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Abstract

This thesis provides a very detailed practitioner’s guide for obtaining a homotopy Lie
algebra from a given polynomial Batalin-Vilkovisky field theory action. We thoroughly
introduce the algebraic framework of field theories paying special care to the proper treatment
of fermionic fields. In the setting of differential graded vector spaces, a homotopy Lie algebra
is equivalent to multilinear Lo, products obeying a set of Lo relations. The core of this thesis
is our presentation of very explicit formulas for deriving Lo, products from a given action.
Subsequently, we apply the developed procedure to two exemplary field theories.
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1 INTRODUCTION

1 Introduction

The difficult task of mathematical physics is to tame nature into the beautiful corset of math-
ematics. To the outside observer, this endeavour appears at times as though the mathematical
physicist has lost their proclaimed touch with the real world and is digging deeper and deeper
into the rabbit hole of abstract formalisms and concepts. However, it is the core belief of mathe-
matical physics that the many detours of yet one further step of abstraction will eventually lead
to the discovery of true insight. The bright light pointing the path is the beauty of mathematics
itself. Though in order not to be blinded, it is good advice to test one’s abstract ideas now and
then on some toy model - the mathematical physicist’s lifeline back to reality.

The particular detour we are presenting in this thesis is the formulation of field theories as
homotopy Lie algebras. And the toy model which we cling to is classical Abelian Yang-Mills field
theory including minimally coupled Dirac fermions (i.e. quantum electrodynamics at the classical
level). Although our ansatz is much more general, we present its application in this clarifying
example.

Put simply, a homotopy Lie algebra is a set of multilinear products. The inputs are multiple
fields of the respective field theory, the output is a single field that depends on the inputs. In
this respect, the homotopy Lie algebra may be compared to a scattering experiment, in which
the incoming particles form a single outgoing particle. Indeed, the multilinear products describe
interactions of the fields. Even more, the homotopy Lie algebra provides a complete description
of the field theory.

Usually, field theories are described by an action. The equations of motion are derived from
this action by a variation principle. The field theory can be quantised via canonical quantisation
or through path integral quantisation. Both approaches finally lead to scattering matrix elements
which describe amplitudes for certain interactions in scattering processes. And both rely on the
field theory action.

In the algebraic formulation of field theories, the fundamental object is not the action but the
homotopy Lie algebra. It encodes the classical equations of motion, the gauge transformations and
the Noether identities of the field theory [1]. Scattering matrix elements can be computed through
a transfer from the full field space to the sub-space of physical fields which satisfy the equations
of motion [2]. To be precise, the homotopy Lie algebra encodes only tree-level scattering, i.e. it
does not capture quantum effects. However, a generalisation which takes quantum effects into
account exists and is called quantum homotopy Lie algebra or loop homotopy Lie algebra (cf. [3]
and [4]).

The formulation of field theories as homotopy Lie algebras is the last step on a long path
that started with the problem of quantising gauge theories. The first successful ansatz was
the Fadeev-Popov quantisation procedure in the 1960s, followed by the discovery of the Becchi-
Rouet-Stora-Tyutin symmetry (abbreviated BRST) in the 1970s, and further abstracted in the
Batalin-Vilkovisky formalism (abbreviated BV) in the 1980s [5]. Finally, homotopy Lie algebras
were introduced to physics in the 1990s, originally in the setting of string theory by Zwiebach
[6]. A few years later, Alexandrov, Kontsevich, Schwarz and Zaboronsky described how BV field
theories can be formulated as homotopy Lie algebras [7].

Since then, a lot of progress has been made in this area and nowadays, much can be done in
the algebraic framework of field theories. A particularly useful mathematical theorem is the so-
called homotopy transfer theorem. It is used in various applications, including the computation
of effective actions [8], gauge-invariant perturbation theory [9] or regularisation of the field theory
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action [10].

Any perturbative field theory can be written as a homotopy Lie algebra [7]. Some explicit
examples have been demonstrated, most importantly an algebraic formulation of Yang-Mills
theory [11]. However, we found that much of the discussion is presented in an abstract notation
which hides computational subtleties. The greatest difficulties arise from properly keeping track
of signs, which originate from plentiful sources. In this thesis, we aim to be as explicit as possible
and discuss the various subtleties that often make the actual use of the algebraic framework for
field theories quite involved.

After a quick recapitulation of BV theory, we present in great detail the algebraic framework
for field theories. We pay much attention to explaining the right treatment of fermionic (i.e.
anti-commuting) fields. Subsequently, we present our general ansatz for how a homotopy Lie
algebra structure can be derived from a given field theory action. The detailed presentation
of this approach in section 4.1 is the main goal of this thesis. We go on to show two explicit
examples: scalar field theory and abelian Yang-Mills theory with minimally coupled fermions.
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2 Short Recapitulation of the Batalin-Vilkovisky Formal-
ism

In this section, we quickly recapitulate the BV formalism. The reader who is already familiar
with the BV formalism may skip this section. We make the discussion self-contained, yet we
only cover what is relevant to this thesis. For an extensive introduction, consult section 4 of
the excellent review by Gomis, Paris and Samuel [12] or chapter 15 of the standard textbook by
Weinberg [5]. The following presentation of the BV formalism is built on these two references.

The BV formalism is a procedure for quantising gauge theories, i.e. field theories with a local
symmetry. A symmetry of a field theory is called local if the symmetry transformations vary at
each space-time point. While a global symmetry transformation is described by a fixed parameter
(for example an angle or a phase shift), a local symmetry is described by a smooth function (for
example an angle that differs at each space-time point). Both the Standard Model of particle
physics and the theory of general relativity have local symmetries. Hence, gauge theories play a
very important role in high-energy physics.

The local symmetry becomes an issue once we quantise a gauge theory. Consider the path
integral for a gauge theory. In a naive approach, one would integrate over all fields including
gauge transformations. Since two fields that differ only by a gauge transformation are physically
equivalent, such a path integral could be split into two parts. First, we perform the integration
over fields up to gauge transformations, i.e. a gauge fixed integration where we choose a specific
transformation parameter at each space-time point. Secondly, the result of this integration must
be integrated over all infinite possible choices of local gauge parameters. Assuming the first step
produces a finite result, then the second integration will diverge. Yet, we are only interested in
the result of the first step anyway since a change of gauge has no physical relevance. Thus, it
suffices to compute the gauge fixed path integral.

The Fadeev-Popov quantisation procedure gives a recipe for computing gauge fixed path inte-
grals. The specific gauge is fixed by a generalised Dirac delta function. Through a computational
trick, one rewrites this delta function as another path integral over newly introduced fields and
combines the original path integral over ordinary fields with the new path integral. These new
fields must be anti-commuting scalar fields. Since scalar fields have zero spin, the spin-statistics
theorem implies that they should be bosonic, i.e. commuting. Thus, the newly introduced fields
appear to defy basic principles of quantum field theory. However, this is not an issue since they
only manifest a computational trick and never appear in any physical quantities. Therefore, they
are called unphysical ghost fields.

After gauge fixing, the path integral is well-defined (up to the usual singularities appearing
in quantum field theory). However, one has destroyed the local symmetry. At first sight, it is
not obvious, whether a different choice of gauge fixing would have produced the same result. In
answering this question, one finds a new symmetry of the gauge fixed path integral, which is
referred to as BRST symmetry. The BRST symmetry encapsulates the original gauge symmetry
by including the ghost fields in the symmetry transformation. It transforms bosonic fields into
fermionic ones and vice-versa. The existence of the BRST symmetry justifies the gauge fixing of
the path integral.

The BV formalism takes a step back and considers the classical starting point. Although not
necessary, one can introduce the ghost fields already in the classical theory before quantisation.
Then, also the BRST symmetry is present at the classical level. Unlike the gauge transformation,
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the BRST symmetry is (multi-)linear in the fields, which poses a computational advantage. The
BV formalism introduces not only the ghost fields at the classical level but subsequently, doubles
the number of fields. For each field (ordinary or ghost), a so-called anti-field is added. The
resulting field space is even-dimensional and therefore allows for a symplectic structure. Hence,
one can set up a generalised Poisson bracket which generates the BRST transformation as well
as the equations of motion. The BV formalism is capable of coping with much more general local
symmetries than the original Fadeev-Popov procedure. For example, it plays a very important
role in string field theory [5].

After this abstract prologue, we go into more detail. We denote a field of the BV theory
by a bold letter @ and the corresponding field configuration (i.e. the smooth function on the
space-time manifold describing the field) by the same non-bold letter ®. Making this difference
between a field and its field configuration is unusual but it will become clear later in this thesis
why we do so. The fields in a BV theory are the ghosts (usually denoted by the letter ¢), the
ordinary fields (e.g. scalar fields ¢, spinor fields v, and vector fields A,,), the corresponding
anti-fields (¢*, ¥*?, A*"), and the ghost anti-fields (¢*). A generic field is denoted ®,,, where the
index a stands collectively for any index carried by a specific field. The corresponding anti-field
is denoted ®*“.

Each field is assigned a number called ghost degree gh. The ghosts have ghost degree gh(c) =
1, the ordinary fields have gh(¢) = gh(,) = gh(A,) = 0. The corresponding anti-fields have
gh(®**) = —gh(®,) — 1. Furthermore, the anti-field corresponding to a field of fermionic or
bosonic statistics is of opposite statistics. In general, one may have also ghosts for ghosts of
degree 2, and ghosts for ghosts for ghosts of degree 3 and so on. These become necessary if the
gauge symmetry is reducible [12].

Very crucial to the BV theory is the so-called BV bracket, a generalised Poisson-bracket on
functionals F, G of the fields. It is defined as

{F,G} = (2.1)

3 0rF 6,G  6rF §,.G
5%, 6&*@  5d% 6@, |

fields &,
with gh(®,)>0
where dp is the right functional derivative, and &y, is the left functional derivative. Right and
left functional derivatives are defined as follows: the field configuration of a bosonic field is com-
muting, while the configuration of a fermionic field is anti-commuting. Obeying the appropriate
commutation behaviour, the specific field configuration is moved to the very right (or left) within
a term. Only then it is differentiated.

The BV bracket is graded symmetric: if both F and G are bosonic, the bracket is symmetric,
ie. {F,G} = {G,F}. Otherwise, it is anti-symmetric, i.e {F,G} = —{G,F}. Furthermore, it
satisfies a graded Jacobi-identity.

Let S be the field theory action, i.e. a functional of ghosts, ordinary fields, anti-fields and
anti-ghosts. Then the BRST transformation is generated by the BRST charge

0rS 01 OrS o1
58, 0%% 507 59,

Q={S 1= Z
fields &,
with gh(®,)>0

(2.2)

The BRST charge is nilpotent, i.e. the square of the BRST charge vanishes. This is an important
property, which will be useful in the algebraic treatment of BV field theories. Since the action is
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invariant under the BRST transformation, it satisfies

6rS 01 S
0=QS5={8,Sy= > 2 %&g*a. (2.3)
fields &, @

with gh(®,)>0

This is known as the BV master equation. It defines the notion of a BV action: a bosonic
functional of ghost degree 0 is a BV action if it satisfies the master equation.

So far, we have only discussed the classical level. One can quantise the BV theory via standard
path integral quantisation. The quantum theory is anomaly-free if the BV action satisfies the
so-called quantum master equation

0={S, S} + 2hAS . (2.4)

Here, A is the so-called BV Laplacian

§R 6L
A= ﬁeldzs:@a o 5o - (2.5)
with gh($,)>0

This concludes our recapitulation. We will not touch upon the issue of gauge fixing in BV
formalism. However, we make one final remark about the nature of the unphysical ghosts and
anti-fields. As mentioned at the beginning of this section, the presence of ghost fields, anti-fields
and ghost anti-fields in the BV theory is an ingenious computational trick. However, unlike the
ordinary fields, they must not appear in any physical quantities. In computations of physical
quantities, these unphysical fields either cancel or are replaced by expressions in the ordinary

fields through the process of gauge fixing.
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3 Algebraic Framework

3.1 Differential Graded Field Space

In this section, we discuss in great detail the field space of a BV theory. A lot of the discussion
is standard and is meant as an introduction to differential graded vector spaces. However, we
also present very thoroughly how fermionic fields fit into the picture. For this, we establish less
common notation which will be very useful later on in this thesis.

3.1.1 Field Space

In field theories in physics, a field is mathematically modelled by a function on a smooth manifold
M i.e. it takes values in a suitable linear space F of real or complex functions on the manifold.
For example, F = CR’(M), but other regularity assumptions may be imposed.

A field may have multiple components each being described a priori independently by a
function in F. The different components of a field may be related by symmetries — otherwise, we
could just treat them as independent fields. To describe this situation mathematically, we define
the field space V as the direct sum F & --- @ F with one copy of F for each field component.
The symmetries are implemented on this field space through a suitable representation of the full
symmetry group. In fact, the dimension of the specific representation defines the number of field
components. Finally, we often deal with multiple independent fields ®, ¥, ... so that the full
field space is defined to be the direct sum V = Vg ® Vg @ ... of the individual field spaces.

