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Abstract

Top anti-top pair production near threshold in e+e− collisions is characterized by a hierarchy
of widely separated scales. This facilitates a treatment in an effective field theory framework,
specifically non-relativistic QCD (NRQCD) and potential non-relativistic QCD (PNRQCD).
The fixed-order result for the cross section of this process is known up to next-to-next-to-
next-to-leading order. An improvement of the fixed-order expression can be obtained by
resumming large logarithms via renormalization group equations. This thesis considers the
renormalization group improvement of the top anti-top pair production cross section at next-to-
leading logarithm (NLL). In order to perform the resummation procedure in a way compatible
with the known third-order expressions at fixed order, we transform position space expressions
from the literature to momentum space. We take care to discuss the procedure consistently,
alluding to possible future extensions to higher orders in the resummation of logarithms. The
multi-scale nature of the heavy-quark system requires a careful analysis of the scales and leads
to the renormalization group improvement being performed in multiple steps. Specifically, we
consider the ultrasoft running of the potentials, the hard running of the NRQCD matching
coefficients, and the potential running. The former two are written as a correction to the
potentials in PNRQCD, while the latter encodes the mixing into the non-relativistic current.
In addition to the analytic discussion of these individual contributions, we implement the
correction obtained from renormalization group improvement numerically and discuss the effect
of resummation on the cross section. Our results include the combination of NLL effects with
third-order results, which has not been shown before. Compared to fixed order results, we
observe a significant reduction of the scale dependence. Most noteworthy, we find that the
range of scales for which perturbation theory remains valid is extended to smaller scales when
NLL resummation is included.
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Chapter 1

Introduction

The top quark is the heaviest known elementary particle, which gives it a unique role in the
Standard Model (SM). From a combination of direct measurements at the Large Hadron
Collider (LHC), its mass is determined to (172.52± 0.14 (stat.)± 0.30 (syst.))GeV [1]. There
are some subtleties involved in the definition of the mass of the top quark (discussed, for
example, in reference [2]), which are not relevant to this thesis. The precise measurement of the
top mass, as well as its theoretical prediction, has been an ongoing endeavour for many years.
Besides the general goal of determining the fundamental parameters of the SM as precisely as
possible, the top mass plays an important role in the stability analysis of the SM. Together
with the mass of the Higgs boson, it determines the metastability of the electroweak (EW)
vacuum [3–5], which motivates the continuing effort to improve its currently known value.

A process well suited for the determination of the top mass m is a scan of the inclusive
cross section of top anti-top pair production from electron-positron collisions, e+e− → tt̄X,
which will be measured at the planned International Linear Collider (ILC) [6–8]. The region
near threshold, where the center-of-mass energy

√
s = 2m+ E deviates from the production

threshold of the top anti-top pair only by a small residual energy E, is of particular interest.
Due to its large decay width Γ ≈ 1.3GeV [9], the top quark does not hadronize. Therefore,
instead of distinct bound state peaks, the cross section exhibits a broad resonance around the
threshold [10]. In practice, the width of the top quark is incorporated by shifting the energy
parameter E → E + iΓ.

In the threshold region, the cross section strongly depends on the top mass, which facilitates an
accurate determination of its value. To achieve this, the experimental results must be combined
with a precise theoretical prediction of the cross section near threshold. In this regime, one
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Chapter 1. Introduction

uses that the mass m of the heavy quark (which will always refer to the top quark in this
thesis) is very large. In particular, the typical velocity v ≪ 1 of a heavy quark, defined by the
small residual energy E ≡ mv2, is used as a small expansion parameter. This constructs the
following hierarchy of widely separated scales for a theory containing a heavy quark:

hard scale: µh ∼ m (top mass),

≫

soft scale: µs ∼ mv (typical three momentum),

≫

ultrasoft scale: µus ∼ mv2 (typical energy). (1.1)

The hierarchy of scales defines a tower of non-relativistic effective field theories (EFTs), where,
starting from Quantum Chromodynamics (QCD), heavy degrees of freedom are successively
integrated out. The first step is to integrate out degrees of freedom for which both the
energy k0 and the three momentum k scale like the hard scale m. The resulting theory is
non-relativistic QCD (NRQCD) [11–13]. Then, as a second step, also the soft scale mv and light
degrees of freedom scaling as (k0,k) ∼ (mv2,mv) are integrated out, constructing potential
non-relativistic QCD (PNRQCD) [14–18]. This theory then contains only modes scaling like
(k0,k) ∼ (mv2,mv) for the heavy quarks and (k0,k) ∼ (mv2,mv2) for all light degrees of
freedom. We note that there is also an alternative framework called velocitiy non-relativistic
QCD (vNRQCD) [19–21] suitable for the discussion of heavy quark systems. However, in this
thesis, we will only work with NRQCD and PNRQCD.

In the framework of these theories, the cross section σtt̄X is organized as an expansion in v and
the strong coupling α, where we consider v ∼ α to be of the same size. The central quantity of
this thesis is the so-called R-ratio, which denotes the top anti-top cross section normalized to
the high-energy limit of the cross section σ0 of the process e+e− → µ+µ−. At fixed order, its
expansion is given by

R =
σtt̄X
σ0
∼ v

∑
k

(α
v

)k
×



1 LO,

α, v NLO,

α2, αv, v2 NNLO,

α3, α2v, αv2, v3 NNNLO,

. . . .

(1.2)
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After the initial leading order (LO) and next-to-leading order (NLO) calculations for the
R-ratio [22–24], much effort has been made to determine also the next-to-next-to-leading
order (NNLO) and next-to-next-to-next-to-leading order (NNNLO) results. An overview of
the former is given in [25]. For the latter, the main results are discussed in [26] and a detailed
account of the individual contributions can be found in [27]. We also refer to this reference
for an overview of literature discussing electromagnetic and electroweak effects, as well as
non-resonant contributions (cf. additionally [28–30]). The latter are related to the fact that
due to the large decay width of the top quark, in practice one measures the e+e− →W+W−bb̄

cross section instead of direct tt̄-production. One then also needs to account for the production
of the final state through channels other than resonant tt̄ production. In this thesis, we will,
however, focus solely on QCD contributions.

The R-ratio in equation (1.2) contains a resummed factor of
(
α
v

)k ∼ 1, which corresponds to
the resummation of so-called ladder diagrams. PNRQCD, where these ladder diagrams are
identified with insertions of the leading-order colour Coulomb potential, provides a framework
that allows for a systematic resummation of these diagrams.

However, there is another aspect of resummation that is not incorporated in the fixed-order
discussion of the R-ratio. In the results of the fixed-order calculations, logarithms ln(v)

containing ratios of the scales µh, µs, and µus defined in equation (1.1) appear. Due to the
large scale hierarchy, these logarithms can become large. This is of particular concern if it
results in α ln(v) ∼ O(1), which causes perturbation theory to break down. In this case, the
fixed-order calculations are not sufficient anymore and have to be extended by a resummation
of large logarithms, which is achieved by using renormalization group equations (RGEs). The
R-ratio is then organized as follows:

R =
σtt̄X
σ0
∼ v

∑
k

(α
v

)k∑
l

(α ln(v))l ×



1 LL,

α, v NLL,

α2, αv, v2 NNLL,

. . . .

(1.3)

For the R-ratio, the leading logarithm (LL) expression is the same as the one at LO. However,
the calculation at the order of next-to-leading logarithm (NLL) does give a modification of the
fixed-order result, which is the main topic of this thesis. This has been discussed in PNRQCD,
for example, in references [31–33], where the calculations have been performed in position
space. An extensive overview can be found in [34]. There also exists a partially incomplete
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Chapter 1. Introduction

resummation at the level of next-to-next-to-leading logarithm (NNLL), which is discussed, for
example, in [35–37] for PNRQCD and in [38–41] in the framework of vNRQCD.

In this thesis, we will discuss in detail the NLL case, where the main objective is to provide a
consistent treatment of the calculation in momentum space. We will also convert intermediate
results from the literature to the conventions used in [27]. This allows us to combine the NLL
results with the NNNLO expressions from that work, which has not yet been done in the
literature.

The necessary renormalization group (RG) improvement will be performed in multiple steps.
First, we resum large logarithms ln

(
µs
µh

)
in the matching coefficients of NRQCD, which is

known as the hard running. Afterwards, logarithms ln
(
µus
µs

)
related to the ultrasoft calculation

are considered. Finally, we determine the running of the matching coefficient of the non-
relativistic current, which is called the potential running. The result of this calculation is then
incorporated into the R-ratio. We discuss this last step both analytically and numerically,
where we incorporate the result into the Mathematica code TTbarXSection. Eventually, this
implementation will be translated to an incorporation into the QQbar_threshold code [42].

The structure of this thesis is as follows: We begin by reviewing the most relevant concepts of
EFTs and RGEs in chapter 2. Afterwards, we introduce the setup of non-relativistic theories
used in this thesis and discuss NRQCD and PNRQCD in detail in chapter 3. Chapter 4
then proceeds with an overview of the top anti-top pair production in the context of these
non-relativistic theories. In chapter 5, we present the main calculations of this thesis. This
entails a discussion of the hard, ultrasoft, and potential running relevant to the R-ratio at NLL.
Finally, in chapter 6, we analyse the numerical implications of the analytical results.

4



Chapter 2

Effective Field Theories and the
Renormalization Group Equation

2.1 Effective Field Theories

Whenever a physical system is characterized by a set of widely separated scales, ΛL ≪ ΛH ,
one can simplify its description by restricting to low energies. Formally, this is achieved by
constructing an EFT. An introduction to this topic can be found, for example, in references [43–
45]. The effective Lagrangian LEFT facilitates an expansion in the small parameter ΛL

ΛH
and is

built from the effective degrees of freedom. In d = 4− 2ε dimensions, it takes the form

LEFT =
∑
n≥0, i

c
(n)
i (µ,ΛH)

O
(n)
i (µ,ΛL)

Λn−dH

, (2.1)

where O(n)
i denotes operators of mass dimension n and c(n)i are dimensionless coefficients. The

scale µ is chosen such that ΛL ≪ µ≪ ΛH , providing a cut-off for the low-energy theory. Since
µ is an arbitrary, artificially introduced quantity, physical observables cannot depend on it. The
Lagrangian includes all operators O(n)

i built from the effective degrees of freedom consistent
with the underlying symmetries. The coefficients c(n)i are called matching coefficients (or Wilson
coefficients) and encode the high-energy behaviour in ΛH . They are determined by requiring
the fundamental theory and the EFT to be equivalent to some order in the small expansion
parameter by performing a matching procedure. In constructing the EFT, heavy degrees of
freedom have been integrated out, and their effects are instead included in higher-dimensional
operators, which are suppressed by the high-energy scale ΛH .

5



Chapter 2. Effective Field Theories and the Renormalization Group Equation

2.2 The Renormalization Group Equation

The operators O(n)
i and the matching coefficients c(n)i contain logarithms ln

(
µ
ΛL

)
and ln

(
µ
ΛH

)
,

respectively. Depending on the choice of µ, these logarithms can become large, specifically
α ln

(
µ

ΛL/H

)
∼ O(1), where α denotes the strong coupling. When this happens, usual perturba-

tion theory in α breaks down, and the large logarithms must be resummed to all orders. This
is facilitated by the concept of RGEs, which we introduce now. A comprehensive discussion on
this topic can be found, for example, in [46]. We present the parts most relevant to this thesis
in the following section.

In writing the effective Lagrangian, we have explicitly introduced an arbitrary factorization
scale µ separating high-energy from low-energy contributions. At the same time, this scale µ
serves as the renormalization scale for the operators O(n)

i and coefficients c(n)i . For now, we are
only interested in the µ-dependence of O(n)

i and c(n)i in (2.1) and drop the additional argument
of ΛL and ΛH , respectively.

A bare operator O(n)
i,B is renormalized by

O
(n)
i,B =

∑
j

Z
(n)
ij (µ)O

(n)
j (µ), (2.2)

where Z(n)
ij are the renormalization constants. Generally, the renormalization of O(n)

i,B requires

counterterms containing operators O(n)
j with i ̸= j, called operator mixing. Since the left-hand

side is independent of the scale µ, one can derive the following RGE:

0 = µ
d

dµ
O

(n)
k +

∑
i,j

(
Z(n)

)−1

ki

(
µ

d

dµ
Z

(n)
ij

)
O

(n)
j =

≡ µ d

dµ
O

(n)
k + γkj(µ)O

(n)
j , (2.3)

where the µ-dependence of the operators and the renormalization constants are implicitly
understood. This defines the anomalous dimension matrix

γ(µ) =
(
Z(n)

)−1
(
µ

d

dµ
Z(n)

)
. (2.4)

6



2.2. The Renormalization Group Equation

An observable is required to be independent of µ. We use this to obtain a similar relation for
the matching coefficients c(n)i at fixed n:

0 = µ
d

dµ

(∑
i

c
(n)
i (µ)⟨O(n)

i (µ)⟩
)
, (2.5)

yielding

0 = µ
d

dµ
c
(n)
i (µ)− c(n)j (µ)γji(µ). (2.6)

In matrix notation, the RGEs read

0 =

(
µ

d

dµ
+ γ(µ)

)
O(n)(µ) and 0 =

(
µ

d

dµ
− γT (µ)

)
c(n)(µ). (2.7)

Solving these RGEs resums large logarithms, as we illustrate now with the simple example of
a single Wilson coefficient without mixing. In order to obtain the solution of the differential
equation at leading order, we expand the anomalous dimension in the strong coupling α(µ):

γ(µ) =

(
α(µ)

4π

)
γ0 +

(
α(µ)

4π

)2

γ1 +O(α3). (2.8)

The renormalized coupling α itself depends on the scale µ, arising through renormalization of
the bare coupling αB as

αB = Zαµ̃
2εα(µ), (2.9)

where Zα is the respective renormalization constant. We have defined µ̃ through µ̃2 = µ2
(
eγE
4π

)
,

where γE is the Euler-Mascheroni constant. With this definition, we implement the use of the
MS-scheme [47] instead of the MS-scheme when subtracting divergences. The bare coupling
αB =

g2B
4π has mass dimension [αB] = 2ε in dimensional regularization, while the renormalized

coupling α(µ) is defined to be a dimensionless quantity. Because of the scale dependence, α(µ)
is called the running coupling, characterized by its RGE

µ
d

dµ
α(µ) = −2εα(µ) + α(µ)β(α(µ)), where β(α) = −α(µ)

2π

∞∑
n=0

(
α(µ)

4π

)n
βn. (2.10)

7



Chapter 2. Effective Field Theories and the Renormalization Group Equation

This defines the so-called β-function, encoding the running of the coupling. It is related to the
renormalization constant via

1

Zα

(
µ

d

dµ
Zα

)
= −β(α), (2.11)

which, at the order relevant to this work, yields

Zα = 1− α(µ)

4π
β0

1

ε
+O

(
α2
)
. (2.12)

For one-loop running, the solution to the RGE for the running coupling is given by

α(µ1) =
α(µ0)

1 + α(µ0)
β0
4π ln

(
µ21
µ20

) . (2.13)

This relation is exact at one-loop; subleading terms of the orderO(α2 log) only start contributing
at higher orders in the running.

Using this relation in the RGE (2.7), we deduce the following expression for the resummed
Wilson coefficient in the case of no mixing:

c(µ1) ≈ c(µ0)
(
α(µ1)

α(µ0)

)− γ0
2β0

. (2.14)

This expresses the Wilson coefficient at the scale µ1 in terms of the coefficient at some initial
scale µ0.

We can use this result to evaluate the Lagrangian (2.1) at the low-energy scale µ = ΛL. In this
case, the operators O(n)

i (µ = ΛL,ΛL) do not contain large logarithms, and their matrix elements
can be calculated in perturbation theory. Initially, the Wilson coefficients are determined by
matching at the high-energy scale, c(n)i (µ = ΛH ,ΛH). Using the RGE to evolve them down
to ΛL, the large logarithms have been resummed and included in c

(n)
i (µ = ΛL,ΛH). The

resummation can be seen explicitly by reexpanding equation (2.14) with the one-loop running
of α, yielding

c(ΛL,ΛH) =

[
1− γ0

8π
α(ΛH) ln

(
Λ2
H

Λ2
L

)
− γ0(2β0 − γ0)

128π2
α2(ΛH) ln

2

(
Λ2
H

Λ2
L

)
+O

(
α3(ΛH) ln

3

(
Λ2
H

Λ2
L

))]
c(ΛH ,ΛH). (2.15)

8



2.2. The Renormalization Group Equation

In the case of large logarithms α(ΛH) ln
(
Λ2
H

Λ2
L

)
∼ O(1), this series is not convergent. This

necessitates the use of the resummed expression (2.14), which resums the tower of
∑

n α
n logn,

called the LL contribution. The categorization of different contributions is explained schemat-
ically in table 2.1. Note that overall factors of α are factored out, such that the counting is
always done relative to the LO term.

Table 2.1: Schematic overview of the categorization of different contributions in perturbation
theory. The rows indicate the possible contributions in fixed-order calculations at LO, NLO,
NNLO, and NNNLO. The columns demonstrate which towers of logarithms are resummed in
the LL, NLL, and NNLL calculations, respectively. This table is inspired by [44].

LO 1

NLO α log α

NNLO α2 log2 α2 log α2

NNNLO α3 log3 α3 log2 α3 log α3

. . . . . . . . . . . . . . .

LL NLL NNLL . . .

We conclude this section on the general aspects of RGEs by commenting in more detail on the
anomalous dimension of the matching coefficient c. For simplicity, we again consider the case
without mixing. Renormalizing the bare coefficient cB directly as we did for the operators in
equation (2.2),

cB = Zcc, (2.16)

we proceed analogously to the discussion before and obtain

0 =

(
µ

d

dµ
+ γc

)
c, (2.17)

where the anomalous dimension γc is given by

γc =
1

Zc

(
µ

d

dµ
Zc

)
. (2.18)

By comparing these expressions to equations (2.7) and (2.4), we observe that the relevant
quantities for the operator O (no index) and its matching coefficient c (index c) are related by

γc = −γ ⇒ Zc =
1

Z
. (2.19)

9



Chapter 2. Effective Field Theories and the Renormalization Group Equation

This intuitively makes sense since it ensures that the running of the operator and its matching
coefficient are opposite to each other, such that their product does not depend on the renorma-
lization scale. The anomalous dimension γc can be read off from the renormalization constant
Zc. This is derived by expanding

Zc =

∞∑
n=0

Z(n)
c

1

εn
(2.20)

with Z(0)
c = 1. We observe that

γcZc = γc

( ∞∑
n=0

Z(n)
c

1

εn

)
= µ

d

dµ

( ∞∑
n=0

Z(n)
c

1

εn

)
=

= µ
dα(µ)

dµ

∂

∂α(µ)

( ∞∑
n=0

Z(n)
c

1

εn

)
+ µ

∂

∂µ

( ∞∑
n=0

Z(n)
c

1

εn

)
=

= (−2εα(µ) + α(µ)β(α(µ)))
∂

∂α(µ)

( ∞∑
n=0

Z(n)
c

1

εn

)
+ µ

∂

∂µ

( ∞∑
n=0

Z(n)
c

1

εn

)
=

=
∞∑
n=0

{
−2α(µ) ∂

∂α(µ)
Z(n+1)
c + α(µ)β(α(µ))

∂

∂α(µ)
Z(n)
c + µ

∂

∂µ
Z(n)
c

}
1

εn
. (2.21)

Comparing the 1
ε0

-terms on the right- and left-hand side of this equation, we deduce that

γc = −2α(µ)
∂

∂α(µ)
Z(1)
c . (2.22)

This relation allows us to determine the anomalous dimension (and RGE) of the matching
coefficient from the 1

ε -pole in its renormalization constant.
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Chapter 3

Non-Relativistic Effective Field
Theories

3.1 Effective Field Theory Setup

As discussed in the introduction, this thesis considers the production of a top anti-top pair
close to threshold. In this energy region, only a small residual energy E =

√
s− 2m ≡ mv2 is

available to the heavy quark anti-quark pair. This naturally defines a small parameter v, the
typical velocity of a heavy quark. It also provides three widely separated scales,

m≫ mv ≫ mv2, (3.1)

where m is the mass of the heavy quark, mv is the size of its typical three momentum, and
mv2 is its typical energy scale. We refer to the resulting regions as

hard region (h): k0 ∼ m, k ∼ m,

soft region (s): k0 ∼ mv, k ∼ mv,

potential region (p): k0 ∼ mv2, k ∼ mv,

ultrasoft region (us): k0 ∼ mv2, k ∼ mv2 (3.2)

for a generic four-momentum k = (k0,k).

11



Chapter 3. Non-Relativistic Effective Field Theories

Taking advantage of the large hierarchy between the scales, one can use the method of regions
and expand Feynman integrals at the integrand level before performing the loop integration [48,
49]. Since scaleless integrals vanish in dimensional regularization, no double counting occurs.

In practice, it is advantageous to instead turn to an EFT approach, effectively performing the
expansion in v at the Lagrangian level. This constructs non-relativistic EFTs. We will proceed
in two steps:

QCD: (m < µ) LQCD[Q(h, s, p), g(h, s, p, us)],

↓

NRQCD: (mv < µ < m) LNRQCD[Q(s, p), g(s, p, us)],

↓

PNRQCD: (µ < mv) LPNRQCD[Q(p), g(us)]. (3.3)

The brackets of the Lagrangian show the content of the effective theory at the respective scale
µ: Q denotes the heavy quark, which can, in general, be hard, soft, or potential; g denotes the
light degrees of freedom, which can be hard, soft, potential, or ultrasoft. The light degrees of
freedom are gluons, ghosts, and light quarks (all quarks apart from the heavy quark), whose
mass we set to zero. This approximation is valid for the heavy quark being the top quark [27].
Starting from the full theory QCD, we first integrate out the hard scale, leading to NRQCD
[11–13] (for the Quantum Electrodynamics (QED) case, see [50]). In a second step, we also
integrate out the soft scale and potential light modes. This defines PNRQCD [14–18]. The
theory then contains only potential heavy quarks and ultrasoft light modes. In the following
sections, we will describe these theories in more detail.

When constructing PNRQCD, one needs to consider the relative size of the soft and ultrasoft
scales compared to the confinement scale ΛQCD, which is the scale where non-perturbative
effects in QCD become relevant. In this thesis, we are exclusively going to consider the case
mv2 ≫ ΛQCD, where the matching procedure for the potentials can be performed perturbatively.
Together with the case mv ≫ ΛQCD ∼ mv2 (where perturbation theory at the ultrasoft scale
is not possible anymore), this is discussed in [18] and called the weak coupling regime of
PNRQCD. On the other hand, the strong coupling regime is defined by mv ∼ ΛQCD and
discussed in [51]. An overview of the different scenarios can be found in [52]. The hierarchy
mv2 ≫ ΛQCD is a good assumption for the top quark, allowing us to restrict to this case in
the following.

12



3.1. Effective Field Theory Setup

Usual perturbation theory refers to the expansion in the strong coupling α. Phenomenologically,
the relation between the small expansion parameter v of PNRQCD and the coupling α can be
seen in the following way [13]: We equate the kinetic energy ∼ mv2 with the leading term in
the potential energy, which is given by the Coulomb term −α

r . Using r ∼ 1
mv , we obtain v ∼ α.

The details of this line of argument will become clearer in the discussion of PNRQCD below (cf.
section 3.3.1). The scaling implies that the non-relativistic theory is given by a simultaneous
expansion in v and in α, while α

v ∼ 1. In this work, we will always use α to denote the strong
coupling constant. If we want to refer to the electromagnetic coupling, we will use αem instead.

In order to determine the scaling of the fields, we consider the scaling of the propagators in the
non-relativistic region. For a non-relativistic heavy quark with four-momentum (m+ k0,k),
the propagator is

i(/k +m)

k2 −m2 + iε
∼


im(γ0 + 1)

2mk0 + iε
∼ v−1 soft region,

im(γ0 + 1)

2mk0 − k2 + iε
∼ v−2 potential region.

(3.4)

For a gluon with momentum (k0,k), the propagator in Feynman gauge takes the form

i(−gµν)
k2 + iε

∼



−igµν
(k0)2 − k2 + iε

∼ v−2 soft region,

−igµν
−k2 + iε

∼ v−2 potential region,

−igµν
(k0)2 − k2 + iε

∼ v−4 ultrasoft region.

(3.5)

The integration measure d4k scales as v4 in the soft region, v5 in the potential region, and v8

in the ultrasoft region. Using this, the heavy-quark propagator

⟨0|T{Q(x)Q(y)}|0⟩ =
∫

d4k

(2π)4
i(/k +m)

k2 −m2 + iε
e−ik·(x−y) (3.6)

yields the following scaling for the heavy-quark field ψ (and analogously for the heavy-anti-quark
field χ):

ψ ∼

 v
3
2 soft region,

v
3
2 potential region.

(3.7)
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Chapter 3. Non-Relativistic Effective Field Theories

In the same way, one derives the scaling of the gluon field:

A ∼


v1 soft region,

v
3
2 potential region,

v2 ultrasoft region.

(3.8)

3.2 Non-Relativistic Effective Field Theory

3.2.1 The NRQCD Lagrangian

We now turn to a more in-depth discussion of NRQCD [11–13]. Keeping the scaling rules given
in the previous section in mind, the NRQCD Lagrangian takes the following form:

LNRQCD = Lψ + Lχ + Lψχ + Lg + Llight. (3.9)

The general case includes two heavy quarks of potentially different masses. This is discussed,
for example, in [52]. Since we want to consider heavy quark anti-quark systems, we restrict our
discussion to the equal-mass case. The individual terms up to order O

(
1
m2

)
are given by1 [27]

Lψ = ψ†
(
iD0 +

D2

2m
+

D4

8m3
− d1

2m
gσ ·B+

d2
8m2

g[Di, Ei] + i
d3
8m2

gσij{Di, Ej}
)
ψ

+O
(

1

m3

)
, (3.10)

Lχ = −Lψ with ψ −→ χ, iD0 −→ −iD0, Ei −→ −Ei, (3.11)

Lψχ =
dss
m2

ψ†ψχ†χ− dsv
8m2

ψ†[σi, σj ]ψχ†[σi, σj ]χ+
dvs
m2

ψ†TAψχ†TAχ

− dvv
8m2

ψ†TA[σi, σj ]ψχ†TA[σi, σj ]χ+O
(

1

m3

)
, (3.12)

Lg = −
d4
4
GAµνG

Aµν +
d5
m2

GAµνD
2GAµν +

d6
m2

gfABCGAµνG
Bµ
αG

Cνα +O
(

1

m4

)
, (3.13)

Llight = light-quark Lagrangian in full QCD. (3.14)

LNRQCD uses the following definitions:

• Covariant derivative: Dµ = ∂µ − igAµ with ∂i = −∇i,

1In addition to the terms up to a suppression factor of 1
m2 , we have included the quartic kinetic energy

correction D4

8m3 , scaling like v7 and thus contributing at NNLO. Other terms suppressed by 1
m3 are not needed

for the NNNLO calculation (which we are eventually interested in), as is discussed in [27].
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3.2. Non-Relativistic Effective Field Theory

• Field strength tensor: Gµν = i
g [Dµ, Dν ],

• Chromoelectric field: Ei ≡ Gi0 = −∇iA0 − ∂
∂tA

i − ig[Ai, A0],

• Chromomagnetic field: σ ·B ≡ −1
2σ

ijGij , where σij = − i
2 [σ

i, σj ] and σi denotes the
Pauli matrices.

The Lagrangian is expressed in terms of the effective gluon field, denoted by Aµ = AAµTA,
the non-relativistic heavy quark field ψ, and the heavy-anti-quark field χ. The latter two
are the two-component spinors taken directly from the four-component Dirac field. We note
that there is an alternative common convention (used, for example, in [34]), where one treats
the anti-particle as a particle in the anti-triplet colour representation, which results in the
charge-conjugated expression of the field considered here (related by χc = −iσ2χ∗).

Besides this choice in the treatment of the heavy anti-quark, there are some ambiguities in
the NRQCD Lagrangian related to (amongst other aspects) field redefinitions and the choice
of operator basis. This affects the matching coefficients and requires special care when using
results known from the literature. We adopt the Lagrangian used in [27]. We discuss these
ambiguities in detail in appendix B.1 and collect the most relevant results in the following.

