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Abstract

Microtubule-motor mixtures are a prime example of how living matter self-organises into
complex structures emerging from interactions between relatively simple constituents. Re-
cently, experimental advances [1] found a novel non-equilibrium phase of matter in these
mixtures known as active foams, consisting of a bilayer network that experiences continu-
ous reconfiguration. Inspired by these results, we extend previously developed methods to
rigorously derive continuum equations from microscopic models by considering asymmetric
polar/antipolar interactions with antiparallel sliding. We find a transition linking radially
symmetric micelles and active bilayer networks that crucially relies on the asymmetry of
the interaction as well as the inhomogeneity of free motors. Moreover, we inspect the
mechanisms that lead to the emergence of length scales and instabilities in the system,
which allows us to characterise the branching instability occurring in the micelle-foam
transition. Our work demonstrates the link between microscopic interactions and meso-
scopic pattern formation and paves the way for higher-level theoretical studies on active
foams.





Contents

1 Introduction 1

2 From Microscopy to Mesoscopy 5

2.1 Setting up the microscopic model . . . . . . . . . . . . . . . . . . . . . . . . 6

2.1.1 Interaction rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.1.2 Choosing an interaction kernel . . . . . . . . . . . . . . . . . . . . . 7

2.1.3 Motor anisotropy on two scales . . . . . . . . . . . . . . . . . . . . . 8

2.2 The Boltzmann-Ginzburg-Landau formalism . . . . . . . . . . . . . . . . . . 12

2.2.1 The kinetic equation . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.2.2 Expansion in angular Fourier modes . . . . . . . . . . . . . . . . . . 15

2.2.3 The spatially homogeneous system . . . . . . . . . . . . . . . . . . . 15

2.2.4 Defining a closure scheme . . . . . . . . . . . . . . . . . . . . . . . . 19

2.2.5 Diffusion and excluded volume terms . . . . . . . . . . . . . . . . . . 21

2.2.6 Performing the collision integrals . . . . . . . . . . . . . . . . . . . . 23

2.3 Mesoscopic continuum equations . . . . . . . . . . . . . . . . . . . . . . . . 25

2.3.1 Nematic dominance . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.3.2 Polar dominance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3 Micelles and Foams 29

3.1 Phase diagram of the derived model . . . . . . . . . . . . . . . . . . . . . . 30

3.1.1 The micelle-foam transition . . . . . . . . . . . . . . . . . . . . . . . 30

3.1.2 The role of antipolar sliding and anisotropy . . . . . . . . . . . . . . 32

3.1.3 The motor Peclét number . . . . . . . . . . . . . . . . . . . . . . . . 35

3.1.4 The excluded volume strength α . . . . . . . . . . . . . . . . . . . . 37



CONTENTS

3.2 Understanding the terms in the equations . . . . . . . . . . . . . . . . . . . 38

3.2.1 Terms in the density equation . . . . . . . . . . . . . . . . . . . . . . 38

3.2.2 Terms in the polarisation equation . . . . . . . . . . . . . . . . . . . 39

3.3 The phenomenological model . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.3.1 Phenomenological active foams . . . . . . . . . . . . . . . . . . . . . 43

3.4 Profiles and length scales . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.4.1 Bilayer profile . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.4.2 Micelle profile . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.4.3 Length scales in the derived model . . . . . . . . . . . . . . . . . . . 57

3.5 Linear stability analysis of homogenous states . . . . . . . . . . . . . . . . . 58

3.5.1 LSA of the disordered state . . . . . . . . . . . . . . . . . . . . . . . 58

3.5.2 LSA of the homogeneous ordered state . . . . . . . . . . . . . . . . . 59

3.5.3 Instabilities in the derived model . . . . . . . . . . . . . . . . . . . . 64

3.6 Micelle instabilities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

3.6.1 LSA of radially symmetric solutions . . . . . . . . . . . . . . . . . . 67

3.6.2 Micelle instabilities in simulations . . . . . . . . . . . . . . . . . . . 69

4 Discussion and Outlook 73

Bibliography 77

Appendix 81

A.1 Ordering transitions in the derived model . . . . . . . . . . . . . . . . . . . 81

A.2 Example of a collision integral with spatial dependence . . . . . . . . . . . . 82

A.3 Coefficients in the Derived Model . . . . . . . . . . . . . . . . . . . . . . . . 85

A.4 Equations in polar coordinates . . . . . . . . . . . . . . . . . . . . . . . . . 86



Chapter 1

Introduction

A fascinating property of life is its ability to self-organise into more and more complex
structures in a hierarchical manner. On each level of this hierarchy, elementary constitu-
ents interact among each other to give rise to functional collective behaviour at a larger
scale [2]. During gene expression, amino acids are assembled to form proteins, which con-
stitute the fundamental building block of life. Proteins engage in chemical reactions and
exert mechanical forces, forming the machinery that is capable of providing the cell with
the innumerable functions it needs to perform. Cells form tissues, tissues build organs
and finally macroscopic organisms. While the self-organisation of each structure on this
hierarchy relies on its elementary constituents, attempting to trace the complexity of liv-
ing systems back to the most fundamental level would not only be frustratingly difficult,
but also not particularly useful. Indeed, it is the study of how new mechanisms emerge
on each scale that provides the deepest understanding of biological complexity. This is a
consequence of the hierarchical nature of self-organisation.

A spectacular example of self-organisation on the cellular level is the mitotic spindle found
in animal cells [3, 4]. During cell division, this adaptive machine is assembled from mi-
crotubules and molecular motor proteins in order to segregate chromosomes into the two
daughter cells. Microtubules are hollow polymers built from tubulin dimers. They have
an intrinsic polarity, exhibiting a plus end that can rapidly grow and shrink, as well as a
more stable minus end. A wide variety of motor proteins can bind to the microtubules,
in some cases crosslinking two filaments by binding to them simultaneously. Some of the
molecular motors can walk in a directional manner along the microtubules. For most types
of motors, the walking direction is fixed, i.e. they always walk towards the plus end or the
minus end. By walking along the filaments, the motors can generate forces, which allow
them to slide microtubules with respect to each other, leading to alignment and polarity
sorting. The interaction that emerges between microtubules in this way, mediated by
molecular motors, is one of the mechanisms driving mitotic spindle assembly.

The complexity of the assembly process is staggering. The microtubules in the spindle are
dynamic, i.e. they undergo constant polymerisation and depolymerisation, while the mo-
tors appear in a large number of forms, exhibiting different behaviours and functions that
are partly overlapping and partly competing. This complexity gives rise to a very robust
spindle, which is able to undergo self-healing as well as fusion with other spindles [2]. Ex-
periments in living cells, however, are quite difficult to control. To achieve greater freedom
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FIG. S12. At high MT concentrations, the mixture coarsens into an active foam. (a) Maximum intensity projection over 10 µm
in z of an entire chamber of foam. (b) zoom in (c) Z-stack of 6.5 µm z-projection slices with an additional 6.5 µm in between
each slice, showing the 3D structure of a bilayer foam.

Nature © Macmillan Publishers Ltd 1997

letters to nature

NATURE | VOL 389 | 18 SEPTEMBER 1997 307

described structural elements, asters and vortices. The final patterns
depend on the initial concentrations of molecular components: a
twofold variation in the concentration of kinesin, included in the
same solution of assembling microtubules, results in quite different
patterns (Fig. 3). At low motor concentrations a lattice of vortices
forms, but at slightly higher kinesin concentrations lattices of asters
can be observed. Although the asters obtained in our simplified
systems are similar to those observed in cells or cellular extracts, the
precise dynamical parameters characterizing bothmicrotubules and
motors are very different. When two neighbouring asters overlap
sufficiently, they can merge, and this process may determine the
final distance between the asters. Finally, at even higher motor
concentrations, a distinct state is achieved in which the microtu-
bules form bundles. This process is sensitive to the microtubule
nucleation rate, and depends on the ionic conditions.
We have shown that the dynamics of microtubules and motors

has to be controlled for a desired structure, such as an aster or a
vortex, to be obtained. In our simplified systems this is achieved by
controlling the motor and tubulin concentrations. However, in the
cellular context the choice of different structures does not necessa-
rily involve the precise variation of relative protein concentrations,
but rather the control of their activities. The cell can control the
action of motors and the dynamics of microtubule assembly
through various regulatory processes, such as covalent modifica-
tions and binding of associated proteins21,22.
The self-organization we have observed can be compared to the

pattern formation encountered in simple physical systems23, in
which a variety of structures has been formed far from thermal
equilibrium from a homogeneous solution of proteins and from a
gel of fibres, connected through non-covalent dynamic crosslinks.
The energy dissipated in these structures is injected into the system
through ATP and GTP hydrolysis24. From this point of view, the
situation is reminiscent of patterns formed in chemical reactions23.
The use of protein components, however, means that there is the
possibility of additional control at the molecular level. A complete
characterization of the phenomena described here should really
include an evaluation of all the relevant time and length scales, and
the determination of the out-of-equilibrium phase diagrams.
These simplified experiments show that the basic structural

‘vocabulary’ used by the cell is extremely rich. By using just two
basic components and simple local rules of interaction, we obtained
a large variety of assembled structures. By extending our system as
to include other interacting components, such as nucleation centres
for microtubules or different motors, it will be possible to explore
the conditions and the components needed for the formation other

structures. Another direction of study would be to introduce some
elements of regulation, making it possible to search for rules
underlying the choice of different ‘words’ from this large ‘vocabulary’
of self-organized structures. !
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Methods

Proteins. Recombinant kinesin K401-bio, consisting of 401 amino acids of the
N-terminal motor domain of the heavy chain ofD. melanogaster kinesin linked
to the BCCP sequence of Escherichia coli, was expressed in E. coli and purified25.
These recombinant kinesins form biotinylated active dimers25, which can then
be joined by adding streptavidin26 (Molecular Probes). A solution of motor
constructs was obtained by mixing streptavidin and purified K401-bio, giving
final concentrations of 30!gml−1 and !150!gml−1, respectively. Complex
formation was verified by gel filtration and light scattering. Tubulin was
purified from bovine brain6; the stock solution was at !15.3mgml−1 in storage
buffer (80mM PIPES and KOH to pH 6.8, 2mM MgCl2, 1mM EGTA).
Assay with stabilized microtubules. To polymerize microtubules, a solution
containing 1.25mgml−1 tubulin, 1mM GTP, 1% DMSP in storage buffer was
kept at 37 !C for 15min, and taxol was then added to a final concentration of
20!M. Polymerizedmicrotubules were kept at room temperature. To start self-
assembly, polymerized microtubules, motor constructs and ATP solution were
mixed to give final concentrations of 0.27mgml−1 tubulin, 50!gml−1 K401-
bio, 10!gml−1 Streptavidin, 1.4mM ATP, 0.6mM GTP, 7.7mM MgCl2,
4.3mM KCl, 1mM EGTA, 27!gml−1 "-casein (Sigma), 0.3% DMSO, 20!m
taxol, 80mM PIPES/KOH to pH 6.8. This mixture was immediately examined
bymicroscopy. Kinesin K401-biomovesmicrotubules with typical speeds up to
!0.8!ms−1 in motility assays (data not shown). We have varied the relative
amount of streptavidin to kinesin and found that the maximum activity in
motility assays is observed at a stochiometric ratio of approximately four K401-
bio dimers per streptavidin tetramer; this ratio was used for all experiments.
The precise ratio of active kinesins per streptavidin might vary to some extent
in our experiments owing to some variability of the kinesin activity of different
purifications. All experiments were performed several times and the resulting
structures were found to be reproducible. No asters are formed without
streptavidin or with toomuch streptavidin. In the absence of ATP, a crosslinked
gel of microtubules forms not showing any further temporal evolution.
Assay with non-stabilized, dynamic microtubules. A mixture of purified
(unpolymerized) tubulin, motor constructs and nucleotides was now used.
Apart from an increased tubulin concentration of 5.1mgml−1 and absence of
taxol, all other concentrations were kept as in the assay with stabilized
microtubules, unless specified otherwise. Polymerization of microtubules was
started by heating the sample to 37 !C on the microscope.
Glass cleaning and coating. VWR-brand 24 # 60mm no. 1 coverslips were
cleaned by three rounds of sonication in a hot solution (!80 !C) of 10%
detergent VWR-Extran 1000 in de-ionized water, followed by 5 rounds of

Figure 3 Different large-scale patterns formed through

self-organization of microtubules and motors. Initially

uniform mixtures of proteins were heated to 37 !C, and

patterns resulting after 7min are shown at equal

magnification. The samples differ in kinesin

concentration. a, A lattice of asters and vortices

obtained at !25 !gml−1 kinesin. b, An irregular lattice

of asters obtained at !37.5 !g ml−1 kinesin. c, Micro-

tubules form bundles at !50 !g ml−1 kinesin (scale bar,

100 !m). Insert, at higher magnification (scale bar,

10 !m). d, A lattice of vortices obtained at $15 !g ml−1

kinesin.b) Aster network
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casein or bovine serum albumin had been adsorbed, between cov-
erslips covalently modified with poly(ethylene glycol), and in the 
center between plain glass coverslips (data not shown). These ob-
servations showed that pineapples self-organized, and their assem-
bly did not depend on surface-bound factors.

Assembly time course
Figure 2 illustrates typical time courses of assembly, which could be 
informally broken down into a series of events. At the earliest stages 

without surface constraints. Figure 1F shows a reaction that was as-
sembled in a tube, diluted into Taxol-containing buffer at 60 min, 
squashed between coverslips, and immediately imaged. Pineapple 
width, after squashing, was comparable to the same reaction as-
sembled between coverslips. Assemblies formed in solution were 
presumably cylindrical or spherical and were unpredictably distorted 
by being flattened for imaging. We also explored different coverslip 
treatments for assembly between glass surfaces. Assembly was 
qualitatively similar when performed between coverslips to which 

FIGURE 1: Pineapple assembly. (A) Typical field 1 h after addition of 5 µM Taxol and 5% DMSO to meiotic HSS 
containing tubulin (green) and NUMA (red) probes; 20r wide-field imaging. Note formation of similar assemblies 
across the whole field, comprising paired lines of microtubule bundles with NUMA aligned on the outside. (B) Round 
assemblies with open centers resembled a slice of canned pineapple (^2 h of assembly, 20r wide field). Tubulin 
(green), NuMA (red). (C) A 40r confocal image at 90 min showing localization of Aurora B (red) on the inside and 
NUMA (blue) on the outside. Note global alignment of both types of foci on curved planes, which appear as lines in 
optical sections. (D) A 100r confocal image taken at 90 min showing one side of an open assembly. NUMA (blue) was 
on the outside as usual. Both NUMA and Aurora B (red) accumulate at foci. Aurora B foci are smaller and more 
numerous. (E) Pineapple assembly in C-HSS, which is completely free of organelles; 120 min, 20r wide field. Tubulin 
(green), NUMA (red). (F) Pineapple assembly in solution. This image was taken by assembly in solution for 1 h, 
followed by 20r dilution into a Taxol-containing buffer without DMSO, squashing between a slide and coverslip, and 
imaging within ^5 min (40r confocal). Other examples are shown in Figure 4. NUMA (blue), Aurora B (red), tubulin 
(green).

a) Micelle with open centre c) Active foam

Figure 1: a) Micelles with open centre in Xenopus meiotic extract, adapted with permission from
[5]. NUMA (in red) accumulates at the minus ends of microtubules (shown in green). b) Network
of asters in mixture of microtubules and kinesin clusters, adapted with permission from [6]. c) 2d
slice of an active foam in microtubule-motor mixture, adapted with permission from [1]. The edges
of the foam are bilayers where kinesin-4 (in blue) accumulates and microtubules (in black) have
inward-pointing plus ends.

in changing experimental parameters while retaining high complexity, one approach is to
inspect cytoskeletal pattern formation in cell-free extract systems. In 1992, Sawin et al. [7]
could verify that the mitotic spindle is able to form in Xenopus egg extract when adding
chemicals that stabilise microtubules (i.e. stop depolymerisation), but that the spindle
fails to form when anti-kinesin-5 antibodies are added to the system, suggesting that the
motors are essential for pattern formation. Sometimes, new patterns are observed: in [5],
meiotic Xenopus egg cytosol was investigated. The experiment showed the formation of
interconnecting bilayer-like structures, as well as round micelles with centres depleted of
microtubules (see Fig. 1a).

Another approach is to design in vitro experiments from scratch, selecting a low number
of constituents to verify which ingredients are necessary to reproduce the patterns seen in
living cells. In 1997, Nédélec et al. [6] found that aster-like patterns formed in mixtures
of kinesin motor clusters and stabilised microtubules. These asters (shown in Fig. 1b)
had radial symmetry, with the plus ends of the filaments clustering in the centre and the
minus ends extending outward. This reproduced a pattern found in the mitotic spindle,
where aster-like structures form at the poles, albeit with opposite polarity, since the aster
formation in the cell is driven by motors walking into the other direction.

In addition to reproducing biological pattern formation, the synthetic approach allows to
explore a much larger phase space compared to the one realised in vivo. Thus, it allows
to design simple experimental realisations of theoretical models, allowing for quantitative
tests that can rarely be performed in living cells. Furthermore, bioinspired synthetic
systems provide the opportunity to discover new phenomena, that can give fundamental
insights into principles of non-equilibrium physics [2].

Recently, Lemma et al. [1] designed an experiment combining stabilised microtubules
and plus-end-directed kinesin-4 motors in a three-dimensional chamber. They observed a
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plethora of active states in dependence on the microtubule density. At low densities, the
microtubules organised into asters with kinesin-rich cores. Increasing the tubulin concen-
tration, the asters gave way to contracting gels that over time generated 2d flat bilayer
sheets, with microtubules oriented in opposite directions normally to the sheet. At even
higher tubulin concentrations, the contracting gel showed surface roughening, where at the
interface the initially forming monolayer with perpendicular microtubules developed spher-
ical cavities. Finally, at the highest tubulin concentrations probed, the initially ordered
homogeneous state became unstable, forming condensates with roughening monolayer sur-
faces. When two monolayers met, they formed bilayers, that later connected among each
other to form a large-scale network. This bilayer-based foam-like network continuously
rearranged over time, so the authors called it active foam (see Fig. 1c).

Inspired by these experimental results, the goal of this thesis is to develop a theory for
microtubule-motor mixtures. There are several ways one could approach this task. In a
phenomenological perspective, one writes down a continuum theory for the microtubule
and motor densities, as well as the order parameter(s) of interest, including all terms al-
lowed by symmetry. This is the approach taken by Lee and Kardar in [8], where they
formulate a theory including the motor density and a polarisation field that undergoes
Ginzburg-Landau ordering. While these theories have the advantage of having high gener-
ality, they fail to provide a microscopic explanation for the phenomena they can reproduce.
If this is to be achieved, the formulation of a microscopic interaction model is needed.

Two interactions between microtubules are particularly relevant: the antiparallel sliding
of microtubules, which leads to the separation of filaments pointing in opposite directions,
and the clustering of the ends of a certain type, which aligns the tips of two parallel
microtubules together [3, 9]. It has been shown that the same type of motor molecule
can perform these two tasks. For example, the tetrameric motor kinesin-5, which is able
to walk on two filaments simultaneously, can align microtubules in an antiparallel fashion
and then slide them with respect to each other, or orient them in a parallel way while
aligning their plus ends together, depending on their relative orientation [10]. Similarly,
kinesin-4 can align plus ends together, as well as induce sliding of antiparallel filaments,
at least in presence of PRC1 crosslinkers. Importantly, the antiparallel sliding does not
have to be complete, i.e. fully separate the two filaments, since crowding effects in the
overlapping area lead to stalling before the plus ends can meet [11].

These considerations suggest that a full theory of motor-mediated filament-filament inter-
actions should include both polar and antipolar interactions, in dependence on the initial
intersection angle. While early models, like the one by Aranson and Tsimring [12, 13],
considered only polar interactions, both kinds of interactions are mixed in the model by
Maryshev et al. [14]. This model considered a fully symmetric interaction, which aligns
filaments in a parallel way for acute angles and in an antiparallel way for obtuse ones. This
leads to a nematic order transition. At least some patterns seen in experiment, however,
are inherently polar, like the bilayers in [1]. Hence, it seems reasonable to generalise these
models by allowing both polar and antipolar interactions with a tuneable bias towards one
or the other. For self-propelled particles, such a model was proposed in [15].

Once a microscopic model has been formulated, one option is to perform agent-based
simulations. However, for large numbers of particles, this rapidly becomes computationally
expensive. Moreover, the analytical tools that can be applied to an agent-based model are
limited. Thus, the approach we follow is to coarse-grain the microscopic model and derive a
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continuum description in terms of the slow variables of the system, i.e. the conserved fields
(the microtubule and motor densities) as well as the order parameter close to the threshold
of the ordering transition [16]. There are several methods to derive such equations from
microscopy.

One of these is the Smoluchowski approach, which starts from Langevin equations for the
position and orientation of the N particles, from which an N -body Fokker-Planck equa-
tion is derived. This is reduced to a Smoluchowski equation for the single-particle PDF,
from which the equations for the slow variables are extracted [16, 17]. The Smoluchowski
approach was applied to microtubule-motor mixtures by several authors [18–22]. These
models all take into account the possibility of polar and antipolar interactions, and an in-
homogeneous motor density is included in [21]. However, only [22] inspected the nonlinear
equations by means of numerical simulations, which were limited to densities below the
ordering threshold.

Another way of deriving coarse-grained equations is the Boltzmann-Ginzburg-Landau
(BGL) formalism used in [12–14, 17, 23–25]. This approach starts from a kinetic equa-
tion for the single-particle PDF. Interactions are assumed to take place instantly, unlike
in the Smoluchowski approach. While this might be less realistic, the BGL formalism
requires a smaller number of parameters to describe the interaction rules compared to the
Smoluchowski approach, and these parameters provide an easier physical interpretation.
This is the motivation that led us to choose this approach to develop our theory.

In the first part of the thesis, throughout chapter 2, we formulate a microscopic model
that takes into account the properties of motor-induced interactions discussed above. In
particular, we mix polar and antipolar interactions depending on the initial intersection
angle, and we introduce a tuneable parameter to control the strength of the antipolar slid-
ing. We discuss two levels of interaction anisotropy, one arising due to the inhomogeneous
profile of bound motors, and one due to the inhomogeneous distribution of free motors
across the system. Then, we apply the BGL formalism to our model and obtain continuum
equations for the density and the order parameter, which will be polar or nematic order
depending on the bias towards a polar interaction.

In the second part of the thesis, in chapter 3, we investigate the derived model using
numerical simulations, and inspect its phase diagram, which features micelles, bilayers and
active foams. Then, we discuss the effect of the terms in the equations on the dynamics
and generalise the model to a phenomenological set of equations. We derive expressions
for the stationary profiles of the bilayers and the micelles as well as the length scales
emerging in these solutions, verifying our predictions by means of the phenomenological
model. Finally, we discuss the stability of the homogenous state as well as the micelles, and
discuss the role of the instabilities in the topology of the phase diagram of our continuum
model.



Chapter 2

From Microscopy to Mesoscopy

The goal of this chapter is to coarse-grain a microscopic interaction model to obtain a
description for microtubule-motor mixtures in terms of continuous fields. A continuum
description is advantageous to study collective behaviour in many-particle systems, since
it provides equations for the quantities of interest – the density and the order parameters
– that are much easier to treat both analytically and numerically compared to agent-based
models. Indeed, a hydrodynamic description makes it possible to use techniques from the
theory of differential equations and to identify simple mechanisms in the equations that
lead to the emergence of complex behaviour. Furthermore, it’s certainly less cumbersome
to simulate a handful of equations than a very large number of interacting agents. For
many problems a rigorous derivation of hydrodynamic equations is highly challenging,
if not impossible. In our case, however, such a derivation can be performed, with the
right assumptions and approximations, by making use of the Boltzmann-Ginzburg-Landau
formalism.

The first step in the coarse-graining procedure is to set up a microscopic model that takes
into account the main characteristics of the interaction between microtubules mediated by
molecular motors. It will be necessary to define the nature of the interaction, which we do
in section 2.1.1, as well as the dependence of the interaction rate on the initial configuration
of the microtubules, which we encode into an interaction kernel in section 2.1.2. We refine
this kernel by taking into account inhomogeneities of the motor concentration both on
individual microtubules and across the system in section 2.1.3.