The field space is a linear function space and as such an infinite-dimensional space. Never-
theless, through the construction detailed above, it also displays a finite-dimensional structure
induced by the finite number of fields and field components. Consider replacing the underlying
infinite-dimensional function space F by the one-dimensional linear space of real numbers R.
This amounts to restricting the manifold M to a single point. In this field theory at a single
point, the field space is obviously finite-dimensional and its dimension is just given by the num-
ber of all components of all fields. The dimensionality is induced by the construction of the
field space through direct sums. Since this construction is independent of what we choose for
F, the field space carries an induced finite-dimensional structure even if F — and thus V — are
infinite-dimensional.

To highlight this finite-dimensional structure and because we will later make heavy use of it, we
introduce a finite-dimensional pseudo-basis. Assume our field theory describes fields ®,, ¥g, ...,

where the indices «, 3, ... label the various components of the fields. The field space is
V=V PVg @& =Vo, 5V, ®...) D Vg, B Vg, ®...) D ... . (3.1)
By definition, the pseudo-basis is the set {€s1,€s,2,...,€w 1,€w,2,...} of artificial objects e

indexed by field labels and component labels. We will treat them like basis vectors for the
finite-dimensional structure of the field space in the following way. We define

Vo, =F  €d,a = {Yb,a€da | Ys,a €F}, (3.2)

and in the same way for the other field component spaces. In this notation, a field ® is described
by the vector yg es. The function yg € F describes the configuration of the field and the pseudo-
basis vector eg the type of field. In general, an arbitrary field vector in V can be written in the
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form

Y=ys"€po+ yo” eyt ... (3.3)

with functions y¢ o,yw g, -+ € F. Here and in the following, we use the Einstein summation
convention according to which repeated indices are summed over if one is denoted as subscript
and the other as superscript. In principle, we could denote the functions ¥ «,yw g, ... directly
by the letters ®,,Vg,... that we use for labelling the field components. However, to avoid
confusion, it is often instructive not to do so.

Two remarks are in order. Firstly, the reader may wonder, why we go to such lengths to detail
the field space. We found that often in the literature, heavy use is made of the finite-dimensional
structure of the field space without much explanation or justification. Since this will also be the
practice in this thesis, we found it necessary to explain how an inherently infinite-dimensional
field space displays a finite-dimensional structure. Secondly, the reader may wonder, why we
work with a real (or complex) infinite-dimensional function space instead of defining the field
space as a finite-dimensional module over the ring of functions F. The reason is that we need
differentiation to be a linear map on the field space and integration to be a linear function. Since
both are R-linear (or C-linear) but not F-linear, the field space cannot be an F-linear module.

3.1.2 Grading

In a BV field theory, the fields are assigned a ghost degree as explained in section 2. Hence, we
introduce a grading gh € 7Z on the field space which reflects the ghost degree. The field space can
be decomposed into the direct sum ¥V = ®gheZ V(gh) of sub-spaces of fixed ghost degree. The
sub-space V(gp) is the direct sum of sub-spaces of fields with ghost degree gh. For gh > 2 and
gh < =3, we set V(o) = {0}.

Field vectors of distinct degree are called homogeneous. Any field vector can be written as
a linear combination of homogeneous vectors. Thus, in many definitions and computations, we
consider only homogeneous vectors and assume that the definition extends by linearity to the full
field space.

The degree enters many computations through a sign (—1)8", often abbreviated as (—)&P.
Signs usually appear due to the Koszul sign rule discussed in section 3.2.1, or when we commute
fields in algebraic expressions. In formulating field theories as homotopy Lie algebras, signs are a
constant source of mistakes and confusion. Throughout this thesis, we aim to be as transparent
with signs as possible. We will showcase computations in full detail to explain our sign conventions
well and to point out any subtleties otherwise often hidden in the details.

We consider the grading to be associated with the pseudo-basis, i.e. gh(y) = gh(ys es) =
gh(eq). The function yg € F carries no degree and products of functions in F are commutative,
just as usual, i.e. for yo,ys € F, we have yo - Yo = Yo - Y-

For quite some time, the right treatment of fermionic fields was a big puzzle for the author of
this thesis. A solution to this problem is given by A. Zeitlin in [13] and [11]. In the following, we
will explain Zeitlin’s solution. First, we describe how Dirac fermions can be included in the field
space. Later, we explain how anti-commuting functions can be introduced to describe fermionic
fields.

Dirac fermions are ordinary fields and hence, have ghost degree gh = 0. However, as fermions,
they should anti-commute among each other and with the ghost fields. This is not reflected in their
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degree since so far, they contribute a sign (—)° = +1. Contrary to the expected anti-commuting
behaviour, the sign is positive. To cure this defect, we introduce another grading ¢ € {—1,0,1}
called fermion degree. Dirac fermion fields are assigned fermion degree ¢ = 1, Dirac conjugate
fermion fields get ¢ = —1, and all other fields have € = 0. The anti-field ®* of some field ® has
fermion degree —e(®). The fermion degree is again associated with the pseudo-basis. Fermion
degree and ghost degree enter signs jointly as (—)I'l, where we have defined |-| := gh(-) +&(*).
To give an example, the field space of QED, including a ghost field ¢, gauge field A, Dirac
fermion 9 and Dirac conjugate fermion b, along with their anti-fields, can be decomposed as:

Vo & Vy- -1 e
3 3]
Ve @ Va @® Var & Ve 0
3] @
Vo @& V- 1
1 0 ~1 —2 “gh -

By now, the field space correctly incorporates all types of fields. However, so far, all fields
are described by commuting functions in F. Yet, fermionic fields should be described by anti-
commuting functions. An anti-commuting function is a map from the manifold M to a Grassmann
algebra — colloquially referred to as ”anti-commuting numbers”. A Grassmann algebra is an
exterior tensor algebra over a real (or complex) linear space.

We want to treat both commuting and anti-commuting functions simultaneously. Thus, fol-
lowing Zeitlin [13], we introduce a generalised Grassmann algebra A as the symmetric tensor
algebra over a Z-graded linear space. For a discussion of symmetric and exterior tensor algebras,
see section 3.2.1. The specifics of the underlying Z-graded linear space are not relevant. We note
only that elements £€2™ of even degree are commuting and elements €271 of odd degree are
anti-commuting. This follows from the graded symmetry of the symmetric tensor product. Often
we use the following shorthand notation:

glrtm) .= elm)elm) — (_ynm elm)g(n) . — (_ynm ¢(mn) (3.4)

By restricting the underlying linear space to the sub-space of degree 1, one would regain the
definition of an ordinary Grassmann algebra.

A linear space of commuting and anti-commuting functions is finally given by the tensor
product A® F. We define the product of functions f(™) := ¢ f in A® F in the following way:

T = (6 1) (€™ o) = €T (1 fo) = (fr - fo) (3.5)

It is simple to check that
R e O R R (3.6)

as desired. We call the grading on A ® F Grassmann parity X and define |¢(™)| := A(¢()) = n.
We are now in the position to define a field space of bosonic and fermionic fields which allows
us to describe the former with commuting and the latter with anti-commuting functions. We
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will denote this space by H to differentiate it from the commuting-functions-only field space V.
H is built through direct sums of multiple copies of A ® F in the same way that V was built
from direct sums of multiple copies of F. Equivalently, one may view H as the space A ® V.
Thus, V and H share the finite-dimensional structure detailed in section 3.1.1 above. Despite the
obvious short-coming of lacking anti-commuting functions, we will sometimes work with V if we
are mainly interested in this finite-dimensional structure. We will do so because computations in
V are often clearer since fewer degree-related signs appear.

A generic vector in H can be written in the form

y= Z Z y((;q’)ecp , (3.7)

fields ® parities ne

with the outer sum running over all fields in the BV theory including anti-fields. We define the
total degree
s es| = [y8 ™ + les] = A (y5'™)) + gh(es) + £(ea) - (3.8)

If we want to compute physical results, we have to input physically meaningful vectors, i.e.
the Grassmann parity of the function describing a field must match the expected commutation

behaviour. We ensure that by working with vectors of total degree 0, such that each term y((b"‘l’)ecb

in a linear combination satisfies A (y((p%)) = —(gh(es) +(ea)).

To simplify notation, we will sometimes denote the function describing a field ® directly by
the same letter ® instead of the more cumbersome yc(b"q’). However, we will only do so if we work
with physically meaningful vectors. We want to give an example: consider a ghost field ¢, which
is of ghost degree gh(c) =1 and of fermion degree e(c) = 0. If we describe the field configuration
of this ghost field by a function ¢ € A ® F, this function is understood to be of Grassmann
parity A(¢) = —1, in particular, it is anti-commuting. In contrast, we may also work with a field
configuration yﬁn) € A® F, which is of arbitrary Grassmann parity n — although it is a priori

not obvious how this should be interpreted physically. Hence, a physically meaningful vector is

yphys _ Z y((b*le-ﬂ)eq) —. Z deg . (3.9)
fields @ fields ®

always of the form

One may wonder why we allow arbitrary Grassmann parities at all, but we will see soon that this
is necessary for the algebraic description of a BV field theory.

In the following, some definitions will depend on whether we consider a field space V with
commuting functions only and with grading gh + ¢ or a field space H = A ® V with commuting
and anti-commuting functions and with grading gh+ec+4+ A. We will point out whenever the
Grassmann parity A has to be treated with extra care.

3.1.3 Differential

Consider two field spaces V and V', each with a decomposition into homogeneous sub-spaces. We
call a collection {f(;)}icz of linear maps f(;y : Vi;) — V{Hk,) a homomorphism of degree k.

The generalisation to H is straightforward but not trivial. We consider only homomorphisms
of zero Grassmann parity. Let £, : V — V' be a homomorphism of degree |f);|. The corresponding
homomorphism on # is defined by fy = 14 ® f,. When we apply this map on a vector in H, we
have to move the Grassmann element through the map fy and thereby, pick up a sign. Thus,

fy (yy ea) == (-1 €M £y (yoes) . (3.10)
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Note that a homomorphism of non-zero degree maps a physically meaningful vector with total
degree zero to a vector with non-zero total degree, i.e. a vector which is not physically meaningful.
This is the reason, why we allow for arbitrary Grassmann parities on H.

Next, we define a differential on the field space. This is a particularly important homomor-
phism and makes the first step in setting up the algebraic structure for a BV field theory. A
differential is a degree —1 homomorphism d : ‘H — H such that d® =0, ie. di—nody =0
holds for all 4 € Z. In field theory applications, the differential will always only affect the ghost
degree and leave fermion degree and Grassmann parity invariant. Given a differential dy on V),
the corresponding map dy on H, defined through (3.10), is a differential on H. A graded vector
space with a differential is called differential graded vector space, abbreviated dgv.

A dgv constitutes a chain complex, i.e. an indexed family of vector spaces with a linear map
that maps from the space indexed i to the space indexed i — 1 and that squares to zero. Two
different conventions for the degree of the differential exist. We can replace the ghost degree gh on
the field space by — gh to obtain a differential of degree +1. A lot of the literature, especially on
algebraic structures in string theory, follows this ”"inverted” degree-convention (for example, cf.
[14]). A complex with a degree +1 differential is referred to as cochain complex, and most of the
related terminology is prefixed with ”co”. It is conventional to denote the degree of constituents
of a chain complex with subscripts, as we are doing for the ghost degree and the fermion degree.
For a cochain complex, degrees are denoted as superscripts, as we are doing for the Grassmann
parity, which in a sense is inverse to ghost degree and fermion degree.

The differential d on the field space will encode the gauge symmetry, the free equations of
motion excluding interactions and the Noether identities in the following way [1]:

dq: ghost gauge ordinary | equations anti- Noether ghost (3.11)
’ fields trafos fields of motion fields identities | anti-fields '

In a BV field theory, this information is contained in the linearisation of the BRST charge
Q1 = {52,}. Here, {-,-} denotes the BV bracket, and the subscripts on the charge @) and on the
action S denote the polynomial order in the fields of the respective terms considered. We present
in section 4.1 how the differential can be derived from the BRST charge.

As mentioned above, cf. equation (3.11), the differential is set up to encode gauge transfor-
mations and the equations of motion. Consider a physically meaningful vector c e, describing a
ghost field in H(gn—1). Then, a pure gauge is given by d(ce.) € Hgn—o). In the terminology of
chain complexes, a vector that lies in the image im(d) of the differential is called exact. Thus,
gauge transformations are exact field vectors of ghost degree gh = 0.

Gauge transformations express a redundancy in the description of a field theory. Two field
configurations are physically equivalent if they are related by a gauge transformation. Hence,
two vectors Af'es , and AYey , in Hgn—o) are equivalent from a physical point of view if they
only differ by the addition of an exact part d(ce.).

A gauge field, represented by a field vector A*ea,, € Hn—0), satisfies the free equations of
motion if d(A*e, ;) vanishes in H(gn—_1). A vector that lies in the kernel ker(d) of the differential
is referred to as closed. Closed vectors of ghost degree gh = 0 describe fields that satisfy the free
equations of motion, also called ”on-shell” fields. Due to the nilpotency of d, exact vectors are
automatically closed, while the opposite is usually not true. We can consider the sub-space of
closed vectors in H and treat two closed vectors as equivalent if they only differ by an exact part.