One could include an operator 1
m2D

µGAµαDνG
Aνα in the gluonic Lagrangian, which has, however,

not been done above. This term has also been eliminated in [33, 34, 53], which are the main
references we will refer to for the RGEs of the NRQCD matching coefficients. However, these
references additionally remove the operator GAD2GA, which is still included (multiplied by
d5 in equation (3.13)) in the operator basis we choose to use. The elimination of both of
these operators is achieved by absorbing them into the Darwin operator gσ ·B and a so-called
heavy-light operator of the structure ψ†TAψq̄γ0TAq (and analogously with ψ −→ χ), providing
an interaction between the heavy fermion and light fermions. As it is done in [53], we choose to
not include the latter operator (it is not needed at NNNLO with our choice of basis, cf. [27]),
which in turn modifies the coefficient dvs to the four-heavy-fermion operator ψ†TAψχ†TAχ.
Summarizing appendix B.1.1 and B.1.2, where we discuss these changes of basis in more detail,
the coefficients in our notation are related to the ones in [33, 34, 53] by the following equations:

(d2 − 16d5) = (cD + chl1 )ref.[33, 34] = (cD)ref.[53], (3.15)

dvs = (dvs − παchl1 )ref.[33, 34]. (3.16)

The Lagrangian LNRQCD is written entirely in d dimensions. In order to deal with divergences
in the non-relativistic theory, we will use dimensional regularization (setting d = 4− 2ε) and
subtract the divergences according to the MS-scheme, like we did for the strong coupling α(µ).
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Chapter 3. Non-Relativistic Effective Field Theories

A particular choice in order to ensure d-dimensionality in the Lagrangian is to restrict the use
of the chromomagnetic field Bi to the combination σ ·B since the Bi do not represent the
components of a (d− 1)-dimensional vector and thus can’t be defined in d dimensions. In the
limit d = 4, one can use the prescription [σi, σj ] = 2iεijkσk and obtains

σ ·B = −1

2
εijkσkGij . (3.17)

An in-depth discussion of the velocity scaling of the individual terms in the Lagrangian can be
found in reference [27]. Here, we only note some key aspects.

For potential heavy quarks, the leading terms in the bilinear Lagrangian Lψ include the kinetic
terms ψ†i∂0ψ and ψ† ∂2

2mψ, both scaling like v5. However, ψ†iD0ψ additionally provides the
interaction ψ†gA0ψ. For a potential gluon field, this also scales like v5 and is therefore not
suppressed. It cannot be treated perturbatively and requires resummation. This becomes more
clear once one switches to PNRQCD, as we will discuss in section 3.3.1. All other contributions
are suppressed with respect to these leading terms. In the Lagrangian given above, we have
included terms up to NNNLO, scaling like v8.

For soft heavy quarks, the leading term is given by ψ†i∂0ψ ∼ v4, while all other terms are
suppressed. This justifies the use of static heavy-quark propagators in the matching procedure,
comparable to heavy quark effective theory (HQET) [54]. All interactions in the soft region
can be treated in perturbation theory.

While NRQCD provides a way to implement the non-relativistic nature of heavy-quark bound
states, the power counting is still ambiguous. As we have discussed before, the effective degrees
of freedom still exist at multiple scales after integrating out the hard modes (for example, both
soft and potential heavy quarks are dynamical degrees of freedom). This problem is addressed
by constructing PNRQCD (cf. section 3.3.1).

3.2.2 The NRQCD Matching Coefficients at Fixed Order

The NRQCD Lagrangian (cf. equations (3.9)-(3.14)) contains the matching coefficients di (in
the bilinear and gluonic sectors of the Lagrangian, i = 1, . . . , 6) and dij (in the four-heavy-quark
sector, ij = ss, sv, vs, vv), which are known from the literature.

The coefficients contain logarithms ln
(
µ2

m2

)
. Away from their natural scale µh ∼ m, these

logarithms become large and require resummation. We will discuss this in section 5.2.
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3.2. Non-Relativistic Effective Field Theory

For ease of reference, we repeat the fixed-order expressions for the coefficients known from the
literature in the following. We note that for this thesis, we only need the matching coefficients
at the one-loop level. Two-loop results can be found in [55].

Coefficients to the Gluonic Operators

The coefficients appearing in the gluonic Lagrangian (3.13) are d4, d5, and d6.

The coefficient d4, multiplying the kinetic term of the gluon, can be set to the canonical
normalization d4 = 1. This defines the effective strong coupling α in the non-relativistic theory,
corresponding to the coupling running with just the number of light flavours (nf ) instead of
with all flavours including the heavy quark (nf + 1) [43].

The first coefficient of the β-function defined in equation (2.10) then reads

β0 =
11

3
CA −

4

3
TFnf (3.18)

in the MS scheme. This, as well as the coefficients β1 and β2, can be found in reference [56].
In this expression, we use the factors CA = N and TF = 1

2 , where N denotes the number of
colours (N = 3 for QCD). Later, we will additionally need CF = N2−1

2N (= 4
3 in QCD).

In LNRQCD, we have included terms up to NNNLO, scaling like v8 for potential fields. The
operator multiplied by d5, GAµνD2GAµν , contributes at the order v7 for potential gluons, such
that we need d5 only up to order α ∼ v1. The fixed-order result to this order can be found in
[27] and is given by

dFO
5 =

α(µ)

π

( µ
m

)2ε TFΓ(1 + ε)eγEε

60
=
TFα(µ)

60π
+ dε5(ε), (3.19)

dε5(ε) =
α(µ)

60π
TF ln

(
µ2

m2

)
ε+O(ε2). (3.20)

We have explicitly denoted the term dε5 to keep track of O(ε)-terms. These are not relevant to
the NLL calculation, however, they might lead to finite terms once one extends the calculation
to NNLL order.

Lastly, the coefficient d6 is not relevant to our calculation. It is multiplied by the operator
gfABCGAµνG

Bµ
αGCνα, which scales like ∼ v13/2 for soft gluons and ∼ v8 for potential gluons.

Since d6 starts to contribute at order d6 ∼ α [57], this term is beyond NNNLO.
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Chapter 3. Non-Relativistic Effective Field Theories

Coefficients to the Bilinear Heavy-Quark Operators

The coefficients to the bilinear heavy-quark operators are given by d1, d2, and d3. In the
literature, these are commonly referred to as cF (Fermi coefficient), cD (Darwin coefficient),
and cS (spin-orbit coefficient), respectively.2 We do not consider the coefficients to the kinetic
operator D2

2m and to the kinetic correction D4

8m3 since they can be set to one by reparametrization
invariance [57]. The operator multiplied by d1, ψ†gσ ·Bψ, constitutes the chromomagnetic
interaction and scales like v6 for potential fields. The vertex in a single interaction of this
type needs to be combined with the quark-gluon interaction in ψ†D2

2mψ (instead of in ψ†iD0ψ),
which is suppressed by an additional factor of v1. Therefore, the chromomagnetic interaction
first contributes at NNLO and d1 is needed up to order α ∼ v for the NNNLO calculation.
The operators multiplying d2 and d3, ψ†g[Di, Ei]ψ and ψ†gσij{Di, Ei}ψ, respectively, both
scale like v7 for potential fields, such that d2 and d3 are also needed up to α ∼ v.

The fixed-order expressions for the two-fermion coefficients are given in [27] in terms of form
factors. Explicitly, the coefficients read

dFO
1 = 1 +

α(µ)

π

( µ
m

)2ε Γ(ε)eγEε

4(4ε2 − 1)

(
(2ε+ 1)(2ε2 − 1)CA − 2ε(2ε+ 1)2CF

)
=

=
CAα(µ)

4π

1

ε
+

[
1 +

α(µ)

2π
(CA + CF ) +

α(µ)

4π
CA ln

(
µ2

m2

)]
+ dε1(ε), (3.21)

dFO
2 = 1 +

α(µ)

π

( µ
m

)2ε Γ(ε)eγEε

6(4ε2 − 1)

(
(10ε2 − 3ε+ 2)CA + 8(−4ε2 + 1)CF

)
=

= −(CA + 4CF )α(µ)

3π

1

ε
+

[
1 +

α(µ)

2π
CA −

α(µ)

3π
(CA + 4CF ) ln

(
µ2

m2

)]
+ dε2(ε). (3.22)

The last coefficient d3 is fixed to d3 = 2d1 − 1 by reparametrization invariance [57]. The
O(ε)-terms of d1 and d2 are given by

dε1(ε) =
α(µ)

2π

[
CA + 4CF +

π2

24
CA + (CA + CF ) ln

(
µ2

m2

)
+

1

4
CA ln2

(
µ2

m2

)]
ε+O(ε2),

(3.23)

dε2(ε) =
α(µ)

6π

[
−18CA −

π2

6
CA −

2π2

3
CF + 3CA ln

(
µ2

m2

)
− (CA + 4CF ) ln

2

(
µ2

m2

)]
ε

+O(ε2). (3.24)

2As we have already mentioned in equation (3.15), there is a subtlety to relating the coefficient d2 in our
convention to cD in other references, caused by a field redefinition in the gluonic Lagrangian. This will become
apparent in section 5.2 and is commented on in appendix B.1.
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Coefficients to the Four-Heavy-Quark Operators

The four-heavy-quark terms in Lψχ (3.12) can be written in two different orderings: the
scattering order (ψ†ψ)(χ†χ), and the annihilation order (ψ†χ)(χ†ψ). The resulting terms are
related by a Fierz transformation, which is discussed in [58]. While the latter ordering is best
suited for processes involving the annihilation of heavy quarks, the former is more natural for
cases considering fermion anti-fermion bound states. At NNNLO, the annihilation contribution
vanishes [27], such that the scattering ordering is the one appropriate for our scenario and has
been adopted in equation (3.12).

The coefficients in the four-heavy-quark Lagrangian are denoted by dss, dsv, dvs and dvv. We
have made use of the usual notation in the literature: The indices s and v indicate the colour
and spin structure of the heavy quark anti-quark term, where s in the first (second) index
denotes a colour singlet (spin singlet), while v in the first (second) index refers to the colour
octet (spin triplet), respectively.

Generally, the coefficients include contributions from both annihilation and scattering processes.
Reference [58] discusses both of these contributions.3 However, as we have mentioned above,
only the scattering terms are relevant to our calculation. The coefficients first contain terms
related to hard scattering at order α2 ∼ v2 since this process requires the exchange of at least
two gluons. This is the order the coefficients are required to at NNNLO, since the four-fermion
operators ψ†ψχ†χ scale like v6.

3Note that the coefficients dsv and dvv multiplying spin-dependent operators in [58] are (1− ε) times the
corresponding coefficients in this work. This is related to the use of the d-dimensional expression for the spin
structures in the Lagrangian (3.12).
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The scattering contributions to the fixed-order expressions are taken from [27] and read

dFO
ss = α2(µ)CF (CA − 2CF )

( µ
m

)2ε eγEε(2ε− 3)
(
2ε2 + ε+ 1

)
Γ(2 + ε)

2ε (8ε3 + 12ε2 − 2ε− 3)
= (3.25)

=
(CA − 2CF )CFα

2(µ)

2ε
+
α2(µ)

3
(CA − 2CF )CF +

α2(µ)

2
(CA − 2CF )CF ln

(
µ2

m2

)
+ dεss(ε), (3.26)

dFO
sv = α2(µ)CF (CA − 2CF )

( µ
m

)2ε eγEεΓ(1 + ε)

2(1 + 2ε)
= (3.27)

=
α2(µ)

2
(CA − 2CF )CF + dεsv(ε), (3.28)

dFO
vs = α2(µ)

( µ
m

)2ε eγEε(3− 2ε)
(
CA(ε(2ε+ 1)(4ε+ 3) + 5)− 8CF (1 + ε)

(
2ε2 + ε+ 1

))
Γ(ε)

4(2ε− 1)(2ε+ 1)(2ε+ 3)

(3.29)

=
(−5CA + 8CF )α

2(µ)

4ε
+
α2(µ)

12
(11CA + 16CF ) + α2(µ)

(
−5

4
CA + 2CF

)
ln

(
µ2

m2

)
+ dεvs(ε), (3.30)

dFO
vv = α2(µ)

( µ
m

)2ε eγEε(−CA(1 + 4ε) + 8CF ε)Γ(ε)

4(1 + 2ε)
= (3.31)

= −CAα
2(µ)

4ε
+
α2(µ)

2
(−CA + 4CF )−

α2(µ)

4
CA ln

(
µ2

m2

)
+ dεvv(ε). (3.32)

The O(ε)-terms are given by

dεss(ε) = α2(µ)(CA − 2CF )CF

[
47

18
+
π2

24
+

1

3
ln

(
µ2

m2

)
+

1

4
ln2
(
µ2

m2

)]
ε+O(ε2), (3.33)

dεsv(ε) = α2(µ)(CA − 2CF )CF

[
−1 + 1

2
ln

(
µ2

m2

)]
ε+O(ε2), (3.34)

dεvs(ε) = α2(µ)

[
− 137

18
CA +

94

9
CF −

5π2

48
CA +

π2

6
CF +

1

12
(11CA + 16CF ) ln

(
µ2

m2

)
+

(
−5

8
CA + CF

)
ln2
(
µ2

m2

)]
ε+O(ε2), (3.35)

dεvv(ε) = α2(µ)

[
CA − 4CF −

π2

48
CA +

1

2
(−CA + 4CF ) ln

(
µ2

m2

)
− 1

8
CA ln2

(
µ2

m2

)]
ε+O(ε2).

(3.36)
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3.3 Potential Non-Relativistic Effective Field Theory

3.3.1 The PNRQCD Lagrangian

By integrating out all degrees of freedom except for potential heavy quarks and ultrasoft
light modes from NRQCD, the power counting is made manifest: ψ ∼ v

3
2 , χ ∼ v

3
2 , A ∼ v2,

x ∼ r ∼ v−1, and derivatives acting on a heavy-quark field ∂0 ∼ p0 ∼ v2 and ∂ ∼ p ∼ v1.
This solves the inherent problem of non-homogenous power counting in NRQCD, which was
discussed in the previous section.

As indicated in (3.3), this procedure constructs PNRQCD [14–18]. In this thesis, we will use
the conventions from reference [27], where the heavy-quark sector of the Lagrangian up to
NNNLO takes the form

LPNRQCD = ψ†
(
i∂0 +

∂2

2m
+ gA0(t,0)− gx ·E(t,0) +

∂4

8m3

)
ψ

+ χ†
(
i∂0 −

∂2

2m
+ gA0(t,0)− gx ·E(t,0)− ∂4

8m3

)
χ

+ µ̃−2ε

∫
dd−1r

[
ψ†
aψb

]
(x+ r)Vab;cd(r,∂)

[
χ†
cχd

]
(x). (3.37)

The leading order terms scale like v5. This includes the kinetic terms i∂0± ∂2

2m and the Coulomb
potential, as we discuss below. The terms including gA0(t,0) can be removed by a field
redefinition including a Wilson line [27, 59, 60]. The x ·E-term is the chromomagnetic dipole
term and encodes the ultrasoft interaction. It scales like x ·E ∼ v3, such that the interaction is
of the size v

13
2 (suppressed by a factor of v

3
2 with respect to the leading terms). Two ultrasoft

vertices are required to produce a non-vanishing effect, causing the ultrasoft correction to first
contribute at NNNLO. This contribution is discussed in [61, 62]. In order to make the power
counting homogeneous, the ultrasoft fields have been multipole-expanded [63–65].

Unlike the NRQCD Lagrangian (3.9), the PNRQCD Lagrangian is not local. More precisely, it
is still instantaneous (local in time), but non-local in space. Non-localities arise whenever one
integrates out modes. However, as long as there are no modes in the effective Lagrangian that
can resolve these non-localities (i.e. all effective modes only fluctuate over distances larger than
the non-localities), one can perform an operator product expansion [66, 67] and render the
effective theory local [60]. This is what happens for NRQCD: Integrating out the hard modes
(k0,k) ∼ (m,m) results in non-localities of the order 1

m , while all leftover effective modes are
at least soft (k0,k) ∼ (mv,mv), fluctuating over distances ∼ 1

mv . Since this is significantly
larger than the non-localities, they cannot be resolved and NRQCD can be rendered local.
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On the other hand, for PNRQCD, we integrate out also soft heavy modes and potential light
modes. This leads to non-localities of the order 1

mv in both the temporal and the spatial
components. However, potential heavy modes are still contained in the effective Lagrangian,
scaling like (k0,k) ∼ (mv2,mv). Typical fluctuations thus are of the order 1

mv2
in the temporal

component and of the order 1
mv in the spatial component. We can now see that while the

temporal non-localities cannot be resolved by the effective modes (enabling an operator product
expansion in this component and keeping the theory instantaneous), the spatial non-localities
can be resolved and render PNRQCD spatially non-local.

The last line in (3.37) describes interactions via heavy-quark potentials

Vab;cd(r,∂) = TAabT
A
cdV0(r) + δVab;cd(r,∂). (3.38)

These are the matching coefficients of PNRQCD, encoding the high-energy behaviour of the
degrees of freedom that have been integrated out. The leading term is the tree-level colour
Coulomb potential

V0(r) = −
α

r
. (3.39)

The scaling behaviour of the Coulomb potential is V0(r) ∼ v2, such that the interaction scales
like v5. Therefore, the Coulomb potential is not suppressed with respect to the kinetic terms
and has to be treated non-perturbatively. This is exactly the effect related to the exchange
of potential gluons discussed above in the NRQCD setting. In practice, the non-perturbative
treatment is achieved through a resummation of ladder diagrams, encoding the effect of the
Coulomb potential in the use of the propagator of the heavy quark anti-quark pair instead
of treating the particle and the anti-particle separately. This will be further discussed below.
Since the colour Coulomb potential is contained already in the leading-order theory, PNRQCD
closely resembles perturbation theory in Quantum Mechanics.

We note that this leads to a common alternative way of phrasing the PNRQCD Lagrangian,
which is used, for example, in references [14, 18, 34, 52]. It relies on projecting the QQ̄ state
onto a single field representing the heavy-quark pair and decomposing it into a singlet state
S(R, r, t) and an octet state O(R, r, t). In this expression, R denotes the center-of-mass
coordinate, and r is the relative coordinate. Details on this procedure can be found in [34].
Here, we only state the Lagrangian in this framework after multipole expanding the gluonic
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fields:

L̃PNRQCD = Tr
{

S†(i∂0 − hs(r))S + O†(iD0 − ho(r))O
}

+ VA(r) Tr
{

O†gr ·ES + S†gr ·EO
}
+

1

2
VB(r) Tr

{
O† {gr ·E,O}

}
. (3.40)

In this expression, the ultrasoft covariant derivative is given by iD0O = i∂0O− g [A0(R, t),O].
The ultrasoft fields E are implicitly evaluated at the center-of-mass coordinate R and time t.
The quantities hs and ho stand for the singlet and octet Hamiltonian, respectively, containing a
kinetic term and the potentials. This Lagrangian contains two additional matching coefficients,
VA and VB, multiplying the interaction with ultrasoft gluons. We will later use the coefficient
VA to keep track of ultrasoft contributions in the RG improvement.

Resummation of Ladder Diagrams

We now turn to the interaction terms in the non-relativistic Lagrangians that are unsuppressed
relative to the leading kinetic terms.

In the case of NRQCD, these terms are given by ψ†gA0ψ and χ†gA0χ for potential fields,
scaling like v5. This interaction leads to diagrams that are not suppressed in the threshold
region, posing a leading-order effect and thus requiring non-perturbative treatment. These
diagrams are the so-called ladder diagrams, shown in figure 3.1. From the scaling properties

...

Q

Q̄

Figure 3.1: Generic ladder diagram. Each loop comes with an unsuppressed factor of order
O(1), requiring resummation of these diagrams.

discussed in section 3.1, we deduce that each potential loop comes with a factor of

v5︸︷︷︸
Loop measure

× v−2v−2︸ ︷︷ ︸
Heavy quark
propagators

× v−2︸︷︷︸
Potential gluon

propagator

× v1︸︷︷︸
g2 ∼ α

∼ 1, (3.41)
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which is not suppressed. Therefore, these diagrams require resummation. This can be done in a
systematic way in the context of PNRQCD. There, the corresponding term in the Lagrangian
is given by the interaction of a heavy-quark pair via a leading-order colour Coulomb interaction,
namely

µ̃−2ε

∫
dd−1r

[
ψ†
aψb

]
(x+ r)

(
−α
r
TAabT

A
cd

) [
χ†
cχd

]
(x) ∼ v5. (3.42)

The resummation of this interaction is achieved by phrasing the situation in terms of the
propagator of the heavy quark anti-quark pair (instead of the heavy quark and anti-quark
propagating separately). In momentum space, this propagator is given by

1

N
δbcδdaiG0(p,p

′;E) (3.43)

for a pair in the colour-singlet state.4 This expression contains the Green’s function G0(p,p
′;E),

which satisfies the d-dimensional Lippmann-Schwinger equation:

(2π)d−1δ(d−1)(p− p′) =

(
p2

m
− E

)
G0(p,p

′;E)− µ̃2ε
∫

dd−1k

(2π)d−1

g2CF
k2

G0(p− k,p′;E).

(3.44)

In these expressions, p and p′ denote the momentum of the incoming and outgoing quark,
respectively. E =

√
s− 2m denotes the energy of the heavy quark anti-quark pair. The Green’s

function will be discussed in more detail in section 4 .

Proceeding like in [27], we consider the scattering process Q(p1)Q̄(p2) −→ Q(p′1)Q̄(p
′
2) in the

rest frame of the heavy quark anti-quark pair (QQ̄), that is

p1 =

(
E

2
,p

)
, p′1 =

(
E

2
,p′
)
, (3.45)

p2 =

(
E

2
,−p

)
, p′2 =

(
E

2
,−p′

)
. (3.46)

In this case, the Green’s function G0(p,p
′;E) can be written as

G0(p,p
′;E) = −(2π)d−1δ(d−1)(p− p′)

E − p2

m + iε
+

1

E − p2

m + iε
iH(p,p′;E)

1

E − p′2

m + iε
, (3.47)

4One can consider an analogous procedure for the colour-octet Green’s function, see for example [27].
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where the first term represents the diagram with no insertions of the leading-order Coulomb
potential and H(p,p′;E) encodes the sum of all diagrams with one or more Coulomb exchanges.
One generic example of these diagrams is depicted in figure 3.2. Explicitly, the sum of all

...

...

V0 V0 V0 V0

p1 p1 + k1 p1 + k2 p′1

k2 − p2k1 − p2p2 p′2

k1 k2 − k1 k3 − k2 p2 − p′2 − kn

Figure 3.2: Generic ladder diagram with n + 1 Coulomb exchanges. These diagrams are
unsuppressed and need to be resummed.

diagrams of this type is given by

H(p,p′;E) =

∞∑
n=0

(
µ̃2ε
)n ∫ [ n∏

i=1

ddki
(2π)d

]
iCF (−g2)

k2
1

×
n∏
i=1

iCF (−g2)
(ki+1 − ki)2

i
E
2 + k0i −

(p+ki)2

2m + iε

−i
E
2 − k0i −

(p+ki)2

2m + iε
= (3.48)

= i
∞∑
n=0

(−g2CF )n+1µ̃2nε
∫ [ n∏

i=1

dd−1ki
(2π)d−1

]
1

k2
1

n∏
i=1

1

(ki+1 − ki)2
(
E − (p+ki)2

m + iε
) ,

(3.49)

where we have defined kn+1 = p′ − p. To obtain the last line, the integrations of the zero
components k0i have been performed by using the residue theorem and picking up the poles in
the upper half plane. The factors of CF arise when projecting the potential onto the colour
singlet (cf. equation (3.53) below):

1

N
δbcδdaT

A
abT

A
cd = CF . (3.50)
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Reference [27] discusses multiple explicit expressions for the Green’s function G0 in both
position and momentum space. For our purposes, the following one is the most relevant:

G0(E) ≡ G0(r = 0, r′ = 0;E) =

=
m2CFα

4π

[
1

4ε
− 1

2
ln

(
−4mE

µ2

)
+

1

2
− 1

2λ
− γE −Ψ(1− λ)

]
+O(ε). (3.51)

Here, one defines the parameter

λ =
αCF

2
√
−E
m

. (3.52)

For λ = n (some positive integer), the function Ψ(1− λ), which denotes the Euler Psi-function,
exhibits poles. This characterizes the S-wave bound states of the heavy quark anti-quark pair,
whose energy is denoted by En.

In section 4.3, we will discuss how to use this Green’s function containing the resummation of
the ladder diagrams in the context of the heavy-quark correlation function.

3.3.2 The PNRQCD Matching Coefficients (Potentials) at Fixed Order

We now turn to the explicit expressions for the matching coefficients of PNRQCD, namely the
potentials. Since a potential insertion does not change the colour state of the heavy quark
anti-quark pair, for the top anti-top pair production (where the incoming pair is in the colour
singlet), only the colour-singlet projection of the potentials is necessary [27], reading

V =
1

N
δbcδdaVab;cd =

1

N
δbcδda

(
V11ab1cd + VTT

A
abT

A
cd

)
= V1 + CFVT . (3.53)

For the colour-octet potential, we refer to, for example, reference [18].

In momentum space, the colour-singlet potentials are given by [27]

V (p,p′) = −VC(α)
4πCFα

q2
+ V1/m(α)

π2(4π)CFα

m|q|

+ Vδ(α)
2πCFα

m2
− Vp(α)

2πCFα(p
2 + p′2)

m2q2
− Vs(α)

πCFα

4m2
[σi, σj ]⊗ [σi, σj ]

+ Vhf (α)
πCFα

4m2q2
[σi, σj ]qj ⊗ [σi, σk]qk

− Vso(α)
3πCFα

2m2q2
([σi, σj ]qipj ⊗ 1− 1⊗ [σi, σj ]qipj) + . . . , (3.54)
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where the momentum transfer is q = p− p′. The coefficients are structured like

VX(α) = V(0)X +
α

4π
V(1)X +

( α
4π

)2
V(2)X +

( α
4π

)3
V(3)X +O(α4) (3.55)

and factored out such that V(0)X is either one or zero for all VX . For the rest of this thesis,
we will use VX to refer to the combination of the potential factor VX and the corresponding
overall constants in V (p,p′).

The leading term in (3.54) is given by the first term in the Coulomb potential (V(0)C ), scaling like
∼ v−1 in momentum space. This is the part considered non-perturbatively, while higher-order
contributions to this potential (V(n)C , n = 1, 2, 3) are suppressed by αn ∼ vn, respectively. For
the NNNLO calculation, terms up to n = 3 are necessary. The 1

m -potential scales like ∼ v0 for
the V(0)1/m-term, such that the contributions up to V(2)1/m are required at NNNLO. The potentials
suppressed by 1

m2 all scale like ∼ v1 at leading order, first contributing at NNLO. Therefore,
for these potentials, we need the coefficients V(0)X and V(1)X .

Since we discuss only the S-wave case, it is enough to consider the spin-triplet projection of
the potentials, for which the spin structures in equation (3.54) take the form [27]

[σi, σj ]⊗ [σi, σj ]→ (−4)(10− 7d+ d2), (3.56)

[σi, σj ]qj ⊗ [σi, σk]qk →
(10− 7d+ d2)

(1− d) 4q2, (3.57)

([σi, σj ]qipj ⊗ 1− 1⊗ [σi, σj ]qipj)→ 0. (3.58)

The spin dependence arises first at order O
(

1
m2

)
and allows us to cast the potentials Vs, Vhf ,

and Vso into the form of of Vδ. The spin-projected potential then takes the form

V (p,p′) = −VC(α)
4πCFα(µ)

q2
+ V1/m(α)

π2(4π)CFα(µ)

m|q| − Vp(α)
2πCFα(µ)(p

2 + p′2)

m2q2

− V1/m2(α)
4πCFα(µ)

m2
, (3.59)

which is the expression we will use from now on. V1/m2 is defined by

V1/m2(α) = −1

2
Vδ −

1

4
(10− 7d+ d2)Vs −

1

4

(10− 7d+ d2)

(1− d) Vhf −
2α(µ)

3π

(
CF −

CA
2

)
1

ε

(3.60)

in terms of the previous potentials.
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The fixed-order expressions for these potentials have been determined in various references
(see, for example, for the Coulomb potential: [68–71]; for the 1

m -potential: [17, 72]; and for
the 1

m2 -potential: [73]). An overview (including the O(ε)-terms necessary for some potential
insertions) can be found in [27]. Note that in this reference, infrared (IR) divergences in the
potentials have been removed by adding a subtraction term

δVsub =
α(µ)CF

6

1

ε

[
C3
A

α3(µ)

q2
+ 4(C2

A + 2CACF )
πα2(µ)

m|q|

+ 16

(
CF −

CA
2

)
α(µ)

m2
+ 16CA

α(µ)

m2

p2 + p′2

2q2

]
(3.61)

to the potentials. This procedure moves the divergences to the calculation of the ultrasoft
correction, where they cancel ultraviolet (UV) divergences in the ultrasoft contribution [61].
This has already been done explicitly for V1/m2 in equation (3.60).

For ease of reference, we repeat the fixed-order expressions for the potentials in the following.

