DU) = U log(D)U from
the power series expansion by

(UDU)"=UDUU :::UUDU = U DU:

5"We have an additional factor (" 1)2" =" 1 for polar coordinates.
%8Geodesically complete follows from complete and path-connected.
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Hence

log(U. H(")U-) = U. logD(")U-;
) logD (") = diag(log(di("));:::;log(dn("))):

Moreover

tr(log(U. D(")U-)log(U. D(")U) ) tr(U. log(D (")) U-U. log(D (")) U-)

tr(log(D("))?):

Analogous forH(") *) k log(H(") ki e = tr(log(D("))?) sincelog(d *) =
log(d:).

Therefore we havekD (")ku, e = kU D(")Uky,.e = kH(")kn,.e " “* and

kD(") 1an;E = kU D(") 1Uan;E = kH (") 1an;E C261"C25.

Remark 1.7.3.  We only know up to now that sections into the dual of the
determinant bundle satisfy such a bound. However in the next chapter we will
construct a functor which describes the growth of sections close to the puncture.
We will see that this functor is compatible with taking duals and determinants, i.e.
the growth of a section into the dual of the determinant bundles determines the
growth of its corresponding section intde uniquely. For now it is only important
that such a bound exists>®

Hence the entriesd; ("); d. (") are bounded by the same bounds and therefore by
monotony of the real logarithm

Cslog(") log(cs) = log(cy,c®)  log(d; *(*));log(di(™))
log(Czs" €°) =  Coslog(") +log( cz):

Ford, 1the logarithm will be negative and we may multiply by 1and then take
the absolute value: c;5log(")+log( cze) log(d *(")) )j cxslog(") log(ce)j
jlog(d *("))j. Fordi I

jlog(di(")j j cslog(") log(czs)i:

For " small enough we may colledbg(c,e) into ¢4, log(") for somec,, > nc,s. Then
square and sum up to receive the trace and take the root agaiklog(H ("))k
Cs2j log(")j. log(H (1)) is constant in", so increase,; to ¢43 to bound the integrand
by %jlog(")j. Finally integration from " to "+ leads to a boundc,sj log(");j.®°

) L cagjlog(")j:

S9We stick with ¢y, although  might change the constant.
80After moving the supremum out of the integral, we integrate over 1 from " to "+ ) the
integral has the value" + "=
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Therefore we get usinglog(")j log(")? for " small enough," +" land
Css = 2 maxf Cz1; Cazg
Z
"4+ "+
st ilogC)P+ ) kakiG
2 S n
as an upper bound for the energy & . Further choose = " and the harmonicity
of H leads to
z
kdHKZ ~ casilog(")j?+2"  kdHK3 : (1.7.3.1)
Al S
R
Lemma 1.7.4. kdH kﬁn is" integrable (from O to 1).

Proof. The right-hand side of the last inequality is' integrable: Forjlog(")j? this
is clear. The second term is slightly more involved. Our mad is harmonic, hence
H:"St! P, harmonic® tells us that H( ) is a closed geodesf&:

Theorem 1.7.5. Let N be a complete Riemannian manifold of non-negative
sectional curvature,p;q2 N. Then in any homotopy class of curves frormp to q,
there is precisely one geodesic arc fropto g, and this arc minimizes length in its
class.

Proof. Jost [Jos0], p. 217, theorem 4.8.1. m

In the section on maps intdP, we have seen, that our situation satis es the require-
ments made by the theorem. Moreover is continuous and for a path~:1 ! X
homotopic to - the induced pathH (~) is homotopic toH( ). Choose an arbi-
trary point x- 2 S as base point, for example-(0) = x-. Let ~(t) be the path
which for0 t % is the geodesic betweer- andy 2 S,.3\ . unique. Here -
is the ray out of the puncture throughx- and S,-3 the circle with radius 2=3. For
It 2 ~(t)isthecircleS,s, and for2 t 1 we require~ =~(1 t),i.e.
we go back along the geodesic. In order to have a smooth path, we may smooth
out the "edges" by minor modi cations of ~ in A;-;.3-4.53

The length of the circle part is bounded by2 SUPA, _, , kdHk = c.; nite by the
smoothness ofH. The geodesic part we have estimated before lysjlog(")j?.
Adding up we get

L(H( ) L(H(=)  cijlog(")i?

for a suitable constantc.. Another lemma:

61S. is a degenerate closed annulus and is harmonic on all annuli.

62Reparametrize if necessary to have constant speed.

83A possible non-di erentiability at x- is of no importance. We may choose piecewise smooth
functions as well.
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Lemma 1.7.6. For each smooth curve :[a;f! M (for exampleM = P,):
L()? 2(b aE()

and equality if and only if has constant speed. Herg( ) is the energy.

Proof. Jost, [Jos03 p. 27 lemma 1.4.2. [

R
We assumed constant speed $p we may estimate the energ\;}ydekﬁn
L(H(~)) cjlog(")j*. Butthen ¢ kdHkj is" integrable as claimed. O

Remark 1.7.7. (i) Note that by using the estimate for the length of a geodesic
again, we used the polynomial growth of the metric again.

R
(i) limw o" . kdH ki " jlog(")j?=0 forany > O.

ket > 0 small. Apply integration by parts (Pl) on the g(") = g.." () =

a, KAHKE

Z, @

v @ g
) a )

H rd dr

1]
=~
o
T -
=
B

T
—

n n 1 n 1 n n
f(")d
|_EZ(_; Io ()
g Ofor "=0 64;f 0 for "=1
Z, z
= " 1 KkdHky, d";
0 Awq

R R, R _
or , .1 kdHky, = " ', kdHky, d". Proceed with 1.7.3.1

A
y Z, y
r kdH kan = no 1 kdHky, d"
Aw 1 Z0l Aw1 z, z

" legsjlog(M)jd" +2 " kdH k,2_|n d"

0 0 Se

2, Z

" legsjlog()jd" +2 r kdHk3,

0 DO;l

67By the previous remark, (ii).
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Now subtract the nite Eecond term:

Z 1
a1 2) r kdHkj " legsjlog(M)jd”
A g 0
In the previous remark we saw that for' small enough we havglog(")] c¢ "
forany > 0. Hence the right-hand side is still nite for < . Choose = 5
and < % in order to make the left-hand side positive.
Z Z,
r kdHk3, 1 2)t " legjlog(M)jd”
Aw g 0
, z,
(1 2) 1035 n=2 ldn
0
C:

We are still on our way to prove that the eigenvalues of have no singularities
of order greater thanl. In fact we are almost done:kdHk? = 8k kZ. Assume
that the eigenvalues of were not bounded by¢ for some constantC, then there
is a ; eigenvalue withk ;k r 1 . After transforming unitarily to the Schur
normal form we see, if it wasn't obvious, that the Frobenius norm of is bounded
from below by ;. On the other hand our bound ofkdHk implies that z ; is
L2 integrable ( =1). 8

Lemma 1.7.8. Every LP(U) integrable functionf, U some compact neighbour-
hood of the origin,p 1, holomorphic onU n f0g has no essential singularities.

Proof. Every f 2 LP(U) integrable function is integrable, i.e. inL(U), for ex-
ample byjfj maxf1;jfjPg 1+ H,jp and 1 in LP(U). By the holomorphy of

f we nd a Laurent expansionf = Ll frzX. W.l.o.g. assumeU = B;. By
Cauchy's integral theoremf, = X ¢ @dzo<r 1
Z 1
1 . .
)] ka — 2_ 2irf (re2|t )r k 1e 2it (k+1) dt
zZ,°

f(reZit )r ke 2it (k+1) dt
0 7 )

rko f@re?) dt
0

Hence
Z Z.,Z,

1> jf(jdz = f(re2™) dtr dr
U 0 0

58The choi&eR< % was for co&venience of calculation. By the trivial estimate for © >

;e 1) N kdH k2, A, T kdH k3, .
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Z 1 Z 1
figrtdr = jfyj  r*tdr
0 0
But the last integral is only nite if k> 2, i.e. f is meromorphic with a pole of

order at most1 at O. O

This shows thatz ; is meromorphic and hence that ; is meromorphic.

Then kdHk?> r 2 2 and moreoverr kdHk?> r 22 > r 2 for the choice
< 2, for example =g . Butr 2 is not integrable over a two dimensional

space - a contradiction to Ay T kdHkZ ¢ . Hence all eigenvalues of have no

singularity of order greater than 1. m

While the previous lemma and proposition provide us with a nal result, namely
that we have two equivalent ways of describing tameness (one is by the order of
growth of the eigenvalues, the other one is by order of growth of at sections), the
following lemma is a technical lemma. We will use it several times to expand an
estimate weakly over our puncture.

Lemma 1.7.9. Supposef : X I R is a function smooth away from the origin

and I;g(% I Oforz! 0. Suppose further thatR f b away from the origin

for a non-negative functionb: X ! R.. Then , b <1 and the estimate holds
weakly over the origin.
rthermore if b is not non-negative but anyL! function with f b then
« b <1 and the estimate holds weakly over the origin.

Proof. We may restrict to some small neighbourhootl) X of the origin, since
f b holds outsideU and b integrable on the complement otJ. Let ( z) =
5 logjzj be Green's function orlJ.®° If U small enough, i.,eU B1(0): ( 2)
0. Note that is harmonic onX (without 0). ”° Further let  =minf ;Ng for
N 2 N. Hence n = N close to0. Therefore
Z Z

] n~(2)jdz<cs; and ir ~(2jdz<csy;
X X

for a suitable constarfcs;. (onsider any compactly supported positive smooth

function onU;supp & \ @U=;;8k2 N. Let by :=minfN;bg) f
by ; by integrable and receive by integration by parts

Z Z
by(2) (2)dz ( 1(2)) (2)dz
U ]

59Miiller [PDEQ9], Sheet 3, Ex.8 or Lieb and LossL[iLo00].
"OMuller [PDEQ9], Sheet 3, Ex.9. or [iLo00].
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Z Z
= (r f(2)r (2)dz+ (r f(2) %) dz
U @u it
Z Z =0 on @U
= f(z dz f(z dz
S O
7 C3g 7 =0 on @U
Csg f(z)dz g jlogjzjjdz  cso:
U ]
R
So ,bg(z) (z)dz <1 and we may interchange integration and the limitN !
1.S0 ,b(z) (z)dzforall and hencebintegrable.
From now on use only thatbis L! integrable and f b.
With C3g We conclude
Z z loaizii + N
f1 N s jlogjzjj 1+ 19T 4,
X N ¥ Z N

2cs  jlogjzjjdz+css  jlogjzjj®dz™

C39:

Then we may interchange integration and the limit in

Z Z
. N _ . _N
N“!En Uf 1 N () - Zuf 1 N“!En N ()
_ logjzj
= Uf 1 |\II'1 N ()
A Z
Partial | ti
- f( ) artia ng—:‘gra on ( ) £
U U
On the other hand integration by parts leads t&
z 1
AR )
:'\Ili'rP (rf)r 1 Ni N NIilgn fr 1 Nl
oY S L
7 7 =0 on @J?’
: 1 .
='\Il|'q1 ( f) 1 N N +|\|1||T (rf) 1 — \
oy ! |}|Z
=0 on @U

"YFor any branch of the logarithm.
?The Laplacian acts on as well.
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Z

. 1
= lim z“( b1 g

lim b 1

1
N1 7 N N
b

Z

. logjz] .

lim 1+ 09)2) + lim {b

NI Ung, Ly |—ﬁ—} NI g, | Zl}
7 L

lim 2b + lim b

N I1 u NI1
| A S
2b

<1;

sincebis integrable Br ball with radius R). Moving the limit under the integration
leads to

Z 1 Z
NII!En | f() 1 N N | b:
Moreover
1 1 1
() 1 N N =1 N N () + NN +2 NToN T
Therefore
Z Z
b () f
uz uz
= b f( )
vz Y z
im f( ) 1 L f 1 -~ ()
NIL N M U N
f
= lim f N +2 —r r
NI N N N
I 0
We see that the last term does indeed vanish fdr bounded.
In our case, i.e. gik | 0, the last term vanishes by
Z Z
lim f N = |im i N
Nl!l U N Nl!l suppf N g N
7\, r n is bounded on the boundary and ; r  vanish.



1.7. Consequences | 67

Z
. f
Cso lim sup  — N
N suppf N O N su[?pf NGO
. f
Ca0Cz7 lIm sup —
NIL fyxouj( x) 2ng N
C40C37 lim im f
40 37N!1 ! Xy N
(xn)=2N "4
2C40C37 i i f
40 37N|!£n x.lran —
( xn)=2N
. f
2C40C37 lim —
x! 0
= 0:
De ne ¢4 > 0 such that ;r Cs4 On U. To move the supremum out of the

integral is justi ed since the supremum is nite by our assumption. Analogous we
get

z i Z "
lim  f Ny = lim f Ny
N 11 U N N1 suppft N g NI
¢ 2
Cso lim sup  — rw
N1 suppfr N g N su;?pfr NG
C40C37 lIM sup f
4037 N
NIL fyouj( x) 2ng N
Ca0Cz7 lIM im f
40Cs7 ] I N
( xn)=2 N>
2 lim im f
C40C37N11 X! Ay —
( Xn)=2N
. f
2C40Cz7 lim —
x!' 0
= 0:
Hence we have proved the lemma. [

74f has no singularities outside0. For f bounded we know that the claim holds, so assumé
unbounded at O, i.e. for a big enoughN f takes its maximum on @x 2 Uj( x) 2Ng. Call
XN the point where f becomes maximal. In particularxy ! Ofor N I'1



Fitered Objects

2.1. Filtered Vector Bundles

There are two di erent concepts of a parabolic vector bundle. We will de ne both
and shortly explain why they are in fact the same. We will usually work with the
second concept (Simpson). However, in the language of Mehta and Seshadri ( rst
concept) residues are easier to be described. These residues are de ned in the last
part of the section. Before we will de ne morphisms of ltered objects.

Remark 2.1.1. Most of the following de nitions make sense if we replace locally
free sheaves with coherent or even with quasi-coherent sheaves.

In 1980 Mehta and Seshadri IS8() established the notation of parabolic struc-
ture on a Riemann surface.

De nition 2.1.2  (Parabolic Structure). Let X be a compact Riemannian surface
and S a nite set of points in X, X = X nS. Let :E! X be a holomorphic
vector bundle andEgs = Y(fsg). A parabolic structure on X is given by a
ltration

Es=E . s E.,siit E . g

rs

and weightsO 1< << <L
Equivalently we can choos& . with 2 [0;1, E.s E . for ; 82 S and

[
Gr(E)=Es= E.

>
has nite support, i.e. only for nitely many it is non-zero.

Remark 2.1.3. Note that some authors like Takuro Mochizuki write the Itra-
tion increasing with ;. We will stay with the convention used by Simpson and
originally in [MS8Q.
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Since all punctures are isolated we will usually work on some neighbourhood
around a punctures which contains no other punctures. Here the de nition of
a ltered regular bundle in this case:

De nition 2.1.4  (Filtered Vector bundle). Let X be a non-compact curve,
X = X nfsg as above ancE an algebraic vector bundle orX . (E; (E ) »,Rr) is a
Itered vector bundle, if

(i)
(if)
(iii)

9 a ltration E of coherent sheaves, i.eE E for
S .
,rE =] E.

-
E = E (left-continuity).

<

(iv) for %= +ngns22Z;; °2RwehaveE o= E o, O( nsS).

For the general case of more than one puncture we add a Itration for each punc-

ture.

Remark 2.1.5. (1) Note that in (iii) we used the equivalence between bun-

(2)

®3)

dles and locally free sheaves. We can de ne ltered vector bundles or more
accurately lItered sheaves by requiring to be a locally free sheaves of
Ox modules, and theE to be submodules with the properties mentioned
above.

A Itered bundle induces a parabolic bundle with the ltrations

F = E: O < 1L

The weights are just the elements of 2 [0;1[jGr*(E) 6 0g. On the other
hand given a parabolic vector bundle with weight® 1< ;< 1lset
Es =E sforall 2], i«2;0 1 1 0=0, (4 =1 and extend it

to a ltered vector bundle using (iv).

For example let(g) be a holomorphic frame oE, then we may assume (by
(iv)) that all g are in Eq but not in E;. By the left-continuity we even
nda ;2 [0;1] suchthate 2 E nE ,-;8"> 0. Then the ; are ourn
weights and thee Oy spanEy. The (E ,)s have all di erent dimension as
vector subspaces - we will often describe them as "jump" since they add a
dimension.

If the original bundle E is equipped with a hermitian structureh, E .s has
a hermitian structure outside the singularities, i.e. we may identify each
s 2 E . with a section ofE and then evaluate the inner product.
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Using A.1.11 we can rewrite the de nition in the form chosen by Simpson. There-
fore we replace (iii) and (iv) by

(iiiY) the ltration is left-continuous in  : 9"> Osuch thatforall 2 R: E. =
E s

(iv') for a coordinate neighbourhoodUs of s and a coordinate vanishing to order
One Ea+1;s = Ea;s O>< O( S) =. ZEa;S hOldS.

Further note that by (iv) resp. (iv') the ltration is already uniquely determined
by the data between zero and one resp. on any compact interval of length 1.

2.1.1. Regular Filtered Higgs Bundles and Regular Filtered
Dx modules

We will usually treat only one puncture at a time. Hence we will sometimes drop
the additional index s in E .5 . Recall A.3.9, (iv).

De nition 2.1.6. A ltered regular Higgs bundle (E;E ; ) is a Higgs bundle
(E; ), a corresponding ltered vector bundle(E ) and

je = (XE )Y (XE) ;io(logs):

Then j(xe)y= . Here )1(f(log S) is the set of logarithmic one-forms, i.e. one

forms which can be locally written as dTZ smooth.

De nition 2.1.7. A ltered regular Dyx bundle is a at vector bundle (V;r ; DJ9*
a corresponding Itered vector bundle(V ) and

Fjv = V)L (V) P(logs):
Thenr j . xe)=r.

In order to work with categories and functors later, de ne morphisms of ltered
vector bundles:

De nition 2.1.8. () Let ((E;@):E );((F;@);F ) be ltered vector bun-
dles. Afamily (" ):E ! F and' :E! F of sheaf morphisms is called
morphism of ltered objects if

' @='e.

(i) Let ((E;@; &);E );((F;@; ¢);F ) be ltered regular Higgs bundles. A
family (" ):E ! F and' :E! F ofsheaf morphismsis called morphism
of regular ltered Higgs bundles if @ ="' @ and

DY holomorphic structure, D®+ r  at.



(la)y " =" k.

(iii) Let ((Vir v;DY);V ) (W;r w;DX); W ) be ltered regular Dx bundles,
in particular r y+D®%r w+ DX at. Afamily (" ):V ! W and' :V!
W of sheaf morphisms is called morphism of regular ItereBx modules if
' DY ="'D Pand

(”b) rw="Try.

2.1.2. Filtered local Systems

De nition 2.1.9. Let L be a local system (a locally constant sheaf) ovet,
X = X nfsg. A ltered local system (L;L ) ,r is de ned by

ML L if

S
(i) L Ls a ltration (by vector spaces) of the stalk ats, Ls =  ,gL ;8x 2
X.

T
@gi) . L =L.
(iv) L invariant under monodromy?

De nition 2.1.10. A morphism of lIter local systems is a family(;" ) with
" :Ly! L,sheaf homomorphismand :(L;) ! (L,) vector space homomor-
phism.

2.1.3. Residue

De nition 2.1.11. (i) Let (E;E ; ) be a ltered regular Higgs bundle,
Gr (E)= E =E 4-;"> 0. Then the residue is de ned to bgreqE);req ))
with

re ): (X;E)! (X;E)  &(ogs)! (XE) &

where the second arrow mpape ! with ! = -dz+ dz;; 2 Ogto
e dz. Furtherres(E)= , _,Gr (E).

(i) Let (V;V) be a lItered regular Dx module, Gr (V) = V =V.,.;" > 0.
Then the residue is de ned to bgreqV);reqr )) with

rer): (X;E)!" (X;E) i(logs)! (XE) %

2We will de ne monodromy when we construct a functor ~ from local systems toDx modules
in the chapter on ltered objects.
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here the second arrow is the same as in (i). Moreover (€3 =
0 < 1Gr (V)

(i) Let (L;L ) be a ltered local system, Gr(L) = L =L ,-;" > 0. Then the
residue ig de ned to be(reqL); ) with  the monodromy arounds and
reJL) = ,r Gr (L). When we talk of the residue map of a local system
we mean .

2.2. The Functor

The second section of this chapter treats a functor from the category of accept-
able bundles (below) to the category of Itered vector bundles. We will show that
the functor is compatible with determinants, duals and tensor products. This will
help us when we stepwise reduce the category of acceptable bundles to the cat-
egory of tame harmonic vector bundles as well as reduce the category of ltered
vector bundles to the category of stable Itered regular Higgs bundles with degree
zero resp. stable Itered regularDy modules with degree zero.

In this section the rst part is done, i.e. we show that maps tame harmonic
bundles into regular ltered Higgs bundles respDyx modules.

De nition 2.2.1. A bundle (E; h) is calledLP acceptable if the unique metric
connectionD which is compatible with the holomorphic structure onE has cur-
vature bounded byf + szclow for somecy,c > 0, f 2 LP for somep > 1. We
call it acceptable iff =0.

Remark 2.2.2. In most of the cased may be choserD. In the main estimate
we actually saw that in most of our cases we have acceptability. The exception
will be subbundles. The already used fact that curvature increases in subbundles
will lead us to an estimate of the curvature of the subbundle, that di ers from the
original curvature by aLP term.

De nition 2.2.3. Let (E;h) be a metric holomorphic vector bundle orX =
X nfsg;S := X nX. Denote E the category ofLP acceptable vector bundles
and F the category of lItered vector bundles. Dene a functor : E!F by
(E)=(E; (E) ) with

(E) =fe2 1(X;E)j8s2S9C>08"> 0:kek, Cr, g
with rg the distance to the punctures w.r.t. some coordinate vanishing ats.

Equivalently ( E) is E plus the information of the Itration of the stalk at s given
above.
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Remark 2.2.4. As before we may w.l.0.g. restrict to a punctured open disc with
the euclidean metric. In particular we may treat only one puncture at a time.
That truly is a functor is justi ed by the following proposition and 2.2.11 below.

Proposition 2.2.5. If E is LP acceptable onX, then (E; ( E) is a ltered
vector bundle, i.e. ( E) is coherent. The construction on the class of
LP acceptable bundles is compatible with the operations of taking determinants,
duals, and tensor products.

Proof. For the algebraicity (coherence) of the sheaves we may use the proof of
[CGT7Y, p. 23, theorem | in a modi ed version following the remark by Simpson
[Sim89, p. 910. While Cornalba and Gri th modify their metric by €°9( 0912 jn
order to get negative curvature, we need to adel for the bounded solution of the
Laplace equatiord = f in order to compensated the additionaf . €°9( '09iz))
will than compensate the remaining_q & (cf. 3.3 on p. 10 of €G75).* Then
we may use the proof of theorem I, p. 23% in the same matter as done there.
Note that Cornalba and Grith give the bound of the curvature in terms of a
Poincaré metricds = Wdz/\ dz= Wdz" dz.

The other properties of a Itered vector bundie are ful lled:

() (E) (E) for follows clearly fromjzj j zj for z small enough,
i.e. on the unit disc.

@ j () = »,r ( E) since in the limit there are no growth restrictions on
the section, i.e. we get any section holomorphic outside the puncture, i.e.
every section ofE .®

T .
@iy . (E) = ( E) becauseifkek cjzj ;8 < ; 8" > 0)k ek
Gizi ) "=cizj "i8"9>0 "= +

(iv) z(E) = ( E) «1 byjzjizj "j=jzj * ;8"> 0.

The underlying spaces are invariant under , i.e. compatible with duals, tensor
products and determinants. In the following we will show that this holds for the
Itrations as well.

Behauptung. is compatible with taking tensor products.

3[LiLo00] or [PDEQ9].

4We will not go into further details here. The same modi cation however, will be used in
more detail when we prove the compatibility with taking determinants.

Sproof on p. 35 in [CG75]; see as well paragraph 9 and p. 29, remark, (ii).

%From now onj (E) denotes the pushforward sheaf of the sheaf of holomorphic sections into
E.



74 | 2. Filtered Objects

Proof. Let (E;hg; @);(F;he; @) betwoLP acceptable bundles. We have seen in
the section on endomorphism bundles that the metricoB F ishg r(e; fi1;&
f5) = he(ey; &)he (f1;f2). Thereforeke fkg ¢ = kekekfke j zj ~,k eke

jzji ;kfke jzj ° , 2 R. Therefore and since( X;E F) = ( X;E)
( X;F):
X
(E F) = ( E) (F)
2R
]
Behauptung. IS compatible with taking duals.

Proof. The metric on the dual bundle ishg (g ke kZ; ekexkZ) = he (er;€). Then
ke ke = kek.’kekg j zj *"fore2 (E) . Furtherkeke jzj ", e2E ,
e 2E =(E) ,k eke jzj . Togetherwe getfore2 E nE ,.;8"> 0
that ke ke | zj . Therefore

(CE)) n((E)) + (CE) )n((E) )
fe : X! Ejkekeg j zj ¢
fe : X! Ejkekeg jzjg

(E)n(E) .8 >0

S S
But((E)) = (CE))n((E))+and (E) = (E)n(E) +
and hence( E) =(( E)) ,i.e. compatible with taking duals. O

Behauptung. Is compatible with determinants.
Proof. E induces on the determinant bundle the inner product
hV(er M iiiMen;f M iiin ) = det(he(e;f)):

By the alternating and multilinear character ofdgt this really de neg,a positive-
de nite inner product. We get det(( E)) = ( ., (E)) ( L, E) =
(det( E)) by

X y
keg M i ek = det(h(e;g)) = sign( )  h(g;e ()
2Sh j=1
X ¥ SooX Y
jh(g;e )i 7 ke ke ke (j)ke
2Sh j=1 2Sn j=1
X W X e, W
GC jHizj""' = jzj =T ge g

2S, j=1 25, j=1
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vjzj? %;8"> 0;

foreg Mg, 2 ( -, ( E)) =det(( E)) . The other direction is slightly more
advanced We use the following lemma by Simpson:

Lemma 2.2.6. Let E be anLP acceptable vector bundle onX - curvature
bounded byf + mzﬁgw for somecy: > 0 - with det(H) = det(h(e;g)) cnjz]
for a frame (e,};)of E. Further choose(g) such that kH kg 1. Then there is
a sectione =  ae with & constant such thatkeke  Gjzj*™"™r for some

constantNg > 0.

Proof. De ne a new metric h®on E by hqe;f) = exp(4 + 8caclog( logjzj) +
"logjzj)h(e;f), for the bounded solution of the Laplace equation =f. E
with the metric h®is still LP acceptable since

@@gH) = @@g(4 + ¥e 090 ogizh+ "logidiE ) 4 Jog(H))
+ @ @accl0g( logjzj)E + @ QYIE + @ ®g(H)
f +8Cacc@@g( |Ongj)E + _@@sz + I:\)h

Rio

. BucdZndzl@ @ "dzr dz1 @ @
= ffr @r@ log( logr) + TF@F@F-F Rn
1@ 1 "dz"Mdz
= N _ =
f2Caccd 2 er @r logr ¥ 4r * Rn
"5 A
- f 2cdzhdz dz"dz g,

r2(logr)? ¥ 4r

Now let e be any constant section in terms of our basi¢ée) and E. the sub-
bundle spanned bye. The unique metric connection compatible with the in-
duced holomorphic structure orE, is calculated as usual by@ @gkskio for every
s2 E.) s=fef 20yx. Use that the curvature decreases in subbundles (cf.
[GH78] p. 79) onE.to getfors= e

@@gkekno = hYRpoe; e
log kekpo = 2i hqRyoe; ©
_ " 1
_ At e 1 q
2i hqRue; @ ijho(e,e) f 4 ZCaCCijZ(IOngj)ZhO(e,e)
jzj?(logzj)? jzj?(logjzj)?  jz]
1 11}

e ziogry2 T g <

0;

’Cauchy-Schwarz inequality.
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sincem grows faster thanr 1. On the other hand we still havedet(H9  ¢,jz]

since (logjzj)jzj" = exp("logjzj +log( logjzj)) ! O for small" and z. Analo-

gously we ensure that we haveH % 1.

W.l.0.g. we restrict again to a disc around the puncture.

Choose a sequencg converging to0. We want to nd a secE')on e for eachr;

such that 9Ng 2 N : ke (2)k r7":8jzj r'® andforé = [ ae we have
g =10

W(Je know for our frame(e) that det(H) = det( h(e;g)) 6 0. Assumingke (z)k >

I’gj1=2”, then tt@ non-vanishing of the determinant tells us thatdet(h(e;; g)) =
25, SIgN( ) T L, h(e;e ) > jzj*™* = jzj* since every summand is bounded

by Cauchy-Schwarz byjzj>"=2" - a contradiction to our assumption on the deter-

denote theg that ful lls the bound at z =0. Since€ is continuous we nd a disc
Br around 0 where ke (2)kn rjlz2n holds. Furtherr; < 1)9 Ng: erR R.
Note that Ng only depends onr;. In particular when we replacer; by erR we

have kel (z)kn 1} ""™'®. Since the set where the inequality holds is closed the
bound still holds on @R. The complement inB; however is open and since by
kH% 1, € 1 uniformly we can apply the maximum principle on any open
Annulus Ag,r,;lj R; < R, 1 around 0. The maximum on the bound-
="Nr  gince R; and R, were chosen arbitrary we get

ary is bounded by (Ry);
ke (2)kn j zj;”™ " forallr; jzj 1 Nowletr;! Oto receive the claim. [

Remark 2.2.7. Simpson proves the lemma foNg = 3. Still for what follows we
only need that there is anyNgr > O.

