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Chapter 2

Background on DFT and RDMFT
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2.1 Density Functional Theory (DFT)
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t̂ Ŵ v̂

Ŵ
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v̂
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h jĤ + v̂j i E0 j i Ĥ

2.2 One-Particle Reduced Density Matrix
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2.3 One-Body Operators
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ĥ
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2.4 Symmetries of the 1RDM
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B [ôA 
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N

d

dt
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 ĝ 
 Î
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2.5 Reduced Density Matrix Functional Theory (RDMFT)
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Ĥ 0 j 0i Ĥ 
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̂] +F ( )(
̂) = h jĤj i
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Ŵ ĥ
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2.6 Levy-Lieb Constrained Search
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h jŴ j i

�
=

̂2P 1

N
j i7!
̂

�
[ĥ
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2.7 Legendre-Fenchel Transforms and Convex Hull
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2.8 Mixed States and Valone Functional
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�i�2�`�K�2�/�2�t�+�?���M�;�2 �7�Q� �̀+�2�- ���b �B�i �T�m�b�?�2�b �R�_�.�J ���r���v �7�`�Q�K �i�?�2 �/�Q�K���B�M �#�Q�m�M�/���`�v �(�k�8�)�X �q�2 �r�B�H�H �b�2�2 �+�Q�M�+�`�2�i�2 �2�t���K�T�H�2�b
�Q�7 �i�?�B�b �T�?�2�M�Q�K�2�M�Q�M �B�M �b�2�+�i�B�Q�M�9�X�k�X�k�X �1�[�X �U�k�X�9�N�V �b�i�B�T�m�H���i�2�b �i�?���i ���i �i�?�2 �;�`�Q�m�M�/�@�b�i���i�2 �R�_�.�J
̂ �K�B�M�- �i�?�2 �2�t�+�?���M�;�2
�7�Q�`�+�2 �K�m�b�i �#�2 �2�t���+�i�H�v �#���H���M�+�2�/ �#�v �� �7�Q�`�+�2 �Q�`�B�;�B�M���i�B�M�; �7�`�Q�K �i�?�2 �b�B�M�;�H�2�@�T���`�i�B�+�H�2 �>���K�B�H�i�Q�M�B���Mĥ�X

�k�X�N �.�2�;�2�M�2�`���+�v ���M�/ �a�i�`�B�+�i �*�Q�M�p�2�t�B�i�v

���M �B�K�T�Q�`�i���M�i �H�B�M�F �2�t�B�b�i�b �#�2�i�r�2�2�M �i�?�2 ���M���H�v�i�B�+���H �b�i�`�m�+�i�m�`�2 �Q�7F ( �o) ���M�/ �i�?�2 ���T�T�2���`���M�+�2 �Q�7 �/�2�;�2�M�2�`���i�2 �;�`�Q�m�M�/
�b�i���i�2�b�X �q�B�i�?�Q�m�i �K���F�B�M�; ���M�v ���b�b�m�K�T�i�B�Q�M�b �Q�M �i�?�2 �}�t�2�/ �B�M�i�2�`���+�i�B�Q�MŴ �- �Q�M�2 �;�2�M�2�`�B�+���H�H�v �2�t�T�2�+�i�b �i�?���i �i�?�2 �;�`�Q�m�M�/
�b�i���i�2 �r�B�H�H �#�2 �/�2�;�2�M�2�`���i�2 �7�Q�` �b�Q�K�2 �+�Q�M�}�;�m�`���i�B�Q�M�b �Q�7 �i�?�2 �Q�M�2�@�#�Q�/�v �>���K�B�H�i�Q�M�B���Mĥ�X �a�Q �H�2�i �m�b ���b�b�m�K�2 �i�?���i �7�Q�` �b�Q�K�2
�+�?�Q�B�+�2 �Q�7ĥ�- �i�?�2 �;�`�Q�m�M�/ �b�i���i�2 �K���M�B�7�Q�H�/H �:�a �B�b �b�T���M�M�2�/ �#�v �i�?�2 �Q�`�i�?�Q�M�Q�`�K���H �#���b�B�bfj  i i gn

i =1 �X �h�?�2 �T���`�i�B���H �i�`���+�2
�K���T�b �i�?�B�b �b�m�#�b�T���+�2 �Q�M�i�Q �b�Q�K�2 �b�2�i �Q�7 �R�_�.�J�b�-

�h�Ǹ � 1[H �:�a ] = R � P 1
N ; �U�k�X�8�y�V

�r�?�B�+�? �B�b�- �#�v �+�Q�M�b�i�`�m�+�i�B�Q�M�- �� �b�m�#�b�2�i �Q�7 �i�?�2 �T�m�`�2�@�b�i���i�2N �@�`�2�T�`�2�b�2�M�i���#�H�2 �R�_�.�J�b�X

�S�`�Q�T�Q�b�B�i�B�Q�M �k�X�R�y�X�R�,�*�Q�M�b�B�/�2�` �M�Q�r �i�r�Q ���`�#�B�i� �̀��`�v �;� �̀Q�m�M�/�@�b�i���i�2 �R�_�.�J�b
̂ 1; 
̂ 2 2 R �X �h�?�2�M

F ( �o) (x
̂ 1 + (1 � x)
̂ 2) � xF ( �o) (
̂ 1) + (1 � x)F ( �o) (
̂ 2) �U�k�X�8�R�V

�S� �̀Q�Q�7�,���b�b�m�K�2 �i�?���i
F ( �o) (
̂ ) < x F ( �o) (
̂ 1) + (1 � x)F ( �o) (
̂ 2); �U�k�X�8�k�V

�r�?�2�`�2̂
 = x
̂ 1 + (1 � x)
̂ 2�X ���/�/�B�M�;x�h�[̀
̂ 1ĥ] + (1 � x)�h�[̀
̂ 2ĥ] = �h�[̀
̂ ĥ] �Q�M �#�Q�i�? �b�B�/�2�b�- �r�2 �?���p�2

F ( �o) (
̂ ) + �h�[̀
̂ ĥ] < x
�

F ( �o) (
̂ 1) + �h�[̀
̂ 1ĥ]
�

+ (1 � x)
�

F ( �o) (
̂ 2) + �h�[̀
̂ 2ĥ]
�

�U�k�X�8�j�V

= xE 0(ĥ) + (1 � x)E0(ĥ) = E0(ĥ): �U�k�X�8�9�V

�h�Q �;�2�i �i�Q �i�?�2 �b�2�+�Q�M�/ �H�B�M�2�- �r�2 �?���p�2 �m�b�2�/ �i�?���i
̂ 1; 
̂ 2 2 R ���`�2 �;�`�Q�m�M�/�@�b�i���i�2 �R�_�.�J�b�X �h�m�`�M�B�M�; �i�Q �i�?�2 �H�2�7�i�@�?���M�/
�b�B�/�2�- �i�?�2�`�2 �K�m�b�i �#�2 ���MN �@�T���`�i�B�+�H�2 �b�i���i�2�̂ �b�m�+�? �i�?���i �h�`[�̂( Ŵ + ĥ)] = F ( �o) (
̂ ) + �h�[̀
̂ ĥ] �#�v �i�?�2 �/�2�}�M�B�i�B�Q�M �U�k�X�9�k�V�X
�h�?�2�`�2�7�Q�`�2�- �U�k�X�8�j�V �B�K�T�H�B�2�b �h�`[�̂( Ŵ + ĥ)] < E 0(ĥ)�- �� �+�Q�M�i�`���/�B�+�i�B�Q�M�X �h�?�B�b �K�2���M�b �i�?�2 ���b�b�m�K�T�i�B�Q�M �U�k�X�8�k�V �K�m�b�i �#�2
�r�`�Q�M�;�X�
�X

�h�?�2 �o���H�Q�M�2 �7�m�M�+�i�B�Q�M���HF ( �o) �B�b �U�M�Q�i �b�i�`�B�+�i�H�v�V �+�Q�M�p�2�t �2�p�2�`�v�r�?�2�`�2�- �b�Q �i�?�2 ���#�Q�p�2 �+�H���B�K �B�K�K�2�/�B���i�2�H�v �B�K�T�H�B�2�b �i�?���i
F ( �o) �B�b ���M ���{�M�2 �7�m�M�+�i�B�Q�M �Q�M �i�?�2 �+�Q�M�p�2�t �?�m�H�HR�X �S�`�Q�T�Q�b�B�i�B�Q�M �k�X�R�y�X�R �?���b �� �+�Q�M�p�2�`�b�2�,



�k�X�R�y�X �a�A�J�S�G�A�6�A�*���h�A�P�L�a �6�_�P�J �a�u�J�J�1�h�_�A�1�a �R�N

�S�`�Q�T�Q�b�B�i�B�Q�M �k�X�R�y�X�k�,�A�7F ( �o) �B�b ���{�M�2 �Q�M �b�Q�K�2 �b�2�iR 2 P 1
N �- ���M�/̂
 2 R �B�b �� �;�`�Q�m�M�/�@�b�i���i�2 �R�_�.�J �Q�7Ŵ + ĥ�- �i�?�2�M

���H�Ĥ
 0 2 R ���`�2 �;�`�Q�m�M�/�@�b�i���i�2 �R�_�.�J�b �Q�7Ŵ + ĥ�X

�S� �̀Q�Q�7�,�a�B�M�+�2F ( �o) (
̂ ) �B�b �H�Q�+���H�H�v ���{�M�2�- �b�Q �B�b �h�`[ĥ
̂ ] + F ( �o) (
̂ )�X �"�2�+���m�b�2
̂ �B�b �� �;�`�Q�m�M�/�@�b�i���i�2 �R�_�.�J�- �B�i �K�m�b�i
�#�2 �� �K�B�M�B�K�m�K �Q�7 �h�`[ĥ
̂ ] + F ( �o) (
̂ )�X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �H���i�i�2�` �+���M �Q�M�H�v �#�2 ���{�M�2 �Q�MR �B�7 �B�i �B�b �+�Q�M�b�i���M�i �Q�MR�X �"�m�i
�i�?�B�b �K�2���M�b �i�?���i �2�p�2�`�v
̂ 0 2 R ���H�b�Q �K�B�M�B�K�B�x�2�b �i�?�B�b �7�m�M�+�i�B�Q�M ���M�/ �B�b �� �;�`�Q�m�M�/�@�b�i���i�2 �R�_�.�J�X�
�X
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�+���M ���H�r���v�b �#�2 �i�`���+�2�/ �#���+�F �i�Q �/�2�;�2�M�2�`���i�2 �;�`�Q�m�M�/�@�b�i���i�2 �K���M�B�7�Q�H�/�b�X �L�Q�i�2�- �?�Q�r�2�p�2�`�- �i�?���i �M�Q�i �2�p�2�`�v ���T�T�2���`���M�+�2 �Q�7
�/�2�;�2�M�2�`���+�v �H�2���/�b �i�Q �i�?�B�b ���{�M�2 �#�2�?���p�B�Q�` �#�2�+���m�b�2 �i�?�2 �`�2�;�B�Q�MR �B�M �S�`�Q�T�Q�b�B�i�B�Q�M �k�X�R�y�X�R �K���v �+�Q�M�b�B�b�i �Q�7 �D�m�b�i �� �b�B�M�;�H�2
�T�Q�B�M�i�X

�h�?�2 �b�2�i�b �r�?�2�`�2F ( �o) �B�b ���{�M�2 �+���M �2�t�?�B�#�B�i �`�B�+�? �;�2�Q�K�2�i�`�v ���M�/ �r�2�`�2 �`�2�+�2�M�i�H�v �b�i�m�/�B�2�/ �B�M �(�R�8�)�X �q�2 �r�B�H�H �/�B�b�+�m�b�b
���M �2�H�2�K�2�M�i���`�v �2�t���K�T�H�2 �i�?�2�`�2�Q�7 �B�M �b�2�+�i�B�Q�M�8�X�j�X

�k�X�R�y �a�B�K�T�H�B�}�+���i�B�Q�M�b �7�`�Q�K �a�v�K�K�2�i�`�B�2�b

�G�2�îG �#�2 �� �?�2�`�K�B�i�B���M �Q�T�2�`���i�Q�` �i�?���i �+�Q�K�K�m�i�2�b �r�B�i�? �i�?�2 �>���K�B�H�i�Q�M�B���M�,[Ĥ; Ĝ] = 0 �X �q�2 �K���v �i�?�m�b ���b�b�m�K�2 �i�?���i
�i�?�2 �;�`�Q�m�M�/ �b�i���i�2 �B�b ���M �2�B�;�2�M�p�2�+�i�Q�` �Q�7Ĝ�X �6�m�`�i�?�2�`�K�Q�`�2�- ���b�b�m�K�2 �i�?���iĜ �B�b �� �Q�M�2�@�T���`�i�B�+�H�2 �b�v�K�K�2�i�`�v�-

Ĝ =
N � 1X

j =0

Î 
 j 
 ĝ 
 Î 
 N � 1� j ; �U�k�X�8�8�V

���b �B�b �i�?�2 �+���b�2 �7�Q�` �K�Q�b�i �b�v�K�K�2�i�`�B�2�b �2�M�+�Q�m�M�i�2�`�2�/ �B�M �T�?�v�b�B�+�b�X �.�2�M�Q�i�2 �#�vH G �i�?�2̂G�@�2�B�;�2�M�b�T���+�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q
�i�?�2 �2�B�;�2�M�p���H�m�2G 2 �b�T�2�+Ĝ�X �h�?�2 �;�`�Q�m�M�/�@�b�i���i�2 �2�M�2�`�;�v �+���M �M�Q�r �#�2 �7�Q�m�M�/

E0 = �K�B�M
G2 �b�T�2�+[Ĝ ]