The Coulomb Potential

The d-dimensional Coulomb potential is given by [27]

V(0)C = 1, (3.62)

V(1)C =

[(
µ2

q2

)ε
− 1

]
β0
ε

+

(
µ2

q2

)ε
a1(ε), (3.63)

V(2)C = a2 + (2a1β0 + β1) ln

(
µ2

q2

)
+ β20 ln

2

(
µ2

q2

)
, (3.64)

V(3)C = a3 +
(
2a1β1 + β2 + 3a2β0 + 8π2C3

A

)
ln

(
µ2

q2

)
+

(
5

2
β0β1 + 3a1β

2
0

)
ln2
(
µ2

q2

)
+ β30 ln

3

(
µ2

q2

)
. (3.65)

For the rest of this thesis, we will use the superscript "FO" to distinguish fixed-order expressions
from resummed ones when necessary. The coefficients aFO

i are collected in [27].
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The 1
m-Potential

The d-dimensional 1
m -potential reads [27]

V(0)1/m = 0, (3.66)

V(1)1/m =

(
µ2

q2

)ε
b1(ε), (3.67)

V(2)1/m =

[(
µ2

q2

)2ε

− 1

](
− 8

3ε

)(
2CFCA + C2

A

)
+

[(
µ2

q2

)2ε

−
(
µ2

q2

)ε]
2β0
ε
b1(ε) +

(
µ2

q2

)2ε

4b2(ε), (3.68)

where the fixed-order coefficient functions bFO
1 (ε) and bFO

2 (ε) can again be found in reference [27].
For the calculations in this thesis, bFO

1 (ε = 0) is of particular importance and reads

bFO
1 (ε = 0) =

CF
2
− CA. (3.69)

The 1
m2 -Potentials

The potentials contributing at order O
(

1
m2

)
(V1/m2 , Vp, Vs, Vhf , and Vso) can be split into

a hard and a soft contribution, VX(α) = V(hard)X (α) + V(soft)X (α), as is presented in [27]. In
this reference, the spin-projected potentials are then determined with the explicit fixed-order
expressions for the NRQCD matching coefficients. However, in this thesis, we eventually want
to use the resummed expressions for these coefficients instead (see section 5.2.2). Therefore,
we perform the spin projection again, keeping the NRQCD coefficients general in V1/m2 . The
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potentials (after removing the 1
ε -poles with the subtraction term δVsub) read

V1/m2(α) = −1

4
(1 + d2 − 16d5) +

1

2

(1 + ε− 2ε2)

(−3 + 2ε)
d21

− 1

4πCFα(µ)
(dss + CFdvs) +

1

4πCFα(µ)
(1 + ε− 2ε2)(dsv + CFdvv)

− 2α(µ)

3π

(
CF −

CA
2

)
1

ε
+
α(µ)

4π

1

2

(d2 + 1)

2

β0
ε
− α(µ)

4π

1

2

(1 + ε− 2ε2)

(−3 + 2ε)
d21
β0
ε

+
α(µ)

4π

(
µ2

q2

)ε
εΓ(−ε)2Γ(ε)eγEε

Γ(−2ε) ×{
− 1

2

1

12(4ε2 − 8ε+ 3)

[
CA(48ε

3 − 230ε2 + 328ε− 138− 3d21(4ε
2 − 9ε+ 5))

− 4CF (ε− 1)(16ε2 − 38ε+ 21)− 12nfTF (ε− 1)(1 + d2)

]
+

1

2
(1 + ε− 2ε2)

d21CA
(8ε− 4)

+
1

2

(1 + ε− 2ε2)

(−3 + 2ε)

(−d21)(ε− 1)(CA(4ε− 5) + 4nfTF )

(8ε2 − 16ε+ 6)

}
(3.70)

and

Vp(α) = 1 +
α(µ)

4π

[(
µ2

q2

)ε −εΓ(−ε)2Γ(ε)eγEε (CA(56ε2 − 121ε+ 57) + 12nfTF (ε− 1)
)

6(4ε2 − 8ε+ 3)Γ(−2ε)

− β0
ε
− 8CA

3

1

ε

]
. (3.71)

With the fixed-order NRQCD coefficients given in section 3.2.2, these potentials take the form

V(0),FO
1/m2 ≡ vFO

0 (ε) = −4− ε− 2ε2

6− 4ε
, (3.72)

V(1),FO
1/m2 =

[(
µ2

q2

)ε
− 1

]
1

ε

(
7

3
CF −

11

6
CA + β0v

FO
0 (ε)

)
+

(
µ2

q2

)ε
v(1),FO
q (ε)

+

[(
µ2

m2

)ε
− 1

]
1

ε

(
1

3
CF +

1

2
CA

)
+

(
µ2

m2

)ε
v(1),FO
m (ε), (3.73)

and

V(0),FO
p (µ) ≡ pFO

0 = 1, (3.74)

V(1),FO
p (µ) =

[(
µ2

q2

)ε
− 1

](
8

3
CA + β0

)
+

(
µ2

q2

)ε
v(1),FO
p (ε), (3.75)
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as it is given in [27]. We have explicitly introduced the label pFO
0 for the coefficient V(0),FO

p (µ) =

1, which will allow for a consistent notation later on in the discussion of the ultrasoft running.
The explicit expressions for the fixed-order coefficients v(1),FO

p , v(1),FO
q , and v

(1),FO
m are not

needed here but can be found in reference [27].

The Kinetic Energy Correction

Apart from the potentials V , the PNRQCD Lagrangian (3.37) also includes the quartic
correction to the kinetic energy, namely

LPNRQCD ⊃ ψ† ∂4

8m3
ψ − χ† ∂4

8m3
χ. (3.76)

It is advantageous to bring this correction into the form of a potential and treat it analogously
to the ones discussed before. This is achieved by defining [27]

Vkin = −2 p4

8m3
(2π)d−1δ(d−1)(q). (3.77)

As mentioned before, the kinetic energy correction in the Lagrangian scales like v7, contributing
first at NNLO.
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Chapter 4

Top Anti-Top Pair Production in the
Non-Relativistic Limit

4.1 The Top Anti-Top Pair Production Cross Section in QCD

As discussed in the introduction, this work will focus on the inclusive cross section σtt̄X of the
production of a top anti-top pair in electron-positron annihilation, e+e− −→ tt̄X. We normalize
it with respect to the high-energy limit of the cross section of µ+µ− production, which is given
by σ0 = 4παem

3s , where s = q2 is the center-of-mass energy squared and αem = e2

4π is the coupling
constant of QED. This defines the so-called R-ratio, R = σtt̄X

σ0
. Using the optical theorem,

this quantity can be expressed in terms of the imaginary part of two-point functions of the
electromagnetic heavy-quark current (cf. for example [27])

R = 12π Im

{
e2tΠ

(v)(q2)− 2q2

q2 −M2
Z

vevtetΠ
(v)(q2)

+

(
q2

q2 −M2
Z

)2

(v2e + a2e)
(
v2tΠ

(v)(q2) + a2tΠ
(a)(q2)

)}
. (4.1)

The constant et = 2
3 denotes the charge of the top quark in units of the charge of the positron,

and vf (af ) is the coupling of a Z boson to the vector current (axial-vector current) for a
fermion f , respectively. In this thesis, we will not take into account the P-wave contribution
from the axial-vector coupling to the Z-boson, which is small (below 1% [74]). The vector
coupling to the Z-boson causes terms of the same structure as the coupling to the photon in
the first term. Therefore, including these terms only changes the overall prefactor of Π(v)(q2).
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To simplify the following equations, we will only consider the coupling e2t to the photon for the
analytic calculations presented in this thesis. However, for the numerical analysis in chapter 6,
we will also include the vector coupling to the Z-boson.

The heavy-quark correlation functions are defined by

Π(v)
µν (q

2) ≡ i
∫

d4x eiq·x⟨0|T
{
j(v)µ (x)j(v)ν (0)

}
|0⟩ =

≡ (qµqν − q2gµν)Π(v)(q2) + qµqνΠ
(v)
L (q2) (4.2)

for the vector current j(v)µ = t̄γµt. Analogously, this is defined for the axial vector current
j
(a)
µ = t̄γµγ5t with (v) −→ (a), which is, however, not relevant to this thesis.

In the following sections, we will translate this setting to the context of the non-relativistic
theories. This corresponds to the production of a top anti-top pair close to the threshold
s = 4m2.

4.2 The Non-Relativistic Current

We start by expanding the electromagnetic vector current in terms of the non-relativistic fields.
Up to order O

(
1
m2

)
, the vector current j(v)µ = t̄γµt takes the form

j(v)k = cvψ
†σkχ+

dv
6m2

ψ†σkD2χ+ . . . , (4.3)

where cv and dv are the hard matching coefficients of the vector current. For this thesis, the
matching coefficient cv is of particular importance. Expanded in powers of α,

cv = 1 +
α

4π
c(1)v +

( α
4π

)2
c(2)v +

( α
4π

)3
c(3)v +O(α4) =

≡ 1 + cv,1 + cv,2 + cv,3 +O(α4), (4.4)
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it reads at fixed-order:1 [27, 75, 76]

c(1),FO
v (µ) = −8CF , (4.5)

c(2),FO
v (µ) = β0c

(1),FO
v (m) ln

(
µ2

m2

)
+ CFπ

2

(
−4CA −

8

3
CF

)
ln

(
µ2

m2

)
+ c(2),FO

v (m), (4.6)

c(3),FO
v (µ) =

(
β20 ln

2

(
µ2

m2

)
+ β1 ln

(
µ2

m2

))
c(1),FO
v (m)

+ β0 ln
2

(
µ2

m2

)
CFπ

2

(
−4CA −

8

3
CF

)
+ 2β0 ln

(
µ2

m2

)
c(2),FO
v (m)

+ ln2
(
µ2

m2

)
CFπ

2
(
−4C2

A − 15CACF − 10C2
F

)
+ ln

(
µ2

m2

)
CFπ

2

[
(−36 + 96 ln(2))C2

F +

(
−944

27
− 48 ln(2)

)
CFCA

+

(
−128

9
− 48 ln(2)

)
C2
A +

400

27
CFTFnf +

148

9
CATFnf −

16

5
CFTF

]
+ c(3),FO

v (m). (4.7)

This expanded expression for the current will be used to determine the heavy-quark correlation
function Π(v)(q2) in the non-relativistic setting. This will consequently lead to an expression
for the R-ratio, which is the quantity we are eventually interested in.

4.3 The Heavy-Quark Correlation Function in NRQCD and
PNRQCD

For the pair production close to threshold, we consider the frame where qµ = (2m + E,0),
such that the small parameter E encodes the residual energy of the quark pair as we discussed
in the setup of the EFTs in section 3.1. In this reference frame, the transverse part of the
heavy-quark correlation function (4.2) can be expressed as

Π(v)(q2) =
1

q2(d− 1)
Π

(v)
ii . (4.8)

1The third-order coefficient has been slightly restructured in the double logarithmic terms compared to
reference [27], reexpressing TFnf -terms as β0.
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Inserting the expansion of the vector current from equation (4.3), we finally obtain

Π(v)(q2) =
N

2m2

(
c2v −

E

m
cv

(
cv +

dv
3

))
G(E) + . . . , (4.9)

where we have defined an essential quantity in the context of non-relativistic heavy-quark pair
production, the two-point function of the non-relativistic currents (also called the non-relativistic
correlation function):

G(E) =
i

2N(d− 1)
µ̃−2ε

∫
ddx eiEx

0⟨0|T
{
[χ†σiψ](x)[ψ†σiχ](0)

}
|0⟩
∣∣
NRQCD. (4.10)

This Green’s function has already been partially introduced in equation (3.43) in the context
of the resummation of ladder diagrams in PNRQCD.

The dots in equation (4.9) denote terms beyond NNNLO as well as some terms not relevant
to the R-ratio [27]. The terms proportional to the energy E (recall for the counting that the
energy scales like E ∼ v2) arise in two ways: The c2v-term is multiplied by a factor of E coming
from the expansion of the prefactor 1

q2
, while the cvdv-term arises from applying an equation

of motion (EOM) to the D2-structure in j(v).

From equation (4.1), this allows us to give an expression for the R-ratio in NRQCD (focusing
on the coupling to the photon):

R =
6πNe2t
m2

(
c2v −

E

m
cv

(
cv +

dv
3

))
Im{G(E)}+ . . . , (4.11)

where the dots denote the same structure of terms as in equation (4.9).

Proceeding from NRQCD to PNRQCD, no major adjustments are necessary. As is discussed
in detail in [27], the non-relativistic vector current (4.3) requires no further matching from
NRQCD to PNRQCD at the order we are considering. Therefore, completely analogous to
(4.10), the non-relativistic correlation function is given by

G(E) =
i

2N(d− 1)
µ̃−2ε

∫
ddx eiEx

0⟨0|T
{
[χ†σiψ](x)[ψ†σiχ](0)

}
|0⟩
∣∣
PNRQCD (4.12)

in the framework of PNRQCD. The matrix element is now evaluated in perturbation theory in
PNRQCD. This is the expression we will use for the remainder of this thesis.

In perturbation theory, the correlation function is expanded in the form

G(E) = G0(E) + δ1G(E) + δ2G(E) + δ3G(E) + . . . , (4.13)
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where G0(E) ≡ G0(r = 0, r′ = 0;E) as it is given in (3.51). The corrections δiG(E) are
composed of this leading-order Green’s function G0(E) and insertions of the potentials, as well
as the ultrasoft correction first contributing at third order. Using operator notation, we write

G0(E) = ⟨0|Ĝ0(E)|0⟩, (4.14)

δ1G(E) = ⟨0|Ĝ0(E)iδV1iĜ0(E)|0⟩, (4.15)

δ2G(E) = ⟨0|Ĝ0(E)iδV2iĜ0(E)|0⟩+ ⟨0|Ĝ0(E)iδV1iĜ0(E)iδV1iĜ0(E)|0⟩, (4.16)

δ3G(E) = ⟨0|Ĝ0(E)iδV3iĜ0(E)|0⟩+ 2⟨0|Ĝ0(E)iδV1iĜ0(E)iδV2iĜ0(E)|0⟩

+ ⟨0|Ĝ0(E)iδV1iĜ0(E)iδV1iĜ0(E)iδV1iĜ0(E)|0⟩+ δus3 G(E). (4.17)

Each δVn stands for one of the perturbation potentials in equation (3.38) after the colour-singlet
projection has been performed, suppressed by vn with respect to the leading-order Coulomb
potential.

In momentum space, the Green’s function is given by

G(E) = (µ̃2ε)2
∫

dd−1p1

(2π)d−1

dd−1p2

(2π)d−1
G0(p1,p2;E)

+ (µ̃2ε)4
∫ 4∏

i=1

[
dd−1pi
(2π)d−1

]
G0(p1,p2;E)iδVi(p2,p3)iG0(p3,p4;E) + . . . , (4.18)

where the dots denote insertions of more than one potential. This is the form that is used in
[77] to determine the NNNLO calculation of the top anti-top pair production near threshold.

Apart from the R-ratio, another important quantity related to the Green’s function is the
wave function at the origin |ψn(0)|2 (some exemplary references discussing this quantity in the
framework of PNRQCD at fixed order are [61, 78, 79]). It is defined by the poles

lim
E→En

G0(E) =
|ψn(0)|2

En − E − iε
+ regular. (4.19)

While we will not discuss this further in this thesis, we note that the calculations performed
below for the R-ratio can analogously be done for the wave function at the origin.

4.4 The R-Ratio up to NNNLO in PNRQCD

Finally, we end this chapter by explicitly discussing the R-ratio in PNRQCD. Putting together
equation (4.11) with the expansions of cv and G(E) (cf. equations (4.4) and (4.13), respectively),
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we obtain order by order:

RLO =
6πNe2t
m2

Im{G0(E)}, (4.20)

RNLO =
6πNe2t
m2

[Im {δ1G(E)}+ 2cv,1 Im {G0(E)}] , (4.21)

RNNLO =
6πNe2t
m2

[
Im {δ2G(E)}+ 2cv,1 Im {δ1G(E)}+

(
2cv,2 + c2v,1

)
Im {G0(E)}

− 1

m

4

3
Im {EG0(E)}

]
, (4.22)

RNNNLO =
6πNe2t
m2

[
Im {δ3G(E)}+ 2cv,1 Im {δ2G(E)}+

(
2cv,2 + c2v,1

)
Im {δ1G(E)}

− 1

m

4

3
Im {Eδ1G(E)}+ (2cv,3 + 2cv,2cv,1) Im {G0(E)}

− 1

m

(
cv,1 +

1

3
dv,1

)
Im {EG0(E)}

]
. (4.23)

In the next chapter, we proceed with the main calculation of this thesis, which is the renorma-
lization group improvement of this R-ratio.
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Chapter 5

Renormalization Group Improvement
of NRQCD and PNRQCD

5.1 Renormalization Group Setup

After discussing the setup of the effective field theories used for top anti-top pair production near
threshold at fixed order, we now turn to its improvement obtained through the resummation of
large logarithms.

As we have discussed in detail when setting up the non-relativistic theories in section 3.1, we
consider the three widely separated scales µh (mass of the heavy quark), µs (three-momentum
of the heavy quark), and µus (energy of the heavy quark). Together with the renormalization
scale µ, these scales appear as ratios in logarithms in the fixed-order calculation, scaling like
ln
(
µ2

µ2h

)
, ln

(
µ2

µ2s

)
, and ln

(
µ2

µ2us

)
, respectively. Depending on the value of µ, these logarithms

can become large and require resummation. Specifically, this is the case when

α× ln

(
µ2

µ20

)
∼ O(1), (5.1)

which causes perturbation theory to break down.

There is a freedom of choice for the common scale µ, which is depicted schematically in
figure 5.1. In this work, we choose to work at the soft scale µ = µs, which is the natural scale
of the potentials. With this choice, the logarithms ln

(
µ2

q2

)
∼ ln

(
µ2

µ2s

)
in the potentials VX

are small and do not require resummation. However, the logarithms of the form ln
(
µ2

µ2h

)
and

39



Chapter 5. Renormalization Group Improvement of NRQCD and PNRQCD

ln
(
µ2

µ2us

)
are large. They are resummed by evolving the corresponding contribution from its

respective natural scale µh and µus to the common scale µ = µs via RGEs. Note that while we
will still denote the common scale by µ, it is from now on understood to denote the chosen
scale µ = µs instead of an arbitrary regularization scale as in [27].

One could also choose another common scale µ different from µs. In that case, also the
potentials would need to be evolved to this scale µ. This complication is avoided by choosing
the common scale as the natural scale of the potentials, µs. In the full result, the scale
dependence on µ = µs has to cancel between the different contributions.

Figure 5.1: Choice of the common scale µ all contributions are evolved to. While the left-hand
side shows two possible generic choices for µ, the diagram on the right-hand side illustrates the
choice we make: µ = µs, the natural scale of the potentials.

In the following, we will refer to the resummation of large logarithms related to divergences
from ultrasoft loops as the "ultrasoft running" and analogously for the "hard" and "potential
running" related to divergent hard and potential loops, respectively. In the next sections, we
will proceed in the following way:

Large logarithms ln
(
µ2

µ2h

)
related to divergent hard loops are contained in the hard NRQCD

matching coefficients di and dij , which were introduced at fixed order in section 3.2.2. In section
5.2, this contribution is evolved down from its natural initial condition µh to the common scale
µ. We assume the hard scale to be µh ∼ m; however, we do not set them exactly equal. We will
write the effect of this resummation as a correction to the fixed-order potential. More precisely,
we absorb it into V1/m2 (cf. equation (3.70)), which is the only potential that depends on the
NRQCD matching coefficients.

40



5.2. Hard Running of the NRQCD Matching Coefficients

The ultrasoft running is discussed in section 5.3. We will evolve the respective contribution from
its natural initial condition µus up to the common scale µ and again write it as a correction to
the fixed-order potentials. This contribution resums logarithms like ln

(
µ2

µ2us

)
.

As a last step, we will use the RG improved potentials to determine the potential running of the
hard matching coefficient cv of the non-relativistic current, which was defined in equation (4.3).
This is discussed in section 5.4.

5.2 Hard Running of the NRQCD Matching Coefficients

After discussing the NRQCD matching coefficients at fixed order in section 3.2.2, we now turn
to the RG improvement of these quantities.

As we have noted before, the fixed-order matching coefficients di (i = 1, . . . , 6) and dij

(ij = ss, sv, vs, vv) contain logarithms ln
(
µ2

m2

)
. These logarithms are small at their natural

scale, the hard scale µh ∼ m. However, at the common scale µ = µs, these logarithms become
large and must be resummed. Specifically, one splits

ln

(
µ2

m2

)
= ln

(
µ2h
m2

)
︸ ︷︷ ︸

small

+ ln

(
µ2

µ2h

)
︸ ︷︷ ︸
large, resum

. (5.2)

The first term can be considered in perturbation theory. Most references (for example [33,
34, 53]) choose µh = m, such that these logarithms appearing at the matching conditions can
directly be set to zero. However, since other choices are also possible, we choose to keep µh

not necessarily equal to m (physically, it has to be similar, µh ∼ m). Literature results can
be recovered by setting µh = m. The second term, which represents the large logarithms, is
resummed using the RGEs for the matching coefficients.

5.2.1 RGEs for the NRQCD Matching Coefficients and their Solution

The RGEs are discussed in various references, where the results used in this thesis are mainly
taken from [33, 53]. We have used these equations and converted them to the conventions and
notations used in [27]. Solving them, our results agree with the expressions for the resummed
matching coefficients from the literature.

RGEs for the Bilinear Coefficients

The RGEs for the bilinear NRQCD matching coefficients can be found in [53]. As we have
mentioned before in equation (3.15) (and in detail in appendix B.1), the RGE given for cD in
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that reference is actually the RGE for the combination (d2 − 16d5) in our notation due to the
different choice of operator basis in the Lagrangian. The equations are

µ
d

dµ
d1 =

α

4π
2CAd1, (5.3)

µ
d

dµ
(d2 − 16d5) =

α

4π

[
13

3
CA(d2 − 16d5)−

(
20

3
CA +

32

3
CF

)
− 1

3
CAd

2
1

]
, (5.4)

where the µ-dependence of α and the coefficients di is implicitly understood. The equations
are solved by

d1(µ) = d1(µh)−
[
1− z−CA

]
, (5.5)

(d2 − 16d5)(µ) = (d2 − 16d5)(µh) +

(
20

13
+

32

13

CF
CA

)[
1− z− 13

6
CA

]
−
[
1− z−2CA

]
, (5.6)

where we have defined z ≡
(
α(µ)
α(µh)

) 1
β0 . These expressions resum the LL series

∑
n α

n logn for
the bilinear matching coefficients. Note that we use "LL" here only in the context of considering
the matching coefficients isolated from the rest of the calculation. The overall counting will be
different when we integrate them into other quantities later.

The matching conditions at the scale µ = µh can be read off from equations (3.19), (3.21) and
(3.22) above. At the level of the LL resummation, we only need the leading term, which is
given by

d1(µh) = 1 +O(α(µh)), (5.7)

(d2 − 16d5)(µh) = 1 +O(α(µh)). (5.8)

While the O(α(µh))-terms still contain logarithms, they only include ln
(
µ2h
m2

)
, which is small

(unlike ln
(
µ2

m2

)
, which appears when the fixed-order expressions are evaluated at the scale

µ = µs). Therefore, these terms really are suppressed and can be neglected here. In section
5.2.2, we will comment on the effect that using higher-order terms in di(µh) would have,
specifically how they would only contribute at higher order in the resummation of logarithms.

RGEs for the Four-Fermion Coefficients

The RGEs for the four-fermion coefficients dij (ij = ss, sv, vs, vv) can be taken from [33].
However, we are using a different operator basis compared to this reference since we have
eliminated the heavy-light operator ψ†TAψq̄γ0TAq multiplied by the coefficient chl1 . This
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changes the RGE for dvs when written in our conventions.1 The RGEs in our choice of operator
basis are

µ
d

dµ
dss = −2CF

(
CF −

CA
2

)
α2, (5.9)

µ
d

dµ
dsv = 0, (5.10)

µ
d

dµ
dvs =

(
4CF −

5

2
CA

)
α2 − 3

4
CAα

2d21 +
3

4
CAα

2(d2 − 16d5), (5.11)

µ
d

dµ
dvv = −

CA
2
α2d21. (5.12)

They are solved by

dss(µ) = dss(µh) + 4CF

(
−CF +

CA
2

)
π

β0
α(µh)

[
1− zβ0

]
, (5.13)

dsv(µ) = dsv(µh), (5.14)

dvs(µ) = dvs(µh) +

(
−35

13
CA +

152

13
CF

)
π

β0
α(µh)

[
1− zβ0

]
−
(
30

13
CA +

48

13
CF

)
π

β0 − 13
6 CA

α(µh)
[
1− zβ0− 13

6
CA

]
, (5.15)

dvv(µ) = dvv(µh) + CA
π

2CA − β0
α(µh)

[
1− zβ0−2CA

]
. (5.16)

This resums terms like
∑

n α
n+1 logn. As we will show below, the four-fermion coefficients

are multiplied by a factor of 1
α in the potentials, which brings the resummation again to the

level of
∑

n α
n logn. At the matching scale µ = µh, the coefficients dij(µh) do not contain

large logarithms and are of the order O
(
α2(µh)

)
(cf. equations (3.25)-(3.32)), which is beyond

the order we are considering for the resummation of large logarithms in these coefficients.
Therefore, we set dij(µh) = 0 for the purpose of this work. In the next section, we briefly
comment on the effect of keeping the O

(
α2(µh)

)
-terms in the potential.

1When converting the RGE for dvs to our conventions, we use equation (3.16), dvs = (dvs − παchl1 )ref.[33],
and the individual RGEs

µ
d

dµ
(dvs)ref.[33] = 4(CF − CA)α

2 +
3

2
α2(cD)ref.[33],

µ
d

dµ

(
chl1

)
ref.[33]

=
α

4π

[
3CA(cD)ref.[33] − 6CA + 3CAd

2
1 + (−3CA + 2β0)(c

hl
1 )ref.[33]

]
.

The RGE for chl1 has been determined from reference [53]. Recalling equation (3.15), (d2−16d5) = (cD+chl1 )ref.[33],
we obtain the RGE given above.

43



Chapter 5. Renormalization Group Improvement of NRQCD and PNRQCD

5.2.2 Incorporating the Resummed NRQCD Matching Coefficients into the
Potentials

As we have discussed in section 3.3.2, the NRQCD matching coefficients are contained in
the spin-projected potential V1/m2 , which is given in equation (3.70). Instead of using the
fixed-order expressions for these coefficients (as it was done in [27]), we now incorporate the
resummed results given above.

We want to keep track of the O(ε)-terms in order to simplify a possible extension to higher
log-orders. Also, when the fixed-order Wilson coefficients are incorporated into the potential in
[27], the 1

ε -pole is still explicit. On the other hand, when solving the RGE, we only considered
the four-dimensional expressions, essentially losing this information contained in the fully
d-dimensional results. We mitigate this by keeping the O

(
1
ε

)
- and O(ε)-terms from the fixed-

order results. That is, we take the full fixed-order expression for the coefficients and only
substitute the large logarithm with the RG improved expression that resums the whole tower
of logarithms. In practice, this is achieved by setting

di −→ dFO
i +

[
dRGI
i − d̄FO

i

]
≡ dFO

i + dRG
i . (5.17)

We use superscripts to distinguish between renormalization group improved (RGI) coefficients
and the corresponding fixed order (FO) expressions. While dFO

i is the fully d-dimensional
fixed-order expression including O

(
1
ε

)
- and O(ε)-terms, d̄FO

i denotes just the terms reproduced
by reexpanding the resummed results (where the d-dimensional nature of the expression has
been lost). We demonstrate this for d1:

dFO
1 =

CAα(µ)

4π

1

ε
+

[
1 +

α(µ)

2π
(CA + CF ) +

α(µ)

4π
CA ln

(
µ2

m2

)]
+ dε1(ε)

as defined in (3.21), (5.18)

dRGI
1 = 1− [1− z−CA ] as given in (5.5), (5.19)

d̄FO
1 = 1 +

α(µ)

4π
CA ln

(
µ2

µ2h

)
. (5.20)

The last line was obtained by reexpanding dRGI
1 in α, where we have used

zx =

(
α(µ)

α(µh)

) x
β0

= 1− α(µ)

4π
x ln

(
µ2

µ2h

)
+O(α2 log), (5.21)

where log stands for a large logarithm. This expression holds for one-loop running of the
strong coupling α, which we discussed in section 2.2 (cf. equation (2.13)). The procedure
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presented here for d1 is used analogously for all NRQCD matching coefficients appearing in
the V1/m2-potential (3.70).

Before actually incorporating the resummed coefficients into the potential, we comment on the
structure these coefficients obtain through the resummation procedure.

