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Abstract

Depending on the physical problem at hand, there are two different ways to split a given
many-body system into smaller subsystems. In the “particle picture”, the particles themselves
are the subsystems. In the “orbital picture”, sets of orbitals (i.e. one-particle states) are the
subsystems. For example, if the system is a crystal hosting many electrons, one can imagine
splitting the crystal into two spatially distinct parts: correlations between these two parts
are then a subject within the orbital picture. To these two different pictures correspond two
different types of correlations: particle correlations and orbital correlations.

We are interested in the case where the particles are identical fermions. Over the past few
decades, a thorough theory of fermionic orbital correlations has been built. In contrast, the idea
of fermionic particle correlations has proven harder to formulate into a theory, most difficulties
originating from the exchange antisymmetry of fermionic states. In the first part of this thesis,
a new approach toward fermionic particle correlations is proposed. This approach is based on
the idea that when two or more identical fermions are far apart, they become distinguishable,
and can thus be treated with standard Quantum Information tools. The main content of this
first part is the definition of a hierarchy of uncorrelated, classically correlated, and separable
fermionic states, and of a corresponding hierarchy of geometric measures of fermionic particle
correlations. Various properties thereof are then derived.

The second part aims to clarify the difference between particle and orbital correlations in
fermionic systems by studying the following provocative question: how much (orbital) correla-
tion can be found in a state of uncorrelated fermions, i.e., a fermionic state with zero particle
correlations? This question translates into a certain family of problems at the interface between
eigenvalue theory and combinatorics. Several cases are analyzed and solved.
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Chapter 1

Introduction

Multipartite quantum systems play a central role in Quantum Information (QI) theory, Quan-
tum Computing, Many-Body Physics and Quantum Chemistry. These are quantum systems
which are made up of smaller systems, called subsystems or parties. Here are some examples
of multipartite quantum systems:

• the joint system of two far-apart labs where, for example, two experimenters share pairs
of particles coming from a common source;

• a quantum computer, which has qubits as subsystems;

• a lattice (e.g. describing a crystal), where the lattice sites are regarded as subsystems;

• an atom or molecule with two or more electrons, where the electrons themselves or the
orbitals they occupy can be viewed as subsystems.

In most multipartite systems of physical interest, it proves interesting and useful to study
correlations among the subsystems. For example, correlations among qubits play a central role
in quantum algorithms [1]. Another example is based on the Hartree-Fock (HF) approximation,
where electronic ground states are approximated with Slater determinant states. These are
states of uncorrelated electrons. Correlations can then be seen as a measure of deviation from
the regime where the HF approximation is efficient, and of the computational costs required
to compute ground states beyond the HF paradigm.

Correlations within a quantum system are formalized in terms of properties of the system
state ρ, which is a density operator on the Hilbert space H of the system. More precisely,
the work of J. S. Bell [2], R. F. Werner [3], V. Vedral et al. [4–6], H. Ollivier and W. H.
Zurek [7], the Horodecki family [8] and many other physicists, mathematicians and computer
scientists has always revolved around the following two ideas. First off, one should understand
and capture with suitable mathematical definitions various types of quantum states which
are distinguished by a qualitatively different correlation content. Examples of such types are
uncorrelated states, separable states and entangled states. Secondly, one should turn this
qualitative distinction into a quantitative one, by defining suitable correlation measures. A
correlation measure is a function D(H) → R on the set D(H) of quantum states ρ of the
system. Examples of correlation measures are mutual information, quantum discord, relative
entropy of entanglement, and entanglement of formation.
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The basis of this thesis is the unifying approach towards all types of correlations proposed
by V.Vedral and collaborators [4, 6]. Their work is concerned with correlations in multipartite
systems whose Hilbert space takes the form H(1) ⊗ ...⊗H(N). The main concepts for framing
such correlations are:

• the hierarchy of uncorrelated, classically correlated, and separable states;

• a corresponding hierarchy of geometric correlation measures, namely mutual informa-
tion/total correlation, quantum correlation, and relative entropy of entanglement.

These correlation measures are “geometric” in that they are introduced as minimal distances:
for example, for a given state ρ, its relative entropy of entanglement E(ρ) is the distance of ρ
from the closest separable state, with respect to a suitable distance function.

These and other results on correlations in multipartite systems tacitly imply distinguisha-
bility of the parties, which mathematically corresponds to the tensor product structure of the
Hilbert space, H = ⊗N

j=1H(j). Now consider a system of N identical fermions, all living in a
common one-particle (1P) Hilbert space H1. Then the Hilbert space for the system is the N -
fold wedge product ⋀N H1, which does not have a tensor product structure. As a consequence,
correlations within a system of N fermions cannot be captured by the same mathematics that
is used for systems of N distinguishable particles. One could point out that ⋀N H1 can be
naturally embedded in ⊗N

j=1H1 as the subspace of fully antisymmetrized vectors. This could
rekindle the hope that work on distinguishable particles could be adapted to fermions in a
straightforward way. This is unfortunately not the case, though, as clarified by the following
example.

Consider two identical fermions, e.g. two electrons, which are far apart in space and have
never interacted at any time. Let one fermion be in the 1P state ∣ϕ⟩ ∈ H1, and the other one in
∣χ⟩. The spatial wavefunctions of ∣ϕ⟩ and ∣χ⟩ are supported in far-apart spatial regions. From
a physics perspective, we would say that the state of the two fermions is uncorrelated. From
a mathematical point of view, we can write the two-fermion state vector ∣Ψ⟩ ∈ H1 ∧H1 as an
element of the tensor product space H1 ⊗H1:

∣Ψ⟩ = ∣ϕ⟩ ∧ ∣χ⟩ ∝ ∣ϕ⟩ ⊗ ∣χ⟩ − ∣χ⟩ ⊗ ∣ϕ⟩ . (1.1)

In contrast with the physics perspective, this looks like a maximally entangled state, similar to
the Bell state vector ∣0⟩⊗ ∣1⟩ − ∣1⟩⊗ ∣0⟩ of two qubits. This mathematical fact reflects the Pauli
exclusion principle (if one fermion is in ∣ϕ⟩, the other one won’t). It does not imply, though, that
two fermions described by ∣Ψ⟩ should be thought to have any physically accessible correlation
or entanglement. For example, while two qubits in a Bell state can be used for quantum
teleportation and other QI protocols, the same is not expected for two fermions sharing a state
vector ∣Ψ⟩. We will take the physical point of view, and regard state vectors such as that in
Eq. (1.1) as describing uncorrelated fermions.

We have shown that correlations among fermions are more tricky to capture than those
among distinguishable particles. Such particle correlations are a topic in the so-called particle
picture of fermionic systems, which regards fermions themselves as subsystems. This type of
correlations has been studied for example in [9], [10–12] and [13, 14], but a thorough the-
ory thereof has not been established, yet. The main goal of this thesis is to translate the
comprehensive work by K. Modi et al. from distinguishable particles to fermions.
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There is another approach, referred to as orbital picture of fermionic systems, which regards
sets of orbitals (i.e. 1P states) or subspaces of the 1P space as subsystems. The classic example
within the orbital picture is the following idea. Consider a 1D lattice of nuclei which hosts
many electrons. In certain problems, one imagines cutting the lattice into two parts, left and
right, by separating the lattice sites into two groups. Since lattice sites carry electronic orbitals,
this corresponds to a splitting of the underlying 1P space H1 for a single electron. One can
then study correlations between the left part and right part, which are an instance of orbital
correlations. Let us elaborate further on the example of the cut-up lattice with electrons. Let
HL/HR be the subspaces of H1 spanned by the electronic orbitals attached to lattice sites of
the left/right part of the lattice. In view of HL ⊥ HR and H1 = HL ⊕HR, one can decompose
the Fock space built on the 1P space H1 as

FH1 → FHL
⊗FHR

. (1.2)

More precisely, FH1 and FHL
⊗ FHR

are isomorphic vector spaces, but no unique natural
isomorsphism connects them, as a consequence of the anticommutation rules of fermionic op-
erators. Still, with the aid of the so-called fermionic superselection rules (SSRs; see [15], [16],
[17]), it turns out that left vs. right correlations within the lattice can be treated in the same
way as one would do if FH1 had an exact tensor product structure. More in general, orbital
correlations of fermionic systems have been studied and understood. Up to taking SSRs into
account, the theory of correlations among distinguishable parties still applies.

This thesis is divided into three parts. Ch. 2 describes the general framework and tools. In
Ch. 3 a new approach towards fermionic particle correlations is proposed and studied. We
present an adaption to the fermionic particle picture of the hierarchy of uncorrelated, classically
correlated and separable states and of the corresponding geometric correlation measures. Ch.
4 addresses the provocative question on how much (orbital) correlations can be contained in
a state of uncorrelated fermions, such as a Slater determinant state. This is an interesting
self-contained problem, of unexpected mathematical richness. At the same time, it serves to
explain the difference between the orbital and particle pictures. Finally, Ch. 5 contains a
summary and conclusions.



Chapter 2

Preliminary concepts

This Chapter presents the physical and mathematical background of the thesis. In Sec. 2.1,
basic concepts on quantum systems and the corresponding notation are introduced. Sec.
2.2 covers the foundations on correlations within multipartite quantum systems. Sec. 2.3 is
concerned with fermionic systems: in particular, it includes an overview on the particle picture
and orbital picture, and the corresponding theories of correlations. Finally, the subject of Sec.
2.4 is some mathematical tools relevant throughout this work.

2.1 Bipartite quantum systems

A physical system is mathematically described by a C∗-algebra containing information on
the possible measurements that one can perform on the system. In particular, a quantum
physical system is usually described by a non-commutative C∗-algebra. The physical meaning
is established by fixing a correspondence between (some of) the self-adjoint algebra elements
and measurements which can be performed on the system: the real eigenvalues of the former are
interpreted as measurement outcomes of the latter. We identify such measurements and self-
adjoint elements and call them “observables”. We restrict our attention to finite-dimensional
C∗-algebras: according to [18], these are all C∗-isomorphic to direct sums of finitely many
algebras B(Cdi) of (linear) operators on finite-dimensional complex Hilbert spaces Cdi . Such
direct sums of algebras can be treated summand by summand. We will then often introduce
a quantum system by specifying a finite-dimensional complex Hilbert space H ≅ Cd. It should
be kept in mind that the algebra of operators on H is more fundamental than H itself.

Given a quantum system described by a finite-dimensional complex Hilbert space H, a
“state” of that system is a linear functional ω ∶ B(H) → C which is positive (semi)definite,
ω(O†O) ≥ 0 ∀O ∈ B(H), and normalized, ω(IH) = 1. The physical meaning of a state ω is
that its value on a Hermitian operator O = O† ∈ B(H) is the average of measurements of O,
ω(O) = ⟨O⟩ω. States 1-to-1 correspond to density operators on H, i.e. Hermitian operators
ρ = ρ† ∈ B(H) which are positive (semi)definite, ρ ≥ 0, and trace normalized, Tr[ρ] = 1. We
will not distinguish between states and density operators, and denote with D(H) (or D) the
set that they form. The set D(H) is convex with respect to the linear structure of B(H), and
its extremal points are the pure states, i.e. density operators of the form ∣ψ⟩⟨ψ∣ with ∣ψ⟩ ∈ H,
⟨ψ∣ψ⟩ = 1.
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Bipartite quantum systems. Among all physical systems, we will be interested in mul-
tipartite quantum systems, namely quantum systems which are obtained by joining N ≥ 2
physical subsystems, also called “parties”. For clarity we will often focus on bipartite systems,
N = 2. Consider a bipartite system made up of two well-distinguished subsystems A and B,
for instance two distinguishable particles such as an electron and a photon. Measurements on
such a system can be grouped as follows:

1. measurements which consist of one “local” measurement on one subsystem, A or B;

2. joint measurements which consist of two local measurements, one per subsystem, which
are carried out independently and whose outcomes (real numbers) are then multiplied ;

3. joint measurements which are not of the types above.

Actually measurements of the type 1 can be included in measurements of the type 2. In fact
we can identify the situation where no measurement is performed on, e.g., the subsystem A
with the situation where the trivial observable IA is measured on A. Suppose the subsystems
A and B are described by local Hilbert spaces HA and HB. Then, in short, the mathemat-
ical counterpart of the existence of measurements of type 2 is that the appropriate algebra
describing the joint system A +B is B(HA) ⊗B(HB). In particular, measurements of type
2 are described by operators OA ⊗OB, where Oi = O†

i ∈ B(Hi). This tensor product algebra
is (canonically isomorphic to) B(HA ⊗HB), so HA ⊗HB is the Hilbert space describing the
joint system.

Given a state ρ ∈ D(HA⊗HB) on a bipartite system, there exists a unique state ρA ∈ D(HA)
satisfying the following physical requirement:

Tr[ρAOA] = Tr[ρOA ⊗ I] ∀OA ∈B(HA) . (2.1)

The operator ρA is obtained from ρ by performing a partial trace over HB, ρA = TrB[ρ]. We
call it the “reduced state” of ρ for the subsystem A. A matrix representing it is called a
“reduced density matrix” (RDM).

2.2 Correlations in bipartite quantum systems

Physically speaking, a bipartite system is said to be in an “uncorrelated” state when the fol-
lowing happens for any couple of local observables OA,OB with eigenvalues aj , bk respectively:

the probability distribution (pOA,OB

jk )jk on the set {(aj , bk)}jk of joint measurement outcomes
(i.e. couples of eigenvalues) factors out as

pOA,OB

jk = pOA
j ⋅ pOB

k . (2.2)

When a state is uncorrelated, it follows that all average values (here denoted with angle
brackets) of outcomes of joint measurements of type 2 factor out, too:

⟨OA ⊗OB⟩ = ⟨OA⟩⟨OB⟩ , (2.3)
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Figure 2.1 The hierarchy of nested sets of states of a bipartite system. Here ρ is an entangled state. The
blue, dashed line representing the entanglement E(ρ) starts at ρ and ends at the separable minimizer
σ∗, and so on.

where OA⊗OB is the joint observable/measurement of type 2 consisting of OA and OB. To this
end, remember that outcomes of joint measurements of type 2 are products of local outcomes;
and that the mathematical counterpart of this fact is that spec(OA ⊗ OB) = {aj ⋅ bk}jk. As
it turns out, the converse also holds, i.e. if Eq. (2.3) holds ∀OA,OB, then Eq. (2.2) holds
too. To see that, one rewrites all probabilities in Eq. (2.2) as average values of suitable
measurements. From the mathematical point of view, recasting condition (2.2) as condition
(2.3) is very convenient, because the concept of state is formalized in terms of average values.
This leads to the formal definition of uncorrelated states, Def. 1.

Quite the opposite, a system is in a “correlated” state when there are couples of local
measurements whose outcomes are not statistically independent. For example, suppose Charlie
has many boxes, each containing a cat which is either healthy or sick. A round consists of
Charlie distributing to Alice and Bob one box each. At each round, Charlie follows this (public)
rule: with a certain fixed probability, he gives to both Alice and Bob a box with a healthy
cat; otherwise he gives a box with a sick cat to both. If at a given round the boxes are not
opened, the statistical state of the couple of balls is correlated, because if Alice opens her box
and check the health conditions of her cat, she will also know those of Bob’s cat.

2.2.1 Hierarchy of states of a bipartite system

In quantum bipartite systems, many types of correlated states exist. We now recall the hier-
archy of “uncorrelated”, “classical” and “separable” states. For a graphical representation of
this hierarchy and of the corresponding correlation measures of Sec. 2.2.3, see Fig. 2.1. For a
more extended discussion, see [6].

Definition 1. Consider a tensor product Hilbert space HA ⊗HB. A state π ∈ D(HA ⊗HB) is
uncorrelated iff

Tr[πOA ⊗OB] = Tr[πAOA] ⋅Tr[πBOB] ∀OA ∈B(HA),OB ∈B(HB) , (2.4)

where πA, πB are the reduced states of π on HA,HB, respectively. We denote with D0 the set
of uncorrelated states on HA ⊗HB.
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Remark: tensor product structures. The definition above and all concepts regarding
correlations imply an underlying fixed bipartite (or multipartite) structure of the system, usu-
ally described in terms of a tensor product structure of the system’s Hilbert space (and of
the algebra of operators). In typical quantum information settings, where the experimenters
Alice and Bob work in far-apart labs, the relevant Hilbert space possesses a uniquely defined
tensor product structure. But in other settings, such as fermionic systems, this is not the case.
In that case, one has to first fix a tensor product structure; only after that may one discuss
correlations. This remark is at the heart of Ch. 4.

Remark: uncorrelated states and product states. A density operator π is uncorrelated
if and only if it is a “product state”, i.e. π = πA ⊗ πB where πA, πB are the reduced states of
π. However, in Def. 1 one sometimes requires OA/B to be elements of some local subalgebras
B′A/B ⊊ B(HA/B). This is the case for fermionic systems, as explained in Sec. 2.3.2 on su-
perselection rules. In such cases, fewer constraints are imposed on uncorrelated states, so that
there can be uncorrelated states which are not product states.

A correlated state of a bipartite system is then a state s.t. there exist local observables
OA,OB for which the average of OA ⊗ OB does not factor out. There are various types of
correlated states, such as “classically correlated” or “classical” states, and “entangled” states.
We now introduce such types of states. In what follows and throughout the thesis, all bases
are understood to be orthonormal (ON).

Definition 2. Consider two local bases BA = {∣aj⟩}j, BB = {∣bk⟩}k for HA,HB and a state
χ ∈ D(HA ⊗HB). We say that χ is classical with respect to BA,BB iff it is diagonal in the
product basis {∣aj⟩ ⊗ ∣bk⟩}, i.e.

χ = ∑
jk

pjk∣ajbk⟩⟨ajbk∣ , (2.5)

where pjk = ⟨ajbk∣χ∣ajbk⟩ form a probability distribution. We denote with DBA,BBcl the set of
such states.

More in general, χ is called classical iff χ ∈ DBA,BBcl for some local bases BA,BB. We denote
the set of classical states with

Dcl ∶= ⋃
BA,BB

DBA,BBcl . (2.6)

Classical states of a bipartite system are those quantum states which in a sense can be un-
derstood from a fully classical perspective. The idea of classical states is less popular than
that of uncorrelated and separable states, but has been recently gaining more and more in-
terest, in particular based on the fact that some separable (but not “classical”) states exhibit
nonclassical features.

Definition 3. A separable state σ ∈ D(HA ⊗HB) is a state which admits a representation of
the form

σ = ∑
µ

pµρ
(µ)
A ⊗ ρ(µ)B , (2.7)
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Figure 2.2 Illustration of a classically correlated state χ = ∑j,k pjk ∣aj , bk⟩⟨aj , bk ∣ ∈ DBA,BB of a bipartite
system. Red (blue) levels are elements of the local basis BA = {∣aj⟩}j (BB = {∣bk⟩}k). Couples of levels
∣aj⟩, ∣bk⟩ (↔ ∣aj , bk⟩) which are circled are those associated with a nonzero probability pjk.

where the index µ can take finitely many values, {pµ}µ is a probability distribution, and ρ
(µ)
A/B ∈

D(HA/B)∀µ. We denote with Dsep the convex set of such states. Nonseparable states are also
called entangled.

Remark: inclusion relations among sets of states. Assuming dim(HA),dim(HB) > 1,
we have D0 ⊊ Dcl ⊊ Dsep ⊊ D(HA ⊗HB) = D. In particular, Dsep is the convex hull of either
D0 or Dcl. We illustrate these three nested sets in Fig. 2.1, where we also represent the
corresponding geometric correlation measures introduced in Sec. 2.2.3.

2.2.2 Structure of the set of classical states

Def. 2 depicts classical states χ ∈ Dcl of a bipartite system as being built with the following
recipe. First, one chooses two bases BA and BB for the two local Hilbert spaces HA and
HB. Secondly, the two bases are combined into a basis for HA ⊗HB. Finally, one chooses a
probability distribution on the latter basis, which defines a classical state χ ∈ DBA,BBcl . This
recipe for building a classical state χ is illustrated in Fig. 2.3; the ensuing structure of Dcl
is represented in Fig. 2.2. From the point of view of differential geometry, this recipe gives
rise to a fiber bundle-like structure of Dcl, which is the subject of Thm. 1. Before stating the
theorem, a remark, some concepts and some notation are needed.

Remark: RDM’s of classical states. Consider a state χ ∈ DBA,BBcl . Then BA (BB) is an
eigenbasis of the reduced state χA (χB). (To see that, use the local basis BB (BA) while tracing
subsystem B (A) out). As a consequence, if a state ρ has nondegenerate reduced states with
eigenbases BA and BB, we have ρ ∈ Dcl iff ρ ∈ DBA,BBcl .

As hinted by the remark above, it proves convenient to introduce the set D′cl ⊂ Dcl of classical
states χ′ satisfying the generic condition that χ′A, χ

′
B be nondegenerate. Next, we call dA =

dim(HA) and dB = dim(HB) and introduce

∆ =
⎧⎪⎪⎨⎪⎪⎩
(pab)ab ∣ pab ≥ 0,

dA

∑
a=1

dB

∑
b=1
pab = 1

⎫⎪⎪⎬⎪⎪⎭
⊂ RdAdB , (2.8)
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(BA,BB)

DBA,BBcltotal space

Dcl

base space

fiber

χ

Figure 2.3 Illustration of the fiber bundle structure of Dcl. Roughly speaking, the base space contains
couples of local bases; to each one of these couples corresponds a fiber DBA,BB

cl ; altogether these fibers
make up the total space Dcl. See Thm. 1 for a more precise statement.

the (dAdB − 1)−dimensional standard simplex of probability distributions on a space of dAdB
discrete states. Correspondingly to the nondegeneracy condition above, we will need to consider

∆′ = {(pab)ab ∈∆ ∣ ∑
a

pab ≠ ∑
a

pab′ for b ≠ b′,

∑
b

pab ≠ ∑
b

pa′b for a ≠ a′} . (2.9)

We denote with SA the set of ordered ON bases for HA, which is a d2A-dimensional smooth
manifold diffeomorphic to the unitary group U(dA). Given two bases B,B′ ∈SA we set B ∼ B′
iff B,B′ are the same up to permuting their elements and multiplying them by phases. We
then define the set of unordered ON bases for HA “modulo phases”:

S̃A =SA/ ∼ = {[B]∼}B∈SA
. (2.10)

S̃A can also be thought of as the family of complete sets of orthonormal projectors. S̃A inherits
from SA a structure of (d2A − dA)-dimensional smooth manifold. This is formally shown by
picturing S̃A as the orbit space of a suitable Lie group action on SA. Similarly one defines
SB and S̃B.

The last ingredient to recall is that the set D of states on HA⊗HB has a structure of (real)
(d2Ad2B − 1)-dimensional smooth manifold (with boundary).

Theorem 1.
(i) D′cl is a smooth submanifold (with boundary) of D of dimension d2A−dA+d2B −dB +dAdB −1;
(ii) Dcl is the closure of D′cl;
(iii) Consider the map

π ∶ D′cl → S̃A × S̃B

χ↦ ([BχA
]∼, [BχB

]∼) , (2.11)

where BχA
, BχB

denote eigenbases (unique up to reordering and phases) of the reduced states
χA, χB of χ. Then D′cl, π and S̃A × S̃B are respectively the total space, smooth projection map
and base space of a fiber bundle with model fiber ∆′.
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Proof. We will assume that we are ϵ-far from the boundary of D, and come back to this point
in the end of the proof.

(i) We will locally picture D′cl as a level set of a smooth surjective map (or better: a smooth
submersion) defined on an open neighborhood in Dcl. Pick χ ∈ D′cl. Then there exists a
neighborhood U of χ which is open in D and two maps (i = A,B)

ηi ∶ U →Si

ρ↦ an ordered eigenbasis of ρi.

s.t. if ρ ∈ U then ρA, ρB are nondegenerate and s.t. the maps ηi are smooth. The maps ηi can
be chosen to be smooth thanks to smoothness of partial traces and from the existence of smooth
maps mapping matrices to eigenvectors relative to an eigenvalue which is nondegenerate within
the domain of matrices (for ex. combine [19] and [20]).
The maps ηi select bases with which we can represent ρ ∈ U as a matrix, via the map

U → R(dAdB)
2

ρ↦ [ρab,a′b′] = matrix rep. of ρ with respect to joint basis ηA(ρ) × ηB(ρ),

where we implicitly unpack each couple of off-diagonal elements ρab,a′b′ = c1+ic2, ρa′b′,ab = c1−ic2
as a couple of real numbers c1, c2. In view of enforcing classicality of states, we split the latter
map into the maps δ and µ. The former returns diagonal elements of [ρab,a′b′], the latter
returns off-diagonal elements:

U → R(dAdB)
2 = RdAdB ×R(dAdB)2−dAdB

ρ↦ [ρab,a′b′] = (δ(ρ), µ(ρ)). (2.12)

We will first focus on the off-diagonal elements map µ. Notice that for given ρ the off diagonal
elements µ(ρ) of the matrix [ρab,a′b′] satisfy some constraints: since ηA(ρ), ηB(ρ) are eigenbases
of ρA, ρB, then

∑
b

ρab,a′b = 0 for a > a′

∑
a

ρab,ab′ = 0 for b > b′. (2.13)

We have d2A − dA + d2B − dB independent, linear, real constraints; so the image of µ is contained

in a subspace H of R(dAdB)2−dAdB of dimension κ = (dAdB)2 − dAdB − (d2A − dA + d2B − dB).
We now restrict the target of the map µ to such subspace, while still calling it µ, i.e. now
µ ∶ U →H ≈ Rκ.
After this restriction of the target set, it is easy to see that µ is a submersion, i.e. its differential
is surjective, i.e. for given ρ any sufficiently small perturbation of the off-diagonal matrix
elements µ(ρ) yields an element of H which is still in the image µ(U).
Now, based on the remark which precedes the present theorem, we notice the following: since
a state ρ ∈ U has nondegenerate reduced states, it is classical if and only if it is diagonal with
respect to the joint product basis built with two eigenbases of its reduced states, i.e.

D′cl ∩U = µ−1(0⃗). (2.14)
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But then, since the map µ is a smooth submersion (and i.p. 0⃗ is a regular value), D′cl ∩ U
is a smooth submanifold of D with dimension dim(D) − κ. Since this holds for every χ ∈ D′cl
(neglecting the boundary of D), we get that D′cl is a smooth submanifold (with boundary) of
D of dimension

dim(D′cl) = dim(D) − κ = d2A − dA + d2B − dB + dAdB − 1.

Notice that the meaning of this number is clear from part (iii) of this theorem, or from the
recipe which defines classical states: d2A − dA and d2B − dB is the number of real degrees of
freedom corresponding to the choices of local bases modulo phases; and dAdB −1 is the number
of real degrees of freedom for the choice of the probability distribution on the joint basis.

(ii) Denote closure with a bar. The easier inclusion is D′cl ⊇ Dcl. Pick χ ∈ Dcl, choose a

couple of local bases BA,BB s.t. χ ∈ DBA,BBcl , and use the corresponding joint product basis to

represent DBA,BBcl with ∆ (by taking the diagonal of the matrix representing density operators

in DBA,BBcl ). The result follows from the fact that ∆′ is clearly dense in ∆.
More explicitly, an arbitrarily small perturbation of the diagonal elements χab,ab can pro-

duce a diagonal density matrix [(χ+ϵ)ab,a′b′] which has nondegenerate reduced density matrices
and thus represents a state χ′ ∈ D′cl; which shows that χ is a limit point of D′cl, and is thus an

element of D′cl.
We now prove the inclusion D′cl ⊆ Dcl. We prove that if χ∗ ∈ D is a limit point of D′cl

then it is classical. Let (χn)n be a sequence in D′cl with limn→∞ χn = χ∗. For every n choose

(ordered) eigenbases {∣ϕ(n)a ⟩}a,{∣ψ(n)b ⟩}b of χn,A, χn,B. These altogether identify a sequence
in the manifold SA ×SB. Thanks to compactness of SA ×SB, one can choose (ni)i s.t. the

subsequence ({∣ϕ(ni)
a ⟩}a,{∣ψ(ni)

b ⟩}b)i converges in SA×SB to a limit couple ({∣ϕ∗a⟩}a,{∣ψ∗b ⟩}b).
Now we show that χ∗ is classical with respect to that limit couple, i.e. it is diagonal in the
joint product basis {∣ϕ∗a, ψ∗b ⟩}a,b. Pick (a, b) ≠ (a′, b′): then

0 = lim
i→∞

0 = lim
i→∞
⟨ϕ(ni)
a , ψ

(ni)
b ∣χni ∣ϕ

(ni)
a′ , ψ

(ni)
b′ ⟩

= ⟨ϕ∗a, ψ∗b ∣χ∗∣ϕ∗a′ , ψ∗b′⟩,

where we used that convergence in SA and SB is equivalent to basis element-wise convergence.

(iii) Finally we show the structural property of D′cl as total space of a fiber bundle. First off,
the projection map π is clearly surjective. Next, notice that it is smooth. In fact, for any
χ ∈ D′cl we can use the maps ηi defined in a neighborhood of χ to picture π’s action as

π(χ′) = ([ηA(χ′)]∼, [ηB(χ′)]∼).

Smoothness of ηi (restricted on classical states) and of the quotient maps qi ∶Si → S̃i,B ↦ [B]∼
imply smoothness of π.

Finally, we have to build local trivializations. Pick ([BA]∼, [BB]∼) ∈ S̃A × S̃B. Choose
an open neighborhood ([BA]∼, [BB]∼) ∈ W ⊂ S̃A × S̃B s.t. there exists a smooth choice
of representatives C ∶ W → SA × SB (satisfying (qA, qB) ○ C = id

W
). (Existence of such

a smooth C can be shown by general results on Lie groups; or, concretely, by looking at
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equivalence classes of ON bases as unordered sets of orthogonal 1D subspaces, and by looking
at each subspace separately). Then we can define the following trivialization on the “tube”
π−1(W ) ⊂ D′cl:

τ ∶ π−1(W ) →W ×∆′

χ↦ (π(χ), δ(χ)) , (2.15)

where δ(χ) is the diagonal of the matrix which represents χ with respect to the joint product
basis built with the couple of bases C(π(χ)). It is an updated version of what we had in Eq.
(2.12). Notice that the nondegeneracy requirement ensures that [BχA

]∼, [BχB
]∼ are unambigu-

ously defined, and that δ(χ) ∈ ∆′. (It is also worth mentioning that δ(χ) does not depend on
how C fixes the phases of the elements of the local bases representing W elements: the map
C is just an artificial tool which helps to prove smoothness properties.).

A few checks on τ are in order. First off, the basic requirement on trivializations holds by
construction, proj1 ○ τ = π π−1(U). Next, τ is smooth because π is (see above) and δ is, too: we

can in fact picture its action as follows:

δab(χ) = C(π(χ))⟨ϕaψb∣χ∣ϕaψb⟩C(π(χ)),

where ∣ϕaψb⟩C(π(χ)) is an element of the joint product basis built with the couple of local bases
C(π(χ)) and is smooth in χ. Finally, to show that the smooth map τ is a diffeomorphism, we
show it has a smooth inverse. Pick a couple K = ([B′A]∼, [B′B]∼) ∈W , (pab)ab ∈ ∆′. This is the
image under τ of exactly one density operator, namely

∑
a,b

pab∣ϕaψb⟩C(K)⟨ϕaψb∣ ∈ π−1(W ),

where the subscript C(K) is the couple of bases to which ∣ϕa⟩, ∣ψb⟩ belong; thanks to smooth-
ness of C, the state above is a smooth function of (K, (pab)ab) ∈W ×∆′.

Recall the initial restriction of working far from the boundary ∂D of D. This means that the
object we worked with so far was actually the (sub)manifold without boundary D′cl −∂D. The
upgrade D′cl − ∂D → D′cl means equipping D′cl − ∂D with a boundary D′cl ∩ ∂D, yielding the
(sub)manifold with boundary D′cl. This can be formalized within the theory of manifolds with
boundary.

Remark: classical states which are classical with respect to many couples of local
bases. There exist states χ which are classical with respect to two different couples of local

bases (whose elements do not simply differ by phases), χ ∈ DBA,BBcl ∩DB
′
A,B′B

cl . For example, the
maximally mixed state on HA ⊗HB is classical with respect to any couple of local bases. For
such states χ, either χA or χB or both must be diagonal on two local bases whose elements do
not simply differ by phases, and thus degenerate. It is due to these states that Dcl does not
have a proper structure of fiber bundle with base S̃A×S̃B, whence our need to restrict to D′cl:
such states should appear in two fibers relative to two distinct base points.
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2.2.3 Geometric correlation measures

In Sec. 2.2.1 we introduced uncorrelated/correlated, classical/nonclassical and separable/entangled
states of a bipartite system. We now complement these black-and-white definitions with quanti-
tative measures of correlation. For example, given a state ρ ∈ D(HA⊗HB) which is correlated,
ρ ∉ D0, we would like to define some correlation measure C(ρ) of that state. C(ρ) should
measure the deviation or distance of ρ from D0. We follow the geometric approach originally
proposed in [4] by V. Vedral et al. This approach consists of using minimized distance functions
as correlation measures, see Def. 4.

We first need to introduce some concepts and notation. Given a probability distribution
{pi}i on a discrete set of states, its “Shannon entropy” is given by

H({pi}i) ∶= −∑
i

pi log(pi) , (2.16)

where the rule 0 log(0) = 0 is implied. Its quantum mechanical version is the “Von Neumann
entropy” of a density operator ρ, namely

S(ρ) ∶= −Tr[ρ log(ρ)] =H({λi}) , (2.17)

where λi are the eigevalues of ρ. We anticipate that, when dealing with fermions, it proves
meaningful to also evaluate S on Hermitian operators γ with eigenvalues in [0,1] which do
not necessarily satisfy Tr(γ) = 1. Finally we will use a two-entry version of S, namely the
“quantum relative entropy” (QRE). We denote QRE with S, too:

S(ρ∣∣σ) ∶= Tr[ρ(log(ρ) − log(σ))] . (2.18)

This is a quantum mechanical version of the Kullback-Leibler divergence, and its significance
is the topic of [21] and [22]. Similar to its classical counterpart, S(ρ∣∣σ) is a measure of the
distinguishibility of the states ρ and σ. Albeit not symmetric, S(⋅∣∣⋅) has some properties in
common with distance functions, such as S(ρ∣∣σ) ≥ 0 with equality iff ρ = σ. This fact, the
QI meaning of QRE and its close connection with the Von Neumann entropy are behind the
following definitions of geometric measures of correlations. See Fig. 2.1 for an illustration.

Definition 4. Pick a state ρ ∈ D(HA⊗HB). Then its mutual information or total correlation,
quantum correlation and (relative entropy of) entanglement are respectively defined as

I(ρ) ∶= min
π∈D0

S(ρ∣∣π) (2.19)

Q(ρ) ∶= min
χ∈Dcl

S(ρ∣∣χ) (2.20)

E(ρ) ∶= min
σ∈Dsep

S(ρ∣∣σ) . (2.21)

Notice that the minimizations above are well-defined, i.e. minimizers always exist, thanks
to compactness of D0,Dcl,Dsep and lower-semicontinuity of S(ρ∣∣⋅). In fact, computing e.g.
Q(ρ) boils down do exhibiting a (possibly non unique) minimizer classical state χ∗ ∈ Dcl s.t.
S(ρ∣∣χ) ≥ S(ρ∣∣χ∗) for every χ ∈ Dcl. In some cases, these minimization tasks cannot be tackled
analytically. In other cases, analytical insight allows to simplify or fully solve the task. This
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is what the remainder of this paragraph is about.

Analytical formula for mutual information. Mutual information is often defined via
I(ρ) = −S(ρ) + S(ρA) + S(ρB), which has a classical counterpart. The following theorem
clarifies that this definition agrees with ours.

Theorem 2. Pick a state ρ ∈ D(HA ⊗HB). There is a unique uncorrelated minimizer state
π∗ ∈ D0 s.t. S(ρ∣∣π) ≥ S(ρ∣∣π∗) ∀ π ∈ D0, namely

π∗ = ρA ⊗ ρB , (2.22)

where ρA/B is the reduced state of ρ on HA/B. The value of mutual information follows as

I(ρ) = −S(ρ) + S(ρA) + S(ρB) . (2.23)

Proof. Given a product state τA⊗ τB ∈ D0, we have S(ρ∣∣τA⊗ τB) = −S(ρ)−Tr[ρ log(τA⊗ τB)].
The first term is independent of τA and τB, so we need to minimize the second one only. We
have

−Tr[ρ log(τA ⊗ τB)] = −Tr[ρ(log(τA) ⊗ IB + IA ⊗ log(τB))]
= −Tr[ρA log(τA)] −Tr[ρB log(τB)] , (2.24)

which shows that the minimization breaks down into two minimizations, one over τA ∈ D(HA)
and one over τB ∈ D(HB). The two minimizers are ρA, ρB. In fact if τA/B ≠ ρA/B then
−Tr[ρA/B log(τA/B)] +Tr[ρA/B log(ρA/B)] = S(ρA/B ∣∣τA/B) > 0, based on the properties of the
QRE. Plugging the minimal values into Eq. (2.24) yields Eq. (2.23).

A property of classical minimizers. For quantum correlation Q, the minimization can be
systematically simplified (but not completely solved). First, for any state ρ ∈ D(HA ⊗ HB),
the minimization defining Q(ρ) can be broken down as follows:

Q(ρ) = min
χ∈Dcl

S(ρ∣∣χ) = min
BA,BB

⎛
⎝

min
χ∈DBA,BB

cl

S(ρ∣∣χ)
⎞
⎠
, (2.25)

where the outer minimization is carried out over all couples of local bases BA,BB. The inner
minimization is then computed with the aid of the following standard lemma.

Theorem 3. Given a state ρ and a pair of local bases BA = {∣aj⟩}j ,BB = {∣bk⟩}k, there exists a
unique classical minimizer χ∗BA,BB satisfying min

χ∈DBA,BB
cl

S(ρ∣∣χ) = S(ρ∣∣χ∗BA,BB). It is given

by the “decohered” diagonal compression of ρ relative to the product basis {∣aj , bk⟩}jk, i.e.

χ∗BA,BB = ∑
j,k

pjk∣aj , bk⟩⟨aj , bk∣ with pjk = ⟨aj , bk∣ρ∣aj , bk⟩ . (2.26)

Proof. The argument is a standard application of the Gibbs inequality [23]; see also the proof
of Lemma 6.
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One is then left with the outer minimization in Eq. (2.25), which runs over all couples of local
bases. The function to be minimized turns out to be the Shannon entropy of the diagonal of
the matrix representing ρ with respect to (the product basis of HA⊗HB built with) the couple
of local bases.

A formula for entanglement. The following theorem is a generalization of a result of
V. Vedral et al. (see [5]) regarding quantum relative entropy of entanglement of pure states
of bipartite systems. This result is our Cor. 2. Our proof uses some ideas (twirling and
PPT criterion) which are not there in the original proofs in [5]; and some which are (local
minimization).

Theorem 4. Consider a state ρ on HA ⊗HB which can be written as

ρ =
r

∑
i,j=1

cij ∣aibi⟩⟨ajbj ∣ , (2.27)

where {∣ai⟩}i and {∣bj⟩}j are local ON bases of HA, HB, respectively. Then the separable and
classical state

σ∗ = ∑
i

cii∣aibi⟩⟨aibi∣ (2.28)

is a minimizer for ρ within Dsep, i.e. ∀σ ∈ Dsep

S(ρ∣∣σ) ≥ S(ρ∣∣σ∗) . (2.29)

Proof. The proof consists of three steps.
(a) We exploit a symmetry argument which simplifies our task. We define a suitable

group of unitary operators which fix the given state ρ and which leave Dsep invariant. With
these unitaries we build a ”twirling” channel T ∶ D → D. The distance of states from ρ
gets smaller under T ’s action. This allows to restrict the minimization over Dsep entailed in
E(ρ) =minσ∈Dsep S(ρ∣∣σ) to one over T (Dsep) ⊊ Dsep.

(b) Next, we undertake this restricted minimization. We have a candidate minimizer σ∗

and have to prove Eq. (2.29). Using convexity we notice that local minimizers are also global
minimizers; we accordingly write a local version of Eq. (2.29) and set out to prove it. This
boils down to proving a bound on a certain quantity Xσ.

