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Abstract

Probing strongly correlated phases in moiré heterostructures with quantum
twisting microscopes

Moiré heterostructures serve as a novel solid-state platform, hosting a wide range
of strongly correlated quantum phases, including generalized Wigner crystals and
quantum anomalous Hall states. Being challenging to probe in experiments, the the-
oretical understanding of these states remains incomplete despite extensive investi-
gation. Here, we propose that the quantum twisting microscope, which provides di-
rect access to the energy-momentum resolved spectrum of single-particle and collec-
tive excitations, can be used as a novel tool to improve our understanding of strongly
correlated phases. To this end, we calculate the single-particle spectral function and
the dynamical spin-structure factor for both a ferromagnetic and antiferromagnetic
generalized Wigner crystal formed in fractionally filled moiré superlattices of tran-
sition metal dichalcogenide heterostructures. We demonstrate that magnetic order
can be identified in these response functions. Furthermore, we analyze the response
of the quantum twisting microscope in an external magnetic field and explore sig-
natures of quantum phase transitions. We focus on the specific case of triangular
moiré lattices at half filling, which have been proposed to host a topological phase
transition between a chiral spin liquid and a 120-degree ordered state. Finally, we
compute the single-particle and collective spectra of integer and fractional quan-
tum anomalous Hall states. We show that the spectral function of fractional quan-
tum anomalous Hall states contains clear signs of electron fractionalization. Our
work demonstrates the potential for quantum twisting microscopes to characterize
strongly correlated quantum phases in moiré heterostructures.
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Chapter 1

Introduction

This thesis is, to a large extent, based on Ref. [1]

• Probing magnetism in moiré heterostructures with quantum twisting microscopes.
Fabian Pichler , Wilhelm Kadow, Clemens Kuhlenkamp, Michael Knap.
arXiv:2402.04311 (2024)

Text, �gures, and structure have been modi�ed for this thesis.

With the emergence of transition metal dichalcogenides (TMDs) heterostructures
as a new, highly tunable solid-state platform, a multitude of strongly correlated
quantum phases of matter, such as generalized Wigner crystals (GWC) [2–9] and
quantum anomalous Hall states [10–17] have been observed. TMD bilayers form
moiré superlattices when the two layers are twisted by a small twist angle with re-
spect to each other or when there is an intrinsic lattice mismatch in hetero-bilayer
structures. These moiré superlattices can effectively simulate extended Hubbard
models or topologically nontrivial Kane-Mele models on a honeycomb or triangular
lattice [18–24], which allows for the experimental realization of strongly correlated
electron phases. Due to their large lattice constants on the order of � 10 nm, moiré
materials allow for tuning through a wide range of �llings. We brie�y overview
key experiments that have detected strongly correlated phases relevant to this the-
sis. They can be grouped into two classes: generalized Wigner crystals and quantum
anomalous Hall states.

1.1 Generalized Wigner crystals

Generalized Wigner crystals have been observed at several fractional �llings of moiré
lattices [2–9]. These states are correlated insulators breaking the discrete translation
symmetry of the moiré lattice. They form due to long-range interactions between
electrons. Long-range interactions are relevant in moiré superlattices [25] because
the Wannier orbitals of the electrons are less localized compared to atomic lattices,
and the charge density is low [18, 19, 21, 22]. Although the charge order of the
GWC states has been �rmly established in experiments, their spin order remains an
open question. This is due to competing contributions to the effective spin coupling,
primarily consisting of antiferromagnetic superexchange and ferromagnetic direct
exchange [25–31]. Current methods to probe magnetic order are mainly based on
magneto-optical methods measuring the magnetic susceptibility, suggesting a weak
antiferromagnetic coupling at half-�lling [9, 20]. Moreover, in another sample, al-
most vanishing magnetic couplings have been found [32]. These experimental �nd-
ings are in stark contrast to theoretical predictions, suggesting large ferromagnetic
interactions [25, 29, 31].
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1.2 Quantum anomalous Hall states

In contrast to the topologically trivial generalized Wigner crystals, quantum anoma-
lous Hall states are correlated bulk insulators with nontrivial topology characterized
by a quantized Hall conductivity. While conventional quantum Hall states require
strong external magnetic �elds, the quantum anomalous Hall states spontaneously
break time-reversal symmetry and survive down to zero magnetic �elds. This re-
quires bands with nontrivial Chern numbers since the Hall conductivity is propor-
tional to the Chern number of all �lled bands [33]. As discussed in Sec. 1.4.2, moiré
heterostructures offer a promising platform to realize a Kane-Mele model [19, 21,
23, 24]. Numerous theoretical studies, primarily relying on exact diagonalization,
have found evidence for both integer and fractional anomalous quantum Hall states
in TMD heterostructures [34–41]. Experimentally, both integer [10, 15–17] and frac-
tional [11–14] quantum anomalous Hall states have been observed. Graphene-based
heterostructures have also been shown to host quantum anomalous Hall states [42–
45]. Furthermore, a quantum spin Hall effect has been detected [46, 47], sparking
theoretical speculation about its nature, including the possibility of vortex spin liq-
uids [48] or Halperin states [49]. At present, experimentally characterizing quan-
tum anomalous Hall states relies on electronic compressibility measurements and
magneto-optical spectroscopy techniques [11, 12, 15]. While direct transport mea-
surements have been performed [10, 13, 14], they still pose a signi�cant experimental
challenge in TMD heterostructures.

1.3 Quantum twisting microscope

To gain deeper insight into generalized Wigner crystals and quantum anomalous
Hall states in TMD heterostructures, novel experimental tools are required to com-
plement existing techniques. To reliably determine the fate of spin order in GWCs,
developing more direct experimental probes of quantum magnetism is crucial. One
proposed method uses the Zeeman splitting in circularly polarized exciton Umk-
lapp resonances to detect magnetic order [50, 51]. Using such exciton Umklapp res-
onances, signatures of Wigner crystals in TMDs have been detected [52, 53]. Another
approach to characterize the magnetic states is to use spin-polarized scanning tun-
neling spectroscopy or noise magnetometry [54–56].

In this work, we propose that a Quantum Twisting Microscope (QTM) [57] can
be used to distinguish between antiferromagnetic (AFM) and ferromagnetic (FM)
spin order by measuring the energy and momentum resolved single-particle and
collective-excitation spectrum. The QTM is designed for studying the dynamical
response of two-dimensional moiré materials [57, 58]. Placing a layer of graphene
on a capped pyramid on the edge of an atomic force microscope cantilever makes
it possible to continuously twist two sheets of 2D materials with respect to each
other, see Fig. 2.1a). By applying a voltage between the top layer on the cantilever
and the bottom sample layer and measuring the tunneling current as a function of
the relative twist angle between the two layers, one obtains the momentum-resolved
single-particle spectral function of the sample [57]. This is a form of elastic tunneling
spectroscopy. In this work, we show that the expected spectral function for the GWC
is qualitatively different for antiferromagnetic (AFM) and ferromagnetic (FM) inter-
actions. An even more striking difference between the AFM and FM state can be seen
in the dynamical spin-structure factor, which is accessible using inelastic tunneling
spectroscopy [58, 59]. For that, the original setup of the QTM has to be modi�ed
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FIGURE 1.1: Moiré superlattice. a) Left: TMD heterobilayer with zero twist angle forming
a moiré superlattice due to a mismatch of the lattice constants of the two layers. Right:
Moiré superlattice in a homobilayer due to a �nite twist angle. The moiré lattice vectors aM i
spanning a unit cell are highlighted. b) Twisting in real space also twists the Brillouin zones
in momentum space. The corresponding smaller moiré Brillouin zone is also shown.

to a three-layer structure, with graphene contacts on both sides of the sample, see
Fig. 2.4a). Applying a bias voltage between the graphene sheets, the spin response
of the sample layer, which acts as a tunneling barrier, can be measured. Electrons
tunneling from the top to the bottom layer interact with low-energy excitations of
the sample layer, thus measuring its collective excitation spectrum. Using both elas-
tic and inelastic tunneling spectroscopy to directly probe the momentum-resolved
excitation spectrum of two-dimensional materials, such as TMD heterostructures,
provides new insight into the strongly correlated states of these systems, not acces-
sible using conventional optical measurements.

