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ABSTRACT

Understanding low-energy states of a fermionic quantum system is a problem of great
significance in condensed matter physics. However, preparing these many-body states
quickly becomes intractable for classical computers. Digital quantum computers can, in
principle, be used efficiently for this task, but current noisy intermediate-scale quantum
(NISQ) devices are still limited by the number of available qubits, their gate fidelities
and the maximum circuit depth. Analog quantum simulators offer another pathway to
understand many-body systems for specific native models, while being limited in the
kind of available operations.

In this work, we study a quantum-classical algorithm for investigating microcanonical
properties of the two-dimensional Fermi-Hubbard model. The algorithm is to be im-
plemented in a hybrid fermionic quantum processor combining the advantages of both
analog and digital modes in a single platform based on neutral atoms in an optical lattice.
It relies on a virtual filtering operation that, without the need to prepare the physical
state, allows to compute expectation values of a microcanonical ensemble. The protocol
uses measurements of Loschmidt echos for an efficiently preparable initial state. We fur-
ther present a concrete pathway to obtain the Loschmidt echo in a fermionic quantum
processor, together with a benchmark of suitable low-energy initial states. Hopefully,
this work will contribute to a better understanding of ground and finite temperature
states in fermionic quantum many-body systems.
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ZUSAMMENFASSUNG

Das Verstédndnis niederenergetischer Zusténde eines fermionischen Quantensystems
ist ein Problem von grofler Bedeutung in der Physik der kondensierten Materie. Die
Vorbereitung dieser Vielteilchenzustdnde wird jedoch fir klassische Computer schnell
zu einer unlésbaren Aufgabe. Digitale Quantencomputer konnen im Prinzip effizient
fiir diese Aufgabe eingesetzt werden, doch sind die derzeitigen NISQ-Geréte (noisy
intermediate-scale quantum) durch die Anzahl der verfiigharen Qubits, ihre Gattertreue
und die maximale Schaltungstiefe begrenzt. Analoge Quantensimulatoren bieten einen
weiteren Weg, um Vielteilchensysteme fiir bestimmte native Modelle zu verstehen, sind
aber in der Art der verfiigbaren Operationen begrenzt.

In dieser Arbeit untersuchen wir einen quantenklassischen Algorithmus zur Unter-
suchung der mikrokanonischen Eigenschaften des zweidimensionalen Fermi-Hubbard-
Modells. Der Algorithmus soll in einem hybriden fermionischen Quantenprozessor im-
plementiert werden, der die Vorteile von analogen und digitalen Modi in einer einzigen
Plattform auf der Grundlage von neutralen Atomen in einem optischen Gitter kom-
biniert. Er beruht auf einer virtuellen Filterung, die es ermoglicht, Erwartungswerte
eines mikrokanonischen Ensembles zu berechnen, ohne den physikalischen Zustand vor-
bereiten zu miissen. Das Protokoll verwendet Messungen von Loschmidt-Echos fiir einen
effizient vorbereitbaren Anfangszustand. Weiterhin stellen wir einen konkreten Weg vor,
um das Loschmidt-Echo in einem fermionischen Quantenprozessor zu erhalten, zusam-
men mit einem Benchmark geeigneter niederenergetischer Anfangszustinde. Wir hoffen,
dass diese Arbeit zu einem besseren Verstdndnis von Grundzustéinden und Zustédnden mit
endlicher Temperatur in fermionischen Quanten-Vielteilchensystemen beitragen wird.
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Chapter 1

Introduction

Quantum simulation is possibly one of the most promising applications of quantum
physics, given that quantum many-body systems are hard to simulate classically in an
efficient manner. While analog simulators are special purpose devices designed to pro-
vide insight on such questions, universally programmable digital quantum computers
would be capable of solving any quantum problem. Specially interesting is the simula-
tion of fermionic systems, describing e.g. the behavior of strongly correlated electrons in
a material, key for understanding physical properties such as high-temperature super-
conductivity. One prominent model of such rich physics is believed to be captured in
the two-dimensional Fermi-Hubbard Hamiltonian, which up to date has not been fully
understood yet. While some properties such as solving its ground state are known to be
hard problems, experimentally accessing specific phases can in turn encounter technical
constrains such as limitations in the low entropies that can be reached.

Instead, in this work we aim to overcome these obstacles by exploiting the capabilities
of the FermiQP demonstrator. The FermiQP project on a fermionic quantum processor
combines the advantages of both analog and digital simulation in realizing a new and
scalable hybrid platform based on neutral °Li atoms on an optical lattice. There, the
dynamics of the analog quantum simulator implementing highly entangling operations
on all of the particles with time-dependent control, can be merged with digital opera-
tions leading to a programmable fermionic quantum simulator.

Taking advantage of this platform, this work aims to propose a hybrid quantum-
classical algorithm adapted to the given hardware to allow probing both low-temperatures
and doped regions in the phase diagram of the 2D Fermi-Hubbard model. The efficient
algorithm for the study of observables at finite energy will rely on the virtual filtering
of an easy-to-prepare state that has overlap with states in a given energy window. The
algorithm will avoid the filtering of the state by recovering the physical values from
specific so-called Loschmidt echos retrieved by the quantum simulator. These quantities
are complex numbers whose amplitude can be easily retrieved experimentally, yet leav-
ing the phase resolution a challenging task. Thus, a concrete solution for this problem
will also be addressed, involving the implementation of a short imaginary time evolution.

The structure of the thesis is as follows. Chapter 2 overviews the history of quantum
computing and the state of the art on fermionic quantum simulation. The chapter ends
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with an introduction to the Fermi-Hubbard model and a presentation of the FermiQP
demonstrator, on which the algorithm is meant to be run.

Chapter 3 contains the main results on the proposed algorithm, starting with a moti-
vation from the physical point of view. A section describing the algorithm itself based on
a virtual filtering follows. Next, after studying a family of efficiently preparable initial
states composed of plaquettes, two different proposals for their adiabatic preparation
are made. Last, the implementation of a short imaginary time evolution addressing the
phase resolution of Loschmidt echos is discussed in detail.

Chapter 4 provides a summary of the proposed protocol on a small, proof-of-principle
system, clearly stating the different steps to be followed in the recipe both at the experi-
mental level in the first instance (quantum part of the protocol) followed by the classical
post-processing. Some numerical simulations are added as a last section in this chapter.

Finally, a summary on the obtained results is provided and an outlook is given (Ch. 6).
An appendix includes the python code for the simulation of the whole protocol based
on the QuSpin package.



Chapter 2
Preliminaries

2.1 A short story on Quantum Computing

Back in the early decades of 20th centry, the fields of quantum mechanics and computer
science lived in distant academic worlds. While quantum theory developed to give an
explanation to observed atomic scale phenomena such as the wave-particle duality, digital
computers appeared to replace humans in tedious computational tasks and even ended
up playing a decisive role e.g. in wartime cryptography.

These fields began to converge when physicist began to apply quantum mechanical
models to solve computational problems, replacing bits for qubits. Starting in 1980,
Benioff [1] introduced the concept of a quantum Turing machine describing a simpli-
fied computer based on the Hamiltonian evolution of a pure state. At the same time,
Manin [2] independently formulated the idea of a quantum automaton that used su-
perposition and entanglement. Slightly later in 1982, Feynman [3] suggested building a
computer based on quantum phenomena to efficiently face the exponential increase in
computational complexity when simulating quantum dynamics with classical computers.

Although at that time quantum computers were still only hypothetical, the first quan-
tum algorithms for those machines already started to emerge during the subsequent two
decades. Deutsch and Jozsa [4], Simon [5] and Bernstein and Vazirani [6] provided al-
gorithms for oracle problems that demonstrated mathematically an information gain by
querying a black box with a quantum state in superposition. Further, Shor [7] showed in
1994 that a scalable quantum computer would be able to break RSA and Diffie-Hellman
encryption protocols, drawing a significant attention to the field of quantum computing.
Two years later, Grover’s algorithm [8] proved a quantum speedup for the widely appli-
cable unstructured search problem, while the same year Lloyd [9] validated Feynman’s
conjecture establishing that quantum computers could indeed simulate quantum systems
circumventing the exponential overhead from classical simulations.

In 1995, the idea of quantum computing became concrete when Cirac and Zoller [10]
proposed a way to realize a universal quantum computer using lasers and trapped ionized
atoms. Over the years, several other approaches have been introduced on the hardware
side, ranging from superconducting circuits [11-13] and ultracold quantum gases [14—17]
to quantum dots [18] and photonic systems [19], among others. Still, several technical
challenges have to be overcome before being able to exploit the resources of entangle-
ment and superposition for computation. For this reason, already in the year 2000
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DiVincenzo [20] proposed a list of requirements for a quantum computer to be practical.
It happens that, besides the need for universality and scalability, extreme isolation of the
quantum system from the outside world is necessary to restrain decoherence of quantum
states, while at the same time an incredible accurate control of said system including
state initialization and measurement precision have to be concealed. The failing in any
of these latter conditions will lead to errors in the computation, varying in kind among
the different platforms. The threshold theorem, in turn, describes how quantum error
correction techniques can be used to mitigate those errors, provided the physical error
rate lies below a certain threshold [21-23].

Potential applications for fault-tolerant quantum computers extend from cybersecu-
rity, data analytics and artificial intelligence, to optimization and simulation tasks, even
though their era has not arrived yet. Nonetheless, it is believed that noisy intermediate-
scale quantum (NISQ) machines could already show a technical quantum advantage in
the near future! — a comercial advantage remaining still unclear.

2.2 Fermionic Quantum Simulation

Specially interesting is the simulation of complex quantum systems in condensed matter
physics and quantum chemistry, key for the development of e.g. material science and
drug discovery, since in general they remain a hard task even for today’s supercomputers.
While these could be addressed by a universal quantum computer, even simpler special-
purpose analog devices — that would require less control and therefore be easier to
construct — can be used: quantum simulators [25-27]. These have emerged as one
of the most promising applications in the field of quantum computing [28], since the
technologies required for the coherent control of such quantum systems have matured
to allow for the physical implementation of practical quantum simulation in the very
near future [29-35]. Although in equilibrium quantum simulators have not reached the
predictive power of numerical simulations [36, 37], interesting results have been obtained
for time-dependent phenomena [38, 39] and even a quantum advantage is possible [40].

A common thread for these experiments is their ability to realize a given Hamilto-
nian H — a model of the physical system that dictates the quantum dynamics of states
|1) governed by the Schrodinger equation i%w) = HJy) — as well as being equipped
with initial state preparation and final measurement capabilities. The unitary evolu-
tion e~ of the quantum state, [1/(0)) +— |1)(t)), can be realized either through a
continuous transformation of the model’s parameters (analog mode) if the whole Hamil-
tonian is native, or alternatively by a sequence of discrete unitary gates (digital mode).
Key for the latter approach is the fact that the evolution under a k-local Hamiltonian
H= Z,]\,/{Zl H,, on N qubits — meaning that its terms H,, act on k£ qubits at most each
— can be broken into smaller efficiently-implementable pieces through a Suzuki-Trotter

L As of July 2024, the quantum computing company Quantinuum has already announced that their new
56-qubit H2-1 computer has broken a world record in quantum advantage, surpassing the performance
of benchmarking set by Google’s Sycamore machine (2019) by 100-fold [24].
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decomposition [9, 41, 42],

¢ 2
o—iHt _ (H e—iHmt/z> +0 (2) 7 (2.1)

up to an arbitrarily small digital error? O(t?/¢), with ¢ being the chosen number of
Trotter steps. That is, the Hamiltonian evolution can be approximated arbitrarily well
by repeating ¢ times the sequence of gates corresponding to the product of local terms
for time slices ¢/¢. Sometimes, a simple Trotterization e~*#* ~ [] e~ #mt with corre-
sponding error O(t?) suffices for short time.

However, several outstanding computationally-challenging many-body problems in
condensed matter physics and quantum chemistry describing e.g. electronic dynamics
are naturally expressed in terms of indistinguishable fermions instead of distinguishable
qubits. As discussed by Bravyi and Kitaev [43], at the fundamental level fermionic sys-
tems do not satisfy the postulate that each operation is described by a unitary operator
which is the tensor product of some operator U, acting on the selected qubits, and the
identity operator acting on the rest of the system: 1® --- @ U ® --- ® 1. Hence using
fermions as carriers of quantum information should be considered as a different com-
putational model, encoding the information in the occupation number of sites — the
so-called local fermionic modes — rather than in the internal spin or energy states of
an atom as in the qubit counterpart. Local fermionic modes are defined in terms of
fermionic operators through the ordered string

1) = () ()10, -, 0) (2.2)

acting on the vacuum, specifying the occupation n; € {0,1} on each site j € {1,..., N}.
Since fermionic annihilation (creation) operators c; (c;) follow the anti-commutation
relations® {c;,c;} = {c},c;r-} = 0 and {ci,c;r-} = 0;j, their action on the local fermionic
modes will be given by

j—1
cilni,...,nj—1, 1, nj41, .., nn) = (—1)25:1 "ny, ..., nj—1,0,n541, ..., nN), (2.3)
0,

cj]nl, w1, O,nj+1, ...,TLN>

j—1
making explicit through the phase factor (—1)21:1 "s that the order in the basis elements
matters. Applying a gate to a set of local fermionic modes will thus require special care.

2This means that for any given e > 0 and ¢, there exists a n. such that e *#* can be computed with an

error smaller than € in at most n.M22*

operations, which is polynomial in N whenever M = poly(N)
as in the case of nearest neighbor interactions. The error stems from the non-commutativity of the
different terms H,,.

3Electrons are fermions, whose statistics are governed by an anti-symmetry in the wave function when
swapping two such particles: ¥ (ri,r2) = —¢(rz,r1). This implies that no two fermions can simultane-
ously have the the same quantum numbers (Pauli exclusion principle), since ¢(r,r) = —¢(r, r) would
imply %(r, ) = 0 leading to a vanishing probability ||? for that configuration. This anti-symmetry

is captured by a vanishing anti-commutator, which is defined as {A, B} = AB + BA.
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One possibility is to map fermionic local modes and operators to qubits and the corre-
sponding unitary operators, and then employ the well-established quantum computing
tools and algorithms. This comes at the expense of an additional overhead when dealing
with system dimensions higher than one. The most known and probably oldest such
mapping from fermions to qubits is the so called Jordan-Wigner transformation [44],
which stores the occupation number of the ¢th fermionic mode in the ¢th qubit

\nl, ...,nN> — \ql, ...,(]]\[)7 N, q; c {0,1}, (2.5)

leaving the encoding of the nonlocal behavior (the parity information) to the operators,
1 .
¢ Z21®- @2 @ S (Xj+ i) @l ®--- @1y (2.6)

and its hermitian conjugate, where X, Y, Z are the usual Pauli qubit gates. The problem
with this method is that as a consequence of the non-locality of the parity operator
27;=721® --®2Z;®111®---® 1y, the number of extra qubit operations required to
simulate a single fermionic operator scales as O(N).

This overhead can be reduced by further methods, such as the Bravyi-Kitaev superfast
encoding [43] reducing the simulation cost to O(log N) qubit operations per fermionic
operation. There has been a lot of progress in the past years on optimizing fermion-to-
qubit mappings, ranging from the Verstraete-Cirac transformation in 2005 [45] to the
more recent maps such as the Generalized Superfast Encoding [46] in 2018, the Compact
Derby-Klassen [47] in 2020, both the Super Compact [48] and Optimal [49] in 2023, and
the fresh Ultrafast hybrid a few months back this year 2024 [50], among others.

However, they all have in common that in some way or another they have to deal with
an extra overhead (in number of qubits or circuit depth, for instance) to simulate the
fermionic behavior. The application of such transformations in more than one dimension
or with long-range couplings leads to multi-spin interactions in the resulting Hamiltonian,
breaking the locality of its terms and thus making its quantum simulation demanding.
Alternatively, these issues can be circumvented by using the Fermi Statistics as a native
resource to simulate fermions with fermions, in contrast to qubit-based simulators.

One example is given by last year’s (2023) work by Zoller’s group [51], where a proposal
on fermionic digital quantum processing is made by using programmable neutral atom
arrays with Rydberg states to locally encode fermionic modes in a fermionic register and
simulate them in a hardware-efficient manner using fermionic gates. The authors argue
that a generalization of the Bravyi-Kitaev [43] fermionic gate set

BK = {ei?‘j, e'mming, ei%(‘gcﬁh'c')} (2.7)
— universal when restricted to global particle-number conserving transformations —

given by )
G = {u(0),u"™ )}} (2:8)

with
int —i0n;n;
Us(0) = eionen, (29)
101 (L —ify T .. 93 (1 s

ui(;un) (0) = 6—1[71 (e 92ci6]+h‘c.)+73(nz—n])]7 0 = (917 0, 63)7 (2.10)
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can be precisely realized in experiments. Based on these results, the analysis of Li et
al. [52] shows that the fermionic simulators indeed outperform their qubit counterparts
with respect to resources for quantum evolution (regarding circuit depth), as well as
classical optimization (regarding number of required parameters and iterations). Besides,
it turns out that the relative advantage of fermionic simulators becomes even more
pronounced as interaction becomes stronger, or tunneling is allowed in more than one
dimension, as well as for spinful fermions. This improvement is furthermore scalable,
meaning that the performance gap between fermionic and qubit simulators only grows
for bigger system sizes. Even variational algorithms for fermionic quantum simulation in
chemistry to be implemented in such today’s existing Rydberg atom architectures have
already been proposed. [53]

There are, nevertheless, other possibilities for native fermionic quantum simulation. A
promising one is found in cold atom platforms in optical lattices directly using fermionic
isotopes. In the present work we focus on a special instance of such an apparatus, a
fermionic quantum processor, capable of natively realizing the Fermi-Hubbard model
and generalizations of it, which we introduce next.

2.3 A Fermionic Quantum Processor

A particularly good example of the complex problems addressed in fermionic quantum
simulation is the determination of low-energy properties and dynamics in the Fermi-
Hubbard model, which is a prototypical model for describing strongly interacting elec-
trons in solids. Although in one dimension the Hubbard model is exactly solvable [54],
in two dimensions it has been a long-term challenge to find the lowest-energy states of
this model, although a lot of recent progress has been made [36, 55].