Once the microscopic model has been constructed, we are ready to apply the Boltzmann-
Ginzburg-Landau formalism. The fundament of this formalism is the kinetic equation,
which determines the time evolution of the single-particle probability density function
(PDF) for the microtubule configurations. We set up this equation in sec. 2.2.1. The
fields of interest are the Fourier components of this PDF, as discussed in sec. 2.2.2. In
sec. 2.2.3, we analyse the system neglecting the spatial dependence of the PDF. This allows
us to determine which Fourier modes show exponential growth, which we identify as the
slow variables of the system close to the threshold. We will find that there is a parameter
regime for which the dominant order is nematic, as well as a regime where polar order
dominates. Next, in sec. 2.2.4, we define a closure scheme that allows us to neglect higher-
order Fourier modes consistently. This gives us all the necessary tools to reintroduce
spatial dependence and derive the full equations. The terms arising due to diffusion and

5
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steric interactions are derived in 2.2.5, while the derivation of those emerging from the
motor-mediated interaction is discussed in sec. 2.2.6. Finally, the resulting hydrodynamic
equations for the nematic and polar regimes are detailed in sec. 2.3.

2.1 Setting up the microscopic model

2.1.1 Interaction rules

We model the microtubules as ideal, perfectly rigid rods. Thus, their only degrees of
freedom are the position of their midpoints r and their orientation, which in 2d can be
described by a single angle φ. Furthermore, we assume all rods to be of fixed length L,
excluding any variation in length within the microtubule population. This means that the
microtubules are stabilised, i.e. they do not undergo polymerisation and depolymerisa-
tion as they would in a cell environment [3]. However, investigating the role of different
microtubule lengths is an interesting question to be tackled in further research.

Two microtubules can interact through the action of molecular motors. In the following,
we denote the initial orientations of the two microtubules by φ1,2 and the initial positions
of their midpoints by r1,2. We define:

ω := φ2 − φ1, (2.1)

s := r2 − r1. (2.2)

When an interaction takes place, the microtubules are aligned along the same axis. A
polar interaction aligns them in a parallel way, while an antipolar interaction results in an
antiparallel configuration. Inspired by experimental findings [10, 11], in our model the type
of interaction is determined by the initial angle between the microtubules: we introduce
a critical angle ωc, such that the final configuration is parallel for ω ∈ (−ωc, ωc) mod 2π
and antiparallel for ω ∈ (ωc, 2π − ωc) mod 2π. Thus, the collision rule for the angles can
be written as follows:(

φ′1
φ′2

)
=

(
1/2 1/2
1/2 1/2

)(
φ1

φ2

)
+ χapol(ω) sgnω

(
−π/2
π/2

)
, (2.3)

where φ′1,2 are the final configurations of the two microtubules and χapol is the charac-
teristic function of the interval (ωc, 2π − ωc) mod 2π, being 1 inside the interval and 0
outside. Note that a polar interaction aligns the filaments along their bisector, while an
antipolar interaction aligns them along the axis perpendicular to it. We assume that the
interactions are fully inelastic, i.e. they always result in total alignment. The interac-
tion rules are summarised in Fig. 2. A similar tuneable admixture of polar and antipolar
interactions was studied in [15] for a system of self-propelled particles.

As for the microtubule positions, we assume that the centre of mass is not affected by
the interaction. Thus, we neglect any net displacement of the microtubule pair which can
arise if the fluid friction tensor is anisotropic (see [19]). The remaining degree of freedom
is relative sliding of the filaments with respect to each other. In a polar interaction, this
leads to an alignment of the plus tips of the tubules, so that after the interaction the two
microtubules have the same configuration in terms of both angles and position. On the
other hand, in the case of an antipolar interaction, the motors slide the microtubules in
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opposite directions, separating them. We take this effect into account by introducing a
parameter η ∈ [0, 1] that controls the amount of antipolar sliding, η = 0 signifying no
sliding at all and η = 1 full sliding until the plus ends of the two microtubules are at the
same position. This allows to capture stalling effects seen in experiments [11]. Hence, the
midpoint positions change to:

r′1,2 =
r1 + r2

2
− χapol(ω)

ηL

2
n̂(φ′1,2), (2.4)

where we have introduced the unit vector

n̂(φ) =

(
cosφ
sinφ

)
. (2.5)

This model generalises the fully polar interactions (ωc = π) studied in [12, 13, 23] as well
as the fully symmetric interactions with antipolar sliding (ωc = π/2) considered in [14].

2.1.2 Choosing an interaction kernel

Now that we have established what happens when an interaction takes place, we need
to indicate with which rate interactions occur, and how this rate depends on the initial
configuration of the microtubules. This information is encoded into the choice of the
interaction kernel, which we construct in this section.

Since interactions between microtubules are mediated by molecular motors, we assume
that the interaction rate is proportional to the free motor density m (which, as we will
discuss below in sec. 2.1.3, is in turn proportional to the density of bound motors). As mo-
tors are much smaller than microtubules, the interaction is short-ranged: two microtubules
can only interact if they intersect.

We introduce a contour parameter τ ∈ [0, 1] that parametrises a microtubule from its plus
end (τ = 0) to its minus end (τ = 1). At the point of intersection, this parameter will
in general have different values for the two microtubules. We denote these values by τ1,2.
They are fixed by the following intersection condition [23]:

r1 + L

(
1

2
− τ1

)
n̂1 = r2 + L

(
1

2
− τ2

)
n̂2, (2.6)

where we have introduced the shorthand n̂1,2 := n̂(φ1,2). Now, taking the cross product
of this equation with n̂1,2, we obtain:

τ1,2 =
1

2
− (s× n̂2,1) · êz

L sinω
(2.7)

The two microtubules intersect if both parameters are inside the range [0, 1].

Using this condition, and assuming that the interaction rate is constant for any microtubule
configuration as long as the microtubules intersect, we write down the isotropic Heaviside
kernel:

Wiso(s;φ1, φ2) = GmΘ(τ1)Θ(1− τ1)Θ(τ2)Θ(1− τ2). (2.8)

The right hand side is dependent on the initial angles φ1,2 as well as the distance vector
s via (2.7). Here G is a proportionality constant with units of area over time. In the
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following, we absorb the physical mean free motor density m̄ph into G, which then indicates
the interaction rate at that density. This amounts to measuring m in units of its average,
s.t. m̄ ≡ 1.

If we fix the center of mass of the first microtubule r1 at the origin, the Heaviside functions
in the kernel (2.8) define a rhombus of side length L in which the second microtubule’s
midpoint r2 needs to be in order to give rise to an intersection, as shown in Figure 3a.
The rhombus has opening angle ω and is oriented along the direction of the bisector angle
φ̄, defined as:

φ̄ :=
φ1 + φ2

2
. (2.9)

We denote this rhombus by R0(φ̄, ω). It is convenient to introduce the following unit
vectors:

n̄ := n̂(φ̄), (2.10a)

n̄⊥ := n̂(φ̄− π/2). (2.10b)

They form a right-handed orthonormal basis {n̄⊥, n̄}, in which we will decompose the
vector s = r2 − r1 as s = s‖n̄ + s⊥n̄⊥.

2.1.3 Motor anisotropy on two scales

The assumption that the interaction rate is constant for all configurations as long as the
microtubules intersect, which we built into the choice of the kernel (2.8), is not quite
correct in real systems. Indeed, as shown in experiments [26], the concentration profile of
bound molecular motors along the microtubules is not constant: due to low detachment
rates at the plus ends of the microtubules, motors tend to get stuck in the vicinity of the
tip. This anisotropy between the two microtubule ends emerges on the microscopic level,
on individual microtubules. On the other hand, the concentration of free motors across the
system is also not constant. As they bind to microtubules, walk towards their plus ends
and detach, motors experience directed advection into other parts of the system. In highly
ordered regions, where many microtubules point into the same direction, this advection
results in large-scale displacement along the collective polarisation of the tubules. In
regions of the system where motors accumulate, interactions will be more frequent than
in other regions, which leads to an anisotropy of the system on the mesoscopic scale.

Anisotropy on the microscopic scale

As a first step, we investigate the anisotropy along individual microtubules, following the
treatment in [13]. We introduce σ := L(1− τ) as a 1d spatial coordinate along the tubule,
running from 0 (minus end) to L (plus end). The concentration Mb(σ, t) of bound motors
along a microtubule obeys the following dynamics:

∂tMb = −poffMb + ponm− ∂σ(vMb), (2.11)

where we have included a loss term due to detachment at a rate poff , and a gain term
proportional to the free motor density m(σ, t) in the proximity of the microtubule, which
reflects the attachment of motors at a rate pon. The last term represents the advection of
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Figure 3: Definition of the rhombi for the interaction kernel. a) Fixing r1 at the origin, an
intersection occurs if r2 is placed inside a rhombus of side length L and opening angle ω, oriented
along the bisector φ̄ = φ2 − φ1, which we denote as R0(φ̄, ω). Defining an orthonormal basis
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The rhombi R+(φ̄, ω) and R−(φ̄, ω) are defined as shown, with side lengths τ0L and (1 − τ0)L,
respectively. c) When r2 is placed in the rhombus R− (red area), the intersection point is in the
gas phase for both tubules and the interaction rate will be the lowest; when it is placed in R+

(green area), the intersection occurs in the solid phase for both tubules and the interaction rate
will be the highest. Finally, in the regions in yellow, R0 \ (R− ∪ R+), the intersection is in the
solid phase for one tubule and in the gas phase for the other, leading to intermediate interaction
strength.
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Figure 4: Microscopic anisotropy. The profile of bound motors along an individual microtubule
separates into a low density (“gas”) phase and a high density (“solid”) phase. The density in the
gas phase is determined by the attachment and detachment rates and the density of free motors
in the vicinity of the tubule, see eq. (2.14). The density in the solid state is equal to the maximum
possible density of one motor per attachment site. The high density phase emerges due to slow
detachment at the plus end: while in the gas phase motors walk with their unhindered velocity
v0, for low enough rates pend, there are more motors incoming than can detach at the end of the
tubule, and a “traffic jam” occurs, with high densities and slow velocities. The position of the
interface between the two phases, τ0, is determined by requiring that the flux be continuous, see
eq. (2.17).

the motors along the tubule, with a velocity v that can depend on the position along the
tubule.

At the plus end, motors can detach one at a time at a rate pend. Due to the discrete
nature of the microtubules, which are tubulin polymers, the motor density is capped from
above: if `0 is the length of an attachment site, which can carry only one motor at a time,
the maximum density M+ = 1/`0 cannot be exceeded. If pend is sufficiently low, motors
will get stuck in the vicinity of the microtubule tip, as they wait for the motors preceding
them to detach.

Near the minus end of the tubule, on the other hand, we can assume that the motor
density is low enough to make steric effects negligible. Then, nothing hinders the motors
from walking freely down the tubule, so that the advection velocity of the motors can be
set constant, v = v0. Requiring stationarity in eq. (2.11) yields:

0 = −poffMb(σ) + ponm(σ)− v0∂σMb(σ). (2.12)

If, for the time being, we assume the concentration profile of the free motors to be constant
over the length scale of the microtubule, m(σ) = m0, we can solve this differential equation
with the boundary condition Mb(σ = 0) = 0, obtaining an exponential profile:

Mb(σ) =
pon

poff
m0

[
1− exp

(
−poff

v0
σ

)]
, (2.13)

which for v0/poff � L, i.e. for a typical walking distance before detachment which is much
smaller than the microtubule length, quickly saturates to Mb(σ) = M−, with

M− =
pon

poff
m0. (2.14)

Near the end of the microtubule, on the other hand, we know that due to the traffic jam
the motor density is constant, Mb = M+, while the velocity, being affected by the high
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packing of motors, can vary spatially. Thus, eq. (2.11) at stationarity gives a differential
equation for v(σ):

0 = −poffM+ + ponm0 −M+∂σv(σ). (2.15)

The boundary condition here is given by the conservation of motors at the tip of the
tubule, i.e. by the balance of the advective flux M+v(σ = L) and the detachment flux
pend. We obtain:

M+v(σ) = pend + (poffM+ − ponm0)(L− σ). (2.16)

The position τ0 of the interface between the low density (“gas”) and high density (“solid”)
phases can be estimated by requiring that the respective advective fluxes balance, yielding
the condition:

v0M− = pend + (poffM+ − ponm0)Lτ0,

where the left hand side indicates the constant flux in the gas phase. This can be solved
for τ0 to give:

τ0 =
v0

poffL

(
1− pend

v0M−

)(
M+

M−
− 1

)−1

. (2.17)

From this equation, we can read off the condition for traffic jam to occur: we have τ0 > 0
for pend < v0M−, i.e. a high-density phase of non-vanishing size emerges near the tip
of the microtubule when the tip detachment rate pend is too low to guarantee the timely
detachment of the incoming motors, which have flux v0M− in the gas phase. Furthermore,
the interface position is affected by the characteristic walking distance of a motor v0/poff ,
as well as the ratio of the motor densities in the two phases.

The different motor densities in the two phases will lead to different interaction rates
depending on the point of intersection. We assume the rates to be proportional to the
combined densities of bound motors on the two filaments, i.e. 2M− for an intersection in
the gas phase for both tubules, M+ +M− for an intersection which is in the gas phase for
one tubule and in the solid phase for the other, and 2M+ for an intersection in the solid
phase. Given that the tubules intersect, the rate should therefore have the form:

W ∼M− {1 + Ξ [Θ(τ0 − τ1) + Θ(τ0 − τ2)]} ,
where we introduced

Ξ =
1

2

(
M+

M−
− 1

)
(2.18)

as a parameter quantifying the difference in densities between the two phases. Since
M− ∼ m (see eq. (2.14)), we can absorb the proportionality factor into G and write down
the full kernel as:

W = Wiso{1 + Ξ (Θ(τ0 − τ1) + Θ(τ0 − τ2)]) , (2.19)

with the isotropic part Wiso from eq. (2.8). These Heaviside functions also define rhombic
domains in which the intersection rate is increased, which we show in Fig. 3b-c.

It is interesting to consider the M+ � M− limit, in which the accumulation at the tip is
very strong. In this limit, the parameters defined above have singular behaviour, Ξ→∞
and τ0 → 0. However, the quantity

ξ := 2Ξτ0 =
v0

poffL

(
1− pend

v0M−

)
. (2.20)
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stays finite. Taking this limit allows us to understand the effect of microscopic anisotropy
in a simpler way, since it reduces the number of parameters needed to describe it from
two (Ξ and τ0) to one (ξ).

Anisotropy on the mesoscopic scale

As we mentioned at the beginning of this section, the inhomogeneity of the free motor
concentration results in an anisotropy on the mesoscopic scale. It can be built into the
theory by assuming the following dynamic equation for the free motors [8, 13]:

∂tm = Dm∇2m− vm∇(pm). (2.21)

The first term of this equation represents diffusion, with diffusivity Dm. The second term,
on the other hand, reflects the advection of motors in ordered regions. Here, we introduced
the polarisation p = 〈ρn̂〉 as the local expectation value of the orientation times the MT
density, and assume that as this becomes non-zero the motors are advected at a velocity
given by vmp. It is useful to introduce the Péclet number γ, which is the ratio of the
characteristic diffusive and advective times over the length of a microtubule [27]:

γ :=
tdiff

tadv
=
L2/Dm

L/vm
=
vmL

Dm
. (2.22)

Since the dynamics of the motor field will be much faster than that of the filaments, we
can assume quasi-stationarity. A stationary solution of eq. (2.21) in which the diffusive
and advective fluxes balance out has:

∇m =
1

L
γmp. (2.23)

The gradients in the free motor concentration hence follow the direction of the collective
order, with an amplitude that depends on γ and the polarisation strength. The character-
istic length scale on which m varies is then given by `m = m/|∇m| = |p|−1γ−1L. In the
following, we will assume γ � 1, so that the inhomogeneity in the motor concentration
is relevant for length scales much larger than the length of a microtubule, L � `m. This
motivates the choice m = m0 in the derivation above. Furthermore, this allows us to
neglect the dependence of m on space in the following derivation, and promote it back to
a field at the end, the only requirement being that mass conservation must be fulfilled. A
derivation is also possible keeping the motor field inhomogeneous from the start; however,
the extra terms one obtains are of order O(γ).

2.2 The Boltzmann-Ginzburg-Landau formalism

Now that we have designed a microscopic model for our system, we are ready to derive
coarse-grained continuum equations using the Boltzmann-Ginzburg-Landau formalism.

2.2.1 The kinetic equation

The object describing a single microtubule statistically is the one-particle probability
density function P (r, φ). The probability of finding the microtubule at a position inside
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the infinitesimal rectangle [r, r + dxêx + dyêy] and at an angle inside the infinitesimal
interval [φ, φ+ dφ] is given by P (r, φ)dxdydφ.

Assuming that we have a sufficiently large ensemble of microtubules, and the individual
microtubules are identically distributed, we can now reinterpret this probability density
function as a mean concentration of particles in the infinitesimal domain of phase space
around the point (r, φ), such that the integral over the entirety of phase space gives the
total number of particles: ∫

R2

d2r

∫ 2π

0
dφP (r, φ) = Ntot. (2.24)

In addition to the binary interactions (collisions) defined in sec. 2.1.1, we consider diffusion
of the microtubules as well as steric (excluded volume) interactions. Thus, the time
evolution of the probability density function will involve three terms:

∂tP (r, φ) = Idiff + Iexcl + Icoll (2.25)

The diffusive part Idiff involves rotational and translational diffusion:

Idiff = Dr∂
2
φP (r, φ) + ∂iDij∂jP (r, φ), (2.26)

where Dr is a rotational diffusion constant with dimension [t−1], and Dij is a translational
diffusion tensor with dimension [L2/t]. The tensor can be decomposed into a longitudinal
and perpendicular part:

Dij = D‖ninj +D⊥(δij − ninj).

For rigid rodlike molecules, as shown in [13], the following relation holds:

D‖ =
L2

24
Dr = 2D⊥. (2.27)

The excluded volume part Iexcl can be derived from a term reminiscent of the Smoluchowski
equation:

Iexcl = ∂iDij [P (r, φ)∂jU ], (2.28)

where the role of the external potential U is taken by a self-consistent potential that can be
derived from an Onsager free energy. Following [23], we include two-body and three-body
interactions, so that the resulting self-consistent potential reads:

U =
2

π
L2ρ(r) +

1

4π
L4ρ(r)2.

Finally, the collision part of eq. (2.25) contains gain and loss terms, like they would appear
in a master equation:

Icoll = Ipol
gain + Iapol

gain − Iloss. (2.29)

The gain term consists of an integral over all configurations that result in the configuration
(r, φ) via an interaction event. Thus, r and φ can be identified with r′1 and φ′1 in the
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collision rules (2.3) and (2.4). With φ1,2 and r1,2 denoting the configurations before the
interaction, the full gain has the form:

Igain =

∫
S1

dω

∫
R2

d2sW (s;φ1, φ2)P (r1;φ1)P (r2;φ2). (2.30)

W is the chosen interaction kernel, in our case the Heaviside kernel from eq. (2.19). By
writing the collision integral as we did here, we are incorporating two assumptions. The
first assumption is that the dominant contribution is coming from binary collisions, which
allows us to neglect the possibility of more than two microtubules interacting at the
same time. The second assumption is the molecular chaos hypothesis, which states that
the particles decorrelate between interaction events, such that we can factorise the two-
particle PDF into two single-particle PDFs as we did in the collision integral. These
two assumptions are likely to be fulfilled when the system is dilute enough to ensure a
length scale separation between the interaction radius and the typical distance between
microtubules, as well as a time scale separation between the duration of an interaction
event and the time passing between two collisions [17]. As discussed in [24], however,
the validity of the molecular chaos hypothesis in particular is not obvious, which makes a
full quantitative correspondence between the microscopic level and the continuum model
derived from a Boltzmann-type kinetic equation difficult to achieve.

Due to the presence of χapol in the collision rules, the form of the terms in (2.30) will be
different for polar and antipolar interactions. Solving for φ1,2 and r1,2 in (2.3) and (2.4),
and plugging the expressions into (2.30), we find:

Ipol
gain =

∫ ωc

−ωc

dω

∫
R2

d2sW (s;φ−, φ+)P (r−;φ−)P (r+;φ+), (2.31a)

Iapol
gain =

∫ 2π−ωc

ωc

dω

∫
R2

d2sW
(
s;φ− +

π

2
, φ+ +

π

2

)
P
(
r

(η)
− ;φ− +

π

2

)
P
(
r

(η)
+ ;φ+ +

π

2

)
,

(2.31b)

where we have used the abbreviations:

r± = r ± s

2
, r

(η)
± = r± +

ηL

2
n̄⊥, φ± = φ± ω

2
.

Note that the angle φ̄ = (φ1 + φ2)/2 used in the definition (2.10a) of the base vectors
{n̄⊥, n̄} differs for the two integrals by a shift of π/2. This is why in the definition of

r
(η)
± we have n̄⊥ = n̂(φ̄ − π/2) = n̂(φ): the sliding occurs along the axis of the final

microtubule orientation, which is perpendicular to the initial bisector of the microtubules.

The loss term considers all the possible interactions that involve microtubules in the
current configuration (r, φ), which will be changed as a consequence of an interaction
event. The final configuration does not matter here, which is why a distinction between
polar and antipolar interactions is not necessary. (r, φ) thus takes the role of (r1, φ1) in
(2.3) and (2.4). The resulting integral reads:

Iloss =

∫ π

−π
dω

∫
R2

d2sW (s;φ, φ+ ω) P (r;φ) P (r + s;φ+ ω). (2.31c)
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In the following, we use the Heaviside kernel (2.19) as the interaction kernel. It is con-
venient to introduce the equation below for collision integrals involving this kernel:∫

W (φ̄,ω)

d2s f(s) :=

∫
R2

d2sW (s;φ1, φ2)f(s)

= Gm

(1 + Ξ)

∫
R0(φ,ω)

d2s f(s) + Ξ

∫
R+(φ,ω)

d2s f(s)− Ξ

∫
R−(φ,ω)

d2s f(s)

, (2.32)

where f(s) is any function that may depend on other variables in addition to the integra-
tion variable s, and the rhombi R0,± are defined in Figure 3.

2.2.2 Expansion in angular Fourier modes

Since the angle φ is 2π-periodic, we can expand the single-particle PDF as a Fourier series:

P (r;φ) =

∞∑
k=−∞

Pk(r)eikφ. (2.33)

The Fourier modes Pk(r) can be extracted via the formula:

Pk(r) =
1

2π

∫ 2π

0
dφe−ikφP (r;φ).

We have P−k(r) = P ∗k (r), which follows from P (r;φ) being a real function.

The Fourier modes have a physical interpretation. Indeed, the 0th, 1st and 2nd modes
correspond to the density, the polarisation and the nematic tensor, respectively [23]:

ρ(r) =

∫ 2π

0
dφP (r, φ) = 2πP0(r), (2.34a)

p(r) =

∫ 2π

0
dφ

(
cosφ
sinφ

)
P (r, φ) = 2π

(
ReP−1

ImP−1

)
, (2.34b)(

Qxx(r)
Qxy(r)

)
=

∫ 2π

0
dφ

(
cos 2φ
sin 2φ

)
P (r, φ) = 2π

(
ReP−2

ImP−2

)
. (2.34c)

Thus, obtaining the time evolution of the density and the order parameters corresponds
to the task of finding the time evolution of the Fourier modes of the PDF. Note that this
definition of the polarisation and nematic tensor order parameters implicitly includes the
concentration of particles, i.e. pi = 〈ρni〉 and Qij = 2 〈ρ(ninj − δij/2)〉.

