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A B S T R A C T

The number of particles detected in a nucleus-nucleus collision strongly
depends on the impact parameter of the collision. Therefore, multiplic-
ity fluctuations, as well as rapidity correlations of multiplicities, are
dominated by impact parameter fluctuations. We present a method
based on Bayesian inference which allows for a robust reconstruction
of fluctuations and correlations at fixed impact parameter. We apply
the method to ATLAS data on the distribution of charged multiplicity
and transverse energy. We argue that multiplicity fluctuations are
smaller at large rapidity than around central rapidity. Finally, we
suggest simple new analyses in order to confirm this effect.

Z U S A M M E N FA S S U N G

Die Zahl von Teilchen, die in einer Nukleus-Nukleus-Kollision detek-
tiert werden, hängt stark mit dem Stoßparameter der Kollision zusam-
men. Aus diesem Grund werden sowohl Multiplizitätsfluktuationen
as auch Rapiditätskorrelationen von Multiplizitäten von Stoßparame-
terfluktuationen überschattet. Wir präsentieren eine Methode, die auf
Bayes’scher Inferenz basiert und eine robuste Rekonstruktion von
Fluktuationen und Korrelationen bei festem Stoßparameter erlaubt.
Wir wenden die Methode auf Daten einer ATLAS-Messung an, bei der
die Multiplizität von geladenen Teilchen und die transversale Energie
gemessen worden sind. Wir legen dar, dass Multiplizitätsfluktuatio-
nen bei großen Rapiditäten kleiner als bei zentralen Rapiditäten sind.
Schließlich schlagen wir einfache neue Analysen vor, um diesen Effekt
zu bestätigen.
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1
I N T R O D U C T I O N

Many physicists when asked to brainstorm about the Large Hadron
Collider think of proton-proton collisions, the discovery of the Higgs
boson or the search for physics beyond the Standard Model. However,
only few of them think of ultrarelativistic heavy-ion collisions, even
though these are arguably at least just as exciting. Beams of nuclei
are focussed and collided at energies considerably higher than the
rest mass of the nucleus constituents, such that thousands of new
particles are produced per nucleus-nucleus collision [1, 2]. The energy
is in fact so high that matter becomes about twenty times as dense as
a hadron during the collision [3]. As a consequence, the elementary
particles making up a nucleon strongly couple to each other, forming
a collective medium governed by the laws of strong interaction [2].

Heavy-ion collisions require new concepts not needed in the descrip-
tion of proton-proton collisions. The most prominent one concerns
the collision centrality. Physics will be different when the two nuclei
collide head-on, which is referred to as a central collision, as opposed
to the case in which they barely scratch each other. The underlying
geometric quantity is called the impact parameter of a collision and is
neither directly measurable in experiments, nor can it be controlled
for a given collision. Instead, workers measure proxies of it, e.g. the
number of hadrons produced and falling into a specific detector ac-
ceptance, so-called hadron multiplicities [4]. Alternatively, one could
measure the energy deposit into a calorimeter [5].

Particle production can be measured for different angular sectors
simultaneously using multiple detectors positioned at different polar
angles, which correspond to different so-called (pseudo)rapidities. In
this work, we study fluctuations and correlations between particle
production at different rapidities. The measurement of this rapidity-
rapidity correlation has remained elusive so far because it is hidden
by correlations induced by the variation of the impact parameter,
since a more central collision produces more particles at all rapidities.
Methods have been proposed to overcome this limitation [6], but in
practice, one has been restricted to forward-backward correlation tech-
niques [7–9], in which two detectors are positioned at symmetric bins
in pseudorapidity and which are less sensitive to impact parameter
fluctuations.

We introduce a simple Bayesian method that allows us to recon-
struct correlations at fixed impact parameter b, therefore eliminating
the contribution to correlations due to variations of b. More specifically,
if (N1, ..., Np) denote centrality observables, like multiplicity or energy
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2 introduction

deposit, in p rapidity windows, we show that their p× p covariance
matrix can be reconstructed for b = 0, while a (p− 1)× (p− 1) projec-
tion of this matrix can be reconstructed for b > 0. Bayesian methods in
the field of heavy-ion collisions usually involve sophisticated models
and extensive calculations [10–12]. In contrast, the Bayesian approach
in this work is quite simple, and we do not need to resort to any model
of collision dynamics.

We apply the reconstruction to data measured by the ATLAS col-
laboration. They measured the joint distribution of (ET, Nch), where
ET denotes the total transverse energy measured in a calorimeter lo-
cated at a large rapidity, and Nch refers to the multiplicity of charged
particles measured in the central rapidity region. We will have a lot
more to say later on how these observables are defined and what the
rapidity specifications mean exactly; for now, it suffices to know they
are two centrality observables covering separate detector windows.
The histogram of (ET, Nch) for collisions of lead (Pb) nuclei is repre-
sented in Fig. 1.1. As the impact parameter of a Pb+Pb collision is not
measured, this histogram constitutes the superposition of contribu-
tions at all impact parameters. However, we are able to reconstruct
accurately the location of central collisions on this diagram, which
is represented in the figure as a black curve containing 99 % of all
collisions at b = 0. This is a specific example of what can be achieved
through our Bayesian reconstruction method.
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Figure 1.1: Normalized histogram of the distribution of (ET , Nch) measured
by the ATLAS collaboration [13] in Pb+Pb collisions at

√
sNN =

5.02 TeV. ET denotes the transverse energy in the pseudorapidity
window 3.2 < |η| < 4.9 and Nch the number of reconstructed
tracks of charged particles in the pseudorapidity window |η| <
2.5. The black ellipse is one of the results obtained through our
Bayesian reconstruction, corresponding to the 99% confidence
ellipse for collisions at zero impact parameter.

This work is structured in two parts. In Part i we provide the
reader with an introduction to the topic of ultrarelativistic heavy-ion
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collisions, with a focus on those concepts and phenomena needed to
understand this work. Part ii represents the main part of this work. We
explain our Bayesian method in Chapter 6. It is validated in Chapter 7

using a realistic model calculation in which the impact parameter is
known. In Chapter 8, we apply it to ATLAS data. In Chapter 9, we
present our results for the fluctuations of ET and Nch and discuss what
they tell us about the early collision dynamics. Finally, in Chapter 10,
we suggest analyses that could be done easily with existing data and
which would shed light on the rapidity dependence of fluctuations
and on long-range correlations.





Part I

U LT R A R E L AT I V I S T I C H E AV Y- I O N C O L L I S I O N S
I N A N U T S H E L L





2
H O W T O S E T U P A C O L L I S I O N A N D W H Y

This chapter aims at providing a gentle introduction to the field
of ultrarelativistic heavy-ion collisions. In Section 2.1, we introduce
the reader to important vocabulary before presenting the two most
important collider facilities as well as a useful coordinate system
to describe emitted hadrons. Ultrarelativistic heavy-ion experiments
are mainly performed in order to produce and study the properties
of a specific collective medium. In Section 2.2, we therefore present
some characteristics of this medium and shed light on its space-time
evolution during a heavy-ion collision.

2.1 terminology, colliders and coordinate systems

Let us begin by introducing some important vocabulary. A nucleus-
nucleus (A+B) collision denotes a collision involving two nuclei (A) and
(B) made up of more than one nucleon, which makes it different from
proton-nucleus (p+A) collisions or proton-proton (p+p) collisions. Similarly,
a heavy-ion collision refers to the collision of two “heavy” nuclei –
as opposed to collisions of “light” nuclei, protons or even electrons.
There seems to be no clear consensus on how many nucleons a nucleus
needs to have in order to count as heavy, but typical examples of heavy
ions used in experiments include 197Au (gold), 208Pb (lead) and 238U
(uranium). In this work, we focus on Pb+Pb collisions only, so that
we tend to treat ‘nucleus-nucleus collisions’ and ‘heavy-ion collisions’
as synonyms, even though, strictly speaking, they are not. Collisions
are further called ultrarelativistic if the energy of the nucleons that
make up the colliding nuclei is much higher than the nucleon rest
energy. Whenever we refer to collisions in this work, we implicitly
mean ultrarelativistic ones.

In an experiment, one does not accelerate two nuclei only and makes
them collide. Instead, one collides bunches of nuclei, and when two
bunches collide, there are multiple nucleus-nucleus collisions, or events.
The collision energy is typically given in terms of the total energy per
nucleon-nucleon pair in the center-of-mass frame,

√
sNN.

Next, we introduce the collider facilities that are able to perform
heavy-ion collisions at ultrarelativistic energies. We will focus on the
two colliders with the highest center-of-mass energy, RHIC and the
LHC. Both of them are synchrotron colliders, meaning they are circular
with two beams of nuclei running in opposite directions with an ever
increasing magnetic field bending their paths until one makes them

7



8 how to set up a collision and why

cross at the interaction point. An aerial view of the two collider facilities
is provided in Fig. 2.1.

The Relativistic Heavy Ion Collider (RHIC) is a synchrotron collider
located at the Brookhaven National Laboratory (BNL) in Upton, New
York, with a storage ring radius of about 610 m. RHIC is fully dedi-
cated to heavy-ion research and has at the moment only one active
experiment, STAR, while a second one, PHENIX, is being upgraded.
The center-of-mass energies reached are

√
sNN = 500 GeV for p-p

collisions and
√

sNN = 200 GeV for nucleus-nucleus collisions.
The Large Hadron Collider (LHC), on the other hand, with a ra-

dius of 4.3 km constitutes the largest synchrotron and also the largest
particle accelerator in the world. It is operated by the European Orga-
nization for Nuclear Research (CERN) and performs p-p collisions at
13 TeV and Pb-Pb collisions at

√
sNN = 5.02 TeV. In contrast to RHIC,

only for about one month per year are the collision runs devoted to
heavy-ion research, while the rest of the time is invested for precision
tests of the Standard Model. There are four running collaborations at
the LHC, only one of which, ALICE, is fully dedicated to heavy ions.
Furthermore, there are subgroups within the collaborations ATLAS
and CMS doing heavy-ion research.

Figure 2.1: Aerial view of the two collider facilities with the highest center-of
mass energy. Left: Relativistic Heavy Ion Collider (RHIC) at BNL,
Upton, New York, USA. Right: Large Hadron Collider (LHC) at
CERN, Geneva, Switzerland.