�K�B�M
j  i2H G

h jĤ j i ; �U�k�X�8�e�V

�#�2�+���m�b�2 �r�2 �F�M�Q�r �� �T�`�B�Q�`�B �i�?���i �i�?�2 �;�`�Q�m�M�/ �b�i���i�2 �`�2�b�B�/�2�b �B�M �b�Q�K�2Ĝ�@�2�B�;�2�M�b�T���+�2�- �r�2 �b�2���`�+�? �7�Q�` �B�i �B�M �2���+�? �b�m�#�b�T���+�2
���M�/ �i�?�2�M �K�B�M�B�K�B�x�2 �Q�p�2�` ���H�H �i�?�2 �b�m�#�b�T���+�2�b�X �q�2 �M�Q�r �b�T�H�B�i �i�?�2 �b�2�+�Q�M�/ �K�B�M�B�K�B�x���i�B�Q�M �B�M�i�Q �i�r�Q �K�Q�`�2�,

�K�B�M
j  i2H G

h jĤ j i = �K�B�M
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̂; ĝ]=0

�K�B�M
j  i7! 
̂

h jĤ j i = �K�B�M
[
̂; ĝ]=0

�
�h�Ǹ � 1[ĥ
̂ ] + �K�B�M

H G 3j  i7! 
̂
h jŴ j i

�

� �K�B�M
[
̂; ĝ]=0

�
�h�Ǹ � 1[ĥ
̂ ] + FG [
̂ ]

�
�U�k�X�8�d�V

�h�?�2 �}�`�b�i �K�B�M�B�K�B�x���i�B�Q�M �`�m�M�b �Q�p�2�` ���H�H
̂ �i�?���i �+�Q�K�K�m�i�2 �r�B�i�?ĝ�X �h�?�B�b �`�2�b�i�`�B�+�i�B�Q�M �K���F�2�b �b�2�M�b�2�- �#�2�+���m�b�2 ���M�vj i �Q�M
�i�?�2 �H�2�7�i�@�?���M�/ �b�B�/�2 �`�2�b�B�/�2�b �B�M �i�?�2 �b�v�K�K�2�i�`�B�+ �b�m�#�b�T���+�2 �Q�7Ĝ�- �b�Q̂
 = �h�Ǹ � 1[j ih j] �+�Q�K�K�m�i�2�b �r�B�i�?ĝ �#�v �H�2�K�K��
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�� �K�Q�`�2 ���T�T�`�Q�T�`�B���i�2 �b�i���`�i�B�M�; �T�Q�B�M�i �B�b[Ŵ ; Ĝ] = 0 �`���i�?�2�` �i�?���M[Ĥ; Ĝ] = 0 �X �h�?�B�b �T�`�2�b�+�`�B�T�i�B�Q�M ���H�H�Q�r�b �Q�M�2 �i�Q �/�2�}�M�2
�i�?�2 �;�`�Q�m�M�/�@�b�i���i�2 �2�M�2�`�;�v �7�m�M�+�i�B�Q�M

E0;G [ĥ] = �K�B�M
[
̂; ĝ]=0
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�h�Ǹ � 1[ĥ
̂ ] + FG [
̂ ]
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�U�k�X�8�3�V

�7�Q�` �2���+�? �b�m�#�b�T���+�2 �H���#�2�H�2�/ �#�vG�X �h�?�2 �/�Q�K���B�M �Q�7E0;G �+�Q�M�b�B�b�i�b �Q�7 ���H�Hĥ �i�?���i �b���i�B�b�7�v[ĥ; Ĝ] = 0 �- �2�M�b�m�`�B�M�; �i�?���i �i�?�2
�i�Q�i���H �>���K�B�H�i�Q�M�B���M �`�2�K���B�M�b �+�Q�K�T���i�B�#�H�2 �r�B�i�? �i�?�2 �b�v�K�K�2�i�`�v�X �A�M �T���`�i�B�+�m�H���`�-E0;G ���M�/FG �?���p�2 �i�?�2 �b���K�2 �/�Q�K���B�M�-
�b�Q �r�2 �K���v �Q�M�+�2 ���;���B�M �`�2�7�`���K�2 �U�k�X�8�3�V ���b �� �G�2�;�2�M�/�`�2 �i�`���M�b�7�Q�`�K

E0;G (ĥ) = �F �
G (� ĥ): �U�k�X�8�N�V

���b �� �+�H�Q�b�B�M�; �`�2�K���`�F�- �r�2 �M�Q�i�2 �i�?���i �r�?�B�H�2 �i�?�2 �K�Q�b�i �+�Q�K�K�Q�M �b�v�K�K�2�i�`�B�2�b ���`�2 �Q�M�2�@�T���`�i�B�+�H�2 �b�v�K�K�2�i�`�B�2�b�- �i�?�2
�>���K�B�H�i�Q�M�B���M �K���v ���H�b�Q �+�Q�K�K�m�i�2 �r�B�i�? �Q�i�?�2�` �Q�T�2�`���i�Q�`�bĜ �i�?���i �+���M�M�Q�i �#�2 �`�2�T�`�2�b�2�M�i�2�/ �B�M �i�?�2 �7�Q�`�K �U�k�X�8�8�V�X �A�M �b�m�+�?
�+���b�2�b�- �i�?�2 �b�v�K�K�2�i�`�v �K���v�- �Q�7 �+�Q�m�`�b�2�- �b�i�B�H�H �#�2 �H�2�p�2�`���;�2�/ �#�v �}�M�/�B�M�; �i�?�2 �;�`�Q�m�M�/ �b�i���i�2 �2�M�2�`�;�v ���M�/ �R�_�.�J �7�Q�` �2���+�?



�k�y �*�>���S�h�1�_ �k�X �"���*�E�:�_�P�l�L�. �P�L �.�6�h ���L�. �_�.�J�6�h

�b�v�K�K�2�i�`�v �b�m�#�b�T���+�2 �b�2�T���`���i�2�H�v�X �A�M �i�?�B�b �+���b�2�- �r�2 �/�2�}�M�2�/ �i�?�2 �b�2�iP1
N;G = f 
̂ j
̂ = �h�Ǹ � 1[j ih j; Ĝj i = Gj ig �Q�7

�R�_�.�J�b �i�?���i ���`�2 �T�m�`�2�@�b�i���i�2N �@�`�2�T�`�2�b�2�M�i���#�H�2 �#�v �r���p�2 �7�m�M�+�i�B�Q�M�b �B�M �i�?�2G�@�b�m�#�b�T���+�2�X �h�?�2 �7�m�M�+�i�B�Q�M���H

FG [
̂ ] = �K�B�M
H G 3j  i7! 
̂

h jŴ j i �U�k�X�e�y�V

�B�b �/�2�}�M�2�/ �Q�MP1
N;G �- ���M�/ �v�B�2�H�/�b �i�?�2 �;�`�Q�m�M�/ �b�i���i�2 �2�M�2�`�;�v ���b �B�M �U�k�X�8�3�V�- �r�?�2�`�2ĥ �B�b ���H�H�Q�r�2�/ �i�Q �#�2 ���M�v �Q�M�2�@�#�Q�/�v

�Q�T�2�`���i�Q�` �i�?���i �+�Q�K�K�m�i�2�b �r�B�i�?Ĝ �B�M �i�?�2N �@�T���`�i�B�+�H�2 �H�2�p�2�H�X �q�2 �r�B�H�H �2�M�+�Q�m�M�i�2�` ���M �2�t���K�T�H�2 �Q�7 �b�m�+�? �� �b�v�K�K�2�i�`�v �B�M
�i�?�2 �M�2�t�i �+�?���T�i�2�`�X



�*�?���T�i�2�` �j

�"���+�F�;�`�Q�m�M�/ �Q�M �*�Q�K�T�H�2�t�B�i�v �h�?�2�Q�`�v

�a�Q�K�2 �Q�7 �i�?�2 �K���B�M �`�2�b�m�H�i�b �Q�7 �i�?�B�b �i�?�2�b�B�b�- �i�Q �#�2 �T�`�2�b�2�M�i�2�/ �B�M �+�?���T�i�2�`�e�- �r�B�H�H �/�2���H �r�B�i�? �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v
�Q�7 �+���H�+�m�H���i�B�M�; �i�?�2 �G�2�p�v �7�m�M�+�i�B�Q�M���H�X �h�Q �T�`�Q�T�2�`�H�v �+�Q�M�p�2�v �i�?�2 �`�2�b�m�H�i�b �i�?�2�`�2�B�M�- �r�2 �M�2�2�/ �i�Q �B�M�i�`�Q�/�m�+�2 �� �7�2�r �2�H�2�K�2�M�i���`�v
�+�Q�M�+�2�T�i�b �7�`�Q�K �+�Q�K�T�H�2�t�B�i�v �i�?�2�Q�`�v�X �A�M �i�?�B�b �+�?���T�i�2�`�- �r�2 �2�t�T�H���B�M �i�?�2 �+�Q�K�T�m�i�2�` �b�+�B�2�M�+�2 �/�2�}�M�B�i�B�Q�M �Q�7 ���M ���H�;�Q�`�B�i�?�K
���M�/ �K�2�M�i�B�Q�M �b�Q�K�2 �r�2�H�H�@�F�M�Q�r�M �2�t���K�T�H�2�b�X �q�2 �i�?�2�M �B�M�i�`�Q�/�m�+�2 �i�?�2 �+�Q�K�T�H�2�t�B�i�v �+�H���b�b�2�b �S ���M�/ �L�S �B�M�j�X�R�X �h�?�2 �i�2�`�K
�L�S�@�?���`�/�M�2�b�b �r�B�H�H �#�2 �2�t�T�H���B�M�2�/ �B�M �b�2�+�i�B�Q�M�j�X�k�X �l�T �i�Q �i�?���i �T�Q�B�M�i�- �i�?�2 �K���B�M �7�Q�+�m�b �r�B�H�H �#�2 �Q�M �/�2�+�B�b�B�Q�M �T�`�Q�#�H�2�K�b�- �B�X�2�X�-
�T�`�Q�#�H�2�K�b �r�B�i�? �� �v�2�b�f�M�Q ���M�b�r�2�`�X �A�M �b�2�+�i�B�Q�M�j�X�j�- �i�?�2 �+�Q�M�+�2�T�i�b �B�M�i�`�Q�/�m�+�2�/ �i�?�2�`�2�i�Q�7�Q�`�2 ���`�2 �2�t�T���M�/�2�/ �i�Q �M�m�K�2�`�B�+���H
�Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K�b�- �r�?�B�+�? �T�H���v �� �+�2�M�i�`���H �`�Q�H�2 �B�M �7�m�M�+�i�B�Q�M���H �i�?�2�Q�`�v�X

�q�2 �F�2�2�T �/�2�}�M�B�i�B�Q�M�b �b�Q�K�2�r�?���i �B�M�7�Q�`�K���H �B�M �b�2�`�p�B�+�2 �Q�7 �#�`�2�p�B�i�v�X �P�m�` �K���B�M �;�Q���H �B�b �i�Q ���p�Q�B�/ �H���i�2�` �+�Q�M�7�m�b�B�Q�M
���#�Q�m�i �r�?���i �+���M ���M�/ �+���M�M�Q�i �#�2 �/�2�b�+�`�B�#�2�/ �#�v �+�Q�K�T�H�2�t�B�i�v �i�?�2�Q�`�v�X �q�2 �K�Q�b�i�H�v �7�Q�H�H�Q�r �(�9�8�)�- �#�m�i ���H�H �Q�7 �i�?�2 �K���i�2�`�B���H
�T�`�2�b�2�M�i�2�/ �#�2�H�Q�r �+���M �#�2 �7�Q�m�M�/ �B�M �K�Q�b�i �B�M�i�`�Q�/�m�+�i�Q�`�v �i�2�t�i�#�Q�Q�F�b �Q�M ���H�;�Q�`�B�i�?�K �i�?�2�Q�`�v�X �J�Q�`�2�Q�p�2�`�- ���H�H �i�?�2 �i�2�`�K�B�M�Q�H�Q�;�v
�r�2 �B�M�i�`�Q�/�m�+�2 �B�b �b�i���M�/���`�/ �B�M �i�?�2 �}�2�H�/�X �U�a�2�2 �(�9�8�) �Q�` �(�N�)�- �7�Q�` �2�t���K�T�H�2�X�V