1.4 Moiré superlattices

Before proceeding to the main part of this work, we give a brief overview of moiré
superlattices in bilayers of TMDs. A monolayer of TMD forms a honeycomb lat-
tice, with transition metal atoms M 2 f W, Mo g on one sublattice and chalcogen
atoms X 2 f S, Se, Teg on the other sublattice. In contrast to graphene, another promi-
nent two-dimensional material forming a honeycomb lattice, spin-orbit coupling in
TMDs is strong, and the inversion symmetry P = sx of the lattice, acting on the
sublattice degree of freedom, is broken since the two sublattices physically corre-
spond to different atoms. Based on these symmetry considerations, the low-energy
description of a TMD monolayer in the K valley is be given by [60]

H = at(kxsx + kysy) +
D
2

sz � l SO
sz � 1

2
sz (1.1)

where the sa matrices act on the sublattice degree of freedom, while sa act on spin.
Here, a is the lattice constant of the TMD monolayer, and t is an effective hopping
parameter. The low-energy Hamiltonian in the K0 = � K valley is given by the
time reversal of Eq. (1.1). The mass termD 6= 0 is allowed only due to inversion
symmetry breaking, opening a gap at the K and K0 points. The spin-orbit coupling
l SO leads to spin splitting of the valence band, which is opposite in the two valleys.
This implies that the spin and valley are locked at low energies, such that there is
only one effective pseudospin degree of freedom.
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FIGURE 1.2: Single-particle band structure from continuum model. Topmost bands of
holes in a moiré superlattice formed by a TMD a) heterobilayer b) twisted homobilayer
(q = 1� ). In a), the isolated band highlighted in red can be �tted to a tight-binding Hamil-
tonian, simulating Hubbard-model physics. In b), the two topmost bands are topologically
nontrivial, with Chern numbers C = � 1. They can be �tted to a Haldane-like model. The
inset shows the chosen cut through the moiré Brillouin zone.

Consider two generically different monolayer TMDs stacked on top of each other
with a relative twist angle q. There will be regions in space where sites in different
layers overlap, which we denote by XM, MX, MM, or XX, depending on which type
of atom in the top overlaps with an atom in the bottom layer. Remarkably, these
special points repeat periodically in space, thus forming a new lattice, dubbed a
moiré lattice. If the two layers have lattice constants a1 and a2 and are twisted by an
angle q, then the moiré superlattice has a lattice constant [61]

aM =
�

1
a2

1

+
1
a2

2
�

2 cosq
a1a2

� � 1/2

. (1.2)

For a heterobilayer with vanishing twist angle and a lattice mismatch a2 = ( 1 � d)a1,
this reduces to aM = a2/ d. In a twisted homobilayer, one has a1 = a2 = a, in which
case Eq. 1.2 simpli�es to aM = a/ q for small twist angles. We see that either a
slight lattice mismatch or a small twist angle leads to a moiré lattice constant, which
is orders of magnitude larger than the original atomic lattice constant. A visual
example of this is shown in Fig. 1.1a). A larger lattice constant in real space leads to
a smaller Brillouin zone in momentum space, as illustrated in Fig. 1.1b).

1.4.1 Hubbard model physics in heterobilayer

Holes in a TMD heterobilayer such as WSe2/WS 2 simulate an extended Hubbard
model on a triangular lattice [18, 20, 22]. This can be understood using the following
considerations: The particles in the moiré lattice are attracted to the high-symmetry
regions, where sites of the two layers overlap. This can be described by an effective
moiré potential D(r) with minima at the aforementioned high symmetry points. Ex-
panding in the reciprocal lattice vectors of the moiré lattice, the moiré potential can



Chapter 1. Introduction 5

be expressed as
D(r) = å

G

VGeiG�r . (1.3)

Restricting the sum to the �rst shell of reciprocal lattice vectors is already suf�cient to
model the moiré potential [18]. Demanding that D(r) must be real implies VG = V �

� G
and using the C3 rotational symmetry of the TMD monolayer, we �nd the additional
constraint VGn = VGn+ 2, where Gn = Rnp /3 G0 and G0 = 4p /

p
3aM (1, 0). Here

Rq is a rotation matrix. Applying the constraint to Eq. (1.3), we get that D(r) is
fully determined by two real parameters (V, y ), such that VG0 = Veiy . These two
parameters can be �t to ab initio calculations using density-functional theory [18].

Since we are working with a heterobilayer, the valence band of the top layer is
shifted in energy relative to the valance band of the bottom layer. Consequently,
in our low-energy description, only one layer is an active degree of freedom. The
whole purpose of the inactive layer is that the particles in the active layer feel a
moiré potential. Consequently, we can describe each valley on a single-particle level
by a low-energy continuum model

H = �
k2

2m� + D(r). (1.4)

The large effective hole mass m� � me, of the same order as the bare electron
mass, leads to the quenching of the kinetic energy and the formation of �at bands.
In Fig. 1.2a), the bandstructure resulting from Eq. (1.4) with parameters (m� =
0.35me, V = 8meV, y = 4p /9 ), adapted from Ref. [18], is shown. The topmost band
is �at and isolated by a large gap from lower-lying bands. By constructing localized
Wannier orbitals WR(r), it can be �t to a tight binding Hamiltonian on a triangular
lattice [18, 21]. An extended Hubbard model

H = å
i j ,s

(t i j c
†
sics j + h.c.) + U å

i

n" in#i + V å
hi j i
ss 0

nsins0j + X å
hi j i
ss 0

c†
sic

†
s0jcs0ics j (1.5)

is obtained by projecting the screened Coulomb interaction V (r) onto Wannier or-
bitals. The parameters of the extended Hubbard model are given by

t i j =
Z

d2x W �
Ri

(x)H (x)WRj (x) (1.6)

U =
Z

d2x d2y jWRi (x)j2V (x � y)jWRi (y)j2 (1.7)

V =
Z

d2x d2y jWRi (x)j2V (x � y)jWRi+ 1(y)j2 (1.8)

X =
Z

d2x d2y W �
Ri

(x)WRi+ 1(x)V (x � y)WRi (y)W �
Ri+ 1

(y). (1.9)

We have included an on-site interaction U, nearest-neighbor interaction V, and a
direct-exchange term X.

1.4.2 Topological bands in homobilayer

In twisted homobilayers, such as MoTe 2 or WSe2, the valence bands of the top and
bottom layers are at the same energy. Consequently, both layers are active, and we
must include an additional layer-pseudospin degree of freedom. This can lead to the
formation of topologically nontrivial bands [19, 23]. The single-particle continuum
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model for the K valley is given by

H =

 
� (k � k+ )2

2m� + Db(r) DT(r)

D†
T(r) � (k � k � )2

2m� + Dt(r)

!

(1.10)

with an layer ` 2 f t = � 1,b = + 1g dependent moiré potential

D` (r) = å
n2f 0,2,4g

2V cos(Gn � r + `y ) (1.11)

and interlayer hopping term

DT(r) = w(1 + e� iG1�r + e� iG2�r) (1.12)

whose form is a consequence of symmetry considerations of the lattice [19, 62]. Since
the model Eq. (1.10) describes a homobilayer, the amplitude of the moiré poten-
tial (1.11) is the same in both layers. The bandstructure arising from Eq. (1.10) with
parameters (m� = 0.43me, V = 8 meV,w = 18 meV,y = 32p /45, q = 1� ) adopted
from Ref. [23] is shown in Fig. 1.2b). The two topmost bands are isolated and have
Chern number C = � 1 for small twist angles q . 1.5� . They can be accurately de-
scribed by a Haldane-like tight-binding model on a honeycomb lattice [19, 23]. The
Wannier orbitals corresponding to the two sublattices are localized in different lay-
ers on the XM and MX sites respectively [23, 24]. Consequently, hopping between
nearest-neighbor sites corresponds to inter-layer tunneling and is purely real. In
contrast, next-nearest-neighbor hopping is an intra-layer process, which can acquire
a complex phase of f = 2p /3 due to the C3 symmetry of the monolayer [61]. The
time-reversal symmetric tight-binding Hamiltonian, including both valleys/spin, is
a Kane-Mele model

HKM = � t1 å
hi j i s

c†
iscjs + t2 å

hhi j ii s

ei fsn i j c†
iscjs (1.13)

with ni j = � 1 depending on the direction of the hopping. By including short-range
interaction terms, the model can spontaneously break time-reversal symmetry host-
ing both the integer and fractional quantum anomalous Hall effect [11, 13, 21, 23,
36–38, 40]. The mapping to a Kane-Mele model is only valid for small twist an-
gles q . 1.5� . At the critical angle qc � 1.5� the gap between the second and third
band closes, and the Chern numbers of the �rst three bands change from (+ 1, � 1, 0)
to (+ 1,+ 1, � 2). In this regime, the �rst three bands can be described by a p /3-
Hofstadter model on a triangular lattice [24]. Note that the precise value of the crit-
ical twist angle qc depends on the model parameters obtained from �rst principle
calculations. Values ranging from qc = 1.5� to above 3� are found in the litera-
ture [23, 24]. Experimentally, fractional quantum anomalous Hall states have been
observed for twist angles in the range 3 � to 4� [11–14].