(c) The Perez-Horodetcki necessary condition for states to be separable reduces to simple
and explicit inequalities in the case of twirled states. Leveraging these inequalities we prove
the sought-after bound on Xσ.

Step (a). With abuse of notation we will indicate the elements of the “computational” local
bases as ∣ai⟩ = ∣i⟩ and ∣bj⟩ = ∣j⟩. We call dA/B = dim(HA/B). Notice that r ≤ dA/B. In the proof
we will assume r = dA = dB and in the end briefly mention the modification needed for the
general case.

Consider the following unitary operators on HA ⊗ HB, parametrized by r angles θ⃗ and
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providing a representation of U(1)r:

U(θ⃗) = UA(θ⃗) ⊗ UB(θ⃗) =
r

∑
j,k=1

ei(θj−θk)∣jk⟩⟨jk∣

→
⎡⎢⎢⎢⎢⎢⎣

eiθ1

⋱
eiθr

⎤⎥⎥⎥⎥⎥⎦
⊗
⎡⎢⎢⎢⎢⎢⎣

e−iθ1

⋱
e−iθr

⎤⎥⎥⎥⎥⎥⎦
. (2.30)

In the last line, the representation of U(θ⃗) relative to the computational local bases makes
things clear: the local unitary UA/B(θ⃗) simply scales the jth local basis vector by e+iθj/e−iθj

respectively. In particular notice the implicit ρ-dependence of these unitaries. The global
unitary U(θ⃗) performs the two local scalings together. With U(θ⃗) we can act on states on
HA ⊗HB via ρ′ ↦ U(θ⃗)ρ′U †(θ⃗). All U(θ⃗)’s clearly fix the vector ∣jj⟩ ∀j = 1, ..., r; therefore
they also fix our state ρ, i.e. [U(θ⃗), ρ] = 0∀ θ⃗. Plus, given their tensor product structure, the
U(θ⃗)’s leave the set Dsep invariant.

Let’s denote with G the group of U(θ⃗)’s. By a well-established procedure [24], we can use
G to build the twirling channel or twirl T ∶ D → D,

T (ρ′) ∶= ∫
G
dµ(U) Uρ′U †

= ∫
2π

0

dθ1
2π

...∫
2π

0

dθr
2π

U(θ⃗)ρ′U †(θ⃗) . (2.31)

Here dµ(U) is the Haar probability measure on G.
For any given state ρ′ ∈ D the following are equivalent:

(i) ρ′ is “twirled”, ρ′ ∈ T (D);
(ii) ρ′ is G-invariant, [U,ρ′] = 0∀ U ∈ G;
(iii) ρ′ is fixed by the twirl T (ρ′) = ρ′.

In particular, our initial state ρ is fixed by the twirl T (which in fact depends on ρ):

T (ρ) = ρ . (2.32)

More in general, “twirling” states bring them closer to ρ. To see that, one needs to regard the
integral in Eq. (2.31) defining T (ρ′) as a convex combination indexed by U ∈ G of rotated
states Uρ′U †. With that in mind, using the joint convexity of quantum relative entropy [25]
(generalized to arbitrary convex combinations), we get

S(ρ∣∣T (ρ′)) = S(T (ρ)∣∣T (ρ′))

= S (∫
G
dµ(U) UρU †∣∣ ∫

G
dµ(U) Uρ′U †)

≤ ∫
G
dµ(U) S(UρU †∣∣Uρ′U †)

= ∫
G
dµ(U) S(ρ∣∣ρ′) = S(ρ∣∣ρ′) , (2.33)
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i.e. T (ρ′) is closer to ρ than ρ′ is.
One more important fact: if ρ′ is separable and U ∈ G, the rotated state Uρ′U † is separable
too, because U is a tensor product of local unitaries. And the whole convex combination T (ρ′)
is separable too, because Dsep is convex. More specifically, one gets

T (Dsep) ⊊ Dsep . (2.34)

Equipped with Eq. (2.33) and Eq. (2.34), we see that we can restrict our minimization
over Dsep to one over T (Dsep),

E(ρ) = min
σ∈Dsep

S(ρ∣∣σ)

= min
σ∈T (Dsep)

S(ρ∣∣σ) . (2.35)

In view of carrying this minimization out, see step (b), we now find a formula for the twirl T
in order to characterize the twirled states. For 0 ≤ i, j, k, l ≤ r, we extend Eq. (2.31) on any
operator in B(HA ⊗HB) so as to write

T (∣ij⟩⟨kl∣) = ∫
2π

0

dθ1
2π

...∫
2π

0

dθr
2π

U(θ⃗)∣ij⟩⟨kl∣U †(θ⃗)

= (∫
2π

0

dθ1
2π

...∫
2π

0

dθr
2π

ei(θi−θj−θk+θl)) ∣ij⟩⟨kl∣. (2.36)

The integral factors out in r integrals and is equal to 1 if i = j and k = l, or if i = k and j = l,
or both; it vanishes otherwise. Then for ρ′ ∈ D we have the closed formula

T (ρ′) = ∑
i

Πiiρ
′Πii

+∑
i<j
( Πijρ′Πij +Πjiρ′Πji +Πiiρ′Πjj +Πjjρ′Πii) , (2.37)

where Πij = ∣ij⟩⟨ij∣.

Step (b). We now set up the argument to show that σ∗ = ∑ri=1 cii∣ii⟩⟨ii∣ is a minimizer for
the restricted minimization entailed in Eq. (2.35). We follow [5]. The first fact to notice is
that σ∗ is indeed the twirled version of as separable state, namely itself: σ = T (σ) ∈ T (Dsep).
The second fact to notice is that the set we have to minimize over, T (Dsep), is convex: in fact
given T (σ),T (σ′) ∈ T (Dsep) and λ ∈ (0,1) we have λT (σ)+(1−λ)T (σ′) = T (λσ +(1−λ)σ′) ∈
T (Dsep), where we used convexity of Dsep. The third fact is that the function to be minimized,
σ ↦ S(ρ∣∣σ), is convex. We then specialize the standard idea that in such settings local minima
are global minima as follows. We work by contradiction. Suppose that ∃σ ∈ T (Dsep) s.t.
S(ρ∣∣σ) < S(ρ∣∣σ∗) and set S(ρ∣∣σ) − S(ρ∣∣σ∗) = −∆ < 0. Then for λ ∈ (0,1) we would have

S(ρ∣∣ (1 − λ)σ∗ + λσ
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

∈T (Dsep)

) ≤ (1 − λ)S(ρ∣∣σ∗) + λS(ρ∣∣σ) = S(ρ∣∣σ∗) − λ∆ . (2.38)

Taking a derivative would yield

Xσ ∶=
d

dλ
∣
λ=0

S (ρ∣∣(1 − λ)σ∗ + λσ) ≤∆ < 0 . (2.39)
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In step (c) we show that, for any σ ∈ T (Dsep), Xσ ≥ 0. This concludes the reductio ad absur-
dum argument, thus proving inequality (2.29).

Step (c). We need to prove that ∀σ ∈ T (Dsep), the derivative Xσ defined in Eq. (2.39) is non
negative. A relevant role will be played by the convex combination of σ∗ and σ introduced
above, which we write as

σ∗ + λM , (2.40)

where we defined the “tangent vector ” M = σ − σ∗ ∈ B(HA ⊗HB). We also notice that the
semidefinite positivity of the matrix (cij)ij , which represents the state ρ, implies

∣cij ∣ ≤
√
ciicjj . (2.41)

In particular if cii = 0 then cij = 0, and the index value i can be just skipped in Eq. (2.27),
the value of r getting reduced by one. We then assume cii > 0 for i = 1, ..., r, and thus
σ∗ = ∑ cii∣ii⟩⟨ii∣ nonsingular when restricted to span(∣11⟩, ..., ∣rr⟩). This is why all expressions
below such as Tr[ρ log(σ∗)] are well defined, if we tacitly regard ρ and σ∗ as operators on the
subspace span(∣11⟩, ..., ∣rr⟩) (or if, equivalently, we use the common prescription 0 ⋅ log(0) = 0
to make sense of ρ log(σ∗) on the orthogonal complement of this subspace).

To get the first derivative of

S (ρ∣∣(1 − λ)σ∗ + λσ) = −S(ρ) −Tr [ρ log (σ∗ + λM)] , (2.42)

we follow [26] to expand the logarithm:

Tr [ρ log (σ∗ + λM)] = Tr [ρ log(σ∗)] + λTr [ρ∫
∞

0
dt( 1

σ∗ + tM
1

σ∗ + t)] +O(λ
2) . (2.43)

We keep the first order term and get

Xσ = −∫
∞

0
dt Tr [ρ 1

σ∗ + tM
1

σ∗ + t] . (2.44)

Now we use the fact that the state in Eq. (2.40) is twirled and separable to get conditions on
M . Plugging these conditions in Eq. (2.43) will finally show that Xσ ≥ 0.

First off, using twirledness of σ∗ and of the parametric state in Eq. (2.40) we get that the
operator M is also twirled. Using Eq. (2.37) we get

M = ∑
i

ωi∣ii⟩⟨ii∣

+∑
i<j
βij ∣ij⟩⟨ij∣ + γij ∣ji⟩⟨ji∣ + αij ∣ii⟩⟨jj∣ + αij ∣jj⟩⟨ii∣ . (2.45)

The constraints on density operators yield

βij ≥ 0 (2.46)

γij ≥ 0 (2.47)

0 = ∑
i

ωii +∑
i<j
βij + γij . (2.48)
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Similarly, the parametric state reads

(1 − λ)σ∗ + λσ = ∑
i

((1 − λ)cii + λωi) ∣ii⟩⟨ii∣

+ (1 − λ)∑
i<j
βij ∣ij⟩⟨ij∣ + γij ∣ji⟩⟨ji∣ + αij ∣ii⟩⟨jj∣ + αij ∣jj⟩⟨ii∣ . (2.49)

Then using separability of the state above we can enforce (semidefinite) positivity of its
partial transpose with respect to the computational product basis, which reads

[(1 − λ)σ∗ + λσ]TB = ∑
i

((1 − λ)cii + λωi) ∣ii⟩⟨ii∣

+ (1 − λ)∑
i<j
βij ∣ij⟩⟨ij∣ + γij ∣ji⟩⟨ji∣ + αij ∣ij⟩⟨ji∣ + αij ∣ji⟩⟨ij∣ . (2.50)

Only the αij , αij were affected by the partial trasposition. We now see a simple block-diagonal
structure: the ∣ii⟩’s are eigenstates of the partial transpose (1 × 1 blocks); and for i < j the
basis vector ∣ij⟩ is coupled to ∣ji⟩ only (2×2 blocks). One of such 2×2 blocks is represented by

(βij αij
αij γij

) . (2.51)

In view of Eq. (2.46), this matrix is ≥ 0 iff its determinant is non negative, i.e. ∣αij ∣2 ≤ βijγij .
From this it follows that

∣αij ∣ ≤
βij + γij

2
. (2.52)

Plugging ρ, σ∗ and M (using the form of Eq. (2.45)) into Eq. (2.44), one gets the following
formula for Xσ:

Xσ = −∑
i

ciiωi∫
∞

0
dt ( 1

t + cii
)
2

−∑
i<j
(cijαij + c.c.)∫

∞

0
dt

1

t + cii
1

t + cjj
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

S

. (2.53)

The integral in the first sum evaluates to 1/cii. The integral in the second sum S is 1/cii if
cii = cjj ; otherwise we have

∫
∞

0
dt

1

t + cii
1

t + cjj
= log(cii/cjj)

cii − cjj
, (2.54)

which is positive and bounded from above by 1
cii

and 1
cjj

and hence by
√

1
ciicjj

. We can then

bound the sum S:

∣S∣ ≤ 2∑
i<j
∣αij ∣

cij√
ciicjj

≤ 2∑
i<j
∣αij ∣

≤ ∑
i<j
(βij + γij) .
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The first inequality uses the bounds on the integrals expained right above; the second inequality
uses Eq. (2.41); the third inequality is the bound (2.52). Finally, we can bound Xσ starting
from Eq. (2.53):

Xσ = −∑
i

ωi − S ≥ −∑
i

ωi − ∣S∣

≥ −∑
i

ωi −∑
i<j
(βij + γij) = 0 , (2.55)

where the trace constraint Eq. (2.46) was used. This concludes the proof.

In the proof we assumed dA = dB. If e.g. dA < dB, one can without loss of generality set r = dA
by setting cij = 0 whenever r < i ≤ dA. There are still dB − dA extra dimensions in HB which
are not involved in ρ and are thus not expected to be relevant. One can deal with these extra
dimensions by considering suitable unitaries U(β⃗) which depend on dB − dA parameters βk,
with k = dA + 1, ..., dB. These unitaries are given by

U(β⃗)∣jk⟩ =
⎧⎪⎪⎨⎪⎪⎩

∣jk⟩, k ≤ dA
eiβk ∣jk⟩, k > dA .

(2.56)

Incorporating these unitaries in the group G which defines the twirl yields a new twirl, which
for j > dA maps ∣ij⟩⟨kl∣ ↦ δikδjl∣ij⟩⟨kl∣. This in particular means that in this general setting
twirled states will have a block diagonal structure with respect to the splitting of the local
space HB as span(∣1⟩, ..., ∣dA⟩)⊕ span(∣dA⟩, ..., ∣dB⟩). With this in mind, one manages to adapt
the argument for σ∗ being a local minimizer presented above.

As a straightforward consequence of Thm. 4, in the following corollary we use the separable
minimizer σ∗ given by Eq. (2.28) to compute entanglement of any states ρ which take the form
Eq. (2.27). Also, since the separable minimizer we found is i.p. classical, quantum correlation
is equal to entanglement for such states.

Corollary 1. Consider a state ρ which has the form of Eq. (2.27). Then

E(ρ) = Q(ρ) = −S(ρ) −∑
i

cii log(cii)) . (2.57)

Proof. We consider σ∗ as given by Eq. (2.28) and compute E(ρ) = S(ρ∣∣S(σ∗)). To get
quantum correlation, since σ∗ is classical, we can write E(ρ) ≤ Q(ρ) ≤ S(ρ∣∣S(σ∗)).

As a sanity check, notice that the RHS of Eq. (2.57) is non-negative because the Shannon
entropy is a Schur-concave function and {cii}i ≺ spec(ρ) by the Schur-Horn Theorem, Thm. 6.

The most relevant states of the type of Eq. (2.27) are all pure states. To see that, consider
a pure state ρ = ∣Ψ⟩⟨Ψ∣, with ∣Ψ⟩ ∈ HA ⊗HB normalized. As originally derived in [27], we can
always write the Schmidt decomposition

∣Ψ⟩ = ∑
i

λi∣aibi⟩ , (2.58)

where ∣ai⟩ ∈ HA and ∣bi⟩ ∈ HB are elements of local ON bases and λi > 0 are called Schmidt
coefficients. Then ρ takes the form of Eq. (2.27). In particular the coefficients are given
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by cij = λiλj . In the following corollary, we specialize Cor. 1 to pure states. We get the
following very desirable result (V. Vedral et al., [5]): on pure states quantum relative entropy
of entanglement and quantum correlation both reduce to the Von Neumann entropy of the
reduced states.

Corollary 2. Consider a pure state ρ = ∣Ψ⟩⟨Ψ∣, with ∣Ψ⟩ ∈ HA ⊗ HB normalized. Then the
relative entropy of entanglement of ρ, its quantum correlation, and the Von Neumann entropy
of its reduced states are all equal. They are given by the Shannon entropy of the squares of the
Schmidt coefficients λi of ∣Ψ⟩:

E(ρ) = Q(ρ) = S(ρA) = S(ρB) = −∑
i

λ2i log(λ2i ) . (2.59)

Proof. This corollary is a specialization of Cor. 1. The only new ingredient is that the quantity
H({λ2i }i) (last term above) can be interpreted as S(ρA/B). To see that, Schmidt-decompose
∣Ψ⟩ as in Eq. (2.58) to get the spectral representation ρA = ∑i λ2i ∣ai⟩⟨ai∣ (and same for ρB).

2.2.4 Multipartite systems

All of the concepts introduced in the previous paragraphs can be adapted to the case of “mul-
tipartite” systems, i.e. systems made up of N ≥ 2 (distinguishable) subsystems. In particular,
generalizing the definitions of product and classical states can be done unambiguously. Instead,
more than one notion of separability is available in the presence of more than two parties [4],
based on different physical motivations. We define separability in a “everyone vs. everyone”
perspective. A state σ ∈ D(⊗N

j=1H(j)) is then called separable iff it can be written as

σ = ∑pµρ
(1)
µ ⊗ ...⊗ ρ(N)µ , (2.60)

where ρ
(j)
µ ∈ D(H(j)), for every j = 1, ...,N and µ. Def. 4 of correlation measures can also be

adapted to any multipartite system in a straightforward way. The same applies to most results
and proofs from the previous discussion.

There is one major difference between bi- and multipartite systems, though. Namely,
a pure state vector ∣Ψ⟩ ∈ ⊗N

j=1H(j) does not always admit a Schmidt decomposition of the

kind ∣Ψ⟩ = ∑i λi⊗j ∣ϕji ⟩, with ⟨ϕji ∣ϕ
j
i′⟩ = δi,i′ . This prevents one from generalizing the Cor.

3 and having a simple, meaningful and analytical measure of entanglement of pure states of
multipartite systems.

2.3 Fermionic systems

In this work we will be concerned with systems of identical fermions. By “identical” we mean
that the fermions are all of the same species, e.g. all electrons. Identical fermions are “indis-
tinguishable”: we explain the meaning of this word in the following example.

Example: balls, bumps in a carpet and particles. Suppose there are two balls on the
floor of a room. Let the initial configuration or state of the balls be specified by the position
coordinates r1 and r2. If one exchanges the two balls, i.e. pick them up and put them back
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down in one another’s initial position, then one would say that the final configuration (r2, r1) of
the couple of balls is different from the initial configuration (r1, r2). The point is that one can
tell the two balls apart (similar though they might be) and thus make the two configurations
apart. Now the two balls are removed, and a carpet is laid on the floor. The carpet is thin
and may have wrinkles and bumps, which altogether determine the configuration of the carpet.
Suppose there are initially two bumps of the same shape at position coordinates r1 and r2. We
would like to conceive the same thought experiment as was sketched with the balls, aiming to
exchange the positions of the bumps. First off, it is not operationally clear what it means to
exchange the two bumps. Plus, if we manage to make sense of the exchange procedure, it is
still unclear whether the final configuration of the carpet should be regarded as different from
the initial one. For our purpose, we regard the final and initial configurations as equal. A less
conventional but more on-point example can be devised by replacing the carpet with a piano
keyboard, and the carpet bumps with “lowerings” of keys. We say that there is a lowering at
a key if at the instant of time of interest the key is being played. If it is known that exactly
two certain known keys are being played, i.e. there are two lowerings at two known keys, then
the configuration of the piano keyboard is univoquely specified. There is no such notion as
the exchange of the two lowerings. The difference between balls and carpet bumps/lowerings
of keys can be summarized as follows. The question “which of the two balls is in which of
the two positions?” makes sense; the questions “which of the two bumps is in which of the
two positions?” and “which lowering is associated to which key?” are meaningless. We now
explain the connection with particles. A system of, say, a proton and an electron turns out to
behave as the system of two balls; a system of two electrons (or two photons, two protons, etc)
behaves like the carpet or the keyboard. Furthermore, the carpet/keyboard themselves have
a counterpart in physics, namely the electron (or electromagnetic, etc) field.

We now sketch the mathematical description of fermionic systems, introduce our notation and
present some relevant concepts.

2.3.1 Preliminaries

We will indicate with H1 the one-particle (1P) Hilbert space of the fermions, and its dimension
with d, assumed finite. Its elements are indiscriminately referred to as 1P states, “orbitals” or
“modes”. The “CAR algebra” relative to H1 is the C∗-algebra algebraically generated by the
fermionic creation and annihilation operators f †

ϕ and fϕ. Here the label ϕ = ∣ϕ⟩ ranges over
H1. The proper definition and the properties of this algebra are obtained by insisting on

• injectivity and linearity of the maps ∣ϕ⟩ ↦ f †
ϕ and ⟨ϕ∣ ↦ fϕ;

• canonical anticommutation relations (CAR), i.e. ∀ ∣ϕ⟩, ∣ψ⟩ ∈ H1

f †
ϕf

†
ψ = −f

†
ψf

†
ϕ fϕfψ = −fψfϕ fϕf

†
ψ + f

†
ψfϕ = ⟨ϕ∣ψ⟩ . (2.61)

We referred to the elements of the CAR algebra of H1 as “operators”. This is based on the
standard representation and identification of this algebra as the algebra B(FH1) of operators
on the fermionic Fock space FH1 of H1. The Fock space decomposes naturally as a direct sum



2.3 Fermionic systems 25

of N -fermion subspaces,

FH1 =
d

⊕
N=0
HN , (2.62)

where the N -fermion subspace HN is (unitarily isomorphic to) ⋀N H1. Working at fixed N
and using wedge products defines the so-called first quantization framework. Working with
the whole Fock space and with creation and annihilation operators, which connect HN with
HN±1, defines the second quantization framework.

Fermionic states are density operators ρ ∈ D(FH1). In particular, a state ρ of N fermions
is a fermionic state supported on the subspace HN . Whenever the target fermionic system has
a fixed number N of fermions, we will only consider states supported on HN , or equivalently
consider D(HN) rather than the whole D(FH1).

One-particle observables. There is a particularly relevant type of observables on FH1 ,

namely those of the form O = ∑ηijf †
i fj , where ηij = ηji, and {f †

i }di=1 is a set of fermionic
creation operators associated to a 1P basis {∣i⟩}di=1, i.e. an ONB of H1. Such observables are
sometimes called “one-particle observables”. The set they form does not depend on the chosen
1P basis. 1P observables one-to-one correspond to observables on H1 via the basis-independent
mapping O = ∑ηijf †

i fj ↔∑ηij ∣i⟩⟨j∣ = o.

One-particle reduced operator. For a given fermionic state ρ, its “one-particle reduced
operator” γ is the unique Hermitian operator on H1 satisfying

Tr[γ o] = Tr[ρO] ∀ 1P observable O and corresponding o ∈B(H1) . (2.63)

Despite in general Tr(γ) ≠ 1, a matrix representing γ is called “1P reduced density matrix”
(1RDM). For a fixed 1P basis, this matrix is a two-point function relative to ρ, with elements
obtained as

⟨i∣γ∣j⟩ = Tr[γ∣j⟩⟨i∣] = Tr[ρf †
j fi] . (2.64)

Given a fermionic state ρ, the eigenstates of its 1P reduced operator γ are called the “natural
orbitals” of ρ. The eigenvalues wi lie in [0,1] (Pauli principle) and are called ρ’s “natural
occupation numbers”.

One-particle unitaries. Exponentiating 1P observables yields the so-called “1P unitaries”
or “particle-preserving Bogoliubov transformations”, i.e. unitary operators of the form

U = ei∑ηjkf
†
j fk , ηjk = ηkj . (2.65)

These operators are a lifted version of the unitary operator ei∑ηjk ∣j⟩⟨k∣ ∶ H1 → H1. They
implement “active” rotations of the underlying 1P space at the Fock space level. For example,
when acting on operators by unitary conjugation they map sets {f †

i }i of creation operators

relative to a basis B of H1 to a set {f ′†i }i relative to another basis B′.

2.3.2 Superselection rules

As first recognized by G. C. Wick et al. [28], not all Hermitian operators on the Fock space
correspond to measurements which can be actually performed. In fact, there are limitations
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imposed by either nature or experimental set-ups known as “superselection rules” (SSRs). In
particular, coherent superpositions of two fermionic states having a different number parity
cannot be experimentally observed by laws of nature. Recent QI-based contributions on this
topic can be found in [29], [15] and [16]. Here we restrict ourselves to stating in mathematical
terms parity- and number-SSRs of fermionic observables and states.

Parity SSR. Consider a 1P space H1, the corresponding Fock space FH1 , the CAR algebra
B =B(FH1) and the corresponding set of states D = D(FH1). Let N be the number operator,
with eigenvalues N = 1, ..., d and corresponding eigenspaces HN . Let P = exp(iπN) = (−1)N
be the (number) parity operator. It turns out that in any real-world fermionic system only
observables O ∈B which satisfy

[O, P ] = 0 (2.66)

are experimentally accessible. We refer to such observables as “parity-superselected observ-
ables”. They make up a C∗-subalgebra Bssr

P of B. More in general, experimentally doable
(e.g. unitary) operations are described with operators in Bssr

P . The shrinking B →Bssr
P at the

level of observables implies a shrinking D → DssrP at the level of states. The ensuing “parity-
superselected states” ρ ∈ DssrP can be taken to be ρ ∈ D s.t. [ρ,P ] = 0, that is DssrP = D ∩Bssr

P .
A way to understand this fact is the following. Let Πe/o be the projectors onto the even/odd

parity eigenspaces of P . For every superselected operator OP ∈ BSSR
P , a standard argument

shows that OP is block diagonal with respect to the parity eigenspaces, O = ΠeOPΠe+ΠoOPΠo
(and viceversa all such block diagonal operators are parity-superselected). Now pick a non-
superselected state ρ ∈ D and consider its superselected version

ρP = ΠeρΠe +ΠoρΠo ∈ DssrP , (2.67)

which is a valid density operator. Then the block structure of parity-superselected operators
implies

Tr[ρOP ] = Tr[ρP OP ] ∀OP ∈BSSR
P , (2.68)

which shows that ρ and ρP are the same state when restricted to the physically accessible
subalgebra Bssr

P , and should then be identified. An interesting operational interpretation of
the parity-superselection of states is proposed in [17].

Number SSR and other SSRs. In specific systems such as molecules, the more restrictive
number-SSR rule comes into play. The mathematical treatment is analogous to that explained
above for the parity-SSR. Finally, in some cases the modes of H1 are split into two or more
parts. For example, H1 might be split into a subspace containing fermionic modes spatially
supported in Alice’s lab, and a subspace whose modes pertain to Bob’s lab; and the two labs
are far-apart in space. In such settings, local parity (or number) SSRs must be imposed. These
ideas will spring into action in Sec. 3.1.2.

2.3.3 Orbital picture and orbital correlations

We now introduce notions of subsystems of fermionic systems and of correlations therein.
Depending on the physical problem at hand, one has to choose between two quite different
approaches. In the “orbital picture” or “mode picture”, subspaces of the 1P space H1 and
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the orbitals/modes they contain play the role of subsystems. In the “particle picture”, the
particles themselves are regarded as subsystems. These two different perspectives have been
introduced and motivated in Ch. 1. We now look at the corresponding mathematics, starting
from the orbital picture.

Given a nontrivial subspace V of H1 and a state ρ ∈ D(FH1), we would like to compute a
reduced state ρV ∈ D(FV ) describing only measurements involving modes within V . Working
in second quantization, the starting point is the decomposition

FH1 → FV ⊗FV ⊥ . (2.69)

Unitary isomorphisms between the two Hilbert spaces above can be built when a basis of V
and one of V ⊥ are fixed, which altogether form a basis of H1. In fact, these three bases (of
V,V ⊥ and H1) can be lifted to occupational number bases of the three Fock spaces appearing
in Eq. (2.69). Setting dim(V ) = d′, we can then use these three Fock space bases to define a
unitary isomorphism FH1 → FV ⊗FV ⊥ via

∣n1, ..., nd′ , nd′+1, ..., nd⟩ ↦ ∣n1, ..., nd′⟩ ⊗ ∣nd′+1, ..., nd⟩ . (2.70)

Due to the CAR relations, operators relative to modes in V do not always commute with
operators relative to modes in V ⊥. As a reflection of this fact, the isomorphism above is
not univoquely defined, and there is not a “natural” choice for this isomorphism. However,
the ensuing quasi-tensor product structure of FH1 is enough to adapt most of the theory of
correlations on Hilbert spacesHA⊗HB to the orbital picture of fermionic systems. In particular,
“fermionic partial trace” operations DssrP (FH1) → DssrP (V ), ρ ↦ ρV on parity-superselected
states can be defined unambiguously by requiring

Tr[ρOV ] = Tr[ρV OV ] (2.71)

for any operator OV ∈ Bssr
P which can be expressed in terms of creation and annihilation

operators relative to modes in V only. This fermionic partial trace operation is explained in
[29], where an algorithmic procedure to compute matrix elements of ρV is included. We no-
tice en passant that under parity superselection rules it is also possible to unambiguously
define a tensor product of two states ρV ∈ DssrP (FV ), ρV ⊥ ∈ DssrP (FV ⊥), which is a state
ρV ⊗ ρV ⊥ ∈ DssrP (FH1).

Correlations in the orbital picture. Building on the discussion above, one can treat
correlations between the subsystems V and V ⊥. This is an instance of “orbital correlations”.
Useful references on this are [15] and [30, 31]. In particular, mutual information of a state
ρ ∈ DssrP (FH1) between V and V ⊥ is computed via

I(ρ) = −S(ρ) + S(ρV ) + S(ρV ⊥) . (2.72)

This formula is readily generalized to a “multipartite” setting where many mutually orthogonal
subspaces of H1 play the role of subsystems. In Ch. 4 it will be used extensively.

Superselection rules help to introduce well-defined concepts, but also have a direct impact
in real-world applications, in that they reduce the amount of measurable orbital correlations
[17]. This fact is a consequence of the restriction to SSR-allowed measurements and operations
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explained in Sec. 2.3.2. In particular, there are contexts where correlations between two
far-away parties such as entanglement are regarded as a resource. In such scenarios it turns
out that local parity- and local number- SSRs imply a reduction in the amount of available
resource. For a concrete example on this, see Sec. 4.8.

2.3.4 Particle picture and particle correlations

In the particle picture of fermionic systems, each fermion constitutes a subsystem. The mathe-
matical approach to encode this perspective is first quantization. One works at a fixed number
N of fermions and considers HN = ⋀N H1, which is naturally isomorphic to the exchange-
antisymmetric subspace of ⊗N H1.

Correlations in the particle picture. A main purpose of Ch. 1 was to show that this
relation between wedge products and tensor products is to weak and possibly misleading in
clarifying how one should quantify “particle correlations” of a fermionic state ρ ∈ D(HN). We
refer to the example of the Slater determinant (SD) state, see Eq. (1.1). There, on the one
hand, SD states physically seem to contain no particle correlations. On the other hand they
mathematically look like maximally entangled states when regarded as antisymmetric states
on ⊗N H1. Difficulties stem from the indistinguishibility of identical fermions, which makes
the idea of subsystems ephemeral.

There have been many approaches [9] [10–12][14][32] to lay the foundations of a theory
of fermionic particle correlations. Some aspects are commonly agreed on, such as invariance
under 1P unitary transformations. Other aspects are still subject matter for discussion: for
example, is it generally speaking more relevant to treat the N fermions in a “everyone v. ev-
eryone” fashion, or with a “1 v. N − 1” perspective? And is there any physical content in
the “mathematical entanglement” associated to the exchange antisymmetry of state vectors
[33]? How much information on particle correlations does the 1RDM carry? Ch. 3 will revolve
around these foundational questions on fermionic particle correlations.

Remark: interplay between orbital picture and particle picture. Consider the case
where N fermions are in orthogonal subspaces V 1, ..., V N of the 1P space H1. For example,
they are all far-apart in space. Then working in the particle picture or working in the or-
bital picture with the subspaces V j as subsystems are equivalent approaches. This will be
the subject of Sec. 3.1. Conversely, there are cases where orbital and particle correlations are
completely separate concepts. In particular Ch. 4 is all about this separation. There the focus
is on cases where high orbital correlations coexist with vanishing particle correlations.

Remark: beyond fermions. In the present and previous Sections, the ideas of particle v.
orbital picture and correlations were introduced for identical fermions, which is the setting we
are interested in. However, most of the ideas also hold for bosons and distinguishable particles.

2.3.5 Free states

We now introduce in some detail Slater determinant states and free states of fermions. These
are usually regarded as states of independent or uncorrelated identical fermions, as they are
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ground states or thermal states of noninteracting systems. We follow [14] and [34].
Pick N orthonormal modes ∣ϕj⟩ ∈ H1, with N < d = dim(H1). Consider the corresponding

creation operators f †
ϕj

on FH1 . Let ∣Ω⟩ ∈ FH1 denote the vacuum state vector. With these

ingredients, one defines a Slater determinant state vector of N fermions as

∣SD⟩ = f †
ϕ1
...f †

ϕN
∣Ω⟩ = ∣ϕ1⟩ ∧ ... ∧ ∣ϕN ⟩ . (2.73)

If the modes ∣ϕj⟩ are the lowest-energy eigenstates of a Hamiltonian h = ∑ηij ∣i⟩⟨j∣ on H1, with
ηij = ηji, then ∣SD⟩ is the zero-temperature ground state of the corresponding Hamiltonian

H = ∑ηijf †
i fj on FH1 (which is a 1P observable, see Sec. 2.3.1). More in general, consider the

latter Hamiltonian on a system with flexible number of fermions, at finite temperature T . The
thermal state is given by

ρ = e
− 1

kBT ∑ηijf
†
i fj

Z
, (2.74)

where kB is the Boltzmann constant and the partition function Z ensures Tr(ρ) = 1. We will
refer to states of the form above as “free states”. From now on the factor −1/(kBT ) will be
absorbed in the coefficients ηij . Limit points of sequences of such states, including all SD
states, are also called free, as clarified in the following definition.

Definition 5. Consider a 1P space H1 and the corresponding Fock space FH1. The set of free
states on FH1 is

closure({ρ ∈ D(FH1) ∣ ρ =
eO

Tr[eO] for some 1P observable O}) , (2.75)

where the closure refers to the standard topology on sets of operators.

Properties and characterizations of free states. We now mention some basic properties
of free states. First off, we point out that free states can be characterized as reduced states
of SD states, obtained by tracing out modes (see Sec. 2.3.3 and [34]). Next, we recall that
for any operator γ ∈ B(H1) satisfying the requirements of a 1P reduced operator, namely
0 ≤ γ = γ† ≤ I, there exists a unique free state ρ whose 1P reduced operator is precisely γ [14],
[34]. More precisely, if spec(γ) ⊂ (0,1) then the exponent O ∈B(FH1) of the free state ρ with
1P reduced operator γ is the 1P observable associated to the operator o ∈B(H1) fixed by

γ = 1

1 + eo . (2.76)

This is a form of the Fermi-Dirac distribution.
Another interesting form of the free state ρ with 1P reduced operator γ is obtained from

a basis of orthonormal eigenvectors ∣i⟩ of γ - the natural orbitals - and the corresponding
eigenvalues wi - the natural occupation numbers - as follows. First, one lifts the basis of
natural orbitals ∣i⟩ to a basis of FH1 of SD vectors ∣(ni)i⟩ labeled by n1, ..., nd ∈ {0,1}, which
is called an “occupational number basis”. Then ρ is given by

ρ = ∑
(ni)i

⎛
⎜⎜
⎝
∏
i

ni=1

wi

⎞
⎟⎟
⎠
⋅
⎛
⎜⎜
⎝
∏
i

ni=0

(1 −wi)
⎞
⎟⎟
⎠
∣(ni)i⟩⟨(ni)i∣ . (2.77)
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It is diagonal on the occupational number basis of ∣(ni)i⟩’s. Notice that the corresponding 2d

eigenvalues of ρ factor out into simple functions of the d eigenvalues wi.
This factorization is related to the last characterizing feature of free states as states whose

natural orbitals are uncorrelated from each other. In fact, a diagonalization of the exponent
of a free state ρ shows that ρ decomposes as a tensor product of the 1-mode reduced states of
its d natural orbitals:

ρ =
d

⊗
i=1
ρi . (2.78)

This equation refers to the mapping between FH1 and the tensor product ⊗d
i=1Fi of one-mode

Fock spaces Fi for the natural orbitals. It is possible to unambiguously define the tensor
product in Eq. (2.78) thanks to the parity superselection of the 1-mode states ρi. In the
hole-particle basis {∣0⟩, ∣1⟩} of Fi, ρi is represented by a diagonal density matrix,

ρi → (
1 −wi 0

0 wi
) . (2.79)

The following important property of free states will play an important role in Ch. 4.

Lemma 1. Consider a free state ρ on FH1 and let γ be its 1P reduced operator. Let V be a
subspace of the 1P space H1 and let Π be the projector with range V . Then the reduced state
ρV on FV is the free state whose 1P reduced operator is the restriction Πγ∣

V
of γ to V (in

input and output).

Proof. Call σ the free state on FV with 1P reduced operator Πγ∣
V
. We want to check σ = ρV .

According to the defining Eq. (2.71), this means checking the following: for any operator OV
which can be expressed in terms of creation and annihilation operators relative to modes in V
only,

Tr[ρOV ] = Tr[σOV ] . (2.80)

Thanks to the anticommutation relations, it suffices to check the equation above for operators
of the form

OV = f †
ϕ1
...f †

ϕN
fψ1 ...fψ′N , (2.81)

where ∣ϕi⟩, ∣ψj⟩ are generic 1P states ∈ V . For N ≠ N ′, both sides of Eq. (2.80) vanish
because free states are number superselected, i.e. block diagonal in any eigenbasis of the total
number operator. For N = N ′, one can rewrite both sides of Eq. (2.80) using (one of the
forms of) Wick’s theorem, see [35]. This pictures Tr[ρOV ] and Tr[σOV ] as sums of products
of “contractions” Tr[ρf †

ϕi
fψj
] and Tr[σ f †

ϕi
fψj
], respectively. These contractions are, in our

notation, matrix elements of the 1P reduced operators: for every 1 ≤ i, j ≤ N we then get

Tr[ρf †
ϕi
fψj
] = ⟨ψj ∣γ∣ϕi⟩ ✓= ⟨ψj ∣Πγ∣V ∣ϕi⟩ = Tr[ρf

†
ϕi
fψj
] , (2.82)

completing the proof of Eq. (2.80).

2.4 Mathematical tools

We now introduce some mathematical tools which will be used throughout this thesis.
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2.4.1 Young diagrams, majorization and Schur-concavity

Definition 6. A Young diagram Y is a finite tuple (Y1, ..., Y∣Y ∣) of non-increasing natural
numbers.

Example. Y = (4,2,2,1) and (5) are Young diagrams of length four and one; (1,2) and (1,0)
are not Young diagrams.

In our context, Young diagrams appear naturally in Ch. 3 and 4 in relation to “splittings” of a
finite-dimensional Hilbert space H. Given a splitting S = (V j)j of (orthogonal) subspaces V j

of H satisfying ⊕j V
j = H, sorted such that dim(V j) ≥ dim(V j+1) > 0 ∀ j, the Young diagram

associated to S is Y = (dim(V 1),dim(V 2), ...).
Definition 7. Consider two Young diagrams Y,Y ′ with length N,N ′ respectively. We say that
Y ′ is a refinement of Y iff there exists a partition {P1, ..., PN} of {1, ...,N ′} s.t. ∀j = 1, ...,N
∑k∈Pj

Y ′k = Yj.

Notice that if Y ′ is a refinement of Y then ∑Nj=1 Yj = ∑N
′

k=1 Y
′
k .

Example. Y ′ = (2,1,1) is a refinement of Y = (2,2). Y ′ = (2,2,1) is a refinement of Y = (3,2).
Y ′ = (1,1, ...,1) is a refinement of any Young diagram Y with ∑j Yj = ∣Y ′∣. Setting Y = (d)
with d ∈ N, any Young diagram Y ′ with ∑j Y ′j = d is a refinement of Y .

Another concept which will play a major role in Ch. 4 is majorization. Majorization is often
used as a tool to compare mixedness of two different probability distributions on a given set and.
In our context, it is a tool to compare mixedness of real vectors. For example, (0.6,0.4) ∈ R2

is more mixed than (0.9,0.1).
Definition 8. Consider two vectors w, v ∈ Rd. We say that w majorizes v, denoted w ≻ v, iff

d

∑
i=1
wi =

d

∑
i=1
vi (2.83)

and for I = 1, ..., d − 1
I

∑
i=1
w↓i ≥

I

∑
i=1
v↓i , (2.84)

where w↓, v↓ ∈ Rd contain the decreasingly ordered components of w, v respectively.

Remark: basic properties of majorization. Majorization has the following shift invari-
ance property: consider 1 = (1, ...,1), v,w ∈ Rd and λ ∈ R; then w ≻ v iff w + λ1 ≻ v + λ1 iff
−w + λ1 ≻ −v + λ1. Also, for any d and t ∈ R the vector (t/d, ..., t/d) ∈ Rd is majorized by any
v ∈ Rd s.t. ∑di=1 vi = t.