���M���H�;�Q�`�B�i�?�K�B�b �� �r�2�H�H�@�/�2�}�M�2�/ �+�Q�K�T�m�i���i�B�Q�M���H �T�`�Q�+�2�/�m�`�2 �i�?���i �/�2�i�2�`�K�B�M�B�b�i�B�+���H�H�v �K���T�b ���M �B�M�i�2�;�2�`x �i�Q ���M�Q�i�?�2�`
�B�M�i�2�;�2�`y�X �h�?�B�b �B�b �b�m�{�+�B�2�M�i �i�Q �/�2�b�+�`�B�#�2 �i�?�2 �b�Q�H�m�i�B�Q�M �Q�7 ���M�v �`�2���H�@�r�Q�`�H�/ �+�Q�K�T�m�i���i�B�Q�M���H �T�`�Q�#�H�2�K �b�B�M�+�2 ���M�v �B�M�T�m�i
�U�Q�` �Q�m�i�T�m�i�V �/�`���r�M �7�`�Q�K �� �}�M�B�i�2 �b�2�i �+���M �#�2 �/�2�i�2�`�K�B�M�B�b�i�B�+���H�H�v �2�M�+�Q�/�2�/ ���b ���M �B�M�i�2�;�2�`�X �� �T�`�Q�#�H�2�K �7�Q�` �r�?�B�+�? ���M
���H�;�Q�`�B�i�?�K�B�+ �b�Q�H�m�i�B�Q�M �2�t�B�b�i�b �B�b �+���H�H�2�/�+�Q�K�T�m�i���#�H�2�X �� �b�i�`�B�+�i �`�2�[�m�B�`�2�K�2�M�i �7�Q�` �+�Q�K�T�m�i���#�B�H�B�i�v �B�b �i�?�m�b �i�?���i ���H�H �B�M�T�m�i�b
���M�/ �Q�m�i�T�m�i�b �#�2 �}�M�B�i�2�X �h�?�B�b �/�2�}�M�B�i�B�Q�M �K���v �b�2�2�K �Q�p�2�`�H�v �`�2�b�i�`�B�+�i�B�p�2�X �A�M �T���`�i�B�+�m�H���`�- �i�?�2 �T�`�Q�#�H�2�K �Q�7 �B�K�T�H�2�K�2�M�i�B�M�;
���M ���`�#�B�i�`���`�v �K���T�-

f : U ! R; U � R �U�j�X�R�V

�B�b �M�Q�i �+�Q�K�T�m�i���#�H�2�- �m�M�H�2�b�bU ���M�/f (U) ���`�2 �F�M�Q�r�M �i�Q �#�2 �B�b �K�Q�b�i �+�Q�m�M�i���#�H�2�X
�� �T�`�Q�#�H�2�K �r�B�i�? �� �#�B�M���`�v �Q�m�i�T�m�i �B�b �+���H�H�2�/ ���/�2�+�B�b�B�Q�M �T� �̀Q�#�H�2�K�X �.�2�+�B�b�B�Q�M �T�`�Q�#�H�2�K�b ���`�2 �7�`�2�[�m�2�M�i�H�v �2�M�+�Q�m�M�i�2�`�2�/

�B�M �+�Q�K�T�m�i�2�` �b�+�B�2�M�+�2 ���M�/ ���`�2 �2�t�i�2�M�b�B�p�2�H�v �m�b�2�/ �B�M �+�Q�K�T�H�2�t�B�i�v �i�?�2�Q�`�v�X
�h�?�2�b�B�x�2�Q�7 �i�?�2 �B�M�T�m�i �`�2�7�2�`�b �M�Q�i �i�Q �i�?�2 �K���;�M�B�i�m�/�2 �Q�7x 2 Z �#�m�i �i�Q �i�?�2 �M�m�K�#�2�` �Q�7 �#�B�i�b �m�b�2�/ �i�Q �2�M�+�Q�/�2 �B�i�X �A�M

�#�B�M���`�v �2�M�+�Q�/�B�M�;�- �i�?�2 �B�M�T�m�i �b�B�x�2 �i�?�m�b �#�2�?���p�2�b ���b �H�Q�;2(jxj)�X �>�2�M�+�2�7�Q�`�i�?�- �r�2 �r�B�H�H ���H�r���v�b ���b�b�m�K�2 �i�?���i �B�M�T�m�i�b ���`�2
�2�M�+�Q�/�2�/ �B�M �#�B�M���`�v�X

�j�X�y�X�R �j�@�a���i�B�b�}���#�B�H�B�i�v �U�j�a���h�V

���b �� �}�`�b�i �2�t���K�T�H�2 �Q�7 �� �+�Q�K�T�m�i���#�H�2 �T�`�Q�#�H�2�K�- �H�2�i �m�b �+�Q�M�b�B�/�2�` �i�?�2 �j�@�b���i�B�b�}���#�B�H�B�i�v �T�`�Q�#�H�2�K�X ���M �B�M�b�i���M�+�2 �Q�7 �j�a���h
�+�Q�M�b�B�b�i�b �Q�7 �� �b�2�i �Q�7 �H�Q�;�B�+���H �K���T�bf f l gn

l =1 �r�?�2�`�2f l : ZN
2 ! Z2�-N > 0�X �h�?�2 �/�Q�K���B�MZN

2 = f 0; 1gN �B�b �i�?�2 �b�2�i �Q�7
N �@�+�Q�K�T�Q�M�2�M�i �p�2�+�i�Q�`�b �r�B�i�? �#�B�M���`�v �2�M�i�`�B�2�b�X �h�?�2 �K���T�bf l ���H�H �?���p�2 �i�?�2 �7�Q�`�K

f l (x ) = cl (x i ( l ) ; x j ( l ) ; xk ( l ) ); �U�j�X�k�V

�r�?�2�`�20 < i (l ); j (l ); k(l ) � N ���M�/cl : Z2 � Z2 � Z2 ! Z2 �+���M �#�2 �r�`�B�i�i�2�M ���b �� �#�B�M���`�v �+�H���m�b�2�- �2�X�;�X�-cl (x; y; z) =
�x _ (�y ^ z)�X �h�?�2 �j�a���h �T�`�Q�#�H�2�K ���b�F�b�,

�.�Q�2�b �i�?�2�`�2 �2�t�B�b�i ���M �B�M�T�m�i �p�2�+�i�Q�`x 2 f Z2gN �b�m�+�? �i�?���if l (x ) = 1 �7�Q�` ���H�Hl �\

�j�a���h �B�b �� �/�2�+�B�b�B�Q�M �T�`�Q�#�H�2�K �#�2�+���m�b�2 �i�?�2 �Q�m�i�T�m�i �B�b �#�B�M���`�v�X ���M�v ���H�;�Q�`�B�i�?�K �i�?���i�- �;�B�p�2�M ���M�v �b�m�+�? �b�2�i �Q�7 �K���T�b
f f l gn

l =1 �- �Q�m�i�T�m�i�b �R �B�7 �b�m�+�? ���M �B�M�T�m�i �b�i�`�B�M�; �2�t�B�b�i�b �U�Q�i�?�2�`�r�B�b�2 �Q�m�i�T�m�i�i�B�M�; �y�V �B�b �� �b�Q�H�m�i�B�Q�M �Q�7 �j�a���h�X
�L�Q�i�2 �i�?���i �i�?�2 �j�a���h �B�M�T�m�i�- �+�Q�M�b�B�b�i�B�M�; �Q�7 �i�?�2 �K���T�bf l �- �B�b �M�Q�i �M���i�m�`���H�H�v �;�B�p�2�M ���b ���M �B�M�i�2�;�2�`�X �A�i �+���M�- �?�Q�r�2�p�2�`�-

�#�2 �`�2�T�`�2�b�2�M�i�2�/ ���b �Q�M�2 �#�2�+���m�b�2 �i�?�2 �b�2�i �Q�7 �K���T�b �Q�7 �i�?�2 �7�Q�`�K �U�j�X�k�V �B�b �}�M�B�i�2�X �a�T�2�+�B�}�+���H�H�v�- �i�?�2 �B�M�T�m�i �+�Q�M�b�B�b�i�b �Q�7 �i�?�2
�K���T�bi; j; k : ZN ! ZN ���M�/c : Zn ! �*(3)�- �r�?�2�`�2�*(3) �B�b �i�?�2 �b�2�i �Q�7 �i�`�2�2�@�p���`�B���#�H�2 �#�B�M���`�v �+�H���m�b�2�b�X �1���+�? �Q�7 �i�?�2

�k�R



�k�k �*�>���S�h�1�_ �j�X �"���*�E�:�_�P�l�L�. �P�L �*�P�J�S�G�1�s�A�h�u �h�>�1�P�_�u

i; j; k �`�2�[�m�B�`�2�bn �H�Q�;2(N ) �#�B�i�b �i�Q �2�M�+�Q�/�2�- ���M�/c �i���F�2�b8n �#�B�i�b�X �Ucl �K�m�b�i �#�2 �b�T�2�+�B�}�2�/ �7�Q�` �2���+�?l 2 Zn �- ���M�/ �2�M�+�Q�/�B�M�;
cl : Z3

2 ! Z2 �`�2�[�m�B�`�2�b �3 �#�B�i�b �b�B�M�+�2 �i�?�2 �p���H�m�2 �i���F�2�M �#�v �i�?�2 �+�H���m�b�2 �K�m�b�i �#�2 �b�T�2�+�B�}�2�/ �b�2�T���`���i�2�H�v �7�Q�` �2���+�? �Q�7 �i�?�2 �2�B�;�?�i
�T�Q�b�b�B�#�H�2 �B�M�T�m�i�b�X�V �h�?�2 �B�M�T�m�i �b�B�x�2 �r�B�i�? �i�?�B�b �2�M�+�Q�/�B�M�; �B�b�- �i�?�2�`�2�7�Q�`�2�-n(3 �H�Q�;2(N ) + 8) �- ���M�/ �r�?�2�M �`�2�T�`�2�b�2�M�i�B�M�; �i�?�2
�B�M�T�m�i ���b ���M �B�M�i�2�;�2�`�- �i�?�2 �B�M�i�2�;�2�` �r�B�H�H �`���M�;�2 �7�`�Q�K �R �i�Q2n (3 �H�Q�;2 (N )+8) �X

�j�X�y�X�k �k�@�S���`�i�B�i�B�Q�M

�h�?�B�b �B�b ���M�Q�i�?�2�` �b�i���T�H�2 �Q�7 �+�Q�K�T�H�2�t�B�i�v �i�?�2�Q�`�v�X �q�?�B�H�2 �j�a���h �r�Q�`�F�b �r�B�i�? �#�B�M���`�v �B�M�T�m�i�b ���M�/ �H�Q�;�B�+���H �+�H���m�b�2�b�- �k�@
�T���`�i�B�i�B�Q�M �B�b �T�?�`���b�2�/ �2�t�T�H�B�+�B�i�H�v �B�M �i�2�`�K�b �Q�7 �B�M�i�2�;�2�`�b�X �h�?�2 �B�M�T�m�i �B�b �� �K�m�H�i�B�b�2�iS = f aj gj 2 I �r�B�i�?aj 2 ZN ; n > 0
���M�/I � f 1; : : : ; ng�X �h�?�2 �i���b�F �B�b ���b �7�Q�H�H�Q�r�b�,

�.�Q�2�b �i�?�2�`�2 �2�t�B�b�i �� �b�m�#�b�2�iU � I �b�m�+�? �i�?���i
P

j 2 U aj =
P

j 2 I nU aj �\

�A�M �Q�i�?�2�` �r�Q�`�/�b�- ���M ���H�;�Q�`�B�i�?�K �K�m�b�i �/�2�i�2�`�K�B�M�2 �B�7S �+���M �#�2 �T���`�i�B�i�B�Q�M�2�/ �B�M�i�Q �i�r�Q �b�m�#�b�2�i�b �i�?���i �b�m�K �i�Q �i�?�2 �b���K�2
�B�M�i�2�;�2�` ���M�/ �Q�m�i�T�m�i �R �B�7 �i�?�B�b �B�b �i�?�2 �+���b�2�X �A�7 �i�?�B�b �B�b �M�Q�i �i�?�2 �+���b�2�- �B�i �K�m�b�i �Q�m�i�T�m�i �y�X �h�?�2 �B�M�T�m�i �+�Q�M�b�B�b�i�b �Q�7n �2�H�2�K�2�M�i�b
�Q�7ZN �c �i�?�m�b�- �i�?�2 �B�M�T�m�i �b�B�x�2 �B�bn �H�Q�;2(N )�X

�j�X�y�X�j �a�m�#�b�2�i �a�m�K

�h�?�2 �b�m�#�b�2�i �b�m�K �T�`�Q�#�H�2�K �U�a�a�S�V �B�b �b�Q�K�2�r�?���i �`�2�K�B�M�B�b�+�2�M�i �Q�7 �k�@�T���`�i�B�i�B�Q�M�X �h�?�2 �a�a�S�ö�b �B�M�T�m�i �+�Q�M�b�B�b�i�b �Q�7 �� �K�m�H�i�B�b�2�i
S = f aj gj 2 I �r�B�i�?aj 2 ZN ���M�/I � f 1; : : : ; ng�- ���M�/ ���M �B�M�i�2�;�2�`B > 0; B < nN �X �A�i �T�Q�b�2�b �i�?�2 �[�m�2�b�i�B�Q�M

�.�Q�2�b �i�?�2�`�2 �2�t�B�b�i �� �b�m�#�b�2�iU � I �b�m�+�? �i�?���i
P

j 2 U aj = B �\

�h�?�2 �B�M�T�m�i �b�B�x�2 �B�bn �H�Q�;2(N ) + �H�Q�;2(nN )�X �E���`�T �(�9�e�) �b�?�Q�r�2�/ �i�?���i �b�m�#�b�2�i�@�b�m�K �+���M �#�2 �`�2�/�m�+�2�/ �i�Q �k�@�T���`�i�B�i�B�Q�M�-
�B�K�T�H�v�B�M�; �i�?���i �B�7 �� �T�Q�H�v�M�Q�K�B���H�@�i�B�K�2 ���H�;�Q�`�B�i�?�K �2�t�B�b�i�b �7�Q�` �k�@�T���`�i�B�i�B�Q�M�- �i�?�2�M �B�i �+���M ���H�b�Q �#�2 ���T�T�H�B�2�/ �i�Q �b�m�#�b�2�i�@�b�m�K�X
�q�2 �r�B�H�H �M�Q�i �`�2�T�`�Q�/�m�+�2 �i�?�B�b �T�`�Q�Q�7 �?�2�`�2�- �#�m�i �r�2 �/�Q �M�Q�i�2 �i�?���i �i�?�2 �b�T�2�+�B���H �+���b�2 �Q�7 �b�m�#�b�2�i�@�b�m�K �r�?�2�`�2B = 1