10
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Mathematically, this sub-space is the quotient space

_ ker(d)

Hom(d) im(d)

(3.12)

called the homology of d in H. It inherits the grading of H, namely the ghost degree, the fermion
degree and the Grassmann parity. The homology Homgn—o)(d) in ghost degree zero is the sub-
space of physical fields. It contains all ordinary fields up to gauge transformations that satisfy
the free equations of motion.

In physics, we are almost exclusively interested in the sub-space of physical fields. The
remaining parts of the field space, including ”off-shell” fields (as opposed to on-shell fields),
ghosts and anti-fields are deemed unphysical auxiliary tools for computations. However, any
measurable quantity must not depend on these unphysical fields. Hence, the homology plays an
important role in the algebraic formulation of field theories.

3.1.4 (Quasi-)Isomorphisms

At the beginning of section 3.1.3, we introduced homomorphisms of graded vector spaces as linear
maps that are compatible with the grading. After having defined a differential on the field space,
we want to discuss what kind of maps are compatible with the differential. Consider two dgv
(H,d) and (H',d'). Then, a chain map is a degree 0 homomorphism f : # — H’ that satisfies

fod=d of . (3.13)

We call f an isomorphism if it is bijective and its inverse f~* is again a homomorphism of graded
vector spaces. A quick computation shows that f~! is also a chain map. Two dgv are isomorphic
if an isomorphism exists between them.

As mentioned at the end of section 3.1.3, we are only interested in the sub-space of physical
fields, i.e. in the homology. We consider two physical theories equivalent if their homologies are
isomorphic but not necessarily the full field spaces. In this case, we say that the field spaces are
quasi-isomorphic. Two dgv (H,d) and (H',d') are quasi-isomorphic if a chain map f : H — H’
exists whose restriction to homologies f|yom) : Hom(d) — Hom(d') is bijective and whose
inverse on homologies f -1 |#om(d’) extends to a chain map on the full space. Unsurprisingly, such
a chain map is called quasi-isomorphism.

Two chain maps f,g : H — H' are called chain homotopic if a degree +1 homomorphism
h:H — H’ exists, such that
hod+d oh=f-g . (3.14)

The homomorphism h is called chain homotopy. A good explanation of how the notion of chain
homotopy is related to the more common homotopies in topology is given in [15]. Chain homo-
topies play an important role in the algebraic treatment of field theories, as will become clear
later in this thesis.

A chain map p : # — H’ is a quasi-isomorphism of dgv if and only if another chain map
i: H' — H exists such that iop is chain homotopic to 1y [16]. Then, i is automatically a
quasi-isomorphism, too, and p and i are inverse on homology. Let h : H — H be the defining
homotopy, then we can summarise this situation diagrammatically as

1

() (Hd) == (#',d) , (3.15)

11
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with
hod+doh=1y —iop . (3.16)

This is called a homotopy retract.

3.1.5 Lie Algebras

We mentioned before that the field space is endowed with a representation of the full symmetry
group of the field theory. If the field theory has a gauge symmetry associated with some Lie
algebra, the Lie bracket of this algebra is carried over by the symmetry representation to the
field space. We demand that the differential d and the Lie bracket [, -] are compatible, i.e. they
satisfy

dlys,yo] + [dyr, yo] + (D)% [dy,, 4, =0 (3.17)

for all (homogeneous) vectors y,,y, € H. This requirement ensures that the Lie bracket also
descends to the homology, i.e. the Lie bracket of two closed vectors is again closed and does
not depend on exact parts. A dgv with a compatible Lie bracket is called differential graded Lie
algebra.

Here, a remark on grading, symmetry and signs is necessary. The compatibility requirement
as stated above is given for a graded-symmetric degree —1 Lie bracket, i.e.

(Y1, ys] = ()12l [y, gy ] (3.18)

In particular, the Lie bracket is symmetric for two ordinary degree 0 fields. The Lie bracket
satisfies the graded Jacobi identity

[yl s ] + ()=l [y, gy | + () welweltmlivel [y, )y [ <0 (3.9)

For physicists, these sign conventions are unfamiliar. We have chosen them here in this way since
the discussion of the Lie algebra structure prepares the definition of the homotopy Lie algebra
structure, which is at the core of this thesis. We will discuss in the following section 3.2.3 that
by a so-called degree-shift on the field space, one can transform the Lie bracket into a graded-
anti-symmetric degree 0 mapping with more conventional signs in the Jacobi identity and the
compatibility condition. Hohm and Zwiebach extensively discuss these sign conventions in the
context of homotopy Lie algebras in [17].

We do not go into detail about how the Lie bracket [, -] of a field theory is implemented on
the corresponding field space. Instead, we want to discuss whether a given Lie bracket on some
field space can be transferred to another field space through a homotopy retract. Since two field
spaces related by a homotopy retract are quasi-isomorphic and thus physically equivalent, one
would expect such a transfer to be possible. A similar discussion on the transfer of an associative
algebra was presented in [18].

Consider two field spaces (H,d) and (#',d’) related by a homotopy retract with quasi-
isomorphisms p : H — H' and i : ¥ — H and homotopy h : X — H. Let [-,-] be a compatible
degree —1 Lie bracket on (#,d). Since the restrictions of p and i to homology are isomorphisms,
we can easily define a new Lie bracket [,-]’ on the homology Hom(d’) through

[,]:=pol[,]o(i®i). (3.20)

12



3 ALGEBRAIC FRAMEWORK

We map the inputs to the original homology Hom/(d), where we compute the original Lie bracket
[-,-], and then map the output back to Hom(d'). The new Lie bracket satisfies the Jacobi identity
(3.19) as required.

Next, we try to lift this new Lie bracket from the homology Hom(d') to the full space H'. If
we do not assume p and i to be isomorphisms on the full spaces, we must carefully check whether
the new bracket still satisfies the Jacobi identity. However, a quick computation shows that this
is not the case in general. Let

!/

J(Y1,Ya,Y3) = [[ypyz]', ys}/ + (—)lwallus] [[yl,ys}’, yz} (3.21)

F(mlwbmi [y, 4, yl}' (3.22)

be the so-called ”Jacobiator”. Then, defining on H’ a new graded-symmetric degree —1 bracket
[,+, -]’ with three inputs, we can express the Jacobiator as
—J(Y1, Y2 93) =d (Y1, Y2, 3] + [d Y1, Y0, ys) + (‘)‘ylHle[d/ Yo, Y1, Y3l
+ (=) wallvslHlvallysl @/ oy, oy, (3.23)

Schematically, this has the form
[, od +d o[, ]=0-1T, (3.24)

i.e. the three-inputs bracket takes the role of a higher homotopy and the Jacobiator is homotopic
to 0. The Jacobiator is said to vanish only ”"up to homotopy”.
The three-inputs bracket is schematically given by

o =p ol do{(hol,Jo i) @i} . (3.25)

Especially in the mathematical literature on the topic, it is common to stay at the schematic
level. Since in this thesis, we are mainly interested in computations in the algebraic framework,
we always try to give very explicit results for computations. We hope that this level of detail can
be useful to the reader. The explicit form for the three-inputs bracket is

12 5) = ([h (Litw).itw.)). i<y3>D
+ (_)Iyzllys\ p ({h ([i(yl),i(y?,)]), 1(7!2)})

+ (=) wllval+lu sl <[h ([i(y2),i(y3)}), i(yl)D : (3.26)

In summary, we found that one cannot simply transfer the Lie bracket from some field space to
another physically equivalent field space. The transferred structure is not a Lie bracket anymore
since it does not fully satisfy the Jacobi identity. However, we will discuss in section 3.3 that the
transferred structure manifests a homotopy Lie algebra. It consists of a two-inputs bracket defined
in (3.20), a three-inputs bracket defined in (3.25) and an infinite number of higher brackets for
arbitrary number of inputs. The brackets all satisfy Jacobi-like identities that hold up to higher
homotopies, which are described by higher brackets.

13
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A Lie algebra is just a special form of a homotopy Lie algebra with the Lie bracket as the two-
inputs bracket and all higher brackets equal to zero. The fact that one can transfer a homotopy Lie
algebra from one field space to a physically equivalent other one is called the homotopy transfer
theorem (cf. [16]). The powerful homotopy transfer theorem is one of the main motivations to
formulate field theories as homotopy Lie algebras.

3.2 Tensor (Co)algebra

We now introduce all the mathematical tools necessary for rigorously defining homotopy Lie
algebras. At least four equivalent definitions of a homotopy Lie algebra exist in mathematics
(see [19] for all four of them). In this thesis, we will follow the so-called bar construction, which
offers the most useful access for physicists. From this point of view, a homotopy Lie algebra is a
co-derivative on the symmetric tensor co-algebra on the field space. The definition will be given
in more detail in the subsequent section 3.3 together with a discussion of how it relates to the
infinite brackets mentioned above.

3.2.1 Tensor Algebra

The tensor product space of two graded linear spaces H and H' is the graded linear space H Q@ H'
with homogeneous sub-spaces

(HOH )y = P Hu @ H) - (3.27)
k+l=m

It is defined through choosing a tensor product, which is a bilinear map

Q:HXH > HQH
(y,y)—yoy (3.28)

from the Cartesian product into the tensor product space. The tensor product spaces correspond-
ing to different choices of tensor products are isomorphic [20]. Hence, we do not have to pick a
specific choice.
In general, a tensor product is not commutative, since the vectors y ® ¥y’ € H ® H' and
y' ®y € H' @H live in different spaces. Nevertheless, a natural isomorphism exists between these
two spaces:
T iy @y = (MY Y ey (3.29)

It is referred to as switching map.
Let f be a degree kK homomorphism on % and g be a degree [ homomorphism on H’. Then,
the degree k + [ homomorphism f ® ¢ on H ® H' is defined as

fogyay — (-)EW iy @g(y) . (3.30)

One may think of the sign in this definition as originating from ”pulling” the vector y through
the map g. This sign convention is usually referred to as Koszul sign rule and is used both in
mathematics and physics when one works with graded linear spaces [21]. We have already used
this rule in section 3.1.3, when we introduced homomorphisms on H = A ® V.

For s € N, we define the tensor power H®* of a graded linear space H as the tensor product
space of s copies of H. Furthermore, if K is the ground field of the linear space (in our case K

14
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is either R or C), let H®% := K. Then, the free tensor algebra over the graded linear space H is
the space T(H) := @, H®* with the tensor product as algebraic structure.

T(H) consists of linear combinations of finite tensor products Y, ®--- ®y, of vectors in H.
We define an action of the permutation group Ss = {o | o permutation of 1,...,s} on the s’th
tensor power of H:

o HO — HE®S
Y10 QY = Yo1) @ - @ Yg(s) » (3.31)

where vectors in the tensor product are permuted using the switching map (3.29). For a given
permutation and a specific tensor product, the Koszul sign €(o;y; ®---®1y,) is the sign obtained
from the permutation in equation (3.31). Often, we will simply write e(o). However, one should
keep in mind that the Koszul sign depends not only on the permutation but also on the specific
vectors that are permuted. The Koszul sign €(o) should not be confused with the fermion degree
€, which is also denoted by the Greek letter epsilon.

One can symmetrise or anti-symmetrise the tensor product to get to the symmetric tensor
algebra S(H) or the exterior tensor algebra A(H), respectively. The symmetric tensor algebra is
the direct sum S(H) = P o H® of finite symmetric tensor powers H®® and has as algebraic
structure the symmetric tensor product

o H@s % HQt N H@ert

(yl ©-- 0y, Yst+1 ©---0 ys-i—t) = Z 6(O-) ya(l) - ® Yo(s+t) - (332)

0ESs 4t

The symmetric tensor product satisfies

Yo1) O OYps) =€(0) Y1 0 - O Y, . (3.33)

The definition of the exterior tensor algebra is analogous, only the exterior tensor product A is
graded-anti-symmetric:

Ys(1) ARRRRA Yo(s) = sgn(a) 6(0) Y NNy, (334)

with sgn(co) positive for an even permutation and negative for an odd one.

3.2.2 Multilinear Maps

By the so-called universal property of tensor products, any s-multilinear map on H can be
represented by a linear map on the tensor power H®* [20]. Symmetric maps can be represented
by linear maps on H®¢, and anti-symmetric maps by linear maps on H"®.

As with linear homomorphisms on the field space, we have to take extra care of the Grassmann
parity. Let fy : V¥ — V be an s-multilinear map on a field space of commuting functions. The
corresponding multilinear map on the field space H of commuting and anti-commuting functions
is given by fy = ® 4 ® fy. Here @ , describes the product of Grassmann elements 55"1), L),
Explicitly, we have

fr (y™er, . ytes) = (—)Z It Rl ((Zin gy (yiey, . yees) - (3.35)

The sign factor in front is due to the Koszul sign rule (3.30). We have to move all &,...,&;
through the pseudo-basis vectors e, ..., es in front of them and through the map fy. Keeping
this in mind is important in computations.
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Assume fy is graded-(anti-)symmetric with respect to the grading gh+¢ on V. Then fy is
graded-(anti-)symmetric with respect to the total grading gh+ e+ A on H. The proof is given in
appendix A.