2.2.3 The spatially homogeneous system

We can already obtain some information about the collective behaviour of the microtubule-
motor mixture by analysing a spatially homogeneous system, in which P (r, φ) = P (φ).
We immediately see that only rotational diffusion and collisions will play a role in such
a system, since translational diffusions and excluded volume interactions matter in the
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presence of spatial gradients of the PDF. In the collision integrals (2.31), we can pull out
the PDF terms from the spatial integrals, s.t. we are left to calculate the integral (2.32)
with f(s) = 1. This is nothing more than a weighted sum over the areas of the rhombi in
Fig. 3b. A rhombus with side length d and aperture ω has area L2|sinω|. Weighting the
different rhombi gives us:∫

W (φ,ω)

d2s = Gm[(1 + Ξ) + Ξτ0 − Ξ(1− τ0)]L2|sinω| = Gm(1 + a1)L2|sinω|, (2.35)

where a1 = 2Ξτ0. For brevity, we will set a1 = 0 for now and restore it later. Plugging
this result into the kinetic equation (2.25) gives:

∂tP (φ) = GL2m

∫ ωc

−ωc

dω |sinω|P (φ−)P (φ+)

+GL2m

∫ 2π−ωc

ωc

dω |sinω|P
(
φ− +

π

2

)
P
(
φ+ +

π

2

)
−GL2m

∫ π

−π
dω |sinω|P (φ+ ω)P (φ)−Dr∂

2
φP (φ). (2.36)

We can make the equations dimensionless by choosing to measure time in units of the
characteristic time of rotational diffusion D−1

r and space in units of the microtubule length
L. The PDF, being a density, is then measured in units of 1/L2. Additionally, to simplify
the equations, we rescale the PDF by the ratio between the characteristic time scales of
interaction and rotational diffusion, which we denote as α := Dr/G:

t→ Drt (2.37a)

x→ x/L, (2.37b)

P → α−1L2 · P. (2.37c)

Note that in eq. (2.8) we had absorbed the physical mean motor density m̄ph into the
definition of G. Hence, α ∼ 1/m̄ph. Hence, the rescaling (2.37) absorbs the physical mean
motor density into the field ρ, while the field m takes into account deviations from the
mean value of the motor field.

With this rescaling, equation (2.36) is simplified to:

∂tP (φ) = m

∫ ωc

−ωc

dω |sinω|P (φ−)P (φ+) +m

∫ 2π−ωc

ωc

dω |sinω|P
(
φ− +

π

2

)
P
(
φ+ +

π

2

)
−m

∫ π

−π
dω |sinω|P (φ+ ω)P (φ)− ∂2

φP (φ).

Plugging in the Fourier transform (2.33), we find:

∂t
∑
k

Pke
ikφ =

∑
k,q

ei(k+q)φmPkPq

(
Ipol
ω (k − q) + ei(k+q)π/2Iapol

ω (k − q)− I loss
ω (q)

)
−
∑
k

k2Pk, (2.38)
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where we have introduced a shorthand for the ω integrals:

Ipol
ω (k) =

∫ ωc

−ωc

dω |sinω|eikω/2 = 2

∫ ωc

0
dω sinω cos

kω

2
(2.39a)

Iapol
ω (k) =

∫ 2π−ωc

ωc

dω |sinω|eikω/2 =

{
2
∫ π
ωc

dω sinω cos kω2 for k even,

2i
∫ π
ωc

dω sinω sin kω
2 for k odd,

(2.39b)

I loss
ω (k) =

∫ π

−π
dω |sinω|e−ikω = 2

∫ π

0
dω sinω cos(kω). (2.39c)

We now project equation (2.38) onto the k-th Fourier mode to obtain its time evolution:

∂tPk =
∑
q

mPqPk−q

(
Ipol
ω (k − 2q) + eikπ/2Iapol

ω (k − 2q)− I loss
ω (q)

)
− k2Pk. (2.40)

To assess whether the mode will experience exponential growth or decay, we are interested
in the terms proportional to Pk in this equation. We observe that only the choices q = 0
and q = k will produce such terms in the sum above. Using the symmetry properties of
the integrals defined above, we obtain:

∂tPk =
[(

2Ipol
ω (k) + (−1)k/2(1 + (−1)k)Iapol

ω (k)− I loss
ω (k)− 4

) mρ
2π
− k2

]
Pk + · · · .

(2.41)

The equations for k = ±1 and k = ±2 show exponential growth for sufficiently large
densities in a specific range of critical angles ωc. Using the definitions (2.34) in (2.41), the
resulting equations for the polarisation and nematic tensor can be written as:

∂tp =

(
mρ

ρ
(p)
c

− 1

)
p + · · · , (2.42a)

∂tQij = 4

(
mρ

ρ
(n)
c

− 1

)
Qij + · · · . (2.42b)

The polar and nematic critical densities read (see appendix A.1 for derivation):

ρ(p)
c =

3π

2(1 + a1)
[
1− 3 cos

(
ωc
2

)
− cos

(
3ωc
2

)] , (2.43a)

ρ(n)
c =

12π

−(1 + a1)[1 + 3 cos(2ωc)]
, (2.43b)

where we have reintroduced a1. In the range of ωc where ρc > 0, the corresponding order
undergoes a Ginzburg-Landau transition for mρ > ρc, acquiring a non-vanishing value
[25].

On the other hand, the Fourier modes for which the square bracket in eq. (2.41) is negative
will have fast dynamics compared to that of the density and the order parameter(s) close to
the critical density. Hence, we can assume that on the relevant time scale of the dynamics,
which is much longer than the relaxation time of these Fourier modes, they are always
in equilibrium, and we are allowed to adiabatically eliminate them by setting ∂tPk = 0.
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Their value is then imposed by the slow variables. In appendix A.1, we show that Fourier
modes with |k| > 2 exhibit exponential decay independently on ωc and mρ, and therefore
we can always adiabatically eliminate them. On the other hand, the polar and nematic
orders can be adiabatically eliminated only in certain regions of the parameter space.

The sign of ρ
(p,n)
c in eq. (2.43) depends exclusively on the critical angle ωc, since a1 > 0.

The ωc line is therefore divided into four domains (see Fig. 5):

(I) When ρ
(p,n)
c < 0, no orientational order can emerge. This is the case for ωc . 55◦.

In this regime, antipolar interactions occur even for small intersection angles. Since
such an interaction aligns the tubules along the axis perpendicular to the bisector,
any order that may emerge is disrupted.

(II) When ρ
(p)
c < 0 < ρ

(n)
c , nematic order is a slow variable exhibiting an ordering

transition, while polar order can be adiabatically eliminated. This occurs in the
range 55◦ . ωc . 102◦. In particular, this regime contains the fully symmetric
(ωc = π/2) polar-antipolar interactions considered in [14].

(III) When ρ
(p,n)
c > 0, both polar and nematic order show an ordering transition. The

relevant range is 102◦ . ωc . 125◦. In general, no adiabatic elimination can be
performed, unless we assume that the densities stay below the critical density for
one of the two kinds of order:

(III-n) For ωc . 108◦, polar order can be eliminated as long as mρ < ρ
(p)
c holds

everywhere.

(III-p) For 108◦ . ωc, nematic order can be eliminated as long as mρ < ρ
(n)
c holds

everywhere.

(IV) Finally, when ρ
(n)
c < 0 < ρ

(p)
c , i.e. for 125◦ . ωc ≤ 180◦, polar order is the slow

variable, while the dynamics of the nematic order is fast. This regime contains the
fully polar interactions (ωc = π) considered in [12, 13, 23].

As is typical for Ginzburg-Landau transitions, the exponential growth above criticality in
equations (2.42) is saturated by a term which is cubic in the order parameter. In our case,
this term emerges by considering the contribution proportional to P−k in equation (2.40).
In the polar case (k = 1), this contribution involves mP−1P2. This leads to a term which
couples to the nematic tensor, with some coefficient β̃(p):

∂tpi =

(
mρ

ρ
(p)
c

− 1

)
pi − β̃(p)mQijpj + · · · .

In regions (III-p) and (IV), the nematic order can be adiabatically eliminated. As we
will see below, the expression for the nematic tensor includes a term Qij ∼ mpipj , which
indeed gives rise to a cubic term in the polarisation equation:

∂tp =

(
mρ

ρ
(p)
c

− 1

)
p− β(p)m2p2p + · · · . (2.44)
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Figure 5: Nematic critical density (ρ
(n)
c , in red) and polar critical density (ρ

(p)
c , in blue), normalised

by 1+a1, as a function of ωc. Four domains emerge: in (I), no Ginzburg-Landau transition occurs,

as ρ
(n,p)
c < 0. A nematic transition can take place (ρ

(n)
c > 0) in domains (II) and (III), while a polar

transition can take place (ρ
(n)
c > 0) in domains (III) and (IV). In domains (II) and (IV), the kind

of order that is not showing a phase transition can be adiabatically eliminated. In domain (III),
on the other hand, both kinds of order are relevant. However, if the densities everywhere in the
system are low enough, such that only one order parameter shows exponential growth, adiabatic

elimination is still possible: in domain (III-n), for mρ < ρ
(p)
c , polar order can be eliminated, while

in domain (III-p), for mρ < ρ
(n)
c , nematic order can be eliminated.

For nematic order (k = 2), on the other hand, the relevant term in (2.40) is proportional
to mP−2P4. Adiabatic elimination of the fourth Fourier mode leads to a dependence of
the form P4 ∼ mP2P2, which results in a cubic term:

∂tQij =

(
mρ

ρ
(n)
c

− 1

)
Qij − β(n)m2QklQklQij + · · · . (2.45)

The precise form of these terms is indicated in sec. 2.3.

2.2.4 Defining a closure scheme

Besides the terms we have analysed in the previous section, leading to exponential growth
or decay, equation (2.40) contains a sum over all other Fourier modes, of which there are
infinitely many. To obtain equations of finite length, a closure scheme must be introduced,
which should justify the exclusion of higher order modes from the equations. In order to
do so, we need a small parameter ε in which to expand the equations. This role can be
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played by the order parameter if we assume that we are close to an ordering transition.
Thus, in the following, we specialise on the regions (II), (III-n), (III-p) and (IV), where
only one of the two orders exhibits a transition and the other one can be adiabatically
eliminated. We assume to be starting from a system with average density ρ̄ slightly larger
than the critical value ρc (remember that m̄ ≡ 1), and define ε2 := ρ̄− ρc.

The closure we derive here hinges on the smallness of the parameter ε, and is thus strictly
valid only close to the ordering transition. We do not expect the observations we will
make far from criticality to be exact in quantitative terms. Nonetheless, the extrapolation
of the equations obtained through the Ginzburg-Landau closure to regimes far from the
threshold should give at least a qualitative insight into the collective behaviour of the
system. After all, the validity of the derived equations close to the transition already
imposes a heavy constraint on their form [17].

Polar dominance

In regions (III-p) and (IV), polar order is the slow variable. The proper scaling for this
regime is discussed in [23]. Balancing the Ginzburg-Landau terms in eq. (2.44), we find
that the order parameter scales as p ∼ ε, while the time derivative (i.e. the inverse of the
characteristic time scale of the dynamics) scales as ∂t ∼ ε2.

The higher Fourier modes (|k| > 1) can all be adiabatically eliminated. Expanding the
sum in equation (2.40) and setting ∂tPk = 0 schematically yields:

Pk ∼ P1Pk−1 + P−1Pk+1 + · · · , (2.46)

where the terms left out involve higher and higher Fourier modes. Since P±1 ∼ p ∼ ε,
the lowest order dependence here is P±|k| ∼ pP±(|k|−1). Iterating this relation, we find

Pk ∼ ε|k|. In particular, Qij ∼ P±2 ∼ ε2.

Once we restore spatial dependence (see next section), translational diffusion will give
rise to a term of the form ∇2p in equation (2.44), which gives ∂i ∼ ε for the scaling of
the spatial derivative (in other words, the characteristic length scale is of order ε−1). In
the ∂tρ equation, on the other hand, diffusion will give rise to terms ∇2ρ and ∂i∂jQij .
Balancing these two terms implies that typical deviations of the density from its average
value scale as ρ− ρ̄ ∼ ε2.

Thus, overall, we keep terms up to O(ε4) in the ∂tρ equation, and up to O(ε3) in the ∂tp
equation. All other terms will have a negligible effect on the dynamics close to criticality,
as they are of higher order in ε.

Nematic dominance

In regions (II) and (III-n), nematic order is the slow variable. The scaling is then the same
as for the active nematics class discussed in [17]. Balancing terms in eq. (2.45) implies a
scaling of the order parameter as Qij ∼ ε, while the time derivative scales as ∂t ∼ ε2. Just
as for the polar regime, translational diffusion will give rise to a term of the form ∇2Qij
in equation (2.45), which gives ∂i ∼ ε for the scaling of the spatial derivative. Balancing
∇2ρ and ∂i∂jQij in the ∂tρ equation then yields ρ− ρ̄ ∼ ε.
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Polar order, on the other hand, can be adiabatically eliminated in this regime. For η > 0
or ξ > 0, as will become apparent below once we take into account spatial dependence, the
elimination will lead to a dependence of the form pi ∼ ∂iρ+ ∂iQij , which implies pi ∼ ε2.

The higher Fourier modes (|k| > 2) can all be adiabatically eliminated as well. Setting
equation (2.40) to zero, and using P±1 ∼ ε2 and P±2 ∼ ε, we find the scaling

P±|k| ∼ εP±(|k|−2) + ε2P±(|k|−1) + · · · . (2.47)

For even k, the second term is of higher order, and iterating the relation starting from
k = 2 gives Pk ∼ ε|k/2|. For odd k, the two terms are of the same order and we obtain
Pk ∼ ε|2+(|k|−1)/2|.

Overall, we keep terms up to O(ε3) in both the ∂tρ equation and the ∂tQij equation.

2.2.5 Diffusion and excluded volume terms

In this section, we reintroduce the spatial dependence in the PDF P (r, φ) and derive the
contributions of the diffusion and steric interaction terms (2.26) and (2.28) to the density
and order parameter equations. We will need the relation:

4ninj∂i∂j = 2[1 + cos(2φ)]∂2
x + 2[1− cos(2φ)]∂2

y + 4 sin(2φ)∂x∂y

= 2∇2 + e2iφ∇2
− + e−2iφ∇2

+, (2.48)

where we have introduced the complex (Wirtinger) derivatives:

∇± := ∂x ± i∂y.

Note that ∇+ = ∇∗− and ∇2 = ∇−∇+.

Diffusion contributions

Plugging the Fourier transform (2.33) into the diffusion term (2.26), we obtain:

Idiff =
∑
k

[(D‖ −D⊥)ninj∂i∂jPk +D⊥∇2Pk −Drk
2Pk]e

ikφ

=
∑
k

[
D‖ −D⊥

4
(e2iφ∇2

− + e−2iφ∇2
+)Pk +

D‖ +D⊥

2
∇2Pk −Drk

2Pk

]
eikφ,

where in the second line we have used (2.48). Extracting the coefficient of eikφ, the
contribution of this term to ∂tPk(r) reads:

∂tPk =
D‖ −D⊥

4
(∇2
−Pk−2 +∇2

+Pk+2) +
D‖ +D⊥

2
∇2Pk −Drk

2Pk + · · · . (2.49)

While the two last terms yield trivial contributions, the first term requires some manipu-
lation.
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For k = 0, we rewrite it using the relation:

π(∇2
−P−2 +∇2

+P2) = 2πRe(∇2
−P−2)

= 2π[(∂2
x − ∂2

y) ReP−2 + 2∂x∂y ImP−2]

= [(∂2
x − ∂2

y)Qxx + 2∂x∂yQxy]

= ∂i∂jQij . (2.50)

For k = −1, the ∇2
−P−3 term is of higher order in the closure scheme, while the other

term gives: (
Re∇2

+P1

Im∇2
+P1

)
=

(
(∂2
x − ∂2

y) ReP1 − 2∂x∂y ImP1

2∂x∂y ReP1 + (∂2
x − ∂2

y) ImP1

)
= 2π

(
(∂2
x − ∂2

y)px + 2∂x∂ypy
2∂y∂xpx − (∂2

x − ∂2
y)py

)
= 2π[2∇(∇ · p)−∇2p]. (2.51)

Finally, for k = −2, the ∇2
−P−4 term is of higher order in the closure scheme, while the

other term yields: (
Re∇2

+P0

Im∇2
+P0

)
=

(
(∂2
x − ∂2

y)P0

2∂x∂yP0

)
= 2π · 2(∂i∂jρ)TS, (2.52)

where we have introduced the notation ATS
ij for the traceless symmetric part of a 2-tensor:

ATS
ij :=

1

2
(Aij +Aji − trA · δij) . (2.53)

Putting everything together gives:

∂tρ =
D‖ +D⊥

2
∇2ρ+

D‖ −D⊥
2

∂i∂jQij + · · · ,

∂tp = −Drp +
D‖ + 3D⊥

4
∇2p +

D‖ −D⊥
2

∇(∇ · p) + · · · ,

∂tQij = −4DrQij +
D‖ +D⊥

2
∇2Qij +

D‖ −D⊥
2

(∂i∂jρ)TS + · · · .

Rescaling time, space and the fields as indicated in (2.37) and using the relations (2.27),
the contribution from the diffusion term finally reads:

∂tρ =
1

32
∇2ρ+

1

96
∂i∂jQij + · · · , (2.54a)

∂tp = −p +
5

192
∇2p +

1

96
∇(∇ · p) + · · · , (2.54b)

∂tQij = −4Qij +
1

32
∇2Qij +

1

96
(∂i∂jρ)TS + · · · . (2.54c)
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Excluded volume contributions

The excluded volume term (2.28) reads:

Iexcl =
∑
k

[(D‖ −D⊥)ninj∂i(Pk∂jU) +D⊥∂j(Pk∂jU)]eikφ

Like for diffusion, in the ∂tPk equation this will result in a term involving Pk only, as well
as another one involving Pk+2 and Pk−2. The former is only relevant for the ρ equation
in both regimes, while being of higher order in the GL closure for the order parameter
equations. The latter term, on the other hand, leads to higher order contributions in the
ρ and p equations for both nematic and polar dominance. It will, however, be relevant for
the Q equation in the nematic regime.

Using a generalisation of (2.48), the contribution of the excluded volume term to the ∂tρ
equation reads:

D‖ +D⊥

2
∂j

[
ρ∂j

(
2

π
L2ρ+

1

4π
L4ρ2

)]
=
D‖ +D⊥

2
∇2

(
1

π
L2ρ2 +

1

6π
L4ρ3

)
,

where we used ∂jρ
2 = 2ρ∂jρ, ∂jρ

3 = 3
2ρ∂jρ

2. Applying the rescaling (2.37) results in:

∂tρ =
1

32π
∇2

(
αρ2 +

1

6
α2ρ3

)
+ · · ·

The contribution to the ∂tP−2 equation, on the other hand, reads:

D‖ −D⊥
4

∇+

[
P0∇+

(
2

π
L2ρ+

1

4π
L4ρ2

)]
=
D‖ −D⊥

4 · 2π ∇2
+

(
1

π
L2ρ2 +

1

6π
L4ρ3

)
,

which results in a contribution to the Q equation of the form:

∂tQij =
1

96π

[
∂i∂j

(
αρ2 +

1

6
α2ρ3

)]TS
+ · · ·

2.2.6 Performing the collision integrals

The only part of the kinetic equation (2.25) we are left to evaluate are the collision integrals
(2.31). In order to perform them in the general case, keeping spatial dependence, we must
extract the dependence on s out of the PDF. Since we are interested in a coarse-grained
description of the system, the continuum fields we obtain in the end should vary on a
length scale which is much larger than the microscopic length scale, which here is the
microtubule length L. Hence, for a vector v with |v| ∼ L, we can perform a Taylor
expansion of the PDF in its spatial argument [23]:

P (r + v;φ) = P (r;φ) + v ·∇P (r;φ) +
1

2
(v ·∇)2P (r;φ) +O((v ·∇)3P ). (2.55)

We stop this gradient expansion at the second order (which corresponds to the diffusion
and excluded volume terms).
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Plugging the gradient expansion (2.55) into the integrals (2.31), we notice that the gradi-
ents (in r) can be taken out of the integrals over s; by doing so, the only integrals over s
we need to perform are of the type:

IWs (j, k) :=

∫
W (φ,ω)

d2s sj‖s
k
⊥. (2.56)

To handle these integrals, we apply a change of coordinates that maps the rhombus from
Fig. 3 onto a square. To this goal, we choose new coordinates u1,2 parallel to the sides of
the rhombus, centred at its origin. The inverse coordinate transformation is given by:(

s⊥
s‖

)
= L

(
sin
(
ω
2

)
− sin

(
ω
2

)
cos
(
ω
2

)
cos
(
ω
2

) )(u1

u2

)
. (2.57)

The matrix appearing here is the Jacobian ∂s
∂u , and we have included a factor L to make the

new coordinates dimensionless. Note that the new coordinate system is not orthogonal,
since the basis vector are at an angle ω with respect to each other; indeed, the Jacobi
determinant reads det ∂s

∂u = 2L2 sin
(
ω
2

)
cos
(
ω
2

)
= L2 sinω.

Using this coordinate transformation, the different rhombi R0, R+ and R− defined in
Fig. 3 are distinguished only by the integral bounds. Hence, the integral from eq. (2.56)
reads:

IWs (j, k) =

∫
W (φ,ω)

d2s sj‖s
k
⊥ =

∫
W (φ,ω)

d2u |sinω| cosj
(ω

2

)
sink

(ω
2

)
(u1 + u2)j(u1 − u2)k

= L2+j+kGm |sinω| cosj
(ω

2

)
sink

(ω
2

)
·

·
(

(1 + Ξ)

∫ 1/2

−1/2
d2u+ Ξ

∫ 1/2

1/2−τ0
d2u− Ξ

∫ 1/2−τ0

−1/2
d2u

)
(u1 + u2)j(u1 − u2)k.

By doing so, we have removed the dependence on ω from the integral. The last line will
give prefactors depending only on Ξ and τ0, which result from the integration of simple
polynomials over square domains. Since we consider the gradient expansion above only
to second order, we only need to calculate the integrals with j + k ≤ 2, whose values are
listed in the table below:

IWs (j,k)
GmL2+j+k j = 0 j = 1 j = 2

k = 0 (1 + a1)|sinω| 1
4a2|sinω| sin

(
ω
2

)
1
12(1 + a3)(1− cosω)|sinω|

k = 1 0 0

k = 2 1
12(1 + a3)(1 + cosω)|sinω|

Note that IWs (0, 0) corresponds to the weighted area of the rhombi, which we had calcu-
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lated already in eq. (2.35). We have introduced the abbreviations:

a1 = 2Ξτ0, (2.58a)

a2 = 4Ξτ0[1− τ0], (2.58b)

a3 = 4Ξτ0

[
1− 3

2
τ0 + τ2

0

]
. (2.58c)

In the strong tip accumulation limit discussed in eq. (2.20), these reduce to a1 = ξ and
a2 = a3 = 2ξ.

After performing the spatial integrals, one needs to take the integrals over ω as well, and
project the kinetic equation onto the various Fourier components to obtain the continuum
equations. A glimpse into how the procedure works can be found in appendix A.2, where
we extract the contributions to the ∂tp equation that are quadratic in p and linear in η,
as an example. As can be seen already from the derivation of those terms, the calculation
is very lengthy. To obtain the full equations, which we present below, we therefore made
use of Mathematica.

2.3 Mesoscopic continuum equations

After having performed all necessary integrals and collected the terms belonging to the
dynamic equations of the various Fourier modes, we apply the closure scheme defined in
sec. 2.2.4 to obtain the sought continuum equations. Since the closure scheme differs for
nematic and polar dominance, the resulting set of equations is going to be different for
these two cases.

We reintroduce the inhomogeneity of the free motor concentration m by promoting it from
a constant to a spatial field. This entails a choice to be made on where to position this
field with respect to the spatial gradients that appear in our equations. The difference
between the possible choices will be given by terms of order ∇m = O(γ), so it does not
matter in the small γ limit. Therefore, for simplicity, we will keep the m field outside of
all gradients, except in the density equation, where the inclusion of m inside the gradients
is necessary to ensure mass conservation. This is also what would result if we kept the
spatial dependence of m throughout the derivation, evaluating the field at the midpoint
of the centres of mass in the collision integrals (see [13]).

Furthermore, in order to improve the validity of the equations far from the critical threshold
[17], we keep the full ρ dependence in the isotropic term of the ρ equation, i.e. we do not
linearise the ρ2 and ρ3 terms resulting from collisions and steric interactions in the ρ
equation, following [23].
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2.3.1 Nematic dominance

In the case of nematic dominance, i.e. in regimes (II) and (III-n), using the nematic closure
scheme from sec. 2.2.4, we obtain the equations below:

∂tρ = ∇2
(
Dρρ+mνρ2 + α2ρ

2 + α3ρ
3
)

+ ∂i∂j [(DQ +mχ̃Q)Qij ], (2.59a)

∂tpi = (mρ/ρ(p)
c − 1)pi +mζ̃1∂iρ+mλQ∂jQij , (2.59b)

∂tQij = 4(mρ/ρ(n)
c − 1)Qij −m2β(n)QklQklQij + (κ̃Q +mκ̃′Q)∇2Qij

− (ζ̃Q +mζ̃ ′Q)(∂i∂jρ)TS + 2mζP (∂ipj)
TS. (2.59c)

The coefficients in these equations are all functions of the microscopic parameters, which
we list in appendix A.3.

