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Abstract

In this thesis, the Higgs mechanism is explored as an alternative to confinement in SU(N)
gauge theories. In |1H3], the saturation of the entropy bound by various systems is dis-
covered. Furthermore, this violation of the entropy bound is accompanied by the violation
of unitarity of certain scattering processes. Confinement then can be seen as a built-in
mechanism of the theory that avoids both violations. However, the same effect could be
achieved by other means, for example by generating a mass gap in the theory through the
introduction of Higgs fields in different representations. When the fields are introduced in
the fundamental representation, we find that no gapless degrees of freedom remain in the
theory, providing a consistent alternative to confinement from this point of view. In con-
trast, with one field in the adjoint representation no such possibility appears to be feasible.
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Introduction

The problem of confinement is a long-standing issue in quantum chromodynamics (QCD).
This phenomenon, by which at low energies all the observable degrees of freedom are color
singlets, has no fully analytic solution and therefore has been an open question since the
discovery of assymptotic freedom by Politzer [4] and Gross and Wilczek [5].

In a series of papers by Dvali [1H3], some previously known to be black hole properties
are shown to be shared by non-perturbative solutions in known Yang-Mills theories. In
particular, some entropy bounds saturated by black holes are also reached by these objects
near a certain critical point. Under this approach, confinement is then proposed to serve as
a mechanism to avoid the violation of the aforementioned bounds, as well as consequently
respecting unitarity in certain scattering processes. This is necessary in order to preserve
the consistency of the theory.

Confinement works because it generates a mass gap in the theory, which lifts the degen-
eracy of microstates associated to a certain configuration and thereby reduces its entropy.
However, other mechanisms can be thought of which can serve the same purpose. In partic-
ular, introducing Higgs fields which spontaneously break the symmetry can also generate
such a mass gap. Therefore, the objective of this work is, after assimilating the concepts
of this theoretical framework, investigate whether different Higgs fields in different repre-
sentations of the symmetry can consistently replace confinement under this criterion.

In Chapter 1, the fundamentals of classical solutions in quantum field theory (QFT) are
reviewed. In Chapter 2, the discoveries of [1-3] are explained, with focus on its implications
on confinement. In Chapter 3, the original part of the work is shown, where different spon-
taneous symmetry breaking patterns via the introduction of Higgs fields are investigated.
Finally, the conclusions are summarized in the last section.
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Chapter 1

Classical solutions in quantum field
theory

1.1 Kinks and vortices

A classical solution to a quantum field theory is a solution to the classical equations of
motion, i.e. Euler-Lagrange (of the original action). Such a solution is called a soliton if
it has a profile with finite spatial size, in other words, it is localized within a region of space.

The lowest-dimensional and therefore easiest kind of soliton is the kink, which arises in
1+1-dimensional scalar field theory. Following [6}7], consider the action:

s= [#a|z0000 -V V=3 - 1)

It has the trivial minima ¢ = £v (solutions of EOM), which obviously is not a soliton. But
we can find a static solution of the field equation that interpolates between both minima,
e.g. p(+oo) = £v. For a static field (¢ = 0), the field equations read:

n_ OV

This immediately reminds us of the equation of motion in classical mechanics for a potential
-V. This is a very useful picture in the one dimensional case in order to inspect for possible
non-trivial solutions (see later). In this case, the equation can be rewritten by means of
multiplying by ¢’, which leads to:

O =+V2V = :i:\/g(vQ —¢°)

The previous equation can be directly integrated to give the solution:

(1.2)

ou(z) = v tanh [%(gg - xo)} (1.3)



2 1. Classical solutions in quantum field theory

This solution is called a kink or antikink depending on which sign we take, which has to be
consistent with our boundary conditions. It is localized in the sense that the region where
it deviates from its vacuum values is finite. We can see this via the energy density:

VI (e = a0): () = 5@ + Vi) = “o(1 — tank? a)?

NG >

21
It reaches zero (vacuum) when a ~ 1, i.e. |z| ~ \/;—. This is the "size” of the soliton.
v

a

A time-dependent solution can be immediately obtained by applying a Lorentz boost
(x — = — ut) to the static solution. We can then interpret it as a moving object and
we can compute its (classical) mass by plugging ¢y in the energy functional.

The appearance of a soliton is related to the existence of two degenerate vacua, which
constitute the values at infinity of the field configuration. There is also a conserved charge
which is not directly related to any symmetry of the Lagrangian (therefore, it can’t be
derived via Noether theorem). If we define:

1
J'= —e"0,
t 22}6 14

We see that it is conserved (0"J, = 0) by commuting partial derivatives and defines a
conserved charge,

Q= [ et = 5 fethoo) - el-o0)] = 41 (14)

which takes positive or negative value for a kink or antikink, respectively. Whenever there
is a conserved charge that involves different vacuum values at infinity, there is a connection
with topology that will become apparent later and thus we speak of topological solitons,
with conserved topological charge. We can expand pertubatively the quantum field around
the kink solution ¢ = ¢ + 1 and then split the Lagrangian:

L= ‘Ccl + Equad + ['int + ‘Cct

where the terms stand, respectively, for the classical Lagrangian, the quadratic part in
the perturbation, higher order interactions and the counterterms which will be determined
from the trivial vacuum sector.

We then would proceed by diagonalizing the quadratic part of the Lagrangian, just as in
regular perturbation theory (where normal modes in Fourier space fi(x) are plane waves

and we obtain the dispersion relation w(k) = Vk2 + m?):
n(x,t) = ij(x)e’i“ft (1.5)
J

i+ Ve | (o) =20 (1.6)

dx?
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In the path integral formulation, which will be introduced later, these eigenvalues will

appear in the form of a determinant. Let us now consider again the equation of motion
(1.2) for ¢y and take the spatial derivative:

d2

d /! ! 1! /
0= e [—sok +V (sok)] = [—@ +V (%)} O

Therefore, the spatial derivative of the kink fulfills the eigenvalue equation with w; = 0,
therefore it is a zero modeH Zero modes are a consequence of a symmetry of the Lagrangian
being broken by the soliton and lead to infrared divergences (the determinant as product
of eigenvalues is trivially zero) and must be handled separately.

In order to do this, instead of using the corresponding coefficient cq(t) in the expansion
(1.5), we introduce a collective coordinate [8] z(t) in the following way:

plz,1) = pile — 2(t)) + 2Re Y ¢;(t)fi(x — =(1))

370

We’ll see how this works in the path integral formalism, where a Jacobian factor will appear
as a consequence of this change, but the idea is the same. Let us now turn to what happens
when we add fermions to the theory. New terms are added to the Lagrangian in (|1.1),

(Br0) (8°¢) — X (& — ) + 0 — ghipw (L.7)

L= 1

N | —

where we used the conventional notations for the Dirac adjoint (b = 1/77°) and the Feyn-
man slash (§ = ~"9,). The fermion field equation is then the following Dirac equation:

0= 1idy — gpip
If we expand the fermion field as ¢(z,t) = Z x;(r)e” ™" and set the bosonic field to its
J

background value ¢y (x), we obtain an eigenvalue equation for the spinor x;(z):

[—iv"y" + g7%0k(2)] X5 = wix; (1.8)

An important feature of this equation that will appear also in higher dimensions is the fact
that non zero eigenvalues come in pairs (the spinor —iv;x; has eigenvalue —w;). For the
same reason, zero modes can be chosen as eigenvalues of —WIH The equation above can
then be integrated:

Xo = &xp (q:g | mmdr) s (1.9)

'Note that this does not depend on the specific form of the potential
2Note that this is the 2-dimensional chirality operator, which is important for cosmic strings - kinks
in 241 dimensions
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st is a constant spinor satisfying (—i7y;)s+ = £s+. We see that only the upper sign pro-
duces a normalizable zero mode for the kink (and viceversa for the antikink), therefore
we can interpret this as a degeneracy in the fermionic spectrum (the occupation number
of this mode can be either 0 or 1, giving a state with the same energy). One way to ex-
press this behaviour is to assign a fractional fermion number +1/2. This will generalize in
higher dimensions as having a 2" degeneracy of the spectrum, with N being the number
of fermion zero modes.

Another relevant case of solitons are the vortices, which occur in 2+1-dimensional space-
time. In this setting the spatial infinity is now connected, therefore if we want different
vacuum values at each point (in the same spirit as before, where the soliton interpolated
between two distinct vacuum values at infinity), we need a continous family of vacuum
states. Thus, consider a U(1) Higgs Lagrangianﬂ :

¢(x) = p(a)e ™ (1.10)

_ 1 t A 2 M ’
£= 50000 -5 (1oF - ) (1)

[,2
The action is minimised by |¢| = p = v = '%, with arbitrary uniform «, giving a con-

tinuous 1-parameter family of vacuum states.

When we construct a soliton solution, i.e. one that interpolates between different vacua at
infinity, o will take different values at each radial direction for » — oo. Therefore, each
solution will have a distinctive quantity, namely the winding number:

1

n=_—
27T T—00

5 = 1 [ da

(di - V)a(x) = lim —/ do— (1.12)
r—o0 27 J,

This number counts how many 27 rotations are completed by the phase a(x) along the

circle at spatial infinity. By construction, it is an integer. It will be important as it distin-

guishes between topologically inequivalent solutions, as we will see later.

Nonetheless, there is a problem with this model. Derrick’s theoremﬁ implies that we need
a gauged symmetry in order for these non-trivial solutions to exist. Therefore to our La-
grangian we must add a gauge kinetic term and a covariant derivative:

F.=0,A, —0,A,;; D,p=(0,—1ieA,)p (1.13)
P Yy WY (P A (1.14)
o4 2 " Mg A '

3We follow again the presentation in [7]
4Basically, this theorem demands for the solution to be have minimal energy under coordinate rescaling,
see |7] for details.
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This Lagrangian is invariant under the gauge transformations:
o(x) = NPg(a); Au(x) = Au(e) — 0, ()

Nonetheless, for a solution of certain n any gauge transformation will not change it, since
(dl-V)A(z) = 0 for any non-singular A(z). Therefore it is an invariant that takes integer

numbers. Also, we can express it as a magnetic flux which, therefore, is quantized. This
feature will also appear in the U(1) monopole.

We will now briefly describe the process of finding an ansatz, leaving the actual calcu-
lation for latter and more relevant cases. We want to exploit the symmetries of the theory,
but we know that a rotationally invariant solution would have zero winding number. There-
fore, non-trivial solutions are “rotationally invariant” in a special sense: any rotation can
be countered by an appropiate gauge transformation. In this case: ¢(r,0) = f(r)exp (i6)
and A; = €;;2%a(r), but this reasoning applies in general (monopoles, for example). To
find the solution, either we plug our ansatz into the field EOM or we vary the action with
respect to our unknowns. The latter is usually the simplest procedure.

Now, we have two zero modes associated to translations, but also gauge zero modes corre-
sponding to gauge transformations. Imposing orthogonality of generic transformations to
this physically irrelevant modes leads to the so-called background gauge condition:

0,(54;) — 5ie(¢"00 — 656") = 0

The lessons we have learned from the kink and vortex will be useful for more complicated
cases, such as monopoles and instantons.

1.2 Brief recapitulation of topology

Both the kink and vortex were solutions that interpolated between multiple vacua at in-
finity, which can’t be continously deformed into a uniform vacuum solution. This has a
natural explanation in the language of homotopy classes. In general, we want to consider a
scalar field potential V with degenerate minima[ﬂ which spontaneously break the symmetry
group of the Lagrangian G into a subgroup H.

Since the action of h € H leaves the vacuum invariant, but g € G does not, we can define
equivalence classes of elements in G as g ~ gh. They form a coset space G/H which defines
the vacuum manifold M (also called moduli space).

The concept of homotopy can be understood as follows: two closed paths f(t),g(t) in

SCfr. the case of the kink, with two degenerate minima +v that break the Z, symmetry.



6 1. Classical solutions in quantum field theory

a manifold are continously deformable into each other if there exists a continous function
k(s,t) such that:

E(0,2) = f(t); k(L,t) = g()
k(s,0) = k(s,1) = xg

Then, f and g are homotopic at the point xy, with & being an homotopy. We can then
classify all loops in a manifold in homotopy classes, where two paths are equivalent if they
are homotopic to each other. By defining a product of homotopy classes via concatenation
of paths, a group structure arises which is named the first homotopy group of the manifold
m1 (M, xg). For a connected manifold, it doesn’t depend on the point zg.