2

P n
j =1 aj

�B�b �2�[�m�B�p���H�2�M�i �i�Q �k�@�T���`�i�B�i�B�Q�M�- �b�B�M�+�2
P

j 2 U aj = 1
2

P n
j =1 aj

�B�b �2�[�m�B�p���H�2�M�i �i�Q
P

j 2 U aj =
P

j 2 I nU aj �X

���T�T�H�v�B�M�; �E���`�T�ö�b �`�2�b�m�H�i�- �B�i �7�Q�H�H�Q�r�b �i�?���i �i�?�2 �;�2�M�2�`���H �b�m�#�b�2�i�@�b�m�K �T�`�Q�#�H�2�K �+���M �#�2 �`�2�/�m�+�2�/ �i�Q �i�?�B�b �b�T�2�+�B���H �+���b�2�- ���M
�B�M�b�B�;�?�i �i�?���i �r�B�H�H �#�2 �/�B�`�2�+�i�H�v �`�2�H�2�p���M�i �B�M �+�?���T�i�2�`�e�X

�j�X�R �S ���M�/ �L�S

�j�X�R�X�R �h�?�2 �*�H���b�b �S

�h�?�2 �M�m�K�#�2�` �Q�7 ���`�B�i�?�K�2�i�B�+ �Q�T�2�`���i�B�Q�M�b ���M ���H�;�Q�`�B�i�?�K �K�m�b�i �T�2�`�7�Q�`�K �i�Q ���+�+�Q�K�T�H�B�b�? �i�?�2 �K���T�T�B�M�;x 7! y �B�b ���M
�2�b�b�2�M�i�B���H �+�?���`���+�i�2�`�B�b�i�B�+�X �h�?�2 �M�m�K�#�2�` �Q�7 �Q�T�2�`���i�B�Q�M�b �m�b�m���H�H�v �/�2�T�2�M�/�b �Q�M �i�?�2 �B�M�T�m�ix ���M�/�- �B�M �K�Q�b�i �+���b�2�b�- �;�`�Q�r�b
�r�B�i�? �B�M�T�m�i �b�B�x�2�X

�h�?�2 �+�H���b�b �Q�7 ���H�H �T�`�Q�#�H�2�K�b �i�?���i �+���M �#�2 �b�Q�H�p�2�/ �B�M �T�Q�H�v�M�Q�K�B���H �i�B�K�2 �B�b �+���H�H�2�/ �S�X �J�Q�`�2 �T�`�2�+�B�b�2�H�v�- �B�7 �i�?�2�`�2 �2�t�B�b�i�b ���M
���H�;�Q�`�B�i�?�K �i�?���i �}�M�/�b �i�?�2 �+�Q�`�`�2�+�i �Q�m�i�T�m�iy �7�Q�` �2���+�? �B�M�T�m�ix 2 ZL �m�b�B�M�;�L(L ) �Q�T�2�`���i�B�Q�M�b�- �r�?�2�`�2�L(L ) �B�b �T�Q�H�v�M�Q�K�B���H
�B�M �i�?�2 �B�M�T�m�i �b�B�x�2 �H�Q�;2(L )�- �i�?�2�M �i�?�2 �T�`�Q�#�H�2�K �B�b �B�M �S�X �L�2�B�i�?�2�` �j�a���h �M�Q�` �b�m�#�b�2�i�@�b�m�K �� ���M�/�- �#�v �2�t�i�2�M�b�B�Q�M�- �k�@�T���`�i�B�i�B�Q�M
�� �B�b �F�M�Q�r�M �U�Q�` �#�2�H�B�2�p�2�/�V �i�Q �#�2 �B�M �S�, �L�Q �T�Q�H�v�M�Q�K�B���H�@�i�B�K�2 ���H�;�Q�`�B�i�?�K �?���b �#�2�2�M �7�Q�m�M�/ �i�?���i �b�Q�H�p�2�b ���M�v �Q�7 �i�?�2�b�2
�T�`�Q�#�H�2�K�b�X �L�Q�i�2 �i�?���i �7�Q�` ���H�H �i�?�`�2�2 �T�`�Q�#�H�2�K�b�- �i�?�2 �B�M�T�m�i �b�B�x�2 �B�b �H�Q�;���`�B�i�?�K�B�+ �B�MN �- �b�Q ���M ���H�;�Q�`�B�i�?�K �i�?���i �`�m�M�b �B�M
O(n2N ) �i�B�K�2 �B�b �b�i�B�H�H �2�t�T�Q�M�2�M�i�B���H �B�M �i�?�2 �B�M�T�m�i �b�B�x�2 ���M�/ �/�Q�2�b �M�Q�i �B�K�T�H�v �K�2�K�#�2�`�b�?�B�T �B�MP�X ���b �r�2 �b�?���H�H �2�t�T�H���B�M
�b�?�Q�`�i�H�v�- �b�m�+�? ���M ���H�;�Q�`�B�i�?�K �B�M�/�2�2�/ �2�t�B�b�i�b �7�Q�` �b�m�#�b�2�i�@�b�m�K�X

���b ���M �2�t���K�T�H�2 �Q�7 �� �T�`�Q�;�`���K �B�M �S�- �H�2�i �m�b �+�Q�M�b�B�/�2�` �H�B�M�2���` �T�`�Q�;�`���K�K�B�M�;�X �h�?�2 �B�M�T�m�iy = ( A; c; b) �+�Q�M�b�B�b�i�b �Q�7
�� �`�2���Hm � n �K���i�`�B�tA�- ���M�/ �p�2�+�i�Q�`�bc 2 Rn ; b 2 Rm �X �h�?�2 �+�Q�`�`�2�+�i �Q�m�i�T�m�i �B�b �i�?�2 �p�2�+�i�Q�`x 2 Rn �i�?���i �K���t�B�K�B�x�2�b
hc; x i �b�m�#�D�2�+�i �i�Q �i�?�2 �2�H�2�K�2�M�i�@�r�B�b�2 �+�Q�M�b�i�`���B�M�iAx � b�X �L�Q�i�2 �i�?���i �i�?�B�b �p�B�Q�H���i�2�b �i�?�2 �b�i�B�T�m�H���i�B�Q�M �i�?���i �B�M�T�m�i ���M�/
�Q�m�i�T�m�i �K�m�b�i �#�2 �2�H�2�K�2�M�i�b �Q�7 �� �}�M�B�i�2 �b�2�i�X �A�M �T�`���+�i�B�+�2�-A; c; b ���`�2 �`�Q�m�M�/�2�/ �i�Q �� �}�t�2�/ �M�m�K�#�2�` �Q�7 �/�2�+�B�K���H �T�Q�B�M�i�b�- �b�Q
�i�?�2 �T�`�Q�#�H�2�K �+���M �#�2 �+�Q�M�b�B�/�2�`�2�/ �/�B�b�+�`�2�i�2�X

�E�?���+�?�B�v���M �7�Q�m�M�/ �i�?�2 �}�`�b�i �T�Q�H�v�M�Q�K�B���H�@�i�B�K�2 �b�Q�H�m�i�B�Q�M ���H�;�Q�`�B�i�?�K �(�9�d�) �B�M �R�N�d�N�X �l�T �i�Q �i�?���i �T�Q�B�M�i�- �B�i �r���b �m�M�F�M�Q�r�M
�r�?�2�i�?�2�` �H�B�M�2���` �T�`�Q�;�`���K�K�B�M�; �r���b �B�M �S�c �i�?�2 �T�`�2�p�B�Q�m�b�H�v �F�M�Q�r�M �b�B�K�T�H�2�t ���H�;�Q�`�B�i�?�K �(�9�3�) �r�Q�`�F�2�/ �2�{�+�B�2�M�i�H�v �B�M �K�Q�b�i



�j�X�k�X �L�S�@�>���_�.�L�1�a�a �k�j

�b�2�i�i�B�M�;�b �#�m�i �`�2�[�m�B�`�2�/ ���M �2�t�T�Q�M�2�M�i�B���H �M�m�K�#�2�` �Q�7 ���`�B�i�?�K�2�i�B�+ �Q�T�2�`���i�B�Q�M�b �B�M �i�?�2 �r�Q�`�b�i �+���b�2�X �6�B�M���H�H�v�- �E���`�K���`�F���`�ö�b
�T�`�Q�D�2�+�i�B�p�2 ���H�;�Q�`�B�i�?�K �(�9�N�) �B�b �M�Q�i�2�r�Q�`�i�?�v �7�Q�` �#�2�B�M�; �#�Q�i�? �2�{�+�B�2�M�i �B�M �K�Q�b�i �b�+�2�M���`�B�Q�b ���M�/ �?���p�B�M�; �� �r�Q�`�b�i�@�+���b�2
�T�Q�H�v�M�Q�K�B���H�@�i�B�K�2 �+�Q�K�T�H�2�t�B�i�v�X

�j�X�R�X�k �h�?�2 �*�H���b�b �L�S

�h�?�2�`�2 ���`�2 �K�m�H�i�B�T�H�2 �/�2�}�M�B�i�B�Q�M�b �Q�7 �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �+�H���b�b �L�S�- �r�B�i�? �p���`�v�B�M�; �/�2�;�`�2�2�b �Q�7 �T�`�2�+�B�b�2�M�2�b�b�X �� �T�2�/�2�b�i�`�B���M
�Q�M�2 �i�?���i �M�Q�M�2�i�?�2�H�2�b�b �/�Q�2�b �i�?�2 �D�Q�# �7�Q�` �m�b �B�b �p�B�� �p�2�`�B�}�+���i�B�Q�M ���H�;�Q�`�B�i�?�K�b�X �q�2 �b���v �i�?���i �� �T�`�Q�#�H�2�K �B�b �B�M �L�S �B�7�- �;�B�p�2�M ��
�T�`�Q�T�Q�b�2�/ �b�Q�H�m�i�B�Q�M�- �� �T�Q�H�v�M�Q�K�B���H�@�i�B�K�2 ���H�;�Q�`�B�i�?�K �p�2�`�B�}�2�b �i�?���i �i�?�2 �b�Q�H�m�i�B�Q�M �B�b �+�Q�`�`�2�+�i�X �"�Q�i�? �j�a���h ���M�/ �k�@�T���`�i�B�i�B�Q�M
���`�2 �B�M �L�S�X �:�B�p�2�M �� �j�a���h �B�M�b�i���M�+�2f cl g ���M�/ �� �T�`�Q�T�Q�b�2�/ �b�Q�H�m�i�B�Q�Mx �- �p�2�`�B�}�+���i�B�Q�M �`�2�[�m�B�`�2�b �T�H�m�;�;�B�M�;x i ( l ) ; x j ( l ) ; xk ( l )

�B�M�i�Qcl �7�Q�` �2���+�?l �- ���M�/ �+�?�2�+�F�B�M�; �B�7 ���H�H �i�?�2 �+�H���m�b�2�b �`�2�i�m�`�M �R�X �h�?�B�b �B�b �H�B�M�2���` �B�M �i�?�2 �M�m�K�#�2�` �Q�7 �+�H���m�b�2�bn�X �a�B�M�+�2 �i�?�2
�B�M�T�m�i �b�B�x�2 �B�b �H�B�M�2���` �B�Mn�- �i�?�2 �p�2�`�B�}�+���i�B�Q�M �i���F�2�bO(n) �Q�T�2�`���i�B�Q�M�b�X �h�?�2�`�2 �B�b ���M ���/�/�B�i�B�Q�M���H �b�m�#�i�H�2�i�v �?�2�`�2�- ���b �T�H�m�;�;�B�M�;
�B�Mx �K���v �b�+���H�2 �T�Q�H�v�M�Q�K�B���H�H�v �B�MN �- �r�?�B�+�? �r�Q�m�H�/ �B�M�/�2�2�/ �#�2 �2�t�T�Q�M�2�M�i�B���H �B�M �i�?�2 �B�M�T�m�i �b�B�x�2�X ���b�+�2�`�i���B�M�B�M�; �i�?���i �i�?�B�b
�B�b �M�Q�i �i�?�2 �+���b�2 �`�2�[�m�B�`�2�b �b�T�2�+�B�7�v�B�M�; �� �T�`�2�+�B�b�2 �K�Q�/�2�H �7�Q�` �?�Q�r �i�?�2 �B�M�7�Q�`�K���i�B�Q�M �B�Mx �B�b ���+�+�2�b�b�2�/�- �r�?�B�+�? �B�b �#�2�v�Q�M�/ �Q�m�`
�/�B�b�+�m�b�b�B�Q�M�ö�b �b�+�Q�T�2�X ���b �7�Q�` �k�@�T���`�i�B�i�B�Q�M�- �� �T�`�Q�T�Q�b�2�/ �b�Q�H�m�i�B�Q�M �+�Q�M�b�B�b�i�b �Q�7 �� �b�m�#�b�2�iU � I �X �h�Q �p�2�`�B�7�v �B�i�- �B�i �b�m�{�+�2�b �i�Q
�+�Q�K�T�m�i�2 �i�?�2 �b�m�K�b

P
j 2 U aj ���M�/

P
j 2 I nU aj �- �r�?�B�+�? �+���M �#�2 �/�Q�M�2 �B�M �T�Q�H�v�M�Q�K�B���H �i�B�K�2 �B�Mn�X �A�i �B�b ���H�b�Q �b�m�#�D�2�+�i �i�Q

�i�?�2 ���7�Q�`�2�K�2�M�i�B�Q�M�2�/ �b�m�#�i�H�2�i�v�- �r�?�B�+�? �r�2 �r�B�H�H �M�Q�i �;�Q �B�M�i�Q�X