In the remainder of this section, we introduce useful coordinates
to characterize the hadron output of collisions. The position space
coordinate system constitutes a right-handed system of the coordinates
(x, y, z), in which we align the z-axis along the beam axis and let the
x-axis point to the center of the (circular) collider. The plane (x, y)
orthogonal to the beam axis is referred to as the transverse plane and,
in this spirit, the component of the 3-momentum of a particle in
this plane is called transverse momentum pt. The sum of transverse
momenta of all particles in a collision event is a conserved quantity,
and is in fact zero in the lab frame.

One can alternatively switch to spherical coordinates, in which sym-
metries of the collision geometry are more visible. For this purpose,
let us introduce an azimuthal angle φ in the transverse plane and a
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polar angle θ (see Fig. 2.2). However, we will directly replace θ with
the pseudorapidity η defined by:

η ≡ − log tan(θ/2) =
1
2

log
|p|+ pz

|p| − pz
(2.1)

With this definition, particle emission at η = 0 is within the transverse
plane (θ = π/2), while emission along the beam axis corresponds to
η = ±∞. This variable transformation is actually motivated by Lorentz
invariance. To see this, note first that the pseudorapidity relates to the
longitudinal component pz of momentum thusly:

pz = pt sinh(η). (2.2)

When pt is much larger than the particle mass m, which is usually
a reasonable assumption in the ultrarelativistic regime, then η is to
a good approximation equal to the rapidity y, defined through the
relation

pz =
√

p2
t + m2 sinh(y), (2.3)

where we use units in which the speed of light is set to 1. The rapid-
ity y has the interesting property that it is additive under Lorentz
boosts, which is then inherited to the pseudorapidity η in ultrarela-
tivistic nucleus-nucleus collisions. This means that differences between
pseudorapidities are approximately Lorentz-invariant. We will allow
ourselves from time to time to call η simply rapidity instead of pseudo-
rapidity. There is also a third quantity involving the time coordinate t
called spacetime rapidity,

ηs ≡
1
2

log
t + z
t− z

. (2.4)

If one assumes that the produced particles are massless and free-
streaming in the z-direction, then z/t = pz/|p|, such that ηs ' η.

Particle emission around η = 0 (θ = π/2) is referred to as emission
around midrapidity. Accordingly, detectors covering the hemisphere
η > 0 (θ < π/2) detect particle emission at forward rapidity, while
backward rapidity corresponds to η < 0 (θ > π/2).

Furthermore, an emitted particle with mass m and transverse mo-
mentum pt has a transverse mass,

mt ≡
√

p2
t + m2, (2.5)

as well as a transverse energy,

Et ≡ E sin θ =
E

cosh η
, (2.6)

where E =
√

p2 + m2 denotes the total energy of the particle. Calorime-
ters measure the total transverse energy ET ≡ ∑ Et of hadrons falling
into the detector acceptance.
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Figure 2.2: Coordinate system to represent the 3-momentum vector p of a
particle produced in a heavy-ion collision. The polar angle θ has
been traded for the pseudorapidity η.

2.2 quark-gluon plasma

On February 10, 2000, a CERN press release reports “compelling
evidence for the existence of a new state of matter in which quarks
(...) are liberated to roam freely.”1 What has been announced that
day has since then been dubbed quark-gluon plasma (QGP), a locally
thermalized, strongly interacting state of matter in which quarks and
gluons move freely over distances large in comparison to the typical
size of a hadron [2]. In order to produce QGP in a laboratory, heavy
ions have to be collided at ultrarelativistic energies. The study of the
bulk properties of QGP is actually the primary reason to perform
ultrarelativistic heavy-ion collisions.

In recent years, it has been understood that QGP, while being gov-
erned by the laws of quantum chromodynamics (QCD), behaves col-
lectively like an almost ideal relativistic hydrodynamic fluid, which
offers the interesting possibility to study the relationship between
microscopic properties described by QCD and macroscopic quantum
field quantities like densities of energy or entropy.

The subsequent paragraphs aim at providing an end-to-end descrip-
tion of the heavy-ion collision process and how QGP relates to it. A
thorough review is given in [3]. Let us turn to Fig. 2.3, which presents
schematically the most prominent phases of the collision evolution.
Note that the figure provides a time variable τ alongside it. Actually,
τ denotes the proper time defined by

τ =
√

t2 − z2, (2.7)

where t denotes the time coordinate in the laboratory frame such that
t = 0 at the time of the interaction of the two nuclei. But since the time

1 https://home.cern/news/press-release/cern/new-state-matter-created-cern,
last visit: July 29, 2021

https://home.cern/news/press-release/cern/new-state-matter-created-cern


2.2 quark-gluon plasma 11

values are meant to give rough estimates only, the difference between
t and τ is not too important for our purposes.

Figure 2.3: Sketch of a ultrarelativistic heavy-ion collision evolution by Chun
Shen.2

So consider two heavy nuclei that approach each other along the
beam axis. Due to the ultrarelativistic regime, the nuclei are Lorentz-
contracted to flat discs. At t = 0, the nuclei interact with each other
and also cross one another. The corresponding point in space is also
referred to as interaction point. The system is at this moment out of
thermal equilibrium; it takes about 1 fm/c for it to thermalize. What we
obtain is a lumpy distribution of energy density in the transverse plane
which looks different from one collision event to another because of
the quantum fluctuations of the nuclear constituents. In Chapter 4 we
offer a description of how to model initial field profiles mathematically.

Once thermalized, the system has undergone the phase transition
towards QGP. During LHC experiments, the energy density of this
extremely dense state of matter is at this stage twenty times as high
as that of a hadron [3]. Since the produced QGP is so dense and hot,
workers like to refer to it as fireball. The fireball enters a process of
expanding and cooling down, which, remarkably, can be described in
terms of fluid degrees of freedom using relativistic viscous hydrody-
namics. A recent numerical scheme for solving the relativistic fluid
equations of motion is described in [14].

Once the droplet of QGP has cooled down sufficiently, to a temper-
ature of around 150 MeV, it converts into a hadron gas, with unstable
hadrons initiating a cascade into stable particles. Once there are no
inelastic processes, the system has undergone what is called chemi-

2 https://u.osu.edu/vishnu/category/visualization/, last visit: July 29, 2021

https://u.osu.edu/vishnu/category/visualization/


12 how to set up a collision and why

cal freeze-out. There are still elastic interactions; only once the kinetic
freeze-out has occured do the particles move freely.

The last stage of the collision after the kinetic freeze-out is referred
to as free streaming. Thousands of new particles that have emerged
from the collision of the two incident nuclei stream to the detector. It is
from particle distributions and correlations that one aims at deducing
properties of QGP.

The important fact to remember is that QGP appears during an
intermediate stage of a heavy-ion collision. What is experimentally
accessible, however, is the final state of the evolution only, for instance
hadron spectra. The fact that those result from an integrated history
of time evolution during which fluctuations in the initial fields can be
intensified or attenuated is what makes the study of QGP properties
so challenging. An additional complication arises from the fact that
the initial conditions and their symmetry properties depend on the
collision centrality, i.e. whether the two nuclei collide head-on or in
a peripheral manner. The underlying geometric quantity, the impact
parameter, is not directly measurable either. Chapter 3 focuses on the
concept of centrality in detail.



3
T H E C O N C E P T O F E V E N T C E N T R A L I T Y

In this chapter we will introduce a key concept needed for this work,
namely collision centrality. It is motivated by the fact that, in heavy-ion
physics, observed phenomena critically depend on the initial geometry
of the collision. In simple terms, it makes a huge difference whether
two nuclei collide head-on or barely scrape each other.

Let us consider two nuclei approaching each other along the beam
axis. Their centers projected onto the transverse plane define the vector
b, the modulus of which is called the impact parameter of the collision.
The impact parameter is the natural variable to characterize the initial
geometry of a collision event. The definition of b is schematically
illustrated in Fig. 3.1.

Figure 3.1: Schematic representation of the collision geometry, both in side
view (left) and in beam-line view (right). Dashed lines connect
the positions of various structures in the two perspectives. The
impact parameter vector b connects the two nucleus centers in the
transverse plane while s denotes an arbitrary two-dimensional
vector in the transverse plane. Figure taken from [15, fig. 3].

When colliding heavy ions in an experiment, one obtains events at
all impact parameters. We are typically dealing with what are called
minimum-bias events. This means that there is no selection of events
in terms of b. When measuring some final state observable in an
experiment, one is interested in averaging the results of many events.
But since final state observables will depend on the impact parameter,
this averaging is sensible only if the events one averages over have
similar impact parameters, say e.g. 1 fm ≤ b ≤ 1.5 fm.

This is formalized through the concept of centrality classes. In
order to understand this, we will first introduce Pinel(b), which is the

13



14 the concept of event centrality

probability for an inelastic nucleus-nucleus interaction to occur at a
given impact parameter. Its typical form is given on the left-hand side
of Fig. 3.2: Pinel is basically equal to unity up to impact parameters
twice the radius RA of the colliding nuclei, meaning that when the
nuclei are sufficiently close to each other that they geometrically pass
through each other, an inelastic collision will take place. On the other
hand, Pinel quickly falls off when b > 2RA. The figure results from a
model calculation that will be introduced in more detail in Section 4.2.

Using this quantity, one can write down the differential inelastic
nucleus-nucleus cross section:

dσ

db
(b) = Pinel(b)2πb. (3.1)

Integrating over all impact parameters yields the total inelastic nucleus-
nucleus cross section σinel. On the right-hand side of Fig. 3.2, we
present the differential cross section divided by the total cross section
of inelastic nucleus-nucleus interactions. This is nothing but the nor-
malized probability distribution of impact parameters for minimum-
bias collisions. It increases linearly until b ' 2RA and then drops to
zero.
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Figure 3.2: Left: Probability for an inelastic collision to occur at a given impact
parameter. Right: Normalized probability distribution of b, which
is given by the differential inelastic cross section divided by the
total inelastic nucleus-nucleus cross section. It further contains,
from left to right, the centrality classes 0-5 %, 5-10 %, 10-20 %, ...,
90-100 % based on the impact parameter, see text for details. Both
figures have been obtained by simulating and binning 1.2 · 10

6

minimum-bias Pb+Pb collisions at
√

sNN = 5.02 TeV using the
TRENTo 3D initial condition model (see Section 4.2 for details.)