Interestingly, the Hubbard model can be realized with cold atoms in an optical lattice,
where fermionic atoms represent the electrons. These are trapped in an interference pat-
tern of light formed by overlapping laser beams, with tunable interparticle interactions.
Quantum gas microscopy has made it possible to take full spin- and charge-resolved pho-
tographs of such systems, revealing a complex interplay of magnetic ordering and mobile
dopants at the microscopic level [56, 57]. Exciting recent progress on Fermi-Hubbard
experiments has already been made by different groups in the world leaded by Markus
Greiner [58-60], Martin Zwierlein [61] and Waseem Bakr [62, 63].

Using this very same technology, a fermionic quantum processor (FermiQP) for hy-
brid digital-analog quantum simulation is currently being realized at the Max Planck
Institute for Quantum Optics (MPQ) in the Quantum Many-Body Systems Division of
Prof. Dr. Immanuel Bloch in collaboration with the Theory Division of Prof. Dr. Ignacio
Cirac and several other project partners.*

4These include Dr. Philipp Preiss and Dr. Timon Hilker coordinating the construction of the demon-
strator at MPQ, Prof. Dr. Monika Aidelsburger at the Ludwig Maximilian University of Munich,
Prof. Dr. Christian Grof§ at the Eberhard Karls University Tuebingen, Prof. Dr. Tommaso Calarco
at Forschungszentrum Jiilich, Prof. Dr. Jens Eisert at Free University Berlin, Prof. Dr. Andreas
Tinnermann at the Fraunhofer Institute for Applied Optics and Precision Engineering, as well as
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2.3.1 Fermi-Hubbard model

As a starting point, we introduce in some detail the Fermi-Hubbard model, one of the
nowadays most widely known in condensed matter physics. The Hubbard Model was first
proposed in the 1960s to describe the behavior of electrons in narrow energy bands [64—
67]. Its derivation begins with a general Hamiltonian for electrons in a crystal,

1 e
— _— 2.11
P Mrert (211)

consisting of a kinetic energy term for the moving electrons, the potential V' felt by each
electron on the crystal ion lattice and the Coulomb interaction between pairs of electrons
at positions r;,r;, where m and e are the electron mass and charge. Switching then to a
second quantized notation — better suiting the many-body problem — the Hamiltonian

becomes
Z E]CZUCJU + Z Z Ul]klczo' jo-/cko'lclo'a (212)
1,3,0 ijkl oo’

with c;ra (¢io) the creation (annihilation) operator of an electron with spin o € {1, ]} at
site 7, following the usual fermionic anti-commutation relations

{cw,c;r.o,} =0ij0p0rs  {Cig:Cjor } = {cja,c;r-o,} =0. (2.13)

The coefficients in (2.12) relate to the terms in (2.11) through the Wannier wave functions
o(r — R;) representing an electron orbital centered on the i-th lattice site, by means of
the following integrals

/ dr ¢*(r — )

om TV )] ¢(r — R;) (2.14)

and

2
6 ~Ryo(r —Ry).  (2.15)
r —r'|
Last, to arrive at the Fermi-Hubbard Hamiltonian, one assumes in (2.12) that the only
significant contributions are the ones in T;; corresponding to nearest neighbors and the
ones in Ujjp; for electrons on the same site (Uy;) and thus with opposite spin. This
approximation leaves us with the Fermi-Hubbard Hamiltonian

Uijki = //drdrqﬁ r—R;)o" (r’—Rj)

H=—t Z cwcjg +h.c)+ UZ”ZT”W (2.16)
(i,j),0
where n;;, = cjgcw is the so-called number operator and h.c. denotes the hermitian

conjugate. Thus, in this model we recognize two terms: a first term accounting for the
hopping of fermions to neighboring sites governed by the tunneling strength ¢, and an

the companies TOPTICA Photonics AG, Robert Bosch GmbH and Covestro Deutschland AG.
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on-site interaction term governed by the parameter U. While the hopping term always
contributes to a reduction of energy (negative sign), the on-site interactions will penalize
or contribute to it depending on whether we consider the repulsive (U > 0) or attractive
(U < 0) regime, respectively. In this thesis, we will be interested in the repulsive case.

Despite the simplifications it contains, the Fermi-Hubbard model (2.16) has proven
itself as a powerful tool for investigating strongly-correlated electron physics, which is
key for understanding the electronic properties of materials such as high temperature
cuprate superconductors. From a theoretical point of view, the presence of metallic,
insulating, ferro- and antiferromagnetic, superconducting, and charge-ordered phases in
a model with very few parameters has proven an appealing test bed for new analytical
methods. However, it became clear early on that the analytical tool kit of condensed
matter theory was insufficient to describe the rich physics to the desired accuracy, since
an exact solution for this Hamiltonian only exist under special circumstances®, thus
leaving various of its crucial properties ununderstood. This triggered the development of
a wide range of numerical tools based on many different approximations and approaches,
including diagonalization, diagrammatics, tensor network, variational, series expansion,
Monte Carlo and embedding methods [36, 37, 70]. On the other hand, the simplicity of
the model has made it an ideal target for early quantum simulators [31, 71-76], where
quantum many-body phenomena can be studied without many of the hurdles present in
realistic condensed matter systems and could thus perhaps show a quantum advantage
with respect to numerical methods.

2.3.2 FermiQP Experiment

Among the different platforms for analog fermionic quantum simulation, neutral atoms
in optical lattices are particularly promising. These are capable of realizing the Fermi-
Hubbard Hamiltonian (2.16) by synthetically reproducing the crystal structure of a
material with a two-dimensional optical lattice of interfering laser beams (see Fig. 2.1a).
These create a periodic potential where loaded neutral ultracold® atoms can either stay
at the sinks of the wells where energy is minimal, or hop two a neighboring well by a
tunneling process provided the energy barrier is low enough. The presence of a magnetic
field given by a Feshbach resonance effectively induces an on-site interaction.

These platforms offer easy scalability with several thousands of fermionic modes with
long coherent evolution times, making them a natural frontier to search for a practical
quantum advantage relative to classical simulations [77]. However, they often lack the

5Indeed, alone determining the ground state of the two-dimensional Fermi-Hubbard model is known to
be an NP-hard problem [68]. More generally, the k-local Hamiltonian problem for k > 2 is QMA-
complete, i.e. QMA-hard and in QMA [69]. NP is the set of decision problems verifiable in polynomial
time by a deterministic Turing machine, while QMA problems are those having a polynomial-size
quantum proof convincing a polynomial time quantum verifier of this fact with high probability.

6 Ultracold designates that atoms are slowed down by a magneto-optical trap (MOT) localizing particles
in both position and momentum (laser cooling). This reduction of the particle’s thermal energy
corresponds to an atomic temperature in the scale of uK, which can be further cooled down to nK
by other experimental techniques, leaving the particles at almost absolute zero temperature.
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(a) Particles on a 2D optical lattice. (b) Digital gate operations.

Figure 2.1: Hybrid programmable quantum simulator. (a) The Fermi-Hubbard model
can be realized in an analog mode by synthetically reproducing the crystal
structure of a material with a two-dimensional optical lattice of interfering
laser beams. (b) FermiQP combines this with the capability of performing
gate operations in a fault-tolerant digital mode. Reproduced with permission
of the FermiQP team.

flexible state initialization tools that digital universal gate sets provide. Moreover, they
only have access to the specific models for which the Hamiltonian can be directly realized
and not beyond, while the digital form (Fig. 2.1b) allows for performing error correction
on imperfect implementation of the gates.

The FermiQP project on a fermionic quantum processor combines these advantages of
both analog and digital simulation in realizing a new and scalable hybrid platform based
on SLi lithium isotopes. While the time evolution of the Fermi-Hubbard Hamiltonian
and generalizations of it can be observed natively in the analog mode, its universality
when including additional site- and spin-dependent chemical potentials [78] can be em-
ployed for digital quantum computation”, in particular aiding the analog mode in state
initialization schemes. Fermionic particles can be both locally manipulated and entan-
gled among them by being moved around the lattice with optical tweezers providing full
connectivity of the processor, together with microwave-pulse induced spin-flips and by
taking advantage of the superlattice tunability [79]. Spin- and site-resolved measure-
ments can be taken by means of a quantum gas microscope [80]. Thus, the dynamics of
the analog quantum simulator implementing highly entangling operations on all of the
particles with time-dependent control, can be combined with digital operations leading
to a programmable fermionic quantum simulator.

The present work is the result of a collaboration with experimentalists Dr. Philipp
Preiss and Dr. Timon Hilker, led by Prof. Dr. Ignacio Cirac and in a joint work with
Dr. Luis Escalera and M.Sc. Benjamin Schiffer at the Theory Division, on a proposal for
a quantum algorithm exploiting the capabilities of the fermionic quantum processor.

"Note further that the terms in the universal gate set (2.7) from [43] correspond to Hamiltonian evo-
lutions e™*#* for specified times t and Hamiltonians H respectively given by a chemical potential
1inj, 2-body interaction U;jni;n; or tunneling term t;; (c;fcj + h.c.), similar to the spinful versions
appearing in the Fermi-Hubbard (2.16) with extra chemical potential.
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Chapter 3

Finite Energy Algorithm for the 2D
Fermi-Hubbard model

The present chapter containing the main results of this thesis describes a hybrid algo-
rithm that exploits the capabilities of the fermionic quantum processor at disposal to
study uncharted regions in the phase diagram of the 2D Fermi-Hubbard model.

3.1 Motivation

To motivate the interest of this algorithm, we start by commenting on the phase diagram
of the repulsive single-band Fermi-Hubbard model on a two-dimensional square lattice

H=-t> (c;-rocj(7 +he)+UD ngny, U>0, (3.1)
<1:7j>70. i

at intermediate to strong coupling U/t as shown in Fig. 3.1, where multiple regions
corresponding each to a different physical behavior of the collective system are illustrated
as a function of temperature and doping.!

First we recall some definitions. To begin with, the density or filling of particles on a
lattice of size N is given by (n) = (Ny+N|)/N, where N, is the number of particles in the
system with spin o € {1,,}. At half filling, when the lattice contains half of the particles
it can hold, one has (n) = 1. Yet the word is oftentimes reserved for the symmetric case
on which we focus in this work, where N/2 particles of each species are present. The
doping is in any case defined as the deviation from half filling, i.e. z =1 — (n).

Coming back to the phase diagram in Fig. 3.1, one sees for instance how the system
at zero temperature changes from a conductor (metal phase) to a complete band insu-
lator (antiferromagnet phase) as the doping is decreased down to zero. In between, the
system traverses through a different phase known as the pseudogap, characterised by a
suppression of the density of states near the antinode (0,7) in the Brillouin zone but
not near the node (7/2,7/2), resulting in a closing of the energy gap for specific points

Note that the phase diagram is a qualitative one. Although the ground-state phase diagram of the
model at weak coupling is fairly well understood, the phase diagram in the intermediate to strong
interaction limit is still debated. Correspondingly, though a broad consensus exists on the phases
and their approximate locations, the precise shape of the transition lines is often not known.

11
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Figure 3.1: Temperature-resolved phase diagram of the 2D Fermi-Hubbard model as a
function of doping at intermediate interaction strength U/t. Reprinted from
Galanakis et al. [82].

in momentum space only while opening for others. This effect can readily be observed
through the spectral function A(k,w) at k = (0, 7) e.g. in Fig. 4a of [81], where the peak
at zero energy (Fermi level) appearing in the conducting phase starts to show a null
at w = 0 when decreasing doping, meaning the pseudogap is opening. This pseudogap
phase, as well as the metal and antiferromagnet phases, persists for finite temperatures
up to some critical value depending on doping, leading beyond to a strange metal phase.

In order to better understand these phases capturing the physics of the Fermi-Hubbard
model, one aims to simulate the system and extract information on observables charac-
terizing the states within that regime, such as the already mentioned spectral function.
Main static quantities of interest are typically ground-state and finite-temperature ex-
pectation values of energies and entropies, as well as spin and charge correlation functions
or pairing. Also interesting are well-defined short-ranged magnetic fluctuations, since
according to Qin et al. [81] they lead to the opening of the pseudogap. Considerably
more challenging are the numerical calculations of dynamical (i.e. frequency-dependent)
results. For instance, resolving the full frequency and momentum dependence of the
spectral function in the Brillouin zone is a difficult outstanding problem for classical
computers. Results from cluster dynamical mean-field theory are available at selected
momentum points or averaged over small areas in momentum space, but extracting the
detailed momentum dependence and Fermi surface shape yields results that strongly
depend on the periodization schemes employed [81].

While extracting such information on observables with classical methods is compu-
tationally demanding already for small system sizes, directly accessing the pseudogap
on the experimental side is challenging for low temperatures due to a limitation on the
amount of entropy that can be removed from the system. Hence, an alternative method
to study the pseudogap or other phases of the 2D Fermi-Hubbard model with a quantum
simulator, but without having to actually access them directly in experiments, would be
interesting and valuable.

12
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Figure 3.2: The algorithm computes properties of a state with narrow energy variance
(schematical spectral distribution shown in orange), which would result from
applying a filter Ps(FE) onto an easy to prepare state [¢), e.g. a product state
(green curve). For local Hamiltonians such as the Fermi-Hubbard model, for
which the density of states in the thermodynamic limit approaches a Gaus-
sian distribution of width proportional to v/N (blue curve), the accessible
energy densities can lie on the tails of the spectrum. The box under the
graph sketches the energy spectrum of a model H for a given system size N.
Adapted from Lu et al. [83].

Such a method is what the present work aims to provide by proposing a concrete
hybrid quantum-classical algorithm mainly relying on the results in [83, 84]. In [83],
two proposals to efficiently retrieve microcanonical and canonical properties for many-
body systems are presented. We focus here on the first one, providing an algorithm
to compute expectation values of observables in a finite energy interval around the
mean energy of a given easy-to-prepare” initial state. It is based on a filtering operator
projecting out the energies outside the desired energy interval (see Fig. 3.2), yet it avoids
the actual preparation of the filtered state by recovering the physical values of interest
from interferometric measurements. The result relies on being able to determine specific
Loschmidt echos for the easy-to-prepare state by using a quantum simulator (FermiQP
in the present work). To completely determine the phase of these complex numbers,
the result in [84] involving a short imaginary time evolution is further employed, while
providing a concrete way of implementing it in the given quantum processor.>

2That is, an efficiently preparable state 1)) on N qubits, meaning that for any prescribed error € > 0
one is able to prepare a state |¢) with |||1)) — |p)]| < € in a time T' = poly (NN, 1/¢).

3Note that, unlike in results relying on the eigenstate thermalization hypothesis (ETH) [85, 86] —
where one expects eigenstates to thermalize with time, but without knowing how long it requires
to do so —, this protocol provides certified finite energy quantum simulation in the sense that the
thermal state is truly targeted.
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3.2 Virtual Filtering

We start by introducing in detail the mentioned algorithm as proposed in [83]. The choice
of the suitable initial state to be virtually filtered and the key ingredient consisting in
the ability of retrieving Loschmidt echos from the quantum simulator will be further
analyzed in the subsequent sections.

3.2.1 Setup and cosine filter

Following Lu et al. [83], we consider a local Hamiltonian on N sites

H=Sh, (32)

given in our case by — but not restricted to — the Fermi-Hubbard model (3.1) where
each local term

hi =3 Y clytio + Unjyng, (3.3)

o ax(i,g)

acts on the j-th site and its nearest neighbors in the lattice only. The main requirement is
that the evolution e ~*#* generated by H can be efficiently implemented with the quantum
simulator, which is indeed the case for the FermiQP platform in e.g. the analog mode.
More precisely, one requires the quantum simulator to be able to efficiently determine

ay(t) = (le” ),
aay(t) = (Y| Ae ),
ay,a(t) = (Yle HEAlY),

with a sufficiently small error, for given initial state |1)) and observable A. Each of these
quantities (3.4) is called a Loschmidt echo. It provides the complex overlap between the
state [¢) before and after a Hamiltonian evolution, i.e. how close does e~*¢[¢)) get back
to the initial state |¢) after a time ¢.*

On the other hand, we introduce the cosine-filtering operator [87]

H — B\1N?/0%)
)] (3.7)

Ps(F) = {cos (N

4Note, however, that the word Loschmidt echo commonly refers in the literature to
(1/J|efi(7H2)tefiH1t|'z/)>, which provides a measure of the revival occurring when an imperfect time-
reversal procedure is applied to a complex quantum system, allowing to quantify the sensitivity of
quantum evolution to perturbations. The backwards evolution to eiiHlthM is implemented by the
(erroneous) Hamiltonian —Hz, which would yield a perfect recovery of the initial state if Ha would
be equal to H; (generally not possible in realistic setups).
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where |...|2 denotes the nearest even integer and § > 0 is a parameter that can take
arbitrary values®. To better interpret the action of this operator, the following approxi-
mation [87] can be considered®

Py(E) ~ e~ (H-E)?/26% (3.8)

where it is clear that it basically projects out the eigenstates |E’) of H with energy
|E" — E| > ¢, while keeping the ones within [E — 0, E + §] (where Ps(E) ~ 1), acting
thus as a filter around E. Further, one can express (3.8) as a Gaussian integral or Fourier

transform e~ (H—E)?/28* — J dte=t"0%/2¢iBte—ilt a1 approximate it by a finite sum

R
Ps(B)~ Y bpe H=Him (3.9)
m=—R

evaluated at times t,, = 2m/N covering up to the tails lying at +tg, with cutoff R =

xN/6 € N and coefficients
1 M
by = —— 1
oM (M/2—m> (3.10)

with M = |N?/§%]5. This leaves us with an expression for the filtering operator ex-
panded in terms of the evolution operator e “*#*, which is hard to simulate efficiently for
classical computers but easy for quantum simulators.

The idea of the algorithm [83] is to apply the operator Ps(FE) to a specific initial
state |¢) to filter it around some energy of interest E (see Fig. 3.2), and then obtain
expectation values of observables at the resulting state Ps(E)[v). However, instead
of preparing such filtered state, the desired values are first expressed in terms of the
Loschmidt echos (3.4, 3.5, 3.6), which are then retrieved from the quantum simulator
separately. The number of measurements will be 2R times the number of repetitions
required to obtain a prescribed accuracy, and each of the runs of the simulator will last
for a time ¢ < 22/§. The protocol ends with a classical post-processing task.

3.2.2 Efficient quantum algorithm for observables at finite energy

Recall that given a state [)) = Y, ¢,|Ey,) expressed in the eigenbasis of the Hamiltonian
H, the expectation value of an observable A in the normalized state [¢) is given by

(A)y = (WIAIY) = D chen(Bml| Al Ey), (3.11)

m,n

with ¢, = (¢|E,) € C the overlap of the state with each eigenvector. Note that such
an expectation value involves the whole energy spectrum {E, }, of H. Instead, we will

5This includes any scaling with N, such as decreasing e.g. § ~ 1/N.