Remember the discussion of nite branched covers at the beginning of the chapter
on the Main Estimate. Let us consider such a coveu™ = z, u local coordi-
nate on the covq_ring space. If , is the corresponding projection the pullback

bundle (E) = ~ p,'UE splits. The ltration of the pullback bundle is de-
nedas (E) = ., U (E). The properties g a ltration follow di-
Egzctly from the de nitiolg - only note that u (E) = L ,; U (E)=
N +j 1 uJ (E ): N ‘+j +1 uj (E ): (E) +1 -
ow let ¢ = N 'uel’ be a section in ( (E)) then kek g =
p it jui'keky  cjui 8 > 0, & g™ N, e 2
N +i U (E)sincefor = =N i=N) N +i= i+i= . Therefore
we have( (E)) = ((E)).

8By Cauchy-Schwarz and the consistency of the matrix normsk k2 = tr (AHA H): kAvky,
KE e kvky, for the unit matrix E and v 2 E. Hence the scalar factorexp(8cac: log(  logjzj) +
"logjzj) drops out. _

9This will guarantee that when j !'1 , € converges to a non-trivial section.
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Now assume that (det( E)) 6 det(( E) ) for at least one . The idea of the
rami ed cover is to enlarge this gap so much that we can use the previous estimate.
By left-continuity we nd a biggest index <  for which we have (det( E))

det( ( E) ). Using the rami ed cover for su ciently big N we get

(i) (det( E))o det(( E)2): Aslong asN is big for exampleN ( ) > 3we
may shift the gap by property (iv) of a Itered bundle such that the claim
holds.

(i) Further choose N such that all weight are only slightly bigger than various
integers, for example dier not more than ;-5 from the next smaller
integer'®, then there is no jump between+— and 1, i.e. ( (E))i2mny =

( (E)a

Now (i) and (ii) guarantee that the conditions of the lemma are satis ed for (E)o,
i.e. we get a non-trivial section in(  (E))i=onng. But there are no weights
between;1 and 1, in particularly there is no Oy holomorphic section apart

2NN R +
from the rSrivial one. This contradiction implies (det( E)) det(( E) ) )
(det( E)) =det(( E) ). O
O

Remark 2.2.8. Recall that our "inner product” on the extension ( E) is the
inner product of the corresponding elements of X nfsg;E) = ( X;E). Since not
all sections contribute to the stalk ofE at s this is in general only a monomor-
phism. It is in fact the monomorphism! Deligne uses inDel7( 2.15.2, p. 66,
where ( X nfsg; E) and Ox are naturally identi ed (map an h orthonormal basis
on the standard basis.) If our metric grows at most polynomially, i.e. the at sec-
tions do, than these at sections are meromorphic. Henaee'! of a holomorphic,
moderate sectione is meromorphic, since we may write in terms of a at basis
and thenr acts just as the usual di erential on the coe cient functions, which
are meromorphic by the meromorphy oé and the frame (both moderate).

When we start with a harmonic bundle(E; @; ;h) as in the previous section we
associate a at bundle(V;D) with holomorphic connectionr := @+ -1.2.3-and
holomorphic structure@ + Y. Further we get a local system by the locally constant
sheaf of@ -holomorphic sections killed byr V" = fs2 (X;V)jr (s)=0g

Remark 2.2.9. _A r atand @ + Y holomorphic section isD at and vice
versa?, but not @ holomorphic. While we nd a D at single-valued frame,

0possible since there are only nitely many weights between two integers.
Iy the (1;0) part of the at connection. See below.
2p(s)=r (s)+ @(s)=0,r (s)=0 and @ (s) =0 - by degree considerations.
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elements ofV" are in general multivalued. For = 0, i.e. if we nd a frame
within V" | everything becomes trivial.

Theorem 2.2.10. (@) Let (E;h) be a tame harmonic bundle oveK with two
holomorphic structures@ and @ + Y. Then E is acceptable w.r.t. both
holomorphic structures.

(b) The endomorphism-valued one-form and the connectiorD = @+ @+ + Y
satisfy the regularity condition making (( E; @); ) into a ltered regular
Higgs bundle, and(( E;:@ + Y);r );r = @ + into a ltered regular
Dx module. These constructions are compatible with the operations of
taking determinants, duals, and tensor products.

Proof. (a) The main estimate, namely lemma 1.6.15 bounds the curvature of
both metric connections bym for someC, i.e. the bundles are both
acceptable.

p__
(b) Again by the main estimate 1.5.7k ,k2 JTCJS and so the picture under
has a pole of order at mostL and hence the induced map on( E) maps

gto ( E) +(logs). Obviously ( E) (E); and (E) =
« (E).Finally (E)+«1 = (E) o, OC s) directly by splitting up
r "=r* " 1l Hence(( E;@); )isa ltered regular Higgs bundle.

To receive the properties of a Itered regulaDy module we need to show
regularity of the holomorphic connectiorr . Let ebe a@+ Y holomorphic
section, i.e. (@+ Y)e=0ande?2 E : kek, ¢cjzj . We need to show
that r (e) is bounded in terms ofjzj "° * for all "9> 0, in order to be in
(E) +(logs) (the jzj ! is taken care of by the logarithmicl form).
By Leibnizruler (z €)= z e+ z e Soitwil be enough to show the
bound ofr (e) for kek, j zj ; > 0 small.

Let Dg y = Rg ydz” dZ denote the curvature of the metric connection
@ + @ + Y compatible with @+ V.

) @@e; e @u@ )e;9+ @le;(@ Ve

= @@ )eo

= h((@+ )@ )e® h(@ )e(@ )e
) @ke;9 = @M@+ Ye;g+ @e;(@ e

= Q@Qbe;(@ e
h(e;(@ (@ )o+h(@ )e(@ )e):

Further note that (@+ Y)(@ )e=(@* Y)(@ )e+(@ )@+

e = D%%+ ,& In order to get rid of the di erential forms, evaluate at a
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holomorphic non-zero vector as in A.4

== == kekldz"dz

Q@ @Oz
= h(e;Rg y8)dz* dz+ h((@ )e;(@ )e)
h(e;Rg ye)dz" dz+ h((@ )ei(@ )e)
=2k(@ )eki 2<h(e;Rg ,e)dz” dz;

and hence

kek?
) kekp

K@ ). 4<h(e;Rg ,©)
K@ .ok +4<h(e;Rg ,6):

Then by Cauchy-Schwarz

<h(e;Rg ,&) Kk ekkRg yek K ekykRg ,eky
7> >4

21R-
N PR CTIEIR

Note that
) . 1o @ . )
log jlogrj = F@rr@rlogjlogrj
_ e 1
~ r@r rlog(r)
- 11
1 r(log(r))?2
— l .
~r2(log(r))?’
and thus

( keki 4o, ,cilog(logjz))) — 4k(@  ).ek::

By lemma 1.7.94k(@ ),ek? is integrable and the inequality holds weakly

over the puncture. The lemma can be applied sindeg(j log(jzj)j) is dom-

inated by logjzj (concave) andkek,, | zj holds obviously, too. Moreover

r =@+ =@ +2 and by the main estimatek (e)k, k kgkeky
Gjzj * isL? integrable. Hence

4jzj® K(r ),ek? 4izj® k(@ ~ +2 ).ekd
4iz7j*> k(@  ),€k? +16jzj? k ,ek?
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is integrable, i.e.r (e) in L2. By 2.2.8r (€) is meromorphic, i.e.kr (e)ky
jzj ;8" > 0for some °2 R. But r (e) in L2 tells us that kr (e)k?
must grow with order less than real dimension:2. Then °= 1 and
kr (e)k? j zj * ";8"> 0, which is our claim.

O

Lemma 2.2.11. is a functor, where of a gauge transformatiort is the mor-
phism of Itered bundles, which is induced by the vector bundle homomorphism

Proof. Recall the de nitions 1.2.8 and 2.1.8. First note that (iii) of 1.2.8 implies
that for everye2 E ,i.e. keke Gjzj ;8"> 0

K (eke k 'ker pkeke cjzj ;8"> 0
) '(e)2 F :

Hence the lItration is preserved by' .
Use (i) and (ii) in 1.2.8.

@"'é:DE d‘E’O
) @+ {)=" (De d)="(De dd='(@+ })
) P (@='(@); " (D="(D

since@ and Y have dierent degree. We already know that Dr = 'D g )
"re="rg;" (@+ )="(@+ {)aswellas' d¥='d®P) ' (@)=
"(@);' (g)="/(g) by degree considerations. Moreover note that

@+ {=Dg d®
) " (@+ §)=" (D d¥="(Deg d)='(@+ ¥)
) P @)="(@); " (H="(1):

But then all operators of any importance to our Higgs respDyx bundle commute
with ' as demanded by 2.1.8.
O

2.3. Local Systems

After constructing a functor between harmonic bundles, regular ltered Higgs bun-
dles andDx modules in the last section, which will later on lead to an invertible
functor, i.e. to an equivalence of categories, we now want to bring the lItered local
systems into play.
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In contrast to the functor , the functor that maps Itered local system to
Itered regular Dx modules, ful lls not only compatibility with tensor products,
determinants and duals, but additionally with the decomposition into monodromy
invariant subsystems. Furthermore we may directly prove fully faithfulness and
essential surjectivity, i.e. at the end of the chapter we will know that ltered local
systems and ltered regularDx modules are essentially the same.

Proposition 2.3.1. A local system gives rise to eDx module with regular
singularities.

Proof. By Proposition A.3.2 every local system induces a at vector bundle and
to a at vector bundle (V;r ;@) the sheaf of multivalued horizontal sections is a
local systemL = V' . Moreover proving the proposition every at vector bundle
(V;r ;@) induces a representation of the fundamental group as follows. For each
path into X there is a unique horizontal@ holomorphic sections such that

r s = 0 through each pointvy - s( (0)) = Vo - in the ber over x. By
atness this section is invariant under homotopy.s is in general not single-valued.
Hence moving around a puncture by a path shifts an elemerg of a ber V to
an elementgw, g 2 GI,(C). In the proof of A.3.2 it is also shown, that up to
Gl,(C) conjugation g is independent of the chosen base point. This leads us
to the corresponding (X) representation.

If we started with the corresponding local systenh and a locally constant cover
U, of L, any section ofs; 2 L(U;) can be uniquely identi ed with a sections; 2
U;U; == U\ U 6 ;: The restrictions to U; are isomorphisms for a locally
constant sheaf, i.e. elements @&l,(C). Hences; = g tgsi, if we identify L(U;) "

C" M and g; g are the restrictions. Going once around the puncture will lead us
to an element 2 GI,(C) - the monodromy - which is well-de ned by the sheaf
axioms.

Further we may identify each stalk with its surrounding constant sheaf by de nition
of the stalk. For example let be a ray emitting from the puncture andU an open
set over which the local system is constant and for which2 U and \ U 6 ;,
i.e. the/an element of the covering ofX closest to the puncture intersecting the
ray. By §1e local constancy we may identifyL, with U forall x 2 U \ . For
L():= ,, Lx,the monodromy maps :L()! L();I7' I, 2 Gl,(C).
Proposition A.3.2 states that we nd a sheaf isomorphism fronk into the sheaf
of multivalued horizontal sections of som®yx module (V;r ).

We want to produce a single-valued holomorphic section ¥f. Choose a matrixm
suchthate 2™ = 1je. M = L) We have worked with the matrix logarithm

3The evaluation of r s( (t)) at _(t).

YFix a basis and identify it with the standard basis on C". Then the g are transformation
matrices from one basis to another.

150ver C the matrix exponential is surjective into Gl (C).
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before, but on hermitian matrices, where it is single-valued. is in general only
invertible, so the logarithm is not unique andM corresponds to the choice of a
branch of the logarithm for each eigenvalu¥ Denote by | the multivalued at
section which coincides with soméin L( ) on U . The section

h(Z) — eM log zl(z)17

is single-valued, since continuing around the puncture oncegoes to | (another
branch ofI) and " '°92 goes toeV °92¢2™  py the 2i monodromy of the loga-
rithm. Thus

h(z)! e'9zg2M | (z)= e M09z 1] (z)= h(z2);

i.e. h has only one branch, hence is single-valued. Similarly de ne(z) =
eMlegz|;(z) for a basis(li); i » of L( ). Sinceé" 9% does not depend on the
at section, the h; become linearly independent like the;, and form therefore a
holomorphic frame ofV. Thenr has the following connection matrix

dz
- M log z + M log z - .
rh=de | + € |{'z} M—Z h:

De ne an extensionV = sparfO xh;g. Then r has a pole of orderl in the
(meromorphic) frame (h;) and hence is regular. So we constructed a regular
Dx module. O

Theorem 2.3.2. Denote byL the category of local systems and b the category
of ltered regular Dy modules. : L! D with

() ( L)istheregularDyx module sparO x higgiven by 2.3.1.r = @ + M dz—z
in the frame (h;).

(if)
(L) =fOxghim : hy = 9@z 12 L ;

eigenvalues oM )< () o:

is an equivalence of categories and is compatible with determinants, duals, and
tensor products. (Denote by \ the eigenvalue with the smallest real part.)

B\Write  in Jordan normal form. For a Jordan blockJ = E + N = (E+ IN) by invert-
1 k+1
ibilit, ~ eigenvalue. Thenlog(J) =log( E )+log(E+ IN)=log( )E+ o( 11—
and the second term is nite by N nilpotent.
7Choose the principal branch of the logarithm de ned on the whole ray \ U .
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Note that the monodromy ofM s purely real and so (ii) reacts sensitive on mon-
odromy change oM .

S
Proof. By L = L we will always nd a basis(l;j) of Ly;x 2 X such that
flig L for small enough'® Fix a matrix M, as above. Then we have

a frame h; = eMolo9z], as above. Note that the space spanged by thie is
independent of tkﬁp chosen basis: Cflgpose another basigl?),|° = Ezl al;, then
hO = gMologz|0 = , eMoloazg = P achy for & 2 Ox. It depends not on

M: Let My = M Mo k be a di erent logarithm, then h®) = z *h; and
z K2 0Ox. Forthe ( L) (U) the same holds as long ad contains no puncture.

In order to get a lItered regular Dx module the Itration has to satisfy the
conditions (i) to (iv) stated in de nition 2.1.4 and the conditions of 2.1.7:

ad (iv): We start with the last property because it will simplify showing the rest of
the properties. Letv 2 ( L) (U) then 9M, 2 Gl, (C)gk 2 N;81 |
k9;2R9,2L 93 20x:<(wm) V= g eivie@)
It Iooks worse than it is! LetM?= M, +1. Then <( |:Mv) 1=<( MV)
P)< (mg)  +1 0 5) (L)a) 3 [ aeWdl, =
zv) z(L) () (L) +2(U). On the other hand forv 2 (L) (U)
IM, 2 Gl, (C)S?_J;Z N;81L | k9 ;2R;9,2L 9 20¢": <( w,)
+1  jv= L aeMli@]  DeneM?=M, 1_Then<( wg)+1l=
<(wm)  *1 )< (wy i) (L) (U3 [, geMle@) =
zW) z(L) (U) ( L) +1(U). This shows (iv) of 2.1.4.

ad (ii): For a basis (I;) of L we get our frame(h;) = (€'°9(2)[;) of holomorphic
sections. For small enough alll; (resp. n linearly independent vectors)
willbeinL . For ! 1 the eigenvalues oM, are unrestricted and
henceM, = w = My k leads toh;z ¥ for eachk g N, i.e. inthe
limit every f gvith a Laurent series expansion aroun@isin ~ ,5 ( L)(U)

) 1 (L)= e (L)) .

ad (la: ( L)(L) ( L)Y(U) for : By ad (iv) we may assume thatM is xed
- a change ofM results in the desired inclusion. But then allh = €V 092
di er from | by the same function and sd. L for implies the
claim.

-
ad (ii): . (L)YU) = (T L)(U) . Analogous to the previous item we may xM
by ad (v)anduse _ L =1L .

80Or the vector space spanned by has always dimension les&, and so the union over all
has too small dimension.
Blocally constant, see below!
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ad ()b The ( L)(U) are coherent: Although it is clear if the locally con'F:.,tant sheaf
takes values in vector bundles, Igr,ecall that the coe cientsy; in | = _, al;,
| 2 L are constant -r [ =0 IlI @;=0, @a=0;1 i nhy
linear independence; analogOt@a: 0 by holomorphy. For every 2 R we
willalways nda small enough such that al(l;) (resp. n-linear independent
sections) are inL and ak 2 Z such that< y, Kk . Choosek
minimal. Then h{) = eMo klog@)|; js a frame of ( L)(U) by the linear
independence and the minimality ok. Hence ( L)(U) isomorphic to Og-.

Reg: Regularity ofr : We have seen above that fon 2 ( L) 2°

rh=r eM Iog(z)l — M dZeM Iog(z)l

220z (L) dz= (L) 2(log(s)):
Hence we get a lItered regulaDx module ( L).

LetL = - " . L sk n be the decomposition oL into generalized eigenspaces
Liof to the eigenvalue ;. Remember thatL was invariant, :L ! L
induces an eigenvalue decompositidn = [, L 7. Sincel2L ‘" L)9 r2

N :( iE)l=0) L' L.

Lemma 2.33. ( ,L")= [ (L)

L
Proof. DecomposeM = ~ ', M i as follows: LetJ = P !MP be the Jordan
normal form andJ ' the block diagonal matrix consisting of all Jordan blocks to
the eigenvalue ;. Then

1 0 1
Jt 0 O Jry O 0
J=Bo . ok M =P o . o KP
0O 0 J« 0 0 Jxy
i.e. the matrix constructed from only one Jordan block. Th@ * are justin( ;)E+
._0( 1)1( ]+l N nilpotent. SinceM ' is block diagonal we get (here far=1)
1
J tlog(z) O 0
M 'a@ = p lexp 0 0 %P
0 0 J « log(z)

20The Oyx—coe cients f have holomorphic di erentials, i.e. @f2O0¢;h @f2 (L) .
2log is a (nite) sum of potentials of ,i.e. Ml inL if |12 L . When we construct ! we
have to be careful with an inverse statement.



2.3. Local Systems | 85

0 1
expd tlog(z)) O ::: O
1% 0 E 0 OE
= P ) ) .CP
0 r 0 E
Then e" '1°9(?) preservel ' and e” 9@ =0 for12 L ;i 8 j - eV "9 i =
eM "109@| 1y for| 12 L ' . The eigenvalues oM ' are just "2, Now a choice

of aM amounts to one unique choice of the logarithm iM ' by construction. Of
course a di erent branch of the logarithm inM  will change M. Finally using
that M ' and M i commute fori 6 | since they are block diagonal and have
di egent non-zero blocks we may decompose the matrix exponential: For every

_ k i k i
|
X< XYk .
M log(2) i = QM 1 log(2)] |
i i j=1
X M il i
= e 09(2)| i i
i j=1
= eM ilOg(Z)I |

L L
Therefore ([, L ) = <, (L) for the underlying space of the ltered
bundle. L
For the lItration we need to show that ( L) = :‘:1 (L"), where

(L) (U= fOgjuh:h=e" "s@piz)11 2L
eigenvalues oM )< ( w 1) g

But

(L) (U= fOgjyh:h=e""9@z):12 L ;
eigenvalues oM )< ( ) g

X _ .
= fOxjuh:h= eM 110@ i(z):1 2L
i=1
eigenvalues oM )< ( w i) g
M _ _
= fOgjuh:h=¢&" @iz 2L
i=1
eigenvalues oM )< ( w i) g
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where the last step is due to the fact that a choice d¥l corresponds to a unique

]

Conclusion 2.3.4. Note that we even proved the stronger result that is com-
patible with a decomposition into  invariant subspaces: The proof above obvi-
ously works for the decomposition into spaces corresponding to Jordan blocks. Let
L =W WDZ%into invariant subspaces and] the space corresponding to a Jordan
block, than W\ J and W J are invariant subspace, i.eJ = (W\ J) (W% J).
But J does not decompose into non-trivial invariant subspaces (can be read of the
form of a Jordan block). SaJ W orJ W29 i.e. the decomposition into Jordan
blocks is ner and therefore preserves the decomposition = W W?¢

The lemma allows us to consider only local systems with one eigenvalue for the rest

of the proof. Let =~ be the unique eigenvalue of and let o = @ an eigenvalue
to a speci c choiceMy. De ne a vector subspace of( L) by

H = eM Iog(z)L
and
— M .
H =¢€ Og(Z)L < ( o)-
Then

span,_ju,fZ“H «jk 2 Zg

spany,_juf Z“e" 9L o )ik 2 Zg
= spary,_j,feMorORIDL ik 2 Zg
= ;i,parbxfjufe'\" log(2)Ijl 2 L

= LM =log( )= 2i);<( m)= g
= sparbxﬂ-ufe'\’I log@)Ijl 2 L ;M =log( )=( 2i);<( m) g
= (L) (U):

Instead of working with our original de nition of the Itration ( L) we may use
the more compact one sp®7jufzkH kk 2 Zg.

Lemma 2.3.5. is compatible with taking tensor products.
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Proof. Let L, be a ltered local system with monodromy |, with the eigenvalue
~L,; letL, be a ltered local system with monodromy |, with the eigenvalue™_,.
LetL =L; L,andthe monodromyis = ; 5,22 The eigenvalue of ;
is ~= T17»?% and we get o =log(™) =log( i)+ log( ). Recall the Kronecker
sumA B=A E+E B andexp(A B)=exp(A) expB) or

log( 1 2) = log( 1) log(2)=M: E+E My
with M, =log( 1);M, =log( ) as before. In particular
exp(M logz) = exp(Milog(z)) exp(M2log(z)):
UsingH =exp(M logz)L;H; =exp(Milogz)L,;H, = exp(M,logz)L, we get
H=H; Hz) (L)=(L) (L2):

P
for the und§rlying systems. Now consider the ltrations: Letl := »r(L1)

(L) = Lg(L1) (Lz) .** Thisisin fact a ltration of the Itered local
systemL:
: S S .
L = >r(L1) (L) L = or(L1) (L) for since
(L) (L) for all

(i) The tensor product of vector spaces is a vector space and since

(Ll)maxf ; g (L2)maxf [ g (él) S (LZ) (l—l)minf ; g
(Lz)minf ; g We ge“— = 2R L = 2R ZR(I—l) (LZ)
(iii) For the intersection we hav%T . L = ! < s >r(L1) (L) =
o < (L) (L) = Lg(b1) (L) =1L.

iv) all L L are L, Invariant and hence the union is.
1 2
Hence

X
c(m =D)Ly
2R

eM log(z) L

T
|

M1 log(z) 2 log(z)
ey eM

(L) < (wp L < (up<Cuy (< (up
<(M1)2R

eM 2 log(z)

eMeloo@ L < (w, )

2R

22If 4 circleinLy, 2inLythen ;1  ,iscircleinL.
23¢f. Kronecker Product of Matrices and Applications [Ste91].
24Sum is justi ed by the nite dimension of the vector space.
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X
= (H1) (H»)
2R

This implies the claim by

(L) (V)

sparbxﬂ-ufz"lj< Wk 2 Zg
Sparbx—jufzk (H) (H2) « jk2Zg

X 2R
= span_j,f (zPH1) o (2 PHy) « ( pik2 Zg
p2R
= span juf  (ZPH1) p (2 PHa)  « pik2Zg
2R
X
= (L) (U) (Ly) (V)
2R
O
Conclusion 2.36. p is compatible with tgnsor products (L) =
k ’ _ k i i —
i=1 ( L ') - i=1 2R ( Ll) ( Lz) - 2R ( Ll) ( I—2)
Lemma 2.3.7. is compatible with taking the determinant.
Proof. Let (I;) be a basis ofL and (i, ::: I;,);(i1;::5500) 2 f1;:::5ng" be
the corresponding basis df". Let | (L) denote the ideal generated by those basis
element with 9j;k 2 f1;:::;ng : i; = ix. Analogously leth; = eM°9(?)|; be the
corresponding basis of L), (h;, hi,);(i1;:::500) 21 1;:::;ng" the basis of

set, the compatibility of  with tensor products leads us to

( span, . f(li, i 1i,)g) = span, ,feo9@M = My g
= span,, f9@OM] i UMY g
= span, ,fhi, i1 hjg
Now if | is the set of all families with at leasti; = iy for somej & k this reads

( 1(L))=1(( L)) (underlying bundles). Remember that at the beginning of the
proof of compatibility with tensor products, we saw that ( L) is generated by the
h; independent of the chosen basis or matrik .

For the lItrations this works analogously: Let I (L) = L" \1 (L) (vector
space¥® be the induced lItration on | (L). Then for | = (I3;:::;1,) 2 (L") =

2>monodromy invariant: D maps a tensor with two equal entries to another one with
this property.
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P

ri+ii+ry=

Ly, :rriir Ly

(1(L)

1
(%))
©
>
—
M
=
<}
Q
&
N
—
>
—
—~
—
~
<
1
o}
«Q
~
~
11
—~
N
N—r

o
<(wm) g\ span, f  eMil9@j 21 (L);

i=1
M;i =log( )=( 2i)g
(LMD Vi rey=CcL") vjren=1rccL):

The exterior product\,isvi”:1 L = L= (L);Vi”:1 (L) = ((C L)Yy=((L)) =
( lv,”):( I (L) = ( V”:1 L) ) (det( L)) = det(( L)), where we used that
( L (L)s/( L) (1(L)) isguaranteed by 2.3.4 and the invari-
ance ofl (L) and ., L ( invertible )f 1, = 1i,, I =1,0). O

Lemma 2.3.8. is compatible with taking duals.

Proof. Since duals and direct sums commute, we may restrict again to local sys-
tems with one eigenvalue™. The ltration of L is(L) = (L ). Check the
properties of a Itration:

(i) Let L L ; . Then every linear formf : L ! C restricts to a linear
fomL ! C) (L) =1L L =(L) ;

N S S S S S

(i) L= L,gL ) L = orL = LgL = k(L) = L,k(L).

T T T T

@)=t = - =, Ly= . L = L =

< (L)

(iv) The transition functions of the dual bundle are( j 1)ij of those of the origi-

nal bundle - j; hence( T) !is the monodromy of the dual bundle if was

the monodromy of the original bundle.
The dual bundle (( L) ) is the bundle where each stalk is the dual of the
corresponding stalk of ( L). Hence we may as well deng( L))
(( L) ). The properties follow as abov&, only note that z(( L) )

26That the dual of a coherent sheaf is coherent follows directly from the de nition of a coherent
sheaf.
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((L)) . sinceiff (F)=1) f
(zf) ) z((L)) =(z*(L) ) L) 1) =(( L))+1p
Further note that (BT) *(I;) = Blg, Do Let I = Bl = [ Byl
e the new basis and(BT) ' = = (B Y);l;. HenceB(l) (I;) =
k=1 Bl (lj) = E%;: and ((BT) |$) () =« BT) l') (BTYBT) ) =
) BT = () oy B = 1y By () ()= By
The logarithm of ( ) *isM = 2900 = 180)T ) et () be a basis ol and
(1) be the dual basis ol . Thenh, = e M" 92| is the basis of ( L ). On the
other hand (h;) = (" '09@],) = e M"Ig@)| = h. . Therefore (L )= ( L) for
the base spaces.
Letl 2 L ,thenh= eMo9@| 2 (L), ) by left-continuity. For | we know

(zf)=2z) z ¥ (fz)=1) z Y% =
:(

| 2(L) andh =eM™@1 2 (L)o( ) =((( L)), ) - Thus
the dual ltration is induced by the dual sections, i.e. compatible with taking
dual. O
Lemma 2.3.9. is invertible/essentially surjective.

Proof. We will proceed in a di erent fashion than Simpson does. Although his
construction leads to the same result, the bundles constructed there are not so
easy to work with a priori, i.e. before we nd a good-looking representation.

Let M denote a logarithm of the monodromy corresponding to divided by 21 .

E = span, ff = e (022 ¥hjk2 Z,h2 E ;< g:

We want to show that (E; E ) is a lItered regular Dx module. But this is just
the rst part of the proof of our theorem 2.3.2. There we did the proof for a
particular branch of log(z)?’ and not for all of them. However, the union over all
k will not interfere with the union over all indices, the inclusion, the coherence
or zE = E ;. Same holds for the left-continuity, i.e. the intersection, sinc&
and are independent of each other. We still need to show that preserves
the ltration. Note that the proof above usesr | = 0 and is not applicable here.
However, we know thatr preservesE | i.e. forf = e M09zh 2 E :

M dze M (log z+2 ik )

rf — r h eM(Iogz+2ik)+h
ﬁ-{Z-? z
2z 1E
. . Mdz
— M (log z+2 ik ) 1 M (log z+2 ik )
= e F{zl? z “+e h -

2 E  (log(s)):

2Tlogz + 2 ik the k-th branch of the logarithm.
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Dene YE;E )=(E";E") the corresponding sheaves of at holomorphic
sections. We know already thatt" is a local system. The other properties of a
Itered local system follow directly from the Itration of E :

(@ E" :=E"\E E'\E =E' for

(b)

E" = E'"\E
2R 2R [
= E"\ E=E"\E
2R
= E'":
(©)
\ \
E' = E'"\E
< < \

= E"\ E=E"\E
= E":

(d) The monodromy invariance is the only say interesting point, because we can
use that we allowed any branch of the logarithm. Assume thdt2 E' . Then
f = e M (log(z)+2 k)h - e 2M e M (log(z)+2 k)h - e M (log(z)+2 (k+1)) h=f 2

E'.

So we know now that *(E) is a Itered local system. We still need to show that
the two constructions are inverse to each other.

let E = (L): f=eMldZn 2 E )9 | 2 L ;M and M logarithm of the
monodromy such that

— M (I 2 Ki )M .
f=e (log(z)+ ')e ng|,< - +<

But two branches ofM dier by an integer j: M = JE + M ) | + 28 and
hence

rf=r eiE Iog(z)e 2 ikM | =

jE dz .
‘ X 2E Pog(@);

28|n particular MM = (JE + M)M = jM + M?2=M( + M)= MNr ) M; NI commute.
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where we used thate 2™ | = K| still at. So f is atif and only if j =0 or
f =0 (trivial case). Forj =0
(L)) = spanfljl2L : g=1L;
asL L for . Weget I((L))=L.Inparticular ?* surjective.
On the other hand letL = YE). Then forh 2 (L) 9M; M logarithm of
'k 2ZR2E :
h = eM Iog(z)e M (log(z)+2 ki )h; < m + < -

We know thatr e M109(2)h = r @ Mlog(2+2 ki) =0 ) e Mls@h2 L . . The
g
last step becomes

Mg = span, fe W log(z) 21k Mpjc "H2E g
= span_f gE 0@ 2il Mpyic "H2E g
= span, fe 2IVMZAER < :h2E g
= e ?'Mspan, fA2E 4jj < i+
= +< um < Mg
= e ?'Mspan, fhj < h2E g

— e 21l ME i<y :
Note | variable, i.e. the union over alll here. Thus

h 2 e 2il ler < < \ e 2ik Nre Mlog(z)eM Iog(z)E

— e2|I|\7rE < i< M\e2|kMZJE

) h

Il
=~
m
2

We get ( Y(E)) is invariant, since (E) as ltered local system is, i.e.
foreveryh2 ( YE)) 9h2 (  YE)) ;9%n2Z:h= *kh2E .
'"( YE) = fR2E < <, i<wm +< gy 9
= fh2E : g=E :

Hence ( Y(E)) = E for every Itered Dx module. This nishes our proof.
O

Remark 2.3.10. Note that for a  with only one eigenvalue, this implies that
2L ifandonlyif e'9212 (L) ., for someM.
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Lemma 2.3.11. is fully faithful.