We give an example to clarify the above statement: Let f), be a degree 4+1 graded-symmetric
bilinear map on a field space V of commuting functions. Assume the field space contains only a
gauge field A, of ghost degree 0 and its anti-field A™ of ghost degree —1. Both fields are of zero
fermion degree. The map on V be explicitly given by

(Y1, ¥2) = (V14,0 v24+" + Yoa,uy1a-") ea . (3.36)
Then, on H, the corresponding map is given by

f?-l(y17y2) _ ( (_)nlAva|+7L2A*(va|+|eA|) g(nm-lrnzm) Y1, Yoae

« |f f * *
+ (7)“1A [fv|+n2a(|fy|+|eax]) g(nlA +n24) YoA ylA*M ) es

Y14, u Y2a-"

_ ( (_)n1A+n2m é‘(nlA“FnzA*)

+ (—)mar +niaxn24 é‘(n2A+n1A*) Yo A, Y1a" ) es .

In the second step, we have plugged in the degrees |fy], |ea| and |e 4+ | and commuted the product
of Grassmann elements in the second term. If we restrict y,,y, to be physically meaningful field
vectors, we find

£ay (ypfhys, yghys) — ¢(-leal=leasD) ( (=) leal=learlyy y g 4ot

+ (,)*|eA*|+\eA||eA*| You uylA*” ) e
— _5(—IEA|—\eA*\) (ylAw Yoa-" + yoau yra-t ) e
_ (Am A+ Ay, A;‘“) ea

In the last step, we have pulled the Grassmann element £(-1€4l=lea+]) back into the parenthesis
and split it into the product £(~1eaD ¢(=lea<D)  Finally, we denoted the commuting function
g(=leal) ya,u by A, and the anti-commuting function g-leasl) g .t by A%,

Somewhat surprisingly, the map acquires an overall sign when we evaluate it on physically
meaningful field vectors as opposed to field vectors with commuting functions only. This is an
example of the tedious subtleties hidden in the Grassmann parity. We will later refer to this as
the ”surprising sign”.

We can generalise this observation. Given a multilinear map fy, on V of degree |fy| and of zero
Grassmann parity, the corresponding multilinear map f; on H takes the following form when
evaluated on physically meaningful field vectors:

fa (y%"e”)eh o ylTleley) = (—)phys glo2ile gy, (yie1,...,yses) . (3.37)
The ”surprising sign” is the factor

()P = () Telellel+ S lelles] (3.39)

It is independent of permutations of the inputs. Of course, the ”surprising sign” is not at all
surprising but follows straightforwardly from equation (3.35). However, it comes as a surprise if
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one does not treat fermionic field configurations properly. Note that fy; is symmetric on physically
meaningful inputs since it is graded-symmetric in general and physically meaningful inputs have
total degree zero.

3.2.3 Degree Shift

In this section, we discuss the degree-shift, which was mentioned before in section 3.1.5. The
tensor space T(H) of a field space H inherits the grading from the field space. The degree of a
tensor product of field vectors is the sum of the degrees of the single vectors:

Yy @@y =yl (3.39)
=1

Let #[s] be the field space H but with a shift in the degree, such that
H[S](t) = H(s—i—t) . (340)

The shifted field space H[—1] is naturally isomorphic to the original field space H via the degree-
shift isomorphism

Vi H = H[-]
Yy (9)y . (3.41)

Since the total degree on the field space is made up of the ghost degree, fermion degree and
Grassmann parity, we could in principle define three different types of degree shift, one for each
grading. However, we will only be interested in shifts of the ghost degree and do not consider
other degree shifts here. Thus, gh({y) = gh(y) — 1. The inverse map 1: H[—1] — H increases
the ghost degree by one.

Consider a tensor product y; ®- - -®y, of s vectors and compare it to the same tensor product
Yy, ® - ® |y, of shifted vectors. The degree of the tensor product is shifted by —s since the
degree of a tensor product is the sum of the individual degrees and the degree of each individual
vector is shifted by —1. This is expressed by the decalage isomorphism [22]

H-1@ - H[-1] > (Ho - @H)[—s

yl[—l] R ® ys[_l] > (_)Zf:l(s_l)‘yll (yl R ® ys) (342)

[=s]

A degree-shift affects all degree related signs as (—)/¥-ul = (=)l¥l=1 = —_(—)l¥l. Hence, the
degree-shift interchanges the commutation behaviour of previously even-degree and odd-degree
vectors. Accordingly, the decalage isomorphism induces an isomorphism between the symmetric
and exterior tensor power:

(H[-1)7" = (M)~ . (3.43)

We will not exploit this isomorphism in this thesis. However, it is useful to understand different
grading and sign conventions present in physics.

In section 3.1.5, we remarked on the symmetry or anti-symmetry of the Lie bracket. This
can be made precise now. By the universal property of tensor products, symmetric maps can be
represented by linear maps on H®®, and anti-symmetric maps by linear maps on H"*. Hence,
due to the decalage isomorphism, a degree-shift turns symmetric maps into anti-symmetric maps
and vice versa [22].
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3.2.4 Tensor Coalgebra

The bar construction of homotopy Lie algebras presented in this thesis works on the symmetric
tensor coalgebra of the field space. In general, a (graded) coalgebra is a (graded) K-linear space
C endowed with a (degree 0) linear map A : C — C ® C which is coassociative, i.e. it satisfies
(A®1e)o A= (l¢®A)oA. This map is referred to as coproduct.

We can equip the tensor algebra T'(#H) of a dgv H with a deconcatenation map

TH) 2 y,®--Qy, — Zs:(y1®'~~®yi)®(yi+1®~~~®y5) ETH)QT(H) . (3.44)
=0

The first term in this sum is 1 ® (y; ® --- @ y,) and the last term is (y; ® --- @ y,) ® 1. Hence,
on scalars k € KK, this map acts as kK +— k ® k. The deconcatenation map is a coassociative
coproduct and turns the tensor algebra into a tensor coalgebra [16]. From now on, we denote the
deconcatenation coproduct by A and the tensor coalgebra with this coproduct by T¢(H).

Similarly, we can define a coproduct on the symmetric tensor algebra. This yields the sym-
metric tensor coalgebra S¢(H). The symmetric coproduct is given by

A(yl ©-0 ys) = Z Z E(U) (y(r(l) ©-0 ya(i)) ® (yo(i+1) ©-0 yo(s)) ) (345)

=0 o0€S8; s—i

where we additionally sum over all (i, s — i)-unshuffles [16]. An (4, j)-unshuffle is a permutation
of the set {1,...,i 4 j} with the two additional conditions o(1) < -+ < o(¢) and (i + 1) <
-+ < o(i+j). To put it in words, an unshuffle permutes the set {1,...,i+ 7} in such a way that
elements from the two subsets {1,...,i} and {i +1,...,7+ j} stay in the original order relative
to other elements from the same subset. We denote the set of all (¢, j)-unshuffles by S; ;. We
will make frequent use of unshuffles again at a later point in this thesis, although in a different
context.

3.2.5 Coderivation

On a coalgebra (C,A), a linear map D : C — C is called coderivation if it satisfies the co-Leibniz
rule
AoD=(D®lc+1lc®D)oA. (3.46)

A graded coalgebra with a nilpotent degree —1 coderivation, i.e. D? = 0, is called differential
graded coalgebra.

Let H be a dgv with differential d, then the tensor coalgebra T¢(H) is a differential graded
coalgebra with nilpotent coderivation given by

t—1
D:iy, @ - @y, — Z(_)\yl\*"“ﬂyi\yl®...®d(yi+1)®...®yt . (3.47)
=0

The sign follows from the Koszul sign rule since we have to move d past the first i — 1 vectors. A
quick computation shows that the coderivation defined in this way squares to zero. Similarly, the
symmetric tensor coalgebra S¢(?) becomes a differential graded coalgebra with a symmetrised
version of (3.47).
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3.3 Homotopy Lie Algebra

At least four different but equivalent definitions of a homotopy Lie algebra exist [19]. Particularly
useful to applications in physics is the so-called bar construction of homotopy Lie algebras. The
homotopy Lie algebra induces a set of multilinear products on the field space which are related
by a set of conditions. These products provide the algebraic formulation of a BV field theory. We
have already had a glimpse at this formulation in section 3.1.5, where we computed the higher
brackets produced by the homotopy transfer of an ordinary Lie algebra structure from one dgv
to another. These higher brackets are exactly the multilinear products of the resulting homotopy
Lie algebra.

3.3.1 Bar Construction

By definition, a homotopy Lie algebra, abbreviated Lo, algebra, is a dgv (H,d) with a degree —1
coderivation M on the symmetric tensor coalgebra S¢(H) of H, such that

i) Mlkon =0
i) (D+M)2 = 0.

To express the definition in words, the coderivation M extends the existing degree —1 coderivation
D on S¢(H) defined through the vector space differential d in such a way that the extended
coderivation D + M squares to zero [19].

One could simplify the definition in the following way: Forget about the differential d. Instead,
define the homotopy Lie algebra structure directly as a degree —1 coderivation M that turns
S¢(H) into a differential graded coalgebra and whose restriction M|k to scalars vanishes [17].
However, we want to make the underlying dgv explicit, since the field space is the starting point
of formulating a field theory algebraically. From this point of view, we prefer the definition we
have given above.

In field theory applications, the differential d encodes the free equations of motion and field
independent gauge transformations. The coderivation M encodes all interactions of fields and
the field-dependent gauge transformations. Like the differential d, the coderivation M is always

of zero fermion degree and zero Grassmann parity.

Just as a Lie algebra is a specific kind of algebra, a homotopy Lie algebra is a specific kind
of homotopy algebra. While L., algebras seem to play the most important role in field theory
applications, some field theories can also be described in terms of a homotopy associative algebra,
abbreviated A, algebra [17]. The definitions of L., and A, algebras are closely related: We can
replace the symmetric tensor algebra S¢(H) in the definition above by the ordinary tensor algebra
T°(H) to get the definition of an A algebra [19]. Indeed, the symmetrisation of a homotopy
associative algebra is a homotopy Lie algebra [23].

3.3.2 L, Products

In section 3.2.5, we have seen how the linear differential on a dgv induces a coderivation on
the tensor algebra. This result generalises in the following proposition. Any s-multilinear map
f: H® — H defines a coderivation F : T¢(H) — T¢(H) through

t—s
F:y,@ - Qy, — Z(_)If|(|y1|+"'+|yi|)y1®...®f(yi+17._.7yi+s)®...®yt_ (3.48)
i=0
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Furthermore, any coderivation F is uniquely determined by a linear map T¢(H) — H from the
tensor space into the underlying vector space [16]. It is given by projecting the output of the
coderivation to the sub-space H C T°(H). Since the tensor space is the direct sum @ ., H®*
of finite tensor powers of H, a coderivation F is given by a sum ) fs of multilinear maps
fo: HOS = H. -

This proposition carries over to coderivations on the symmetric tensor algebra S¢(#), which
can be represented by graded-symmetric multilinear maps. A multilinear map on H defines a
symmetric coderivation via a symmetrised form of equation (3.48).

We use this proposition to represent an L., algebra structure M by a set of graded-symmetric
multilinear maps m, : H®* — H. These maps are called L., products. They are of degree —1,
since M is of degree —1. By the assumption M |kay = 0, the zero-inputs product mg and the one-
input product m; vanish. Since we are interested in the coderivation D + M and D corresponds
to the linear differential d, i.e. a linear map on H, we will often denote d as the one-input product
m.

In the literature, also other conventions are present. It is possible to work with graded-anti-
symmetric products of degree s — 2. Hohm and collaborators refer to this convention as the
7 {-picture” of L, algebras and to the convention used in this thesis as the ”b-picture” (cf. [17],
[8]). The two conventions — or pictures — are related by a degree shift on the underlying dgv.
They are best differentiated by the symmetry or anti-symmetry of the products and by their
degree. Furthermore, one could ”invert” the grading to work with cochain complexes instead of
chain complexes. All possible conventions are summarised in table 1.

|ms | (=) name
-1 (o) homological b-picture (used in this thesis)
+1 e(o) cohomological b-picture

s—2 | sgn(o)e(o) homological ¢-picture

2—s | sgn(o)e(o) cohomological ¢-picture

Table 1: Summary of different conventions for L., products. The first column gives the degree
of the Lo, products in a certain convention. The second column states the symmetry under
permutation, i.e. it lists the sign in mj (yg(l), . ,ya(s)) = (—)7m;, (yl, .. -793)- The third
column states the colloquial name of the respective convention.

The condition of nilpotency of the coderivation D + M translates into so-called L., relations

of the products {m;}sen. Schematically, these are the following conditions:
> meom =0, (3.49)
s+t=u-+1

which must hold for all v € N. In the following, we discuss the explicit formula in the b-picture.
An explicit formula with the right signs for the ¢-picture can be found in [17].