5The approximation is valid as long as the argument in the cosine is an operator with spectrum lying in
the interval [—7 /2, 7/2]. For the Fermi-Hubbard model (3.1), this can be achieved by simultaneously
decreasing the parameters ¢ and U to lower frequencies, shrinking the spectrum at desire while
preserving the relevant ratio U/t.
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consider expectation values related to the microcanonical quantum statistical ensemble,
i.e. for a specific energy E. More precisely, we will consider a small interval around
that energy, [E — §, F + 0], and compute the expectation value of the observable A not
at the state |¢) but at the state filtered within that energy range, i.e. involving only
the eigenstates in its decomposition with energy lying in that interval. This quantity
may be defined by means of the filtering operator (3.7) through either of the following
expressions

YIAPs(E) + B5(E)A]l)

A
Asp(E) = BB (3.12)
' _ (WIPs(E)APs(E)|[Y)
o E) = B (B YI) (813)

related to the microcanonical expectation value of A.”7 In particular, if |t)) has non-
zero overlap (Y|E) # 0 with an eigenstate of H with energy FE, the expression (3.13)
converges to that value in the limit § — 0.%

Obtaining Ajs ., (F) is relevant because the actual microcanonical expectation value of

A can be recovered in the limit 6 — 0 from As(F) = %, an expression that can
be rewritten as’ [ dpy Dy o(E) As o (E)
Hyp6,3) o9
As(E) = : 3.14
) J dpy Dy (E) R

— with Ds(E) = (¢|P5(E)|¢) a broadened version of the local density of states —,
which can thus be computed using Monte Carlo algorithms as long as one is able to
compute D5, (E) and As(E), which is what we discuss in the present work.

Crucially, these generalized microcanonical expectation values (3.12, 3.13) can be ex-
pressed in terms of Loschmidt echos when introducing (3.9) for Ps(E) in both numerator
and denominator, yielding for Eq. (3.12)

R R
Dsy(E) = (W|Ps(BE)|y) = (] Y bne = Elmy) = N b eFimay (tn,),
m=—R m=—R

R R

(WI[AP(E) + Ps(E)AIl¢) = Y bme P any(tm) + Y bme™™ay a(tm), (3.15)
m=—R m=—R

which are simply linear combinations of the Loschmidt echos (3.4, 3.5, 3.6) with known
coefficients b,,e?Ptm 10 Thus, the protocol consists of a hybrid quantum-classical algo-

"Note that (3.13) is nothing else than the expectation value of A at the filtered state Ps(E)|¢)) with
norm squared being (| Ps(F)?|t).

8Note that in this limit § — 0, then R — oo in (3.9), leaving an infinite sum of exponentials reminding
us of a representation of the delta function §(H — E), retrieving only the microcanonical information
at energy E. On the other hand, when § — oo, then P5;(E) — 1 in (3.8) becomes flat recovering the
whole spectrum of H, leading to As . (E) — (A)y.

9Here du. is a measure in the basis set (see [83]).

Note that, being able to measure (3.4, 3.5), one has also access to the terms aa,y(t1,t2) =
(p|e? Ae~*H2|h) that appear in the numerator of (3.13), since aa,y(t1,t2) = aa,p(ey)(t2 — t1).
Further, ay,4(tm) can also be written as a4 (—tm,0) and thus obtained from (3.4, 3.5).
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rithm, where the quantum simulator is used to determine the Loschmidt echos up to
the required precision, which are then multiplied with the classically computed b,, and
exp (i1 Ety,) factors and summed together, before performing the final division between
numerator and denominator (classical post-processing).

The quantum simulator will be able to efficiently measure A provided it can perform
measurements to obtain the Loschmidt echos (3.4, 3.5, 3.6) at time ¢ with an error smaller
than € > 0 in a time T' = poly (NN, t,1/€). This basically requires an efficient procedure
to evolve under the Hamiltonian H (available in the analog mode of FermiQP) and the
possibility of performing interferometric measurements (which we discuss in the next
section). Then, if the quantum simulator is able to efficiently prepare!! |¢) and measure
A, Lu et al. [83] show that for any €,6 > 0 one can always find E € [Ey, —roy, Ey+roy]
with r = [3log[2(1 + 203}/(52)]]1/2, so that one can obtain (3.12, 3.13) up to an additive
error € in a time 7" = poly(N,1/4,1/¢).

3.3 Selection of Initial State

Having now discussed the proposed algorithm relying on the virtual filtering of a suitable
initial state |¢), we proceed now to discuss the selection of such a state in the case of
the Fermi-Hubbard Hamiltonian (3.1) and explore possible state preparation schemes.
While one is typically interested in calculating properties of the lowest-energy states or
specific excited states of the quantum system, most important here is that such a state
needs to have a significant overlap with the energy window of interest onto which the
state will be virtually filtered — as described in the previous section — in order for
the algorithm to provide information within a reasonable amount of measurements (see
Fig. 3.2, where green and orange distributions overlap). With this in mind, we seek for
low energy states that are efficiently preparable on the FermiQP quantum simulator.

3.3.1 iPEPS benchmarks

We begin by learning the ground state energy density eg for the Fermi-Hubbard model on
an infinite grid system (see Fig. 3.3) from iPEPS!? results. This serves as a benchmark
for understanding how close in energy are the initial states we aim to propose to the true
ground state of the system. From [36, 88] we find out the following filling-dependent
results in the limit of zero temperature or infinite bond dimension x (i.e. zero truncation
error w) at the U/t = 8 regime:

o At half filling, (n) = 1: ep/t ~ —0.52.

o With doping, (n) = 0.875: ¢y/t ~ —0.76.

HRecall that efficiently preparing a state |1) means that for any prescribed error € > 0 one is able to
prepare a state |p) with |||) — |¢)|| < € in a time T' = poly(N, 1/¢).

12This is a 2D tensor network method for infinite spatially extending systems which can provide esti-
mations on ground state energies by extrapolating numerical results to zero truncation error. The
name iPEPS stands for “infinite projected entangled pair states”.
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Figure 3.3: Infinitely extending square grid on which the 2D Fermi-Hubbard model is
defined, where particles are allowed to hop between neighboring sites.

These numbers will serve as reference for the selection of low-energy lying initial states.
We will mainly focus on the half filled case within the scope of this thesis, leaving the
doped case for future investigations.

3.3.2 Plaquette states

Now we address the question on which initial states |¢)) to choose for the simulation
algorithm to be efficient in accessing finite energies of the 2D Fermi-Hubbard Hamilto-
nian H on N sites. Since H is local, we know that if [¢)) has finite correlation length,
both its mean energy E, = (|H|y) and variance ai = (Y|(H — Ey)?|yp) will scale as
N. The simplest states to consider, then, would be product states |p), e.g. Fock states.
However, their mean energy E, won’t cover the full spectrum of H, but just an interval
[Epmins Epmax]-> In order to efficiently explore energies with the algorithm in [83] lying
beyond this interval (specially the low energy spectrum), one thus needs to consider
slightly more complex states |1)) that are still efficient to prepare.

A possibility is to propose the following family of states: plaquettes that repeat ho-
mogencously over the lattice!® as in Fig. 3.4. On each plaquette, the ground state at
half filling is considered, leading to an overall half filled state as well.'?

Comparing this state to the true ground state at half filling on the N-site lattice —
which will in general be a highly complex state with entanglement between all pairs of
neighboring sites —, we notice that in the state defined as product of plaquettes we are
missing the entanglement between the decoupled plaquettes, leading to an increase in

3Which is clearly extensive in N for local Hamiltonians H.

! Note that, although these decoupled plaquette states 1) alone might be too simple to recover any
physics of the Fermi-Hubbard model, information about the whole lattice physics will be extracted
from its dynamics e ~"*|y)), where the Hamiltonian time evolution entangles plaquettes together.

5Note, however, that a doped state could be achieved by considering an inhomogeneous product of
plaquettes, each plaquette having a different number of particles (i.e. different dopings within the
plaquettes leading to an overall doping in the overall state).
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Vlog N

—

W{ - -

VN

Figure 3.4: Visualization of a state defined on a vV N x v/ N lattice with N sites and given
by the product of v/log N x v/log N plaquettes. Red dashed lines represent
the missing entanglement in this state in comparison to the ground state.

energy above the ground state. The larger the plaquettes, the less entangled sites we
omit and thus the closer we are to the ground state energy. However, this is at the
expense of having to prepare larger plaquettes efficiently, which becomes challenging.

Now, if the plaquettes on the system of size N are taken to be of size \/log N x \/log N
(as depicted in Fig. 3.4), the number of sites of the plaquette will then be log NV and so the
number of basis states in the plaquette 2!°6V = N i.e. linear in N and not exponential.
Further, the energy density e = E/N of the state defined as the product of each plaquette
ground state, e,(/N), will then differ from the one of the true ground state, eg(IV), by
Ae(N) = \/bcgiN’ for some constant ¢ € R. That is, e,(N) and eg(N) will get closer
and closer for increasing N, meaning that the larger v/log N x v/log N plaquettes better
approximate the true ground state of the system. Note that eg(N) < 0 is decreasing
in N but converges to the iPEPS benchmark result e, from [88] corresponding to an
infinite lattice, while e,(N) < 0 approaches from above (see Fig. 3.5). We might as well
directly compare each energy density e, (V) for increasing system sizes N with the one
from iPEPS, e, and observe how they converge to that limiting value.

Proof. Regarding the claimed scaling for Ae(N), we show how it can be obtained by
counting the density of violated bonds in Fig. 3.4 (red lines) as follows. To begin with,
the number of plaquettes is given by the number of sites in the lattice, IV, divided by
the size of the plaquettes, log N, i.e. N/log N. Thus, the number of plaquettes per row
is \/N/log N. With this we can count the number of violations: we have v/N pairs of
horizontal violated edges (red) per column, over /N/log N — 1 columns, and the same

holds for rows, yielding \/]V(\/% -1)-2 = (9(%) violated edges. On the other
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Figure 3.5: Sketch on the scaling Ae(N) = O( \/liw) for the difference in energy density
between the ground state of an N-site lattice, ep(N), and the product of
V1og N x /log N plaquette ground states on it, e,(N). While eg(N) < 0
decreases in N to the iPEPS result es for infinite system size (left), the
ep(IN) < 0 approaches rapidly from above (right) due to the scaling.

hand, the total number of edges in the lattice can be counted as VN — 1 columns of
VN horizontal edges each and the same number holding for rows with vertical edges,
yielding (VN — 1)v/N -2 = O(N) edges in the lattice. Putting both results together,
we have a density of violations of O(\/%M), computed as the number of violated edges
over the total number of edges. For each violated bond we get an extra energy term
above the ground state of the large v/N x v/N system. Therefore, Ae(N) is (’)(ﬁ),

O]

as claimed.

Thus, as already mentioned, by increasing N one approaches with e,(N) the ground
state energy density eg(N) by Ae(N) = \/IOC@W' The question is how large the constant

c € R is; i.e. given a system size N, how far away is one from the true ground state
energy density eg(V) if instead the /log N x v/log N plaquette product state with energy
density e,(/N) is considered. For this reason, we next compute numerically the energy
density for different product-of-plaquette states.

First we note the following property that the energy density of such a uniform product
of plaquettes coincides with the energy density of a single plaquette provided that its
particle number of each species is fixed. This can be understood by noticing that there
are no energy contributions from the Hamiltonian hopping terms between decoupled
plaquettes — i.e.'6 (¥|hZ;|¥) = 0 for all neighboring i € P, j € P’ in decoupled plaquettes
PN P = — provided the state [1)) has a definite particle number of each species
(up 1,dp |), up,dp € N, in each plaquette P. The reason is that the product-of-
plaquettes state |[¢)) = |...,(up,dp), (upr,dpr),...) will be orthogonal to the “hopped”
state h{;[4) in having an additional (respectively missing) particle on each plaquette,
such that the overlap with |¢) will vanish: (s[h;|¢)) = 0. This means we can compute
the energy density of the proposed state homogeneously defined over disjoint plaquettes
simply as the energy density of a single plaquette.'”

16WWe denote here h; = c;.rgcj(, + h.c. as the hopping operator term appearing in the Hamiltonian for
neighboring sites (i, j) and spin o € {1,{}.

n the doped case where one would consider the product of different plaquettes A, B, C... with different
particle number (different doping) each, the result on vanishing hopping contributions would hold

but the energy density would be averaged over the ones within a unit cell ABCD.
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2x1 filling | doping eo/t
(11,10) | 1.000 | 0.000 | —0.2361
(11,01) | 0500 | 0.500 | —0.5000
(21,14) | 1.500 | —0.500 | +3.5000

2 x 2 filling | doping eo/t

(21,21) | 1.000 | 0.000 | —0.3301
(21,11) | 0750 | 0.250 | —0.5811
(31,01) | 0750 | 0.250 | —0.4999
(11,14) | 0500 | 0500 | —0.8019

3x3 filling | doping eo/t
(41,41) | 0.889 0.111 —0.5601

Table 3.1: Ground state energy densities ey /t for the Fermi-Hubbard model, U/t = 8, on
different lattice sizes and different restricted particle number sectors, speci-
fying their corresponding filling and doping.

With this knowledge at hand, we numerically obtain the energy densities in Table 3.1
via exact diagonalization on the QuSpin python package for fermionic systems [89].!8

According to the previous consideration, these energies also hold for states given by
product of plaquettes with such a ground state on each plaquette. Looking at the half
filled data (zero doping), we see that for the 2 x 2 square plaquettes the ground state
energy density is at ep/t ~ —0.33 in units of the tunneling parameter. Given the existing
trade-off between larger plaquette sizes to reach lower energy densities and the difficulty
in experimentally preparing them, we then focus on studying what we can learn by
considering this 2 x 2 half filled plaquette.'® Its ground state is given by

|¢0> = 02695(’T? T) \l/? \L>_|T7 \La T> \L>_|\L7 Ta \La T>+|\L7 \J/v Ta T>)_05390(|T7 ~L7 \La T>+|\L7 Ta Ta \L))a

(3.16)
obtained with a QuSpin code, where the numbering of sites in the plaquette goes from
left to right and from bottom to top, and where fermionic states are defined with the
following order:

(L) = o = (V1) = (L)) — oo = (VL) (3.17)

Notice that this ground state has indeed no doublons 1], which would penalize the energy
with U > 0 contributions.

18Note that beyond system sizes of 3 x 3, solving the ground state with exact diagonalization becomes
already numerically demanding due to the exponential dimension of the Hilbert space. One might
then estimate the results with tensor network methods, yet running soon into the same issue in 2D.
YHowever, to show first a proof of principle for this algorithm, one can consider Fock states as (zero
energy) initial state, even if they will not have significant overlap with the pseudogap energy regimes.
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Energy vs. temperature at half filling
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Figure 3.6: Energy density as a function of temperature for half-filled thermal states on
different system sizes, with the Fermi-Hubbard model at U/t = 8 as Hamil-
tonian. Additional points from Tensor Network simulations (TN) obtained
by Benjamin Schiffer and iPEPS results from [88] are added at zero tempe-
rature, together with guessed curves (gray) for qualitative understanding.

3.3.3 Thermal states

In order to understand what information can the latter state given by the product of
2 x 2 half filled plaquettes provide us, we consider now different thermal states

Pth = %e*m{ . Z=Tr[e PH], (3.18)
for different (inverse) temperatures § = 1/T and defined on different system sizes, with
H being the Fermi-Hubbard Hamiltonian at U/t = 8. To specify a half filled thermal
state, traces are taken within that restricted basis only. The mean energy of these
mixed states is obtained through E = Tr[Hpyy|, leading to the coloured curves shown
in Fig. 3.6. Additional single points at zero temperature (corresponding thus to ground
states) obtained by Benjamin Schiffer using tensor network simulations together with
the iPEPS benchmark from [88] are added for systems sizes where exact diagonalization
is no longer feasible due to the exponential Hilbert space dimension. No curves are
obtained for these cases because their classical simulation is too demanding. We add
some (gray dotted) curves which are just a guess following the trends in order to conclude
some qualitative results. The shape of the curves is consistent with Fig. 12a (blue curve)
in [90], where they consider a system size of 4 x 4 (cylinder MPS). As expected, the
energy density increases with temperature. Further, the larger the system size, the
lower the energy density. An additional horizontal dark line shows the energy density
we are targeting with the 2 x 2 plaquettes.
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We interpret the figure as follows. Let us say we are interested in studying properties
of an m x n system. The ground state energy density of that system will decrease with
system size, following the leftmost dots at zero temperature (7'/t = 0) in Fig. 3.6 till
reaching the bottom most point corresponding to infinite system size (iPEPS result).
Now, say we consider to fix the choice of state on the big system to be the product of
copies of the half-filled 2 x 2 plaquette ground state (call it pGS), having the same energy
density as the individual plaquettes. Then one can look at which thermal state defined
on the m x n system will have the same energy density as our pGS state, which would
guarantee the overlap needed for the algorithm as mentioned earlier on.?° One can do
this by looking in Fig. 3.6 at the intersection of the corresponding m x n curve with
the dark line accounting for the fixed energy density. The crossing point (red cross in
Fig. 3.6) will tell the temperature of the thermal state one can reach. With the guessed
curves, for instance, this would mean a thermal state of around 7'/t = 0.5 on a 4 X 6
lattice (gray dashed vertical line), where pGS would consist of six 2 x 2 plaquettes.

Following the dark line in Fig. 3.6 from left to right, one reads that the crossing point
moves to the right with increasing system size. This means that the bigger the system
one considers the thermal state on, the higher the temperature corresponding to the
thermal state will be (and in the limit for very large system sizes, it is unknown whether
such a crossing will happen). Thus, if one wants to explore lower temperatures for a
given fixed system size m x n, larger enough plaquettes need to be considered to lower
the energy density (lower the dark line) to the desired corresponding crossing point.

However, so far only the precise mean energy has been taken into account, which
guarantees the overlap if the one for pGS and for the thermal state match. Yet states
lying at other energy densities might still have some overlap in their energy distribution
with the target energy density. This is precisely what can be seen when looking at the
overlap between the true ground state of the 4 x 2 system and the the product of two 2 x 2
ground states (all at half filling), shown in Fig. 3.7. One observes an overlap of around
75%, which is considerably large. Certainly, when adding more and more plaquettes,
the overlap will rapidly decrease. But what can be learned from here is that one could
indeed explore lower temperatures corresponding to a crossing point in Fig. 3.6 with the
horizontal dark line lying now at the height of the 4 x 2 ground state energy density,
while actually making use of the 2 x 2 plaquettes instead — provided they had some
overlap with the tail in the energy distribution. This, of course, would be at the expense
of needing more measurements depending on the value of said overlap.