Now we are ready to introduce the b-centrality of a collision at im-
pact parameter b as the cumulative probability distribution of impact
parameters:

cb(b) =
1

σinel

∫ b

0
Pinel(b′)2πb′ db′ (3.2)
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Note that for impact parameters b < 2RA, the probability Pinel is
essentially constant and equal to unity, which is why the integral in
Eq. (3.2) can be performed straightforwardly:

cb(b) =
πb2

σinel
for b < 2RA (3.3)

We can now introduce centrality classes based on b-centrality. For
example, one can define the 0-5 % class, which contains those 5 %
of all minimum-bias events with the lowest impact parameter, or
equivalently, events with 0 < cb < 0.05. Similarly, the 5-10 % class
contains events with 0.05 < cb < 0.10, and so on. We illustrate some
centrality intervals in the right panel of Fig. 3.2. Note that it is common
usage to characterize the centrality edges in terms of percentiles.
Furthermore, centrality intervals do not always have a size of 5 %.

At this point, some vocabulary is in order. Collisions with a low
impact parameter are called central collisions, in contrast to peripheral
collisions. On the other hand, there do not seem to be sharply defined
limits in terms of centrality. Sometimes workers even use the term
most central / ultracentral for collisions at impact parameters close to
zero. Similarly, mid-central collisions refer to events with ∼ 20-40 %
centrality.

The concept of b-centrality provides a straightforward way of cat-
egorizing events as a function of the impact parameter, and is a
natural way of defining centrality from a theoretical point of view. It
is, however, impractical for the classification of actual collision events
measured using detectors because one would have to know the impact
parameter of every single collision, and the impact parameter is not
directly measurable.

What is done in experiments, instead, is to resort to “proxies” for
the impact parameter, e.g. the number of particles produced in an
event (event multiplicity) or the amount of energy deposited in a
calorimeter. Put simply, we expect more particles to be produced when
the nuclei collide head-on (central collisions) as opposed to when they
scratch each other (peripheral collisions). Here are some examples of
experimental observables used by the collaborations introduced in
Section 2.1:

• STAR [16]: number of tracks of charged particles detected in the
pseudorapidity window −0.5 < η < 0.5

• ALICE [4]: number of hits in two scintillators covering the win-
dows −3.7 < η < −1.7 and 2.8 < η < 5.1

• ATLAS [13]: energy deposited in two forward calorimeters cov-
ering 3.2 < |η| < 4.9

• CMS [5]: energy deposited in two forward calorimeters covering
3.0 < |η| < 5.2
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Given an observable n and its probability distribution P(n), one can
define an experimental measure of centrality that we will denote by c:

c(n) =
∫ ∞

n
P(n)dn (3.4)

Note that n appears as a lower bound in the integral, in contrast to
the definition of b-centrality. This is because centrality observables are
monotonously decreasing functions of the impact parameter. With this
definition of centrality, one can define centrality classes in the very
same fashion as for b-centrality, with the 0-5 % class this time corre-
sponding to events with the highest values of n. In general, collisions
at fixed impact parameter display a distribution of n, and vice versa.
For large collision systems like Pb-Pb, however, there is a tight correla-
tion between cb and c, such that it is a reasonable assumption in most
cases that centrality classes in b and centrality classes in n essentially
describe the same set of events. Only for ultracentral collisions, when
c ∼ 1 %, does one observe deviations, such that the influence of finite
fluctuations of n at fixed b becomes relevant [17].



4
D E S C R I B I N G T H E I N I T I A L C O N D I T I O N S O F
H E AV Y- I O N C O L L I S I O N S

This chapter is devoted to describing how the initial field density of
energy or entropy can be modeled. On the one hand, these initial
conditions are needed as input to hydrodynamic simulations of QGP,
which is beyond the scope of this work. On the other hand, it is com-
monly agreed that multiplicity fluctuations, while certainly affected
by QGP evolution, originate in the early collision dynamics [15]. This
means that we can study multiplicity fluctuations without resorting
to extensive hydrodynamic simulations and instead look at the initial
conditions.

A large class of initial condition models is based on Glauber theory.
These models consider a nucleus-nucleus collions as a superposition
of independent nucleon-nucleon collisions and promote the number
of nucleons “participating” in the collision and the number of binary
nucleon-nucleon collisions to relevant quantities. Initial event distribu-
tions are then sampled according to the position of theses variables. A
review of Glauber modeling is given in [15]. After thoroughly high-
lighting the main aspects of Glauber theory relevant for this work in
Section 4.1, we will, in Section 4.2, give an overview of the TRENTo
3D model of initial conditions, which uses a similar ansatz and is our
initial condition model of choice later on.

4.1 the glauber model

In order to understand the purpose of the Glauber model, let us look
at Fig. 4.1. On the left, it shows two Lorentz-contracted nuclei that
are about to collide with impact parameter b. Now, what the Glauber
model does is to introduce the concept of participants, i.e. nucleons
that participate in the collision. Those are depicted schematically in
color on the right-hand side of Fig. 4.1. On the other hand, those
nucleons that do not partake are referred to as spectators. Another
important quantity is the number of binary nucleon-nucleon collisions
Ncoll in an event. The Glauber model allows to express the number
of participants Npart and Ncoll as a function of the impact parameter
and how these quantities can be related to experimental data like
multiplicity distributions.

Over the years, two strategies have been established: The first of
them is called optical limit approximation and constitutes a framework
of continuous nucleon density distributions used to make the full
quantum-mechanical scattering integral numerically tractable [15].

17
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Figure 4.1: Two nuclei collide with impact parameter b. The participating
nuclei (in color) are those that interact during the collision while
the spectators (in grey) remain unaffected. Figure taken from [18,
fig. 1]

The other one consists of sampling nucleons “from scratch” on a
computer, which is known as the Glauber Monte Carlo approach. It is
the latter strategy of event-by-event calculations that has been found
to be easily generalizable to more realistic particle production codes
like the TRENTo model, which is why in this work we will consider
the Glauber Monte Carlo approach only. In any case, as far as the
calculation of Npart and Ncoll is concerned, the two strategies lead to
essentially identical results [15].

In order to build nucleus-nucleus collision events in the Glauber
Monte Carlo model, one starts by sampling the positions of nucleons,
which make up the two nuclei. Specifically, one assumes that these
positions are drawn independently from each other from the same
probability distribution. The distribution of choice for heavy nuclei is
the Woods-Saxon profile of nuclear charge density:

ρ(r) = ρ0
1 + w(r/R)2

1 + exp ((r− R)/a)
(4.1)

There are four parameters in this parametrization: R characterizes the
nuclear radius and a the skin depth of the nucleus, which corresponds
to the length scale over which the density falls off. The parameter
w is used to describe nuclei whose maximal density is reached at
r > 0 (w = 0 for Pb). The normalization ρ0 is chosen such that∫

dr 4πr2ρ(r) = 1. Some profiles are given in Fig. 4.2. Note that these
parameters are determined independently in low-energy electron-ion
scattering experiments [15].

Once the right amount of nucleons have been sampled for the
two nuclei, e.g. 2 × 208 in the case of lead, one draws the impact
parameter b of the collision event by sampling from a probability
distribution proportional to 2πb, up to a maximum bmax ≈ 20 fm.
bmax is chosen larger than twice the nuclear radius, just up to the
point that the interaction probability (see also Fig. 3.2) drops to zero.
Next, the nucleons are collectively shifted by ±b/2 to arrange an
impact parameter of b. This begs for a comment. In principle, the
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Figure 4.2: Density profiles for 208Pb (R = 6.624 fm, a = 0.549 fm, w = 0),
197Au (R = 6.38 fm, a = 0.535 fm, w = 0) and 63Cu (R = 4.2 fm,
a = 0.596 fm, w = 0) according to Eq. (4.1). Parameter values
from [19].

impact parameter is a two-component vector in the transverse plane.
Its orientation, however, follows a uniform distribution. The plane
spanned by the beam axis and the impact parameter vector is called
reaction plane and has a random orientation in experiments. In initial
condition models, it is instead common practice to keep the orientation
of the reaction plane fixed, such that the impact parameter vector is
aligned with the x-axis (cf. Fig. 4.3), and a single number suffices to
characterize it.

x

y

Figure 4.3: Coordinate system in the Glauber model: the x-axis is aligned
such that both nucleus centers lie on it. The reaction plane is then
spanned by the x-axis and the beam axis, the reaction plane angle
is fixed at zero.

Having two nuclei A and B with a displacement b at hand, it is now
time to make them collide. For this purpose, we will assume that the
nucleons follow straight lines during the collision, from which they are
not deviated at any time. In practice, the three-dimensional nucleon
positions of both nuclei are projected onto the transverse plane and
for each nucleon n of a given nucleus, one checks if there is, within a



20 describing the initial conditions of heavy-ion collisions

distance D, at least one nucleon that belongs to the other nucleus. If
so, then n is tagged as participant, otherwise as spectator. The distance
threshold D is typically parametrized thusly:

D =
√

σNN/π (4.2)

Here, σNN denotes the inelastic nucleon-nucleon cross section. σNN

is measured independently by means of p-p collisions and depends
on the collision energy. It is actually through σNN only that

√
sNN

enters the Glauber model. Equation (4.2) is motivated by the fact
that the de-Broglie wavelength of ultrarelativistic nucleons is small
in comparison to their spatial extent. Hence, quantum-mechanical
effects are negligible and a black-disk approximation can therefore
be expected to constitute a reasonable approximation of the nucleon-
nucleon cross section.

Hence, one obtains Npart simply by counting the number of par-
ticipating nucleons in an event. Similarly, one obtains the number of
binary collisions Ncoll by looping over all pairs with one nucleon from
nucleus A and the other one from B and counting those nucleon pairs
with a separation d < D. Note that nucleons can participate in more
than one nucleon-nucleon collision. In this case, however, the Glauber
model does not account for any loss of nucleon energy, σNN remains
constant for all nucleon-nucleon interactions.

This concludes the description of how Npart(b) and Ncoll(b) are
computed in the Glauber model. As an application, we sketch how
to compute the total nucleus-nucleus cross section σAA from these
quantities. It turns out to be simply a matter of counting, one takes
the geometrical cross section with the maximal impact parameter bmax

introduced in the b-sampling procedure and corrects it by the fraction
of events with at least one nucleon-nucleon collision [4]:

σAA =
# events with Ncoll ≥ 1
# events with Ncoll ≥ 0

× πb2
max (4.3)

4.2 the tRento 3d model of initial conditions

Having discussed the Glauber model, we now transition to a more
realistic model, namely TRENTo 3D [20], a state-of-the-art Monte Carlo
generator of the initial state of proton-nucleus and nucleus-nucleus
collisions. In addition to the classical Glauber model, it is also capable
of describing the rapidity dependence of initial conditions. TRENTo
3D actually constitutes a generalization of a simpler model, the boost-
invariant TRENTo model of initial conditions, which is why we will
start with the original model and then discuss how rapidity effects are
implemented.