The rest of this thesis is structured as follows: In Sec. 2.1, we review elastic tun-
neling spectroscopy, and in Sec. 2.2, we calculate the expected signal for both an
AFM and FM GWC. In Sec. 2.3, we review inelastic tunneling spectroscopy, and in
Sec. 2.4, we show the qualitative differences in the dynamical spin-structure factor
between the AFM and FM GWC. In Sec. 3, we propose that the QTM can also be
used to probe quantum phase transitions, in particular focusing on a possible tran-
sition between a chiral spin liquid (CSL) and the ordered 120 � state in the half-�lled
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Hubbard model on a triangular lattice, where the onset of order manifests itself in a
softening of a collective mode at the ordering wave vector. In Sec. 4, we explore the
effect of an external magnetic �eld on the response of the QTM. In Sec. 5.1 and 5.2,
we show how the QTM can be used to characterize integer and fractional quantum
anomalous Hall states, respectively. We conclude in Sec. 6 with an outlook. Technical
details are deferred to the appendices.

Secs. 1.1, 1.3, 2, 3, and 6 are based on Ref. [1], while the remaining Secs. 1.2, 1.4, 4,
and 5, have not been published yet.
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Chapter 2

Probing generalized Wigner
crystals

2.1 Single-particle spectral function from elastic tunneling

The schematic setup for the QTM, realized experimentally in Ref. [57], is shown in
Fig. 2.1a). The idea is similar to a conventional scanning tunneling microscope, but
an extended sheet of graphene replaces the tip of the microscope. The tunneling
current I (q, f ) between the graphene layer and the bottom layer, which one wants
to examine, is measured as a function of the applied voltage f and the relative twist
angle q. Compared to a scanning tunneling microscope, spatial resolution is lost.
Instead, the QTM has a momentum space resolution given by the linear size of the
graphene layer dk � L� 1. As we show in the following, the tunneling current is a
convolution of the spectral functions A ` (k, w) of the top and bottom layer [57]

I (q, f ) = 4p ejG0j2
Z

d#
�

ft(#� f ) � fb(#)
�
å
k

A b(k, #)A t(k, #� f ) (2.1)

where f` (w) is the Fermi-Dirac distribution, ` 2 f t, bg is the layer index and
jG0j2 is the elastic tunneling amplitude. The dependence of the tunneling current on
the twist angle q is implicitly contained in the momentum of the top layer, which
is rotated with respect to the bottom layer. One can effectively scan through the
Brillouin zone of the bottom layer by varying the twist angle q. This is illustrated
in the lower panel of Fig. 2.1a), where the Dirac point of the graphene layer traces
a path through momentum space. Since the lattice constant for the moiré lattice
aM � 10 nm is much larger than the lattice constant of graphene agr � 0.25 nm,
a small twist angle q is already suf�cient to cross the entire moiré Brillouin zone.
Generically, the Brillouin zones of the top and bottom layer will be incommensurate
with respect to each other, which implies that there is no guarantee that the path
traced by the top layer's Dirac point will cross high symmetry points of interest
in the bottom layer's Brillouin zone. Nevertheless, it is possible to explore several
different cuts and approximately reach high symmetry points by varying the twist
angle over a wide enough range.

Our derivation of Eq. (2.1) is based on Refs. [58, 59, 63]. We calculate the tun-
neling current between two layers, described by the independent Hamiltonians Ht

and Hb for the top and bottom layer respectively. The two layers are separated
by a third intermediate layer, serving as a tunneling barrier. The top layer is the
graphene sheet, the bottom layer is the sample, and the middle layer is an insulating
spacer layer that prevents hybridization between the top and bottom layers. The
total Hamiltonian of the system can be written as

H = Ht + Hb + Hbarr + Htun . (2.2)
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FIGURE 2.1:Quantum twisting microscope. a) Top: Illustration of the QTM with a graphene
layer on top of the sample layer. The top layer is twisted by an angle q with respect to the
bottom layer, and a voltage f is applied between the two layers. Bottom: By changing the
twist angle q, the Dirac points of graphene, located at the corners of its Brillouin zone, trace
a path through momentum space (shown in red). For moiré lattices, the Brillouin zone of
the bottom layer (blue) is much smaller than the one of graphene (black), such that a small
twist angle already cuts through the entire Brillouin zone of the sample. b) Illustration of
the second derivative of the tunneling current as a function of the applied voltage f for
�xed twist angle. There are two main features: a sharp temperature-independent peak at
the Dirac-matching condition, arising when the Dirac point of graphene touches an energy
surface of the bottom layer, and a resonance peak at the onset condition when tunneling
becomes energetically allowed. The tunneling current is proportional to the intersection
length between the energy surfaces within the allowed energy interval set by the chemical
potentials.

We assume that Ht , Hb, and Hbarr all commute with each other and are only coupled
through the tunneling Hamiltonian

Htun = å
i ,j

å
ab,ss 0

�
Tab

ss 0(xi , xj )c†
satics0bbje

i f t + h.c.
�

(2.3)

where c†
sà i (csà i ) creates (destroys) an electron in layer ` 2 f t, bg on lattice site

xi with spin s and sublattice a. Generically, the (sub-)lattice structure of the top
and bottom layers are not assumed to be the same. The bias voltagef between
the top and bottom layer appears as a time-dependent phase. Assuming that the
top and bottom layers are separated by a distance d and that a constant potential
F can approximate the tunneling barrier, a WKB approximation yields a tunneling
amplitude of

T � exp

"

�

s
F � E

F 0

#

(2.4)

with F 0 := 8md2

h̄2 and E being the energy of the electron. We assume that the electron
can couple to spin excitations of the intermediate layer, see Fig. 2.4a), leading to
E = Js � s , where s is the local magnetic moment in the intermediate layer and J
is an effective coupling. For small couplings J/ F � 1, the tunneling amplitude
Eq. (2.4) can be expanded [64, 65]:

T = G01 + G1ŝ � s (2.5)

with
G1

G0
= tanh

Jjsj
2F

'
Jjsj
2F

� 1. (2.6)
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We see two contributions to the tunneling amplitude: a dominating term without
spin-�ips and a term coupling to spin excitations, suppressed by a relative factor of
� J/ F . This motivates the following matrix elements in our tunneling Hamiltonian

Tab
ss 0(xi , xj ) = G0(Drab

ij )dss 0 + G1(Drab
ij )sm

ss 0sm(Rab
ij ) (2.7)

where Drab
ij := ( xi + ra) � (xj + rb) is the relative distance between site i on sublattice

a of the top layer and site j on sublattice b of the bottom layer, while Rab
ij := ( xi +

ra + xj + rb)/2 is their midpoint. Note that the �rst term in Eq. (2.7) only depends
on the relative distance between the two sites and hence only contributes to elastic
tunneling. Inelastic contributions stem from the second term. By taking a Fourier
transform

csà i =
1

p
N

å
k

eik �(xi + ra)csà k (2.8)

Tab
ss 0(Dr,R) =

1
N å

q,q0

e� iq�Re� iq0�DrTab
ss 0(q,q0) (2.9)

we can rewrite the tunneling Hamiltonian as follows

Htun = å
ab,ss 0

å
kk 0

å
gt gb

�
Tab

ss 0(q,q0)e� i(rt a�gt � rbb�gb )c†
satk cs0bbk0ei f t + h.c.

�
(2.10)

where r`a is the position of sublattice a within the unit cell of layer ` and g` are
reciprocal lattice vectors of layer ` . Furthermore, we have q = k � k0+ gt � gb and
q0 = ( k + k0+ gt + gb)/2. The tunneling matrix elements in momentum space can
be explicitly written as

Tss 0(q,q0) = G0(q0)dq,0dss 0 + G1(q0)sm
ss 0s

m
q (2.11)

with

sm
q =

1
N å

R
eiR�qsm(R). (2.12)

Next, we calculate the tunneling current I (t) := � e



�Nt(t)
�

with N` := å ksa c†
s`ak cs`ak .