On the other hand, one still needs to consider how these energies actually relate to
entropy, since from the experimental point of view we know the constraint lies in being
currently unable to reach entropies lower than 0.3 (in kp units) for large system sizes.
To this respect, qualitative results are obtained next for a better understanding.

In Fig. 3.8 the energy density curves are shown as a function of the von Neumann
entropy S = —Tr[py, In pg] for thermal states pg, = e 7 /Z at half filling and different
system sizes, with the temperature data points corresponding to the ones in Fig. 3.6.

2ONote that the overlap between two general quantum states given by density matrices p and o can be
measured through the fidelity F(p, o) = [Tr ( N/ a\/ﬁ)} %

23



Chapter 3 Finite Energy Algorithm for the 2D Fermi-Hubbard model

pGS distribution in 4 x 2 system at U/t =8
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Figure 3.7: Eigenenergy distribution of the product of 2 x 2 plaquette half-filled ground
states (pGS) of the Fermi-Hubbard model at U/t = 8, showing a 75% overlap
with the ground state of the 4 x 2 plaquette.

The points at zero entropy correspond to pure states. Again, the curves are guessed
(dotted in gray) for larger system sizes following the data trends. Further, we know on
the one hand that for a 1 x 2 lattice, experiments can reliably reach the pure ground
state with zero entropy (upper left dark crossed point), while on the other hand one can
experimentally only go down to around 0.3 in entropy for larger systems with the current
technology (bottom right dark crossed point, where this large system is considered to
be infinitely extended in a rough approximation). For intermediate system sizes, we
guess by interpolating a decaying exponential curve (dashed-dotted in dark) separating
the experimentally forbidden region (red shaded) from the accessible one (green shaded).
The filtering algorithm could then be used to virtually filter a state from the green region
to one in the red, experimentally forbidden region.

For completeness, the entropy vs. temperature curves are also presented. Fig. 3.9
shows the von Neumann entropy S = —Tr[py, In pry| as a function of temperature for
thermal states py, = e #7/Z, 3 = 1/T, at half filling and different system sizes. Pure
states correspond both to zero entropy and to thermal states in the limit of zero tem-
perature, thus collapsing all of them to the point at the origin, regardless of system size.
Thermal states at higher temperatures contain larger amounts of entropy, seemingly
saturating at some value increasing with system size. The larger the system size, the
larger the amount of entropy for a fixed temperature.
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Energy vs. entropy at half filling
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Figure 3.8: Energy density as a function of the von Neumann entropy S = —Tr[pln p]
for half-filled thermal states p = e ¥ /Z on different system sizes for the
Fermi-Hubbard Hamiltonian at U/t = 8, together with guessed curves (gray)
for qualitative understanding. A guessed black curve divides the space into
the experimentally accessible (green) and prohibited (red) regions.

Entropy vs. temperature at half filling
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Figure 3.9: Von Neumann entropy S = —Tr[pln p| as a function of temperature for half-

filled thermal states p = e " /Z, 3 = 1/T, on different system sizes for the
Fermi-Hubbard Hamiltonian at U/t = 8.
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3.3.4 Adiabatic state preparation

A so far missing ingredient to be discussed on the initial state is to propose a protocol on
how to prepare it experimentally. One option would be to consider designing a circuit
using the available native gate set, which would provide the initial state when applied to
e.g. a specific Fock state?'. An alternative is to propose a path for an adiabatic evolution,
since we want to prepare a state that is a ground state of a known Hamiltonian. We focus
on the latter possibility and propose two different approaches®? that seem reasonable for
experimental capabilities.

Recall that the quantum adiabatic algorithm [91] provides a procedure for the ground
state preparation of a Hamiltonian. The setting is as follows. One considers a path
between a trivial Hamiltonian Hyp, with known ground state |¢o(s = 0)) that is efficiently
preparable??, and the Hamiltonian of interest Hy, whose ground state [1) = |¢o(s = 1))
one aims to obtain:

H(s) = (1—s)Hy+ sHy, s€[0,1]. (3.19)

One can think of (3.19) as a parameter dependent Hamiltonian with physical parameter
s(t) varying in time.2? Note that the initial and final Hamiltonians are then indeed
H(0) = Hy and H(1) = Hy. Now, the time evolution of the initial state will be governed
by the Schrédinger equation

(s = H(D)lo(s0) (3.20)

with s; = s(t), written in units such that the Planck constant is set to & = 1. From (3.20)
follows that the evolution of the initial state |©(0)) will be given by the unitary time
evolution operator Uy_,7 implementing |p(0)) — |p(1)) by

o(1)) = p(s(T)) = e o O o(5(0))) = Uy r|0(0)). (3.21)

The adiabatic algorithm then states that if |¢(0)) = |¢o(s = 0)) is the initial ground
state and the energy gap A(s) = Ei(s) — Ey(s) between the ground state and first
excited state of H(s) never closes during the whole path, i.e. A = mingcg ) A(s) > 0,
then one has |¢o(s(T) = 1)) = |[¢bp) in the limit 7" — oo, i.e. the desired ground state of
the Hamiltonian of interest Hj.

If instead a finite time 7' is taken, some population may be excited from the ground
state to excited states during the evolution if the process is too fast, loosing thus any

21Fock states are the natural available product states in the FermiQP platform, since they consist of
atoms sitting one on each lattice site.

22Note that these could be improved to the best adiabatic preparation protocol by means of optimal
control methods by providing the available control parameters and optimizing the resulting fidelity.
We leave this out of the scope of the present thesis.

ZFor instance, a state that is easy to prepare in an experiment.

24Note that the adiabatic path will be specified by the form of the function s : [0,T] — [0, 1], t + s(t),
which is only constrained to be monotone increasing from s(0) = 0 to s(7) = 1. We will make the
(not necessarily optimal) linear choice s(t) = t/T.
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Figure 3.10: Spectrum of the adiabatic path H(s) = (1 — s)[Hy + Hy,,| + sHru with
finite gap A = 0.3211 and (in)fidelity of the adiabatic algorithm preparing
the ground state |¢g) of the Fermi-Hubbard model Hpy at U/t = 8 on a
2 x 2 lattice at half filling.

guarantee to obtain the ground state |¢)p) as the final state. However, the adiabatic
theorem states that if 7' = poly(1/A3,1/€) [92], one can obtain a state |o(s(7T))) that
is at a distance |||¢(s(T))) — |¢0)|| < €, i.e. a very good approximation provided e > 0
is small. Thus, given the presence of a persistent gap, the adiabatic evolution is able to
provide the ground state of the target Hamiltonian with high fidelity if the evolution is
carried out sufficiently slow, i.e. for large T'.

In the FermiQP platform, the adiabatic evolution can readily be simulated analogi-
cally, avoiding Trotterization schemes used in digital quantum computers where it has
to be discretized in steps with unitary gates. In what follows, two distinct adiabatic
analog evolutions are presented for the ground state preparation of the Fermi-Hubbard
model (3.1) defined only on decoupled 2 x 2 plaquettes, which is the product of plaquettes
we are aiming as initial state for our algorithm.?’

e Introducing a chemical potential gradient p;,. Here the starting Hamiltonian
consists of an on-site interaction term and an additional site and spin dependent
chemical potential term, while omitting any hopping between sites. The final
Hamiltonian is the Fermi-Hubbard Hpyg (3.1) at U/t = 8, with the path being

H(s)=(1—5) |UD niniy+ Y pionio | + sHrn (3.22)

e

= —1(s) Z (c}acjg +hec.)+ UZ ninip + (1 — s) Zuwnw (3.23)

(i,4),0 io

Z5Note, however, that for the numerical simulation of the following adiabatic evolutions, a discretization
with piecewise time evolutions has indeed been impemented.
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Figure 3.11: Initial state preparation starting from an AFM Fock state with alternated

spins. A global gate delocalizes the state [1,]) within each consecutive
double well, after which the adiabatic evolution is implemented by ramping
up t, and U leading to the ground state on each plaquette.

where ji;, = 2id,| and #(s) = st.2® The initial and final ground states are the Fock
state 1,1, ), ) and the superposition (3.16), respectively.?”

Ramping up the tunneling parameter of the Fermi-Hubbard model alone is not
enough to open the gap in the adiabatic path; hence the reason for introducing a
gradient in the chemical potential breaking the symmetry between sites and spins.

Observe that this adiabatic evolution can be carried out on a analog quantum
simulator by ramping up the tunneling parameter #(s) = st from 0 to t while
stmultaneously ramping down the chemical potential gradient. The resulting spec-
trum is shown in Fig. 3.10a with a finite gap A = 0.3211 that allows the adiabatic
evolution to reach the ground state of the Fermi-Hubbard model within each 2 x 2
plaquette with fidelities of 99.9% for evolution times 7"~ 50ms (see Fig. 3.10b).

The drawback of this proposal from the practical point of view is that experimen-
tally inducing a spin-dependent chemical potential can be challenging.

Tuning the on-site interaction U and tunneling ¢,. This second proposal
avoids the introduction of chemical potential gradients by instead making use of a
simple gate sequence preceding the actual adiabatic evolution. The procedure is
the following (see Fig. 3.11):

1. Start with on-site interaction and tunneling parameters in both directions
switched off, i.e. U =t, =1t, = 0.

2. Prepare the Fock state given by an antiferromagnet (AFM), i.e. with alter-
nated spins for consecutive sites: 71 ...

3. Apply then a global pulse consisting of one gate per each pair of horizontally
consecutive sites that brings the state |1, ]) within every double well into its

26The numbering i of the sites goes from bottom to top and from left to right on the 2 x 2 lattice.
*TFollowing QuSpin’s ordering convention (3.17).
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Figure 3.12: Spectrum of the adiabatic path H(s) = (1 — s)Hpn(1,0,0) + sHru(1,1,8)
with finite gap A = 0.3287 and (in)fidelity of the adiabatic algorithm
preparing the ground state [1)g) of the Fermi-Hubbard model Hgy (4, t,, U)
on a 2 x 2 lattice at half filling.

delocalized configuration %(H,U + [, 1) +|1,0) +|0,1)). The product of
two copies of this state forming a 2 x 2 plaquette constitutes the ground state
|po(s = 0)) of the Fermi-Hubbard Hamiltonian Hyy(t4,ty, U) on that plaque-
tte with t;, = 1 and t, = U = 0, which is considered as initial Hamiltonian
Hy for the adiabatic path.

4. Now adiabatically evolve from Hjy to the complete Fermi-Hubbard Hamilto-
nian Hy = Hyu(t, = 1,t, = 1,U = 8) within each plaquette:

H(s) = —t, Z (czgcja +h.c.) — sty Z (c;racjg +hec.)+sU Z”ﬁnii-
(i5)a,0 (i,5)y,0 g

(3.24)
The resulting adiabatic spectrum is shown in Fig. 3.12a with a gap A = 0.3287 that
allows the adiabatic evolution to reach the half-filled ground state of the Fermi-
Hubbard model within each 2 x 2 plaquette with fidelities of 99.999% for evolution
times 7" ~ 40ms (Fig. 3.12b). This constitutes an improvement both in fidelity
and speed of the adiabatic preparation in comparison to the first proposal.

The drawback in this case is that one has to ramp up the on-site interaction U,
which can be experimentally challenging for fast evolutions. One can do it by either
tuning the magnetic field (Feshbach resonance), which is a rather slow process, or
by tuning the width of the wells in the optical lattice, which is plausible. All in
all, it seems to be the more promising proposal among the two presented ones.

To sum up, we select the initial state for the algorithm as the product of 2 x 2 plaquette
half-filled ground states, lying at e/t ~ —0.33 in energy density, and also have a well-
defined way of efficiently preparing it from the AFM Fock state via adiabatic evolution.
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Figure 3.13: Snapshot of a many-body state on an optical lattice taken by means of a
quantum gas microscope, which allows single site and spin resolved imaging
of fermions. This enables the direct observation of e.g. magnetic order,
spread of particle correlations and detection of many-fermion entanglement.
Reproduced from Mazurenko et al. [60].

3.4 Loschmidt echo resolution via Imaginary Time Evolution

We are now left with the question on how to efficiently determine the Loschmidt echos
(3.4, 3.5, 3.6) with the FermiQP quantum simulator. Note first that these three distinct
quantities can be summarised as (¢/|e” "y}, with [¢) = AJ) for (3.5) and |¢") =
Alrp) for (3.6), while |1'), [1)") being |¢) in any other case.?® We will focus on the case
(y|e" |y} for simplicity and comment on the slight modifications for the other cases
in passing. Note that for each ¢, these will in general be complex numbers

(hle” ) = r(t)e?® c C (3.25)

having an amplitude r(¢) and a phase ¢(t).

The former, r(t) = [{(¢|e|y)|, can be found by just preparing the state |¢) and
letting the system evolve under H in the analog mode, before measuring the resulting
state in a basis containing |¢)). To be more precise, one would start with a definite Fock
state on the optical lattice, e.g. an antiferromagnet (AFM) 1] --- 1], and prepare the
state |1) by applying a unitary V (be it a gate sequence or the adiabatic preparation),
|¢) = V|AFM), followed by the Hamiltonian evolution e~#?! before undoing the state
preparation with VT (or reversing the adiabatic evolution with Z/{T%O).29 At this stage
one would apply a spin-resolved measurement such as in Fig. 3.13 to the resulting state
|¢) = Vie 'V |AFM), which amounts to implementing a measurement in the Fock
basis (the natural analogue of the computational basis for this platform). Each mea-
surement will collapse the state |¢) to a different Fock state |01, 09,...),0; € {0,1,], 1},
with probability given by the modulus squared |c,|? of its coefficients in the Fock basis,
e |O) =N, Y 0; Col01, 02, ...). Thus, the initial (basis) state [AFM) will be measured
with probability [(AFM[()|2 = (AFM|VTe "V |AFM)|? = |(y|e "t [)|? = r(t)%. Re-
peating the experiment enough times to decrease the variance of the distribution to the
desired accuracy, one can estimate this number from the statistical observed probability

28Observables in quantum mechanics are hermitian operators, AT = A, so [¢') = AT|¢p) = AJ) in (3.5).

2For the Loschmidt echos (3.5, 3.6), the action of the observable A can be simply introduced as an
intermediate gate before/after the time evolution provided it is unitary. If it is not, one can decompose
any non-unitary operator into a linear combination of unitaries (LCU) and implement each of them
at the expense of needing more measurements [93, 94].
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of obtaining that outcome. Taking the square root of that number leaves us with the
desired amplitude r(t).

A comment is in order regarding reversing the adiabatic evolution. We consider the
case where the state [)) = V|AFM) — e.g. the plaquette ground state |¢)) = |pGS)
considered in previous sections — is prepared from the Fock state |AFM) through V/,
the adiabatic evolution

. rT
Uosy = Te o HOI (3.26)

where the time ordering of the exponential has been made explicit. After a given time
evolution e "t one is interested in reversing V' to measure in the Fock basis, as explained
earlier. Although the operation VT given by

. T 7y
Ul g = Tet o 1O (3.27)

is in this case unavailable in that it involves a backwards-in-time evolution, the effect
of the time reversal can fortunately be implemented (up to a phase) by applying the
adiabatic evolution with the reversed path?’

. r0 >
Up_yo = Te I HOE, (3.28)

The latter differs from L{g _,p due to the time ordering present, but indeed maps |pGS)
back to |[AFM) possibly up to a phase factor, i.e. Ur_o|pGS) = ¢/?|AFM), leading to

[(AFM|Ur0e Uy 7| AFM)| = [e7*? (pGSle™ ¥ [pGS)| = |[(pGSle*|pGS)], (3.29)

as desired. In case any gate sequence is applied before the adiabatic evolution, this can
in turn be simply undone in the reversed process by applying the daggered gate sequence
after reversing the adiabatic evolution. This makes clear how to reverse the adiabatic
evolution process to measure in the Fock basis, allowing the measurement of amplitudes
r(t) = | (W) in (3.25).

Resolving the phase in (3.25) with the quantum simulator, however, is a more chal-
lenging task. We will consider next two different approaches to determine such variable,
before ending with the third proposal to overcome this affair.

3.4.1 Hadamard test

The first option to resolve the phase of a Loschmidt echo is to consider the well-known
Hadamard test (see Fig. 3.14). This is an interferometric method to extract the real and
imaginary part of the expectation value (1)|U|v) for a given unitary U, thus in particular
allowing to discern its phase. In the special case U = e~** the Loschmidt echo (3.4) is
recovered.

The test works as follows. One starts with a state |¢)) and an auxiliary qubit |0).
Applying the Hadamard gate yields H|0)[¢)) = |+)[¢).3! The unitary U on the second

3%Note that the presence of the gap is only dependent on the path H (s), but not the evolution’s time

direction, meaning the mapping of ground states between endpoints is guaranteed in both directions.
31Recall that |+) = (]0) £ [1))/+/2.
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Figure 3.14: Circuit for the Hadamard test, which allows to retrieve the real part of the
expectation value (|U|1)) for a given unitary U. Starting instead with S|i¢)
gives the imaginary part.

register controlled to the auxiliary qubit acts then as3? 0)|) + |1)(U|+)). Applying the
second Hadamard gate leaves |+)|¢) + |=)(U)) = [0)(1 4+ U)|¢) + |1)(1 — U)|v), with
normalization factor 1/2. Measuring then the first (auxiliary) qubit in the computational
basis, the result will be |0) with probability $(¢|(1+UT)(1+U)[¢) = 3(1+Re(y|U[))
for output 1, and |1) with probability 1 (1|(1 — UT)(1 — U)[¢) = £(1 — Re(¢|U]y)) for
output —1. Repeating the test many times and obtaining the statistical probability of
obtaining each outcome, one can estimate Re(i)|U|¢). Repeating the same procedure
by applying first an S gate to |¢)) at the very beginning (i.e. starting with the state
%(|0> +i[1))[4) instead), yields probabilities 3(1 = Im(y|U[v)), from which Im(t|U|¢)
can be estimated. Thus, in particular, the phase of ()|U|¢) can be learned with an
accuracy determined by the number of measurements>?.

The issue in this approach is that it involves a global controlled operation, which is
hard to implement. This demands for an alternative approach to resolve the phase of
Loschmidt echos.