We will use the following result, which can be found for example in the review [36].

Theorem 5. Consider two vectors w, v ∈ Rd. Then w ≻ v iff there exist a set of d × d permu-
tation matrices {Pj} and a probability distribution {pj} s.t.

v = ∑
j

pjPjw . (2.85)
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In other words, this theorem says that the set Dw ⊂ Rd of all vectors v which are majorized by
w is the permutohedron of w, i.e. the convex hull of the set of “vertices” Pw obtained from w
by permuting its components according to a permutation matrix P .

Definition 9. A function f ∶ D → R with domain D ⊆ Rd is said to be Schur-concave iff
v ≺ w⇒ f(v) ≥ f(w) for any v,w ∈D.

Example. For any given concave function h ∶ R → R, the function Rd ∋ v ↦ ∑i h(vi) is
Schur-concave.

2.4.2 Some theorems in matrix theory

We present without proof two theorems regarding principal submatrices, i.e. diagonal (square)
blocks, of Hermitian matrices. The first one is due to I. Schur [37] and A. Horn [38]:

Theorem 6. Consider two vectors w, v ∈ Rd. There exists a d × d complex Hermitian matrix
with spectrum w and main diagonal v if and only if w ≻ v.

In our context, it is useful to regard main diagonals v of matrices, object of the theorem above,
as d-tuples of all 1 × 1 principal submatrices, which are the “smallest” diagonal blocks.

The second theorem is concerned with diagonal blocks of any size, but considered one at a
time. The inequalities (2.86) were already known to Cauchy [39]; but a first complete proof of
the theorem was devised by K. Fan and G. Pall in [40].

Theorem 7. Let n,m be positive natural numbers with n ≥m. Let a = a↑ ∈ Rn and b = b↑ ∈ Rm
be increasingly ordered vectors. The following interlacing inequalities provide altogether a
necessary and sufficient condition for the existence of Hermitian matrices A and B of order n
and m, respectively, such that spec↑(A) = a, spec↑(B) = b and B is a principal submatrix of A:

ai ≤ bi ≤ ai+n−m for 1 ≤ i ≤m . (2.86)

Example: 2× 2 submatrices of 3× 3 matrices. For n = 3,m = 2 the interlacing inequalities
(2.86) read

a1 ≤ b1 ≤ a2 ≤ b2 ≤ a3 . (2.87)

Remark: the role of block diagonal unitaries. In Thm. 7, only the spectrum b is rele-
vant, and not the particular form of the matrix B. More precisely, if B = B† is a m×m matrix
with spectrum b which can be realized as the upper left principal submatrix of some n × n
matrix A = A† with spectrum a, then the same hold for any other m×m matrix B′ = B′† with
spectrum b. To see that, write B′ = uBu† with somem×m unitary matrix u; consider the block
diagonal n×n unitary matrix U = u⊕ In−m; and build the n×n matrix A′ = UAU † = A′†, which
has spectrum a and B′ as the upper left m ×m principal submatrix. This holds in particular
for B′ = diag(b).

In [41], C. K. Li and Y. T. Poon found a generalization of the previous two theorems. We
first need some notation. For a given d × d Hermitian matrix A, we denote with Ai∶j the
principal submatrix obtained from A by removing all rows and columns with index outside
{i, i + 1, ..., j − 1, j}. Then the aim of the study of Li and Poon are sets of the following type.
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Definition 10. Let Y be a Young diagram of length l with ∑lj=1 Yj = d. Consider w = w↑ ∈ Rd
and a Hermitian matrix γ with spectrum w. We define

V Y
w LP

=
⎧⎪⎪⎨⎪⎪⎩
vLP ∈ RY1 × ... ×RYl ∣ vLP = (spec↑ [(UγU †)1∶Y1] , ..., spec↑ [(UγU †)d−Yl+1∶1] )

for some U ∈ SU(d)
⎫⎪⎪⎬⎪⎪⎭
. (2.88)

In this definition, the set V Y
w LP

depends on w = spec↑(γ); but not on the specific form of

γ, because {UγU †}U∈SU(d) doesn’t. Up to some slightly different conventions, V Y
w LP

is the

set containing the two-index array of submatrix eigenvalues a
(i)
j showing up in Theorem 2.2 of

[41]. We anticipate that in Ch. 4, Def. 17, we will “flatten” the two-index objects vLP ∈ V Y
w LP

into one-index, increasingly ordered vectors v = v↑ ∈ V Y
w ⊂ Rd.

In their work, Li and Poon provide a recipe to build a set of (highly redundant) linear
inequalities involving the entries of w and those of vLP which are altogether equivalent to
vLP ∈ V Y

w LP
. A major consequence of their findings is that V Y

w LP
as defined in Def. 10 is

a convex polytope in RY1 × ... × RYl ≅ Rd. We do not discuss these inequalities in any detail;
yet they do play a major role in the calculations behind Ch. 4, where we will repeatedly
refer to [41]. Explicitly getting these inequalities requires some elements of theory of Young
diagrams and Littlewood-Richardson coefficients. We handled this tools both analytically and
numerically, with the software SageMath/cocalc.

In Sec. 4.7.3, the following simple result plays a crucial role.

Lemma 2. Let M be a complex d×d matrix with an eigenvalue λ having geometric multiplicity
δ. Let M̃ be a d̃ × d̃ principal submatrix of M , with 0 < d̃ < d. Suppose that δ > d − d̃. Then λ
is an eigenvalue of M̃ with geometric multiplicity ≥ δ − (d − d̃).

Proof. To build some intuition, first consider the case where M is diagonal. Then M̃ is also
diagonal and its d̃ eigenvalues are chosen among the d eigenvalues of M . So at least δ −(d− d̃)
must be equal to λ.

We now prove the Lemma. We can restrict to the case λ = 0, to which the general case can
be reduced by considering M −λI. Recall that the geometric multiplicity of 0 is the dimension
of the kernel. We get

d̃ − dim(ker M̃) = rank(M̃)

≤ rank(M) = d − dim(ker M) = d − δ .



Chapter 3

Particle correlations among
fermions: a new approach

As explained in Ch. 1 and in Sec. 2.3.3 and 2.3.4, from the early days of Quantum Information
a comprehensive theory on orbital correlations of fermionic systems has been developed. Thi
theory is based on the tensor product decompositions of the Fock space described in Eq.
(1.2). Quite the opposite, the so-called particle picture and fermionic particle correlations
are a much more delicate and nebulous topic: the built-in antisymmetrization of states of
many identical fermions makes it hard to capture and quantify fermion-fermion correlations.
A standard example is given by states of two non-interacting far-away fermions, see Eq. (1.1)
and the ensuing discussion. Many ideas and approaches have been proposed to build a theory
of fermionic particle correlations: see for example [9], [10–12], [13, 14] and the more recent
paper [33], which suggests that antisymmetry itself may be resourceful.

Building on these attempts and on new ideas, we propose to lay the foundations of fermionic
particle correlations by adapting the work of V. Vedral et al. (see [4–6] and Sec. 2.2) on
distinguishable particles. A key ingredient in our approach is the basic requirement that for
states of far-away (identical) fermions, and for more general states of “fermions in orthogonal
modes”, a sensible theory of fermionic particle correlations should reduce to the well-established
theory of correlations among distinguishable particles. This is why in Sec. 3.1 we define and
analyze states of fermions in orthogonal modes. In Sec. 3.2 we then define and motivate a
hierarchy of uncorrelated, classical, and separable states within the fermionic particle picture.
Consequently, in Sec. 3.3 a hierarchy of geometric correlation measures is proposed and studied.

3.1 N identical fermions in orthogonal modes

In this Section, we study systems of N fermions which have different quantum numbers (QNs),
λj , j = 1, ...,N , such as systems of N far-apart electrons. We aim to discuss particle correlations
within these systems. Here and throughout the entire Chapter the fermions are assumed to be
identical, i.e. of the same species (all electrons, or all protons, etc), and hence indistinguishable.

Fermions with different QNs are effectively distinguishable: for example, there is no fun-
damental difference between experiments with two far-apart electrons and experiments with
one electron and one proton which are far apart. After explaining the physical basic ideas, in
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Sec. 3.1.1 we formalize the concept of effective distinguishability by means of a 1-to-1 map
between states of N fermions in orthogonal 1P modes and states of N distinguishable particles,
see Eq. (3.9). In Sec. 3.1.2 we study the corresponding map at the more fundamental level
of algebras of observables. In Sec. 3.1.3 and 3.1.4 we inaugurate these maps with a theorem
on the partial trace operation and discuss their meaning. Finally, in Sec. 3.1.5 we use these
maps to translate the well-established theory of correlations for distinguishable particles into
a theory of correlations for indistinguishable fermions in orthogonal modes.

Fermions with different quantum numbers. States of N fermions with different QNs,
formally defined in Def. 11, include:

• states of N far-apart fermions, for which position eigenvalues play the role of “different
quantum numbers λj” (λj → position);

• ground states of N free fermions (λj → momentum and spin);

• states with 2 electrons, one with z-spin up and the other one with z-spin down (λj →
z-spin);

• any states with 1 proton and 1 neutron (λj → isospin).

In general, we are considering N -fermion states ρ for which the following holds: there exist
m commuting 1P observables O1, ...,Om acting on H1 whose joint spectrum Σ ⊂ Rm contains
N disjoint sets Σ1, ...,ΣN ⊂ Σ s.t. ρ entails exactly 1 fermion whose label λ belongs to Σj ,
∀ j = 1, ...,N . More precisely, we mean that measuring n(j) on ρ yields the eigenvalue 1 with
probability 1, where n(j) is the “local” number operator relative to Σj . It is given by

n(j) = ⨋
Σj

dλ f †
λfλ , (3.1)

if for simplicity we assume that the set of commuting 1P observables {O1, ...,Om} is complete.
One can say that O1, ...,Om distinguish the N fermions in the state ρ.

For example, considerN = 2 electrons occupying two far-apart regionsR1,R2 ⊂ R3, R1∩R2 =
∅, in a state ρ. Then set O1 = x1,O2 = x2,O3 = x3, the 1P position operators acting on
H1 ≅ L2(d3x,R) ⊗ C2. The 3-tuple of their eigenvalues plays the role of quantum numbers,
λ = x and Σj = Rj . The local number operators are n(j) = ∫Rj

d3x n(x), j = 1,2, with n(x)
the total density operator at position x. Then the fact that ρ has exactly 1 electron in the
region R1 and exactly one in R2 means that measuring n(j) yields 1 with probability 1, for
j = 1,2. Thus x1, x2, x3 distinguish the two electrons in ρ.

3.1.1 Mapping to N distinguishable particles: states

Suppose that for a given N -fermion system only certain states ρ are relevant for the problem
in question. Also, suppose that there are fixed 1P observables and corresponding quantum
numbers λ whose values distinguish the N fermions in all relevant states. For example, for
the system of 2 far-apart electrons introduced above, only states which have exactly 1 electron
in the region R1 and exactly one in R2 are relevant; and the 1P position operators x1, x2, x3
distinguish the two electrons in ρ for any relevant state ρ.
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At the mathematical level, considering a general set of 1P observables which distinguish
the fermions is redundant: it suffices to consider a set of N mutually orthogonal 1P projectors,
{Πj}Nj=1. (If this set is complete, this defines a 1P projective measurement.) These 1P projec-

tors 1-to-1 correspond to their ranges, which are subspaces V j ⊆ H1. At the Fock space level,
the Πj ’s and V j ’s 1-to-1 correspond to local number operators, n(j). For example, consider
again far-apart electrons. Suppose that exactly one of them is in the region R ⊂ R3. It is
unnecessary to think of the position eigenvalues x ∈ R which that one electron can feature; it
is sufficient to simply consider a 1P projector Π whose range is the subspace

V ≅ L2(d3x,R) ⊗C2

≅ {ψ ∈ L2(d3x,R3) s.t. ψ(x) = 0 a.e. in R3 ∖R} ⊗C2

⊂ L2(d3x,R3) ⊗C2 ≅ H1 , (3.2)

and to say that the electron is in V . On the Fock space the corresponding local number opera-
tor is ∫R d3x n(x), which should be associated to the subspace V rather than to the particular
basis {∣x⟩}x∈R of V .

Splittings and states of fermions in orthogonal modes. We are then led to the fol-
lowing minimal set-up. Fix a 1P Hilbert space H1, which for simplification we assume finite-
dimensional. Let DF be the set of all states of N fermions in H1, i.e. states ρ on HN = ⋀N H1.
Fix N pairwise orthogonal subspaces V j of H1 and collect them in the tuple

S =(V 1, ..., V N , V N+1) ∈ Gr(H1)N+1 , (3.3)

where we set V N+1 = (⊕Nj=1V j)⊥. Here Gr(H1) is the set of subspaces of H1 (the union of
all Grassmannians). We call S a “splitting” of H1. For most purposes it is not restrictive to
assume V 1⊕ ...⊕V N = H1 and V N+1 = {0}. To V j is associated a number operator n(j) acting
on HN .

Definition 11. The subset of states of N fermions in orthogonal subspaces with respect to the
splitting S is

DFS ∶= {ρ ∈ DF s.t. n(j)
ρ
= 1, j = 1, ...,N} , (3.4)

where n(j)
ρ
= 1 stands for ⟨n(j)⟩ρ = 1, varρ(n(j)) = 0.

Notice that if ρ ∈ DFS then V N+1 is empty, i.e. n(j+1)
ρ
= 0, in view of the operator identity

n(N+1) = N −∑Nj=1 n(j). Given a state ρ, we will say ρ is a “state of N fermions in orthogonal

modes” whenever there exists a splitting S s.t. ρ ∈ DFS .
In the rest of this Section we will consider an arbitrary but fixed splitting S. Consider

a state ρ ∈ DFS which can be decomposed as ρ = ∑µ pµ∣Ψµ⟩⟨Ψµ∣, with pµ > 0, ∑pµ = 1 and
∣Ψµ⟩ ∈ HN normalized. Then ∀µ ∣Ψµ⟩ ∈ KS , where



3.1 N identical fermions in orthogonal modes 37

KS ∶= {∣Ψ⟩ ∈ HN ∣ n(j)∣Ψ⟩ = 1 ⋅ ∣ψ⟩,∀ j = 1, ...,N} (3.5)

is the simultaneous eigenspace of n(1), ..., n(N) relative to the eigenvalues 1, ...,1. Viceversa,
given state vectors ∣Ψµ⟩ ∈ KS , then ∑µ pµ∣Ψµ⟩⟨Ψµ∣ ∈ DFS . So DFS is the subset of DF of states
supported on (a subspace of) KS .

Unitary isomorphism JS . With KS we can establish the desired mapping between states
in DS and states of distinguishable particles, as follows.

Lemma 3. There exists a unique linear map

JS ∶ KS →
N

⊗
j=1

V j (3.6)

s.t. ∀ ∣ψ1⟩ ∈ V 1, ..., ∣ψN ⟩ ∈ V N

f†
ψ1 ...f

†
ψN ∣Ω⟩

JS↦ ∣ψ1⟩ ⊗ ...⊗ ∣ψN ⟩ . (3.7)

Plus, JS is a unitary isomorphism.

Proof. Let d(j) denote dim(V j). Pick a 1P local basis Bj = {∣ϕjk⟩}
d(j)
k=1 for V j , ∀ j = 1, ...,N .

We can take the union ⋃j Bj and complete it to a 1PB B for the whole H1. Lift B to an
occupancy number basis for HN . This basis is a simultaneous eigenbasis for the local number
operators n(j). Thus we can easily extract a basis for KS by only selecting those occupancy
number basis elements f †

ϕ1
k1

...f †
ϕN
kN

∣0⟩ which feature exactly 1 fermion in each V (j). Notice the

ordering of the creation operators. Condition (3.7) fixes the action of the sought-after linear
map on the latter basis of KS : our unique candidate JS is then defined by

f †
ϕ1
k1

...f †
ϕN
kN

∣Ω⟩ JS↦ ∣ϕ1k1⟩ ⊗ ...⊗ ∣ϕ
N
kN
⟩

∀(k1, ..., kN) ∈ {1, ..., d1} × ... × {1, ..., dN} . (3.8)

To prove existence we need to check that JS abides by Eq. (3.7) even when for some j ∣ψj⟩ ∉ Bj .
In that view, one needs to expand f †

ψ1 ...f
†
ψN ∣Ω⟩ in terms of f †

ϕj
kj

’s and ∣ψ1⟩⊗ ...⊗ ∣ψN ⟩ in terms

of ∣ϕjkj ⟩’s; then Eq. (3.7) follows from Def. 3.8 and linearity.

According to Eq. (3.8) JS maps an orthonormal basis to a orthonormal basis, and is thus a
unitary isomorphism.

Notice that in condition (3.7) we are choosing to always put the creation operator relative to
Vj in j-th position from the left. What happens if we change this prescription by a systematic
permutation of the N positions, e.g. if we twist condition (3.7) by always putting the creation
operator relative to Vj in j-th position from the right? The new unitary isomorphism which
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the lemma above outputs would be unchanged up to a global, irrelevant ± sign.

Remark: Lemma 3 and the orbital picture. The subspace KS ⊂ HN ⊂ FH1 can be
directly thought of as a subspace of FH1 . From the orbital picture perspective, the latter is
isomorphic to ⊗N+1j=1 FV j . The corresponding isomorphism must be handled with care due to the
anticommutation of fermionic operators. This is where the tensor product structure (which is
instead not plagued by the anticommutation relations!) KS ≅ ⊗Nj=1V j comes from, if we think

of V j as the 1P sector of FV j .

Induced mapping of density operators. JS induces the desired 1-to-1 map between states
of N fermions in orthogonal modes with respect to S and states of N distinguishable particles:

DFS → D = D(⊗Nj=1V j)
ρ↦ JSρJ

−1
S . (3.9)

3.1.2 Mapping to N distinguishable particles: observables

We have so far discussed a natural correspondence between states of N (identical) fermions in
orthogonal modes and states of N distinguishable particles. We now independently devise a
natural correspondence at the level of algebras of operators, which contain observables and are
thus physically more fundamental than states. The same unitary JS implementing the corre-
spondence between states also implements that between operators. The two correspondences
are in fact equivalent.

Our goal is to derive from the operator algebra BN ∶=B(HN) another algebra BS tailored
to a system of fermions in orthogonal modes relative to the given splitting S. At the level
of operators, the relevant property of this system is that measures of the N fixed commuting
local number operators n(j) ∈ BN introduced in Sec. 3.1.1 always yield the eigenvalue 1,
∀j = 1, ...,N . The resulting algebra BS , in agreement with Lemma 3, will be C∗-isomorphic to
B(⊗N

j V
j) = ⊗N

j B(V j). Following Sec. 2.3.2, the first step is to restrict BN to the subalgebra

Bssr
N ∶= {O ∈BN ∣ [O,n(j)] = 0 ∀j = 1, ...,N}

= {O ∈BN ∣ O = ∑
m

ΠmOΠm} (3.10)

of operators which are superselected with respect to local numbers. In the sum, the multi-index
m = (m1, ...,mN) satisfies mj ∈ N0 and ∑Nj mj = N , i.e. it runs over all N -tuples of eigenvalues

of the operators n(j). The projectors Πm are those appearing in the N “simultaneous” spectral
representations n(j) = ∑mmjΠm.

Secondly, since we are only interested in m = 1 = (1, ...,1), we identify physical opera-
tions which are the same on our fermions in orthogonal modes. This mathematically means
identifying superselected operators whose relevant blocks are equal via an equivalence relation:

O ∼ O′ ∶⇔ Π1OΠ1 = Π1OΠ1 ∀ O,O′ ∈Bssr
N . (3.11)
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The block structure ensures that O ∼ O′⇔ O† ∼ O′† and O ∼ O′, P ∼ P ′ ⇒ OP ∼ O′P ′. As a
consequence, the quotient vector space Bssr

N / ∼ inherits a C∗-algebra structure via [O]∗∼ = [O∗]∼
and [O]∼[O′]∼ = [OO′]∼. An equivalent construction is to restrict Bssr

N to the subalgebra

BS ∶= {O ∈Bssr
N ∣ O = Π1OΠ1} (3.12)

of superselected operators whose unrelevant blocks vanish, i.e. m ≠ 1 ⇒ ΠmOΠm = 0. The
algebra Bssr

N / ∼ ≅BS is our candidate to describe fermions in orthogonal modes with respect
to S. It can be shown to be spanned by operators of the kind

f †
ψ1 ...f

†
ψN ∣Ω⟩⟨Ω∣fφN ...fφ1 , (3.13)

where ψj , φj ∈ V j .
As a third step, corresponding to Lemma 3 we have the following:

Lemma 4. There exists a unique C∗-isomorphism

BS →B
⎛
⎝
N

⊗
j

V j⎞
⎠
=

N

⊗
j

B(V j) (3.14)

which maps ∀ ∣ψ1⟩, ∣φ1⟩ ∈ V 1, ..., ∣ψN ⟩, ∣φN ⟩ ∈ V N

f†
ψ1 ...f

†
ψN ∣Ω⟩⟨Ω∣fφN ...fφ1 ↦

N

⊗
j

∣ψj⟩⟨φj ∣ . (3.15)

Proof. A direct proof similar to that for Lemma 3 can be devised. Otherwise, the result is
trivial if we use Lemma 3: in fact BS ∋ O ↦ JSOJ

−1
S ∈B (⊗N

j V
j) is the isomorphism we are

looking for (uniqueness follows from the fact that condition (3.15) concerns a set of operators
which span the whole BS).

This C∗-isomorphism is given once again by the unitary JS : therefore it induces on states the
bijection of Eq. (3.9). It is thus checked that the present correspondence between operators is
equivalent to that between states introduced in Sec. 3.1.1.

3.1.3 Tracing out fermions

Fix a 1P space H1, a splitting S = (V j)j and a state of N fermions in orthogonal modes ρ ∈ DFS .
Suppose we want to study the reduced state of, say, all fermions except the one in V N . Then
we notice the following fact: it is equivalent to trace out the fermion in V N either at the level
of the fermionic Fock space, or at the level of distinguishable particles. This result is stated
in detail in the theorem below. It provides an insightful sanity check on our identification
between fermions in orthogonal modes and distinguishable particles.

We first need some notation. We consider the subspace H′1 = ⊕N+1
j=1,j≠N V

j ⊂ H1, and its

splitting S ′ = (V 1, ..., V N−1, V N+1). H′1 and S ′ are used to describe the first N − 1 fermions.
We set D = D(⊗N

j=1 V
j) and D′ = D(⊗N−1

j=1 V j). We denote the partial trace on states of
distinguishable particles with TrN ∶ D → D′; and the fermionic partial trace of the modes in
V N with TrFN ∶ D(FH1) → D(FH′1), as defined and discussed in [29].
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Theorem 8. Mapping fermionic states to states of distinguishable particles and tracing away
one particle are interchangeable operations, i.e. referring to the notation introduced above

TrFN(DFS ) = DFS′ (3.16)

and the following diagram commutes:

DFS D

DFS′ D′ .

JS ⋅J−1S

TrFN TrN

JS′ ⋅J−1S′

Proof. The statement of the theorem and the ideas behind the proof are simple, but the precise
proof involves technical subtleties. Pick a state of N fermions in orthogonal modes ρ ∈ DFS .
Consider operators O ∈ B(⊗N−1

j=1 V j) ≅ ⊗N−1
j=1 B(V j) of the form O = ⊗N−1

j=1 ∣ψj⟩⟨φj ∣, with

∣ψj⟩, ∣φj⟩ ∈ V j . Then, following Eq. (2.1) and [29] and up to freely choosing a basis {∣χNν ⟩}ν of
V N , we get

Tr[TrN(JSρJ−1S ) ⋅O] = Tr[JSρJ−1S (O ⊗ IV N )]

= Tr
⎡⎢⎢⎢⎢⎣
ρJ−1S

⎛
⎝
⎛
⎝
N−1
⊗
j=1
∣ψj⟩⟨φj ∣

⎞
⎠
⊗∑

ν

∣χNν ⟩⟨χNν ∣
⎞
⎠
JS

⎤⎥⎥⎥⎥⎦
= Tr[ρf †

ψ1 ...f
†
ψN−1∑

ν

(f †
χN
ν
∣Ω⟩⟨Ω∣fχN

ν
) fφN−1 ...fφ1] .

Notice that the symbol Tr has been used for traces of operators on different vector spaces.
Also, in the last passage we have referred to Lemma 4. In the middle of the last expression,

∑ν (f †
χN
ν
∣Ω⟩⟨Ω∣fχN

ν
) is the projector onto the simultaneous eigenspace of the local number

operators n(1), ..., n(N−1), n(N), n(N+1) relative to the eigenvalues 0, ...,0,1,0 respectively. In
the trace Tr[ρ ...], though, it does not play any role, and can be omitted. This can be shown
from the fact that ρ is supported on KS .

Then we can continue the chain of equations above using the definition of fermionic partial
trace presented in [29].

Tr[TrN(JSρJ−1S ) ⋅O] = Tr[ρf
†
ψ1 ...f

†
ψN−1fφN−1 ...fφ1]

= Tr[TrFN(ρ)f
†
ψ1 ...f

†
ψN−1fφN−1 ...fφ1]

= Tr[TrFN(ρ)f
†
ψ1 ...f

†
ψN−1 ∣Ω′⟩⟨Ω′∣fφN−1 ...fφ1]

= Tr[TrFN(ρ)J−1S′
N−1
⊗
j=1
∣ψj⟩⟨φj ∣

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
O

JS′]

= Tr[(JS′TrFN(ρ)J−1S′ ) ⋅O] .

From the second to the third line, the insertion of a projector onto the vacuum ∣Ω′⟩ ∈ FH′1 is
harmless. This follows from the fundamental but easily-checked inclusion

TrFN(ρ) ∈ DFS′ , (3.17)



3.1 N identical fermions in orthogonal modes 41

that is, TrFN(ρ) is supported on KS′ . Eq. (3.17) simply means that the state TrFN(ρ) of N − 1
fermions in H′1 contains exactly one fermion in V j for j = 1, ...,N − 1 and zero fermions in
V N+1. Notice that Eq. (3.17) along with the easier inclusion DFS′ ⊆ TrFN(DFS ) imply Eq. (3.16).

Now notice that operators of the form of O span by linear combinations the whole algebra
B(⊗N−1

j=1 V j). Then the calculation above shows that

∀ρ ∈ DFS TrN(JSρJ−1S ) = JS′TrFN(ρ)J−1S′ . (3.18)

A more direct but less meaningful proof which deploys density operators only (and not ob-
servables) can be built from the algorithmic procedure to perform fermionic partial traces
explained in [29].

3.1.4 Discussion

Lemma 3, Lemma 4 and Theorem 8 provide evidence that the unitary isomorphism JS sup-
ports and frames mathematically the physically motivated idea that N identical fermions in
orthogonal modes are effectively distinguishable, i.e. can be treated as N distinguishable par-
ticles.

Meaning of the correspondence between fermions in orthogonal modes and distin-
guishable particles. One can also intuit how to treat the particular system of N far-apart
identical fermions directly, without any embedding in a general system where the fermions
can also come close. Suppose that N far-apart labs contain one particle each, of some species
(electron, photon etc). In each lab, the set of accessible local experiments should depend on the
species of particle which is in that lab, and not on the species of the other particles. Therefore,
the form of the set of accessible global experiments should not depend on whether the particles
are of different species or are all of the same species, e.g. all electrons. Accordingly, the global
algebra describing the set of accessible global experiments should and does have always the
same form, namely a tensor product of local algebras such as ⊗N

j=1 B(V j).
Similar arguments also apply to e.g. the case where the N electrons are far apart in

momentum space rather than in real space. One just needs to replace the N distant labs with
e.g. N detectors detecting only electrons within specific energy ranges which depend on the
detector.

3.1.5 Correlations among fermions in orthogonal modes

Suppose a splitting S = (V j)j of H1 into N + 1 orthogonal subspaces is assigned. We can
once again think of two distant electrons, respectively in Alice’s and Bob’s far-apart labs. We
can naturally use the unitary JS to translate the well-established theory of correlations for
N distinguishable particles into a theory of correlations for N fermions sitting in the N fixed
orthogonal subspaces V 1, ..., V N . This leads to consider the following subsets of DFS , which
contain increasingly correlated N -fermion states:

DFS,0 ∶= J−1S D0JS

DFS,cl ∶= J−1S DclJS
DFS,sep ∶= J−1S DsepJS , (3.19)
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where D0,Dcl,Dsep ⊂ D(⊗N
j=1 V

j) contain uncorrelated, classically correlated and separable
states of N distinguishable particles (see Sec. 2.2.1). Similarly, given a correlation measure
C ∶ D(⊗N

j=1 V
j) → R we can adapt it to fermionic states as follows:

DFS → R
ρ↦ C(JSρJ−1S ) . (3.20)

In particular, we are interested in the geometric correlation measures introduced in [6] and
described in Sec. 2.2.3. Given a fermionic state ρ ∈ DFS we then define

IFS (ρ) ∶= I(JSρJ−1S ) = min
π∈D0

S(JSρJ−1S ∣∣π)

QFS (ρ) ∶= Q(JSρJ−1S ) = min
χ∈D

cl

S(JSρJ−1S ∣∣χ)

EFS (ρ) ∶= E(JSρJ−1S ) = min
σ∈Dsep

S(JSρJ−1S ∣∣σ) . (3.21)

The unitarity of JS and the unitarily invariance of S(⋅∣∣⋅) allow to most conveniently interpret
the numbers above as

IFS (ρ) = min
πF ∈DF

S,0
S(ρ∣∣πF )

QFS (ρ) = min
χF ∈DF

S,cl
S(ρ∣∣χF )

EFS (ρ) = min
σF ∈DF

S,sep
S(ρ∣∣σF ) , (3.22)

where the minimization is now over fermionic states πF , χF and σF and no more reference to
distinguishable particle is needed.

3.1.6 Pure states of 2 fermions

Consider the special case of N = 2 fermions. We show that the fermionic version of the Schmidt
decomposition implies that two fermions in any pure state are in orthogonal modes with re-
spect to some splitting.

Fermionic Schmidt decomposition. For any pure states of two fermions in a 1P space H1

of any dimension d, a fermionic version of the standard Schmidt decomposition of state vectors
is available. This fermionic Schmidt decomposition is explained, for example, in [9]. In short,
the result is that any normalized state vector ∣Ψ⟩ ∈ H1 ∧H1 can be written as

∣Ψ⟩ =
r

∑
j=1

λjf
†
2j−1f

†
2j ∣Ω⟩ . (3.23)

We call the coefficients λj > 0 “fermionic Schmidt coefficients”. They satisfy ∑λ2j = 1. The set

{f †
i }di=1 contains fermionic creation operators relative to a suitable basis {∣ϕi⟩}di=1 of H1. This



3.2 Hierarchy of states of N fermions 43

Figure 3.1 The hierarchy of nested sets, DF
0 ,DF

cl,DF
sep and DF = D(HN), of states of N fermions. The

dashed lines represent the corresponding fermionic correlation measures of a state ρ. This figure should
be compared with Fig. 2.1. Notice in particular the absence of a line for fermionic mutual information.

basis is an eigenbasis of the 1P reduced operator γ of ∣Ψ⟩⟨Ψ∣. The squared fermionic Schmidt
coefficients are its eigenvalues. In fact, one easily shows the following:

γ =
r

∑
j=1

λ2j(∣ϕ2j−1⟩⟨ϕ2j−1∣ + ∣ϕ2j⟩⟨ϕ2j ∣) → diag(λ21, λ21, λ22, λ22, ..., λ2r , λ2r ,0, ...,0) , (3.24)

where the diagonal matrix represents γ with respect to the basis {∣ϕi⟩}i. Notice that there is
quite a bit of freedom in choosing the “Schmidt” 1P basis for a given ∣Ψ⟩. In fact, any unitary
rotation mixing ∣ϕ2j−1⟩ and ∣ϕ2j⟩ for some j yields a new 1P basis with which ∣Ψ⟩ can still be
Schmidt-decomposed as in Eq. (3.23).

Construction of the splitting. These well-known results have an interesting consequence
in our setting. They imply that any given pure state of two fermions is a state of fermions
in orthogonal modes. In other words, for any given pure state of two fermions one can always
find a splitting S = (V j)j of H1 s.t. V 1 and V 2 contain exactly one fermion each. To see
that, pick an arbitrary state vector ∣Ψ⟩ and Schmidt-decompose it as in Eq. (3.23). Define the
splitting S by setting V 1 = span(∣ϕ1⟩, ∣ϕ3⟩, ...) and V 2 = span(∣ϕ2⟩, ∣ϕ4⟩, ...). Let n(1), n(2) be
the corresponding local number operators. Then, for j = 1, ..., r, clearly

n(1)f †
2j−1f

†
2j ∣Ω⟩ = n

(2)f †
2j−1f

†
2j ∣Ω⟩ = 1 ⋅ f

†
2j−1f

†
2j ∣Ω⟩ , (3.25)

i.e. f †
2j−1f

†
2j ∣Ω⟩ ∈ KS , so that ∣Ψ⟩ ∈ KS , too. Since the Schmidt 1P basis for a given ∣Ψ⟩ is not

unique, the splitting S satisfying ∣Ψ⟩⟨Ψ∣ ∈ DS is not unique, either.

3.2 Hierarchy of states of N fermions

We now propose a theory of fermionic particle correlations concerning generic N -fermion states
ρ ∈ D(HN). We anticipate in Fig. 3.1 the main objects of our construction, namely the sets
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DF0 , DFcl and DFsep of uncorrelated, classical and separable fermionic states and the correspond-
ing geometric correlation measures.

Basic requirements of the theory. In the last paragraph, 1-to-1 maps between states
of fermions in orthogonal modes and states of distinguishable particles allowed us to discuss
correlations of systems of fermions in orthogonal modes. Now, pick a generic fermionic state ρ
of N fermions in a d-dimensional 1P space. One would expect that ρ is not a state of fermions
in orthogonal modes, i.e. ∀ splitting S, ρ ∉ DFS . This is for example the case for the maximally
mixed state (whenever 0 < N < d). Then how to discuss particle correlations of ρ? In this
Section, we propose an approach to frame particle correlations of generic states of N fermions.
Our approach is founded on the following two basic requirements.

All concepts such as sets of states, correlation measures, etc. regarding particle correlations
among N fermions must:

1. reduce to well-established concepts regarding particle correlations among distinguish-
able particles when restricted to the case of fermions in orthogonal modes;

2. abide by invariance properties under 1P unitary transformations.

The reduction to the setting of distinguishable particles invoked in the basic requirement
1 refers to the natural unitary isomorphism JS (see Lemma 3 and Lemma 4). The basic

requirement 2 of invariance under 1P unitary transformations U = ei∑ηjkf
†
j fk (see Sec. 2.3.1)

is natural in the particle picture: all bases of the 1P space H1 should be treated on the same
foot. For example, we will soon define the set DFsep of fermionic “separable” states, Def. 14
and “validate” the definition by verifying that

1. DFsep ∩ DFS = DFS,sep, i.e. a state ρ ∈ DS of fermions in orthogonal modes is fermionic

separable if and only if the state JSρJ
−1
S of distinguishable particle is separable;

2. UDFsepU † = DFsep for any unitary U = ei∑ηjkf
†
j fk .

Slater determinant states as building blocks. From the basic requirement 1 it follows in a
natural way that Slater determinant (SD) states will play the role of prototypical uncorrelated
states, in agreement with previous literature [9][12][42]. Here is why: consider a generic SD
state vector of N fermions (see Sec. 2.3.5),

∣SD⟩ = f †
ϕ1
...f †

ϕN
∣Ω⟩ , (3.26)

where the 1P modes ∣ϕi⟩ ∈ H1 are orthonormal. Use these modes to build the splitting
S = (span(∣ϕ1⟩), ..., span(∣ϕN ⟩), V N+1), where V N+1 = (span(∣ϕ1⟩, ..., ∣ϕN ⟩))⊥. Then clearly
∣SD⟩ ∈ KS , so that ∣SD⟩ is a state vector of fermions in orthogonal modes. Next, we notice
that the isomorphism JS introduced in Lemma 3 identifies ∣SD⟩ with JS ∣SD⟩ ∝ ⊗j ∣ϕj⟩, which
is a product state vector, namely a prototypical uncorrelated state vector of distinguishable
particles. We now go back to the basic requirement 1, and conclude that ∣SD⟩ must be re-
garded as a prototypical uncorrelated state vector of fermions (in the particle picture).
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Remark: SD states and splittings. Building on the discussion above, it is interesting to
notice that SD states can be regarded as states of fermions in orthogonal modes with respect
to (uncountably) many different splittings. To see that, consider the SD state vector in Eq.
(3.26). Pick a N ×N unitary matrix (uij)ij and define the orthonormal modes ∣ϕ′j⟩ = ∑i ∣ϕi⟩uij .
Consider ∣SD′⟩ = f †

ϕ′1
...f †

ϕ′N
∣Ω⟩ . A standard argument shows that ∣SD⟩ ∝ ∣SD′⟩. Then one can

use the new modes ∣ϕ′j⟩ to define a new splitting S ′ ≠ S of H1 such that ∣SD⟩ ∈ KS′ .

A technical result on SD states. Let S = (V j)j be a fixed splitting. Consider again ∣SD⟩
as introduced in Eq. (3.26) and suppose the N orthonormal modes ∣ϕ1⟩, ..., ∣ϕN ⟩ satisfy

∣ϕj⟩ ∈ V j for j = 1, ...,N . (3.27)

Then clearly ∣SD⟩ ∈ KS . Viceversa, part (a) in the following lemma says that any SD state
vector f †

ψ1
...f †

ψN
∣Ω⟩ which is in KS can also be built from modes satisfying Eq. (3.27). Part

(b) puts restrictions on the modes ∣ψk⟩ (which do not need to satisfy Eq. (3.27)).

Lemma 5. Fix a splitting S = (V j)N+1j=1 of H1. Pick N orthonormal modes ∣ψ1⟩, ..., ∣ψN ⟩ ∈ H1

and consider the Slater determinant state vector ∣SD⟩ = f†
ψ1
...f†

ψN
∣Ω⟩. Suppose that ∣SD⟩ ∈ KS .

Then

(i) there exist N orthonormal modes ∣ϕ1⟩ ∈ V 1, ..., ∣ϕN ⟩ ∈ V N s.t. ∣SD⟩ = f†
ϕ1
...f†

ϕN
∣Ω⟩;

(ii) Let Πj be the projector on H1 with range V j. Then Πj ∣ψk⟩ is proportional to ∣ϕj⟩, inde-
pendently of k = 1, ...,N . In particular, Πj ∣ψk⟩ ∈ span(∣ϕ1⟩, ..., ∣ϕN ⟩) = span(∣ψ1⟩, ..., ∣ψN ⟩).
Proof. (i) We work at the level of the 1P reduced operator γ of ∣SD⟩. For j = 1, ...,N + 1, let
Πj be the projector on H1 onto V j . Using ∑N+1j=1 Πj = I, we get

γ =
N+1
∑
j,j′=1

ΠjγΠj
′
.

Pick j ≠ j′. Then the block ΠjγΠj
′
vanishes. To see that it suffices to show that ⟨χ∣γ∣χ′⟩ = 0

∀ ∣χ⟩ ∈ V j , ∣χ′⟩ ∈ V j′ . We indeed have

⟨χ∣γ∣χ′⟩ = ⟨SD∣f †
χ′fχ∣SD⟩

= scalar product between fχ′ ∣SD⟩ and fχ∣SD⟩
= 0 .

In the last line we used that e.g. n(j)fχ∣SD⟩ = 0 ⋅ fχ∣SD⟩ while n(j)fχ′ ∣SD⟩ = 1 ⋅ fχ∣SD⟩ (so
fχ∣SD⟩ and fχ′ ∣SD⟩ are in two distinct orthogonal eigenspaces of n(j)). Here is a check:

n(j)fχ∣SD⟩ = (n(j) − f †
χfχ

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
V j∋ modes ⊥χ

+f †
χfχ)fχ∣SD⟩

= fχ(n(j) − f †
χfχ)∣SD⟩ = fχ(1 − f †

χfχ)∣SD⟩
= fχfχf †

χ∣SD⟩ = 0
n(j)fχ′ ∣SD⟩ = fχ′n(j)∣SD⟩ = 1 ⋅ fχ∣SD⟩. (3.28)
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So γ = ∑N+1j=1 ΠjγΠj leaves the subspaces V j invariant. It can then be diagonalized subspace

by subspace. That is, there exist {∣φ(1)k ⟩}
dim(V 1)
k=1 ONB of V 1, ..., {∣φ(N+1)k ⟩}dim(V

N+1)
k=1 ONB of

V N+1 and corresponding eigenvalues λ
(j)
k s.t.