�j�X�k �L�S�@�?���`�/�M�2�b�b

���b �K�2�M�i�B�Q�M�2�/ �B�M�j�X�R�X�R�- �M�2�B�i�?�2�` �j�a���h �M�Q�` �k�@�T���`�i�B�i�B�Q�M �?���b �� �F�M�Q�r�M �T�Q�H�v�M�Q�K�B���H�@�i�B�K�2 �b�Q�H�m�i�B�Q�M ���H�;�Q�`�B�i�?�K�X �q�?�B�H�2
�i�?�B�b �B�b �i�?�2 �+���b�2 �7�Q�` ���H�H �L�S�@�?���`�/ �T�`�Q�#�H�2�K�b�- �B�i �/�Q�2�b �M�Q�i �2�t�T�H�B�+�B�i�H�v �2�M�i�2�` �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7 �L�S�@�?���`�/�M�2�b�b�X �_���i�?�2�`�- ��
�T�`�Q�#�H�2�K �B�b �+���H�H�2�/�L�S�@�?��� �̀/�B�7 ���M�v �T�`�Q�#�H�2�K �B�M �L�S �+���M �#�2 �`�2�/�m�+�2�/ �i�Q �B�i �B�M �T�Q�H�v�M�Q�K�B���H �i�B�K�2�X �h�Q �#�2 �T�`�2�+�B�b�2�- �`�2�/�m�+�B�M�;
�7�`�Q�K �/�2�+�B�b�B�Q�M �T�`�Q�#�H�2�KA �i�Q �/�2�+�B�b�B�Q�M �T�`�Q�#�H�2�KB �K�2���M�b �i�`���M�b�7�Q�`�K�B�M�; �i�?�2 �B�M�T�m�ixA �Q�7A �B�M�i�Q ���M �B�M�T�m�ixB (xA ) �Q�7
B �B�M �b�m�+�? �� �r���v �i�?���iyA (xA ) = yB (xB (xA )) �7�Q�` ���H�HxA �X �A�M �T���`�i�B�+�m�H���`�- �B�7 �� �T�Q�H�v�M�Q�K�B���H�@�i�B�K�2 �b�Q�H�m�i�B�Q�M �2�t�B�b�i�b �7�Q�`B �-
�i�?�2�M �Q�M�2 �7�Q�`A �2�t�B�b�i�b�X �>�2�M�+�2�- �B�7 �2�p�2�`�v �T�`�Q�#�H�2�K �B�M �L�S �+���M �#�2 �`�2�/�m�+�2�/ �i�QB �- �i�?�2�M �b�Q �+���M�- �B�M �T���`�i�B�+�m�H���`�- �j�a���h�X �L�Q
�F�M�Q�r�M �T�Q�H�v�M�Q�K�B���H �b�Q�H�m�i�B�Q�M �2�t�B�b�i�b �7�Q�` �j�a���h�- �b�Q �M�Q�M�2 �2�t�B�b�i�b �7�Q�`B �X �>�2�M�+�2�- �M�Q �F�M�Q�r�M �T�Q�H�v�M�Q�K�B���H �b�Q�H�m�i�B�Q�M �2�t�B�b�i�b
�7�Q�` ���M�v �T�`�Q�#�H�2�K �i�?���i �B�b �L�S�@�?���`�/�X

�j�X�k�X�R �S�b�2�m�/�Q�T�Q�H�v�M�Q�K�B���H ���H�;�Q�`�B�i�?�K �7�Q�` �a�m�#�b�2�i�@�a�m�K

�A�M �b�2�+�i�B�Q�M�j�X�R�X�R�- �r�2 �M�Q�i�2�/ �i�?���i �M�Q ���H�;�Q�`�B�i�?�K �T�Q�H�v�M�Q�K�B���H �B�M �i�?�2 �B�M�T�m�i �b�B�x�2 �2�t�B�b�i�b �7�Q�` �b�m�#�b�2�i�@�b�m�K�- �k�@�T���`�i�B�i�B�Q�M�- �Q�`
�j�a���h�X �>�Q�r�2�p�2�`�- �r�2 �?���p�2 ���H�b�Q �`�2�K���`�F�2�/ �i�?���i �� �b�Q�H�m�i�B�Q�M �T�Q�H�v�M�Q�K�B���H �B�M �#�Q�i�?N ���M�/n �K���v �b�i�B�H�H �2�t�B�b�i�- �#�2�+���m�b�2
N �B�i�b�2�H�7 �B�b �2�t�T�Q�M�2�M�i�B���H �B�M �i�?�2 �B�M�T�m�i �b�B�x�2�X �h�?�B�b �B�b �B�M�/�2�2�/ �i�?�2 �+���b�2 �7�Q�` �b�m�#�b�2�i�@�b�m�K ���M�/ �k�@�T���`�i�B�i�B�Q�M�X �q�2 �r�B�H�H �M�Q�r
�2�t�T�H���B�M �� �r�2�H�H�@�F�M�Q�r�M �2�t���K�T�H�2 �Q�7 �b�m�+�? �� �b�Q�H�m�i�B�Q�M �7�Q�` �i�?�2 �b�m�#�b�2�i�@�b�m�K �T�`�Q�#�H�2�K �(�N�)�X

�G�2�i �m�b �/�2�}�M�2

X (S; B) =

(
1 9U � I :

P
j 2 U aj = B

0 �Q�i�?�2�`�r�B�b�2;
�U�j�X�j�V

�r�?�2�`�2I = f 1; : : : ; ng ���M�/n = jSj�X �h�?�B�b �B�b �D�m�b�i �� �7�Q�`�K���H �r���v �i�Q �/�2�}�M�2 �i�?�2 �b�m�#�b�2�i�@�b�m�K �T�`�Q�#�H�2�K�X �q�2 �/�2�}�M�2 �i�?�2
�T�`�2�}�t �b�2�i�bSj = f a1; : : : ; aj g � S �7�Q�`0 � j � j Sj ���M�/ �i���F�2 �M�Q�i�2 �Q�7 �i�?�2 �`�2�+�m�`�b�B�p�2 �T�`�Q�T�2�`�i�v

X (Sj ; B ) =

8
>><

>>:

X (Sj � 1; B � aj ) _ X (Sj � 1; B ) aj < B;

X (Sj � 1; B ) aj > B;

1 aj = B;

�U�j�X�9�V

�r�?�2�`�2_ �/�2�M�Q�i�2�b �i�?�2 �H�Q�;�B�+���H �P�_�X �G�2�i �m�b �#�`�B�2�~�v �2�t�T�H���B�M �r�?�v �i�?�2 �`�2�+�m�`�b�B�Q�M �?�Q�H�/�b�X �A�7 �i�?�2�`�2 �2�t�B�b�i�b �� �b�m�#�b�2�i �Q�7Sj �-
�i�?�2 �2�H�2�K�2�M�i�b �Q�7 �r�?�B�+�? �b�m�K �i�QB �- �i�?�2�M �2�B�i�?�2�` �i�?�B�b �b�m�#�b�2�i �+�Q�M�i���B�M�baj �- �B�M �r�?�B�+�? �+���b�2Sj � 1 �K�m�b�i �?���p�2 �� �b�m�#�b�2�i �i�?���i
�b�m�K�b �i�Qaj � B �- �Q�` �B�i �2�t�+�H�m�/�2�baj �- �B�M �r�?�B�+�? �+���b�2Sj � 1 �K�m�b�i �?���p�2 �� �b�m�#�b�2�i �i�?���i �b�m�K�b �i�QB �X �A�M �i�?�2 �7�Q�`�K�2�` �+���b�2�-
X (Sj � 1; B � aj ) = 1 �- �r�?�B�H�2 �B�M �i�?�2 �H���i�i�2�` �+���b�2X (Sj � 1; B ) = 1 �X �*�Q�M�p�2�`�b�2�H�v�- �B�7 �2�B�i�?�2�` �B�b �i�`�m�2�- �i�?�2�MX (Sj ; B ) = 1 �X
�h�?�2 �b�2�+�Q�M�/ �H�B�M�2 �B�M �U�j�X�9�V �B�b �M�2�2�/�2�/ �#�2�+���m�b�2X (S; B) �B�b �Q�M�H�v �/�2�}�M�2�/ �7�Q�`B > 0�- �b�Q �B�7B � aj � 0�- �Q�M�H�v �i�?�2 �b�2�+�Q�M�/
�+���b�2 �b�?�Q�m�H�/ �#�2 �+�Q�M�b�B�/�2�`�2�/�X �6�B�M���H�H�v�- �B�7aj = B �- �i�?�2�M �i�?�2 �b�m�#�b�2�if aj g � Sj �b�m�K�b �i�QB �b�QX (Sj ; B ) = 1 �X ��
�T�`�Q�+�2�/�m�`�2 �7�Q�` �b�Q�H�p�B�M�; �i�?�2 �b�m�#�b�2�i�@�b�m�K �T�`�Q�#�H�2�K �m�b�B�M�; �i�?�2 �`�2�+�m�`�b�B�Q�M �U�j�X�9�V �B�b �b�?�Q�r�M �B�M ���H�;�Q�`�B�i�?�K�R�X �h�?�2 ���`�`���v
r �+���M �?���p�2 �y�- �R�- ���M�/�1 ���b �B�i�b �2�M�i�`�B�2�b�X ���i ���M�v �T�Q�B�M�i �B�M �i�?�2 ���H�;�Q�`�B�i�?�K�-r [j; b] = �1 �K�2���M�b �i�?���iX (Sj ; b) �B�b
�m�M�F�M�Q�r�M�X �P�i�?�2�`�r�B�b�2�-r [j; b] �B�b �i�?�2 �F�M�Q�r�M �p���H�m�2 �Q�7X (Sj ; b)�X �h�?�2 �7�m�M�+�i�B�Q�M �t(j; b) �B�b �b�m�T�T�Q�b�2�/ �i�Q �`�2�i�m�`�M �i�?�2 �p���H�m�2
�Q�7X (Sj ; b)�X �A�i �}�`�b�i �+�?�2�+�F�b �r�?�2�i�?�2�`Sj �B�b �i�?�2 �2�K�T�i�v �b�2�i �U�Q�M�H�v �B�7j = 0 �V�X �A�7 �b�Q�-X (Sj ; b) = 1 �B�7 ���M�/ �Q�M�H�v �B�7b = 0 �X



�k�9 �*�>���S�h�1�_ �j�X �"���*�E�:�_�P�l�L�. �P�L �*�P�J�S�G�1�s�A�h�u �h�>�1�P�_�u

�A�7�- �Q�M �i�?�2 �Q�i�?�2�` �?���M�/�-Sj �B�b �M�Q�M�i�`�B�p�B���H�- �Q�M�2 �K�m�b�i �}�`�b�i �+�?�2�+�F �B�7X (Sj ; b) �B�b ���H�`�2���/�v �F�M�Q�r�M�- �B�X�2�X�- �B�7r [j; b] � 0�X �A�7
�i�?�B�b �B�b �i�`�m�2�-X (Sj ; b) = r [j; b] �B�b �`�2�i�m�`�M�2�/�X �P�i�?�2�`�r�B�b�2�-X (Sj ; b) �B�b �+���H�+�m�H���i�2�/ �r�B�i�? �i�?�2 �`�2�+�m�`�b�B�Q�M �U�j�X�9�V�X �6�B�M���H�H�v�- �i�Q
�b�Q�H�p�2 �i�?�2 �Q�`�B�;�B�M���H �T�`�Q�#�H�2�K �Q�7 �/�2�i�2�`�K�B�M�B�M�;X (S; B)�- �Q�M�2 �M�2�2�/ �Q�M�H�v �b�Q�H�p�2X (Sj ; b) �7�Q�`j = n ���M�/b = B �X

�6�Q�` �i�?�2 ���H�;�Q�`�B�i�?�K �i�Q �b�Q�H�p�2 �i�?�2 �b�m�#�b�2�i�@�b�m�K �T�`�Q�#�H�2�K�- �B�i �K�m�b�i �b���i�B�b�7�v �i�r�Q �+�`�B�i�2�`�B���X �6�B�`�b�i�- �B�i �K�m�b�i �2�p�2�M�i�m���H�H�v
�i�2�`�K�B�M���i�2 �r�?�2�M �;�B�p�2�M ���M�v �}�M�B�i�2 �B�M�T�m�i�X �a�2�+�Q�M�/�- �B�i �K�m�b�i �`�2�i�m�`�M �i�?�2 �+�Q�`�`�2�+�i �p���H�m�2X (S; B) �r�?�2�M �B�i �i�2�`�K�B�M���i�2�b�X
�h�?�2 ���H�;�Q�`�B�i�?�K �i�2�`�K�B�M���i�2�b �#�2�+���m�b�2 �i�?���ij �/�2�+�`�2���b�2�b �r�B�i�? �2���+�? �`�2�+�m�`�b�B�Q�M�- ���M�/ �i�?�2 ���H�;�Q�`�B�i�?�K �}�M�B�b�?�2�b �r�?�2�Mj = 0 �X
���b �7�Q�` �+�Q�`�`�2�+�i�M�2�b�b�- �B�i �B�b �+�H�2���` �i�?���i �t�U0; b�V �`�2�i�m�`�M�b �i�?�2 �+�Q�`�`�2�+�i �p���H�m�2 �7�Q�` ���M�vb �U�R �B�7b = 0 ���M�/ �y �B�7b > 0�V�X �6�`�Q�K
�U�j�X�9�V�- �B�i �7�Q�H�H�Q�r�b �i�?���i �B�7 �t�Uj � 1; b�V �`�2�i�m�`�M�b �i�?�2 �+�Q�`�`�2�+�i �p���H�m�2 �7�Q�` ���H�Hb�- �i�?�2�M �t�Uj; b�V �/�Q�2�b �b�Q�- �i�Q�Q�X �h�?�2�`�2�7�Q�`�2�- �t�Un; B �V
�`�2�i�m�`�M�b �i�?�2 �+�Q�`�`�2�+�i �p���H�m�2 �#�v �B�M�/�m�+�i�B�Q�M�X