Comparing dFO
1 (5.18) and d̄FO

1 (5.20), the obvious difference is the loss of d-dimensionality in
d̄FO
1 , which is caused by solving the RGE only in four dimensions. Considering the rest of the

fixed-order expression, reexpanding the RG improved result reproduces the terms counted like
order O(1) in dFO

1 , that is

dFO
1 ⊃ d̄FO

1 = 1 +
α(µ)

4π
CA ln

(
µ2

µ2h

)
. (5.22)

Note that this only contains the large part of the logarithm ln
(
µ2

m2

)
, which we split into two

parts in equation (5.2). What is, however, not reproduced are the terms actually suppressed in
α, namely

dFO
1 ⊃ α(µ)

2π
(CA + CF ) +

α(µ)

4π
CA ln

(
µ2h
m2

)
, (5.23)

which includes the small part of the logarithm.

We recall that dRGI
1 was given by

dRGI
1 = d1(µh)−

[
1− z−CA

]
, (5.24)

where we have set d1(µh) = 1. We now briefly comment on the effect of also using subleading
terms in the matching condition, that is, setting

d1(µh) = 1 +
α(µh)

2π
(CA + CF ) +

α(µh)

4π
CA ln

(
µ2h
m2

)
. (5.25)

In that case, the terms that should be reproduced in the fixed-order expression, denoted by
d̄FO
1 , would change to

d̄FO
1 = 1 +

α(µ)

2π
(CA + CF ) +

α(µ)

4π
CA ln

(
µ2

m2

)
. (5.26)
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There is now a difference between the two expressions, reading

dRGI
1 − d̄FO

1 = −
[
1− z−CA

]
− α(µ)

4π
CA ln

(
µ2

µ2h

)
+ (α(µh)− α(µ))

[
1

2π
(CA + CF ) +

1

4π
CA ln

(
µ2h
m2

)]
. (5.27)

The second line is the contribution caused by using higher-order terms in the coefficient at the
matching scale. However, we note that this term contains

α(µh)− α(µ) = α(µ)
[
z−β0 − 1

]
, (5.28)

which accounts for the running of α from the matching scale µh to the general scale µ used
in the potentials. This contributes only at subleading order of resummed logarithms (NLL)
and is therefore not relevant to our calculation. The first line of equation (5.27) also illustrates
what we achieve by writing the RG improved coefficients in the form di −→ dFO

i +
[
dRGI
i − d̄FO

i

]
:

Starting from the fixed-order expression used in [27], the square bracket subtracts the large
logarithm contained in the fixed-order coefficient and replaces it by the whole resummed tower
of logarithms at LL.

In the same way, we treat the analogous terms appearing in the four-fermion coefficients dij .
The higher order matching condition, in this case, contains factors of α2(µh) and the coefficients
are multiplied by an overall factor of 1

α(µ) in V1/m2 . The difference in scales of α would appear
in the form

1

α(µ)

(
dRGI
ij − d̄FO

ij

)
⊃
[
α2(µh)

α(µ)
− α(µ)

]
(. . . ) = α(µ)

[
z−2β0 − 1

]
(. . . ) , (5.29)

where the dots denote terms analogous to the square bracket in (5.27). This again contributes
only at higher order in the resummation of logarithms. In the following, we will therefore
not consider the higher order terms in the matching condition and stick to d1(µh) = (d2 −
16d5)(µh) = 1, dij(µh) = 0 at the order of interest.

We now explicitly use the resummed coefficients in the potential V1/m2 , which is given in
(3.70). In the soft contributions (and the counterterms) contained in this equation, all NRQCD
coefficients are multiplied by an additional factor of α(µ), such that the resummed parts of the
coefficients correspond to higher logarithmic orders. Therefore, it is enough use the (tree-level)
fixed-order expressions d1 = d2 = d3 = 1 in this part.2 The only modification of the potential

2Note that it is not a problem that d2 appears without the additional term of −16d5 that we used before,
since d5 only starts at O(α), not contributing to the tree-level expression.
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caused by the running of the matching coefficients at LL order comes from the terms not
multiplied by an overall factor of α(µ). These terms read

V1/m2 ⊃ −1

4
(d2 − 16d5)−

1

4πCFα(µ)
(dss + CFdvs) +

1

4πCFα(µ)
(dsv + CFdvv)−

1

6
d21,

(5.30)

where we have set ε = 0 since the RGE only considers the four-dimensional case.

Plugging in the resummed coefficients, we obtain

VRGI
1/m2 − V̄FO

1/m2 = −
(

5

13
+

8

13

CF
CA

)[
1− z− 13

6
CA

]
+

5

12

[
1− z−2CA

]
+

(
9

52
CA −

25

13
CF

)
1

β0
z−β0

[
1− zβ0

]
+

(
15

26
CA +

12

13
CF

)
1

β0 − 13
6 CA

z−β0
[
1− zβ0− 13

6
CA

]
− 1

4
CA

1

β0 − 2CA
z−β0

[
1− zβ0−2CA

]
+
α(µ)

4π
ln

(
µ2

µ2h

)(
−1

2
CA −

1

3
CF

)
. (5.31)

The first line corresponds to the resummed contributions of d21 and d2−16d5. The second, third,
and fourth lines correspond to the four-fermion coefficients. All contributions are zero at the
matching scale µ = µh, as they should be, and encode the full tower of resummed logarithms.
Reexpanding them, the logarithm at order O(α) exactly cancels the one subtracted in the last
line. This must be the case to avoid double counting since the fixed order expression given
in equation (3.73) already includes the first logarithm, coming from the term

[(
µ2

m2

)ε
− 1
]

1
ε .

Essentially, as already discussed for the matching coefficients themselves, we subtract the
large logarithm contained in the fixed-order calculation and replace it with the full tower of
resummed logarithms.
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Lastly, we write the correction to V(0)
1/m2 from the hard running as a modification of the

coefficient vFO
0 , which was defined in equation (3.72):

vRGI,h
0 ≡ vFO

0 + vRG,h
0 = (5.32)

= vFO
0 −

(
5

13
+

8

13

CF
CA

)[
1− z− 13

6
CA

]
+

5

12

[
1− z−2CA

]
+

(
9

52
CA −

25

13
CF

)
1

β0
z−β0

[
1− zβ0

]
+

(
15

26
CA +

12

13
CF

)
1

β0 − 13
6 CA

z−β0
[
1− zβ0− 13

6
CA

]
− 1

4
CA

1

β0 − 2CA
z−β0

[
1− zβ0−2CA

]
. (5.33)

The subtraction of the otherwise double counted logarithm in the last line of (5.31) is understood
to be done separately whenever this expression for vRGI

0 is used and therefore not included
explicitly.

This concludes the discussion of the hard running of the NRQCD matching coefficients di and
dij . In the next section, we turn to the ultrasoft running. We will eventually incorporate it
into the potential coefficients VX in a similar procedure to the one we used here.

5.3 Ultrasoft Running of the Potentials

We now consider the resummation of logarithms related to the ultrasoft scale. In PNRQCD,
the gx ·E-term in equation (3.37) provides an interaction between the heavy quark anti-quark
pair and an ultrasoft gluon. When radiating off an ultrasoft gluon, the heavy quark anti-quark
state changes from the colour singlet to the colour octet configuration. Figure 5.2 shows the
relevant diagram, which includes a divergent ultrasoft loop.

Figure 5.2: Divergent ultrasoft one-loop diagram in the framework of PNRQCD. The curly
line denotes the ultrasoft gluon, which interacts with the heavy quark anti-quark pair via the
gx ·E-vertex. This is denoted by the black dot. The single line denotes the Green’s function
for the heavy quark anti-quark pair in the singlet state, while the double line corresponds to
its octet state. The crossed dots stand for the non-relativistic current.
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These UV divergences in the ultrasoft correction are related to IR divergences in the potential
coefficients. Therefore, it is advantageous to remove these divergences from the potentials and
add them to the ultrasoft calculation [61, 62], as it is done in [27] via the subtraction term
δVsub (cf. equation (3.61)). This also means that the effect of ultrasoft running can be written
as a correction to the potentials, which we will do in the following. We will refer to the term
used to remove the divergences from the potentials as the ultrasoft counterterm.

When performing the calculations for this thesis, we have considered this counterterm up to
O(α2(µ(us))). While this will be needed for an extension to higher orders in log-resummation,
it is not strictly within the scope of this thesis, where we are interested in the NLL corrections
to the R-ratio, for which the one-loop ultrasoft counterterm is sufficient. Therefore, we will
only present the O(α(µ(us)))-terms of the calculation in the main body of this work. However,
we will provide the analogous two-loop expressions in appendix C in order to facilitate an easier
extension of the calculation in the future.

We use the following procedure: First, we closely follow [34] in the derivation of the ultrasoft
counterterm in position space, providing additional details in the calculation and converting to
the conventions used in [27]. Secondly, we express this counterterm in momentum space via a
fully d-dimensional Fourier transform. Lastly, we determine the resulting RGE and its solution.

5.3.1 Derivation of the Ultrasoft Counterterm in Position Space

The ultrasoft counterterm δV to the potentials is written such that the renormalized potential

V = VB + δVus (5.34)

is free of divergences, where VB denotes the divergent bare potential. Note the difference
in signs in the definition of the counterterm compared to [34], which arises because we are
adopting the conventions of [27].

The counterterm can be conveniently written as3

δVus =

∞∑
n=1

Z
(n)
V

1

εn
. (5.35)

3Note again a difference in conventions: In this work, the dimension in dimensional regularization is defined
as d = 4− 2ε, while in [34] it is denoted by D = d+ 1 = 4+ 2ε. This changes the sign of Z(n)

V depending on the
power of ε.
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An insertion of the bare potential VB also includes an insertion of the counterterm (−δVus),
which leads to the following contribution to the Green’s function:

−δVus
= −G0(E)(−δVus)G0(E) + . . . . (5.36)

This also demonstrates why the divergences in

= −G0(E)Σ1−loop
B G0(E) + . . . (5.37)

can be absorbed into the counterterm to the potential as

δVus
∣∣
divergent = ΣB

∣∣
divergent. (5.38)

In this expression, Σ1−loop
B denotes the one-loop contribution to the bare Euclidean chromo-

magnetic correlator [34]

ΣB(E) = V 2
A

TF
N(d− 1)

∫ ∞

0
dt re−t(h

B
o −E)r

〈
0
∣∣gBEA(t)ϕABadj (t, 0)gBE

B(0)
∣∣0〉 , (5.39)

where ϕABadj (t, 0) is the Wilson line

ϕABadj (t, 0) = Pe−igB
∫ t
0dt

′A0(t′) (5.40)

in the adjoint representation and bare quantities are marked with an index B. The individual
quantities are defined as in the alternative formulation of the PNRQCD Lagrangian given in
(3.40). We especially note the use of the coefficient V 2

A multiplying the ultrasoft expression.
This quantity arises as a matching coefficient when decomposing the heavy-quark pair field
into its colour-singlet and colour-octet components, as we briefly discussed in section 3.3.1. It
reads [80]

VA = 1 +O(α2), (5.41)

such that we could set it to one at the order of interest to this work. However, this factor later
on provides a way of tracking the ultrasoft contribution when taken together with other parts
of the calculation, which is why we choose to keep this factor unevaluated. Nevertheless, we
stress already here that we can consider it as a constant in the context of the renormalization
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group equation for the one-loop ultrasoft correction since4 [81]

µ
d

dµ
VA = O(α2). (5.42)

The one-loop correlator Σ1-loop
B reads [34, 80]

Σ1-loop
B = −g2BCFV 2

A(1− ε)
Γ(2− ε)Γ(−3 + 2ε)

π2−ε
r(hBo − E)3−2εr =

≡ c1-loopµ̃
2εr(hBo − E)3−2εr, (5.43)

where hBo denotes the bare octet Hamiltonian. We have defined a dimensionless prefactor
c1-loop, which contains terms divergent in ε, given by (including terms up to order O(α))

c1-loop =
CFV

2
A

3π
α
1

ε
+O(ε0), (5.44)

where we have expressed gB in terms of the renormalized coupling α (cf. equation (2.9)).

In Σ1-loop
B , this coefficient multiplies an operator structure of the form

µ̃2εr(hBo − E)3−2εr = r(hBo − E)3r− 2r(hBo − E)3 ln

(
hBo − E

µ̃

)
rε+O(ε2). (5.45)

The O(ε)-term produces a term finite in ε when multiplying the 1
ε -pole and does not contribute

to the counterterm. Therefore, it is enough to consider the leading-order term r(hBo − E)3r in
the expansion (5.45) of the operator structure in Σ1-loop

B when determining the divergent part,
which is relevant to the counterterm δVus. Explicitly, the divergence is given by

Σ1-loop
B = CFV

2
A

α

3π

1

ε
r(ho − E)3r+O(ε0), (5.46)

where we now consider the renormalized octet Hamiltonian. From equation (5.38), we finally
read off the one-loop counterterm to the potentials related to ultrasoft running, expressed in

4In reference [34], the even stronger claim

µ
d

dµ
VA = O(α3)

is made, which we could not confirm by other references. Since this statement is only relevant when discussing
the two-loop ultrasoft running (which we will not do in this work), we consider this issue beyond the scope of
this thesis and will not discuss it further.
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position space (PS):

δV PS
us = CFV

2
A

α

3π

1

ε
r(ho − E)3r. (5.47)

In order to Fourier transform the operator structure r(ho − E)3r to momentum space, we first
express it in terms of the singlet and octet static potentials. The relevant relation is given in
[34, 82] and reads (again converted to our conventions)

r(ho − E)3r = r2(∆V )3 +
1

m

[
4∆V

(
r
d

dr
V (0)
s

)
+ (∆V )2(3d− 8)

+ 4∆V

((
r
d

dr
∆V

)
+∆V

)
+

((
r
d

dr
∆V

)
+∆V

)2 ]
+

1

m2

[
−2[p, [p, V (0)

o ]] + 2{p2,∆V }
]
+O((hs − E)). (5.48)

This expression uses the approximations

hs =
p2

m
+ V (0)

s and ho =
p2

m
+ V (0)

o , (5.49)

dropping higher-order potentials. This defines ho − hs = V
(0)
o − V (0)

s ≡ ∆V . Terms containing
external factors5 of positive powers of (hs −E) can be neglected since they are irrelevant in
physical observables, where one takes expectation values with states containing the Green’s
function. The Green’s function contains powers of 1

(hs−E) , which are cancelled by the O((hs −
E))-terms. Neglecting these terms leads to ambiguities in the identity given in (5.48). Different
choices of organizing the terms would lead to different expressions, which can be related by
field redefinitions. Further discussion on this topic can be found in [82–84]. The reason why the
expression given above is particularly convenient is that the 1

m -contribution is phrased in terms
of the combination

((
r d
dr∆V

)
+∆V

)
, which is suppressed in ε and therefore drops out if one

neglects O(ε)-terms. While this suppression is not obvious at this stage, it will become clear
for the Fourier-transformed terms in the next section. We present the derivation of identity
(5.48) in detail in appendix C.2. In the following, the irrelevant O((hs − E))-terms are not
denoted explicitly anymore.

5External in this context means that there are no further factors to either the left or the right of a factor of
(hs − E).
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Before turning to the Fourier transform of the rewritten counterterm

δV PS
us = CFV

2
A

α

3π

1

ε

{
r2(∆V )3 +

1

m

[
4∆V

(
r
d

dr
V (0)
s

)
+ (∆V )2(3d− 8)

+ 4∆V

((
r
d

dr
∆V

)
+∆V

)
+

((
r
d

dr
∆V

)
+∆V

)2 ]
+

1

m2

[
−2[p, [p, V (0)

o ]] + 2{p2,∆V }
]}

, (5.50)

we discuss the static singlet and octet potentials V (0)
s and V (0)

o , respectively. In position space,
the (bare) static potentials can be written in the form (cf. e.g. [82, 85, 86])

V
(0),PS
s/o,B = Cs/og

2
B

∞∑
n=0

g2nB c(s/o)n r−1+2(n+1)ε. (5.51)

The important thing to note is that the constants c(s/o)n are the same for the singlet and octet
static potentials for n = 0 and n = 1. Since we do not need the potentials beyond that order,
V

(0)
s , V (0)

o , and V (0)
∆ ≡ ∆V only differ in their constant prefactors

Cs = −CF , Co =
CA
2
− CF , and C∆ =

CA
2
. (5.52)

From section 3.3.2, we quote the Coulomb potential

V
(0)
s/o/∆ = Cs/o/∆ ×

4πα

q2

{
1 +

α

4π

([(
µ2

q2

)ε
− 1

]
β0
ε

+

(
µ2

q2

)ε
a1(ε)

)
+O(α2)

}
(5.53)

in momentum space up to the one-loop coefficient. We have substituted the singlet coefficient
−CF by Cs/o/∆ to account also for the octet potential and ∆V . In the counterterm (5.50), we
need these potentials in position space, where they are given by

V
(0),PS
s/o/∆ = Cs/o/∆α4πF2(r)

+ Cs/o/∆α
2

[
µ2εF2+2ε(r)

(
β0
ε

+ a1(ε)

)
−F2(r)

β0
ε

]
+O(α3). (5.54)

Here, analogously to reference [86], we have introduced the functions

Fn(r) = µ̃2ε
∫

dd−1q

(2π)d−1

e−iq·r

|q|n = µ̃2ε
2−nπ−

d−1
2

rd−1−n
Γ
(
d−1
2 − n

2

)
Γ
(
n
2

) ≡ f(n)µ̃2εr−d+1+n, (5.55)
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which denote the d-dimensional Fourier transform of 1
|q|n . We recall that d was defined as

d = 4− 2ε. To shorten the notation in the following calculation, we rewrite (5.54) as

V
(0),PS
s/o/∆ = αc

s/o/∆
1 F2(r) + α2

[
c
s/o/∆
21 F2+2ε(r) + c

s/o/∆
22 F2(r)

]
+O(α3), (5.56)

where the constants are defined as

c
s/o/∆
1 = Cs/o/∆4π, (5.57)

c
s/o/∆
21 = Cs/o/∆µ

2ε

(
β0
ε

+ a1(ε)

)
, (5.58)

c
s/o/∆
22 = Cs/o/∆

(
−β0
ε

)
. (5.59)

Since the second part in V
(0),PS
s/o/∆ is suppressed in α, it is sufficient to consider only the first

term in the one-loop case. In the next section, we will comment more on the systematics of
the Fourier transforms in this context.

5.3.2 d-Dimensional Fourier Transform of the Ultrasoft Counterterm

The counterterm given in equation (5.50) was derived in position space (denoted by the
superscript "PS") and represents an operator. We find it more convenient to instead consider
its momentum space equivalent, where it is not operator-valued anymore. The relation between
the two is given by the matrix element

V =
〈
p′∣∣V PS∣∣p〉 . (5.60)

Since (apart from the previous section) we rarely consider position space expressions in this
work, we will not introduce additional indices for momentum space quantities. Instead, we
understand momentum space as the default choice.

In this section, we perform the fully d-dimensional Fourier transform of the counterterm (5.50)
to momentum space. We start by plugging the explicit expression (5.56) for the static potentials
into the counterterm (5.50) and expand in α. At leading order in α, the terms obtained by
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this procedure are given by

r2(∆V )3 = α3
(
c∆1
)3
r2F2(r)

3 +O(α4), (5.61)

∆V

(
r
d

dr
V (0)
s

)
= α2

(
c∆1
)
(cs1)F2(r)

(
r
d

dr
F2(r)

)
+O(α3), (5.62)

(∆V )2 = α2
(
c∆1
)2F2(r)

2 +O
(
α3
)
, (5.63)

(∆V )

(
r
d

dr
∆V +∆V

)
= α2

(
c∆1
)2 [F2(r)

(
r
d

dr
F2(r)

)
+ F2(r)

2

]
+O

(
α3
)
, (5.64)(

r
d

dr
∆V +∆V

)2

= α2
(
c∆1
)2 [(

r
d

dr
F2(r)

)2

+ 2F2(r)

(
r
d

dr
F2(r)

)
+ F2(r)

2

]
+O

(
α3
)
, (5.65)

[p, [p, V (0)
o ]] = α (co1) [p, [p,F2(r)]] +O(α2), (5.66)

{p2,∆V } = α
(
c∆1
)
{p2,F2(r)}+O(α2). (5.67)

In appendix C.3, we list these results extended to next-to-leading order in α. Using these
expressions, we Fourier transform the individual position space structures to momentum space
via the matrix element given above. Some relevant relations are given in table 5.1.

Table 5.1: Important relations between some operators in position space and the corresponding
quantities in momentum space.

Position Space Momentum Space
Fn(r) 1

|q|n

rx µ̃−2ε 1
f(3−2ε+x)

1
|q|3−2ε+x

[p, [p,Fn(r)]] 1
|q|n−2

{p2,Fn(r)} p2+p′2

|q|n

The explicit Fourier transforms of the individual structures (also for the two-loop case) are
listed in appendix C.4. Here, we give these Fourier transformed expressions appearing in the
counterterm (5.50) at leading order in α.

For the term r2(∆V )3, corresponding to the Coulomb potential, we obtain

r2(∆V )3 −→ α3C3
∆(4π)

3 f(2)3

f(2 + 4ε)
µ̃4ε

1

|q|2+4ε
+O(α4). (5.68)
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The 1
m -potential includes multiple terms, which lead to

∆V

(
r
d

dr
V (0)
s

)
−→ α2C∆CS(4π)

2(−1 + 2ε)
f(2)2

f(1 + 2ε)
µ̃2ε

1

|q|1+2ε
+O(α3), (5.69)

(∆V )2 −→ α2C2
∆(4π)

2 f(2)2

f(1 + 2ε)
µ̃2ε

1

|q|1+2ε
O(α3), (5.70)

(∆V )

(
r
d

dr
∆V +∆V

)
−→ α2C2

∆(4π)
2(2ε)

f(2)2

f(1 + 2ε)
µ̃2ε

1

|q|1+2ε
+O(α3), (5.71)(

r
d

dr
∆V +∆V

)2

−→ α2C2
∆(4π)

2(4ε2)
f(2)2

f(1 + 2ε)
µ̃2ε

1

|q|1+2ε
+O(α3). (5.72)

Note that one can explicitly see the O(ε)-suppression of the term
(
r d
dr∆V +∆V

)
in the last

two expressions. We add up all of these 1
m -terms in the way that they appear in the counterterm

and obtain

1

m

[
4∆V

(
r
d

dr
V (0)
s

)
+ (∆V )2(3d− 8) + 4∆V

((
r
d

dr
∆V

)
+∆V

)
+

((
r
d

dr
∆V

)
+∆V

)2 ]
−→ 1

m

[
α2(4π)2

(
CACF (2− 4ε) + C2

A

(
1 +

1

2
ε+ ε2

))
f(2)2

f(1 + 2ε)
µ̃2ε

1

|q|1+2ε
+O(α3)

]
.

(5.73)

The 1
m2 -potentials lead to the following expressions:

[p, [p, V (0)
o ]] −→ αCo(4π) +O(α2), (5.74)

{p2,∆V } −→ αC∆(4π)
(p2 + p′2)

|q|2 +O(α2). (5.75)

We again group these two terms together as they appear in the counterterm, obtaining

1

m2

[
−2[p, [p, V (0)

o ]] + 2{p2,∆V }
]
−→ 1

m2

[
α(4π)

(
−CA + 2CF + CA

(p2 + p′2)

|q|2
)
+O(α2)

]
.

(5.76)

We have now Fourier transformed all terms in the ultrasoft counterterm (5.50) to momentum
space in d dimensions. Putting everything together, we obtain the following expression for the
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one-loop counterterm in momentum space:

δVus =
1

ε
CFV

2
A

α(µ(us))

3π

{
α3(µ(s))

C3
A

8
(4π)3

f(2)3

f(2 + 4ε)
µ̃4ε(s)

1

|q|2+4ε

+
1

m
α2(µ(s))(4π)

2

(
CACF (2− 4ε) + C2

A

(
1 +

1

2
ε+ ε2

))
f(2)2

f(1 + 2ε)
µ̃2ε(s)

1

|q|1+2ε

+
1

m2
α(µ(s))(4π)

(
−CA + 2CF + CA

(p2 + p′2)

|q|2
)}

+ higher order terms. (5.77)

In this expression, we have introduced additional indices (us) and (s) for the scales µ to
indicate their origin. Since the counterterm is determined in the fixed-order calculation, all
scales represent, in principle, the generic renormalization scale µ. However, divergences arise
from different regions. Here, we are considering the divergences coming from ultrasoft loops,
which provide one overall power of α. Besides this, additional factors of α are contained in the
potentials. These are the ones we have expanded in when performing the Fourier transform,
and they are not related to the ultrasoft divergence. We have indicated this fact by using
explicit indices µ(us) and µ(s). This only denotes the origin of the factors of α and not the
actual scale where they are evaluated (those we will use later and denote by µus and µs). In
particular, distinguishing between these factors of α will become relevant in the next section,
where we consider the ultrasoft RGE, which only acts on α(µ(us)). For ease of notation, we
continue to use the functions f(n) defined in equation (5.55).

At this point, we recall the subtraction term δVsub from equation (3.61) that was used in
reference [27] to remove divergences from the potentials and relate them to the ultrasoft
contribution. Setting ε → 0 in the term δVus we discussed now, we observe that the two
expressions exactly agree. The difference is just a choice of conventions: In [27], the subtraction
term was chosen such that it only subtracts the pole parts in ε, while here we have decided
to include terms finite in ε. The latter corresponds to the conventions from [34], in whose
framework the ultrasoft calculation has been extended to the two-loop result.

The two-loop generalization of the fully d-dimensional counterterm in momentum space has
also been determined during the course of this thesis. It is given in equation (C.54) in appendix
C.4.
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5.3.3 RGE and Ultrasoft Running

Since the bare potential VB = V − δVus is independent of the renormalization scale µ, we
derive the following RGE for the renormalized potential in terms of the ultrasoft counterterm:

0 = µ(us)
d

dµ(us)
VB =⇒ µ(us)

d

dµ(us)
V = µ(us)

d

dµ(us)
δVus. (5.78)

Here, we explicitly use the index (us) on the scale µ to symbolize that we are considering
divergences from ultrasoft loops. Rewriting δVus as defined in (5.35), we obtain

µ(us)
d

dµ(us)
V = µ(us)

d

dµ(us)

( ∞∑
n=1

Z
(n)
V

1

εn

)
=

= µ(us)
dα(µ(us))

dµ(us)

∂

∂α(µ(us))

( ∞∑
n=1

Z
(n)
V

1

εn

)
+ µ(us)

dOV
dµ(us)

∂

∂OV

( ∞∑
n=1

Z
(n)
V

1

εn

)
,

(5.79)

where we have introduced the shorthand notation

OV ≡ r(ho − E)3r. (5.80)

In deriving the second line of the differential equation, we have used that the counterterm (5.50)
depends on µ(us) through α(µ(us)) and the operator OV (or its momentum space equivalent),
which encodes the potentials.

In equation (2.21), we derived the relation between the 1
ε -poles of a general matching coefficient

and its anomalous dimension. We now use a similar argument for the ultrasoft counterterm,
first recalling that

µ(us)
dα(µ(us))

dµ(us)
= −2εα(µ(us)) + α(µ(us))β

(
α(µ(us))

)
, (5.81)

as it was defined in equation (2.10). This allows us to rewrite

µ(us)
d

dµ(us)
V = −2α(µ(us))

∂

∂α(µ(us))
Z

(1)
V +

∞∑
n=1

{
− 2α(µ(us))

∂

∂α(µ(us))
Z

(n+1)
V

+ α(µ(us))β
(
α(µ(us))

)
Z

(n)
V + µ(us)

dOV
dµ(us)

∂

∂OV
Z

(n)
V

}
1

εn
. (5.82)

Since the left-hand side describes the derivative of the renormalized potential, it cannot contain
poles in ε. Therefore, all poles on the right-hand side have to cancel. We choose the counterterm
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such that the curly bracket is zero for all n and the RGE reduces to

µ(us)
d

dµ(us)
V = −2α(µ(us))

∂

∂α(µ(us))
Z

(1)
V . (5.83)

Note that the coefficients Z(n)
V can contain terms proportional to positive powers of ε. The

vanishing curly bracket in (5.82) is really only a choice for the counterterm and not a naturally
following requirement.6 For n = 1, the constraint reads

0 = −2α(µ(us))
∂

∂α(µ(us))
Z

(2)
V + α(µ(us))β

(
α(µ(us))

)
Z

(1)
V + µ(us)

dOV
dµ(us)

∂

∂OV
Z

(1)
V . (5.84)

In appendix C.5, we briefly show that the two-loop counterterm determined in the appendix
satisfies this condition.