There is a natural generalization m, (M) to higher dimensions, which classify maps from S
to the manifold instead of maps from the circle S* (continously deformable to any closed
loop) to M. Let us summarize some important results without delving into details, which
can be found at the same reference [7:

m(S") =0; m,(S")=Z (1.15)

0 H continous

m(G/H) = {H H discrete (1.16)

mo(G/H) = m(H) G compact and simply connected (1.17)
m3(G) =17 G compact, simple and connected (1.18)

The existence of topologically stable solitons in D — 1 spatial dimensions is subject to the
condition mp_o(M) # &, where M is the vacuum manifold. The number of independent
solutions will then be given by the dimension of the group.

Let’s see how this works for the U(1) vortex in 2 spatial dimensions. U(1) can be written
as the quotient group R/Z, whose first homotopy group is Z (cfr. eq. (1.16)).

Finally, note that the winding number (1.12)) classifies the maps S' — S'. That quan-
tity can be easily generalized to higher dimensions and we can interpret it as a topological
charge, since it will be stable against continous deformations of the field configuration (see
above).

1.3 ’t Hooft-Polyakov monopole

We explore now topological soliton configurations in 3 space dimensions. Owing to the
previous discussion, these will arise in theories where the moduli space M has non-trivial
mo(M). The spatial infinity is now a 2-sphere, characterized by the polar and azimuthal
angles (0, ¢). The simplest framework of spontaneous symmetry breaking (SSB) in which
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these conditions are met is the Georgi-Glashow model, where the symmetry of the La-
grangian SO(3) is broken down to SO(2) = U(1) by the vacuum expectation value (VEV)
of a triplet scalar field ¢ (i.e. a Lorentz scalar transforming in the fundamental repre-

sentation of SO(3)). Since the vacuum manifold is S?, the relevant homotopy group is
7T2(Sz> = 7.

As we said before, there is a topological charge classifying different field configurations:

¢

9]

We use the usual inner and vector product notation for the triplet ¢. The Lagrangian
density is the same as ((1.14]), with the following modifications:

Y / i5'6- 06 x b b
8

D,¢p=0,0+eA, x¢ (1.19)
Flo = 0,A, — 0,A, + A, x A, (1.20)
The potential (and therefore the action) is minimised when |¢|*> = v* = p?/A, a con-

venient parametrization is ¢ = (0,0,v). Any finite energy configuration fulfills the well-
known quantisation condition of the magnetic charge associated to the magnetic field

1
i B 47
QM:/ngzﬁ-Bi—N(?)

Bi = —§€Z'ijjkI

When trying to find a solution, one must take in account the “spherical symmetry”, i.e.
any spatial rotation should potentially be undone by an appropriate SU(2) gauge transfor-
mation. A convenient gauge choice (hedgehog gauge) for this solution of the form [9}/10]:

. 1 —u(r
¢ =7h(r); A =0; Af=e"mpm [—( )] (1.21)
er
Whereas we cannot solve for the unknown functions (proceeding identically as in the vortex
case), we can learn their assymptotic behaviour, knowing that they approach the vacuum
solution at infinity. In particular, we see that u(r) ~ exp (evr), so that the radius of the
monopole is 1/ev.

The zero modes of the solution (which are called bosonic, in opposition to those aris-
ing when fermions are included on the theory) proceed very similarly to the vortex case.
We will study bosonic zero modes in more detail when considering the BPST instanton,
which is more relevant for our purposes.

Finally, let’s see how fermionic zero modes arise in the monopole background, originally
found by Jackiw and Rebbi [11]. Fermions can be added transforming in some representa-
tion of an internal “flavor” group, in this case one may choose SU(2) so that it coincides
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with the original symmetry of the theoryﬁ For such a fermion multiplet v,,, the fermion
part of the Lagrangian reads -cfr. (1.7)-:

Ly =iy (Dpth)n = 90T ond” (1.22)

Ty are the generators in the appropiate representation of the theory. Note that the cou-
pling to the scalar field can be realized in this way since N = Ny. In hedgehog gauge ([1.21)),
¥, = (¥4, ) and using as basis for the Dirac matrices (57 = ¢7/2):

o_ (0 —il\ ; (=28 0
T w1 o) T 00 29

the static Dirac equation can be written as:

1 —u(r)

0= <(5mn§ V+i [ ] T2 (S x7)*F gh(r)f‘lTﬁm) oE (1.23)
In the fixed monopole background, the conserved fermion angular momentum is J=1L+
S + T. For an isodoublet spinor (T" = 1/2) in the channel J = L = 0, the wave function
is spherically symmetric and the spin and isospin are anticorrelated, this means qﬁaim =
f+(r)€qm, where we now introduce the spinor index «, implicit before. Plugging this into

(1.23), one obtains a normalizable solution for fi(r).

0= |9 _1-ur)

9
) r + §h<7n) fi

This procedure can be also done for other isospin channels, and it was found by Jackiw and
Rebbi that there are 2 additional zero modes for the isotriplet channel [11]. The purpose
of this calculation was to illustrate how fermionic zero modes are found in a non-trivial
background, which will also be important in the instanton case.

1.4 Quantum mechanics and path integral formula-
tion

In this section we will use as main reference [12]. First, recall the path integral formulation
for amplitudes in (one-dimensional) quantum mechanics for some boundary conditions
A= <—t0/2, Z’Z), B = (t0/27 If)

B
(zsle”H0|x;) = N/A D Sl (1.24)

where the measure Dz includes all functions z(¢) compatible with the boundary conditions,
and H is the Hamiltonian operator.

®We say that the scalar field transforms in a SU(N) representation, whereas the fermions do so in a
SU(Ny). The situation above can be shortly described as N = Ny.
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We can directly extract the energy of the ground state from this amplitude via the follow-
ing procedure: expand in energy eigenstates, perform a Wick rotation and take the limit
of Euclidean time to infinity:
(zsle”0|z;) = Z (zfn) e Frt0g,, o (M) % e~ BT (x4 )b (2:)[1 + O(e™™)]
n,m 0
This means that when we compute the amplitude via the path integral in equation ((1.24])
in the limit 79 — oo, the energy of the ground state Ey will appear in the exponent.

If we now define the euclidean action Sg as

Sp = —iS[a(t)] = /_ //22 E (fl—i)z +V(z)

it coincides with the “energy” of the field configuration in Euclidean time (in the path
integral it will appear as a factor e >F). From now on, when dealing with an Euclidean
signature, we refer to the Euclidean action only as S.

dr (1.25)

In order to parametrize all possible functions in the measure Dz, we consider,
2(7) = X(7) + ) cattn(7) (1.26)

where X (7) is some function fulfilling the boundary conditions (A, B) and z,(7) form a
complete set of orthonormal functions that vanish on the endpoints. In this way, the vari-
ation of the coefficients as independent variables will enter the measure up to a numerical
coefficient, which by convenience is chosen as:

Dz =[] \UZLW (1.27)

Since the path integral can’t be computed directly, some method of approximation is
needed. For the cases at hand, where the action is large, the method of steepest descent
(called quasiclassical approximation in [13]) is an appropiate one. By choosing X (1) to
extremalize the action, we can write:

o5y
07 | x )
1628
S ~ 8y + Squaa = S[X(7)] + 33522 (x — X)? (1.28)
X
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In terms of the potential and kinetic energy, the extremal trajectory X (7) satisfies,

dQ_X = V'(X) (1.29)

dr?

which is clearly the Euler-Lagrange equationﬂ for a potential —V' (note that the definition
of the euclidean action (1.25)) changes the sign of the kinetic term).

Now, the complete set of functions {x,} in ((1.26)) can be chosen to be any particular
one, namely the set of eigenfunctions of the previous equation analogously as in (|1.6)):

{_d_Q - V”(X)] 2a(7) = Enn(7) (1.30)

dr?

Then, taking in account ([1.26]) and ((1.28)), S reduces to:

1 70/2 1
S =5+ 3 Z CnCmEm /70/2 AT T (T)Tm(T) = So + 3 Zenci
Sm

This, together with the definition of Dz ((1.27) and the gaussian integral

[ttty

dcexp (—=ec?) =

oo 2 Ve

leads to the following result for the path integral:

B ~1/2
‘ d
—1Htg )= N D —Sg — N —So *1/2 = N —So d t | ——— V// X
(zyle £ /A T e e Hen e e o + V"(X)

n
(1.31)
where we introduced a formal determinant to describe the product of the eigenvalues of
the differential operator.

As a first example, we take the quantum mechanical version of the kink, a potential
V(z) = Ma* — n*)%. This potentia]ﬁ has two minima separated by a finite wall at = = 0
(Fig. . This is a well-known problem in quantum mechanics, namely tunneling through
a finite barrier. We know its solution from the WKB approximation [14].

We will now apply the machinery described above. First, we need to find the (finite action)
solutions X (7) to such that they contribute to the amplitude (+n|e #™| & ) (this
fixes the boundary conditions). By inverting the potential we can intuitively grasp the
existence of such a solution: starting from one minimum at ¢t = —7y/2, rolling through the

TCfr. (T.2)
8We also define w? = 8\n?.
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Figure 1.1: Plot of V(z) = A(2® — n%)? with A =7 = 1.

valley to the other one and landing there at ¢t = 74/2. It is no surprise that, just as in the
case of the kink (|.3]), the solution is given by:

X(7) = £ntanh w(r = 10)

(1.32)
This non-trivial solution to the classical EOM receives the name of (anti-)instanton, de-
pending on the sign fixed by the boundary conditions. Plugging this solution back into the
action, one obtains Sy = w®/12\. This will be the exponent in our formula (T.31]).

What remains now is to compute the preexponential factor in . The presence of an
arbitrary parameter 7¢ is a consequence of spontaneous symmetry breaking of time trans-
lations and therefore, there will be a zero mode in the computation in the determinant.
We rewrite (|1.31)) as:

—1/2 ~1/2
o o [det [-55 + V(X) d?
(—=nle” ™| +n) = Ne™ ( de[t [d_’{ﬁ e ] det {_ﬁ +w2] (1.33)

Plugging (1.32)) into the eigenvalue equation ((1.30]) gives:

{_j_; n (w2 - ;“(;/2))} 2 (7) = Enan(7) (1.34)

Recall that the boundary conditions are xo(£7,/2) = 0. This equation turns out to have
two discrete levels and a continous region of the spectrum. As said before, there exists a
mode g ﬂ with 9 = 0, which will make the gaussian integral oc ¢~'/2 diverge. In order
to avoid this divergence, instead of integrating over ¢y (the corresponding coefficient in

/ 1 dX
Tt can be easily checked that o = 37(,02— Note that zg o (T)
8 cosh?(&r_rel) drc
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the expansion ([1.26])) we change variables to ¢, which is called the collective coordinate.
The latter is defined as the arbitrary parameter that appears in the solution and breaks a
symmetry of the Lagrangian (translation, scale,...). The Jacobian can be easily deduced:

Az(T) = zo(1)Ac

— = dcy = / Sod
Ax(T) = Az Ate = 4o Ate = —/Soxo(T)ATc 0 odre
T

The result will then include an integral over 7 instead of the previous gaussian integral
for the zero mode. There is also a second discrete eigenvalue £; = 3w?/4 and a continous
region. Since the eigenvalues of the harmonic oscillator that were introduced in are
g = w? + p, with p, = 7n/7, allowing to the boundary conditions we can rewrite the
quotient of determinants as:

det [~ + V'] _ oo (Sw) 2 (ﬁ w2+ﬁg>”2

det [—L; + w?] - w?
™ —l— dp w5,  1t+ip/wl+2ip/w
n = e'r = . .
b To 1 —ip/wl—2ip/w

The dominant contribution comes from n >> w7y, where w? 4+ p2 = w? + p>. Rewriting the
product as an exponential of a sum of logarithms and going to the continuum limit gives
[ee] 2 ~9
w” + pn
=ex In

the result{™
1 / > 2pdp
~ ex — —
n=2 b mJo p?Hw?]mp

—9 [ 1 9 1
— d In(1+y%)| ==
eXp[?T2/o y(1+y2+1+4y2> n( +y)} 9

Only the calculation of the determinant of the harmonic oscillator (including the normal-
ization constant N) remains, however, it is quite straightforward and can be found in the
same reference [12]. Plugging everything into (1.33)), in the limit of large 75 we get:

T0/2

(=nle™ ™| +n) = %/ dre\/6wSpe 0w/ (1.35)

—70/2

This formula contains the contribution of one instanton centered at 7 to the amplitude
connecting —n to n. Nonetheless, there could be several other instantons centered at dif-
ferent places, and therefore the total amplitude will have to include the contribution of n
instantons. If the distance between the centers is small enough (this assumption is valid
since there is a free parameter A that we can adjust), the total action is simply the sum of

1071 the calculation, the variable change y = p/w is used.
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the individual action and for a certain number of instantons n:

d=/ 6—506_50
s

’7’0/2 dn n T0/2 n
/ dren/6wSge= S —wm/2 w/%e_wmﬂ—w [/ ch]

ERRS

—70/2 n! —70/2

The n! accounts for permutations of identical objects (alternatively, one can consider a
particular order in space which fixes the limit of each integral, with identical result). Now,
since one instanton represents a solution starting in —n and ending in 7, only an odd
number of solutions will contribute to amplitudes with different endpoints such as .
Therefore, we find:

d n
(=nle ™| 4+ n) = E ”ﬂewmﬂw = ,/Ee’wm/2 sinh(wTd) (1.36)
T n! m
n odd

We can finally retrieve the energy of the ground state, looking at the exponent in the limit
To — 00:

—wT0/2 3 —wTo/24wTod — _—EoT W 2w? —w3/12)
e /% sinh(wryd) — e~ 04 = gm0 = Fy = 5 1- —e (1.37)
7T

This result agrees with the energy of the symmetric ground state for this potential with
usual methods in quantum mechanics. Here concludes this section where the instanton
calculation is presented in a simple example in quantum mechanics (which is analog to the
kink), before shifting to instantons in Yang-Mills theories.