γ =
N+1
∑
j=1

dim(V j)
∑
k=1

λ
(j)
k ∣φ

(j)
k ⟩⟨φ

(j)
k ∣ .

Now we notice that since ∣SD⟩ is a SD state of N fermions, spec(γ) contains N times 1
and dim(H1)−N times 0. Plus, for j = 1, ...,N , Vj contains one fermion; more precisely, for
j = 1, ...,N we have n(j)∣SD⟩ = 1 ⋅ ∣SD⟩, so

1 = ⟨SD∣n(j)∣SD⟩ =
dim(V j)
∑
k=1

⟨SD∣f †
φ
(j)
k

f
φ
(j)
k

∣SD⟩

=
dim(V j)
∑
k=1

⟨φ(j)k ∣γ∣φ
(j)
k ⟩ =

dim(V j)
∑
k=1

λ
(j)
k

!= number of eigenvalues 1 in (λ(j)k )k.

This confirms each subspace V j entails exactly one eigenvalue 1 of γ, except V N+1 ⊂ ker(γ).
So there are N modes ∣φ(1)k1 ⟩ =∶ ∣ϕ1⟩ ∈ V

1, ..., ∣φ(N)kN
⟩ =∶ ∣ϕN ⟩ ∈ V N s.t.

γ =
N

∑
j=1
∣ϕj⟩⟨ϕj ∣ . (3.29)

This implies that
∣SD⟩ = f †

ϕ1
...f †

ϕN
∣Ω⟩ , (3.30)

up to a phase which can e.g. be absorbed in ∣ϕ1⟩.
Another interesting proof of part (i) can be obtained by treating one fermion at a time, by

induction. The starting point is the Schmidt decomposition of JS ∣SD⟩ relative to the tensor
product structure ⊗N

j=1 V
j ≅ (⊗N−1

j=1 V j) ⊗ V N , which “separates” one fermion from the other
ones.

(ii) Notice that span(∣ψ1⟩, ..., ∣ψN ⟩) = range(γ) = span(∣ϕ1⟩, ..., ∣ϕN ⟩). We can then decompose
∣ψk⟩ = ∑j ∣ϕj⟩ujk, with ujk ∈ C. Then Πj ∣ψk⟩ ∝ ∣ϕj⟩, ∀k.

3.2.1 Fermionic uncorrelated states

We now introduce three types of fermionic states which have increasing amounts of particle
correlations: uncorrelated, classical and separable fermionic states. This hierarchy of states
corresponds to that described in Sec. 2.2.1 on distinguishable particles. In Sec. 3.3 we will
then complement it with a hierarchy of correlation measures.

Notion of uncorrelated fermionic states. First off, we introduce “uncorrelated” fermionic
states. Our starting point is the discussion and notation of Sec. 3.1.5. There, for given
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number of fermions N and splitting S = (V j)Nj=1, we introduced the set DFS,0 of those states in

DFS which are identified with product/uncorrelated states of N distinguishable particles (via
the isomorphism JS). For example, states of distant fermions which have never interacted
belong to DFS,0, for some splitting S; ground states of non-interacting systems (i.e. SD states)
do, as well; and any states of a single fermion, too. It is natural to call all such fermionic states
“uncorrelated”, with implicit reference to the particle picture.

We argue that no more states should be called uncorrelated. In fact, we think that for
fermions the property of being “uncorrelated” can be sensibly defined only for states of fermions
in orthogonal modes. We now explain our main motivation focusing on the case of N =
2 fermions. The concept of correlation - and that of absence of correlation - between two
subsystems A and B of a quantum system requires that a set of observables OA/B be associated
to the party A/B. This clearly is a premise in Def. 1 of uncorrelated states of bipartite systems.
Another fundamental premise behind that definition is that any observable OA of party A
should be compatible (commute) with any observable OB of B. Otherwise, OA and OB cannot
be simultaneously measured; and it is not possible to discuss correlations between outcomes of
OA and of OB. Now consider a couple of fermions, which share a state ρ. If one can identify
two orthogonal subspaces V 1, V 2 which contain exactly one fermion each, then one associates
observables relative to V 1/2 to the fermion in V 1/2. An example of such observables is f †

ϕfϕ

for ∣ϕ⟩ ∈ V 1/2. This simple idea was at the foundation of the whole Sec. 3.1. In such cases,
parity-superselected observables associated to the first fermion commute with those associated
to the second fermion; and we can discuss “correlations between the two fermions”.

But suppose that one cannot identify any two such orthogonal subspaces, i.e. ∀ splitting
S ρ ∉ DFS . Then is it possible to assign to the two fermions two sets of observables which abide
by the commutation requirement? The following example suggests that the answer is “no”.

Example: two fermions in non-orthogonal subspaces. Consider two one-fermion states
ρ1, ρ2 on H1. Can we define a two-fermion state ρ which has one fermion in ρ1 and one in ρ2?
If so, should we call ρ “uncorrelated”? If the supports V 1, V 2 of ρ1, ρ2 are orthogonal, we can
proceed as follows. One should regard ρj as a state on FV j , for j = 1,2. One then packs ρ1

and ρ2 into the joint state
ρ = ρ1 ⊗ ρ2 ∈B(FH1) , (3.31)

with reference to the tensor product structure FH1 ≅ FV 1 ⊗ FV 2 . (The tensor product must
be handled with care due to the anticommutation of fermionic operators; in particular, here
ρ1 ⊗ ρ2 can be rigorously and unambiguously defined because ρ1, ρ2 are parity-superselected).
Equivalently, one can regard ρj as a state on V j for j = 1,2; pack V 1 and V 2 in a splitting
S of H1; and define ρ = J−1S ρ1 ⊗ ρ2JS . We have ρ ∈ DFS,0. It is natural to say that the two-
fermion state ρ is uncorrelated. This is even clearer when one lifts the discussion to the level
of observables. But what happens if the supports V 1, V 2 are not orthogonal? As an extreme
case, suppose that ρ1 = ρ2 = ∣ϕ⟩⟨ϕ∣, with ∣ϕ⟩ ∈ H1. Then the exclusion principle clearly prevents
us from defining a two-fermion state ρ which has one fermion in ρ1 and one in ρ2. More in
general, even when V 1 and V 2 are not orthogonal, one might still hope to find two sets B1

and B2 of observables to be associated to the two fermions. B1 and B2 should be closely
related to V 1 and V 2, respectively. Then the most basic observables one can think of are one-
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mode occupational number operators. Pick ∣ϕ1⟩ ∈ V 1 and ∣ϕ2⟩ ∈ V 2; then one would associate
nϕ1 = f †

ϕ1
fϕ1 to the one fermion, and nϕ2 = f †

ϕ2
fϕ2 to the other fermion, i.e. nϕ1 ∈ B1 and

nϕ2 ∈ B2. However it can happen that ∣ϕ1⟩ /⊥ ∣ϕ2⟩. In that case either ∣ϕ1⟩ ∝ ∣ϕ2⟩, and we do
not know to which fermion we should assign the observable nϕ1 = nϕ2 ; or [nϕ1 , nϕ2] ≠ 0, which
makes it impossible to discuss correlations between nϕ1 and nϕ2 .

We are then led to the following “minimal” particle picture notion of fermionic uncorrelated
states.

Definition 12. Consider a N -fermion state π ∈ DF . We say that π is uncorrelated iff there
exists a splitting S = (V j)N+1j=1 s.t. π ∈ DFS,0. We denote the set of all N -fermion uncorrelated

states with DF0 , so that
DF0 = ⋃

S
DFS,0 . (3.32)

The union is taken over all splittings S = (V j)N+1j=1 of the underlying 1P space.

Remark: fermionic uncorrelated states and the orbital picture. The definition above
of uncorrelated states refers to the particle picture. However, a connection with the orbital
picture (see Sec. 2.3.3) can be drawn. Consider a fermionic uncorrelated state π ∈ DFS,0. Then
the defining property JSπJ

−1
S = ⊗N

j=1 ρ
j implies that ρ is uncorrelated in the orbital picture

with respect to the tensor product structure FH1 ≅ ⊗N+1
j=1 FV j (the factor of ρ relative to FV N+1

being the vacuum state).

Compliance with the basic requirements. We now check that Def. 12 abides by our two
basic requirements. Eq. (3.32) implies invariance under 1P unitaries, i.e. rotations of the 1P
bases. In fact the set of all splittings S enjoys this invariance. Regarding the reduction to the
standard theory of correlations among distinguishable particles, we have the following result.

Theorem 9. Fix a splitting S = (V j)N+1j=1 of H1. Let ρ ∈ DFS be a state of N fermions

in orthogonal modes with respect to S. Then ρ ∈ DF0 iff JSρJ
−1
S is an uncorrelated state of

distinguishable particles, or equivalently

DFS ∩DF0 = DFS,0 . (3.33)

Proof. “If” direction. Follows directly from the definition of DF0 .

“Only if” direction. We need to show that if we have two different splittings S = (V j)j ,S ′ =
(V ′j)j and a state ρ ∈ DFS ∩ DFS′,0, then ρ ∈ DFS,0, too. We outline the construction of an
argument which follows physical considerations.

From ρ ∈ DFS′,0 we can write ρ = J−1S′ (⊗Nj=1ρ′j)JS′ , where ρ′j acts on V ′j and represents

the state of the fermion in V ′j . By moving ker(ρ′j) (the “empty modes”) from V ′j to V ′N+1,
we may without loss of generality assume that range(ρ′j)=V ′j for j = 1, ...,N . Next, from
ρ ∈ DFS we know that, for example, the first subspace V 1 in S contains exactly one fermion.
By that we mean that the observable n(1) (number of fermions in V 1) takes a sharp value of 1
relative to the state ρ, see Def. 11. This implies that V 1 cannot be orthogonal to V ′j for every
j = 1, ...,N , because otherwise V 1 would contain exactly zero fermions. We may without loss
of generality assume that V 1 and V ′1 are not orthogonal. Then there are two possibilities:



3.2 Hierarchy of states of N fermions 49

1. If V 1 is orthogonal to V ′2, ..., V ′N , then the fermions in V ′2, ..., V ′N cannot be found
in V 1, i.e. cannot contribute to the number n(1). But then V 1, which by assumption
contains exactly 1 fermion, must contain the fermion in V ′1 with probability 1, that is,
V 1 ⊇ V ′1. In short, the mathematical fact is the following: V 1 ⊥ V ′2, ..., V ′N and V 1 /⊇ V ′1
would imply ⟨n(1)⟩ρ < 1, which would contradict ρ ∈ DFS .

2. If, say, V 1 /⊥ V ′1 and V 1 /⊥ V ′2, then the nontrivial subspaces obtained by projecting
V ′1 and V ′2 onto V 1 must coincide and be one-dimensional. We denote with span(∣ϕ⟩)
this one-dimensional subspace of V 1, with ∣ϕ⟩ ∈ V 1 normalized. The point here is that
otherwise there would be a nonzero probability (relative to the state ρ) corresponding
to the eigenvalue 2 of the number n(1) of particles in V 1, which would again contradict
ρ ∈ DFS . Similarly, if other subspaces V ′j also have nontrivial projections onto V 1, then
these projections are all equal to span(∣ϕ⟩). It follows that the number of fermions in the
orthogonal complement in V of span(∣ϕ⟩) takes a sharp value of 0, and since the number
of fermions in V takes a sharp value of 1, then the number of fermions in span(∣ϕ⟩) takes
a sharp value of 1. That is, the fermion in V 1 is in the fully occupied mode ∣ϕ⟩.

In the first case, JSρJ
−1
S ∈ B(V 1 ⊗ (⊗N

j=1 V
j)) factors out as ρ′1 ⊗ (...). In the second case,

JSρJ
−1
S factors out as ∣ϕ⟩⟨ϕ∣⊗(...). In either case, the fermion in V 1 is statistically independent

of the others, relative to the state ρ. The same holds for the fermion in V j for every j ≥ 2. It
follows that JSρJ

−1
S completely factors out, proving that ρ ∈ DFS,0.

3.2.2 Fermionic classical states

Next, we look for a sensible definition of “classically correlated” or “classical” states of N
fermions. Our starting point is classically correlated states of systems of two distinguishable
particles with Hilbert space HA,HB respectively.

Construction of a classical state in a bipartite system. As explained in Sec. 2.2.2, a
classical state χ ∈ Dcl ⊂ D(HA ⊗HB) which can be built following this recipe:

1. pick local ON bases {∣aj⟩}j for HA and {∣bk⟩}k for HB;

2. lift the local bases to the product basis {∣aj , bk⟩}j,k for HA ⊗HB;

3. choose probabilities pjk and build the convex combination/classical mixture
χ = ∑j,k pjk∣aj , bk⟩⟨aj , bk∣.

One can say that χ is “built with the bases {∣aj⟩}j and {∣bk⟩}k”. Steps 2. and 3. are entirely
classical in that they make sense for a bipartite system made up of two classical systems (with
discrete states), too. See Fig. 2.3 and 2.2 in Sec. 2.2.2 for an illustration. The construction
above can readily be generalized to the case of N distinguishable particles.

Construction of a fermionic classical state. We now propose how to adapt the recipe
above to the case of N fermions. This justifies the ensuing Def. 13 of fermionic classical states:

1. pick an ON basis B = {∣φk⟩}k for H1;
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Figure 3.2 Qualitative illustration of a fermionic classical state χ = ∑k pk∣SDBk ⟩⟨SDBk ∣ of N = 2
fermions. The blue levels are elements of the 1P basis B. Couples of levels ∣φk1⟩, ∣φk2⟩ (↔ ∣φk1⟩∧ ∣φk2⟩ =
∣SDBk ⟩) which are circled are those which occur with nonzero probability pk.

2. lift B to a basis {f †
φk1

...f †
φkN
∣0⟩}k1<...<kN = {∣SDBk ⟩}k for HN = ⋀N H1;

3. choose probabilities pk and build the convex combination/classical mixture
χ = ∑k pk∣SDBk ⟩⟨SDBk ∣.

Steps 2. and 3. are again entirely classical. In fact they make sense for a system of N “classical
fermions”, i.e. N particles living in classical discrete states subject to the Pauli principle. See
Fig. 3.2 for an illustration for the case N = 2. We are led to propose the following:

Definition 13. Consider an N -fermion state χ ∈ DF , a basis B of H1 and the corresponding
basis {∣SDBk ⟩}k of HN . We say that χ is classical with respect to B iff

χ = ∑
k

pk∣SDBk ⟩⟨SDBk ∣ , (3.34)

where pk = ⟨SDBk ∣χ∣SDBk ⟩ are probabilities. We denote the set of fermionic states which are

classical with respect to B with DF,Bcl .

We say χ is classical iff χ ∈ DF,Bcl for some B basis of H1. We denote the set of all fermionic
classical states with DFcl , so that

DFcl = ⋃
B basis

DF,Bcl . (3.35)

Remark: fermionic classical states and the orbital picture. For a given B = {∣ψk⟩}k,
DF,Bcl corresponds to the set of N -fermion states which are classical with respect to the decom-
position of FH1 as the tensor product ⊗kFψk

of one-mode spaces Fψk
≅ C2.

Meaning and examples of classical fermionic states. The recipe above presents a clear
analogy between classical fermionic states and the well-established classical states of distin-
guishable particles. However, a deeper interpretation of fermionic classical states should be
concocted at the level of observables. Indeed, in [11] fermionic quantum states which are left
unchanged by unread measurements of the one-mode occupancies relative to a fixed 1P basis
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are presented. These are precisely the same as our fermionic classical states. Notice that the
property of remaining unchanged under unread measurements is indeed a property of states
of classical systems.

Thermal (Gibbs) states of a system of N non-interacting fermions at finite temperature
are an important example of fermionic classical states. In fact, such a system is governed by a
Hamiltonian H = ∑ηijf †

i fj ; eigenstates of such Hamiltonians are SD state vectors built with
the 1P eigenbasis B of the 1P observable h = ∑ηij ∣i⟩⟨j∣ on H1; and thermal states ρ are convex

combinations of the Hamiltonian’s eigenstates, so in this case ρ ∈ DF,Bcl . For more examples,
see also Sec. 3.2.3.

Compliance with the basic requirements. We now check that Def. 13 abides by our two
basic requirements. Invariance under unitary rotations of the 1P space is clear. In fact under
such rotations one can guess and show that a fermionic classical state χ transforms as

χ = ∑
k

pk∣SDBk ⟩⟨SDBk ∣ ↦ χ′ = ∑
k

pk∣SDB
′

k ⟩⟨SDB
′

k ∣ .

Here B′ is the 1P basis obtained by rotating B, and clearly χ′ ∈ DFcl . Regarding the reduction to
the standard correlation theory for distinguishable particles, the following lemma checks that
the old (see Sec. 3.1.5) and new notions of classicality agree on states of fermions in orthogonal
modes.

Theorem 10. Fix a splitting S = (V j)Nj=1 of H1. Let ρ ∈ DFS be a state of N fermions in or-

thogonal modes with respect to S. Then ρ ∈ DFcl iff JSρJ−1S is a classical state of distinguishable
particles, or equivalently

DFS ∩DFcl = DFS,cl . (3.36)

Proof. “If” direction. Pick ρ ∈ DFS s.t. JSρJ
−1
S ∈ Dcl. For j = 1, ...,N let {∣φ(j)k ⟩}k be a basis

for V j s.t.
JSρJ

−1
S = ∑

k1,...,kN

pk1,...,kN ∣φ
(1)
k1
, ..., φ

(N)
kN
⟩⟨φ(1)k1 , ..., φ

(N)
kN
∣ .

Then inverting Eq. (3.7) we get

ρ = ∑
k1,...,kN

pk1,...,kN f
†
φ
(1)
1

...f †
φ
(N)
N

∣0⟩⟨0∣f
φ
(N)
N

...f
φ
(1)
1

,

which is fermionic classical with respect to any basis B of H1 containing all modes ∣φ(j)k ⟩.

“Only if” direction. Pick ρ ∈ DS s.t. ρ ∈ Dcl. Then ∃ ON basis B = {∣ψk⟩}k of H1 s.t. ρ ∈ DF,Bcl ,
i.e.

ρ = ∑
k

pk∣SDBk ⟩⟨SDBk ∣ , (3.37)

with pk = ⟨SDBk ∣χ∣SDBk ⟩. Despite ρ ∈ DFS , it can happen for some k that ∣ψk⟩ ∉ V j ∀ j =
1, ...,N + 1. However, we will show that starting from B one can build a basis B′ = {∣ψ′k⟩}k s.t.

• ρ ∈ DF,B
′

cl ;
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• for every k, either there is j s.t. ∣ψ′k⟩ ∈ V j , or ∣ψ′k⟩ does not contribute to ρ, i.e. p′k∗ =
⟨SDB′k∗ ∣ρ∣SDB

′
k∗⟩ = 0 whenever k ∈ k∗.

From this, one can check that JSρJ
−1
S ∈ Dcl in a straightforward way.

We here present the general proof, valid for any N > 1. The reasoning is quite involved,
however. We refer the interested reader to Appendix A, where we study the special case N = 2
separately, for the sake of clarity. Once the proof for that special case is clear, the general
proof below here should look more intelligible.

We build B′ by induction by updating the basis B many times. We now describe the first
induction step, whose result is a basis Bupdated, a modified version of the initial basis B.
Let 0 ≤MB ≤ dim(H1) be the number of modes ∣ψk⟩ ∈ B s.t.

1. ∀j = 1, ...,N + 1 ∣ψk⟩ ∉ V j ;

2. ∣ψk⟩ is involved in ρ, i.e. ∃k∗ s.t. k ∈ k∗ and pk∗ > 0.

If MB = 0, set B′ = B, and skip to Eq. (3.47). Otherwise, choose k s.t. ∣ψk⟩ satisfies the
conditions 1. and 2.; and choose k∗ which verifies 2. for ∣ψk⟩. Notice that the condition 2.
implies ΠN+1∣ψk⟩ = 0, as can be shown starting from Tr[ρnN+1] = 0. Decompose ∣ψk⟩ as

∣ψk⟩ =
N

∑
j=1
∣ψ(j)k ⟩,

with ∣ψ(j)k ⟩ = Π
j ∣ψk⟩. Choose 1 ≤ j̃ ≤ N s.t.

0 ≠ ∣ψ(j̃)k ⟩ ∈ V
j̃ . (3.38)

Since pk∗ > 0, we must have ∣SDBk∗⟩ ∈ KS , which allows to (repeatedly) use Lemma 5 in what

follows. First off, we get ∣ψ(j̃)k ⟩ ∈ span({∣ψk∗q ⟩}
N
q=1), so that we can decompose

∣ψ(j̃)k ⟩ =
N

∑
q=1
∣ψk∗q ⟩⟨ψk∗q ∣ψ

(j̃)
k ⟩. (3.39)

Consider all k∗q ∈ k∗ s.t. ∣ψ(j̃)k∗q ⟩ = Π
j̃ ∣ψk∗q ⟩ ≠ 0. We group the corresponding ∣ψk∗q ⟩’s in a set P.

Notice that clearly ∣ψk⟩ ∈ P in view of Eq. (3.39). Also, modes ∣ψk∗q ⟩ ∉ P do not contribute in
Eq. (3.39), which becomes

∣ψ(j̃)k ⟩ = ∑
∣ψk∗q ⟩∈P

∣ψk∗q ⟩⟨ψk∗q ∣ψ
(j̃)
k ⟩. (3.40)

If P contained only ∣ψk⟩ we would get ∣ψk⟩ ∝ ∣ψ(j̃)k ⟩ ∈ V
(j̃), which would contradict the assump-

tion that no V j contains ∣ψk⟩. So,
∣P∣ ≥ 2. (3.41)

Next, apply Lemma 5, part (b) to get

0 ≠ Π(j̃)∣ψk∗q ⟩ ∝ ∣ψ
(j̃)
k ⟩∀∣ψk∗q ⟩ ∈ P. (3.42)
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Now, notice that not only ∣ψk⟩, but also any ∣ψk∗q ⟩ ∈ P cannot belong to a single subspace V j .
That is,

∣ψk∗q ⟩ ∈ P ⇒ ∣ψk∗q ⟩ ∉ V
j ∀ j = 1, ...,N + 1. (3.43)

In fact the only candidate subspace would be V j̃ ; but ∣ψk∗q ⟩ ∈ V
j̃ along with Eq. (3.42) would

imply ⟨ψk∗q ∣ψk⟩ ≠ 0.
The next step is to notice that modes ∈ P can only appear altogether in a given nonzero

term of ρ. We mean the following. Consider k+ s.t. pk+ > 0 and suppose there is some
1 ≤ q ≤ N such that ∣ψk+q ⟩ ∈ P. Then there must be also indeces 1 ≤ q′ ≤ N s.t. ∣ψk+

q′
⟩ = x for

any other fixed element x ∈ P. The reason, again given by Lemma 5, is that ∣ψj̃k⟩ ∝ Π(j̃)∣ψk+q ⟩ ∈
span({∣ψk+q ⟩}

N
q=1), hence the decomposition

∣ψ(j̃)k ⟩ =
N

∑
q=1
∣ψk+q ⟩⟨ψk+q ∣ψ

(j̃)
k ⟩. (3.44)

We have to compare this with Eq. (3.40), whose summands are all nonzero in view of Eq.
(3.42). Since B is a basis, all summands which are in Eq. (3.40) must also appear in Eq.
(3.44).
Now we are ready to update the basis B. We update B → Bupdated by unitarily rotating modes
in P and leaving the other modes unchanged. More precisely, we rotate the ∣P∣ modes in P in
such a way that one of the new ∣P∣ modes is

∣ψ(j̃)k ⟩
norm

∈ V j̃ . (3.45)

This can be done in view of Eq. (3.40). Now the following remarks show the advantage of the
update B → Bupdated:

• ρ ∈ DF,Bupdatedcl . In fact, as we saw, for any k+ s.t. pk+ > 0, the basis SD vector ∣SDBk+⟩
has particles in either all modes in P, or in none of them; and as a consequence ∣SDBk+⟩
is also an element of the new SD basis {∣SDBupdatedj ⟩}j .

• The basis Bupdated is “better” than B in that it has at least one more mode which belongs
to a given subspace. This follows from Eq. (3.43) and (3.45). Keeping into account that
all modes in P and the rotated version thereof are all involved in ρ (because they appear
in ∣SDBk∗ ⟩), one has

MBupdated <MB. (3.46)

The first induction step, which is an update of B, is completed. One then relabels B = Bupdated
and repeats the whole procedure. At each step, MB goes down by 1 or more. Given that in
the beginning we had MB ≤ dim(H1) < ∞, after a finite number of updates we end up with a
final basis {∣ψ′k⟩}k = B′ satisfying

ρ ∈ DF,B
′

cl

MB′ = 0. (3.47)
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We have
ρ = ∑

k

pk∣SDB
′

k ⟩⟨SDB
′

k ∣ ,

and if pk > 0 then for q = 1, ...,N ∣ψ′kq⟩ ∈ V
jq for some 1 ≤ j ≤ N . Since ∣SDB′k ⟩ ∈ K, there must

be exactly one mode ∣ψ′kq⟩ per subspace V
j , i.e. P ∶ q ↦ jq = P (q) is a permutation. Therefore

up to an unrelevant phase

JS ∣SDB
′

k ⟩ =
N

⊗
j=1
∣ψ′kP (j)⟩. (3.48)

One can then choose N local ON bases {∣φ(1)⟩}k, ...,{∣φ(N)⟩}k for V 1, ..., V N which contain all
B′ modes which are involved in ρ, because these modes are orthonormal and each of them is
in some V j . For every k (s.t. pk > 0), the state vector of Eq. (3.48) is in the product basis for
⊗Nj=1V j built on the chosen local bases. So the state ρ is diagonal in this product basis, which

shows JSρJ
−1
S ∈ Dcl.

Remark: fermionic classical states with nondegenerate 1RDMs. If the 1P reduced
operator γ of the state χ ∈ DFcl is nondegenerate, a simple proof of Thm. 10 is the following. It

is easy to see that if χ ∈ DF,Bcl then B is the unique (up to phases) eigenbasis of γ. At the same
time, with the same argument as in the proof of Lemma 5, one notices the block structure
γ = ∑N+1j=1 ΠjγΠj . Then the unique eigenbasis B contains only modes ∣ψk⟩ satisfying ∣ψk⟩ ∈ V j

for some j. One can then set B′ = B and skip to the last lines of the general proof above. How
about the case of degenerate 1RDMs? If γ is degenerate, we have found cases where χ ∈ DFcl ,
B is an eigenbasis of γ, but still χ ∉ DF,Bcl . Then, the block-diagonal structure of γ implies the
existence of an eigenbasis B = {∣ψk⟩} of γ s.t. ∀k ∣ψk⟩ ∈ V j for some j; but unfortunately it
may happen that χ ∉ DF,Bcl . This seems to prevent one from building a simple general proof of
Lemma 10.

Differential geometric structure of DFcl . We now recall the structure of spaces of density
operators as smooth submanifolds with boundary of affine spaces. We study differential geo-
metric properties of the newly defined set DFcl . Completely analogous to Thm. 1, the following
Thm. 11 describes the differential geometric structure of DFcl which corresponds to the “recipe”
for building N -fermion classical states (see beginning of this paragraph). Said structure is a
fiber bundle structure, up to restricting to classical states whose 1RDM is nondegenerate. The
advantage given by this restriction is that for such states χ we have χ ∈ D′Fcl iff χ ∈ D′F,Bcl , with
B the eigenbasis (unique up to reordering and phases) of the 1P reduced operator of χ.

First, we introduce the set D′Fcl of fermionic classical states with nondegenerate 1RDM.

Also, we call d = dim(H1) and dN = dim(HN) = ( dN) and introduce

∆ = {(pk)k1<...<kN ∣ pk ≥ 0,∑
k

pk = 1} ⊂ RdN , (3.49)

the (dN − 1)-dimensional standard simplex. In relation to the nondegeneracy condition, we
will need to consider

∆′ = {(pk)k ∈∆ ∣ ∑
k∋κ

pk ≠ ∑
k∋κ′

pk for every κ,κ′ s.t. κ ≠ κ′} .
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We call S the set of ordered ON bases of H1. We consider its version “modulo phases”, which
we denote with S̃ , defined as in Eq. (2.10). Remember that dim(S̃ ) = d2 − d.

Recall the natural structure of DF as a (d2N − 1)-dimensional manifold with boundary.

Theorem 11.
(i) D′Fcl is a smooth submanifold (with boundary) of DF of dimension d2 − d + dN − 1;
(ii) DFcl is the closure of D′Fcl ;
(iii) Consider the map

π ∶ D′Fcl → S̃

χ↦ [Bγχ]∼ , (3.50)

where Bγχ denotes an eigenbasis (unique up to reordering and phases) of γχ. Then D′Fcl , π, S̃
are respectively the total space, smooth projection map and base space of a fiber bundle with
model fiber ∆′.

Proof. The proof is an adaption of the proof of Thm. 1.

Remark: classical states which are classical with respect to many bases. There exist
states χ which are classical with respect to two different bases B,B′ of H1 (whose elements do
not simply differ by phases). An example is the maximally mixed state on HN . Such states
must have a 1P density operator which is diagonal on both B and B′ and thus degenerate.
These states are the reason why the whole set Dcl does not have a fully orthodox structure
of fiber bundle with base S̃ , as they should appear in two fibers relative to two distinct base
points.

3.2.3 Fermionic separable states

Finally, in Def. 14 we introduce the fermionic “separable” states, which are arbitrary convex
combinations of SD states. The set they form, denoted with DFsep, is the convex hull of DF0 or

of DFcl . This set has already been considered in [12] and [10]; and it also plays a role in [9] (for
the case of N = 2 fermions).

From a quantum information perspective, it is common to introduce the convex hull of a
set X of states. In fact, convex combinations (or: mixtures) of states xµ ∈ X arise naturally
in protocols or experiments where probabilistic operations are performed. For example, the
usual separable states of a bipartite system with parties A and B are those states which arise
in protocols where the two parties can prepare uncorrelated states, toss coins, and phone each
other (LOCC protocols). Are there real-world many-body systems where probabilistic opera-
tions give rise to convex combinations of SD states? Possibly yes, as shown in the following
two examples.

Probabilistic Hamiltonian of non-interacting fermions. A system of N fermions is
given, and the fermion-fermion interactions are known to be negligible. This means that the
system is governed by a one-particle “quadratic” Hamiltonian, H = ∑ηijf †

i fj , whose ground
state is an SD state. Suppose that only probabilistic information on the Hamiltonian is given
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(e.g. a probability density function on the coefficients ηij). Plus, suppose that the system is
known to be in its ground state. Then, according to the available information, the state of the
system is a convex combination of SD states. For example, consider a model of N free spinless
fermions on a lattice, with Hamiltonian

Ht = −t ∑
⟨i,j⟩

f †
i fj +∑

i

uif
†
i fi ; (3.51)

here i, j index lattice sites, ⟨i, j⟩ denotes nearest neighbors, t > 0 is the hopping parameter
and the known coefficients ui ∈ R determine the external potential. Suppose that the hopping
parameter t is not known, but follows a known probability density function p ∶ t ↦ p(t) (for
example obtained from experimental data). Let ∣GSt⟩ be the ground state of Ht. Assume it
is nondegenerate, so that it must be of the SD type. Then, if the system is known to be in its
ground state, one can say that the state of the system is

σ = ∫ dt p(t)∣GSt⟩⟨GSt∣ , (3.52)

which is a convex combination of SD states. Notice that the Hamiltonian Ht in general sat-
isfies [Ht,Ht′] ≠ 0 for t ≠ t′. As a consequence, ∣GSt⟩ and ∣GSt′⟩ are built with different 1P
modes, and σ is not expected to be a fermionic classical states. However one can come up with
examples where [Ht,Ht′] = 0, which results in σ being a classical fermionic state.

Probabilistic time evolution. Similarly, suppose one has N fermions in some initial SD
state. The fermions are then channeled into “beam splitters” or other gadgets causing a time
evolution described by a 1P unitary operator of the form exp(−i∆t∑ηijf †

i fj). Then after a
certain time the state is still an SD state, but different than the initial one. If this time evo-
lution is implemented according to some probabilistic rule (such as “head → beam splitter 1;
tail → beam splitter 2”, etc.), then the final state is a convex combination of various possible
final SD states.

Mixtures of SD states in molecules. We now take the perspective of chemistry or solid
state physics, and propose a third example to give meaning to the upcoming Def. 14 of
fermionic separable states. Consider a molecule (or a lattice) of L nuclei and N electrons.
Suppose we are in the regime of the Born-Oppenheimer approximation, i.e. the dynamics
of the “slow” nuclei decouple from the dynamics of the “fast” electrons. We then solve the
electronic structure problem for all possible fixed positions R ∈ R3L, which become parameters
of the external potential to which the electrons are subject. Suppose that the electron-electron
interactions can be neglected, or that the Hartree-Fock approximation is accurate enough.
Then for given R the “electronic ground state” can be approximated with a SD state ∣GS(R)⟩,
with energy Eel(R). After solving for ∣GS(R)⟩ and Eel(R), one considers again the nuclei
and compute the “nuclear ground state” ∣Ψnu⟩. More in general, here ∣Ψnu⟩ could also be
a higher-energy state of the nuclei (e.g. a roto-vibrational state). At this point a possible
approximation of the state of the system nuclei + electrons is

∣Φ⟩ = ∫
R3L

d3LR ⟨R∣Ψnu⟩∣R⟩ ⊗ ∣GS(R)⟩ , (3.53)
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where ∣R⟩ is a simultaneous eigenvector of the position of all nuclei. In view of ⟨R∣R′⟩ =
δ(R −R′), if we trace out the nuclei from the state vector in Eq. (3.53), we get the electronic
state

Trnu[∣Φ⟩⟨Φ∣] = ∫
R3L

d3LR ∣⟨R∣Ψnu⟩∣2∣GS(R)⟩⟨GS(R)∣ , (3.54)

which is a convex combination of SD states.

Motivated by the examples above, we now define separable states of N fermions.

Definition 14. Consider a state σ ∈ DF of N fermions. We say σ is separable iff it can be
represented as

∑
µ

pµ ∣SDµ⟩⟨SDµ∣ , (3.55)

where pµ are probabilities and ∣SDµ⟩ are arbitrary Slater determinant state vectors. We denote
the convex set of all fermionic separable states of N fermions with DFsep.

Compliance with the basic requirements. Regarding the first basic requirement (see Sec.
3.2), we see that DFsep is invariant under 1P unitaries because the set of SD states is. As for
the reduction to the standard theory of correlations among distinguishable particles, we have
the following result.

Theorem 12. Fix a splitting S = (V j)Nj=1 of H1. Let ρ ∈ DFS be a state of N fermions in orthog-

onal modes with respect to S. Then ρ ∈ DFsep iff JSρJ
−1
S is a separable state of distinguishable

particles, or equivalently
DFsep ∩DFS = DFS,sep . (3.56)

Proof. “If” direction. Suppose that ρ′ = JSρJ−1S ∈ D(⊗j V
j) is a separable state of N distin-

guishable particles. Then it is a convex combination of pure product states, ρ′ = ∑pµ∣Φµ⟩⟨Φµ∣
with ∣Φµ⟩ = ⊗j ∣ϕjµ⟩, with ∣ϕjµ⟩ ∈ V j ∀µ, j. Based on the defining properties of JS (see Lemma
3), J−1S ∣Φµ⟩ is a SD state ∀µ, which pictures ρ = J−1S ρ′JS as a convex combination of SD states.

“Only if” direction. If a separable state ρ = ∑µ pµ∣SDµ⟩⟨SDµ∣ is in DFS , then (assuming pµ > 0)
we have ∀µ ∣SDµ⟩ ∈ KS . Using part (i) of Lemma 5 and the defining properties of JS , ∀µ we

see that JS ∣SDµ⟩ = ⊗j ∣ϕjµ⟩ for some modes ∣ϕjµ⟩ ∈ V j . This shows that ρ′ = JSρJ−1S is separable,
or equivalently that ρ ∈ DFS,sep.

Inclusion relations. To conclude the presentation of the hierarchy of states of N fermions,
in the following theorem we remark that the sets of states obey inclusion relations analogous
to those for distinguishable particles, see Sec. 2.2.

Theorem 13. The sets of uncorrelated, classical and separable fermionic states are nested:

DF0 ⊂ DFcl ⊂ DFsep . (3.57)

For 2 ≤ N ≤ d − 2, the inclusions are both strict.



3.3 Geometric fermionic measures of particle correlations 58

Proof. To see the first inclusion, consider a splitting S and an uncorrelated state π ∈ DFS,0. By
definition, the state π′ = JSπJ−1S is a product state of distinguishable particles, i.e. π′ = ⊗Nj=1π′j .
A spectral decomposition of the factors yields

π′ =
N

⊗
j=1
(∑
kj

pjkj ∣ϕ
j
kj
⟩⟨ϕjkj ∣) = ∑

k1,...,kN

p1k1 ...p
N
kN
∣ϕ1k1 ...ϕ

N
kN
⟩⟨ϕ1k1 ...ϕ

N
kN
∣. (3.58)

The modes ∣ϕjkj ⟩ are all orthonormal and can be completed to a basis B of the underlying 1P

space H1. The corresponding basis {∣SDBj ⟩}j of the N -fermion space contains (up to a phase)

J−1S ∣ϕ1k1 ...ϕ
N
kN
⟩, for every k1, ..., kN . Since π is a convex combination thereof, we conclude

π ∈ DF,BS,cl. The second inclusion follows directly from the defining Eq. (3.34).
For 2 ≤ N ≤ d − 2, strictness of the inclusions follows from strictness of the inclusions

DFS,0 ⊊ DFS,cl ⊊ DFS,sep, valid for suitable splittings S. More precisely, the latter inclusions hold

for any splitting S = (V j)j such that at least two of the V j ’s have dimension 2 or higher (hence
the requirement N ≤ d−2); they follow from the corresponding strict inclusions D0 ⊊ Dcl ⊊ Dsep
relative to states of N distinguishable particles.

We add here a comment on the strictness of the inclusion relations. For N = 1, the three sets
are all equal to the set D(H1) of all one-particle states. Finally consider N = d − 1. Then
DFcl = DFsep is the set of all one-hole states. This can be understood as a consequence of the

fact that DFcl and DFsep are defined in a particle-hole symmetric way. DF0 is instead the set of
states where d − 2 modes are fully occupied, and the state of the hole is supported on the two
remaining modes.

3.3 Geometric fermionic measures of particle correlations

The hierarchy of fermionic states presented in Sec. 3.2 is an adaption of the analogous hierarchy
of states of distinguishable parties discussed in Sec. 2.2. Now we aim to adapt measures of
particle correlations to the fermionic setting. Consider DFx , with x = 0, cl or sep. We look for
correlation measures CF ∶ DF → [0,∞) which satisfy CF (ρ) = 0⇔ ρ ∈ DFx . Also, CF should
abide by the two basic requirements discussed in the beginning of Sec. 3.2:

1. CF should reduce to some well-established correlation measure C on states of orthogonal
fermions (see Sec. 3.1.5);

2. CF should be invariant under 1P unitary transformations, i.e. CF (UρU †) = CF (ρ) for
any 1P unitary transformation U .

Remark: states of fermions in orthogonal modes with respect to different split-
tings. There may be cases where the extension of a given correlation measure C from distin-
guishable particles to fermions does not exist. In fact there exist states ρ satisfying ρ ∈ DS ,DS′
for two different splittings S,S ′, such as SD states. A state ρ of this kind gets mapped to two
different states of distinguishable particles using JS and JS′ . If these two different states have
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a different value of C, then C cannot be extended to a fermionic measure CF .