While it was convenient to briefly go back to the position space expressions for this discussion
on our choice for the counterterm, we now come back to the RGE given in equation (5.83) and
its implications in momentum space. There, we read off Z

(1)
V from equation (5.77) and derive

the explicit RGE as

µ(us)
d

dµ(us)
V = −2α(µ(us))CFV 2

A

1

3π

{
α3(µ(s))

C3
A

8
(4π)3

f(2)3

f(2 + 4ε)
µ̃4ε(s)

1

|q|2+4ε

+
1

m
α2(µ(s))(4π)

2

(
CACF (2− 4ε) + C2

A

(
1 +

1

2
ε+ ε2

))
f(2)2

f(1 + 2ε)
µ̃2ε(s)

1

|q|1+2ε

+
1

m2
α(µ(s))(4π)

(
−CA + 2CF + CA

(p2 + p′2)

|q|2
)}

, (5.85)

where we recall that we treat VA = 1 as a constant (cf. equation (5.42)).

Integrating the left-hand side of the equation, we obtain∫ µ2

µ1

dµ(us)
d

dµ(us)
V = V (µ2)− V (µ1). (5.86)

Since we want to resum logarithms associated with the ultrasoft running, we take the initial
scale µ1 to be µus, the natural scale of the ultrasoft contribution. As discussed in section
5.1, we evolve all contributions to the common scale µ2 = µ = µs, associating the arbitrary
renormalization scale µ with the soft scale µs. In this case, the logarithms ln

(
µ2

q2

)
contained

in the fixed-order potentials (cf. section 3.3.2) are small, as should be the case at the matching

6More precisely, an O(ε)-term in the curly bracket gives a finite term when multiplying the 1
ε
-pole. This

finite term can be contained on the left-hand side of the equation, but we require also the finite terms to cancel
inside of the curly bracket.
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scale. Integrating the RGE leads to∫ µ

µus

dµ(us)
d

dµ(us)
V = V (µ)− V (µ, µus) =

= −2CFV
2
A

3π

{
. . .

}∫ µ

µus

dµ(us)
α(µ(us))

µ(us)
=

4CFV
2
A

3β0
ln

(
α(µ)

α(µus)

){
. . .

}
,

(5.87)

where the curly bracket {. . . } remains the same as in (5.85). The fixed-order potential V (µ)

only depends on the scale µ. The ultrasoft running replaces some (but not all) of these scale
dependencies by µus, which we have indicated by using the notation V (µ, µus).

Therefore, the solution to the RGE is given by

V (µ, µus) = −
4πα(µ)CF

q2

×
{[
VC(µ) + α(µ)2 ln

(
α(µ)

α(µus)

)
2−1+4επ−1+2εΓ

(
1
2 − ε

)3
Γ(1 + 2ε)

3β0Γ
(
1
2 − 3ε

) V 2
AC

3
A

(
µ̃2

q2

)2ε ]

− π2|q|
m

[
V1/m(µ)− α(µ) ln

(
α(µ)

α(µus)

)
21+2επ−

5
2
+εΓ

(
1
2 − ε

)2
Γ
(
1
2 + ε

)
3β0Γ(1− 2ε)

× V 2
A

(
CACF (2− 4ε) + C2

A

(
1 +

1

2
ε+ ε2

))(
µ̃2

q2

)ε ]
+

q2

m2

[
V1/m2(µ) + ln

(
α(µ)

α(µus)

)
4

3β0
V 2
A(−CA + 2CF )

]
+

p2 + p′2

2m2

[
Vp(µ) + ln

(
α(µ)

α(µus)

)
8

3β0
V 2
ACA

]}
. (5.88)

When writing the corrections from the ultrasoft running in this way, we adopt the same structure
as for the fixed-order potentials VX(µ) in equation (3.59). We will denote the correction terms
added to each VX(µ) in the square brackets by δVX(µ, µus).

Equation (5.88) contains the full O(ε)-dependence in the terms encoding the ultrasoft resum-
mation. This ε-dependence comes from the d-dimensional curly bracket in (5.77). However,
since we have solved the ultrasoft RGE in 4 dimensions, this is not actually relevant to our
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calculation. Expanding these factors, we obtain:

δVC(µ, µus) = α(µ)2 ln

(
α(µ)

α(µus)

)(
µ2

q2

)2ε

V 2
A

C3
A

6β0
+O(ε2), (5.89)

δV1/m(µ, µus) = −α(µ) ln
(
α(µ)

α(µus)

)(
µ2

q2

)ε
V 2
A

[
2CA(CA + 2CF )

3πβ0

+
1

3β0π
CA (CA − 8CF + 2(CA + 2CF ) ln(4)) ε

]
+O(ε2), (5.90)

δV1/m2(µ, µus) = ln

(
α(µ)

α(µus)

)
4

3β0
V 2
A(−CA + 2CF ), (5.91)

δVp(µ, µus) = ln

(
α(µ)

α(µus)

)
8

3β0
V 2
ACA. (5.92)

The factor
(
eγE
4π

)
contained in µ̃2 = µ2

(
eγE
4π

)
has cancelled terms proportional to γE in the

usual manner of the MS-scheme.

To conclude the discussion of the ultrasoft running of the potentials, we note that the corrections
obtained above can be encoded in a modification of appropriate constants in the potential
coefficients VX , where we factor out

(
α(µ)
4π

)n
as necessary. The relevant constants are:

• a2 in V(2)C (cf. equation (3.64)),

• b1 in V(1)1/m (cf. equation (3.67)),

• v0 in V(0)
1/m2 (cf. equation (3.72)),

• and p0 in V(0)p (cf. equation (3.74)).

Introducing the coefficient p0 = 1 explicitly at fixed order allows us to write all corrections from
the ultrasoft running in the same way. While the ultrasoft running is the only modification
contributing to the RG improvement of a2, b1, and p0, this is not the case for v0: The
hard running of the NRQCD matching coefficients, which was discussed in section 5.2, also
contributed to vRGI

0 . This is the reason why we have introduced the additional superscript "h"
in equation (5.32).

In the following, we give the full RG improvement of the relevant coefficients in the potentials.
We continue to denote the fixed-order expressions for these coefficients with a superscript "FO"
while introducing the superscripts "RG" for the additive correction obtained from ultrasoft
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and hard running and "RGI" for the RG improved expressions.

aRGI
2 ≡ aFO

2 + aRG,us
2 = aFO

2 + ln

(
α(µ)

α(µus)

)
V 2
A

8π2C3
A

3β0
, (5.93)

bRGI
1 ≡ bFO

1 + bRG,us
1 = bFO

1 − ln

(
α(µ)

α(µus)

)
V 2
A

8CA(CA + 2CF )

3β0
, (5.94)

vRGI
0 ≡ vFO

0 + vRG,us
0 + vRG,h

0 =

= vFO
0 + ln

(
α(µ)

α(µus)

)
V 2
A

4(−CA + 2CF )

3β0

−
(

5

13
+

8

13

CF
CA

)[
1− z− 13

6
CA

]
+

5

12

[
1− z−2CA

]
+

(
9

52
CA −

25

13
CF

)
1

β0
z−β0

[
1− zβ0

]
+

(
15

26
CA +

12

13
CF

)
1

β0 − 13
6 CA

z−β0
[
1− zβ0− 13

6
CA

]
− 1

4
CA

1

β0 − 2CA
z−β0

[
1− zβ0−2CA

]
, (5.95)

pRGI
0 ≡ pFO

0 + pRG,us
0 = pFO

0 + ln

(
α(µ)

α(µus)

)
V 2
A

8CA
3β0

. (5.96)

Here, we have only inlcuded the O(ε0)-terms, which are the ones relevant to the calculations in
this work. Corrections to a2 and b1 of higher order in ε can be read off from equations (5.89)
and (5.90).

5.4 Potential Running - Mixing into the Current

In the last two sections, we have presented a way to include RG improvements related to the
hard and ultrasoft running in the PNRQCD potentials VX . We will now use these results
in the last element of the RG improvement considered in this work, namely the potential
running. It is encoded in the hard matching coefficient cv of the non-relativistic vector current
j(v),i = cvψ

†σiχ+O
(

1
m2

)
, which we have introduced in section 4.3.

5.4.1 Schematic Structure of the Calculation

We begin this section by noting some aspects of the general structure of the calculation used
to determine the running of cv.
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In equation (4.11), we have defined the normalized cross section (R-ratio) in NRQCD, which
is an observable and thus has to be finite for ε→ 0. For the leading terms, this reduces to

R ∼ c2v Im {G(E)} !
= finite for ε→ 0. (5.97)

This condition can be used to express the divergences in cv in terms of the divergences in
Im{G(E)}. While the latter will be determined in the following, we will eventually use the
former to determine the running of cv according to equation (2.22). Schematically, we write

cv = 1 + c
( 1
ε)
v

1

ε
+ . . . , (5.98)

Im{G(E)} = Im{G0(E)}+ g(
1
ε)
1

ε
Im{G0(E)}+ . . . , (5.99)

where the prefactors of the divergent terms are understood to be suppressed in α. The dots
denote terms of order O(α), which are not divergent in ε, as well as higher order terms.
Requiring condition (5.97) to hold, we obtain the relation

c
( 1
ε)
v = −1

2
g(

1
ε). (5.100)

Therefore, we can determine the divergence in the coefficient cv from the divergence in
the imaginary part of the Green’s function. These divergences in Im{G(E)} are written
as a divergent factor multiplying the imaginary part of the leading-order Green’s function
Im{G0(E)}.

The divergences in the Green’s function G(E) arise in corrections to the leading-order Green’s
function G0(E) containing insertions of the potentials, where we use the expressions introduced
in equations (4.13)ff. The divergent diagrams are given in figure 5.3.

These diagrams implicitly contain gluon exchanges to the left and right of the potential insertion.
They are contained in the heavy-quark-pair Green’s function since we have resummed ladder
diagrams in section 3.3.1. For the running of cv, we are only interested in the divergent parts
of the vertex graphs in these diagrams. We consider the following configurations:

• An insertion of the 1
m -potential as depicted in figure 5.3a leads to a divergence when

no additional gluon is exchanged in one vertex graph. The insertion then leads to a
potential loop contributing a factor of m

p2−mE , cancelling the factor of 1
m . The specific

configurations leading to a divergence are shown below in figure 5.4.

• Inserting the potentials suppressed by 1
m2 (containing V1/m and Vp, cf. figure 5.3b and

5.3c, respectively) also yields a divergence. Without additional gluon exchanges in one
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1
m

(a) 1
m -potential.

1
m2

(b) 1
m2 -potential.

p

(c) p-potential.

kin

(d) Kinetic energy correction.

Figure 5.3: Insertions of the potentials and the quartic kinetic energy correction contributing to
the divergence in the Green’s function. To the left and right of the insertions, the full Green’s
function contains any number of gluon exchanges since it includes the resummation of ladder
diagrams. However, only specific configurations of gluon exchanges lead to divergences. For
the insertion of the 1

m -potential, this is discussed in more detail in figure 5.4.

vertex graph, the diagram is linearly divergent, not leading to a 1
ε -pole in dimensional

regularization. However, we do obtain a logarithmic divergence and, thus, a pole when
considering the potential insertion with one gluon exchange in the vertex graph. In this
scenario, there are two potential loops in the vertex graph, exactly cancelling the factor
of 1

m2 in the potentials. Diagrams with multiple gluon exchanges between the vertex and
the potential insertion are not divergent.

• In addition to the potential insertions discussed above, the quartic kinetic energy correction
in figure 5.3d also contributes to the divergence.

• Inserting the Coulomb potential into the Green’s function does not lead to a divergence
relevant to the potential running, which is why it wasn’t included in figure 5.3.

In the following, we explicitly extract the divergences.
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5.4.2 Divergences in Potential Loops in the Green’s Functions

Reference [77] discusses in detail how to calculate potential insertions, including the ones shown
in figure 5.3. The insertion of the 1

m -potential is also discussed explicitly in [87]. While we do
not need the full expressions for the analytical calculation in this thesis, we will rely on the
divergences determined in [77]. We first define the so-called insertion functions used in these
references:

I[x+ aε] = (µ̃2ε)4
∫ 4∏

i=1

[
dd−1pi
(2π)d−1

]
G0(p1,p2;E)

1

(q2
23)

x

(
µ2

q2
23

)aε
G0(p3,p4;E), (5.101)

where q23 = p2 − p3. They provide a compact notation for the insertion of a single potential
δVi(p2,p3) as presented in equation (4.18). Note, however, that the definition of I[x+ aε] does
not include the factor of i2 = (−1), which arises in the insertion of a single potential and has
to be accounted for separately. Generally, the PNRQCD potentials take the following form in
momentum space:

δVi(p2,p3) =
1

(q2
23)

x

(
µ2

q2
23

)aε
× w(ε), (5.102)

which justifies the expression used in (5.101) and defines the constants x and a (both integers).
The function

w(ε) = w(
1
ε)
1

ε
+ w + w(ε)ε+O(ε2) (5.103)

is a coefficient function which has not been included in the definition of I[x+ aε]. In general,
w(ε) can be divergent, in which case a careful analysis of the counterterm structure is necessary.
However, in this thesis, all relevant expressions fulfil w(

1
ε) = 0 such that this complication does

not arise.7

For the resummation of logarithms at NLL in the R-ratio, it is enough to consider the 1
m -

potential up to V(1)1/m and the two potentials of order O
(

1
m2

)
up to V(0)

1/m2 and V(0)p . We will
drop terms in the potentials that are of higher order in α. In all three cases, the considered
terms are the leading non-zero ones in the respective potentials. They all contribute to the
potential δV2 as defined in equation (4.16). These terms contain the coefficients bRGI

1 , vRGI
0 ,

7In reference [77], a counterterm-including insertion function J [x+ aε;w(ε)] is defined. When reading off
the results used in this thesis, it is enough to note that for non-divergent w(ε), the expressions

w(ε)I[x+ aε] = J [x+ aε;w(ε)]

are equal.
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and pRGI
0 that absorb the corrections from hard and ultrasoft running. In the following, we

will use the expressions for these coefficients given in equations (5.94)-(5.96).

Since we are eventually interested in the divergences of cv, we use equation (5.100) and
first extract the divergences in Im{G(E)}, which are contained in the imaginary part of the
diagrams in figure 5.3. To do this, we relate the potential insertions in the diagrams with the
corresponding insertion functions and use the expressions derived in [77]. Note that we are
interested in divergences from the vertex graphs which multiply Im{G0(E)}, not in overall
divergences contained in Im{G0(E)} itself (cf. equation (3.51)). Not all insertion functions
contain this kind of divergence. For ease of reference, we quote the ones that do and are
relevant to the following calculation from [77] and collect them here:

Im

{
I[
1

2
+ aε]

}
=

m

2π2(a+ 1)ε
Im{G0(E)}+O(ε0), (5.104)

Im {I[0]} = m2CFα(µ)

8πε
Im{G0(E)}+O(ε0). (5.105)

In the following discussion, we will comment on these expressions in more detail.

Divergence in the Insertion of the 1
m-Potential

We start by considering an insertion of the 1
m -potential as it is shown in figure 5.3a. As

explained above, we consider the leading non-zero term in the RG improved 1
m -potential, which

reads

V1/m = bRGI
1

α2(µ)π2CF
m|q|

(
µ2

q2

)ε
+O(α3), (5.106)

including the overall factor of α
4π . This expression can be read off from equation (3.59) together

with (3.67). We note that while bRGI
1 depends on µ and µus, it is independent of q. Therefore,

replacing bFO
1 with bRGI

1 only modifies the coefficient function w(ε) and not the insertion
function itself, which is I[12 + ε]. The divergent part of its imaginary part was given in (5.104).
Before explicitly extracting the divergence of diagram 5.3a, we briefly comment on the overall
factor of G0(E) contained in I[12 + ε]:

As explained in [77], the divergence comes from diagrams with no gluon exchange in a subgraph.
These are shown in figure 5.4. While the first diagram 5.4a gives a divergence proportional to
the Green’s function with zero gluon exchanges, diagram 5.4b yields a divergence multiplying
the Green’s function with one gluon exchange, and so on. In total, this exactly reconstructs
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the full leading-order Green’s function G0(E) containing the resummation of ladder diagrams,
which was discussed in section 3.3.1.

no V0 -
insertion

no V0 -
insertion

1
m

(a) No gluon exchanges.

no V0 -
insertion V0

1
m

(b) One gluon exchange.

no V0 -
insertion V0 V0

1
m

(c) Two gluon exchanges.

no V0 -
insertion V0 ... V0

1
m

(d) More than two gluon exchanges.

Figure 5.4: Insertion of the 1
m -potential with gluon exchanges made explicit. Only configurations

leading to a divergence in the vertex graph are depicted. Mirrored diagrams of (b)-(d) are also
relevant but not depicted explicitly in this figure.

Therefore, the divergence of diagram 5.3a relevant to the running of cv is given by

Im

{
1

m
-insertion

}
= Im

{
−bRGI

1

α2(µ)π2CF
m

I[
1

2
+ ε]

}
=

= −bRGI
1 α2(µ)CF

1

4ε
Im {G0(E)}+O(ε0). (5.107)

We have used the divergence given in (5.104) and have accounted for the additional minus sign
arising from the single insertion of a potential, as we have discussed at the beginning of this
section. It is enough to use bRGI

1 in the limit ε→ 0 since terms involving positive powers of ε
do not contribute to the divergence. We have already hinted at this when giving the explicit
expression for bRGI

1 in equation (5.94), where we have only included O(ε0)-terms.
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Divergence in the Insertion of the 1
m2 -Potential

Turning to the 1
m2 -potential inserted in figure 5.3b, the relevant term is

V1/m2 = −vRGI
0

α(µ)4πCF
m2

. (5.108)

Thus, the divergence of the imaginary part of this insertion is given by

Im

{
1

m2
-insertion

}
= Im

{
vRGI
0

α(µ)4πCF
m2

I[0]

}
=

= vRGI
0 α2(µ)C2

F

1

2ε
Im {G0(E)}+O(ε0). (5.109)

The insertion of V1/m2 has no momentum dependence and contains no divergences. Therefore,
according to its definition (5.101), I[0] factorizes and yields I[0] = G0(E)

2. This implies
Im {I[0]} = 2Re {G0(E)} Im {G0(E)}, which has been used when extracting the divergence
given in equation (5.105). The real part of the Green’s function contains the divergent part

G0(E) =
α(µ)CFm

2

4π

1

4ε
+O(ε0), (5.110)

which can be directly seen from its full expression in (3.51).

Divergence in the Insertion of the p-Potential

The RG improved p-potential inserted figure 5.3c is given by

Vp = −pRGI
0 α(µ)4πCF

p2 + p′2

2m2q2
. (5.111)

In order to treat this potential in terms of the insertion functions from [77] as defined in
equation (5.101), we employ an EOM identity:

(µ̃2ε)4
∫ 4∏

i=1

[
dd−1pi
(2π)d−1

]
G0(p1,p2;E)

p2
2 + p2

3

2m2q2
23

G0(p3,p4;E) =

=
E

m
(µ̃2ε)4

∫ 4∏
i=1

[
dd−1pi
(2π)d−1

]
G0(p1,p2;E)

1

q2
23

G0(p3,p4;E)

+
α(µ)πCF

2m
(µ̃2ε)4

∫ 4∏
i=1

[
dd−1pi
(2π)d−1

]
G0(p1,p2;E)k(0)

1

(q2
23)

1
2

(
µ2

q2
23

)ε
G0(p3,p4;E),

(5.112)
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where8

k(u) =
eγEεΓ

(
1
2 + u+ ε

)
Γ
(
1
2 − u− ε

)
Γ
(
1
2 − ε

)
π

3
2Γ(1 + u)Γ(1− u− 2ε)

. (5.113)

This relation has been taken from [27], where an in-depth discussion on EOM identities can be
found. We are interested in the divergence of

Im {p-insertion} = Im

{
pRGI
0 α(µ)4πCF

(
E

m
I[1] +

α(µ)πCF
2m

k(0)I[
1

2
+ ε]

)}
=

= pRGI
0 α2(µ)C2

F

1

2ε
Im {G0(E)}+O(ε0). (5.114)

While the first term proportional to I[1] does involve a divergence, this is the overall divergence
contained in G0(E), which is not what we are interested in. It does not lead to a divergence of
the type 1

ε Im{G0(E)}, such that we do not consider this term further. From the second term,
we obtain the second line of equation (5.114), where we employ k(0) = 1 +O(ε) and use the
divergence in I[12 + ε] given in equation (5.104).

Divergence in the Insertion of the Quartic Correction to the Kinetic Energy

In addition to the potential insertions discussed above, we also need to consider the quartic
correction to the kinetic energy discussed in section 3.3.2. We recall that it can be treated
analogously to a potential insertion by defining

Vkin = − p4

4m3
(2π)d−1δ(d−1)(q). (5.115)

8Unlike in reference [27], we have chosen to move a factor of µ2ε outside of k(u) to render it a dimensionless
constant. This makes the formation of

(
µ2

q2

)ε

-terms more visible.
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We proceed like for the Vp-potential and again employ an EOM identity, namely [27]

(µ̃2ε)4
∫ 4∏

i=1

[
dd−1pi
(2π)d−1

]
G0(p1,p2;E)(2π)d−1δ(d−1)(q23)

p4
2

m3
G0(p3,p4;E) =

=
E2

m
(µ̃2ε)3

∫ 3∏
i=1

[
dd−1pi
(2π)d−1

]
G0(p1,p2;E)G0(p2,p3;E)

+
2E

m
(µ̃2ε)2

∫ 2∏
i=1

[
dd−1pi
(2π)d−1

]
G0(p1,p2;E)

+
α(µ)8πCFE

m
(µ̃2ε)4

∫ 4∏
i=1

[
dd−1pi
(2π)d−1

]
G0(p1,p2;E)

1

q2
23

G0(p3,p4;E)

+
(α(µ)4πCF )

2

m
(µ̃2ε)4

∫ 4∏
i=1

[
dd−1pi
(2π)d−1

]
G0(p1,p2;E)

k(0)

8

1

(q2
23)

1
2

(
µ2

q2
23

)ε
G0(p3,p4;E).

(5.116)

Using this relation, we obtain

Im{kinetic correction} =

= Im

{
1

4

(
E2

m
I[δ] +

2E

m
G0(E) +

α(µ)8πCFE

m
I[1] +

(α(µ)4πCF )
2

m

k(0)

8
I[
1

2
+ ε]

)}
=

= α2(µ)C2
F

1

8ε
Im {G0(E)}+O(ε0). (5.117)

The first three terms do not contribute to the divergence. I[δ] denotes the contact potential

I[δ] = (µ̃2ε)3
∫ 3∏

i=1

[
dd−1pi
(2π)d−1

]
G0(p1,p2;E)G0(p2,p3;E) (5.118)

and is finite. The second term directly contains G0(E) without an additional divergence from
the vertex graph. For the third term, the same discussion as for the analogous term in diagram
5.3c holds: While these terms do contain a divergence, it is only an overall divergence from
G0(E), not one related to the vertex graph, as would be relevant to us. Therefore, only the
last term actually yields a divergence of the form we are interested in, which is read off from
equation (5.104) and given in the second line.

This concludes the extraction of the divergences in the diagrams in figure 5.3. From these
results, we now determine the divergence in cv, which eventually leads to the running of this
coefficient.
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5.4.3 Full RGE for cv

Putting all the expressions obtained above together, the full divergence of the imaginary part
of the Green’s function is given by

Im {G(E)} = α2(µ)CF

[
−1

4
bRGI
1 +

1

2
CF v

RGI
0 +

1

2
CF p

RGI
0 +

1

8
CF

]
1

ε
Im {G0(E)}+O

(
ε0
)
=

(5.119)

≡ g( 1
ε)
1

ε
Im {G0(E)}+O

(
ε0
)
, (5.120)

where the divergences are the ones contained in δ2G. We note that at fixed order (where all
scales are set equal), this divergence reduces to

Im {G(E)}
∣∣∣∣
FO

= α2(µ)CF

[
1

4
CA +

1

6
CF

]
1

ε
Im {G0(E)}+O

(
ε0
)
. (5.121)

As we discussed above (cf. equation (5.100)), the divergence in Im{G(E)} also provides the
divergences in the matching coefficient cv of the non-relativistic current:

cv = −
1

2
g(

1
ε)
1

ε
= (5.122)

= α2(µ)CF

[
1

8
bRGI
1 − 1

4
CF v

RGI
0 − 1

4
CF p

RGI
0 − 1

16
CF

] ∣∣∣∣
ε→0

1

ε
+O(ε0) = (5.123)

≡ c( 1
ε)
1

ε
+O(ε0). (5.124)

We note again that terms in the RG improved coefficients involving positive powers of ε are

not included in c(
1
ε)
v . This has now been explicitly denoted by setting ε to zero in these terms.

From the divergence, we can now directly read off the RGE for cv. We recall that equation (2.22)
relates the coefficient of the 1

ε -pole in the renormalization constant of cv with its anomalous
dimension. Using the notation introduced in that chapter, we have Z(1)

c = c(
1
ε). Therefore, the

RGE for cv reads

µ
d

dµ
cv = −γccv =

(
2α

∂

∂α
c(

1
ε)
)
cv. (5.125)

This yields

µ
d

dµ
cv = α2CF

[
1

2
bRGI
1 − CF vRGI

0 − CF pRGI
0 − 1

4
CF

] ∣∣∣∣
ε→0

cv. (5.126)
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In this equation, cv and α as well as the coefficients bRGI
1 , vRGI

0 , and pRGI
0 depend on the scale

µ, which needs to be considered in the differential equation. We have explicitly checked that
this RGE agrees with the one given in [34]. Some helpful relations between our notation and
the one used in that work are listed in appendix B.2.

Plugging in the RG improved coefficients bRGI
1 , vRGI

0 , and pRGI
0 given in equations (5.94)-(5.96),

the RGE for cv takes the explicit form

µ
d

dµ
cv(µ) =

[
− α2(µ)CF

(
1

2
CA +

1

3
CF

)
− α2(µ) ln

(
α(µ)

α(µus)

)
V 2
A

4

3β0
CF
(
C2
A + 3CACF + 2C2

F

)
− α2(µ)C2

F

{
−
(

5

13
+

8

13

CF
CA

)[
1− z− 13

6
CA

]
+

5

12

[
1− z−2CA

]
+

(
9

52
CA −

25

13
CF

)
1

β0
z−β0

[
1− zβ0

]
+

(
15

26
CA +

12

13
CF

)
1

β0 − 13
6 CA

z−β0
[
1− zβ0− 13

6
CA

]
− 1

4
CA

1

β0 − 2CA
z−β0

[
1− zβ0−2CA

]}]
cv(µ). (5.127)

We recall that z was defined as z =
(
α(µ)
α(µh)

) 1
β0 . This RGE agrees with the one obtained by

using the results of [34] together with [33].

The first line in (5.127) collects the terms already appearing in the fixed-order calculation. It
agrees with the RGE given for example in [19] and corresponds to the µ-dependence of the
terms not multiplied by β0 in the fixed-order expression of c(2)v , namely (cf. equation (4.6))

c(2),FO
v ⊃ CFπ2

(
−4CA −

8

3
CF

)
ln

(
µ2

m2

)
. (5.128)

Including the ultrasoft and hard running provides additional terms to this RGE. The terms
caused by the ultrasoft running are gathered in the second line, while the term starting from
the third line collects the effect of the hard running.