1.5 BPST Instantons

We'll adress now the topic of how instantons arise in Yang-Mills theories [15], still with [12]
as main reference. Other useful sources are |16-19]. But first, let us introduce its Euclidean
formulation as a convenient way to write the theory in its Wick-rotated version. Minkowski
coordinates (xg, 1,2, x3) are replaced by Euclidean coordinates (z1,xq,x3,24 = ix),
denoted by an index pu = 1,...,4. Correspondingly, we define an Euclidean gauge vector

field: ‘
Ay = —i Ak
A= —AMF =123
The corresponding covariant derivative is analog to its Minkowski version. For complete-

ness, let us note that the gauge field strength remains the same except for Gy, = —iGY,.
Gamma matrices are also redefined:

Y= ,y(l)\/lznk‘
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Lastly, new anticommuting fermion fields are defined, such that the Lorentz scalar is o
i.e. i =M% and ¢ = i)™ The Euclidean action (defined in (1.25)) for a Yang-Mills

theory with Dirac fermions is:

S:/d4 LLGZVG“ + (=i, D, — iM) (1.38)

where a is the color indexm and a sum over repeated indices is implied, since upper and
lower indices are equivalent for the Euclidean flat metric d,,.

We consider now pure SU(2) Yang-Mills and, in the spirit of the previous sections, we
try to find the condition for having topologically non-trivial field configurations with finite
action. By looking at , it is apparent that G, must decrease faster than 1/ 22 at large
distances. Thus in the Laurent expansion for the gauge field Af no 1/z term will appear.
Therefore, up to terms of inverse quadratic order in z, A7 at large distances will be gauge
equivalent to zero, i.e. of pure gauge form:

Al ~ iS50, (1.39)

The problem then reduces to classifying the matrices S(z) € SU(2) (the gauge field be-
longs to the adjoint representation). The corresponding topological quantity is the Maurer-
Cartan form, which integrated over a path gives what is known as the Pontryagin index |17],
which is the higher dimensional analog of the winding number, i.e. it counts how many
times is the manifold covered by a certain mapping. In terms of the gauge fields, it can be
expressed in terms of the Chern-Simons form £, or in terms of the product of the gauge
field strength and its dual @W:

L1

G = 5emrsGrs i = 26y0m0 (420, 45 + See s Al 45)

2
= o / o, / df / d0s e,t1(S0;S71 80,5718, 57) = (1.40)
2 2
g 3 g 4 a a

= - 1.41
3%2/50151«322/(1@@ (1.41)

Therefore, we are left with configurations of the form ([1.39)) with matrices S € SU(2) and
classified by (1.40]). Recalling that exp(ifv - T) = cos @1+ isin (v - T), an example of n = 1

can be written as: 4 i7. 7
Ty 1T T

S == 1.42

Va2 )

HGee [20]; Chapter 5, section 19.
12Here, it labels the adjoint representation of the SU(N) group.
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How many independent configurations (i.e. matrices) are there? We need to look at the
relevant homotopy group, in this case where we are considering 4-dimensional space and

SU(2) gauge theory, by formula ([1.18]):
m3(SU(2)) =2

We then conclude that n uniquely labels the different configurations and any other n =1
configuration can be related via an appropriate gauge transformation. Furthermore, due
to the cyclicity properties of the Maurer-Cartan integral n(SS") = n(S) 4+ n(S’) the con-
figuration with arbitrary n can be found by simply exponentiating . Plugging it into
(11.39), we recover the known form of the BPST instanton with use of the 't Hooft symbols

introduced in [21]:

a T—00 2 Ly
AM — gnawjﬁ (143)

Eapw v # 4

) (=)0 p=4
T by v=4
0 p=v=4

The corresponding anti-instanton solution (n < 0) is found by changing 7 to 7. There is
an alternative way of deriving the full BPST solution directly from the Yang-Mills action:

2
5= [dwicncn, = [ {iinszy (@, Gzy)ﬂ — g [ da(GLTGL Y

(1.44)
It is immediately seen that, for a certain value of n > 0, the minimum of the action is
acquired by a selt-dual G}, = G:‘jy field configuration, whereas for n < 0 an anti-self-dual

GL, = —GEZW field configuration is require Solving the self-duality equations leads to

the solution:
2 (x — o)y

Al = — apy
m g = o) + P

where p and x( appear as arbitrary constants of integration, signaling the breaking of scale
and translational invariance, respectively. A gauge equivalent way of writing this solution
is the so-called ‘singular gauge”, in which a solution of n instantons (parallel in SU(2)
isospace orientation) can be compactly written as:

(1.45)

o_ Tl . NP
A = 7%”8” InW(z); W(z)=1+ 2; o) (1.46)

i

A nice explanation of why SU(2) works as a gauge group for these solutions comes in
the previous spirit of ([1.21]), where we tried to find a solution for which a spatial rotation

13The Bianchi identity Duéw = 0 guarantees the fulfillment of the EOM D,G,, = 0.
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could be undone by an appropriate constant gauge transformation. In our case, on one hand
there is a residual gauge invariance corresponding to constant SU(2) gauge transforma-
tions (S — SUT) plus a global isotopic SU(2) invariance corresponding to transformations
of the form S — US. On the other hand, the rotation group of 4-dimensional Euclidean
space is also SU(2) x SU(2), under which the coordinates transform in the representation
(1/2,1/2), i.e. S, given by , transforms as USU'. Thus, any spatial rotation on the
BPST instanton can be undone by an appropriate global transformation.

As in the quantum mechanical example, we want now to examine the vacuum-vacuum
transition mediated by the instanton. We then expand the gauge field around the instan-
ton background (1.45)) (A, = AL”St +a,) and the quadratic expansion for the action reads:

87"2 1 arab b ab ab ab abc e
S = ? +§ /d4l‘ aHLHVaV; LIW = D25 51“/ — DMDV6 — 296 GHV (147)
So

To this we must add a gauge fixing term (AL)ZIZ’, and a kinetic term L, for the scalar,

anticommuting Faddeev-Popov ghosts. By making use of the Grassmann integration for
the ghosts and the usual gaussian integration for the quantum fluctuations, the transition
amplitude can be written:

(0]e""7|0) = (0]07) = [det(L + AL)]~"2 det Lye ™ (1.48)

A Pauli-Villars (PV) regularisation scheme is usually preferred over dimensional regular-
isation, since having 4 dimensions is crucial to attain the instanton solution (as seen in
our homotopy discussion). This amounts to regularise the determinants introducing a new
mass scale M:

det(L + AL+ M?»)1"?  det Ly, o
det(L + AL) det(Lgy, + M?)

Furthermore, we divide by the perturbation theory probability to normalize to 1 the vac-
uum state [21].

(007) =

The determinant will include both zero modes and positive frequency modes. The first
are handled via collective coordinates, which we can identify through the (spontaneously
broken) symmetries: translation, scale and (iso)rotation.m Therefore, we have 8 collective
coordinates: 4 due to translations (zg), 1 due to scale (p) and 3 due to (iso)space orienta-
tion (0, ¢, 1 for SU(2) orientation). The Jacobian is already known from the QM example
(\/S_O) and we have to take in account the factors of M from PV regularisation, both arise
once per collective coordinate:

/d4x0 p® dp sin@ df d¢ dip (M+/Sp)®

1Recall that for SU (2) there is an equivalence between the group of spatial rotations and global gauge
transformations
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The collective coordinate formalism was first introduced in [8] and used by t’Hooft in his
celebrated calculation [21]. For the treatment of the gauge zero modes, see [22].

Using this, we can rewrite the amplitude as:

(0]07). /d4x0 dp (871'2)4 [ 8
ins _ (> - exp |——— +8InMp + 1.49
(0107 pet p° 9* e e .

where C' is a numerical constant and ¢; accounts for the contribution of the positive fre-
quency modes (to be dealt with later). Notice that the action Sy has been replaced by its
explicit value and the logarithmic term appearing in the exponential comes just from
reassembling the powers of M and p. The convenience of this form will be seen immediately.

For the positive frequency modes, usual perturbation theory can be used. It is highly
instructive to look up t’Hooft’s calculation [21], where he obtains the result for an arbi-
trary number of fields of different isospin by using the special properties of the eigenvalue
equation. On the other hand, [12] uses a simpler approach by computing a single Feynman
diagram. Both ways lead to the same inevitable result: as a consequence of the renor-
malizability of the theory, the coupling constant is substituted by the running coupling
constant. In our case (pure SU(2)), at one loop this is determined by the Gell-Mann-Low
beta function [23]:
872 872 872 22 . po
> Ty 2 +o =
9> ) ) 3 p
The relevant scale is set by the regulator cutoff pg = 1/M and therefore the substitution

in ((1.49) is simply:
(0]07), /d4x0 dp (87%\* 812 22
ins :C _ - — InM 1.50
(0107 e o \@) Tl e (150

where go = g*(po). In order to replace consistently the coupling constant in the exponential
prefactor, we need to resort to two-loop order [12].

In order to work in larger gauge groups, such as in QCD, we can use one of the SU(2)
subgroups to embed the BPST solution in the following way: AL"“ = AT, where
T“ are the generators of the subgroup fulfilling tr7°T® = ¢/2 §*, ¢ > 1. The instanton
number is then amplified n;,s; = cn. For example, for the case of SU(3) there are two sub-
groups, one with A; /2, A\y/2, A\3/2 as generators and ¢ = 1 and another with A2, A5, A7 and
c= 45 These are not fundamentally different, but the latter one represents a symmetric
configuration of multiple (in this case, 4) ¢ =1 instantonﬂ. With regards to the previous
calculations, two modifications are needed. First, when computing the zero modes there is
an additional little group (leaves the instanton solution unchanged) which leads to a total

5Tt can be easily checked that they fulfill the su(2) algebra.
16Recall that all BPST solutions are uniquely classified by n.
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of 4N zero modes. A very interesting discussion about this matter in terms of the index
theorem can be found in [7,24]. Accordingly, the positive-frequency modes will have an
additional contribution of 4(IN — 2) vector fields corresponding to the new gauge bosons.
Finally, when the integral over the gauge orientations is performed, the embedding volume
has to be taken in account [22].

Finally, when we include fermions in the theory, they appear as well in the path inte-
gral. By virtue of Grassmann integration, it will render the determinant of the quadratic
fermion operator, instead of the inverse square root of it. Namely, for Dirac fermions the
contribution will amount to the product of eigenvalues of the Dirac operator (shifted by
the mass):

Zp = /DiﬂD@/)e_SF = det(il) + m)

Due to the properties of the Dirac matrices and just as in the case of the kink, non-zero
eigenvalues come in pairs of opposite chirality and in the limit of massless fermions, there
exist fermionic zero modes. Let us first compute these explicitly in an instanton background.
The Dirac equation reads,

up= T -D =0
Z"Y,uDMUO(Q;) _ Mo (XL-xR) Ui uXR
O-N DMXL =0

where af = (@, F4l) and the covariant derivative includes the BPST gauge field (1.45). We
can either multiply by o D, respectively [20] or solve directly the first degree differential
equation [7]. In both cases we need first to infer the index structure, which is fixed by the
requirement of invariance under a combined SU(2) gauge transformation and rotation, i.e.
XR X £qk. Another way to see this is that by the first mentioned procedure, the equation
for xg is:

2 p
{—DH +40 - T +p2] Xr =10

The positive definiteness of the operator —Di implies automatically that the scalar product
of generators ¢ - 7 must be negative. Anticorrelated spin and color fulfill this requirement,

since (¢ + 7)x = 0 implies 7 - 7 = — ZTC% =-3.