3.4.2 Symmetric Hamiltonians

A second possibility is presented in Appendix A.5 of [83], where a result avoiding the use
of ancilla qubits, global controlled operations and catlike states is provided. However, it
holds only for Hamiltonians H with certain symmetries. Fortunately, these are satisfied
by the 2D Fermi-Hubbard model (3.1).
The assumption is that there exist a unitary operator R and a Hermitian operator T
such that
RIHR=—-H+T (3.30)

with [T, H] = 0 and for which |¢) is an eigenstate, i.e.

Rly) = Aly),  Tl) = ply). (3.31)

Being R unitary, necessarily |A\| = 1. Then, given such R, T and [¢), it holds

ay(t) = (Wle ! |y) = (Y|RTe I R|y) = (W]e" T D) = ay,(t)e . (3.32)

32We omit global factors for the computation, deferring the normalization till the end before measuring.
33 Assuming noiseless gates.
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As a consequence, aw(t)ei“t/ 2 € Ris real.? Thus, the phase of the Loschmidt echo ay(t)
is simply given by minus the phase of e?/2 35
In the concrete case of the two-dimensional Fermi-Hubbard model in a bipartite lattice

H= Y Y Junolc)yemo +he) + 3 Unpynyy, (3.33)
keAmeB © k

condition (3.30) is fulfilled according to [83] with3¢

R = ei“ ZkeA Tk H(CkT + C};T), T = Uan‘L (334)
k k

Expression (3.1) is recovered for Ji,,, = —t for all k, m, o and with bipartition AU B of
the 2D lattice defined by dividing the sites into even (A) and odd (B), i.e. whether site
(i,7) has i ® j = 0 (even) or 1 (odd) mod 2.

One still needs to consider states [1) satisfying (3.31) and lying at the desired energy
regime of interest to apply the algorithm on. Lu et al. [83] provide a hole orthogonal
basis of common eigenstates of R and T with simple structure for a lattice with an
even number of sites N in the following way. They divide the lattice in N/2 disjoint
pairs of sites S; = (nj,m;), j = 1,...,N/2 — e.g. snake-like ordering double wells as
Sj:=(2j —1,2j) — and choose within each of them a state |¢¢ j), which is the vacuum
of spin up and an arbitrary Fock state of spin down modes, to then define

1 .

[7) = 5 (an, 1 Eiay, Pldos), (3.35)
1 .

9% = 5(1 +ial Lal )|go,)- (3.36)

Then, an orthogonal basis of common eigenvectors [1)) can be formed as all possible
products of one of these 2 x 1 “plaquette” states.

However, the energy range these states cover has to be analyzed yet. For this pur-
pose, we proceed at this point with some simulations on a 3 x 2 lattice?” on python’s
QuSpin package [89]. The Hamiltonian (3.1) is implemented and the energy density of
its eigenstates is checked to follow a Gaussian-like distribution, as expected from the
Law of Large Numbers. Then, we compute as a function of U/t the energies of the

31Since we have seen that it is equal to its complex conjugate.

35Moreover, if RTAR = £A, and additionally either |¢) is an eigenstate of A (with eigenvalue 1 for
simplicity), or [A, H] = 0, then aA,¢(t)ei“t/2 is also real or purely imaginary, depending on the sign
+. To determine a4, y(t), then, one only needs the absolute value |aa y(¢)| and a sign.

36The intuition behind this is as follows: T counts — times a U factor — the number of spin-down
modes, while R has two terms: one that flips the occupation number of spin-up modes at each site
(0 +—7) and then a prefactor that reminds of a Jordan-Wigner string, though here only applied to
the A sublattice (hence the reason why this term does not commute with the Hamiltonian H, which
swaps particles between both sublattices A «» B).

37The Hilbert space dimension 22® for a 4 x 2 lattice becomes already too large for numerical studies
within a reasonable amount of time.
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Figure 3.15: Energy range (blue colored) for states given by any product of (3.35, 3.36)
in the 2D Fermi-Hubbard model on a 3 x 2 lattice as a function of U/t,
together with the lowest (black) and highest (red) eigenenergies enclosing
the spectrum of the model. Blue dashed lines show the precise discrete
energies these states can reach. Energy curves for different thermal states
at T/t € {0.2,0.5,1,1.5,2,2.5} are added, showing that those temperatures
correspond to low energies not covered by the considered family of states.

proposed states [) given by all possible products of (3.35, 3.36) for each pair of sites .S;.
The result is shown in Fig. 3.15, where the energy range for these states is delimited by
the bright-blue and purple lines, while sitting within the spectrum of the 3 x 2 Fermi-
Hubbard model delimited by the ground state energy (black) and maximal eigenenergy
(red). This family of states does actually not cover the whole energy range (depicted in
blue), but just a discrete set of values (dashed blue lines) linear in U. This behavior is
reminiscent of the symmetry constrains (3.30, 3.31) imposed on the Hamiltonian.
Indeed, one can explicitly show this from relations (3.30, 3.31) with |[A\| = 1 and
realizing that (3.34) simply counts the number N| of spin-down modes of the state:

E($) = ($|H[Y) = (|RTHR[Y) = —(Y|H|$) + (¥|T|y) = —E() + UN,,  (3.37)

recovering the linear scaling E(y)) = %U N} o< U. Furthermore, N| might be any natural
number between 0 and N depending on the choice of |¢g ;) € {|0,0),0,1), [4,0),[4,4)}
for each of the N/2 pairs of sites S, where the information on the number of spin-down
modes of the state lies. In particular, the bright-blue line in Fig. 3.15 corresponds to the
case where all |¢g ;) are |0,0) thus giving zero energy, while the purple line relates to the
one where they are all ||, |) yielding indeed energy U x N/2. Therefore, the different
energies covered by these states corresponds to the choice of each |¢g j), determining the
number N € {0, 1, ..., N} of spin-down modes in |¢). For each of these N+1 possibilities,

E(%) scales with U with slope N, /2, yielding the dashed blue lines in Fig. 3.15.
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Figure 3.16: Circuit to measure r(t +ih) = |(1'|e "t |4))|, where e implements
an imaginary time evolution onto |¢), followed by a digital or analog real
time evolution e *H* before applying a projective measurement onto the
state [¢)'). The phase ¢(t) of a Loschmidt amplitude G(¢) can then be
estimated from r(¢ £ ih). Reprinted from Yang et al. [84].

All in all, we notice that in the repulsive case U > 0 those states are not enough to
cover the more interesting energy regime below zero, corresponding to low temperature
thermal states py, = e #/Z, Z = Tr[e=#H]. In Fig. 3.15 we show that energy curves
E = Tr[Hpy) for thermal states at temperatures ranging from 7'/t = 2.5 to T/t = 0.2
all lie within the negative energy regime beyond the blue shaded region, hinting at the
fact that states (3.35, 3.36) are insufficient for the study of low-temperature physics.

To sum up, even though this proposal in [83] avoids the implementation of a controlled
Hamiltonian evolution as instead required in the Hadamard test, the symmetries imposed
in the argument unfortunately restrict the energy range covered by the initial states,
preventing the algorithm from exploring lower energies of interest. Therefore, a different
approach for the phase resolution is needed, which we provide next.

3.4.3 Imaginary Time Evolution

A great alternative circumventing these inconveniences in the Hadamard test and in the
previous approach is presented by Yang et al. [84]. As will be shown, the proposal no
longer involves global controlled operations, but this comes at the price of needing a
short imaginary time evolution to be implemented (see Fig. 3.16).

The argument starts by considering an analytical continuation of the Loschmidt echo
G(t) = (¢'|e""t3)) extending time ¢ € R to the whole complex plane z = t—i3 € C, with
B being the imaginary time or inverse temperature.>® The resulting complex function

G(2) = (¥']e”"*[¢)) = r(z)e’*® (3.38)

can be seen to be holomorphic by expanding the states |1}, [¢/') in the energy eigenbasis of
H, leading to a linear combination of exponentials, which are known to be holomorphic.

38Recall that one may think of the Boltzmann factor e ## for thermal states, with inverse temperature

—iHT

B =1/T € R, as a Hamiltonian evolution e over a (pure) imaginary time 7 = —if € C.
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Then, the logarithm In G(z) will also be holomorphic everywhere except at those points
where possibly G(z) = 0. This means that for a choice of analytic branch for ¢(z), one
can apply Cauchy-Riemann equations to InG(z) = Inr(z) + i¢(z) and obtain

0 0

i0¢) = g5 r()) (3.39)

relating the real time derivative of the phase we are interested in, to the imaginary time
derivative of the logarithm of the amplitude. Numerically approximating the derivative
on the right hand side by the symmetric difference quotient?”

_Inr(t —ih) —Inr(t +ih)
- 2h

0
a5 (2)]

(3.40)
B=0

for small h < 1, Eq. (3.39) shows that one can compute the desired phase ¢(t) of a
Loschmidt echo by (numerical) integration

o) =00)+ [

aa[ln r(2)] ] dt (3.41)
E s

provided G(t) # 0 in the interval [0,¢] and the initial phase ¢(0) and the amplitudes
r(t £ih) can be determined.

The initial phase is trivial for the most simple case (3.4) where |¢') = [¢), since
G(0) = (p|vp) = 1 = 7(0)e**(®) means ¢(0) = 0. For the Loschmidt echos (3.5, 3.6), we
have G(0) = (¢|A|Y) = (A), meaning that ¢(0) = arg(A), € {0, 7}, since observables
in quantum mechanics are Hermitian and thus have real expectation values.

Thus, the problem of finding the phase ¢(t) of a Loschmidt echo is reduced to measu-
ring the amplitudes 7(t+ih) = |(1'|e " et |4))| which is what the circuit in Fig. 3.16
describes: prepare first the state |¢) and then apply an imaginary time evolution et
before the usual real time Hamiltonian evolution e “*#¢, to end with a measurement pro-
jecting onto [¢')(¢'|. Tt has already been discussed at the beginning of this section how
similar amplitudes could be determined experimentally by implementing the Hamilto-
nian evolution e~*#* in the analog mode and taking spin-resolved measurements (see
Fig. 3.13). While here we have the extra term e*" the recipe is clear as long as we
are able to implement this very short (h < 1) imaginary time evolution.

Implementation of the imaginary time evolution

Even though the non-unitarity of the imaginary time evolution forbids its direct applica-
tion as a gate that one could implement in a quantum computer, Motta et al. [95] show
how it can be simulated by a unitary circuit for short times h if H is a local Hamilto-
nian and the spacial correlations of |¢)) decay exponentially, which is the case for the
Fermi-Hubbard model and the considered decoupled plaquette states.

39This formula for numerical differentiation cancels first order errors leading to an error of O(h?).
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The argument is as follows. Applying the imaginary time evolution e =" onto the state

|} will shrink its components inhomogeneously.*C The resulting state e " |1)) can then
be normalized with A = |[e™" |¢))|| to yield a valid quantum state |£) := %e*hH\zm.
Then, there must exist a unitary U mapping [¢)) — [£), i.e.

1

N
Note that the unitary U will depend on the given state |¢)) to which the imaginary time
evolution is applied. This unitary, however, can be highly complex for a general quantum
state.?! Nevertheless, following Motta et al. [95], one can decompose beforehand e ~
[1,, e "™ by a first-order Trotterization? into factors involving each a local term H,,
in the Hamiltonian. One could then recursively apply the same argument as in (3.42)
to each of the factors e "™ to recursively obtain local unitaries Vj,,

1
N
where |¢m,) = Vi—1|tvm—1), m > 1, starting with |¢)9) = |¢), such that U = [],,, Vin.
Each unitary V,,, will be local acting on a domain surrounding the sites involved in H,,,
depending on the finite correlation length of the state |1)y,).

In practice, the V,,, will be approximated, with the error being of the same order as
the one already being made in the Trotterization step anyways. Indeed, since e~ "H#m =
1 — hH,, + O(h?) and N2 = (ple 2Tm |, = 1 — 20 (| Hp|m) + O(h?) such
that 1/Ny = 1+ (| Hp|m) + O(h?), one sees that (3.43) — reading from right to
left — becomes Viu|tm) = [1 + (Ym|Hm|tm) — hHp + O(h?)]|¢m). Thus, taking the
approximated unitaries TN/m gives a good approximation U ~ [],, XN/m.

Further, for small A, it is enough to consider the V,, defined all for the state |1)) only,
avoiding the recursive chain of states |1,,). Thus, one only needs to obtain each from

1
Nm
and the order of the V,,, in U ~ [],,, Vi can be arbitrary. This can be illustrated by
considering the simple example where the Hamiltonian is a geometrically 2-local one

that can be written as a sum of two non-commuting Hamiltonians H 4, Hp consisting
each of commuting summands. Then the unitaries Ua,Up defined for the same state

|¢) as

e~ y) = Uly). (3.42)

P ) £ Vinlth)y N = [l )] (3.43)

e M|y £ Vi), N = e m[g) (3.44)

1

UAlw) = 3¢ ") = (L = hHa + OUD)]10), (3.45)
Usl) = - "1016) = 5 [L = hHg + OUA)]0) (3.46)

4OWe focus here on the negative case. For e simply replace h — —h in the following results.
(EfH)h

*'That it is hard to compute follows from the fact that limj o ““5~—|¢) = |GS), where only the lowest

eigenvalue survived, and obtaining the ground state (GS) of a local Hamiltonian is known to be a
QMA-hard problem [69]. Thus finding a U implementing ﬁe_hH |1) must be hard as well.
“2With error O(h?), as discussed in (2.1).
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(a) ITE depth-two circuit. (b) ITE building block.

Figure 3.17: Gate implementation of the imaginary time evolution (ITE) of the Hamil-
tonian given by the sum of hopping terms H;; acting on decoupled pairs of
sites. Its action on the state can be approximated up to normalization by a
depth-two circuit (a) composed of building block unitaries U;; acting each
on four sites at most (b).

can be implemented by a shallow-depth quantum circuit depending on the correlation
length of the state |1/). The normalization factors are 1/Ny = 1+ (¢|Hx ) + O(h?),
for X € {A, B}, as similarly shown earlier. Then, UgU4|t¢) can be used to approximate
Ul), since

UpUal) = (1 — hHa — hHp + O(h?)]]¢)

1
NaNs
= [1+ (Y|Hal) + (Y|Hp|)) — hHa — hHp + O(h?)]|1)) (3.47)

and on the other hand
Uly) = _hHW) [+ (Y|H|¢) — hH + O(h?)]|¥), (3.48)

so that the error is
(U — UpUa) ) || = O(h?), (3.49)

i.e. of the same order in h as the error of the Trotterization that we are making anyways.
Note also that the alternative ordering U4Upg|v) would give the same result as in (3.47)
up to O(h?).43

Focusing on the case of the 2D Fermi-Hubbard model (3.1), which is geometrically 2-
local, Fig. 3.17b 111ustrates the idea for the imaginary time evolution of a single hopping
term Hy; =t , (cwc](7 + h.c.) on a state ) given by the product of disjoint pairs of
entangled sites. The resulting unitary acts on at most the four sites involved in both
entangled pairs. Fig. 3.17a illustrates the circuit of depth two that one would need
in order to implement the imaginary time evolution of the full Hamiltonian term (the

43Note that this example can be straightforwardly extended to a larger number of such non-commuting
Hamiltonians Ha, Hg, Hc..., as will be needed later for the Fermi-Hubbard model (five terms).
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Figure 3.18: Hllustration of the five non-commuting terms in the 2D Fermi-Hubbard
Hamiltonian (Hj, Hy, Hy, Hy and Hy) from left to right), each given by the
sum of either disjoint hopping terms between neighboring sites (ellipses) or
disjoint on-site interactions (circles).

analogue of H 4 in the previous example) given by the sum of commuting hopping terms.
In this case, the number of such non-commuting Hamiltonians Hyx consisting each of
commuting terms, would not be two but five (Fig. 3.18): one for the on-site interactions,
Hy = U Y ;nipn;y, and two for the hoppings in both directions a € {z,y}, each acting
on either even or odd pairs p, € {e,0}, i.e. HE* =ta 3 2(; jyepa (c;rchT + Czlcji +h.c.).

Imaginary time evolution on the product of 2 x 2 plaquettes

Now, if we focus on the state [¢)) = |pGS) given by the product of half-filled 2 x 2
plaquette ground states discussed earlier, we notice that the imaginary time evolution
has to be implemented only for the hopping terms acting between decoupled plaquettes,
and not for the terms acting within each plaquette (see Fig. 3.19a). The reason can be
best explained by focusing on two plaquettes only (as in Fig. 3.19b). What we want to
show is that, given the Hamiltonian H = Hy +>_; ;y Hi; consisting of on-site interaction
terms Hy plus hopping terms H;; defined on two plaquettes PUP’, we only need to care
about the terms H;; between plaquettes, i.e. i € P,j € P', PN P = () (we denote these
as (i,j) € PV P'). Indeed, this is the case because of the fact that we are applying the
imaginary time evolution e " to the state |[pGS), which by definition is an eigenstate
of the Hamiltonian on decoupled plaquettes Hy = Hy + Y xe(pp} 2(ijyex Hij- As a
result, a first order Trotterization will yield

e MpGSs) = e MIve T apGS) + O(h?) = e Mo MIVIBGS) + O(R?),  (3.50)

where Hy = 37, sepvp Hij and g is the eigenvalue of Hy|pGS) = Ag|pGS). Thus, up
to a global phase e %0 of the resulting state** and the Trotter error, the imaginary time
evolution under H amounts to implementing it just for Hy consisting of the Hamiltonian
terms H;; between plaquettes only.

Then, each of the corresponding gates U;; implementing the effect of the imaginary
time evolution between two 2 x 2 plaquettes (and thus in principle acting on the eight
sites) could be decomposed into the native set of gates that can be implemented by the

“Remember we then normalize the resulting state e |4), so global factors disappear.
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(a) ITE between plaquettes only. (b) Variational ansatz on building block.

Figure 3.19: The imaginary time evolution (ITE) of the Fermi-Hubbard model acting on
the product of 2 x 2 plaquette ground states, has to be implemented for the
hopping terms between the decoupled plaquettes only (a). The correspon-
ding gates for the building block (b) could be obtained from the native gate
set by means of a variational circuit ansatz optimized over parameters.

FermiQP quantum simulator. The approach would be to consider a variational circuit*®
ansatz U;;(p) = Ufj(pg) e U}j(pl) with native gates Ui]}, k=1,...,¢, and optimize over
the parameters*® p = (py,...,py) by maximizing the cost function

1

max | (pGS|Uf(p) 17

consisting in the fidelity of obtaining the same state by applying onto |pGS) the imagi-

nary time evolution than by applying the unitary U;;(p). Once the gate sequence for
Ui; is obtained, by symmetry it can be used for all other terms between plaquettes.