We propose to adapt to the fermionic setting the well-established geometric correlation mea-
sures based on minimized quantum relative entropy (see Sec. 2.2.3). In Sec. 3.1.5 we already
defined these measures for states of N fermions in orthogonal modes. Now we will define an
extension thereof, valid for abitrary states of N fermions. We should first remark that we are
making a choice, though, in that there are many other well-established correlation measures
which could be adapted to the fermionic setting. Our choice will be justified a posteriori by
the “good” properties of the proposed fermionic geometric measures QF and EF . However
other choices of correlation measures probably work well, too, and it is a future plan of ours
to explore those. As an example one can adapt entanglement of formation to fermions, in the
spirit of [12].

Definition 15. Fix a 1P space H1 and let ρ ∈ D(⋀N H1) be a state of N fermions. We
define the particle quantum correlation and particle (relative entropy of) entanglement of ρ,
respectively, via

QF (ρ) ∶= min
χ∈DF

cl

S(ρ∣∣χ) (3.59)

EF (ρ) ∶= min
σ∈DF

sep

S(ρ∣∣σ) . (3.60)

Fermionic version of mutual information. In the definition above, a fermionic version of
the mutual information I is apparently missing. Indeed, a definition such as

IF (ρ) ∶= min
π∈DF

0

S(ρ∣∣π) (3.61)

does not work, because this quantity is infinite for most states ρ. More precisely, if the N -
fermion state ρ satisfies the generic condition of definite positivity, i.e. ρ > 0, then S(ρ∣∣π) =
∞∀π ∈ DF0 . To see that, remember that we defined DF0 = ⋃S DFS,0 (see Sec. 3.2.1). Then

π ∈ DF0 ⇒ π ∈ DFS for some splitting S = (V j)N+1j=1 of H1. This means that π is supported on the

proper subspace KS ⊊ ⋀N H1, and thus has a nontrivial kernel. Then, roughly speaking, in the
spectral decomposition − logπ = ∑i − log(pi)∣i⟩⟨i∣ some infinite eigenvalues pop up. In view of
ρ > 0⇒ ⟨i∣ρ∣i⟩ > 0, we see that −Tr[ρ log(π)] = ∑i − log(pi)⟨i∣ρ∣i⟩ = +∞, so that S(ρ∣∣π) = +∞,
too.

We then see that a definition of (particle) fermionic mutual information is only available
for states ρ of N fermions in orthogonal modes, i.e. ρ ∈ DS for some splitting S. Mutual
information IFS of such states was in fact already introduced, see Sec. 3.1.5. The attempt of
Eq. (3.61) to capture mutual information for arbitrary N -fermion states leads to infinities and
thus fails. At first glance, this mathematical fact might look like a nebulous inconvenience
of our theory. Quite the contrary, we think that this mathematical fact reflects the physical
fact that a sensible notion of particle mutual information should not exist for fermions - unless
the fermions sit in orthogonal modes and can thus be distinguished. The upcoming argument
should be compared to Sec. 3.2.1, where we explained why there should not exist any such
notion as “uncorrelated” states of N fermions - unless the fermions sit in orthogonal modes.
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Here is why particle mutual information falls within the prerogatives of distinguishable
particles only. In bipartite systems described by a Hilbert space HA⊗HB, mutual information
of a state ρ ∈ D(HA ⊗HB) is given by

I(ρ) = min
π∈D0

S(ρ∣∣π) = S(ρ∣∣ρA ⊗ ρB) = −S(ρ) + S(ρA) + S(ρB) . (3.62)

We immediately see that the uncorrelated minimizer ρA ⊗ ρB involves the one-party reduced
states ρA/B, which have no fermionic analogue unless the fermions are in orthogonal modes.
We can say something more precise, though. In bipartite systems, mutual information I is
usually motivated in terms of correlation functions (such as covariances) between observables
belonging to the two different local subalgebras of operators, OA ∈ BA and OB ∈ BB. For
example, bounds of the following kind [43] are used to show that mutual information is suitable
for quantifying correlations:

covρ(OA,OB)
∣∣OA∣∣ ⋅ ∣∣OB ∣∣

≤ k
√
I(ρ) , (3.63)

where k is a constant which depends on the norm function ∣∣ ⋅ ∣∣. Just as for Eq. (3.62), no
fermionic analogue of these bounds can be devised, except for the case of fermions in orthogonal
modes. In fact, as explained in Sec. 3.2.1, for a generic state of N fermions one cannot identify
N commuting subalgebras to be associated to the N particles. That is, one cannot associate
“local” observables to the N parties. This impedes one from writing bounds analogous to that
in Eq. (3.63).

3.3.1 Basic properties of the functions QF and EF

We now go over some basic properties of QF and EF . They all correspond to well-known
results on distinguishable particles.

Invariance under 1P unitary transformations. Our basic requirement 2 of invariance
under an arbitrary 1P unitary transformation U (see Sec. 3.3) takes the form of these equations:

QF (UρU †) = QF (U) (3.64)

EF (UρU †) = EF (U) . (3.65)

These follow from invariance under U of DFcl and DFsep.

Convexity of EF . The fermionic entanglement EF is built in the same way as the usual
relative entropy of entanglement E, and is then a convex function on its convex domain DF =
D(⋀N H1). This follows from convexity of DFsep and joint convexity of QRE: in fact, given

ρ1, ρ2 ∈ DF with separable minimizers σ∗1 , σ
∗
2 ∈ DFsep and λ ∈ (0,1), we get

EF (λρ1 + (1 − λ)ρ2) ≤S(λρ1 + (1 − λ)ρ2∣∣λσ∗1 + (1 − λ)σ∗2)
≤ λS(ρ1∣∣σ∗1) + (1 − λ)S(ρ2∣∣σ∗2)
= λEF (ρ1) + (1 − λ)EF (ρ2) . (3.66)
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A basic bound. Also, from the inclusion relation (3.57) we get the following bound:

∀ρ ∈ DF QF (ρ) ≥ EF (ρ) . (3.67)

Computing QF . Finally, we have a systematic reduction of the minimization defining QF (ρ),
for any given state ρ of N fermions. This is completely analogous to the standard reduction
of the minimization defining Q for systems of distinguishable parties, see Sec. 2.2.3. First, the
minimization is broken down as follows:

QF (ρ) = min
χ∈DF

cl

S(ρ∣∣χ) =min
B

⎛
⎝

min
χ∈DF,B

cl

S(ρ∣∣χ)
⎞
⎠
, (3.68)

where the outer minimization is carried out over all 1P ONB’s B. The inner minimization has
a simple result, as stated in the following lemma. This is completely analogous to Lemma 3.

Lemma 6. Given a state ρ of N fermions and a 1P ONB B of the 1P space H1, there exists
a unique classical minimizer χ∗B ∈ DF,Bcl satisfying S(ρ∣∣χ∗B) = min

χ∈DF,B
cl

S(ρ∣∣χ). It is given

by the following “decohered” diagonal compression of ρ relative to the basis {∣SDBj ⟩}j:

χ∗B = ∑
j

pj ∣SDBj ⟩⟨SDBj ∣ with pj = ⟨SDBj ∣ρ∣SDBj ⟩ . (3.69)

Proof. Pick χ = ∑j qj ∣SDBj ⟩⟨SDBj ∣ ∈ D
F,B
cl . Then S(ρ∣∣χ) = −S(ρ)−∑j pj log(qj). The first term

is independent of the probability distribution {qj}. The second term is bounded from below
as −∑j pj log(qj) ≥ −∑j pj log(pj), with equality iff pj = qj ∀ j (Gibbs inequality, see [23]).

One then easily computes

min
χ∈DF,B

cl

S(ρ∣∣χ) = S(ρ∣∣χ∗B) = −S(ρ) + S(χ∗B) . (3.70)

The outer minimization in Eq. (3.68) then becomes

QF (ρ) = −S(ρ) +min
B
S(χ∗B) . (3.71)

This is a minimization over bases B of H1, i.e. basically over SU(d), with d = dim(H1). Notice
that S(χ∗B) is the Shannon entropy of the diagonal of the matrix representing ρ with respect
to the basis {∣SDBj ⟩}j .

3.3.2 Two fermions

In what follows, we fix a 1P space H1 and a splitting S = (V 1, V 2, V 3) of H1 into 2 + 1 or-
thogonal subspaces. We consider states in DFS , i.e. states with one fermion in V 1, one in V 2,
and none in V 3.
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Reduction of QF and EF to Q and E. Our aim is to check that the geometric correlation
measures introduced in the previous paragraph abide by the basic requirement 1 of Sec. 3.3. We
show that EF reduces to standard relative entropy of entanglement for fermions in orthogonal
modes. We then conjecture that QF reduces to standard quantum correlation for fermions in
orthogonal modes and justify the conjecture.

Theorem 14. Pick a state of two fermions in orthogonal modes ρ ∈ DFS . Then

EF (ρ) = EFS (ρ)
def= E(JSρJ−1S ) . (3.72)

Proof. Consider the “bipartite” state ρ′ = JSρJ−1S ∈ D(V 1 ⊗ V 2). Pick a separable minimizer
σ′∗ ∈ Dsep ⊂ D(V 1 ⊗ V 2) satisfying E(ρ′) = S(ρ′∣∣σ′∗), i.e.

S(ρ′∣∣σ′) ≥ S(ρ′∣∣σ′∗) for any σ′ ∈ Dsep. (3.73)

Such σ′∗ exists thanks to compactness of Dsep and lower semicontinuity of S(ρ∣∣⋅). We “pull it
back” to the fermionic setting by considering the fermionic two-particle state σ∗ = J−1S σ′∗JS .
We have σ∗ ∈ DFsep, thanks to Thm. 12: therefore

EF (ρ) ≤ S(ρ∣∣σ∗) = S(ρ′∣∣σ′∗) = E(ρ′) . (3.74)

The state σ∗ is our candidate fermionic separable minimizer relative to ρ; in other words, we
conjecture that

S(ρ∣∣σ) ≥ S(ρ∣∣σ∗) for any σ ∈ DFsep. (3.75)

Proving the inequality above will imply Eq.(3.89). As was done in step (b) of the proof of Thm.
4, we prove the inequality above by switching to a local version of it, leveraging convexity of
DFsep and of S(ρ∣∣⋅).

Suppose that σ ∈ DFsep violates Eq. (3.75). Then, corresponding to Eq. (2.39), we would
have

Xσ ∶=
d

dλ
∣
λ=0

S (ρ∣∣(1 − λ)σ∗ + λσ) < 0 , (3.76)

where now ρ, σ, σ∗ are fermionic states. We prove that this inequality can never occur, i.e.
Xσ ≥ 0∀σ ∈ DFsep. Corresponding to Eq. (2.44) we have

Xσ = −Tr [ρ∫
∞

0
dt

1

σ∗ + t(σ − σ
∗) 1

σ∗ + t] = 1 − ∫
∞

0
dt Tr [ρ 1

σ∗ + tσ
1

σ∗ + t] . (3.77)

In the last equality, we used that ∫ ∞0 dt σ∗/(σ∗ + t)2 = I. This expression is rigorous only if σ∗

has a trivial kernel, which is not the case here. However, in Eq. (3.77) it appears only multiplied
with ρ and under a trace sign, and hence poses no problems, in view of Tr[ρ log(σ∗)] < ∞ ⇒
ker(σ∗) ⊂ ker(ρ).

Next, we set

A = ∫
∞

0
dt

1

σ∗ + tρ
1

σ∗ + t , (3.78)

which satisfies A ≥ 0, and aim to show Xσ = 1 −Tr[σA] ≥ 0. Notice that this inequality means
that the Hermitian, non-semidefinite operator I−A is a “fermionic entanglement witness”. We
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decompose the fermionic separable state σ as σ = ∑µ pµ∣SDµ⟩⟨SDµ∣, with ∑pµ = 1, and write
Xσ = 1 − ∑µ pµ⟨SDµ∣A∣SDµ⟩. This shows that a check on SD states is enough, i.e. we only
need to prove that

⟨Ω∣fψfϕAf †
ϕf

†
ψ ∣Ω⟩ ≤ 1 ∀ orthonormal modes ∣ϕ⟩, ∣ψ⟩ ∈ H1 . (3.79)

We notice that whenever ∣ϕ⟩ ∈ V 1, ∣ψ⟩ ∈ V 2 (or viceversa), then f †
ϕf

†
ψ ∣Ω⟩ ∈ KS and the equation

above is known to hold. To see that, use JS to write ⟨Ω∣fψfϕAf †
ϕf

†
ψ ∣Ω⟩ = ⟨ϕ∣ ⊗ ⟨ψ∣A

′∣ϕ⟩ ⊗ ∣ψ⟩,
where the operator A′ acting on V 1 ⊗ V 2 is defined in a similar way as A (recycle Eq. (3.78),
this time using “primed” states σ′∗, ρ′). Then ⟨ϕ∣ ⊗ ⟨ψ∣A′∣ϕ⟩ ⊗ ∣ψ⟩ ≤ 1 can be proven from the
assumption that σ′∗ is a minimizer for S(ρ′∣∣⋅) over Dsep.

For generic ∣ϕ⟩, ∣ψ⟩ ∈ H1, inequality (3.79) can be proven as follows. First, consider the
decompositions

∣ϕ⟩ = cϕ,1∣ϕ1⟩ + cϕ,2∣ϕ2⟩ + cϕ,3∣ϕ3⟩
∣ψ⟩ = cψ,1∣ψ1⟩ + cψ,2∣ψ2⟩ + cψ,3∣ψ3⟩ , (3.80)

where ∣ϕj⟩, ∣ψj⟩ ∈ V j are normalized vectors, cϕ/ψ,j ≥ 0 and ∑j c2ϕ/ψ,j = 1. These decompositions

induce a decomposition of f †
ϕf

†
ψ ∣Ω⟩ into 3×3 = 9 terms, all of which are simultaneous eigenstates

of the local number operators n(j) for every j = 1,2,3. When plugging this decomposition into
the LHS of Eq. (3.79), though, most terms vanish. In fact ρ, σ′∗ and hence A leave the
eigenspaces of n(j) invariant; and in particular they are all supported on the simultaneous
eigenspace of n(1), n(2), n(3) relative to the eigenvalues 1,1,0 (in view of ρ, σ′∗ ∈ DFS ). We get

⟨Ω∣fψfϕAf †
ϕf

†
ψ ∣Ω⟩ = c

2
ϕ,1c

2
ψ,2⟨Ω∣fψ2fϕ1 Af

†
ϕ1
f †
ψ2 ∣Ω⟩

+c2ϕ,2c2ψ,1⟨Ω∣fψ1fϕ2 Af
†
ϕ2
f †
ψ1 ∣Ω⟩

+cϕ,1cψ,2cϕ,2cψ,1⟨Ω∣fψ2fϕ1 Af
†
ϕ2
f †
ψ1 ∣Ω⟩

+cϕ,2cψ,1cϕ,1cψ,2⟨Ω∣fψ1fϕ2 Af
†
ϕ1
f †
ψ2 ∣Ω⟩ . (3.81)

In the RHS, each of the four terms contains matrix elements of A relative to bras and
kets entailing one fermion in V 1 and one in V 2. For the first and second term: based
on the discussion above, we know that the bound (3.79) holds for such state vectors, i.e.
⟨Ω∣fψ2fϕ1 Af

†
ϕ1
f †
ψ2 ∣Ω⟩, ⟨Ω∣fψ1fϕ2 Af

†
ϕ2
f †
ψ1 ∣Ω⟩ ≤ 1. For the third and fourth “cross” terms: we

use positivity of A and get

∣⟨Ω∣fψ2fϕ1
√
A
√
Af †

ϕ2
f †
ψ1 ∣Ω⟩∣ ≤ ∣∣

√
Af †

ϕ1
f †
ψ2 ∣Ω⟩∣∣ ⋅ ∣∣

√
Af †

ϕ2
f †
ψ1 ∣Ω⟩∣∣ =

√
⟨Ω∣fψ2fϕ1 Af

†
ϕ1
f †
ψ2 ∣Ω⟩ ⋅ ⟨Ω∣fψ1fϕ2 Af

†
ϕ2
f †
ψ1 ∣Ω⟩ ≤ 1 , (3.82)

and same for ⟨Ω∣fψ1fϕ2 Af
†
ϕ1
f †
ψ2 ∣Ω⟩. We can then bound

∣⟨Ω∣fψfϕAf †
ϕf

†
ψ ∣Ω⟩∣ ≤ c

2
ϕ,1c

2
ψ,2 + c2ϕ,2c2ψ,1 + 2 ⋅ cϕ,1cψ,2cϕ,2cψ,1 = (cϕ,2cψ,1 + cϕ,1cψ,2)2

= ⟨(cϕ,2, cϕ,1), (cψ,1, cψ,2)⟩2R2 ≤
√
(c2ϕ,1 + c2ϕ,2)(c2ψ,1 + c2ψ,2)

≤ 1 , (3.83)

which concludes the proof.
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Remark: more than two fermions. The statement of Thm. 14 can be naturally general-
ized to the case of N > 2 fermions. The argument used in the proof above here does not seem
to work, though. In fact, the ensuing bounds corresponding to the bound (3.83) unfortunately
turn out to be not tight enough. See Sec. 3.3.3.

EF and QF for pure states of two fermions. The theorem above can be specialized to
the interesting case of pure states of two fermions. Based on Sec. 3.1.6, all such states are
states of fermions in orthogonal modes. This allows to express the value of EF of any given
pure state of two fermions in terms of its fermionic Schmidt coefficients. Remember that the
latter are simply the eigenvalues of the 1RDM of the given pure state, up to a square root.
Furthermore, on pure states EF = QF , just like for pure states of two distinguishable particles.

Corollary 3. Pick ∣Ψ⟩ ∈ H1 ∧H1, normalized. Let λj be the corresponding positive fermionic
Schmidt coefficients. Then

EF (∣Ψ⟩⟨Ψ∣) = QF (∣Ψ⟩⟨Ψ∣) = −∑
j

λ2j log(λ2j) . (3.84)

Proof. We follow closely Sec. 3.1.6. Based on that discussion, we know that there exists a
splitting S of H1 (relative to a number of fermions N = 2) s.t. ∣Ψ⟩ ∈ KS and thus ρ ∶= ∣Ψ⟩⟨Ψ∣ ∈
DFS . Also, we can write JS ∣Ψ⟩ != ∑j λj ∣aj⟩⊗ ∣bj⟩ =∶ ∣Ψ′⟩, where ∣aj⟩, ∣bj⟩ are orthonormal vectors
in V 1, V 2 respectively. Based on Thm. 14 and Cor. 2, we get

EF (ρ) = E(JSρJ−1S ) = E(∣Ψ′⟩⟨Ψ′∣) = −∑
j

λ2j log(λ2j) . (3.85)

Finally, we show that we can add also quantum correlation QF (ρ) in the equalities above.
Going back to the proofs of Thm. 14 and 4, we notice that in this context a fermionic
separable minimizer σ∗ ∈ DFsep is obtained by pulling back a separable state σ′∗ on V 1 ⊗ V 2

which is known analytically:

σ∗ = J−1S σ′∗JS (3.86)

with σ′∗ = ∑
j

λ2j ∣aj , bj⟩⟨aj , bj ∣ . (3.87)

We can then rewrite
σ∗ = ∑

j

λ2jf
†
ajf

†
bj
∣Ω⟩⟨Ω∣fbjfaj . (3.88)

Since all the modes ∣aj⟩, ∣bj⟩ are orthogonal, we observe that σ∗ ∈ DFcl . Hence QF (ρ) ≤
S(ρ∣∣σ∗) = EF (ρ). In view of the standard bound (3.67) we get QF (ρ) = EF (ρ).

QF for states of two fermions in orthogonal modes. This concludes the discussion on
why EF has good chances to be a meaningful measure of “particle entanglement”. Now we
look at fermionic quantum correlation. Based on many attempts it seems hard to establish
whether QF meets the basic requirement 1 (see Sec. 3.3), or not. More specifically, it is hard
to understand whether QF reduces to standard quantum correlation for fermions in orthogonal
modes. We conjecture it does, and give some justification of our conjecture.
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Conjecture 1. Pick a state of two fermions in orthogonal modes ρ ∈ DFS . Then we conjecture
that

QF (ρ) = QFS (ρ)
def= Q(JSρJ−1S ) . (3.89)

Here are some reasons raising the hope that the conjecture may be correct.

• Cor. 3 implies that our conjecture holds on pure states.

• A tentative code for d = 4,N = 2 found no counterexamples to the conjecture (but more
numerics are needed).

• Starting from the restricted minimization discussed in Lemma 6, one can write conditions
for a fermionic classical state to be a local minimum of S(ρ∣∣⋅) over fermionic classical
states. These conditions are similar to those discussed in [11]. If ρ ∈ DS , in the spirit of
Thm. 14, one considers a classical minimizer χ′∗ on V 1⊗V 2; pulls it back to a fermionic
classical state χ∗ = J−1S χ′∗JS ; and hopes this state is a minimizer of S(ρ∣∣⋅), satisfying
QF (ρ) = S(ρ∣∣χ∗). Indeed the above-mentioned local minimization conditions are fulfilled
by χ∗. However the proof of Thm. 14 cannot be carried out because DFcl lacks convexity.

3.3.3 More than two fermions

Types of states and correlation measures have been defined for any number of fermions N ≥ 2 .
In the previous paragraph we have gotten some analytical insight for the simplest case, namely
N = 2. Similar to the situation for the theory of correlations among distinguishable particles,
it is harder to get analytical results for N ≥ 3.

QF ,EF on states of N fermions in orthogonal modes. In particular, consider once again
the basic requirement 1 proposed in Sec. 3.2. A major open question is whether Thm. 12 -
regarding the reduction of EF to E on states of fermions in orthogonal modes - still holds for
N ≥ 3. The method used to prove that theorem for N = 2 is inconclusive when adapted to a
higher number of fermions. Similarly, Conj. 1 on the reduction of QF to Q can be formulated
for N ≥ 3. To sum up:

Conjecture 2. Let S = (V j)N+1j=1 be a splitting of the 1P space H1 and ρ ∈ DFS be a state of N
fermions in orthogonal modes, for arbitrary N ≥ 2. Then we conjecture that

QF (ρ) = QFS (ρ)
def= Q(JSρJ−1S ) (3.90)

EF (ρ) = EFS (ρ)
def= E(JSρJ−1S ) . (3.91)

Correlation measures and 1RDM. Another subtle point that should be investigated further
is the connection between QF (ρ) or EF (ρ) and the 1P reduced operator γ of ρ. Our approach
throughout this Section was tacitly permeated by the idea of studying correlations among the
N fermions in an “everyone vs. everyone” fashion. This is why, for example, a dominant
role has been played by Slater determinant states, which describe N fermions each of which
is completely independent of each other fermion. Another quite different approach would be
to study correlations in a “1 vs. N − 1” fashion. For example, within the latter approach it
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could happen that state vectors such as f †
ϕ∣Φ⟩ should be called uncorrelated, where ∣Φ⟩ is an

arbitrary state vector of N − 1 fermions in modes orthogonal to ∣ϕ⟩ ∈ H1, and the fermion in
∣ϕ⟩ is uncorrelated from the other ones. This seems to be the approach considered in [12].
Notice that these two approaches are already there in the case of distinguishable particles.
For example, we have considered the following form of separable states of 3 distinguishable
particles A,B,C:

σ1∶1∶1 = ∑
µ

pµρ
A
µ ⊗ ρBµ ⊗ ρCµ , (3.92)

which refers to the “everyone vs. everyone” idea. But another notion of separability, referring
to the “1 vs. N − 1” approach, is encoded in states of the following form [4]:

σ1∶2 = ∑
µ

pµρ
A
µ ⊗ ρBCµ +∑

µ

qµρ
B
µ ⊗ ρCAµ +∑

µ

rµρ
C
µ ⊗ ρABµ . (3.93)

In fermionic systems, the signature of the “1 vs. N − 1” approach is the fact that the one-
particle reduced operator plays a central role. For example, given a pure state ρ of N fermions,
meaningful measures C of correlation between one fermion and all other fermions can be de-
fined as suitable functions of the 1P reduced operator γρ of ρ, C(ρ) = F (γρ). See for example
[12]. A difference between this perspective and our “everyone vs. everyone” point of view is
precisely marked by the expectation that in our framework 1P reduced operators do not play
such a central role, i.e. EF (ρ) and QF (ρ) do not depend on the 1P reduced operator γρ only,
not even when restricting to pure states. This expectation should be confirmed with a concrete
example where two N -fermion pure states ρ, ρ′ satisfy, e.g., EF (ρ) ≠ EF (ρ′) in spite of γρ = γρ′ .
Unfortunately, such a concrete example is still missing. In fact, the main case we have ana-
lytical control of is that of pure states of N = 2 fermions, where the two approaches “everyone
vs. everyone” and “1 vs. N − 1” are the same approach. Indeed in that case EF (ρ) = QF (ρ)
can be expressed in terms of the 1P reduced operator of the pure state ρ, as stated in Cor. 3.
The construction of such a concrete example could take the first steps from the following rare
case of states ρ of N ≥ 3 fermions for which EF (ρ) and QF (ρ) can be computed.

Example: particle entanglement of N-fermion GHZ pure states. Fix a basis B of a
1P space H1 of dimension d = 2N and let ∣n1, ..., nd⟩ denote the elements of the corresponding
occupational number basis of the Fock space FH1 . Consider the N -fermion state vector

∣GHZ⟩ = 1√
2
(∣ 1, ...,1
´¹¹¹¹¹¸¹¹¹¹¹¶
N times

, 0, ...,0
´¹¹¹¹¹¸¹¹¹¹¹¶
N times

⟩ + ∣0, ...,0,1, ...,1⟩) . (3.94)

Then the state

σ∗ = 1

2
(∣1, ...,1,0, ...,0⟩⟨1, ...,1,0, ...,0∣ + ∣0, ...,0,1, ...,1⟩⟨0, ...,0,1, ...,1∣) (3.95)

is a separable minimizer for ∣GHZ⟩⟨GHZ ∣: in fact clearly σ∗ ∈ DFsep and an interesting com-

putation shows that S(∣GHZ⟩⟨GHZ ∣ ∣∣σ) ≥ S(∣GHZ⟩⟨GHZ ∣ ∣∣σ∗)∀σ ∈ DFsep. Also, notice that

σ∗ ∈ DF,Bcl . We can then compute

EF (∣GHZ⟩⟨GHZ ∣) = QF (∣GHZ⟩⟨GHZ ∣) = −⟨GHZ ∣ log(σ∗)∣GHZ⟩ = log(2) . (3.96)
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Notice that this is the same as the “orbital” entanglement (and quantum correlation) of
∣GHZ⟩⟨GHZ ∣ relative to the splitting of H1 obtained by partitioning into two parts the
basis B. Generalizations of this result can be obtained, for example regarding the vector
cos(θ)∣1, ...,1,0, ...,0⟩ + sin(θ)∣0, ...,0,1, ...,1⟩.



Chapter 4

Maximal orbital correlations in
states of uncorrelated fermions

In this Chapter we study orbital correlations in fermionic states which have no particle corre-
lations, namely Slater determinant states and more general free states. Our initial motivation
is to mark the difference between particle and orbital correlations in fermionic systems (see
Sec. 2.3.3, 2.3.4) with a concrete problem. We explain this problem in Sec. 4.1 and translate it
into maths in Sec. 4.2, by introducing the “maximal orbital correlation” of a state ρ, IYmax(ρ).
In Sec. 4.3 we restrict to free states (see Sec. 2.3.5) and study the interesting emergent math-
ematical structure of the problem. In Sec. 4.4 we present some examples, followed in Sec. 4.5
by an overview on the methods to tackle the problem and on our partial solution. This partial
solution is the content of Sec. 4.6. Then we focus on Slater determinant (SD) states, which
are the topic of Sec. 4.7. Finally, in Sec. 4.8 we propose a real-world variant of our problem
and of IYmax(ρ) by taking fermionic superselection rules into account.

4.1 Correlations in systems of uncorrelated particles

In Sec. 2.3.3 and 2.3.4 it was explained that many-body systems exhibit two different kinds
of correlations, which are of interest in different kinds of problems: orbital correlations and
particle correlations. The standard example of orbital correlations concerns a lattice on which
many particles hop: given a first measurement involving a certain set A of lattice sites and
a second measurement involving another set B of lattice sites, the possible correlations of
the outcomes of the two measurements are of the “orbital” type. In fact, the subsystems
A and B are sets of lattice sites, which contain orbitals (i.e. one-particle states). Particle
correlations, instead, are those correlations which arise when looking at the particles themselves
as subsystems; correlations of this type have been the focus of Ch. 3.

In order to mark a difference between these two different kinds of correlations, in this Chap-
ter we address the following provocative question: how correlated can a system of uncorrelated
particles be? By that we mean: how much orbital correlation can be found in a many-body
system which exhibits no particle correlations? The following example helps to better under-
stand this question.
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Example: correlations in states of a single particle. Consider a single particle - not
necessarily a fermion - moving in a box. We are interested in an experiment which determines
the position of the particle. Suppose that the state vector of the particle is

∣ψ⟩ = ∣left⟩ + ∣right⟩ , (4.1)

with ∣left⟩ ⊥ ∣right⟩. Two detectors are located in the left and right part of the box and, in
short, measure whether the state vector of the particle is ∣left⟩ or ∣right⟩, respectively. From
a particle picture point of view, the system exhibits no correlations: in fact there is only one
particle, hence only one subsystem. From an orbital picture point of view, instead, the left
and right parts of the box can be regarded as two correlated subsystems: in fact, the outcomes
of the two detectors will be perfectly anticorrelated - if one clicks, the other won’t.

From now on and for the rest of the Chapter, we restrict to fermions. In the orbital picture of
a fermionic system, as explained in Sec. 2.3.3, choosing a splitting S = (V j)Nj=1 of the 1P space
H1 into N orthogonal subspaces fixes a choice of N subsystems via the following decomposition
of the Fock space:

FH1 ≅
N

⊗
j=1
FV j , (4.2)

where the parity SSR caveat must be kept in mind, see Sec. 2.3.3. There are (uncountably)
many splittings of a finite dimensional Hilbert space, as illustrated in Fig. 4.1. While quanti-
fying orbital correlations, the choice of the splitting S clearly has an important role, as shown
by the following example.

Figure 4.1 Representation of two different splittings of a 7-dimensional 1P space relative to the Young
diagram or partition Y = (4,2,1). Blue dots represent modes. Left: splitting relative to the lattice site
basis. Right: splitting relative to the 1P momentum eigenbasis, whose modes are here labelled by a
“scattering” angle θ.

Example: SD states of N fermions and choices of 1P basis. Consider N spinless
fermions hopping on a 1D lattice with d > N lattice sites. The sites carry orthonormal modes
∣j⟩ forming a basis of H1. Suppose that the fermions do not interact and are not subject to
any external potential. Then they are governed by a purely kinetic Hamiltonian whose ground
state is a Slater determinant state. We can write it in second quantization as
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∣GS⟩ = f †
∣k1⟩...f

†
∣kN ⟩∣Ω⟩ . (4.3)

Here f †
∣kj⟩ creates a fermion in ∣kj⟩ ∈ H1, the j-th least energetic 1P momentum eigenstate.

Consider the splitting S = (V j)dj=1 given by V j = span(∣kj⟩). Then ∣GS⟩ has no correlations
with respect to S. In fact, referring to Eq. (4.2), ∣GS⟩ corresponds to

∣1⟩ ⊗ ...⊗ ∣1⟩
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

N times

⊗ ∣0⟩ ⊗ ...⊗ ∣0⟩
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
d−N times

, (4.4)

which is a product state vector of single-mode vectors ∣0/1⟩. But if we instead consider the
splitting S ′ = (V ′j)dj=1 given by V ′j = span(∣j⟩), i.e. we regard each lattice site as a subsystem,
then ∣GS⟩ does exhibit correlations with respect to S ′. This can be seen by rewriting ∣GS⟩
as a linear combination of elements of the occupational number basis relative to the 1P basis
{∣j⟩}dj=1 and embed the ensuing expression in a tensor product space via Eq. (4.2). More
directly, one can simply observe that the occupational number for site j does not take a sharp
value, but the total number does; therefore, the measurement of whether a fermion is in site
j and the measurement of how many fermions are in all sites other than j are two correlated
measurements. For N = 1 and d = 2 this example reduces to the previous example regarding
one particle in a box.

4.2 Maximal orbital correlation

We now specialize to the case of fermions the question of how much orbital correlation can be
contained in a state of fermions with no particle correlations. First, we need to clarify what
it means to ask “how much orbital correlation” a state can contain. This is captured by Def.
16 below, where a measure of maximal orbital correlation is introduced. While this measure
is defined for arbitrary parity-superselected states, in Sec. 4.3 we will restrict to states of
fermions with no particle correlations, namely free states.

Mutual information among subspaces and maximal orbital correlation. The up-
coming Def. 16 of maximal orbital correlation involves a Young diagram Y , i.e. a vector of
positive integers with non-increasing entries such as Y = (4,2,2,1) (see Sec. 2.4.1). The role
of Young diagrams in our problem is the following. Given a 1P space H1 of dimension d and a
Young diagram Y s.t. ∑j Yj = d, in general there exist uncountably many splittings S = (V j)j
(see Eq. (3.3)) which are compatible with Y , meaning that dim(V j) = Yj . For example, in
the spirit of the example above on SD states, two different such splittings can be obtained
by partitioning according to Y an ordered lattice site basis or an ordered basis of momentum
eigenstates. Each splitting identifies a different tensor product structure of FH1 via Eq. (4.2).
To each tensor product structure of FH1 , in turn, corresponds a certain amount of correlations
of a given state ρ on FH1 . We denote this correlation with IS(ρ). More precisely, with IS(ρ)
we indicate the mutual information among the subspaces V j . This quantity was introduced in
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Sec. 2.3.3. It is given by

IS(ρ) = −S(ρ) +
d

∑
j=1

S(ρjS) , (4.5)

where ρjS is the reduced state of ρ relative to V j ∈ S, acting on FV j . We recall that it is sensible

to define the reduced states ρjS whenever ρ is parity-superselected, see Sec. 2.3.2 and [29]. We
propose the maximization of IS(ρ) with respect to splittings S which are compatible with Y
as an answer to the question of how much orbital correlations ρ can contain. The answer then
in general depends on the choice of the Young diagram Y .

Definition 16. Consider a 1P space H1 of dimension d and a Young diagram Y = (Yj)j with
∑j Yj = d. Let ρ be a parity-superselected fermionic state on FH1. We call maximal orbital
correlation of ρ relative to Y the quantity

IYmax(ρ) ∶=max
S

IS(ρ) . (4.6)

Here the maximization is carried out over all splittings S = (V j)j of H1 which are compatible
with Y , i.e. dim(V j) = Yj.

4.2.1 Finest Young diagrams

To better understand Def. 16, in the following theorem we consider a special case of Young
diagrams for which IYmax(ρ) can be computed in a trivial way on all parity-superselected states
ρ. This is the case of finest Young diagrams, Y = (1, ...,1). The proof is an interesting ap-
plication of the Schur-Horn Thm. 6 on the diagonals of Hermitian matrices. We will use this
theorem on the one particle reduced operator γ of ρ (see Sec. 2.3). We anticipate that in light
of our purpose γ will play a more important role than the whole state ρ.

Remark: average number of fermions, 1RDM and filling fraction. Consider a state
ρ on FH1 and a set {f †

i }di=1 of creation operators relative to an arbitrary ON basis of H1. The

average number of fermions in ρ can be written as Tr[ρN] = ∑di=1Tr[ρf
†
i fi] = Tr[γ] = ∑iwi,

where γ is the 1P reduced operator of ρ and wi its eigenvalues. Dividing by the dimension d
of H1 yields the (average) filling fraction,

η = Tr[ρN]
d

= Tr[γ]
d
= ∑

d
i=1wi
d

, (4.7)

where we omit dependence on ρ or on γ. Notice that 0 ≤ η ≤ 1, as a consequence of the Pauli
exclusion principle.

Theorem 15. Consider a 1P space H1 of dimension d and the corresponding finest Young
diagram,

Y = (1, ...,1
´¹¹¹¹¹¸¹¹¹¹¹¶
d times

) . (4.8)

Let ρ be a parity-superselected state on FH1 and η = Tr[ρN]/d the corresponding filling fraction.
Then

IYmax(ρ) = −S(ρ) + d ⋅ h (η) , (4.9)
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where we introduced the particle-hole symmetrized entropic function

h(x) = −x logx − (1 − x) log(1 − x) . (4.10)

Proof. Based on Def. 16, we have to perform a maximization over splittings S. Fix a splitting
S compatible with Y . S is a collection of d orthogonal one-dimensional subspaces V j ⊂ H1,
i.e. a basis defined up to phases. Then

IS(ρ) = −S(ρ) +
d

∑
j=1

S(ρjS) , (4.11)

where ρjS is the reduced state for the one-mode Fock space FV j as defined in [29]. Given that

ρ is superselected with respect to global parity, ρjS can be shown to be superselected with

respect to local one-mode parity. More explicitly, the off-diagonal terms of ρjS with respect to
the particle-hole basis {∣0⟩, ∣1⟩} of FV j vanish:

⟨0∣ρjS ∣1⟩ = Tr[ρ
jf †
j ] = Tr[ρf

†
j ] = 0

⟨1∣ρjS ∣0⟩ = ⟨0∣ρ
j
S ∣1⟩ = 0 , (4.12)

where we defined (up to a phase) an operator f †
j creating a fermion in V j . Referring again to

the particle-hole basis, the two diagonal elements of ρjS are given by the average number of

holes and particles in V j , i.e. 1−njS = Tr[ρfjf
†
j ] and n

j
S = Tr[ρf

†
j fj], respectively. In short, we

get the matrix representation

ρjS → (
1 − njS 0

0 njS
) , (4.13)

and the entropy
S(ρjS) = −n

j
S logn

j
S − (1 − n

j
S) log(1 − n

j
S) = h(n

j
S) . (4.14)

Next, we notice that (njS)dj=1 is the diagonal of the one-particle reduced density matrix (γjk)jk =
(Tr[ρf †

kfj])jk relative to any orthonormal basis {∣j⟩}j of H1 satisfying ∣j⟩ ∈ V j ∀ j. Then we
can write the correlation in Eq. (4.11) as

IS(ρ) = −S(ρ) +
d

∑
j=1

h(njS) , (4.15)

Now we set out to maximize this quantity over the splittings S. The term −S(ρ) does not
depend on S. Regarding the second one, we notice that (njS)j ↦ ∑

d
j=1 h(n

j
S) = H({n

j
S}j) +

H({1 − njS}j) is a Schur-concave function, see Sec. 2.4.1. Also, as the splitting S is varied

the following happens: the set of diagonals {(njS)j}S is exactly the subset Pw ⊂ Rd of vectors
which are majorized by the spectrum w of the 1P reduced density matrix of ρ (Schur-Horn
Thm. 6). In Pw there exists one vector which is majorized by all other elements of Pw, namely
the maximally mixed vector vmm = (η, ..., η). Then, thanks to Schur-concavity of the function
we have to maximize, it is at vmm that the maximal value is achieved:

IYmax(ρ) = −S(ρ) +max
S

d

∑
j=1

h(njS) = −S(ρ) + d ⋅ h (η) . (4.16)
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4.3 Maximal orbital correlation for free states

We now undertake the task of computing IYmax(ρ) for fermionic states ρ with no particle
correlations. In the spirit of Ch. 3, our states with no particle correlations are taken to be
the free states. These states have been introduced in Sec. 2.3.5. They are a generalization of
Slater determinant states to the case of flexible number of particles.

Given a generic Young diagram Y and a generic (parity superselected) state ρ, computing
IYmax(ρ) is cumbersome. No results generalizing Thm. 15 can be easily found. There are two
main obstacles:

• For a given splitting S = (V j)j , computing IS(ρ) requires computing and diagonalizing

the reduced states ρjS on FV j ;

• The maximization over splittings S is not straightforward.

Computing IS of free states. However, if ρ is free, the following lemma allows to overcome
the first obstacle and compute IS(ρ) by only looking at the 1RDM of ρ. For later convenience,
we pack the eigenvalues of Hermitian matrices M in increasingly ordered spectra spec↑(M).