The coordinate dependence now can be solved; in the second case (the simplest one to
solve explicitly), the first order differential equation is:

3 h

h/ 2 - _ -
() =307

N h($2) o ({L‘2 +,02)_3/2

which leads to the (normalised) zero mode of the form:

o) = T (o) —
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From this, we see that the number of zero modes will scale as the number of flavors, since
each of them will possess such a solution. Also note that these zero modes are localized,
just as the instanton itself.

To conclude this section, let us briefly discuss the physical consequences of these fermionic
zero modes. Consider the familiar setting of SU(N¢) gauge theory with fermions trans-
forming in the fundamental representation of this color group and additionally related by a
global flavor symmetry SU(Np), under which they also transform in the fundamental rep-
resentation. The well-known chiral anomaly leads to a conserved current being anomalous
at the quantum level. In particular, the chiral current j& = )v°¢ fulfills the equation:

2
Ouft = 15— N0, k"

where k" is the Chern-Simons form defined above . Not surprisingly, at the level of
conserved charges, j£' leads to the difference of right- and left-handed fermions, whereas the
right-hand side leads to the instanton (winding) number. This implies that chiral symmetry
is explicitly broken by instantons even in the massless limit for fermions, leading to a non-
conservation of the corresponding U(1)4 symmetrym which provides a solution of the
famous U(1) problem (large mass of " meson).

1"Non-conservation of chirality in the presence of fermionic zero modes is quite a general result (in even
spacetime dimensions), for example in cosmic strings or domain walls [7].
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Chapter 2

The role of the entropy bound

Now that we acquired an understanding for these essentially non-perturbative objects that
are classical solutions in QFT, we want to examine their properties in a closer way. In
particular, we will review [1H3], where it is argued that at the point where perturbative
unitarity is saturated, three entropy bounds are fulfilled simultaneously.

First, we introduce the Bekenstein entropy bound [25]. In three spatial dimensions this
bound takes the form: [1
Smax = 2TMR ~ MR (2.1)

Originally motivated by black hole thermodynamics, this bound relates the maximal en-
tropy of a physical system to its energy and radius. This bound has been studied extensively
in this context (see for example [26], where is generalized for n dimensions). Although
black holes do saturate this bound, it is independent of the presence of gravity.

On the other hand, the celebrated Bekenstein-Hawking black hole entropy [27] is propor-
tional to the area (in d spatial dimensions) of the enclosing sphere:

Smax ~ (Rf)d_l (22)

In this relation f is the relevant energy (inverse length) scale, in gravity being f = Mp.
The origin of this area law has been also object of intense study, one of the most popular
approaches being AdS/CFT correspondence [28]. With regards to the microscopic origin of
black hole entropy, the string-theoretic construction of Strominger and Vafa [29] stands out.

Recently [113], it has been shown that both and are not exclusive to black holes,
but arise as entropy bounds in other contexts. In particular, different settings provide a
different scale f . On one hand, this scale works as symmetry breaking order param-
eter and on the other hand, it determines the couplings of the Goldstone (gapless) modes
ocurring as a result of sponteanous breaking of internal symmetries. It is the presence

In the remaining of this section, coefficients of order one will be ubiquitously dropped in order to keep
track of the scaling of the relevant quantities more easily.
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of these modes that endow the object with a large entropy, as we will see later. In the
monopole case, for example, it will be the Higgs VEV (f = v).

Furthermore, an independent third entropy bound is proposed, namely the inverse coupling
bound, which relates the maximal entropy to the running coupling constant:

AL (2.3)

Here, « is the coupling of the relevant long range interaction, which typically will be the
coupling among the Goldstones, and it is evaluated at the the momentum transfer ¢ = 1/R.
These systems at the critical point present a particular feature in the sense that they have
a single fundamental scale that defines their properties, which has a resemblance to the
quantum portrait of black holes in [30].

The observation made in [1,2] is that self-sustained objects -such as solitons- saturate all
three bounds simultaneously at the critical point:

Smax ~ MR ~ é ~ (Rf)* (2.4)

Furthermore, it is shown in (3] that the saturation of the bound is intrinsically linked to
saturation of unitarity of certain processes. It is also discovered that all three bounds do
not stand in equal footing, since by imposing unitarity in 2 — n particle scattering ampli-
tudes the Bekenstein bound is found to be less stringent than the rest.

Our first step is then to see how these entropy bounds are saturated. We will not review
the 't Hooft-Polyakov monopole [1], since the soliton/instanton case 2] is perhaps more
interesting in the sense that it generalizes the concept of entropy to an instanton (a virtual
process, not an object). In both cases, the arguments run along similar lines.

2.1 Monopoles and solitons

We start considering the following Lagrangian in 5 dimensions with Minkowski signature
(the usual Einstein convention applies) |2]:

1 g°

L =-0,00" + =—o*

27! * 4
Because we are in 5-dimensional spacetime, the coupling ¢* is dimensionful. The corre-
sponding dimensionless four-point coupling will scale with energy a = ¢*>E. Therefore we
see that the unitarity of the amplitude will inevitably be lost at energies A ~ 1/¢*. This
is a characteristic feature of non-renormalizable theories, such as the Proca Lagrangian.
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The corresponding equation of motion admits a static, spherically symmetric solution [31],

namely:
() V8 R
o(r) = ———=
g x*+ R?
It can be easily checked that f(r) = R/(r*+ R?), with R an arbitrary integration constant,

fulfills the radial EOM (r®f’) = 8r® 3. The mass of this configuration (soliton) is given
by:

(2.5)

1 2 2

Msol = /d4.’13' |:§(v0')2 - 910'4:| = % (26)
Note that does not depend on R, in accordance with the scale invariance of the
theory (in fact, it is conformally invariant [31]). In fact, this solution breaks both trans-
lation and dilatation invariance, which will have associated their corresponding Goldstone
bosons. Therefore, they produce a family of degenerate solutions, which, if they were to
be indistinguishable to an observer, would endow this object with an entropy. However,
since we want to study its upper bound for the entropy, we need to endow this solution
with a parametrically 1argeE| entropy. One way to achieve this is to introduce a “favor”
group SO(N), under which the fields o transform in the fundamental representation. The
Lagrangian now becomes:

£= 3 (05) (0 5) + (o305 (2.7

Now, an important consideration that we will need to keep in mind for the rest of this
work: the introduction of N will impose a unitarity constraint on the coupling, namely
a < 1/N. For any amplitude, the N fields will run in the loop times the dimensionless
coupling have to be less than one if unitarity is to be conserved. This, in turn, defines a
new cutoff A ~ (¢°N)~! above which processes will violate unitarity.

Now the previous solution is trivially generalized to the N components in o, i.e.:

\/g R ag
) = BT BN,

(2.8)

N
with the constraint Z lag|* = N,. This normalization constant N, is irrelevant in the

B=1
classical theory, but as we will see later, is crucially important in the quantum theory.

As mentioned before, this produces a huge degeneracy of the classical solution, which we
can understand in two ways. First, the number of vacua has been increased by means
of embedding the soliton in SO(N), i.e. there is now a moduli space (vacuum manifold)
parametrized by SO(N) transformations which do not leave this configuration invariant.

%It is then natural that, in the following, we work in the large N regime.
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It is easy to see that this moduli space will be SO(N)/SO(N — 1) = S¥~!, for instance,
by choosing a convenient parametrization in which only one component is non-zero.

An alternative language to express this degeneracy is the language of Goldstone modes:
the VEV of ¢, breaks the flavor group SO(N) down to SO(N — 1) and, as a consequence
of Goldstone theorem, produces the corresponding massless bosons. Since the solution is
localized (i.e. tends to the trivial vacuum at large distances), these gapless modes are lo-
calized at the core of the symmetry-breaking configuration. Thus, the excitations of these
modes contribute to the micro-state degeneracy of the object (and not free particles over
the whole spacetime), i.e. its entropy.

Classically, this degeneracy is infinite (the number of solutions is in one-to-one correspon-
dence with the number of points in the vacuum manifold). If we regard a, as the VEV of
quantum creation and annihilation operators [ag, dg] = dp,, its effective Hamiltonian just
enforces the constraint given above via a Lagrange multiplier X:

N
H=X (Z ifhas — Ng> (2.9)
p=1
The degenerate eigenstates of the Hamiltonian can be expressed as |n;...ny), with each
slot describing the occupation number of each creation/annihilation operator. The total
number of states is equivalent to the classic problem of distributing N, balls in N — 1 lines
and thus, given by the combinatoric coefficient:

Ny, = <N" +NN a 1) (2.10)

It is quite clear that the degeneracy grows with N, and therefore the associated entropy.
If we assume that N, ~ N, using Stirling approximation n! ~ v2mn n"e™" 32,33, the
entropy then scales as:

G4 4
" Rln2 =~ 1.3§(MR) (2.11)
g

—_——
< N

S ~Inng ~

We can now determine N, scaling from the bound state description, i.e. describing the
solitonic solution as a composite state made up of several (soft) quanta in a mean field
approximation [30,134]. Each quantum is an excitation of the gapless modes (&L, ag), in
total we have N,. This bound state has a size R and an attractive interaction dictated
by the coupling ¢g*. The kinetic energy of each quantum scales as 1/ REI which has to be
balanced against the potential energy well created by the rest of the quantaﬂ ~ N,g*/R?,
ie.
-1
N, ~ ; N ~ /;—2 (2.12)

Scfr. ([2.3) and comment below.
4Recall that Coulomb interaction in five dimensions is proportional to R~2
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Since the coupling ¢* is the same, the unitarity bound of N applies for N, as well, thus
N ~ N,. We then see that this imposes a minimal size R for the soliton in terms of the
cutoff of the theory:

R=AN'+—E=A=R" (2.13)
It only remains to find the scale f, the order parameter of the SSB. This breaking is
dictated by the VEV of the sigma field, which at the origin (maximum) is ¢(0) o< (gR) ™.

From herd’| we can extract an inverse length scale f = (gR)~%3. Now we are equipped to
compare the different entropy bounds at the unitarity limit (2.13)):

Ssol ~ N ~ (AQQ)_I (214)

SBekenstein ~ Mg R ~ (Agz)il (215)
1

Scou ing ™~ — /N ~ A92 -1 2.16

pling a(q> R-1_A ( ) ( )

Sarea ~ (Rf)? ~ (Ag*) ™! (2.17)

Therefore, we see that in the limit imposed by unitarity, the entropy reaches its maximal

value, which in turn coincides with all three bounds (2.1)), (2.2), (2.3)).

If we consider now a gauge soliton in pure Yang-Mills, we retrieve the BPST solution
(1.45), now in 5 dimensions. Here, a correspondence between a 5-dimensional soliton and a
4-dimensional instanton is established. Sufficient is for us the intuitive idea: a soliton tun-
neling through the 4-dimensional brane is seen by a 4 dimensional observer as an instan-
ton [35,136]. Thus, the dimensionless coupling is still @« = ¢g*F and by a similar calculation
as before, its mass is independent of the scale, position and orientation M ~ 1/g* [2]. Simi-
larly as before, we can enlarge the moduli space by embedding this configuration (originally
in SU(2)) into SU(N). We can define the analog of the t'Hooft coupling [37]:
N
At = E%? <1

As discussed in the previous chapter, this embedding leads to a total of 4N (bosonic) zero
modes. The previous discussion follows through, just replacing Nyon by N, with the same
scaling R/ ¢*. We can consrruct an ansatz from the topological invariant that has
the same scaling (here we note the field strength as F,,):

- 272 4N
Nmon:R/d4xFF:37TR:— (2.18)
9° A
Similarly as before, we obtain the number of states as combinatoric coefficient:
Nmon + 4N
Ngt = ( Nmon > (219)

"Recall that we are in 5 spacetime dimensions, therefore the mass (inverse length) dimension of o is
deduced from the kinetic term 5 = 2d + 2.
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Going to the unitarity limit A\; = 1 (with (2.13))), we obtain this expression for the entropy
[2):

S ~8In2 (MR) ~ 1.3 (%TMR) (2.20)

We see that this expression saturates the Bekenstein bound. Similarly, one can deduce the
area law form [2|. If we instead populated this solution with fermion zero modes, as in
, all the previous arguments exactly follow through: these are localized gapless solu-
tions that scale with the (arbitrary large) number of fermions. Therefore we conclude that
this entropy bound saturation happens independently of the statistics of the zero modes.

Now, as mentioned before, we can connect this 5-dimensional soliton with its 4-dimensional
instanton counterpart [35]. The solution is unchanged apart from the trivial modifications
in dimensionality. As a consequence, the dimensionless t’"Hooft coupling is now:

i\

A= 72

We can directly assign the “entropy” of this instanton by using formula (2.19) and, due to
the change in dimensionality, substituting Nien by Ninst = 3272 /g°.