The reduced Thickness Event-by-event Nuclear Topology (TRENTo)
initial-condition model [21] generates event-by-event initial transverse
entropy density profiles, reproducing the multiplicity distributions
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for a wide range of LHC experiments. It constitutes a Monte Carlo
model that effectively interpolates between previously existing ini-
tial condition models. The key quantities are two nucleus thickness
functions TA and TB. They are modeled as superpositions of Gaus-
sian nucleon densities ρnucleon(x) that are centered around previously
sampled participating nucleon positions,

TA(x) =
Npart

∑
i=1

w(i)
A

∫
dz ρnucleon(x− xi), (4.4)

and similarly TB(x). The coordinates xi denote the position of partici-
pant i. The strength w(i)

A by which a participant contributes is sampled
from a Γ-distribution with unit mean,

Pk(w) =
kk

Γ(k)
wk−1 exp(−kw). (4.5)

Here, k > 0 is a continuous shape parameter regulating the fluctua-
tions. The distribution has a long tail for k < 1 while fluctuations are
suppressed for k� 1.

In short, one identifies the participating nucleons for the two given
nuclei and deposits a “blob” of entropy at their positions to obtain the
two thickness functions of the event.

Next, the TRENTo model assumes the transverse initial entropy
density profile to be proportional to the generalized mean of TA and
TB,

s(x, y) = N
(

Tp
A + Tp

B
2

)1/p

, (4.6)

with some normalization constant N . This relation between functions
is to be understood pointwise. The dimensionless parameter p ∈ R

controls the mixing of the two nucleus thickness functions. Note that
for p = 1, we effectively fall back to the Glauber model since the
entropy density is then simply a superposition of Gaussians at the
participating nucleon positions. The parameter k in the Γ-distribution
can be tuned to match measured multiplicity distributions once p has
been chosen.

The TRENTo 3D model now generalizes the original boost-invariant
model by adopting a factorized approach for the initial entropy den-
sity s:

s(x, η) = f (x)g(x, ηs) (4.7)

Here, f denotes the entropy density in the transverse plane at midra-
pidity computed with the original model, while g is a rapidity-dependent
function normalized such that g(x, 0) = 1 for all x in the transverse
plane (ηs denotes spacetime rapidity, cf. Eq. (2.4)). g is defined using a
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cumulant expansion; it is by adjusting the first three cumulants that
the model controls longitudinal entropy deposition. Those have been
tuned to reproduce several rapidity-dependent observables. The code
for TRENTo 3D is publicly available1 and returns, for each collision
event, an entropy density profile s(x, y, η) at an early time after the
collision, when hydrodynamics becomes applicable.

1 https://github.com/Duke-QCD/trento3d, last visit: July 29, 2021

https://github.com/Duke-QCD/trento3d
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PA RT I C L E P R O D U C T I O N A N D M U LT I P L I C I T Y
F L U C T UAT I O N S

Having familiarized ourselves with the most important concepts of
heavy-ion collisions with a focus on event centrality and initial condi-
tions, we now consider mechanisms of particle production and how
they relate to fluctuations and correlations of final-state centrality ob-
servables. A considerable emphasis will be put on discussing different
origins of fluctuations.

Particle production in ultrarelativistic nucleus-nucleus collisions can
be considered as the statistical emission from a continuous source.
Specifically, the source in question is, as we have seen in Section 2.2, a
viscous fluid. In numerical codes, the transition from the QGP phase
to the hadron gas phase (cf. Fig. 2.3) is implemented as follows [3]:
Having introduced a spacetime grid on which the fluid is discretized
for the hydrodynamic description, one keeps track of the local tem-
perature of each fluid cell. This temperature keeps decreasing during
the QGP expansion and eventually drops below a critical temperature
Tc ≈ 150 GeV. At this point a fluid cell converts into hadrons.

A key assumption of hydrodynamic modelling in ultrarelativistic
nucleus-nucleus collisions is what has been dubbed flow paradigm:
Within a collision event, newly produced particles are emitted in-
dependently from one another. Put more precisely, the output of a
hydrodynamic spacetime simulation of QGP is a single-particle mo-
mentum distribution, and all particles in a given event are emitted
according to this probability distribution [22]. The flow paradigm has
been shown to correctly predict several observables of ultrarelativistic
nucleus-nucleus collisions, for example anisotropic flow. This is a phe-
nomenon according to which initial-state anisotropy in position space,
induced by a non-vanishing impact parameter, is transferred by the
QGP medium to the final-state azimuthal particle spectra [22, 23].

In this thesis, however, we are not concerned with the azimuthal
distribution of particle multiplicity. Instead, we are interested in fluc-
tuations and correlations between centrality observables with a pseu-
dorapidity separation. Henceforth, we define a centrality observable
N (like hadron multiplicity, energy deposit) for a given event as the
sum of contributions xi coming from M particles falling into a detector
acceptance with a specific pseudorapidity window,

N =
M

∑
i=1

xi. (5.1)

23
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Given two (or more) observables N1, N2 with disjoint pseudorapidity
windows, we distinguish three categories of contributions to their
covariance matrix:

1. Poisson fluctuations: Even if the contributions xi in Eq. (5.1) were
independent, non-fluctuating variables, there is a contribution
to the variance of N stemming from event-by-event fluctuations
of the particle multiplicity M. As this contribution does not
shed light on the collision dynamics, we estimate it and subtract
it from experimental measurements. Assuming M follows a
Poisson distribution and xi = x for all i, then one obtains the
following contribution to the variance of N:

Var(N)Poisson = 〈M〉x2 (5.2)

Poisson fluctuations only affect variances, there is no contribu-
tion to the covariance between N1 and N2.

2. Variation of global variables: There are further contributions to
the covariance matrix that originate from fluctuations of global
collision variables like the impact parameter b. If b becomes, say,
smaller from one event to another, this will likely increase the
the outcome of both measured centrality observables N1 and N2.
In Chapter 6, we present a method to extract information on
correlations of centrality observables at fixed impact parameter
from the measurement of minimum-bias collisions in order to
eliminate contributions from b-fluctuations. A second example
of a fluctuating global collision variable is given below.

3. Dynamical fluctuations: These are the physically interesting contri-
butions to the covariance matrix, which one aims at isolating. If
present, they contain information on whether particle production
at different rapidities is correlated.

In the remainder of this chapter, we discuss a simple statistical
model of particle production measured through two centrality ob-
servables N1 and N2 covering different pseudorapidity windows [24,
25]. We assume that a nucleus-nucleus collision at impact parameter
b produces Ns sources, each of which contributes to both N1 and
N2. We further assume that these sources are independent. This can
be motivated as follows. The sources are localized in the transverse
plane, while the two nuclei are strongly Lorentz-contracted due to the
ultrarelativistic regime. For this reason, spatially separated sources are
causally disconnected. We denote by n(k)

i the contribution of source k
to Ni. The centrality observables of a given event result then as

Ni =
Ns

∑
k=1

n(k)
i , i ∈ {1, 2}. (5.3)
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In order to obtain quantitative information on the covariance struc-
ture of the Ni under these assumptions, we need to formalize these
assumptions slightly. Let the contributions n1 and n2 of a single source
to N1 and N2 be sampled from a bivariate probability distribution
p(n1, n2), while Ns follows a discrete probability distribution f (Ns).

It is now most useful to introduce a moment-generating function,

Z(j1, j2) ≡ 〈exp(j1N1 + j2N2)〉

≡∑
Ns

f (Ns)

(
Ns

∏
k=1

∫
dn(k)

1 dn(k)
2 p

(
n(k)

1 , n(k)
2

))
exp(j1N1 + j2N2),

(5.4)

This is a function of two auxiliary variables j1, j2 that has the property
Z(0, 0) = 1 and that moments of N1 and N2 can be obtained by
differentiating with respect to the auxiliary variables:

〈Nm
1 Nn

2 〉 =
∂m+nZ(j1, j2)

∂jm
1 ∂jn

2

∣∣∣∣
j1=j2=0

(5.5)

Using Eq. (5.3) and that all sources follow the same probability
distribution p, we see that Z factorizes,

Z(j1, j2) = ∑
Ns

f (Ns)

(∫
dn1dn2 p(n1, n2) exp(j1n1 + j2n2)

)Ns

. (5.6)

We obtain for the means of the centrality observables

〈Ni〉 = 〈Ns〉〈ni〉, i ∈ {1, 2}, (5.7)

and for the elements Σij = 〈NiNj〉− 〈Ni〉〈Nj〉 of the covariance matrix1

Σij = Var(Ns)〈ni〉〈nj〉+ 〈Ns〉Cov(ni, nj). (5.8)

The first term accounts for event-by-event fluctuations the number Ns

of sources. This is a second example of a global collision variable induc-
ing correlations, similarly as variations of the impact parameter. Note
that even if we consider collisions at a fixed impact parameter, intrinsic
fluctuations of Ns are still conceivable. The second term is physically
more interesting since it features the covariance matrix of a single
source. Since N1 and N2 cover different pseudorapidity windows, the
second term in Eq. (5.8) sheds light on dynamical rapidity-rapidity
correlations.

1 Quantum field theory enthusiasts know that in order to obtain the covariance matrix
element Σab, there is a shortcut to computing 〈Na Nb〉 and subtracting 〈Na〉〈Nb〉 from
it. It suffices to differentiate the cumulant-generating function log(Z(j1, j2)) with respect
to ja and jb and set the auxiliary variables to zero afterwards.
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M E T H O D

Consider p experimental centrality observables N1, ..., Np as intro-
duced in Chapter 3, which cover separate detector windows. Assume
further that we are given the joint distribution P(N1, ..., Np) measured
in a heavy-ion collision experiment. A concrete example is given
in Fig. 6.1. The ATLAS collaboration has performed minimum-bias
Pb+Pb collisions at

√
sNN = 5.02 TeV and measured simultaneously

two centrality observables for each event,

• the transverse energy ET in the pseudorapidity window 3.2 <

|η| < 4.9 and

• the number Nch of reconstructed tracks of charged particles in
the pseudorapidity window |η| < 2.5.

Our goal is to reconstruct as much information as possible from
the distribution in Fig. 6.1 without assuming any specific model of
collision dynamics. For this purpose, we introduce momentarily a
simple method based on Bayesian inference that has been proven
successful for the single-variable case p = 1 [26]. In this work, we
generalize the approach to the multi-variable case and apply it to
ATLAS data with p = 2.
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Figure 6.1: Normalized histogram of the distribution of (ET , Nch) measured
by the ATLAS collaboration [13] in Pb+Pb collisions at

√
sNN =

5.02 TeV. ET denotes the transverse energy in the pseudorapidity
window 3.2 < |η| < 4.9 and Nch the number of reconstructed
tracks of charged particles in the pseudorapidity window |η| <
2.5.