Proof. Let' : L; ! L, be a morphism of ltered local systems. Then( ') :
(L) ! (L the Ox linear extension of' 2° (') preserves the lItration:
Since' (L1) (Ly) ) ‘' (eMls@L ) = eMlod@ (L) eMoa@(L,y) )
(Ly) ( Lp). Further
() ) = 1y ()
= (ray ) + 0 @
AL

='() @

= ' @)
' ([_(%i)]! +1 @)

o)

)T Ly =TT (!

and by D%holomorphy of the at sections

OPLy )

DLy ()

SRy ) 0 e
=0

= @

= (I @)

- 1 00

- ('D-(ifz-)}l +1 @)

= (D P01
00 + _ i~ 00 .
) D(Ll) = D (L2)-

Hence' is a morphism of Itered regularDyx modules. Analogously if we start
with a morphism of Itered regular Dy -bundles : ( L) ! (L), restricts
to the subset of at sections. Then is Ox linear as a morphism of coherent
sheaves. Therefore for2 (L1) we getr (., ()= r (L)l =0;DP, ()=

D ¥, =0,ie (I) at Furthermore we now that from the invertibility

(l) — (e M |0g(Z)eM |0g(Z)|)

e M log(z) ( F’\A_I{Ozggﬁ )

( I—l)< M+

2There is a at frame, so "' is fully determined.
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2 (L)< ye<w+ = (L) =L:
Thus preserves the ltration. [

is a fully-faithful essentially surjective functor, i.e. an equivalence of categories.
Hence theorem 2.3.2 is shown. O



Sections
and Morphisms

The aim of this chapter is to show that is fully faithful. In order to prove this

we start with a few technical lemmas, resulting in two Weitzenb6ck formulas, i.e.
a relation between pseudo-curvaturés, and the curvaturesF;, resp. R,. The
second step will provide the mutual boundedness of metrics that induce the same
ltration under . Combining the two results shows fully faithful. So for the
last two chapters we are left with the task to show essential surjectivity.

Lemma 3.0.1. Let (E:h; ; @) be a holomorphic bundle (not necessarily har-
monic resp. the Higgs eld not necessarily holomorphic). Writdd = @ + +
@ + Y= D% D%a metric connection,d®:= @ +

(i) Fora D at section e, D(e) =0:

h(e:2i (Fn 2Gn)e)

2
log kek, kel

2k ( Fn 2Gh)k|: ;
for F, = D? the curvature of D and G, = (d°? = @ + @ the pseudo-
curvature.

(i) For d° at section e, d°fe)=0:

h(e;2 (Fn  Gn  Gy)e)

log kek? =
h

2k(Fn Gn Guke

Proof. Ad (i): D(e)=0) DYe)=0;D%e) =0.

@keki = @@ke;e
= @nh(D%;@+ h(e; Ye)))
= h( 1e); 1e)+ h(e; D Ye))
= h( Ye); Ye)+ h(e;(D®°+ D%e)
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Remember °= D° 2 and hence

D000+ (DOO - (D%OO‘}' DO%C) 2(D 00y DOO)
= D A@+@) A’ + )
= Fn, 2Gy 2(y + y):

Moreover Ye¢) = DYe) 2e= 2e:
) @okek?

h( Xe); 4e)+ h(e;(D®°+ D%e)
4h( (e); (e))+ h(e;(Fn 2Gn)e) 2h(e; Ye) 2h(e; Ye)
4h( (e); (e))+ h(e;(Fn 2Gnh)e) 2h( Ye; Ye) 2h(e; e)
2h( -(e); 2(e))dz” dz+ h(e;(Fn 2Gn)e)

2h( Je; Je)dz~ dz
2k ,(e)k?dz~ dz+ h(e;(Fn, 2Gh)e) + 2k Yek’dz " dz:

Using 1.4.14 we may write

kek? = 2i h(e;(Fn 2Gp)e) 8k ,ek? 8k Yek?
= h(e;2i (Fn, 2Gh)e) 8k ek 8k Yek?: (W1)

Remark 3.0.2. This is a Weitzenbdck formula: In general a relation between two
second order di erential operators. SeegH78].

Now the logarithm comes into play:

@(kek?)

kek?2

kek? ( kek?) —4@kek? @kek?
keks

(kek) ,@keki@kek]

kek? kek?

(keki) i @eki" @eki,

4—
kek? 2 kek?

log kek? = 4@

(3.0.2.1)

Use again that@ke; & = h( %; e+ h(e;D%®) = h( %; e and @le; e = h(e; %)+
h(D%:; e = h(e; %) andh(e; %) = h( %;e:

@ekh * @eki _ jh( %9
kek? T kek?
4ih( e; e)j?
kekd
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2ih(e; e)j* +2jh( Ye; 9j°.
kek? '

by jh(e;e)j> = jh(e; Mj? = jh( Ye;8j> = jh( Ye;®j?. By Cauchy-Schwarz
jh(e;e)j? j h(e; e)j%h(e;8j2 = k ekZkek? and further
(kekd) i 2kekb(k ekd + k ekd)
kek? 2 kek?
h(e;2i ( Fn  2Gn)e) + 8k ,ek? + 8k Jek?
kek?
8(k ,ek? + 8K Yek?)
kek?
h(e;2i ( Fn  2Gp)e)
kek? '

log kek?

Negating the inequality and applying Cauchy-Schwarz again
h(e;2i ( Fn, 2Gp)e) h(e; 2i ( Fn 2Gh)e)

log kek?

kek? kek?
keknk2 ( Fr  2Gn)ekn  keknk2 ( Fn  2Gn)ke keky
kek? kek?

= 2k( Fn ZGh)kF:

Ad (ii): The proof is similar to the one of (i). Start with d{e) = (@ + )(e) =
0) @(e)= (e)=0 by degree considerations. Then

@kek? = @ke;o
= @h(@e;9+ h(e; @(e))
= h(e@@(e)+ h(@(e); @(e))
= he(@@+ @@)e)+ h(@(e); @(e):
Next
DZ (Y+ Y +@ + @+ '@+@")
Fn Gn Gn oo

@
@
+
®
@
I

implies
h(e;(@@ + @@)e) = h(e;(Fn Gn Gn Y+ Y )e)

h(e;(Fh Gn Gn)e) h(e; Ye h(e;y|{:§0})
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= h(e;(Fn Gn Gn)e) h(Ye; Ye):
and hence
) kek:= 2i h(@(e);@(e)+ h(e;(Fn Gn Gpe) h(Ye; Ye
= 2 h(@+ Me(@+ "o+ h(e;(Fn Gn Gn)e
2i k(@+ Y)eki+h(e; 2i(Fy, Gn Gpe): (W2)

where we used@ Y =0 of degree(2;0). Again we can use 3.0.2.1 an@(e; € =
h(@e; 9 + h(e;@e) = h(@e; ¢ resp. @Le; § = h(e; @e) = h(Qe; 9:

, @GN @eE _ . h(@e:g”
kek? kek?
. k@ekPkek? . k@ek?
2 —=hh = .
kek? kek?
Ck@ek2+ kek? . k(@ + )ek?
2 . =2i ——= 27
kek? kek?
, _ ((kekp) i @kek} ™ @xeki
2 k(@ + V)ekﬁ+ h(e;2i ( F, Gy Gh)E)
kek?
. k(@ + )ekj
2 ———
kek?
h(e;2i (Fn G Gp)e)
kek?
h(e;2i (Fn Gn Gp)e)
2
) log keky kek?
h(e;2i (Fn  Gn Gp)e)
kek?
2keknk ( Frn Gn  Gn)ekn
kek?
2kek?k ( Fn Gn  Gp)ke
kek?

= 2kekﬁk( Fn Gh Gh)k;::
again by Cauchy-Schwarz and the consistency of the Frobenius norm whh [

Proposition 3.0.3.  Let (E;h; ; @) a holomorphic bundle as before. Suppose
KFnKke; KGhke 2 LP for somep > 1.2 Let e be a section which iD ator d* at,

INo singularity outside the origin and smooth on any annulusA=»;1 "> *> Q.
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and additionally kek, cjzj ~ for all "> 0 ans somec, > 0. Then e is bounded.

Before we start with the actual proof, we will need the following lemma

Lemma 3.0.4. kek, Cijzj ;8" > Oimplies |Eglj21 I 0.

Proof. We know that

kekp CiZi . om
jlogjzjj jlogjzjj’

Di erentiating the right-hand side once (close tor = 0) leads us to

doer _ 't logriter Tt_ . (flogri 1),
drjlogrj jlogrj? jlogrj2

We see that the function has an extrema atjlogrj=1) r =exp( 1=") and it
is the unique extrema forr < 1. This is a minimum by

d « 1("jlogrj 1
A r 1(J.09f1'2 )
dr JIOng r:exp( ]_:“)
_ (" Dr " 2(jlogrj 1 ——)jlogrj?
-~ flogrj®
cer " 1("jlogrj 1)2jlogrjr Y
j Iog rJ4 r:exp( 1:")
(" Dr " 21 1+ g=)jlogriz+r " Y1 1)(2jlogrjr 1)
= Ce . 7
jlogr] et
n "2y -2
= U (_4)1 logrj > 0
J Iog rJ r:exp( 1:")
as the remaining parts are positive for alf. Now for" ! 0) exp( 1=")! 0,
i.e. in the limit
Z " 67

JlogJZ” r:exp( 1:")
O

proof of lemma 3.0.3.By the previous lemma log kek? 2k ( Fr, 2Gp)ke

2k Fnhkeg +4k Gpke resp. |Og kekﬁ 2k( Fn Gh Gk)kp 2k Fnkg +

4k Gpkg is in LP. In particular let f be aL? majorant - log kek2 f )
log kek? f OLet & : B! R be a solution of the Poisson equation
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~u = f: For the existence see Lieb & Los4.{Lo00], p. 157, theorem 6.2%. In
particular [LiLo0O], theorem 10.2 tells us that forp > 1 u is Holder continuous

with positive exponent, in particular bounded. The bound% I 0 from the
previous lemma leads to lemma 1.7.9: log kek? f = (log kek? &) O

weakly over the origin, i.e.logkek? & subharmonic.

Let u := 4 + kuk; + ¢ then u is a solution of u=f, ie. we still have
subharmonicity, andu ¢ c"log(jzj)logkek? ) limsup, g logke(z)k?
u(z) 0. By the maximum principle (+ remark 1.5.4)logkek? u 0)
logkek? u< 1)k ek e O

Corollary 3.0.5. Let E be a vector bundle with either a at connectionD
or a (Higgs) operatord® and two metrics h;k. Suppose that the curvatures
Fn;Fk; Gh; Gk are in LP and that ( E) is the same for both metric bundles.
Then h and k are mutually bounded.

Proof. Let idg be the identity automorphism of the bundleE; idy. if it is con-
sidered as a map from the metric bundI€¢E;h) ! (E;k) and idc., as the inverse
map. Then idk 2 ( X; End(E)) under the usual identi cation. In the section on
the endomorphism we have seen, th&; d°induces operatordD D;d% %
on End(E). But then

Dide(e) ideD(e)=0= d%de(e) ided?e):

There we saw as well (remark A.4.2) that the inner product for maps;'
(E;h) ! (E;Kk) is

hengine k(5 )= tr(K H")
)K " Kengm k= tr(K' H' )= 'K igs;

w.r.t. a suitable basis.
By construction this operator norm is consistent with the norms and k

kekk = kidh;kekk k idh;kkEnd;h! kkekh:

From the de nition of €2 ( E) we read of that9cex 0 :keky Coxr ;8">
0,9 Gn O:kek, cCoxr . Thereforekidnxkengn k= Gkl ;8" > 0 for

a suitable constantc, or else the consistency of the norm gives %contradiction,
because every sectioa can be identi ed with an element ofj (E) = or (E),
i.e. if KidhkKeng:nt k > Chkr ~ for one*-> 0 we nd a section s such that the
consistency is violated.

Further recall from remark A.4.2 that the (pseudo-)curvature operators aréP on

20ur LP function is L1, in particular L}. on a bounded neighbourhood likeB*.
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the endomorphism bundle, too. Then we may apply Proposition 3.0.3 and get
kidhkkeng:n k = MH; Kiys bounded. Analogously for idn. So the norms are
mutually bounded, i.e. kek, < 1,k eky < 1 for every sectione. O

Theorem 3.0.6. The functor from the category of tame harmonic bundles to
the category of ltered regular Higgs bundles and lItered regulaDyx modules is
fully faithful, i.e. the induced function on the set of homomorphisms is a bijection.

Proof. We have already seen, how maps a morphism of harmonic bundles to
a morphism of Itered objects, simply by considering it as a map on the bundle
underlying the Itered object. On the other hand every morphism of Itered
objects' restricts to a bundle morphism of the underlying bundle, this will be
' The two constructions are obviously inverse. So we only need to show that
is surjective or in other words, that  * maps every morphism of Itered bundles
onto a morphism of tame harmonic bundles.
More explicitly: Let ' : (E) ! ( F) be a morphism of the Itered regular
Higgs resp. Dx bundles corresponding to two Higgs respDyx bundlesE;F.
We have seen in 2.2.5, that commutes with tensors and duals. So we may
consider a homomorphism as an element of HOE); ( F)) " ( E) (F)=
(E) (F)=(E F) = ( Hom(E;F)) as vector bundle homomorphism.
Hence it will be enough to show that is harmonic on the underlying bundles.

H(ii) For the Higgs bundle casewe have @ ="' @;' ¢ ="' &:
) T dP= @+ )= (@) (r)='(@+ g)d

Therefore the induced homomorphism on the harmonic bundle ful lls (ii) of
1.2.8 - (i), (iii) are missing.

D(i) Forthe Dx module case we know D¥="D 2' r="r¢
) " De=' DP+ ((F)=D P+ re=De;
The induced homomorphism on the harmonic bundle ful lls (i) of 1.2.8 - (ii),
(iii) are missing.

First we treat (iii) simultaneously for both cases: Then' : E ! F may be
identiedwith ' 2E  FwithD' 'D =D' D' =0andD® 'D %=0 by
the de nition 1.2.8. In the proof to the previous corollary we saw (at the example
of id) that preserving the ltration implies k' ke, ¢ r ". Analogously to the
proof of the corollaryk’ ke, ¢ ® < 1 bounded.
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H(i) In the Higgs bundle case in order to prove (i) we need to show that d? =

'd 2;d2 = @+ { and d? analogously. We know already that the pseudo
curvature Gg = (d¥92=@ ¢ e@ =0 by the Higgs eld property. Same
in the bundle F and in the homomorphism bundleGg, ¢ = G + Gg =0.
But we haveFz =0 as well:' DF ="' DE for any operator D' extends to
higher (p; 9 forms'~as'~DF =( 1)P*91'-DE because for~="' |
) D¢ ') ( !)DF
=(Dg') !'+' d (DY DG 1)
=(Dg" ()" Dg) !+ d
=(Dp  ( DO)DE)( 1)
) Do’ 'Dg=0) D°(C ') (1P !)DF=0
Then

Fr' +'FE LA+ (A + 0 (dR)?+ (dR)
+'d 22 + W2 +d 2dP+ dRd

1 (d0)2+(d0)2- + dOOd 0 dO -d 00 d(F)Od CI% + dg d (IJEO

@i lerpEly e

= 0;

by the Higgs eld property (resp. 1.2.6). Our Weitzenbtck formula W2
becomes

K ké! F

2i k(@ + Y)hom' k I
+hE' F(e 2i ( Fn C;h Gh)HOr‘ﬂI )
2k( @ + y)Hom EI F

The equality holds onX and holds weakly over all ofX: Again by lemma
1.7.9,k' k&, ¢ Kk(@+ Vpom' K2, £, k(@ + Y)pom' k&, ¢ positive

and sincef bounded) %5 1 0, we getk( @ + Y)rom' KE, ¢ is inte-
grable. But the integral of the Laplacian of a bounded function on any ball

is zero.* So
Z

Z
0= k' (2)kg, dz= 2Kk( @+ Yhom' (2)KE, ¢ d

Bl B!

and by the positivity of the integrand k ( @ + Y)nom' (2)kZ, ¢ = 0 )
d") d°=(@+ ) '(@+ Y)=0.Finally D() D =d{)

°Df isal form,soD§ A ! =( 1)P*9 ~DE fordeg(!)= p+ q.
4cf. Miller, [PDEQ9], p. 14, lemma 2.6, (radiusr xed).
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'd °+ d¢' ) 'd %°= 0 shows the missing part (i). So is fully faithful into
the lItered regular Higgs bundles.

D(ii) Similarly in the Dx module case (ii) will follow from' d°= 'd % It is

enough to show ¢ ="' g;' % ="' ¥ or equivalently the induced op-
erators on the homomorphism bundle vanish, sindd®= D% Y+ and
' D®=" DXy degree considerations froh D¢ = 'D g. We know that
the curvature Fg = Fr = Fg, ¢ = 0 vanishes. For the pseudo-curvature we

get
GF' +'GE
=(d)? +' (d)?=(Dr  d)* +' (De d))?
=((Df)®> Ded? d2DE +(d})?'
+'((De)® Dedg d2De +(d2)%)
=D e d'De+(d})* +'(De)® De'dg+De'dg+" ()’
=(@+ )* +' (@+ §)?
(@ ¢t+ (@) +' (@ L+ [@)
ZGF' +‘§E =0:

by the vanishing of the pseudo-curvature (resp. 1.2.6). Our Weitzenbdck
formula W1 becomes

Kk ¢ = he (5 2(Fn 2Gh)Hom' )
8k( )End' ké! F 8k( y)End' ké! F
8K ( )end' ké! Fo 8K ( Y)end' ké! F-

Like in the Higgs bundle case lemma 1.7.9 guarantees the integrability over
the origin. Again the integral over the Laplacian does vanish and so the
same holds for the integran@k ( )eng' k&, +8k ( Y)ena' k&, ¢ =0. Both
summands are non-negative and therefore both have to vanish, i.e. ' =

y ' ¥=0. This was the missing part of the proof of (i). So is fully

faithful into the Itered regular Dy modules.
]



Residues and
Standard Metrics

On our way to essential surjectivity, we need to construct a metrib on our bun-
dle E that induces a given ltration under . This standard metric will not be
our harmonic metric, but we will be able to construct a harmonic metric that is
mutually bounded with respect toh.

Recall our two examples 1.4.17 and 1.4.18. The bundles constructed are our small-
est building blocks in the following sense: By tensoring these building block we
may construct to each residu€V ;N) a bundle E, that has the residue(V ;N),
up to isomorphism. We will then show thatE is isomorphic as a Itered vector
bundle to our initial bundle E. Then de ne a new metrich on E as the pullback
of the harmonic metrich on E. It turns out that h makesE into an acceptable
bundle, the new curvatures are_?; p > 1 and h induces the initial Itrations on E
under

We get a nice corollary at the end of the chapter, telling us that the Itration
induced on a ltered local system by order of growth, is the same as the ltration
provided by our functor

4.1. Jumps and Residues of Line Bundles

Let 2 R be arbitrary for now and let X be the unit disc again. LetE be a line
bundle overX with trivialization ' :Ex ! X C. Choosee(z) ="' 1(z;1). De-
ne an inner product h on E by requiring h(e; & = jzj> and extending sesquilin-
early. If @ denotes the holomorphic structure then the holomorphy of im-
plies those ofe: @e=0. Let e = e €dz. In example 1.4.17 we saw that
@e=¢e -Y;e=e 2dZ7' that the bundle is harmonic and that the metric
connectionD = @ + @ is at.

The harmonicity of E leads to a Itered regular Higgs bundles under : ( E) =

IWe could write @ = @+ gdz for the usual decomposition into di erential and connection
matrix.
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fe:X ! Ej9C > 08"> 0:kek Cr "g. Theneisonlyinlevel and lower.

We get (E) .- 6 ( E) forall "> 0. Further note that the map e 7! 1 from

E !0 ¢ isanOyx isomorphism, which preserves holomorphy.

On the other hand when we start with a regular ltered Higgs line bundle
(E;E ) 2r With (E) +~ 6 (E) forall” > Oand : E ! O ¢ holo-

morphic isomorphism. Then we nd an elemente 2 (E) n (E) ++. eis

holomorphic as preimage of a holomorphic function under and the required
compatibility of  with the holomorphic structure @. Then we may de ne

h(e;e = jzj° ;e = e €dz and construct @; £ as in 1.4.17 receiving har-
monicity and atness of the metric connection. In particular note thate is a frame
of the base spacé&, i.e. E is holomorphic.

We want to understand how the "jump” in the lItration of E shifts when con-
sidering associated ltered regulaDy modules and later Itered local systems.
Therefore we construct 8D%= @ + Y holomorphic frame

vz e 2§Iogjzje - e élog(zi)e

) (@+ Y)v = _@}e exp( alog(zz)) + e
=0

azdz
zZ

exp( alog(zz))

+ Ye exp( alog(zz))
adz adz
——V+t —

Z Z
=0

Moreover

kvk?, exp( 2alogjzj)exp( 2alogjzj)h(e; e
exp( 2@+ a)logjzj)jzj®

exp( 4<(a)logjzj)jzj® = jzj> 2@*¥:

Hencev 2 ( E) (a+a. Sincekek? > jzj*> *";8" > 0 for z small enough, we see
thatvZ ( E) (a+m+;8"> 0,i.e. wegeta "jump" at (a+a)= 2<(a) in
the ltration of the corresponding regular IteredDyx module. Furthermore

rv = @v+ v
= @e exp( 2alogjzj)+ e @exp( alog(zz))+ %e exp( 2alogjzj)

= %e exp( 2alogjzj) + e ;exp( alog) + ?e exp( 2alogjzj)

at a
= ———vdz:
z

Then our matrix M from the previous section i a+ a) and the monodromy
of the corresponding systemis = e 2'( 33 By the equivalence given in the
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chapter on Filtered Objects:

Vews = fv= eMos@jjl2 L :<( )= > (a+ Q) g
= fv="ls@jl2 L 2<(@> g

So the "jump" in the ltration of the local system occurs at 2<(a).

Remark 4.1.1. Recall 2.1.11. Then has residue map res)(e) = e adz,r
has residue map res )(e) = e ( a+adz=e ( +2i=(a)dzand the
local system has residue map = ' ( 33 = g 21 +4 =(@)

Remark 4.1.2. Note that we get a at sectione ( 3 @ld(2)y  This section
ke ( @ ald(2)yk, = jzj 2 32 js polynomially bounded.

4.2. Residues of Vector Bundles

Let us proceed with example 1.4.18. There we hdel = X  C? or analogously
E ' X C? with a trivialization ' and a frame(' le;;' e)). The rest of
the calculation is the same, so we may stay witke,. Further E = E; E, with

Ei = span,, feg;1 i 2. Our metric was de ned by ke;ki = logjzj* =: y

and ke;kZ2 = (- logjzj?) ' =:y 1. The other operators are

dz
Z_y;
_ 0 1 dz,
z’ 0 0 zy2

_ _ dz

Qe = @e,=0;, @e= e Z—y;@ez=ez
0
0

égain we want to consider the associatgﬂ)x module. Therefore construct a
@ + Y holomorphic frame.e; is already@ + Y holomorphic:

— 0 1 dz 1
(@+ e &% 907z 0 0
For e, this is not the case:
_ 01 dz 0
y - y —_ I
(@+ Ve &% 00 77 1
_ 1 dz _ o dz_

Thereforev, .= e, e y lis at:

@+ YW = e Oy'+ Ve
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— dz
= e @ log(zz)) '+ e Z_yz
_ zdz 2 dz
=& [ og¢D) y e o

:y2
= 0:

The norm of this new basis element igv,k? = ke,k2+ kejk2y? = y 1+yy 2=2y 1.

Remark 4.2.1. v,;e; is not an h orthonormal frame: h(v,;e;) = h(e; )
h(ese)y = 1.

Again we want to consider the corresponding local system, too. We can further
modify to getaD at frame. v, is already at

rve = (@+ v=(@+ )& e y?)
_ dz dz 1 00 1 dz
= & z_y+0 S 7y er @y 10 0 2y
_ o U7, dzoozdz oo
- @ zy L zy? = 77y? & zy
= 0:
The rst half of the calculation leads to
_ _ dz 00 1 dz
rel - (@+ )(el)_ el Z_y+ 1 O O 7
dz dz
= (e ey ) —=v —

Thendenev, = e V,log(z). Note that this section is in general multivalued.

dz 1

rV2=vo — @og(z)= Vv, z z 1 dz=0:

Let vik) = e Vy(log(z) +2 k) be an arbitrary branch. Then

kvi k2 kerk?  2<(h(eg;vo)(log(z) + 2 ik )) + kvok?jlog(z) + 2 ik j?
y+2<((log(z) +2 ik ))+2y Ylog(z) +2 ik j?
y+2<(log(2)) +2y *jlog(2)j* = yjil+y *(log(z) + 2 ik )j?
Y.

The monodromy of the corresponding local system can be read of

M dz M
O=rv,= —dzv, resp.v, —=re= —dz
2 . p) p. V2 5 1 5 €
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in the holomorphic frame of theDx module (v,; €;) (in this order). The frame of
L obtained in the way of chapter IV is just

e Mlog@) = E 8 é logz) ) e MW@y, =y,

) e Mld@e =g v,log(z) = vi:

Remark 4.2.2. Again we want to take a look at the residue maps. For the local

system we just saw that the residue map is = é i . For the Higgs bundle

we had re¢ ) = 00 dz w.r.t. (e;;e) and for the Dy module regr ) =

10
00

10 dz w.rt. (ey;Vv,), i.e. the same representation as for the Higgs bundle.

Remark 4.2.3. We gave some bounds on the growth of thre  at holomorphic
sections herev; and v, are both bounded in terms of the logarithm, in particular
have polynomial growth.

Lemma 4.2.4. Given a vector spaceV = - o <1V with and endomorphism
N compatible with the decomposition, there is always a harmonic bundE such
that res(( E); ) ' (V;N) orre{( E);r )" (V;N). Here an isomorphism of
residues is a vector space homomorphism: ( E) ! V which is compatible with
restriction to the subspaces of the grading and compatible with the endomorphism:
re )=" IN'.

Proof. We will use the two constructions from 1.4.17 and 1.4.18 to construct any
vector spaceV resp. aV?in the isomorphism class of/, with grading, and a
compatible homomorphism. By the compatibility of with tensor products, com-
binations of those two concepts using tensor products will lead to the corresponding
connection between the ltrations.

Our second example 1.4.18 and its conclusions above have a natural extension to
higher symmetric powers than2. For power n our resulting residue of the Higgs

2Check by power series ofog.
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resp. Dx bundle will be the matrix

00 1 0 ::: ::: 01
O 0 1 O

re{ )= B
0 0 1

or (red ) = 13-

Next we use the one-dimensional line bundles from the previous section. We
constructed harmonic line bundles with arbitrary "jump" at and arbitrary
eigenvaluea. In the section on the endomorphism bundle we saw as well that
a connection in the tensor product of(E;r g) and (F;r ¢) is chosen ag ¢

ide + idg r g. Analogous for homomorphism. So il was our nilpotent matrix
from the second example anda) was our one dimensional from the rst, then
N 1+ E ais a Jordan block to the eigenvaluea. Now taking the direct
product leads us to an arbitrary Jordan normal form, i.e. we may construct any
homomorphism. This homomorphism will respect the lItration t’y construction.
Further note that for the ltration of tensor products (E F) = ,.E F

the "jump" of the second bundle induces a "jump" here. But the Gr are only
non-zero at a "jump”. Since our "jump" in the line bundle was one-dimension#|
we can get any dimensional "jump" by repeatedly tensoring with line bundles
with the "jump" at

Hence we get any grading, i.e. a vector spase' V and subspace¥°' V by
restriction of the ggneral isomorphism. Together with our homomorphism we can
constructanyV =, _ ,V with any endomorphismN from a harmonic bundle
(up to isomorphism)# Thus for any (V;V ;N) exists a harmonic bundleE such
thatres(( E); )" (V;N).

The proof for Dx modules is the same only that we use now° = 2<(a)
instead of ®and + 2=(a)i instead ofa. It does not restrict our choice: Choose
rst  as the real part of our eigenvalue an@=(a) as the imaginary part, then a
<(a) suitable to get a desired value °2 R. O

Remark 4.2.5. The harmonic bundle is not uniquely determined by the data
(V;V;N).

Lemma 4.2.6. Let E be a ltered regular Higgs bundles resp. ltered regular
Dx module. There is a tame harmonic bundl¢E; @.; ;N) suchthatregE; )

3As a vector subspace of all Laurent series.
“Note that the construction of the spacesV only depended on the choice of and e, and did
not interfere with the construction of N dependent ona.
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redE; ) resp. reg¢E;r ) ' reqE;r’) and an isomorphism of Itered vector
bundles betweerE and E.

Proof. We have already proved the lemma above - more or less. Note rst that all
eigenvalues above where tame in 1.4.10,in 1.4.18, hence the eigenvalues of
are tame.