Time-dependent perturbation theory yields

I (t) = � ie
Z ¥

� ¥
dt0q(t � t0)



[Htun (t0), �Nt(t)]

�
(2.13)

with �Nt = i [Htun , Nt ]. By introducing the bilinear operator

A(t) := å
ab,ss 0

å
kk 0

å
gt gb

Tab
ss 0(q,q0)e� i(rt a�gt � rbb�gb )c†

satk (t)cs0bbk0(t) (2.14)

one can compactly write

Htun = A(t)ei f t + A†(t)e� i f t

�Nt(t) = � i
h
A(t)ei f t � A†(t)e� i f t

i
, (2.15)
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which yields the single-particle contribution IS to the tunneling current

IS(f ) = e
Z ¥

� ¥
dt0q(t � t0)

h
ei f (t � t0)

D
[A(t), A†(t0)]

E
� e� i f (t � t0)

D
[A†(t), A(t0)]

Ei

= � 2e Im Uret(f ). (2.16)

To obtain the tunneling current IS, we have to calculate the retarded Green's function
de�ned by

Uret(w) = � i
Z ¥

� ¥
dt eiwtq(t)

D
[A(t), A†(0)]

E
. (2.17)

This can be achieved by �rst computing the Green's function in the imaginary time
formalism

U( iwn) = �
Z b

0
dt eiwn t

D
T A(t )A†(0)

E
(2.18)

and then taking the analytical continuation iwn ! w + ih to obtain the retarded
Green's function. Here T is the imaginary time ordering operator. To proceed, we
make some simplifying assumptions. First, we set G1 = 0 since, in this section, we
are only interested in the elastic contribution to the tunneling current. Furthermore,
we assume that the typical in-plane length scale is very small compared to the layer-
to-layer distance d, which implies that G0(q0) decays rapidly as a function of jq0j [66].
Hence, we can assume it to be constant for the �rst shell of reciprocal lattice vectors
and vanishing otherwise. As in the main text, we focus on the special case where
the top layer is a monolayer graphene. For simplicity, we only consider tunneling
around a single Dirac point. Thus, for convenience, we rede�ne momentum to be
measured with respect to the K point of the top layer Brillouin zone. Making use
of Wick's theorem and de�ning the single-particle Green's function as G̀ (k, inn) :=
�

Rb
0 dt einn t



T cs`k (t )c†

s`k (0)
�
, we arrive at the following result

U(0) ( iwn) =
2jG0j2

b å
k,nl

Gb(k, inl + iwn)Gt(k, inl ). (2.19)

The Matsubara sum can be performed by making use of the Lehman representation

G̀ (k, iwn) =
Z ¥

� ¥
d#

A ` (k, #)
iwn � #

(2.20)

where A ` (k, #) = � Im G(k, #)/ p is the single-particle spectral function of layer ` .
After taking the analytical continuation iwn ! w + ih, we arrive at the �nal result
for the elastic tunneling current Eq. (2.1).

We assume tunneling only occurs near the K and K0points of the top layer's Bril-
louin zone, where we can describe graphene as a gas of massless Dirac fermions. To
develop an intuitive understanding of the QTM, focus on one K point with its corre-
sponding Dirac cone. If we assume that the spectral functions de�ne a sharp energy
surface in momentum space, then the convolution in Eq. (2.1) can be understood by
a simple geometric picture: The tunneling current is proportional to the length of the
intersection between the Dirac cone and the energy surfaces de�ned by the spectral
function of the bottom layer. A given intersection only contributes to the current
if it lies within the energy interval de�ned by the chemical potentials m̀ , such that
one of the energy bands is �lled while the other is empty. Since we assume the �ll-
ing of the sample layer to be constant, we �x its chemical potential mb, while mt can
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be varied. This allows for measuring both the particle and hole part of the spectral
function. Assuming mt < mb, one measures electrons tunneling from the bottom to
the top layer, effectively determining the hole spectrum of the sample. The situation
is reversed for mt > mb, where the particle spectrum is measured. In the geometric
picture, the position of the Dirac point can be tuned vertically by changing the elec-
trostatic bias potential f between the layers and horizontally by varying the twist
angle q. If the Dirac point lies exactly on an energy surface of the bottom layer, there
will be no contribution to the current since the density of states at this point vanishes
(in the geometric picture described above, the length of the intersection between the
surfaces is zero). This condition, dubbed Dirac-matching condition, leads to a sharp
peak in the second derivative of the tunneling current with respect to f . Compared
to the typical energy scales #b within a moiré lattice with lattice constant aM , the
graphene's Fermi velocity vF is very large h̄vF/ aM � #b. In this limit, the Dirac cone
forms a very sharp momentum-resolved tip, which scans the spectral function of the
bottom layer. The latter is generically written as

A b(k, w) = å
a

Za
k d(w � #a

b(k )) + continuum (2.21)

with a band index a and spectral weight Za
k . This leads to the tunneling current

I (q(q), f ) µ å
a

Za
q j#a

b(q) � f j
�

ft(#a
b(q) � f ) � fb(#a

b(q))
�

(2.22)

with q(q) = R(q)K � g, where R(q) is a rotation matrix, and g is a reciprocal lattice
vector, ensuring that q lies within the �rst Brillouin zone of the bottom layer. Here,
we have no longer explicitly written the contribution from the continuum part of the
spectral function.

More direct information is contained in the second derivative of the tunneling
current

¶2I
¶f 2 = g1 å

a
Za

qd(#a
b(q) � f )

�
ft(#a

b(q) � f ) � fb(#a
b(q))

�
(2.23)

+ g2 å
a

Za
q

¶
¶f

�
j#a

b(q) � f j
¶

¶f
ft(#a

b(q) � f )
�

with some constants g1 � g2. In Fig. 2.1b), a typical example of ¶2
f I for �xed

twist angle is sketched. There are two contributions: a distinct peak for #a
b(q) = f

corresponding to the Dirac-matching condition discussed above and a second fea-
ture stemming from the f -dependence of the energy-interval in which tunneling is
allowed. This second feature manifests as a maximum followed immediately by
a minimum of the second derivative of the current at the point where tunneling
�rst becomes allowed energetically. This resonance peak is dubbed the onset con-
dition [57]. Note that the strength of the peak of the Dirac-matching condition is
based solely on density of states arguments and hence does not signi�cantly depend
on temperature. In contrast, the peaks associated with the onset condition get less
pronounced with higher temperatures. Furthermore, by choosing the chemical po-
tential of the top layer to be suf�ciently large compared to the bias voltage jmt j � f ,
one can neglect the contribution from the onset condition. In that case, ¶2

f I directly
measures the spectral function of the bottom layer.
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FIGURE 2.2: Mean-�eld phase diagram at n=2/3 �lling. For X = 0 we �nd three distinct
phases as a function of the on-site interaction U/ t and nearest-neighbor interaction V/ t: a
metallic phase for small interaction strengths, an antiferromagnetic phase (AFM) with hon-
eycomb charge order for V < 3U and a charge density wave (CDW) with

p
3 �

p
3 charge

order for V > 3U. a) Charge gap. The charge order for the CDW and AFM phases is shown.
We use a logarithmic color scale to more easily distinguish visually between the phases. To
plot the vanishing charge gap in the metallic phase, we have replaced it with a �nite value
of 10� 8t. b) Maximum average occupation number over the three sublattices. In the CDW
phase, one sublattice is doubly occupied, while the other two are empty. In the AFM phase,
two sublattices are singly occupied, while the third is empty, and in the metallic phase, all
three sublattices have an average occupation number of n = 2/3.

2.2 Probing single-particle excitations of generalized Wigner
crystals

The QTM can be used to identify different magnetic correlations. We explicitly cal-
culate the single-particle spectral function for GWCs with antiferromagnetic and fer-
romagnetic spin order and show that the different states have distinct signatures.

2.2.1 Mean-�eld phase diagram of the extended Hubbard model

We describe the TMD heterobilayer moiré superlattice with an extended Hubbard
model [18, 25]

H = � t å
hi ,j i s

(c†
sics j + h.c.) + U å

i

n" in#i + V å
hi j i
s,s0

nsins0j + X å
hi j i
ss 0

c†
sic

†
s0jcs0ics j (2.24)

= Ht + Hu + Hv + Hx

with the number operator ns,i = c†
s,ics,i . Both the on-site interaction U and the

nearest-neighbor interaction strength V are repulsive. Additionally, an intersite-
exchange term X is included, which gives a negative contribution to the energy
when two neighboring spins are aligned and a positive contribution when mis-
aligned, thus favoring ferromagnetism. We perform a mean-�eld decoupling of the
interaction terms of the Hamiltonian. To this end, we introduce the following nota-
tion for the order parameter c i j

ss 0 :=


c†

sics0j
�
. The resulting mean-�eld Hamiltonian
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reads:

Hu ' U å
i ,s

(c ii
ss c†

s̄ics̄ i � c ii
s s̄c†

s̄icsi ) � U å
i

(c ii
"" c ii

## � c ii
"# c ii

#" ) (2.25)

Hv ' V å
hi j i

å
ss 0

�
c ii

ss c†
s0jcs0j + c jj

s0s0c†
sicsi � c ji

s0sc†
sics0j

� c i j
ss 0c†

s0jcsi � c ii
ss c jj

s0s0 + c ji
s0sc i j

ss 0

�
(2.26)

Hx ' X å
hi j i

å
ss 0

�
c ii

ss 0c†
s0jcs j + c jj

s0sc†
sics0i � c i j

ss c†
s0jcs0i

� c ji
s0s0c†

sics j � c jj
s0sc ii

ss 0 + c i j
ss c ji

s0s0

�
. (2.27)