�h�?�2 �i�2�+�?�M�B�[�m�2 �Q�7 �/�B�p�B�/�B�M�; �i�?�2 �T�`�Q�#�H�2�KX (n; B ) �B�M�i�Q �b�m�#�T�`�Q�#�H�2�K�bX (j; b) ���M�/ �`�2�+�m�`�b�B�p�2�H�v �2�p���H�m���i�B�M�; �i�?�2 �b�m�#�@
�T�`�Q�#�H�2�K�b �r�B�i�?�Q�m�i �`�2�T�2�i�B�i�B�Q�M �B�b �+���H�H�2�/�/�v�M���K�B�+ �T� �̀Q�;� �̀��K�K�B�M�;�X �A�M �K���M�v �+���b�2�b�- �B�i �T�2�`�K�B�i�b �� �b�B�;�M�B�}�+���M�i �`�2�/�m�+�i�B�Q�M
�B�M �+�Q�K�T�m�i���i�B�Q�M���H �2�z�Q�`�i�,

�S�`�Q�T�Q�b�B�i�B�Q�M �j�X�k�X�R�,�h�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v �Q�7 ���H�;�Q�`�B�i�?�K�R�B�bO(nB )�X

�S� �̀Q�Q�7�,�q�2 �#�2�;�B�M �#�v �T�Q�B�M�i�B�M�; �Q�m�i �i�?���i �2���+�? �7�m�M�+�i�B�Q�M �+���H�H �i�Q �t�Uj; b�V �i���F�2�b �+�Q�M�b�i���M�i �i�B�K�2 �U���b�b�m�K�B�M�; �i�?���i �i�?�2
�+�Q�b�i �Q�7 �i�?�2 ���`�`���v �H�Q�Q�F�m�Tr [j; b] �/�Q�2�b �M�Q�i �/�2�T�2�M�/ �Q�M �i�?�2 ���`�`���v �b�B�x�2�V�X �J�Q�`�2 �T�`�2�+�B�b�2�H�v�- �i�?�2 �M�m�K�#�2�` �Q�7 ���`�B�i�?�K�2�i�B�+
�Q�T�2�`���i�B�Q�M�b �B�M �t�Uj; b�V�- �2�t�+�H�m�/�B�M�; �i�?�2 �Q�p�2�`�?�2���/ �7�`�Q�K �i�?�2 �`�2�+�m�`�b�B�p�2 �+���H�H�b�- �B�bO(1)�X �L�2�t�i�- �M�Q�i�2 �i�?���i �2���+�? �+���H�H �i�Q
�t�Uj; b�V �b�2�i�br [j; b] �i�Q �� �M�Q�M�@�M�2�;���i�B�p�2 �p���H�m�2 �#�2�7�Q�`�2 �`�2�i�m�`�M�B�M�;�X �P�M �i�?�2 �Q�i�?�2�` �?���M�/�- �t�Uj; b�V �Q�M�H�v �T�H���+�2�b �� �`�2�+�m�`�b�B�p�2
�+���H�H �B�7r [j; b] < 0�X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �M�m�K�#�2�` �Q�7 �+���H�H�b �i�Q �t�Uj; b�V �B�b �#�Q�m�M�/�2�/ �#�v �i�?�2 �M�m�K�#�2�` �Q�7 �m�M�B�[�m�2 ���`�;�m�K�2�M�i
�i�m�T�H�2�b(j; b)�X �a�B�M�+�2b = B ���M�/j = n �B�M�B�i�B���H�H�v�- ���M�/ �#�Q�i�? ���`�2 �M�Q�M�@�B�M�+�`�2���b�B�M�; ���M�/ �M�Q�M�@�M�2�;���i�B�p�2�- �i�?�B�b �M�m�K�#�2�` �B�b
(n + 1)( B + 1) 2 O (nB )�X �A�M �b�m�K�K���`�v�- �i�?�2 �M�Q�M�@�`�2�+�m�`�b�B�p�2 �Q�p�2�`�?�2���/ �Q�7 �2���+�? �+���H�H �B�bO(1)�- ���M�/ �i�?�2 �M�m�K�#�2�` �Q�7 �+���H�H�b
�B�bO(nB )�- �b�Q �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v �Q�7 �i�?�2 �r�?�Q�H�2 ���H�;�Q�`�B�i�?�K �B�bO(nB )�X�

�.�2�b�T�B�i�2 �i�?�2O(nB ) �+�Q�K�T�m�i���i�B�Q�M �i�B�K�2�- �i�?�2 �b�m�#�b�2�i�@�b�m�K �T�`�Q�#�H�2�K �B�b �M�Q�i �B�M �S�X �h�Q �m�M�/�2�`�b�i���M�/ �r�?�v�- �`�2�K�2�K�#�2�`
�i�?���i �i�?�2 �B�M�T�m�i �b�B�x�2 �Q�7 �� �T�`�Q�#�H�2�K �B�b �/�2�}�M�2�/ ���b �i�?�2 �M�m�K�#�2�` �Q�7 �#�B�i�b �m�b�2�/ �i�Q �2�M�+�Q�/�2 �i�?�2 �B�M�T�m�i ���M�/ �i�?���i �� �T�`�Q�#�H�2�K
�B�b �B�M �S �B�7 �i�?�2�`�2 �B�b �� �b�Q�H�m�i�B�Q�M ���H�;�Q�`�B�i�?�K �T�Q�H�v�M�Q�K�B���H �B�M �i�?�2 �B�M�T�m�i �b�B�x�2�X ���b �T�`�2�p�B�Q�m�b�H�v �K�2�M�i�B�Q�M�2�/�- �i�?�2 �B�M�T�m�i �b�B�x�2
�B�M �#�B�M���`�v �2�M�+�Q�/�B�M�; �B�bb = n �H�Q�;2(N ) + �H�Q�;2(nN ) �7�Q�` �b�m�#�b�2�i�@�b�m�K�- �b�QN � 2b/( n + �H�Q�;2 (n )) �X �h�?�2 �#�Q�m�M�/O(nB ) �/�Q�2�b
�;�m���`���M�i�2�2 �T�Q�H�v�M�Q�K�B���H �+�Q�K�T�H�2�t�B�i�v �B�M �i�?�2 �B�M�T�m�i �b�B�x�2 �b�B�M�+�2 �i�?�2�`�2 �B�b �M�Q �}�t�2�/ �`�2�H���i�B�Q�M �#�2�i�r�2�2�MB ���M�/N �X ���b �� �`�2�b�m�H�i�-
�i�?�B�b �#�Q�m�M�/ �/�Q�2�b �M�Q�i�- �B�M �T�`�B�M�+�B�T�H�2�- �;�m���`���M�i�2�2 �K�2�K�#�2�`�b�?�B�T �B�M �S�X �A�M �T�`���+�i�B�+�2�- �Q�M�2 �2�t�T�2�+�i�b �� �b�+���H�B�M�;B � nN �U�`�2�+���H�H
�i�?���iN �B�b �i�?�2 �K���t�B�K���H �K���;�M�B�i�m�/�2 �Q�7 �i�?�2 �B�M�i�2�;�2�`�bf aj gn

j =1 �V �b�Q �i�?���iB � n2b/( n + �H�Q�;2 (n )) �X ���H�;�Q�`�B�i�?�K�R�i�?�2�M �i���F�2�b
� nB = n22b/( n + �H�Q�;2 (n )) �Q�T�2�`���i�B�Q�M�b�X �L�Q ���H�;�Q�`�B�i�?�K �T�Q�H�v�M�Q�K�B���H �B�Mb �B�b �F�M�Q�r�M�X ���M ���H�;�Q�`�B�i�?�K �i�?���i �?���b �T�Q�H�v�M�Q�K�B���H
�+�Q�K�T�H�2�t�B�i�v �B�M �i�?�2 �K���;�M�B�i�m�/�2 �Q�7 �i�?�2 �B�M�T�m�i �B�M�i�2�;�2�`�b �#�m�i �B�b �b�i�B�H�H �2�t�T�Q�M�2�M�i�B���H�H�v �/�B�{�+�m�H�i �B�M �Q�p�2�`���H�H �B�M�T�m�i �b�B�x�2 �B�b �+���H�H�2�/
�T�b�2�m�/�Q�T�Q�H�v�M�Q�K�B���H�X ���b �r�2 �?���p�2 �D�m�b�i �b�2�2�M�- ���H�;�Q�`�B�i�?�K�R�B�b �b�m�+�? �� �+���b�2�X

�j�X�k�X�k �q�2���F �L�S�@�+�Q�K�T�H�2�i�2�M�2�b�b

�h�?�2 �b�m�#�b�2�i�@�b�m�K �T�`�Q�#�H�2�K �B�b �L�S�@�?���`�/ �(�9�e�)�X �A�i �B�b ���H�b�Q �+�H�2���` �i�?���i �B�i �B�b �B�M �L�S�, �:�B�p�2�M �� �T�`�Q�T�Q�b�2�/ �b�Q�H�m�i�B�Q�MU � S�- �i�?�2
�+�Q�`�`�2�+�i�M�2�b�b �Q�7 �i�?�2 �b�Q�H�m�i�B�Q�M �+���M �#�2 �p�2�`�B�}�2�/ �#�v �b�m�K�K�B�M�; �i�?�2m < n �B�M�i�2�;�2�`�b �B�MU ���M�/ �+�?�2�+�F�B�M�; �i�?���i �i�?�2 �b�m�K �2�[�m���H�b
B �X �h�?�2 �i�B�K�2 �i�?�B�b �i���F�2�b �B�b �H�B�M�2���` �B�Mm < n ���M�/ �i�?�2 �M�m�K�#�2�` �Q�7 �#�B�i�b �m�b�2�/ �i�Q �2�M�+�Q�/�2 �2���+�? �B�M�i�2�;�2�`�X �h�?�2�`�2�7�Q�`�2�- �i�?�2
�b�m�#�b�2�i�@�b�m�K �T�`�Q�#�H�2�K �B�b �L�S�@�+�Q�K�T�H�2�i�2�X �P�M�2 �b�m�#�@�+�H���b�b�B�}�+���i�B�Q�M �Q�7 �L�S�@�+�Q�K�T�H�2�i�2 �T�`�Q�#�H�2�K�b �B�b �i�?�2 �/�B�b�i�B�M�+�i�B�Q�M �#�2�i�r�2�2�M
�b�i� �̀Q�M�;�H�v���M�/�r�2���F�H�v�L�S�@�+�Q�K�T�H�2�i�2 �T�`�Q�#�H�2�K�b�X �� �T�`�Q�#�H�2�K �B�b �+���H�H�2�/ �r�2���F�H�v �L�S�@�+�Q�K�T�H�2�i�2 �B�7 �B�i �B�b �L�S�@�+�Q�K�T�H�2�i�2 �#�m�i
�?���b �� �T�b�2�m�/�Q�T�Q�H�v�M�Q�K�B���H �b�Q�H�m�i�B�Q�M ���H�;�Q�`�B�i�?�K�X �P�i�?�2�`�r�B�b�2�- �B�i �B�b �b�i�`�Q�M�;�H�v �L�S�@�+�Q�K�T�H�2�i�2�X �_�2�+���H�H �i�?���i �i�?�2 �/�2�}�M�B�i�B�Q�M �Q�7
�T�b�2�m�/�Q�T�Q�H�v�M�Q�K�B���H �+�Q�M�b�i�`���B�M�b �i�?�2 �B�M�T�m�i�ö�b �K���;�M�B�i�m�/�2�- �r�?�B�+�? �Q�M�H�v �K���F�2�b �b�2�M�b�2 �7�Q�` �M�m�K�#�2�` �T�`�Q�#�H�2�K�b�X �h�?�2�`�2�7�Q�`�2�-
���M�v �L�S�@�+�Q�K�T�H�2�i�2 �T�`�Q�#�H�2�K �i�?���i �B�b �M�Q�i �� �M�m�K�#�2�` �T�`�Q�#�H�2�K �B�b �b�i�`�Q�M�;�H�v �L�S�@�+�Q�K�T�H�2�i�2�X �h�?�B�b ���T�T�H�B�2�b�- �B�M �T���`�i�B�+�m�H���`�-
�i�Q �j�a���h�X

�j�X�j �P�T�i�B�K�B�x���i�B�Q�M �S�`�Q�#�H�2�K�b

�P�M�2 �+�Q�K�K�Q�M���H�B�i�v �Q�7 �L�S�@�+�Q�K�T�H�2�i�2 �T�`�Q�#�H�2�K�b �B�b �i�?���i ���H�H ���`�2 �/�2�+�B�b�B�Q�M �T�`�Q�#�H�2�K�b�X �� �+�Q�`�`�2�+�i �v�2�b�f�M�Q ���M�b�r�2�` �K�m�b�i �#�2
�`�2�i�m�`�M�2�/�- �;�B�p�2�M �b�Q�K�2 �B�M�T�m�i�X �A�M �T�`���+�i�B�+�2�- �?�Q�r�2�p�2�`�- �K�Q�b�i �+�Q�K�T�m�i���i�B�Q�M���H �T�`�Q�#�H�2�K�b ���`�2 �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K�b �i�?���i
�b�2�2�F �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �Q�T�i�B�K���H �p���H�m�2 �b�Q�K�2 �[�m���M�i�B�i�v �Q�m�;�?�i �i�Q �i���F�2�X �1�t�i�2�M�/�B�M�; �i�?�2 �L�S�@�+�Q�K�T�H�2�i�2�M�2�b�b �+�H���b�b�B�}�+���i�B�Q�M
�i�Q �Q�T�i�B�K�B�x���i�B�Q�M ���H�;�Q�`�B�i�?�K�b �`�2�[�m�B�`�2�b �H�B�M�F�B�M�; �i�?�2�K �i�Q �b�Q�H�m�i�B�Q�M�b �i�Q �L�S�@�+�Q�K�T�H�2�i�2 �/�2�+�B�b�B�Q�M �T�`�Q�#�H�2�K�b�X �6�Q�` �2�t���K�T�H�2�-
�+�Q�M�b�B�/�2�` �i�?�2 �7�Q�H�H�Q�r�B�M�; �i���b�F�,