First, we recap the definition of an unshuffle. An (4, 7)-unshuffle is a permutation o of the set
{1,...,i+ 7} such that o(1) < --- < o(i) and o(i + 1) < --- < o(i + j). We denote the set of
(4, j)-unshuffles by S; ;. Then, for arbitrary input vectors y,,...y,,, the L relations are

Z Z €(o) ms (mt Yoy Yor))s ya(t+1)7"'7ya(u)) =0. (3.50)

st+t=u+1 0€S¢ -1
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3 ALGEBRAIC FRAMEWORK

The relations stated here hold whether we consider a field space V with commuting functions
only or the corresponding field space H with both commuting and anti-commuting functions. In
the former case, all signs are induced by the grading gh + ¢, in the latter, by the total grading
gh+e+ A. Furthermore, the L, relations are satisfied for products m, on H if and only if the
corresponding products mY on V satisfy the relations. In section 3.1, we have emphasised that the
Grassmann parity A must be treated with care. Hence, the fact that the L., relations translate
so simple from V to H is not trivial. Of course, the whole setup presented in the previous sections
was aimed at this. In appendix A, we prove this statement.

In the literature, it is more common to state the L., relations as they were presented in the
original paper by Zwiebach [6] with the product m; entering in the last input of m, instead of
in the first input. However, one then has to deal with additional signs coming from the Koszul
sign rule. A quick computation shows that indeed both conventions can be transformed into each
other and are thus equivalent. We perform this computation in appendix A.

Indeed, we have discussed some of the L., relations before in section 3.1.5. For u = 1, we
have

0=m; (m(y)) . (3.51)

Hence, the first relation states that m; = d is a differential on the field space. The second relation

0=my (ma(y;,yy)) +me (m1(y,),ys) + (—)lillval m, (mi(ys), y1) (3.52)

is the condition of compatibility of the two-inputs product with the differential. The relation for
u = 3 encodes the vanishing of the Jacobiator of the ms product up to the higher homotopy ms:

0=m (m3(y1ay2ay3))

+m3 (mi(yy), ¥p.y3) + (—)¥11%0 my (mi(y,), ¥4, 95)

ms (Y1, Ys3), )

mg (
—|—( )|y1Hy3‘+\y2Hy3| mg(ml y3 yhyz)
+m2(m2(y17’y2)ay3)+( |yz|ly3 2(

) -

+ (=) vl Hullysl (ma(ys, y3), Y1 (3.53)

The higher relations are generalised Jacobiators for higher products, which hold up to higher
homotopies.

In section 3.1.3, we have discussed that the differential on the field space is induced by
the linearisation of the BRST charge @. In the same way, we infer the L., products from
the BRST charge. Hence, the full coderivation D +M is defined by the BRST charge. This
suggests preferring the modified definition of a homotopy Lie algebra structure in terms of a single
nilpotent coderivation M. However, splitting off the linear part, as we have done in our discussion,
suits the usual approach to quantum field theory of considering interactions as perturbations of
the free equations of motion. In this spirit, we have chosen to present the differential graded
field space, which encodes the free equations of motion, as the given basis for setting up the
homotopy Lie algebra structure, which encodes the full equations of motion including interactions.
The procedure of defining a differential and L., products from the BRST charge is detailed in
section 4.1.
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3.3.3 Cyclic Homotopy Lie Algebra

Usually, field theories are described by an action. In our approach, the algebraic formulation
of a field theory is inferred from the BRST charge, which is defined in terms of the action. In
that sense, the algebraic formulation follows from the field theory action. However, this is not
necessarily the case. One may as well set up the L, products from fundamental considerations
with the requirement that they satisfy the Lo, relations (for example, cf. [17]). This would make
the homotopy Lie algebra the fundamental description of a field theory.

Both formulations — action-based and algebra-based — should produce the same computational
results. And we can only take advantage of having two different, yet equivalent formulations if
it is possible to go back and forth between them. We show in section 4.1 how the homotopy Lie
algebra is constructed from the action. The reverse way, from algebra to action, follows via a
suitable inner product on the field space. Having such an inner product is crucial for physically
interpreting the homotopy Lie algebra [11].

Let (V,d) be a dgv. An inner product on V is a bilinear degree +1 map (-,-) : V¥? — K
which is non-degenerate. That is, for every y, € V exists y, € V such that (y;,y5) # 0. Under
permutation of the inputs, one requires [17]

(Y1,Ya2) = (7)(|y1\+1)(\y2|+1) (Y2, Y1) (3.54)

so that the inner product is graded-symmetric but with respect to shifted degrees. Furthermore,
we demand that the inner product be compatible with the differential d, i.e.

(dyy,ys) = (—)¥l(y,,dy,) . (3.55)

In field theory applications, we consider only inner products of zero fermion degree and zero
Grassmann parity. To determine the degree of the inner product, we define the field of scalars
K to be of zero ghost degree, zero fermion degree and zero Grassmann parity. Thus, (y,,y,) is
only non-zero if |y;| = —|yy| — 1. This suggests that the inner product pairs fields with their
respective anti-fields.

Once more, the generalisation to a field space ‘H with commuting and anti-commuting func-
tions is not trivial. Let (-,-)y be an inner product on the field space V), then the corresponding
inner product on H is the degree +1 map (-, )3 : H®? - A® K defined by

(e, y8" es),, = (—)rermzlel ¢t m) (e ype) . (3.56)

Note that we have to deviate here from the usual Koszul sign rule and there is no factor (—)™
on the left-hand side. This is necessary so that the inner product on H has the same degree-
shifted symmetry as the inner product on V. Since the transition from V to H is different for the
inner product than for multilinear maps on the field space, also the ”surprising sign” is slightly
different. If we plug in physically meaningful vectors, we get a sign

(—)lezl+lezlles] — (_yleal (3.57)
where we have used |e;| = —|ea| — 1 so that the second term in the exponent is always even.

A homotopy Lie algebra with L., products {m;}sen is called cyclic if an inner product
(-,-) exists on the underlying field space, such that the maps <ms Y1y Ys), ys+1> are graded-
symmetric in all s + 1 inputs with respect to the ordinary, unshifted degrees.
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Finally, we use the inner product on a cyclic homotopy Lie algebra to define a field theory
action. The action is given by

1
= phys phys phys

where all input vectors are set to be identical and physically meaningful. It is also referred to as
homotopy Chern-Simons action, due to its superficial similarity with the original Chern-Simons
action [13].

We make one last remark on conventions. In the previously mentioned /-picture, i.e. when
one is working with graded-anti-symmetric Lo, products of degree s — 2, the pairing (-, -) must
also be graded-anti-symmetric. In this case, the L., algebra is cyclic if <ms (Yps---s ys),y5+1>
are graded-anti-symmetric in all s + 1 inputs. Usually, one then calls the pairing not an inner
product but a symplectic form. Just as the L., products in b- and {-picture are related by a
degree shift, so are the inner product and the symplectic form.
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4 Application to Batalin-Vilkovisky Field Theories

4.1 General Ansatz

In the following, we explain how the L., algebra structure can be derived from the BRST charge
Q = {S,-}, where {-,-} denotes the BV bracket and S is the field theory action. This procedure
relies on a polynomial action. If a given action is not polynomial in the fields, one has to expand
it around a background. While some authors set up the algebraic description of a field theory
from fundamental considerations paired with the requirement for mathematical consistency (for
example, cf. [17]), we follow the approach to infer all algebraic structure from the BRST charge,
originally described by Alexandrov, Kontsevich, Schwarz and Zaboronsky in [7].
From equation (2.2), the BRST charge is given by

Q=181= Y ()0 (1)

fields ¥

where (£) is a positive sign if the field ¥ has positive or zero ghost degree, and else it is negative.
The BRST charge is a functional differential operator on a space of functionals of the fields.
One can work directly with such an operator in the language of so-called QP-manifolds, as was
originally done in [7] and very pedagogically explained in [24]. Instead, we want to stay in the
framework of dgv introduced in the sections above. These two points of view are often referred
to as dual pictures, and their connection is worked out well by Arvanitakis and collaborators in
[8]. Our procedure of translating the BRST charge into a differential and a set of Lo, products
on the field space H follows their discussion. However, we add a lot more details and aim to be
very explicit about signs.

We consider a field theory with action S. The fields ®, ¥, ... in this theory are of ghost degree
gh(®),gh(®),.... If the field theory contains Dirac fermion fields, they have an additional
fermion degree ¢ = +1, while all other fields have zero fermion degree. For each field ®, there
is a corresponding anti-field ®* of degree —|®| — 1. The anti-field (®*)* of the anti-field ®* of
a field ® is again the field ®. Usually, one calls fields of positive or zero ghost degree simply
”fields”, and fields of negative ghost degree ” anti-fields”. As long as we stay in this general setting
and do not discuss a particular example of field theory, we will restrain from that habit to avoid
confusion.

The fields ®, ¥, ... appearing in the action are always physically meaningful. That means a
field ® is represented by a function ® € A® F of Grassmann parity A(®) = —|®|, and the action
S is a functional of commuting or anti-commuting functions ®, ¥, .... The action is always of

zero Grassmann parity.

4.1.1 Differential

Let S denote the terms of polynomial order s in the action. The functional derivative % is

a polynomial of functions ®, ¥, ... of polynomial order s — 1. We can consider it — or rather its
result upon plugging in functions — again as a function in A ® F. We start with the quadratic
terms S, in the action. Replacing the functional differential operator 67, /6¥* in the BRST charge
by the pseudo-basis vector ey, we achieve a translation from functional differential operator to
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linear map on the field space H:

n ¢#(n)
= (= e
o U+ to dual picture Yo €0 ( ) 6

drS2 0L translation ( (n) ORrS2
o

[SAval > . (42)
P=yqo

The sign (—)™ comes as usual from pulling out the Grassmann element, which itself is not affected

by the mapping, and %b:y@ is a function in F.

Since the action is of zero Grassmann parity, 5?52 is of parity — A(¥). Because it is linear in

the fields, it only depends on functions ® of parity A(®) = — A(¥). This implies that the mapping
is non-zero only for input vectors y((bn)eq> with |eg| = — A(®) = A(¥). Finally, the output is of

degree |eg«| = —|ey| — 1 = A(¥) — 1. Hence, the mapping is of degree —1 as required.

Before we proceed to the definition of the differential, we quickly recap the issue of the
”surprising sign” explained in section 3.2.2. If we evaluate a (multi-)linear map on physically
meaningful inputs, we find that the result equals a product of Grassmann elements times the
result of the corresponding map on the simpler commuting-functions-only field space times the
”surprising sign” (equation (3.38))

(7)phys — (,)Zi\eiﬂfv\+Zi>j\ei\\e_j| )

The ”surprising sign” depends on the number of inputs with odd-degree pseudo-vector. Assume
that |fy| is odd, as is the case for the differential and the L., products. Then the ”surprising
sign” is negative if the number of inputs with odd-degree pseudo-vector is 1, 2, 5, 6, 9, 10, ...
and so on. Due to reasons that will become clear later on, we need to define the differential and
the L., products such that the ”surprising sign” cancels when we evaluate the differential on
physically meaningful inputs.

After this brief digression, we define the differential on the graded field space H as the linear

map
0RrS2

d: o ygles o ()P()mEM YT () 0

fields ¥

P=yqs

The sign (+) is positive if the field ® has positive or zero ghost degree, and else it is negative. The
”surprising sign” pops up in this definition for the reason explained above. When we evaluate
the differential on physically meaningful inputs, the ”surprising sign” vanishes.

All we need to show is that this is nilpotent, i.e. it squares to zero. If we apply the map twice

on a vector y((I,n)&p7 we get

0rS2

d2 (y((;')ecp) = — (_)2” g(n) Z (:I:) 50 eg* , (44)
flelds ¥,0© U =gy
with 55
- RP2
* — 4.
Jw 5 |o,, (4.5)

The overall minus sign in (4.4) comes from the factor (—)P"¥* in the definition of the differential.
The sign (£) is negative only if gh(®) = 0 independent of gh(¥).
We have to show that all coefficients in the linear combination in (4.4) vanish. We pick one
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arbitrary coefficient and compute

ORS? Z N 0r ORrS2
= Yy * " (46&)
2756 |y~ 2T e e
OS2 31 6rSs
-y oL (4.6b)
5 |, 00" 66
0rS2 O OrS2
= e (4.6¢)
Z\P OO 3T 06 |,

The first step holds since all terms of 5{}% are linear in a specific field ¥*. In the second step, we

have plugged in equation (4.5) for g«. In the third step, we have used that the second functional
derivative of the quadratic terms in the action is field independent. Finally, we can compare this
to the vanishing square of the BRST charge:

(@Q1)* = {52, {52, }}
Z Z {(i) 0rS2 Op 0rSs Ip . (i) 0RS2 _ OrS2 6% (4-7)
[C] A\

0

ST 5U* 50 5O+ SO 50 §Urser |

The first and the second term must vanish independently since first- and second-order functional
differential operators are linearly independent. In the first term, (4) is a negative sign if gh(®) =
0. In particular, it does not depend on ¥. Furthermore, the first term must vanish independently
for each ©, since the functional differential operators for different fields are linearly independent.
Thus, we find for arbitrary O,

0rSs dr 0RrSs>
. = 4.8
o ST O (48)
We use this in equation (4.6¢) to complete the proof that the differential d as defined in equation
(4.3) squares to zero.