In the following, we focus on a �lling of n = 2/3 electrons per site, where the
formation of GWCs is expected [31, 67–69]. We introduce a three-site unit cell,
which is suf�cient to accommodate the expected spin and charge order at this �ll-
ing. The corresponding fermionic creation (annihilation) operator for site i on sub-
lattice a 2 f A, B, Cg and spin s 2 f" , #g is denoted by c†

asi (casi ). By translation
invariance, the mean-�eld parameters only depend on the relative distance between
sites i and j. Consequently, we can rewrite them as matrices in sublattice space:
c ab

ss 0 :=


c†

asicbs0i
�
. Next, we Fourier transform to momentum space

casi =
1

p
N

å
k

eik �xi cask , (2.28)

where N is the number of unit cells, and the momentum sum is over the reduced
Brillouin zone obtained by increasing the unit cell to contain three sites. We bring
the mean-�eld Hamiltonian into bilinear form

H = å
k

Y†
k hk Yk + E0 (2.29)

with some constant energy E0, the sublattice spinor
Yk = ( cA" k , cA#k , cB" k , cB#k , cC" k , cC#k )T and a 6 � 6 matrix hk . The matrix hk de-
pends on the mean-�eld parameters c ab

ss 0, which must be self-consistently deter-
mined. To �nd a self-consistent mean-�eld solution, we iteratively diagonalize the
Hamiltonian of Eq. (2.29) and use the resulting ground state to compute c ab

ss 0. The
explicit form for the matrix hk and the energy shift E0 is given in Appendix A.1. The
chemical potential is determined implicitly by �xing the electron density n, given by
the number of electrons per site.

Our mean-�eld calculations for n = 2/3 are in good agreement with previous
mean-�eld [67, 68, 70, 71] and exact-diagonalization studies [31]. The mean-�eld
phase diagram for X = 0 is shown in Fig. 2.2. We �nd a disordered metallic phase
for small interactions U and V. Increasing the onsite-interaction U, the ground state
undergoes a crystallization transition and forms an antiferromagnetic spin state,
where one sublattice is empty. Hence, the electrons arrange themselves in an ef-
fective honeycomb lattice as shown in Fig. 2.2a). Remarkably, the phase survives
on a mean-�eld level down to V = 0, where one would naively no longer expect
the stabilization of honeycomb charge order. This con�guration is favored due to
an interplay between spin and charge ordering. By crystallizing in a honeycomb
lattice, the electrons can access an unfrustrated antiferromagnetic spin con�gura-
tion, lowering their energy. For very strong nearest-neighbor interactions V > U/3,
it becomes energetically favorable to doubly occupy one sublattice while leaving
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FIGURE 2.3: Single-particle spectral function for generalized Wigner crystals. a) Schemat-
ics of antiferromagnetic (left) and ferromagnetic (right) generalized Wigner crystal states.
The chosen unit cell is highlighted in grey. The central panel shows the Brillouin zone of
the sample (blue), including the reduced Brillouin zone (dashed) and the path used to plot
the spectral functions. b) Spectral function A (k, w) for the antiferromagnetic (left, U = 25t,
V = 5t, X = 0) and ferromagnetic phase (right, U = 25t, V = 5t, X = 0.3t).

the other two sublattices empty, thus avoiding the nearest-neighbor energy penalty
completely. In Fig. 2.2a), the charge order for this

p
3 �

p
3 charge density wave is

shown as an inset. We plot the charge gap as a function of on-site interaction U and
nearest-neighbor interaction V in Fig. 2.2a). In agreement with an exact diagonaliza-
tion study [72], we �nd the charge gap to open continuously at the transition from
the metal to both generalized Wigner crystal phases. We discuss the possible nature
of this transition in some more detail in Chapter 3. In Fig 2.2b), we use the maxi-
mum average occupation over the three sublattices max hnai for a 2 f A, B, Cg, as an
order parameter. In the metallic phase, all three sublattices have the same average
occupation number of hni = 2/3. In the antiferromagnetic phase, two sublattices
have an average occupation number of one, while the third is empty. In the charge
density wave phase, one sublattice hashni = 2, while the other two are empty. For
the remainder of this work, we focus on the experimentally more relevant regime
with U > 3V, where generalized Wigner crystals with honeycomb charge order are
stabilized. The corresponding spin order depends on the intersite direct exchange
term X. By increasing X > 0.2t � 0.4t, the effective nearest-neighbor spin coupling
Eq. (2.45) changes sign [31], and we �nd a ferromagnetic ground state instead of an
antiferromagnetic one. The corresponding real-space spin con�guration is shown in
the right panel of Fig. 2.3a).
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2.2.2 Single-particle excitations

Excitations on top of the antiferromagnetic and ferromagnetic phases differ strongly,
leading to distinct experimental signatures. We present theoretical predictions for
the QTM response of the different GWCs and how these signatures can be used
to distinguish between the different phases. First, we calculate the single-particle
spectral function

A (k, w) = �
1
p

Im G(k, w) (2.30)

with the retarded Green's function de�ned as

G(k, w) = � i å
s

Z ¥

0
dt eiwt 
 f csk (t), c†

sk (0)g
�

(2.31)

and the expectation value taken with respect to the ground state. Since our main goal
is to show how the QTM can distinguish different GWCs, we are only interested in a
qualitative description. To characterize the main features of the spectral function,
we focus on the bare mean-�eld response [73]. Computational details are given
in Appendix A.1. In Fig. 2.3b), we present representative results for the spectral
functions in the AFM (left panel) and FM (right panel) phases.

In the antiferromagnetic GWC phase, we observe one hole band and two inde-
pendent particle bands. The two distinct particle bands can be understood intu-
itively: there are two different ways to add an electron onto the AFM ground state,
either by putting it on an empty site or by putting it on an occupied site. The gap and
the bandwidth can be calculated using second-order perturbation theory. The gap
between the two particle bands is approximately DE = U � 3V while the bandwidth

is of order t (eff)
1 � teff

2 � O (t2/ U ), assuming U � V, t. Detailed expressions for teff
1/2

are given in Appendix A.2. Similar arguments can be made for the hole band, lead-
ing to a gap of DE = 3V between the hole band and the lower particle band. The
bandwidth for the hole band is of the same order as for the particle bands.

The spectral function in the ferromagnetic GWC is qualitatively different. The
most signi�cant difference is that the number of mean-�eld bands doubles. This can
be understood as a Zeeman splitting due to the non-vanishing overall magnetiza-
tion. The individual bands can again be interpreted as a particle or hole moving in
a mean-�eld background: the two topmost particle bands result from putting a par-
ticle on an already occupied site. It can freely hop on an effective hexagonal lattice,
leading to a graphene-like dispersion. The closing of the gap between the two bands
at the corners k of the reduced Brillouin zone is not visible in Fig. 2.3b), as only one
band has spectral weight at k. The bandwidth of these two bands is of order O(t).
The other two particle bands in the FM can be understood by putting a particle on
an empty site. There are two possibilities: either the spin of the additional parti-
cle is aligned with its neighbors, or it is misaligned. This results in a separation of
DE = 6X, which is of a similar order as the bandwidth O(t2/ U ), leading to several
crossings. Also, the hole spectrum in the ferromagnet is graphene-like since a sin-
gle hole on top of the ground state can freely hop on the effective hexagonal lattice.
In contrast to the AFM-hole band, the ferromagnetic one has a bandwidth of order
O(t).

In real materials, additional features will be present in the spectral function,
which cannot be captured by mean-�eld theory. Nevertheless, we expect that the
most prominent bands are the ones discussed above. We have shown that by di-
rectly measuring these bands using the QTM, different magnetic states in GWCs can
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FIGURE 2.4: Dynamical spin-structure factor for generalized Wigner crystals. a) Left: QTM
with an intermediate sample layer sandwiched between two graphene layers. The top layer
is twisted by an angle q with respect to the bottom layer, and a voltage f is applied between
the two graphene layers. Middle: Brillouin zones of the top and bottom layer graphene
twisted by an angle q. The measured dynamical spin-structure factor is a function of DKn.
Right: Different processes contributing to the total tunneling current: ( i) elastic tunneling
from top to bottom layer; ( ii ) inelastic tunneling where the electron virtually tunnels to the
intermediate layer, effectively interacting with spin excitations of that layer. b) Dynamical
spin-structure factor S(k, w) of the antiferromagnetic (top) and ferromagnetic phase (bot-
tom).

be distinguished. In particular, the spin degenerate single-particle bands in the AFM
split due to a non-vanishing overall magnetization in the FM state. This has the po-
tential to resolve an outstanding puzzle in the �eld: Simple theoretical estimates
yield large values for the exchange coupling X [29, 31]. In stark contrast, susceptibil-
ity measurements do not reveal the expected strong ferromagnetism [9, 20, 32]. The
QTM response may provide useful insight into this puzzle.