One must now identify the physical meaning of the “entropy bound violation” by an
instanton. First, as this solution lives in Euclidean space (see [section 1.5)), there is no
notion of energy. Therefore, the Bekenstein bound is ill-defined. Also, if we perform the
same calculation as in , due to the absence of the E factor, we now get,

6472 In 2
~ —92
where the coupling is evaluated at the scale A = R™. We then retrieve the inverse coupling
bound in 4 dimensions, while the Bekenstein bound is unapplicable. This fact hints to the
hierarchy between the bounds that is discovered in |3|. The area law is also retrieved (no-
tice that the only available scale of inverse length is 1/R and therefore R will not appear).
In both cases (soliton and instanton), saturation of the entropy bounds occur when their
respective t’Hooft couplings are of order one.

S (2.21)

It is inevitable to establish a connection to black holes. It is well known that they fulfill
both the area law and the Bekenstein bound and, as shown in e.g. [30], its entropy also
can be written as an inverse coupling bound with a,, = (RM p)?>?, d being the number of
spacetime dimensions (d — 1 spatial dimensions).

As a conclusion of this part, we see that on the one hand non-perturbative objects at the
critical scale such as solitons or instantons (also monopoles, baryons [1,2]) and on the
other hand black holes share a number of properties, which therefore give a strong hint
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that these are not specific to gravity or black holes themselves, but must be connected to
more fundamental aspects of QFT such as unitarity and assymptotic freedom.ﬁ

2.1.1 Application of the entropy bounds to SU(N¢)

Consider a SU(N¢) theory, with coupling g and N flavors, with each flavor consisting of
a pair of left- and right-handed Weyl fermions which transform in the fundamental repre-
sentation (quarks). In the massless limit, this theory possesses an additional global (chiral)
symmetry U(N), @ U(N)gr = SU(N)p @ SU(N)r @ U(1)y ® U(1)4, which includes the
anomalous U(1) 4 mentioned in Sec. [L.5| To make the connection with what we dealt be-
fore, we will work in the t'Hooft (planar) limit [37]: No — oo, g — 0, g> No= finite, whilst
keeping the QCD scale A fixed.

Furthermore, it is of common acceptance that the chiral symmetry is broken: SU(N) ®
SU(N)r — SU(N)p and the relevant degrees of freedom are color singlets. In particular,
after the quark condensate (¥1)) acquires a VEV, the Goldstone bosons of this breaking
(pions) conform the low energy EFT, with decay constant f; ~ v/ NA. This plays the role
of the scale in ([2.2), very much like the Higgs VEV.

T’Hooft |37] pioneered in this regime the 1/N¢ expansion, in which diagrams can be clas-
sified by powers of 1/N¢. This alternative pertubative series gives an insight on the non-
perturbative effects on the usual coupling constant expansion. Later, Witten [34] proposed
a model of baryons described as a bound state of Ng heavy quarks in the mean field ap-
proximation. Similarly to the reasoning of , the mass and radius scalings of such a
state are deduced:

1 1%
Mg = Nog(m+T) + =N — ~ NcA
2°°¢ Ne

Rp ~A™!

where m is the rest mass of a quark, T its average kinetic energy and V' the strength of the
potential (which is given by interactions of order 1/N¢). The important fact is that the
mass of the baryon scales with N, whereas the radius does not. Alternatively, he shows
that in this limit this description is totally equivalent as the skyrmion one [38], which is a
soliton of pions. Later, when we deal with scattering amplitudes, we will encounter again
this equivalence of descriptions between a classical solution and a multi-particle bound
state.

Consider now a baryon of spin s. By the same logic as in (2.10) and taking in account the
additional spin degeneracy, it is inmediate to identify the number of degenerate microstates:

®Renormalizability is discarded since neither gravity nor the 5 dimensional soliton Lagrangian are
renormalizable.
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Ne+ N — 1) (2.29)

ns = (2s + 1) ( Ne

Again, the bound for the entropy can be saturated for N ~ Ng in the unitarity limit
¢*N¢ ~ 1 and it acquires yet again the Bekenstein and area law form:

ng ~ 220 — S ax ~ No ~ MpRp ~ (Rpf:)* (2.23)

The question that arises now is, can confinement be a succesful mechanism to avoid the
violation of this bound? Following [1], consider only 1 flavor. The combinatoric coefficient
then provides no degeneracy and the entropy is solely given by the spin degeneracy, for
spin s = N¢ /2 it is:

SB ~ IDNC (224)

Comparing with the maximum allowed by the bound (2.23)), as long as N is below the
threshold of perturbative unitarity (¢°N < 1, see before), the production of color singlets
as assymptotic states effectively prevents the violation of the entropy bound.

Conversely, if we allowed for assymptotic colored states, both quantities change. In order
to keep assymptotic freedom safe, we assume No >> N >> 1[] Now, the bound will
be fixed by the mass relation (now a state is made up of N # N quarks) M = N/R.
Correspondingly, the Bekenstein bound on its entropy will be:

Siax ~ MR ~ N (2.25)

The actual entropy of this bound state is calculated analogously as before, distributing N
quarks over Ng colors:

Ne+ N -1 N¢ N N¢
nst~(23+1)( Ne )N(N)N(NC/N) %SBNNIHW (2.26)
We are led to a situation in which Sg/Spax >> 1. Thus, we conclude that allowing for
assymptotic colored states will eventually lead to a violation of the entropy bound and
confinement can act as a mechanism to avoid this violation [1].

2.2 Scattering amplitudes

In this section we want to review |3]. Due to its extension, we will not be able to go through
all the results, especially those related to black holes. However, it is highly instructive to
read the article in full, since all the ramifications stem from the same fundamental concepts.

" Antisymmetry in color still holds, only that it will not render a singlet state since N # N¢.
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In this article, scattering processes of the form 2 — n are analyzed. A correspondence
between the saturation of the entropy bounds , and the saturation of unitarity
of the aforementioned scattering processes with n = o' and momentum transfer ¢ = R™".
A hierarchy between the bounds is found, since the Bekenstein bound is respected
in some examples where and are violated. However, these imply a violation of
unitarity and in a consistent theory all three are simultaneously satisfied.

At the saturation point, these amplitudes can be thought of describing a classical object,
here named saturon. Normally, the associated cross-section is exponentially supressed [39],
but here this effect is compensated by the huge degeneracy of classically equivalent states.
This provides the connection between both approaches.

The consequence of this on SU(N) gauge theories is that, through this relation to the cor-
responding scattering amplitude (here, gluons), it is inferred that avoiding entropy bound
violation at the IR scale requires some mechanism, which in the case of pure glue could
only be confinement.

Other results include the difficulty of actually producing a saturon in a collider (“kinematic
window of opportunity”) and more on the connection with black holes and their interpre-
tation of a saturated bound state of soft gravitons, which as said before, we will not cover.

With respect to the previous section, there is a slight change of notation. For example,
comparing with (2.26) the following replacement is performed: (N¢g, N) — (N, n). Further-
more, two additional couplings are defined:

At = aN t’Hooft coupling (2.27)

Ae = an collective coupling (2.28)

where « is the coupling of the interaction term in the Lagrangian o = ¢*/4x. From the
usual number eigenstates (coherent states) of a certain quantum field, which have a definite
momentum, we can construct a superposition of states with different momentum which is
sharply centered around ¢ = R™'. At weak coupling (t’Hooft limit), the classical evolution
of such a state is valid for a sufficiently long timeﬂ and thus, we can consider this state as
an n-particle state, each with momentum ¢ = R~'. The total energy is then:

E ~ng= % (2.29)

Now, when will be this configuration self-sustained? As in (2.12]), we can perform the energy
balance between the kinetic energy of each quark and the potential energy created by the

8Very much like the wave packet in quantum mechanics, where phase and group velocity differ and
this leads to the spread of a localised configuration. If they are sufficiently similar, the classical description
(particle) is valid.
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rest. This leads to the condition:

Ae=an~1—=n~a? (2.30)

At this point, the energy (12.29) of the configuration (soliton) will be:

E~YL=(ap)™ (2.31)

a
This new notation allows us to rewrite the number of (classically indistinguishable) mi-
1/a

crostates (2.10)):
. n+N—1 )\t Ae )\C &
() <2 () -

where again we retain only the exponential terms, since the parameters n, N are arbitrarily
large.ﬂ At the critical value of the collective coupling A\. = 1, we see that this will saturate
the inverse coupling entropy bound ([2.3) when:

1/a

1\™
(1+>\t)(1+/\—)] ~e<= \~054~1 (2.33)
t

We recover again the relation of |1,[2] in which the entropy bound and unitarity are simul-
taneously saturated (couplings are of order 1). Similarly, the area-law ([2.2)) and Bekenstein

(2.1) are recovered [3].

We want to examine now the mentioned 2 — n processes, where the saturation of uni-
tarity can occur. One must clearly discriminate between unphysical saturation, which can
be eliminated by the resummation of different diagrams eliminates and physical, which
implies a sum over states in the cross-section.

Our final state in its multiparticle description is made up of a high number of consituents n
with characteristic momentum ¢ = R™'. The perturbative expansion has a naive factorial
growth, but this expansion cannot be trusted for A. 2 1 (where terms start to increase
order by order in «). Non-perturbatively, the production of such a state is exponentially
suppressed (see Appendix A of [3]):

Oosn SN " ~e™ (2.34)

This cross-section is associated to the production of a single microstate (in our language).
Now, when we introduce the large internal group, a lot of different microstates are classically
equivalent. Therefore, the production of this classical object is obtained by summing over
all microstates, or equivalently, multiplying by the number of states. At the critical

¢ InN In N
“Note that the corrections are O <I;V>, since X ~ (NIAN)/N = \edInN/N ~ \ (1 + dI}V)
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point, n = a !, the total cross-section is:

o =0y pe’ ~ el (2.35)

This formula shows the following statement: when the entropy saturates the bound ({2.3),
the cross-section saturates unitarity (becomes order 1). The (running) t’Hooft coupling
fulfills the same relation (2.33)).

This object which saturates unitarity of production cross-section and entropy bound si-
multaneously here receives the name of saturon. At the scale ¢ which is fixed by \(q) ~ 1,
it has mass and radius:

R~qt (2.36)
M ~ng~ (aR)™ (2.37)

Again, it can be shown that the area-law (2.2)) and Bekenstein bound ([2.1]) are saturated.
The corresponding scale f is given by the maximal field value, which can be deduced from
the gradient:

1
En~ [ d'z (V¢)) ~ R (V¢)> = (aR) ' <= f~ RV~ ——
[ (Vo ~ B (VoF = (@R) ™ <= f ~ RV~ o
Therefore, since a classical observer cannot resolve the different degenerate microstates due
to the internal symmetry (the coupling is arbitrarily small), the production of any of these

will be interpreted as the production of the same classical state. This lifts the exponential
suppression of each microstate and at the critical point, the cross-section is saturated.

We learned that the saturation of the entropy bound is controlled by the 't Hooft and
collective couplings A., \;. The next question that can be studied is what happens if the
theory is deformed beyond the saturation point. Since \. is a parameter associated only to
the state (and not the theory), we can fix it to a certain value (in particular, to 1, since

we are interested in the regime where this classical state is a saturon) and study the limit
A — o0o. From (2.32)), the entropy of the classical state behaves as:

1

and therefore, the entropy bound is violated for sufficiently large \;. Consequently,
the associated cross-section violates unitarity. This cannot happen in a consistent theory
and therefore we would like to find a dynamical mechanism that forbids the theory to enter
in this dangerous domain of parameter space. As mentioned before, confinement in SU(N)
gauge theories plays such a role [2].
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2.3 Implications on confinement

We consider pure SU(N) Yang Mills (no fermions), which is asymptotically free [23] (run-
ning coupling vanishes at infinite energies). As before, we work in the 't Hooft limit [37].

Let us first briefly recall the problem of confinement. Quantum chromodynamics is known
to become strongly interacting towards the IR and behave as a free theory at assymptoti-
cally high energies [4,5]. This knowledge, together with experimental observation, leads to
the common acceptance that at low energies, color charges are confined (i.e. all observable
particles have zero color charge). This extrapolates as well to any SU(N¢) theory, where
the behaviour of the coupling is determined by the beta function. Let us for reference
display the one-loop beta function for complex scalars (Higgs) and Weyl fermions in the
fundamental representation [40]:

dg 11 1 2 g
_ — (= = NHiges + =N 2.39
59 = Saogq) ( g o T g e T 3 F) 1672 (2:39)

Now, in [1] it is suggested that this mechanism could be understood as a preventive mech-
anism against the violation of the entropy and unitarity bounds. It has been previously
shown that at the critical point the entropy of a baryon of N ~ Ng quarks saturated the
entropy bound. The same will happen when we consider glueballs (colorless bound states
of gluons), since now the role of N is played by N itself. However, we want to discuss
what happens if the theory enters the regime )\, = 1.