The key assumption of the method is that the distribution of (N1, ..., Np)

at fixed impact parameter is a multivariate Gaussian. This can be justified

29
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using the central limit theorem. As we argued in Chapter 4, the origin
of multiplicity fluctuations lies in the early stage of collision dynamics.
Consider the processes in this stage that induce particle production.
If they occur at different points in the transverse plane, then, due to
the ultrarelativistic regime, they are causally disconnected from each
other. Hence, measured particle multiplicities can be considered a
superposition of independent contributions. Moreover, the number of
contributions is arguably large: there are more than 3000 particles that
contribute to Nch in Fig. 6.1, and an even larger number of particles
that contribute to ET. The centrality observables are thus made up
by a superposition of a large number of independent contributions,
which is the condition under which the central limit theorem applies.
The validity of Gaussian fluctuations will be checked in Chapter 7.

When looking at a fixed impact parameter b, one can alternatively,
and equivalently, fix the b-centrality cb. As we saw in Chapter 3,
impact parameter and b-centrality are related through the simple
geometric relation given in Eq. (3.3). It is in fact often convenient to
trade the impact parameter for the b-centrality: Since cb is essentially
the cumulative distribution of b, its probability distribution P(cb) is by
construction uniform and equal to unity in the interval [0, 1]. Let us
therefore reinstate in terms of cb our key assumption of a multivariate
Gaussian for the distribution of (N1, ..., Np) at fixed impact parameter:

P(N1, ..., Np|cb) =
exp

(
− 1

2 (Ni − N̄i(cb))Σ−1
ij (cb)(Nj − N̄j(cb))

)
√
(2π)p|Σ(cb)|

, (6.1)

where, in the exponential, we use the Einstein sum convention over
the repeated indices i and j. We denote by N̄i the mean, or average,
value of Ni and by Σ = (Σij) the covariance matrix:

N̄i = 〈Ni〉 (6.2)

Σij = 〈(Ni − N̄i)(Nj − N̄j)〉
= 〈NiNj〉 − N̄iN̄j.

(6.3)

Here, angular brackets denote an average over events with the same
impact parameter. In Eq. (6.1) we call by Σ−1 the inverse matrix of Σ

and by |Σ| its determinant. The observed distribution P(N1, ..., Np) is
then obtained by integrating over cb,

P(N1, ..., Np) =
∫ 1

0
dcb P(N1, ..., Np|cb)P(cb)

=
∫ 1

0
dcb P(N1, ..., Np|cb),

(6.4)

where we have explicitly used that the probability distribution of cb is
uniform.
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We assume N̄i and Σij to be smooth functions of cb and choose to
parametrize them as exponentials of polynomials with degree nmax

and mmax, respectively:

N̄i(cb) = N̄i(0) exp

(
−

nmax

∑
n=1

ai;ncn
b

)
(6.5)

Σij(cb) = Σij(0) exp

(
−

mmax

∑
m=1

Aij;mcm
b

)
(6.6)

Here, N̄i(0), Σij(0), ai;n and Aij;m are free parameters that are obtained
by fitting Eq. (6.4) to data, e.g. to the ATLAS data in Fig. 6.1 in the
case of p = 2. Two comments are in order. Firstly, the choice for
this particular parametrization is rooted in our wish to constrain N̄i
and Σij to positive functions. Any other parametrization that ensures
positivity is just as adequate. The N̄i are positive as they are centrality
observables (number of particles or energy) while at least for p = 2,
all elements of Σ are positive as well because there is a positive
correlation between two distinct centrality observables, as can be seen
in Fig. 6.1. Secondly, we do not impose explicitly in Eq. (6.5) that the
Ni be monotonously decreasing as a function of centrality. As we will
see in Chapter 8, this conveniently comes out automatically from the
fit.

We will see in Chapter 7 that the mean values N̄i can be recon-
structed precisely for all impact parameters. On the other hand, one
can reconstruct Σ accurately for b = 0 only. Let us now investigate
in more detail which quantities can be reconstructed from the the
distribution of (N1, ..., Np) and which cannot.

Consider the tip of the distribution in Fig. 6.1, which corresponds
to the highest values of Ni. This part of the distribution results from
contributions with cb = 0 only, which is why N̄i(0) and Σij(0) can be
reconstructed. Note also how the ellipse in Fig. 1.1 closely fits the tip
of the distribution.

Any point in the bulk of the distribution, however, receives con-
tributions from collisions at different cb, which are superposed. This
leads to a loss of information. In order to understand this qualitatively,
consider for p = 2 the parametric curve (N̄1(cb), N̄2(cb)), which we
call the ridge line, and which is illustrated as a solid line in Fig. 6.2.
When cutting perpendicularly to it, the maximum value of probability
is on the ridge line. Only displacements perpendicular to the ridge
line are due to fluctuations of Ni at fixed impact parameter (which we
are after), while displacements parallel to it might also result from a
variation of the impact parameter. Therefore, we can only reconstruct
the projection of the covariance matrix orthogonal to the ridge line. This
idea will now be formalized in the general multivariable case.
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Consider a point (N1, ..., Np) close to the ridge line. To each compo-
nent Ni, one can assign an experimental centrality ci through

Ni = N̄(ci). (6.7)

For p = 2, this is illustrated in Fig. 6.2. Since we are close to the ridge
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Figure 6.2: Illustration of the quantities in Eq. (6.7). The line is the parametric
curve (N̄1(cb), N̄2(cb)), or ridge line (see text). For a given point
(N1, N2) close to the ridge line, c1 and c2 defined by Eq. (6.7) are
obtained by projections onto the ridge line.

line, we can linearize around cb:

Ni − N̄i(cb) = N̄(ci)− N̄(cb) = (ci − cb)N̄′i (cb), (6.8)

where we denote by N̄′i the derivative of N̄i with respect to cb, and
substitute Eq. (6.8) in Eq. (6.1):

P(N1, ..., Np|cb) ∝ exp

(
−1

2 ∑
ij
(ci − cb)N̄′i Σ−1

ij N̄′j (cj − cb)

)
, (6.9)

where we omitted the dependence of N̄′i and Σ−1
ij on cb. This has been

done on purpose: The contribution of this integrand mainly comes
from a narrow range of cb close to the ci, in which we expect N̄′i and
Σ−1

ij to hardly vary with respect to the impact parameter. With this
approximation, we obtain a Gaussian integral for the distribution of
(N1, ..., Np):

P(N1, ..., Np|cb) ∝ exp

(
−1

2 ∑
ij

ciΠijcj

)
, (6.10)
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where we neglected the pre-exponential factor and introduced

Πij ≡ N̄′i Σ−1
ij N̄′j −

(
∑α N̄′i Σ−1

iα N̄′α
) (

∑β N̄′j Σ
−1
jβ N̄′β

)
∑
αβ

N̄′αΣ−1
αβ N̄′β

(6.11)

Π constitutes the quantity that can be reconstructed for all impact
parameters. Note that it is a symmetric p × p matrix and satisfies
∑i Πij = 0 for all j, meaning that all rows and columns add up to zero.
Using this property, one can rewrite Eq. (6.10) thusly:

P(N1, ..., Np) ∝ exp

(
−1

2 ∑
i>1,j>1

(ci − c1)Πij(cj − c1)

)
(6.12)

In this form, one can readily see that the distribution of (N1, ..., Np) is
a function of the p− 1 variables ci − c1. Physically, Π corresponds to
the projection of Σ to the (p− 1)-dimensional subspace orthogonal to
the ridge line. For p = 2, one obtains

Π =
1

σ2
⊥

(
1 −1

−1 1

)
(6.13)

where we introduced

σ⊥(cb) ≡
√

Σ11(cb)

N̄′1(cb)2 +
Σ22(cb)

N̄′2(cb)2 − 2
Σ12(cb)

N̄′1(cb)N̄′2(cb)
. (6.14)

Here, cb can denote any b-centrality between c1 and c2 (see Fig. 6.2),
since we neglected the variation of the covariance matrix in this inter-
val. Inserting Eq. (6.14) into Eq. (6.12), one obtains for p = 2:

P(N1, N2) ∝ exp

(
− δc2

2σ2
⊥(cb)

)
, (6.15)

where we defined δc = c1 − c2. In the case of ATLAS data, δc denotes
the difference between the centralities according to ET and Nch, while
σ⊥ quantifies the width of the distribution of (ET, Nch) in units of
centrality. We shall see in Chapter 7 that σ⊥ is accurately reconstructed
for cb > 0, and Σij only for cb = 0.

Before concluding this chapter, it is worth mentioning that, given the
experimental distribution of (N1, N2), one can consider the projected
distributions P(N1) and P(N2) and apply the single-variable method
[26] to them. For a single observable N, its probability distribution at
fixed b-centrality reads

P(N|cb) =
exp

(
− 1

2σ2(cb)
(N − N̄(cb))

2
)

√
2πσ2(cb)

, (6.16)
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where σ2(cb) = 〈N2〉(cb) − N̄2(cb) denotes the variance of the ob-
servable at fixed impact parameter. This function, however, cannot
be reconstructed for cb > 0. Indeed, Π = 0 for p = 1, cf. Eq. (6.11).
Instead, one needs to make an assumption on the impact parameter
dependence of σ2, e.g. σ2(cb) ∝ N̄(cb) [26]. What makes the recon-
struction from 2D data more powerful than considering 1D projections
is the possibility to gain information on the full covariance structure
of fluctuations at b = 0, i.e. the off-diagonal entry Σ12, as well as on
the projection σ⊥ for b > 0.
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In this chapter, we will demonstrate the validity of the reconstruction
described in Chapter 6 using fake data generated with the TRENTo
3D model of initial conditions (see Section 4.2 for details). This state-
of-the-art model allows an event-by-event computation of the entropy
density profile s(x, y, ηs) at an early time after the collision. (x, y)
denotes a point in the transverse plane and ηs the space-time rapidity,
which is approximately equal to the pseudorapidity, cf. the discussion
below Eq. (2.4). The entropy density is computed on a (x, y, ηs)-lattice
whose size is adjustable. In the x- and y-direction, we go from −9 fm
to 9 fm in steps of 0.2 fm, while ηs is discretized from -5 to 5 in steps
of 0.2.