�j�X�j�X �P�S�h�A�J�A�w���h�A�P�L �S�_�P�"�G�1�J�a �k�8

�:�B�p�2�M �� �K�m�H�i�B�b�2�iS = f aj gj 2 I �r�B�i�?aj 2 Z+ ���M�/I � f 1; : : : ; ng�- ���b �r�2�H�H ���b ���M �B�M�i�2�;�2�`A > 0�- �/�2�i�2�`�K�B�M�2
�K���tU � I

P
j 2 U aj �b�m�#�D�2�+�i �i�Q �i�?�2 �+�Q�M�b�i�`���B�M�i

P
j 2 U aj < A �X

�h�?�B�b �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K ���b�F�b �7�Q�` �i�?�2 �b�m�#�b�2�iU � I �i�?���i �K���t�B�K�B�x�2�b �i�?�2 �b�m�K �Q�7 �B�i�b �2�H�2�K�2�M�i�b �r�B�i�?�Q�m�i �2�t�+�2�2�/�B�M�;
A�X �A�i �B�b �p�2�`�v �b�B�K�B�H���` �i�Q �i�?�2 �b�m�#�b�2�i�@�b�m�K �T�`�Q�#�H�2�K�X �h�?�2 �H���i�i�2�` �i���F�2�b ���M �B�M�i�2�;�2�`B ���M�/ �/�2�i�2�`�K�B�M�2�b �r�?�2�`�2 �� �b�m�#�b�2�i
U �2�t���+�i�H�v �b�m�K�b �i�QB �X �P�M�2 �+���M �b�?�Q�r �i�?���i �i�?�2 �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K �B�b ���i �H�2���b�i ���b �?���`�/ ���b �i�?�2 �/�2�+�B�b�B�Q�M �T�`�Q�#�H�2�K�-
�K�2���M�B�M�; �i�?���i �B�7 �i�?�2 �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K �B�b �b�Q�H�p�2�/�- �i�?�2 �/�2�+�B�b�B�Q�M �T�`�Q�#�H�2�K �B�b�- �i�Q�Q�X �h�Q �T�`�Q�p�2 �i�?�B�b�- �+�Q�M�b�B�/�2�` ���M
���`�#�B�i�`���`�v �B�M�T�m�i(S; B) �Q�7 �i�?�2 �b�m�#�b�2�i�@�b�m�K �/�2�+�B�b�B�Q�M �T�`�Q�#�H�2�K�X �L�Q�r�- �B�M�p�Q�F�2 �i�?�2 �U�T�`�2�b�m�K�2�/ �b�Q�H�p�2�/�V �Q�T�i�B�K�B�x���i�B�Q�M
�T�`�Q�#�H�2�K �r�B�i�? �i�?�2 �+�Q�M�b�i�`���B�M�i �b�2�i �i�QA = B + 1 �X �A�7 �i�?�2�`�2 �2�t�B�b�i�b �� �b�m�#�b�2�iU �b�m�+�? �i�?���i

P
j 2 U aj = B �- �i�?�2�M �i�?�2

�H���`�;�2�b�i�@�b�m�K �b�m�#�b�2�iU0 �b���i�B�b�7�v�B�M�;
P

j 2 U 0 aj < A �B�bU0 = U�- �r�?�B�+�? �b�m�K�b �i�QA � 1�X �h�?�2 �+�Q�M�p�2�`�b�2 �B�b �2���b�B�H�v �b�2�2�M �i�Q
�#�2 �i�`�m�2 ���b �r�2�H�H�X �P�M �i�?�2 �Q�i�?�2�` �?���M�/�- �i�?�2�`�2 �B�b �M�Q �b�m�+�? �b�m�#�b�2�i �B�7 ���M�/ �Q�M�H�v �B�7

P
j 2 U 0 aj < A � 1�X �h�?�2�`�2�7�Q�`�2�- �i�?�2

���M�b�r�2�` �i�Q �i�?�2 �/�2�+�B�b�B�Q�M �T�`�Q�#�H�2�K �B�b

�a�l�"�a�1�h�@�a�l�J(S; B) =

(
1 �B�7

P
j 2 U 0 aj = A � 1

0 �B�7
P

j 2 U 0 aj < A � 1
�U�j�X�8�V

�6�Q�`�K���H�H�v�- �r�2 �?���p�2 �i�`���M�b�7�Q�`�K�2�/ �i�?�2 �B�M�T�m�i(S; B) �Q�7 �i�?�2 �/�2�+�B�b�B�Q�M �T�`�Q�#�H�2�K �B�M�i�Q ���M �B�M�T�m�i(S; A) �Q�7 �i�?�2 �Q�T�i�B�K�B�x���i�B�Q�M
�T�`�Q�#�H�2�K ���M�/ �i�`���M�b�7�Q�`�K�2�/ �i�?�2 �Q�m�i�T�m�i �#���+�F �i�Q �� �/�2�+�B�b�B�Q�M �T�`�Q�#�H�2�K �Q�m�i�T�m�i �p�B�� �U�j�X�8�V�X �"�Q�i�? �i�`���M�b�7�Q�`�K���i�B�Q�M�b �i���F�2
�T�Q�H�v�M�Q�K�B���H �i�B�K�2�X �h�?�2�`�2�7�Q�`�2�- �B�7 �i�?�2 �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K �+���M �#�2 �b�Q�H�p�2�/ �B�M �T�Q�H�v�M�Q�K�B���H �i�B�K�2�- �b�Q �+���M �i�?�2 �/�2�+�B�b�B�Q�M
�T�`�Q�#�H�2�K�- �K�2���M�B�M�; �i�?�2 �7�Q�`�K�2�` �B�b ���i �H�2���b�i ���b �?���`�/ ���b �i�?�2 �H���i�i�2�`�X

�j�X�j�X�R �L�Q�M�@�A�M�i�2�;�2�` �L�m�K�#�2�` �S�`�Q�#�H�2�K�b

�a�Q �7���`�- �r�2 �?���p�2 �+�Q�M�b�B�/�2�`�2�/ �Q�M�H�v �B�M�i�2�;�2�` �T�`�Q�#�H�2�K�b�- �b�m�+�? ���b �a�m�#�b�2�i�@�a�m�K�- ���M�/ �M�Q�M�@�M�m�K�2�`�B�+���H �T�`�Q�#�H�2�K�b�- �b�m�+�? ���b
�j�a���h�X �A�M �T�`���+�i�B�+�2�- �K���M�v �T�`�Q�#�H�2�K�b �B�M�p�Q�H�p�2 �M�Q�M�@�B�M�i�2�;�2�` �p���`�B���#�H�2�b�X �"�Q�i�? �i�?�2 �k�@�T���`�i�B�i�B�Q�M ���M�/ �b�m�#�b�2�i�@�b�m�K �T�`�Q�#�H�2�K�b
�/�2�}�M�2�/ �B�M �b�2�+�i�B�Q�M�j �+���M �#�2 �2���b�B�H�v �;�2�M�2�`���H�B�x�2�/ �i�Q �i�?�2 �M�Q�M�@�B�M�i�2�;�2�` �+���b�2 �#�v �`�2�H���t�B�M�; �i�?�2aj 2 Z �`�2�[�m�B�`�2�K�2�M�i �i�Q
aj 2 R�X �6�B�M�/�B�M�; �� �;�2�M�2�`���H �b�Q�H�m�i�B�Q�M �i�Q �i�?�2 �M�Q�M�@�B�M�i�2�;�2�` �b�m�#�b�2�i �b�m�K �T�`�Q�#�H�2�K �K�m�b�i �#�2 ���i �H�2���b�i ���b �/�B�{�+�m�H�i ���b �i�?�2
�B�M�i�2�;�2�` �T�`�Q�#�H�2�K �#�2�+���m�b�2 �i�?�2 �H���i�i�2�` �B�b �� �b�T�2�+�B���H �+���b�2�X

�A�M �T�`�B�M�+�B�T�H�2�- ���H�;�Q�`�B�i�?�K�R�b�i�B�H�H �`�2�i�m�`�M�b �i�?�2 �+�Q�`�`�2�+�i �b�Q�H�m�i�B�Q�M �B�M �i�?�2 �M�Q�M�@�B�M�i�2�;�2�` �+���b�2�X �A�M �b�2�+�i�B�Q�M�j�X�k�X�R�- �r�2 �b�?�Q�r�2�/
�i�?���i �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �+�Q�K�T�H�2�t�B�i�v �Q�7 ���H�;�Q�`�B�i�?�K�R�B�b �#�Q�m�M�/�2�/ �#�vO(nB ) �U�+�X�7�X �S�`�Q�T�Q�b�B�i�B�Q�M �j�X�k�X�R�V�X �h�?�B�b �+�H���B�K �M�Q
�H�Q�M�;�2�` �?�Q�H�/�b�X �h�?�2 �M�Q�M�@�`�2�+�m�`�b�B�p�2 �Q�p�2�`�?�2���/ �Q�7 �t(j; b) �B�b �b�i�B�H�HO(1)�- ���M�/ �t(j; b) �;�2�i�b �+���H�H�2�/ ���i �K�Q�b�i �Q�M�+�2 �7�Q�` �2�p�2�`�v
�i�m�T�H�2(j; b)�X �>�Q�r�2�p�2�`�- �i�?�2 �M�m�K�#�2�` �Q�7 �i�m�T�H�2�b �B�b �M�Q �H�Q�M�;�2�`(n +1)( B +1) �#�2�+���m�b�2b �+���M �#�2 ���M�v �`�2���H �M�m�K�#�2�` �#�2�i�r�2�2�M
�y ���M�/B �X �h�?�2 �M�m�K�#�2�`b �B�M(j; b) �K���v �i���F�2 ���M�v �p���H�m�2 �Q�#�i���B�M���#�H�2 �#�v �b�m�#�i�`���+�i�B�M�; �� �b�m�#�b�2�i �Q�7f aj gn

j =1 �7�`�Q�KB �X �h�?�2
�M�m�K�#�2�` �Q�7 �T�Q�b�b�B�#�H�2 �p���H�m�2�b �B�b� 2n �- �b�Q �i�?�2�`�2 �B�b �M�Q �H�Q�M�;�2�` ���M�v �T�Q�H�v�M�Q�K�B���H �#�Q�m�M�/ �Q�M �i�?�2 �`�m�M�M�B�M�; �i�B�K�2�X



�k�e �*�>���S�h�1�_ �j�X �"���*�E�:�_�P�l�L�. �P�L �*�P�J�S�G�1�s�A�h�u �h�>�1�P�_�u

���H�;�Q�`�B�i�?�K �R�.�v�M���K�B�+ �T�`�Q�;�`���K�K�B�M�; �b�Q�H�m�i�B�Q�M �7�Q�` �a�m�#�b�2�i�@�a�m�K�X
�R�,�7�m�M�+�i�B�Q�M�t�Uj; b�V�,
�k�, �B�7j = 0 �i�?�2�M
�j�, �B�7b = 0 �i�?�2�M
�9�, �`�2�i�m�`�M�R
�8�, �2�H�b�2
�e�, �`�2�i�m�`�M�y
�d�, �2�M�/ �B�7
�3�, �2�M�/ �B�7
�N�, �B�7r [j; b] � 0 �i�?�2�M

�R�y�, �`�2�i�m�`�Mr [j; b]
�R�R�, �2�H�b�2
�R�k�, aj  S[j ]
�R�j�, �B�7b� aj < 0 �i�?�2�M
�R�9�, r [j; b]  �t(j � 1; b)
�R�8�, �2�H�b�2 �B�7b� aj > 0 �i�?�2�M
�R�e�, r [j; b]  �t(j � 1; b) _ �t(j � 1; b� aj )
�R�d�, �2�H�b�2
�R�3�, r [j; b]  1
�R�N�, �2�M�/ �B�7
�k�y�, �`�2�i�m�`�Mr [j; b]
�k�R�, �2�M�/ �B�7
�k�k�,�2�M�/ �7�m�M�+�i�B�Q�M
�k�j�, �7�m�M�+�i�B�Q�M�s�US; B�V�,
�k�9�, n = jSj
�k�8�, �G�2�ir �#�2 �� �k�. ���`�`���v �Q�7 �b�B�x�2n � B �X
�k�e�, �7�Q�`j = 1 :::n �/�Q
�k�d�, �7�Q�b̀ = 1 :::B �/�Q
�k�3�, r [i; b]  �1
�k�N�, �2�M�/ �7�Q�`
�j�y�, �2�M�/ �7�Q�`
�j�R�, �`�2�i�m�`�M�t(n; B )
�j�k�, �2�M�/ �7�m�M�+�i�B�Q�M