Consider the stalk - a vector space - t the puncture. By zE = E ., all data

of the lItration is encoded inreE)= , _,Gr (E). We rGQL[I_iI’ed the isomor-
phism of residue :reqE; )! reqE; )torestricttores(E)= , . Gr (E).
Hence inducesamap :E ! ( E) . Onthe other hand extends to a vec-

tor space homomorphism on (E)s. So close enough to the puncture maps a
frame (g) of E to a frame(g) of E.

As vector bundles of the same rank on a punctured disg (trivial) we may de ne

an extension of , called as well, to be theOx linear extension of (e) = (&).
There is one more degree of freedom, namely we may requiréo be compatible
with the holomorphic structures' @ = ' @. The last property is a choice which
does not in uence the residue of the harmonic bundle, since we never speci ed a
particular holomorphic structure by construction of the two examples. We rather
started already with the choice of a holomorphic section.

So(; ) is anisomorphism of ltered vector bundles. [

Remark 4.2.7. This is not an isomorphism of regular Itered Higgs or
Dx bundles. In fact we will need further restrictions, namely stability, to get an
equivalence of categories.

4.3. Existence of a Standard Metric

Now we are in the position to state the main theorem of the chapter:

Theorem 4.3.1. Given a ltered regular Higgs bundle Dx module(E;heg; @: )
or local systemL, there is a metrich making E into an acceptable bundle, such
that the curvatures Fy, resp. G, are in LP for somep > 1 and such that induces
the original Itration on E resp. L and the dual Itration on E resp.L .

Proof. LetregE) = (E;E ;req )). By the last lemma there is a harmonic bundle
(E; h; @; ") with res(E) ' regE). Let' :E ! E be the corresponding isomor-
phism of Itered vector bundles provided by the previous lemmas. Letdenote the
Higgs eld of E and reg") the residue. We get req ) = ' req"). Analogously
"reqr ) =" reqr).

De ne a new metric h(e;f) := N(" (e);" (f));e;f 2 ( X;E). This new metric is
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clearly harmonic with respect to™:= ' L : ' is an isomorphism of Itered
vector bundles, in particular we havé @ ="' @-.

nC (@e);' (f)) = h(@e;f) = @ke;f) h(e;@f)
@ (e):" (f)) nC ()" (@f))
@i’ (e);" (f)) n(C (e); @' (f))
(@' (e);" (f)):
) '@ = ' @
HencekRnk = kR,k; acceptable, since th&R,k must satisfy the necessary
bound by harmonicity of E and then by the main estimate. In general we have
R. =R .
Morgover

@+@ ="' '@ '+ e @
="' (@ e+ @)
= 0:

is a Higgs eld. The adjoint of "is ¥ =" * ' since

A( &' (e):;" (F)=N( (e); ¢ ()
AC' (e);" 7(f))= h(e; ¥(f)); 8e;f2 (XE):

h(e;f)

Finally

@+@+ "+ = ' @+ @+ o+ L)
= 0;

harmonic. So we can work ot now.
De ne = - le. has no longer adz—Z part by equality of the residues:
9c >0:k ky cjzj ¥*". The norm is the one we now from the endomor-

phism bundle, i.e.kAkZ = tr(A HAH ).

Again by the harmonicity of E we know that0 = F,.-= Rh+ ¢ L+ [ ¢
) Fn = Ran+ e f+ L&
= R+ Y+ Y+ Y+ 9 +¥ + Y+~ o+ 0~
= F -+ Y+ Y +Y + Y- o+ 0=
= Y+ Y + Y o+ Y+ o+ 0T

Thus KFpky 2k K2 +4k kakke 22jzj 22 +4c P&z 27 cujzj 2

by the main estimate 1.5.7. Fop=1+ ;) p( 2+")= 2+" 2"+ 7
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2+ 7> 2) F,isLP integrable.
The proof forDx modules works similarly: The previous lemma now applied 6
with holomorphic structure D= @ + g leads to a harmonidyx moduleE and
an isomorphism of Itered vector bundles such that'D 2= DY . Furthermore

n(' (ee);' (f)) = h(ge;f)= @ke;f) h(e;Dgf))
= @ (' (f)) n( (e);'D glf))
= @ (9;" (f)) N( (e);D (f)
= N2 (e);" (F))

) &=

Construct = = ' *r ' andr =r1 )9 "> 0:k kg cjzj ™"
As above (E;r™;@ + ) is harmonic. The last calculation guarantees that
1 Rh;@;*’ yE = ! ( g'+ Dggz = ! ( g + DE()Z = 'R h;@+ )é reSp. R =

NG y
hi@+ ¥
0 Fero 0 10

r
Further ¢ = “5-E = —E = ' L E e 4 =

Riv@ +( -

1 r ——— ~_, T
et 7= +t%

2
In the generalDx module case (not necessarily vanishing Pseudo-curvature) we
already know that

Rh;@+é+2(Eé+ é)
=(@ ~+@+M+2(Le+ LE)
= |th} 20e@+ @ e)+ YTH( 2+2)(e L+ L E)

=0 at

= 2(e@+ @ e)= 2Gn:
SinceG;,,.- = 0 by harmonicity of E this yields

2G, = Rh;@+é+2(5é+ L)

= Ruguypt2 TPV (Y

r (r )y (r Y @ Yrr ()
+(‘)y7+ 5 + 5 + A

T g OO ey

Loy @y
2
Yk Gnky  kr  K2+4kr kkk  Gjzj ¥ +c

P &z 2
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For p=1+ 5 we get: Gy isLP integrable.

Therefore we already have that the curvature$y, and G, are LP and that the
bundle is acceptable. ThatE induces the correct Itration was already proved in
the previous lemmase2 E , '(e)2 (E) ,k ey =h(e;9=n( (e);" (&)
Cjzj ;8"> 0.

We are left with the local system case: Analogously to the procedure in chapter
IV we consider the eigenspace ' of the local systemL, then construct ( L)
and equip it with a harmonic metric. When summing up over all eigenvalues
the compatibility of  with the eigenvalue decomposition allows us to sum up
over the Dx modules with harmonic metric, and we get a harmonic metric on
( L). Therefore it will be enough to consider a local system with one eigenvalue

~ of the monodromy and = % the eigenvalue corresponding to a choice of
M = 'og()

2i
Consider the harmonic metrich induced on the correspondinddx module. Then
we want to show thatl 2 L , whereL is now the lItration induced by , if

and only if klk, or ;8" > 0. Letus start with| 2 L nL ,.8" > 0)
k=e"9@1 2 (L) n(L) ;8" >0for<(m)> + ) k2 (L).+cyn
( L) +<( )+~ by left continuity. In the previous part of the proof we constructed
a harmonic metric such thatkkk, j zj *<(). We have seen before that the
Frobenius norm of matrices in anh orthonormal frame is consistent with the
h norm - so use the Frobenius norm here. Therefore

Kikn k ke MP9@k, Kk e M09@k, kkky  Cgjzj < jzj *<O)
Cagjzj

where we used thatM logz = P 1JP, J Jordan normal form of M log(z), for
example

log(z) 1 0 0 0 !
0 log(z) 0 0 0
Jexample = 0 0 log(z) 1 0 :
0 0 0 log(z) 1
0 0 0 0 log(z)
Thus exp( Mlog(z)) = P lexp( J)P ) k exp( M log(z))ky

kP kykexp( Jlog(z))ky kPky cuskexp( J log(z))kn sinceP is constant. For
J = log(z)E + N, N nilpotent, NI =0:°

kexp( J)ky k exp( logzE)kykexp( N)ky

5J and N commute.
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ciskexp(  logzE)ky
= Cejexp( logz)jkEky  ciexp(< ( logz))
Cazexp( 10gjzj) = C47jZ]

The last step follows bylog(z) = log jzj+i' ;; =<()+i=())< ( logz) =
<()logjzj ',=()and', 2 [0;2 ] bounds"' ,=( ) independently ofz. This
amounts to a possibly bigger constant,;.

Recall that was compatible with taking duals. Hence we can repeat the
procedure above to estimatekl kK cupjzj “forl 2 (L) . Butl 2 L

) 2L ) =(L)

) 1=1() kIkyKky Cujzj 'klkn;8"> 0
)i zi ¥ K lkn;8"> 0

Both estimates together lead td j zj . This is our claim®

We have seen above that we nd a metric with acceptable curvature. Not only is
well de ned, it is as well compatible with duals, determinants and tensor products.
So we get the dual ltration on the dual bundlesg . Furthermore ful lls the
same compatibility properties so we get as well the dual ltration on the dual local
system. O

Conclusion 4.3.2. Let E be aDyx module with a tame harmonic metrick.
Then the metric induces lItrations on the corresponding local systenh by | 2
L, 12L;klke gr ";8"> 0. On the other handk induces a ltration E on
E and generates a ltrationL onL. ThenL = L°.

Proof. Let E be the ltration on E induced byk andL the by induced lItered
local system. Then by the previous theorem 4.3.1 we nd a possibly di erent metric
h on E that inducesE , too. Since all requirements of 3.0.5 are ful lled we may
conclude thath and k are mutually bounded. Buth induces the Itration L° on
L, so doesk. HenceL = L. O

Remark 4.3.3. Remembering 4.1.2 and 4.2.3 we conclude that the at section
of the Dx module de ned by w.r.t. the new metric are polynomially bounded.

6We used that! 2 L .-;8"> 0in this last conclusion, elsel j zj *" for some" is possible,
i.e. we could not specify ifl really appears at level in the lItration which is induced by the
metric.
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5.1. Analytic and Parabolic Degree

The rst part of this chapter introduces the notions of degree and stability. We will
get three di erent forms of the Chern-Weil formula, connecting the curvature of a
subbundle with the curvature of the original bundle. The formula will particularly
help us prove that the analytic degree de ned as the integral over the Chern form
is the same as the parabolic degree counting "jumps”. Same holds for stability.
Then we may show that irreducible tame harmonic bundles are mapped onto stable
Itered regular Higgs bundle of degred resp. stable Itered regularDx modules
of degree0, and that every tame harmonic bundles decomposes into a direct sum
of irreducible tame harmonic bundles.

De nition 5.1.1  (Chern form). Let P, be the homogeneous polynomials in
det(E + A) =1+ Py(A)+ :::Py(A). For the characteristic polynomial we know
that

det(tE  A)= " tr(A) "1+ i+ ( 1"det(A):!

In particular ¢; = tr(A). De ne the k th Chern form as
[
G = Px Z_Rh ;

for the curvature of the unique metric connectiorR, compatible with the holomor-
phic structure of the hermitian vector bundle(E; h; @). In particular ¢; = tr(Ry).

We want to add some properties of Chern forms. A proof may be found in Huy-
brechts (Huy05]), Complex Geometry, p. 197.

IMost books on linear algebra.
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Lemma 5.1.2. () Let E; and E, be two hermitian vector bundles. Then
E: E, has an induced metric and an induced metric connection. We have
a(E:1  E») = c(El) + c(E,). This is a special case of the Whitney sum.
In particular higher Chern forms decompose not trivially.

(i) Let E be the dual bundle toE with the induced dual metric and connection.
Then o (E )=( 1)c(E). In particular ¢;(E )= ¢ (E).

(iif) For the tensor product of two vector bundleskE;; E, - again with induced
metric and connection -

ci(Ex Ez) =dim( Ej)ci(E2) +dim( Ez)ci(Ey):

Higher Chern classes are calculated by the product of the total Chern char-
acters.

(iv) Since € =det & we get forX =log(H):
tr(logH) = log(&""9™) = |ogdet €°97 = log det(H)
) @®gdetH) @@(ogH) = tr(@®gH) = tr(Ry)

by linearity of the trace, whereR;, is the curvature of the metric connection
on the original bundle. Hence the rst Chern form of a bundléE coincides
with the rst Chern form of the determinant bundle of E.

De nition 5.1.3. The analytic degree of a hermitian vector bundl& over X is

de ned as
Z Z

degE) := 701(E): Y(i tr(Rp))d x” dy;

with Ry, the curvature of the unique metric connection compatible with the holo-
morphic structure.

Remark 5.1.4. By the previous lemma 5.1.2 (iv) we see that the degree is invari-
ant under the transition to the determinant bundle. By (i) we get dedE; E,) =
deqgE,)+ deqE;) and by (iii) deg(E1 E,) = deqgE;)dim(E,)+ deqgE;)dim(E,).
For the dual bundle we get de(E )= dedE).

For Itered vector bundles there is as well a notion of degree, which we call
parabolic or algebraic degree.

De nition 5.1.5. Let (E;E ) be a lItered vector bundle. The algebraic or
parabolic degree is de ned as
X X
par-dedE;E ) = degEg)+ dim(Gr (Es)):

s2Xnx 0 <1
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Here dedE,) is the usual degree of the determinant line bundle:

De nition 5.1.6. 'F_he degree of a line p,undle is the degree of the corresponding
divisor, i.e. forD = _,4nss) dedd = 4N

For a vector bundleE the degree is the degree of the corresponding determinant
bundle - dedE) := degdet(E)).

We added here a scalar factor in comparison with Simpson, because we have the
same factor for the analytic degree. In§im8§ (explanation before lemma 10.5)
he adds2 - the factor two corresponds ta instead of5 .

Remark 5.1.7. The dedE,) part ful lls the compatibility described above. So
does the second part:

0] 'E,he deterr‘r\ipant of E has the bers Vﬂzl Ex and det(Ex) =
r+oer=  r=1(Er)x. In order to get a non-vanishing Gr in this |-
tration we need a basis(ec) of E such that & 2 E;, and r, a jump,
i.e. = ry+ i+ r, and rg the jumps of the original Itration of E

) par-deqE) = par-degdet(E)).

(i) For E; E,wehave(E; E,) =(Ei;) (E,) andtherewithdimGr (E;
E;) =dim Gr (Ey) +dim Gr (E,).

(i) For E we have(E ) = E and hence the non-vanishing quotients occur
at instead of . The dimension is the same b¥ ' E . Hence the degree
changes by a sign.

(iv) For the tensor product (E; Ej) = P tire (E1ry (E2)r,. Thus we
will get a non-trivial contribution to the degree only if r; and r, are each
jumps. Note that the weight isry + ry, i.e. it "counts for both jumps" (we
are not counting twice). Now we may combine a jump ; with each jump
of E,, i.e. getdim(E;)par-dedE;) and analogousdim(E,)par-dedE5) )
par-dedE; E;) = par-dedE;)dim(E,) + par-dedE;)dim(E,).

Lemma 5.1.8. If (E;h) is a holomorphic vector bundle with acceptable metric,
then the degree is convergent. E is the lItration induced by then dedE;h) =
par-dedE;E ).

Proof. If (E;h) is acceptable then the curvatureR;, of the metric connection is
bounded by mzﬁgw and is in particular L' integrable. So the degree is ab-
solutely integrable: t(Ry) = MRy Eir  k RpkpKEkg = pﬁthkF by Cauchy-
Schwarz.

As usual restrict to the punctured unit disc. For more singularities we only need

to sum up as done in the de nition of the parabolic degree.
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Further we know that is compatible with taking the determinant and that both
notions of degree are invariant under the transition to the determinant bundle.
Hence it will be enough to prove the lemma for every determinant bundle, i.e. for
every line bundle. LetL be our line bundle with Itration L := ( L) , i.e. the
sections inLy are the h bounded sections. Hence we may identifly, with Ox-.

In particular the corresponding divisor is0, i.e. dedLo) = 0. Moreover the single
jump ,0 < 1linthe ltration of L is of dimensionl for a line bundle. Hence
degL;L )= . Furthermore we know thatL = L asOyx bundles, i.e. we nd
aOyx-frameeof LinL -e j zj inthe sense

jlogkek, logr j *“logrj;8"> O:

In order to show this, note rstthat e2 L = ( L) )k ek, cr 78%~> 0.
We may assumec, = 1 by rescalinge. Obviously this is still in L ) logkeky
logr *“logr ) logkek, logr *jlogrj.

For the other direction use that induces the dual connection on the dual bundle.
Takee 2 L = (L) the dual section -e (e) = 1. Remember as well that
ke kh = kE‘khl

Yk ek, r  T8%>0) logkek, logr  ™logr; 8~> 0
) logkek, logr *“logr = “jlogrj;8~> 0
)j logkek, logr j *logrj:

Remark 5.1.9. Note that we didn't use any properties of a line bundle here,
so the estimate holds in general for every 2 ( E) n ( E) .= for a general
acceptable bundleE.

Now the curvature of the unique metric connectiorR;, of L is given by Ry =
dz7dz  logkek,. On the completion however, we gt 9292 - logkek, = Ry

2 odz” dz? First note logr = logr. But Zi logr is the Green's function,
i.e. a -distribution with weight at 0. Therefore ylogr = xlogr +2 .
We have seen thakek;, di ers from logr at most*logr. So we still need to show
that the Laplacian of logkek, logr does vanish. But

jlogkek, logr j *logrj

- 8'.'...> 0’
logr logr
) I logkeks IOng! 0, forr! O
logr

Let jx denote the trivial extension of x to X. Then  x (logkek, logr )=
jx (logkek, logr )=: b bisalL?! function since x logkek = 4R, and
log r areL?! integrable.

2 yisthe distribution with weight at 0.
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Remark 5.1.10. Note that Ry, is L! since it is acceptable. Later on we will treat
subbundles, where we have an additional perturbation term which is'. So the
theory applies there too.

By lemma 1.7.9 we get y(logkek, logr ) = jx(logkek, logr ).> Now
fhe integral of the Laplacign over a compact domaig has to vaniéh) 0 =
< x(ogkek, logr )= + jx(logkek, logr )= x (logkek, logr ).
This shows the formula ahead.

X

]

5.2. Chern-Weil formula

In this section we will show that we may calculate the analytic degree of a Higgs
resp. Dy -bundle using the curvature of the connectioifr, or the pseudo-curvature
Gy, instead of the curvature of the metric connectiorRy,.

Proposition 5.2.1 (Chern-Weil). Let E be a metric bundle andF be a holo-
morphic subbundle, thenh induces a metric onF and we get
z Z
degF;he)=1 tr( Rp) K(@)ena( )Ki;
X

X

with R, the metric connection onE and the h orthogonal projection onF.

() If moreover E is a Higgs bundle with Higgs eld and F a Higgs subbundle,
i.e. F is preserved by , then

Z Z
degF;hg) =1 tr( Fn) k(d2)ena (K

X X
whereF, is the curvature of @ + @ + + Y, d¥= @ +

(i) If V is aDx module, i.e. Dy = DY + DX at, F a Dx subbundle, i.e.
preserved byDJ and DY, then
Z Z

degW:hw)=i tr( 2 Gp)
X

K(Dv)ena( ks
X

NI =

where Gy, is the pseudo curvature:@ + @-.

3Equality since  f = bonX ) f+b=0; f b=0o0onX) f b; f b
onX) b f b
4cf. Mller, [PDEQ9], p. 14, lemma 2.6.
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Proof. The proof is similar to the one in §im9Q, p. 752f. The general idea can
be found in [GH7§], p. 78.
Note that

() ForaHiggsbundleF, = @@+@@+ Y+ ' +@ + @+@ Y+ Y@ =
@@+@@+ Y+ Y =Rp+ Y+ Y by the holomorphy of the Higgs
eld. When calculating the degree we use the trace, but ¢r Y+ Y ) =
tr( Y Y) = 0, where the "-" is due to the fact that we work with one-
forms. We have

z z
degE;h) = i tr(Rp) =i tr (Fn):
X X

As every Higgs subbundle is a Higgs bundle itself, this notion of degree is
available in subbundles too.

(i) For a Dx moduleV we get by direct calculation using A.1.37

(@+ @ )+(@ ) a-+ )

@@+@@ ( '+ Y)+(@’'+ '@ @ + @)
@@+@@+ Y+ Y +G, Gy

2( 7+ V) Gn Gy

D2 2( Y+ Y) 2Gy

2( Y+ V) 2Gh:

Rn

Again the trace of 2( Y+ Y ) does vanish:
z Z
degV;h) = i tr(Ry) =i tr( 2Gy):
X X

Of course the same holds for a subbundle.

Let us start with the actual proof. Let D¢ = @ + @ be our metric connec-
tion. We use the Higgs bundle notation here but@ can be any(1;0) part
of a connection, such as@ in the Dx module notation. Let F E be
a holomorphic subbundle. Sincé is @ invariant, the metric connection is

Dr= @ + @& =@ + @: .
Then by 2= for the orthogonal projection

Rl = @ @+ @ @
= @@+ @@ + (@ @@
= Ry +(@ @)@ @)
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= RE +(_@)End( )(@)End( );

where we used in the line before the lagi@ @) = @ @ =0. We
now have

itr( RE) i tr(RE )+ i tr(@)ena( )(@)ena( ))
i tr( °RE) i tr((@)ena( )@ )ena( )

i tr(RE) itr(( @)End( )(_@)End( ))

Now using our Kahler identities (applied to the connection on the endomorphism
bundle) we further conclude

tr(i ( @ena( N @)ena( ) = tr( (( @)ena( ) (@)ena( )
= +h@)ena( )i (@)ena( Dins
= k _@)End( )k|2:,

where we used tha{@ @)= @ @ = (@)end()astheorthogonal
projection is hermitian. Putting all together we get our Chern-Weil formula
Z Z Z
Cir( Ry = 0 r(RE) K(@)ena( K
X ZX ZX
) degFih)= i t(RF)  K@)ew( KE: (cw1)
X X

For the curvature F, and Gy, the procedure works essentially the same:

(LetDe=@+@+ + Y=d2+d®%d®= @ + be our connection with
curvature FF and F a sub-Higgs bundle. Sinc& is @ invariant as well as
invariant we haveDg = d2 + d® = d2 +d¥.
Note thatforaHiggsbundle0 = @ + @ =(d¥)?= (d%?= @Y '@
) FE = d2d¥+ d2%2. Again using 2= for the orthogonal projection

FF = d2 @+ d%d?
= d2@+ d% + (d® dHR
= FF +(d® dP@ dP)
= FF +(dOenqa( )A)ena( );

where we usedd® d2) =d¥ d® =0. We now have

i r(FE )+ i tr(dena( )(d2)ena( )
itr( 2FE) i tr((d2)ena ( )(AD)ena( )
i tr(FE) itr(( d2)ena( )(0O)ena( )):

itr( F)
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Applying our Kéahler identities (applied to the connection on the endomor-
phism bundle) we get

tr(i ( d2)ena( NAdDena( ) = tr( (( dDena( ) (@Dena( )
h0Oena( ); (0D)ena( Dins
=k dena( )KE;

where we used again that the orthogonal projection is hermitian (cf. the
metrized bundle case). Putting all together we get our Chern-Weil formula
Z

itr( Fp)= i tr(Fy) K(d®)ena( )KE
X 27 in
) degF;h)= i tr(F 5) 7k(dg(§End( K2 (CwW2)

(i) The third case of interest is the degree in terms of the pseudo-curvatufe,,.

LetW V beasub Dy module:r y = @+ andD®= @+ Y preserve
W) Dy =r1y+ DPpreservesW. Then the by Dy induced connection
Dy satis es

Dw= Dy =Dy
Now we may write the pseudo-curvature as
Dyv(dy’ dy)+(dy’ df)Dv
@@ @’ @@+@ + @ '+’ @
+t@@+@ @’ @@+ '+ @ ‘@ ?
0@ + @) 2@+ @)
4@ + @)

using the proof of lemma 1.2.6. LeD¢ = d% dY. Thus

4Gy

4Gy’ = DwDy, + D Dw
= DvD{:/ + D{:/DV
DyDy + (Dv  Dy)Dy + DDy
4Gy +(Dv  Dy)Dy DY)
= 4Gy +(Dv)ena( )(DY)ena( )

sinceDy 2 Dy = Dy Dy =0. Further use that

00, 00 0o 0 0, 0 00 00
00 Dy'+ v + Dy v Dy + v Dy

O pr—
V.oV 2 2 2 2
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= d dY:
and thereforeDy DS = DY 9 DY by degree considerations.
itr ((4 GY'))
=i tr( (4Gy) )+ i tr((DY)end ( ) Vena () (DPend ( ) )end ()

itr( 2@Gy)) i tr(( POena ( )DOY)ena () (9)ena ( )(DP)Ena ()
itr( (4GY))  itr(( Pena ( )DVena () 9)ena ( NDP)ena ()

Applying our Kéahler identities we get this time

itr(( Pena( NONena( ) Pena NDPena( )
= itr((( DY)ena( ) OINena( )+ DPena( ) (DPena( )
hDY + DYPena( ); (DY + DPena( ins
K(Dv)ena( )KZ;

where we used the hermitian property of the orthogonal projection as
before. Putting all together we get our Chern-Weil formula

Z Z 1Z
i 26Y)= i ((26)) 5 KDV)ena( K
X ZX ZX
) degWih)= i tr(( 2G)) 5 kDuew( K (CW3)
X X
O]

Lemma 5.2.2. Let E be a metrized vector bundle with acceptable metrib and
let F E be a holomorphic subbundle with induced metritiz. Then either

(1) degF;h)= 1 or,

(2) degF;h) nite and F extends to a Itered subbundle with dedF;F ) =
degF). HereF s induced by .

(3) If deg(F;h) is nite and E is a meromorphic completion oveiX, i.e. h
has meromorphic growth w.r.t. a basis ok, then F extends to a subsheaf

F E.

Proof. SinceRy, is acceptable we know that t(Ry) is L! integrable. So the rst
term in the Chern-Weil formula (CW1) is nite. The second is negative and
therefore de@F;h) = 1 or nite. So let us assume that the degree is nite. Then
the curvature of the subbundle id.P acceptable and hencd F) is a Itered vector
bundle. The proof that the degrees coincide for the subbundfe is the same as
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for the general bundleE using remark 5.1.10. For the third property see§im89,
p. 915, lemma 10.6. O

Remark 5.2.3. Note as well that for an analytic degree ofl the parabolic
degree will be1l too, since deg¢lL,) = 1
5.2.1. Slope

De nition 5.2.4. () Let (E;h) be a metrized bundle.E is called analytically
stable if for all proper subbundles~
dedqF; h) < degE;h)
rank(F) rank(E) °

deg(E;h)
rank (E)

is called slope oE.

(i) If moreover E is a Higgs bundle,E is analytically stable if for all proper
Higgs subbundled= preserved by

dedgF; h) - degE;h)
rank(F) rank(E)

(i) If V is a Dx module it is analytically stable if for all proper sub-
Dx modulesW preserved byr
degW; h) < deqV;h)
rank(W) rank(V) -

De nition 5.2.5. (i) Let (E;h) be a metrized bundle. E is called alge-
braically stable if for all proper subbundles~

degF;F ) < dedE;E ).
rank(F) rank(E) -

(i) If moreover E is a Higgs bundleE is stable if for all proper Higgs subbundles
F preserved by

degF;F ) - dedE;E ).
rank(F) rank(E)
SUse the Pliicker embedding to reduce to the line bundle case. Then modify the metric as
before to apply an estimate by Aubin, giving us aL? bounded section, holomorphic outside the

puncture, i.e. holomorphic everywhere. This section extends the line bundle to a meromorphic
subsheaf.
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(i) If V isaDyx module itis stable if for all proper subby modulesW pre-
served byr
degW; W ) < deqgV;V) .
rank(W) rank(V)

Remark 5.2.6. (i) The Chern-Weil formulas (CW1); (CW?2); (CW3) guaran-
tee that this de nition makes sense - forl the condition is trivially satis-
ed.

(i) We have semi-stability if we replace< with  in the de nitions.

(i) If (E; ) is stable as a Higgs bundleE is not necessarily a stable vector
bundle, since there might be a subbundle, not preserved byhat contradicts
stability in the vector bundle case.

Conclusion 5.2.7. If E is an acceptable vector/HiggsDx bundle andE =
( E) istheinduced ltered object. Then(E;h) is analytically stable, if and only
if (E;E ) is algebraically stable.

Proof. Directly by 5.2.2. O

De nition 5.2.8. A vector/Higgs/ Dx bundle is called irreducible, if it has no
non-trivial holomorphic/Higgs subbundles resp. suldy modules.

Remark 5.2.9. Every irreducible bundle is a priori stable.

Theorem 5.2.10. SupposeE; @:h; ) is an irreducible tame harmonic bundle.
Then the Itered Higgs resp. Dx bundle induced by has degre® and is stable.
Furthermore every tame harmonic bundle is the direct sum of irreducible ones.

Proof. We will treat the Higgs bundle case rst, then theDyx module case. The
proofs are the same up to renaming.

(i) By harmonicity we have Fi =0, i.e. the analytic and therefore the parabolic
degree vanishes. Now assume thBtwas not stable, i.e. that we nd a Higgs
subbundleF of E with deg(F;h) 0. Then the Chern-Weil formula (CW2)

tells us that
Z

deg(r)\d( )it = degF;h)  0) (d®)ena( ) =0:

Now apply the proof of theorem 3.0.6, namely H(i). Note that we have
bounded® There we proved that(d® d2)) Dg Deg=0,ie.Fisa

6]t obviously preserves the ltration.
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harmonic subbundle ofE. Thus E was either not irreducible - then we may
repeat the procedure to gain an irreducible subbundle - or B was already
irreducible we have a contradiction for non-trivialF ) F = 0. Moreover
d2 d®=0) @ = @ and soE=F is a holomorphic subbundle,
too. The projection onto E=F is (1 ).” This yields d¥ = d¥)
a1 )=( )d¥ and analogousDe (1 ) = (1 )Dg, i.e. E=F
becomes a harmonic bundle, too. Thus we found a direct sum decomposition
into harmonic subbundles - repetition leads to a direct sum decomposition
into irreducible tame harmonic subbundle$.

(i) By harmonicity we have GE =0, i.e. the analytic and therefore the parabolic
degree vanishes. Now assume th&t was not stable, i.e. that we nd a sub-
Dyx module W of E with deg(W;h) 0. Then the Chern-Weil formula
(CW2) tells us that

Z
iDeng( )jf = degW:h)  0) (De)ena( ) =0:

NI =

Now apply the proof of theorem 3.0.6, namely D(ii). Note that we have
bounded. There we proved tha{Dg Deg)) d° d¥=0,ie.Wisa
harmonic sub-bundle ofE. Thus E was either not irreducible - then we may
repeat the procedure to gain an irreducible subbundle - or B was already
irreducible we have a contradiction for non-trivialw ) W = 0. From here
on we may as well imply that we nd a direct sum decomposition, since we
are now in the same situation as in (i), namelyV is a Higgs subbundle too.