Such task can be assessed with quantum optimal control techniques relying on gradient-

based optimization methods such as the Gradient Ascent Pulse Engineering (GRAPE),

which was first introduced in the context of NMR spectroscopy [96]. There, the fidelity

between a given state |) and a time evolved one e~#7t[3)) is maximized*” by discretizing

the evolution with a finite number of steps with fixed step size At and optimizing over

parameters p = (p1, ..., Pe), i.€.

e " |pGS)|?, (3.51)

max |(iple” HPOAL . et PUA ) 2, (3.52)

Indeed, we have employed this method to successfully solve our optimization problem
(3.51), where |g) corresponds to the imaginary time evolved state and the unitaries
are the time evolution operators. Following the above-mentioned approach, we have
employed python’s optimization function scipy.optimize.minimize with the bound-
constrained minimization method L-BFGS-B [97, 98] guaranteeing the hopping control
parameters to remain positive, ¢ > 0, during optimization. We have fixed the on-site

450ne could instead search for an adiabatic evolution implementing the same effect as the gate acting

on the state. Working with gates, however, gives us more insight for scaling to larger plaquette sizes.
“6Parameters may be e.g. the tunneling strengths t,,t,, on-site interaction U and gate durations 7.
4TIn practice, what is actually optimized is the minimization of the infidelity.
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(a) Pulse sequence on a double well. (b) Pulse sequence on two 2 x 2 plaquettes.

Figure 3.20: Successful implementation of the imaginary time evolution (h = 0.1) under
the Fermi-Hubbard Hamiltonian at U/t = 8 on a product of two (a) single
sites and (b) 2 x 2 plaquettes through an optimal pulse sequence, with
respective fidelities of 99.96% and 99.91% achieved within 3 ms. The pulse
consists on a 30-step time evolution modulating the hopping strength ¢
within the whole (a) double well or (b) 4 x 2 lattice, while keeping the
global on-site interaction U = 8 activated.

interaction term to U = 8. It may be noted that there has been no need to include
here spin-dependent tunneling to provide further computational resources, since both
the initial state and the Hamiltonian involved in real and imaginary time evolutions
are spin-symmetric’®, meaning that no preferred spin direction should be present in the
optimal pulse sequence. We have indeed observed this numerically when optimizing over
spin-dependent hopping strengths t,. We show in Fig. 3.20 the obtained pulse sequences
for the implementation of the imaginary time evolution between both 1 x 1 “plaquettes”
(single sites) and 2 x 2 plaquettes.*® After a 3 ms sequence of 30 pulses, we already
reach respective fidelities of 99.96% and 99.91%.

The discovery of this high-fidelity gate sequence for the implementation of the imagi-
nary time evolution between two 2 x 2 plaquettes (Fig. 3.20b) constitutes one of our main
achievements throughout this work. The four-layer application of simultaneous copies
of this building block (Fig. 3.19b) pulse sequence between neighboring plaquettes as in
Fig. 3.19a provides an implementation of the imaginary time evolution on the initial
state given by the product of 2 x 2 plaquette half-filled ground states, enabling thus the
experimental realization of the protocol on the FermiQP platform.

48Meaning that both spins play a symmetric role in the state and in the Hamiltonian as well.
“9The pulse sequence on 1 x 1 “plaquettes” will be used later in Chapter 4.
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Imaginary time evolution on a Fock state

For completeness, even though the obtained pulse sequences constitute already a great
achievement and are experimentally more advantageous, an alternative approach for the
implementation of imaginary time evolution would be to provide explicit gate decompo-
sitions at a theoretical level. We provide an example for the most simple case given by
the product of 1 x 1 “plaquettes” (a product state), for which explicit®® gate decompo-
sitions can be found for arbitrary unitaries acting on double wells (two sites). Although
we know these states will not have low enough energies as wished for the proposed algo-
rithm, the example serves as a proof of principle for the whole protocol, perhaps allowing
us to gain some insight into the imaginary time evolution on larger plaquettes. We show
this for a concrete initial state given by the antiferromagnet Fock state |AFM).

First note that the imaginary time evolution has to be now engineered between 1 x 1
“plaquettes”, i.e. between all pairs of sites. This means that the building block unitary
will be acting on two sites only. Within each double well, the initial state will be |1, ).
Then, we need a gate sequence that maps this state to the imaginary time evolved one

M1, 1) & (14 hHy)|1, 1) = [1,4) F ht(|D,0) + [0, D)) =: N|éx) (3.53)

with norm N = /1 + 2(ht)2, where the approximation is of order O(h?) as in the
Trotterization. No on-site contributions U from (3.1) appear due to the fact that no
doublons D = 1] are present in the initial state. Since the Hamiltonian H is particle and
spin number preserving and we start with the state |1,]), we only have to work within
the subspace B = {|1,1),[{,1),|D,0),]0,D)}. Then, the building block unitary Uy of
size 4 x 4 mapping |1,]) — |£+) can be decomposed into a two-step sequence of rotation
gates as follows:

1. Rotate first |[¢)) = |1,]) to

) = (11,9 = 71D, 0) sy (3:54)
transferring thus some population to the doublon sector.
2. Then rotate within the doublon sector, leading to
97 = |1t = 25 (1D,0) + 10, D)) ——=—, (3.59
vz N

which recovers (3.53) for v+ = 4+/2ht.

To obtain the gates implementing these two rotations, recall first the general form for
an arbitrary “single-qubit” rotation®!

cos (g) e " sin (g) et

U@, 0,6) =1{ g\ 4 N s (3.56)
—sin <§> e  cos (E) e

S0Explicit will be the unitary sequence, but not the Hamiltonians inducing them through time evolution.

51Up to a global phase e®*.
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with parameters 6 € [0, 7] and ¢, d € [0,7]. Then, the first rotation in the ordered basis
B is given by

1 0
V192 0 V1472 /
0 1 0 0
V1+92 V1+92
0 0 0 1

and zero elsewhere, which can be attained for (6, p, ) = (arccos(1//1 ++?),0,0). The
second rotation is simply given by

1 0 0 0
01 O 0
Uy = 0o o0 L —L1 (3.58)
0 0 X
V2 V2

and zero elsewhere, which can in turn be attained for (6, y,0) = (7/2,m,0).

All in all, the unitary Ux = Uy - Uy(y+) with v+ = +ht acting on [¢) = |1,])
implements the imaginary time evolution |, ]) ngeihHij\T, 1) as U|T,!) up to an
error of order O(h?), as desired.

This unitary would have to be applied to all pairs of sites to implement the imaginary
time evolution for the whole Hamiltonian H, which could be done with a depth-4 circuit
— corresponding to the terms in Fig. 3.18 involving pairs of sites.

Nevertheless, as anticipated, the concrete way how the rotation gates (3.56) would
be implemented in the FermiQP demonstrator, amounts to finding native Hamiltoni-
ans H(0,p,0) and the proper times 7 for which (3.56) can be realized as an analog
Hamiltonian time evolution — that is U(6, ¢, ) = e~ 0.00)7 __ or rather a sequence
thereof.
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Chapter 4

Numerical Benchmark on small-sized 2D
lattice

Having introduced and discussed the main aspects of the algorithm in the previous
chapter, we present now a toy model on a small lattice of 3 x 2 sites to summarize the
procedure by stating clearly all the steps to be followed in the protocol. This will be
accompanied by a numerical simulation that could serve as a benchmark.

Recall we aim to use the filtering algorithm [83] to study microcanonical properties of a
state in a system governed by the repulsive two-dimensional Fermi-Hubbard Hamiltonian

H=-tY (cecjo+he)+UN nyny, U>0, (4.1)
by computing Loschmidt echos of a different, in turn efficiently preparable state having
some overlap with the target state.

4.1 Selection of parameters, observable and initial state

First and foremost, there are some choices to be made. We decide on the following:

a) We focus on the U/t = 8 regime of the Fermi-Hubbard model on a 3 x 2 grid,
which means N = 6.

b) Several target energies are considered, given by the 20 lowest eigenenergies Ej up
to B = 2.84-107" ~ 0 and the parameter § = 1 specifies the energy window
[E) — 0, Ej, + 0] for the filter.

¢) The parameter x is simply chosen to be 1 — thus defining the cutoff R = tN/§ = 6
in the Fourier transform for the filtering operator.

d) The antiferromagnetic Fock state |¢) = [1,1,T,],T,4) = |AFM) is chosen as initial
state (1 x 1 “plaquettes”), so in particular no preparation [¢)) = V|AFM) is ne-
cessary (V = 1) further than obtaining |AFM). This state is efficiently preparable
at FermiQP and lies at E(¢) = 0. The overlap with each |E)) will have to be
checked. This state has no doping since it is at half filling. It specifies the particle
number sector to be S = (31,3 ]).
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e) The observable A of interest — for which microcanonical expectation values are
to be obtained — is chosen here to be simply the Hamiltonian energy H (4.1).

Alternatively the local' longitudinal magnetization on the first site could be chosen:
A= nip —nNiy, (4.2)
with (A)y € [—1,1] for any |1)).

f) The small imaginary time parameter for the amplitudes r(¢ & ih) involving imagi-
nary time evolution is chosen to be h = 0.1.

g) The integration step for the phase resolution of Loschmidt echos — employing the
data on r(t £ ih) — is taken to be At = 0.1.

Now the protocol can be summarized by following step by step the next sections.

4.2 Determination of Loschmidt echos

For each time t,, = 2m/N, with m € {0, ..., R}, determine the Loschmidt echos

ay(tm) = (e |y), (4.3)
any(tm) = (] Ae”Him(y),
ay,atm) = (Wle " Him Ay,

by determining their amplitude 7(¢,,) and phase ¢(t,,).

4.2.1 Amplitude measurement of Loschmidt echos

For each given time t,,, to obtain the amplitude r(¢,,) for the Loschmidt echo (4.3),
follow the next steps:

1. Prepare the initial state [¢) = |T,], 1,1, T, 1) = |[AFM).
2. Let the system evolve under H (4.1) for a time t,, to reach the state e~#7tm|q)).

3. Measure in the Fock basis by taking a site and spin resolved snapshot. Count +1
on the number of successes ¥ if it coincides with the intial Fock state |AFM).

4. Repeat (a-c) a large number of times, e.g. L = 1000.

5. Estimate the probability r(t,)? = |(¥|e"*Htm|y)|? as X/L, from which the am-
plitude r(t,,) can be obtained by taking the square root — this step is actually
carried out in the classical post-processing part of the protocol.

!The global magnetization would always yield zero, since we are starting with a state at half filling and
the Fermi-Hubbard Hamiltonian preserves the particle number of both spin up and down modes.
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Figure 4.1: Illustration of the three non-commuting terms consisting of 2-site gates (blue)
U(h) on the 3 x 2 lattice, each composed of two rotation gates Uy, Us, leading
to a circuit of depth six.

For the Loschmidt echo (4.4), apply A between step 2 and step 3, and proceed the
same way to obtain the amplitude r(t,,) = [(¢|Ae ™ tm [4))].

For the Loschmidt echo (4.5), apply A between step 1 and step 2, and proceed the
same way to obtain the amplitude r(t,,) = |{1)|e~*Htm AJap)).

Note that for the special case where the operator A is diagonal in the Fock basis, there
is no need to actually apply the operator before measuring. Instead, the value of the
observable can be retrieved from the (collapsed) measured state. Thus, in the case of A
being the local magnetization, the amplitudes 7(t,,) can be computed as |(1)|e” ||
times the number |n14 — n; | counted from the measured snapshot of the state.

4.2.2 Phase measurement of Loschmidt echos

For each given time t,,, to obtain the phase ¢(t,,) for the Loschmidt echo (4.3), follow
the next steps:

1. Prepare the initial state [¢) = [T, 1, 1,), T,1) = |AFM).

2. Apply the unitary U(h) — optimal control pulse sequence (Fig. 3.20a and analo-
gous for negative h) or rotation unitaries UsUy(y = ht) (3.57, 3.58) — onto [¢)
on pairs of neighboring sites by a 3-layer circuit (see Fig. 4.1), implementing the
imaginary time evolution e™"# under H (4.1), i.e.

Ump) = (H U(h)) 9 £ e M), (4.6)
(1,9
up to a normalization N = N;-';Z’J)', with |(i,7)] = (Lgy — 1)Ly + (Ly — 1)L, the
number of hopping terms H;; between 1 x 1 “plaquettes”, for which the imaginary
time evolved state (3.53) has norm Nj; = /1 + 2(ht)2.2

3. Discretize the interval [0,t,,] into isteps = %ﬁ + 1 slices ~{O, ceos bgey ooy b }, With
k € {0,...,isteps — 1} and integration step At. For each t,,, := k- At:

a) Let the system evolve analogically under H for a time #,,, to reach the state

(o () == e~ ol (h) o)) (4.7)

2Note here that ¢ is the tunneling parameter of the Fermi-Hubbard model, while ¢,, are times.
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b) Measure in the Fock basis by taking a spin resolved snapshot. Count +1 on
the number of successes X if it coincides with the initial Fock state |[AFM).

c) Repeat (1-3b) a large number of times, e.g. L = 1000.

d) Estimate the probability |<¢]efiH£mkU(h)|¢)]2 as ¥/L (later in the classical
post-processing part).

4. Repeat the procedure (1-3) replacing h ~— —h in the gates Ui(7y) implementing
etPM to obtain the (estimated) probabilities |(1h|e™ tmiif (—h)|1h)|.

For the Loschmidt echo (4.4), apply A after step 3a leading to the state A|op(fm, ).
Then proceed with (3b-4) to obtain the (estimated) probability |<¢\Ae‘iH{me/{(h)|@Z)>]2.

For the Loschmidt echo (4.5), apply A after step 1 before implementing the imagi-
nary time evolution, and then proceed with (2-4) to obtain the (estimated) probability
[(le= Mt () Al) .

These probabilities will then be employed in the post-processing part of the protocol
to classically compute the corresponding phase ¢(t,,).

4.3 Classical Post-Processing

Once the required information on the Loschmidt echos is obtained from the quantum
simulator, a classical post-processing task completes the computation of the generalized
microcanonical expectation value of the observable of interest. The steps are as follows:

1. Estimate the amplitudes r(t,,) as described in the previous section 4.2.1. by taking
the square root of the estimated probabilities ¥/L. This holds for all three kinds
of Loschmidt echos (4.3, 4.4, 4.5).

2. Estimate the phase ¢(t,,) of each Loschmidt echos at time ¢, as follows:

a) Estimate the quantities v := ](@Z)|efiH£mkU(:|:h)|w>\ for both £h and each k
by taking the square root of the corresponding estimated probabilities E,f /L,
as described in section 3.2.2.

b) Multiply each l/ff by the normalization factor N to properly implement the
imaginary time evolution

N - vE = [(Wle” o (N - U(£h)) [)] = [(ple” T e T )2 (4.8)

and then take the square root to recover the amplitude r(Z,,, + ih).

c) Estimate then the derivatives

0 Inr(ty,, —ih) — Inr(ty,, +ih)
= —[lnr(2)] R L k ,  (4.9)
Rl AR oh

’Y(Emk) :

where z =t — i3 has been used?.

3Hence the reason why the minus term is placed before the plus one in the differentiation formula.

48



Chapter 4 Numerical Benchmark on small-sized 2D lattice

d) Resolve the phase by numerical integration

tm) = 60) + [ Lfﬁ Inr(2) ] dt~ 3 y(En AT, (4.10)
k

tzfmk ,8=0

with At = ﬁ’;s_l, and where ¢(0) = 0 for Loschmidt echos (4.3) — since
7(0)e'?(©) = (1 |4) = 1 by normalization —, while for Loschmidt echos (4.4,
4.5) involving the observable A one has 7(0)e’(©) = ()| A|)) € R so the initial

phase is ¢(0) = arg(A), € {0,7}.

. Estimate each Loschmidt echo from its amplitude and phase as r(t,,)e(*=) and
call this number ay(tm), aa,y(tm) or ay a(tm) depending on the Loschmidt echo
(4.3, 4.4, 4.5) that is being computed.

. For negative times t,, < 0 within m € {—R,...,0,..., R}, retrieve the Loschmidt

echos from the counterparts at positive times*
ay(=[tml) = aj([tm]), (4.11)
any(=tml) = ay a([tm]), (4.12)
ay, A(=[tm]) = aZy  ([tm])- (4.13)

. Compute the numbers e’£m and the coefficients

1 M
b = 37 (M/2 - m) (4.14)
with M = | N2/82],.

. Estimate the local density of states as the linear combination of Loschmidt echos

R
Dsy(E) = (|Ps(E)|¢p) = > bmemay(t,) (4.15)
m=—R

and call this number q.

. Estimate the linear combination of Loschmidt echos involving A

R

R
WIAB(E) + B(E)AI) = Y bnePapy(tn)+ Y bue ™ ay alt)
m=—R m=—R
(4.16)

and call it p.

. Last, estimate the broadened microcanonical expectation value of observable A

 (WIIAPK(E) + P(E)Ally)
A0 (E) = T BB )

(4.17)

as the quotient 2%.

“Note that ay a(—t) = (Yle” TV A) = (Y[ATeH T |p)* = (plAe™ T |y)* = aly (1)
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4.4 Numerical simulation

In this last section we present a few results obtained from the numerical implementation
of the protocol. The fermionic quantum system is simulated via the QuSpin python
package [89]. The codes are included in the Appendix. Two comments are in order:

Comment 1. Regarding the numerical simulation, amplitudes r(¢) and r(t & ih)
will not be estimated from repeated measurements as would be done in the quantum
simulator. Instead, the measurement will be implemented numerically by directly com-
puting the overlap of the time-evolved state with the initial state |¢)) — corresponding
to applying a projector [¢) (1.

Comment 2. Regarding the implementation of the imaginary time evolution, we
briefly analyze the obtained fidelity when applying the multiple layers of pulse sequence
corresponding to hopping terms between plaquettes. However, in subsequent parts of the
protocol we instead implement the imaginary time evolution by matrix exponentiation
to assess their errors independently.