Since ρ
(p)
c < 0, the polarisation experiences exponential decay at a rate which is much

faster than the time scales of the slow variables. Thus, it can be adiabatically eliminated
by setting ∂tpi = 0. We find:

pi = BP

(
mζ̃1∂iρ+mλQ∂jQij

)
, (2.60)

with BP =
(

1− ρ̄/ρ(p)
c

)−1
. Polarisation thus emerges wherever there are gradients in the

density or the nematic order.

We obtain the final equations by plugging in this relation into equations (2.59a) and
(2.59c). It is convenient to define the following expressions:

χQ = DQ +mχ̃Q,

κQ = κ̃Q +mκ̃′Q +m2BP ζPλQ,

ζQ = ζ̃Q +mζ̃ ′Q + 2m2BP ζP ζ̃1.

In the dynamic equation for the free motor concentration (2.21), the diffusion term is one
order lower in the Ginzburg-Landau closure compared to the advection term. Hence, for
consistency, we will ignore free motor inhomogeneity in the nematic regime and set m ≡ 1.
We obtain:

∂tρ = ∇2
(
Dρρ+ (ν + α2)ρ2 + α3ρ

3
)

+ ∂i∂j(χQQij),

∂tQij = 4(ρ/ρ(n)
c − 1)Qij − β(n)QklQklQij

+ κQ∇2Qij − ζQ(∂i∂jρ)TS.

(2.61a)

(2.61b)

Similar equations were proposed phenomenologically in [28], up to rescalings and a different
form of the ζQ term, which there reads +ζQ(∂iρ∂jρ)TS. That choice would not be consistent
with our derivation, since that term is of higher order in the Ginzburg-Landau closure
compared to (∂i∂jρ)TS.

The nematic equations show interesting phenomenology, such as a transition from con-
tractile to extensile behaviour controlled by the sliding strength, that follows from a sign
change in χQ, as well as novel instabilities. However, the detailed study of these equations
is outside the scope of the present work and must be deferred to future investigations.
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2.3.2 Polar dominance

For polar dominance, i.e. in regimes (III-p) and (IV) of Fig. 5, using the closure defined
in sec. 2.2.4, we obtain the following equations:

∂tρ = ∇2
(
Dρρ+mνρ2 + α2ρ

2 + α3ρ
3
)

+ ∂i∂j [(DQ +mχ̃Q)Qij ]

+ χ̃1∂i∂j(mpipj) + χ̃2∇2
(
mp2

)
, (2.62a)

∂tpi = (mρ/ρ(p)
c − 1)pi + (κ̃1 +mκ̃′1)∇2pi + (κ̃2 +mκ̃′2)∂i(∇ · p)−mβ̃(p)Qijpj

+mλQ∂jQij +mζ̃1∂iρ+mζ̃2∂ip
2 −mλ̃1pj∂jpi −mλ̃2pi∂jpj , (2.62b)

∂tQij = 4(mρ/ρ(n)
c − 1)Qij + 2mgP (pipj)

TS + 2mζP (∂ipj)
TS. (2.62c)

The coefficients are functions of the microscopic parameters, which we list in appendix A.3.
The nematic tensor can be adiabatically eliminated:

Qij = 2BQ

(
mgP (pipj)

TS +mζP (∂ipj)
TS
)
, (2.63)

with BQ =
(

4− 4ρ̄/ρ
(n)
c

)−1
. The first term here is the nematic order emerging as a

consequence of the polar order (with p as a nematic director), while the second term gives
rise to nematic order along polarisation gradients.

Plugging in the adiabatically eliminated nematic tensor into equations (2.62) leads to
a number of contributions. For brevity, we define the following quantities, which are
functions of the microscopic parameters as well as the local motor density m:

χ1 = mχ̃1 + 2(mDQ +m2χ̃Q)BQgP ,

χ2 = mχ̃2 − (mDQ +m2χ̃Q)BQgP ,

β(p) = β̃(p)BQgP ,

κ1 = κ̃1 +mκ̃′1 +m2BQλQζP ,

κ2 = κ̃2 +mκ̃′2,

ζ1 = mζ̃1,

ζ2 = mζ̃2 −m2BQ(λQgP + ζP β̃
(p)/2),

λ1 = mλ̃1 −m2BQ(2λQgP − ζP β̃(p)),

λ2 = mλ̃2 −m2BQ(2λQgP + ζP β̃
(p)).

With these abbreviations, and taking into account the equation for the free motor con-
centration, the hydrodynamic equations for the polar regime read:

∂tρ = ∇2
(
Dρρ+mνρ2 + α2ρ

2 + α3ρ
3
)

+ ∂i∂j(χ1pipj) +∇2
(
χ2p

2
)
,

∂tp =
[
(mρ/ρ(p)

c − 1)−m2β(p)p2
]
p + κ1∇2p + κ2∇(∇ · p)

+ ζ1∇ρ+ ζ2∇p2 − λ1(p · ∇)p− λ2(∇ · p)p,

∂tm = Dm∇2m− vm∇(mp).

(2.64a)

(2.64b)

(2.64c)
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These equations have not been studied phenomenologically. If we set m to be constant,
the polarisation equation has the same form as in the Toner-Tu model for self-propelled
particles [29]. There, however, the polarisation vector is interpreted as the velocity of
the particles, and the density equation takes the form of an advective continuity equation
∂tρ+∇(pρ) = 0.

In the rest of this thesis, we will focus on the polar regime, and on the system of equations

(2.64). For brevity, we will write β = β(p) and ρc = ρ
(p)
c .



Chapter 3

Micelles and Foams

Now that we have obtained a hydrodynamic description for our system in the polar re-
gime, we can inspect the equations (2.64) analytically as well as numerically, in order to
understand the collective behaviour that they give rise to.

In section 3.1, we perform numerical simulations of the continuum model and determine
its phase diagram, exhibiting stable micelles, micelles that are unstable with respect to
bilayer formation, as well as active foam-like networks of bilayers. We discuss the effect
that the various microscopic parameters we’ve introduced (i.e. the critical angle ωc, the
sliding strength η, the anisotropy parameter ξ and the motor Péclet number γ, as well as
the microtubule and motor densities) have on the phase structure of the system.

In section 3.2, we discuss the hydrodynamic equations we have derived from a mathem-
atical standpoint, explaining the role of the various terms in the density and polarisation
equations. The goal is to obtain intuition about the interplay between density, order
strength and order orientation. In section 3.3, we introduce a phenomenological general-
isation of the continuum model that allows for free variation of the equations’ coefficients,
which will be useful to verify the analytical predictions we make.

In section 3.4, we derive the stationary profiles of the bilayers and the micelles, and discuss
the role the terms in the equation have in selecting the length scales of these solutions. We
check the validity of our results by comparing them with measurements made in numerical
simulations of the phenomenological model.

In section 3.5, we examine the instabilities of the homogenous states with respect to density
and order perturbations, and discuss the feedback mechanisms among the different terms
in the equations that give rise to these instabilities. In section 3.6, we show that these
mechanisms are also relevant for the stability of radially symmetric solutions. In particular,
we discuss two distinct instabilities that arise for micelles, which we call fingering instability
and branching instability. These instabilities help us explain the phase diagram observed
in numerical simulations.

29
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3.1 Phase diagram of the derived model

To inspect the phase diagram of the system in the polar regime, we numerically simu-
lated the equations (2.64) using the finite difference PDE solver provided by COMSOL
Multiphysics. In all simulations, we chose a square geometry with periodic boundary con-
ditions. We initiated the system in the isotropic state (p = 0) with constant ρ = ρ̄ and
m = 1, adding a random perturbation to the fields at every mesh point. We kept the
motor diffusion constant fixed at Dm = 0.2. Unless otherwise stated, the snapshots in this
chapter were taken at t = 500.

3.1.1 The micelle-foam transition

For sufficiently low critical angles ωc, i.e. a sufficiently strong admixture of antipolar
interactions, we observe a transition between different inhomogeneous states as we increase
the initial density ρ̄ (see Fig. 6).

ρ

ρ̄ = 1.2ρc ρ̄ = 1.3ρc ρ̄ = 1.6ρc ρ̄ = 2.0ρc

0.0 1.0 2.5 0.0 1.0 2.5 0.0 1.0 2.5 0.0 1.0 2.5

m

0 1 3 0 1 3 0 1 3 0 1 3

p

0 4 0 4 0 4 0 4

Figure 6: Snapshots of numerical simulations for ωc = 2.18, η = 0.58, α = 0.7, ξ = 0, γ = 0.02 in a
periodic box of size 60× 60, for different initial densities ρ̄. From top to bottom, the microtubule
density field ρ, the motor density field m and the polarisation p are shown. The bottom plots
zoom in on an area of size 18× 18, showing a micelle, a branching micelle, a bilayer and two active
foam cells in detail. The colorbars indicate the minimum and the maximum in the snapshot.
Microtubule density values are indicated in units of ρc, motor density values in units of m̄ ≡ 1.
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Aster/Micelle Bilayer Active foam cell

Figure 7: Cartoon representation of micelles, bilayers and active foam cells. The arrows indicate
the direction of the polarisation field; the motors are advected along this field and accumulate in
the blue regions. In this sense, the inside of the micelle corresponds to the inside of the bilayer. In
the active foam phase, the bilayers connect to form a network, and the motors accumulate in its
edges. With respect to the centre of a unit cell, the polarisation is therefore pointing outwards.

Micelles Branching Micelles

Active Foam

Figure 8: Phase diagram for fixed ωc = 2.18, α = 0.7, ξ = 0, γ = 0.02. System size 60 × 60, run
time t = 500. In the Micelle phase, a population of radially symmetric micelles is left at the end
of the simulation (compare first column in Fig. 6). In the Branching Micelle phase, at least one
micelle is unstable to branching, so that bilayers form (second and third columns in Fig. 6). In
the Active Foam phase, the bilayers connect with each other to form at least one loop, i.e. a unit
cell of the foam (fourth column in Fig. 6). For intermediate values of η (orange box shown in the
detail on the right), a micelle-foam transition can be observed as the initial density ρ̄ is varied.
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At low densities, radially symmetric aster-like structures take shape (first column of Fig.
6). At the centre of these structures a defect is found, where the polarisation vanishes and
the microtubule density has a minimum. Around this defect, a ring of elevated microtubule
density forms, in which the polarisation field points inward. In contrast, the motor density
shows a peak in the middle of the aster. In the following, we refer to these structures as
micelles, in analogy to lipid monolayer rings [30]. This terminology takes into account
that the microtubule-depleted zone in the centre can be quite large, in contrast to what
is normally referred to as an aster (e.g. in [13]).

At higher microtubule densities (second column of Fig. 6), while micelles form at first,
they become unstable and lose their continuous rotational symmetry. The high-density
ring breaks apart, and several branches form that extend radially outward. Along the
branches, the polarisation field is rotated to point in the direction perpendicular to the
branch on both sides, in a bilayer-like fashion. At even higher densities, the branches from
different unstable micelles connect to form longer bilayers (third column of Fig. 6). The
motor field accumulates in the inside of these bilayers.

Finally, as the density is increased even more (fourth column of Fig. 6), the bilayers
form a foam-like network, which can extend throughout the simulated system. As time
progresses, the network undergoes constant reconfiguration, as new bilayers branch out of
its edges and connect to other parts of the network. This leads to the formation of new
vertices and new cells. We call this the active foam phase. A cell of the active foam has a
centre depleted of both microtubules and motors, with the polarisation pointing outward.
Figure 7 illustrates the orientation of the polarisation in the different phases.

In Figure 8, we show the phase diagram for different initial densities ρ̄ and sliding strengths
η. We distinguish the phases as follows: In the micelle phase, a population of stable
micelles is formed. If at least one micelle exhibits branching, we assign the parameter set
to the branching micelles phase. Finally, we define active foams as networks of bilayers
with at least one closed loop. With this definitions, we see that a transition from stable
micelles to branching micelles and finally to active foam networks is possible by increasing
the initial density ρ̄ at fixed intermediate sliding strengths η. Importantly, while the
critical angle and the sliding strength are determined by the microscopic properties of the
microtubules and motors used, the microtubule density is a control parameter that can
be varied locally within the same system: hence, we expect that for large enough systems,
micelles and foams can coexist, depending on the local microtubule density.

3.1.2 The role of antipolar sliding and anisotropy

The phase diagram in Fig. 8 shows that the formation of active foams is only possible at
high enough values of the sliding parameter η. Indeed, at lower values of the parameter one
always finds non-branching micelles. Changing the sliding parameter within the micelle
phase affects the inner length scale of the micelles: for weaker sliding strengths, the
depleted region in the centre of the micelle is larger (see Fig. 9). Within the active foam
phase, on the other hand, changing the sliding parameter affects how much the edges of
the network branch out: for higher values of η, the bilayers branch out so much that the
network fills out a large portion of the space. The shape of the unit cell deviates more and
more from a simple polygon, so that we can hardly speak of foams anymore (see Fig. 10).
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η = 0.2 η = 0.3

0.5

1.0

1.5

ρ/ρc

Figure 9: Snapshots of the ρ field for fixed ωc = 2.18, ρ̄ = 1.4ρc, α = 0.7, ξ = 0, γ = 0.02. System
size 60× 60. As the sliding strength is lowered, the micelles open up, exhibiting a larger depleted
centre.
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Figure 10: Snapshots of the m field for fixed ωc = 2.18, ρ̄ = 1.8ρc, α = 0.7, ξ = 0, γ = 0.02.
System size 60× 60. As the sliding strength is increased, the edges of the active foam branch out
more and more, making it difficult to identify unit cells.
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ωc = 2.19 ωc = 2.22 ωc = 2.26

1.8 2.0

ρ/ρc|ωc=2.19

2.0 2.2

ρ/ρc|ωc=2.22

2.0 2.2
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Figure 11: Snapshots of the ρ field for fixed η = 0.6, α = 0.7, ξ = 0, γ = 0.02. System size 60× 60.
The initial density was kept fixed at ρ̄ = 1.8ρc|ωc=2.18, so that the distance from criticality becomes
larger as ωc is increased. In spite of this, the simulations show that foams take shape only for low
ωc, and give way to branching micelles and stable micelles as the critical angle is increased. This
illustrates that antipolar interactions are essential for the formation of active foams.

ξ = 0 ξ = 0.08 ξ = 0.2
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2.5 3.0
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Figure 12: Snapshots of the ρ field for fixed ωc = 2.18, η = 0.58, α = 0.7, γ = 0.02. System size
60 × 60. The initial density was kept fixed at ρ̄ = 1.9ρc|ξ=0, so that the distance from criticality
becomes larger as ξ is increased. Nevertheless, the foams give way to branching micelles for larger
values of the anisotropy parameter, so that we conclude that a low value of ξ is needed for foam
formation.
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Hence, overall, well-shaped foams are only found at intermediate values of η.

To verify the role of antipolar interaction in the formation of foams, we vary the critical
angle ωc. Increasing this angle reduces the admixture of antipolar interactions, while
increasing the range where polar alignment takes place. As ωc is increased, we find that
active foams are relegated to higher and higher values of η and ρ̄. Indeed, increasing the
critical angle at fixed η and ρ̄, we see how active foams give way to branching micelles, and
eventually to stable micelles (see Fig. 11). Note that since the critical density ρc decreases
at higher ωc (see Fig. 5), keeping ρ̄ constant means that we are increasing the distance
from criticality. Even so, active foams disappear from the phase diagram. We conclude
that antipolar interactions are needed for the emergence of this phase. Since foams do not
appear at low values of η, it seems that antipolar sliding is the essential ingredient for the
stability of bilayers and the formation of foams. This can be understood in a microscopic
picture: as microtubules from the two sides of the bilayer diffuse into the low-density
region at its centre, they will interact among each other. Antipolar alignment with sliding
is the only interaction that keeps the filaments aligned to the axis perpendicular to the
bilayer and that will bring them back in place on the opposite sides of the line defect at
its centre.

The importance of antipolar sliding explains why polar bilayer foams have not been ob-
served in previous theoretical studies: a fully polar interaction (ωc = π), as was investig-
ated in [12, 13, 23], will disrupt the bilayer as the microtubules on opposite sides interact; a
fully symmetric interaction (ωc = π/2) as discussed in [14] will lead to dominating nematic
order, so that a polar bilayer cannot take shape.

To inspect the role of bound motor anisotropy, we vary the parameter ξ at fixed η and ρ̄.
As for the critical angle, increasing ξ leads to a lower critical density ρc (see eq. (2.43a)),
so that keeping ρ̄ fixed increases the distance from criticality. Nonetheless, we see that at
higher values of ξ active foams disappear and give way to branching micelles (see Fig. 12).
This hints at the fact that strong tip accumulation is necessary for the formation of foams.
Indeed, a non-zero value of ξ means that the ais defined in (2.58) will be non-vanishing.
This is also the case when we do not take the strong tip accumulation limit, i.e. for finite
Ξ and τ0. Thus, by increasing ξ we get a hint of what happens when there is no strong
tip accumulation: the foams become unstable. Microscopically, this can be understood
as follows: for finite τ0, there is a large domain at the end of the microtubules where
the interaction strength is increased. If this domain is too large, the microtubules of
the bilayers will frequently interact with the filaments behind them, which leads to a
disruption of the bilayer. The strong tip accumulation, on the other hand, ensures that
the interaction is limited to the central region of the bilayer, so that it remains stable.

3.1.3 The motor Peclét number

To inspect the role of the inhomogeneity of the free motor field m, we vary the Peclét
number γ = vm/Dm (see Fig. 13). As discussed below eq. (2.23), the strength of γ will
determine the strength of the gradients of the motor field. For γ = 0, the motor field is
completely homogeneous, while for γ > 0 motor gradients will align with the polarisation
field.

Inspecting the region where the micelle-foam transition is found (i.e. for low ωc and
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intermediate η) for γ = 0, we observe the formation of aster-like structures for all initial
densities. However, the density field does not form a ring around the centre of these
structures, but instead plateaus far from the centre. Hence, unlike micelles, which are well-
separated by broad low-density regions, the asters in the γ = 0 case are neighbouring each
other, separated by depleted defect lines where the polarisation changes direction. Only at
non-vanishing γ do these asters separate, giving way to stable micelles or bilayer structures
depending on the initial density ρ̄, as we saw in Fig. 6. Increasing γ further affects the
length scale on which the density decays outside of the central defect, in both micelles and
bilayers. This happens because for non-zero γ the inward-pointing polarisation gives rise
to gradients in the motor field, which point towards the centre of the micelle and of the
bilayer. This leads to a weakening of the linear Ginzburg-Landau term in (2.44) in regions
far from the centre, which causes a suppression of the order in these regions. As we will
see in section 3.2, however, gradients in the order induce gradients in the density: Hence,
the space between individual micelles as well as between individual bilayers is depleted
from microtubules. This depletion depends on the strength of γ, which thus selects the
external length scale of the micelles and bilayers.

ρ̄
=

1
.2
ρ
c

γ = 0 γ = 0.01 γ = 0.025 γ = 0.05

1.1 1.2 1.1 1.2 1.2 1.4 1.2 1.5

ρ̄
=

1
.8
ρ
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1.6 1.8 1.7 2.0 1.7 2.0 1.7 2.0

Figure 13: Snapshots of the ρ field for fixed ωc = 2.18, η = 0.56, α = 0.7, ξ = 0. System size
60 × 60. For γ = 0, i.e. a homogeneous free motor field, the simulations show points of depleted
density (asters) with the polarisation pointing inward. Unlike for micelle solutions, the density
shows a plateau far from these depleted centres, with defect lines arising where the polarisation
changes its direction. As γ is activated, an external length scale emerges on which the density
decays far from the central defect, both for micelles (top row) and bilayer structures (bottom row).
This length scale becomes shorter as γ is increased. For micelles, this means that the distance of
separation between one micelle and the other is increased; furthermore, the number of coexisting
micelles is larger. For bilayer structures, on the other hand, as γ is increased and the microtubule
density accumulates in a smaller portion of space, branching micelles give way to bilayer networks
with loops (i.e. foams).
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3.1.4 The excluded volume strength α

α = 0.8 α = 0.6 α = 0.5
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Figure 14: Details (15 × 15) of snapshots of the ρ field for fixed ρ̄ = 1.1ρc, ωc = 2.18, η = 0.56,
ξ = 0, γ = 0.02. Run time t = 300, system size 60× 60. As α is decreased, the micelles open up,
exhibiting a larger length scale of the depleted region in the centre.
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Figure 15: Snapshots of the ρ field for fixed ρ̄ = 1.1ρc, ωc = 2.18, η = 0.5, ξ = 0, γ = 0.02. System
size 60× 60. Color bars in units of ρc. As α is decreased, the micelles deviate more and more from
a symmetric circular shape.

Before we discuss the effect of changing the excluded volume strength α in the simula-
tions, it is useful to recall what this amounts to in physical terms. As we discussed below
eq. (2.37), the definition of the excluded volume strength α = Dr/G includes the inter-
action rate G, into which we absorbed the average motor density m̄ph. If we increase α
while while keeping ρ̄ fixed, therefore, we are decreasing the total amount of motors in
the system while keeping the distance to criticality mphρph fixed, i.e. effectively we are
increasing the physical microtubule density ρph. On the other hand, keeping α fixed and
increasing ρ̄ corresponds to increasing the physical microtubule density at fixed motor
density.

If we start in a regime where micelles are found, as α is decreased, the length scale of the
depleted centre is increased (see Fig. 14). Lowering α more causes the micelles to lose
their circular shape (see Fig. 15). The first breaking of spherical symmetry encountered
is the elongation of the micelles along an axis; decreasing α even more activates higher
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instability modes, and we find micelles with more complicated shapes.

Since lower values of α correspond to higher motor concentrations in a physical system,
we can think of this shape instability taking place in time as well, since due to the inward-
pointing polarisation motors will be advected more and more into the inside of the micelles,
increasing the local motor density. Thus, we expect micelles to undergo a kinetic pathway
in which they first open up and then lose their spherical symmetry.

3.2 Understanding the terms in the equations

In this section, we inspect the equations mathematically and discuss the effect each term
has on the dynamics of the density and polarisation. The intuition we will gain about
these terms will be useful to interpret the analytical expressions we will derive in later
sections. In the following, we neglect the inhomogeneity of the motor field m, since for
small γ it is negligible on the local scale.

3.2.1 Terms in the density equation

The density equation (2.64a) is a continuity equation of the form:

∂tρ+∇ · J = 0. (3.1)

Neglecting motor inhomogeneity, the conserved flux reads as follows:

J = −∇
(
Dρρ+mνρ2 + α2ρ

2 + α3ρ
3
)
− χ1[(p · ∇)p + (∇ · p)p]− χ2∇p2. (3.2)

The first term of this flux can be written as Jρ = −Deff∇ρ, with an effective diffusivity
Deff emerging from the combined effect of diffusion (Dρ), aligning interactions (ν) and
excluded volume interactions (α2,3):

Deff := Dρ + 2mνρ+ 2α2ρ+ 3α3ρ
2. (3.3)

This term leads to an isotropic diffusive flux that for Deff > 0 flows into regions of lower
density, evening out the gradients.

The other terms, which we summarise as Jχ, are polarisation-dependent. To understand
the different fluxes in terms of order direction and amplitude, we write:

p = pn̂, (3.4)

where p > 0 is the order amplitude and the unit vector n̂ points along the order direc-
tion. Moreover, we define a unit vector n̂⊥ which is clockwise perpendicular to n̂, s.t.
{n̂⊥, n̂} forms a right-handed orthonormal basis. Then, the polarisation-dependent flux
from eq. (3.2) reads:

Jχ = −χ1p [(n̂ ·∇)(pn̂) +∇ · (pn̂)n̂]− χ2∇p2

= −χ1p
[
p∂‖n̂ + 2(∂‖p)n̂ + (∇ · n̂)pn̂

]
− χ2[(∂‖p

2)n̂ + (∂⊥p
2)n̂⊥]

= −χ(∂‖p
2)n̂− χ1p

2(∇ · n̂)n̂− χ1p
2∂‖n̂− χ2(∂⊥p

2)n̂⊥, (3.5)



3.2. UNDERSTANDING THE TERMS IN THE EQUATIONS 39

where we have introduced ∂‖ = n̂ · ∇ and ∂⊥ = n̂⊥ · ∇, as well as χ = χ1 + χ2.