By following the previous reasoning, increasing A\; will lead to violation of unitarity in
2 — n gluon scattering amplitudes , due to the enhancement of classically equivalent
microstates. We can regard the increase of \; in two ways: first, if we fix the scale ¢, this
amounts to changing the relation between a(q) and N, i.e. changing the theory. On the
other hand, we can fix N and therefore this amounts to running the scale towards the
infrared (what increases now is «(q), recall that the beta function is negative), so that
we compare processes at different energy scales. Note that, since we compare them at the
critical point A\, = an = 1, they will have different number of gluons in the final state.

Therefore, it is inevitable that these scattering amplitudes will violate unitarity and the
entropy bound at some scale in the IR if the gluons remain to be the relevant degrees
of freedom, rendering the theory inconsistent. Then, the key point is that we need to lift
the degeneracy of microstates in order to stop the growth of the coupling constant to-
wards IR. This can be done in two ways: by hitting a fixed point (A\; stops growing and
entropy bound /unitarity is respected at all scales) or generating a mass gap (so that there
are no gapless degrees of freedom). From the soliton/instanton perspective, we have seen
that confinement effectively eliminates this huge degeneracy and avoids the violation of
entropy /unitarity. Alternatively, if the theory is higgsed the coupling constant will have a
zero or positive beta function below the Higgs scale and the violation of the bounds will
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be avoided.

In short, the IR running of the 't Hooft coupling will eventually lead to a violation of both
the entropy bound by a saturon and the violation of unitarity of the corresponding 2 — n
scattering. In order to avoid this and keep the theory consistent and assymptotically free
without introducing additional matter fields confinement is the only mechanism available.

The introduction of fermions in the theory [3] does not modify the argument significantly.
The saturation of the entropy enforces the condition Np ~ N¢g whereas the asymptotical
freedom keeps Np from being too large. Furthermore, adjusting the number of fermions
allows for the theory to develop an infrared fixed point (conformal window, [41])}

This is related to black holes in gravity in the sense that it provides saturons for different scales
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Chapter 3

Higgs mechanism to avoid entropy
bound violation

3.1 Adjoint representation

In this section, the original part of the work is displayed. Confinement has been proposed as
a mechanism to avoid the entropy bound violation in renormalizable gauge theories 3], in
particular with an SU(N) group in the large N regime. The underlying mechanism consists
in developing a mass gap that lifts the degeneracy of a certain classical state and prevents
it from reaching large entropy. To achieve this, another plausible mechanism would be to
introduce one or several Higgs fields that would spontaneously break the symmetry and
stop the unlimited growth of the coupling constant. We will consider now two such scenar-
ios and study the behaviour of the theory after the SSB.

First, we will deal with one Higgs field 3 in the adjoint representation breaking the SU(N)
symmetry down to U(1)N™!. Since this gauge group is abelian, there is no anti-screening
(i.e. the effective charge does not decrease when the distance increases) and the beta func-
tionEI is non-negative, therefore the IR growth of the coupling is stopped.

If we represent ¥ as an N x N hermitian traceless matrix in the basis in which it is
diagona 2§ = diag(ay, ...,ay), we see that in order to get this breaking pattern we need
all the eigenvalues to be different (if not, any transformation interchanging any two equal
eigenvalues would remain a symmetry of the ground state). This can be achieved via a
non-renormalizable potentia]ﬂ (we need a polynomic equation of order N — 1 to obtain
N — 1 different roots and the last one is fixed by the tracelessness) or no potential at all,
in which case any state would be the ground state up to the quantum corrections arising

'The one-loop formula for a U(1) theory can be found, for instance, in [42].

2Clearly by hermiticity, a, € R Vk =1,...,N.

3In [43] it is explicitly shown that the most general renormalizable Higgs potential for the adjoint
representation of SU(N) has extrema only if at most two eigenvalues are different.
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from the Coleman-Weinberg potential. In Appendix B this issue is adressed in more detail,
nonetheless, let us first assume this breaking and study how the theory behaves. The
Lagrangian is:

L= —%Tr(FWF“”) - %Tr((DHE)T(D“E)) +V(ZIE) (3.1)

where in the matrix representation for the gauge fields (4, = AT, F,, = 0,4, —
ig[A,, Ay]) the covariant derivarive acts as the commutator: D, Y = 0,X — ig[A,, X].

Let us recall the familiar case N = 2. We parametrize such a vacuum solution and the

gauge fields as
1 0 A3 AT
Y=w ( ) A, = ( peooe ) (3.2)
0 -1 n\4, -4

The mass terms come from the quadratic part in the gauge bosons of the Higgs kinetic
term:

STH(=g* (A, D)) = P47 4, 33

We learn from here that the diagonal boson does not get a mass, whereas the complex
linear combination of the off-diagonal ones gets a mass proportional to the difference of
the eigenvalues.

Going back to the general case, we can write the commutator using the (hermitian) matrix
elements (A4,)ij, Xij = a;0;;:
(A DDy = > (Aw)inaiory — aidie( Ak = (a; — a;)(Au)is
k

([, 1) = (@i — a;)(Ap)ji = —(a; — ai) (AL

where for clarity we explicitly write the sums over repeated indices. Then, the following
mass terms arise:

1

2
g
5T (—g* (A B)%) = = 3 Triy Ay, Slasl Ay, Dy =
k

= D7 Ty (s — an) o — ) (A)w( Al = 3 Tla— a4k (34)
k

ik

As expected, the N — 1 diagonal bosons remain massless, whereas the N*> — N off-diagonal
ones get a non-zero mass:
m?j = g2(ai — aj)2 (3.5)

Now, since we are working in the t'Hooft limit ¢* ~ 1 /N, we have to establish the scaling
of the boson masses. If we let m? scale with some power of N, eventually either the masses
will become too big (so that there is no original symmetry in the UV) or increasingly small
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(so that the original symmetry will be recovered in the IR). Therefore we set the gauge
boson masses to be independent of N, which implies |a; — a;| ~ V/N. But this now leads
to a contradiction, since we have to fit N eigenvalues and the difference between any pair
has to be of order O(V'N), which is clearly unfeasible.

Thus, a simple counting argument discards this particular scenario (having U(1)"~" in the
large N limit) as a viable possibility to avoid the entropy bound violation. However, there
are other possibilities.

It is impossible to have all gauge boson masses without N scaling, but for example we can
require the condition of not having “heavy” gauge bosons, i.e. with masses scaling with
some positive power of N. This fixes the scaling of the minimum and the maximum of all
eigenvalues, which have to sum to zero due to the tracelessness requirement (remember
that X;; = a;0;; belongs to the adjoint representation).

Figure 3.1: Distribution of eigenvalues with the requirement of not producing “heavy” gauge
bosons. This implies that the maximum mass is order 1, therefore according to (3.5), |an — a1 ~
V/N. In this symmetric distribution ay = —a; = ¢V'N, where all the eigenvalues are separated
by a constant distance § ~ 1/v/N.

In this way, a “continuum” of masses according to (3.5) is generated, from m; 1~ /N 2
to ma, ~ 1, since a;1x — a; ~ K& ~ K/\/N The mass matrix scales then as:
0 1/N? 4/N? 1
1/N? 0 1/N?
M? ~ : : :

1 1/N? 0
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Figure 3.2: Left, graphical depiction of the shape of the gauge boson mass matrix, where vanishing
values are represented by blue areas and non-vanishing ones by yellow zones. Right, example of
such a matrix with V = 20 and a cutoff of 3 adjacent values (i.e., m12+4ﬂ- #0).

For finite N, this signals in principle a standard breaking SU(N) — U(1)"~!. However, in
the large N regime, the shape of the mass matrix can not be identified with a standard Lie
group. First, one would want to distinguish which values will tend to zero and which will
remain finite, but in the continuum limit there is no such possibility. One alternative route
to try and gain some insight is to define a certain ‘cutoff” under which one considers that
the masses tend to zero and all the masses above this are considered to remain finite. For
example, one could set as limit the scaling m?j ~ 1/log N. This means that all the masses

contained in a separation of N/y/log N vanish, where as the rest do not

. 1/ N 1)\ 1
LN/VieeN = N\ \/logN+v/N,/) logN

Now, in the large N limit, the mass matrix takes the form displayed in Fig. (we refer
to any non-zero values by 1 for simplicity). First, notice that this structure does not cor-
respond to some SU(N'), since this would arise as a N’ x N’ block of zeros in the mass
matrix. Therefore we suspect that this distribution of eigenvalues leads to some unusual
arrangement of gauge bosons.

We make now an ansatz to try to identify this underlying “gauge group”. If we look closely
at Fig. [3.2] we see that there are actually small squares of the form that would correspond
to SU(c), where ¢ is what we called before the “cutoﬁ”ﬂ (number of nearest neighbour
eigenvalues which are sufficiently close to produce a vanishing mass), but they overlap
with the adjacent ones. If they didn’t, we could identify this with a product group with
independent generators. Due to the overlapping, we can then deduce that some generators
will be shared between two blocks and therefore they have to be counted out. This leads
to the idea of a quotient between these small groups corresponding to the square blocks

4In general, one can explore a separation aN, which does not change the consequences of the analysis
performed here.

°In our example ¢ = N/+/log N.
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and the shared zeros will always form a sub-block with one row/column less. Therefore,
we propose the following ansatz for the SSB:

SU(N) — SU(c)N=¢/SU(c — 1)V ¢ (3.6)

We now want to check if this ansatz has the same dimension. A way to count how many
zeros (correspondingly, surviving generators) are there in the matrix is to count the number
¢ of non-zero entries in the upper diagonal and using the symmetric nature of M?, subtract
it twice from the total number of generators. Looking at Fig. [3.2] it is immediate to find
this e:

=2

_ —ci _ (N—C)(];[—C+1) <37)

%

The number of surviving generators, i.e. massless gauge bosons ¢ is then:
g=N*—-1-2¢=—-c>+2cN+c—N -1 (3.8)

On the other hand, the number of generators corresponding to independent transformations
of the quotient group (3.6) is:

g=(N—c+1)(—=1)—(N—-¢c)((c=1)*=1)=—-c*+2cN+c—N—1 (3.9)
Therefore, the number of generators of the ansatz is the same as in the actual SSB.

Now, let us look at the large N limit of (3.6)). From (3.9), the number of generators in this
limit is:

g=(2c—1)N (3.10)
This corresponds to a quotient group:

SU(c)N/SU(c — 1)V = (52 hHN (3.11)

We can derive this also from (3.6) by identifying which variation from N has a greater
contribution to the total number of generators. Consider a quotient group of the form:

SU ()™ /SU(c — s)*

where d >> ¢, s,t. The total number of independent generators (i.e. the dimension of the
quotient algebra) is:

g=([d+1t)(c*—1)—d((c—8)?*—1) ~ct —cs* + 2cds

where we selected the leading s, t-dependent contributions. It is clear that the last term,
proportional to d, makes the contribution of s is bigger than the one of ¢, therefore applying
this argument to equation (3.6]), we recover (3.11)).
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To sum up, we found that by imposing that all the masses acquired by the gauge bosons
after the SSB are bounded by a fixed scale that does not grow with NV, this does not lead
to a IR Yang-Mills theory in the large N limit. Since in order to potentially violate the
entropy bound we need a parametrically large N, this mechanism can’t be considered a
viable alternative to confinement.

There is an analogy to another physical situation that is worth noting. In the Kaluza-Klein
theory, where a fifth dimension is compactified and a four-dimensional effective theory
arises, a massless H-dimensional scalar field leads to a tower of massive scalar fields from
the 4-dimensional point of view. This is easy to see, using the Klein-Gordon equation and
the periodicity of the field in the compact coordinate:

O5®(z,2°) =0 O(x,2°) = Z \I’n(LE)ei%xs
D5(I)(l’, x5) = Z |:D‘I/n(l‘) + %Wn<x>] ei%ms
(D + %) U, (z) = (O+m)) y(z) =0

This happens as well for the gauge bosons (see for example [44]). Now, for a similar SSB
as our scenario but in this extra-dimensional context, those fields which at finite R acquire
a non-vanishing mass will, in the limit R — oo, become massless. This is quite similar to
what we found, with N playing the role of R.