We have now determined the full RGE for the potential running encoded in the coefficient cv,
taking into account the hard and ultrasoft running discussed in sections 5.2 and 5.3, respectively.
What remains to be done is to solve this RGE, which we will do in the next section.
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5.4.4 Solving the RGE for cv

When solving the RGE (5.127), we evolve the hard matching coefficient cv of the non-relativistic
current from the hard scale µh to the common scale µ, analogously to the procedure performed
for the hard matching coefficients di and dij in the Lagrangian. However, now an additional
complication arises compared to the previous discussion. The right-hand side of the differential
equation contains the strong coupling α evaluated at the hard and ultrasoft scale µh and µus,
respectively. Naively, these are just the initial conditions of the hard and ultrasoft running,
which can be seen as constant. However, when performing the evolution of cv, we need to ensure
that the ultrasoft scale µus stays below the soft scale µ at all times, since otherwise, the hierarchy
of scales defining the EFT would no longer be fulfilled. The scales are implicitly related by
µus ∼ mv2 and µ ∼ mv, such that we can correlate them like µus = µ2

µh
(where µh ∼ m),

as suggested in [19]. This procedure is also adopted in [34]. We can loosen the correlation
constraint slightly by introducing a variable factor k ∼ O(1), such that the correlation reads

µus = k
µ2

µh
. (5.129)

Correlating the scales in this manner also yields a correlation between the coupling constant α
at different scales. We eliminate α(µus) from the RGE for cv using the following relation:

α(µ)

α(µus)
= 1 + α(µ)

β0
4π

ln

(
µ2us
µ2

)
+O(α2 log) =

= 1 + α(µ)
β0
4π

ln

(
µ2

µ2h

)
+ α(µ)

β0
4π

ln
(
k2
)
+O(α2 log). (5.130)

Here, we have used the one-loop running of α defined in equation (2.13) and explicitly denoted
subleading terms scaling like O(α2 log), where log stands for a large logarithm involving a large
ratio of scales. Since α2 log is counted as O(α), these neglected terms are of the same order as
α(µ) ln

(
k2
)
, where the logarithm is not large. Therefore, we can safely neglect the effect of

the factor k in the correlation when we are only interested in considering the correlation at
one-loop running of α. Lastly, we use that

zβ0 =
α(µ)

α(µh)
= 1− α(µ)β0

4π
ln

(
µ2

µ2h

)
+O(α2 log) (5.131)

and rewrite

α(µ)

α(µus)
= 2− zβ0 +O(α2 log). (5.132)
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This replaces α(µus) by an expression in terms of α(µ) and α(µh). Using this in the RGE
(5.127) yields a differential equation in µ where the only µ-dependence is contained in α(µ).
We can therefore replace

µ
d

dµ
cv(µ) = µ

dα(µ)

dµ

∂

∂α(µ)
cv (α(µ)) = −α2(µ)

β0
2π

∂

∂α(µ)
cv (α(µ)) (5.133)

and solve the RGE in terms of α(µ). We obtain the following expression for the resummed
coefficient cv:

cv(µ) = cv(µh)

× exp

{
α(µh)

[
1− zβ0

] πCF (CACF (9CA − 100CF ) + β0(−26C2
A − 19CACF + 32C2

F )
)

26CAβ20

+ α(µh)
[
1− zβ0

]
V 2
A

8πCF (CA + CF )(CA + 2CF )

3β20

+ α(µh)
[
2− zβ0

]
ln

(
1

2− zβ0
)
V 2
A

8πCF (CA + CF )(CA + 2CF )

3β20

+ α(µh)
[
1− zβ0− 13

6
CA

] 24πC2
F (5CA + 8CF )(11CA − 3β0)

13CA(13CA − 6β0)2

+ α(µh)
[
1− zβ0−2CA

] πC2
F (−13CA + 5β0)

6(2CA − β0)2

+ α(µh) ln
(
zβ0
)

× πC2
F

(
C2
A(9CA − 100CF ) + 2CAβ0(−8CA + 37CF ) + 6β20(CA − 2CF )

)
β20(13CA − 6β0)(2CA − β0)

}
.

(5.134)

The expressions in the third and fourth lines are multiplied by V 2
A = 1. As mentioned before,

this coefficient tracks the contribution from the ultrasoft running.

Instead of using this exponentiated form of the resummed cv, it is more convenient for further
considerations in this work (especially for the numerical implementation of the resummation
effects) to only use terms up to O(α). That is, we expand the exponential in α(µh) while
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keeping the terms involving z, which encode the resummation. We obtain

cv(µ) =

(
1 +

α(µh)

4π
c(1),FO
v (µh)

)
+ α(µh)

[
1− zβ0

] πCF (CACF (9CA − 100CF ) + β0(−26C2
A − 19CACF + 32C2

F )
)

26CAβ20

+ α(µh)
[
1− zβ0

]
V 2
A

8πCF (CA + CF )(CA + 2CF )

3β20

+ α(µh)
[
2− zβ0

]
ln

(
1

2− zβ0
)
V 2
A

8πCF (CA + CF )(CA + 2CF )

3β20

+ α(µh)
[
1− zβ0− 13

6
CA

] 24πC2
F (5CA + 8CF )(11CA − 3β0)

13CA(13CA − 6β0)2

+ α(µh)
[
1− zβ0−2CA

] πC2
F (−13CA + 5β0)

6(2CA − β0)2

+ α(µh) ln
(
zβ0
) πC2

F

(
C2
A(9CA − 100CF ) + 2CAβ0(−8CA + 37CF ) + 6β20(CA − 2CF )

)
β20(13CA − 6β0)(2CA − β0)

+O(α2), (5.135)

which agrees with the result given in references [32, 34].

The reason for using this expression is that it only encodes the resummation of NLL logarithms
but no subleading logarithms. While the exponentiated version (5.134) has the advantage of
also providing partial resummation of some subleading logarithms, this would complicate the
structure of the calculation. Especially the subtraction of otherwise double-counted logarithms,
which we will discuss in the next section, would be a lot less clear. Since in this work we are
only interested in the effect of NLL resummation, we prefer to drop any additional information
obtained from partial resummation of subleading logarithms and work with the expression
where the exponential has been expanded.

Similar to the hard and ultrasoft running, we write this correction obtained from the potential
running as an additive modification of the fixed-order result, this time to the one-loop matching
coefficient c(1),FO

v :

c(1),RGI
v = c(1),FO

v + c(1),RGI
v − c(1),FO

v =

≡ c(1),FO
v + c(1),RG

v . (5.136)
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To achieve this, we subtract the fixed-order expression

1 +
α(µ)

4π
c(1),FO
v (µ) (5.137)

up to O(α), such that the first line in (5.135) and the subtraction term combine to(
1 +

α(µh)

4π
c(1),FO
v (µh)

)
−
(
1 +

α(µ)

4π
c(1),FO
v (µ)

)
=
α(µh)

4π

[
1− zβ0

]
c(1),FO
v (µh). (5.138)

We now observe that all terms correcting the fixed-order result scale like α(µh), which justifies
writing it as a correction to c(1),FO

v (µ). Accounting for the overall factor of α(µ)
4π , we obtain

c(1),RG
v =

4π

α(µ)
×
{
α(µh)

4π

[
1− zβ0

]
c(1),FO
v (µh)

+ α(µh)
[
1− zβ0

] πCF (CACF (9CA − 100CF ) + β0(−26C2
A − 19CACF + 32C2

F )
)

26CAβ20

+ α(µh)
[
1− zβ0

]
V 2
A

8πCF (CA + CF )(CA + 2CF )

3β20

+ α(µh)
[
2− zβ0

]
ln

(
1

2− zβ0
)
V 2
A

8πCF (CA + CF )(CA + 2CF )

3β20

+ α(µh)
[
1− zβ0− 13

6
CA

] 24πC2
F (5CA + 8CF )(11CA − 3β0)

13CA(13CA − 6β0)2

+ α(µh)
[
1− zβ0−2CA

] πC2
F (−13CA + 5β0)

6(2CA − β0)2

+ α(µh) ln
(
zβ0
)

× πC2
F

(
C2
A(9CA − 100CF ) + 2CAβ0(−8CA + 37CF ) + 6β20(CA − 2CF )

)
β20(13CA − 6β0)(2CA − β0)

}
.

(5.139)

This result completes the RG improvements necessary for determining the R-ratio at NLL,
which we discuss in the next section.

5.5 The R-Ratio at NLL

5.5.1 Incorporation the Resummation Correction into the R-Ratio

We conclude this chapter by relating the results obtained in the previous sections with the RG
improvement of the R-ratio discussed in section 4.4.
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As we have discussed extensively above, the quantities encoding the RG improvement are given
by aRGI

2 , bRGI
1 , vRGI

0 , and pRGI
0 (cf. section 5.3.3), as well as c(1),RGI

v (cf. section 5.4.4). The first
four contribute to δV2, which first arises in the R-ratio in δ2G(E) at NNLO, see equation (4.22).
However, c(1),RGI

v already modifies the R-ratio at NLO as given in equation (4.21). Therefore,
this is the quantity necessary for determining the first RG correction. In fact, aRGI

2 , bRGI
1 , vRGI

0 ,
and pRGI

0 were only relevant to determine the full potential running encoded in c
(1),RGI
v and

will not be used themselves in the R-ratio.

Therefore, the leading RG correction is encoded in the R-ratio solely by substituting

2cv,1 Im{G0(E)} −→ 2
α(µ)

4π
c(1),RGI
v Im{G0(E)} = 2

α(µ)

4π

(
c(1),FO
v + c(1),RG

v

)
Im{G0(E)}

(5.140)

in equation (4.21).

This corresponds to the NLL contribution, while the LL contribution is zero. This is explicitly
seen by observing that c(1),RG

v resums terms like αn logn, which are multiplied by the overall
factor of α accompanying c(1)v in the R-ratio. Therefore, in the R-ratio, the resummed terms
are actually of the form αn+1 logn.

5.5.2 Crosscheck: Reexpanding the Resummed Result

Reexpanding the resummed result c(1),RG
v in α provides a cross-check of our calculation.9

This should exactly reproduce the large single (double) logarithms in the second (third) order
R-ratio. To confirm this, we count

µh ∼ m, µ ∼ mα, µus ∼ mα2, (5.141)

such that the large logarithms read

ln

(
µ2

µ2h

)
∼ 2 ln(α), (5.142)

ln

(
µ2

µ2us

)
∼ −2 ln(α), (5.143)

ln
( µ
m

)
∼ ln(α), (5.144)

9For the reexpansion in α, we use the one-loop running (2.13) of the coupling. This is sufficient for our
discussion since we are not interested in subleading logarithms related to higher-order coefficients of the
β-function (β1, β2, . . . ). In the numerical analysis, this choice will lead to a small artefact, as we discuss in
section 6.2.3.
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where all factors of α are implicitly understood to be evaluated at the scale µ. After reexpanding
and using this counting, the resummed expression yields

2c(1),RG
v Im{G0(E)} =

=
( α
4π

)2
ln(α)

[
4β0c

(1),FO
v (µh) + CFπ

2

(
−16CA −

32

3
CF

)]
Im{G0(E)}

+
( α
4π

)3
ln2(α)

[
8β20c

(1),FO
v (µh) + CFπ

2β0

(
−32CA −

64

3
CF

)
+ CFπ

2V 2
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(
−128

3
C2
A − 128CACF −
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3
C2
F

)
+ CFπ

2

(
−16CACF −

32

3
C2
F

)]
× Im{G0(E)}+O(α4) = (5.145)

=
( α
4π

)2
ln(α)

[
4β0c

(1),FO
v (µh) + CFπ

2

(
−16CA −

32

3
CF

)]
Im{G0(E)}

+
( α
4π

)3
ln2(α)

[
8β20c

(1),FO
v (µh) + CFπ

2β0

(
−32CA −

64

3
CF

)
+ CFπ

2

(
−128

3
C2
A − 144CACF − 96C2

F

)]
Im{G0(E)}+O(α4), (5.146)

where we have set VA = 1 in the last line.

The NNLO logarithms directly correspond to the large logarithms in 2cv,2 Im{G0(E)} in RNNLO

(cf. equation (4.22)), as can be seen by comparing to the fixed-order matching coefficient
c
(2),FO
v given in equation (4.6). We note that in the RGE for cv, the terms responsible for these

second-order logarithms are entirely made up of terms already present at fixed order, which
are written in the first line of equation (5.127).

For the NNNLO logarithms in equation (4.23), the structure is a bit more involved: Both the
term 2cv,3 Im{G0(E)} as well as Im{δ3G(E)} contain large double logarithms. For the former,
we read off from equation (4.7) that the large logarithms are given by

2cv,3 Im{G0(E)} ⊃
( α
4π

)3
ln2(α)

{
8β20c

(1),FO
v (m) + CFπ

2β0

(
−32CA −

64

3
CF

)
+ CFπ

2[−32C2
A − 120CACF − 80C2

F ]

}
Im{G0(E)}. (5.147)

Regarding Im{δ3G(E)}, both the ultrasoft interaction δus3 G(E) and the non-Coulomb potentials
contain large double logarithms. For δus3 G(E), we can read off the large double logarithms
from [62]. In this reference, CF and CA have been set to their numerical values. However, we
can infer the colour structure from the large double logarithms contained in the wave function
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at the origin, which are given in [61]. This yields

δus3 G(E) ⊃ α3

π
CF

{[
−2C2
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3
CACF −

8

3
C2
F

]
ln2(α)
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]
ln2
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)
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[
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3
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A +

20

3
CACF +

8

3
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F

]
ln(α) ln

( µ
m

)}
G0(E). (5.148)

Counting ln
( µ
m

)
∼ ln(α) and pulling out a factor of

(
α
4π

)3, we obtain

Im{δus3 G(E)} ⊃
( α
4π

)3
ln2(α)CFπ

2

[
−32

3
C2
A − 32CACF −

64

3
C2
F

]
Im{G0(E)}. (5.149)

Lastly, we consider the large logarithms in δnC3 G(E), where the superscript "nC" stands for
"non-Coulomb". Inferring them from the non-Coulomb correction to the wave function given
in [79] analogously to the ultrasoft expression we just discussed, we obtain

Im{δnC3 G(E)} ⊃
( α
4π

)3
ln2(α)CFπ

2

[
8CACF +

16

3
C2
F

]
Im{G0(E)}. (5.150)

Taking the expressions for 2cv,3 Im{G0(E)}, Im{δus3 G(E)}, and Im{δnC3 G(E)} together, we
obtain the following double logarithms in the R-ratio at NNNLO (cf. equation (4.23)):

2cv,3 Im{G0(E)}+ Im{δus3 G(E)}+ Im{δnC3 G(E)} ⊃( α
4π

)3
ln2(α)

{
8β20c

(1),FO
v (m) + CFπ

2β0

(
−32CA −

64

3
CF

)
+ CFπ

2

[
−128

3
C2
A − 144CACF − 96C2

F

]}
Im{G0(E)}. (5.151)

Since the other terms in RNNNLO do not contain any large double logarithms, this confirms
the reproduction of logarithms from equation (5.146) and concludes the check.

5.5.3 Subtracting Double Counted Logarithms from the R-Ratio

The logarithms reproduced by reexpanding the resummed R-ratio are at the same time already
included in the fixed-order R-ratio. Therefore, to avoid double counting, these logarithms
have to be subtracted. To be precise, reexpanding c(1),RGI

v reproduces logarithms of the form
ln
(
µ
µh

)
, which is the quantity we will subtract. The logarithms that need to be subtracted
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read:

c(2),FO
v :

{
2β0c

(1),FO
v (µh) + CFπ

2

[
−8CA −

16

3
CF

]}
ln

(
µ

µh

)
, (5.152)

c(3),FO
v :

{
4β20c

(1),FO
v (µh) + CFπ

2β0

[
−16CA −

32

3
CF

]
+ CFπ

2
[
−16C2

A − 60CACF − 40C2
F

]}
ln2
(
µ

µh

)
, (5.153)

δus3 G(E) :
( α
4π

)3
CFπ

2

[
−32

3
C2
A − 32CACF −

64

3
C2
F

]
ln2
(
µ

µh

)
G0(E), (5.154)

δnC3 G(E) :
( α
4π

)3
CFπ

2

[
8CACF +

16

3
C2
F

]
ln2
(
µ

µh

)
G0(E). (5.155)

This result poses the end of the analytical calculation performed in this thesis. In the next
chapter, we will apply our findings by performing a numerical analysis of the R-ratio at NLL.
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Chapter 6

Numerical Analysis of the R-Ratio at
NLL

6.1 Numerical Implementation of the NLL Correction

We conclude this thesis by applying the findings of the previous chapters to a numerical
analysis of the R-ratio at NLL. We start from the TTbarXSection code, which implements the
calculation of the top anti-top cross section near threshold up to NNNLO. In this code, we
implement the NLL contribution by modifying the R-ratio as described in equation (5.140),
using expression (5.139) for the RG improved coefficient c(1),RG

v . Details on the implementation
are provided in appendix D. Eventually, the results of this thesis will be incorporated into the
QQbar_threshold code [42] in an analogous manner, which has however not been done yet.

For the following numerical results, we always use the default call

TTbarXSection[sqrts - 2*171.5, {{musoft, 350}, {muhard}},

Constants -> {171.5, 1.33, 0.1181}, Order -> {order, logorder},

MassDef -> "PSshift", BeyondQCD -> {"None"}, ResonantOnly -> True,

Production -> "SWaveOnly", Rratio -> True].
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This uses the following constants:

mPS
t = 171.5GeV Top mass in the PS shift scheme,1

µw = 350GeV Finite width scale related to non-resonant contributions,

Γ = 1.33GeV Width of the top quark,

α(mZ) = 0.1181 Strong coupling at the mass of the Z-boson. (6.1)

The desired fixed-order precision is specified via the parameter order, where the possible
values are 0, 1, 2, and 3. The inclusion of resummation results is determined through the
parameter logorder, which is set to "NLL" for the inclusion of NLL improvements and to
"None" when this resummation should not be considered. We have also allowed for the use
of the truncated log-series instead of the full NLL result, as we describe in appendix D. As
described in section 5.5.3, there are large logarithms at NNLO and NNNLO that would be
double counted when the RG improvement is simply added to the fixed-order results. The
code automatically accounts for this by subtracting these large logarithms.

The center-of-mass energy
√
s, as well as the soft and hard scale, are set individually via sqrts,

musoft, and muhard, respectively. Note the use of two sets of brackets when defining the scales
in the default call. This is only necessary for the NLL case, where (besides µs and µw) the
hard scale µh must also be set to a specific value. When no resummation is asked for, it is
enough to fix µs and µw. In that case, the original syntax of the TTbarXSection code before
the implementation of RG improvements still holds. A more in-depth description is again
provided in appendix D.

In this work, we do not consider EW, QED or Higgs effects and focus on the pure QCD result.
We also discard non-resonant contributions as well as the axial coupling to the Z-boson, which
is achieved through the ResonantOnly -> True and "SWaveOnly"-commands. Finally, we will
analyse the R-ratio instead of the cross section, which is the reason for setting Rratio ->

True.

6.2 Numerical Results

In the following, we analyse the effect of the inclusion of NLL contributions on the R-ratio. We
are particularly interested in the scale dependence of the results. For the fixed-order calculation,

1The PS shift scheme is a mass scheme suitable for dealing with IR divergences in the pole mass. The
index "PS" stands for "potential-subtracted" and indicates that divergent contributions related to the Coulomb
potential are subtracted [88]. Based on this method, the PS shift scheme then allows to calculate the cross
section in the pole scheme while still avoiding the IR divergences [77].
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a breakdown of perturbation theory at small scales µs is observed, starting already at values
of µs ≲ 40GeV [26, 77, 78]. This is particularly notable since a natural scale choice for the
top anti-top pair would be µs ∼ 20GeV. Including the NLL effects, we observe an overall
reduction of the scale dependence and an increased stability for small values of µs. Additionally,
we assess the behaviour of the truncated, reeexpanded series of logarithms. This allows us to
analyse the convergence behaviour of the log-series and gives us an opportunity to gauge the
size of the non-logarithmic contributions at NNLO and NNNLO.

Our analysis will not consider LO results but instead focus on NLO and higher orders. The
reason for this is twofold: On the one hand, the LO result does not provide an accurate
description of top anti-top pair production since higher-order corrections have a large impact.
On the other hand, the resummation effects considered in this thesis only start at NLL (there
are no LL contributions), such that the natural starting point for our analysis is at NLO.

6.2.1 Qualitative Look at the Scale Dependence for NLO+NLL

We start by comparing the R-ratio at NLO and at NLO+NLL for different values of µs.
Figure 6.1 shows the R-ratio as a function of the center-of-mass energy

√
s both at NLO and at

NLO+NLL, where the soft scale µs is varied between 20GeV and 80GeV in steps of 10GeV in
progressively lighter shades of blue and red, respectively. The range of the soft scale is chosen
such that the lower bound µs = 20GeV corresponds to the natural choice for the top anti-top
pair. However, as we will see, perturbation theory is not valid for this value of µs. At the
upper bound µs = 80GeV, perturbation theory is reliable, and at the same time, this choice
still fulfils the hierarchy µus ≪ µs ≪ µh. The top mass is set to m = 171.5GeV according to
the PS shift scheme, as we mentioned for the default call above. The hard scale is fixed at
µh = 180GeV. This choice is consistent with the natural choice of µh ∼ m and still captures
some effects of the logarithms ln

(µh
m

)
.

For small values of µs, the fixed-order NLO R-ratio strongly depends on the scale. This is
caused by the aforementioned breakdown of perturbation theory. In contrast, for the NLO+NLL
R-ratio including the RG improvements determined in this thesis, the overall scale dependence
is reduced significantly. While for µs = 20GeV, we still observe a large deviation, all larger
values of µs result in similar curves. The same behaviour has been found in reference [35],
where µs is varied between 30GeV and 80GeV. We observe from figure 6.1 that for the NLO
result, the largest values of R (for the range of µs considered above) are mostly obtained for
soft scales around the maximum µs = 80GeV, while for the case including NLL corrections,
the maximum of R is mostly obtained for µs ∼ 50GeV. We also note an overall increase of the
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Figure 6.1: R-ratio at NLO (blue) and NLO+NLL (red) for center-of-mass energies
√
s around

the top anti-top production threshold. The soft scale µs is varied between 20GeV and 80GeV in
steps of 10GeV in progressively lighter shades of colour. The top mass is set to m = 171.5GeV,
while for the hard scale µh = 180GeV is used.

R-ratio when including the NLL effects. This increase is in accordance with the NNLO R-ratio,
which is larger than the one at NLO. We will discuss this in more detail in section 6.2.2.

Keeping the parameters the same, we now normalize the R-ratio at NLO and at NLO+NLL
to its respective value at the midpoint µs = 50GeV. The result is shown in figure 6.2, which
compares the NLO result (upper panel) and the NLO+NLL expression (lower panel) for the
R-ratio. The entire shaded regions (including both light and dark shaded areas) correspond
to a scale variation between 20GeV and 80GeV. In contrast, the darker regions represent a
variation of µs between 50GeV and 80GeV. The axes of the two panels are scaled the same
to facilitate an easier comparison. The reduction of the scale dependence for small µs achieved
by incorporating NLL corrections is now particularly visible.

Apart from the dependence on the soft scale, the R-ratio at NLO+NLL also depends on the
hard scale µh. However, this dependence is minimal in comparison, as we demonstrate in
figure 6.3, where we fix the soft scale to µs = 50GeV and vary µh between 150GeV and
210GeV in steps of 10GeV. We observe only a weak dependence of the R-ratio on the hard
scale.

In the same way, we are interested in the dependence on the ultrasoft scale µus. Since the
scales have been correlated when solving the RGE for the coefficient cv, we cannot consider
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Figure 6.2: R-ratio at NLO (lower panel: NLO+NLL) normalized to its value for µs = 50GeV.
The lines denote the normalized R-ratio for different values of µs, which is varied between
20GeV and 80GeV in steps of 10GeV and depicted in progressively lighter shades of blue
(red). The entire shaded regions (including both light and dark shaded areas) correspond to a
variation of µs in the full parameter region of 20GeV to 80GeV, while the dark shaded regions
show a variation of µs between 50GeV and 80GeV. The top mass and hard scale are fixed at
m = 171.5GeV and µh = 180GeV, respectively.
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Figure 6.3: R-ratio at NLO+NLL with variation of the hard scale µh. The soft scale is fixed to
µs = 50GeV. µh is varied between 150GeV and 210GeV in steps of 10GeV in progressively
lighter shades of red.

the variation of the ultrasoft scale µus =
µ2s
µh

independently. However, using this correlation,
we note that the variation of µh between 150GeV and 210GeV in figure 6.3 corresponds to a
variation of µus between 11.9GeV and 16.7GeV for µs = 50GeV. That is, a small change in
µus is sufficient to cause the same effect on the R-ratio as a much larger variation of µh. This
makes sense intuitively: The R-ratio is much more sensitive to a variation of µus than of µh
because the strong coupling varies a lot quicker for small scales.

In the following, we will not consider the influence of µh or µus further and instead concentrate
on the much more significant variation of the soft scale.

6.2.2 Comparison of Resummed Logarithmic Terms and Full Fixed-Order
Results

Besides analysing the effect of integrating the fully resummed result, we can extract another
kind of useful information from the resummation procedure: Reexpanding the full resummed
log-series, we obtain the large logarithms αn+1 logn at any order. This allows us to analyse
the size of these logarithmic terms at NNLO and NNNLO in comparison to the respective full
fixed-order expression (including terms not regarded by resummation).

Figure 6.4 shows the R-ratio at NLO (solid blue line), which we considered before, together
with the NNLO result (solid green line). The figure illustrates this situation for different
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values of µs between 20GeV and 80GeV, while the hard scale is fixed to µh = 180GeV for all
panels. In order to check how much of the NNLO expression for the R-ratio is captured by
the log-series, we depict the effect of adding the NNLO logarithm to the NLO expression as a
dashed green line. This correction is obtained by reexpanding the resummed expression for
c
(1)
v in α and extracting only the first logarithm. While this logarithm partly shifts the R-ratio

at NLO towards the NNLO result, there is still a large remainder not accounted for by the
logarithm. This is not unexpected since at NLO, only the Coulomb potential contributes to
the R-ratio, while extending to NNLO introduces new potentials suppressed in m. These new
contributions can contain large effects not encoded in the logarithms, such that the NNLO
result is not dominated by the NLL correction. We observe that the energy dependence of the
curve with the added logarithm is different than the full NNLO curve, which is particularly
visible in a shift of the peak.

In a similar sentiment, we show the R-ratio at NNLO and NNNLO in figure 6.5 as solid
green and yellow lines, respectively. Additionally, we depict the effect of adding the NNNLO
logarithm to the NNLO result as a yellow dashed line, as well as adding the fourth-order (N4LO)
logarithm to the NNNLO result as a purple dashed line. Similar to the situation before, we
observe that adding the NNNLO logarithm to the NNLO expression reproduces parts of the full
NNNLO result but does not dominate it. For the N4LO logarithm, we cannot compare to the
full fixed-order result, as it is not known. However, we observe that while the correction from
this logarithm is quite large for small parameters of µs, it has almost no effect for µs = 80GeV.

Comparing the panels with µs = 20GeV with the other panels for both figure 6.4 and 6.5, we
explicitly observe the poorly behaved fixed-order results at small scales. For µs = 20GeV, the
NLO and NNNLO curves are too low and exhibit an unexpected dip above the peak, while
the NNLO curve is too high. This is particularly visible when comparing the curves in these
panels to the ones for higher values of µs. When the logarithmic effects are included, these
problems are tempered but still prominent. We will discuss the scale dependence in more detail
in section 6.2.4 below.
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Figure 6.4: Comparison of the R-ratio at NLO and NNLO (solid lines in blue and green,
respectively). Additionally, the dashed green line depicts the R-ratio where the NNLO logarithm
from the reexpanded log-tower has been added to the NLO result. Between the separate panels,
µs is varied between 20GeV and 80GeV in steps of 15GeV. The hard scale is fixed to
µh = 180GeV for all curves.
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Figure 6.5: Comparison of the R-ratio at NNLO and NNNLO (solid lines in green and orange,
respectively). The dashed yellow line depicts the R-ratio where the NNNLO logarithm from
the reexpanded log-tower has been added to the NNLO result, while the dashed purple line
shows the NNNLO contribution with added N4LO logarithms. Between the separate panels,
µs changes between 20GeV and 80GeV in steps of 15GeV, while the hard scale is fixed to
µh = 180GeV.
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6.2.3 Convergence of the Reexpanded Series of Logarithms

The truncated log-series from the previous discussion can be further used to assess the
convergence behaviour of the resummed series. To illustrate this, we first look at the aspect
depicted in figure 6.6, which shows the R-ratio at NLO (blue) together with successively added
terms from the reexpanded log-series (red dashed lines, the length of the dashes increases order
by order). One observes the convergence of the truncated log-series to the full NLO+NLL
result, which is shown as a solid red line.2 This convergence is much faster for larger values of
µs: For µs = 20GeV, five terms of the log-series are noticeably different from the full result,
while for µs = 35GeV this already only holds for three terms. Starting from µs = 65GeV,
even the second term already results in a curve close to the one using the full resummed result.
We conclude that at scales above µs ∼ 65GeV, only the first new logarithm in the resummed
series is really relevant. For smaller scales, the series still converges, but the convergence is
much slower, and logarithms up to higher orders are of relevance.

In the same way, we consider the truncated log-series added to the R-ratio at NNNLO, which
is depicted in figure 6.7. We note that adding the NNLO and NNNLO logarithm to this result
has no effect since they are already contained in the fixed-order expression and subtracted
to avoid double counting. Therefore, the first correction is obtained by adding the N4LO
logarithm. Figure 6.5 suggests that already this first correction from the logarithms is very
small (especially for larger values of µs), which is why we depict this scenario normalized to the
respective third-order R-ratio RNNNLO. This normalization is done separately for each panel,
such that for every µs, we have R/RNNNLO = 1 for the purely fixed-order expression. This is
shown as a solid yellow line. The successively added logarithms are shown as dashed purple
lines, where again, the length of the dashes increases order by order. The full NNNLO+NLL
result is shown as a solid purple line. Note that for this figure, the axis showing the normalized
R-ratio is not uniform over the individual panels, instead corresponding to successively smaller
intervals.