Four fluxes appear in equation (3.5), which are shown in Figure 16. The first term in
the equation leads to accumulation of density in highly ordered regions (contractility) for
χ < 0, or enhanced diffusion away from these regions (extensility) for χ > 0. Only the first
case will be relevant in the following, so we call this term the contractile flux. The second
term, the splay flux, leads to a flow along the splay vector (∇ · n̂)n̂ for χ1 < 0, while the
third term, the bend flux, advects density towards the interior of the osculating circle of
the polarisation streamline. Note that it is perpendicular to the order, since n̂ · ∂‖n̂ = 0
due to the unit vector condition. The last term causes enhanced diffusion (χ2 > 0) or
contractile behaviour (χ2 < 0) perpendicularly to the order, which is why we denote it as
transversal flux. We can classify these four fluxes as follows:

Gradients in the order
strength p

Gradients in the order
orientation n̂

Flux along the order Contractile flux (χ) Splay flux (χ1)

Flux perpendicular
to the order

Transversal flux (χ2) Bend flux (χ1)

3.2.2 Terms in the polarisation equation

To understand the effect of the terms in the polarisation equation (2.64b), we separate the
dynamics of the order amplitude and the order orientation. To this goal, we write p = pn̂
as before; by taking the scalar product of equation (2.64b) with n̂ and n̂⊥ respectively,
and using that n̂ · ∂tn̂ = 0 holds to preserve the unit vector length, we find:

∂tp =
[
(mρ/ρc − 1)−m2βp2 − λ2p∇ · n̂

]
p

+ κ1(n̂ ·∇2p) + κ2∂‖(∇ · p)

+ ζ1∂‖ρ− λp∂‖p, (3.6a)

pn̂⊥ · ∂tn̂ = κ1(n̂⊥ ·∇2p) + κ2∂⊥(∇ · p)

− λ1p
2n̂⊥ · (∂‖n̂)

+ ζ1∂⊥ρ+ ζ2∂⊥p
2. (3.6b)

We have introduced the shorthand λ = λ1 + λ2 − 2ζ2.

In the dynamic equation for the order strength (3.6a), the first line describes an ordering
transition taking place in regions with mρ > ρc, whose exponential growth is saturated by
the β term. In addition to the standard Ginzburg-Landau ordering, however, we see that
for λ2 < 0 the order is amplified (reduced) in regions with positive (negative) splay, and
vice versa for λ2 > 0. We call this effect active splay. As λ2 does not appear in eq. (3.6b),
it has no direct effect on the orientational dynamics.

The λ1 term in the orientational equation (3.6b) contains n̂⊥ · (∂‖n̂), which describes how
much the orientation is changing along the polarisation streamline. Note that ∂‖n̂ has no
component in the direction of n̂. Since this term appears in the orientational equation,
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Figure 16: Cartoon illustrating the effects of some of the terms in the continuum equations (2.64).

this change is propagated along the polarisation vector: In other words, for λ1 > 0,
variations in the order orientation are advected forward with respect to the polarisation,
and for λ1 < 0 they are advected backward. Therefore, we call this term orientational
self-advection.

A similar term appears in the order strength equation: ∂‖p describes how the order
strength varies along the streamline. This change is then propagated forwards for λ > 0
and backwards for λ < 0. We refer to this as self-advection of the order amplitude. Note
that the two kinds of self-advection have different coefficients, which can have different
signs in general.

Next, we look at the ζ1 term. In the orientational equation, it will rotate the order
orientation towards gradients of ρ for ζ1 > 0, and against these gradients for ζ1 < 0. In
the order strength equation, it increases the order when the density gradients and the
polarisation are pointing in the same direction, and it decreases it when they are opposite.
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We denote this effect as density anchoring. ζ2 has a similar role, but it couples to gradients
in the order strength: in this case, we speak of self-anchoring.

We are left to analyse the κ1,2 terms. The easiest way to do this is to compare the equations
to an equilibrium system. Indeed, we can define a free energy such that the polarisation
follows model A dynamics, in addition to purely active terms that cannot be written as
derivatives of the free energy (see [16]). The free energy reads:

F =

∫
d2x

[
−1

2

(
mρ

ρc
− 1

)
p2 +

βm2

4
p4

− ζ1(p · ∇)ρ− ζ2(p · ∇)p2

+
κ1

2
(∂ipj)(∂ipj) +

κ2

2
(∇ · p)2

]
. (3.7)

The dynamics of the polarisation can then be written as:

∂tp = −δF
δp
− λ1(p · ∇)p− (λ2 − 2ζ2)(∇ · p)p. (3.8)

Note that in the absence of self-advection, i.e. λ = λ1 = 0, the active terms vanish, and
we are left with pure gradient dynamics. However, even in this case, the full system is still
active, since the ρ equation cannot be derived from a free energy.

The first line of the free energy (3.7) leads to the Ginzburg-Landau transition, while the
second line favours aligning the polarisation along gradients of the density and order for
ζ1,2 > 0 (or against them for ζ1,2 < 0). This reproduces the anchoring discussed above.
The line of interest for us is the last one, since it includes κ1,2. Up to total derivatives, we
have:

(∂ipj)(∂ipj) = p2(∇ · n̂)2 + p2(∂‖n̂)2 + (∇p)2

+ (∇ · n̂)∂‖p
2 − (∇p2) · (∂‖n̂) (3.9a)

(∇ · p)2 = p2(∇ · n̂)2 + (∂‖p)
2 + (∇ · n̂)∂‖p

2. (3.9b)

Hence, introducing κ = κ1 + κ2, the κ1,2 terms in the free energy density can be written
as:

1

2

(
κ[p2(∇ · n̂)2 + (∂‖p)

2] + κ1[p2(∂‖n̂)2 + (∂⊥p)
2]
)

(3.10a)

+
κ

2

(
(∇ · n̂)∂‖p

2 − (∇p2) · (∂‖n̂)
)
. (3.10b)

We see that κ penalises splay deformations of the order orientation as well as longitudinal
variations of the order amplitude. On the other hand, κ1 penalises bend deformations as
well as transversal variations of the order amplitude. Finally, κ provides an additional
anchoring effect, which favours orienting gradients in the polarisation antiparallel to the
splay vector (∇ · n̂)n̂ as well as parallel to the bending direction. An overview over the
effect of the various terms in the polarisation equation can be found in Fig. 16.

3.3 The phenomenological model

The equations (2.64) are rigorously derived from interaction rules. Each term there is
a function of the parameters of our interaction model. This provides us with the tools
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Figure 17: Top: Active foam found in the phenomenological model. Snapshot at t = 1350 of a
simulation starting from a disordered homogeneous state in a 120 × 120 geometry, with ρ̄ = 1.1,
Dρ = 0.1, α2 = α3 = 0.05, χ̂1 = −0.2, χ̂2 = 0.1, κ̂1 = 0.05, λ̂1 = 0.4, λ̂2 = −0.7, ζ̂1 = 0.1,

κ̂2 = ζ̂2 = ν = 0, Dm = 0.2, vm = 0.04. Bottom: A cell splitting event and a cell collapse event
are shown to illustrate foam activity. The snapshots show the motor field in a 30× 30 detail of the
larger simulation. Two branches from different areas of the network can meet to form a new edge,
thus splitting an existing cell into two parts (top row). A cell collapses when two of its bilayer
walls meet (bottom row).
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necessary to analyse the link between microscopy and collective behaviour on a qualitative
level. To achieve greater generality, however, it can be useful to take a different perspective
and to forget about the dependence of the continuum model on microscopic details. This
is done by keeping the form of the equations intact, and treating the coefficients in the
equations no longer as function of the microscopy, but instead as free parameters that can
be varied arbitrarily.

Of course, this vastly amplifies the parameter space, allowing for a full exploration of the
phenomenology contained in the set of equations that was derived from a very specific mi-
croscopic model. This approach is justified by the observation that a different microscopic
model or a distinct choice of the coarse-graining procedure will lead to equations with the
same shape, but a different functional dependence of the individual terms on interaction
parameters, so that other parts of the full phenomenological parameter space might be
accessed by changing the underlying microscopic model. Moreover, the phenomenological
approach stresses the importance of the mesoscopic perspective on collective behaviour,
where the phenomena are not interpreted on the level of individual interacting agents, but
instead as feedback and competition mechanisms among different terms in the equations
governing the coarse-grained fields. To this goal, the intuition we built up in the previous
section is fundamental.

In the following, we will derive expressions for the length scales and instabilities emerging
in the system in terms of the coefficients of the equations. To verify the validity of
these expressions, it will be useful to take the phenomenological perspective and vary the
different coefficients independently. In the derived model, χ1,2, κ1,2, ζ1,2 and λ1,2 are not
only functions of the microscopic parameters, but also of the motor field m. We simplify
this general functional dependence by making a linear ansatz for each of these coefficients,
i.e by writing χ1(m) = mχ̂1, κ1(m) = mκ̂1, etc. Furthermore, we rescale the MT density
ρ as well as the polarisation p such that ρc = 1 = β.

The phenomenological equations then read:

∂tρ = ∇2
(
Dρρ+ νmρ2 + α2ρ

2 + α3ρ
3
)

+χ̂1∂i∂j(mpipj) + χ̂2∇2
(
mp2

)
, (3.11a)

∂tp =
[
(mρ− 1)−m2p2

]
p

+κ̂1m∇2p + κ̂2m∇(∇ · p)

+ζ̂1m∇ρ+ ζ̂2m∇p2

−λ̂1m(p · ∇)p− λ̂2m(∇ · p)p. (3.11b)

The quantities with the hat, as well as the parameters Dρ, ν and α2,3, are now no longer
functions of microscopic parameters, but free parameters of the model that can we vary
independently.

3.3.1 Phenomenological active foams

As a first application of the phenomenological model, we search the new, extended para-
meter space for active foams that more closely resemble those observed in the experiments
performed in [1] in terms of activity and smoothness of the network. Fig. 17 shows snap-
shots from an active foam obtained by varying the phenomenological parameters. The
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continuous reconfiguration of this foam consists in the creation of new branches along the
bilayer edges, that can connect to other branches in other parts of the network to form
new cells, as well as the collapse of cells as two bilayers collide.

3.4 Profiles and length scales

3.4.1 Bilayer profile

To analyse the bilayer profile, we assume that the fields vary only in one direction, namely
the one perpendicular to the bilayer. We choose the coordinate system such that this
coincides with the x axis. Additionally, we assume that the polarisation is perpendicular
to the bilayer, p = pêx. Then, the polar continuum model (2.64) reduces to the following
one-dimensional equations:

∂tρ = ∂2
x(Dρρ+mνρ2 + α2ρ

2 + α3ρ
3 + χp2), (3.12a)

∂tp = (mρ/ρc − 1)p− βm2p3 + κ∂2
xp+ ζ1∂xρ− λp∂xp, (3.12b)

∂tm = Dm∂
2
xm− vm∂x(mp). (3.12c)

We want to find a stationary solution of these equations, where the polarisation changes
from plus-pointing to minus-pointing. Since we expect the fields to be continuous, this
implies the existence of a point where p = 0, which will be the centre of the bilayer. We
place this at x = 0. If we assume the bilayer to be symmetric, this point will also be a
maximum in the motor field (due to the advection of motors from both sides of the bilayer
into the centre) as well as a minimum in the density field (due to the contractile fluxes
that will deplete the centre, accumulating material in the ordered regions on either side
of the bilayer).

In the following, we assume γ to be small. Thus, in a first approximation, we can take the
motor field to be constant, m = m0.

Microtubule density profile

First, we look at the density equation, eq. (3.12a). Setting it to zero, and integrating it
from x = 0 gives:

∂x(Dρρ+m0νρ
2 + α2ρ

2 + α3ρ
3 + χp2) = 0. (3.13)

Here, we used that this expression vanishes at x = 0 due to the extremal condition of ρ,
p2 and m. Integrating it again, we find:

Dρρ+m0νρ
2 + α2ρ

2 + α3ρ
3 + χp2 = Dρρ− +m0νρ

2
− + α2ρ

2
− + α3ρ

3
−, (3.14)

where ρ− = ρ(x = 0) is the density at the centre of the bilayer. Assuming weak phase
separation, we can linearise the density around a reference value ρ0. Then, we find:

ρ(x) = ρ− −
χ

Deff
p2(x), (3.15)

where Deff is given by the expression in eq. (3.3), with ρ0 and m0 used as the values for the
microtubule and motor concentrations. This equation shows the effect of the contractile
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flux χ < 0: in regions where the order is stronger, there will be an accumulation of density,
while the centre of the bilayer is depleted.

Assuming that at the density maxima of the bilayer the polarisation profile is sufficiently
flat, we can neglect the derivative terms in (3.12b) at that point, such that the polarisation
at the maximum reads:

p2
+ =

m0ρ+ − ρc
βm2

0ρc
, (3.16)

where ρ+ is the density at the maximum. Plugging this into (3.15), we find:

∆ρ := ρ+ − ρ− = −χ̄(ρ+ − ρc/m0), (3.17)

showing again that phase separation is driven by the contractile flux. Here, χ̄ is defined
as:

χ̄ =
χ

βm0ρcDeff
. (3.18)

This can be interpreted as the effective contractility emerging in ordered regions, measured
in relation to the isotropic effective diffusivity Deff . The total diffusivity along the order
is given by Deff(1 + χ̄). Analogously, we define χ̄2, so that Deff(1 + χ̄2) is the diffusivity
transversally to the order.

Equation (3.17) can be rewritten as:

m0ρ− − ρc
m0ρ+ − ρc

= 1 + χ̄. (3.19)

Hence, when χ̄ reaches the critical value of −1, the centre of the bilayer drops below
criticality, making the ratio on the left hand side of this equation negative.

Finally, if we use the average between the maximum and the minimum as the reference
density for the linearisation, we can write ρ± = ρ0 ±∆ρ/2 and express the amplitude of
the phase separation in terms of ρ0 only:

∆ρ =
−2χ̄

2 + χ̄
(ρ0 − ρc/m0). (3.20)

Polarisation profile: Limit of strong activity

Next, we inspect the polarisation profile. Plugging (3.15) into (3.12b) at stationarity, we
find:

0 = (m0ρ−/ρc − 1)p− βm2
0(1 + χ̄)p3 + κ∂2

xp− λ̄p∂xp, (3.21)

where we’ve defined:
λ̄ = λ+ 2ζ1χ/Deff . (3.22)

The differential equation (3.21) can be solved analytically in two limits, namely when
either one of the last two terms is negligible compared to the other.

If the active term proportional to λ̄ dominates over the elasticity term κ, equation (3.21)
becomes a first-order ODE, which can be solved using separation of variables. With the
condition p(x = 0) = x, the solution is given by:

p(x) =

{
−A tanh(x/`BL) for (1 + χ̄)(m0ρ− − ρc) > 0,

−A tan(x/`BL) for (1 + χ̄)(m0ρ− − ρc) < 0.
(3.23)
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Due to (3.19), the signs of (1+ χ̄) and (m0ρ−−ρc) always agree. So, we expect the bilayer
to have a tanh profile in the strong λ̄ limit. However, as we will see below, the second
solution will be of relevance for the micelles, where this sign constraint is not necessarily
fulfilled.

A is an amplitude parameter, which reads (using (3.19)):

A =

√
m0ρ− − ρc

(1 + χ̄)βm2
0ρc

=

√
m0ρ+ − ρc
βm2

0ρc
. (3.24)

This gives us the equilibrium value of the polarisation at ρ+, according to eq. (3.16).

The length scale `BL characterises the width of the profile, and is given by:

`BL =
−Aλ̄

m0ρ−/ρc − 1
. (3.25)

To obtain a bilayer with inward-pointing microtubules (i.e. with the polarisation going
from positive to negative values), this length should be positive. This requires λ̄ and
m0ρ−/ρc − 1 to have different signs. We can understand this as follows: a stationary
bilayer with a finite length scale can only emerge if the Ginzburg-Landau ordering term
and the λ̄ term are in competition. λ̄ includes the self-advection of the order strength λ as
well as the density anchoring ζ1. The former will tend to close the bilayer for λ > 0 (forward
self-advection) and to open it up for λ < 0 (backward self-advection). The latter couples
to the gradients in the microtubule density that arise via the action of the contractile flux
χ (see the definition of λ̄ in eq. (3.22)), and will tend to open up the bilayer for ζ1 > 0
and to close it for ζ1 < 0. The Ginzburg-Landau term, on the other hand, favours zero
polarisation, and thus the existence of a wider bilayer, for m0ρ−/ρc − 1 < 0; instead, for
m0ρ−/ρc − 1 > 0, it promotes order, and it will try to minimise the disordered region by
closing the bilayer. It is the competition between these terms that selects the length scale
on which a stationary bilayer can exist.

Polarisation profile: Limit of strong elasticity

The other limit of equation (3.21) is realised when the κ-dependent elasticity term dom-
inates over the λ̄ term. Since the equation is a 2nd order ODE in this limit, we need to
provide a second condition in addition to p(x = 0) = 0 to obtain a solution. If we require
the solution to saturate at ∓A for x→ ±∞, we recover the well-known kink solution [31],
assuming that the centre lies above criticality (m0ρ− > ρc):

p(x) = −A tanh(x/`BL), (3.26)

with A given by eq. (3.24), and the length scale `BL reading as follows:

`BL

∣∣∣∣
λ̄=0

=

√
2κ

m0ρ−/ρc − 1
. (3.27)

This shows a competition between the Ginzburg-Landau term, which tries to minimise
the region where there is no order even though the density is above criticality and pushes
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the bilayer together, and the elasticity term, which penalises gradients in the polarisation
and hence pulls the bilayer apart.

To see what effect the λ̄ term has in the limit where it is small compared to the κ term, we
slowly turn it back on. To this goal, we assume that close to the centre of the bilayer the
solution keeps approximately the same shape as in (3.26), with the main effect of the new
term being a change of the length scale `BL. Close to x → 0, we have ∂xp(x) ≈ −A/`BL.
Substituting this into (3.21), we see that the linear term is modified, giving:

0 =

(
m0ρ−
ρc

− 1 + λ̄
A

`BL

)
p− βm2

0(1 + χ̄)p3 + κ∂2
xp. (3.28)

This leads to a new term appearing in the length scale (3.27):

`BL

∣∣∣∣
λ̄=0

=

√
2κ

m0ρ−/ρc − 1 + λ̄A`−1
BL

, (3.29)

yielding an implicit relation for `BL. Solving for the latter gives:

`BL = ΛBL +

√
Λ2

BL +
2κ

m0ρ−/ρc − 1
, (3.30)

with

ΛBL =
−Aλ̄

2(m0ρ−/ρc − 1)
. (3.31)

We infer that the contribution of λ̄ in the strong elasticity limit is similar to the one we
discussed in eq. (3.25), namely that the combined action of self-advection λ and density
anchoring ζ1 leads to a narrower bilayer for λ̄ > 0, and a wider one for λ̄ < 0.

Equation (3.30) gives a criterion as to when we can neglect the λ̄ term compared to the κ
one, namely when the argument of the square root is dominated by κ – using (3.24), the
condition reads:

λ̄2 � 8(m0ρ− − ρc)(1 + χ̄)βm2
0ρc · κ. (3.32)

Note that for κ� λ̄2, eq. (3.30) gives back the length scale we derived in the other limit,
eq. (3.25), provided that λ̄ has the correct sign.

Besides the kink solution (3.26), the equation (3.21) also has other solutions in the strong
κ limit, namely a different one for each value of the slope at the centre ∂xp(x = 0). Since
this slope should be negative to obtain a bilayer profile, however, we can still make a
statement about its qualitative shape close to the centre. Indeed, by taking the derivative
of (3.21), we find:

∂3
xp(x = 0) = −m0ρ−/ρc − 1

κ
∂xp(x = 0) + λ̄[∂xp(x = 0)]2, (3.33)

such that, for sufficiently small λ̄, the third derivative of p is positive (like for a tanh
profile) if the centre of the bilayer is above criticality, while it is negative (like for a tan
profile) if the centre of the bilayer lies below criticality.
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Motor concentration profile

To find the first-order correction to a constant motor profile, we require stationarity in
the equation for the motor concentration (3.12c), using the solution for p derived for the
γ = 0 case. Stationarity yields a flux balance condition of the form:

∂x logm = γp. (3.34)

Integration gives:

m(x) = m− exp

(
γ

∫ x

0
dx′ p(x′)

)
, (3.35)

where m− is the motor concentration at the centre of the bilayer. Note that for x > 0 we
have p < 0 and vice versa, so that this function decays on either side.

Using the tanh solution from eq. (3.23) and eq. (3.26), we find:

m(x) = m− exp

(
−γA

∫ x

0
dx′ tanh

(
x′/`BL

))
= m− exp

(
−γA`BL log cosh

(
x′/`BL

))
= m− cosh(x/`BL)−γA`BL. (3.36)

Bilayer profile: Summary

In summary, the stationarity condition yields a tanh-like solution for the polarisation in
the strong λ̄ limit (where λ̄ should have the opposite sign compared to the Ginzburg-
Landau term), as well as in the strong κ limit when the centre is above criticality. Inside
the bilayer, between the two density maxima, we thus expect a profile of the following
shape (where the density profile is obtained by plugging the polarisation solution into
eq. (3.15)):

ρ(x) = ρ− + ∆ρ tanh2

(
x

`BL

)
, (3.37a)

p(x) = A tanh

(
x

`BL

)
, (3.37b)

m(x) = m− cosh

(
x

`BL

)−γA`BL

. (3.37c)

When the centre of the profile lies below criticality (which requires strong contractility,
χ̄ < −1), on the other hand, in the strong κ limit we expect a change in the sign of
∂3
xp(x = 0). This indicates a more complicated solution, which close the centre of the

bilayer looks like a tan.

The length scale emerging from the tanh solution is given by (3.30), which agrees with
eq. (3.25) in the strong λ̄ limit (when sgn[(m0ρ−−ρc)λ̄] = −1). The length scale is selected
by the competition of different terms:



3.4. PROFILES AND LENGTH SCALES 49

Pulls bilayer apart (larger `BL) Pushes bilayer together (smaller `BL)

Elasticity
κ > 0

Ginzburg-Landau ordering
m0ρ− − ρc > 0

Anchoring to density gradients
−χζ1 > 0

Self-advection
λ > 0

Contractile flux
χ < 0

Effective diffusion
Deff > 0

The two terms in the last line enter the length scale through the dependence on A: a
larger |χ̄| leads to stronger phase separation, making the bilayer wider.

Measuring the bilayer

To verify our predictions for the bilayer profile and its length scale, we performed numerical
simulations of the phenomenological model (3.11) in the regime where active foams can be
found, for different parameters listed in Fig. 18. For each parameter set, we measured the
cross section profile of a bilayer, by choosing a pair of symmetric cells. The two density
maxima were used as the limits of the inside of the bilayer, and the data points between
these density maxima were used to fit the following functions, which generalise (3.37):

ρ(x) = c1 + c2 tanh

(
x− xρ0
`ρ

)2

, (3.38a)

p(x) = −c3 tanh

(
x− xp0
`p

)
, (3.38b)

m(x) = c4 cosh

(
x− xm0
`m

)−c5
, (3.38c)

where p is the component of the polarisation parallel to the cross section and the xi0, `i and
ci are fitting parameters. An example of such a fit is shown on the left side of Fig. 18. The
right side of the figure shows the collapse of the profiles from all parameter sets obtained
by plotting (ρ− c1)/c2, p/c3 and (m/c4)1/c5 against (x− x0)/`.