For each generated event, one can obtain estimators for ET and
Nch as follows. In the high-temperature limit, one can describe the
quark-gluon plasma as an ideal gas of massless particles. In this
approximation, final-state charged-particle multiplicity is proportional
to the initial entropy of the fireball [27]. In an attempt to mimic the
pseudorapidity window of the ATLAS detector measuring Nch, we
choose

Nch = Nn

∫ ηmax

ηmin

dηs

∫
R2

d2x s(~x, ηs) (7.1)

with ηmin = −2.5, ηmax = 2.5 as a proxy for the final-state charged-
particle multiplicity measured by the detector. Nn denotes some pro-
portionality constant.

As for the energy deposit into a specific solid angle region, we
assume that the final-state energy density is proportional to the initial
energy density. For a thermodynamic equation of state of the ideal gas
form, in which pressure and temperature are related through p ∼ T4,
the energy density scales with the power 4/3 with the entropy density.
This motivates the following estimator for the final-state transverse
energy deposit:

ET = Ne

∫
ηmin<|ηs|<ηmax

dηs

∫
R2

d2x s(~x, ηs)
4/3 (7.2)

The pseudorapidity range of the corresponding ATLAS detector is
given by ηmin = 3.2, ηmax = 4.9. The proportionality constants Nn and
Ne are used to normalize ET and Nch in such a way that their mean
values for central collisions coincide with those reconstructed from
ATLAS data (see Table 8.1).

We generate 1.2 · 106 minimum-bias Pb+Pb collisions at
√

sNN =

5.02 TeV and obtain values of ET and Nch for each collision. The result-
ing histogram is presented in Fig. 7.1 and looks roughly similar to the
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experimental distribution from ATLAS displayed in Fig. 6.1. In the
following, we apply the 2D method of Bayesian reconstruction to this
histogram.
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Figure 7.1: Normalized histogram of (ET , Nch) for 1.2 · 106 minimum-bias
Pb+Pb collisions at

√
sNN = 5.02 TeV generated using the

TRENTo 3D model [20]. Note that the number of events is smaller
by a factor ∼ 140 than in the data shown in Fig. 1.1, and that we
use a slightly finer binning in (ET , Nch).

In contrast to actual experimental data, we do know the impact
parameter for each collision event obtained using TRENTo 3D, and we
can further generate events at fixed impact parameter. This allows us
to compare the reconstructed N̄i(cb) and Σij(cb) to a direct calculation
of these quantities obtained by averaging over events at fixed impact
parameter.

As a first step, one should check for the TRENTo 3D model the
assumption of Gaussian fluctuations that we make in Chapter 6 in
order to derive our method of Bayesian reconstruction. We do this by
running the model for several fixed impact parameters. The result-
ing distributions are displayed in the left panels of Fig. 7.2. On the
right, we present the result of fitting a bivariate Gaussian to the data.
The quality of the fits, quantified by a standard χ2, decreases as the
impact parameter increases. The Gaussian approximation captures
the distributions on the left fairly well, except for the bottom panel,
which corresponds to b = 12 fm. Not only does the Gaussian (by its
nature) not achieve to reproduce the non-elliptical shape of the true
distribution, but it extends to negative values of ET and Nch as well,
which are unphysical. It should be pointed out that this issue has been
successfully overcome for the single-variable case by replacing the
Gaussian distribution in Eq. (6.1) with a Γ-distribution [28]. However,
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we did not find a straightforward way of generalizing this approach
to the multivariable case.
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Figure 7.2: Left: Histogram of the distribution of (ET , Nch) from the
TRENTo 3D model of initial conditions [20] (see Sec. 4.2 for
details) in Pb+Pb collisions at

√
sNN = 5.02 TeV for fixed values

of the impact parameter, with 10
5 events each, from top to bottom:

b = 0, 4, 8, 12 fm. Right: two-dimensional Gaussian fits to these
distributions. We indicate the χ2 of each fit.

As the assumption of Gaussian fluctuations breaks down for periph-
eral collisions, we need to exclude them from the fit. The excluded
events are represented by a grey square at the bottom left of Fig. 7.1;
they correspond to events with ET < ET,min and Nch < Nch,min, where
ET,min and Nch,min denote cutoffs specified in Table 8.1. We chose the
cutoffs in such a way that excluded events make up ∼ 40 % of all
events.

Next, we fit according to the Bayesian reconstruction method in-
troduced in Chapter 6 with nmax = 3 and mmax = 2 in Eq. (6.6). This
leads to four parameters for each of ĒT(cb) and N̄ch(cb) as well as
three parameters for each element of Σ(cb), or 17 fit parameters in
total. Furthermore, we need the total Pb+Pb inelastic cross section
σPbPb in order to convert impact parameters to b-centrality according
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to Eq. (3.3). We evaluate σPbPb in TRENTo 3D by computing the frac-
tion f (b) of events with an impact parameter below b, with b small
enough that the probability of collision (see Fig. 3.2) is close to unity.
Then σPbPb = πb2/ f (b). We obtain σPbPb = 800(2) fm2.

In Fig. 7.3, we present the reconstructions for Nch(b), ET(b) and
σ⊥(b), namely those functions for which we motivated in Chapter 6

that they can be reconstructed for all impact parameters. In the lower
panels, we plot the ratio of reconstructed values of the values obtained
through a direct calculation in order to assess the quality of the
reconstruction. Note that since we have excluded peripheral events,
one cannot trust the outcome of the reconstruction for b too large.
We expect the reconstruction to be robust for values of b such that at
least 90 % of events with this impact parameter are included in the fit.
Those b for which this no longer holds are represented by a light grey
band in Fig. 7.3. The dark grey band is defined by ĒT(b) < ET,min. The
obtained fit parameters are presented in Table 8.1 together with the
result from ATLAS data.

Indeed, Nch(b) and ET(b) are accurately reconstructed to a precision
of at most 1 %. Note that those two quantities can be reconstructed
equally well by considering 1D projections of (ET, Nch)-distribution
and performing a 1D reconstruction, as outlined at the end of Chap-
ter 6. As can be seen from Fig. 7.3, the 2D reconstruction is similarly
precise as the 1D reconstruction.

The width of the (ET, Nch)-distribution, measured by σ⊥(b), is ro-
bustly reconstructed for all impact parameters as well, within a preci-
sion of a few percent. On the other hand, the elements of Σ(b) cannot
be accurately reconstructed except for b = 0, as is confirmed by Fig. 7.4,
in which we plot the reconstructed and directly calculated Σij(b). For
b = 0, Σij(0) is reconstructed with an error of about 5 %, while the
quality of reconstruction decreases significantly for non-vanishing im-
pact parameters. This can also be seen from the ellipses we plot on top
of the histogram in Fig. 7.5 for several impact parameters. They cor-
respond to the 99 % confidence ellipses for the corresponding impact
parameter b, meaning that 99 % of the events with impact parameter b
lie inside the ellipse defined by the set of (N1, N2) that satisfy

(Ni − N̄i(b))Σ−1
ij (b)(Nj − N̄j(b)) = −2 ln(1− p), p = 0.99. (7.3)

Both the direct calculation and the Bayesian reconstruction give rise
to a confidence ellipse. There is a good agreement between them for
b = 0, but an increasing discrepancy can be observed for increasing
impact parameters. Note, however, how the reconstructed ellipses,
while differing significantly from the directly computed ones (ie. the
true ones), still capture the width of the (ET, Nch)-distribution correctly
for all impact parameters. This demonstrates as well that there is a
component of the covariance matrix that can be reconstructed for all b.
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Figure 7.3: Left to right: N̄ch(b), ĒT(b)/N̄ch(b) and σ⊥(b) (defined by
(Eq. (6.14)) versus impact parameter. The vertical grey bands
indicate the limits above which the reconstruction can no longer
be trusted because peripheral events have been excluded from
the fit (see text for details). The full lines correspond to the di-
rect calculation, where one averages over events at fixed b. The
derivatives N̄′ch(cb) and Ē′T(cb) in (Eq. (6.14)) are evaluated by
fitting N̄ch(cb) and ĒT(cb) with a smooth curve and taking the
derivative of the fit. The dashed lines in the left and middle pan-
els correspond to the values reconstructed using the projected
distributions of ET and Nch, following the same method as in [26].
The dotted lines correspond to the values reconstructed using the
distribution P(ET , Nch), which is done as explained in Chapter 6.
The bottom panels display the ratio between the reconstructed
value and the direct calculation.
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Figure 7.4: Elements of the covariance matrix as a function of impact pa-
rameter in the TRENTo 3D model. Left to right: Variance of Nch,
variance of ET , covariance of Nch and ET . The full lines corre-
spond to the direct calculation, where one averages over events at
fixed b. The dotted lines correspond to the reconstructed values.
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Figure 7.5: Normalized histogram of (ET , Nch) for 1.2 · 106 minimum-bias
Pb+Pb collisions at

√
sNN = 5.02 TeV generated using the

TRENTo 3D model [20]. The grey square at the bottom left repre-
sents the part of the histogram that is excluded from the fit,
corresponding to the most peripheral collisions. The ellipses
correspond to the 99 % confidence ellipses for fixed values of
b = 0, 2, 4, 6 fm, calculated directly (full lines) or from the Bayesian
reconstruction (dashed lines). The points corresponding to the
average value of (ET , Nch) are represented as circles (direct calcu-
lation) and as crosses (reconstruction).
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Now that we have validated our Bayesian reconstruction method using
the TRENTo 3D model of initial conditions, we apply it to the ATLAS
data in Fig. 6.1. We use the same cuts as for TRENTo 3D in Chapter 7

to exclude peripheral collisions.
The best fit parameters are presented in Table 8.1. It contains

• the impact parameter dependence of the mean transverse energy
ĒT and of the mean charged-particle multiplicity N̄ch,

• the variances of ET and Nch as well as the covariance of ET and
Nch for central collisions, i.e. b = 0,

• the impact parameter dependence of the width σ⊥ defined by
Eq. (6.14).

We expect the uncertainty on our result to be dominated by non-
gaussian fluctuations, which are not captured by Eq. (6.1). While
we explicitly exclude peripheral events to keep non-gaussian contri-
butions in check, we expect that this effect sets in gradually with
increasing impact parameter and hence cannot be completely removed
with a sharp cutoff. Therefore, in order to estimate the error on our
result, we first check the robustness of the reconstruction by varying
the cutoffs in ET and Nch such that the fraction of excluded events
varies from 35 % to 45 % of all events. We find that the result varia-
tions are significantly smaller than the difference between the direct
calculation and the reconstruction in TRENTo 3D. For this reason,
we estimate the relative uncertainty on our results as the maximum
relative error between the directly calculated and the reconstructed
value in TRENTo 3D.