]

5.3. Main Existence theorem

As the title might suggest, we will nally get a harmonic metric. The proof is not

a part of Simpson's §im9Q-article and we originally planned to simply cite the
result from his previous work. However, for the convenience of the reader we will
cite the most of the intermediate steps with some further explanations.

In [SIm88 Simpson proves much more general the existence of a Hermitian-
Einstein-metric for every non-compact Kéahler manifold, that ful lls certain as-
sumptions described below. We are not sure if there is an essentially shorter proof
if one only searches for harmonic metrics. However, here is the theorem:

"Here 1 is the identity.
8The subbundles are tame since the restriction of has the same eigenvalues (or less) than
onE.
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Theorem 5.3.1. (1) Let E be a Higgs bundle orX and h a metric onE. If
Fp isin LP; p > 1 with analytic degree0 and stable, then there is a harmonic
metric k which is bounded with respect tah.

(2) SupposeV is an analytic Dx module onX with a metric h on V. If the
pseudo-curvatureGy, is in LP for somep > 1, V has degred) and is stable,
then there is a harmonic metrick on V bounded in terms ofh.

We will start with some preliminaries, since they suit our results on hermitian
matrices of chapter one. We will namely extend the concept of divided sums. The
idea is to cover the space of positive-de nite matrices (with.? curvature) P by
another spaceP, (Sx), with a local di eomorphism Ke® for S 2 P, (S) and K
our initial metric in matrix form. If our bundle is stable, we can use a result of
Uhlenbeck-Yau JY86] and Donaldson's functional to boundeds.

The rest of the proof consists of technical details, how to extend the solutidty of

a heat equation involving the traceless part of our curvatur€&, resp. G,. A proof

is included in [Sim8§, but the proofs of Pon85 resp. the methods of flam75
work with some modi cations.

The last step is to useH; = KeS for someS and our bound onS to bound H;,
and hence nd a weakly convergent subsequence. After restriction to a further
subsequence! 1 , H; converges taH; with vanishing trace-free curvature. Our
degree assumption implie§y, =0, i.e. harmonicity.

Note that in this section we usually work on some endomorphism bundle. Hence
we may omit the additional index End, adding it only if we want to use special
properties of the connection on the endomorphism bundle, like(E) = DE

ED =0 for the identity matrix E.

5.3.1. Further properties of divided sums

The concept of divided sums introduced when we rst talked about harmonic
maps, can be generalized to other functions thaexp. This works in exactly the
same way as foexp. Even further we may extend this notion to any di erential
operator D that respects the Leibniz rule, since this is the only property explicitly
used above. Of course a di erent connection matrix thae will lead to

Df (H)(B)=f (H) (DB):

Note that above we chose an orthonormal frame. However if our function has
a power series expansion we may move a basis transformation matrix inside -
P Y (H)P = f(P 'HP). Hence the property holds for other operators, too. If
we further extend to sections intoH,, this will add a di erential @or @on both
sides. Still this looks like

Df (H)B)=f (H) (DB):
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Since self-adjointness depends on a chosen inner product we might conskfieas
the spaceSy of hermitian operators w.r.t. some initial metrick on E. k induces
as norm on the endomorphism bundleA;Bix = tr(KBKA ).

Now we need to describe how this construction does work on Sobolev spates.
Let's denote byHP1(Sy) the space of sectiondl : X ! H, such thatH 2 LP(S,)
and d¥H) 2 LP(Sy). For Dx module denote byHP1(S,) the space of sections
H:X ! H,suchthatH 2 Lp(%) and DH 2 LP(Sy). The Sobolev space has the

usual Sobolev normkf kypa = {1 kf OkP, P Then forb > O:
(i) HROP = fH 2 HRdkHkc  bgresp. HE®" = fH 2 HRjkHke  bg.

HojkHkk ;kD(H)kg  bg.

Finally de ne the subspace of smooth section with nite norm byPg(S¢) and
PqodSk). Here the norms arekH kgoo = supy kHke + kd°fH)k 2> + ki dO®¥Y(H )k 1
and kHkp = supy kHkg + kD(H)k.2 + ki ( D®%R D% %)(H )k, The L*  resp.
L' norms shall be understood as, k ki resp. , k kg.

Remark 5.3.2. We will often omit the indicies for the connection -d°or D. It
will either be clear which one is meant or we may treat both cases in one. Usually
we will useD as operator if both choices work the same way.

Remark 5.3.3. Let ' ® be a smooth functionR! R and' : S!S | the
bounded linear operator given by the continuous functional calculus. Le§ be
an orthonormal frame of (E; k) consisting of eigenvectors oH 2 S.*° Then
"(H)(e) = f( i)e. Inthe same matter let be a functionR R! R and let
S(End; k) denote the space of hermitian operators from Eifg) ! End(E). Here
hermitian is w.r.t. the inner product tr(K K ). Choose again aid orthonormal
frame (and the induced framegf" on End). Dene ( H)(A) = ( i; j)A; €.
At least linearity in A and continuity in H can be read of this formula.

Proposition 5.3.4. Let', Dbe the smooth functions constructed ahead.

(i) The map ' extends to a continuous map : HPO(S) | HPOYF(S,) for
somelP.

(i) The map extends to a map
HPY5(S,) I Hom(LP(End(E)); LYEndE));

forq p. If we can choose <p, is continuous w.r.t. the operator norm.

SWe changedf to ' to stay comparable with [Sim8§|.
04 hermitian, hence diagonalizable, hence such a basis exists (in particular every eigenspace
is one-dimensional, i.e. the eigenvectors are single-valued).
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(i) The map ' extends to a map
' UHPLES) 1 H p;O;bO(Sk)

forq p. For g < p we get again continuity. The formulad® (H)(H) =
" (H) (d°H) resp.D' (H)(H)=" (H) (DH) is still well-de ned.

(iv) If ' and have a power series expansion with in nity radius of convergence,
the

Py(Sk)'P 5(Sk)
P5(Sk) ! P (S(End;k));

are analytic, too. HereD can either bed®or D.

Proof. (i) ' is continuous by the functional calculus. Therk' (H;) ' (H2)kg
Csoks:  Spke  2bgo = PP and k( Hi)(A)  ( H2)(A)ke k ( Hy)
( Ho)ke KAk cs1ks;  sokpkAke  2bkAkg. Integration over some power
p (of the rst inequality) leads to (i) in the LP norm.

(i) Let H 2 HPO9(S,);A 2 LP(EndE). We have to show that ( H)(A) 2
LY9EndE): kHy Hyk  2b, in particular kH; Hyk in every LP space.
Thus we will always nd a constant cs, depending onb and the area of
integration such thatkH; Hok,r  cspkHy  Hokppr for everyr;p 1. Let

g<pandt+ >=¢) r= P Then by Holder inequality'*

k( H)(A)  ( H)(A)kea  k ((Hi)  ( HakirkAkee
C53kH1 szerAkLp
C52053kH1 szkaAkLp:

Thus we have continuity and well-de niteness. Forp = q directly by
k( H)(A)  ( H2)(A)kia k Hp  HokipkAKp.

(i) The same calculation as in (i) can be applied to instead of . Then

k' (H) ' (Hkia Cs4kH; HokpandforD' (H)(H)=" (H) (DH)
we get

kD' (H1) " (Ha)kia
=k (Hy) (D(Hy H)+(" (Hy) * (H2) (D(H2))kea
k' (Ha)kee FD(Hl{Z H2)kL? +k' (H1) ° (Ha)kiekD(Hz)kee

2HPL

11 ( H) acts by entry-wise multiplication on the matrix valued function A.
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bq(Hl Hokye + K (Hl) ' (Hz)kkaszHp;l:

This shows the claim forp < q. For p = q we get the same result as in (ii).
This holds for D' = d®as well asD = D.

(iv) Let ' (H) = P o kHX and ( H)(A) = Pj1;k=0 Kk HIAHX 1t will be
enough to show thatkH ™k, cnkHK!, i.e. use ak orthonormal frame
and the Frobenius norm. Then the operators oR (Si) will have a convergent
power series extension. Pointwise by chain rule:

kDH ke mkHkekDHkr; D = d®r D =D
and further

ki dO¥Y(H™)ke

= ki ( d¥mH™ dYH))) ke

ki ( d®mH™ HdYH)+ mH™ 1dYYH )k

ki tr(m(m DH™ 2 dRH)NdYH)+ mH™ 2d%Q{YH)) ke

mkH™ Ykeki d®¥qH)ke + m(m 1)kH™ ke kd°QH ke kd{H ke
mkHK™ ki d%9H)kr + m(m  L)kHK™ 2kd"PH)k2:12

Here kdqH )k = kd°@H)ke for H hermitian'3. Then the rst term will be
compensated bycy ki d°8YH)k™ within cnkHKT' and the second term by
CmKd{H KT .

The same calculation shall be done fdp:

ki( °D° DOO%(HM)ke
ki( %mH™ IDYH)) YmH™ DOPH))) ke
ki tr(m(m DH™ ( RH)DYH)+ mH™ * °DYH)
m(m DH™ 2( YH)DH) mH™ * DO%H)) ke
mkHKT ki ( °D°  D%(H)ke + m(m 1)kHKT 2kD(H)kZ;

where we used similar to the calculation of the Chern-Weil formula
(CW3) that for H hermitian i YH)D%H) = (D%H)) D%UH) as well as
i %H)DAH)= (DYH)) DYH). This shows the claim.

]

5.3.2. Donaldson's functional

Before we start with the main trick let us cite the conditions imposed by Simpson

2Submultiplicity of the Frobenius norm.
13Compare with the calculation of the Chern-Weil formula, where was hermitian.
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Assumption 1. X has a Kéahler metric! and nite volume.

Assumption 2. There exists a smooth function : X ! R o with fx 2 Xj (x)
ag;8a2 RaswellasO @@ C! for someC > 0.

Assumption 3. There is an increasing functiona: [0;1 [! [0;1 [ with a(0) =0
and a(x) = x for x > 1, such that if f is a bounded positive function orX with
( f) bforsomeb2 LP;p> 1then
Z
supjfj ca  jfj
X X

Furthermore, if ( f) Othen ( f)=0.
However in future we don't have to care about these conditions any more:

Remark 5.3.5. Every Riemannian metric on a Riemann surface is a Kahler
metric. In complex dimension one every open domain is pseudoconvex, i.e. there
is a continuous pluriharmonic function resp. a bounded pluriharmonic function
(Simpson gives a more general result iI5im8§, 2.2.) To prove assumption 3 use
our weak extension from lemma 1.7.9. Then we may consider the compact case,
proved by Donaldson Don87] or Simpson 2.1.

On can extend further to arbitrary metricsv(z)dz” dz on the unit disc if v is in

LP for somep > 1.}4 Then the Laplacian o= v with ( the Laplacian w.r.t.

the euclidean metric. Hence for f B) of Bv on X is still L and we
may extend again by lemma 1.7.9.

Remark 5.3.6. Simpson states the assumption witlio constant, however proves
it for b2 LP;p > 1. Further he always requires the curvature to be uniformly
bounded in order to use the version of assumption 3 stated i8iin83. Since our
existence theorem expects a curvature ibP;p > 1 we will use the more general
version.

Remember that the exponential map was a map from the space of hermitian ma-
trices to the space of positive-de nite ones. We may us it again to de ne a map
Bo(Sk) ! P, to the space of positive-de nite matrices w.r.t. k that satisfy

« K Fkkg < 1. The map S 7! KeS is a di eomorphism around0 and K into
this space, which is even analytic by the previous section (5.3.4, part (iv)). Note
that the curvature Fyes = (d%2 + (d?)? + (d¥2 + dd®Y is integrable if and only if
kSkgoo is nite. Same holds forF replaced by the pseudo-curvatur&,s.
This is a consequence 08[m84, 3.1 (c) below and t(d{e®)d¥e®)) = kd{ed)ke =
kd{eS)ks as well as the assumption thak has alreadyL P-curvature.

4cf. [Sim8Y], p. 875, proposition 2.4.
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Lemma 5.3.7. If d? is the usuald® operator constructed with respect to the
initial metric k (and analogously } and so on), then for a metrich with H = KeS:

dy
d*{di(e*)

dp + S *di(S)
e(Fn  Fi)+ d{ed)e Sd)(e®);

and for Dy modules:
(DY D°%(e®) = 4e’(Gn Gk)+ DXeS)e S 2(e®) DYeS)e S Ned):

Remark 5.3.8. The lemma holds fore® replaced by any hermitian matrix say
A, too.

proof of lemma 5.3.7.First we know that

h( ;)

I
—
N—r

T

1

I~

(e )K =(}e)He?®
= h(e®; e )=h(;e /e ),
ie. J=eSJes= {+e>3()ee € }). Henced) = d? + e 35(d)(e?)), i.e. the
rst equality holds. Further by Fp = d° + d2d®we see
d{dR (e®))

d"¥e(e%) + die(e%)d™
= dRE(dy Q)+ e(dy di)d®
= e(Fn Fx) €(Fn F)+ d%d) + eS(dhd®y d®3df  e>(dRd%
= e(Fp F)+ d%%dy eS(Fn did d¥d} + S (R dRdY
= &(Fn R+ d®d ed) " dp + Sd"W
= (Fn R+ de)dy  de)dg
= e(Fn F)+ dWe®> d%3d}  e3d°® Sdie’ + e2d'W}
= &(Fn F)+ d%e® dd 3d°t Sdfe® + 2dW}
= e(Fn R+ de%)e Sdi(e®):
Analogously for the pseudo-curvature: Replacd®d by (D%°? D°2). With the

transformation rule derived for above we get the same transformation for%resp.
015 We have

DR Ye®) (DY Red))
=4€°(G, Gy)+ DNe’)e ® Ae’) DUed)e ° Xed):

O

SNow the data D resp. D% and D®are xed and ¢ 9 as the missing parts to the metric
connections, transform under the transitionk $ h.
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Let P 2 be the component covered be the cha® 7! Ke® andH 2 P 2, i.e. we
nd a S suchthatH = KeS.

In order to de ne Donaldson's functional, we stick closer with the original de -
nition by Donaldson [Don85 and follow the description by Mochizuki Moc024.

Mochizuki proves that

R
Lemma 5.3.9. For S 2 TPy - tangent space - (S) ;=  tr(Si Gy) is a closed
one-form ofPy.

In order to prove the lemma he uses the following theorem by Simpson:

Rheorem 5.3.10 (Stoke). SupposeX has an exhaustion function with
xJ rl < 1 and suppose is a L2 integrable 1 form. If d is integrable,
then . d =0.

Proof. A standard argument shows the claim. See Simpsddin8g, p. 884, lemma
5.2. O

De nition 5.3¢ 1. Let be a path connecting two metricK andH in Py, then
M(K;H) := . In particular M (K;H )+ M (H;J) = M(K;J) by construction.

For H = KeS® this is equivalent to the de nition
Z Z

MAK;H) = tr(Si Fn)+ h( S)(DS);DSik;
X X

with  the operator coming from the smooth function

) eV (wov) 1
(viw) = (W V)2 ’

given by Simpson. We will shortly repeat the idea, since we need some of the
formulas later on: We have

—@M O(KetS; Ke(t+ u)S)

@u 7 UZOZ

= —@ tr(uSi Fgess)+  h( uS)(DuS); DuSigets

é@u X ¥ u=0
tr(Si Fyes)+ @@u2 h( uS)(DS):DSiges
ZX u X u=0

tr(Si Fges):*®
X
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Furthermore
@ @
——MqKe'™®;Kel*Ws ——MIK;Ke ")
@Gl ¢ ) @@l )

The formula is shown by §im88, lemma 5.1: With the help of a transformation
rule for the curvature derived in 5.3.7 we may show that both sides dier by a
function which has to vanish by the Stokes theorem above.

We have further

@ s @
—MYKe®S:Kelt*WS = —MYK;Ke WS
oM ) oMt )

u=t=0 u=t=0

But then we have equality at one point and the di erential is the same, i.e. the
functions are equal:

MYK;H) %/I(K;Kes) M (K;K)
1
= —MYK;Ke WSy dt
0 t u=0
1

= —MYKeS:Ket*Ws dt
, it )
Z 1

= tr(Si Fyes)dt
0 X

= M(K;H):

N

Remark 5.3.12. Note that by smoothness of the metridM (K; H ) is smooth as
well.

One of the major steps in order to prove the existence result of a harmonic metric
is the following proposition by Simpson:

Proposition 5.3.13. Fix a b2 LP;p > 1. Let E be our stable Higgs resp.
Dx bundle with ki Fykg bresp. ki Gykg b. Then there are constants
C1; C, such that

supkSkx  Ci+ CoM (K;Ke S):
X

for any resp. r invariant element S 2 (X; Hp) with tr(S) = 0,
supy kSkx < 1 andki Fgeskx b

8For Dy modules replaceF by the pseudo-curvature G.
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Proof. First note that by the positivity of
Z

M (K; Ke 5) tr(si Fi) k bk :kSk.: 7
X

resp.
Z

M (K: Ke S) tr(si Gy) Kk bk :kSki: :
X

Thus it will be enough to show that

supkSkx  Ci+ ComaxfO;M (K;Ke 5)g:
X

Furthermore we have forH = KeS:

log tr(e®) 2(ki Fpky + ki Fykg) 20C;

log tr(e®) 8(ki Gpky + ki Gygkx) 2bCs
for a big enoughCs. For a proof see $im8§, lemma 3.1 (d). The version of the
proof there comes from Y.T. Sui and is a consequence of 5.3.7 re§mBg, 3.1

(c). In particular once we have 5.3.7 the generalization tByx modules is clear.
By Assumption 3 we may further conclude that

SUkakK Cyt+ C5kSk|_1:
X
Now let us assume that the claim does not hold. Then we have one of the following
cases
Case 1: There is a sequen® 2 P (S,);tr(S)) = 0 with sup, kSkx ' 1 and
M (K;KeS) 0.

Case 2: There is a sequen&® 2 P5(Sy);tr(S) = 0 with sup, kSkx !'1  and
M (K;Ke Si) > 0. Then we further nd a seriesC; OsuchC;!1 and
sup, kSkx  CiM (K;Ke ).

In both caseskSik.: !'1 . Setl; := kSik_.: and u; := |, 15, so that kujk,: = 1.18
Further sup, kujkx  Cs. Note that tr (u;) = 0 by the same property of theS;.

Lemma 5.3.14. After going to a subsequence; ! u; weakly in H%1(S) the

limit is nontrivial. If : R R! R is a positive smooth function such that
(v;w) < (v w) !wheneverv>w, then
Z Z

tr(ul [ Fk) + h( Uq )(do?Jl ), doﬁl iK 0:
X X
"Holder inequality.
18W.lo0.g. S 60.
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Proof. If necessary replace with " to justify the assumption ( v;w) <
(v w) !forv>w. From the proof of the equivalence of the two de nitions of
M (K; Ke S) resp. lemma 5.2 in $im8g, we know the formula

@ @
M (H tS;H (t+u)s — M H,H (t+u)S .
@t@u( ¢ © ) u=0 @t@u ( ¢ ) u=0
Hence
Z Z

Ii tr(uii Fk)+ ||2 h( |iUi)(DUi);UiiK C7Ci 1|i:19
X X

The u; are by construction uniformly bounded, thus we can cuto , i.e. assume
that has compact support. Furthermore fov ~ w

v v o(w Iv) 1 g v)
(lw  Iv)? [(w V)2

[(Ivilw) = |
!

and forv >w: | ( Iv;lw) ! -+ and monotone increasing il. Hence for a big
enoughl we may assume that

(v;w) <l ( Iv;lw):

This yields
Z Z 1
. 2 . . C7 .
|i tr(UiI Fk)+ li h( Ui)(DUi),DUiIK —_— |i-
X X G
The condition supkuikx  Cg implies that Du; is L? integrable, i.e. u; 2 H?1,
But any bounded sequence has a weakly convergent subsequé&hoe H?1, In
abuse of notation call this subsequence as well and tEe weak Iiny'\; u; . Now

take Z a compact subset oX . Then the u; H up resp. , kuikq ! kug kg .
By assumption 1 ( nite volume) and sup, kuikx Cs
Z Z Z Z
1 = kujk 1 kuikg + kui kx Cs + kui kg
Z X Z Z Z X Z Z
) kUikK 1 G =1 "
: 3

9For the rst case choose any sequenc€; ! 1
20Functional Analysis Course [FA0S].
21421 LY(Z) compact by Rellich-Kondrachov, Miller [PDEQ9], p. 125.
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Thus kug kp: 1 "> Ofor X Z with small gnough volume. gince the trace
is continuous in theuy; vl\:/ae get additionally that | tr(uii Fy) !, tr(usi Fy)

R
resp. , tr(uii G¢) ! ,tr(upi Gg). Therefore we haveu !‘2 u; as well as

2 2
Du; I Du; . By continuity of : ( uj)Du; F ( up )Duy . NowLP convergence
implies convergence in measure and convergence in measure allows us to apply the

lemma of Fatou:
Z Z

h( u; )Duy ;uy ik Ii_rqinf h( uj)Du;; ujig:
il

X X

]

Remark 5.3.15. The idea to use Fatou's lemma is taken fromMoc02g 13,

p. 21. Note that LP convergence does in general not imply almost everywhere
convergence (as claimed irMoc024g, p. 21), but anyway convergence in measure
is enough for Fatou's lemma.

Lemma 5.3.16. The eigenvalues olu; are constant, in other words there are

least two distinct eigenvalues.

Proof. If we are able to show that for all smooth functions : R! R, tr(" (uy)) is
constant, then all eigenvalues are constant. Choose the smooth function given by
the functional calculus belonging to the projection onto a generalized eigenspace.
The projection is hermitian, thus this is justi ed. Since the trace is only the sum
over the eigenvalues, we get constancy of each eigenvalue.

We have
@ (' (u1)) = tr(Edgng’ (up))+ tr((f';_%{fﬁ) " (u1))
d° do=0
= tr(Ed®g" (up)) = tr(" (ug )(dU))
as well as
(@ @Otr (" (uy)) = tr(EDgng’ (U ))+ tr((P_q@_E}) " (uy))

D D=0
= tr(EDgna’ (U1 ))= tr(" (uy )(Duy)):

Furthermore remember that' (v;v) is the dierential of ' at v. Construct a
function suchthat ( v;v) ="' (v;v) and that for N large enoughN ?(v;w) <
(v. w) !forv >w.?* Hence t(" (u;)(Du;)) = tr(( up)Duy). By the

22For v ! w the condition holds trivially for any N. Thus the two conditions don't interact.
For example take a cuto function, that has support in some tubular neighbourhood of v = w
in R
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previous lemma ( 2 is positive.)
Z Z
k( up)(Duy )kﬁ
X ZX

h( uy )(Duy ); (ug )(Duy )ik

h 2(U1 )(Dul ), DU]_ iK
XZ
L tr(uyg i Fy);
N « 1 ks
or replaceFy by Gy for the Dy module case. By our assumptions on the cur-
vatures Fy resp. Gy and u; (by construction of the u;) the right-hand side is

bounded by%. Together we get

k(ov@' (u; )k 2 %! 0 N!'1 ;

or
_ C
k@ @' (u)k: ! 0 N!1

Sinceu; is hermitian tr(* (uy )) is real-valued, i.e. @' (uy ) =0 ) tr(" (uy))
constant, 8 smooth.

On the other hand ifu; had only one eigenvalue, then {iEu; ) = tr(u; ) =0
would imply that u; had only eigenvalue0. But a hermitian matrix with only
zero eigenvalues i8, hence we get a contradiction to the non-triviality ofu; from
the previous lemma. Therefore there are at least to distinct eigenvalues. [

In abuse of notation let ; < ::: <  be the distinct eigenvalues ou; . By
de nition of ' and the operators' (u; ) and ( u; ) depend only on' ( ;) resp.
( o »nl i k

Lemma 5.3.17. If : R R! R s asmooth function with ( ;; ;) =0 for
i> ;1 ;) k. Then (u; )(Duy)=0.

Proof. Since depends only on the eigenvalues we may replace it (as in the pre-
vious proof) with ; de ned by

1 j)=0andN( )*(v;w) < (v w) *forv>w:

Again we getk 1(u; )(Duy )k2, % I OforN!'1 . Then (uy)(Duy) =

1(u1 )(Duy ) =0. L
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Letl; =] i; a1 i k 1.80 i k2 Let ;:R! R beanydecreasing
function such that ;(x) =1 for x i and (x) =0 for x i+1. Denote further

i = i(uy). By 5.3.4 the ; are in H?'. Again since our operator only depends
on the eigenvalues and;( ;)>= i( ;) foralll ij k.

Moreover
Di=D i(ui)= ; (up)Duy)
and dene (v;w)=(1 i)(w) ; (v;w). We conclude
@ 9o = @@ i) (u)(Duy)
= (U )(Duy):

Since we have i( i; ;j)=@ 1)(;) ;(v;w)=0fori>j .

The previous lemma 5.3.17 tells us( u; )(Duy) = 0, iie. (1 D =
i(uy )(Duy ) =0. Thus we have aH?! projection.

We are now in the position to state a result of Uhlenbeck and Yau, that will help

us to contradict our assumption -sup, kSjkx ! 1 for some sequenc8;- made

far back:

Proposition 5.3.18. If E is a Higgs bundle resp.Dx module with metric k
and if is H?! subbundle, then there is saturated sub-Higgs-sheaf resp. sub-
Dx moduleV W such that is a projection ontoV, de ned whereV is a
subbundle.

Proof. See Uhlenbeck-YaulY86] for the vector bundle case. Thus we only need
to understand why the subbundles are preserved byresp.r . By degree consider-
ations(1 )d° =0andd® 2L?) 1 )Y@ =0;1 ) =0and@ 2 L2
ThenV is a saturated subsheaf bylJY86] and it is preserved by . Analogously for
the Dy module:(1 )D =0andD 2L2?) (1 ) =0;@1 )D% =0
and (@+ Y) 2 L2 O

Thus if V; is the image of ;, it is already a subbundle preserved by either or

r . Hence if one of the ; satis es glfﬁ’((\\’/)) d;?rf(Eé")), we have a contradiction to
stability.
But we can use our Chern-Weil formulas (CW2) resp. (CW3) now. Write
Xk
up = i i 1)
i=1
= k ko (x k1) k1 -0 (2 1) 1 10

23Note as well that the following construction makes sense since we have at least two distinct
eigenvalues, in particular we nd i;j such that ( ; i) 1is well-de ned.
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)’(1
= kE a
i=1
fora = i .24 UsingD ; = ; (u; )(Duy ) again,
K 1
W = degE) adeq Vi)
i=1
z K 1 Z g1
= tr(( «E g )i F)+ akd kg
X i=1 X i=1
Z Z K1
= tr(Ul [ Fk) + m i (Ul )z(do?.l]_ ),doﬁhl |K,
X X i=1
and
)’(l
W = dedE) adeg Vi)
i=1
Z K 1 Z K 1
= tr(( «E a )i Gy)+ > akD( i)kg
X i=1 X =1
Z lZ K1
= tr(ui GO+ 5 he; | (up )*(Duy );Duy ik:
X X =1
For > jwehave  ( n; j)= ol td=m i 1 _since 46 j;
) A (e
- P (m )
1

m J

Now by Lemma 5.3.14W 0. We get (degE) P ¥ ladegVi). Fur-
thermore ghe trace is the sum of the ; timgs their multiplicity, i.e. 0
(U)=" & idimVinV 1) = dimE) ~ Lladim(V))  «dim(E)
¥ 'a dim(V;). This contradicts stability: Assuming otherwise, i.e. A

\Y

a20V) |eads to the contradiction

dim(V;)
deg(E; k) dim(V}) .
. > dedV 81 i kL
dim(E) qv)
24 i 1 is the projection onto the generalized eigenspace to;. In particular = E.
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X1 degE:k)dim(V) < a dim(Vi) _
- g : degE; k)p-= degE; k
) . dim(E) kdedgE; k)P Lo dim(v) kdegE; k)
Xl
> adeqVi):
i=1
Hence we nd at least onV, contradicting stability. H

5.3.3. Heat equation and Existence Result

We will shortly repeat the contents of chapter 6 in$im88§. There Simpson proves
the existence of a global solution of the heat equation stated below. The proof is a
modi cation (using 5.3.7 and the assumptiond, 2, 3) of the one in Pon85 using
further results of [Ham73 and additionally 5.3.7.

dH
1 t ?
H, rr Fyg, or
dH
1 t ; ?
H, T I Gy,
whereFj ., = F7 resp. G/, =0 G/ denotes the trace free part oF ) resp.

Gh (1).%> Before we impose some boundary conditions remember that we wanted to
bound our harmonic metric with respect to some initial metric saydo; H; = Hof.
Then the Heat equation becomes

H, 1ddHtt = H, *Hodf dt= f, df,dt
df .
) d—tt if . F7
= if (Fg) if(F Fg)
) +(dW)eng fr = if (Fg)+ i (O o)f, Tdd(Fy)):

where we used 5.3.7. FADx modules this looks similar

d
dt
= if (Gg)+ i (DRfYF * o(fy  DAFOF * oth):

Remember the exhaustion function given by assumption 2. ThenX. = fx 2
Xj (x) ' gis compact. DenoteY: = @X. If @@ denotes the di erentiation in

) +(Dg°® Do Mena fi

BE? = F  tr(F)id.
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direction perpendicular (w.r.t. the uniquek metric connection compatible with
@) to the boundary. Now we may state the boundary conditions

(1) Neumann boundary condition:

@, .
—Hjy. =0:
@ JY

(2) Dirichlet boundary condition
Hiy = Kjy. :

Then

Proposition 5.3.19 ([Sim89, 6.6, p. 892) Let b2 LP;p> 1 and let X satisfy
the assumptionsl, 2, 3 and let E be a Higgs bundle respDx module overX.
Supposek is a metric satisfying the assumption that sugki Fykg b

(i) Then there is a unique solutionH to the heat equation with det(H) =
det(K ), with Ho = K, and such thatsup, kHkx < 1 on each nite interval
of time. For this solution, ki F.ky b

(i) Let H, be the solution of (i). Then thereis & 2 P ;(S¢) such thatK = H,e®
and M (K; H ) is continuously di erentiable in t with

q z
giM (KiH) = in FOKE,
resp.
g V4
a|\/|(|<;Ht): ki G7kj,:

X

(i) If H¢! H; in C° then the H, are bounded inH "

loc *

Proof. Ad (i): Simpson uses methods and results described by Donalds@oh85
as well as Hamilton Ham73 as well as lemma 5.3.7.