4.4.1 ITE pulse sequence fidelity

First of all, we test the implementation of the imaginary time evolution (ITE), e hH
through the composition of 2-site unitaries as in Fig. 4.1 — each given by the pulse
sequence from Fig. 3.20a — times the proper normalization factor, yielding an overall
fidelity of 98% for h = 0.1. For the imaginary time evolution e a corresponding op-
timized pulse sequence has been obtained with the same fidelity 99.96% as in Fig. 3.20a,
which after the composition as in Fig. 4.1 together with the normalization factor yields
an overall fidelity of 98.2%. These fidelities are still below 99.9% and give thus bad esti-
mates on the phase, as has been observed numerically. For this reason, in the subsequent
subsections we simulate the imaginary time evolution directly by matrix exponentiation.

4.4.2 Phase estimation

Here, the numerical result on the phase estimation method for the resolution of a
Loschmidt echo is presented. This corresponds to steps 2c-2d in section 4.3. Fig. 4.2
shows the cumulative integration of the phase ¢(t,,) for different times ¢,, and the
corresponding error at each of them, where the integration step has been taken to be
At = 0.1 ms.® In Fig. 4.2a we observe how the phase is precisely estimated for A = 0.1
up to times t,, ~ 15 ms, when the errors start being significant. Fig. 4.2b shows that
the oscillating instantaneous error is at least one order of magnitude smaller® than the
computed phase up to t,, >~ 15 ms, when the error indeed blows up for A = 0.1, in con-
trast to the smaller A. One can also observe that the phase estimation with A = 0.01 is
as good as with A = 0.001, since both error curves overlap. The larger error for h = 0.1
hints at the fact that At should be smaller for larger h in order to keep the error small.

SWe consider the tunneling strength ¢ = 1 — different from time — to be in kHz.
SFor At = 0.01 ms, the error A¢ is one order of magnitude further smaller than for At = 0.1 ms, but

simulations take much longer times.
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Figure 4.2: Phase of Loschmidt echos (|e=1t[)) = r(t)e’®®) for different times t,, esti-
mated through integration of the (approximated) imaginary time derivative
of In7(z) — with h € {1071,1072,1073} being the short imaginary time. The
Hamiltonian H under consideration is the Fermi-Hubbard model at U/t = 8
on a 3 x 2 lattice and the state |¢)) is an antiferromagnetic Fock state. The
integration step is At = 0.1.

All in all, these results show that the integration method for phase resolution works
sufficiently well for already h = 0.1 up to times ¢, ~ 15 ms, and for A = 0.01 if longer
times are needed.

4.4.3 Loschmidt echo resolution

Next, for that choice h = 0.1 of short imaginary time, the Loschmidt echo as a function
of time, G(t) = (|e”H1t|sp), is computed estimating the phase as above by integration
of the approximated imaginary time derivative. Fig. 4.3a shows the real and imaginary
parts of the Loschmidt echo, with bright (dark) colors corresponding to the estimated
(resp. exact) values. We observe how both amplitude and phase decrease oscillating in
time with a phase shift of 7/2. Fig. 4.3b shows the corresponding error of the estimation
as a function of time. It is between one and two orders of magnitude smaller than the
values for the Loschmidt echo. The main source of error has been checked to be indeed
due to the phase estimation alone, yet remaining small.

4.4.4 Local density of states

Once the functions for Loschmidt echo resolution have been tested, some quantities such
as the broadened version of the local density of states Djs,(F) introduced in (3.15) can
be estimated to check the well functioning of the protocol. This should converge (up to
a factor) to that quantity in the limit § — 0.
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(a) Loschmidt echo’s evolution. (b) Loschmidt echo’s error.

Figure 4.3: Real (green) and imaginary (blue) parts of the Loschmidt echo at time ¢,
G(t) = (¢|e”|¢)), where the phase is resolved through imaginary time evo-
lution with h = 0.1. The error (red) is one order of magnitude smaller. The
Hamiltonian H under consideration is the Fermi-Hubbard model at U/t = 8
on a 3 x 2 lattice and the state |¢) is an antiferromagnetic Fock state.

Fig. 4.4a shows Ds(E})) estimated through Loschmidt echos for the lowest energy
spectrum Ej, of the Fermi-Hubbard Hamiltonian H at U/t = 8 on a 3 x 2 lattice, where
the state |¢)) has been taken to be the corresponding eigenstate |Ey) for each energy Ej.
As § decreases, the interval [E — §, E + 6] over which the filter Ps(FE) is applied shrinks,
capturing thus fewer eigenstates and leading to a (slightly) lower estimation of the local
density of states. Anyways, the estimations lie at 95-98% of the true (unnormalized)
local density of states in the absence of degeneracies (i.e. one state per eigenenergy).
Fig. 4.4b shows the convergence of Dj(E)) as a function of ¢ for the three lowest
eigenenergies in the spectrum. When [¢) is taken to be the corresponding eingestate
|E)), the estimation converges close to one (blue). If a state |¢) with no overlap with
the energy of interest F is instead considered — such as taking |Ey) for energy Fo —,
the interval [E — 6, E' 4 §] will shrink with decreasing § and end up not capturing the
energy distribution of |¢) at all, yielding convergence to zero (purple).

Next, the estimation of the local density of states Ds.;(E) has been computed with
a fixed state 1), namely the antiferromagnetic Fock state |AFM), whose lowest energy
distribution is shown in Fig. 4.5a. It has 5% overlap with an eigenstate at almost zero
energy — i.e. close to its mean energy — and above 15% overlap with the ground state
and two more low-energy excited states. This means one should be able to recover the
estimation on the local density of states at those energies where overlap with [¢) is
non-negligible. Fig. 4.5b shows how Dj(F) is recovered up to said overlap in the limit
d — 0 at the two lowest eigenenergies Ey and E; (blue), where overlap with |[AFM)
was just below 20% and 35%, respectively. Two further data curves have been added
(purple) corresponding to energies close to the discrete spectrum but different to any
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Figure 4.4: (a) Broadened version D5y (Ey) = (| Ps(Ey)|1) of the local density of states
estimated with the (non-degenerate) eigenstates |1)) = |Ex). (b) When [¢) =
|Ek), Ds(E})) convergences for decreasing  (blue), while the signal is lost
for any different |¢)) with no overlap with Fj (purple). The Fermi-Hubbard
Hamiltonian H at U/t = 8 on a 3 x 2 lattice is considered and h = 0.1.

eigenenergy, i.e. £ # Ej. For E = —2.0 (dark purple), the curve follows the blue ones
for large and medium 0 > 0 for which [E — ¢, E 4 0] still captures Ey or E;. For further
smaller § ~ 0.05, no eigenstate lies in that interval any more, which explains the sudden
dropping of that curve at the last data point down to zero. For E = 0 (bright purple),
instead, the eigenstate F14 is close enough to zero so as to still be captured by the filter’s
energy window at the lowest considered §, approximately recovering said 5% overlap.

4.4.5 Full protocol testing

Last, the full protocol has been tested in two ways by computing the generalized mi-
crocanonical expectation values Hs,,(E})) at the eigenenergies Ej, with the Hamiltonian
energy H as observable of interest. Results are shown for § = 1. Studying the error
when selecting the eigenergies — where no filtering error should appear — allows us to
benchmark the error of the algorithm itself.

Fig. 4.6a shows the error [Hs,(Ey) — Ei]/N on the estimation of the Hamiltonian
energy at the lowest part of the spectrum of the Fermi-Hubbard Hamiltonian H at
U/t = 8 on a 3 x 2 lattice, where |¢)) is taken to be the eigenstate |Ej) corresponding
to each eigenenergy Ej. Already for § = 1, the error is two orders of magnitude smaller
than the physical value. All the error is due to approximations involved in the algorithm.

Fig. 4.6b shows the error [Hs.(Ey) — Ei]/N on the estimation of the Hamiltonian
energy at the lowest part of the spectrum of the Fermi-Hubbard Hamiltonian H at
U/t = 8 on a 3 x 2 lattice, where [¢) is taken to be the fixed antiferromagnetic Fock
state |AFM) with (lowest energy) distribution shown in Fig. 4.5a. The error is only one
order of magnitude smaller in this case, improving to two orders of magnitude when
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Figure 4.5: Lowest energy distribution of the antiferromagnetic Fock state i) = |AFM)
with zero mean energy (left) together with the estimation on the local density
of states Dj,(E) as a function of ¢ for different energies E. The Fermi-
Hubbard Hamiltonian H at U/t = 8 on a 3 x 2 lattice is considered. h = 0.1.
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Figure 4.6: Error [Hsy(E)y) — Eg]/N on the Hamiltonian energy estimation of the ge-
neralized expectation value retrieved through the proposed protocol. The
evaluated energies F}, correspond to the lowest part of the spectrum of the
Fermi-Hubbard Hamiltonian H at U/t = 8 on a N = 3 x 2 lattice. The state
|1) is taken to be either (a) each eigenstate |Ej) or (b) a fixed state given
by the antiferromagnetic Fock state |AFM). Parameters: h = 0.1,0 = 1.

approaching the zero mean energy of the employed state [¢)). This shows that selecting
a state for the filtering lying precisely at the target energy yields better estimates.
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Chapter 5

Summary and Outlook

In this thesis, we have presented an efficient quantum-classical algorithm for the study
of microcanonical properties of the two-dimensional Fermi-Hubbard model, designed to
be implemented on the given fermionic quantum processor (FermiQP). The algorithm
relies on a virtual filtering [83] that — without the need to prepare the physical state —
recovers the physical values from the quantum simulator by performing interferometric
measurements determining specific Loschmidt echos for an efficiently preparable state.

A family of initial states beyond simple Fock states has been considered and analyzed
to access low-energy regimes while still being efficiently preparable. These states con-
sisting of products of plaquettes with specific size have been shown to systematically
approach the ground state benchmark [88] in the limit of large N. The mean energy
density of different states has been studied in Table 3.1 varying plaquette size and doping.

The 2 x 2 plaquettes have then been chosen for the rest of the work as easy-to-prepare
state to be considered. First, the accessible temperatures and entropies with such a state
have been analyzed numerically. Although unable to provide quantitative results due to
the classical hardness in simulation, insight has been learned from Fig. 3.6 and Fig. 3.8
on the thermal states py, = e #H /Z such plaquettes would have overlap with, even if
not lying at the exact same energy density — as suggested by Fig. 3.7.

Subsequently, the state preparation of such product of plaquettes with the FermiQP
demonstrator has been addressed in proposing two distinct adiabatic evolution schemes.
The first one involves a spin and site dependent chemical potential while keeping the
on-site interaction strength U fixed throughout the process, reaching state preparation
fidelities of around 99.9% for evolution times of 7' ~ 50 ms. The second option, on
the other hand, circumvents the requirement on spin-dependent gradients at the price of
tuning the U interaction, leading to near-perfect fidelities for evolution times T ~ 40 ms.
The latter combines the analog mode with the digital one in applying first a single layer
of gates acting within double wells. The reversal of the adiabatic evolution relevant for
measuring in the Fock basis has been addressed as well within a later section.

Next, the determination of Loschmidt echos (¢|e~¢|¢) for specific evolution times ¢
has been addressed. Despite estimating the amplitude of these complex numbers with
measurements on the quantum simulator has been argued to follow from a clear recipe,
resolving their phase has proven to be a challenging task. Regarding this question, a
possible solution given by the well-known Hadamard test has been reminded, highlight-
ing its inconvenience consisting in the presence of global controlled operations. A second
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approach for symmetric Hamiltonians — including the Fermi-Hubbard model — circum-
venting the presence of global controlled gates has been discussed, yet holding only for
states with a fixed number of spin down modes N, leading to a constrained range of
positive energies E(1)) = %N LU, as seen in Fig. 3.15. To overcome all these obstacles, a
new great solution based on [84] has been explored, beating the deficiencies of the pre-
vious approaches by relying in turn on the capacity of implementing a short imaginary
time evolution to then recover the desired phase from complex analysis arguments [84].

The concrete way on how to realize the effect of the imaginary time evolution on the
initial state has been then discussed following Motta et al. [95], arguing how a unitary can
accomplish the task up to normalization. For plaquette states as initial state, it has been
shown how only the imaginary time evolution between plaquettes has to be implemented,
leading — for the Fermi-Hubbard Hamiltonian — to a circuit depth of four (even and odd
for both vertical and horizontal hoppings) times the number of unitaries to implement
the imaginary time evolution of a hopping term within neighboring sites. Although
no such unitaries for 2 x 2 plaquettes have been found explicitly in analytical form in
the time frame of this work, an approach based on the GRAPE [96] quantum optimal
control method has been employed to obtain a pulse sequence (Fig. 3.20b) implementing
the imaginary time evolution between two such plaquettes with high fidelities. Last, an
analytical proof of principle has been shown for the limit of 1 x 1 “plaquettes” (taking a
Fock state), where the corresponding gate has been decomposed into a sequence of two
rotations. What hasn’t been shown in the present work is how to engineer these unitary
rotations from the time evolution of native Hamiltonians, i.e. U = e {7,

Last to mention, it has remained unclear how to implement the spectral function as
observable involved in the Loschmidt echos to retrieve information on the pseudogap
phase. Further, no state beyond half-filling has been properly studied yet, even though
it has been commented on how doping could be introduced by considering plaquettes
at different particle number sectors. Finally, only 2 x 2 plaquettes have been studied in
depth so far, while being able to handle larger plaquettes would give access to lower, more
interesting energies. Still, the proposed protocol is valid in general for the exploration
of any other region in the phase diagram of the Fermi-Hubbard model.

Nevertheless, a full protocol for the implementation of the algorithm on a toy model
consisting of a 3 x 2 lattice with an antiferromagnetic Fock state as initial state has been
provided step by step as a proof-of-principle recipe to be executed at the FermiQP plat-
form. This constitutes a big first step towards an implementable protocol to explore the
rich physics captured by the 2D Fermi-Hubbard model on the FermiQP demonstrator.

Thus, a path towards a quantum-classical algorithm for the study of microcanoni-
cal properties of the two-dimensional Fermi-Hubbard model on the FermiQP quantum
simulator has been proposed. Its successful implementation could open the doors to
low-energy regimes of strongly correlated electron systems relevant for material science
and quantum chemistry. Such algorithm takes advantage of both FermiQP’s analog
mode providing full Hamiltonian evolution and adiabatic preparation schemes, together
with the digital mode enabling the implementation of the required short imaginary time
evolution through specific gate sequences.
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Circumventing the actual filtering of the initial state constitutes a big advantage of this
algorithm, leaving the classically hard part of the protocol for the quantum simulator,
which computes the required Loschmidt echos to the prescribed accuracy. This comes
with the disadvantage of needing a large amount of measurements to be carried out
to determine every Loschmidt echo, each involving state preparation and Hamiltonian
evolution again. Plus, the phase resolution technique further increases the number of
measurements in requiring several data points for the phase integration.

Such algorithm is however interesting on itself in that it involves a concrete implemen-
tation of a short imaginary time evolution on a quantum simulator. And it provides a
practical context where such milestone could be integrated to deliver an efficient protocol
for research in condensed matter physics.

Further, the algorithm is best implemented on the FermiQP platform based on neutral
atoms on an optical lattice, where the fermionic isotopes natively hop through the lattice
as opposed to other architectures where the information is not contained in occupation
numbers but in the internal energy states of the atoms.

The accessible energies and temperatures are still limited by the small plaquette sizes
and absence of doping. Future work would study in more detail the introduction of do-
ping in the plaquette-product state by defining a unit cell comprising several plaquettes
with different particle numbers. The adiabatic preparation of such states would have
to be revisited as well, although in general one could in future fully optimize any adia-
batic evolution via optimal control techniques collaborating with other partners with
expertise in the field, such as the one at Forschungszentrum Jiilich. Dealing with larger
plaquette sizes would have to be considered depending on the capabilities of quantum
simulators as experimental achievements improve over time. Promising work on a native
gate set within a double well suggests that rotation gates for the implementation of ima-
ginary time evolution between plaquettes could be obtained explicitly from Hamiltonian
evolution in a near future.

In the medium and long term, one could then start identifying and analyzing the
main error sources in the protocol and try to mitigate them. The proof-of-principle
toy model on a small sized lattice could give relevant insights in this respect, yet finite
size effect could also be dominant and could spoil such information. The scaling to
larger system sizes should not be problematic, since the protocol has been designed
for states given by plaquettes that are homogeneously repeated over the lattice. As
long as the demonstrator is able to handle a large number of sites, scaling up would
be guaranteed. Additionally, the algorithm could further be extended for the actual
computation of microcanonical and canonical expectation values by sampling over a
whole basis set via Monte-Carlo sampling, perhaps benefiting from the knowledge at the
Chair of Theoretical Nanophysics at the Ludwig Maximilian University of Munich. Last,
quantum verification and benchmarking techniques to certify the computations from the
FermiQP quantum device should be included to guarantee its well functioning or at
least build trust on the success of the quantum computation. Such techniques could be
developed in collaboration with partners such as the Chair of Quantum Algorithms and
Applications at the Technical University of Munich.
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Appendix A

Codes for numerical simulation

The full protocol applying the algorithm using 1 x 1 “plaquettes” has been simulated
numerically with the following python code, specially relying on the QuSpin package:

from quspin.operators import hamiltonian # operators

from quspin.basis import spinful_fermion_basis_general # spin basis
import numpy as np # general math functions

from scipy.linalg import expm

from scipy import integrate

The code starts by defining the parameters of the simulation and then runs the algo-
rithm. The basis basis_2d is restricted to the sector Nf of 31 and 3 |.