Before discussing in detail the results, we turn to Fig. 8.1, which
displays the quality of the fit, measured by the ratio between the fit
and ATLAS data. We obtain an excellent fit around the ridge line with
agreement between fit and data to percent level. Only far away from
the ridge at the tip of the distribution is the quality compromised.
These parts, however, make up less than 1 % of all events.

In the remainder of this chapter, we discuss our results for the
mean values of Nch and ET, which are results that could have been
obtained as well from the 1D reconstruction. Results involving Σ,
which constitute our most important results, will be discussed in
Chapter 9.

In Fig. 8.2 we plot the centrality dependence of N̄ch. Note that
in order to convert b-centrality to impact parameters, we need the

41
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Table 8.1: Values of fit parameters, as defined by Eq. (6.6), for ATLAS data
shown in Fig. 6.1, and for the TRENTo 3D calculation shown in
Fig. 7.1. This model calculation has been calibrated in such a way
that the first two entries are the same as in experiment. The cutoffs
used are ET,min = 0.289 TeV, Nch,min = 194.39. The uncertainties for
the first five parameters are estimated using the relative difference
between the direct calculation and its reconstruction, see text for
details. As far as the coefficients of the polynomials in Eq. (6.6),
we omitted error bars because the individual uncertainties are
not reflective of the uncertainty of the corresponding physical
observable, e.g. ĒT , for a given impact parameter.

ATLAS TRENTo 3D

ĒT(0) (TeV) 4.424(34) 4.424(34)

N̄ch(0) 3.104(6) · 10
3

3.104(6) · 10
3

ΣET ET (0) (TeV2) 2.24(15) · 10
−2

6.72(44) · 10
−2

ΣNch Nch(0) 1.926(79) · 10
4

2.083(85) · 10
4

ΣET Nch(0) (TeV) 1.47(11) · 10
1

3.57(25) · 10
1

aET ,1 4.00 4.41

aNch,1 3.77 4.27

aET ,2 −1.49 −1.06

aNch,2 −0.91 −1.64

aET ,3 3.97 4.09

aNch,3 3.86 4.04

AET ,ET ,1 4.08 16.60

ANch,Nch,1 7.18 10.58

AET ,Nch,1 7.48 14.60

AET ,ET ,2 1.18 −3.37

ANch,Nch,2 −1.89 −5.38

AET ,Nch,2 1.32 −5.44
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Figure 8.1: Ratio of the fit to ATLAS data in Fig. 6.1. As in Fig. 7.1, the
grey square at the bottom left represents the part of the his-
togram that is excluded from the fit, corresponding to the most
peripheral collisions. The lines correspond to contours with
δc = 2.6 σ⊥ in (6.15), so that the region between the lines contains
∼ 99% of the events. Specifically, the upper and lower lines are
the parametric curves (ĒT(cb) + 2.6σ⊥(cb)Ē′T(cb), N̄ch(cb)), and(

ĒT(cb), N̄ch(cb) + 2.6σ⊥(cb)N̄′ch(cb)
)
.

inelastic Pb+Pb cross section σPbPb = 767 fm2 extracted from a Glauber
calculation [29] according to Eq. (4.3). For comparison, we also show
the result from TRENTo 3D. The model reproduces ATLAS data well,
albeit not perfectly, especially for mid-central to peripheral collisions.

In Fig. 8.3 we show the ratio ĒT/N̄ch as a function of the impact
parameter, for ATLAS data as well as for TRENTo 3D. As it turns
out, ATLAS data show a non-monotonic behaviour that is not repro-
duced by TRENTo 3D. This variation with b can be understood by
decomposing the ratio as

ĒT(b)
N̄ch(b)

=
ĒT(b)

N̄FCAL(b)
N̄FCAL(b)

N̄ch(b)
, (8.1)

where N̄FCAL denotes the mean hadron multiplicity of neutral and
charged particles falling into the calorimeter acceptance. Before going
on, note that N̄FCAL can be evaluated by integrating the pseudorapidity
spectra of charged particles [30] over the acceptance covered by the
calorimeter and multiplying by a factor 3/2 to take into account
neutral particles. Its average value at b = 0 is then evaluated by
extrapolating linearly the values in the centrality intervals 0-5 % and
5-10 %, i.e. N̄FCAL(0) ≈ (3/2)N̄FCAL(0− 5 %)− (1/2)N̄FCAL(5− 10 %).
We obtain N̄FCAL(b = 0) ≈ 7930.

Let us return to Eq. (8.1). The first factor, the ratio ĒT/N̄FCAL is
equal to the energy deposit per hadron, which can be expected to be

roughly equal to the transverse mass mt =
√

p2
t + m2. Indeed, using

the fit parameters in Table 8.1, we obtain ĒT(0)/N̄FCAL(0) = 0.558 GeV,
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Figure 8.2: Variation of the mean charged multiplicity as a function of impact
parameter. The full line is the value reconstructed using ATLAS
data. The shaded band is our estimate of the error band (see text).
The dashed line is the result of the direct TRENTo 3D calculation,
shown as a full line in Fig. 7.3.
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application to atlas data 45

which is the correct order of magnitude for the average transverse
mass. In order to understand the non-monotonic behaviour exhibited
in Fig. 8.3, it is important to note that the first factor in Eq. (8.1),
essentially depends on the average transverse momentum 〈pt〉, which
decreases mildly as a function of b [31]. This is why the ATLAS curve
decreases at first.

The second factor in Eq. (8.1), N̄FCAL/N̄ch is (up to a factor 3/2) the
ratio between the multiplicity between the forward rapidity region
(covered by the calorimeter) and the central rapidity region (covered
by the Nch-detector). Now, as b increases, the rapidity distribution
becomes slightly broader [30]. Physically, this means that the stopping
power between nuclei at finite b is not as strong as in central collisions.
Therefore N̄FCAL/N̄ch increases with b, overriding the decrease of 〈pt〉
and yielding the increase seen for the ATLAS data. This second effect
does not seem to be accurately reproduced by TRENTo 3D.
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F L U C T UAT I O N S AT L A R G E A N D C E N T R A L
R A P I D I T I E S

In this chapter we turn to results involving the covariance matrix of
ET and Nch. Given the pseudorapidity sectors covered by the detectors
of these two centrality observables, we account for fluctuations in the
central rapidity region probed by Nch, in the large rapidity region
probed by ET as well as for their mutual correlation, which are the
most important findings of this work.

Following the general discussion of fluctuations in Chapter 5, we
first isolate the dynamical fluctuations of ET and Nch by subtracting
out Poisson fluctuations in Section 9.1. We then present our results for
central collisions in Section 9.2 and finally present the results for the
impact parameter dependence in Section 9.3.

9.1 subtraction of poisson fluctuations

As outlined in Chapter 5, when measuring centrality observables
with detectors, there are Poisson contributions to the variances of the
observables that are due to the fluctuating number of hadrons only.
Therefore, we want to subtract them from the ATLAS measurement in
order to isolate dynamical fluctuations.

For Nch, the subtraction according to Eq. (5.2) is straightforward
since all xi = 1:

ΣNch Nch(b)→ ΣNch Nch(b)− N̄ch(b) (9.1)

Hadronic decays, however, yield an uncertainty on this subtraction. If,
for instance, a hadron decays into two particles that both fall into the
detector acceptance, then the contribution of that hadron is xi = 2 and
not xi = 1. The magnitude of this effect cannot be evaluated accurately
since it depends on the hadronization mechanism. In the case of a
fluid-dynamical model, for instance, it depends on the freeze-out
temperature [32]. We expect this effect nevertheless to be modest and
include the corresponding uncertainty in our error bar by assuming
that there is a coefficient in front of N̄ch in Eq. (9.1) that can vary
between 1 and 1.2.

For the transverse energy, the expression in Eq. (5.2) with N̄FCAL

as the multiplicity and xi ' mt =
√

p2
t + m2 for Poisson fluctuations

reads 〈m2
t 〉N̄FCAL(b), where angular brackets denote an average over

hadrons falling into the calorimeter acceptance. Using that ĒT(b) =
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〈mt〉N̄FCAL(b) (see Eq. (5.7)), the expression for Poisson fluctuations
can be decomposed as

〈m2
t 〉N̄FCAL(b) =

〈m2
t 〉

〈mt〉2
〈mt〉2N̄2

FCAL(b)
N̄FCAL(b)

=
〈m2

t 〉
〈mt〉2

N̄ch(b)
N̄FCAL(b)

Ē2
T(b)

N̄ch(b)
.

(9.2)

We can evaluate the first term on the right-hand side of Eq. (9.2)
using ALICE data on identified particle spectra [33], which yields
〈m2

t 〉/〈mt〉2 ' 1.52 for central collisions at
√

sNN = 2.76 TeV. We
neglect the dependence of this ratio on rapidity and on

√
sNN. The

second term, N̄ch(b)/N̄FCAL(b), is evaluated for central collisions using
the value of N̄ch(0) in Table 8.1 and the estimate for N̄FCAL(0) obtained
in Chapter 8. We neglect the dependence of this term on rapidity as
well as on impact parameter. In total, these considerations yield the
following expression for ET for the subtraction of Poisson fluctuations:

ΣET ET (b)→ ΣET ET (b)− α
ĒT(b)2

N̄ch(b)
, (9.3)

where α ' 0.59. We assign an uncertainty of ±20 % to this factor α.
Finally, since ET and Nch are measured in separate rapidity regions, no
hadron contributes to ET and Nch simultaneously and hence Poisson
fluctuations do not contribute to the covariance ΣET ,Nch .

Using the values in Table 8.1, the subtracted quantities in Eqs. (9.1)
and (9.3) are 16 % and 17 % of the total. The fact that these two values
are so similar is probably a coincidence.

9.2 fluctuations of Nch and ET in central collisions

We now discuss fluctuations of N1 = ET and N2 = Nch and their
mutual correlation for central collisions. For this purpose, consider
the relative covariance matrix σ [34], defined by

σij ≡
〈NiNj〉
〈Ni〉〈Nj〉

− 1 =
Σij

N̄iN̄j
(9.4)

We refer to the diagonal elements of σ as relative variances.
The values of σ for ATLAS data are presented in Table 9.1. For each

element σij, we provide the value before and after the subtraction of
Poisson fluctuations, as well as the result for TRENTo 3D for the sake
of comparison.