To verify the validity of equation (3.30), we rewrite it as:

˜̀
BL = Λ̃BL +

√
Λ̃2

BL + κ̂, (3.39)

where we plugged in κ = m0κ̂, and introduced a rescaled length scale ˜̀
BL =

√
m−ρ−−1

2m0
`BL

(note that ρc ≡ 1 in the phenomenological model), as well as a rescaled parameter Λ̃BL =√
m−ρ−−1

2m0
ΛBL. Here, we take into account the inhomogeneity of motors by distinguishing

m−, the motor concentration at the centre of the bilayer, and m0, which we take to be
the average of the motor field in the inside of the bilayer. As a reference density ρ0 for
the linearisation, we also took the average over the inside of the bilayer. Rewriting the
equation for the length scale as we did in (3.39), we expect the data points to collapse
on a different function for each value of κ̂ when plotting ˜̀

BL against Λ̃BL. Indeed, this is
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Figure 18: Simulations of the phenomenological model were performed for κ̂1 ∈ {0.08, 0.1, 0.12},
λ̂2 ∈ {−0.4,−0.5,−0.6}, ζ̂1 ∈ {0.1, 0.2, 0.3} and fixed ρ̄ = 1.2, Dρ = 1/32, ν = 0.08, α2 = α3 =

κ̂2 = ζ̂2 = 0, λ̂1 = 0.5, vm = 0.01, Dm = 0.2 in a periodic box of size 80 × 80, for t = 2000. For
each simulation, a bilayer cross section was measured and fitted using the functions (3.38). An
example of the bilayer is shown on the left, where a detail of size 20×20 was cropped. The density,
motor and polarisation profiles are plotted against the contour length x, and the fit is shown as a
dotted line. On the right, the curve collapse obtained by plotting the rescaled functions (ρ−c1)/c2,

p/c3 and (m/c4)1/c5 against (x−xi0)/`i is shown. The expected functions tanh2(x), cosh(x)
−1

and
− tanh(x) are shown as black dots.

what we observe (top left plot in Fig. 19). Dividing eq. (3.39) by
√
κ̂ on both sides, i.e.

rescaling the axes by this quantity, the curves collapse onto a single curve (top right plot
in Fig. 19).

A better quantitative agreement with the measured data can be achieved by choosing
m0ρ0 − 1 instead of m−ρ− − 1 in the definition of the quantities with a tilde in eq. (3.39)
The resulting curves are shown in the bottom plots of Fig. 19. This might be due to the
fact that we had to linearise the density to obtain eq. (3.15).

3.4.2 Micelle profile

To find the micelle profile, we start by writing the equations (2.64) in polar coordinates.
They are given in appendix A.4. We are looking for radially symmetric stationary solu-
tions of these equations with inward-pointing polarisation. Hence, we discard angular
dependences (∂φ=0), and assume a radially oriented polarisation p = pêr, where p < 0.
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Figure 19: Curve collapse for the bilayer length scale predicted by eq. (3.39). The dots are the data
points from the simulations listed in Fig. 18, and the solid lines show the theoretical predictions.
For `BL and A, we used the fitted values `p and c3 from eq. (3.38). On the left, we see data

collapse on different curves for different values of κ̂. On the right, rescaling the axes by
√
κ̂, we

see that all points collapse onto the same curve. The dotted curve shows a fit of the function
b1x+

√
(b1x)2 + b2) with fit parameters bi to the data. In the top row, we used m−ρ− (with the

values of the fields in the centre of the bilayer) in the definition of the quantities with a tilde;
in the bottom row, we substituted this by m0ρ0 (using the averaged fields), which gives better
quantitative agreement with theory.
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The resulting equations read:

∂tρ = r−1∂r[r∂r(Dρρ+mνρ2 + α2ρ
2 + α3ρ

3 + χp2)]

+ r−1∂r[rχ1p
2/r], (3.40a)

∂tp =
[
(mρ/ρc − 1)− λ2p/r − βm2p2

]
p

+ κ[∂2
rp+ ∂rp/r − p/r2]− λp∂rp+ ζ1∂rρ, (3.40b)

∂tm = r−1∂r[r(Dm∂rm− vmmp)]. (3.40c)

Microtubule density profile

We proceed similarly to the analysis of the bilayer profile. The centre of the micelle fulfils
the same conditions as the centre of the bilayer, i.e. it has p(r = 0) = 0 (for symmetry
reasons), and is a minimum in ρ and a maximum in m. Assuming small γ, we set m = m0

everywhere, and we linearise the microtubule density around a reference density ρ0. Then,
integrating equation (3.40a) twice, we find:

ρ(r) = ρ− −
χ

Deff
p2(r)− χ1

Deff

∫ r

0
dr′

p2(r′)

r′
. (3.41)

Comparing this to eq. (3.15), there is a new term proportional to χ1 that enhances phase
separation for χ1 < 0. This is due to the additional splay flux (see Fig. 16) emerging as a
consequence of radial symmetry. Since the term is non-local, we cannot make predictions
on the strength of phase separation as we did in (3.19).

Close to the bilayer, however, we can approximate the integral as follows. The Taylor
expansion for p2 reads:

p2(r) = p2(r = 0) + 2[p∂rp]r=0r +
[
(∂rp(r))

2 + p∂2
rp
]
r=0

r2 +O(r3)

= Cr2 +O(r3), (3.42)

where C = [∂rp(r)]
2
r=0. Plugging this into the integral from eq. (3.41) gives:∫ r

0
dr′

p2(r′)

r′
≈ C

∫ r

0
dr′ r′ =

1

2
Cr2 ≈ p2(r)

2
. (3.43)

Thus, we can write:

ρ = ρ− −
χ+ χ1/2

Deff
p2(r). (3.44)

Polarisation profile

Using this relation in (3.40b) and requiring stationarity, we find:

0 = (m0ρ−/ρc − 1)p− βm2
0(1 + χ̄M )p3 + κ∂2

rp− λ2p
2/r − λ̄Mp∂rp

+ κ[∂rp/r − p/r2], (3.45)

where for brevity we’ve defined λ̄M = λ̄ + ζ1χ1/Deff , as well as χ̄M = χ̄ + χ̄1/2. These
take into account the effect of the splay flux χ1, that didn’t play any role for the bilayer
profile.
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As before, we consider two limits of equation (3.45), in which either the λ̄M term domin-
ates, or the κ term does. The derivation is analogous to the bilayer case, except for the
presence of new terms. In both cases, we will neglect the second line, which vanishes to
linear order in r since we can Taylor expand p(r) = ∂rp|r=0 r.

For λ̄M large compared to the κ and λ2 terms, we find, analogously to eq. (3.23):

p(r) =

{
−A tanh(r/`MIC) for (1 + χ̄M )(m0ρ− − ρc) > 0,

−A tan(r/`MIC) for (1 + χ̄M )(m0ρ− − ρc) < 0.
(3.46)

Unlike the bilayer case, due to the extra term in eq. (3.41), there is no condition like (3.19)
that would pick out the tanh solution. Indeed, the signs of 1 + χ̄M and m0ρ− − ρc don’t
have to match, even though phase separation is still controlled by the magnitude of χ̄M .
While the tanh solution saturates at ±A, the tan solution diverges. Hence, it can only
represent an approximation of the solution close to x = 0; the κ term and the other terms
we have neglected will saturate the solution far from the centre.

A denotes the amplitude of the polarisation, and the length scale `MIC is given by:

`MIC =
−Aλ̄M

m0ρ−/ρc − 1
. (3.47)

Comparing this to eq. (3.25), we see that a similar competition mechanism is at work
to select the micelle length scale as for the bilayer in the strong λ̄ limit, involving self-
advection, anchoring and the Ginzburg-Landau ordering term. λ̄ is modified to λ̄M , which
takes into account that the density gradient the anchoring ζ1 couples to acquires an ad-
ditional contribution from the splay flux. λ̄M < 0 must hold to obtain a micelle with
inward-pointing microtubules for m0ρ− − ρc > 0.

The effect of slowly activating the λ2 term in (3.45), with κ still negligibly small, can be
examined by assuming that the solution given in (3.47) maintains its shape, such that we
can approximate p(r) ≈ −A`−1

MICr. This results in a contribution to the linear term in
(3.46):

− λ2
p2

r
≈ λ2

A

`MIC
p. (3.48)

This term will enter the denominator of eq. (3.47). As before for the bilayer profile, we
obtain an implicit relation for `MIC. It has the solution:

`MIC =
−A(λ̄M + λ2)

m0ρ−/ρc − 1
. (3.49)

The active splay term λ2 appears here because of the splay that naturally emerges in the
micelle due to radial symmetry. For inward pointing polarisation, the splay is negative:
thus, for m0ρ−/ρc > 1 and λ2 < 0, the active splay suppresses the order in the centre of
the micelle, thus leading to an increase of the length scale `MIC.

In the other limit, where κ dominates, the equation takes the form that we have already
discussed for the bilayer. Likewise, we find a tanh-like kink solution if the centre of the
micelle is above criticality, as in eq. (3.26):

p(r) = −A tanh(r/`MIC), (3.50)



54 CHAPTER 3. MICELLES AND FOAMS

with the length scale:

`MIC =

√
2κ

m0ρ−/ρc − 1
. (3.51)

To take into account the other terms, we approximate ∂rp ≈ −A/`MIC as well as p ≈
−A/`MICr. Then, the other terms in (3.45) give contributions to the linear term, such
that we obtain:

`MIC = ΛMIC +

√
Λ2

MIC +
2κ

m0ρ−/ρc − 1
, (3.52)

with

ΛMIC =
−A(λ̄M + λ2)

2(m0ρ−/ρc − 1)
. (3.53)

This gives back eq. (3.49) for negligible elasticity.

In general, however, the slope at r = 0 will determine the shape of the solution. Analog-
ously to what we found in eq. (3.33) for the bilayer, the sign of m0ρ−−ρc implies the sign
of the third derivative of the polarisation at the centre of the micelle.

Motor profile

The motor profile can be found analogously to (3.36). Here, we also take into account the
possibility of a tan-like profile, such that close to the centre we find:

m(r) =

{
m− cosh(r/`BL)−γA`MIC for p ∼ tanh,

m− cos(r/`BL)γA`MIC for p ∼ tan.
(3.54)

Micelle profile: Summary

To wrap up the results above, we expect a tanh-like solution for the polarisation for the
micelles in the strong λ̄M limit for λ̄M < 0, 1 + χ̄M > 0 and m0ρ− > 0 (or when all these
signs are reversed), as well as in the strong κ limit when the centre lies above criticality.
The profiles then look like those pertaining to the bilayer (see eq. (3.37)), using r instead
of x and `MIC instead of `BL.

As for the bilayer, we expect a change in the sign of ∂3
xp(x = 0) for κ < 0 when the centre

of the profile lies below criticality, hinting at a change in the profile shape in proximity of
the centre. In addition, this transition to a tan-like profile is expected for the strong λ̄M
limit as well, when the signs of 1 + χ̄M and the Ginzburg-Landau term don’t match. This
is forbidden for the bilayer due to the condition (3.19).

The length scale `MIC is selected by the competition between the following terms:
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Pulls micelle apart
(larger `MIC)

Pushes micelle together
(smaller `MIC)

Elasticity
κ > 0

Ginzburg-Landau ordering
m0ρ− − ρc > 0

Anchoring to density gradients
−(χ+ χ1/2)ζ1 > 0

Self-advection
λ > 0

Contractile flux
χ < 0

Effective diffusion
Deff > 0

Splay flux
χ1 < 0

Active splay
λ2 < 0

Thus, in addition to the terms that play a role for the bilayer length scale `BL, we find a
new contribution depending on the splay flux and the active splay. This is caused by the
radial symmetry of the micelle, which naturally induces a splay deformation with negative
sign in the polarisation field.

Measuring the micelles

As we did for the bilayer, we simulated a set of parameters in the regime of the phenomeno-
logical model where micelles appear to extract their profiles and length scales. We chose
the parameters to lie in the strong λ̄M regime, to verify the prediction on the tanh-to-tan
transition in dependence on the strength of χ̄M . To extract the radial profile of the mi-
celles, we identified the local minima of the density field by a 2d peak detection algorithm
for each simulation and discarded the density minima that did not correspond to micelle
centres. Then, we extracted the 1d profile passing through the identified centres along an
arbitrary axis, taking advantage of the micelles’ radial symmetry.

For each micelle profile, we calculated the value of ∂3
xp(x) at its centre. This derivative

has a different sign for the two solutions in eq. (3.46), so it can be used to distinguish
them. Figure 20 shows an example profile for each of the two profiles (tanh above and
tan below), as well as the value of ∂3

xp(x)|x=0 against χ̄M for the profiles whose centre
lies above criticality. Indeed, as |χ̄M | crosses the threshold value of 1, we see that the
third derivative changes its sign. This is in agreement with the prediction indicated in
eq. (3.46).

For the micelles with ∂3
xp(x)|x=0 > 0, we proceeded like for the bilayer profiles, using the

density maxima on each side of the centre to delimit the interior of the micelle and fitting
the measured profiles using the functions indicated in eq. (3.38). Rescaling the profiles like
we did for Fig. 18, we can then collapse them all onto one curve, shown in the left panel
of Fig. 21. As for the length scale prediction, since we are in the strong λ̄M regime, the
length scale is given by eq. (3.49). The right panel of Fig. 21 shows that the theoretical
prediction is in good agreement with the measured length scales.
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Figure 20: Simulations of the phenomenological model were performed for χ̂1 ∈
{−0.15,−0.125,−0.1,−0.075}, χ̂2 ∈ {0, 0.025, 0.05}, κ̂1 ∈ {0.05, 0.075, 0.1}, λ̂2 ∈
{−0.2,−0.4,−0.6}, and fixed ρ̄ = 1.2, Dρ = 1/32, α2 = α3 = −ν = 0.05, κ̂2 = ζ̂1 = 0, λ̂1 = −1.0,
vm = 0.02, Dm = 0.2, in a periodic box of size 80 × 80, for t = 600. The micelle centres where
identified by finding the minima of the density field with a 2d peak detection algorithm, and tak-
ing the cross section along an arbitrary axis passing through that point. The left panel shows two
examples of observed profiles (ρ profile in red, m profile in cyan, p profile in magenta). The upper
profile has ∂3xp|x=0 > 0 (tanh-like profile, light grey), the lower one ∂3xp|x=0 < 0 (tan-like profile,
dark grey). In the right panel, the third derivative of the polarisation at the micelle centre is plot-
ted against the value of χ̄M for all the profiles with centres above criticality, showing a tanh-to-tan
transition as the critical value of χ̄M = 1 is crossed.
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Figure 21: Left: Curve collapse obtained by plotting the rescaled data (ρ− c1)/c2, (m/c4)1/c5 and
p/c3 against (x− xi0)/`i with the fit parameters from eq. (3.38) for the tanh-like profiles measured

in the simulations indicated in Fig. 20. The expected functions tanh2(x), cosh(x)
−1

and − tanh(x)
are shown as black dots. Right: the measured lengthscale `MIC,sim = `p is plotted against the
theoretical prediction indicated in eq. (3.49), where we used c3 from the fit (3.38) for A.
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3.4.3 Length scales in the derived model
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Figure 22: Dependence of the micelle and bilayer length scales on physical microtubule and motor
densities in the derived model, for η = 0.56, ωc = 2.18, ξ = 0, αph = 0.7. We chose α = αph/mph

and ρ = mphρph, with mph = 1 on the left and ρ = ρc on the right. We see that all length scales
decrease with increasing density close to the orientational transition. However, while they plateau
for larger microtubule densities, the micelle length scale grows as the motor density is increased
further.

We can use the results from this section to predict how the length scales change in de-
pendence on microscopic parameters in the derived model. To this goal, we assume that
the relation for the phase separation strength (3.20) is valid for the micelles as well, sub-
stituting χ̄M for χ̄. While such an assumption might not be correct in quantitative terms,
we expect it to give the correct qualitative behaviour, since χ̄M drives density fluxes in
a radially symmetric setting. In mathematical terms, this amounts to extending the ap-
proximation (3.44) to regions far from the centre. With this, we can use the expression for
∆ρ to obtain the densities ρ± at the maximum, and consequently the amplitude A of the
polarisation via (3.24). Plugging this into equations (3.30) and (3.52), we find expressions
for `BL and `MIC that depend on ρ0 only.

Plotting the dependence of the bilayer and micelle length scales on the microtubule and
motor densities (see Fig. 22), we find that both length scales decrease as the densities
are increased close to criticality. This corresponds to our expectation from the Ginzburg-
Landau scaling, where we had ∂x ∼ p ∼ ε, which means that we expect characteristic
length scales to scale as 1/

√
m0ρ0/ρc − 1 (see also (3.27)). However, while for high mi-

crotubule densities the length scales plateau at about a quarter of a microtubule length,
the micelle length scale increases again at higher motor densities. This explains the open-
ing up we saw in the numerical simulations for low values of α, see Fig. 14. A similar
opening up of micelles for high motor concentrations was recently observed in agent-based
simulations [32].



58 CHAPTER 3. MICELLES AND FOAMS

3.5 Linear stability analysis of homogenous states

Now that we have studied the stationary profiles of micelles and bilayers, our next goal
is to inspect their stability. The tool to achieve this is linear stability analysis. In this
section, we limit ourselves to the simplest states, the homogeneous ones. As we will see,
the mechanisms involved will be relevant for bilayers and micelles as well.

3.5.1 LSA of the disordered state

We start by studying the instabilities of the isotropic (p = 0) homogeneous state. To this
goal, we perform a linear stability analysis of equations (2.64) by introducing a periodic
perturbation of the form:

ρ(x, y, t) = ρ0 + δρ(t)eikx, (3.55a)

pi(x, y, t) = δpi(t)e
ikx, (3.55b)

where we chose the coordinate system such that the x axis is aligned with the periodic
modulation, without loss of generality. For small γ, the motor field won’t contribute
significantly to the onset of the instability and we can keep it constant, m = m0.

Plugging (3.55) into equations (2.64), and keeping terms up to linear order in the perturb-
ations, we obtain the equations:

∂tδρ = −k2Deffδρ, (3.56a)

∂tδpx = (m0ρ0/ρc − 1)δpx − κk2δpx + iζ1kδρ, (3.56b)

∂tδpy = (m0ρ0/ρc − 1)δpy − κ1k
2δpy, (3.56c)

where Deff was defined in equation (3.3). The resulting eigenvalues are:

σ1 = −k2Deff , (3.57a)

σ2 = (m0ρ0/ρc − 1)− κk2, (3.57b)

σ3 = (m0ρ0/ρc − 1)− κ1k
2. (3.57c)

The first eigenvalue is positive for |k| > 0 and Deff < 0, which can be the case only when
ν < 0. Then, a type II-s instability occurs (in the classification introduced in [33]). This
instability has been discussed in [13] and [23] for the ωc = π case, where it has been termed
density instability because it occurs also when the perturbation is purely a density one,
with δpx,y = 0. To regularise the instability at short wavelengths, higher order gradient
terms of the form ∇4ρ must be introduced. However, as noted in [23], this can be avoided
by choosing α large enough, such that Deff > 0 and the instability does not occur. We
will assume this in the following.

For m0ρ0 > ρc, i.e. above criticality, the two polarisation directions show a type III-s
instability (in the nomenclature of [33]) with a maximum at k = 0, corresponding to the
emergence of global order. While the system is stable with respect to short wavelength
perturbations, perturbations with wavelengths longer than a critical wavelength `c trigger
the emergence of global order.
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3.5.2 LSA of the homogeneous ordered state

As we have seen, a Ginzburg-Landau transition occurs above criticality and the order
parameter acquires a non-zero value globally. The simplest ordered state is the homogen-
eous one, where the microtubule and motor densities are constant, ρ = ρ0 and m = m0,
and the order points in the same direction everywhere. The order amplitude is given by
the stationarity condition in the polarisation equation, which in the absence of gradients
amounts to balancing the linear and cubic terms in eq. (2.44), giving:

p0 =

√
m0ρ0 − ρc
βm2

0ρc
. (3.58)

To understand under which conditions the homogeneous ordered state is unstable, we
again perform a linear stability analysis of equations (2.64), by perturbing the state as
follows:

ρ(x, y, t) = ρ0 + δρ(t)ei(kxx+kyy), (3.59a)

pi(x, y, t) = p0δi,x + δpi(t)e
i(kxx+kyy). (3.59b)

Here, we have chosen the x axis to lie along the global polarisation of the initial state. Thus,
kx and ky set the length scales of the perturbation longitudinally and perpendicularly to
the order, respectively. Moreover, the perturbations δpx and δpy can be identified with
modulations respectively of the order strength and order direction.

By plugging this into (2.64), we find the equations:

∂tδρ = −Deffk
2δρ− 2(χ1kxkjp0δpj + χ2k

2p0δpx), (3.60a)

∂tδpx = m0p0/ρcδρ− 2βm2
0p

2
0δpx − κ1k

2δpx − κ2kxkjδpj

+ iζ1kxδρ− iλkxp0δpx − iλ2kyp0δpy, (3.60b)

∂tδpy = −κ1k
2δpy − κ2kykjδpj + iζ1kyδρ+ 2iζ2kyp0δpx − iλ1kxp0δpy, (3.60c)

where summation over equal indices is implicit.

In the k → 0 (long wavelength) limit, only δpx decays with a finite rate, as the system
will bring the polarisation strength to the value imposed by the density via (3.58). Global
changes in the density and orientation, on the other hand, are marginal as a consequence
of density conservation and rotational invariance of the system, and have vanishing decay
rate as k → 0. Therefore, we can perform an adiabatic elimination by setting ∂tδpx = 0,
which gives us:

2βp0δpx =
δρ

m0ρc
− iλ2/m

2
0kyδpy. (3.61)

Plugging this into equations (3.60) yields:

∂t

(
δρ
δpy

)
=

(
J11 J12

J21 J22

)(
δρ
δpy

)
, (3.62)
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with the entries of the Jacobian reading as follows, to the lowest order we will need:

J11 = −Deff(1 + χ̄2)k2 −Deff χ̄1k
2
x, (3.63a)

J12 = −2χ1p0kxky + iλ2χ2/(βm
2
0)k3

y, (3.63b)

J21 = iζ̄ky, (3.63c)

J22 = −iλ1kxp0 + λ2ζ2/(βm
2
0)k2

y − κ1k
2 − κ2k

2
y. (3.63d)

Here, we’ve introduced ζ̄ as the effective total anchoring, taking into account the gradient
in the order amplitude induced by a density variation:

ζ̄ = ζ1 +
ζ2

βm0ρc
. (3.64)

The eigenvalues of the Jacobian (3.63) are given by:

2σ± = Tr J ±
√

(TrJ)2 − 4 detJ. (3.65)

The system in unstable when at least one of these eigenvalues acquires a positive real part.
Below, we will see how this translates to conditions on the equation coefficients. We will
have to treat different perturbation directions separately: we write k = (k cosϕ, k sinϕ),
with ϕ signifying the angle between the wave vector and the order direction.

Longitudinal instability

For a purely longitudinal perturbation with ky = 0, the orientational perturbation δpy
completely decouples from the density and order strength perturbations, as can be seen in
(3.60). The two eigenvalues are then given by the diagonal entries of the Jacobian (3.63).

A perturbation which purely involves the density (and, consequently, the order strength,
via (3.61)) will have the eigenvalue:

σ1 = −Deff(1 + χ̄)k2
x, (3.66)

which is real to lowest order in k. It becomes positive for 1+χ̄ < 0, i.e. when the contractile
flux overcomes effective diffusion. This leads to fluxes along the order direction, amplifying
the initial perturbation. Since the eigenvalue is 0 at k = 0, this is a type II-s instability.

On the other hand, the eigenvalue for the orientational perturbation reads−κ1k
2
x−iλ1kxp0.

It has positive real value for κ1 < 0. Like for the density instability of the isotropic state,
in order to regularise this instability for short wavelengths a bilaplacian of the form ∇4p
would be required in the polarisation equation; in the following, we will therefore assume
we are in the regime where κ1 > 0.

Perpendicular instability

For a modulation which is purely perpendicular to the order, with ϕ = ±π/2 and kx = 0,
the trace and the determinant of the Jacobian (3.63) become real to lowest order in k.
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Unperturbed state

Orientational perturbation 
leads to splay

  
leads to order modulation

  
amplifies perturbation

<latexit sha1_base64="udlFzmgaMyvx3bguLO6MREojAWQ="></latexit>

Active splay (�2 < 0)

<latexit sha1_base64="nPv5AHZk2yz9LyaCN398hPln0Us="></latexit>

Self-anchoring (⇣2 < 0)

Figure 23: Feedback mechanism between active splay and self-anchoring for the perpendicular
instability. As the orientation in an initial configuration is perturbed perpendicularly to the order,
regions of positive (blue) and negative (red) splay emerge. For λ2 < 0, the active splay increases
the order in the blue regions and decreases it in the red regions. The self-anchoring ζ2 < 0 then
rotates the orientation away from the regions with stronger order, resulting in even stronger splay.