2.3 Collective excitation spectrum from inelastic tunneling

Inelastic tunneling spectra can be measured with a QTM by sandwiching the sample
in between two graphene layers [58, 59], as illustrated in Fig. 2.4a). Momentum reso-
lution is again obtained by twisting the top layer by an angle q. When a bias voltage
f is applied between the two graphene layers, electrons can tunnel directly from the
top to the bottom layer. This results in an elastic contribution to the tunneling cur-
rent similar to the one discussed in Sec. 2.1. In addition, the electron can also scatter
off the intermediate layer, which results in an inelastic contribution to the current.
Through these inelastic tunneling processes, one can probe the collective excitation
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spectrum of the intermediate layer. Heuristically, the electron interacts with the low-
energy excitations of the sample layer, allowing for contributions to the current in
regimes where elastic tunneling is forbidden by energy-momentum conservation.
We calculate the inelastic contributions to the tunneling current following Refs. [58,
59]. In contrast to Sec. 2.1, we assume that the inelastic contribution to the tunneling
current is �nite, i.e. G1 6= 0 in Eq. (2.11). Both the top and bottom layers are taken
to be monolayer graphene, while the insulating barrier is the probe of interest. We
again assume that the distance between layers is large compared to the typical length
scale of graphene, such that we can restrict ourselves to the �rst shell of reciprocal
lattice vectors and take G1 to be constant. We only consider contributions from the K
valley of graphene for simplicity. The contributions from the K0valley are related by
time-reversal symmetry. Under these assumptions, the sum over reciprocal lattice
vectors in Eq. (2.14) reduces to a sumn 2 f 0, 1, 2g over the three different Kn points
as de�ned in Fig. 2.4a). We introduce the following matrices in sublattice space

T(n)
ab = e� i(rt a�g(n)

t � rbb�g(n)
b ) (2.32)

Gab
` (k, t ) = �



T csà k (t )c†

sb`k (0)
�

(2.33)

which allows us to write the inelastic contribution to Eq. (2.18) as

U( iwn) = �j G1j2
Z b

0
dt å

kp
å
ab

2

å
n= 0

eiwn t Tr
�
T(n)Gb(k � p, t )T(n)Gt(k, � t )

�
sm

absn
ba

�


T sm

p+ DKn
(t )sn

� p� DKn
(0)

�
(2.34)

where we have made use of Wick's theorem. The twist angle dependence is implic-
itly contained in the difference between the K points of the top and bottom layer's
Brillouin zone DKn = ( R(q) � 1)Kn. To make further progress, we perform a uni-
tary transformation from sublattice space to band space, where the single-particle
Green's functions are diagonal by construction

Gl
` (k, t )dll 0dkk 0 =



k , l

�
�Gab

` (k, t )
�
�k0, l 0� (2.35)

T(n)
kk 0,ll 0 =



k , l

�
�T(n) ��k0, l 0� . (2.36)

Here jk, l i is the Bloch-function for graphene in band l 2 f� 1g. Inserting all of this
back into Eq. (2.34), performing the Matsubara sums, and taking the imaginary part
after an analytical continuation, we arrive at the following result for the inelastic
tunneling current

I (2) (f ) = 2p ejG1j2
2

å
n= 0

Z
d#å

k

�
nBE(#+ f ) � nBE(#)

�
S(k + DKn, #+ f )A (n)

tb (k, #)

(2.37)
where nBE(#) is the Bose-Einstein distribution, the dynamical spin-structure factor is
de�ned as

S(q, iwn) = �
1
p

Im å
m

Z b

0
dt eiwn t

D
T sm

q(t )sm
� q(0)

E
(2.38)

and

A (n)
tb (k, #) = å

q,ll 0

Z
dw

�
ft(w) � fb(w � #)) jT(n)

q,q+ k,ll 0j2A l
t (q, #)A l 0

b (q + k, w � #).

(2.39)
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Here A l
` (q, #) = � Im Gl

` (q, #)/ p is again the single-particle spectral function of
graphene for layer ` and band l . To further simplify the convolution of Eq. (2.37),
we follow the same steps as outlined in Ref. [58]. Taking the zero-temperature
limit, both the difference between Bose-Einstein and Fermi-Dirac distributions, in
Eq. (2.37) and (2.39), reduce to theta-functions limiting the integration boundaries.
Next, we make use of the fact that the Fermi-velocity vF in graphene is very large
compared to typical moiré scales h̄vFagr � mq, where agr is the lattice constant of
graphene and q is the twist angle between the top and bottom layer. Under this
assumption, we can approximate S(k + DKn, #) � S (DKn, #). Furthermore, we as-
sume that the chemical potentials of the top and bottom layers are large compared
to the bias voltage between them mt = mb � m � f . This allows us to assume that
the density of states r (#) = å k l A l (k, #)/ N � j m+ #j � j mj in graphene is nearly

constant for # < f . Finally, we replace the matrix elements jT(n)
q,q+ k,ll 0j2 by their av-

erage, which is unity. Under these assumptions, all momentum sums and one of the
energy integrals can be carried out explicitly, leading to

I (2) (q, f ) = g
2

å
n= 0

Z f

0
dw (f � w)S(DKn, w) (2.40)

with some constant g. Within this approximation, the second derivative of the cur-
rent directly measures the dynamical spin-structure factor of the intermediate layer

¶2I (2)

¶f 2 = g
2

å
n= 0

S(DKn, f ). (2.41)

Note that there are additional contributions from tunneling around the K0 valley,
which are related to the ones from the K valley by time-reversal symmetry. Con-
cretely, there are additional contributions in Eq. (2.40) with DKn replaced by � DKn [58].
While tunneling through the intermediate layer, the electrons may not only couple to
spin excitations but also to density excitations. If t is the hopping term from the top
layer to the intermediate layer and U the on-site interaction cost in the intermediate
layer, then the effective spin coupling will be of order J � t2/ U while the coupling to
the density excitations will be of order U. In the insulating phase, U/ t � 1 is large,
and therefore, spin and density excitations lie at very different energy scales. Hence,
they can be probed independently. For the contribution to the current obtained by
coupling to density excitations, the result is the same as in Eq. (2.41), but with the
spin structure factor replaced by the density response

Sden(q, iwn) = �
1
p

Im
Z b

0
dt eiwn t 


T r q(t )r � q(0)
�

. (2.42)

In the kinematic region where elastic tunneling is allowed, its contribution domi-
nates over the inelastic tunneling current, which is suppressed by a relative factor of
j J/ F j2. Here, F is the strength of the tunneling barrier between the top and bottom
layers. Consequently, the QTM can only probe the dynamical structure factor in the
absence of elastic tunneling. The condition for elastic tunneling, given by [58],

f < h̄vFjDKnj < f + 2m (2.43)

can be tuned in an experiment by changing the chemical potential m of the two
graphene sheets. There are also mixed contributions to the current, proportional
to G0G1, but when coupling to spin excitations, they vanish since the sum over spins
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is zero because Trsm = 0.

2.4 Collective Magnetic Excitations of generalized Wigner crys-
tals

We have already discussed in Sec. 2.2 how the QTM can distinguish between GWCs
with ferro- and antiferromagnetic spin order by measuring the single-particle spec-
tral function. An even more decisive difference between the two states can be seen in
the spin-spin response, accessible through inelastic tunneling as described in Sec. 2.3.
Collective modes can be captured by studying �uctuations around the mean-�eld
state. Therefore we employ an RPA calculation [74–77], see Appendix B.

In the top panel of Fig. 2.4b), a representative dynamical spin-structure factor as
de�ned in Eq. (2.38) is shown for an antiferromagnetic GWC. We note that on top of
the gapless spin-wave modes, with bandwidth O( J), there is a gapped particle-hole
continuum at an energy scale U � J. The spin-wave modes become gapless at theK
and K0points of the Brillouin zone, which correspond to reciprocal lattice vectors of
the extended lattice with a three-site unit cell. We observe only a single mode, which
is twofold degenerate. As expected for an antiferromagnet, the spin-wave dispersion
is linear in the long-wavelength limit. Deep within the AFM phase ( U � V, t), the
spin-wave modes can be described using an antiferromagnetic Heisenberg model on
a hexagonal lattice and applying a Holstein-Primakoff transformation. The resulting
spin-wave dispersion is given by

#k =
3J
2

q
1 � j gk j2 (2.44)

with gk = ( 1 + eik �b1 + eik �(b1+ b2) )/3. The effective nearest-neighbor spin coupling

J =
4t2

U � V
� 2X (2.45)

contains the usual superexchange term and contributions from direct exchange pro-
cessesX [31]. Note that because the underlying lattice is triangular, there are also
contributions to the spin coupling from spin-�ip processes where an electron vir-
tually hops to an empty site. Both the RPA formalism used to compute the spin
waves in the top panel of Fig. 2.4b) and the linear spin-wave theory, which yields
Eq. (2.44), do not take interactions between the collective modes into account. Such
interactions would lead to a �nite lifetime and renormalization of the energy [78].
Moreover, since the spin order is collinear, there are no cubic interaction terms for
the spin waves, which is why we do not expect interaction effects between spin
waves to in�uence their dispersion signi�cantly [79, 80].