One can infer from Table 9.1 that the relative fluctuations of ET are
smaller than those of Nch, both before and after the subtraction of
Poisson fluctuations. This is the reason why ET constitutes a better
estimator of centrality than Nch [13]. This is a non-trivial result that
is not reproduced by TRENTo 3D. This model does reproduce the
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Table 9.1: Relative covariance matrix σ of ET and Nch, defined by Eq. (9.4),
for central Pb+Pb collisions (b = 0). For each element, the first
line is the total covariance returned by the fit to data. The second
line is the dynamical covariance obtained after subtracting Poisson
fluctuations (see Section 9.1). The third line is the value in the (di-
rect) TRENTo 3D calculation. The TRENTo 3D calculation returns
a continuous density profile, and does not include hadronization.
Therefore, the fluctuations calculated in this model are dynamical,
and the subtraction of trivial fluctuations explained in Section 9.1
does not apply.

σ11 = σET ET σ22 = σNch Nch σ12 = σET Nch

total 1.14(8)· 10
−3

2.00(9)· 10
−3

1.07(8)· 10
−3

Poisson-subtracted 0.96(6)· 10
−3

1.68(2)· 10
−3

1.07(8)· 10
−3

TRENTo 3D 3.56 · 10
−3

1.98 · 10
−3

2.58 · 10
−3

variance of Nch to a good approximation. This is not surprising since
TRENTo 3D has been fitted to the distribution of charged multiplicity
near mid-rapidity. On the other hand, it overestimates the variance of
ET by at least a factor 3.

There is no straightforward relation between the relative fluctua-
tion of ET and the corresponding multiplicity M (cf. Eq. (5.1)) in the
same rapidity window. In the hydrodynamic framework, however,
one expects them to be of the same order of magnitude because the
multiplicity is proportional to the inital entropy density, which in
turn is linked to energy density by virtue of the equation of state. In
Chapter 10 we suggest an analysis to check the assumption of ET-
fluctuations being of the same order of magnitude as corresponding
multiplicity fluctuations in the same rapidity window. If it turns out to
be correct, our results imply that multiplicity fluctuations are smaller
at large rapidity that around central rapidity.

It is useful to compare the results of Table 9.1 to values previously
extracted from ATLAS data at

√
sNN = 2.76 TeV using a 1D Bayesian

reconstruction [26]. We subtract Poisson fluctuations using multiplicity
densities measured by ALICE [30] and obtain σ11 = 0.76 · 10

−3. This
value is smaller than the one we obtained at 5.02 TeV (Table 9.1).
Since the rapidity of the incoming nuclei increases by ∼ 0.6 when
passing from 2.76 TeV to 5.02 TeV, our result suggests that multiplicity
fluctuations increase as a function of the rapidity difference with
respect to the incoming nuclei.

The second important outcome of Table 9.1 is that ET and Nch are
strongly correlated, even at the fixed impact parameter b = 0. This
is illustrated by the elongated ellipse in Fig. 9.1. The correlation is
significantly stronger after Poisson fluctuations have been subtracted
out.
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Figure 9.1: Full line: 99% confidence ellipse of zero impact parameter colli-
sions, already shown in Fig. 1.1. The ellipse is defined by Eq. (7.3).
The dashed line represents the ellipse, after subtraction of the
contribution of Poisson fluctuations. The dotted line is the value
from the TRENTo 3D calculation.

We now interpret the results of Table 9.1 using the simple statistical
model of particle production presented in Chapter 5, which assumes
nucleus-nucleus collisions at impact parameter b to produce Ns inde-
pendent sources that in turn contribute to both ET and Nch. Building
on Eq. (5.8), one easily finds for the relative covariance matrix (cf.
Eq. (9.4)) under these assumptions:

σij =
〈N2

s 〉 − 〈Ns〉2
〈Ns〉2

+
1
〈Ns〉

〈ninj〉 − 〈ni〉〈nj〉
〈ni〉〈nj〉

, (9.5)

where we denote the contribution of a single source to ET as n1 and
that to Nch as n2. We cannot uniquely determine all quantities on
the right-hand side of Eq. (9.5) using Table 9.1 because there are
more unknowns than equations. It is nonetheless possible to obtain
non-trivial information from it.

Firstly, we have seen that σ11 < σ22. Note that those two relative
variances get the same contribution from fluctuations of the number
Ns of sources, i.e. the first term in Eq. (9.5). This implies that the
difference between the relative variances of ET and Nch is larger at the
level of a single source.

Secondly, it is also possible to obtain non-trivial information on the
correlation between n1 and n2, i.e. the contributions of a single source
to ET and Nch. For instance, one can directly infer from Eq. (9.5) that
they must be correlated, 〈n1n2〉 − 〈n1〉〈n2〉 > 0, otherwise one would
have σ11 > σ12, which is at variance with the values in Table 9.1 after
Poisson fluctuations have been subtracted out. One can even obtain
a lower bound on the Pearson correlation coefficient r between n1

and n2, defined by 〈n1n2〉 − 〈n1〉〈n2〉 = rσ(n1)σ(n2), where σ(ni) ≡
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√
〈n2

i 〉 − 〈ni〉2 denotes the standard deviation of ni. The lower bound
is given by

rmin = 2

√
(σ12 − σ11)(σ22 − σ12)

σ22 − σ11
, (9.6)

which can be verified by checking that r2 − r2
min can be written as a

square and is hence non-negative. Using the values in Table 9.1 and
taking into account error bars from the reconstruction and from the
uncertainty in the subtraction of Poisson fluctuations (cf. Section 9.1),
we obtain rmin = 0.72(15).

Two effects may contribute to this strong correlation. Some sources
may be stronger than others, e.g. those in the center of the interaction
region, which is an effect not captured by the simple model discussed
here. A stronger source leads to larger values of both n1 and n2, which
is similar to fluctuations induced by the variation of the impact param-
eter. Alternatively, particle production from a single source is strongly
correlated across rapidities. This is the interesting dynamical effect
that one would like to isolate. More detailed modeling is necessary to
disentangle the relative contributions of these two effects.

9.3 impact parameter dependence of fluctuations

We have seen in Chapter 6 that the impact parameter dependence
of the full covariance matrix Σ cannot be reconstructed, only the
projection σ⊥ perpendicular to the ridge line, defined in Eq. (6.14).

Figure 9.2 shows the b-dependence of σ⊥, before and after the
subtraction of Poisson fluctuations (cf. Section 9.1), as well as that for
TRENTo 3D. The TRENTo 3D model underpredicts σ⊥ for all values
of impact parameter. This shows that the width of the distribution, as
measured by σ⊥, contains non-trivial dynamical information, which
can be used to discriminate between models.
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Figure 9.2: Same as Fig. 8.2 for the width of the distribution, defined
by Eq. (6.14). Full line: before subtracting Poisson fluctuations.
Dashed line: after subtracting Poisson fluctuations according to
Eqs. (9.1) and (9.3). The shaded area is our estimate of the er-
ror on the reconstruction. Dotted line: value calculated in the
TRENTo 3D model.
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C O N C L U S I O N S A N D P E R S P E C T I V E S

In this work, we generalized a simple Bayesian method to the multivari-
able case in order to reconstruct fluctuations of centrality observables
in nucleus-nucleus collisions as well as their mutual correlation. We
did not need to rely on any specific model of collision dynamics, we
only assumed Gaussian fluctuations for collisions at a fixed impact
parameter, which are ensured by the central limit theorem for all but
peripheral collisions. Given the distribution of p centrality observables
(N1, ..., Np) measured in different parts of the detector, we have shown
that one can reconstruct the full covariance matrix of (N1, ..., Np) for
central collisions (b = 0) as well as the impact parameter depen-
dence of a (p− 1)× (p− 1) projection of the matrix. We validated
the method for p = 2 using the state-of-the-art TRENTo 3D model of
initial conditions. We applied the method to ATLAS data on the joint
distribution of transverse energy and charged-particle multiplicity.
Given that these two centrality observables cover different rapidity
regions, the data set has allowed us to study correlations between
large and central pseudorapidities. We have shown that dynamical
fluctuations are smaller at large rapidities than around central rapidi-
ties. Moreover, we have found that particle production is strongly
correlated across rapidity, even at fixed impact parameter. In addi-
tion, we have shown that the width of the distribution and its impact
parameter dependence are not reproduced by our model calculation,
so that this information can be used to rule out three-dimensional
models of initial conditions.

Note that our method for studying rapidity-rapidity correlations is
not restricted to multiplicities of charged-particle tracks, which are
the traditional observables used to study rapidity correlations [8, 9].
But charged-particle tracks are typically only reconstructed around
central rapidity, which limits the rapidity coverage of such studies.
Our method, however, can be used as well with the transverse energy
in a calorimeter, the multiplicity of pixel clusters [35] or the number
of hits in a scintillator [4]. As long as the detector is large enough
that dynamical fluctuations dominate over Poisson fluctuations, those
observables provide quantitative information on fluctuations.

In order to interpret calorimeter measurements, one should first
study how energy fluctuations relate to multiplicity fluctuations in
the same rapidity window. As a first step, this can be done in the
TRENTo 3D model by generating events at fixed impact parameter
and evaluating Nch and ET according to Eqs. (7.1) and (7.2), but for
the same pseudorapidity window. More importantly, the relationship

53
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between energy fluctuations and multiplicity fluctuations can also be
studied experimentally by using the sum of transverse momenta of
charged particles, PT ≡ ∑Nch

pt, as a proxy for the transverse energy.
This observable could be measured with Nch-detectors since these
measure momenta as well.

We conclude by suggesting explicit examples of similar analyses
that could be done in the near future. Firstly, the transverse energy is
usually defined as ET = EF + EB, where EF and EB are the transverse
energies of hadrons measured in forward and backward calorimeters
[9, 35]. Given the distribution of (EF, EB), one could apply our method
to the study of forward-backward rapidity correlations. In practice,
applying our method to these data would be even simpler than the
analysis in this work since forward and backward calorimeters are
symmetric around midrapidity, and this symmetry reduces the num-
ber of fit parameters in the Bayesian analysis. Similarly, the ALICE
collaboration could measure the distribution (V0A, V0B), where V0A
and V0C are the multiplicities in backward and forward scintillators
[4].

In this work, we applied our Bayesian method to p = 2 centrality
observables only. More detailed information on the long-range rapidity
structure of correlations could be obtained by extending the analysis to
three variables. For instance, in the case of ATLAS data studied in this
work, one could split the calorimeter into its forward and backward
components to measure the joint distribution (EF, EB, Nch). Similar
analyses could be done with the CMS and ALICE detectors. Finally,
our method could be applied to heavy-ion collisions at lower energies,
to which the single-variable case of our method has recently been
successfully applied [36, 37].
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