#u#d#d# define model parameters #HE#H#A#H#E

Lx, Ly = 3, 2 # linear dimenstion 2d lattice
N = Lx*Ly # number of sites

t =1 # hopping

U =8 # onsite interaction

mu = 0.0 # chemical potential

###### define algorithm parameters #H####H#
E = 0 # microcanonical target energy
delta = 0.1 # width of filtered state

x =1 # defines Fourter transform cutoff
h =0.1 # imaginary time

Delta_t = 0.1 # integration step

#HA##AH numerical settings ###H#AH#

# setting up basis

basis_2d = spinful_fermion_basis_general (N, Nf=(3,3))
# setting up Hamiltonian for Fermi-Hubbard model

H = construct_H(Lx, Ly, t, U, mu, basis_2d, 'FHM')
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#un#t## Prepare initial state [psi> #A####
psi = get_initial_state(Lx, Ly, basis_2d)

#u#n#n# Compute generalized observable #####H#
Obs = get_observable(basis_2d)
0_delta_psi = generalized_observable(Obs,psi,E,delta,H,N,x,h,Delta_t)

This ends the protocol. Here, several functions have been defined. First, the function
construct_H to construct the Hamiltonian H is given as follows:

def construct_H(Lx, Ly, t, U, mu, Basis, case):
" Constructs the Fermi-Hubbard model with parameters t, U and mu
on a Lz*Ly lattice (or part of 4t). The FH Hamiltonian matriz may be
constructed for either the whole Hilbert space or for a subspace of
it, with basis 'Basts’'. """

#H##HHE setting up 2d lattice indices and translations ######

Lx*xLy # number of sites

np.arange(N) # sites [0,1,2,...,N-1] in simple notation

shlx # = positions for sites

s//Lx # y positions for sites

H < X »n =
I

_x = (x+1)%Llx + Lxxy # translation along z—direction
T_y = x + Lxx((y+1)%Ly) # translation along y-direction
#H#uH## setting up Hamiltonian #####H#
# setting up site-coupling lists
if case == 'FHM':
# OBC (delete both 'if' for PBC)
hopping_left = [[-t,i,T_x[i]] for i in range(N) if T_x[i]}Lx]
+ [[-t,1,T_y[i]l] for i in range(N) if T_y[i]>=Lx]
[[+t,i,T_x[i]] for i in range(N) if T_x[i]JLx]
+ [[+t,1,T_y[i]] for i in range(N) if T_y[i]>=Lx]

hopping_right

elif case == 'oh': # even horizontal hoppings only

[[-t,i,T_x[i]] for i in range(N)

if (T_x[i]%Lx and (i%Lx)%2)]
[[+t,i,T_x[i]] for i in range(N)

if (T_x[i]%Lx and (i%Lx)%2)]
elif case == 'eh': # odd horizontal hoppings only

hopping_left

hopping_right

[[-t,1,T_x[i]] for i in range(N)
if (T_x[i]%Lx and not ((i%Lx)%2))]
[[+t,1,T_x[i]] for i in range(N)

hopping_left

hopping_right
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if (T_x[i]%Lx and not ((i%Lx)%2))]
elif case == 'ov': # even wvertical hoppings only
hopping_left = [[-t,i,T_y[il] for i in range(N)
if (T_y[il>=Lx and (i//Ly)%2)]
hopping_right = [[+t,i,T_y[i]] for i in range(N)
if (T_y[i]l>=Lx and (i//Ly)%2)]

elif case == 'ev': # odd vertical hoppings only

hopping_left [[-t,i,T_y[i]] for i in range(N)
if (T_y[i]l>=Lx and not((i//Ly)%2))]
[[+t,i,T_y[il] for i in range(N)

if (T_y[il>=Lx and not((i//Ly)%2))]

hopping_right

else:
print('Warning: Hamiltonian case not defined.')
return
potential = [[-mu,i] for i in range(N)]
interaction = [[U,i,i] for i in range(N)]
# setting up static part of Hamiltonian (no dynamic part for FHM)
static = [["+-|",hopping_left], # spin up hops to left
["-+|",hopping_right], # spin up hops to right
["|+-",hopping_left], # spin down hopes to left
["|-+",hopping_right], # spin up hops to Tight
["n|",potentiall, # onsite potenial, spin up
["|n",potentiall, # onsite potential, spin down
["nln",interaction]] # spin up-spin down interaction
# build hamiltonian
H = hamiltonian(static, [], basis=Basis, dtype=np.float64)

return H

Also, the initial state given by the antiferromagnet |1, ],1,],T,]) is obtained through
the function get_initial_state defined as follows:

def get_initial_state(Lx, Ly, Basis):
men Constructs the AFM state: [up, down, up, down, up, down>. """
N = Lx*Ly
# prepare AFM state
s_up = "".join("10" for i in range(N//2))
s_down = "".join("01" for i in range(N//2))
iAFM = Basis.index(s_up,s_down) # find Fock state index in basis
AFM = np.zeros(Basis.Ns) # allocate space for state
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AFM[iAFM] = 1.0 # set MB state to be the given product state 'AFM'
return AFM

The observable A has sometimes directly been taken to be the Hamiltonian energy H.
However, any other observable such as the local longitudinal magnetization may be
defined within the function get_observable:

def get_observable(Basis):

mun Constructs the observable Obs = n_{0,up} - n_{0,down}t,

i.e. the local longitudinal magnetization on the first site (0). """
# setting up site-coupling lists
up_occupation = [[+1,0]] # wup spin occupation on first site only
down_occupation = [[-1,0]] # down spin occupation on first site only
# setting up static part of operator
static = [["n|",up_occupation], ["|n",down_occupation]]
# build operator
Obs = hamiltonian(static, [], basis=Basis, dtype=np.float64)

return Obs

The computation of the generalized microcanonical expectation value of the observable
is left to the function generalized observable:

def generalized_observable(Obs, psi, E, delta, H, N, x, h, Delta_t):
" Computes the generalized expectation value of the microcanonical
observable
Obs_{delta,psi}= [<psti|/{Obs*P_delta(E) + P_delta(E)*0bs}[psi}t]
/ [2<psi|P_delta(E) |psi>]
in terms of Loschmidt echos of type 1, 2 and 3, which the Quantum
Simulator would compute (here implemented with 'Loschmidt_echo'’
function). """
# compute parameters
M = 2#np.floor ((N*N)/(delta*delta)/2) .astype(int) # nearest even int
R = x*N/delta
# check whether R is well defined
if int(R) != R:
print('Warning: R is not an integer. Need to choose x properly.')
exit ()
elif R > M:
print('Warning: M should be larger than R. Choose delta and x.')

return
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# turn R into integer
R = int(R)
# construct sequence of times tm and coefficients bm
tm = np.array([(k)*2/N for k in range(R+1)])
# tm = 2m/N for m=0,...,R (positives only)
bm = np.zeros(2*R+1)
# compute with logs for large numbers:
aux = np.array([np.log2(M - j) for j in range(M)]).sum()
for k in range(2*R+1):
auxm = aux
auxm = auxm - np.array([np.log2(M/2 - (-R + k) - j) for j
in range(int(M/2 - (-R + k)))]1).sum()
auxm = auxm - np.array([np.log2(M/2 + (-R + k) - j) for j
in range(int(M/2 + (-R + k)))1).sum()
bm[k] = np.power(2, auxm - M)
# compute Loschmidt echos of each type
LE1, LE2, LE3 = np.zeros((3,2*xR+1))
for k in range(len(tm)):
if k == 0:
LE1[R] = Loschmidt_echo(1, H, Obs, psi, 0, h, Delta_t)
LE2[R] = Loschmidt_echo(2, H, Obs, psi, 0, h, Delta_t)
LE3[R] = Loschmidt_echo(3, H, Obs, psi, 0, h, Delta_t)
else: # use symmetry for negative times
LE1[R+k] = Loschmidt_echo(l, H, Obs, psi, tm[k], h, Delta_t)

LE2[R+k] = Loschmidt_echo(2, H, Obs, psi, tm[k], h, Delta_t)
LE3[R+k] = Loschmidt_echo(3, H, Obs, psi, tm[k], h, Delta_t)
LE1[R-k] = np.conj(LE1[R+k])
LE2[R-k] = np.conj(LE3[R+k])
LE3[R-k] = np.conj(LE2[R+k])

# compute generalized observable

tm = np.array([(-R + k)*2/N for k in range(2*R+1)])
# tm = 2m/N for m=-R,...,R = k-R with k=0,...,2R

num = (bm*np.exp(1j*E*tm)*(LE2m+LE3m)) . sum()

denom = (bm*np.exp(1lj*E+tm)*LEIm) .sum()*2

0_delta_psi = num/denom

return 0_delta_psi

This function in turn calls the Loschmidt_echo function to compute the required
Loschmidt echos at the suitable times. It is defined as follows:
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def Loschmidt_echo(type, H, Obs, psi, tm, h, Delta_t):
ne Computes Loschmidt echo (LE) of type 1, 2 or 3:
LE type 1: <psile {-iHt}[psi>
LE type 2: <pst/Obs*e {-iHt}[psi>
LE type 3: <pstl/e {-iHt}*0bs/[psi>
measuring the amplitudes by sampling and resolving the phases through
ITE e“{-hH} (see 'resolve_phase' function). """
if type ==
# Obtain amplitude
expt_psi = H.evolve(psi,O,tm,imag_time=False) # e -iHt [psi>
r = np.abs(np.dot(psi,expt_psi)) # /[<psi/e {-iHt}|psi>|
# Resolwve phase
phase = resolve_phase(l, H, Obs, psi, tm, h, Delta_t)
elif type ==
# Obtain amplitude
expt_psi = H.evolve(psi,O,tm,imag_time=False) # e -iHt [psi>
O_expt_psi = Obs.dot(expt_psi,time=0,check=True) # 0 e -tHt [psi>
r = np.abs(np.dot(psi,0_expt_psi)) # /[<psi/O*e {-iHt}[psi>/
# Resolve phase

phase = resolve_phase(2, H, Obs, psi, tm, h, Delta_t)
elif type == 3:
0_psi = Obs.dot(psi,time=0,check=True) # 0 [psi>

expt_0_psi = H.evolve(O_psi,0,tm,imag_time=False) # e -iHt 0 [psi>
r = np.abs(np.dot(psi,expt_0_psi)) # /<psi/e {-iHt}*0|psi>|
# Resolwve phase
phase = resolve_phase(3, H, Obs, psi, tm, h, Delta_t)

else:
print ('Warning: Loschmidt echo of type', type, 'is not defined.')
return

# Put together

LE = r*xnp.exp(lj*phase) # r e i\phs

return LE

This function in turn estimates the phase of the Loschmidt echos through the function
resolve_phase, defined as follows:

def resolve_phase(type, H, Obs, psi, tm, h, Delta_t):
"It resolves the phase of a Loschmidt echo ot type 1, 2 or 3 by:
i)  implementing ITE
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11) computing the amplitudes r(t +- ih)
111) approzimating the imaginary time derivative of In(r)
with finite difference
1v) integrating the phase numerically. """
# discretize time interval [0, tm] for integration
isteps = np.abs(int(tm/Delta_t)) + 1 # Delta_t: integration step
tk = np.linspace(0, tm, num=isteps) # t_k
# initialize arrays
evol_psi = np.zeros((isteps, 2, len(psi)), dtype=np.complex64)
r = np.zeros((isteps, 2), dtype=np.complex64)
gamma = np.zeros(isteps, dtype=float)
Hmatrix = H.tocsr()
Hmatrix = Hmatrix.todense()

phase0 = 0
if type == 1:
phim = (expm(-h*Hmatrix)).dot(psi) # e -hH [psi>

phip = (expm(+h*Hmatrix)).dot(psi) # e +hH [psi>

"""should implement ITE gates instead:

# phim = ITE 1z1(Lz, Ly, t, basis_2d, pst, h) # e -hH [psi>

# phip = ITE 1z1(Lz, Ly, t, basis_2d, psi, -h) # e +hH [psi> """

# initial phase

phase0 = 0 # arg <psi/psi>

for k in range(isteps):
# Obtain amplitude r(t_k - th) = [<psil/e”-iHt_k e -hH[psi>/|
if k == 0:

evol_psilk,0,:]

H.evolve(phim,0,tk[k],imag_time=False)
# e —iHt_k e -hH |psi>
else:
evol_psil[k,0,:] = H.evolve(evol_psilk-1,0,:],tk[k-1],
tk[k], imag_time=False) # e -iHt_k e -hH [psi>
r[k,0] = np.abs(np.dot(psi,evol_psilk,0,:1)) # r(t_k - ih)
# Obtain amplitude r(t_k + th) = [<psile -iHt_k e +hH|[psi>/
if k == 0:
evol_psilk,1,:]

H.evolve(phip,0,tk[k],imag_time=False)
# e -iHt_k e +hH [psi>
else:
evol_psil[k,1,:] = H.evolve(evol_psilk-1,1,:],tk[k-1],
tk[k], imag_time=False) # e -iHt_k e +hH [psi>
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r[k,1] = np.abs(np.dot(psi,evol_psilk,1,:1)) # »(t_k + ih)
# Estimate imaginary time derivative of In(r)
if k > 0: gammal[k] = (np.log(np.real(r[k,0]))

- np.log(np.real(r[k,11)))/(2xh)

elif type ==
phim = (expm(-h*Hmatrix)).dot(psi) # e -hH [psi>
phip = (expm(+h*Hmatrix)).dot(psi) # e +hH [psi>

"""should tmplement ITE gates instead:

phim = ITE_1z1(Lz, Ly, t, bastis_2d, psi, h) # e -hH [psi>

phip = ITE 1z1(Lz, Ly, t, basis_2d, pst, —-h) # e +hH [psi> """

# initial phase

phase0 = np.angle(Obs.expt_value(psi)) # arg <psi/0/psi>

for k in range(isteps):
# Obtain amplitude r(t_k — th) = [<psi|0 e -iHt_k e -hH[psi>/
if k == 0:

evol_psilk,0,:]

H.evolve(phim,0,tk[k],imag_time=False)
# e —iHt_k e -hH |psi>
else:
evol_psil[k,0,:] = H.evolve(evol_psilk-1,0,:],tk[k-1],
tk[k], imag_time=False) # e -iHt_k e -hH [psi>
evol_psilk,0,:] = Obs.dot(evol_psilk,0,:],time=0,check=True)
# 0 e -iHt_k e -hH [psi>
r[k,0] = np.abs(np.dot(psi,evol_psilk,0,:1)) # r(t_k - ih)
# Obtain amplitude r(t_k + th) = [<psi|0 e -iHt_k e +hH[psi>/|
if k == 0:
evol_psilk,1,:]

H.evolve(phip,0,tk[k],imag_time=False)
# e —iHt_k e +hH [psi>
else:
evol_psil[k,1,:] = H.evolve(evol_psilk-1,1,:],tk[k-1],
tk[k], imag_time=False) # e -iHt_k e +hH [psi>
evol_psilk,1,:] = Obs.dot(evol_psilk,1,:],time=0,check=True)
# 0 e"-tHt_k e +hH [psi>
r[k,1] = np.abs(np.dot(psi,evol_psilk,1,:1)) # r(t_k + ih)
# Estimate imaginary time derivative of In(r)
if k > 0: gammalk] = (np.log(np.real(r[k,0]))
- np.log(np.real(rlk,1])))/(2xh)
elif type ==
Opsi = Obs.dot(psi,time=0,check=True) # 0 /psi>
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phim0 = (expm(-h*Hmatrix)).dot(Opsi) # e -hH 0 [psi>

phip0 = (expm(+h*Hmatrix)).dot(Opsi) # e +hH 0 [psi>
"""should implement ITE gates instead:
phim0 = ITE_1z1(Lz, Ly, t, basis_2d, Opsi, h) # e"-hH 0 [psi>
phip0 = ITE_1z1(Lz, Ly, t, basis_2d, Opsi, -h) # e+hH 0 [psi>
with a pulse sequence optmized for the state O[/psi> instead."""
# initial phase
phaseO = np.angle(Obs.expt_value(psi)) # arg <psi/0/psi>
for k in range(isteps):
# Obtain amplitude r(t_k - th) = [<psile -iHt_k e"-hH O/psi>/
if k == 0: evol_psilk,0,:] = H.evolve(phim0,0,tk[k],imag_time=
False) # e -iHt_k e -hH 0 [pst>
else: evol_psilk,0,:] = H.evolve(evol_psilk-1,0,:],tk[k-1],
tk[k], imag_time=False) # e -tHt_k e -hH 0 [psi>
r[k,0] = np.abs(np.dot(psi,evol_psilk,0,:1)) # r(t_k - %h)
# Obtain amplitude r(t_k + th) = [<psi/e -iHt_k e +hH 0/psi>/
if k == 0: evol_psilk,1,:] = H.evolve(phip0,0,tk[k],imag_time=
False) # e -iHt_k e "+hH 0 [psi>
else: evol_psilk,1,:] = H.evolve(evol_psil[k-1,1,:],tk[k-1],
tk[k], imag_time=False) # e -iHt_k e +hH 0 [psi>
r[k,1] = np.abs(np.dot(psi,evol_psilk,1,:1)) # r(t_k + ih)
# Estimate imaginary time derivative of ln(r)
if k > 0: gammalk] = (np.log(np.real(r[k,0]))
- np.log(np.real(r[k,1])))/(2*h)
else:
print ('Warning: Loschmidt echo of type', type, 'is not defined.')
return
# estimate phase by integration
phase = phase0 + (gamma*Delta_t).sum()
return phase’,(2*np.pi) # (phase-np.pi)/(2*np.pi)-np.pi # in [-pi,pi]

The function that would implement the imaginary time evolution (ITE) between 1 x 1
“plaquettes” through previously optimized pulse sequences, is defined as follows:

def ITE_1x1(Lx, Ly, t, basis_2d, phi, h):
nut Tmplements imaginary time evolution e {-hH} on 1zl plaquettes
by applying the corresponding (optimized) pulse sequence for each of
the 4 mon-commuting layers: horizontal/vertical with even/odd. """
U, mu =28, 0
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if h > 0: # ITE pulse sequence (lz1): 30 steps, 99.96] fidelity.
t.s =
[0.74198237,0.19902577,0.03580839,0.06216097,0.48975395,0.957848,
0.95064562,0.47683249,0.05917705,0.04076871,0.21981493,0.74243817,
0.94588595,0.6606147,0.16279287,0.02746031,0.12040639,0.56648806,
0.83032992,0.66574926,0.23927655,0.02598068,0.11777753,0.54651277,
0.83811079,0.70349491,0.25723853,0.03948775,0.02265397,0.485852]

elif h < 0: # ITE pulse sequence (1zl1): 30 steps, 99.96/ fidelity.
t.s =
[0.93913415,2.19925806,2.9394367,2.49514729,1.25416662, 0.50622435,
0.59648825,1.71658816,2.75143612,2.71565766,1.60209629,0.54096024,
0.50959105,1.27111601,2.47433212,2.76885509,1.85736753,0.62352598,
0.47901146,0.96298534,2.25370858,2.81255679,2.12869171,0.85619701,
0.49386383,0.74118908,2.03926055,2.87035476,2.48801875,1.2775673 ]

else: print('Warning: h=0 !')

tsteps = len(t_s)

# ITE pulse reconstruction:

terms = ['eh', 'ev']

if Lx > 2: terms = terms + ['oh']

if Ly > 2: terms = terms + ['ov']

for term in terms: # odd/even horizontal/vertical hopping terms
for k in range(tsteps):

H_k = construct_H(Lx, Ly, t_s[k], U, mu, basis_2d, term)
phi = H_k.evolve(phi, O, h)
# norm factor
phi = phi * np.power(np.sqrt(1+2*h*h*t*t), (Lx-1)*Ly + (Ly-1)*Lx)

return phi
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