In the extra-dimensional case, any such SSB pattern will then not possibly be understood
from the low-dimensional point of view (the number and distribution of massless fields
would not match the regime of finite and infinite R). It is intuitively obvious that when
R — oo and the extra dimension is no more compactified, it would be impossible to de-
scribe it as a 4-dimensional effective theory, since the 5th one would stand in equal footing
as the rest. This striking resemblance could suggests that the strange pattern of SSB that
we encountered might correspond to an insufficient knowledge about the degrees of freedom
of the theory (needing some extra ”dimension”), although it is unclear how exactly one
could proceed.

This connection between the number of massless fields and the compactification radius has
a natural explanation in the context of large extra dimensions [45]. In this article, it is
shown that the four-dimensional coupling and the fundamental (4 + d-dimensional) one are
related by the compactification radius R and the fundamental scale M,:

aura = (RM,) v

Additionally, in [46] a similar relation is deduced, where unitarity determines the number
of Kaluza-Klein fields Ngx:
Qgra = Nrgoy
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Figure 3.3: Left, a distribution of eigenvalues producing the breaking SU(N) — SU(N'). The
first N’ eigenvalues are all of order 1 and therefore the associated masses vanish in the large N
limit. The distance A will have to scale at least as V/N in order to have non-vanishing masses.
This applies also the individual difference of the rest of the eigenvalues, mimicking the case of
Fig. [3.2] Finally, the tracelessness fixes the value of a) Right, the gauge boson mass matrix for
such a distribution exemplified for N = 20 and N’ = 3.

This establishes a relation between Ng gk and R, with the following consequence. In the
limit R — +oo, with M, fixed, the number of Kaluza-Klein fields also tends to infinity.
Now, the fundamental scale plays the role of a UV cutoff, and since it is fixed this means
that in the above limit, the number of massless fields grows with the compactification ra-
dius as well.

Finally, we want to explore an alternative setup. In particular, we demand that in the IR
the remaining gauge group is SU(N’), with N’ << N. Note that this would stop as well
the growth of the coupling constant, since now N’ fields would contribute in and due
to the unitarity limit ¢g* < 1/N, this leads to a vanishing beta function in the large N limit.

In Fig. 3.3 such a distribution of the eigenvalues is displayed. The key point is that, since
N’ << N, there will inevitably be some gauge boson masses that scale with N. For
instance:

lan—1 — ana| ~ (N = 1= (N +1))VN ~ (N = N')VN
1

M1y~ p(avo1 = ana)® ~ (N = N')*
As explained before, if the limit N'/N — 0 applies then we could avoid the entropy bound
violation. The caveat is that if masses grow with NV, the UV symmetry will effectively be
reduced, since the now the infinitely massive gauge fields will not be at any scale obey the
corresponding Yang-Mills Lagrangian. In other words, there is no finite UV scale above
which the original SU(NV) theory is still intact. We can estimate the number of the heavy
fields from the previous calculation ([3.7), but with the substitution N — N = N — N'.
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Using our example ¢ = N/4/log N, this leads to a number of heavy fields of the order:

Nheayy ~ N2 [ 1 — ! (3.12)
\/log N
N [dim SU(N)=N*—-1 Nheavy % heavy fields
100 9.999000e+03 5009 50.0
1000 9.999990e+05 615726 62.0
108 1.000000e+-12 730955785654 73.0
10° 1.000000e+18 780329918974699904 78.0

Table 3.1: Number and proportion of heavy fields for different values of N, with N’ = 3.

As a consequence, the UV symmetry is no longer SU(N) with large N, which invalidates
our starting hypothesis.

3.2 Fundamental representation

Let us now consider a different set up, in which N Higgs fields transforming in the fun-
damental representation are introduced. We can specifically devise a hedgehog potential
which completely breaks the SU(N) symmetry:

(¢4 a;)” (3.13)
%/—’
CHRIDICITINS

| O

2 . .
V() = =56"hoa; + al6™h0m,) (0T pou) +

where the sum over repeated indices is implied and all constants are positive. The Higgs
field gzﬁil has two indices: j,1 = 1, ..., N account for the SU(N) gauge (color), whereas A, B =
1,..., N account for the SU(N) global symmetry (flavor) arising from the fact that all con-
stants are flavor-blind. We can write it as a matrix transforming in the (anti)fundamental
representation of the color(flavor) group ¢ <> chbU;,. Notice the somewhat peculiar struc-
ture of the third term in (3.13), which can not be identified with the usual (Tt [¢[*)?. Due
to the hedgehog termﬂ (proportional to «), the potential is minimized by:

I 0 0
0 1 0
m
(Da5) = ﬁfhj =vl o : : (3-13b)
0 0 1

It can be compared to the scalar product term in the Ising model, which minimizes the energy for
k
orthogonal spins. Without it the EOM reduces to ZQST Wbk = v?, which is satisfied for example by

k
Gar = v Oge, With ¢ a particular color. We will consider this case in more detail afterwards.
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The masses of the gauge bosons after the symmetry breaking are again given by the
quadratic term of the kinetic part of the lagrangian (the covariant derivative acts as

Dyudaj = Ouda; — ig(Au)dy):
2 _ 20112 2 -9 2m_2 3.14
mi; =49 (|¢|i,A=i+ |¢|j,A=j> =249 a (3.14)

Using the definition of covariant derivative above, this result is straightforward (we use the
Einstein summation convention):

LD Dyuda;(D'¢)) = 92<Au)jl¢i4(Au);k¢ZT S g% (A)ji(AME10U 1 + g2 (A (AL |

Since the A, matrix is hermitian (A,);; = (AL)J'i7 i.e. transposed components are complex
conjugate to each other and ¢4, acquires the diagonal form ([3.13p]), we retrieve the mass
(3-14).

In order to establish the different N scalings, we need to look at the constraints imposed
by unitarity. The diagrams in Fig. and Fig. 3.5 impose the following limits:

aN <1+ a<1/N aN <1+ a<1/N

Figure 3.4: The & term in the Lagrangian generates an n-loop amplitude which will be propor-
tional to (&N)". Each different index in green is summed over, therefore they carry each a factor
of N, whereas blue indices are fixed by the external fields.

Then, as before, the scale we want to fix is given by the gauge boson masses. Combining
both t'Hooft and unitarity saturation limits in (3.14)), the scalings of all quantities are then:

g ~a~a~1/N=mj~m’~1 (3.15)
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Figure 3.5: The a term in the Lagrangian generates an n-loop amplitude which will be propor-
tional to (aN)". Each different index in green is summed over, therefore they carry each a factor
of N, whereas red indices are fixed by the external fields.

Note that a term proportional to (Tr |¢|?)* would have a 1/N? scaling, due to an addi-
tional summation over the flavors with respect to Fig. and Fig. and thus would be
subleading in the large N limit. Since we are studying this mechanism as an alternative to
confinement to violate the entropy bound and m sets the scale at which the gauge sym-
metry is broken, this implies m >> Agcp. An interesting fact to keep in mind is that, in
the limit of large NV, the Higgs VEV v is arbitrarily large, whereas the gauge boson masses
~ m stay fixed. So there is an increasingly large range of energies in which the Higgs
field is non-dynamical (up to quantum fluctuations, obviously) but the gauge symmetry
effectively remains intact. Of course, this has an explanation in that the coupling between
the Higgs and the gauge bosons g* ~ 1/N is increasingly small. Conversely, if the breaking
of the symmetry was only dictated by the Higgs VEV, this would ultimately destroy the
original gauge symmetry in the UV. Therefore, we learn that the scale that really matters
for the SSB is that of the masses of the gauge bosons.

Let us now examine the symmetries of the theory in Tab. In the hmit[] of vanishing «
flavor does not exist as a symmetry, since all the terms in the Lagrangian can be expressed
as a sum over the "flavor” index and therefore this index only numerates N independent
fields. Thus, each field can undergo its own SU(N) global transformation without changing
the Lagrangian, with the particularity that the diagonal combination (in which all fields
transform the same) is gauged. The Higgs fields acquire a VEV which is determined by the
EOM:

> 6hbar =
k

"This limit would be more accurate if unitarity imposed something like @ ~ 1 /N 2 but as we will now
check, we want to avoid this limit for our purposes.
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Nr Higgs fields in fundamental representation of SU(N¢), No = Np = N

a0 before SSB: SU(N¢)gauge X [SU(NC)]fg\l[gb;ﬂ1 2N — 1 would-be Goldstones
after SSB:  SU(N¢ — 1)gauge X [SU(Ne — D]RE | (N = 1)(2N — 1) Goldstones
before SSB: SU(N¢)gange X SU(NF)global N? — 1 would-be Goldstones
@ 7& 0 after SSB: SU(N)diag 0 Goldstones

Table 3.2: Symmetries of the theory before and after spontaneous symmetry breaking.

Therefore, each flavor acquires a vacuum value which is defined by the previous equation
up to a unitary transformation in color space, we then expect a huge number of Goldstone
bosons due to this high degeneracy of the vacuum. One such possibility is having all the
fields aligned in a certain color:

1 1 1
0 0 0
<</5Aj> =v J
0 0 0
A

This configuration clearly breaks each SU(N) symmetry down to SU(N — 1), since only
the rotations over the zero values will leave the vacuum invariant. We can calculate the
gauge boson masses derived from this configuration (¢4; = vd;., where ¢ is a particular
color).

LYY Dupai(D'éa) 5 g0 > Y (A)ju(AM) Gidke = Ng™0® > A, l%, (3.16)
A g j

A gLk J

We see that only 2N — 1 gauge bosons get a masﬂ, which precisely matches the broken
generators from SU(N) — SU(N — 1). Note that these masses would render an inconsis-
tent alternative to confinement in the large N limit, since they would scale as N¢*v? ~ N,
with the aforementioned consequences.

When we restore «, all Higgs fields are now related by the SU(N) global symmmetry (see
Tab. . The hedgehog term lifts the degeneracy between all the vacua satisfying the
previous EOMﬂ and the vacuum is now uniquely determined by . The little group
is the one that preserves the identity in the transformation ¢ <> Uc@Up, i.e. the diagonal

8The counting is as follows, 1 real field from the diagonal 4+ (N —1) complex fields from the off-diagonal:
1+2(N-1)=2N—1.

9Since all terms in the potential are positive semidefinite, the minimum is achieved by setting to zero
the hedgehog term and minimizing the rest.
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subgroup Ux = UA"}

The counting now is simple, from 2(N? —1) generators, N* — 1 become longitudinal compo-
nents for the gauge bosons and the rest are preserved as the SU(N) diagonal subgroup. In
order to avoid the entropy bound violation and according to the discussion in the previous
chapter, we have to make sure that no gapless degrees of freedom are left in the theory.
Looking at Table in the case & = 0 we have N(2N — 1) scalar excitations, from which
2N — 1 are absorbed as longitudinal components by the gauge bosons and the rest are
physical (massless) Goldstone fields. This counting must match the a # 0 spectrum. From
the SSB pattern, we deduce that N? — 1 of these excitations are absorbed by the gauge
bosons and no physical Goldstones should appear. Therefore, the remaining N*> — N + 1
of these scalars must appear as massive particles, i.e. pseudo-Goldstones.

The pseudo-Goldstones are related to the original symmetry which is explicitly broken
by the « term, i.e. they arise from performing a color rotation independently for each
flavor (see Tab. . We can parametrize them in the usual way -repeated color indices
are implicitly summed over:

dax = vUSV 64, U = exp i T (3.17)

Now, plugging (3.17) into the Higgs Lagrangian with the potential (3.13]), we can read off
the kinetic term and the mass term for these pseudo-Goldstones 0§A . The kinetic term is

(upon normalization):

L5 (Bua;)® = 0,6500,0," (T (T} b aidan = 0,600,605 (T ) aa - (3.18)

a

We can learn several things from this result. First, the (pion) decay constant [47] for the
pseudo-Goldstones is f = wv, since the kinetic term is normalized by redefining 9§A) —

0719]('14)' Secondly, the color structure (7, a(A)Tb(A)) A4 makes sure that the counting matches
with the breaking SU(N) — SU(N — 1) and this is repeated for each flavor A.

Let us verify this statement. First, consider the off-diagonal generators, which have the en-
tries of the off-diagonal Pauli matrices in different pairs of rows/columns. The AA element
of the product of two such generators will be non-empty only if both share a non-empty
Ak element, with k£ = 2, ..., N. This leaves only two possibilities: either they are the same
(T, = Tp) or they form a conjugate pair (corresponding to o7 and o3). Note that due to
the symmetry in the color indices a, b, we can replace the product for the anticommutator
of the generators, i.e.