In agreement with our mean-�eld calculation, it is clear from Eq. (2.45) that a
large intersite direct exchange term X leads to a ferromagnetic spin coupling. A
representative dynamical spin-structure factor for a ferromagnetic GWC is shown
in the bottom panel of Fig. 2.4b). It was calculated using linear spin-wave theory,
see Appendix C.1. The magnon spectrum can again be described using a Holstein-
Primakoff transformation [81], yielding

#�
k =

3J
2

(1 � j gk j). (2.46)
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The lower magnon branch is gapless at the G, K, and K0 points of the Brillouin
zone. In contrast to the antiferromagnetic case, the long wavelength behavior is
quadratic instead of linear. Furthermore, the two modes are no longer degenerate.
Instead, we have a second band, which is gapped at zero momentum. The upper
and lower magnon bands touch at the corners k of the reduced Brillouin zone with
linear dispersion, forming bosonic Dirac cones. Note, however, that only one band
has spectral weight at the k point. We again emphasize that magnon-magnon inter-
actions renormalize the energy of the two bands and introduce a �nite lifetime to the
magnons [81]. Still, the qualitative differences to the AFM case will remain.

Since the effective hexagonal lattice of the GWC requires a two-site unit cell in-
dependent of the spin order, there is no unit-cell doubling when going from the
ferromagnetic to the antiferromagnetic phase. This is different at half-�lling, with
n = 1 electron per site. Here, the ferromagnetic state does not require an extended
unit cell, while the competing antiferromagnetic 120 � state requires a three-site unit
cell. The QTM can also be applied to the case of half-�lling to determine the dom-
inant spin coupling. In that case, the larger unit cell of the AFM leads to a smaller
periodicity in momentum space of both the single-particle spectral function and the
dynamical spin-structure factor. This is an additional qualitative difference between
the two types of spin-order, which is present at n = 1 and n = 1/3, which both stabi-
lize triangular charge order, but not at n = 2/3, which stabilizes honeycomb charge
order.
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Chapter 3

Characterizing Quantum Criticality

3.1 Characterizing Quantum Criticality

So far, we have characterized the QTM response of spin orders in generalized Wigner
crystals. Here, we discuss the QTM response in the vicinity of quantum phase tran-
sitions and demonstrate its potential as a new tool to explore critical phenomena in
two-dimensional materials. As a concrete example, we focus on the half-�lled Hub-
bard model on a triangular lattice. For simplicity, we assume V = X = 0. For large
U/ t, the ground state is the 120� -ordered state, while for small interaction strengths,
we �nd a metallic phase. In between an intermediate Kalmeyer-Laughlin type chiral
spin liquid (CSL) phase has been predicted [73, 82–86].

The charge and spin gap in the three phases are schematically shown in Fig. 3.1a).
The spin gap closes at the transition from the CSL to the 120� state. At the transi-
tion from the CSL to the metal, both the spin and charge gap must close. While
the former is directly observable through inelastic tunneling spectroscopy, the clos-
ing of the charge gap can be measured using elastic tunneling spectroscopy with a
QTM, where the single-particle spectral function is obtained. On the metallic side
of the transition, one should be able to directly observe the vanishing of the quasi-
particle residue Z � j U � Ucj2b, as predicted for a second order Mott transition [87],
with a critical exponent b. Furthermore, the zero sound velocity is expected to di-
verge. This is, in principle, also accessible through inelastic tunneling spectroscopy
by measuring the density response in the metal. Here, we consider only one possi-
ble scenario for a transition between the CSL and the 120� state, where a continuous
softening of a sharp roton mode at the K point is observed, see Fig. 3.1b). We em-
phasize that other transitions are conceivable, e.g., via an intermediate Dirac spin
liquid [88]. Crucially, we argue that the QTM response would provide important
information on the phases and their transitions.

We calculate the dynamical spin-structure factor of Eq. (2.38), which is experi-
mentally accessible through inelastic tunneling spectroscopy in both the CSL and
120� phase. We employ the RPA formalism discussed in Appendix B in both cases.
The resulting spin-wave dispersion deep within the 120 � phase is shown in panel (3)
of Fig. 3.1b). Due to the three-sublattice structure of the ordered state, there are three
distinct modes, which become soft at the G, K, and K0 points of the Brillouin zone.
Far from the transition, the three modes can again be understood using linear spin-
wave theory. A Holstein-Primakoff transformation yields the following dispersion

#k =
3J
2

q
(1 + gk )(1 + 2gk ) (3.1)
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FIGURE 3.1: Spin response across a quantum phase transition. a) Proposed zero temper-
ature phase diagram of the half-�lled triangular Hubbard model [82, 83]. The charge and
spin gap are schematically drawn as a function of interaction strength U/ t. b) Dynamical
spin-structure factor S(k, w) in the chiral spin liquid (CSL) phase (1), at the critical point (2)
and in the ordered 120� phase (3). The roton in the CSL becomes soft at theK point of the
Brillouin zone at the critical point, indicating a transition to an ordered state.
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where gk = 1/6 å 6
d= 1 eik �d is a geometric factor resulting from a sum over all nearest-

neighbors d of the triangular lattice. This dispersion corresponds to a longitudi-
nal mode in the long-wavelength limit [75]. The remaining two modes, which are
transversal for small momenta, are obtained from #k+ K and #k+ K0. Note that along
the high-symmetry line connecting the Gto the M-point in the Brillouin zone, two of
the three modes become degenerate. Close to the transition, one of the three modes
develops a roton-like minimum around the M-point (not shown), which becomes
soft at a critical value of Uc/ t ' 6.8 [75, 77]. This indicates an instability of the
ordered 120� phase, driven by out-of-plane �uctuations.

In the CSL phase, we also calculate the dynamical spin-structure factor. We de-
scribe the CSL by the Hamiltonian

H = �
J
2 å

hi j i
ab

f †
ia f †

jb fib f ja (3.2)

which is up to a constant simply the antiferromagnetic Heisenberg Hamiltonian ex-
pressed in terms of Abrikosov fermions fis . In this parton description, spin liquids
appear when the Abrikosov fermions propagate freely. This can be understood in
terms of a mean-�eld decoupling, which yields the free spinon Hamiltonian [86, 89]

Hsp = å
hi j i s

Jeff
ij f †

is f js . (3.3)

In the chiral spin liquid, the hopping Jeff
ij = � Jå shf †

is f js i is chosen such that each
triangle of the lattice encloses a �ux of p /2, which can be interpreted as a self-
generated emergent magnetic �eld spontaneously breaking time-reversal symmetry.
Due to the mean-�eld decoupling, there are two energy scales: the effective spinon
hopping Jeff = j Jeff

ij j, which we keep �xed in our calculation, and the interaction

energy between spinons given by Eq. (3.2). Both energies scale withJ � t2/ U and
hence decrease with increasingU. Still, the relative value of the interaction strength
between spinons compared to their effective kinetic energy, J/ Jeff, increases as we
approach the transition to the 120 � state, implying more �uctuations around the
mean-�eld state.

We again employ the RPA formalism to describe collective modes, describing
quantum �uctuations around the mean-�eld spinon state through interactions given
by Eq. (3.2). Similar approaches were recently applied in Refs. [90–93]. Including
quantum �uctuations, we �nd a sharp collective mode below the continuum of two
spinon excitations, as shown in panel (1) of Fig. 3.1b). The mode decays into the
continuum close to the k point and has a pronounced roton minimum at the K point,
indicating short-range 120 � antiferromagnetic correlations. By increasing the effec-
tive interaction strength Jrelative to the spinon hopping Jeff, the roton minimum be-
comes more pronounced and �nally softens at a critical value of Jc, as seen in panel
(2) of Fig. 3.1b). The closing of the spin gap at the K point indicates an instability
towards an ordered phase with ordering wave vector K, which is precisely the or-
dering wave vector for the 120 � phase. Therefore, the excited states of the chiral spin
liquid not only carry information about the phase itself but also encode information
about competing ordered phases. Using inelastic tunneling spectroscopy, as out-
lined in Sec. 2.3, we can directly study the mode softening at the transition between
the CSL and the 120� phase. The critical exponent of the gap can hence be directly
measured. Experimental observation of the roton mode and its softening would be
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strong evidence for the spin liquid phase and will reveal correlations relevant for a
better understanding of the transition to the ordered state.