Then, equation (3.65) gives at least one positive eigenvalue if TrJ > 0 or if det J < 0.
The first condition gives the inequality:

βm2
0[Deff(1 + χ̄2) + κ] < λ2ζ2, (3.67a)

while the second condition results in the inequality:

βm2
0(1 + χ̄2)κ < λ2(ζ2 − χ2ζ1/Deff). (3.67b)

When either of these inequalities is fulfilled, we obtain a type II-s instability. The in-
stability is mainly of orientational character, as can be seen by inspecting the eigenvectors
corresponding to the eigenvalues σ± given in (3.65). These can be written as:

v± =

(
σ± − J22

J21

)
. (3.68)

When kx = 0, the eigenvalue is of order O(k2), as is the component J22 of the Jacobian
(3.63). On the other hand, for ζ̄ 6= 0, the component J21 is of order O(k): hence, both ei-
genvectors have a predominant δpy component, and the two perpendicular instabilities are
mainly orientational. This means that the dynamics of the instabilities will be dominated
by the perturbation of the order direction.

This knowledge allows us to interpret the instability conditions (3.67). The right hand side
of those inequalities can be read as a feedback mechanism between the active splay term
λ2 and the anchoring terms ζ1,2. Indeed, as the orientational order in the homogeneous
state is perturbed transversely, regions of positive and negative splay will emerge. The
term λ2 will enhance or suppress the amplitude of the order depending on the sign of the
splay. The self-anchoring ζ2 will then rotate the orientational order towards or away from
these regions, thus amplifying the perturbation for sgn ζ2 = sgnλ2, or bringing the system
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back to the homogeneous state when the two terms have opposite signs. This feedback
mechanism is illustrated in Fig. 23 for λ2 < 0 and ζ2 < 0; the case where the signs are
reversed works analogously. On the left hand side of the inequalities, working against the
instability, we find the elasticity κ, which penalises splay deformations. We also find the
total transversal diffusivity Deff(1 + χ̄2), which evens out gradients in density and order
strength (the two are connected via eq. (3.61)).

The other term on the right hand side of eq. (3.67b) stems from the coupling to the density
equation. Due to the modulation of the order strength (see Fig. 23), a transversal flux
emerges, which is controlled by χ2 (see Fig 16). This leads to inhomogeneities in the
density field, which the density anchoring ζ1 couples to, rotating the orientation towards
or against high-density regions, depending on its sign. For the right combination of signs,
this contributes positively to the feedback discussed above: for example, for λ2 < 0, χ2 < 0
will accumulate density in the positive splay regions, and ζ1 < 0 will turn the orientation
away from these regions, amplifying the splay.

Mixed instabilities

We are left to consider perturbations which are neither purely perpendicular nor purely
longitudinal with respect to the order, i.e. kx 6= 0 6= ky. Since we mix these two compon-
ents, we’ll refer to the emerging instabilities as mixed instabilities. Assuming λ1 6= 0, the
expression in the square root of eq. (3.65) (i.e. the discriminant) reads as follows, up to
third order in k:

− λ2
1k

2
xp

2
0

(
1 +

2i

λ1kxp0
(Xk2

x + Y k2
y)

)
. (3.69)

with

X = Deff(1 + χ̄)− κ1, (3.70a)

Y = Deff(1 + χ̄2) + 4
χ1ζ̄

λ1
+
λ2ζ2

βm2
0

− κ. (3.70b)

In the long wavelength limit k → 0, the term k2
y/kx = k sinϕ tanϕ is much smaller than 1

as long as |tanϕ| � k−1. If that is the case, taking the square root of (3.69), we can use√
1 + x = 1 + x

2 +O(x2) to obtain:

i|λ1kx|p0 − sgn(λ1kx)
[
Xk2

x + Y k2
y

]
+O(k3). (3.71)

Plugging this result back into equation (3.65), and absorbing sgn(λ1kx) into ±, we find
the real parts of the two eigenvalues to be (up to second order in k):

Reσ+ = −Deff(1 + χ̄)k2
x −

[
2χ1ζ̄/λ1 +Deff(1 + χ̄2)

]
k2
y, (3.72a)

Reσ− = −κ1k
2
x +

[
λ2ζ2

βm2
0

+ 2χ1ζ̄/λ1 − κ
]
k2
y. (3.72b)

When at least one of these expressions is positive, the homogeneous state is unstable. The
imaginary parts read:

Imσ+ = 0 +O(k3), (3.73a)

Imσ− = −λ1p0kx +O(k3). (3.73b)
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The eigenvectors for the two eigenvalues can be written as:

v+ =

(
J12

σ+ − J11

)
=

(−2χ1p0kxky + iλ2χ2/(βm
2
0)k3

y

−2χ1ζ̄/λ1k
2
y

)
, (3.74a)

v− =

(
σ− − J22

J21

)
=

(
2χ1ζ̄/λ1k

2
y

iζ̄ky

)
. (3.74b)

Thus, while σ− indicates a predominantly orientational perturbation in the long wavelength
limit, the ratio between the density (δρ) and orientational (δpy) components in v+ reads
λ1/ζ̄p0 cotϕ, and thus the instability goes from predominantly density-like to predomin-
antly orientational as ϕ is tuned from 0 to π/2.

For ky = 0, we recover the eigenvalues discussed above for the longitudinal case, where σ+

belonged to a pure density perturbation and σ− to a purely orientational one. Assuming
that the longitudinal instabilities are not activated, the k2

x terms stabilise the system.
Hence, to identify new instability conditions, the kx → 0 limit is of interest. This cor-
responds to a perpendicular perturbation with a weak longitudinal component. However,
we must be careful, since we assumed |tanϕ| � k−1. We must therefore take the limit
ϕ→ π/2 after the limit k → 0.

For this choice of the wave vector, the k2
y terms in (3.72) dominate. Hence, (3.72a) becomes

positive for:

−2
ζ̄χ1

λ1
> Deff(1 + χ̄2). (3.75)

This inequality has an interpretation in terms of a feedback loop between the density and
polarisation fields, illustrated in Fig. 24, which involves the effective anchoring term ζ̄,
the orientational self-advection λ1 as well as the splay and bend fluxes proportional to χ1.
These fluxes compete with the total transverse flux given by Deff(1 + χ̄2), which stabilises
the homogeneous state; for a finite longitudinal component, as is evident from eq. (3.72a),
the total longitudinal flux Deff(1 + χ̄) also works against the destabilising feedback. Since
for sufficient longitudinal admixture this instability becomes predominantly density-like,
we refer to it as the mixed density instability, which is a type II-s instability.

On the other hand, the second eigenvalue (3.72b) is positive for:

λ2ζ2

βm2
0

+ 2
ζ̄χ1

λ1
> κ. (3.76)

This shows the same feedback between active splay λ2 and self-anchoring ζ2 discussed for
the perpendicular instability, which is contrasted by the elasticity κ, see eq. (3.67). Here,
there is an additional term coming from the longitudinal component, which again can be
interpreted as a feedback loop, shown in Fig. 25. Note that this term has opposite sign
compared to eq. (3.75), as the feedback operates in the opposite way. We refer to this
instability as the mixed orientational instability, which is a type II-o instability.

Finally, the case λ1 = 0 is special, since the second order term in k in (3.69) vanishes. In
this case, the leading order term in (3.65) is given by:

2σ± = ±
√
−8iζ̄χ1p0kxk2

y. (3.77)
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Bend: right/left

Splay: positive/negative

(i) (v)

(ii) (iii) (iv)

Flux

Figure 24: Feedback mechanism leading to the mixed density instability. (i) Initial periodic per-
turbation in the density (and order strength) with both perpendicular and longitudinal components.
Bright regions have higher density than dark regions. (ii) Due to the effective anchoring, chosen
here as ζ̄ > 0, the orientation aligns itself along the density gradients. This results in a bend
deformation, with some parts of the orientational field bending to the right (magenta) and others
to the left (green), as well as a splay deformation, with positive (blue) and negative (red) splay
regions. (iii) The orientational self-advection (λ1 > 0) shifts the orientational distortion pattern
along the order. (iv) The splay and bend distortions give rise to fluxes. For χ1 < 0, the bend
flux (shown above) points to the inside of the osculating circle of the polarisation streamlines,
i.e. to the right for a right-turning bend and to the left for a left-turning bend. Likewise, the
splay flux (shown below) will point along the orientational vector for positive splay and against
it for negative splay. (v) Flux field resulting from the sum of the splay and bend fluxes. This
leads to further accumulation of density in the higher density regions for the right set of signs, i.e.
sgn(λ1χ1ζ̄) = −1.

Taking the real part, we find:

Reσ± = ±|ky|
√∣∣χ1p0ζ̄kx

∣∣. (3.78)

Thus, for λ1 = 0 the homogeneous state is always unstable with respect to mixed perturb-
ations.

3.5.3 Instabilities in the derived model

Using our results from the linear stability analysis, we can now inspect where the instabil-
ities we have discussed appear in the derived model. To this goal, in Fig. 26 we plot the
inequalities we have derived, i.e. 1 + χ̄ < 0 for the longitudinal (contractile) instability,
the conditions (3.67) for the perpendicular instability, and (3.75) and (3.76) for the mixed
instabilities, in dependence on the microscopic parameters.

As becomes apparent from panels a) and b) of that figure, the orientational instabilities –
i.e. the perpendicular one and the mixed orientational one – appear for high densities for
sufficiently high η and sufficiently low ωc. This shows a striking similarity to the regime
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Bend: right/left

Splay: positive/negative

(i) (v)

(ii) (iii) (iv)

(iii) (iv)

Figure 25: Feedback mechanism leading to the mixed orientational instability, that adds to the
self-anchoring/active splay feedback discussed in Fig. 23. (i) Initial periodic perturbation in the
orientation of the polarisation field with both perpendicular and longitudinal components. (ii)
The orientational deformations lead to the emergence of splay and bend fluxes, shown here for
χ1 < 0 as orange arrows, cfr. Fig. 24iv. (iii) The fluxes result in density inhomogeneities. (iv)
The orientational pattern is advected backwards for λ1 < 0. (v) Via the anchoring term ζ̄,
the orientational field couples to the density gradients, leading to an amplified perturbation for
sgn(λ1χ1ζ̄) = +1.

where micelles undergo branching and form active foams in the numerical simulations of
the derived model. Indeed, Fig. 8 and Fig. 26a show the same structure. Furthermore, as
we discussed in Fig. 11, active foams and branching micelles give way to stable micelles as
one increases the critical angle ωc, favouring polar interactions more strongly. Likewise,
the orientational instabilities vanish as one increases ωc in Fig. 26b.

As for the density instabilities, i.e. the mixed density instability and the contractile
instability, they appear for low density values with a weak dependence on η and ωc.
However, they strongly depend on α: as shown in Fig. 26c, they regimes where they occur
grow larger when α is decreased. Recalling the results from sec. 3.1.4, decreasing α also
leads to the shape instability we saw for micelles in Fig. 15.

Thus, the instabilities of the homogeneous model seem to be related to micellular instabil-
ities. We will inspect this connection more deeply in the next section.

At the bottom of Fig. 26, we show the dispersion relations for the four instabilities appear-
ing in panel c), calculating the eigenvalues of the full three-dimensional Jacobian matrix
(3.60) numerically. We find the instabilities we predicted making use of the adiabatic
elimination of the order strength and the long-wavelength limit to appear also in the full
problem. Furthermore, we confirm our results on the imaginary part of the eigenvalues:
while the imaginary part of the density instabilities is of higher order in k, it is linear in k
for the mixed orientational instability (compare eq. (3.73)). The perpendicular instability,
on the other hand, exhibits a real eigenvalue as long as the radicand in (3.65) is positive,
so that the imaginary part of the instability vanishes.
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Figure 26: Regions where the various instabilities of the homogeneous state are activated in the
derived model for ξ = 0. a) For sufficiently low ωc, the orientational instabilities (mixed and
perpendicular) are activated for high values of η. The mixed density instability is found at low
densities. b) The orientational instabilities vanish at higher values of ωc. c) For lower values of
α, the regime where density instabilities (mixed and contractile) are found becomes larger. Dis-
persion relations obtained numerically from the full three-dimensional Jacobian (3.60) for various
points in the phase diagram are shown below. Solid lines represent the real part of the dominant
eigenvalue and dashed lines the imaginary part. d) Instability regimes in dependence on physical
concentrations, with ρ̄ = mphρ̄ph and α = αph/mph.
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In Fig. 26d), we plot the instabilites at fixed η, ωc and αph for varying physical microtubule
and motor densities. We see that all four instabilities can be activated. Thus, in a physical
system, where the interaction parameters are fixed, we expect there to be distinct regimes
where different instabilities are relevant. This can happen on a local scale, since the
concentrations can vary throughout the system.

3.6 Micelle instabilities

3.6.1 LSA of radially symmetric solutions

In this section, we want to understand how the results we have obtained for the homo-
geneous state can be transferred to micelle solutions. We expect that the instabilities
will be activated in the high-density ordered part of the micelle, where the density and
polarisation plateaus are relatively flat. Hence, we will focus on a range of radii within
this density plateau. We inspect the limit where the micelles are much larger than the
length of a microtubule, i.e. their radius obeys r � 1.

We start by taking a radially symmetric stationary solution of the equations (3.40), i.e.
a micelle profile with density ρ0(r) and polarisation p0(r)êr, and applying a periodic
perturbation as follows:

ρ(r, φ, t) = ρ0(r) + δρ(t)einφeikrr, (3.79a)

p(r, φ, t) = (p0(r) + δpr(t)e
inφeikrr)êr + δpφ(t)einφeikrrêφ. (3.79b)

Hence, kr is the wave vector of the radial perturbation and n the mode number of the
perturbation along the ring. We assume kr to be of order O(1/r), i.e. the length scale of
the perturbation to be comparable with the radius of the micelle. On the other hand, n
is an integer number, which is not small.

The radial function p0(r) is a stationary solution of eq. (3.40b). Keeping terms up to
order O(r−2) in that equation, as well as neglecting radial derivatives, yields:

0 = m0ρ0/ρc − 1−m2
0βp

2
0 − λ2p0/r. (3.80)

Taking the radial derivative of this expression gives:

0 = m0∂rρ0/ρc − 2m2
0βp0∂rp0 − λ2(∂rp0/r − p0/r

2).

Solving for ∂rp0 shows that radial derivatives are of order O(r−2), so that removing them
in equation (3.80) is the consistent choice to make in a large r expansion up to order
O(r−2).

Plugging the perturbation above into the dynamic equations of the model in polar coordin-
ates (given in app. A.4), using the condition (3.80), and keeping terms to lowest order in
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1/r for each power of n, we find:

∂tδρ = −n
2

r2
Deffδρ− 2

n2χ2 − inχ1

r2
p0δpr

+

[
ikr
r
− k2

r

]
Deffδρ+ 2χ

[
2ikr
r
− k2

r

]
p0δpr − 2χ1

p0nkr
r

δpφ, (3.81a)

∂tδpr = m0p0/ρcδρ− 2βm2
0p

2
0δpr − in

λ2p0

r
δpφ, (3.81b)

∂tδpφ = −
[
n2κ

r2
+
λ1p0

r

]
δpφ + inζ1rδρ+ in

2ζ2p0

r
δpr − ikrλ1p0δpφ. (3.81c)

Firstly, we note that for n = kr = 0 the δpφ equation decouples, and it shows an instability
for λ1p0 < 0. This is a consequence of the radial orientation of the polarisation, as
emerges from the following argumentation. The coefficient λ1 controls the self-advection
of the order orientation. In a perfectly radial configuration, the order orientation does
not change along the order, and thus the self-advection has no effect. In contrast, when
the orientation is perturbed, the order acquires an angular component, and the splayed
configuration of the polarisation becomes of relevance for the self-advection. A negative
λ1 leads to a backward propagation of the perturbation along the ring, bringing back the
system to its original state. In contrast, a positive λ1 leads to a forward propagation
of the perturbation, which consequently self-amplifies. This means that for λ1 > 0 no
inward-pointing micelles can exist, since they are unstable to orientational perturbations.

Adiabatically eliminating δpr as we did in the linear stability analysis of the homogeneous
state, we can reduce the dynamics of the perturbations to a two-dimensional Jacobian:

∂t

(
δρ
δpφ

)
=

(
J11 J12

J21 J22

)(
δρ
δpφ

)
, (3.82)

with the entries of the Jacobian reading as follows, to the lowest order we will need:

J11 =

(−n2(1 + χ̄2) + inχ̄1

r2
+
ikr(1 + 2χ̄)

r
− k2

r(1 + χ̄)

)
Deff , (3.83a)

J12 = −2p0χ1nkr
r

, (3.83b)

J21 = iζ̄
n

r
, (3.83c)

J22 = −λ1

(
ikr + r−1

)
p0 −

n2κ

r2
+
λ2ζ2

βm2
0

n2

r2
. (3.83d)

To identify the unstable eigenvalues of this matrix, we make use of (3.65) again. The
lowest order term in r−1 inside the square root of that equation reads:

λ2
1p

2
0(ikr + r−1)2. (3.84)

Note that, in contrast to the corresponding expression (3.69) in the linear stability analysis
of the homogeneous state, this does not vanish for kr = 0. The next order term is given
by:

− 2λ1p0

(
ikr + r−1

) [
−n

2κ

r2
+
λ2ζ2

βm2
0

n2

r2
− J11

]
+ 8i

n2kr
r2

p0χ1ζ̄. (3.85)



3.6. MICELLE INSTABILITIES 69

Factoring out λ2
1p

2
0(ikr + r−1)2, we can use

√
1 + x ≈ 1 + x/2. The square root term then

reads:

±
(
λ1p0(ikr + r−1) +

n2κ

r2
− λ2ζ2

βm2
0

n2

r2
+ J11 + 4i

χ1ζ̄

λ1

n2kr
r2 (ikr + r−1)

)
(3.86)

Putting everything together, we find the real parts of the eigenvalues:

Reσ+ = −
(
n2(1 + χ̄2)

r2
+ k2

r(1 + χ̄)

)
Deff + 2

χ1ζ̄

λ1

n2k2
r

r2 (k2
r + r−2)

, (3.87a)

Reσ− = −λ1p0

r
− n2κ

r2
+
λ2ζ2

βm2
0

n2

r2
− 2

χ1ζ̄

λ1

n2k2
r

r2 (k2
r + r−2)

. (3.87b)

In the limit where the radial perturbation occurs on a length scale which is much shorter

than the radius of the micelle, k2r
(k2r+r−2)

→ 1 and we recover the mixed instabilities of the

homogeneous solution, (3.72), up to the additional λ1/r term, which stabilises orientational
instabilities for small node numbers n, turning the mixed orientational instability into a
type I instability.

For completeness, the imaginary parts read:

Imσ+ =

(
nχ̄1

r2
+
kr(1 + 2χ̄)

r

)
Deff + 2

χ1ζ̄

λ1

n2kr
r3 (k2

r + r−2)
, (3.88a)

Imσ− = −λ1p0kr − 2
χ1ζ̄

λ1

n2kr
r3 (k2

r + r−2)
. (3.88b)

The calculation we performed here shows that the mechanisms leading to the instability of
the homogeneous states extends to inhomogeneous solutions as well, taking the appropriate
limits. The instability conditions (3.75) and (3.76) are thus also relevant for micelles. They
are not exact, however, due to the new λ1/r term in the case of the mixed orientational
instability, as well as the fact that real micelles have finite radius and the derivation of
this section can thus only give a qualitative impression of the mechanisms at work. In
the next section, we will perform numerical simulations to observe how the instabilities
evolve dynamically, and to check the qualitative connection between micelle instabilities
and mixed orientational instabilities we have made.

3.6.2 Micelle instabilities in simulations

To investigate these questions, we made use of the phenomenological equations (3.11)
again. We started by running a simulation in a 40×40 geometry, with ρ̄ = 1.1, Dρ = 1/32,

α2 = α3 = −ν = 0.05, χ̂1 = −0.15, χ̂2 = κ̂2 = ζ̂1 = 0, vm = 0.02, Dm = 0.2, and
importantly λ̂1 = −1.0, κ̂1 = 0.03, λ̂2 = 0 and ζ̂2 = −0.1, to obtain a stable micelle. Next,
we took the obtained solutions and changed the parameters abruptly, to see whether the
instabilities would be activated. While for some parameters the micelle merely adjusted its
length scale, but otherwise kept its symmetry, for others it lost its stability. We observed
two different instabilities, which we refer to as the fingering instability and the branching
instability.
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Fingering instability

Reducing the strength of the orientational self-advection to λ̂1 = −0.7, the micelle became
unstable by modulating its shape, breaking the radial symmetry. The position of the
density interface was modulated around the ring, selecting different node numbers in
dependence on the value of ζ̂2: as we increased this parameter, the node number increased
as well (see Figures 27 and 28). Since we kept λ̂2 = 0 fixed, this hints at the fact that
we entered the regime of the mixed density instability governed by the inequality (3.75).
Indeed, as ζ̂2 is increased, the term quadratic in n in eq. (3.87a) becomes more dominant.
The selection of the node number of maximum growth takes place via the competition of
the quadratic term with terms of higher order in n that regularise the instability, so it is
not surprising that this implies a higher node number in the dynamics close to the onset.

We can thus identify the observed instability with the mixed density instability from the
discussion above. Since it leads to the modulation of the density interface, it is more
apt to name it fingering instability. Since the mixed density instability has components
of the density and orientational perturbations that are of the same order (see discussion
below eq. (3.74)), as the instability kicks in the density and splay perturbations grow
simultaneously.

The connection between the mixed density instability from the stability analysis of the
homogeneous state and the fingering instability seen in micelles explains why we find this
instability in the derived model for low α (see Fig. 15). Indeed, that is the regime where
the mixed density instability is found, as shown in Fig. 26c.

Branching instability

Reducing the strength of λ̂1 to λ̂1 = −0.5, increasing the self-anchoring strength to ζ̂2 =
−0.8 and introducing active splay by setting λ2 = −1.1, the micelle became unstable in a
different way than before. At first, the splay along the micelle was modulated, breaking
the radial symmetry. At later times, the density field changed as well, creating bilayer-
like throughs along the micelle ring. Thus, in contrast to what we saw in the fingering
instability, the high-density ring broke up, with branches forming that extended radially
outward. Thus, we refer to this micellular instability as branching instability.

By varying κ̂1, we could select different node numbers for this instability as well. For
weaker elasticity, the node number increased (see Figures 29 and 30). Since λ̂2 was activ-
ated, and the instability kicked in at much earlier times compared to the fingering instabil-
ity investigated above, this hints at the fact that this instability is related to the mixed
orientational instability governed by the inequality (3.76). Indeed, as κ̂1 is decreased, the
term quadratic in n in eq. (3.87b) becomes more dominant. As for the fingering instability,
this results in higher node numbers because the quadratic term wins over the regularising
higher-order terms for a range of n that grows larger as the quadratic term is amplified.
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ζ̂2 = −.1 n = 2 ζ̂2 = −.15 n = 3 ζ̂2 = −.2 n = 4

ζ̂2 = −.24 n = 5 ζ̂2 = −.28 n = 6 ζ̂2 = −.33 n = 7

Figure 27: Micellular fingering instability in the phenomenological model. A stable micelle was
prepared using the parameters indicated in sec. 3.6.2. Then, the self-advection strength was reduced
to λ̂1 = −0.7 to activate the mixed density instability. By varying the strength of the self-anchoring
ζ̂2, different mode numbers n could be activated. The density field is shown, with brighter values
signifying higher density. The range of values was normalised for each snapshot.

ζ̂2 = −.1 n = 2 ζ̂2 = −.15 n = 3 ζ̂2 = −.2 n = 4

ζ̂2 = −.24 n = 5 ζ̂2 = −.28 n = 6 ζ̂2 = −.33 n = 7

Figure 28: Polarisation field for the simulation snapshots shown in 27. The colors show the splay
field ∇ · n̂, where n̂ = p/|p|. Red corresponds to negative splay, and blue to positive splay. The
color range was normalised for each snapshot.
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κ̂1 = .33 n = 8 κ̂1 = .31 n = 9 κ̂1 = .30 n = 10

κ̂1 = .29 n = 11 κ̂1 = .25 n = 12 κ̂1 = .23 n = 13

Figure 29: Micellular branching instability in the phenomenological model. The same micelle was
prepared as initial condition as for the fingering instability. Then, the self-advection strength was
reduced to λ̂1 = −0.5, the self-anchoring strength increased to ζ̂2 = −0.8 and the active splay
set to λ̂2 = −1.1 to activate the mixed orientational instability. By varying the strength of the
elasticity κ̂1, different mode numbers n could be activated. Here, the density field is shown.