4.1.2 L. Products

Next, we derive the Lo, products from the BRST charge. We do this in essentially the same way

as we have done for the differential. However, the definition of the L., products is more involved

SRS, SRrSsi1 : .
% % is of polynomial order s. Hence, s fields

since for s > 2, is not linear in the fields.
©®4,...,0, enter in any term, some of them possibly identical. For example, for the monomial
@20, we denote O, = ®,0, = $,05 = U,

We start with a definition of the m; product on the commuting-functions-only field space V.
The s input vectors are all of the form y;, = >4 yio €s. Then, the m product is defined on V

as:

ey |. (4.9)

. 0rS,
m?(yy,- ..,y ::gmew > o) |75 o mnmen.

o€Ss O2=Y5(2)0,>

As before, the sign (4) is positive if the field ¥ has positive or zero ghost degree, and else it

is negative. The sum over all permutations o0 € S, and the Koszul sign (o) ensure that the

ORrSst1
ow

L product is indeed graded-symmetric on V. For the first function ©; in , we insert the
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function y,(1ye, from the o(1)’th input, and so on. The products so defined are of degree —1
by the same argument as above for the differential. Once more, the factor (—)P"* is meant to
cancel the ”surprising sign”.

Next, we transfer this definition to the full field space H of commuting and anti-commuting
functions. The s input vectors are now of the formy;, =3 4 £mie) 4.5 eq. We have to take special
care of the Grassmann parity. Otherwise, the definition remains unchanged. Using formula (3.35),

we find
ms(y17~ . 7ys) =
hys (Zz e 1 ) 6RSs+1
S (Y (o) (4) € o) 2o e | e @0)
v cES, O2=Ys(2)04
with Grassmann parity induced sign factor
(_) = (_)Zini@ofl(i)_‘—ziﬁ i 1y 6-7‘@0*1(J‘)| . (4.11)

We express in words what this formula describes: For the t’th function ©;, we insert into 53557‘5“

the commuting function y, e, from the o(t)’th input. Thus, from the input vector y;, we only
use the function y,g-1 ) and the corresponding Grassmann element. The overall Grassmann
element is the product of the input Grassmann elements. The sign factor involving Grassmann
parities follows from moving the i’th Grassmann element through all the previous pseudo-basis
vectors and the map mY of degree —1. The other sign factors we took from the previous definition
of mY. Note the important subtlety that the Koszul sign €gh +<(0) is only with regards to ghost
degree and fermion degree.

We can permute two input vectors and compare the result thus obtained to the original result
without permuting the inputs. We will get one extra sign from the change in the factor (—).
We will get a second sign from the permutation of Grassmann elements, and we will get a third
sign from a change in the Koszul sign €gn 4 -(0). These three contributions combine to produce
the desired overall Koszul sign €(o) which takes into account the total degree gh+ ¢+ A. Hence,
the products mg are graded-symmetric on H with respect to the total degree, as desired.

For s = 1, the above definition coincides with the definition (4.3) of the differential d. This
justifies once more to denote d as the m; product.

Finally, we give a formula for the Lo, products (and for the differential) for physically mean-
ingful input vectors. The formula for physically meaningful inputs is much clearer since almost
no degree-related signs occur:

s s e 5}%53 1
m (Y™, yhe) = Z (£)€llexh Z 57\;_ O1=vaye,. | €Y | (4.12)
7

o€Ss O2=Y5(2)05>

with (4) positive if the field ¥ has positive or zero ghost degree, and else negative. The Grass-
mann element £ev) = ¢(2:1©:) ig determined by the order of the fields ©; in the action and is
independent of permutations of the inputs. By construction, the ”surprising sign” vanishes.

So far, we are missing a general proof that the products defined above constitute a homotopy
Lie algebra for any given BV action. That this is the case seems plausible from the nilpotency
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of the BRST charge. We used this argument in the proof that the differential d = m; squares
to zero. Hence, we already proved that the first L., relation holds for any given BV action. In
principle, it should be possible to extend this to show that all higher L., relations are satisfied,
too. However, this extension is not straightforward since our proof made heavy use of the linearity
of (SR(?%;“. Thus, the above discussion must be seen as a claim that should always be checked in
applications.

We shortly remark on the practical usefulness of the definitions (4.9), (4.10) and (4.12).
Although the definition (4.10) of the my products on the full field space H is the most general,
we do not need it in applications. We did show in section 3.3.2 that L., products on H satisfy
the Lo relations if the corresponding products on V do so. Therefore, it suffices to check the
L relations on the simpler m? products, defined in equation (4.9). Furthermore, almost all
computations can be done using these simpler products. Only if we want to compute the field
theory action, do we need the products on H. However, we only need the products for physically
meaningful inputs. Thus, (4.12) is sufficient in this case.

In section 4.2, we present a very simple example to clarify our notation and sign conventions.
Subsequently, in section 4.3, we demonstrate very explicitly how quantum electrodynamics can
be formulated in terms of L, products.

4.1.3 Inner Product

The final ingredient in the algebraic formulation of field theories is an inner product on the field
space which makes the previously defined homotopy Lie algebra cyclic. We use the inner product
to compute a homotopy Chern-Simons action from a given homotopy Lie algebra. If this L.
algebra was originally derived from a field theory action, we want the homotopy Chern-Simons
action to equal the original action. Thus, the inner product is supposed to ”invert” the procedure
by which we derived the L., products from the action.

Let (-,-) be an inner product on the field space. Then, the homotopy Chern-Simons action is
given by (equation (3.58))

1
Seo = 7< . Phys’_._’ phys ’ phyS> )
* %11:\1 (s+1)! m.(y Yy

Conversely, the L., products are schematically given by
5RSS+1
ms %Z(:I:)ieq)* ,
P 0P

i.e. we store the result of the right functional derivative of the action S by a function ® in the ®*-
component of the output vector. Therefore, heuristically, we must multiply the ®*-component
of mg by ® from the right to regain the original action.

In section 3.3.3, we have remarked that a degree +1 inner product pairs fields ®, ¥ of degrees
|®| = —|®| — 1. This is in good accordance with the heuristic idea presented above. Hence, we
define an inner product on the field space ‘H by

(Y1,Y2) = Z (&) (—)lexl (—)nae +naeleas| ¢(niaxtnae) /ylé*y&b . (4.13)
®
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Again, the sign (%) is positive if the field @ has positive or zero ghost degree, and else it is
negative. The sign (—)'e“’| cancels the ”surprising sign”, which differs a bit from the case of
multilinear maps on H, see equation (3.57). It also plays another important role: we need the
factor (—)!2! to balance the anti-symmetric (%) sign and give the inner product the expected
degree-shifted symmetry.

Plugging m; into the inner product and setting all input vectors to be identical and physically
meaningful, we find the homotopy Chern-Simons action to be equal to

Soo = Z ﬁ ;(i) <_)|€¢|—|Eq>|—|ed>|\64>*| /(i) 5! 6R§(Is)+1q)

seN

=5.

We have used that the exponent of the sign factor is always even and the two occurrences of (+)
cancel each other out. Furthermore, Ss41 is a polynomial of order s+1, so that ) 4 f ‘SR?% ® =
(s+1)Ssy1. In the end, we find that the homotopy Chern-Simons action S, equals the original
action S if the L, algebra is set up according to the procedure we have prescribed in the previous
section. It was crucial that we took care of the ”surprising sign” in the various steps. Otherwise,
one would not get back to the original action.

The above computation shows that our approach is fully consistent. It can be used to easily
go hence and forth between homotopy Lie algebra and action. The necessary formulas are given
in equations (4.9), (4.12) and (4.13). They are the most important results of this thesis.

4.2 Scalar Field Theory

In this section, we discuss the example of scalar ¢ theory. This is the simplest interacting field
theory. It does not have any gauge symmetry so it is not necessary to describe the theory as a
BV field theory. Nevertheless, there is also no objection to doing so.

Since the algebraic structure of the theory is very simple, we will use this example to clarify
the notation and conventions introduced in section 3. It marks the first application in which we
present the approach for deriving the L., structure from a given BV action that was presented
in section 4.1. A much more interesting example both from the physical and mathematical point
of view will be discussed in the subsequent section.

The action we start from is given by

3 1 1
S :/[2¢D¢>+3¢3}, (4.14)

where O = 0,,0* denotes the d’Alembert operator on four-dimensional Minkowski space-time.
The action satisfies the BV master equation

s s ¢ 5,59°
{s¢ .59 }:2/5RS oS _y . (4.15)

op  ¢*
because S¢° is independent of ¢*.

From the action, we take that the theory contains a real scalar field ¢. Since we treat the
theory as a BV field theory, there is also the corresponding scalar anti-field ¢*. The scalar field
is an ordinary field of bosonic statistics. Hence, it has ghost degree gh(¢) = 0 and fermion
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degree £(¢) = 0. Accordingly, the scalar anti-field has gh(¢*) = —gh(¢) — 1 = —1 and £(¢*) =
—&(¢) = 0. The commuting-functions-only field space is

V=Vy® Vs . (4.16)

The full field space H, including anti-commuting functions, is the tensor product A ® V of a
Grassmann algebra A with the commuting-functions-only field space V.
A generic field vector in H is given by

Y= yé,"“’) ey + yiﬁ‘i’*) ey (4.17)

where ygw is a function on Minkowski space of Grassmann parity A (yé"‘b)) = ng. If the parity is

even, the function is commuting. If the parity is odd, it is anti-commuting. The function describes
the field configuration of the scalar field ¢, but it carries neither ghost degree nor fermion degree.
Instead, ghost degree and fermion degree are carried by the pseudo-basis vector eg, which on the

other hand has no Grassmann parity. The total degree of a field vector y = y((bnd’)eqﬁ is

ly| = |y§,"¢)| + legl = A (y((i,n‘p)) +gh(ey) +e(ey) . (4.18)

For a generic vector, the Grassmann parity is not fixed, i.e. the function yfﬁnd’) may be of arbitrary

degree and in particular, the function may be anti-commuting. However, for physically meaningful

vectors, we demand A = —(gh +¢). We denote physically meaningful vectors as
Y = dey + ¢ ey (4.19)
where ¢ is a commuting function of parity A(¢) = —(gh(eg) + £(ey)) = 0 and ¢* is an anti-

commuting function of parity A\(¢*) = —(gh(e¢*) + s(e¢*)) =1.

Next, we derive the differential on the field space V. From the ansatz in equation (4.3), we
compute
’(y) = () Oyseg = Dypep- . (4.20)

The ¢-component of d vanishes because the action is independent of ¢*. Furthermore, the
differential is independent of the ¢*-component of the input vector. Hence, if we apply the
differential twice, it vanishes. So d is nilpotent as required. To check the degree of d, we note
that the ¢-component of the input is mapped to the ¢*-component of the output. Thus, the
differential is of degree —1 as expected.

We do not give the full definition of the differential on the full field space H, since we do not
need it in computations. The definition on V suffices in most cases. If we want to compute the
homotopy Chern-Simons action from the L., algebra, we need the differential on the full field
space H but only on physically meaningful inputs. In this case, the differential takes the form

d(yP™*) =O¢ey . (4.21)

Note that the result is not physically meaningful because [1¢ is of Grassmann parity 0 but ey-
is of degree —1.

Following the procedure detailed in section 4.1, the next step is to compute the L., products.
Only the my product is non-trivial. All higher products vanish because the action contains only
terms of polynomial degree up to 3. Following equation (4.9), the my product on V is

mg(ylv Ys) = (qub Y2 T Y20 y1¢) €y (4.22)
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As for the differential, the ¢-component of the my product vanishes, and the product does not
depend on the ¢*-components of the inputs. The product is of degree —1 and it is graded-
symmetric, i.e. m¥ (yy,y;) = (—)¥11¥2lmY (y,,y,).

Again, we do not need the definition of the product on the full space H other than for
physically meaningful inputs. Already identifying the two inputs, we have

ma(yP%) 1= my (P, ) = 207 ey . (4.23)

Since the homotopy Lie algebra consists only of the two L., products m; = d and ms, only
the first three L., relations are non-trivial. The non-trivial relations are

2. 0= my (ma(yy,yy)) +my (mi(y,),ys) + (—)'llv2l m, (m1(ys),91)

3. 0= my(ma(y,,y,),¥s3) + (—)lzllsl my (m2(y1,93),Ys2)

+ (_)IylHyz\HylHysl mo (mz(yg,y3)7y1) )

They are satisfied because both m; and ms have vanishing ¢-components and are independent
of the ¢*-components of the inputs.

Finally, we need an inner product on the field space which makes the homotopy Lie algebra
cyclic. We always need the inner product on the full field space H. From the inner product,
we get the homotopy Chern-Simons action upon plugging in the L., products in the first input.
We did discuss above that for physically meaningful inputs, the output of an L., product is not
physically meaningful. Hence, we cannot restrict our definition of the inner product to physically
meaningful vectors.