Note that by �xing the spinon hopping Jeff
ij , such that there is p /2 �ux per trian-

gle, we assume that the spin liquid remains gapped and neglect modi�cations of the
spinon dispersion as the roton mode closes at the K point. For example, a Dirac spin
liquid [88] might appear at the critical point or even as an extended critical phase.
The Dirac spin liquid is characterized by Dirac cones in the spinon dispersion. In
this case, the dynamical spin-structure factor exhibits a continuum of states down to
zero frequency at the three distinct M points [94] due to the two Dirac cones, which
are separated by lattice momentum M. This indicates the fractionalization of spin
excitations, while a well-de�ned roton mode at the K point remains.

One possible challenge for inelastic tunneling spectroscopy is that only the por-
tion of the Brillouin zone, where elastic tunneling is forbidden by energy-momentum
conservation, can be measured, see Eq. (2.43). For the closing of the spin gap, which
we predict will occur at the K and K0points, it should always be possible to experi-
mentally tune the chemical potential such that only inelastic tunneling is possible at
the points of interest. However, this may not be achievable when the relevant region
is closer to the center of the Brillouin zone.

In a similar spirit, the QTM can be used to clarify the nature of the transition be-
tween the metallic phase and the GWC at fractional �lling n = 2/3 discussed in the
previous sections. In Refs. [95, 96], a continuous metal-insulator transition, driven
either by doping or a displacement �eld, at half-�lling was reported. In agreement
with Ref. [67], we �nd that the transition from metal to GWC is �rst order on a
mean-�eld level. The �rst derivative of the energy and the compressibility, which
vanishes for the ordered phase, show a discontinuity at the transition to the metal-
lic phase. By contrast, we observe the charge gap to open continuously, similarly
to what was found in an exact diagonalization study [72], indicating that the tran-
sition from metal to insulator is not strongly �rst order. Further experimental and
theoretical studies may help to clarify the situation.
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Chapter 4

Tunneling in an external magnetic
�eld

The chiral spin liquid phase discussed in the previous chapter can be stabilized by
an external magnetic �eld [86]. This makes it interesting to explore the response of
the QTM in �nite magnetic �elds, which has to account for Landau-level formation
in the probing graphene layers. We consider a similar setup to the one discussed
in Sec. 2.3: The tunneling current between two graphene sheets is measured as a
function of the applied bias voltage and the relative twist angle, with the probe of
interest sandwiched between the two graphene layers. Additionally, we now ap-
ply an external perpendicular magnetic �eld. This introduces a new length scale
into our system: the magnetic length `B =

p
h̄/ eB, which limits momentum resolu-

tion by dk � 1/ `B �
p

B. Consequently, we expect that for large enough magnetic
�elds, when the magnetic length is of the same order as the typical length scale of
our probe, the quantum twisting microscope completely loses its momentum reso-
lution. Intuitively, this can be understood as a consequence of the �attening of the
Dirac cones in graphene due to the formation of relativistic Landau levels. Ideally,
there will be an intermediate regime where the momentum space resolution is still
suf�ciently good to uniquely characterize the dynamical response functions of the
probe while already stabilizing the phase of interest.

The low energy description of the K = K+ (K0 = K� ) valley of a monolayer
graphene in an external gauge potential A (r) is given by [97, 98]

HK� = vF(� P xsx + P ysy) with P = p + eA (4.1)

Following Ref. [98], we introduce the relative twist angle q between the two layers
by a constant pseudo vector potential, which rotates the momenta. We adopt the
following gauge

A ` (r) =
1
e

�
`DK�

x , � eBx+ `DK�
y , 0

� T
(4.2)

with the layer index ` 2 f b=̂ 0,t=̂ 1g. The eigenvalues of Eq. (4.1) are given by

#n = sgn(n)wc
p

n (4.3)
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FIGURE 4.1: Elastic tunneling in a magnetic �eld. An external magnetic �eld (here B = 4T)
leads to the formation of relativistic Landau levels in the top and bottom layer graphene.
a) Normalized tunneling amplitudes between Landau level nt in the top layer and nb in
the bottom layer for different twist angles. b) We consider elastic tunneling between two
sheets of graphene separated by an insulating barrier. A bias voltage is applied between
the graphene layers, and the system is placed in a perpendicular magnetic �eld. We show
the elastic tunneling current as a function of the bias voltage f and the twist angle q. Both
graphene layers are at charge neutrality.

with cyclotron frequency wc =
p

2eBvF and the relativistic Landau-level index n 2
Z . The corresponding eigenstates are [98]

y +
n,ky

(r) =
Cnp

L
eikyy

0

@
f (` )

jnj (x)

� sgn(n) i f (` )
jnj� 1(x)

1

A

y �
n,ky

(r) =
Cnp

L
eikyy

0

@
sgn(n) i f (` )

jnj� 1(x)

f (` )
jnj (x)

1

A (4.4)

with Cn =
p

(1 + dn,0)/2 and

f (` )
n (x) =

1
p

2nn!
p

p `B
exp

�
�

(x � X` )2

2`2
B

� i`DK�
x (x � X` )

�
Hn

� x � X`

`B

�
(4.5)

where Hn(x) are Hermite polynomials and X` = `2
B(ky + `DK�

y ) is the x-component
of the orbit center for the semiclassical cyclotron orbits. The quantum number ky

is indexing the degeneracy of each Landau level. The derivation of the tunneling
current is analogous to the one presented in Sec. 2.1 and Sec. 2.3. We again assume
that all layers are separated by some insulating barrier and only coupled through a
tunneling Hamiltonian

Htun = å
rt ,rb

å
ab

�
Tab(rt , rb)c†

ta(rt)cba(rb)ei f t + h.c.
�
. (4.6)

We take a tunneling matrix elements of the form

Tab(rt , rb) = T̂abd(rt � rb)
�
G0 + G1Ô(rt)

�
(4.7)
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where Ô(r) is some operator that the electrons couple to when tunneling through the
intermediate layer. Concretely, this operator might be the local magnetic moment or
the local density, as discussed in Chapter 2. For simplicity, we take the tunneling
amplitude between all sublattices to be equal, i.e., T̂ab � dab + sx

ab. First, we focus
on the elastic contribution to the tunneling current, setting G1 = 0. In the following,
we restrict ourselves to the K valley. Analogous expressions can be derived for the
K0valley. In the basis of the Landau level eigenfunction given by Eq. 4.4, the elastic
tunneling Hamiltonian can be expressed as

H (0)
tun = å

nt ,nb

å
kt ,kb

�
Tnt nbkt kb c†

tnt kt
cbnbkb ei f t + h.c.

�
(4.8)

with
Tnt nbkt kb = G0 å

r
y �

nt ,kt
(r) T̂y nb ,kb (r). (4.9)

A similar calculation to the one presented in Sec. 2.1, yields an elastic tunneling
current given by

I (0) (f ) = � 2p e å
nt ,nb

å
kt ,kb

jTnt nbkt kb j2
Z

d#
�

ft(#) � fb(#+ f )
�
A t(#, nt)A b(#+ f , nb).

(4.10)
where A ` (#, n) is the spectral function of layer ` and Landau level n. In the disorder-
free limit we can take A ` (#, n) � d(#� #n), which results in a current

I (0) (f ) = � 2p e å
nt ,nb

W(nt , nb)
�

ft(#nt ) � fb(#nt + f )
�
d(#nt � #nb + f ). (4.11)

The dependence on the twist angle is implicitly contained in the tunneling ampli-
tudes

W(nt , nb) =
L4

(2p )2

Z
dktdkb jTnt nbkt kb j2 (4.12)

which describe the probability for an electron in the top layer in Landau level nt to
tunnel to Landau level nb in the bottom layer. Explicit expressions for W(nt , nb) are
given in Appendix D. In Fig. 4.1a), we plot W(nt , nb) for four different twist angles
at a �xed magnetic �eld. For very small twist angles, the tunneling amplitude is
peaked at transitions between the same Landau levels jnt j = jnbj. As we move to
higher twist angles, the maxima of W(nt , nb) are shifted towards transitions between
increasingly more separated Landau levels. This observation can be explained by
a simple semiclassical picture [98]: the massless Dirac fermions of graphene per-
form cyclotron orbits in the presence of a magnetic �eld. The circular motion in
real space induces orbital motion also in momentum space, with an orbital radius of
kn =

p
2jnj/ `B. Due to the relative twist angle, the orbital center of the top layer

is shifted by DK = 2KD sin(2q), where KD = jK j is the position of the Dirac point
of graphene. In this semiclassical picture, the tunneling amplitude between Landau
levels is maximized if the fermion orbits touch each other, leading to the condition
knt � knb = DK. As the twist angle increases, the difference between the Landau
levels must also increase to ful�ll the condition. Increasing the magnetic �eld has
the opposite effect sincekn �

p
B.

In Fig. 4.1b) we show the elastic tunneling current as a function of the applied
bias voltage and the twist angle, assuming both graphene layers are at charge neu-
trality. Pronounced plateaus corresponding to transitions between different Landau
levels can be seen. The width of the plateaus scales inversely with the magnetic
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