When depicting the results normalized in this way, we observe a clear disparity between the
apparent limit of the individual curves of the truncated log-series and the full NNNLO+NLL
result. This discrepancy is of similar size for all values of µs, as we show in table 6.1. The
table shows the numerical values for the R-ratio at a center-of-mass energy of

√
s = 348GeV,

where according to figure 6.7, the discrepancy is particularly large. We compare values for
the full NNNLO+NLL R-ratio and the scenario where the NLL logarithms up to order N7LO
from the truncated log-series have been added to the NNNLO case. We consider the latter as
an approximation for the limit of the reexpanded log-series. While this is only an estimate, it

2There is a subtlety to this apparent convergence, which we will discuss in detail for the NNNLO case.
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Figure 6.6: Convergence of the reexpanded log-series for different values of µs, where the NLO
result is shown in blue. Added to this are the corrections obtained from the reexpanded log-
series order by order, depicted in red and increasing from short to longer dashes. Additionally,
the full NLO+NLL expression is shown as a solid red line. For the results using resummation,
the hard scale has been fixed to µh = 180GeV.
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Figure 6.7: Convergence of the reexpanded log-series for different values of µs for the R-ratio at
NNNLO. Each panel has been normalized to its respective fixed-order expression at NNNLO,
such that the fixed-order result (yellow) corresponds to a constant line at R/RNNNLO = 1.
The dashed purple lines show the corrections obtained from the truncated log-series order by
order, increasing from short to longer dashes. Additionally, the full NNNLO+NLL expression
is shown as a solid purple line. For all panels, we use the standard hard scale µh = 180GeV.
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seems reasonable according to the fast convergence of the log-series in figure 6.7. Note that
even though in figure 6.7 the discrepancy between the solid purple line (full NNNLO+NLL
result) and the apparent limit of the dashed lines (successively truncated log-series) seems to
increase for increasing scales µs, this is not actually the case: This impression is due to the
faster convergence of the log-series and a decrease in the range of the vertical axis. Instead,
as the numbers in table 6.1 suggest, the disparity is similar for all individual panels. For
comparison, the table also contains the disparity for the NLO case, which, after rounding to
four decimal places, is exactly the same as for the NNNLO case (even though it is not visible
in figure 6.6).

Table 6.1: Comparison of the R-ratio at NNNLO+NLL and at NNNLO+N7LO logarithms,
where we use the latter as an approximation of the limit of the reexpanded log-series.
|∆RNNNLO| = |RNNNLO+NLL − RNNNLO+N7LO logs| denotes the discrepancy between the two.
For comparison, we also show the same quantity for |∆RNLO| = |RNLO+NLL−RNLO+N7LO logs|.
All numbers are determined for

√
s = 348GeV and rounded to four decimal places.

RNNNLO+NLL RNNNLO+N7LO logs |∆RNNNLO| |∆RNLO|
µs = 20GeV 0.7499 0.7479 0.0020 0.0020
µs = 35GeV 0.8785 0.8751 0.0035 0.0035
µs = 50GeV 0.9170 0.9134 0.0036 0.0036
µs = 65GeV 0.9349 0.9317 0.0032 0.0032
µs = 80GeV 0.9452 0.9425 0.0027 0.0027

We attribute this systematical discrepancy to a subtlety in the implementation of the reexpanded
log-series. For the reexpansion in section 5.5.2, we have used the one-loop running of α as given
in equation (2.13), which does not hold to higher orders. However, in the code, the running
coupling is always evaluated with five-loop running. This produces a small disparity between
the truncated reexpanded log-series of c(1),RGI

v and its actual limit, which influences the R-ratio.
Therefore, we view the discrepancy between the limit of the truncated log-series and the full
NLL result as an artefact of the choice we made when reexpanding the resummed result.

6.2.4 Reduction of the Scale Dependence at Various Orders

We conclude our numerical analysis with a more detailed discussion of the scale dependence
of the R-ratio. We have already demonstrated in section 6.2.1 that for NLO, the dependence
on µs is reduced once NLL modifications are added. This becomes even more apparent when
considering the R-ratio at a specific center-of-mass energy while varying the scale µs. This is
depicted in figure 6.8, 6.9, and 6.10 for the NLO, NNLO, and NNNLO case, respectively. All
figures display the µs-dependence of the R-ratio after normalizing it to its value for µs = 50GeV.
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Here, we always normalize to the R-ratio considered in the respective case. That is, the R-ratio
at NLO is normalized with respect to the NLO result at µs = 50GeV, while the NLO+NLL
result is normalized to the NLO+NLL value at µs = 50GeV, and so on. Therefore, all lines
intersect at a ratio of one for µs = 50GeV. A curve constant at one would correspond to a
quantity independent of the scale. We consider values of

√
s = 340GeV (below the peak),

√
s = 344GeV (close to the peak), and

√
s = 348GeV (above the peak).

In figure 6.8, we depict the situation at NLO. The blue line shows the fixed-order NLO result
for the R-ratio normalized to its value at µs = 50GeV, while the solid red line shows the full
NLO+NLL result. The dashed lines denote the individual results for the successively truncated
log-series as in figure 6.6. We note that the NNLO logarithm (line with shortest dashes)
overshoots significantly, such that the NNNLO logarithm is particularly relevant. We observe
a clear decrease in the scale dependence once NLL corrections are added to the fixed-order
expression. This is particularly visible for the point where the curves start to rapidly drop off
for small scales µs, which indicates a breakdown of perturbation theory. For the fixed-order
result, this breakdown is already visible for µs ≲ 40GeV, confirming the statements in the
literature [26, 77, 78]. When adding the NLL modification, a similarly large drop-off is only
observed for scales below µs = 30GeV, posing a significant improvement. While for scales
below this value, the breakdown of perturbation theory still happens, it is now shifted to lower
scales compared to the pure fixed-order calculation. We also observe that even for higher values
of µs, the curves overall deviate less from a horizontal line, corresponding to a decreased scale
dependence also in this range. This behaviour is similar for all three values of

√
s.

Analogously, we show this analysis for the NNLO case in figure 6.9, where the green line
denotes the fixed-order NNLO result, and the yellow solid line corresponds to NNLO+NLL.
The dashed yellow lines demonstrate the convergence of the terms in the truncated log-series
with increasingly longer dash size. Again, we observe a significant reduction of the scale µs for
which perturbation theory breaks down to below µs = 30GeV. Especially for

√
s = 348GeV

(above the peak), the overall scale dependence is very small, resulting in a nearly horizontal
line.

This improvement in the scale dependence of the R-ratio when including NLL effects has already
been observed in [35]. In this reference, the discussion also included a partial inclusion of NNLL
effects, which we do not consider here. However, we now also present the RG improvement
for the NNNLO calculation at NLL, which has not been shown before. Analogously to the
previous figures, figure 6.10 shows the situation at NNNLO, where the yellow line corresponds
to the fixed-order expression and the purple lines show the behaviour for NNNLO+NLL (with
dashed lines again denoting the successively truncated log-series). While at this order the
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Figure 6.8: µs-dependence of the R-ratio at NLO compared to RG improved results at the
same order. Each line shows the R-ratio normalized to its respective value at µs = 50GeV.
In the individual panels, we consider center-of-mass energies below the peak (

√
s = 340GeV),

approximately at the peak (
√
s = 344GeV), and above the peak (

√
s = 348GeV). The blue

line depicts the NLO result, while the solid red line corresponds to NLO+NLL. Dashed lines
show the effect of using the log-series truncated at increasingly higher orders with increasing
dash sizes. For all panels, the hard scale is set to µh = 180GeV.

effect of adding the RG improvements is not as drastic as for NLO and NNLO (as was already
expected from figure 6.5), we still observe an improvement for the resummed result. Again, the
curve is overall more horizontal, corresponding to a decreased scale dependence, which moves
the point where perturbation theory breaks down to smaller scales of around µs ∼ 30GeV.
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Figure 6.9: µs-dependence of the R-ratio at NNLO compared to results where NLL effects
have been included at the same order. As in figure 6.8, for each line, the R-ratio is normalized
to its respective value at µs = 50GeV. The individual panels show different center-of-mass
energies of

√
s = 340GeV,

√
s = 344GeV, and

√
s = 348GeV. The green line shows the

NNLO result, while the solid yellow line corresponds to NNLO+NLL. As before, dashed lines
demonstrate the convergence of the truncated log-series, where increasing dash size corresponds
to higher-order logarithms.
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Figure 6.10: µs-dependence of the R-ratio at NNNLO and NNNLO+NLL. Analogously to
figures 6.8 and 6.9, the R-ratio is normalized to its respective value at µs = 50GeV. The
NNNLO result is shown as a solid yellow line, while the solid purple line corresponds to
NNNLO+NLL. Dashed lines (longer dashes corresponding to higher-order logarithms) show
the convergence of the reexpanded log-series.
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Chapter 7

Conclusion

In this thesis, we presented an in-depth analysis of the RG improvement for the R-ratio of
top anti-top pair production near threshold at NLL. Building onto the discussion in the
review [34] and related papers, we transformed the calculations to momentum space and placed
particular focus on the use of conventions compatible with reference [27]. This reference,
together with [77], discusses the R-ratio up to NNNLO at fixed order and is used as a basis for
the QQbar_threshold code [42].

The large mass of the top quark allows for an EFT treatment of the top anti-top pair production
near threshold, where the velocity v of the heavy quark is small. In this framework, we considered
first NRQCD and then PNRQCD, performing the RG improvement in multiple steps.

First, we considered the hard running of the matching coefficients di and dij in the NRQCD
Lagrangian, which is discussed, for example, in references [33, 53]. This procedure resums large
logarithms of the form ln

(
µ2

µ2h

)
, where µh denotes the hard scale, which is of the order of the

top mass m, while the renormalization scale µ has been associated with the soft scale µs ∼ mv.
We encoded the correction obtained from the hard running in an additive modification of the
PNRQCD potential V1/m2 . In particular, this contributed to the coefficient v0, which is given
in equation (5.33).

As a second step, we looked at the ultrasoft running of the potentials. This is closely related
to divergences in diagrams involving the ultrasoft interaction gx · E from the PNRQCD
Lagrangian. For this calculation, we followed reference [34], providing additional details in
the process. We then transformed the result to momentum space using a fully d-dimensional
Fourier transform. While for the NLL correction only terms of order O(ε0) are relevant, this
provides a starting point for future extensions to higher orders in the resummation of logarithms
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in the momentum space framework of reference [27]. This especially holds since we additionally
gave the analogous two-loop expressions in the appendix, which are also required once one
extends to higher orders in resummation. For the NLL case, we again wrote the corrections as
a modification of coefficients in the PNRQCD potentials, specifically a2, b1, v0, and p0. The
results resum logarithms ln

(
µ2

µ2us

)
, where µus is the ultrasoft scale, and are given in equations

(5.93)-(5.96).

The last part of the resummation procedure is given by the potential running. It is encoded
in the matching coefficient cv of the non-relativistic vector current j(v). To determine the
associated RGE, we extracted the divergences in cv from the divergences in the imaginary part
of the Green’s function, Im{G0(E)}, which they are closely related to. When solving the RGE,
we correlated the scales as µus = k µ

2

µh
. Our result agrees with the expression given in [32, 34].

To facilitate an easier numerical implementation, we again encoded the correction obtained
from the RG improvement as an additive modification of the fixed-order result, as it is given
in equation (5.139).

Finally, to conclude the analytic calculation, we incorporated these results into the R-ratio,
obtaining an RG improved expression for this quantity at NLL. The relevant modification is
given in equation (5.140). We observe that while the corrections to the potential coefficients
a2, b1, v0, and p0 were necessary to determine the full running of the coefficient cv, only the
latter actually contributes to the R-ratio at this order. We checked explicitly that our result
reproduces the correct large logarithms in the fixed-order expressions at NNLO and NNNLO.
We also took care to avoid double-counting by subtracting these logarithms accordingly.

After this analytical calculation, we analysed the numerical effect of the RG improvement by
incorporating the modification of c(1)v into the Mathematica code TTbarXSection. Using this
implementation, we compared different aspects of the fixed-order and RG improved R-ratio.
After a qualitative comparison of the NLO and NLO+NLL results, we analysed the behaviour
of the truncated, reexpanded log-series, where we observed a generally good convergence which
is particularly fast for larger scales µs. We also considered the NNLO and NNNLO logarithms
individually, comparing how much of the respective fixed-order contribution is encoded in the
logarithmic part. We observed that while a significant part of the respective next order is
contained in the next-to-leading logarithms, the other contributions are also sizable. The main
focus of the numerical analysis was placed on the scale dependence of the R-ratio. While for the
fixed-order case, a large scale dependence is observed for µs ≲ 40GeV, indicating a breakdown
of perturbation theory [26, 77, 78], this is significantly improved once NLL corrections are
included. We observed that the scale dependence is overall reduced, with the point where
perturbation theory becomes unreliable moved to µs ≲ 30GeV.
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Thus, we demonstrated that including the NLL correction improves the numerical behaviour
of the R-ratio. This has been discussed in a similar manner in [35] for the NLL and partial
NNLL with fixed-order results at NNLO. In this thesis, we extended this result by additionally
combining NLL with NNNLO, observing an analogous reduction of the scale dependence also
in this case.

The topic of top anti-top pair production near threshold provides a natural possible extension
for future work, where it would be desirable to determine the full RG improvement at NNLL.
Reference [35], as well as [38–41] (which consider this topic in the formalism of vNRQCD),
already achieve partial resummation at this order. Throughout this thesis, we have repeatedly
alluded to possible future extensions in the framework chosen in this work. In particular,
we have transformed the two-loop ultrasoft counterterm from reference [34] to momentum
space in a fully d-dimensional manner and given the result in appendix C. When considering
NNLL resummation in this scheme, one needs to place special care on O(ε)-terms in matching
coefficients and counterterms. While they did not contribute in this thesis, they might multiply
1
ε -poles in higher-order calculations, resulting in relevant finite terms. In general, a careful
analysis of the calculation in position versus momentum space and the resulting scheme
dependence is necessary. Also, we note again that the running of the coefficient VA (cf.
equation (5.42)) calls for further discussion.

While the numerical implementation in this thesis has been performed for the TTbarXSection

code, the renormalization group improvements will also be incorporated into the publicly
available QQbar_threshold code [42] in the future.

101





Appendix A

Acronyms

SM Standard Model
LHC Large Hadron Collider
ILC International Linear Collider
EFT effective field theory
QCD Quantum Chromodynamics
QED Quantum Electrodynamics
EW electroweak
NRQCD non-relativistic QCD
PNRQCD potential non-relativistic QCD
vNRQCD velocitiy non-relativistic QCD
HQET heavy quark effective theory
FO fixed order
LO leading order
NLO next-to-leading order
NNLO next-to-next-to-leading order
NNNLO next-to-next-to-next-to-leading order
N4LO fourth-order
LL leading logarithm
NLL next-to-leading logarithm
NNLL next-to-next-to-leading logarithm
RG renormalization group
RGE renormalization group equation
RGI renormalization group improved
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EOM equation of motion
IR infrared
UV ultraviolet
PS position space
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Appendix B

Comparison of Conventions

B.1 Conventions in the NRQCD Lagrangian

For ease of reference, we want to explicitly compare the conventions used in the papers providing
the main intermediate results we need for our work. The covariant derivative and the field
strength tensor are defined as given in table B.1. The left column shows the notation we
are using in this thesis, following reference [27]. The right column gives the corresponding
conventions in references [33, 34, 89], which coincide. We use tildes to denote the difference
in signs these quantities show compared to the conventions of our choice. We also note that
reference [53] uses the convention shown in the right column (g̃ instead of g) for the coupling.

Therefore, the quantities appearing in the NRQCD Lagrangian in [27] and [34] are related as
presented in table B.2.

Table B.1: Definitions of the covariant derivative and the field strength tensor used in relevant
references. In this thesis, we will follow the notation of the left column.

Conventions from [27] (Beneke et al.) Conventions from [33, 34, 89] (Pineda et al.)
Dµ = ∂µ − igsAµ D̃µ = ∂µ + ig̃Aµ

Dµ = (D0,D) D̃µ = (D̃0,−D̃)

Gµν = i
gs
[Dµ, Dν ] = G̃µν = − i

g̃ [D̃
µ, D̃ν ] =

= (∂µAν)− (∂νAµ)− igs[Aµ, Aν ] = (∂µAν)− (∂νAµ) + ig̃[Aµ, Aν ]
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Table B.2: Conversion between the relevant quantities appearing in the Lagrangians in refer-
ences [27] and [34].

Conventions from [27] Conventions from [34]
−gs g̃

D0 D̃0

−Di D̃i

Gµν G̃µν

Ei Ẽi

σ ·B σ · B̃

B.1.1 Choice of Operator Basis in the Gluonic Lagrangian

Apart from these differences in defining the fundamental quantities, there is also another source
of difference in notation: The non-relativistic Lagrangian is usually written in terms of an
operator basis containing redundant operators. There are different choices for eliminating
operators from this redundant basis. We start by discussing some possible choices within the
general gluonic Lagrangian up to O

(
1
m2

)
, which is given by

Lg = −
1

4
GAµνGAµν +

ĉ1g
m2

gfABCGAµνG
Bµ
αG

Cνα +
ĉ2g
m2

DµGAµαDνG
Aνα +

ĉ3g
m2

GAµνD
2GAµν .

(B.1)

One way to eliminate operators from this is to use the identity (cf. [34])

0 =

∫
d4x

(
2DµGAµαDνG

Aνα − 2gfABCGAµνG
Bµ
αG

Cνα +GAµνD
2GAµν

)
. (B.2)

We list the different choices of operator bases made in some references relevant to this thesis in
table B.3.

Operator Basis Chosen in [27] (By Beneke, Kiyo, Schuller)

We now relate the coefficients used in the Lagrangians in the different references with the ones
in the general Lagrangian (B.1).
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Table B.3: Overview of the choice of operators from the redundant basis in the gluonic
Lagrangian in some relevant references. The coefficient in brackets denotes the coefficient
associated with that particular operator in the respective reference. The first line is the one
used in this thesis.

fABCGAGBGC DGADGA GAD2GA

Ref. [27],
Beneke et al. included [d6] eliminated using (B.2) included [d5]

Ref. [53],
Bauer, Manohar included

[
cg1
4

] included
[
cg2
4

]
,

but rewritten in terms
of four-fermion operators

and not considered

eliminated using (B.2)

Ref. [33, 34],
Pineda included

[
cg1
4

]
eliminated using (B.2)

eliminated using
field redefinition

Aµ −→ Aµ + 2c[Dα, Gαµ]

For the case used in this thesis, following the notation from [27], we eliminate the operator
DGADGA using equation (B.2) and get

Lg,ref.[27] = −
1

4
GAµνGAµν +

(
ĉ1g + ĉ2g

)︸ ︷︷ ︸
≡d6

1

m2
gfABCGAµνG

Bµ
αG

Cνα +

(
ĉ3g −

1

2
ĉ2g

)
︸ ︷︷ ︸

≡d5

1

m2
GAµνD

2GAµν .

(B.3)

We obtain

d5 = ĉ3g −
1

2
ĉ2g, (B.4)

d6 = ĉ1g + ĉ2g, (B.5)

expressing the gluonic coefficients in the Lagrangian in [27] in terms of the more general
coefficients ĉig defined in equation (B.1). We will perform the same procedure for the choices
made in the other references (cf. table B.3), providing a way to easily relate the different
conventions.
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Operator Basis Chosen in [53] (By Bauer, Manohar)

To account for the calculation in [53], we eliminate the operator GAD2GA instead, leading to

Lg,ref.[53] = −
1

4
GAµνGAµν +

(
−ĉ1g − 2ĉ3g

)︸ ︷︷ ︸
≡

c
g
1
4

1

m2
g̃fABCGAµνG

Bµ
αG

Cνα +
(
ĉ2g − 2ĉ3g

)︸ ︷︷ ︸
≡

c
g
2
4

DµGAµαDνG
Aνα.

(B.6)

We obtain

cg1 = −4ĉ1g − 8ĉ3g, (B.7)

cg2 = 4ĉ2g − 8ĉ3g (B.8)

for the coefficients in the Lagrangian in [53]. We have rewritten the Lagrangian in terms
of g̃, corresponding to the convention of that reference. We note that in [53], the operator
corresponding to cg2 is not considered further since it can be rewritten in terms of four-fermion
operators, which are not relevant to the calculation performed there. Since, in our case, the
four-fermion operators are relevant, we instead choose to also eliminate the cg2-term from the
gluonic Lagrangian. This was done in the same way in [34], as we discuss below in section
B.1.2. This discussion will modify the coefficient of the Darwin operator.

Operator Basis Chosen in [33, 34] (By Pineda)

Finally, we derive the Lagrangian used in references [33] and [34]. First, we eliminate the
operator DGADGA as we did above for the Lagrangian from reference [27], obtaining

Lg,ref.[34] = −
1

4
GAµνGAµν +

(
−ĉ1g − ĉ2g

) 1

m2
g̃fABCGAµνG

Bµ
αG

Cνα +

(
ĉ3g −

1

2
ĉ2g

)
1

m2
GAµνD

2GAµν .

(B.9)

We have again rewritten the second term to include g̃ instead of g. Additionally, these references
eliminate the last term GAD2GA by performing the field redefinition

Aµ −→ Aµ + 2c[Dα, Gα,µ] +O(c2), (B.10)

where c ∼ 1
m2 . Up to order O

(
1
m2

)
, this leads to the following modification of the gluonic

Lagrangian:

−1

4
GAµνGAµν −→ −

1

4
GAµνGAµν −

c

2
GAµνD

2GAµν − cg̃fABCGAµνGBµαGCνα +O(c2), (B.11)
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as is discussed in reference [89]. Plugging this into the Lagrangian yields

Lg,ref.[34] = −
1

4
GAµνGAµν +

(
−
ĉ1g
m2
−

ĉ2g
m2
− c
)
g̃fABCGAµνG

Bµ
αG

Cνα

+

(
ĉ3g
m2
− 1

2

ĉ2g
m2
− 1

2
c

)
GAµνD

2GAµν . (B.12)

In order to eliminate the last term, we choose c = 2
ĉ3g
m2 − ĉ2g

m2 , leading to

Lg,ref.[34] = −
1

4
GAµνGAµν +

(
−
ĉ1g
m2
− 2

ĉ3g
m2

)
︸ ︷︷ ︸

≡
c
g
1
4

g̃fABCGAµνG
Bµ
αG

Cνα. (B.13)

We now identify the coefficient of the leftover operator with the one from [34], obtaining

cg1 = −4ĉ1g − 8ĉ3g. (B.14)

This coincides with the coefficient given the same name in [53], which was derived above.

It is important to stress that the change in the gluonic coefficients is not the only consequence
of the field redefinition (B.10): As discussed in [89], this also modifies

iD̃0 −→ iD̃0 − cg̃(D̃ · Ẽ− Ẽ · D̃) = iD0 − cg([Di, Ei]), (B.15)

where [D̃·, Ẽ] = D̃ · Ẽ − Ẽ · D̃. This leads to a redefinition of the coefficient of the Darwin
operator:

ĉD
8m2

g̃[D̃·, Ẽ] −→
(
ĉD
8m2

− c
)
g̃[D̃·, Ẽ] =

(
ĉD
8m2

− 2
ĉ3g
m2

+
ĉ2g
m2

)
︸ ︷︷ ︸

≡ cD
8m2

g̃[D̃·, Ẽ]. (B.16)

This shows that the coefficient cD used in [34] is related to the coefficients in the more general
Lagrangian given in (B.1) by

cD = ĉD − 16

(
ĉ3g −

1

2
ĉ2g

)
. (B.17)
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We can identify the last term with d5 from equation (B.4), obtaining

cD,ref.[34] = (d2 − 16d5)ref.[27]. (B.18)

This explicitly shows how to use the results for the running of the Darwin coefficient from
reference [34] in our calculation following the notation in [27]. However, we additionally need
to consider a possible elimination in the heavy-light sector of the Lagrangian, which we will
discuss now.

B.1.2 Choice of Operator Basis in the Heavy-Light Lagrangian

There is also an ambiguity in choosing the operators in the heavy-light part of the Lagrangian,
which we did not write in (3.9). There is one operator from this class that could contribute to
the calculation at the order we are considering, which is ψ†TAψq̄γ0TAq (and the analogous
operator with ψ −→ χ). However, this operator can be absorbed into the Darwin operator
and one of the four-fermion operators, making it possible to remove this operator from the
Lagrangian. This is what we choose to do in this work. We demonstrate the elimination of
this operator by starting from a general Lagrangian still including it in its basis:

Lincluding Ohl
1
⊃ ĉD

1

8m2
ψ†g[Di, Ei]ψ + ĉD

1

8m2
χ†g[Di, Ei]χ+ d̂vs

1

m2
ψ†T aψχ†T aχ

+ ĉhl1
g2

8m2

∑
i

ψ†TAψq̄γ0TAq + ĉhl1
g2

8m2

∑
i

χ†TAχq̄γ0TAq =

≡ ĉDOψD + ĉDO
χ
D + d̂vsOvs + ĉhl1 O

hl,ψ
1 + ĉhl1 O

hl,χ
1 . (B.19)

Similar to the section before, we use hats on the coefficients to indicate an operator basis
different from the one we are choosing to use.

The elimination of Ohl1 is discussed in detail in reference [53] in the context of HQET. We
follow the calculation performed there, translated to NRQCD. We start with the EOM for the
gluon field, derived from the terms in the Lagrangian not suppressed in m:

LO(m0) = ψ†iD0ψ + χ†iD0χ− 1

4
GAµνG

Aµν +
∑
i

q̄ii /Dqi. (B.20)

The EOM takes the form

DµG
Aµν = −g

∑
i

q̄iγ
νTAqi − gδν0 (ψ†TAψ + χ†TAχ). (B.21)
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Combining this equation with g
8m2ψ

†TAψδ0ν or g
8m2χ

†TAχδ0ν yields1

−OψD = −Ohl,ψ1 − g2

8
Ovs −

g2

8m2
ψ†TAψψ†TAψ (B.23)

and

−OχD = −Ohl,χ1 − g2

8
Ovs −

g2

8m2
χ†TAχχ†TAχ, (B.24)

respectively. The last terms in these two equations involve four heavy quarks (four heavy
anti-quarks) and contribute only beyond the order of our calculation.

Plugging these relations into the Lagrangian still containing Ohl,ψ/χ1 , we obtain

Leliminated Ohl
1
⊃ (ĉD + ĉhl1 )OψD + (ĉD + ĉhl1 )OχD +

(
d̂vs −

g2

4
ĉhl1

)
Ovs. (B.25)

In our choice of basis, we define

d2 = ĉD + ĉhl1 , (B.26)

dvs = d̂vs −
g2

4
ĉhl1 = d̂vs − παĉhl1 . (B.27)

Reference [53] discusses the running of the di in both the case where Ohl1 has not been removed
and the one where it has. While in [34] the operator has not been eliminated, we choose to
consider the case where it has been removed since we prefer to work with a non-redundant
operator basis.

We have written the comparison in this general manner in order to facilitate an easier comparison
with different choices of conventions in various references. Therefore, the discussion in this
section should be viewed separately from the one in appendix B.1.1 discussing the choice of
operator basis in the gluonic part of the Lagrangian. Specifically, the coefficient to the Darwin
operator, d2 in our conventions, is modified by both a field redefinition in the gluonic sector
and the elimination in the heavy-light sector of the Lagrangian.

1Use that

ψ†[Di, Ei]ψ = ψ†(DiGi0 −Gi0Di)ψ = ψ†(DiGi0)ψ = −ψ†(DiG
i0)ψ, (B.22)

where the derivative is only acting on the field strength tensor in the end. This relates the usual expression for
the Darwin operator OD to the one obtained after combining the EOM with these factors.
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B.2 Relation between Different Conventions for the Potentials

In this work, we consider references with mainly two different definitions of the potentials in
PNRQCD. The one we choose to use is the one also used in [27], where the spin-projected
potentials take the form (cf. equation (3.59))

V (p,p′) = −VC(α)
4πCFα(µ)

q2
+ V1/m(α)

π2(4π)CFα(µ)

m|q| − Vp(α)
2πCFα(µ)(p

2 + p′2)

m2q2

− V1/m2(α)
4πCFα(µ)

m2
. (B.28)

The other relevant choice of notation is the one used, for example, in [34], where the potential
is given by

Vs = −
CFαVs
r

− CFCAD
(1)
s

2mr2

−
CFD

(2)
1,s

2m2

{
p2,

1

r

}
+
CFD

(2)
2,s

2m2r3
L2 +

πCFD
(2)
d,s

m2
δ(3)(r)

+
3CFD

(2)
LS,s

2m2r3
L · S+

4πCFD
(2)
S2,s

3m2
S2δ(3)(r) +

CFD
(2)
S12,s

4m2r3
S12(r̂). (B.29)

The L2-term can be rewritten and absorbed into the delta- and 1
m -potentials. This is easiest

seen by considering the momentum space expression

CFD
(2)
2

2m2r3
L2 −→ πCFD

(2)
2

m2

(p2 − p′2

q2

)2

− 1

 , (B.30)

where the last term immediately shows the same structure as a delta-potential. An insertion of
the first term can be rewritten [35] and absorbed into the 1

m -potential.