Using equation (4.13), the inner product on H is

(yy,yo) = Mo Fn2e) /yw* Yog + (=)ot gmetnag) /yw Yag* - (4.24)

The inner product has the expected symmetry. It is of degree +1 and it is non-degenerate.
Furthermore, (m1(y;),y,) is graded-symmetric with respect to both inputs, and (ma(y;,ys), ys)
is graded-symmetric with respect to all three inputs. So the homotopy Lie algebra with this inner
product is cyclic.

As a final check, we compute the homotopy Chern-Simons action to show that it equals the
original action (4.14) we started with:

1
S = - < s 1Dhys7 o phys , phys>
;@N Groi\® (y YY),y

5 (@05 [

1 1
[ [yose]

— 59"

This completes our discussion of the algebraic framework for scalar ¢ theory.
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4.3 Quantum Electrodynamics

The second exemplary application that we discuss is quantum electrodynamics (abbreviated
QED), i.e. abelian gauge theory with minimally coupled Dirac fermions. However, we will
stay at the classical level. To incorporate quantum effects, one has to work with so-called loop
homotopy Lie algebras (cf. [4]). Instead, we focus on the application of ordinary homotopy Lie
algebras.

The QED BV action is

SQED — / {z‘wﬁw + %AH(D AP — 9, AY) + P A — AV D e+ it e +ided*| . (4.25)

As before, 0 = 9,,0" denotes the d’Alembert operator on four-dimensional Minkowski space.
Furthermore, @ = ~v*0,, is the contraction of the partial differential operator with the gamma
matrix, and similarly A= v#A,,. By ¢ = 177" we denote the Dirac conjugate spinor.

A quick computation shows that the action satisfies the BV master equation:

{SQED7SQED} —9 /

5RSQED (;LsQED N 5R5QED 5LSQED

dc dc* 0A, Ak
SrSQED §, 9D §,§QED 5, GQED
T R T R

=2 [ [(=aww4a07) -0+ (DA = 0,4 +9744) - (~ D)
4 (=00 4TA 1) - (i) + (—idht A — i) - (i)

8 1

=0.

The first two terms vanish because the action does not depend on ¢*. Terms 3 and 4 cancel after
integration by parts of the differential operator 0,,. This leaves 0, (term 5) which is cancelled by
the sum of terms 6 and 10. Terms 7 and 9 cancel each other. Finally, terms 8 and 11 vanish
because they are quadratic in the anti-commuting c. In term 6, we have denoted a left-arrow
above the partial differential to indicate that it acts to the left, i.e. on 1.

We start with setting up the field space. The theory contains a ghost field ¢, gauge field
A, Dirac fermion field 9, Dirac conjugate fermion field v, and the respective anti-fields. In
section 3.1.2, we have discussed how the field space is created as a direct sum of the sub-spaces
corresponding to single fields. We do not repeat this discussion here. Instead, we summarise the
ghost degree and fermion degree of all the fields in table 2.

As usual, for a generic vector, the Grassmann parity is not fixed. However, for physically
meaningful vectors, we demand A\ = —(gh+¢). To give an example, the vector ce. describes
a ghost field with anti-commuting field configuration c¢. In contrast, ygn)ec describes a ghost
field with field configuration of arbitrary Grassmann parity n, in particular not necessarily anti-

commuting.
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field | gh | ¢ | || =gh(-) +&(-) || physical behaviour
c 1 0 1 odd
A 0 0 0 even
P 0 1 1 odd
P 0| -1 -1 odd
P* | -1 | -1 -2 even
P* | —1 1 0 even
A* | —1 0 -1 odd
c* | -2 0 -2 even

Table 2: Summary of the field content of QED. Along with the fields, we list the respective ghost
degree and fermion degree. The fourth column shows the sum of ghost degree and fermion degree.
The last column states whether the physically meaningful field configurations are commuting
(even) or anti-commuting (odd).

Next, we derive the differential and the L., product my on the field space V. All higher
products vanish since the QED action has no terms of polynomial order larger than 3. Again, it
is not necessary to determine the differential and the product on the full space H. All we need
are the definitions for inputs with zero Grassmann parity, i.e. vectors in V, and for inputs with
zero total degree, i.e. for physically meaningful vectors in H. We compute the differential from
equation (4.3). Let

dy)= > [dw)],ea. (4.26)

fields ®
then the differential is given by
)] =0 ™) =0
:dv(y): A = 0uYc :d(yphyS): N S
:dV(y): . =0 :d(yphys)_ . =0
_dv(y)_ i - 0 _d(yphyS)_ ;= 0
:dv(y): P idyy :d(yphys): =iy
:dv(y): v iyg,% :d(yPhYS): = i d
()], =Oya” = 004" A | = DA - 0rg,Ar
-dV(y)_ - = —0,ya+" _d(yphyS)- . — 5, A"
inputs with zero Grassmann parity physically meaningful inputs . (4.27)

with zero total degree

The differential is of degree —1 and is nilpotent. The computation showing that d* = 0 is done
in appendix B.
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We compute the Lo, product my on V as prescribed by equation (4.9). Besides, we give the

product ms on H for identical physically meaningful inputs according to equation (4.12). As

before, let

my(yy, Yo) = Z [mz(ypyz)L&b-

fields ®
We find for the my product

[mlz}(yl,i'h)} =0
[mg(yhyz)}A =0
n
[ml{(yl,yg)h = i(Y1c V2o — Y2c Y19
[mg(yb ’yz)L; = i(l/hj; Y2c — Yoqp ylc)
[mg(yl, yz)} I+ = (ylA,u Y Y2y + Y240 V" yw)
=+ Z.(ylc Yo+ + Y2c yhf;*)
[mg(yl, yz)} o = —(Z»/h[; Yoa,u V' + Yo V1A W’”)

— i (1~ Y2c + Y2y Yic)
[mlz}(yl, y2>} P (?Jh[; v Y2y — Y2y v ylw)
[mlzj(yu 3/2)} - (Y1 Y2u + Your Y1y)

- i(yh[; Yo T Yo yh[;*)

inputs with zero Grassmann parity

(4.28)
{mz(yphys)}c =0
] =0
[mg(yphys)}w = —2icy
{mQ(yphys)Lz} = —2ic
{m2(yphy5)} 5o = 2 A"+ icd”)
[ma™™)] | = 240" + i)
[ ma(y™)] | =200
[ma(y™)] = =2i(u - 90)
identical physically meaningful (4.29)

inputs with zero total degree

The product is graded-symmetric and of degree —1. In appendix B, we show that the L., relations

are satisfied. Therefore, what we have found here indeed constitutes a homotopy Lie algebra.

Finally, we give the inner product and compute the homotopy Chern-Simons action. Accord-

ing to equation (4.13), the inner product is

<y17y2> = - (_)’ﬂzc g(n1c*+nzc) /th* Y2¢ — g(n1u+n26*) /ylcyQC*

+£(n1A*+n2A) /ylA*uyszu + (_)nzA* g(nm-i-nzm) /ym,u yoast

_ (_)nzw g(nw*—&-nzw) /yw* Yoy — f(nw-&-nzw*) /yw Yo

— (=)= f(nh&*—mz'&) /yh/j* Yap — f(n1’$+n2g’*) /th Yo~ -

(4.30)

It has the expected symmetry, is of degree —1 and is non-degenerate.
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The homotopy Chern-Simeons action is

1 S S S
S =3 Gril <ms(yphy s YT, P >

2 )

-1 l/(ayA*”)c—/O-c*+/(DA“—0"5UA”)A#—/(—6#0)A*“
+/(MZ<5)¢/O'w*+/(i@¢)ﬂ7/0~d—)*]

[z e —si)e- [o-e+ [ @ivv)a,- [o a

4 / 2 (A + i) — / (- 2ie)y™ + / (=2) (Aur" + ici )

_/(—21'1/16)1/)*]

_ / 6000+ FAUOA" = 040,4°) 4 — A0+ e i

1
tar

= SOFP

To get to the third step, we have integrated by parts in the first and fifth integral. Besides, in
various terms, we have (anti-)commuted field configurations to bring everything into the right
order. The respective commutation or anti-commutation behaviour for each field configuration
was already listed in table 2.

The homotopy Chern-Simons action is identical to the QED action we started from — as it
should be. This completes our discussion of the algebraic framework for QED at a classical level.
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5 Summary and Outlook

In this thesis, we have presented in great detail a general procedure for how a homotopy Lie
algebra can be derived from a given BV action. We assume that the action is polynomial in the
fields and that it satisfies the BV master equation. Then, the differential on the field space and
the Lo products follow directly from the BRST charge. This approach is not new. However, it
had previously only been presented in the setting of QP-manifolds and with little focus on the
proper treatment of fermionic fields. Hence, the important achievement of this thesis is to give
a very explicit recipe that is useful for practical applications. We took great effort to explain
subtleties otherwise often hidden in the notation, especially when it comes to getting all sign
factors right.

The issue of signs is a tedious but important one. In setting up the L., products it is crucial
that they actually satisfy the L., relations. From our own experience, we found that usually, an
accidental sign mistake leads to a set of multilinear products which do not satisfy these relations
and which, therefore, do not manifest a homotopy Lie algebra. Hence, this thesis is supposed to
be a foolproof practitioner’s guide. Particularly important is the derivation of the L., products on
the commuting-functions-only field space, given in equation (4.9), and on physically meaningful
inputs, equation (4.12), and the general form of the inner product, equation (4.13), which makes
the homotopy Lie algebra cyclic.

We have given the algebraic formulation of two exemplary field theories. Again, nothing new
lies in these results other than the very explicit presentation of the procedure itself. The two
examples illustrate our general practitioner’s guide in action and help to clarify the less common
notation of the field space.

With this thesis, we hope to add a practically useful reference to the current lively advance-
ment of the topic, which often proceeds in more abstract discussions. We believe that the ho-
motopy algebraic formulation of field theories is not only a beautiful detour but offers many
opportunities for practical usage. This belief is based on the many applications of the homotopy
transfer theorem that have been published in recent years.

We showed that our explicit formulas for the L., products and the inner product on the field
space are consistent and reproduce the original action as the homotopy Chern-Simons action.
However, we are missing a general proof that our ansatz actually produces a homotopy Lie
algebra. Such a general proof is very desirable and would relieve us from checking the L.,
relations again in every new application.

Finally, even if one is relieved of checking the L., relations in every new application, a lot
of the necessary computations are still lengthy and error-prone. In this algebraic framework,
most computations involve not more than sums and products of fields and inserting them into
each other. The computations are often very algorithmic. So, it should be possible to write an
algorithm on a computer, which implements the algebraic framework and takes the tedious task
of computing L., products and checking L., relations. A practitioner would certainly benefit a
lot from such a computer algorithm.
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Appendix

In the following, we give the proofs and computations that were left out in the main text. In
that, the appendix supports the statements and claims we have made in the main text. However,
the computations performed here are also meant as a practical demonstration of our formalism
and notations.

A Proofs of Statements in Section 3
Symmetry of Corresponding multilinear Maps on V and H

Let f be a multilinear map on the commuting-functions-only field space V. The corresponding
map on the full field space H is (equation (3.35))

fo (\"er, .. yey) = (—) X mIviT Xisnilesl ((Zini) g, (yre,... ye,) .

In section 3.2.2, we claimed that {3 is graded-(anti-)symmetric with respect to the total grading
gh+e+ X on H if fy is graded-(anti-)symmetric with respect to the grading gh+¢ on V.

To show this, we consider a permutation o : [...,t,t + 1,...] — [...,t + 1,¢,...] of two
subsequent inputs. First, note that we can split the Koszul sign €(o) with respect to the total
degree into three contributions:

(o) = (—)l¥ellyemal = (_yneners (_ynelecal+niciled (_yledlecnl (5.1)

The first sign factor comes from commuting the Grassmann elements of y, and vy, ,, the second
from permuting the Grassmann elements with the pseudo-basis vectors, and the last one from
permuting the pseudo-basis vectors. The last sign equals the Koszul sign €(o)gnh+- on V with
respect to ghost degree and fermion degree only.

Next, we compute how f3 changes after such a permutation of the inputs assuming fy, to be

symmetric:
B (Ui ey, -y ) = () B eI+ By newlean] ¢(Einow)

1y (Yo(1)€0(1)s - - -+ Yo (s)€0 (1)) (5.2a)
— (_)Zi nalfyl + 32,5 5 nilejl +nileria]| + niyaled

(=) €020 (o) g 4o (yier,...,yses) (5.2b)

= e(0) by (1\"er, ...,y ey) (5.2¢)

In the first step, we have used the fact that o permutes only the inputs ¢ and ¢+ 1. In the sum
Dois j» we have to add the previously present term n|e;+1| and subtract the previously missing
term n¢41/e:]. Since the exponent of (—) is only relevant modulo 2, it does not matter whether
we add or subtract a term. Furthermore, we get the sign (—)™™+! from commuting the product
of Grassmann elements and the Koszul sign €(¢)gh 4 from permuting the inputs in fy. Putting
all additional sign factors together, we find the desired Koszul sign ¢(o) with respect to the total
grading gh+¢+ A.