Lemma 7. Consider a free state ρ on FH1 and let γ be its 1P reduced operator on H1. Let
S = (V j)j be a splitting of H1 and call (Πj)j the corresponding complete set of orthogonal
projectors on H1. Set w = spec↑(γ) and

v = spec↑
⎛
⎝∑j

ΠjγΠj
⎞
⎠
. (4.17)

Then
IS(ρ) = −∑

i

h(wi) +∑
i

h(vi) . (4.18)

Proof. We will rewrite Eq. (4.5) term by term, to get Eq. (4.18). We set ρjS = ρj . First we
treat S(ρ); then the terms S(ρj). We refer extensively to the Sec. 2.3.5. Notice that in this
proof ni ∈ {0,1} are eigenvalues of one-mode occupation number operators, and not averages
∈ [0,1]. We follow ideas of I. Peschel and V. Eisler, see [34], and of A. Gottlieb and N. Mauser,
see [14].

To compute the Von Neumann entropy S(ρ) of a free state ρ, we recall the spectral repre-
sentation of free states expressed in Eq. (2.77):

ρ = ∑
(ni)

⎛
⎜⎜
⎝
∏
i

ni=1

wi

⎞
⎟⎟
⎠
⋅
⎛
⎜⎜
⎝
∏
i

ni=0

(1 −wi)
⎞
⎟⎟
⎠
∣(ni)⟩⟨(ni)∣ . (4.19)

This pictures ρ as a convex combination of the orthonormal SD vectors ∣(ni)⟩, with (ni) =
(ni)di=1 ∈ {0,1}d. These SD vectors form an occupational number basis of FH1 relative to a 1P
basis of “natural” orbitals of ρ, i.e. eigenvectors of γ. wi are the eigenvalues of γ. Thereafter,
one could rewrite ρ as a tensor product of fermionic states, see Eq. (2.78), by carefully defining a
fermionic tensor product (on parity-superselected states). However, to avoid intricacies related
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to the anticommutation of fermionic operators, it is more straightforward to work as follows.
We consider a unitary isomorphism U ∶ FH1 → (C2)d mapping

U ∶ ∣(ni)⟩ ↦ eiθ(ni) ∣n1⟩ ⊗ ...⊗ ∣nd⟩ . (4.20)

The phases are specified to remark that there are many possible choices of U . An example is
the Jordan-Wigner transformation. However, U ∣(ni)⟩⟨(ni)∣U−1 is independent on the phases;
and we have

ρ′ = UρU−1 = ∑
(ni)

⎛
⎜⎜
⎝
∏
i

ni=1

wi

⎞
⎟⎟
⎠
⋅
⎛
⎜⎜
⎝
∏
i

ni=0

(1 −wi)
⎞
⎟⎟
⎠
∣n1⟩ ⊗ ...⊗ ∣nd⟩⟨n1∣ ⊗ ...⊗ ⟨nd∣ , (4.21)

where ∣n1⟩ ⊗ ...⊗ ∣nd⟩ is an element of the computational basis for the Hilbert space (C2)d for
d qubits. We can then write

ρ′ =
d

⊗
i=1
(1 −wi 0

0 wi
) , (4.22)

where no more problems concerning fermionic anticommutation need to be taken care of. Using
unitarity of U we can then finally get

S(ρ) = S(ρ′) = Tr [ρ′ ⋅ log(⊗
i

diag(1 −wi,wi))]

= Tr [ρ′ ⋅ ∑
i

I2 ⊗ ...⊗ diag(1 −wi,wi) ⊗ ...⊗ I2]

= ∑
i

Tr [diag(1 −wi,wi) ⋅ log (diag(1 −wi,wi))]

= ∑
i

h(wi) ,

where we used that diag(1 −wi,wi) is the reduced density matrix of ρ′ for the i-th qubit (see
Eq. (2.1)). In particular, notice that the entropy of any free state can be expressed in terms
of the eigenvalues of its 1RDM. This is not surprising, in view of the 1-to-1 correspondence
between free states and their 1RDMs.

Now we compute the (Von Neumann) entropy S(ρj) of the reduced state ρj ∈ B(FV j).
The key ideas are contained in Lemma 1: since ρ is free, ρj is also free; and the 1P reduced
operator γj of ρj is given by γj = Πjγ∣

V j , i.e. it is the restriction (in input and output) of γ to

V j . Then, proceeding as was done for S(ρ), we get

S(ρj) =
dim(V j)
∑
i=1

h(vji ) , (4.23)

where (vji )i is the spectrum of γj . But then summing over the subspaces V j ∈ S yields

∑
j

S(ρj) = ∑
j

dim(V j)
∑
i=1

h(vji ) (4.24)

= ∑
i

h(vi) , (4.25)
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where we packed together the eigenvalues vji (for all possible values of the indeces i, j) in
v = spec↑(∑j ΠjγΠj).

To make Lemma 7 more concrete, we rephrase it in terms of matrices. We first need some
notation. For any given d × d matrix M , we denote with MB the block diagonal compression
of M with respect to the partition of the standard basis of Cd specified by a Young diagram
Y (which is left implicit):

M =
⎛
⎜
⎝

M11 M12 ...

M21 M22 ...

⋮ ⋮ ⋱

⎞
⎟
⎠
→MB =

⎛
⎜
⎝

M11 0 ...

0 M22 ...

⋮ ⋮ ⋱

⎞
⎟
⎠
, (4.26)

where the square block M11 is a Y1 × Y1 matrix, and so on.
Lemma 7 means that one can compute IS(ρ) for a free state ρ following these relatively

simple steps:

1. Consider γ, the 1P reduced operator of ρ. Remember that there is a simple 1-to-1 corre-
spondence between 1RDMs and free states, see Sec. 2.3.5. Write the d × d matrix (γij)
for γ with respect to any (ordered) basis (∣ψi⟩) of H1 which is obtained by juxtaposing
bases of the subspaces V j ∈ S, i.e.

∣ψ1⟩, ..., ∣ψY1⟩
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
basis of V (1)

, ∣ψY1+1⟩, ∣ψY1+2⟩
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

basis of V (2)

, ... (4.27)

Consider the block structure of (γij) relative to Y ; each block then corresponds to a
subspace V j ∈ S

2. compute w = spec↑(γ)

3. consider the block diagonal compression matrix (γij)B and compute v = spec↑ ((γij)B);
this means computing the spectrum of the diagonal blocks of (γij)

4. compute IS(ρ) = −∑i h(wi) +∑i h(vi).

Computing IYmax of free states and the role of the set V Y
w . Thereafter, our goal is

to maximize IS(ρ) over splittings S compatible with a given Young diagram Y , which yields
IYmax(ρ). Based on the discussion above, this maximization can be broken down into two parts.
First, we need to identify what vectors v can be generated from the 1P operator γ of ρ as the
splitting S is varied; this idea is captured by Def. 17. Secondly, we have to maximize ∑i h(vi)
over such vectors v; this is formalized in Cor. 4.

Definition 17. Consider an increasingly ordered vector w = w↑ ∈ [0,1]d, an arbitrary d × d
Hermitian matrix γ with spec↑(γ) = w and a Young diagram Y with ∑j Yj = d. We define

V Y
w ∶= {v ∈ Rd ∣ v = spec↑ ((UγU †)B) for some U ∈ SU(d)} , (4.28)

where the superscript B denotes block diagonal compression relative to Y .
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Corollary 4. Consider a 1P space H1 of dimension d and a Young diagram Y s.t. ∑j Yj = d.
Let ρ be a free state on FH1 and let γ be its 1P reduced operator on H1. Set w = spec↑(γ).
Then

IYmax(ρ) = −∑
i

h(wi) +max
v∈V Y

w

∑
i

h(vi) . (4.29)

Proof. Use Lemma 7 and the following discussion.

Remark: history of V Y
w . The set V Y

w is the aim of the study in [41] (see Def. 10). Our
notation and that in [41] differ in that we increasingly order the components of the vectors v.
This will be convenient when addressing majorization relations.

Remark: meaning of the vector w. In the definition above, γ should be thought of as the
1RDM of some free state ρ; and the elements of V Y

w as the vectors v which can be generated
from γ in the sense of Lemma 7. Notice that while the matrix γ appears in the definition
of V Y

w , the ensuing V Y
w depends only on the spectrum w of γ, because the “unitary orbit”

{UγU †}U∈SU(d) does - it is the set of Hermitian matrices with spectrum w. Indeed, from now
on only the spectrum w of 1P reduced operators γ will be relevant, and not the whole γ.

Remark: from splittings to unitaries. Notice that in Lemma 7 and in the following
discussion we were referring to splittings S. No apparent reference to such splittings is made
in Def. 17, though, where instead unitary transformations are considered. This choice is
simply due to notational convenience. Indeed splittings and unitaries are closely related: given
a splitting S = (V j)j of H1 and a unitary U on H1, S ′ = (U(V j))

j
defines a new splitting.

Based on this, one can check that for any γ with spectrum w

V Y
w
✓=
⎧⎪⎪⎨⎪⎪⎩

vectors v generated from γ according to Lemma 7

for all splittings S compatible with Y

⎫⎪⎪⎬⎪⎪⎭
.

Def. 17 and Cor. 4 show that our initial physical problem of studying and maximizing orbital
correlations in fermionic free states boils down to a self-contained mathematical problem. We
now set out to characterize the sets V Y

w for various Young diagrams Y and 1RDM spectra w;
and to perform the maximization in Eq. (4.29).

4.3.1 Maximally mixed spectra and fundamental bounds on IYmax(ρ)

The following Thm. 16 contains some basic bounds on IYmax(ρ) for any dimension d of the
1P space, Young diagram Y and free state ρ. To state the theorem, we first need a simple
necessary condition for a vector v ∈ Rd to be an element of V Y

w for given w and Y .

Lemma 8. Fix w = w↑ ∈ [0,1]d, a Young diagram Y with ∑j Yj = d and v ∈ V Y
w . Then w

majorizes v, w ≻ v. In particular ∑i vi = ∑iwi, and w1 ≤ vi ≤ wd for i = 1, ..., d.

Proof. By definition of V Y
w , there exists a hermitian matrix γ s.t. spec↑(γ) = w and spec↑(γB) =

v, where γB is the block-diagonal compression of γ relative to the standard basis of Cd and to
the given Young diagram Y . Via a suitable block-diagonal unitary U , we can build γ′ = UγU †

s.t. the diagonal blocks of γ′ are diagonal; in other words, γ′B is diagonal. We have spec↑(γ′) =
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w and spec(γ′B) = v. Also, v is the diagonal of γ′ up to a permutation of components. Then
by the Schur-Horn Theorem v ≺ w.

Theorem 16. Consider H1, d, Y, ρ, γ and w as in Cor. 4. Denote the filling fraction of ρ with

η = Tr(γ)
d . Then

(i) IYmax(ρ) satisfies the following fundamental bounds:

0 ≤ IYmax(ρ) ≤ −∑
i

h(wi) + d ⋅ h(η) ; (4.30)

(ii) the upper bound above is saturated, i.e. IYmax(ρ) = −∑i h(wi) + d ⋅ h(η), if and only if V Y
w

contains the maximally mixed vector (η, ..., η).

Proof. (i) IYmax(ρ) is non-negative because it is defined as the maximum of non-negative num-
bers. An explicit check based on Eq. (4.29) is instructive, though. Given v ∈ V Y

w , by Lemma
8 we get v ≺ w. Using Schur-concavity of [0,1]d ∋ u ↦ ∑i h(ui), we get ∑i h(wi) ≤ ∑i h(vi).
Similarly, the upper bound on IYmax(ρ) follows from (η, ..., η) ≺ v.

(ii) This result follows again from Schur-concavity of u ↦ ∑i h(ui). “If” direction: if the
maximally mixed vector (η, ..., η) is in V Y

w then it is the point of V Y
w at which the maxi-

mum value of ∑i h(vi) is attained. “Only if” direction: follows from strict concavity of h
on [0,1]. The thorough argument is a standard one and is based on the following idea. If
u = (u1, u2, u3, ...) ∈ [0,1]d satisfies u1 ≠ u2, then u′ = (u∗, u∗, u3, ...) with u∗ = (u1 + u2)/2
satisfies the strict inequality ∑i h(u′i) > ∑i h(ui). In words, mixing components of a vector
strictly increases the sum of h values.

4.3.2 Young diagrams related by refinement

Consider a spectrum w of the 1RDM of a free state ρ, and two different Young diagrams Y
and Y ′. How are V Y

w and V Y ′
w related? And is there any bound between IYw (ρ) and IY

′
w (ρ)?

The general answer is no; but if Y ′ is a refinement of Y then the answer is yes, as stated in
the following theorem. For refinement of Young diagrams, see Sec. 2.4.1.

Theorem 17. Consider H1, d, ρ, γ and w as in Cor. 4. Let Y,Y ′ be two Young diagrams s.t.

∑j Yj = ∑j Y ′j = d and suppose Y ′ is a refinement of Y . Then

V Y
w ⊆ V Y ′

w . (4.31)

As a consequence, maximal orbital correlation of ρ relative to the more refined Young diagram
is greater:

IYmax(ρ) ≤ IY
′

max(ρ) . (4.32)

Proof. We prove the inclusion relation (4.31). Pick v ∈ V Y
w . Then there exists a Hermitian

matrix γ s.t. w = spec↑(γ) and v = spec↑(γB), where γB is the block diagonal compression
of γ relative to Y ; plus, as explained in the proof of Lemma 8, γ can be chosen such that
its diagonal blocks relative to Y are diagonal. Thanks to the refinement assumption, one can
then use a suitable permutation of the elements of the standard basis of Cd to rearrange rows
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and columns of γ into a new matrix γ′ such that the diagonal blocks of γ′ relative to Y ′ are
diagonal. Since w = spec↑(γ′), we get v = spec↑(γ′B′) ∈ V Y ′

w , where the superscript B′ denotes
block diagonal compression relative to Y ′. This proves the inclusion relation (4.31). Eq. (4.32)
follows immediately: in fact, the maximization procedures entailed in IYmax(ρ) and IY

′
max(ρ) are

carried over sets which obey an inclusion relation, in view of Cor. 4.

The idea behind the proof above is much easier to visualize than to explain. Consider Y = (3,2)
and Y ′ = (2,2,1). Y ′ is a refinement of Y , because Y1 = Y ′2 +Y ′3 and Y2 = Y ′1 . Now pick v ∈ V Y

w .
Then, up to possibly permute the entries of v, there exists a matrix γ with spec↑(γ) = w of the
form

γ =

⎛
⎜⎜⎜⎜⎜⎜
⎝

v1 0 0 ∗ ∗
0 v2 0 ∗ ∗
0 0 v3 ∗ ∗
∗ ∗ ∗ v4 0
∗ ∗ ∗ 0 v5

.

⎞
⎟⎟⎟⎟⎟⎟
⎠

(4.33)

Permuting rows and columns of γ yields

γ′ =

⎛
⎜⎜⎜⎜⎜⎜
⎝

v4 0 ∗ ∗ ∗
0 v5 ∗ ∗ ∗
∗ ∗ v1 0 0
∗ ∗ 0 v2 0

∗ ∗ 0 0 v3

.

⎞
⎟⎟⎟⎟⎟⎟
⎠

(4.34)

This matrix γ′ has spectrum w, and its block diagonal compression γ′B
′
relative to Y ′ has

spectrum spec↑(γ′B′) = v. Hence v ∈ V Y ′
w .

4.3.3 Related questions

Our main goal is to perform an optimization to get formulas for the maximal orbital correlation
IYmax. However, there are some physically interesting side questions which we will at times
address, too: here are some examples.

• For what free states and Young diagrams is the upper bound in Eq. (4.30) achieved?
Equivalently, for which Y and 1RDM spectra w does V Y

w contain the maximally mixed
vector (η, .., η), with η = ∑iwi/d? Thm. 15 says that this happens for finest Young
diagrams Y = (1, ...,1) and any free state/for any 1RDM spectrum w; but we will soon
see that this does not always happen for more complicated Young diagrams.

• What is the whole range of correlations IS(ρ) can take, for a given free state ρ and all
possible splittings S compatible with a given a Young diagram Y ? As opposed to the
computation of IYmax(ρ), answering this question would require full knowledge of the set
V Y
w relative to the spectrum w of the 1RDM of ρ.

• Consider Slater determinant states as a special case of free states. Then the correspond-
ing 1RDMs are idempotent, i.e. they have a spectrum w = (0, ...,0,1, ...,1). Does this
particularly simple form of w simplify the complexity of describing V Y

w and/or computing
IYmax values? This will be the topic of Sec. 4.7
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4.4 Examples

We now see two simple examples where the set V Y
w introduced in Def. 17 can be easily

characterized, and the optimization defining IYmax(ρ) can be performed for free states ρ by
means of Cor. 4. We aim to compute formulas for IYmax(ρ) in terms of the spectrum w =
spec↑(γ) of the 1P reduced operator γ of ρ.

4.4.1 Revisiting the case of finest Young diagrams

For arbitrary dimension d of the 1P space H1, we consider again the finest Young diagram
Y = (1, ...,1). We have already computed IYmax(ρ) in Thm. 15 not only for free states, but
also for a generic parity-superselected state ρ. To let the new machinery introduced in Sec.
4.3 soak in, we revisit the steps of the proof of that theorem, restricting to the case where ρ is
free.

1. We need to compute the number IYmax(ρ). As in Cor. 4, we rewrite this number in terms
of the spectrum w of the 1P reduced operator of ρ:

IYmax(ρ) = −∑
i

h(wi) +max
v∈V Y

w

∑
i

h(vi) . (4.35)

2. We characterize V Y
w . Consider Eq. (17): in the present case the entries of Y are all

equal to 1; therefore the vector spec↑(UγU †) is simply the (ordered) diagonal of UγU †.
Viewing {UγU †}U∈SU(d) as the set of all Hermitian matrices with spectrum w, we can
use the Schur-Horn Theorem and conclude that

V Y
w = {v ∈ Rd ∣ v1 ≤ ... ≤ vd , v ≺ w} . (4.36)

3. In particular, vmm = (η, ..., η) ∈ V Y
w , with η = ∑iwi/d, the filling fraction. Since vmm ≺ v

∀ v ∈ V Y
w , the Schur-concave function v ↦ ∑i h(vi) is maximized at vmm (see Thm. 16).

We then have
IYmax(ρ) = −∑

i

h(wi) + d ⋅ h(η) . (4.37)

This result is the same as Eq. (4.9), in view of S(ρ) = ∑i h(wi), which holds because ρ
is free.

4.4.2 d = 3, Y = (2,1)

We consider a 1P space H1 of dimension d = 3, and the Young diagram Y = (2,1); this is the
simplest scenario beyond finest Young diagrams. Here w ∈ [0,1]3 is the increasingly ordered
spectrum of a hermitian matrix γ, which is the 1RDM of an underlying free state ρ.

We first characterize the set V Y
w . This set is made of block spectra v = spec↑(γ′B) obtained

from all possible 3 × 3 Hermitian matrices γ′ = UγU † with spectrum w. The block structure
we refer to is given by the Young diagram Y :

γ′ → γ′B =
⎛
⎜
⎝

γ′11 γ′12 0
γ′21 γ′22 0

0 0 γ′33

⎞
⎟
⎠
. (4.38)
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ṽ1

ṽ2

w1 w2 w3

w1

w2

w3

Ṽ Y
w

ṽbest

Figure 4.2 The set Ṽ Y
w . The two points colored in red, ṽbest and its mirrored version, correspond to

the vector vYbest(w) ∈ V Y
w which is majorized by any other v ∈ V Y

w .

The spectrum v = spec↑(γ′B) contains the eigenvalues ṽ1, ṽ2 of the first 2 × 2 block γ′1∶2, and
the element γ′33. We can parametrize all such vectors v ∈ V Y

w with ṽ1, ṽ2 only: in fact γ′33 is
then fixed by a trace constraint, namely ṽ1 + ṽ2 + γ′33 = t, where t is the trace ∑iwi. Notice
that this parametrization is redundant in view of the ordering of V Y

w elements, i.e. to a given
v ∈ V Y

w may correspond more than one couple (ṽ1, ṽ2). This redundancy will anyway play no
role in our tasks.

The problem of characterizing V Y
w is then recast as the problem of characterizing the two-

dimensional set

Ṽ Y
w = {(ṽ1, ṽ2) ∈ R2 ∣ ∃γ′ = γ′† satisfying spec↑(γ′) = w and {ṽ1, ṽ2} = spec(γ′1∶2)} . (4.39)

The Cauchy interlacing Thm. 7 shows that points (ṽ1, ṽ2) in Ṽ Y
w with ṽ1 ≤ ṽ2 form the rectangle

in the (ṽ1, ṽ2)-plane given by these four interlacing inequalities:

w1 ≤ ṽ1 ≤ w2

w2 ≤ ṽ2 ≤ w3 . (4.40)

The case ṽ1 ≥ ṽ2 is described by the same inequalities with ṽ1, ṽ2 switched. We illustrate Ṽ Y
w

in Fig. 4.2.

Next, we need to maximize ∑i h(vi) over v ∈ V Y
w . One could follow a direct approach and

maximize h(ṽ1) + h(ṽ2) + h(t− ṽ1 − ṽ2) over (ṽ1, ṽ2) ∈ Ṽ Y
w , where the trace constraint has been

used. However, we work with a more general method, which results in the following theorem.
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Theorem 18. Consider a free state ρ whose 1P reduced operator has spectrum w = w↑ ∈ [0,1]d.
Consider the candidate maximizer vector

vYbest(w) = (
w1 +w3

2
,
w1 +w3

2
,w2)

↑
. (4.41)

Then
vYbest(w) ∈ V Y

w , (4.42)

and the following majorization relation holds ∀ v ∈ V Y
w :

vYbest(w) ≺ v . (4.43)

In follows that

IYmax(ρ) = −
3

∑
i=1
h(wi) + 2h(

w1 +w3

2
) + h(w2) . (4.44)

Proof. To prove the inclusion (4.42), we exhibit a Hermitian matrix γ′ with spectrum w s.t.
spec(γ′1∶2) = {w1+w3

2 ,w2}. Here are γ′ and its block diagonal compression:

γ′ =
⎛
⎜
⎝

w2 0 0
0 w1+w3

2
w1−w3

2
0 w1−w3

2
w1+w3

2

⎞
⎟
⎠
→ γ′B =

⎛
⎜
⎝

w2 0 0
0 w1+w3

2 0

0 0 w1+w3

2

⎞
⎟
⎠
. (4.45)

What’s the idea behind this matrix? Denoting the standard unit vectors with ∣i⟩, the matrix
γ′ has the spectral representation

γ′ = w2∣1⟩⟨1∣ +w1∣+⟩⟨+∣ +w3∣−⟩⟨−∣ , (4.46)

where the eigenvectors ∣±⟩ = 1√
2
(∣2⟩ ± ∣3⟩) are chosen to be maximally mixed or maximally

unbiased superpositions of ∣2⟩ and ∣3⟩. By that we refer to the fact that all components of ∣+⟩
and ∣−⟩ have the same magnitude, ∣⟨2∣+⟩∣ = ∣⟨3∣+⟩∣ = ∣⟨2∣−⟩∣ = ∣⟨3∣−⟩∣. The result of this choice
is that the matrix elements γ′22 and γ′33 are the same, which is good news in the context of
maximizing a Schur-concave function. An equivalent way to explain the construction of γ′ is
to picture it as γ′ Udiag(w2,w1,w3)U †, where U is the unitary fixing ∣1⟩ and performing a
Hadamard gate (or Fourier transform) H on ∣2⟩ and ∣3⟩:

U =
⎛
⎜⎜
⎝

1 0 0

0 1√
2

1√
2

0 1√
2
− 1√

2

⎞
⎟⎟
⎠
. (4.47)

Next we prove the majorization relation (4.43). Pick v ∈ V Y
w . First off, we may assume

without loss of generality that
w1 +w3

2
≤ w2 . (4.48)
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In fact, if w1+w3

2 > w2, one can set 1 = (1,1,1) and consider w′ = (1 − w)↑, which does satisfy
w′1+w′3

2 < w′2, and v′ = (1 − v)↑; rewrite the interlacing inequalities in terms of w′ and v′, which

show v′ ∈ V Y
w′ ; and observe that vYbest(w) ≺ v ⇔ 1 − vYbest(w)

!= vYbest(w′) ≺ v′. Under the
assumption of Eq. (4.48), the increasingly ordered candidate maximizer vector is given by

vYbest(w) = (
w1 +w3

2
,
w1 +w3

2
,w2) . (4.49)

We are now in the position to rewrite the relation (4.43) using Def. 8 of majorization:

w2 ≤ v3 (4.50)
w1 +w3

2
+w2 ≤ v2 + v3⇔

w1 +w3

2
≥ v1 . (4.51)

To prove them, we notice that two of the three entries of v must interlace the spectrum w (see
Eq. (4.40)). As a consequence, the highest component v3 satisfies the first inequality (4.50).
The second inequality (4.51) follows from the first one: we get

v1 + v2 ≤ w1 +w3

⇒ v1 ≤
v1 + v2

2
≤ w1 +w3

2
, (4.52)

so indeed vYbest(w) ≺ v.
Finally, we prove Eq. (4.44). A key ingredient is the Schur-concavity of v ↦ ∑i h(vi), which

yields

max
v∈V Y

w

3

∑
i=1
h(vi) =

3

∑
i=1
h(vYbest,i) . (4.53)

This equation can be plugged into Cor. 4, yielding Eq. (4.44).

Comparing different Young diagrams. For given w, it is instructive to compare V Y
w with

the set V Y ′
w , with Y ′ = (1,1,1). According to Thm. 17, we have V Y

w ⊆ V Y ′
w . Analogous to the

set Ṽ Y
w , we introduce

Ṽ Y ′
w = {(ṽ1, ṽ2) ∈ R2 ∣ ∃γ′ = γ′† satisfying spec↑(γ′) = w, ṽ1 = γ′11, ṽ2 = γ′22} . (4.54)

Vectors (ṽ1, ṽ2) ∈ Ṽ Y ′
w (redundantly) parametrize vectors v ∈ V Y ′

w via (ṽ1, ṽ2) ↦ (ṽ1, ṽ2, t − ṽ1 −
ṽ2)↑, with t = ∑iwi. Viceversa, vectors (ṽ1, ṽ2) ∈ Ṽ Y ′

w are obtained by “deleting” the last
component of the diagonal diag(γ′) of a matrix γ′ with spectrum w. Call Dw the set of such
diagonals (which is the same as V Y ′

w , up to ordering entries): then Ṽ Y ′
w ⊂ R2 is the projection

of Dw ⊂ R3 onto the plane spanned by the two first (or any other two) cartesian axes. Now,
the Schur-Horn Thm. 6 characterizes Dw as the set of vectors v which are majorized by w.
As stated in Thm. 5, Dw is then the permutohedron of w, i.e. the convex polytope whose six
vertices are obtained by permuting components of w. But then Ṽ Y ′

w is the convex polytope
with vertices (w1,w2), (w1,w3), (w2,w3), (w2,w1), (w3,w1), (w3,w2). In contrast with Ṽ Y

w , the
set Ṽ Y ′

w contains the (projection of) the maximally mixed vector, ṽmm = (η, η), with η = t/3.
We illustrate Ṽ Y ′

w along with Ṽ Y
w in Fig. 4.3.
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ṽ1

ṽ2

w1 w2 w3

w1

w2

w3

Ṽ Y
w

η

η

Ṽ Y ′
w

ṽmm

Figure 4.3 Ṽ Y
w (red) as a subset of Ṽ Y ′

w (blue) - compare with Fig. 4.2. The point ṽmm = (η, η), in
blue, corresponds to the maximally mixed vector (η, η, η) ∈ V Y ′

w .

4.5 Methods and results

Following the examples presented in the previous Section, we now consider various dimensions
d of the 1P space H1, Young diagrams Y , and spectra w of the 1RDM of the underlying free
state ρ. We aim to characterize the set V Y

w and compute IYmax(ρ). We first summarize the
main numerical and analytical methods used, and anticipate results.

4.5.1 Numerical methods

Sampling unitaries. For given d, Y and w, we propose an approach towards random “global”
numerical sampling of the set V Y

w . Such sampling can be carried out by coding and iterate the
following steps, which output a random element of V Y

w , based on Def. 17.

1. Pick a random d × d unitary matrix U (using the Haar probability measure).

2. Build the matrix γ = Udiag(w)U †.

3. With reference to the block diagonal structure introduced in Eq. (4.26) and relative to
the assigned Young diagram Y , extract the relevant diagonal blocks and compute their
eigenvalues numerically. This means computing the eigenvalues of γB.

4. Ordering all such eigenvalues yields v = spec↑(γB), which is an element of V Y
w .

5. Compute the value ∑di=1 h(vi), which is the quantity to be optimized over v ∈ V Y
w .

If one repeats the steps above for a sufficiently large number of iterations, one gets a dataset
of elements v of V Y

w , with which hypothesized properties of V Y
w can be tested. Also, keeping

track of the values ∑di=1 h(vi) for sufficiently many points v ∈ V Y
w allows to get lower bounds for
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IYmax(ρ) = −∑i h(wi) +maxv∈V Y
w
∑i h(vi). In principle, these bounds can be made arbitrarily

tight by sampling for longer and longer times.
To enhance the quality of the numerical approximation of IYmax(ρ), we complemented the

global sampling of V Y
w sketched above with some “local” sampling. In detail, while carrying

out the global sampling described above for a sufficiently long number of iterations, one can
keep track of, say, the best 100 elements v(1), ..., v(100) ∈ V Y

w , i.e. the 100 sampled elements

v(k) for which ∑di=1 h(v
(k)
i ) is highest. To each v(k) corresponds a certain unitary matrix U (k).

Then for every i = 1, ...,100 we can sample more unitary matrices which are close to U (k),
rather than keep sampling randomly from SU(d). This local sampling allows to efficiently

“update” v(k) → v′(k) in a way such that ∑di=1 h(v
′(k)
i ) ≥ ∑di=1 h(v

(k)
i ). This results in a more

accurate estimate of IYmax(ρ). For this local sampling we chose to use a random walk method.

A backward-engineering approach. Another numerical method which provided helpful
insight is the following backward engineering idea. For given d and Y , rather then fixing a
1RDM spectrum w and sampling various elements v ∈ V Y

w , one can also fix v and sample
various spectra w s.t. v ∈ V Y

w . For example, this proved very useful in the inspection of the
so-called identity regimes (see Sec. 4.6.2). The algorithm implementing this idea consists of
the following steps, where v is a fixed vector. (Notice that we will here only deal with matrices
whose diagonal blocks are diagonal: see the proof of Lemma 8 and the role of block diagonal
unitaries).

1. Define a d × d matrix γ.

2. Fill the diagonal of γ with the entries of v (for example by setting γii ∶= vPi where P is
a prescribed permutation).

3. Consider the diagonal blocks of γ relative to Y (see Eq. (4.26)). Set all off-diagonal
elements of such diagonal blocks equal to 0. This ensures v is the spectrum of γB.

4. Fill all off-diagonal blocks of γ with random complex numbers, under the constraint
γij = γji.

5. Compute the spectrum w of γ.

6. If wi ∈ [0,1] for i = 1, ..., d, keep w; otherwise discard w and start over from step 1.

We implemented the algorithms sketched above in Python, using Quiskit libraries. All of
these numerical methods helped to conjecture properties of V Y

w and formulas for IYmax(ρ) (as
a function of the spectrum w of ρ’s 1RDM). Conjectures were then proven analytically with
the methods explained in the next paragraph.

4.5.2 Analytical methods

The examples presented in Sec. 4.4 already display some of the main analytical techniques and
ideas which we shall use to prove properties on the set V Y

w and derive formulas for IYmax(ρ) in
terms of ρ’s 1RDM spectrum w (for various d, Y and w). Here is a complete list of the tools
we will deploy.
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• The concepts of majorization and of Schur-concavity (of the function to be maximized);
see Sec. 2.4.1.

• The Schur-Horn Thm. 6, characterizing all possible diagonals of Hermitian matrices with
given spectrum in terms of majorization.

• The (Cauchy) interlacing inequalities, see Thm. 7, regarding eigenvalues of principal
submatrices of Hermitian matrices.

• A characterization of V Y
w of C. K. Li and Y. T. Poon, obtained by generalizing the

previous two theorems, see [41] (Theorem 2.2). Li and Poon’s result is briefly discussed
in Sec. 2.4.2.

• Relations among different Young diagrams, such as inclusion (e.g. of Y = (3,1) in Y ′ =
(7,3,1)) and refinement (see Sec. 4.3.2).

• Particle-hole symmetry of the problem. This vague phrase refers to the following fact:
if a state ρ ∈ FH1 is given, and a new state ρ′ is constructed from ρ by exchanging the
role of fermions and the role of “holes”, then this does not affect orbital correlations.
That is, IS(ρ) = IS(ρ′) for every splitting S. A concrete instance of this general idea is
the symmetry property h(x) = h(1 − x) ∀x ∈ [0,1], which allows to treat a given 1RDM
spectrum w = (wi)i ∈ [0,1]d by looking at the spectrum (1 −wi)i.

4.5.3 Results

In the remainder of this Chapter we will analyze various cases and facets of our problem. We
anticipate our findings.

1. Up to d = 5, for any fixed Young diagram Y , we exhibit a vector vYbest(w) ∈ V Y
w s.t.

vYbest(w) ≺ v ∀ v ∈ V Y
w , for all 1RDM spectra w. This fact already played a major role

in the examples in Sec. 4.4. It means that the maximizer in V Y
w of the Schur-concave

function v ↦ ∑i h(vi) is always a vector vYbest(w) which is majorized by any other vector
in V Y

w , up to d = 5. Furthermore, simple formulas are systematically found for the entries
of vYbest(w): each entry vYbest,i(w) is an average of a subset of the entries of w.

2. Knowing analytically the maximizer vYbest(w) ∈ V Y
w one can compute IYmax(ρ) for any free

state ρ with 1RDM spectrum w.

3. For arbitrary d and Y = (1, ...,1), in Sec. 4.4.1 it was shown that the Schur-Horn theorem
provides a simple characterization of V Y

w , ∀w, and that vYbest(w) is the maximally mixed
vector.

4. In Sec. 4.6.1, we explain how the full solution for Y = (2,1) can be extended to Young
diagrams Y = (d − 1,1) for arbitrary d.

5. In Sec. 4.6.2 and 4.6.3, we consider one by one all Young diagrams for d = 4 and d = 5
and find formulas for vYbest(w). These are summarized in the tables below, Tab. 4.1 4.2
4.3.
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6. In doing so, starting from the case d = 4, Y = (2,1,1) we observe and discuss the
emergence of regimes, namely cases where the form of the maximizer vYbest(w) ∈ V Y

w

depends on w.

7. Finally in Sec. 4.7 we consider the special case of those free states ρ which are in particular
SD states. These have “idempotent” 1RDMs, which means considering spectra w with
wi ∈ {0,1}. We see that this simplifies the discussion and allows to find some interesting
patterns, which could indicate the path towards a general solution of our problem, valid
for all d and Y .

The following tables display formulas for vYbest(w) for all cases with d ≤ 5. Proofs of these
formulas will be sketched in the following Sections. Each table corresponds to a different value
of the dimension d of the underlying 1P space. In each table, the first column specifies the
Young diagram. In the second column we specify the regime, which is a region in the space
[0,1]d of w’s. The boundaries of these regions are described via linear inequalities featuring
the components of w. One should think of this w-space as a phase diagram which is partitioned
in n regimes (for example, for Y = (2,1,1) we have three regimes). To vectors w,w′ belonging
to different regimes correspond different functional forms of vYbest(w) and vYbest(w′). The third
column contains precisely the formula for vYbest(w) relative to the specified Young diagram Y
and regime. The regimes happen to be almost always discriminated by the position of the
filling fraction η = ∑iwi/d with respect to (averages of) the single entries wi.

Table 4.1 Formulas for vYbest(w) for all Young diagrams in d = 3. Here η = ∑iwi/3.

d= 3

Y Regimes vYbest(w)
(2,1) w1 ≤ η ≤ w3 (w1+w3

2 , w1+w3

2 ,w2)↑

(1,1,1) w1 ≤ η ≤ w3 (η, η, η)

Table 4.2 Formulas for vYbest(w) for all Young diagrams in d = 4. For Y = (2,1,1) we notice the
emergence of regimes. Here η = ∑iwi/4.

d= 4

Y Regimes vYbest(w)
(3,1) w1 ≤ η ≤ w4 (w1+w4

2 , w1+w4

2 ,w2,w3)↑

(2,2) w1 ≤ η ≤ w4 (w1+w4

2 , w1+w4

2 , w2+w3

2 , w2+w3

2 )↑

(2,1,1) w1 ≤ η ≤ w2 (w1+w3+w4

3 , w1+w3+w4

3 , w1+w3+w4

3 ,w2)
w2 ≤ η ≤ w3 (η, η, η, η)
w3 ≤ η ≤ w4 (w3,

w1+w2+w4

3 , w1+w2+w4

3 , w1+w2+w4

3 )
(1,1,1,1) w1 ≤ η ≤ w4 (η, η, η, η)
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Table 4.3 Formulas for vYbest(w) for all Young diagrams in d = 5. Asterisks in the position of vYbest(w)
entries mean “same as previous entry”. η = ∑iwi/5 is the filling fraction.

d= 5

Y Regimes vYbest(w)
(4,1) w1 ≤ η ≤ w5 (w1+w5

2 , w1+w5

2 ,w2,w3,w4)↑

(3,2) w1 ≤ η ≤ w5 (w1+w5

2 , w1+w5

2 , w2+w4

2 , w2+w4

2 ,w3)↑

(3,1,1) w1 ≤ w1+w2+w4+w5

4 ≤ w2 (w1+w4+w5

3 , w1+w4+w5

3 , w1+w4+w5

3 ,w2,w3)
w2 ≤ w1+w2+w4+w5

4 ≤ w4 (w1+w2+w4+w5

4 ,∗,∗,∗,w3)↑

w4 ≤ w1+w2+w4+w5

4 ≤ w5 (w3,w4,
w1+w2+w5

3 , w1+w2+w5

3 , w1+w2+w5

3 )
(2,2,1) w1 ≤ η ≤ w2+w3

2 (w1+w4+w5

3 , w1+w4+w5

3 , w1+w4+w5

3 , w2+w3

2 , w2+w3

2 )
w2+w3

2 ≤ η ≤ w1+w4

2 (w1+w4

2 , w1+w4

2 , w2+w3+w5

3 , w2+w3+w5

3 , w2+w3+w5

3 )↑
w1+w4

2 , w2+w3

2 ≤ η ≤ w2+w5

2 , w3+w4

2 (η, η, η, η, η)
w2+w5

2 ≤ η ≤ w3+w4

2 (w2+w5

2 , w2+w5

2 , w1+w3+w4

3 , w1+w3+w4

3 , w1+w3+w4

3 )↑
w3+w4

2 ≤ η ≤ w5 (w3+w4

2 , w3+w4

2 , w1+w2+w5

3 , w1+w2+w5

3 , w1+w2+w5

3 )
(2,1,1,1) w1 ≤ η ≤ w2 (w1+w3+w4+w5

4 ,∗,∗,∗,w2)
w2 ≤ η ≤ w4 (η, η, η, η, η)
w4 ≤ η ≤ w5 (w4,

w1+w2+w3+w5

4 ,∗,∗,∗)
(1,1,1,1,1) w1 ≤ η ≤ w5 (η, η, η, η, η)

4.6 Solutions

We now present the solutions to the problem of computing IYmax(ρ) for various dimensions d
of the underlying 1P space, Young diagrams Y and free states ρ. The starting point is Cor.
4. All of the proofs follow a fixed procedure, which was already put into play in Sec. 4.4. For
given Y and a free state ρ with 1RDM spectrum w, here are the three steps to carry out:

1. partially or completely characterize the set V Y
w ;

2. exhibit simple formulas (see Tab. 4.1, 4.2 and 4.3) for the components of a vector
vYbest(w) ∈ V Y

w which is majorized by any other vector v ∈ V Y
w ;

3. readily compute the maximization over V Y
w entailed in IYmax(ρ) leveraging Schur-concavity

of the relevant target function, which implies that vYbest(w) is the sought-after maximizer:

IYmax(ρ) = −∑
i

h(wi) +∑
i

h(vYbest,i(w)) . (4.55)

Specific realizations of the procedure above vary from case to case. For example, the charac-
terization of V Y

w is obtained with different tools (see Sec. 4.5) for different Y and w. For some
choices of Y and w, this requires a lot of elbow grease, but no particularly involved reasoning.
We will sketch which tools are needed in which proof. Systematically displaying full derivations
is out of the scope of this work.
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4.6.1 Solution for Young diagrams (d − 1,1)

In Sec. 4.4.2, we solved the case d = 3 and Y = (2,1). We obtained a complete characterization
of V Y

w in terms of interlacing inequalities, see Thm. 7. From that we found that

vYbest(w) = (
w1 +w3

2
,
w1 +w3

2
,w2)

↑
(4.56)

satisfies vYbest(w) ≺ v∀ v ∈ V Y
w . For a free state ρ with 1RDM spectrum w, its maximal orbital

correlation was then given by Eq. 4.55.
Generalizing this argument to the case of an arbitrary dimension d and Young diagram

Y = (d − 1,1) yields the following theorem.