1
0.0,1, 1 = ieaeb{Tm T}

0T his is obviously only the case when No = Np, if Ny < N¢ there would remain some unbroken
gauge group (which would prevent us from achieving our goal of avoiding the entropy bound due to the
IR growth of the coupling constant).
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Since the Pauli matrices fulfill {o;,0,} o ¢;;, this discards the pairing of off-diagonal
pseudo-Goldstones, so that there will be no mixing in color space. As a consequence, each
physical field corresponds to the associated generator, i.e. the kinetic terms will only be
of the form a = b. Now, the square of the generator having non-empty AA element,
as mentioned before, requires a non-empty Ak element for fixed A. This is equivalent to
computing how many products of N elements I can form without including one in particular
(e.g. {123} has only one such possibility: {32}), and twice of those (because of the conjugate
pairs) will not appear in the Lagrangian. It is easy to see that we are actually asking to
form products of N — 1 elements, therefore to the total number of possible pairs we have
to subtract the associated quantity. As it is well known, the number of possible pairs of N
elements is given by the combinatoric coefficient:

()25

Thus taking in account the duplicity mentioned before, we can deduce how many pseudo-
Goldstones will have non-vanishing kinetic terms and therefore appear in the Lagrangian
as a result of the SSB:

N(N—1)— (N—1)(N —2) =2N —2

Only the diagonal generators remain. Since they all in general have non-empty diagonal
entries, this will lead to a non-trivial mixing of the associated pseudo-Goldstones. From
the symmetry breaking pattern, we know that the remaining group has rank N — 1 and
this ensures that only one of them will appear (since the others would correspond to rota-
tions that are part of the symmetry of the theory), but this happens in a non trivial way.
In this is explicitly shown by computing the case N = 3. In total, we have
2N —2+41 = 2N — 1 Goldstones appearing, which match the SSB of the original symmetry
(before attaining masses through the « term).

We focus now on the masses of these pseudo-Goldstones. There is a subtlety in the calcu-
lation, because the form is only valid for one flavor at a time (the matrix only acts
on one column). However, since the rotations are independent, there is no problem because
the result will be the same for each flavor upon which the rotation acts. Keeping this in
mind, we find the mass terms through the o term in (3.13):

] l A
£ a(¢¥65) (0 56a) = av*TTVUD) 14 5 0?96 THOTY 0 (3.19)

The first thing to note is that the color structure is the same as the kinetic term, therefore
every Goldstone acquires a mass. This is reassuring since we knew that after restoring «
no massless Goldstones should survive. Furthermore, we see that each of them acquires a
mass m? o« av? ~ 1, meaning that these masses will not scale with N and therefore in
the large N limit they will not become neither too small nor too large, which would spoil
either the UV or the IR effective symmetry (as with the gauge bosons before). This ensures

that this mechanism is also consistent in the t’Hooft limit and our analysis of the entropy
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bound violation remains intact.

To conclude, let us briefly examine the Goldstone coupling. The setting is very similar to
the effective theory of pions in QCD [48], where at low energies the dynamical degrees of
freedom are the Goldstones of the symmetry breaking. A simple example of a Goldstone
exists in the SU(2) Higgs context, where the coupling between the Goldstone and the Higgs
fields is given by both the VEV (decay constant) v and the energy (because the Goldstone
couples through a derivative):

¢ = (v+h)e”
t 2 2 o I° 2
L5 (0,0)(0"¢) = (9uh)” + (v + 1) (9.0)" D F(aﬂe)
This fact is not model-dependent (in general, Goldstones couple through a derivative), so
that in our case m? ~ av? the effective coupling is given by:
E? E?
QGold = el ~ 2N

(3.20)

where we used the unitarity bound a ~ 1/N. As in [3], this is the relevant coupling for
the relevant degrees of freedom at low energies (pseudo-Goldstones). Now, in the large N
limit, the relevant collective coupling (analog of t'Hooft coupling) will be given by agoaN
(see Fig. . Therefore, we see that for low energies, the analogous bound to ([2.33]) will
not be saturated.

Therefore we conclude that this mechanism presents no apparent obstruction to be an
alternative to confinement in preventing the violation of the entropy bound.



Chapter 4

Conclusions

In this work, we explored the Higgs mechanism as an alternative to confinement to avoid
the entropy bound violation by generating a mass gap in the theory. In the fundamental
representation, we introduce N fundamental fields. All the gauge bosons acquire a mass of
order 1 ([3.14), therefore in the large N limit the symmetry breaking pattern remains in-
tact. In addition to this, the pseudo-Goldstone bosons corresponding to independent global
flavor transformations acquire as well a mass of order 1.

We checked that the relevant collective coupling for low-energy scattering amplitudes does
not exceed the unitarity limit and therefore all the requirements are met to consistently
replace confinement. As a side note, there might be some zero modes of a classical solution
associated to breaking of translation symmetry for example, but as explained in [1,2] they
will not provide a large enough contribution for the entropy.

In the case of one Higgs field in the adjoint representation, it becomes more compli-
cated to achieve this. The first possibility is to perform the maximum symmetry breaking
SU(N) — U(1)™~!. The reason for considering this breaking is that, since for non-abelian
theories the gauge boson contribution to the beta function is negative, the coupling strength
increases towards the IR and the inverse coupling bound becomes lower, leading to
potential violations. In contrast, for abelian theories (in particular U(1)) the beta function
is positive and the growth of the coupling is stopped.

Naively, there exists a configuration which produces such a pattern. Nonetheless, the masses
of the gauge bosons cannot be made simultaneously of order 1, some of them will scale
positively and others negatively with N. This means that, in the large N limit (where the
entropy becomes parametrically large and the bound is approached), some of the gauge
bosons will become increasingly heavy and spoil the UV symmetry, and others will decrease
its mass, therefore leaving some gapless degrees of freedom in the IR and a different SSB.
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If we instead require that no heavyE] gauge fields arise after the SSB, the remaining gauge
structure in the IR does not have the usual SU(N) Lie group form. An analogy was drawn
to Kaluza-Klein theories, where such a configuration can arise as a limiting effect of large
compactification radius. Another alternative is to demand the gauge boson mass matrix
to match SU(N’) in the large N limit, but it is discovered that the number of heavy fields
arising from that pattern is big enough to significantly spoil the UV symmetry.

Therefore, we conclude that the Higgs mechanism could provide a workaround to con-
finement in Yang-Mills theories in the fundamental representation. Of course, as explained
in [1,2] the distinctive trait of confinement is that it is already present in pure glue theories,
without the need of introducing additional matter content. In addition, as we explicitly
checked, not every set of Higgs fields can fulfill this role, for example in the adjoint repre-
sentation we did not find a configuration of eigenvalues that provided such a replacement
to confinement in a consistent way.

Tn the sense of having a mass which does not scale with N



Appendix A

Explicit example of
pseudo-Goldstone masses in N=3

We want to illustrate how the would-be and physical Goldstones acquire a mass from the
« term in the potential (3.13)) and in particular, show that the number of them is precisely
2N — 1 (for each flavor independently). To this end, we consider the case N = 3.

The generators of SU(3) are given by the Gell-Mann matrices T, = \,/2, and we choose
the flavor A = 1. Since the kinetic term and mass term share the same color structure,
those who do not have mass will not appear in the Lagrangian, i.e. the corresponding
generators are not broken. We take in account the following relations:

1
0.0,1513 = §6aeb{Ta7 T}

1 1 E abe \ c
{Tow Tb} = géabﬂ + 5 d )\

The constants d** can be found, for example, in [49]. Therefore, the mass terms will have

the following form:
1 1
éavz‘eg)e,ﬁ”{Ta,Tb}n = §m§begl>9,§”

We display the non-zero mass terms, with the notation m? = m2,:

2 2 2 2 2 2 __ 2 __
my = my = my = my = my = - mg =mz =0
,  av? ) ,  av?
meg = —— Mga = Mlag =
8 83 38
6 2\/§

At first glance, we see that 65 and 6; have no mass and therefore, their generators are
not broken. Naively, the counting would not match, since we need 2N — 1 = 5 massive
fields and we still have 6. Nonetheless, note that the mass matrix is diagonal except for
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the diagonal bosons (3 and 8). If we display them as a 2x2 matrix, we see that it has zero
determinant, therefore one of the eigenvalues will have zero mass. In particular, the combi-
nation 0, = —1/2 O54+/3 /2 0 will appear as massless after diagonalizing the mass matrix,
whereas the orthogonal 6_ = v/3/2 3 + 1/2 5 will have non-zero mas (m? = 2/3 av?).

We then see that, as expected, 5 Goldstone bosons acquire a mass ~ av? from the a term
in the Lagrangian, signaling a breaking of SU(3) down to SU(2). This will happen once
per flavor, giving the total number of N(2N — 1) = 15. From these would-be particles, 8
are absorbed as the longitudinal components of the gauge bosons after symmetry breaking
and the remaining 7 will conform our spectrum of pseudo-Goldstones.

!This coincides with the calculation of gauge boson masses performed in eq. 6 of [50], due to the
presence of the anticommutator of the generators.



Appendix B

On the Higgs potential in the adjoint
representation

In Section the VEV of the Higgs field that fulfilled the required SSB pattern[] was of

the form:
¥P = diag(ay, ..., ay) (B.1)

with all the eigenvalues {a;} different and the constraint Zai = 0. Of course, it should

i
arise as a solution of the equations of motion and therefore a suitable potential is needed.

The first option is to have a non-renormalizable tree-level potential, which has to be min-
imized by . From standard linear algebra, we know that in order to have s different
roots it is a necessary condition to have a polynomial of at least order s. Therefore, we
explore a potential of the form:

V(ZID) =Tr) e(STE)" (B.2)

will both be invariant under the SU(N) symmetry and provide a polynomial EOM. Working
in this diagonal basis, we can write the EOM for its eigenvalues:

Tchn ZaﬁZm = Tchn A0 0030-03,)" ch n (B.3)
oV al
0= Gap = 2;710” at — dia, + dga + ..+ don— 1a2N t—p (B.4)

n the literature the case for a renormalizable potential has been extensively treated (see, for instance,
[43]), which leads to a breaking of the type SU(N) — SU(h) x SU(N —h) x U(1), but our case SU(N) —
U(1)V~! has not.
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We find that each eigenvalue a,, p =1,..., N fulfills the same polynomial EOM, which is
of order 2N — 1. Therefore, by a suitable election of the coefficients this equation will have
2N — 1 different solutions. Note that, by hermiticity of , all the components must be
real, although the polynomial might in general have complex conjugate roots. This is no
problem, since we can use the SU(2) C SU(N) invariance of the potential to transform
the complex conjugate pair into its real and imaginary part, respectively.

Under a suitable choice of the coefficients it should be possible for the tracelessness con-
straint to be fulfilled. The Vieta formulas [51] relate the sum of the roots of a polynomial
to its coefficients, in our notation:

don—
M+ ...+ ToN1 = — 22—
dan—1
dan_3
(rirg + .. +1ran—1) + (rars + .. +1oron—1) + ... + (Tan—171 + oo F Ton_1ToN—2) = 4
2N—1

2N—-1 dO -0

T1Tro..ToN—-1 = (—1) d
2N—-1

where r; are the 2N — 1 roots of (B.4]). Since the even coefficients are zero in our EOM,
some of the formulas have zeros in the left hand side. Equipped with these identities, by
tuning the coefficients it is a priori possible to have a subset of N roots to sum to zero.

Another option is to not have a tree-level potential, which then allows to choose any
ground state up to quantum corrections. At one-loop level, these are given by the Coleman-
Weinberg effective potential [52,53]:

1 V(%)
6472 12
where V7 (X) is the second derivative of the potential (in this case, the only contribution
comes from the gauge boson mass terms), which depends on the VEV of ¥ and p* the
renormalisation scale. The structure of the mass terms ([3.4) implies that each gauge boson

A;; pairs up with its complex conjugate, i.e. there are no mixed terms AijALl. Therefore,
the trace can be written as a sum:

Vet = Tr(V"(¥))?In

(B.5)

4 — a.)?
V= s Yl — oyt ) (B6)

i#j

Finding a global minimum seems like a daunting task, let us first try to find the minimum
of one individual term. Defining ;; = a; —a;, the minimum is found at x;; = :i:,ue_1/4. Now,
the variables are not independent, for example 37 = T32+x21. A simultaneous minimization
of all the terms is not possible, since the system of equations would be overconstraining

(more equations than independent variables). Therefore, if we assign the individual minima
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to certain differences of eigenvalues, the others will be automatically fixed. In particular,
for the masses (3.4) associated to these "minimum” differences we have:

m? ~ /N (B.7)

Nevertheless, due to the interdependence of the variables, other masses will arise with the
scaling:
m? ~ (Np)?/N ~ >N (B.8)

It is then unclear what spectrum of gauge boson masses would a Coleman-Weinberg po-
tential render and therefore what is the remaining gauge group after SSB in the large N
limit.



56

B. On the Higgs potential in the adjoint representation
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