Ad (ii): The rst part is an application of 5.3.7 and the results derived in the proof
of (i). The di erentiability uses additionally M(K;H )+ M (H;J) = M(K;J) (by
de nition of M) to reduce the problem to di erentiability at t = 0.

Ad (iii) is the remark to lemma 6.4 on page 891 of9im8§. [

The proposition and the previous subsection nally lead to the main existence
theorem:
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Theorem 5.3.20. Letb2 LP;p> 1and let X satisfy assumptionsl, 2, 3. Let E
be a Higgs bundle respDx module overX . Supposek is a metric satisfying the
assumption thatki Fyk b, Suppose further that(E; k) is stable. Then there is a
metric h with det(H) = det(K), H and K mutually bounded andD(K *H) 2 L2
Moreoveri F? =0 resp.i G} =0.

Remark 5.3.21. A metric with i F? =0, i F = tr(i F)id is called
Hermitian-Yang-Mills metric or Hermitian-Einstein metric.

Proof. We only want to describe how our estimate of$ given in proposition 5.3.13
comes into play. First note that most of the conditions of proposition 5.3.13 are
clear forH; = Kf ; the solution given by the previous proposition. It remains to
show that log(f,) is traceless. Butdet(H:) = det(K)det(f;) ) 1 = det(f;) =
det(€°9(f)y = grlog(f) )y 0 = log(1) = tr(log(f;)). Applying proposition 5.3.13
now, we get independently of < 1

supklogfikx Ci;+ CM (K;Kf {)) supkfikx Cq;
X X

sincekg®9ftk  gkloaftk the monotone behaviour of the real exponential function
and the decreasing character oM (K; Kf ;) (previous proposition (ii)). In par-
ticular since Hy is already bounded uniformly in theK norm by part (i), H; is
bounded for allt, too.

Furthermore M (K;H ) is bounded from belo®® and monotone decreasing, i.e.
we nd a subsequence; ! 1  such that M (K;H ) convergesk F’k?, ! O.
Morzeover

h(log fi)D(logf:); D(logf:)ik CiokD (fo)f lzzkﬁz CokD (f)kfo:
X

This showsD (K H) 2 L2

Furthermore we may nd by boundedness again a weakly convergent subsequence
H ! H; - weakly in H1, In particular H; ! H; (strong) in L? on every
bounded open set! Additionally we know that the H; are uniformly bounded, so
they are aL? Cauchy sequence.

Now apply lemma 3.1 (d), §im88, as in the proof of proposition 5.3.13 to get rst
log tr(H; 'H;) 2band then by assumption3 that sup, klogtr(H; *H;)kg

Cok logtr (H, 1HJ-)kLl I 0 (Cauchy). ThusH; ! H; in C° Part (iii) of the
previous proposition tells us that theH; are bounded ianc’f. Therefore we nd
a further subsequenceH; ! H; weakly in Hl'f,f, i.e. the limit Fy, exists and
i R, =0.

26The rst term is bounded by our assumption on Fy resp. G, the second one is positive.
2Rellich-Kondrachov as in [LiLo00], p. 214, 8.9 (ii).
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Finally use elliptic regularity and the standard boot strapping argument using
5.3.7 to concludeH; smooth?® Thus we are done. O

We didn't use yet that we have degred. But det(H) = det(K) ) dedE;h) =
degE;k)=0) 0=  tr(i Fp)) i Fp=1 F’ =0, i.e. his harmonic. Thus
the main existence result is proved.

5.4. Main result

There is not much left to do now. A rst theorem will show that every lItered
regular Higgs bundle respDx module, that comes from a harmonic bundle has
in fact degree0 and is stable. Since preserves the notion of degree and stability
too, we are nally in the position to prove the main theorem.

Theorem 5.4.1. The Higgs bundles resp.Dx modulesE, which come from
tame harmonic bundles by the functors , are exactly those objects which are
direct sums of stable objects of degre@

Proof. (i) Start with a stable Itered regular Higgs bundle E of degree0. By
theorem 4.3.1 we nd an acceptable metrit such that F,, is in LP?, p > 1,
which induces the original Itration E . Since the algebraic and the analytic
degree coincide (conclusion 5.2.7) we can apply the main existence theorem
5.3.1. The harmonic metrick (provided by the theorem) and the original
metric h are mutually bounded) k induces the lItration E , i.e. the lItered
bundle (E;E ) comes from a harmonic bundle.

The bundle is tame, since is regular, i.e. preserves the Itration - assuming
had an eigenvalue with pole of order greater thabhand e an eigensection in
someE ,then e 2 (X;E)  ;°(logs).®. This shows the rst direction.

The other direction was shown by theorem 5.2.10.

(i) Again the case of aDx module is just the same, since all previous results
used in(1) were formulated forDyx modules too. So we only have to care
about tameness: Use 4.3.3, where we described the at sections belonging to
the construction of 4.3.1. They were polynomially bounded w.r.t. the metric
h. Again by the mutual boundedness they grow at most polynomially w.r.t
k. Now we are in the situation of proposition 1.7.2, which tells us that
polynomial growth of the at sections implies tameness.

O

28"phoot strapping” : Once we have it for one di erential, then the formula 5.3.7 lifts it to a
higher di erential; then apply the formula to this higher di erential, and so on.

29We may multiply any eigensection with a scalar function to guarantee that it is in a certain
E over some operJ and at leasts 2 @U
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De nition 5.4.2. The degree of a ltered local system is de ned as

X X
degL;L ) = dimGr (Lg):

s2XnX 2R

A local systemL is called stable if for all  invariant subsystemsU L, U :=
L \uU

deqU; U ) < degL;L ).
dim(U) dim(L) ’

holds. It is called semi-stable ik is replaced with

Remark 5.4.3. The degree of a ltered local system underlies the same rules
as the second term of the parabolic degree of ltered regular Higgs bundles resp.
Dyx modules. In particular it is compatible with taking duals, determinants and
tensor products in the same way as described above.

Lemma 5.4.4. The degree of a ltered local system is the same as the degree of
the  corresponding lItered regularDy module.

Proof. By the previous remark we may again assume thdt comes from a line
bundle. Remember the previous chapter and our two examples 1.4.17 and 1.4.18.
Let be ajump inthe Itration of L,12 L nL ... Then by the monodromy of
M, h= "9z we getajumpat (L) <, for every choice of logarithmM .
In particular all jumps (in the line bundle case only 1) in the Itration of L have
exactly one corresponding jumpin( L) ;0 < 1. So it will be enough to show
that ( L)o has exactly degree< ( \) for one choice oM. So x M. However
we have seen in conclusion 4.3.1 that the lItration of thd. is just the Itration
induced by the standard metrick constructed there3° In order to calculate the
degree ofL, we have to nd a holomorphic section inLg. But i = e M092h =
12 (L)o, N2 (L)<, and thereforekikeklkn gjzj<( ™) ";8"> 0. Hence
deg ( L)o) = <( wm) as claimed. [

Lemma 5.4.5. preserves the notions of stability and semi-stability.

Proof. Let U L be a subsystem, i.e. a subspace bfpreserved by the mon-
odromy with ltrations U = U\ L . Since is compatible with the decom-
position into  invariant subspaces andJ is such a subspace, we may restrict to
generalized eigenspaces, i.e. assume thdthas only one eigenvaluey, .

When we introduced the functor we saw as well that the image of a invariant

301f we take the main existence theorem in count, we get a harmonic metric witch is bounded
w.r.t. k and then 4.3.2 tells us that the Itrations are the same.
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space is preserved by and vice versa under . Thus ( U) is a sub-
Dx module of ( L). But for any local system we now thatl 2 L if and only

if eM9z] 2 (L)<(, )+ - Thenu 2 U if and only if e"°92] 2 ((U)c( ) -

On the other handu 2 U implies that eM'92u 2 ( L)<(,y+ \j (U) and
eMloozy 2 (L)< VJj (U) impliesu 2 L \ U. Thus ( U)e( ) =

( L)<y VJ (U), i.e. every invariant subsystem corresponds to a sub-
Dx module of same rank. The degrees are anyway the same by 5.4.4. Thus the
slopes are the same, i.e. stability and semi-stability is preserved. [

Remark 5.4.6. In particular the decomposition of theDyx module ( L) into
a direct sum of stable Itered regularDx modules of degre® induces a decom-
position of L into a direct sum of stabled Itered local systems of degre@ Since
every summand ig invariant, respects invariant subspaces.

Main theorem.  The category of tame harmonic bundles is naturally equivalent
via the functors , to the categories of direct sums of stable Itered regular Higgs
bundles of degree zero, of direct sums of stable ltered regul®y modules of
degree zero, and of direct sums of stable Itered local system of degree zero.

Proof. We have seen, that is an equivalence of the categories of Itered local
system and Itered regular Dy modules. The previous two lemmas 5.4.4 and
5.4.5 ensure that respects degrees and stability. Already before we saw that

is compatible with direct sums of preserved subbundles/subsystems. A morphism
of stable Itered regular Dy modules of degree zero resp. direct sums of stable
Itered local system of degree zero is just an usual morphism of Itered regular
Dyx modules resp. ltered local systems. Hence is still fully faithful on the
restricted categories. Thus is an equivalence of categories.

We know already that is fully faithful on the named categories. As for this still
holds for the restricted categories. Further maps harmonic bundles to Itered
regular Higgs bundles respDx modules. Essential surjectivity is the result of
theorem 5.4.1. Thus establishes an equivalence of categories.

. ,, stable Itered regular
[tame harmegic bundleg®———— Higgs bundleg.of degree |0

stable lItered regular
Dx module of degree

/ stable lItered
local systems of degree|0

O
o




Some Further
Developments

6.1. Analytic and Parabolic Degree

In the last twenty years there were several new developments, too many to mention
them all. Here we will shortly review the di erent elds in uenced by the main
result resp. its generalizations.

First let us start with reviewing the last two chapters in [Sim9{J. While the rst
part (chapter 7) stays an attempt to simplify Schmid's norm estimates not using
Schmid's Sl, orbit theorem (cf. [Sch73), the last chapter leads back to Simp-
son's original area of interest. There he rewrites the main theorem in terms of
variations of Hodge structure.

The Hodge theoretical point is one of the main developments proceedir®@m9Q.
Simpson himself proves for example that a rigid discrete subgroup of a real alge-
braic group, which is not of Hodge type, cannot split quotient of the fundamental
group of a smooth irreducible projective variety (cf. $im92). He further describes
the relation between Mixed twistor structures and variation of Hodge structure in
[Sim97. The topic is treated in great generality by Mochizuki, for example in the
books Moc07d and [Moc0O7h. See as well SabbatSpb03j.

On the other hand there was a number of authors describing the moduli spaces of
our objects, in particular Higgs bundles. To name only a few: Mumford, Gieseker,
Maruyama, Mehta, Ramanathan or Yokagawa. A nice overview is given in Simp-
son Sim944 and [Sim94H. Furthermore interpreting the moduli schemes as non-
abelian cohomology we get a correspondence between the moduli scheme for princi-
pal G modules with integrable connection and the moduli scheme for semi-stable
principal Higgs bundles with vanishing rational Chern class. For further details
and a general overview see for exampl8in97.

Maybe the most expectable development is the one generalizing Simpson's main
theorem above. This has been done stepwise for higher dimensional quasiprojec-
tive manifolds by Corlette [Cor88§, Biquard (for divisors smooth at in nity) [ Biq97]
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and Just-Zuo PZ97] proving the existence of a tame pluri-harmonic metric on any
semi-simple local system over a quasi-projective variety. Their metric is nowadays
known as Corlette-Just-Zuo or only Just-Zuo metric. Furthermore there have been
several extensions t@ adic harmonic metrics, i.e. replacing the eldC by the
p adic eld K,. To mention only a few people involved in this eld: Deligne
and Husemoller PH87], Goldman and lwahori [GI63], Jost-Zuo [PZ87],[JZ97] and
Gromov-Schoen$GS93. An overview about the construction of nite energy har-
monic maps in both cases gives Zud(io99.
Finally we want to add an obvious extension: P. Deligne suggested in a letter to
Carlos Simpson (cf. $im944) that the equivalence constructed above is a special
case of a more general correspondence, namely Higgs bundles dpd modules
are a special case of bundles equipped with a connection. A connection has
to ful Il the twisted Leibnizrule D (fs)= fD + s d(f). Then the special case
= 0 is the Higgs bundle case, while for = 1 we have theDx module case. We
get a holomorphic structure@ +  and all other operators are constructed as for
the Dyx bundle case. In particular this is the foundation of the considerations by
Simpson Bim97 and Mochizuki.



Appendix

A.1. Basics

This rst section contains basic de nitions as well as some well-known results,
mainly consequences of SerreGAGA] and the Riemann-Hilbert correspondence.
The results from algebraic or di erential geometry can be seen as a general starting
point on the way of constructing our equivalence, while the subsection on the Hodge
theory contains some technical results used later on.

A.1.1. Definitions (Algebraic Geometry)

De nition A.1.1. A non-compact curve is a compact Riemann surface deleting
nitely many points, i.e. more preciselyX = M nS with M compact Riemann

The completionX in the analytic topology is just M.

Remark A.1.2. The name curve comes from the well-known equivalence between
compact Riemann surfaces and smooth projective complex algebraic curves, e.g.
in [Sza09.

De nition A.1.3  (Algebraic Variety). Let k be an algebraically closed eld,
V()= fv 2 V"jf(v) =0 8f 2 Sg, V" 2 fA";P"g. If V" = A" then S

X V" is an algebraic variety ifV (I ) = X for some primel . Further X is called
aneif V"= A" := k" and projective if V" = P" = k"1 nfOg=  with the usual
equivalence relation.

De nition A.1.4. Amapf :D(g)! kisregularifitisin K[xq;:::;X,][1=d],
i.e. a rational function with g in the denominator.

IMore general one can de ne quasi-projective (resp. quasi-a ne) varieties as locally closed
subsets of a projective (resp. a ne) variety.
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Amapf :U! X;U open is regular iff jp g v is regular forallg 2 I.
The ring of all regular maps onU X is denoted byOy (U) resp. Ox (X) = Ox.

De nition A.1.5. Let X be an algebraic variety. The following de nitions are
equivalent:

(i) The Zariski topology is the weakest topology such that regular maps are
continuous and points are closed.

(i) The Zariski topology is the topology generated by the basi®(g) = X

To avoid confusion we denote the sheaf of holomorphic functions Bg".

Remark A.1.6. Oy (with the usual restriction of functions) forms a sheaf with

De nition A.1.7. Let F be a sheaf on a manifoldM . The stalk F,;x 2 X of F
at M is the disjoint union of the F(U), x 2 U M open, modulo the following
equivalence relation fors 2 F (U);t 2 F (V)

s t;,9 W U\ V;x2W:sjw = tjw:

In symbols
[
Fv= — F(U)=
x2U open
Remark A.1.8. () Equivalently Fy is the direct limit of F (U) for x 2 U.
(@) If F is aring so isFy.
De nition A.1.9. A point x 2 X is called non-singular if the stalkOx.x is a

regular local ring, i.e. ifdimy T, X 2 equals the Krull dimension ofOy., . Fork = C
this is equivalent to9U  C" open,9B  C" ball, 9° : U ! B biholomorphic
such that' (U\ X)= B\ V for some subspacy C".2

A variety is called non-singular or smooth if all points are non-singular.

Remark A.1.10. For k = C a non-singular variety is a complex submanifold of
A" or P".

2T, X tangent space atx 2 X .
3A proof can be found in [Ara12].
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De nition A.1.11.  SupposeD = i s Nssisadivisor,S X nite, X Riemann
surfaces. LetM (U) denote the vector space of meromorphic functions (resp.
rational functions) on U open. De neO(D)jy as the vector space of afl 2 M (U)
which have ats 2 U order at least ns. In particular for D = s these are just
the functions with a pole of order at most 1.0(D) is a sheaf ofO§" modules
(resp. Ox modules), since multiplication with a holomorphic function preserves
this property.

Now consider a coordinate neighbourhood af 2 S with the coordinate z, then
every function in O(D)jy has a Laurent expansion of the fornz "sg with some
holomorphic functiong.

Remark A.1.12. (i) The last property shows that O(D) is locally isomorphic
to Oy, i.e. is an invertible sheaf.

(i) Further O(D) o, O(DY "' O(D + D9Y.

A.1.2. Definitions (Differential Geometry)

De nition A.1.13  (Vector bundle). Let M be a complex manifold (resp. topolog-
ical space resp. algebraic varietyl the total space (another manifold/topological
space/algebraic variety) and : E ! M a holomorphic (resp. continuous resp.
regular) map. (E; M; ) is called a holomorphic (resp. topological resp. algebraic)
vector bundle if

(1)  (x) is a nite-dimensional C vector space.

(2) 9k 2 N, 9(Y;) open covering (in the analytic resp. Zariski topology) with
local trivializations

'jiEy = NU)! U KX biholomorphic
(resp. homeomorph resp. biregular),
such that jEUj =pr, 'jand' ,="jje, :Ea!f ag KKisanisomorphism.
De nition A.1.14. () A bundle morphism :E ! F between two smooth

(resp. holomorphic, resp. algebraic) vector bundless : E! X; ¢ :F !
X is a smooth (resp. holomorphic, resp. algebraic) map such that = ¢
and isC linear on the bres.

S
(i) For a bundle morp@'sm :E ! F the kernelker =, ker jg, and
the range im = ,, im jg, are subbundles if and only if rk jg,) is
independent ofx, i.e. constant inx.*

4See Grith and Harris [ GH78] p. 68
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Example A.1.15. (i) does not imply (ii): Take the trivial bundle E with =
pr, : C C ! C and the bundle morphism,E ! E, (x;y) = (x;xy), then

is obviously smooth (resp. holomorphic resp. regular) and (k(1; )) =1 6
rk( (0;))=0.

Remark A.1.16. (1) For smooth manifolds replace holomorphic by smooth
and biholomorphic by di eomorphic in de nition A.1.13.

2 j 1(x; &))1 i « for the standard basis(e): i « 2 K* is sometimes called
local frame eld (over U;). In particular we will always nd such a local
frame, which is holomorphic, smooth or regular dependening on the kind of
bundle we are working with.

Theorem A.1.17. Let X be a smooth manifold (resp. complex manifold resp.
algebraic variety) then there is a one-to-one correspondence between the cate-
gories of smooth (resp. holomorphic resp. algebraic) vector bundles of rank
and the category of isomorphism classes of locally free sheavesEpf (resp.
O%" resp. Ox))-modules of rankr by assigning to every bundle its sheaf
of smooth/holomorphic/regular sections. Particularly the equivalence respects
sums, tensor products, dualizing, etc.

Proof. This follows from Serre's GAGA]. O

Remark A.1.18. (i) The theorem says nothing about morphisms. Note that
vector bundles homomorphisms are often de ned to have constant rahk
while for O2" (resp. Ox )-modules this is usually not the casé.

(i) If we drop the restriction on constant rank homomorphisms there is an equiv-
alence. To see this consider

Vect(E;F) ! (Homguy(( U;E); (U;F)))u
Hf s71fx 7! (x;s(x))gg

where (Homgwy(( U;E); ( U;F)))u is the set of E(U) sheaf homomor-
phisms and Vec(E;F) the set of smooth vector bundle homomorphisms
with not necessarily constant rank. An inverse map is given by

( Homgw)(( U;E); (U;F))u ! Vect(E;F)
" (x;s(X)):=("(8))(xX); x2V open8s2 (V;E)?

Ssee A.1.20.
6A.1.14, (ii).
’See Huybrechts Huy05], p. 72.
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is well-de ned since sheaf homomorphisms respect restrictions, i.e. we need
to consider only a small neighbourhood of and hence there is always a local
section given by the inverse of the local trivialization for some xed second
component @e 2 E, Ey9e2 C":',*(y;e) = e). Further take a local
smooth frame eld ¢ and two sectionss;t 2 (V;IE) with s(y) = t(y) =
Then there ares;;t; 2 E(V) such that s(x) = Pi”:l si(x)e(x), t(x) =
p i ti()e(x) and9 i3 i 2E(V) such ()s(x) = [, i(X)si(x)&(x)=

i=1
Lt(e() = (x):8x2Vand i(y)= (y)8 i n. Thus
| [
X X ' X X
i (sie) = iSie = itie = i (tie)
i=1 i=1 n i=1 liI:]‘
. " I " I
=) (sy) = sie  (y)= tie  (y)
i=1 i=1
= (" (O)y):
Hence is independent of the chosen section. It is a homomorphism on the

bers since

( xa(s(x) + t(x))) = (" (a(s+ ))(x)=a (s)(x)+ a" ()(x)

= a( xs(x))+ a( x;t(x));

where we associated with the constant (smooth) mapx 7! a.

The images of and are smooth by de nition of a smooth bundle resp. a
smooth section.

Finally

(")
( )(xs(x))

foralls2 (U;E);x 2 U,i.e. and are inverse to each other. As we
have additionally

( +)=0C)+(C)and (" + )=(")+( )

(idvect(:r)) = 1d(Home(y,(( UE): (UF)), and

(C "(N()=s7Ex7" (s(x))g=" and
( fs7HEx7l (x;s(x))gg) =  (x;s(x))

( 1d(Homeq, (( UE); (UF) L) = 1dvect(EF):

These are inverse functors making the two categories equivalent. As usual
we can replace smooth by holomorphic resp. regular and so on.

80f course we wrote a value on the right hand side which is formally not correct. However it
should be clear, which map we mean.
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On the other hand if we denote now by(Homgw)(( U;E); ( U;F)))y the
set of E(U) sheaf homomorphisms of constant rafkand Vect(E;F) the
set of smooth vector bundle homomorphisms (of constant rank), then the
functors and establish an equivalence as well. For a rarkkvector bundle
homomorphign and a local holomorphic framgs;); i », ( )(si) = fx 7!

(x;si(x)) = :‘:1 i] (X)s;(x)g;81 i n for some holomorphic functions
s;.1® Hence () has rankk as a map from ( U;E)x ! (U;F)x. On
the other hand for rk = k;' 2 (Homgu(( U;E); &U;F)))U, and for a
basissi(x) 2 Ex we get (" )(si(X)) = " (s)(X) = }‘:1 i (X)sj(x), i.e.
rk (") =k.

(i) In algebraic geometry it is more reasonable to enlarge the category of locally

free Ox modules rather than to restrict it. The reason is that one needs
the cokernel of those morphisms to be in the category again. For locally
free Ox modules the cokernel of a homomorphism with non-constant rank
no longer is a locally freeOx module, but a coherent sheaf. In fact the
category of coherent sheaves is the smallest category enlarging the category
of locally freeOx modules (with not necessarily constant rank homomor-
phisms) where the cokernel of each (local) morphism is again a coherent
sheaf. More precisely any shed of Ox modules with a local presentation
oy !0 ¢ IF! 0;m;n 2 N (exact, i.e. F isomorphic to the cokernel) is
coherent (and vice-versa); quasi-coherentiif, m are allowed to be not nite.

Theorem A.1.19. (1) Over a compact Riemann surface the algebraic and

(2)
®3)

(4)

()

(6)

holomorphic vector bundles are the same.
In the non-compact case (i) no longer holds.

However, every algebraic vector bundle is holomorphic w.r.t. the Zariski
topology.

In fact every holomorphic vector bundle on a non-compact Riemann surfaces
is trivial.

There is as well an equivalence between the category of algebraic vector
bundles with at regular connection and holomorphic vector bundles with
at connection.

There is a bijection between Gauge equivalence classes of at vector bun-
dles and equivalence classes of vector bundles de ned by constant transition

9Restricted to the stalks the map has constant rank.
0w .l.0.g. we choose the image to be spanned by the rsk basis elementss;.
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functions g; for ' ' 1(x; g)=(xgjgand';: HU)! X C"local
trivializations. Two cocycles are equivalent if they di er by a coboundary,
ie.g;  hy ,8 (;j)21 1 9a;8 2 Gly(C) such thatg; = & 1hi,- .

Proof. (1) Again by Serre's famous paperGAGA]. For (2) and (3) see as well 16
in [CG7Y. (4) by 30.4 in "Lectures on Riemann surfaces'Fpr81] by Otto Forster.
(5) Deligne Pel7q, p. 97, 5.9. (6) Szamuely§za09 for the vector bundle case or
Reisert, ReilQ for the principal G bundle case. O

De nition A.1.20. Let : E ! X be a smooth projection,E; X smooth
manifolds, then ( X;E):= fs: X | Ejssmoothh s= idygis the set of smooth
sections intoE. In the same way no(X;E):= fs: X ! Ejs holomorphic s=

idxgor rg(X;E):= fs: X ! Ejsregular, s = idxg are de ned. Further
denotegEx = ff : X ! Cjs smoothy. Then Ex acts on ( X; E) by multiplication,

ie. f §: X 7! f(x)s(x);f 2Ex;s2 ( X;E).

Peneg o :Q/f : T,MP 1 Cj  C multilinear and alternatingg;a 2 X and

X = ax 4 Then
V
=X %)
is the set of di erential p forms. If X is a complex manifold andz;;z;;1 i r

are local holomorphic coordinates then §% is the subspace of & locally spanned
by forms

I (z2)= (2)dz, " :::dz,"Ndz, "M dzg; smooth into C

(with pairwise di erent indices). Then

M
K — .
X = X -
p+ o=k
\Y \Y S V V :
Equivalently §9 = ( X; §9) with §49= —_, P = f o TXPE

Cj C multilinear and alternatingg and TaX P = TOX P TIXP, whereT2X =
Ch—zjl i ni;n=dim X is the holomorphic andT°9( Ch@@ijl i nithe
antiholomorphic tangent space!

On b an exterior derivatived : % ! %' can be dened by theC linear
extension of

dl (x)=d (x)dx;, » ::idx, =

' These are subspaces of the complexi ed tangent spacX = Ch2; 2j1 i ni.
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For a complex manifold there is a splittingd = @+ @such that

@(z))t(jzil" N dzgMdz NN dz,
@

= —dzMdz, " ndz M dz N M dZ,

k2f i1;:5ipg @Z

@(z))glzil’\ N dz, M dz, NN dy,

= gdeAdZilA:::dZipAdzj'lA:::Adeq:
k2f j1;:5 q0 K

Remark A.1.21. 1) V)l( = T X the cotangent bundle.
(@ #=@=0@=0ad@ @@
(3) @@satisfy the Leibniz rule, i.e.
@™ )=@" +( 1" ~@
@~ )=@" +( ) "@;
for 2 %9, 2 12

(4) The holomorphic tangent bundle is naturally isomorphic to the holomorphic
vector bundle Tx given by the transition functions j(z) = J(' (' ;(2)))
k
for the JacobianJ ('  )(* ;(2)) = %—”Z(' i (2)) . of the local trivializations
', ofthe bundle :E! X.13 Y

There is an extension of@to the case ofE valued di erential forms:

Theorem A.1.22. () If E is a holomorphic vector bundle then there exists a
natural sheaf homomorphism ofC vector spaces.

@: PYE)! PUHE) = (XE) g (X O

X
= (XE) g K4
which obeys@ =0 and the Leibnizrule@( !)= @)+ @()™!
for 2 §(E);! 2 §9 Here the” product is dened as: Let 2
SUAE)It,2 §9then( 1)nlpi= (LM 1)

12See Huy05] lemma 1.3.6, p. 44.
3Again in Huybrechts [Huy05], p. 71.
YE( acts asf s:x 7! f(x)s(x) forf 2Ex ands2 §9.
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(i) Let (si)1 i r be a holomorphic local frame eld ofE, for examples;(x) =
' ,H(x; &); e standard basis element o', ' locgl trivialization, then we
can write for all s°2 P%E):s’=s ! withs= [, is; 2E(U). @
acts ons® as

_ X _
@(s) = S @ i!):

i=1

This description of @ is independent of the chosen holomorphic frame eld
since any transition matrix to another holomorphic frame eld is holomorphic
in each component and makes therewith by Leibniz rule no contribution to
the result.®

(i) The holomorphic structure of a holomorphic vector bundle is uniquely de-

termined by an operator@ : $(E)! ?(;1(E) with the properties named
in (i).
Proof. Huybrechts Huy05], p. 109f. O
Remark A.1.23. (i) In future it may be often enough to consider only local

sections since a global section restricts to sections on open subsets and local
section can be glued together to a global section if they coincide on some
open set®; a sheaf homomorphismi commutes with the restrictions and

is thus de ned by local sections, since for an open coverind)i2;, €.0.
those with local trivializations, sijju; = sjju; ) ' (S)iuny = ' (Sijuny) =

" (Sjjunu) = (S)jun -

For example@ = 0 follows by (ii) locally out of ?95 = 0 and this follows
from d? = 0 by degree considerations. However, for a Riemann surface this
is obvious since there are no non-trivia{p; g forms forp> 1orq> 1.

(i) For smooth vector bundles an operator@ does in general not exist.

In the following we will denote a holomorphic vector bundle byE; @).

S
Remark A'l'?54' Recall that the topology onE ¢ F = —,,Ex ¢ Fx resp.

Eu cFu:= —,0Ex cFx;U open, is the unique topology such that

"'y Ey Fy! U (C® cC"); e=rk(E);f = rk(F)
Xe X 7V (X" e,(Xe) "R (XF)); Xe Xp 2 Ex Fx

SHuybrechts [Huy05], p. 109f.
16Dj erences to a presheaf.
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is homeomorphic, wheré g, resp.' ¢, are the local trivializations overU.!” Note
that C® Cf' C®, ie. the' . can be identi ed with local trivializations of
the ef dimensional tensor product bundle.