Theorem 19. Pick 2 ≤ d ∈ N and set Y = (d − 1,1). Pick an increasingly ordered spectrum
w = w↑ ∈ [0,1]d. Consider

vYbest(w) = (
w1 +wd

2
,
w1 +wd

2
,w2, ...,wd−1)

↑
. (4.57)

Then vYbest(w) ∈ V Y
w , and vYbest(w) ≺ v∀ v ∈ V Y

w .

For a free state ρ with 1RDM spectrum w, IYmax(ρ) can then be computed with Eq. (4.55).

The proof is a generalization of that of Thm. 18. Here are the key passages.

• One fully characterizes V Y
w via interlacing inequalities.

• The relation vYbest(w) ∈ V Y
w is readily proven by building a matrix with spectrum w whose

upper-left (d−1)×(d−1) principal submatrix is diag(w1+wd

2 ,w2, ...,wd−1). This is achieved
following the ideas behind Eq. (4.45), (4.46), and (4.47).

• Finally one carefully checks the majorization inequalities, see Def. 8, involved in the
relation vYbest(w) ≺ v. A case-by-case check is needed, the delicate point being which is
the index 1 ≤ ĩ ≤ d satisfying wĩ ≤

w1+wd

2 ≤ wĩ+1.

4.6.2 Solutions for d = 4

The results presented in the present paragraph are concerned with the Young diagrams relative
to a dimension d = 4 of the underlying 1P space, and are summarized in Tab. 4.2. The cases
of Young diagrams (3,1) and (1,1,1,1) have already been addressed.

Young diagram Y = (2,2): beyond interlacing inequalities. Consider d = 4 and Y =
(2,2). This is the first case we study where Yj > 1 ∀ j. This is one of the reasons behind
the following fact: for a given 1RDM spectrum w, inequalities of the interlacing type are not
sufficient to fully characterize V Y

w . Instead, V Y
w is characterized via the following lemma.

Lemma 9. Consider an increasingly ordered spectrum w = w↑ ∈ Rd (with no further constraints
on the entries wi). Then there exists a 4×4 Hermitian matrix γ with spectrum w s.t. (γjk)j,k=1,2
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has eigenvalues v
(1)
1 ≤ v(1)2 and (γjk)j,k=3,4 has eigenvalues v

(2)
1 ≤ v(2)2 if and only if the trace

condition is fulfilled, i.e.
4

∑
j=1

wj =
2

∑
i,j=1

v
(i)
j , (4.58)

the eight single-block interlacing inequalities are fulfilled, i.e.

w4 ≥v(i)2 ≥ w2 i = 1,2 (4.59)

w3 ≥v(i)1 ≥ w1 i = 1,2 (4.60)

and the following five “inter-block” inequalities are fulfilled,

w4 +w3 ≥ v(1)2 + v(2)2 (4.61)

w4 +w2 ≥ v(1)1 + v(2)2 , v
(1)
2 + v(2)1 (4.62)

v
(1)
2 + v(2)2 ≥ w4 +w1 ≥ v(1)1 + v(2)1 . (4.63)

In order to interpret this theorem as a characterization of V Y
w , remember the following: from

the generic block eigenvalues v
(1)
1 , v

(1)
2 , v

(2)
1 , v

(2)
2 satisfying the conditions of the theorem, one

obtains the generic element v of V Y
w as the increasingly ordered vector v = (v(1)1 , v

(1)
2 , v

(2)
1 , v

(2)
2 )↑.

One can then use this full characterization of V Y
w to find the relevant maximizer vYbest(w),

as explained in the following theorem.

Theorem 20. Set Y = (2,2) and pick w = w↑ ∈ [0,1]4. Consider

vYbest(w) = (
w1 +w4

2
,
w1 +w4

2
,
w2 +w3

2
,
w2 +w3

2
)
↑
. (4.64)

Then vYbest(w) ∈ V Y
w , and vYbest(w) ≺ v∀ v ∈ V Y

w .

For a free state ρ with 1RDM spectrum w, IYmax(ρ) can then be computed with Eq. (4.55).

• To prove Lemma 9, for the first time, we have to resort to the characterization of spectra
of block-diagonal compressions of Hermitian matrices as derived in [41] and mentioned
in Sec. 2.4.2. From that result one gets a highly redundant list of inequalities which
characterize V Y

w (up to the ordering convention). This list can then be reduced to the
non-redundant set of thirteen inequalities reported in Lemma 9.

• Regarding Thm. 20, the relation vYbest(w) ∈ V Y
w follows from ideas similar to those

behind Eq. (4.45),(4.46), and (4.47). Consider the diagonal matrix diag(w1,w2,w3,w4).
We transform it two times, γ → γ′ → γ′′ by unitary conjugation with two unitaries. The
first one is a Hadamard gate H involving ∣1⟩ and ∣4⟩. The second unitary is another H,
this time involving ∣2⟩ and ∣3⟩. The final matrix γ′′ satisfies γ′′12 = γ′′21 = γ′′34 = γ′′43 = 0, and
the relevant block diagonal compression γ′′B is diag(vYbest(w)). Hence vYbest(w) ∈ V Y

w .

• Finally, vYbest(w) ≺ v∀ v ∈ V Y
w can be proven based on the inequalities of Lemma 9.



4.6 Solutions 90

Young diagram Y = (2,1,1): the emergence of regimes. The case d = 4, Y = (2,1,1) is
interesting in that the functional form of vYbest(w) depends on the increasingly ordered spectrum
w. More in detail, let η = ∑iwi/4 denote the filling fraction. Then the linear formulas for the
components vYbest,i(w) as functions of the components wi depend on where η is positioned on
the real line relative to w2 and w3. There are three different possibilities yielding three different
formulas for vYbest,i(w), namely η < w2, w2 ≤ η ≤ w3, and w3 < η. These conditions identify three

different regions in the domain [0,1]4 of spectra w, which we call “regimes”. The following
theorem specifies the corresponding formulas for vYbest(w).

Theorem 21. Set Y = (2,1,1), pick w = w↑ ∈ [0,1]4 and set η = ∑iwi/4. Consider

vYbest(w) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(w1+w3+w4

3 , w1+w3+w4

3 , w1+w3+w4

3 ,w2) if η < w2 (1st regime)

(η, η, η, η) if w2 ≤ η ≤ w3 (2nd regime)

(w3,
w1+w2+w4

3 , w1+w2+w4

3 , w1+w2+w4

3 ) if w3 < η (3rd regime).

(4.65)

Then vYbest(w) ∈ V Y
w , and vYbest(w) ≺ v∀ v ∈ V Y

w .

For a free state ρ with 1RDM spectrum w, IYmax(ρ) can then be computed with Eq. (4.55).

• Like for the Young diagram (2,2), for Y = (2,1,1) the interlacing inequalities provide
necessary but not sufficient conditions for v to be in V Y

w . However, in contrast to the
case of Young diagram (2,2), interlacing inequalities are sufficient to prove the theorem
above.

• We sketch the most interesting idea behind the theorem above. Suppose w falls within
the second regime, meaning that w2 ≤ η ≤ w3. We want to prove that the maximally
mixed spectrum (η, η, η, η) belongs to V Y

w , using Def. 17. One has to follow once again
the approach behind Eq. (4.45),(4.46) and (4.47). Now the relevant blocks of a 4 × 4
matrix γ are the upper left 2×2 block and the 1×1 blocks (γ33) and (γ44). The starting
point is the diagonal matrix diag(w1,w2,w3,w4), which we will transform three times,
γ → γ′ → γ′′ → γ′′′ by unitary conjugation with three different unitaries. The first unitary
involves ∣1⟩ and ∣4⟩ only, and “mixes” them so that γ′11 = η. This is possible in view of
w1 ≤ η ≤ w4 and of the Schur-Horn theorem. The second unitary involves ∣2⟩ and ∣3⟩
only and “mixes” them so that γ′′22 = η. This is possible in view of w2 ≤ η ≤ w3, that is,
because w belongs to the second regime. The last unitary is a Hadamard involving ∣3⟩
and ∣4⟩, ensuring γ′′′33 = γ′′′44 = η. It can be checked that γ′′′12 = γ′′′21 = 0, so the relevant block
diagonal compression γ′′′B is diag(η, η, η, η). Therefore vYbest(w) = (η, η, η, η) ∈ V Y

w .

• This maximally mixed vector vYbest(w) = (η, η, η, η) = vmm clearly satisfies vYbest(w) ≺
v∀ v ∈ V Y

w .

• Regarding the first and third regimes, the fact that

(w1 +w3 +w4

3
,
w1 +w3 +w4

3
,
w1 +w3 +w4

3
,w2) ∈ V Y

w (4.66)
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follows by transforming diag(w1,w2,w3,w4) by conjugation with a Fourier transformation
unitary matrix involving ∣1⟩, ∣3⟩ and ∣4⟩. A similar argument applies to

(w3,
w1 +w2 +w4

3
,
w1 +w2 +w4

3
,
w1 +w2 +w4

3
) ∈ V Y

w . (4.67)

• For the first and third regime, proving vYbest(w) ≺ v∀ v ∈ V Y
w only requires one interlacing

inequality for the underlying 2 × 2 block and properties of majorization.

• Notice that the first and third regime can be “mapped to each other” and are in some
sense equivalent. This is a manifestation of the particle-hole symmetry we mentioned in
Sec. 4.5.

4.6.3 Solutions for d = 5

For a 1P space of dimension d = 5, the main analytical tools are the same that were used for
d = 4. However, these tools need to be used in more complicated combinations, the size of
lists of inequalities increases, a higher number of regimes may appear, and so on. We limit
ourselves to stating the resulting formulas for the maximizers vYbest(w), and only comment on
those cases where some new ideas speed up the derivations. These formulas are summarized in
Tab. 4.3. One should keep in mind that the maximizer vYbest(w) can then be used to compute
IYmax(ρ) for any free state ρ with 1RDM spectrum w via Eq. (4.55).

Young diagram Y = (3,2)

Theorem 22. Set Y = (3,2) and pick w = w↑ ∈ [0,1]5. Consider

vYbest(w) = (
w1 +w5

2
,
w1 +w5

2
,
w2 +w4

2
,
w2 +w4

2
,w3)

↑
. (4.68)

Then vYbest(w) ∈ V Y
w , and vYbest(w) ≺ v∀ v ∈ V Y

w .

• The proof of the majorization relation vYbest(w) ≺ v is done case-by-case. The variety of
cases arises from the need to order the vector in the RHS of Eq. (4.68) before checking
the majorization inequalities. One case is given by

w1 +w5

2
≤ w2 +w4

2
≤ w3 , (4.69)

and there are five more cases.

Young diagram Y = (3,1,1): pinned eigenvalues. An inspection of the case Y = (3,1,1)
shows that one should think of “pinning” the intermediate eigenvalue w3 of a given spectrum
w ∈ [0,1]5 while evaluating w ↦ vYbest(w). Then one treats the eigenvalues (w1,w2,w4,w5) as
was done for d = 4 and Y = (2,1,1). A consequence is that the three ensuing regimes in the
domain [0,1]5 of w vectors are not determined by the position of the filling fraction η relative
to the eigenvalues wi. Instead, one has to look at the average η′ of the eigenvalues wi with
i = 1,2,4,5.
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Theorem 23. Set Y = (3,1,1), pick w = w↑ ∈ [0,1]5 and set η′ = (w1 + w2 + w4 + w5)/4.
Consider

vYbest(w) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(w1+w4+w5

3 , w1+w4+w5

3 , w1+w4+w5

3 ,w2,w3) if η′ < w2 (1st regime)

(η′, η′, η′, η′,w3)↑ if w2 ≤ η′ ≤ w4 (2nd regime)

(w3,w4,
w1+w2+w5

3 , w1+w2+w5

3 , w1+w2+w5

3 ) if w4 < η′ (3rd regime).

(4.70)

Then vYbest(w) ∈ V Y
w , and vYbest(w) ≺ v∀ v ∈ V Y

w .

• The “pinning” of w3 is formalized by proving the following fact. Pick v ∈ V Y
w . Then there

exists a matrix γ = γ† with the following properties: (i) spec↑(γ) = w; (ii) γ has the form

γ =
⎛
⎝
w3 0⃗T

0⃗ γ̃

⎞
⎠

; (4.71)

(iii) its block-diagonal compression γB relative to Y = (3,1,1) has a spectrum (w3, ṽ) s.t.
(w3, ṽ) ≺ v. Here 0⃗ ∈ R4 is the zero vector and γ̃ = γ̃† is a 4 × 4 matrix and ṽ ∈ R4.

This fact allows to reduce the proof of the theorem above to Thm. 21.

Young diagram Y = (2,2,1): a rich scenario. With the Young diagram Y = (2,2,1), the
situation starts to be intricate, with many techniques coming into play at the same time and
many regimes popping up.

Theorem 24. Set Y = (2,2,1), pick w = w↑ ∈ [0,1]5 and set η = ∑iwi/5. Consider

vYbest(w) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(w1+w4+w5

3 , w1+w4+w5

3 , w1+w4+w5

3 , w2+w3

2 , w2+w3

2 ) if η < w2+w3

2 (1st regime)

(w1+w4

2 , w1+w4

2 , w2+w3+w5

3 , w2+w3+w5

3 , w2+w3+w5

3 )↑ if w2+w3

2 ≤ η < w1+w4

2 (2nd regime)

(η, η, η, η, η) if w1+w4

2 , w2+w3

2 ≤ η ≤ w2+w5

2 , w3+w4

2

(w2+w5

2 , w2+w5

2 , w1+w3+w4

3 , w1+w3+w4

3 , w1+w3+w4

3 )↑ if w2+w5

2 < η ≤ w3+w4

2 (4rd regime)

(w3+w4

2 , w3+w4

2 , w1+w2+w5

3 , w1+w2+w5

3 , w1+w2+w5

3 ) if w3+w4

2 ≤ η (5rd regime).

(4.72)
Then vYbest(w) ∈ V Y

w , and vYbest(w) ≺ v∀ v ∈ V Y
w .

• Given w within the third regime, the challenge is to prove that V Y
w contains the maximally

mixed vector vYbest(w) = vmm = (η, η, η, η, η). We did not find any simple concrete proce-
dure to transform diag(w) by unitary conjugation into a matrix γ s.t. spec↑(γB) = vmm.
Instead, we resorted to the long lists of abstract inequalities characterizing the sets V Y

w ,
following [41]. Thereafter, vmm ≺ v∀ v ∈ V Y

w is trivial.

• For the other four regimes, it is easy to convince oneself that vYbest(w) ∈ V Y
w . One follows

once again the ideas behind Eq. (4.45), (4.46) and (4.47). Thereafter, the fact that
vYbest(w) ≺ v∀ v ∈ V Y

w is shown with a focused use of [41]. Only a few of the inequalities
characterizing V Y

w are actually necessary.
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Young diagram Y = (2,1,1,1).

Theorem 25. Set Y = (2,1,1,1), pick w = w↑ ∈ [0,1]5 and set η = ∑iwi/4. Consider

vYbest(w) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(w1+w3+w4+w5

4 ,∗,∗,∗,w2) if η < w2 (1st regime)

(η, η, η, η, η) if w2 ≤ η ≤ w4 (2nd regime)

(w4,
w1+w2+w3+w5

4 ,∗,∗,∗) if w4 < η (3rd regime),

(4.73)

where asterisks mean “same as previous entry”. Then vYbest(w) ∈ V Y
w , and vYbest(w) ≺ v∀ v ∈ V Y

w .

• The proof of this theorem works exactly as that of Thm. 21.

4.7 Maximal orbital correlation of Slater determinant states

In this Section we will focus on a special class of free states, namely Slater determinant states,
see Sec. 2.3.5. SD states lie at the boundary of the set of all free states and are characterized
by idempotent 1RDMs, i.e. 1RDMs with spectra w = (0, ...,0,1, ...,1). One such SD spectrum
is specified by the number of particles NP , which is the number of eigenvalues 1, and that of
holes NH , which is the number of eigenvalues 0. The dimension of H1 follows as d = NP +NH ,
as will be implicit throughout this Section. The optimization over γ = Udiag(w)U †, subject of
Cor. 4, is simplified by the degeneracy of w: the possible γ’s are exactly the rank-NP projectors
on H1, which 1 ∶ 1 correspond to NP -dimensional subspaces of H1. So instead of optimizing
over SU(d) we can optimize over the much lower-dimensional Grassmanian GrNP (H1).

Set-up and new notation. To study the case of SD spectra, we group all relevant parameters
in the 3-tuple (NP ,NH , Y ). I.p. the SD spectrum w corresponding to such a 3-tuple is made up
ofNP 1’s andNH 0’s. In this context, we implement 1P unitary rotations “actively”, i.e. we let
them act on free states ρ and on 1P reduced operators γ. At the same time, we consider a fixed
splitting of H1 obtained by partitioning with Y a given canonical ordered 1P basis of modes

∣i⟩, ..., ∣d⟩. More precisely, the Young diagram Y = (Yµ)µ fixes a set of projectors {Πµ}∣Y ∣µ=1, whose
ranges are the Yµ-dimensional subspaces Vµ = span(∣Y1 + ...+Yµ−1 + 1⟩, ..., ∣Y1 + ...+Yµ−1 +Yµ⟩).
This marks a formal difference with the previous Sections, which involved a “passive” point of
view where states where kept fixed and the splittings S were instead varied. These two points
of view are equivalent, but depending on the calculation one may prove more convenient than
the other. We highlight our change of perspective by substituting old superscripts j (for the
rotating objects V j and Πj) with new subscripts µ (for the fixed objects Vµ and Πµ). Given a
3-tuple (NP ,NH , Y ) and a rank-NP projector γ we can compute

γ ↦ γB =
∣Y ∣
∑
µ=1

ΠµγΠµ ↦ spec↑(γB) =∶ λ(γB) ∈ V (0,...,0,1,...,1)Y . (4.74)

Here we introduce the shorthand notation spec↑ = λ. Given an arbitrary SD state ρ of NP

particles and NH holes, we set

ĨYmax(NP ,NY ) ∶= IYmax(ρ) (4.75)
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Remember that 1P unitary invariance of IYmax ensures that the RHS does not depend on the
specific state ρ. Using the fact that SD states are pure we get

ĨYmax(NP ,NY ) =max
γ
∑
i

h(λi(γB)) , (4.76)

where the maximization is over all rank-NP projectors γ. This is simply a convenient rewriting
of Eq. (4.29).

Basic questions on orbital maximal correlation of SD states. In view of Schur-
concavity of the target function, the idea to perform this maximization is to maximize the
mixedness of λ(γB) over γ’s. This is the same approach used for generic free states. But
now the SD restriction, i.e. wi ∈ {0,1}, is expected to bring about simplifications. The basic
questions are:

• (Q1) Are there any eigenvalues in λ(γB) which are “trivially” 0 or 1, due to the SD
structure? How many?

• (Q2) Is it possible to get the non-trivial eigenvalues to be all equal, and thus have IYmax
hit an upper bound of the form of Eq. (4.30)?

The structure of the present Section is the following. In Sec. 4.7.1 we show simple examples. In
Sec. 4.7.2, in view of answering (Q1), we rigourously define the number T (NP ,NH , Y ) of trivial
eigenvalues. There we also define a “small-blocks condition” on 3-tuples (NP ,NH , Y ). This
condition is expected to select out those 3-tuples with no trivial eigenvalues, T (NP ,NH , Y ) = 0.
In Sec. 4.7.3, Lemma 10 gives a simple formula for the number T (NP ,NH , Y ) of trivial
eigenvalues; and in Cor. 5 it is proved that T (NP ,NH , Y ) = 0 if and only if (NP ,NH , Y ) fulfills
the small-blocks condition, indeed. In Sec. 4.7.4 we present Lemma 11, which allows to reduce
the case of a generic 3-tuple (NP ,NH , Y ) to the case of a simpler 3-tuple (N ′P ,N ′H , Y ′) which
fulfills the small-blocks condition, i.e. which exhibits no trivial eigenvalues. In Sec. 4.7.5 we
then focus on the small-blocks scenario only, and provide a counterexample where the spectrum
λ(γB) cannot be made maximally mixed, even though there are no trivial eigenvalues 0 or 1.
This answers (Q2) negatively, and shows that the function ĨYmax is interesting (non-trivial)
even within the small-blocks scenario.

4.7.1 Examples

In this paragraph we compute ĨYmax(NP ,NH) for some simple 3-tuples (NP ,NH , Y ).

(i) For any NP and NH and given the trivial, coarsest Young diagram Y = (Y1) = d = NP +NH ,
there is no freedom: Π1 = I and λ(γB) = λ(γ) is made up of 0’s and 1’s, which we call trivial
eigenvalues. Then ĨYmax(NP ,NH) = 0.

(ii) For NP = 1,NH = 2, Y = (2,1), γB has two blocks. The first block, Π1γΠ1, is easily un-
derstood to have rank(Π1γΠ1) ≤ rank(γ) = 1. Thus Π1γΠ1∣V1 = Π1γ∣V1 has a trivial eigenvalue

0, no matter how you choose γ. The second eigenvalue of the first block and (the eigenvalue
of) the second block can be chosen to be 1

2 and 1
2 . To achieve that, set e.g. γ = ∣ϕ⟩⟨ϕ∣ with
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∣ϕ⟩ = (∣2⟩ + ∣3⟩)/
√
2. Then ĨYmax(NP ,NH) = 2 h(1/2) = 2 log 2.

Similar reasoning applies for NP = 2,NH = 1, Y = (2,1) (the two cases are connected via
“particle-hole symmetry”).

(iii) For any NP ≥ 1,NH ≥ 1 and given the trivial, finest Young diagram Y = (1, ...,1)
we know from the case of general spectra that λ(γB) can be made maximally mixed. In
particular there are no trivial 0,1 eigenvalues, and the upper bound Eq. (4.30) is hit, i.e.
ĨYmax(NP ,NH) = d ⋅ h(NP /d) = d ⋅ h(NH/d).

(iv) For NP = 2,NH = 2, Y = (2,2) we can put the two particles (or the two holes) in
∣ϕ⟩ = (∣1⟩ + ∣3⟩)/

√
2 and in ∣ϕ′⟩ = (∣2⟩ + ∣4⟩)/

√
2. One then gets γ = ∣ϕ⟩⟨ϕ∣ + ∣ϕ′⟩⟨ϕ′∣ and γB = I/4,

i.e. a λ(γB) which is maximally mixed. We have no trivial eigenvalues, and the upper bound
Eq. (4.30) is again hit.

(v) For NP = 2,NH = 2, Y = (2,1,1), notice that Y is obtained from the Young diagram in (iv)
by refining, so that the same construction and results as in (iv) hold, see Sec. 4.3.2.

4.7.2 Trivial eigenvalues and the small-blocks condition

The examples above can be split into two groups:

• In (i) and (ii) there are trivial eigenvalues 0,1; therefore the bound Eq. (4.30) is not
reached;

• In (iii)-(v) there are no trivial eigenvalues 0,1; therefore the bound Eq. (4.30) can in
principle be reached; and it is in fact reached.

In (i) and (ii) there are two reasons why there are trivial eigenvalues 0,1: the degeneracy of
0,1 in λ(γ), and the fact that the first block Π1γΠ1 is too big, meaning that the dimension
dim(V1) of the first subspace V1 is too high. For example, the hand-wavy idea behind case (ii)
is the following: V2 is one dimensional and can thus host only a part of one of the NH = 2
holes. As a consequence, the big subspace V1 must host one entire hole, to which a trivial
eigenvalue 0 of Π1γ∣V1 corresponds. More precisely Y1 > NP = rank(γ), so that Π1γ∣V1 can’t

have full rank, i.e. must have trivial eigenvalues 0 (see Lemma 2 for more details). Similarly,
there must be trivial eigenvalues 1 whenever Y1 > NH = rank(I − γ). Instead, in (iii)-(v) we
have Y1 ≤ NP ,NH , so that no trivial eigenvalues are expected.

In this explanation, the first key concept is that of trivial eigenvalues, which is captured in
the following definition.

Definition 18. The number of trivial eigenvalues associated to a 3-tuple (NP ,NH , Y ) is

T (NP ,NH , Y ) ∶=min
γ
[dim(ker γB) + dim(fix γB)]

=min
γ
[# of 0’s and 1’s in λ(γB)] , (4.77)

where the minimization is over rank-NP projectors γ on H1 ≅ CN
P+NH

and γB is given by Eq.
(4.74).
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In the examples above we have implicitly computed T : in (i) T = d, in (ii) T = 1 and in (iii)-(v)
T = 0.

The second key concept is the relation (>,= or <) between the Yµ’s and N
P ,NH .

Definition 19. For NP ,NH , Yµ ∈ N we define the coefficients

mH(NP , Yµ) ∶=max{0, Yµ −NP }
mP (NH , Yµ) ∶=max{0, Yµ −NH} . (4.78)

Also, we say that a 3-tuple (NP ,NH , Y ) satisfies the small-blocks condition iff the correspond-
ing coefficients mH(NP , Yµ),mP (NH , Yµ) all vanish, i.e. ∀µ = 1, ..., ∣Y ∣

Yµ ≤ NP ,NH . (4.79)

In view of Y1 ≥ ... ≥ Y∣Y ∣, the small-blocks condition is equivalent to Y1 ≤ NP ,NH .

The coefficient mH/P (NP /H , Yµ) has the meaning of minimal number of holes/particles that
a Yµ-dimensional subspace of H1 must contain in the presence of an SD state with NP /H

particles/holes. This physical interpretation follows from Lemma 2. Regarding the examples
above: in (i) mH/P (NP /H , Y1) = NH/P , in (ii) mH(NP , Y1) = 1 and the other three mP /H

coefficients vanish, and (iii)-(v) satisfy the small-blocks condition.

4.7.3 Formula for the number of trivial eigenvalues

The number of trivial eigenvalues T (NP ,NH , Y ) defined in Def. 18 can be expressed with a

simple formula in terms of the m
P /H
µ coefficients introduced in Def. 19:

Lemma 10. For any 3-tuple (NP ,NH , Y ), the number of trivial eigenvalues is

T (NP ,NH , Y ) =
∣Y ∣
∑
µ=1

mH(NP , Yµ) +mP (NH , Yµ) . (4.80)

Proof. In the following, m
H/P
µ is short for mH/P (NP /H , Yµ); their sum over µ, appearing in the

RHS of Eq. (4.80), will be denoted by MH/P = ∑∣Y ∣µ=1m
H/P
µ . If NP = 0, then the only rank-0

projector is γ = 0, so that λ(γB) = (0, ...,0); also, mH
µ = Yµ. Then T (NP ,NH , Y ) = d = MH .

Similar reasoning applies for NH = 0. For the case Y = (Y1) = (d) the result is straightforward,
too.

Suppose NP ,NH ≥ 1 and Y1 < d. First we prove T (NP ,NH , Y ) ≥MH +MP . This amounts
to proving that, for every rank-NP projector γ, the number of 0’s and 1’s in λ(γB) is at least
MH +MP . This follows from the fact that ∀µ = 1, ..., ∣Y ∣ the block ΠµγΠµ∣Vµ has at least mH

µ

eigenvalues 0 and mP
µ eigenvalues 1, according to Lemma 2.

Secondly, we prove T (NP ,NH , Y ) ≤ MH +MP . To do that, we show that there exists a
rank-NP projector γ s.t. λ(γB) has only MH eigenvalues 0 and only MP eigenvalues 1. We
do this by describing a possible construction of such γ.
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According to the first part of the present proof, for any γ we can ∀µ = 1, ..., ∣Y ∣ choose (in a
non-univocal way) an orthogonal decomposition of the range of the µth projector of the form

Vµ = V H
µ ⊕ V P

µ ⊕ V ′µ ,

where V H
µ ⊂ ker(ΠµγΠµ), V

P
µ ⊂ fix(ΠµγΠµ), dim(V H

µ )= mH
µ and dim(V P

µ )= mP
µ . Plus, up

to applying a block-diagonal unitary which leaves λ(γB) unchanged, we can assume V H
1 =

span(∣1⟩, ..., ∣mH
1 ⟩), V P

1 = span(∣mH
1 + 1⟩, ..., ∣mH

1 +mP
1 ⟩) etc, i.e.

{∣j⟩}dj=1 = {∣1⟩, ..., ∣mH
1 ⟩,

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
basis of V H

1

∣mH
1 + 1⟩, ..., ∣mH

1 +mP
1 ⟩,

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
basis of V P

1

∣mH
1 +mP

1 + 1⟩, ..., ∣Y1⟩
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

basis of V ′1

, ∣Y1 + 1⟩, ..., ∣Y1 +mH
2 ⟩,

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
basis of V H

2

...} .

(4.81)

Next, an important observation is that any eigenvector ∣u⟩ ∈ Vµ of ΠµγΠµ with eigenvalue
λ = 0 or 1 is also an eigenvector of γ, with the same eigenvalue. In fact, using Πµ∣u⟩ = ∣u⟩ and
γ2 = γ = γ† we get

∥γ∣u⟩∥2 = ⟨u∣γ∣u⟩ = ⟨u∣ΠµγΠµ∣u⟩ = λ∥∣u⟩∥2 . (4.82)

From that, using λ = 0 or 1, and using 0 ≤ γ ≤ I, we get γ∣u⟩ = λ∣u⟩. Notice that the last
passages are based on features which are specific to SD spectra.
It follows that V H

µ ⊂ ker(γ) and V P
µ ⊂ fix(γ). That is, the subspaces V H

µ and V P
µ are made up

of eigenvectors of γ with trivial eigenvalues 0,1 (respectively). We can then write a spectral
representation of γ in the following normal form:

γ = 0 ⋅ PH + 1 ⋅ PP + P′ γ P′ . (4.83)

Here,

• PH/P and P′ are three projectors with orthogonal ranges, ⊕∣Y ∣µ=1 V
H/P
µ and ⊕∣Y ∣µ=1 V ′µ re-

spectively; they add up to I. Notice that the ranges ⊕∣Y ∣µ=1 V
H/P
µ have dimension MH/P .

• In particular we name H′1 ∶= ⊕
∣Y ∣
µ=1 V

′
µ the range of P′. It has dimension d′ = N ′P +N ′H ,

where N ′P ∶= NP −MP and N ′H ∶= NH −MH are the number of particles/holes which

are left after putting MP /H of them in the V
H/P
µ ’s.

• P′ γ P′ should be thought of as the non-trivial part of γ. We will soon only need its
restriction γ′ ∶= γ∣H′1 . Notice that γ′ entails the remaining eigenvalues of γ, i.e. λ(γ′)
contains exactly N ′P eigenvalues 1 and N ′H eigenvalues 0, i.e. γ′ is a rank-N ′P projector
acting on H′1.
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The corresponding matrix normal form is given for example by

γ →

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

OmH
1

ImP
1

∗ ∗
OmH

2

∗ ∗
⋱

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

→

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

OMH

OMP

∗ ∗
∗ ∗

⋱

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (4.84)

Here all blank blocks are filled with zeros. Asterisks denote unconstrained subblocks. From
the first matrix to the second one we have changed the ordering in the underlying basis {∣j⟩}.
In the first matrix, the blocks correspond to the subspaces Vµ; in the second matrix the blocks
refer to the normal form Eq. (4.83). For the last matrix, the first group of basis elements
spans range(PH), the second group of basis elements spans range(PP ), and the third group of
basis elements spans H′1. The third block then represents γ′.

Now we can see what consequences this massaging on γ has on γB and its spectrum. Notice
that Πµ, PP , PH , P′ are all built on the reference basis {∣j⟩}, and hence commute with each
other. Then, recalling Eq. (4.74) and using Eq. (4.83), we get

γB = 0 ⋅ PH + 1 ⋅ PP +
∣Y ∣
∑
µ=1

Π′µγΠ
′
µ . (4.85)

Here we introduced the projectors Π′µ ∶= P′Πµ = ΠµP′, with orthogonal ranges V ′µ. We set Y ′µ ∶=
dim(V ′µ) = Yµ −mP

µ −mH
µ ≥ 1. When we restrict to H′1 = ⊕

∣Y ∣
µ=1 V

′
µ, we get ∑∣Y ∣µ=1 (Π′µ∣H′1) = I∣H′1 .

The corresponding matrix, starting from the last matrix representation of γ in Eq. (4.84), is

γB →

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

⋱
0

1

⋱
1

∗
∗
⋱

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (4.86)
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where we simply set to 0 the off-diagonal subblocks of the third block. The spectrum of γB is

λ(γB) = ( 0, ...,0
´¹¹¹¹¹¸¹¹¹¹¹¶
MHtimes

∣ 1, ...,1
´¹¹¹¹¹¸¹¹¹¹¹¶
MP times

∣ λ(γ′B)
´¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¶
d′ entries

) . (4.87)

Here we have introduced the operator

γ′B = ∑
µ

Πµ∣H′1γ
′Πµ∣H′1 = (∑µ

Π′µγΠ
′
µ)∣H′1

, (4.88)

which acts on H′1 and is represented by the third block in Eq. (4.86).
Now we focus on what happens as γ is varied. Remember that γ can be any generic rank-NP

projector acting on H1 s.t. V
P
µ ⊂ fix(γ) and V H

µ ⊂ ker(γ). These conditions fix the eigenvectors
of γ in H′⊥1 , but we are free to choose the eigenvectors of γ in H′1. More precisely, γ can be
chosen such that γ′ be any fixed rank-N ′P projector acting on H′1. From this, and in view of
Eq. (4.87), it follows that the following are equivalent:

1. ∃ rank-NP projector γ on H1 s.t. γB has exactly MP +MH eigenvalues 0,1;

2. ∃ rank-N ′P projector γ′ on H′1 s.t. γ′B has no eigenvalues 0,1.

This means that we can reduce the number of dimensions and just check the existence of a γ′

with the desired properties. To summarize, we need to look at a new 3-tuple (N ′P ,N ′H , Y ′),
following this reduction scheme:

(NP ,NH , Y ) → (N ′P ,N ′H , Y ′)

with N ′P = NP −MP

N ′H = NH −MH

Y ′µ = Yµ −mP
µ −mH

µ ≥ 1 . (4.89)

A careful check, see Appendix B, shows that the new 3-tuple (N ′P ,N ′H , Y ′) fulfills the small-
blocks condition. It is then in principle possible to build a rank-N ′P projector γ′ on H′1 s.t.
γ′B has no eigenvalues 0,1. In fact, the reduction γ → γ′ was all about getting rid of trivial
eigenvalues. Below is a construction of such γ′.

We set Π′µ∣H′1 = Π′µ, etc.; and drop all ”primes”. The construction is broken down into

three steps.

Step 1: We define a suitable partition of the standard basis B into Y1 subsets (Bk)Y1k=1 in the
following way:

∣1⟩, ∣2⟩, ..., ∣Y1⟩, ∣Y1 + 1⟩, ∣Y1 + 2⟩, ..., ∣mY1 + 1⟩, ... .

This means
Bk = {∣j⟩ ∣ 1 ≤ j ≤ d, j = k mod Y1} . (4.90)

We define Sk = span(Bk). These subspaces and the partition of B above should not be confused
with the subspaces Vµ and the corresponding partition of B. We have dim(Sk) ∈ {p, p+1} with
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p = ⌊ dY1 ⌋ ≥ 2. The latter inequality follows from the small-blocks condition via 2d = NP +NH ≥
2Y1. Also, in view of Y1 ≥ Yµ, by construction we have that Bk and the subset of B gener-
ating Vµ have at most one element ∣j⟩ in common, i.e. Sk∩Vµ is at most one-dimensional, ∀k,µ.

Step 2: We will designate the subspaces Sk as invariant subspaces (but not eigenspaces) of
the to-be-defined γ. In that view we distribute particles (eigenvalues 1) and holes (eigenvalues
0) to the subspaces Sk in a way such that Sk receives dim(Sk) among particles and holes, and
at least 1 particle and 1 hole. More precisely, for k = 1, ..., Y1 we choose nPk , n

H
k s.t.

• nPk , n
H
k ≥ 1;

• nPk + nHk = dim(Sk).

Such a choice is possible thanks to the small-blocks condition, and because NP +NH = d =
∑Y1k=1dim(Sk). For example, S1 receives a particle-hole couple, S2 receives a particle-hole cou-
ple, ..., SY1 receives a particle-hole couple; and then the remaining d − 2Y1 ≥ 0 particles and
holes are distributed randomly to those subspaces Sk which are not yet full.

Step 3: For k = 1, ..., Y1 we choose a basis for Sk, B′k = {∣f
(k)
l ⟩}

Yk
l=1, which is maximally unbiased

with respect to Bk, i.e. ∣⟨j∣f (k)l ⟩∣
2 = 1

dim(Sk) ∀ ∣j⟩ ∈ Bk and l = 1, ..., Yk. For example a basis B′k
connected to Bk via a Fourier transformation is maximally unbiased with respect to Bk. We

finally define γ by using the ”Fourier” modes ∣f (k)l ⟩ as its eigenvectors and assigning eigenvalues
based on the coefficients nPk , n

H
k . For example:

γ ∶= 1 ⋅
⎛
⎜
⎝

Y1

∑
k=1

nP
k

∑
l=1
∣f (k)l ⟩⟨f

(k)
l ∣
⎞
⎟
⎠

+ 0 ⋅
⎛
⎜
⎝

Y1

∑
k=1

nH
k

∑
l=1
∣f (k)
nP
k
+l⟩⟨f

(k)
nP
k
+l∣
⎞
⎟
⎠
, (4.91)

Now we check that γ has the desired property, namely that 0,1 ∉ λ(γB). We then study the
matrix elements of the µ-th block ΠµγΠµ∣Vµ . For ∑

µ−1
ν=1 Yν + 1 ≤ j, j′ ≤ ∑

µ−1
ν=1 Yν + Yµ,

⟨j∣γ∣j′⟩ =
Y1

∑
k=1

nP
k

∑
l=1
⟨j∣f (k)l ⟩⟨f

(k)
l ∣j

′⟩

= δjj′
Y1

∑
k=1

nP
k

∑
l=1
∣⟨j∣f (k)l ⟩∣

2

= δjj′
nP
kj

∑
l=1
∣⟨j∣f (kj)l ⟩∣2

Here we used that, for any k = 1, ..., Y1, if j ≠ j′ then either ∣j⟩ ⊥ Sk or ∣j′⟩ ⊥ Sk or both (see

Step 1). Similarly we noticed that ⟨j∣f (k)l ⟩ ≠ 0 can only happen if k = kj , where we defined
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kj ∈ {1, ..., Y1} via k = j mod(Y1). We then see that the block ΠµγΠµ∣Vµ is diagonal in the

standard basis of Vµ. The corresponding eigenvalues are

µkj =
nP
kj

∑
l=1
∣⟨j∣f (kj)l ⟩∣2 =

nPkj
dim(Skj)

∈ (0,1) . (4.92)

where we used the maximal unbiasedness of B′k with respect to Bk and the fact that 0 < nPkj <
dim(Skj).
Putting all blocks together, we get

λ(γB) = ( µ1, ..., µ1
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim(S1) times

∣ µ2, ..., µ2
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

dim(S2) times

∣...∣ µY1 , ..., µY1
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
dim(SY1

) times

) , (4.93)

which does not contain any eigenvalues 0,1.

The meaning of this lemma is the following: within the µth subspace Vµ of H1, m
H(NP , Yµ)

dimensions must be occupied by holes (trivial eigenvalues 0), mP (NH , Yµ) dimensions must be
occupied by particles (trivial eigenvalues 1), but we can choose γ in such a way that no other
dimensions are completely occupied by particles or holes (no further trivial eigenvalues in any
of the subspaces).

A straightforward and important consequence of Lemma 10 is the following characterization
of those 3-tuples with no trivial eigenvalues:

Corollary 5. A 3-tuple (NP ,NH , Y ) has no trivial eigenvalues, i.e. T (NP ,NH , Y ) = 0, if
and only if it fulfills the small-block condition.