κ̂1 = .33 n = 8 κ̂1 = .31 n = 9 κ̂1 = .30 n = 10

κ̂1 = .29 n = 11 κ̂1 = .25 n = 12 κ̂1 = .23 n = 13

Figure 30: Polarisation field for the simulation snapshots shown in 29. The colors show the splay
field ∇ · n̂, where n̂ = p/|p|. Red corresponds to negative splay, and blue to positive splay. The
color range was normalised for each snapshot.



Chapter 4

Discussion and Outlook

The goal of this thesis was to derive a mesoscopic theory for microtubule-motor mixtures
from a set of microscopic interaction rules. In contrast to previous work using similar
methods, which assumed either fully polar [12, 13, 23, 34] or fully symmetric interactions
[14], we chose to allow for an asymmetric mixture of polar and antipolar alignment interac-
tions in dependence on the intersection angle. This was inspired by experimental evidence
suggesting that some motor proteins are able to perform different tasks depending on the
initial configuration of the filaments [10, 11]. As was done for self-propelled particles in
[15], we introduced this asymmetry via a critical angle parameter that controls the bias
towards either kind of interaction. Furthermore, to account for stalling effects observed
in [11], we included tuneable antiparallel sliding. We took into account the anisotropy of
interaction at the level of single microtubules due to an inhomogeneous profile of bound
molecular motors showing tip accumulation, and we discussed how the number of para-
meters describing this anisotropy can be reduced from two to one by taking a strong tip
accumulation limit. Furthermore, we took the collective advection of motors in ordered
regions into account.

Using the Boltzmann-Ginzburg-Landau formalism, we derived continuum equations for
the slow variables of the system. While the density field is always a slow variable, the
type of order that emerges in the system depends on the choice of the critical angle ωc.
Indeed, for a range of values centered around the perfectly symmetric case ωc = π/2, the
nematic order is unstable above a critical density, while for larger ωc, including the case of
fully polar interaction (ωc = π), the polar order can becomes unstable. The two regimes
intersect, such that there exists a range of values where both types of order can emerge
at high enough densities. While this hints at the possibility of an interesting interplay
between nematic and polar patterns, as discussed in [15], in this work we focused on the
range of critical angles where one of the two orders can be adiabatically eliminated and
expressed in terms of the other. Thus, we obtained two sets of continuum equations, one
for the regime of nematic dominance and one for the polar regime.

In the rest of the thesis, we studied the equations for the polar regime in detail. As a
first step, we performed numerical simulations to explore the phase diagram of our model
as a function of the parameters of the microscopic interaction, i.e. the critical angle, the
sliding strength, the anisotropy parameter and the motor Péclet number, as well as the
microtubule and motor densities. In a certain parameter regime, we observed a transition
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between radially symmetric micelles at low microtubule densities and a non-equilibrium
foam-like phase at high densities. While for low densities the radially symmetric micelles
are stable, when the microtubule density is increased they undergo an instability, form-
ing bilayer-like branches that extend outward in the radial direction. As the density is
increased even more, the bilayers connect to form an active network, which over time
undergoes continuous reconfiguration. We refer to this novel phase as active foam.

Active foam-like phases have been observed in the theoretical literature before: in agent-
based simulations of self-propelled particles with nematic interactions [35], in continuum
theories for a scalar field breaking detailed balance [36], as well as in a phenomenological
model for density and nematic order [28]. These active foams differ from the phase found
in our polar model by an important aspect: they are not bilayer-based. Nonetheless,
understanding the relationship between our model and the foams observed previously,
especially the nematic foam found in [28] (as this model is very similar to the continuum
equations we derived in the nematic regime), is an interesting question to be tackled in
further research.

Since our model is derived from microscopic rules, we can take two different perspectives
on the micelle-foam transition. One perspective is the microscopic one, where we consider
it in terms of the parameters of the interaction. The transition takes place only when the
admixture of antipolar interactions is strong enough and the interaction includes sliding.
This seems to be necessary to stabilise the bilayers, which are the elementary constituent
of the active foam phase. Indeed, thinking about the bilayer as a combination of two
monolayers of microtubules pointing in opposite directions, polar interactions are needed
to align the microtubules belonging to the same monolayer, while antipolar interactions
are necessary to keep the microtubules on the two opposite sides aligned along the same
axis. In this picture, sliding is essential to maintain the two monolayers well separated.
This illustrates the importance of studying asymmetric interaction rules: while fully polar
interactions would not feature the crucial mechanism of antiparallel sliding, fully sym-
metric models fail to give rise to dominating polar order, which is needed to form polar
structures like micelles and bilayers. Another important ingredient is the inhomogeneity
of the motor field, and thus of the interaction rate. This enhances the interaction strength
within the bilayer, while inhibiting it outside.

The other perspective we can take on the micelle-foam transition is the mesoscopic one,
where it is interpreted in terms of a feedback mechanism among different terms in the
continuum equations leading to an instability. With this in mind, we performed a linear
stability analysis of the homogeneous states, and we showed that the instabilities derived in
this setting are relevant for micelles as well. This allowed us to identify the mechanism that
is responsible for the micellular branching instability, namely a feedback between the active
splay and self-anchoring terms in the polarisation equation. Since a different microscopic
model for the same system will lead to continuum equations that have the same form
but a different dependence of the coefficients on microscopic parameters, this perspective
is more general than the microscopic one. On one hand, it applies to phenomenological
models as well, which can be useful when a rigorous derivation like the one we performed
is not possible, and on the other hand it formulates a constraint that microscopic models
need to fulfil to reproduce the sought phenomenology. If the branching instability is to
be reproduced, for example, the active splay and the self-anchoring need to have different
signs. Microscopic models that do not fulfil this condition will not show branching micelles.
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The micelle-foam transition we observed in our model is reminiscent of recent experi-
mental discoveries. Investigating mixtures of kinesin-4 motors and microtubules, it was
found that a number of non-equilibrium phases emerge, including asters at low tubulin
concentrations and active foams with bilayer edges at high tubulin concentrations ([1], see
Fig. 1c). While the geometry of these experiments is three-dimensional, the fact that we
found such a transition in our model suggests that the two-dimensional equations already
capture the key mechanism necessary for the transition. Indeed, the branching instability
we have identified as driving the micelle-foam transition can be generalised to three dimen-
sions. Nevertheless, to achieve full correspondence between theory and experiment, the
formulation of a three-dimensional model might be required. In principle, this is feasible
by applying the Boltzmann-Ginzburg-Landau procedure in three dimensions, as was done
for Vicsek-like models in [37].

In addition to the branching instability, the linear stability analysis we performed also
predicts a micellular fingering instability. This relies on a different feedback mechanism
(involving self-advection, anchoring and splay/bend fluxes) on the mesoscopic level, and
occurs in a different regime of phase space in terms of the microscopic parameters, i.e.
at low microtubule but high motor concentrations. Theoretically, a similar fingering in-
stability has been discussed for active polar monolayers [38] as well as active nematic
droplets [39]. However, the mechanism of the instability there is quite different, since the
order is not acquired by a Ginzburg-Landau transition, but instead imposed by interfa-
cial anchoring, which gives rise to the instability in combination with contractile active
stresses.

Moreover, we investigated the emergence of the inner length scales in micelles and bilayers.
Numerical simulations showed that micelles can “open up”, showing a large depleted
centre which sets them apart from the asters found in previous theoretical studies. This is
reminiscent of structures seen in experiments ([5], see Fig. 1a). By examining stationary
solutions of our continuum model, we found that the length scale selection in bilayer
and micelle profiles is a result of the competition between various terms in the equations:
between elasticity and ordering, between anchoring and self-advection, between contractile
and diffusive fluxes. In micelles, due to the splay emerging as a consequence of the radial
symmetry, the splay flux and the active splay play a role as well and lead to a larger length
scale compared to the bilayer. Examining the length scales as a function of the physical
parameters appearing in the derived model, we found that for high motor concentrations
the length scale of the depleted centre of the micelle is increased, confirming the results
of numerical simulations. A similar observation was made in agent-based simulations
for a system of microtubules with cross-linking motor proteins: as the concentration of
motor proteins was increased, the centres of the micelle-like structures opened up [32].
This correspondence raises the question whether other properties of our model, like the
micelle-foam transition, can be reproduced in agent-based simulations as well.

Several open questions remain to be investigated. Our model is fully deterministic, and it
might be interesting to introduce noise terms into the continuum equations to investigate
stochastic effects. Furthermore, an open research question is the role of the microtubule
length: while the work presented in this thesis demonstrates that the phases observed
experimentally can be reproduced even in a population with fixed microtubule length,
it is unclear how a finite-variance microtubule length distribution that can potentially
evolve in time affects the physics. On the level of the microscopic interaction rules, the



76 CHAPTER 4. DISCUSSION AND OUTLOOK

model allows room for refinement: for example, studying the effect of a dependence of the
interaction parameters on microtubule and motor concentrations could be of interest.

Our work sets the scene for a higher-level investigation of polar active foams. Using our
phenomenological model as a starting point, a minimal model facilitating the analytical
treatment of these novel structures could be formulated. This would make it possible to
study the mechanisms responsible for foam activity, as well as the emergence of geometric
properties of the foam such as the cell size distribution and the vertex degree distribution.
Finally, it is an interesting question whether our polar active foams and the nematic foams
proposed in [28] can be described by a unified theory, and whether foams with coexisting
orders can exist.
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Appendix

A.1 Ordering transitions in the derived model

Using the following integral:

∫
dω sinω cos(aω) =

{
[cosω cos(aω) + a sinω sin(aω)]/(a2 − 1) for a 6= ±1

− cos(2ω)/4 else,
(A.1)

we can write the integrals introduced in eq. (2.39) as:

Ipol
ω (k) =

{
1/2(1− cos(2ωc)) = sin2 ωc for k = ±2,

4
k2−4

[2 cosωc cos(kωc/2) + k sinωc sin(kωc/2)− 2] for k 6= ±2,

Iapol
ω (k) =

{
1/2(cos(2ωc)− 1) = − sin2 ωc for k = ±2,

− 4
k2−4

[2 cosωc cos(kωc/2) + k sinωc sin(kωc/2) + 2(−1)k/2] for k 6= ±2 even,

I loss
ω (k) =

{
−4/(k2 − 1) for k even,

0 for k odd.

We now inspect the expression found in the round bracket in eq. (2.41) for different values
of k:

2Ipol
ω (k) + (−1)k/2(1 + (−1)k)Iapol

ω (k)− I loss
ω (k)− 4. (A.2)

Note that for k = 0 (density equation), this vanishes due to mass conservation.

Polar ordering transition

For k = ±1 (polar order), the expression (A.2) yields:

2Ipol
ω (1)− 4 = −2

8 cosωc cos(ωc/2) + 4 sinωc sin(ωc/2)− 8 + 12

3

=
4

3

(
1− 3 cos

ωc
2
− cos

3ωc
2

)
.

This expression is positive for a certain range of ωc, in which an ordering transition occurs

above the critical density ρ
(p)
c given in eq. (2.43a).
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Nematic ordering transition

For k = ±2 (nematic order), (A.2) reads:

2Ipol
ω (2)− 2Iapol

ω (2)− I loss
ω (2)− 4 = 4 sin2 ωc −

8

3
.

Since 4 > 8/3, this can be positive for a certain range of ωc. There, an ordering transition

occurs above the critical density ρ
(n)
c given in eq. (2.43b).

Absence of ordering transitions for higher Fourier modes

For |k| > 2, the expression (A.2) is always negative, so that no ordering transition occurs
no matter how high the density.

Indeed, for odd |k| > 1, (A.2) gives:

2Ipol
ω (k)− 4 =

16 cosωc cos(kωc/2) + 8k sinωc sin(kωc/2)− 4k2

k2 − 4

This is always negative. Indeed, for k = ±3, using cos(x− y) = cosx cos y − sinx sin y,
the nominator reads:

16 cos(ωc/2) + 8 sinωc sin(3ωc/2)− 36 ≤ 24− 36 < 0,

and for |k| ≥ 5:

16 cosωc cos(kωc/2) + 8k sinωc sin(kωc/2)− 4k2 ≤ 16 + 4(2− k)k < 0.

As for the even ks, for |k| > 2 multiples of 4 we find:

2(Ipω(k) + Iapol
ω (k))− I loss

ω (k)− 4 = − 32

k2 − 4
− 4

k2 − 2

k2 − 1
< 0,

while for even |k| > 2 which are not multiples of 4, (A.2) yields:

2(Ipω(k)− Iapol
ω (k))− I loss

ω (k)− 4

= 4
8 cosωc cos(ωc/2) + 2 sinωc sin(ωc/2)− 2− k2

k2 − 4
− 4

k2 − 1

< 4
8− k2

k2 − 4
< 0.

A.2 Example of a collision integral with spatial dependence

As an example for how the calculation of the collision integrals from eq. (2.31) is performed
in the general case, when the spatial dependence of the PDFs is not neglected, we want
to examine the terms linear in η and quadratic in p that emerge in the ∂tp equation from
the collision integral. Since p ∼ ε and ∂i ∼ ε in the closure scheme presented in sec. 2.2.4,
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and we are expanding the polarisation equation up to O(ε3), we only need to consider
contributions with up to one gradient.

The only dependence on η lies in the antipolar gain integral (2.31b), so this is the only one
we need to take into account. Plugging in the gradient expansion (2.55), and neglecting
terms of second order in the gradients, we find:

Iap
gain =

∫ 2π−ωc

ωc

dω

∫
W (φ+π/2,ω)

d2s P

(
r +

ηLn̄⊥ − s

2
;φ− +

π

2

)
P

(
r +

ηLn̄⊥ + s

2
;φ+ +

π

2

)

=

∫ 2π−ωc

ωc

dω

∫
W (φ+π/2,ω)

d2s

[
P−P+ +

1

2
P− (ηLn̄⊥ + s) · ∇P+ +

1

2
P+ (ηLn̄⊥ − s)P−

]

=

∫ 2π−ωc

ωc

dω

[
IWs (0, 0)P−P+ +

1

2
P−(IWs (1, 0)∂‖ + (ηL · IWs (0, 0) + IWs (0, 1))∂⊥)P+

+
1

2
P−(−IWs (1, 0)∂‖ + (ηL · IWs (0, 0)− IWs (0, 1))∂⊥)P+

]
.

For readability, we introduced the shorthands P± = P
(
r;φ± + π

2

)
, as well as ∂‖ = n̂(φ+

π/2) ·∇ and ∂⊥ = n̂⊥(φ+π/2) ·∇. Note that n̄⊥ = n̂⊥(φ+π/2) = n̂(φ) holds. We now
focus on the contribution linear in η. Using the value of IWs (0, 0) from the table in sec.
2.2.6 of the main text, it reads:

I(η) =
ηL

2

∫ 2π−ωc

ωc

dωIWs (0, 0)(P−∂⊥P+ + P+∂⊥P−)

= Gm
(1 + a1)ηL3

2

∫ 2π−ωc

ωc

dω|sinω|(P−(n̂(φ) · ∇)P+ + P+(n̂(φ) · ∇)P−).

Plugging in the Fourier transform (2.33) for P± as well as I(η), and abbreviating Pk(r) =
Pk, we obtain:∑

k e
ikφI

(η)
k

(1 + a1)GL3m
= η

∑
k,q

ei(k+q)(φ+π/2)Pk

∫ 2π−ωc

ωc

dω|sinω| cos
(k − q)ω

2
(n̂(φ) · ∇)Pq

=
η

2

∑
k,q

ei(k+q)(φ+π/2)I(η)
ω (k, q)Pk(e

iφ∇+ + e−iφ∇−)Pq, (A.3)

where the integral I
(η)
ω (k, q) reads:

Iω(k, q) =

∫ 2π−ωc

ωc

dω|sinω| cos
(k − q)ω

2

=

∫ π

ωc

dω sinω cos
(k − q)ω

2
−
∫ 2π−ωc

π
dω sinω cos

(k − q)ω
2

=

∫ π

ωc

dω sinω cos
(k − q)ω

2
+

∫ −π
−2π+ωc

dω sinω cos
(k − q)ω

2

=

{
2
∫ π
ωc

dω sinω cos (k−q)ω
2 for k − q even

0 for k − q odd.
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To obtain the contribution to the ∂tp equation, we project out the (−1)-st Fourier mode
in (A.3). This gives:

I
(η)
−1 = Gm(1 + a1)

ηL3

2

∑
k

[Iω(k,−k)Pk∇−P−k − Iω(k,−k − 2)Pk∇+P−k−2] . (A.4)

First, consider the ∇− term. The terms quadratic in p have k = ±1. Note that:

I(η)
ω (±1,∓1) = 2

∫ π

ωc

sinω cosω = − sin2 ωc.

Thus, the terms with k = ±1 from the sum in eq. (A.4) read:

− sin2 ωc [P1∇−P−1 + P−1∇−P1] .

This contributes to ∂tP−1. To obtain the contribution to the p equation, we have to take
the real and imaginary part of this, as follows from the definitions in eq. (2.34). We write
2πP±1 = px ∓ ipy, and obtain:

(2π)2[P1∇−P−1 + P−1∇−P1] = (px − ipy)(∂x + i∂y)(px + ipy)

+ (px + ipy)(∂x + i∂y)(px − ipy)
= 2 [(px∂xpx + py∂xpy) + i(py∂ypy + px∂ypx)]

= ∂xp
2 + i∂yp

2.

Rescaling space, time and the fields as indicated in (2.37), this results in a contribution
to the ∂tp equation that reads:

∂tp = · · · −m(1 + a1)η
sin2 ωc

4π
∇p2, (A.5)

and affects ζ̃2 in eq. (2.62).

Now we consider the ∇+ term in eq. (A.4), and k = −1 to extract the term quadratic in
p. The integral gives:

I(η)
ω (−1,−1) = 2

∫ π

ωc

sinω = 2(1 + cosωc).

We write the relevant expression in terms of the polarisation:

(2π)2P−1∇̄P−1 = (px + ipy)(∂x − i∂y)(px + ipy)

= [(px∂xpx + py∂ypx + px∂ypy − py∂xpy)
+ i(py∂xpx − px∂ypx + py∂ypy + px∂xpy)].

Plugging this into eq. (A.4), this gives rise to the following terms in ∂tp, which contribute
to ζ̃2 as well as λ̃1,2 in eq. (2.62):

∂tp = · · ·+ m(1 + a1)η

2π

(
1

2
∇p2 − (p · ∇)p− (∇ · p)p

)
. (A.6)
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A.3 Coefficients in the Derived Model

Density equation

Dρ =
1

32
DQ =

1

96
, α2 =

α

32π
, α3 =

α2

192π
,

ν = (1 + a1)
cos2 ωc

2

8π
η2 − 1 + a3

48π
, χ̃1 = −(1 + a1)

cos2 ωc
2

4π
η2,

χ̃Q = (1 + a1)
sin2 ωc

16π
η2ρ̄− 1 + a3

72π
ρ̄, χ̃2 = (1 + a1)

cosωc cos2 ω
2

8π
η2.

Polarisation equation

ρ(p)
c =

3π

2(1 + a1)
[
1− 3 cos

(
ωc
2

)
− cos

(
3ωc
2

)] , β̃(p) =
4
[
7− 15 cos ωc

2 + 3 cos 5ωc
2

]
30π

(1 + a1),

κ̃1 =
5

192
, κ̃2 =

1

96
,

κ̃′1 =

(
24− 20 cos ωc

2 − 5 cos 3ωc
2 + cos 5ωc

2

960π
(1 + a3)− 5 + 4 cosωc − cos(2ωc)

256π
a2η

)
ρ̄

κ̃′2 =

(
8− 5 cos 3ωc

2 − 3 cos 5ωc
2

1440π
(1 + a3)− 5 + 4 cosωc − cos(2ωc)

128π
a2η

)
ρ̄

ζ̃1 = 2

(
− 1

16π
a2 +

1 + cosωc
4π

(1 + a1)η

)
ρ̄

ζ̃2 = − 1

48π
a2 +

1 + 2 cosωc + cos(2ωc)

8π
(1 + a1)η

λ̃1 = −
(

27− 30 cos ωc
2 − 5 cos 3ωc

2 + 3 cos 5ωc
2

120π
a2 −

1 + cosωc
2π

(1 + a1)η

)

λ̃2 = −
(

3 + 30 cos ωc
2 + 5 cos 3ωc

2 − 3 cos 5ωc
2

120π
a2 −

1 + cosωc
2π

(1 + a1)η

)

λ̃Q =

(
−22 + 30 cos ωc

2 + 5 cos 3ωc
2 − 3 cos 5ωc

2

240π
a2 +

1− cos(2ωc)

8π
(1 + a1)η

)
ρ̄.

Nematic tensor equation

ρ(n)
c =

12π

−(1 + a1)[1 + 3 cos(2ωc)]
, β(n) =

(1 + a1)2(3 + 10 cos(2ωc)− 5 cos(4ωc))

24π[5π + ρ̄(1 + a1)]

κ̃Q =
1

32
, ζ̃Q =

1

192
κ̃′Q =

11− 3 cos(2ωc)

288π
(1 + a3)ρ̄+

1− 2 cos(2ωc)

32π
(1 + a1)η2ρ̄

ζ̃ ′Q = −5 + 3 cos(2ωc)

576π
(1 + a3)ρ̄+

1 + cosωc
16π

(1 + a1)η2ρ̄

ζP = −7 + 12 cosωc − 3 cos(2ωc)

96π
a2ρ̄, gP = −2(1 + a1) cosωc

π

85



A.4 Equations in polar coordinates

Using the following expressions from vector analysis:

∇f = ∂rf êr + r−1∂φf êφ,

∇2f = r−1∂r(r∂rf) + r−2∂2
φf,

∇ · v = r−1∂r(rvr) + r−1∂φvφ,

∇2v = [∇2vr − r−2(vr + 2∂φvφ)]êr + [∇2vφ − r−2(vφ − 2∂φvr)]êφ,

(v · ∇)w = [vr∂rwr + r−1(vφ∂φwr − vφwφ)]êr + [vr∂rwφ + r−1(vφ∂φwφ + vφwr)]êφ,

we can rewrite the equations (2.64) in polar coordinates. In the ρ equation, all terms are
trivial but the χ1 term, which for constant m reads:

∂i∂j(pipj) =∇ · [(∇ · p)p + (p · ∇)p]

= ∂2
rp

2
r +

2∂rp
2
r − ∂rp2

φ + 2∂φ∂r(prpφ)

r
+

2∂φ(prpφ) + ∂2
φp

2
φ

r2
. (A.7)

The p equations read:

∂tpr =
[
(mρ/ρc − 1)− βm2p2

]
pr

+ κ1[∂2
rpr + r−1∂rpr + r−2∂2

φpr − r−2(pr + 2∂φpφ)]

+ κ2[∂2
rpr + r−1∂rpr + r−1∂r∂φpφ − r−2(pr + ∂φpφ)]

− λ1[pr∂rpr + r−1(pφ∂φpr − p2
φ)]− λ2(∂rpr + r−1pr + r−1∂φpφ)pr

+ ζ1∂rρ+ ζ2∂rp
2, (A.8)

∂tpφ =
[
(mρ/ρc − 1)− βm2p2

]
pφ

+ κ1[∂2
rpφ + r−1∂rpφ + r−2∂2

φpφ − r−2(pφ − 2∂φpr)]

+ κ2[r−1∂r∂φpr + r−2(∂2
φpφ + ∂φpr)]

− λ1[pr∂rpφ + r−1(pφ∂φpφ + prpφ)]− λ2(∂rpr + r−1pr + r−1∂φpφ)pφ

+ ζ1r
−1∂φρ+ ζ2r

−1∂φp
2. (A.9)

Finally, the m equation reads:

∂tm = Dmr
−1∂r(r∂rm) +Dmr

−2∂2
φm

− vm(pr∂rm+ r−1pφ∂φm)

− vmm[r−1∂r(rpr) + r−1∂φpφ]. (A.10)
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