Finally, a general permutation can be represented as the concatenation of permutations of
subsequent elements. This completes the proof. Of course, the proof holds for anti-symmetric
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maps in the same way, since only the Koszul sign is affected in going from V to H. The usual
sign sgn(o) of a permutation is the same on both field spaces.
L., Relations on V and H

The L relations as usually stated in the literature (cf. [6] or [17]) are

Z Z 6(0)(_)23;11 ‘y,,(i)

st+t=u+1 o€Ss_1,¢

Mg (yo-(l)a ) ya(s—l)a mt(ya'(s)a s 7y0'(u))) = 0. (53>

The m; product enters the m, product in the last input, and in front, we have an additional sign
factor coming from the Koszul sign rule. The presence of this additional sign factor is annoying in
computations. Thus, in the main text, we have presented the L., relations with the m; product
entering in the first input to avoid the sign factor from the Koszul sign rule. We show now that
the two conventions for the L., products are indeed equivalent.

Since the Lo products are graded-symmetric, we can move the vector my(y,(sys-- - Yo(u))
from the last input to the very first input. Thereby, we pick up a sign

(_)(Zf’llyml)(Z}‘:slyaw—l) = e(r) (=) ZE el (5.4)

which we directly rewrote as the Koszul sign of a particular permutation 7 times a sign factor
which exactly cancels the undesirable sign in (5.3). The permutation 7 acts as follows:

T ya(l), cee 7ya'(571)) ya(s)v s ,yg(u) — yo(s)a cee 7ya(u)v ya(l)v cee ,ya(sfl) ) (55)

We combine 7 and o into a new permutation ¢’ := 7 o ¢ with Koszul sign €(o’) = ¢(7)€(0).
Obviously, o’ is an (¢, s — 1)-unshuffle. Thus, we find

Z Z E(O'/) mg (mt(yol(l),...,yg,(t)), ya’(t—i—l)?"'?yo"(u)) =0. (56)
st+t=u+1 o’€S¢ s—1

These are the L, relations as stated in section 3.3.2.

In the main text, we claimed that the L., relations are satisfied for products m, on H if and
only if the corresponding products m? on V satisfy the relations.

To prove this, we show that the L., relations on H equal the relations on V up to an overall
sign which does not matter. Without loss of generality, we assume all inputs to be homogeneous
in ghost degree, fermion degree and Grassmann parity. In the sum over all unshuffles, consider
the term for which the unshuffle is the identity. We pull all the Grassmann elements out of the
L, products:

Z ms(mt(yla~-~7yt)ayt+1a"'ayu)
s+t=u+1

_ Z (_)Et2i>]‘ nile;| (_)Zf-:l 7 (_)Zle i (_)Ek>l>t nilei (_)ZZ:tJrl "k(Zleleil—l)

s+t=u+1 1 2 3 4 5
. (—)Ek=t+1 M g(ziu:l "1) mlf (mf(ygo), e ygo)),yg)l, . ,y&o))) (5.7a)
6
voony e; :f: N, 0 0 0
= Y (Ebsmlel () W (ml @ y®), 5%y ®)) (5.7b)
s+t=u+1

II
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In (5.7a), sign factors 1 and 2 come from pulling the first ¢ Grassmann elements through the
previous pseudo-basis vectors and out of the product my; factor 3 from pulling these first ¢
Grassmann elements out of my; factors 4 and 5 from moving the latter s — 1 Grassmann elements
through the previous s — 1 pseudo-basis vectors and through the pseudo-vector of m;(yy,...,y,);
and finally, factor 6 arises from pulling these s — 1 Grassmann elements through m;.

To make the step to (5.7b), we cancel factor 2 with 3, and factor 6 with the second part of 5.
Then, we combine the remaining factors 1 and 4 and the first part of 5 into the sign factor that is
left over in (5.7b). Now, the important observation is that this leftover sign and the Grassmann
element are independent of s and ¢ and we can move them in front of the sum over s and ¢t. All we
need to show is that we can find the same factor and the same Grassmann element for arbitrary
unshuffles of the inputs. Then, we could also pull them out of the sum over unshuffles.

Consider an arbitrary unshuffle o with Koszul sign e(o) with respect to the total grading
gh+e+ A Then, reversing the argument used in the previous proof above in equation (5.2b),

e(o) (,)Z},‘N nem el (it mem) = e(o) (,)Zﬁj nile;| 5(25:1"1‘) . (5.8)

gh+e

Using this, we can rewrite the L., relations on H as

Z Z €(o) m, (mt(ya(l)’ XX 7yo'(t))’y(r(t+l)7"'7yo(u))

stt=u+1l 0€S8¢ -1

L relation on H

(=) Xt miles] 5(2:;1 n;)

0 0 0 0
Y Y e (w8 ) 8 0 )) - 69
stt=ut+l 0€S; o—1

Lo relation on V

On the right-hand side, the sign factor and the Grassmann element in front of the L., relation
on V are non-zero. The L, relations on H are satisfied if the left-hand side vanishes. This is the
case if and only if the right-hand side vanishes, i.e. if the L, relations on V are satisfied. This
completes the proof.

B Computations from Section 4.3
Nilpotency of the QED Differential

In the following, we demonstrate the computation that the QED differential (equation (4.27))
squares to zero. We did prove above that the L., relations on the full space H are satisfied if
they are satisfied on the commuting-functions-only field space V. Computations on V involve
fewer degree-related signs and are therefore simpler to perform. Hence, we will show that the
differential d¥ on V squares to zero. We do this component-wise, i.e we show that each term in
the linear combination

4 (")) =) [dv (dV(y))L% (5.10)

L

vanishes for arbitrary input vector y =>4 yoeas.
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We compute:
® =c : vanishes trivially, since d"(y). =0
=A : 9,d@y).=0
® =1 : vanishes trivially, since dv(y)w =0

® =1 : vanishes trivially, since d”(y); =0

®=A": Od(y)a —80,d"(y)a" = 0,8"(0"y.) — 8" 0,(0"y.) = 0

b =c* : —ay dv(y)A*V = —5‘,,(8ﬂ8”y,4*” — 8”8#:%4*“) =0
The above computations were of course very simple. We showed them here in full detail to
introduce the notation in which we present the higher L, relations for QED below.

Second L, relation for QED

The second L., relation is

my (ma(yy,Ys)) + Z e(0) mz (m1(Y, (1)), Yoz)) =0 (5.11)

0€S11

In the following computations, to safe space, we will drop the summation symbol and the Koszul
sign €(c). Whenever a subscript (.. appears in an equation, we implicitly sum over unshuffles
weighted by the respective Koszul sign. Furthermore, we use the following shorthand notation:

Yolyw {ii} = YroY2v — Y2oY1v (5.12)
The sign in this shorthand notation is the Koszul sign of the respective unshuffle. Here we have
assumed the fields ® and ¥ to be of odd degree so that they anti-commute. Obviously, this need
not be the case. As long as we have only two inputs, keeping track of signs is simple. Already
when we get to three input vectors, getting the Koszul sign right can be confusing. One should
always keep in mind that the Koszul sign depends both on the permutation and the specific
vectors, which are permuted.
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As before, we compute the L., relation component-wise:

® =c : vanishes trivially, since d”(y). =0 and m}(y,,y,)c = 0

d=A : 9,0=0

e=9v (0 Yo(2)p — Yo(2)e - 0) =0
®=1 (0 Yo(2)c = Yo(2yg - 0) =0
e=9*: if [i(yau)c Yo (2)y — Yo(2)e ya(1)w)} + [(aﬂya(l)c) Y Yo 2y + Yo(2)an V" 0}

+ 4 [0 “Yo2)9+ T Yo(2)c (iayﬂ(l)w)}

= o) { oo+ @ {2+ et {122} =

+21

=9y ip {’i(ygu)@ Yo(2)e — Yo (2)i ya(l)c)i| - [U Y Yo @) A0 T Yo (25 (Onlo(1)e) V"

T —
-1 [(Zyg(mz D)o 2)e + Yo(2yp - 0}

- (yzﬁyc)% {_12} + 5 (Pye) {+12} + (y{;g)yc {*12} =0

+21 21 —21
D=A": 00—-0"9,0— (0-7" Y2y — Yo" -0) =0
b=c": -0, [ - (%(1)1/7 7" Yo(2) — Yo (2)9 v ya(l)w)}

. . % . .
+1 [(Zyau)@ ?) Yo2)u T Yo(2)p* * 0} —1 {0 “Yo(2)d* T Yo (2)d (Z@yau)w)}

= 0u(Yg 7" yw) {m} +y5(Dyy) {_12} + (yd;%)yw {_12} =0

—21 +21 +21

For two inputs, all components of the L, relation vanish and the relation is satisfied as claimed
in the main text.

Third L., relation for QED

We only need to check one more L, relation: the one with three inputs. For QED, all higher
products than the 2-inputs product vanish. Thus all higher relations are satisfied trivially. The
third L, relation for QED is

Z (o) ma (m2(Yy (1) Yo(2)s Yo(z)) =0 - (5.13)

0ES21

We employ the short-hand notation introduced above, and summation over unshuffles is again
implicit. In the computations for various components, we use that the field configurations are all
commuting. This is the reason why sometimes we freely exchange the indices of identical field
configurations from one step to the next. No other computational tricks are used. All the signs
follow from direct computation and from the Koszul sign of the respective unshuffle.

\Y%
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We compute the Lo, relation component-wise:

® =c : vanishes trivially, since mj(y;,ys)c =0

®=A : vanishes trivially, since mj(y;,ys)a =0

e=9 : i[O Yo @) — Yo3)e (Yo (1)e Yo2)p — Yo(2)e yo(1)w)}

+312 — 321 +312 — 231
= YelYelp § —213+231 p = YcYelYy § —123+231 p =0
+123 — 132 +123 — 312

=1 : i[i(ygu)@ Yo(2)e = Yo(2)d Yo (1)) Yo(3)e — Yo(3)d ° 0}

—123+213 —132+231
= YpYcle  +132-312 0 = YiYcYe § +132-321 0 =0
—231 + 321 —231 + 321

D =" [(0 A Yo 3y + Yo 3140 V1 (Yo (1)e Yo 2)w — Yo(2)e ya(1)¢)}
+1i {O “Yo(3)p* T Yo (3)e (Yo ) au V" Yo@)0 + Yo2)an V" Yo()p)

=+ Yo(3)c Z.(ya(l)c Yo(2)9* + Yo(2)c Yo (1) ):|

+312 — 321+ 132+ 231 —312 — 321
= 1YY" YeYw { +213 - 231 - 1234321 0 + YeYclpe | —213+231
+123 — 132 — 213 — 312 +123 4132
—312 — 231
=0+ yeycyp- § —123+231 p =0
+123 + 312
P = ’l,b* : - |:7’ (yo(l)d; Yo(2)e — yo(2)1[1 ya(l)c) ’7“ Yo (3)A,n + yg(g)d’, -0 - ’}/M:|

-1 [ = Vo3 Yo a0V + Vo213 Vo)A Y") Yo3)e — 1Yo 1)y Yo(2)e

+ Yo 2y Yo (1)) Yo(3)e T Yo (3)p ° 0}

—123+213+ 132+ 231 —123 213
= 1YYV YA § —1324 3124123 — 321 p + Yy YeYe | +132 - 312
—231 4321 —213 — 312 +231 + 321
—132—231
=0+ yyp+Ycle § +132-321 » =0
+231 + 321

VI
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=A": - I:i(ya(l)d; Yo(2)e = Yo(2)d Yo (1)e) 7’ Yo (3)0

- ya(?;)z[; ’VU Z'(ya'(l)c Yo(2)y — Yo (2)e ya(1)111):|
—123+213 4312 — 321

= 1YpYelYy § +132—-312-213+231 p =0
—231 43214123 — 132

®=c": z[ — Wo )3 Yo An V" + Yo @) Yoy A Y") Yo(3)w
— 1 (Yo(1)s+ Yo(2)e T Yo (2~ Yo(1)e) Yo(3)e
+ Yo @ 1 (Uoe Yo rp — Yo(are Yoy
=115 Yo~ Yo@5 Yo(0)c) Yotayi

Yoy (Vo) an V" Yo@p + Yo )4 V" Yo(1)s)

T Yo (3)9 i(yau)c Yo(2)d* T Yo (2)c Yo (1)d* )}

—123—213—312—321 +123 + 213 — 312+ 321
=1 YpYAa Y Yp § —132+ 3124213 - 231 » + Yy YeYw § —132+312 — 213+ 231
+231 4 321 + 123 + 132 —231— 321 — 123 + 132

4123 — 2134312 + 321
+ YpYer Yau § +132-312+213-231 p =0
4231 — 321 — 123 — 132

All components vanish. Hence, the third L., relation is satisfied for QED. As mentioned, all

higher relations vanish trivially. Thus, the mg products we had computed for QED indeed define
a homotopy Lie algebra.

VII
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