For smooth resp. regular resp. holomorphic vector bundles we want the maps to
be di eomorphic resp. biregular resp. biholomorphic®

Let (&)1 i ebethe standard basis o€®and(f;); ; r the standard basis ofCf then

e fi(x):=" L x(e fj)1ie isalocalframe eld since local trivializations
' 1 f

are C isomorphisms forx xed. Let e(x) := 'Ej(x; (&)1 ¢ and f;(x) =

' Ful(x; (f;)1 ; ) be the corresponding frame elds orE resp. F. Then de ne a

map' : (UE cF)! (UE) gu (U;F) by linear extension of

'xTe f(x)=fxT7e(x)g f x7!f(x)g

0 1

X X
B 7! L8 00K = (X Tl e f(%)

i e
j f

1 1 i

1 1 f
for some maps ; : X ! C. Of course the j cannot be chosen arbitrary under
all functions if ' isdened on ( U;E ¢ F). More precisely

8 9

2 X =

s = _xT! i (x)e f,-(x)>

: lie )

1] f
is smooth i
8 0 19
2 X 2
Cwos0=_xT T e K]
: 1ie J
1 f

is smooth. But this is only the case i all component functions are smooth, i.e. i
j issmoothforalll i el | f.Inparticular' well-de ned.
SinceE(U) acts on ( U;E ¢ F) by multiplication we have' (s) = ' (s) for

7Use a common re nement to nd a covering which suits both vector bundles. The map is
well-de ned in the rst component since for local trivializations pr ;' g, (Xg) = je, (Xg) = X =

jey Xg) = pry' g, forall xge  xg 2 Ex  Fx.

18See e.g. HatcherHat03], p. 9.
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2E(U),s2 (U;E cF),ie.' isaE(U) homomorphism.
On the other hand
0 1

X
1%) ifx 7 e(x)g f x 7! fj(X)gg

8 9
2 X =
= > X 7! i (e T

1i e
1 f

inverts ' . Thus ' is a E(U) isomorphism. Since the restriction maps in the
sheaves( UE c¢F)and (U;E) gu) ( U;F) are just the usual restrictions for
maps, i.e. sjy : X 7! s(x);8x 2 U, " is an isomorphism of sheaves with values in
E(U) modules.

The same construction works if we replace smooth with holomorphic resp. regular,
di eomorphic with biholomorphic resp. biregular,E(U) with O%"(U) resp. Ox (U)
and with o resp. . Therefore we have the following canonical sheaf-
isomorphisms

(UE cF)'" (UE) guy (UF) resp.
hot(UJE ¢cF)" (U;B)ha ooy (U;F)na  resp.
reg(U; E c¢cF)' (U E)reg 0(U)x (U, I:)reg:

Remark A.1.25. For vector space€y; Fx we have Hon&(gx; Fx)' E, cFx. So
we can de ne the homomorphism bundle Hoa(E;F) = ,,4 Homc(Ey; Fy) '

E, ¢cF=E <F.2 We have

x2X X

( UiHome(E;F)) * (Homgwy(( USE); ( X;F))u resp.
hol (UyHOMC(ESF)) ' (Homog u)( not (U5 E); hat(U; F)))u - resp.
reg(UyHOMC(E; F)) ' (Homo, (u)( reg(Us E); reg(U; F))) u:

where (Homguy(( U;E); (U;F)))u is the set ofE(U) sheaves homomorphisms
or analogously in the other cases. For the last step we use that

(x;e) = fe7! (s(x))(e)g; e2 Ey

is a vector bundle homomorphism with not necessarily constant rank for all
s 2 (U;Homc(E;F)): is smooth i (x;f(x)) = fx 7! (s(x))(f(x)) 2
(U;E);8f 2 (U;E) i sissmooth. isaC homomorphism sinces(x) is.

19Di erential Forms and Connections, Darling [ Dar94], p. 122, or Rei09, p. 27.
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On the other hand if we have a vector bundle homomorphism we get a smooth
section of the homomorphism bundle (without rank restrictions) by

s(x) = (x;):

The two constructions are obviously inverse. Thug U;Homc(E; F)) is isomorphic
to the vector bundle homomorphisms with not necessarily constant rank. Further
A.1.18, (ii) shows the connection to sheaf isomorphisms.

At the end of this subsection we want to add two well-known theorems:
Theorem A.1.26.  The following categories are equivalent

(i) Smooth projective algebraic curves (i.e. one dimensional projective algebraic
varieties) with regular maps.

(i) Compact Riemann surfaces with holomorphic maps.

Remark A.1.27. The analogue to punctured surfaces are quasi-projective curves.
We will mainly work in the holomorphic category.

Theorem A.1.27. There is a one-to-one correspondence between the isomorphism
classes of invertible sheaves, divisors and line bundfeen a Riemann surfaceX .

To a line bundleL the corresponding ipvertible sheaf i U;L); U X open and
the corresponding divisor is de ned as ords(f )s for any non-zero meromorphic
sectionf : X ! L.

Proof. A proof can be found in Miranda Mir95], chapter XI. O

A.1.3. Definitions (Hodge Theoty)

Let V be a real vector space theh : V! V;I1?2=id is called almost complex

structure. Extend | : Vo ! V¢ the complexication of V, Vc = Vg C. Then

| has eigenvalues i and eigenspace¥1? = fv 2 V;jl(v) = ivg; V% = fv 2

Vejl (v) = ivg; Ve = VIO VOl Complex conjugation induces/t? ' V0! real

isomorphism. OnV we have an induced almost complex structuré(f )(v) =

f (1 (v)) and an mdvced decr‘_ompq?tlorivlo) = (V) (Vo) = (Vv )\(}1. The

Extenq/r algegra IS L = k=0 vV {} = dim R\y = dim C\yc resp. Ve =
K=0 Ve = gk PAv for PAv .= " Pyi0 . 9VOl For(z;Z)

the cqfnplex coordlnages (X1;y1;:::) real coordinates, we have the volume form

@)™ L (z”Z)= (X" Yi). We de ne the fundamental form tol on an

20See A.1.11 for a de nition of a line bundle, i.e. a rank one vector bundle.
21This is well-de ned up to some equivalence relation. SeeMir95].
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euclidean vector spacéV;h; i) as! := H();()i = h();1()i for I compatible
with h; i, i.e. H();1()i = h);()i.?> Moreover(;) := h;i i denes a
positive hermitian form and Ve = V1° V%! is an orthogonal decomposition
w.rt.tohv  ;w I :=( )hv;wionV rCforv,w2V;; 2C.

Remark A.1.28. An example isV = T,X atangent space. Then Pav = §9,

De nition A.1.29.  Let V be an euclidean vector space with a compatible complex
structure and e a basis ofV with volume forme; ™ ::: " e,.

Vv Y
@i L v Ve ! v Ve; 701~ is called Lefschetz operator. We have

L (VrayS PrLa* v/ of bidegree(1; 1).

Vv Y
(i) The Hodg operator kv "Kyvisdenedas A~ = h g oivolfor
Y, Y 7
all ; 2V, = o 6 = o & f1:ngjlj=kand
e.xter'ld C-Iin.ea'rly on cpmplex forms. In particular vol =1; (e,":::"e,)=
sign(is;:issicaiinin W, N i) &, -
.. Vk Vn k Vn
We get a non-degenerated pairing " V V! Vi(; )7t o»

that we will denote as well withh; i.2® Thenh; i =( 1M Wh ; i,
i.e. se\lj-adjoint Wp to sign.
maps "IV m P9y | Note that ( 1)K(" K s the inverse to on

“V. In the manifold setting which we will treat next, a complex manifold
will have evenR dimension, i.e.( 1)X" K =( 1) =( 1)k,

(i) The dual Lefsghetz opeyator is de ned as = L L . Itis the unique
#
Qperator \VA V with this property. We have ( P9V )
P L4 1y of bidegree( 1; 1).

For details see HuybrechtsHuy05] p. 33.

Next consider the hermitian manifoldy(X;g), i.e. g« on Ty is compatible with the
almost complex strugfurel . In this context we call! := g(l ();()) fundamental
form. Locally ! = 3 |n1 -, hj dz” dz, H = h; positive-de nite hermitian. We
will mainly use h; = E the euclidean metric. Note theg is uniquely de ned by !

and!l viag(;)=g(();1())="1(;1()). Therefore we might sometimes usk

instead ofg.

Remark A.1.30. () From a Riemannian metric g and the almost com-
plex structure | we can construct a hermitian metricgq ; ) = %(g( ;) +
g(l ();1())) or as in the vector space case aboye )= h;i il is a her-

mitian form for any fundamental form.

22| is orthogonal.
23For n = 0 we get our inner product back.
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(if) In the Kahler case! has to be closed. For the euclidean metric on the unit
disc the volume form is just;dz~ dz. We will mainly use this metric in
our one-dimensional case.

Recall that for an open subsetitd  C we get a basis oT,U: -2: @ and a complex

@x @y
structure | (&) = @@y' (&)= 2 and analogous or(T,U) the dual basisd x; dy
and the complex structurel (dx) =d y;1(dy) = dx. Usually we use the complex

. ) @ — @ ;@.-0@-—1/@, ; @
coordinates on thg complexi ed_ tangent spaceg, = 5(@ |@), @ - 5(@"’ |@g
and the dual basisdz = d x+ idy;dz=dx idy. OnT,U we may use the
euclidean metric;dz” dz.

- - Vi Vi
De nition A.1.31. @ L: "TX! TX, 70 ~1.

\Y \Y
(i) : T X! "~ T X as before using the metrig as inner product and
the natural orientation dx ~ dy resp. 5 dz” dz of the complex manifoldX .
Heren = dim ¢(X).?*

v v
i) @ KTX! 2T Xx; = 1oL

(iv) For any d; @@de ne d ; @; @ as the -adjoint. For exampled = d
Sometimesd is denoted as codi erential .

Extend the formalism to E valued di erential form for (E;h) a hermitian vector
bundle. We may interpreth as a map' :E! E ;e7! h(;e). This bijection is
C antilinear.

De nition A.1.32. The Hodge operator onE is de ned as

mg 1p1q
e . E X1 E X

with (s !):=h(;9) ()= h(;s) () by C linearity of
Again we get a pairing

V. V. e
D' PAX 1 X; n =dim X

G ) o)== )

where ™" is the evaluation in the bundle part and the exterior product in the
form part. ReplacingE by E we get ¢ and ¢ "¢ =( 1)’"9 since we have
in the bundle part the identity and in the form part the conjugation drops out
and it remains the classical operator which leads for even real dimension (in
the complex manifold case) just =( 1k=( 1)p*q

As before we de ne

24For the euclidean metric and for all other metrics by multiplying with the corresponding ha; .
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De nition A.1.33. (i) Forany connectionD = D% D%dene (DY = ¢
D¢ rand(D% = = D® . LetD =(D9 +(D%.

(i) Analogous forLg (h(;s) !)=h(;s) L(!)dene = ¢ Lg E.

Remark A.1.34. In general a connectionD on a vector bundleE induces a
connection on the dual bundl&e by Dg (f)(r) = & (r) f(D(r));f 2 E ;8r 2 E.
This becomesD? h(r;s) = @fr;s) h(D%;s) = ( 1)%¥h(r; D %) for a metric
connection -f = h(;s) - or more general for any two operator®? D®such that
D%+ D%= D a connection andh(D%;s) + h(r;D %) = @(r;s).?> Analogously
DXh(r;s)=( 1)%*h(r;D%).

Lemma A.1.35.

VA Z Rq pAl;q pr 1
(;D )= (D ; ); 2 E X; 2E X X
X X

if both sides are well-de ned, i.e. nite, and if vanishes on the boundary.

Proof. See Huybrechts, Huy05] lemma 4.1.12, p. 169f. Huybrechts assumes
compact, which is only used to ensure niteness of the integral and in order to
use Stoke's theorem in the proof we need to vanish on the boundary. Further
he takes@ instead of an arbitrary (part of a) connection, but the only property
used is the Leibniz rule, which by the way changes slightly in notation, since we
rede ned * as well. O

Remark A.1.36. Forexample ¢ := Q@ + @@ is the Laplace operator and
a section ofE is called harmonic if it is killed by .

Lemma A.1.37. (Kéahler Identity) Let D°+ D%be a connection and@k; ) =
h(D%; )+ h(;D%)%, then8s=s, dz2E %s=s, dz2E '

i[ ;D% =i D®=(D%s and i[ ;DYs=i D%= (DY s

Proof. We show the case of a metric connection. If the degree @f is not xed
we need to apply the following calculation tcs too. By direct calculation

(DY s & DI s
= & D2 h(;s0) (d2)
& h(( DN p%)  ()d2)

=:s;dz

25The generalization lies in the fact that we don't require D° to be of degree(1;0) resp. D%
of degree(0;1). Furthermore degr becomes of importance if we extend to higher order forms.
26@.9. a metric connection.
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= h(;s)( i)dz"dz
& h(5sy) (( L(Q)= & Le h(isy) ( 2)

— - . 2— N — T — - N
S e ke Rs) g EINAns e pe gRar g
D%
= | D%:
and since maps O-forms to 0 we have as weli[ ;D%s = i D%. The second
equality follows analogously:
(DOS S = E DEO ES

= & D h(is) (d2)
= g h(;( 1)« id2) P{‘;?P) ( i)d2)
=is5,dz
= & h(;s)( i)dznrdz
= & h(Gs) (2L(M)= & Le h(:s) (2

= & Lt h(:s) 2—2i‘(dz’\d2)
= (Dje_pe 5(udgn o7
DO
= i D%
O]

Remark A.1.38. The general case of the Kahler identities can be found in
[HuyO5], p. 120, 3.1.2 orGH7§], p. 80.

A.2. Metric Bundles and Connections

This section is divided into two parts. The rst one is still a general discussion
of metric bundles and metric connections. It also includes an extension of a met-
ric to dierential forms. The second part will treat a hermitian inner product
as a map into the space of positive-de nite matrice®,. We will endow it with

a real manifold structure using the exponential map and the correspondence be-
tween hermitian matrices and the euclidean spade". In particular H, may be
equipped with an inner product. Furthermore we will show thatP, is a com-
plete, non-negatively curved Riemannian manifold. In order to do so we will use
the continuous functional calculus and "divided sums" to nd a formula for the
di erential of a matrix. The "divided sum" will be used later when constructing

a harmonic metric, the completeness and non-negative curvature will be used to
work with geodesics.
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A.2.1. Fiber-wise metrics and Connections

De nition A.2.1. A holomorphic bundle is called a metric bundle if for each
x 2 X there is a hermitian inner producthy, on E, = 1(fxg) such that for
s;s . U ! E smooth sections,U open neighbourhood ofx: hy(s(x);s(x)) is
smooth.

Remark A.2.2.  Each smooth vector bundle can be equipped with a hermitian
metric.

Remark A.2.3.  For an arbitrary function f : X ! C and smooth sections and
ch(f; )=fh(; )=h(;f ).

De nition A.2.4  (Connection form). A connection form on a vector bundle
:E ! M is a sheaf homomorphism of vector space¥

Do: (UE)= () ! {H(E)=(UTU E)
S 7' D(s);
which obeys
() Do(s )=Do(s)®» +s d 8 2E(U),s2 (U;E) (Leibniz Rule),

whered denotes the exterior derivative.
We can extendDg to

Dp: H(E) ! §T(E)
s ! T'Dp(s !')=Dg(s)"! +s d; s2 P(E);!2 P

The curvature R is then
R=D; Dg: J(E)! 3(E):
A connection is called atif R =0.

De nition A.2.5 (Connection (local)). Lets=(sj)1 i ;S 2 = Y (E) a basis ofE,

for eachx 2 U, i.e. s a frame eld. Then we can writeDs; = [, § ! =s!,
where!;; 2 L. The m'gtrix = ('ji)1 i r is called connection form ofD.
Further for a section = i'si ini2 9
I
X ' X X
D =D S i = D(si )= (D(s)™ i+s dj)
i=1 i=1 i=1

2’C acts on {}(E) by multiplication with the value. Note that this is weaker than the
Ex linearity; more precisely: it corresponds to the linearity w.r.t. constant C valued func-
tions.
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X X
= (Sj Lii )N i+s dy
i=1 j=1 !
= s (Yi™ i)+ts d
i=1 j=1 !
= si (! i " j)+ si dj
i=1 j=1 |
v !
= Si d;+ i ™
i=1 j=1
Writing = (( )1 i ()' as a column vector this becomes
D =d +!
The curvature form is
= d +!~6L
; . P p+1 [ L p:q
Remark A.2.6. Sllnce d: ! X and X T | praek X 1.(resp.
_l)<( {E) = .p+q=lt §|Q(E)) \-Ne]_ write @: p+ o= k_ E(’q ! p+ag=k 5( ,q and
@ gk X! srq=k < suchthatd= @+ @ The same can be done for

a connectionD, i.e. Dy = D+ Dk = p+ qwith
M ; M +1; M ; M g+l
Dy : RUE) ! HYE); DR RIUE) ! RIH(E):
p+g=k p+g=k p+g=k p+g=k
Further
DXs !')=DYs)"! +s @!; DAs !)=DAs)"! +s @
fors2 9(E);! 2 9.8

De nition A.2.7. Let sy =(si)1 i r be aframe eld overU and h a metric on
our vector bundleE then de ne hj := h(s;;s;) andHy = (hj)1 i -

(i) sy is called unitary at a point xq if Hy = E is the identity matrix at X,.

P
(if) sy is called normal atx, if Hy = E andw;; = L=1 hx » @R =0 at Xo.

28\ i ion i = pid
With the natural inclusion into . _ §"-
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(iif) A connection D on (E;h) is called metric connection if
dih(; ) =hD; )+( D®n(;D ) ; 2 YE)® (A27.1)
This means that for eachy 2 W(X) = ( X;TX)
Yh(; )=h(Dy; )+ h(;Dy ):*®

Xh = Ly h = dh(X) is the Lie derivative: Let (t):1 =] ™""[! X be any
smooth path in X, then h( ( (t)); ( (t))) for sections; 2 ( X;E) is a
path in C, i.e. Lyh( (a); (a) = %h( (@®):; (1) ., wherea= (0)
andY(a)=[ ]a2 TaX (Y (a) tangent vector to the curve ).

Another way to read A.2.7.1is:h (; ):X ! Candthush (; )2 ¢,
D (x)2E, T/X

h(D; )= h(s = h(s; )!
h(:D )=h(;s h(;s )=
) d(h(; ))=h(s; ) +h(;s )

D
)

Remark A.2.8. The last reformulation of h on higher forms corresponds to
the choice of the euclidean metric oiX . Usually the induced metric on a tensor
product E F, whereE is equipped withhg, F with hg, is de ned ashg ((e;
fi;& f,) = hg(ey;e)he(fy;f2). Since we are on a one-dimensional complex
manifold we only need the hermitian extension df i(d z;dz) = h L (dz;dz) =

2;h 2 (dz” Z;dz” dZ) = 4 for the hermitian metric. Applying these to A.2.7.1
resp. decomposing the right hand sidee (; )h 1o 2(; ) preserves the equality.

Remark A.2.9. (i) For a holomorphic hermitian vector bundle overX and
Xo 2 X there is a local normal frame eldsy at xq.%?

(i) For a metric connection! and are skew-hermitian, i.e.!; 2 o(r) the
Lie algebra to the Lie group of orthogonat r matrices.
29 Although we consider for now only degree0 forms, i.e. ( 1)99() =1, ( 1)%90) indicates
how the condition can be generalized. This will be important when we consider Higgs elds.
D =s LI x): T X! C. Dene!ly :x7' (P(X)Y(X),thenDy :=s !y =
'y s 1,Dy =1y s

3lwell-de ned, i.e. compatible with the equivalence relations de ning the tensor product, since
the hermitian metricis C linear in the rst component. Same holds with conjugated C linearity
and the tensor product in the second component. Further note thatf dz+ gdz:= f dz+ gdz
fora 1l form.

32Kobayashi [Kob87], p. 13.
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Thegrem A.2.10. Given a hermitian structureh on a hoIomorEhic vector bundle
(E; @), there is a unique metric connectio® such that D= @.

Proof. A proof can be found in Kob87], p. 11. or Huy05], p. 177, 4.2.14. m

Remark A.2.11. (i) The curvature of a hermitian connection is of degree
(1;1) and! of type (1;0).

(i) For a metric connection parallel transport is an isometry.
(i) There is a (slightly more) general version of A.2.10 which states that for any
given (1; 0) resp. (0; 1) part d'we nd a unique (0; 1) resp. (1;0) operator &

such that d+ dis a hermitian connection?3

De nition A.2.12  (Holomorphic Connection) A holomorphic connection is a
map

Do: na(GE)!  ma(GE) X"
such that
(D) D(s )=Do(s)» +s @8 2 (U;C),s2 (U;E) (Leibniz Rule),
In abuse of notation this becomes
E' E 5%

whereE is now the associated locally fre®2" module (i.e. 1o (X;E)).
An extension to higher forms is done as in the case of an ordinary connection.

Remark A.2.13. (i) There is a decomposition oD = @+ ! as for general
connections.

(i) D = D + @is an ordinary connection orE.
(i) Not every (1;0) part of an arbitrary connection is holomorphic, sinceD
could send holomorphic sections to non-holomorphic elements ofO(E),

i.e. f dz;f not holomorphic.

Remark A.2.14. On a at holomorphic vector bundle exists a holomorphic
connection.

33See e.g. BedfordBed91] p. 96. The proof is essentially the same as the one of the theorem.



A.2. Metric Bundles and Connections | 169

Consider the unique metric connectioD = @ + @ given by theorem A.2.10.
Then

d(h(; )

2" 24

1;0 0;1
2 X 2 X

= h(@+@); )+h(;(@+@))
= h(@; )+h@; )+h(;@ )+h(; @)
— h(sl;o !1;0; )+ h(so;l !0;1; )

+h( ;Sl;O I 1;0) + h( ;SO;l I 0;1)

= h(sY% )1 104 p(sPt )1 04 ;Sl;o)!ﬁ+ h( ;So;l)!ﬁ:
z

I
-
v

| —{z—} |—fz—} [—z—} |—{z—}
2 >1(;0 2 ;)(;1 2 gl(;l 2 )1(:0
and therefore
@an(; ) = h@:)+h:@)
@h(; ) = h(@; )+h(;@ ):

Of course@ = 0 for a Riemann surface since there are no non-trivigb; ) forms
forp>lorgq>1(dz~dz=dz”dz=0).

A.2.2. Metric as a map

There is an equivalence between (IC) representation of the fundamental group
(up to GI,(C) conjugation) and at smooth vector bundles. In fact every at
regular smooth vector bundle is equivalent t&X C"= with (p;9) (p;f ( )0)
for 2 1(X). Here X can be understood as a principal ;(X) bundle. f is
the corresponding G|(C) representation of (X ). For more details see Reisert
[Reild.

So if we consideE = X C"= a metric is a map

h:(Xx C'= ) (X C'=)! C;
which rises to a maph = hpr
h:(Xx C) (X C")! C:

By the equivalence relation a framg(s;) can be written sj(x) = x s’ with x
in a xed (basis) leaf of X', i.e. as a map of setX ! X C". Then a metric
(which is always ber-wise) acts only on the vector space par€". Further a
matrix is uniquely de ned on the basis, i.e. byh(s;;sj). As before writeH =
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(hj)1 ij n = h(s;si))1 ij n as a matrix and thush(v;w) = w Hv.3* H has to
be positive-de nite and hermitian as representation of an inner product.

Remark A.2.15.  Note that the unique hermitian connection compatible with
the holomorphic structure @is

Dy :=d+ H 1@T;

where d; @act as the usual exterior derivative on each component. Hence the

curvature is D2, = @H '@). In the line bundle case the curvature becomes
@®gH).*

Let P, denote the set of all positive-de nite hermitian matrices® Then Gl,(C)
acts onP, by

(G:H) 7! GHG ¥

Note that the isotropy group of this action atE is just U(n).
This action is transitive since by Cholesky decompositiotd = LyL,;H° =
Lol 0 for unique invertible lower triangular matricesLy and L. Hence

H%= Lyol o= I_H{DZLHlH(LH) Lyo= GuuoHGL o Grmo2 Gl (C):

=Gup 0

Remark A.2.16.  Since Un) is a closed subgroup of G(C)® the action (right-
translation) of U(n) on GI,(C) is smooth, proper and free and G(C)=U(n) is a
smooth manifold with smooth submersion g,.um) : GIn(C) ! Gl (C)=U(n).*°
Thus we may identify T ., ., (GIh(C)) ' Ts(Gln(C))=Ts(GU(n)) by the fun-
damental theorem on homomorphisms anker(d gi,.um))c = Te(GU(N)).

Another Proposition of Lee [ee0Q p. 175, 7.21, tells us that for a set on which
a Lie Group G acts such that the isotropy group at one point is a (closed) Lie
subgroup ofG, there is a unique manifold topology and a unique smooth structure
such that the givenG action is smooth.

34v;w written in the basis s;.

35A proof can be found p. 185f Huy05].

36This is not a subgroup of G, (C), since for hermitian matricesH;H% (HH® =(H9 H
H% 6 HH %in general.

3 aip (E;H) = H; aip,(Fr @p,(GiH) = ap (F;GHG ) = FGHG F
(FGH(FG) = aip, (FG;H).

38Lee [Lee0q p. 174, proof of theorem 7.19. Even compact by Heine-Borel.

39 Again [Lee0q p. 172, proof of theorem 7.15.



A.2. Metric Bundles and Connections | 171

Then our action is smooth and therefore we nd an GC) equivariant di eomor-
phism' (GU(n)) = gp, (G; E)* from GI,(C)=U(n) ! P,.** In particular the
smooth structure onP, is just the unique smooth structure such that is a di eo-
morphism. Moreover note that G}, (C)=U(n) is not a Lie Group, as Yn) GI,(C)
not normal.

As a resulth can be written as a mapX ! Gl,(C)=U(n).

Remark A.2.17.  The singular value decomposition leads to the similar result

Glh(C) = P,U(n), i.e. every invertible matrix can be uniquely written as the
product of a positive-de nite hermitian and an unitary matrix.*?> But then

Gly (Q)——"61,(C)=U(n)

N

Pn
with
eoum  (H)="  cLum(HE)="(HU()) = H:
In particular we have the inducedC" " standard topology onP,.
Now lifting h to i results in a maph : X P X 1" Gl,,(C)=U(n) with
A(x )= ()AC)F()

since fors; (x) = (x; przsi(x)) ) prs; = [*; prysi(x)] = [T ()prasi(x)],

M = R(s():s (%) ,
xXn xXo '
= hx(f()si;f(%sj): hy f( )iSk; f(%'sl
k=1 1=1
X % _
= f()f (9 hijx = fC95 (HEC)Niix
k;l=1 k=1

= (FCYHEONiix:

This is just f equivariance ofh.

40U(n) acts by multiplication from the right.

4IFor a proof see [ee0( p. 174, theorem 7.19. Choose the isotropy group ap = E. In fact
we only map everyH on its Cholesky lower triangular matrix.

42For example in Chevalley Che4q p. 14, Y5 Prop. 1.
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Remark A.2.18. If f : 4(X)! U(n) than h is invariant under the action off
(by equivariance of' ). This is just Kobayashi's Kob87], Proposition (4.21) on p.
14:

The existence of a at metric connectiornE is equivalent toE de ned by a homo-
morphismf : (X)! U(n).

Further note that for matrix groups G: exp(g) = G. Under exp hermitian matrices
are mapped injectively into the set of positive-de nite hermitian matricegx 6
0);8t 2 R:

exptH) = exp(tH )=exp(tH), H=H
X (tH)K R (tx Hx)K
x expH)x = x % = kak2
k=0 k=0
tx Hx

2
kxk< exp ke
) x exptH)x > 0, x Hx 2R;

and x Hx 2 R already ful lled for H hermitian. Moreover this is a homeomor-
phism w.r.t. the by Gl,(C) induced topology*® The tangent space toP, at the
identity E is the space of hermitian matrice$l,,. This can be seen either by using
the restriction of the exponential map ongl,, and the previous calculation or by
the decomposition

TePn ' Te(Gh(C)=U(n) ' Te(Glh(C)=Te(U(M) = gly=un;

where the unitary Lie algebra is just the set of skew-hermitian matriceSH,:
8t 2 R : exp(tS) exp(tS) = exp(t(S +S)) = E, S + S =0. But any
n n matrix can be decomposed

Mn(c): Hn SHn.