Proof. Combine Def. 19 with Lemma 10.

4.7.4 Systematic reduction to small-blocks scenario

In Sec. 4.7.3 we saw that when a 3-tuple (NP ,NH , Y ) does not fulfill the small-blocks con-
dition, there are T (NP ,NH , Y ) > 0 trivial eigenvalues 0,1. One can get rid of those with
a systematic reduction method, which is part of the proof of Lemma 10. After doing so,
one ends up with a simpler 3-tuple (N ′P ,N ′H , Y ′) fulfilling the small-blocks condition. This
reduced 3-tuple can be then used to compute the value of ĨYmax(NP ,NH) for the initial 3-

tuple, as stated in the lemma below. Remember that m
H/P
µ is short for mH/P (NP /H , Yµ) and

MH/P = ∑∣Y ∣µ=1m
H/P
µ .

Lemma 11. Pick a 3-tuple (NP ,NH , Y ) with NP ,NH ≠ 0 and Y1 < d = NP +NH . Consider
the reduced 3-tuple (N ′P ,N ′H , Y ′) given by

N ′P = NP −MP

N ′H = NH −MH

Y ′µ = Yµ −mP
µ −mH

µ ≥ 1 , (4.94)
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where µ = 1, ..., ∣Y ∣ = ∣Y ′∣. Then

ĨYmax(NP ,NH) = ĨY ′max(N ′P ,N ′H) . (4.95)

Plus, (N ′P ,N ′H , Y ′) fulfills the small-blocks condition, and thus cannot be further reduced.

Proof. We prove Eq. (4.95) by simplifying the minimization entailed in ĨYmax(NP ,NH) =
minγ Trh(γB), which by definition runs over all rank-NP projectors on the underlying 1P
space H1. As discussed in the proof of Thm. 10, using the the ”gauge” group of block-
diagonal unitaries, we can restrict the minimization to one over projectors γ which take the
normal form Eq. (4.83). Remember that any rank-N ′P projector on H′ can be realized as the
block γ′ of a suitable γ in normal form. Finally we need to use Eq. (4.87) and h(0) = h(1) = 0.
Then the minimization can be reformulated as follows:

min
γ→NP

Trh(γB) = min
γ→NP

norm. form

Trh(γB) = min
γ′→N ′P

Trh(γ′B) . (4.96)

Here the arrows indicate the rank. The new projectors γ′ act on H′. γ′B (see Eq. (4.88)) is
made up of ∣Y ∣ = ∣Y ′∣ blocks, each of which acts nontrivially on a Y ′µ-th dimensional subspace
of H′1. Eq. (4.96) is by definition the same as Eq. (4.95).

The second part of Thm. 11, i.e. the fact that (N ′P ,N ′H,Y ′) fulfills the small-blocks
condition, is proved in Appendix B.

4.7.5 A non-triviality example within the small-blocks scenario

Given the reduction procedure and Lemma 11, we only have to compute ĨYmax within the
small-blocks scenario. The first key piece of information is given by the“only if” direction of
Cor. 5: given a 3-tuple (NP ,NH , Y ) fulfilling the small-blocks condition, the number of trivial
eigenvalues is always 0, i.e. it is possible to find a rank-NP projector γ s.t. λ(γB) ∈ (0,1)d (no
0’s, no 1’s). We then go back to the initial question (Q2) and ask whether it is even possible
to get λj(γB) = NP /d ∀j = 1, ..., d. This is for example the case in the examples (iii)-(v) in
Sec. 4.7.1. A positive answer would imply that we can compute ĨYmax(NP ,NH) for any SD
spectrum w and Young diagram Y . The answer to (Q2) is in general negative, though, as
shown in the following counterexample. So even within the small-blocks scenario ĨYmax does
not necessarily hit the upper bound (4.30).

Ingredients for the counterexample. The counterexample is given by the following choice
of 3-tuple:

NP = 2, NH = 3, Y = (2,2,1) . (4.97)

It can be in fact shown that no rank-2 projector γ on C5 satisfies λ(γB) = (25 , ...,
2
5). More

precisely, λ(γB) cannot even get arbitrarily close to (25 , ...,
2
5). As a consequence, the upper

bound (4.30) is not reached, i.e. one can prove the strict inequality

ĨYmax(NP ,NH) < 5 ⋅ h(N
P

5
) . (4.98)
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So, the upper bound (4.30) is sometimes not reached, even within the small-block scenario.
We chose the counterexample referring to a number of dimensions d = 5 because no similar
counterexamples can be found for d < 5. That is, for d < 5 and for any 3-tuple (NP ,NH , Y )
satisfying NP + NH = d and the small-blocks condition, the corresponding SD spectrum w
always reaches the upper bound (4.30). For d = 5, the counterexample shown in Sec. 4.7.5 and
the one obtained by exchanging NP and NH are the only counterexamples. For d = 6, again
no counterexamples exist. Are there any patterns? Whenever the bound (4.30) is not reached,
can we still compute ĨYmax? These questions are currently still open.

4.8 Enforcing superselection rules

The problem we dealt with so far is not optimally formulated from a physical point of view.
To see that, consider a fermionic state ρ, a Young diagram Y and the corresponding splitting
S given by H1 = V1 ⊕ ...⊕ V∣Y ∣ based on a fixed standard basis, using the point of view of Sec.
4.7. So far we have been using the following inter-orbital correlation measure:

IS(ρ) = −S(ρ) +
∣Y ∣
∑
µ=1

S(ρ
µ
) , (4.99)

where S = (Vj)j and ρ µ
are reduced states relative to the modes in Vµ. However, this measure

does not take superselection rules (see Sec. 2.3.2) into account, and is then bound to overesti-
mate the amount of operationally accessible correlations [15] [17].

Local parity-superselected maximal orbital correlation. An improved approach is the
following. Starting from scratch, we want to properly quantify the multipartite total correlation
among the subspaces Vµ which is contained in ρ. A sound measure for such total correlation
must be based on correlations among outcomes of measurements which are local (i.e. which
involve modes of a single subspace Vµ only) and physically accessible. The most relevant and
controllable splittings (Vµ)µ are given by partitioning the lattice sites 1P basis, and in that
case local physically accessible measurements must abide by local superselection rules. We will
focus on parity superselection rules (P-SSR). We will call ”local P-SSR measurements” those
measurements which abide by local P-SSR.

Comparing with Sec. 2.3.2, the mathematical counterpart of the measurement constraints
dictated by local P-SSR is the following subalgebra of the total CAR algebra B =B(FH1) of
physical operators on the Fock space FH1 :

Bssr
LP = {OLP ∈B ∣ [OLP , eiπnµ] = 0 ∀µ = 1, ..., ∣Y ∣} , (4.100)

where eiπnµ is the local parity operator relative to the subspace Vµ. From now on we suppress
superscripts ssr. Consider now the pysical situation where only local P-SSR measurements can
be performed. Then we correspondingly restrict the action of states σ defined on the original
algebra B to the new subalgebra BLP . But then states get naturally grouped into equivalence
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classes: given σ,σ′ states on B,

σ ∼ σ′ ∶⇔ Tr[σOLP ] = Tr[σ′OLP ] ∀OLP ∈BLP

!⇔ P 1
π1 ...P

∣Y ∣
π∣Y ∣σP

1
π1 ...P

∣Y ∣
π∣Y ∣

= P 1
π1 ...P

∣Y ∣
π∣Y ∣σ

′P 1
π1 ...P

∣Y ∣
π∣Y ∣

∀ local parity eigenvalues π1, ..., π∣Y ∣ ∈ {−1,1} , (4.101)

where Pµ±1 is the projector onto the ±1 eigenspace of eiπnµ . These equivalence classes are (or
better: 1-1 correspond to) the states on BLP . An equivalent and more handy way to refer to
such states on BLP is the following. Consider this “filter” for density operators:

σ → σLP ∶= ∑
π1,...,π∣Y ∣
∈{−1,1}

P 1
π1 ...P

∣Y ∣
π∣Y ∣σP

1
π1 ...P

∣Y ∣
π∣Y ∣ . (4.102)

Then filtered density operators, σ = σLP , 1-1 correspond to states on BLP , too.

Local parity SSRs and correlations. As for correlations, a possible approach is to define
a new correlation measure of a general density operator (i.e. a state on B) as follows:

IS,LP (ρ) ∶= IS(ρLP ) . (4.103)

This definition prevents the meaningless situation where two states σ,σ′ are equivalent with
respect to local P-SSR measurements, σ ∼ σ′, but may still have different correlation values.

The discussion above and in particular the key equations Eq. (4.102) and (4.103) can be
operationally motivated by looking at local procedures which transfer the fermionic state ρ to
a quantum register in a way which abides by local parity SSR, see [17].

Computing IS,LP : two-dimensional 1P space. We now set out to see whether IS,LP (ρ)
can be easily computed when ρ is free. This was the case for IS(ρ). First, we consider the
easiest possible case, namely d = 2 and Y = (1,1). We will work with the reference basis for
H1, {∣1⟩, ∣2⟩}. Correspondingly we use the basis {∣Ω⟩, ∣1⟩, ∣2⟩, ∣F ⟩} for the Fock space. The fixed
splitting S of H1 is given by the two 1D spans of the basis elements. Here ∣Ω⟩ is the vacuum
state, ∣F ⟩ = f †

1f
†
2 ∣Ω⟩ is the full state and we shorten ∣j⟩ = f †

j ∣Ω⟩ with slight abuse of notation.
A free state ρ is specified by its 1P reduced operator γ, and as we have seen we have

IS(ρ) = S(ρ∣1) + S(ρ∣2) − S(ρ)
= −h(λ1) − h(λ2)
+ h(γ11) + h(γ22) , (4.104)

where S is the Von Neumann entropy, h(x) = −x log(x) − (1 − x) log(1 − x), and λj are the
eigenvalues of γ. To compute IS,LP (ρ), we first express ρ in terms of γ:

ρ = λ1λ2∣F ⟩⟨F ∣ + (1 − λ1)(1 − λ2)∣Ω⟩⟨Ω∣+
+ λ1(1 − λ2)∣ϕ1⟩⟨ϕ1∣ + λ2(1 − λ1)∣ϕ2⟩⟨ϕ2∣ , (4.105)
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where ∣ϕj⟩ are orthonormal eigenvectors of γ. Then we filter ρ→ ρLP as in Eq. (4.102):

ρLP = λ1λ2∣F ⟩⟨F ∣ + (1 − λ1)(1 − λ2)∣Ω⟩⟨Ω∣

+ λ1(1 − λ2)(∣⟨1∣ϕ1⟩∣2∣1⟩⟨1∣ + ∣⟨2∣ϕ1⟩∣2∣2⟩⟨2∣)

+ λ2(1 − λ1)(∣⟨1∣ϕ2⟩∣2∣1⟩⟨1∣ + ∣⟨2∣ϕ2⟩∣2∣2⟩⟨2∣)

= λ1λ2∣F ⟩⟨F ∣ + (1 − λ1)(1 − λ2)∣Ω⟩⟨Ω∣

+ (λ1(1 − λ2)∣⟨1∣ϕ1⟩∣2 + λ2(1 − λ1)∣⟨1∣ϕ2⟩∣2)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

α

∣1⟩⟨1∣

+ (λ1(1 − λ2)∣⟨2∣ϕ1⟩∣2 + λ2(1 − λ1)∣⟨2∣ϕ2⟩∣2)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

β

∣2⟩⟨2∣ . (4.106)

The state ρLP is in general not free. We have

α = γ11 − λ1λ2
β = γ22 − λ1λ2 . (4.107)

We can now compute the single-subspace (i.e. single-mode) reduced density operators of ρLP :
if we represent them as matrices relative to the particle-hole basis, we get

ρLP j
→
⎛
⎝
γjj 0

0 1 − γjj
⎞
⎠

for j = 1,2 .

We notice that ρLP j
= ρ

j
i.e. filtering ρ→ ρLP leaves the reduced states unchanged. We will

later see that this holds in the general case, too.
We can finally compute

IS,LP (ρ) = IY (ρLP )
= S(ρLP ∣1) + S(ρLP ∣2) − S(ρLP )
= S(ρ∣

1
) + S(ρ∣

2
) − S(ρLP ) . (4.108)

Incidentally, it is interesting to compare with Eq. (4.104): we have IS,LP (ρ) = IS(ρ) + S(ρ) −
S(ρLP ).

Local parity SSRs and maximal orbital correlations. Now we will think of IS,LP (ρ) as
depending on γ through the free state ρ (remember the 1:1 correspondence γ ↔ ρ). Following
the convention of Sec. 4.7, we keep the splitting S fixed. We then undertake the maximization
of IS,LP (ρ) over all γ with fixed spectrum (λ1, λ2). First we rewrite

IS,LP (ρ) = λ1λ2 log(λ1λ2) + (1 − λ1)(1 − λ2) log((1 − λ1)(1 − λ2))
+ h(γ11) + h(γ22) + α log(α) + β log(β) . (4.109)
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Terms in the first line only depend on the spectrum of γ and can be omitted in the optimization.
Terms in the second line, instead, depend on γ not only via its spectrum. We then have to
maximize their sum (compare with Eq. (4.104)):

h(γ11) + h(γ22)+
(γ11 − λ1λ2) log(γ11 − λ1λ2) + (γ22 − λ1λ2) log(γ22 − λ1λ2) . (4.110)

The first line is the function we had to optimize in the non-superselected context. The second
line contains new terms due to superselection. On the positive side, we still have no dependence
on off diagonal elements of γ, so we are basically still dealing with a function defined on V Y

w ,
and this function is even Schur-concave in (γ11, γ22), reaching its maximum value for γ11 = γ22.
On the negative side, the new function is not concave, as opposed to Eq. (4.104). Let us show
these facts.

The quantity in Eq. (4.110) must be optimized for fixed λj , hence the constraint γ22 =
λ1 + λ2 − γ11 = t − γ11. Also, we have are interested in the case λ1 ≤ γ11 ≤ λ2. Set λ1λ2 = δ.
Then Eq. (4.110) is best understood in terms of the function

[λ1, λ2] → R+

γ11 ↦ h(γ11) + h(t − γ11)+
(γ11 − δ) log(γ11 − δ)
+ (t − γ11 − δ) log(t − γ11 − δ) . (4.111)

This function is plotted in Fig. 4.4 for some choices of λj . It is Schur concave (i.e. increasing
on [λ1, t/2]) but in general not concave. The ”v-set” trivially includes the maximally mixed
element (γ11, γ22) = (t/2, t/2), which is where the maximal value is attained. We call that
maximal value IYLP,max(ρ). For a 1P Slater determinant spectrum, λ1 = 0, λ2 = 1, Eq. (4.110)
becomes simply h(γ11) - see the yellow line in Fig. 4.4.

This concludes the SSR-modified treatment for Y = (1,1). Notice that in this low dimen-
sional case parity-SSR and the so-called number-SSR are the same.

Computing IS,LP : three-dimensional 1P space and beyond. Now we consider more
general cases. The following remark, which was already anticipated, will be useful. Pick a
density operator ρ which is global-parity superselected (i.e. block diagonal with respect to the
eigenspaces of global parity): then filtering ρ→ ρLP with Eq. (4.102) leaves the reduced states
unchanged. More precisely,

Lemma 12. Consider a Young diagram Y with ∑∣Y ∣µ Yµ = d = dim(H1) and the splitting
H1 = V1⊕ ...⊕V∣Y ∣ based on the assigned standard basis {∣i⟩}di=1 of H1. Pick a state ρ ∈ D(FH1)
which is global-parity superselected, i.e. block diagonal with respect to the eigenspaces of global
parity. Then for µ = 1, ..., ∣Y ∣

ρLP µ
= ρ

µ
, (4.112)

where ρLP is given by Eq. (4.102) and σ
µ
∈ D(FVµ) denotes the reduced density operator of σ

relative to the subspace Vµ.
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Figure 4.4 The function Eq. (4.111) for some 1RDM spectra (λ1, λ2).

Proof. Eq. (4.112) can be expected based on the fact that for any fermionic state ρ which
is global parity-superselected, i.e. [ρ, eiπN ] = 0, the reduced state ρ∣V is automatically local
parity-superselected, i.e. [ρ∣V , eiπN ∣V ] = 0 (even when [ρ, eiπN ∣V ] ≠ 0).
To properly show Eq. (4.112), we use the fundamental definition of reduced states in terms
of expectation values, see [29]. Let B∣

µ
⊂B be the fermionic subalgebra of operators relative

to the 1P subspace Vµ ⊂ H1, i.e. the subalgebra generated by {f∣a⟩, f †
∣a⟩}∣a⟩∈Vµ via sums and

products. Pick an operator A ∈B∣
µ
. Then we use the local parity projectors Pµ±1 to write

ρA = ∑
π1,...,π∣Y ∣
π′1,...,π

′
∣Y ∣

∈{−1,1}

P 1
π1 ...P

∣Y ∣
π∣Y ∣ρP

1
π′1
...P

∣Y ∣
π′∣Y ∣

A

= ∑
π1,...,π∣Y ∣
π′1,...,π

′
∣Y ∣

∈{−1,1}

P 1
π1 ...P

∣Y ∣
π∣Y ∣ρP

µ
π′µ
AP 1

π′1
...
�
�Pµπ′µ
...P

∣Y ∣
π′∣Y ∣

,

where for ν = 1, ..., µ − 1, µ + 1, ..., ∣Y ∣ we have commuted P νπ′ν and A. The fact that these two

operators commute can be seen e.g. by writing the νth parity operator as eiπN ∣ν and noticing
that N ∣

ν
, the number operator relative to Vν , commutes with f∣a⟩, f

†
∣a⟩ ∀∣a⟩ ∈ Vµ. But then

when we take the trace Tr[ρA], using cyclicity, we get only contributions from summands
corresponding to indeces satisfying πν = π′ν ∀ν ≠ µ. We can then write

Tr[ρA] = ∑
π1,...,π∣Y ∣,π′µ
∈{−1,1}

Tr [P 1
π1 ...P

µ
πµ ...P

∣Y ∣
π∣Y ∣ρP

1
π1 ...P

µ
π′µ
...P ∣Y ∣π∣Y ∣A] .
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Now, P 1
π1 ...P

µ
πµ ...P

∣Y ∣
π∣Y ∣ρP

1
π1 ...P

µ
π′µ
...P

∣Y ∣
π∣Y ∣ vanishes for πµ ≠ π′µ. In fact, the range of P 1

π1 ...P
µ
πµ ...P

∣Y ∣
π∣Y ∣

is a subspace of the π1 ⋅ ... ⋅πµ ⋅ ... ⋅π∣Y ∣-eigenspace of global parity; the range of P 1
π1 ...P

µ
π′µ
...P

∣Y ∣
π∣Y ∣

is a subspace of the π1 ⋅ ... ⋅ π′µ ⋅ ... ⋅ π∣Y ∣-eigenspace of global parity; and ρ leaves invariant said
eigenspaces of global parity. We are then left with

Tr[ρA] = ∑
π1,...,π∣Y ∣
∈{−1,1}

Tr [P 1
π1 ...P

∣Y ∣
π∣Y ∣ρP

1
π1 ...P

∣Y ∣
π∣Y ∣A]

!= Tr[ρLPA] ∀A ∈B∣
µ
,

which is equivalent to Eq. (4.112).

We are now ready to propose a general definition of maximal orbital correlation adapted to
local-parity SSRs. Given a state ρ which is global-parity superselected, i.e. [ρ, eiπN ] = 0, we
propose the quantity

IS,LP (ρ) ∶= IY (ρLP )

= −S(ρLP ) +
∣Y ∣
∑
µ

S(ρLP µ
)

!= −S(ρLP ) +
∣Y ∣
∑
µ

S(ρ
µ
) , (4.113)

where we used Eq. (4.112). We have IS,LP (ρ) = IY (ρ) + S(ρ) − S(ρLP ). In the spirit of
this Chapter, one would then attempt the maximization of this quantity with respect to basis
rotations. We then set

IYLP,max(ρ) ∶=max
U

IS,LP (U ρU †) , (4.114)

where the maximization is over all 1P unitaries U acting on the Fock space, see Sec. 2.3.1.
We recall that this maximization can be recast in terms of a maximization over splittings
S compatible with Y , as in Def. 16. We restrict once again to free states ρ. The terms
S(ρLP µ

) can be computed with the techniques used while computing IYmax(ρ). Then we need

to understand the dependence of S(ρLP ) on ρ’s 1RDM γ, as we did for the simplest case
Y = (1,1). Based on that simplest case, problems are expected to arise from the following
facts:

• ρLP is not a free state;

• S(ρLP ) depends on ρ’s 1RDM γ not only via the spectrum λ(γ).

It is most instructive to consider the second-to-easiest case, namely d = 3, Y = (2,1). Consider
a free state ρ with 1RDM γ = ∑3

j=1 λj ∣ϕj⟩⟨j∣. Also, we denote γ = I−γ, λj = 1−λj , t = Tr(γ), t =
Tr(γ), δ = det(γ), δ = det(γ). We will work with the Fock space basis made up of the following
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8 vectors: ∣0⟩, ∣F ⟩ = f †
1f

†
2f

†
3 ∣0⟩, ∣jP ⟩ = f

†
j ∣0⟩, ∣jH⟩ = fj ∣0⟩. Then ρ is given by

ρ = δ∣0⟩⟨0∣

+ δ∑
j

λj

λj
∣ϕPj ⟩⟨ϕPj ∣

+ δ∑
j

λj

λj
∣ϕHj ⟩⟨ϕHj ∣

+ δ∣F ⟩⟨F ∣, (4.115)

where the first line describes the part of ρ with total number of fermions N = 0, the second
line corresponds to N = 1, and so on. This is conveniently rewritten as

ρLP = δ∣0⟩⟨0∣
+ δ∑

j,k

(γ−1 − I)jk∣jP ⟩⟨kP ∣

+ δ∑
j,k

(γ−1 − I)jk∣jH⟩⟨kH ∣

+ δ∣F ⟩⟨F ∣, (4.116)

where the second (third) line should be thought of as operators acting on the 1 particle (1 hole)
three-dimensional subspace as γ−1 − I (γ−1 − I), up to a prefactor δ (δ). Computing ρLP then
turns out to be all about keeping the diagonal blocks of said operators, e.g. γ−1 → (γ−1)B,
using the same transformation as in Eq. (4.74):

ρLP = δ∣0⟩⟨0∣
+ δ∑

j,k

((γ−1)B − I)
jk
∣jP ⟩⟨kP ∣

+ δ∑
j,k

((γ−1)B − I)
jk
∣jH⟩⟨kH ∣

+ δ∣F ⟩⟨F ∣. (4.117)

This implies that the eight eigenvalues ωi of ρLP are given by

• ω1 = δ

• (ω2, ω3, ω4) = δ × block spectrum of γ−1 − I

• (ω5, ω6, ω7) = δ × block spectrum of γ−1 − I

• ω8 = δ.

These eigenvalues ωi can then be used to compute

S(ρLP ) = −
8

∑
i=1
ωi log(ωi),
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which appears in IS,LP (ρ), see Eq. (4.113).
Now the natural question arises whether the eigenvalues ωi, or at least the function IS,LP (ρ),
can be expressed as functions of the eigenvalues of γ (the w vector) and γB (the v vector).
This was the case for IS(ρ), where our whole optimization procedure was based on this simple
structure of IS(ρ). For the new superselected variant, a calculation shows that this is no longer
the case. The reason is that ω2, ..., ω7 require the block spectrum of γ−1 and γ−1, which cannot
in general be retrieved from the spectrum and block spectrum of γ.



Chapter 5

Summary and conclusions

In this thesis, we have pursued two separate goals, both regarding correlations in systems of
identical fermions: the establishment of a theory of fermionic particle correlations, and the
quantification of maximal orbital correlations in the absence of particle correlations.

The first goal was the subject of Ch. 3. There we introduced fermionic versions of uncorre-
lated, classical and separable states, which constitute the sets DF0 ,DFcl and DFsep. Beside this
hierarchy of states we defined two geometric measures of fermionic quantum correlation and
entanglement, QF and EF , and explained why it is not meaningful to define any fermionic mu-
tual information IF . The key premise in all of these constructions is a correspondence between
states of N identical fermions in orthogonal modes and states of N distinguishable particles.
We physically motivated and mathematically characterized this correspondence in Sec. 3.1. It
provided a complete theory of correlations for states of fermions in orthogonal modes, paving
the way for our reasoning and definitions on generic states. Thereafter, a number of prop-
erties of DF0 ,DFcl ,DFsep,QF and EF were conjectured, interpreted and proven. This includes
a reduction to well-established concepts when fermions in orthogonal modes are considered,
analytical results for N = 2 fermions, and structural properties of DFcl . The overall emergent
mathematical structure resembles that of the original hierarchies of states and measures for
multipartite systems of distinguishable parties.

As possible future directions, we would like to further explore the properties of these hier-
archies. First off, it is still unclear whether the conjectures 1 and 2 on the restriction of QF (for
N ≥ 2) and EF (for N ≥ 3) to states of fermions in orthogonal modes hold or not. Validating
these conjectures would provide further evidence that our definitions are sensible. In Sec. 3.3.3
some open questions regarding the case of N ≥ 3 fermions were presented. Plus, any property
or concept of systems of distinguishable particles should be translated to the fermionic case:
for example, one can define and study other correlation measures such as fermionic entan-
glement of formation; or analyze the geometric structure of DFsep, which is expected to be a
full-dimension submanifold of the manifold of all states [44]. Perhaps more importantly, op-
erational motivations of our ideas should be sought. In particular we are currently studying
an activation protocol for the fermionic quantum correlation QF . Applications of QF and EF

should be discussed, for example in the quantification of the computational complexity of the
problem of determining electronic ground states. Finally, one can try to adapt our approach
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to the case of bosons, where some new challenges arise. For example, in our framework it is
not clear whether BEC states should be considered to have any particle correlations.

In Ch. 4, we defined the maximal orbital correlation IYmax(ρ) of a fermionic state ρ. This
measure is labeled by a Young diagram Y fixing the dimensions of the subspaces V j of the
1P space, which play the role of subsystems. We then focused on the case that ρ has no
particle correlations, i.e. it is a free state. In this case, Cor. 4 neatly reduces the computation
of IYmax(ρ) to the maximization of a Schur-concave target function over a certain domain
V Y
w ⊂ Rd, see Def. 17. The whole physical problem is then recast into the mathematical

problems of characterizing V Y
w , and performing the maximization. We accomplished these two

tasks for some choices of the dimension d of the 1P space, and partitions Y of d. In particular,
for d ≤ 5 and every Y , we could find simple formulas for the maximizer vYbest(w) ∈ V Y

w of the
target function: see Tab. 4.1, 4.2 and 4.3 for an overview on these formulas. Some variants
of the main maximization problem were also proposed and addressed: first, we restricted to
the case where the free state ρ is i.p. a Slater determinant state (Sec. 4.7), and secondly, we
proposed and studied a local parity-superselected variant of IYmax.

As a next step, it would be interesting to fully unveil the beautiful combinatorial struc-
ture behind the problem of computing maximal orbital correlations of free states. This would
mean finding efficient formulas or algorithms to characterize V Y

w for any Young diagram Y
and 1RDM spectrum w, thus improving the result by C. K. Li and Y. T. Poon [41]. Such a
thorough analysis would then allow to compute IYmax(ρ) for any free state ρ. Also, the role of
superselection rules should be inspected more deeply, in particular in view of possible opera-
tional interpretations of our computations.

Finally, in the spirit of recombining the subjects of Ch. 3 and 4, one can study the connection
between particle correlations and orbital correlations in fermionic systems. The starting point
there is a paper [12] by N. Gigena, M. Di Tullio and R. Rossignoli and the nonfreeness intro-
duced by A. D. Gottlieb and N. Mauser [14], where minimized orbital correlations are realized
as a measure of particle correlations.



Appendix A

Fermionic classical states: two
fermions in orthogonal modes

We present the proof of Thm. 10 on the correspondence between fermionic classical states of
fermions in orthogonal modes and classical states of distinguishable particles, for the case of
N = 2 fermions. This is a special case of the general proof which we presented right after the
theorem. That proof is valid for all N , but is quite involved: the interested reader should first
go through the present special case, and then go back to the general proof.

We use the notation introduced in the proof of Thm. 10. For simplicity, here we assume
V 1 ⊕ V 2 = H1. Consider Eq. (3.37) and pick k = (k1, k2) s.t. pk > 0. Then ∣SDBk ⟩ ∈ KS ,
otherwise there would be a nonzero probability associated to eigenvalues of n(1/2) other than
1. Decompose

∣ψk1⟩ = ∣ψ
(1)
k1
⟩ + ∣ψ(2)k1 ⟩

∣ψk1⟩ = ∣ψ
(1)
k2
⟩ + ∣ψ(2)k2 ⟩ , (A.1)

with ∣ψ(j)k1 ⟩ ∈ V
j (not normalized). Now suppose that ∣ψk1⟩ ∉ V 1, V 2, i.e. ∣ψ(j)k1 ⟩ ≠ 0 for k = 1,2.

Then

∣ψ(1)k2 ⟩ ∝ ∣ψ
(1)
k1
⟩ (A.2)

∣ψ(2)k2 ⟩ ∝ ∣ψ
(2)
k1
⟩. (A.3)

In fact otherwise
∣SDBk ⟩ = f

†
ψk1

f †
ψk2
∣0⟩ = f †

ψ
(1)
k1

f †
ψ
(1)
k2

∣0⟩ + 3 more terms

would have e.g. a nonvanishing component f †
ψ
(1)
k1

f †
ψ
(1)
k2

∣0⟩ in the eigenspace of n(1) relative to

the eigenvalue 2 (↔ two fermions in V 1), in contradiction with ∣SDBk ⟩ ∈ KS .
Thus, the two vectors ∣ψk1⟩ and ∣ψk2⟩must be in the 2-dimensional subspace span(∣ψ(1)k1 ⟩, ∣ψ

(2)
k1
⟩);

also, they are orthonormal. Given ∣ψk1⟩ all of this univoquely fixes the vector ∣ψk2⟩, up to a
phase.

In particular, for any k3 ≠ k2, consider k′ = (k1, k3) (or (k3, k1)): since ∣SDBk⟩ ∈ KS we
must have ∣SDBk′ ⟩ ∉ KS . But then pk′ = 0, i.e. ∣SDBk′ ⟩ does not actually appear in ρ. We can
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say that “∣ψk1⟩ can only couple up with ∣ψk2⟩” in ρ. Also, it is easy to see that ∣ψk2⟩ ∉ V 1, V 2,
so it turns out that “∣ψk2⟩ can only couple up with ∣ψk1⟩”, too.

The idea now is to update the basis B, as follows:

∣ψk1⟩, ∣ψk1⟩ → ∣ψ′k1⟩ =
∣ψ(1)k1 ⟩
norm

, ∣ψ′k2⟩ =
∣ψ(2)k1 ⟩
norm

. (A.4)

This can be done independently for all couples k = (k1, k2) s.t. pk > 0, thanks to the
“monogamy” of the elements of B. Some modes ∣ψk⟩ ∈ B might satisfy ∣ψk⟩ ∈ V 1 or V 2. They
are not monogamous, but can only couple up with one another in the nonvanishing terms of
Eq. (3.37). We leave them unchanged, ∣ψ′k⟩ = ∣ψk⟩. Finally, B may contain some modes which
do not contribute to Eq. (3.37) at all, i.e. which only appear in Slater determinant states
∣SDBk ⟩ when pk = 0. We leave those modes unchanged, too.

The result of this procedure is an (orthonormal) basis {∣ψ′k⟩}k = B′ s.t. ∀k either ∣ψ′k⟩ ∈ V 1,
or V 2, or ∣ψ′k⟩ does not contribute to ρ. Up to an unrelevant unitary rotation within the latter
unused modes we get without loss of generality B′ = B′1 ∪ B′2, where B′j is a basis for V j .
The key remark then is that ρ is classical with respect to B′. To see that, notice that ∀k s.t.

pk ≠ 0, ∣SDBk ⟩
!= ∣SDB′k ⟩ up to a phase. This allows to write

ρ = ∑
k

pk∣SDBk ⟩⟨SDBk ∣

= ∑
k

pk∣SDB
′

k ⟩⟨SDBk ∣ ∈ DB
′

cl ✓ (A.5)

where pk > 0 can happen only if ∣ψ′k1⟩ ∈ B
′1, ∣ψ′k2⟩ ∈ B

′2 (or viceversa).
Now we can map to distinguishable particles with JS . Under the latter condition for pk > 0,

we have JS ∣SDB
′

k ⟩ ∝ ∣ψ′k1⟩⊗ ∣ψ
′
k2
⟩ (or ∣ψ′k2⟩⊗ ∣ψ

′
k1
⟩) ∈ V 1⊗V 2. Then JSρJ

−1
S is classical with re-

spect to the local bases B′1 and B′2 (in the sense of distinguishable particles), and JSρJ
−1
S ∈ Dcl.



Appendix B

Reduced 3-tuples fulfill the
small-blocks condition

Here we show that the 3-tuple reduction (NP ,NH , Y ) → (N ′P ,N ′H , Y ′) defined in the scheme
4.89, Sec. 4.7, is such that the output 3-tuple (N ′P ,N ′H , Y ′) fulfills the small-blocks condition,
Def. 19. This fact is used in Thm. 10 and is the second statement in Thm. 11.

With reference to Def. 19 and the shortened notation introduced in Def. 4.7.3, we recall
the reduction procedure 4.89:

(NP ,NH , Y ) → (N ′P ,N ′H , Y ′) (B.1)

with N ′P = NP −MP (B.2)

N ′H = NH −MH (B.3)

Y ′µ = Yµ −mP
µ −mH

µ ≥ 1 . (B.4)

First, we assume the nontriviality requirements 0 < NP ,NH < d and Y1 < d, from which
Y ′µ ≥ 1 follows. Also, for µ < ν we have Y ′µ ≥ Y ′ν , i.e. Y ′ comes out of the scheme B.2 automati-
cally ordered. To see that, consider separately these two cases:

(i) NH ≥ Yµ > NP ⇒ Y ′µ
!= NP ≥ Y ′ν ;

(ii) Yµ > NH ,NP , which can only happen for µ = 1 ⇒ Y ′1
!= d − Y1 ≥ Yν ≥ Y ′ν , ∀ν ≥ 2.

Then checking the small-blocks condition on (N ′P ,N ′H , Y ′) reduces to checking Y ′1 ≤ N ′P ,N ′H .

Case 1: Y1 ≤ NP ,NH . The 3-tuple (NP ,NH , Y ) fulfills the small-blocks condition and the
reduction B.2 leaves the 3-tuple unchanged.

Case 2: NP < Y1 ≤ NH (the case NH < Y1 ≤ NP is equivalent). We have MP = 0, and hence
N ′P = NP . Instead, there are ”trivial” holes which are removed in the reduction, so that
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N ′H < NH . Let µ̃ ≥ 1 be the biggest index satisfying Yµ̃ > NP . Then

Y ′µ = NP for 1 ≤ µ ≤ µ̃ (B.5)

Y ′µ = Yµ for µ̃ + 1 ≤ µ ≤ ∣Y ∣ . (B.6)

On the one hand, Y ′1 = NP = N ′P .
On the other hand, we have

MH =
µ̃

∑
µ=1

mH
µ = (

µ̃

∑
µ=1

Yµ) − µ̃ ⋅NP (B.7)

so that

N ′H = NH −MH = (d −NP ) − (
µ̃

∑
µ=1

Yµ) + µ̃ ⋅NP

≥ (µ̃ − 1) ⋅NP ≥ NP = Y ′1 , (B.8)

where in the end we assumed µ̃ ≥ 2. Instead, if µ̃ = 1, we similarly get N ′H = d−Y1 ≥ NP = Y ′1 .

Case 3: Y1 > NH ,NP . We have m
H/P
1 = Y1 −NP /H . Now pick µ ≥ 2: one has Y2 ≤ d − Y1 <

d −NP /H = NH/P , so that m
P /H
µ = 0. Then

Y ′1 = d − Y1 (B.9)

Y ′µ = Yµ for 2 ≤ µ ≤ d (B.10)

One then has MP /H =mP /H
1 = Y1 −NH/P , so that N ′P /H = NP /H −MP /H = d − Y1 = Y ′1 .



Bibliography

[1] R. Jozsa and N. Linden, “On the role of entanglement in quantum-computational speed-
up”, Proceedings of the Royal Society of London. Series A: Mathematical, Physical and
Engineering Sciences 459, 2011–2032 (2003).

[2] J. S. Bell, “On the Einstein Podolsky Rosen paradox”, Physics Physique Fizika 1, 195–
200 (1964).

[3] R. F. Werner, “Quantum states with Einstein-Podolsky-Rosen correlations admitting a
hidden-variable model”, Phys. Rev. A 40, 4277–4281 (1989).

[4] V. Vedral, M. B. Plenio, M. A. Rippin, and P. L. Knight, “Quantifying entanglement”,
Phys. Rev. Lett. 78, 2275–2279 (1997).

[5] V. Vedral and M. B. Plenio, “Entanglement measures and purification procedures”, Phys-
ical Review A 57, 1619–1633 (1998).

[6] K. Modi, T. Paterek, W. Son, V. Vedral, and M. Williamson, “Unified view of quantum
and classical correlations”, Physical Review Letters 104, 10.1103/physrevlett.104.
080501 (2010).

[7] H. Ollivier and W. H. Zurek, “Quantum discord: a measure of the quantumness of cor-
relations”, Phys. Rev. Lett. 88, 017901 (2001).

[8] R. Horodecki, P. Horodecki, M. Horodecki, and K. Horodecki, “Quantum entanglement”,
Rev. Mod. Phys. 81, 865–942 (2009).

[9] J. Schliemann, J. I. Cirac, M. Lewenstein, and D. Loss, “Quantum correlations in two-
fermion systems”, Phys. Rev. A 64, 022303 (2001).

[10] N. Gigena and R. Rossignoli, “Entanglement in fermion systems”, Physical Review A
92, 022303 (2015).

[11] N. Gigena and R. Rossignoli, “One-body information loss in fermion systems”, Physical
Review A 94, 022303 (2016).

[12] N. Gigena, M. D. Tullio, and R. Rossignoli, “One-body entanglement as a quantum
resource in fermionic systems”, Physical Review A 102, 022303 (2020).

[13] A. D. Gottlieb and N. J. Mauser, “Properties of nonfreeness: an entropy measure of
electron correlation”, https://arxiv.org/abs/quant-ph/0608171, 2006.

[14] A. D. Gottlieb and N. J. Mauser, “Correlation in fermion or boson systems as the min-
imum of entropy relative to all free states”, https://arxiv.org/abs/1403.7640,
2014.

https://doi.org/10.1098/rspa.2002.1097
https://doi.org/10.1098/rspa.2002.1097
https://doi.org/10.1103/PhysicsPhysiqueFizika.1.195
https://doi.org/10.1103/PhysicsPhysiqueFizika.1.195
https://doi.org/10.1103/PhysRevA.40.4277
https://doi.org/10.1103/PhysRevLett.78.2275
https://doi.org/10.1103/physreva.57.1619
https://doi.org/10.1103/physreva.57.1619
https://doi.org/10.1103/physrevlett.104.080501
https://doi.org/10.1103/physrevlett.104.080501
https://doi.org/10.1103/physrevlett.104.080501
https://doi.org/10.1103/physrevlett.104.080501
https://doi.org/10.1103/PhysRevLett.88.017901
https://doi.org/10.1103/RevModPhys.81.865
https://doi.org/10.1103/PhysRevA.64.022303
https://doi.org/10.1103/PhysRevA.92.042326
https://doi.org/10.1103/PhysRevA.92.042326
https://doi.org/10.1103/PhysRevA.94.042315
https://doi.org/10.1103/PhysRevA.94.042315
https://doi.org/10.1103/physreva.102.042410
https://arxiv.org/abs/quant-ph/0608171
https://arxiv.org/abs/1403.7640


BIBLIOGRAPHY 118

[15] S. D. Bartlett and H. M. Wiseman, “Entanglement constrained by superselection rules”,
Phys. Rev. Lett. 91, 097903 (2003).

[16] F. Verstraete and J. I. Cirac, “Quantum nonlocality in the presence of superselection
rules and data hiding protocols”, Phys. Rev. Lett. 91, 010404 (2003).
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