For the sake of the comparison of these expressions, it is enough to consider the potentials
in four dimensions, ε→ 0. Additionally, it is sufficient to use the spin-projected expressions
S2 −→ s(s+ 1), L · S −→ 0 and S12(r̂) −→ 0.
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We use the three-dimensional Fourier transforms

1

r
−−−→
FT

4π

q2
, (B.31)

1

r2
−−−→
FT

2π2

|q| , (B.32){
1

r
,p2

}
−−−→
FT

4π
p2 + p′2

q2
, (B.33)

δ(3)(r) −−−→
FT

1. (B.34)

For the Coulomb potential, we can thus associate

−4παCF
q2

VC ←→ −
4πCFαVs

q2
. (B.35)

For the 1
m -potential, we get

(4π)π2αCF
m|q| V1/m ←→ −

π2CFCAD
(1)

m|q| +
π2C2

FαD
(2)
2

2m|q| . (B.36)

The 1
m2 -potentials are related by

−4παCF
m2

V1/m2 ←→ πCFD
(2)
d

m2
+

4πCFD
(2)
S2

3m2
s(s+ 1)− πCFD

(2)
2

m2
(B.37)

and

−4παCF
m2

Vp
p2 + p′2

2q2
←→ −4πCFD

(2)
1

m2

p2 + p′2

2q2
. (B.38)

In terms of the coefficients Vi and Di, these relations can be expressed in the compact form
depicted in table B.4.

Table B.4: Relation between the coefficients used in the potential in references [27] and [34].

Coefficients Vi from [27] Coefficients Di from [34]
αVC αVs

4παV1/m −CAD(1) + CF
2 αD

(2)
2

−4αV1/m2 D
(2)
d + 4

3s(s+ 1)D
(2)
S2 −D(2)

2

αVp D
(2)
1
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Appendix C

Derivation of the Two-Loop Ultrasoft
Counterterm

In this appendix, we provide the derivation of the two-loop ultrasoft counterterm as an extension
of the one-loop calculation presented in section 5.3. When performing the ultrasoft calculation
in the course of this thesis, we have worked with the more general two-loop expressions from the
beginning, closely following reference [34]. However, since only the one-loop result is relevant
to the NLL contribution discussed in this thesis, we extracted these lower-order terms when
presenting the results in the main text. In the following, we now give the full calculation. We
also provide some additional details of the calculation in this appendix.

C.1 Two-Loop Correlator ΣB

In equation (5.43), we have given the chromomagnetic correlator ΣB at one-loop. We now turn
to the two-loop result including terms up to O(α2), where the correlator reads [34, 80, 82, 90]

Σ2-loop
B = g4BCFCAV

2
AΓ(−3 + 4ε)

[
D(1)(ε)− (1− 2ε)D(1)

1 (ε)
]
r(hBo − E)3−4εr =

≡ c2-loopµ̃
4εr(hBo − E)3−4εr, (C.1)

using the same notation as for the one-loop case. The constants in the two-loop expression read

D(1)(ε) =
1

(2π)2
1

4π2−2ε
Γ2(1− ε)g(ε), (C.2)

D(1)
1 (ε) =

1

(2π)2
1

4π2−2ε
Γ2(1− ε)g1(ε) (C.3)
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with

g(ε) = −−2ε
3 + 6ε2 − 8ε+ 3

ε(2ε2 − 5ε+ 3)
+

2εΓ(2ε− 2)Γ(2ε− 1)

(−2ε+ 3)Γ(4ε− 3)
, (C.4)

g1(ε) =
−6ε3 + 17ε2 − 18ε+ 6

ε2(2ε2 − 5ε+ 3)
− 4(−ε+ 1)nfTF

ε(−2ε+ 3)N
− 2(ε2 − ε+ 1)Γ(2ε− 2)Γ(2ε− 1)

ε(−2ε+ 3)Γ(4ε− 3)
. (C.5)

The divergent terms in the coefficients are given by

c1-loop = −CFV
2
Aβ0

12π2
α2

ε2
+

[
CFV

2
A

3π
α+

CFV
2
Aβ0(−5 + 3γE − 3 ln(π))

36π2
α2

]
1

ε
+O(ε0) =

≡ c(2)1-loop
1

ε2
+ c

(1)
1-loop

1

ε
+O(ε0), (C.6)

c2-loop = −CACFV
2
A(−11N + 4TFnf )

72π2N

α2

ε2
+

[
CACFV

2
A

(
34 + 2π2 − 11γE + 11 ln(π)

)
36π2

+
CACFV

2
ATFnf (−10 + 4γE − 4 ln(π))

36π2N

]
α2

ε
+O(ε0) =

≡ c(2)2-loop
1

ε2
+ c

(1)
2-loop

1

ε
+O(ε0), (C.7)

where we now include terms up to O(α2) also in c1-loop.

In Σn-loop
B (n = 1, 2), these coefficients multiply an operator structure of the form

µ̃2nεr(hBo − E)3−2nεr = r(hBo − E)3r− 2nr(hBo − E)3 ln

(
hBo − E

µ̃

)
rε+O(ε2), (C.8)

respectively. For Σ1-loop
B , we noted that the O(ε)-term is not relevant to the divergence. The

same holds for the result up to two-loop, even though, in this case, the argument is a bit more
involved, as we discuss now. Summing the one- and two-loop expressions yields

Σ1-loop
B +Σ2-loop

B =

[(
c
(2)
1-loop + c

(2)
2-loop

) 1

ε2
+
(
c
(1)
1-loop + c

(1)
2-loop

) 1

ε

]
r(hBo − E)3r

− 2
(
c
(2)
1-loop + 2c

(2)
2-loop

)
︸ ︷︷ ︸

=0

1

ε
r(hBo − E)3 ln

(
hBo − E

µ̃

)
r+O(ε0). (C.9)

Using the explicit expressions for c(2)1-loop and c(2)2-loop with β0 = 11
3 CA− 4

3TFnf and CA = N , one
observes that the second line is zero and not actually contributing to the divergence. Therefore,
it is enough to consider the leading order term r(hBo −E)3r in the expansion of the operator
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structure also for Σ2-loop
B . In total, the divergence is given by

Σ1-loop
B +Σ2-loop

B = CFV
2
A

{[
α

3π
− α2

36π2

(
CA

(
−47

3
− 2π2

)
+

10

3
TFnf

)]
1

ε
− α2

24π2
β0

1

ε2

}
× r(ho − E)3r+O(ε0). (C.10)

Therefore, the two-loop ultrasoft counterterm in position space reads

δV PS
us = CFV

2
A

{[
α

3π
− α2

36π2

(
CA

(
−47

3
− 2π2

)
+

10

3
TFnf

)]
1

ε
− α2

24π2
β0

1

ε2

}
r(ho − E)3r.

(C.11)

C.2 Operator Identity in Position Space for Rewriting the Ul-
trasoft Counterterm

In this section, we detail the derivation of equation (5.48), which is used in [34, 82] when
deriving the counterterm encoding the ultrasoft running. The identity provides a way to rewrite
the operator r(ho − E)r in terms of the potentials. In this context, it is enough to consider
only the leading potentials in the singlet and octet Hamiltonian, that is

hs =
p2

m
+ V (0)

s and ho =
p2

m
+ V (0)

o , (C.12)

where the momentum operator is given by pk = −i ∂
∂rk

. We defined the difference between the

octet and singlet static potential as ∆V = V
(0)
o − V (0)

s .

As was discussed in section 5.3.1, external factors of positive powers of (hs−E) can be neglected
since they multiply factors 1

(hs−E) from the Green’s functions.

We will use the canonical commutation relation

[ri, pj ] = iδij , (C.13)

which allows to substitute

pkrk = rkpk − i(d− 1), (C.14)
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where we sum over repeated indices. The first term on the right-hand side can be reexpressed
in terms of the absolute value r of r as

rkpk = −irk
∂

∂rk
= −irk

∂r

∂rk

∂

∂r
= −ir ∂

∂r
, (C.15)

where r2 =
∑d−1

i=1 r
2
i . Applying the basic commutation relation (C.13), we obtain the useful

relations

[f(r), pk] = i

(
∂

∂rk
f(r)

)
and [p2, f(r)] = −

(
∂2

∂r2k
f(r)

)
− 2i

(
∂

∂rk
f(r)

)
pk. (C.16)

In order to use the fact that we can neglect external factors of (hs−E), we rewrite the operator
in question as

r(ho − E)r = rk(ho − hs + hs − E)3rk = rk(∆V + hs − E)3rk =

= rk

(
(∆V )3 + (∆V )2(hs − E) + (∆V )(hs − E)(∆V ) + (hs − E)(∆V )2

+ (∆V )(hs − E)2 + (hs − E)(∆V )(hs − E) + (hs − E)2(∆V ) + (hs − E)3
)
rk.

(C.17)

We now move the (still internal) factors of (hs −E) to the furthermost right or left of all other
factors in a suitable manner. As discussed in the main text, this is an ambiguous process from
which we choose one particular procedure.

We first note two general relations:1 Moving one factor of (hs − E) to the right of rk, we get

[. . . ](hs − E)rk = [. . . ][(hs − E), rk] + [. . . ]rk(hs − E) =

= [. . . ][
p2

m
, rk] +O((hs − E)) =

= [. . . ]

(
−2i

m

)
pk +O((hs − E)), (C.18)

1Note that while these relations are true in general, the O((hs − E))-terms can only be neglected if they
are external factors (as, for example, in [. . . ]rk(hs − E) with no further factors to the right). If they appear in
the middle of an expression, they must be considered explicitly.
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where the dots [. . . ] denote any terms to the left of this expression. On the other hand, moving
one factor of (hs − E) to the left of rk, we get

rk(hs − E)[. . . ] = [rk, (hs − E)][. . . ] + (hs − E)rk[. . . ] =

= [rk,
p2

m
][. . . ] +O((hs − E)) =

=

(
2i

m

)
pk[. . . ] +O((hs − E)). (C.19)

Using these considerations, we now rewrite the terms in (C.17). In the following, we use
equal signs to denote expressions that are equal up to terms containing external factors of
O((hs − E)), which we do not indicate explicitly anymore.

rk(∆V )3rk

This term directly produces r2(∆V )3.

rk(∆V )2(hs −E)rk, rk(∆V )(hs −E)(∆V )rk and rk(hs −E)(∆V )2rk

The terms involving two factors of (∆V ) can be rewritten in the form of 1
m -terms: We

use

rk(∆V )2(hs − E)rk = −
2i

m
rk(∆V )2pk, (C.20)

rk(hs − E)(∆V )2rk =
2i

m
pk(∆V )2rk (C.21)
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and symmetrize the term where the factors of (∆V ) appear to both sides of (hs − E):

rk(∆V )(hs − E)(∆V )rk =
1

2

{
(∆V )rk(hs − E)(∆V )rk + rk(∆V )(hs − E)rk(∆V )

}
=

=
1

2

{
(∆V )[rk, (hs − E)](∆V )rk + (∆V )(hs − E)rk(∆V )rk

+ rk(∆V )[(hs − E), rk](∆V ) + rk(∆V )rk(hs − E)(∆V )

}
=

=
1

2

{
1

m
(∆V )[rk,p

2](∆V )rk + [(∆V ), (hs − E)]rk(∆V )rk

+
1

m
rk(∆V )[p2, rk](∆V ) + rk(∆V )rk[(hs − E), (∆V )]

}
=

=
1

2m

{
2i(∆V )pk(∆V )rk + [(∆V ),p2]rk(∆V )rk

− 2irk(∆V )pk(∆V ) + rk(∆V )rk[p
2, (∆V )]

}
. (C.22)

Taking the three terms together, we obtain

rk(∆V )2(hs − E)rk + rk(∆V )(hs − E)(∆V )rk + rk(hs − E)(∆V )2rk =

=
1

m

{
− 2i(∆V )2rkpk + 2ipkrk(∆V )2 + i(∆V )pkrk(∆V )− i(∆V )rkpk(∆V )

+
1

2
[(∆V ),p2]rk(∆V )rk +

1

2
rk(∆V )rk[p

2, (∆V )]

}
. (C.23)

Using pkrk = rkpk − i(d− 1), the terms in the first line of this result simplifies to

− 2i(∆V )2rkpk + 2ipkrk(∆V )2 + i(∆V )pkrk(∆V )− i(∆V )rkpk(∆V ) =

= 3(d− 1)(∆V )2 + 2irk[pk, (∆V )2] =

= 3(d− 1)(∆V )2 + 4(∆V )

(
r
d

dr
∆V

)
(C.24)
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and the second line reduces to

1

2
[(∆V ),p2]rk(∆V )rk +

1

2
rk(∆V )rk[p

2, (∆V )] =

= i(∂rk(∆V ))pkr
2(∆V )− i(∂rk(∆V ))r2(∆V )pk =

= i(∂rk(∆V ))[pk, r
2(∆V )] =

= r2(∂rk(∆V ))2 + 2rk(∂rk(∆V ))(∆V )

=

(
r
d

dr
∆V

)2

+ 2

(
r
d

dr
∆V

)
(∆V ). (C.25)

In total, these three terms yield the contribution

rk(∆V )2(hs − E)rk + rk(∆V )(hs − E)(∆V )rk + rk(hs − E)(∆V )2rk =

=
1

m

{
3(d− 1)(∆V )2 + 6(∆V )

(
r
d

dr
∆V

)
+

(
r
d

dr
∆V

)2}
. (C.26)

rk(∆V )(hs −E)2rk and rk(hs −E)2(∆V )rk

These two terms involving the square of (hs − E) also contribute at order O
(
1
m

)
. In the

first expression, we move both factors of (hs − E) to the right of the other factors, while
in the second term, we move both factors of (hs − E) to the left. This leads to

rk(∆V )(hs − E)2rk = −
2i

m
rk(∆V )(hs − E)pk =

= −2i

m
rk(∆V )[(hs − E), pk] =

= −2i

m
rk(∆V )[V (0)

s , pk] (C.27)

and

rk(hs − E)2(∆V )rk =
2i

m
[pk, V

(0)
s ](∆V )rk. (C.28)

121



Appendix C. Derivation of the Two-Loop Ultrasoft Counterterm

Together, we obtain

rk(∆V )(hs − E)2rk + rk(hs − E)2(∆V )rk =

=
2

m

(
rk(∆V )

(
∂rkV

(0)
s

)
+
(
∂rkV

(0)
s

)
(∆V )rk

)
=

=
4

m
(∆V )

(
r
d

dr
V (0)
s

)
. (C.29)

rk(hs −E)(∆V )(hs −E)rk

While this term also includes two factors of (hs − E), we write it in a way such that it
contributes at order O

(
1
m2

)
. We move the left factor of (hs−E) to the left and the right

one to the right and obtain

rk(hs − E)(∆V )(hs − E)rk =
4

m2
pk(∆V )pk. (C.30)

rk(hs −E)3rk

The last missing term also contributes at order O
(

1
m2

)
. We first move one factor to the

right and one to the left:

rk(hs − E)3rk =
4

m2
pk(hs − E)pk. (C.31)

We then symmetrize the remaining operation, moving 1
2(hs−E) to the left and 1

2(hs−E)

to the right of pk.

rk(hs − E)3rk =
2

m2
([pk, (hs − E)]pk + pk[(hs − E), pk]) =

=
2

m2

(
[pk, V

(0)
s ]pk + pk[V

(0)
s , pk]

)
=

=
2

m2

(
2pkV

(0)
s pk − V (0)

s p2 − p2V (0)
s

)
. (C.32)
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Taking this together with (C.30), we obtain

rk(hs − E)(∆V )(hs − E)rk + rk(hs − E)3rk =

=
2

m2

(
2pk(∆V )pk + 2pkV

(0)
s pk − V (0)

s p2 − p2V (0)
s

)
=

=
2

m2

(
2pkV

(0)
o pk + (∆V − V (0)

o )p2 + p2(∆V − V (0)
o )

)
=

=
2

m2

(
{p2,∆V } − [p, [p, V (0)

o ]]
)

(C.33)

for the terms contributing at order O
(

1
m2

)
.

Taking all terms in equation (C.17) together, we obtain

r(ho − E)r = r2(∆V )3 +
1

m

(
3(d− 1)(∆V )2 + 6(∆V )

(
r
d

dr
∆V

)
+

(
r
d

dr
∆V

)2)
+

4

m
(∆V )

(
r
d

dr
V (0)
s

)
+

2

m2

(
{p2,∆V } − [p, [p, V (0)

o ]]
)
= (C.34)

= r2(∆V )3 +
1

m

[
4∆V

(
r
d

dr
V (0)
s

)
+ (∆V )2(3d− 8)

+ 4∆V

((
r
d

dr
∆V

)
+∆V

)
+

((
r
d

dr
∆V

)
+∆V

)2 ]
+

1

m2

[
−2[p, [p, V (0)

o ]] + 2{p2,∆V }
]
, (C.35)

where, as a final step, we have rewritten the 1
m -terms in a way that includes the combination((

r d
dr∆V

)
+∆V

)
, which is suppressed in ε. This will become obvious in the explicit Fourier

transform of these terms in section 5.3.2. This concludes the derivation of equation (5.48).

C.3 Expanding the Ultrasoft Counterterm in α

We recall the explicit expressions for the static potentials in position space from equation (5.56):

V
(0),PS
s/o/∆ = αc

s/o/∆
1 F2(r) + α2

[
c
s/o/∆
21 F2+2ε(r) + c

s/o/∆
22 F2(r)

]
+O(α3). (C.36)

123



Appendix C. Derivation of the Two-Loop Ultrasoft Counterterm

Plugging this into the identity for the counterterm derived above, we expand the separate
terms to next-to-leading order in α and obtain:

r2(∆V )3 =
[
α3
(
c∆1
)3

+ α43
(
c∆1
)2 (

c∆22
)]
r2F2(r)

3 + α43
(
c∆1
)2 (

c∆21
)
r2F2(r)

2F2+2ε(r)

+O(α5), (C.37)

∆V

(
r
d

dr
V (0)
s

)
=
[
α2
(
c∆1
)
(cs1) + α3

((
c∆1
)
(cs22) +

(
c∆22
)
(cs1)

)]
F2(r)

(
r
d

dr
F2(r)

)
+ α3

(
c∆1
)
(cs21)F2(r)

(
r
d

dr
F2+2ε(r)

)
+ α3

(
c∆21
)
(cs1)F2+2ε(r)

(
r
d

dr
F2(r)

)
+O(α4), (C.38)

(∆V )2 =
[
α2
(
c∆1
)2

+ α32
(
c∆1
) (
c∆22
)]
F2(r)

2 + α32
(
c∆1
) (
c∆21
)
F2(r)F2+2ε(r) +O

(
α4
)
,

(C.39)

(∆V )

(
r
d

dr
∆V +∆V

)
=
[
α2
(
c∆1
)2

+ α32
(
c∆1
) (
c∆22
)]
F2(r)

(
r
d

dr
F2(r)

)
+ α3

(
c∆1
) (
c∆21
){
F2(r)

(
r
d

dr
F2+2ε(r)

)
+ F2+2ε(r)

(
r
d

dr
F2(r)

)}
+
[
α2
(
c∆1
)2

+ α32
(
c∆1
) (
c∆22
)]
F2(r)

2 + α32
(
c∆1
) (
c∆21
)
F2(r)F2+2ε(r) +O

(
α4
)
,

(C.40)(
r
d

dr
∆V +∆V

)2

=
[
α2
(
c∆1
)2

+ α32
(
c∆1
) (
c∆22
)](

r
d

dr
F2(r)

)2

+ α32
(
c∆1
) (
c∆21
)(

r
d

dr
F2(r)

)(
r
d

dr
F2+2ε(r)

)
+
[
α22

(
c∆1
)2

+ α34
(
c∆1
) (
c∆22
)]
F2(r)

(
r
d

dr
F2(r)

)
+ α32

(
c∆1
) (
c∆21
){
F2(r)

(
r
d

dr
F2+2ε(r)

)
+ F2+2ε(r)

(
r
d

dr
F2(r)

)}
+
[
α2
(
c∆1
)2

+ α32
(
c∆1
) (
c∆22
)]
F2(r)

2 + α32
(
c∆1
) (
c∆21
)
F2(r)F2+2ε(r) +O

(
α4
)
,

(C.41)

[p, [p, V (0)
o ]] = (α (co1) + α2 (co22))[p, [p,F2(r)]] + α2 (co21) [p, [p,F2+2ε(r)]] +O(α3), (C.42)

{p2,∆V } = (α
(
c∆1
)
+ α2

(
c∆22
)
){p2,F2(r)}+ α2

(
c∆21
)
{p2,F2+2ε(r)}+O(α3). (C.43)
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C.4 Fourier Transform of the Individual Structures in the Coun-
terterm

In table C.1, we list the Fourier transforms of the individual structures in position space
appearing in the expressions above. Table 5.1 in the main text provides the relations needed
for this calculation. The functions Fn(r) and f(n) were defined in equation (5.55) and read

Fn(r) = f(n)µ̃2εr−d+1+n = f(n)µ̃2εr−3+n+2ε, where f(n) = 2−nπ−
d−1
2

Γ
(
d−1
2 − n

2

)
Γ
(
n
2

) .

(C.44)

Table C.1: Fourier transforms of r-dependent structures appearing in the counterterm.

Position Space Momentum Space

r2F2(r)
3 = µ̃6εf(2)3r−1+6ε µ̃4ε f(2)3

f(2+4ε)
1

|q|2+4ε

r2F2(r)
2F2+2ε(r) = µ̃6εf(2)2f(2 + 2ε)r−1+8ε µ̃4ε f(2)

2f(2+2ε)
f(2+6ε)

1
|q|2+6ε

F2(r)
(
r d
drF2(r)

)
= µ̃4εf(2)2(−1 + 2ε)r−2+4ε µ̃2ε(−1 + 2ε) f(2)2

f(1+2ε)
1

|q|1+2ε

F2(r)
(
r d
drF2+2ε(r)

)
= µ̃4εf(2)f(2 + 2ε)((−1 + 4ε)r−2+6ε µ̃2ε(−1 + 4ε)f(2)f(2+2ε)
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Using these relations together with the results from the previous section, we determine the full
Fourier transformed terms in the counterterm up to two-loop:

For the term r2(∆V )3, we obtain

r2(∆V )3 −→ α3C3
∆(4π)

3 f(2)3
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+O(α5). (C.45)
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The terms suppressed in 1
m yield
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r
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C.4. Fourier Transform of the Individual Structures in the Counterterm

Adding all of these 1
m -terms as in the counterterm, we obtain

1
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The terms suppressed by 1
m2 are given by

[p, [p, V (0)
o ]] −→ αCo(4π) + α2
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{p2,∆V } −→ αC∆(4π)
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In the counterterm, these terms correspond to

1
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[
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Putting all contributions together, we obtain the following expression for the two-loop counter-
term in momentum space up to NLO in α:

δVus = CFV
2
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. (C.54)

In section 5.3.2, these expressions are quoted from here at leading order in α.

C.5 Constraint for the Two-Loop Counterterm

Finally, we show that the two-loop counterterm (C.11) actually fulfils the constraint

0 = −2α(µ(us))
∂

∂α(µ(us))
Z

(2)
V + α(µ(us))β

(
α(µ(us))

)
Z

(1)
V + µ(us)

dOV
dµ(us)

∂

∂OV
Z

(1)
V (C.55)
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C.5. Constraint for the Two-Loop Counterterm

(cf. equation (5.84)) at the relevant order. This is easiest seen in position space, where we read
off the coefficients

Z
(1),PS
V = CFV

2
A

[
α(µ(us))

3π
−
α2(µ(us))

36π2

(
CA

(
−47

3
− 2π2
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+

10

3
TFnf

)]
OV , (C.56)

Z
(2),PS
V = −CFV 2

A

α2(µ(us))

24π2
β0OV . (C.57)

Counting p ∼ mα and r ∼ 1
mα in the explicit expression for OV deduced in section 5.3.1 (see

equation (5.48)), we deduce that the operator OV scales like α4(µ(s)). Considering the terms
in the constraint separately, we observe

−2α(µ(us))
∂

∂α(µ(us))
Z

(2)
V =

α2(µ(us))

6π2
β0CFV

2
AOV +O(α7), (C.58)

α(µ(us))β
(
α(µ(us))

)
Z

(1)
V = α(µ(us))

(
−
α(µ(us))

2π
β0

)
CFV

2
A

1

3π
OV +O(α7), (C.59)

µ(us)
dOV
dµ(us)

∂

∂OV
Z

(1)
V = O(α8). (C.60)

The first two lines cancel, and the third term contributes only beyond the order we are
considering, which confirms that the constraint is fulfilled at leading order. The last line calls
for some more details: As can be inferred from the explicit counterterm (C.54), the ultrasoft
scale µ(us) first appears explicitly in the potentials (and thus in OV ) at the level of V(3)C , V(2)1/m,

V(1)
1/m2 , and V(1)p . In position space, this corresponds to a contribution from the potentials at

order α5. These potentials are contained in ho in OV , which includes ho to the third power.
To get the leading term explicitly dependent on µ(us), we pair the potentials containing it with
two powers of the leading order Coulomb potential, each scaling like α2. Finally, accounting
for the two factors of r ∼ 1

mα in OV and the overall factor of α in Z(1),PS
V , we deduce that the

last line starts contributing only at order O(α8).
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Appendix D

Details on the Numerical
Implementation

This section details the implementation of the analytical RG improvement of the R-ratio into
the TTbarXSection code. The resulting code has been used to obtain the numerical results
presented in chapter 6.

The main quantity encoding the RG correction at NLL is the correction c(1),RG
v to the coefficient

of the non-relativistic current. It is introduced as QCDc1RG in the TTbarConstants file. For
further analysis of the convergence of the reexpanded log-series, we have also defined the
variable QCDc1RGTrunc[n], which denotes the reexpanded log-series truncated after the term
αn(µ). That is, QCDc1RGTrunc[1] only includes the α× ln

(
µ2

µ2h

)
-term, which corresponds to

the NNLO logarithm. In the code TTbarXSection, this is implemented up to n = 6.

The NLL correction is implemented in the following way:

• SetQCDConstants now also sets c1RG->QCDc1RG and c1RGTrunc->QCDc1RGTrunc to the
expressions given in TTbarConstants.

• The Scales in the input parameters of TTbarXSection now also need to allow for
inputting the hard scale µh. The syntax is the following:

– If only one scale is input, either as Scales = mus or as Scales = {mus}, the input
value is set for muweak=musoft as before the implementation of the NLL expression.
In this case, muhard is not set.

131



Appendix D. Details on the Numerical Implementation

– If two scales are input in single brackets (Scales = {mus, muw}), it is assumed
that no resummation is asked for and (as before the implementation of the NLL
expression) {musoft, muweak} are set as the input values, while again muhard is
not set.

– For setting also the hard scale µh, we introduce additional brackets: Scales =

{{mus, muw}, {muh}} is the syntax for setting all scales individually, while Scales

= {{mus}, {muh}} uses the same value for mus and muweak.

• The input parameter Order->{order,pot} of the function TTbarXSection has been
changed to Order>{order,logorder,pot}. The options for logorder are "None" (de-
fault), "NLL", or "NLLTrunc1", . . . , "NLLTrunc6". We have also defined corresponding
factors LogOrder, LogOrderTrunc1,. . . ,LogOrderTrunc6 which are set to one if the re-
spective contribution is called for when evaluating the TTbarXSection-function, while
the rest is set to zero. Using the option "None" sets all factors to zero.

• We have defined the term HWCNLORG, which is added to HWCNLO in the PertOrder[1]-term
of PiV. It encodes the corrections c1RG or c1RGTruncn, which are then multiplied by the
LogOrder-factors defined above.

The terms subtracting otherwise double counted NLL logarithms (cf. equations (5.152)-
(5.155)) are given by substituting HWCNNLO in the PertOrder[2]-term of PiV by (HWCNNLO
+ HWCNNLOSub), where the latter contains the (negative of the) large log, and the same for
HWCNNNLO, which is replaced by (HWCNNNLO + HWCNNNLOSub) in the PerOrder[3]-term. Addi-
tionally, the large logarithms contained in δ3G(E) are subtracted from GreenFunctionNNNLO

and USCorr. Note that the subtraction for the third-order terms is only switched on when the
options "NLL" or "NLLTrunc2", . . . , "NLLTrunc6" are used, but not for "NLLTrunc1", which
only reproduces the second-order logarithm.
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