For any A 2 M;(C) setAy, = 3(A+ A) 2 HyAsy, = 3(A A) 2 SH,.
Uniqueness byA 2 H,\ SH,) A=A = A) A=0. Hence

TePr ' gl,=u, = My (C)=SH, ' Hy:

Remark A.2.19. P, is homeomorphic toH,, underexp. Further H" is homeomor-
phic to R" ":* Obviously all entries under the diagonal are uniquely determined
by those over the diagonal. The diagonal itself is real, i.¢4, ' R" C"°=2 n=2"

43Chevalley [Che4q page 14, Y4 Prop. 6.
44[Che4q , p. 14, Y4 Prop. 6.
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RM 20°=2 20=2 = Rn 0 Explicitly we have the splitting H, = S, iS,, S, real sym-
metric n dimensional matrices S, real skew-symmetricn dimensional matrices
and the R linear homeomorphism

' HnR - Sq |S«| ! an

(S;T) 7' Ry

1 1 . an | H
HnR - ) n
R 7! 2H,

I:)n
2 Plh =1 k n(n 1)=2 k;in+]j nSu

+ p n(n 1)=2 k>n (n 1)=2 k;in +i nSn
+2 |J =1 k>n(n 1)=2 k;in+]j nle
P

n2
B, kK n(n+1)=2 In+m nk | mRk

+ pk=1 kK n(n+1)=2 mn+1 nk | mRk

+i k 1 ken(n+1) =2 |nim+ n2 n K I>m Rk
- n2
i ket ken ()22 s 02y tem RK®

Now we nd ourselves in the position to de ne a Riemannian metric, namely the
standard inner product onR" and pull it back. Thought the calculation might
seem tiring, Q"P for Q;P 2 R";Q = ' ..r(RS+ i°T);P = ' 1. r(PS+iPT)

becomes
)QZ
Q'P = QxPx
k=1
= 2 4 9SS + 95 7S; +2 45 OTy Py
i =1
XX . 5 XX o
= 2 < °SiFSi + 9SS +2 i O Tii ¢ Tji
i=1 j=1 i=1 j=1
XX XX
— 46 QSji PSji + QTji PTji
i=1 j=1 i=1 j=1

=  tr(°S"T PS)+ tr(}TT;PT)
=  tr(°ST PS)+tr(( i) °TT i PT)
=  tr(°S"T PS)+i tr(°ST PT)

i tr(PTT PS)+tr(i °TT i PT)
=  tr((°s i°T)"(°sS+i"T))
=  tr((°S+i°T) (°s+iPT))

“SNote as well that all component functions are in fact smooth. However, sincéd,, is already
a tangent space, continuous will be enough for us.
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where we used rst the symmetry resp. skew-symmetry ofS;”S resp.
QT;PT and further that the trace of the product of a symmetric and a skew-
symmetric matrix vanishes?’ But the last term is just the Hilbert-Schmidt norm
hA\;BiHS = tr(B A)

Remark A.2.20. (i) This is a symmetric inner product - not hermitian - and
as such it only works on hermitian matrices. WritehA;Bipys = tr(BA) =
tr(AB);A;B 2 H, to point out the symmetric character; PA;Bips.c =
tr(B A) is more familiar and is directly recognizable as a positive-de nite
inner product. In fact:

(i) We are used to considering the complexi ed tangent spacdgsM = TM rC
of a manifold M. Therefore TcP, = H, iH, = HS. The inner products
extends trivially via PA+iB;C +iDi = PA;Ci+hB;Di+i(hB;Cih A;Di)to
a hermitian inner product w.r.t. the usual scalar multiplication(a+ ib)(A +
iB)=aA bB+i(bA+ aB), a;b2 R;A;B;C;D 2 H,,. We will henceforth
use this complexi ed inner product when working with complex di erential
forms:

(i) When extending the metric to di erential forms, for example to calculate
the derivative of our metric maph: X! P," GI,(C)=U(n) we extend the
metric on mapsTX ! HS. In the previous subsection A.2.8 we mentioned
how the metric splits up under the tensor product. There we saw that for

(zydz= (z) (1dz); (z)dz= (z) (1dz)we haveh. Lo 3;1( (2)
(1dz); (z) (@dz) = he( (2); (2)h Lo 2;1(d z;dz) for any spaceF
where ;  take values in. In our casd = HS.%8.

Usually we will work on an open disc with the euclidean metric. For the
euclidean inner product we geh Lo g;l(!; ):= 1~ —% This is a positive
di erential form for | = since for! = fdz) ! A T =fdz» fdz
jfji2dz~ridz=ijfj?dz~ dz=2jfj?dx~ dy. Further! » =0, !
and linearity is obvious.

I N

0

p °Rgname i $ | and interchange the sums to get ? L P la ok 9SiPs =
bt per b 0SiTS; apd by symmety 9SS = C§;Ps;. Hence
a9 9SiPSi = L L 6195 S Analogous for T,

MrHY=tr(HT) ) tr(ST)= tr((ST)T) = tr(TTST) = tr(TS)= tr(ST)) tr(ST) =

0,852 S,;T 2 S, by elementary properties of the trace.

“8Maps dH : TX | TP, can be identi ed with an element of ( ¥°  %') H,.
49¢f. A.1.3.

2
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Since our G}, (C) action is smooth and invertible
gI;Pn : Pn ! Pn; gI;Pn (Q) = gI;Pn (G, Q)

is a di eomorphism. In particular (d 8,;PH)E is an isomorphism. ThusTgP, '
Tes Pn' ToPn;8Q 2 P, by transitivity of the action. Note that (d & )e(Q)
GQG 2 Tge (P") by a basic calculation°

Finally we get the metric (corresponding to our topology) by

hQ; Pir,p, := tr(H 'Q (H) 'H *P); 8Q;P 2 TyP,

since this inner product is invariant under our action: ForQ = GQyG ;P =
GP()G 2 TGG Pn,Qo, Po 2 TE Pn we get
hQ;Pit, op, = tr((GG) Y(GQuG ) (GG ) *(GP,G))
= tr((G) 'G 'GQ,G (G) 'G 'GP,G)
= tr((G) 'QuPoG ) = tr(QuyPeG (G ) *) = tr(QyPo)
= Qo; Poins:
At the end of this section we want to describe the Levi-Civita Connection oR,,.

Lemma A.2.21. The Levi-Civita Connection onP, is given by
1
r«Y = XY §(XH Y + YH X);

with H 2 P,, X;Y 2 ( P,;TP,) vector elds, i.e. Xy;Yy 2 TP, =fHg H,.
Here XY shall be understood as the "product” of vector bundles, i.e. the
derivative of Y in X direction.

Proof. First note that the connection is torsion free, since
r«<Y r vX =XY XY =[X;Y]

In order to show "metric" choose a pathH (t) : [0;1]! P,. By the chain rule we
get £H Y(t)= H Y(t)H()H *(t). Then

St (H HOXamH () Ya )

=tr fH OXnpH MY

= tr H YORMH (OXupH *(OYue +tr H (O)XuomH ()Y

tr H {(t)XymH HHMOH Y(t)Yae +tr H XO)XamH ()Y

0] L1 Py (0) = E;X = d% (1) = 5 (d &ip JE(X) = c%G 0G , =
G & (t),,, G = GXG . Inparticular TP = Hy.
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On the other hand

tr H 1(t)r H_(t)XH(t)H 1(t)YH(t)

1
tr H '(OHU)XuoH ) Yaq S H YOHMH ()X
1 1 1 1 1
H O St H SOXeoH SOROH ()Y
tr H 1(t)XH(t)H 1(t)r H_(t)YH(t)
1
=t H AOXuH TR0 5t H AOXkH R

1
H ()Y Etf H 'OXupH ") YapH "(H()

Now using X4 (1) = H_(t)ﬁ(t)XH(t) we get the claim. O
Lemma A.2.22. The spaceP, is non-positively curved.

Proof. The curvature tensor of the Levi-Civita connection follows by an elementary
calculation using torsion freeness (cfCPR93).)

1
Ry(X;Y)Z = ZH[[H X;H YL H 'Z]
Next compute

_ 1 .
hRy (X; Y)Y Xip, 1 = zlr{[H XCH YLH YEH Xig, e
= % H IX(H Y)%ZH Xig e 2H YH XH Y;H Xiy e
+hH 'Y)*H X;H Xip, e

Every positive hermitian matrix H has a square root, even more a matrix is
positive-de nite if and only if it has a square root>* Using the properties of
the trace we get forX 1, := H ¥XH ¥2Y ,:=H ¥2YH 12

hRH (X, Y )Y, XiHn;H

1 . )
2 X 1(Y 122)% X 1minge 20 120X 1Y 1903 X 1l e

+h(Y 12)°X 122 X 1220, E

51 Any book on linear algebra or by H = UDU , D = diag(ds;:::;d,) diagonal, U unitary,
D2 = diag(d} *;:::;dh 2)) H = UDU = U(D¥?)2U = UD™2U UD™2U = (Ho)? ie.

Ho square root ofH.




A.2. Metric Bundles and Connections | 177

- % (X 1=2)%(Y 122)%)  2r(Y 12X 1Y 122X 12)
+tr((Y 1:2)2()( 122)2)

By Cauchy-Schwarz

tr(Y 122X 1Y 122X 1)

tr(X 122Y 122) Y 120X 1)

tr((X 1=2Y 122) (X 122Y 122)) (Y 122X 120) (Y 122X 1))
tr(Y 12X 122X 12Y 12) 720 (X 1Y 1Y 12X 1)t

tr((X 122)2(Y 12)?)

Hence

hRH (X,Y)Y,XlHnH 0:

O
De nition A.2.23. Dene a metri%on P, as p,(A;B) =inffL( )] 1!
. _ 1 4 .
P, path from A to B:gwhereL( )= , 4 (1) — dt is the length of .
Dene De"(K) = limy (& ——% = &&i*® _ the dierential of exp at the

point H 2 H, in B direction, B 2 H,,.
Lemma A.2.24. kDe" (B)ky, e # = ke "*2De"(B)e "%k, k Bky,

Proof. In order to show this inequality and afterwards thatP, is complete, we
follow the approach of Bhatia Bha0g, p. 203 .
Remember rst:

Theorem A.2.25 (Continuous functional calculus) 8A 2 H, 9 a unique
C(spe¢A)) ! (BL)(C") bounded linear operator onC" with

() (id)=Aand ()= ide (1: ! 1),

(i) 8; 2 Cfig 2 C(spegA)): (f + g)= (f)+ (9;(fg)=
(6)C9; (fH)=(1),

(i) continuous.

Proof. Miller Functional Analysis Course I, [FA09], Chapter 1.2, page 5. m
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As usual write ( f) = f(H). Restrictto f 2 Cl(spe€A)). Further denotef the
rst divided sum of f de ned on spe€A) specA):

(=t T0 e
fGo)=ft0):
Back to f = exp. Choose an orthonormal frame such that = diag(hy;:::;hp)

P, H,. We want to show that D exp(H)(B) =exp (H) B?®2 whereexp (H)
is the matrix with entries exp ( i; ;) for the eigenvalues oH in the xed order
corresponding to our basis, i.e. how they occur in the diagonal form.
el el e
) (exp (H))j = ——— ifi6]
i j
(exp (H))i = e":

Moreover the commutator of a hermitian matrixH and a skew-skew hermitian
matrix A is again hermitian. So we may apph\D. By Leibniz rule
expH)A AexpH)

d
= e Belgh

dt t=0
_ 4R M
dt n!
n=0 t=0

d X e®"HePe™H HePe “Hek
n!

=
~—+

n=0 t=0
B d (e tA HetA)n
dt o n! -0
_ s d A 1y otA
= mexp e “He
® =0y ® I
n ]
S P S VU (O
o N =0 J! o
= %exp H+ HtA tAH + O(t?)

t=0

52 is the entry-wise multiplication. If it is clear that we are working with divided sum, we
might omit  in future.



A.2. Metric Bundles and Connections | 179

= %exp H + t[H; A]+ O(t?)

t=0

Next the di erentiability of exp allows us to move the limes from the di erential
quotient under the exponential function and henc®(t?)=t drops out. Hence

expt): Al LexpH + tH:A)  =lim S € per((h: A
dt =0 1O t

Further de ne the subspaceSG; = f[H;A] : A = Ag of the commutators
of H with skew-hermitian matrices. This is an additive subspace dfi,,, as the
commutator is linear. ThereforeH, induces an inner product t({AB) on SG,. But

tr((H;A];B) = tr(HAB AHB)= tr(ABH AHB)= tr(A[B;H])=0;
8A 2 SH; B 2 H, if and gnly if [B;H] = 0. This follows from[B;H] =1 M
skew hermitian: tr(AM) = |n1 am; =0 andfora; = a wi j & ki
) agymyg =0 for k 6 | impliesmy =0 and for| = k: m; =0 skew-hermitian.
HenceM =0. So
Zy =fA2H,:[A;H]=0g)Z 4 Cy4 = H,

Zy orthogonal complement.
Let B2 SG; ) B =[H;A] for some skew-hermitian matrixA. Then De" (B) =

For ;6 j
(De" (B));

[exp(H); Al)y = (€"a; ay e i

g
= —h_(hi hj)ay
j

e
—hj[HaA]ij

5% % =
Q-

=

ij
Forh;=h;) Bj =0 ande'a; a; €' =0 so the equality holds anyway.
The other case isB 2 Zy ) [H;B]=0: If H;B commute we may diagonalize

eH+tB eH

(De"(B));j = lim :

ij

53¢ He" is again hermitian, sincee” is unitary, i.e. exp well-de ned.
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ghi+ i ghi
im —mM——
tl 0 t
- bi

Putting all together we getDe™ (B) =exp (H) B.
Our original problem becomesB is no longer diagonal, since it must not commute
with H - but hermitian)

R

ke H:ZDEH (B)e H:Zkan;E Bij e j—Bji

I
D

X e 2
- e hi hj eh eh] . JB” jZ
=1 (hi  hy)
ij =1 (hi  hy)? =i
X0 ghi=2 hj=2 o hi=2+h;=2 2 ,
- By
i =1 (hi hy)? !
xn ehi=2 hj =2 e hj =2+ h; =2 2
= iBij j2
i =1 (hi hy)? !
X (@2sinh(h=2 h :2))21'5-- i
ij =1 (hi  hy)? !
_ X sink(h=2 hy 2)ig, i
s =p P
jBjj?=tr(B B) = kBKj, ¢
i =1
where we used in the last step thaf™*)  1;8x 2 R. O
Lemma A.2.26.  For any path H(t) in H, and the induces path (t) = *®:
Z 1
L() KH qt)ky, g dt:34
0

Moreover

L( ) k (log(A) log(B))kn,:e;
which implies p,(A;B) k (log(A) log(B))ku, E-
54The tangent space toH, isTH, ' TR"' R"' H,.
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Proof. By the chain rule qt) = De"®(H{t)). By the previous proposition for
B = Hqt)
Z

z

1

L() = ke ODe O (HY(t))ky, £ dt
0

1
kH O(t)an ‘E dt:
0

Remember that we had the bijectionexp : H, ! P,. Therefore we may de ne
log the unique function with log(exp) = idy,. Now take a path from A to B
E\; Pn, then H(t) := log (t) is path joining log(A) and log(B) in H,. Therefore
01 kHYt)ky, e dt is the length ofH (t). Recall that our metric onH,, is induced by
the euclidean metric onR". Hence a geodesic iAl, is a straight line and therefore
Z, Z,
L() kHt)ky, . dt k(log(A)(1 t)+ tlog(B))kn, e dt
Zol 0

= k(log(B)  10g(A))kn, e dt = k(log(A) log(B))ku,E:

Thus we get
Proposition A.2.27. (Pn; p,) is complete.

Proof. Take a Cauchy-sequencE, in (P,; p,) and letH,, = log F, be the corre-
sponding sequence iiM,. By A.2.26: 81 2 N;9N 2 N 8k;m N:

kHm  Hykn,.e = klog(Fm)  log(Fi)ky, £ b (Fm;Fe) 2"

Then H,, converges toH 2 H,. As mentioned before (Che44q, p. 14) expis even
a homeomorphism, i.e. continuous, and we may interchang&p and the limit to
receive
lim Fn, = Iilrp logHm) =log(H) 2 Py:

m:

m!l

[]

This result is of particular importance, because it enables us to use some results
for complete geodesic spaces.

A.3. Local Systems and Dyx-modules

After de ning local systems we will recall the Riemann-Hilbert correspondence.
Then we will de ne the pushforward bundle, which will appear again, when we
de ne our functors later on; and recall two equivalent notions of regularity due to
Deligne Pel7Q.
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De nition A.3.1. A Local SystemL is a locally constant sheaf ovekK .

Proposition A.3.2. There is an equivalence of categories between local sys-
tems (modulo sheaf isomorphism) and representations of the fundamental group

1(X;x) 1 Gly(C) (modulo GI,(C) conjugation) for a xed base pointx 2 X
and at vector bundles up to Gauge equivalence.

Proof. A proof can be found in Atk08], p. 13 or Reisert Reild. Essentially we
associate to each at vector bundle the sheaf of sections killed by the connection,
i.e. the corresponding local system and on the other hand reconstroétwith the
stalks of the local system as bers. H

Carlos Simpson uses for vector bundles with a at connection - in contrast to vector
bundles with constant transition function - the nameDx module. However, in
general:

Remark A.3.3. The spaceDy is the sheaf of di erential operators, i.e. theDy -
(resp. OF"-, Ex -)module generateé by derivations given by the vector elds on
X. A spaceV is anDx module if there is an action oDy on V.% If V has the
structure of a locally freeOx - (resp. Of"-, Ex -)module, it is the same as equipping
V with a at connection.

We will use theDyx module mainly in the part on Itered vector bundles, where
we add some more restrictions on the vector bundles resp. coherent sheaves.

The following de nitions and results can be found in DeligneQel7(Q.

De nition A.3.4. Assume thatX = X nfsg. Let (V;r ) be aDy -module (at
vector bundle), F the sheaf of holomorphic sections int&/. Denotej : X | X
the inclusion andj (F) the pushforward sheaf, i.e.j (F)(U) := F(j (U)) for
all open setsU  X.5 For a sheafF of Ox-(resp. Ex , O" )modules the
pushforward is a sheaf of Ox (resp.j Ex ,j O%" )modules, i.e. in the case of
isolated punctures) Oy is the set of functions holomorphic outside the punctures.

De nition A.3.5. (V;[V]) with V vector bundle onX, V vector bundle onX is
called meromorphic vector bundle i

(i) V extendsV, in terms of sheaves/ | V.

55sum, composition.

560One might di erentiate between left and right Dy -module.

57j continuous ) j (U) open. Further for W U the restriction maps are .
(R T j(FYW) just yw = 1) rw), Where ; 1y 1w are the restrictions
of F.
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(i) [V]is an equivalence class, withy;  V, for Vi;V, with (i) i 9n 2 N such
that for the corresponding sheavé8

ZnV]_ V 5 VA nV]_ J V:

De nition A.3.6. A frame of V is called a meromorphic frame ofV;[V]] if it
restricts to a holomorphic frame oV. A frame onV is called meromorphic if it is
the restriction of such a frame.

De nition A.3.7. A holomorphic connectionr onV is called meromorphic if
V extends to a meromorphic bundle with meromorphic framés;) andr = d+ A

w.r.t. (s;) with all entries of A meromorphic.

A connectionr is regular if it is meromorphic and one can choogg;) such that

A has at most a pole of orded.

Lemma A.3.8 (Deligne). Let (V;h) be a metric bundle,V the corresponding
locally freeOyx sheaf andV; an extension ofV. A sections 2 V; is meromorphic
if and only if it has "moderate crossing", i.e. if it is bounded byksk, CjzjN for
someC; N > 0.

Proof. This is proposition 2.18. Pel7(, p. 68. m

Remark A.3.9. (i) There are indeed meromorphic sections on an open neigh-
bourhood of a punctures with pole at the puncture, even global functions
on all of X (cf. Forster [For81] 29.17, p. 225.).

(ii) Let (s)) be a holomorphic frame ofV. If m is our meromorphic function
from (i), ' unisg @ local trivialization, then m;(x) := ' Urﬁfsg(x; m(x)e) forms
a meromorphic frame, since the trivialization is &C isomorphism. Hence

there always is a meromorphic extension de ned by th®y- span of them;.

(i) The stalk of j (F) at s consists of equivalence classes of local section§ of
In particular 8v 2 j (F)(U);s2 U 9 a possibly smaller neighbourhood of
s such that vjynisg 2 ] (F)(V nfsg) = F(V nfsg) can be uniquely identi ed
with v, i.e. there is only one element in the equivalence classwofTherefore
every sheaf homomorphism on F rises to a sheaf homomorphism op F.
An isomorphism induces an isomorphism. We denote the morphism pri
by . Analogously for connectiond resp.r holomorphic.

Theorem A.3.10. Let (V;r ) be a at vector bundle on X. The connection
r has a regular singularity ats if and only if each branch of a at holomorphic
sectione (r e=0) grows at most polynomially along each ray out of s (in terms
of a meromorphic basis).

587 local coordinate vanishing at the puncture.
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Proof. Deligne Pel7(Q, p. 55, theorem 1.19. Parts of the proof involving mon-
odromy will be given later. O

In signs: LetD be an open neighbourhood g containing no other puncture and
z a local coordinate aroundD. Set (zg;tg) = fz2 D :z= t(tpzg p)+ p;0<
t< 1;to 2 Rygfor zp 6 p. For tp small enough existsU,, in the trivializing
cover ofV such that (zp;tg) U,. The connectionr can locally be written as
r = d+ A%, with A a matrix valued one-form (4.2.5 on page 174 irHy035))
w.r.t. a meromorphic frame ofV on U, e.g. the meromorphic frame constructed
before the last example. Thar s=0, ds= As, i.e. an ordinary di erential
equation which can be solved in some small neighbourhood of an initial value and
by atness of the connection be extended along some patffsAs long as we stay
in some contractible neighbourhood the solution will be single-valued, in general
multivalued (e.g. possible orD nfpg). If necessary restrictJ,, to a possibly smaller
neighbourhood namedJ,, as well. Let' Uz, denote the trivialization on U,, and

2, (t) be a parametrization of (zp;to) with (Zo;to) U, andlimy ¢ 5 (t) = p.
Now r has a regular singularity atp i 82,8 ,,(t)8s (multivalued) horizontal
sections on U,,: 9k 2 N9c 2 R,

P’ w,SC (M) Gt ¥ 82 m n+1;tsmall enought!

A.4. Endomorphism bundle

This section on the endomorphism bundle starts with a fundamental construction
of a metric on EndE) as well as the construction of the induced di erential
operators. This subsection is of particular importance, since it will be often
advantageous to consider the endomorphism bundle instead Bfitself, in order
to get the right result. So we will often use the description of this subsection.
Consider the bundle EndE) over X. If (E;h) is a hermitian bundle

with orthonormal frame (e); i », then h (ei;q) = j denes a hermi-
tian scalar product on E , where ()1 i n IS thePdual basis. Recall that
End(E) ' Ep E via the isomorphismf : ' 7! (e ") (e). Now

hena (5 )= [, h (e %e; )h(e;g). Obviously this is a positive-de nite
hermitian inner product.

59 . .. . . P n P n
d is the trivial connection, i.e. d -, isi= .; (d i)si, s;i frame.
80Flatness guarantees the independence of the chosen path.
611n abuse of notation s stands for a local horizontal section onU or a branch of a multivalued

horizontal section.
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To introduce a connection on En¢E) * E  E recall the induced connection on
E:D (f)(s)=d(f(s)) f(D(s));f 2 E ;8s2E. HereD is metricandh is the
induced metric. If (E; h) is a hermitian bundle with orthonormal frame(e); i n,
thenh (e ;g) = j denesahermitian scalar product ork , where(g ); i nisthe
dual basis. Recall that there is an anti-linear bijectiorE! E ; ! h(; )=

Our metric becomes

h(:)=h(‘ e i&):‘ i

= iih(e;e) = h( i€ i6)
i=1 i=1 j=1

= h(; )

i.e. we could equally de neh ( ; )= h(; ).%? Ourinduced connection satis es
D(C))=D(M(; ))=4dh(; ) h(D; ). If Dis metric,thanD ( )( ) =
(D ) (). Further

dh (5 ) dh(; )=h({D; )+ h(;D )

h({D); )+h( (D))

h(@® () )+h(;D():

Now we have seen, that on the tensor produ&@ E ' End(E) a metric is de ned
by he e ((s; );(r; )) = h(s;r)h ( ; ). D induces a connectiorDg ¢ =
D 1+1 D . If DismetricsoisDg g :

dhe e ((s; )i(r )

=(dh(s;r)h (5 )+ h(s;r)(dh ( ; )

(h(Ds;r)+ h(s;Dr))h(; )+ h(s;r)(h (D ; )+h( ;D )
he e (D 1+1 D )(s; )(rn )

+he e ((s; );(D 1+1 D) )):

Finally we want to nd the induced metric on End(E). We have

E E ! End(E);
(; ) 7fst  (s) =h(s; ) g
End(E) ! E E;
X X0
e (¢ ")= & h( ;e)

i=1 i=1

62Conjugation since = h(; )=h(;=)=(") .
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Hence we de ne the metric on En¢(E) as the pullback of the metric onE E :
!

X X
hena(; ) = he e e h( :e); g h( ;e)
i=1 j=1
X
= he e (& h(' ;e);e h( ;g))
i =1
X
= hih (" e);( §))
ihj =1
X X X
= hih( "re; ik &)
i =1 j=1 j=1
X
= i jkhi'
ik =1
= tr(H H")
= tr( ') for(eg) orthonormal,i.e.H = E
= k k& for' = :
In general for' =  we still have a normkH' k2 by H = H. Usually we de ne
H on a basis(e) ash; = h(g;e).
Remark A.4.1. (i) The inner progsict on End(E) is just the Hilbgrt-Schmidt

inner product, i.e. heng(A;B) = ) h(Ae;;Be) = tr(B A)= . aily
for ¢ orthonormal frame. The corresponding norm is the Frobenius norm.
This justi es our choice of the Frobenius norm.
Further we see thathgng(A;B) = hgng(E; A B). Even morehgng(A;BC) =
heng (AC ; B) for matrices A; B; C in orthonormal coordinatesH = E. The
last equality follows for example by
heng(A;BC) = tr(HAH (BC) )= tr(HAHC B ) "% tr(AC EB )
= hena(AC ;B):
(i) If we have to dier between dierent metrics we will sometimes denote
K ky :=tr(" HH ).
(iif) The induced norm on the endomorphism bundle is consistent with the orig-
inal norm H in the following sense:
tr(" HH ) k' k2
K (ek? ———Zkek?= —H:
A CE R =

for any sectione2 E.
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Remark A.4.2. Before we proceed with the construction of connections on the
endomorphism bundle a short interlude on bundles with di erent metrics. Assume
that we want to nd an inner product for maps from (E;h) to (E;k) for two

di erent metrics on the same bundleE. From the previous c@culation we read o
(using the general identi cation Hom(V; W) ! Vv w;f 71 L w, f w; for
w; basis ofW.)

X0
henane k(5 ) = k(e;a)h (& k(' ;e);g k( ;g)):

i =1

Let g be ank orthonormal frame and denote all matrices in this frame. LeK =
E be the representation ok andH the representation oH . Sinceh(e;g) = g He
we have

k(e;f) = f Ke=f K*™H ™HH K
- h(H 1=2K1=Ze;H l=2Kl=2f)
= h(H e;H %), e;f2E;K =E:
Then
heng:n k(7 )

k(e;g)h k(H K™
ijj =1
- H 1=2K1=21 Q),k(H 1:2K1:2;H 1:2K1:2 Q)
X

Ejih h(;K'™H 'K @);h(;K'?H K'? g)
ijj =1
tr(KK *2H K2 HK'?H K™
r(H* ') K=E
= hH 1:2; H 1:2iHS:

Instead of ak orthonormal frame we may choose K *?H K 2 orthonormal
one®® Then norm becomesk' k& 4. = tr(K" H') = MK iys =
JhH 'K iws) k H' kekK' kg by Cauchy-Schwarz. We will later on use that
the last formula shows: If' is LP integrable with respect toh and with respect
to k then' isLP integrable w.r.t. kK Kgng:ni k-

Furthermore note that we didn't use any properties of the endomorphism bundle,
that a general homomorphism bundle does not have. Indeed the identi cation

63K 1724 1K 72 positive-de nite since z K1¥2H K12z = (K1¥2z) H YK 'z) > 0 by
K 172 invertible, H positive-de nite.



188 | A.Appendix

P

Hom(V;w)! Vv W;f 70 L w, f w forw basis ofW works perfectly
with general homomorphism. As well the basiéw;) only depends on the range;
the usual identi cation with X  C" via trivializations leads to a compatible basis
inV.

The connectionD becomes

X
De e (") := De; h(' ;e)+e D (h(' ;&)
i=1
= De; h(" ;e)+e D (' &)
i=1
= De; h(' ;e)+e dh(sei) & h(D ;e)
i=1
) Dena(’) = Deih(" ;e)+ edh(" ;&) eh(D ;e)
i=1
= Deih(" ;e)+ edh(' ;&) D
i=1 o
= D(eh(" ;e)) D =D(_ eh(" ;e)) D
= ISl 'D: -

By construction this connection is metric again.

Remark A.4.3. g induces a basis on EnE) by ¢ e, which as a matrix looks
like (Ej )i p il jk - all entries O apart from the (i;j) entry 1. If & isD at,
then fors= " |_, sc&

xXn
(DEj E;D)(s) = Dsje E;j Dex sc+ e ds
k=1
xXo
= De s+ ds Ej( e ds)
k=1
= & ds e ds

0:

HenceE; isaD at frame.

We showed:
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Lemma A.4.4. A metric connectionD = @ + @ on a hermitian bundle E
induces a metric connectiod? , : ( U;End(E)) ! ( U;End(E)) ¥ by

D2( ):=[Dena;' 1=D' () '(Ds); s2 (U;E);' 2 ( U;End(E)):**

We see that it obeys the Leibniz rule

Dgna (' ) D( )(s) ( )(Ds)
D' (s) +'(s) d ‘D (s)
Dgw(' )s)  +'(s) d;

fors2 (U;E);' 2 (UEnd(E)); 2 (U;C).
By the requirementD. (" !')=Di,(') ! +' d! we get further

Dt : (UEnd(E)) %! (UEndE) %;
Dig( !)s) = DY !)s)+(' 1)D%s)
= DOC)s) l+'(s) d (" !)(spo !po)
= DOC)s) !+ (s) d +('(spo) ! ”!po)
= DOC)s) !+'(s) d (' (spo) !potl)
= DO )s) !+'(s) d (D %(s)"!
= (D™ D% I)9)+'(s) d
D2(') !(s)+ ' (s)

The curvature of Dgpg IS

DingDEg(') = Diy(® 'D)=D* DD +DD D °?
= [D%']= adD)(" ):
Remark A.4.5.  The construction extends naturally to higher order di erential
operators. For two operatorsDg; D of the same degre€p; g on E resp. F the

induced operator on HongE; F) is just Dyome:r)(" ) = D" +( 1)P*¥D g. This
follows directly by adding some indices in the calculation above.

Let's take another look at the curvature in general. Note that for any hermitian
connectionD on any holomorphic bundleE®

heo(D?2s;8) + heo(s; D2s)
= dhgo(Ds;s) + hgo(Ds; Ds) + dhgo(s; DS)  hgo(Ds; Ds)

64r =, cactsons ! by'(s )= fx7( (X)(s(x)) (- NI)X).
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= dhgo(Ds;s) + dhgo(s; Ds)

= d’heo(s;s)=0; s2 ( X;EH
) heo(D?s;s) + hgo(s; D?s) = hgo(D2s;s) + hgo(D2s;s) =0
) hego(D?s;s) imaginary form, i.e.f dz” dz;f realS®

In our caseE®= End(E).

%5The name imaginary comes fromdz”~ dz= 2idx” dy, i.e. as a real di erential form the
function part is imaginary.
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