�*�?���T�i�2�` �9

�>�m�#�#���`�/ �J�Q�/�2�H �r�B�i�? �i�r�Q �6�2�`�K�B�Q�M�b

�A�M �i�?�B�b �+�?���T�i�2�`�- �r�2 ���T�T�H�v �i�?�2 �i�?�2�Q�`�v �Q�m�i�H�B�M�2�/ �B�M �+�?���T�i�2�`�k�i�Q �� �+�Q�M�+�`�2�i�2 �K�Q�/�2�H�X ���b �K�2�M�i�B�Q�M�2�/ �B�M �i�?�2 �B�M�i�`�Q�/�m�+�i�B�Q�M�-
�.�6�h ���M�/ �_�.�J�6�h ���`�2 �b�m�+�+�2�b�b�7�m�H �B�M �T�`���+�i�B�+�2 �i�?���M�F�b �i�Q �i�?�2 �#���H���M�+�2 �Q�7 ���+�+�m�`���+�v ���M�/ �2�{�+�B�2�M�+�v �i�?�2�v �Q�z�2�` �7�Q�`
�b�v�b�i�2�K�b �r�B�i�? �K���M�v �T���`�i�B�+�H�2�b�X �>�Q�r�2�p�2�`�- �2�t���+�i �K���i�?�2�K���i�B�+���H �+�?���`���+�i�2�`�B�b�i�B�+�b �Q�7F �i�?���i �`�2�H���i�2 �i�Q �b�v�b�i�2�K �T�`�Q�T�2�`�i�B�2�b
���`�2 ���H�H �#�m�i �B�K�T�Q�b�b�B�#�H�2 �i�Q �Q�#�i���B�M �7�Q�` �b�v�b�i�2�K�b �r�B�i�? �K���M�v �/�2�;�`�2�2�b �Q�7 �7�`�2�2�/�Q�K �#�2�+���m�b�2 �i�?�B�b �r�Q�m�H�/ �M�2�+�2�b�b�B�i���i�2 ���M
���M���H�v�i�B�+���H �b�Q�H�m�i�B�Q�M �i�Q �i�?�2 �;�`�Q�m�M�/ �b�i���i�2 �T�`�Q�#�H�2�K�X �L�Q�M�2�i�?�2�H�2�b�b�- �p���H�m���#�H�2 �B�M�b�B�;�?�i�b �+���M �#�2 �;���B�M�2�/ �#�v �b�i�m�/�v�B�M�; �i�Q�v
�K�Q�/�2�H�b �r�B�i�? �H�Q�r�@�/�B�K�2�M�b�B�Q�M���H �>�B�H�#�2�`�i �b�T���+�2�b �(�R�9�-�R�8�-�k�8�-�8�y�)�X �h�?�B�b �i�?�2�b�B�b �B�b �B�M �i�?�2 �b���K�2 �p�2�B�M�- ���M�/ �r�2 �r�B�H�H �`�2�b�i�`�B�+�i
�Q�m�`�b�2�H�p�2�b �i�Q �K�Q�/�2�H�b �b�K���H�H �2�M�Q�m�;�? �i�Q �#�2 �2�t���+�i�H�v �b�Q�H�p���#�H�2�X �q�2 �r�B�H�H �H�B�K�B�i �i�?�2 �T���`�i�B�+�H�2 �M�m�K�#�2�` �i�QN = 2 ���M�/ �r�Q�`�F
�Q�M �� �Q�M�2�@�/�B�K�2�M�b�B�Q�M���H �+�?���B�M �Q�7 ���`�#�B�i�`���`�v �H�2�M�;�i�?�- �`�2�i���B�M�B�M�; �� �M�Q�i�B�Q�M �Q�7 �b�v�b�i�2�K �b�B�x�2�X �*�Q�K�T�H�2�t�B�i�v �`�2�b�m�H�i�b �r�B�H�H �#�2
�2�t�T�`�2�b�b�2�/ �B�M �i�2�`�K�b �Q�7 �i�?�2 �+�?���B�M �H�2�M�;�i�?�X

�h�?�B�b �+�?���T�i�2�` �B�M�i�`�Q�/�m�+�2�b �i�?�2 �Q�M�2�@�/�B�K�2�M�b�B�Q�M���H �>�m�#�#���`�/ �K�Q�/�2�H �B�M �B�i�b �7�m�H�H �;�2�M�2�`���H�B�i�v�- �b�m�#�b�2�[�m�2�M�i�H�v �K���F�B�M�; �i�?�2
�`�2�b�i�`�B�+�i�B�Q�M�b �M�2�2�/�2�/ �i�Q �?���p�2 ���M �2�t���+�i �b�Q�H�m�i�B�Q�M�X �q�2 ���T�T�H�v �i�?�2 ���M���H�v�i�B�+���H �K���+�?�B�M�2�`�v �2�t�T�H���B�M�2�/ �B�M �+�?���T�i�2�`�k ���M�/
���T�T�H�v �B�i �b�i�2�T�@�#�v�@�b�i�2�T �i�Q �i�?�2 �T�`�Q�#�H�2�K�X �q�2 �i�?�2�M �i���F�2 �� �/�2�i�Q�m�` ���M�/ �2�t���K�B�M�2 �r�?���i �?���T�T�2�M�b �B�7�- �`���i�?�2�` �i�?���M �}�t�B�M�;
�� �i�v�T�2 �Q�7 �B�M�i�2�`���+�i�B�Q�M ���M�/ �p���`�v�B�M�; �b�v�b�i�2�K �b�B�x�2�- �r�2 �b�2�H�2�+�i �� �b�m�B�i���#�H�v �b�K���H�H �b�v�b�i�2�K �b�B�x�2 ���M�/ ���H�H�Q�r ���H�H �T�Q�b�b�B�#�H�2
�B�M�i�2�`���+�i�B�Q�M �>���K�B�H�i�Q�M�B���M�b�X �6�B�M���H�H�v�- �r�2 �2�t�T�H���B�M �i�?�2 �B�K�T�H�B�+���i�B�Q�M�b �Q�7 �i�B�K�2�@�`�2�p�2�`�b���H �B�M�p���`�B���M�+�2 ���M�/ �r�?�2�i�?�2�` �i�?�B�b
�b�B�K�T�H�B�}�2�b �i�?�2 �2�p���H�m���i�B�Q�M �Q�7F �X

�9�X�y�X�R �>���K�B�H�i�Q�M�B���M

�*�Q�M�b�B�/�2�` �� �Q�M�2�@�/�B�K�2�M�b�B�Q�M���H �+�?���B�M �Q�7L �b�B�i�2�b�- �T�Q�T�m�H���i�2�/ �#�vN �7�2�`�K�B�Q�M�b�- �;�Q�p�2�`�M�2�/ �#�v �i�?�2 �r�2�H�H�@�F�M�Q�r�M �>�m�#�#���`�/
�>���K�B�H�i�Q�M�B���M

Ĥ = � t
LX

i =1

X

s= "#

f̂ y
i +1 ;s f̂ i;s + f̂ y

i;s f̂ i +1 ;s + V
LX

i =1

n̂i; " n̂i; # � ĥ + Ŵ : �U�9�X�R�V

�h�Q �K���F�2 �i�?�2 �T�`�Q�#�H�2�K ���T�T�`�Q���+�?���#�H�2 ���M���H�v�i�B�+���H�H�v�- �r�2 �K���F�2 �b�2�p�2�`���H �/�`���b�i�B�+ �b�B�K�T�H�B�}�+���i�B�Q�M�b�X �*�Q�M�b�B�/�2�` �i�?�2 �b�m�#�b�T���+�2
SP;2 �Q�7 �b�i���i�2�b �b���i�B�b�7�v�B�M�;

N̂ j i = 2 j i ; P̂ j i = Pj i ; �̂a2j i = Ŝz j i = 0 :

�A�M �r�Q�`�/�b�- �r�2 �H�Q�Q�F ���i �i�r�Q �7�2�`�K�B�Q�M�b �7�Q�`�K�B�M�; �� �b�T�B�M �b�B�M�;�H�2�i �r�B�i�? �i�Q�i���H �K�Q�K�2�M�i�m�KP�X �a�m�+�? �� �b�i���i�2 �+���M �#�2
�+�Q�M�p�2�M�B�2�M�i�H�v �2�t�T�`�2�b�b�2�/ �B�M �}�`�b�i �[�m���M�i�B�x���i�B�Q�M ���b

j i =
L � 1X

p=0

 p jp " ; P � p #i ; �U�9�X�k�V

�r�?�2�`�2P � p �B�b �m�M�/�2�`�b�i�Q�Q�/ �i�Q �#�2 �/�2�}�M�2�/ �K�Q�/�m�H�QL �X �L�Q�i�2 �i�?���i �i�?�2 �M�m�K�#�2�` �Q�7 �/�2�;�`�2�2�b �Q�7 �7�`�2�2�/�Q�K �B�b �H�2�b�b �i�?���ML �-
�b�B�M�+�2 �i�?�2 �+�Q�M�b�i�`���B�M�i �Q�7 �b�T�B�M�@���M�i�B�b�v�K�K�2�i�`�v �B�K�T�H�B�2�b

 p =  P � p �U�9�X�j�V

�7�Q�` ���H�Hp�X �q�2 �/�2�}�M�2 �i�?�2 �B�M�/�2�t �b�m�#�b�2�i


 P = f 0 � � < L j � � [P � � �K�Q�/L ]g; �U�9�X�9�V

�b�m�+�? �i�?���if  � g� 2 
 P ���`�2 �i�?�2 �H�B�M�2���`�H�v �B�M�/�2�T�2�M�/�2�M�i �+�Q�2�{�+�B�2�M�i�b�X �1�t�T�H�B�+�B�i�H�v�- �i�?�2 �`�2�b�m�H�i�B�M�; �#���b�B�b �7�Q�`SP;2 �B�b

fj � " ; �; #ig � =[ P � � �K�Q�/L ] [
�

jP � � " ; �; #i + j� " ; P � �; #i
p

2

�

�< [P � � �K�Q�/L ]
: �U�9�X�8�V

�k�d



�k�3 �*�>���S�h�1�_ �9�X �>�l�"�"���_�. �J�P�.�1�G �q�A�h�> �h�q�P �6�1�_�J�A�P�L�a

�h�?�2 �H�2�7�i�@�?���M�/ �b�2�i �?���b �� �b�B�M�;�H�2 �2�H�2�K�2�M�i �B�7P �B�b �2�p�2�M ���M�/ �B�b �Q�i�?�2�`�r�B�b�2 �2�K�T�i�v�X �h�?�2 �/�B�K�2�M�b�B�Q�M �Q�7SP;2 �/�2�T�2�M�/�b �Q�M
P ���M�/L ���b �b�?�Q�r�M �B�M �i���#�H�2�9�X�R�X

�l�b�B�M�; �i�?�2 �/�2�}�M�B�i�B�Q�M �U�k�X�R�9�V�- �i�?�2 �K���i�`�B�t �2�H�2�K�2�M�i�b �Q�7 �i�?�2 �R�_�.�J ���`�2

hp� j
̂ jq� 0i = � pq � �� 0j p j2: �U�9�X�e�V


̂ �B�b �/�B���;�Q�M���H �B�M �i�?�2 �b�B�K�m�H�i���M�2�Q�m�b �#���b�B�b �Q�7�̂ z �-�̂ 2�- ���M�/̂P �X �h�?�B�b �r���b �� �7�Q�`�2�;�Q�M�2 �+�Q�M�+�H�m�b�B�Q�M �#�v �i�?�2 �}�M���H �+�H���B�K �B�M
�b�2�+�i�B�Q�M�k�X�9�- ���b �i�?�2�b�2 �Q�T�2�`���i�Q�`�b �7�Q�`�K �� �+�Q�K�T�H�2�i�2 �b�2�i ���M�/�̂ = j ih j �`�2�b�T�2�+�i�b ���H�H �i�?�`�2�2 �b�v�K�K�2�i�`�B�2�b�X

�9�X�R �G�2�p�v �6�m�M�+�i�B�Q�M���H

�G�2�i �m�b �`�2�+���T�B�i�m�H���i�2 �Q�m�` �;�Q���H�X �q�2 �b�2�2�F �i�Q �/�2�i�2�`�K�B�M�2 �i�?�2 �b�v�K�K�2�i�`�v�@�`�2�b�i�`�B�+�i�2�/ �7�m�M�+�i�B�Q�M���HFG �Q�m�i�H�B�M�2�/ �B�M �b�2�+�i�B�Q�M
�k�X�R�y�X �h�?�2 �b�v�K�K�2�i�`�v �Q�T�2�`���i�Q�`�b ���`�2P̂ �-�̂ z ���M�/̂� 2�X �L�Q�i�2 �i�?���i�̂ 2 �B�b �M�Q�i �� �Q�M�2�@�T���`�i�B�+�H�2 �b�v�K�K�2�i�`�v�- �b�Q �i�?�2 �+�Q�M�b�i�`���B�M�i
�̂ 2 = 0 �Q�M �i�?�2 �r���p�2 �7�m�M�+�i�B�Q�M �+���M�M�Q�i �#�2 �`�2�T�`�2�b�2�M�i�2�/ �Q�M �i�?�2 �R�_�.�J �H�2�p�2�H�X �q�2 �K�m�b�i�- �i�?�2�`�2�7�Q�`�2�- �`�2�p�2�`�i �i�Q �i�?�2 �+���b�2
�Q�m�i�H�B�M�2�/ �B�M �i�?�2 �}�M���H �T���`���;�`���T�? �Q�7 �b�2�+�i�B�Q�M�k�X�R�y�X

�h�Q �+�Q�K�T�m�i�2 �i�?�2 �7�m�M�+�i�B�Q�M���H�- �Q�m�` �}�`�b�i �b�i�2�T �B�b �i�Q �/�2�i�2�`�K�B�M�2 �B�i�b �/�Q�K���B�M�X �h�?�2 �/�Q�K���B�M �B�bP1
N;G �- �i�?�2 �b�2�i �Q�7 �R�_�.�J�b

�i�?���i ���`�2N �@�`�2�T�`�2�b�2�M�i���#�H�2 �r�B�i�? �r���p�2 �7�m�M�+�i�B�Q�M�b �B�M �i�?�2G�@�b�m�#�b�T���+�2�- �r�?�2�`�2G = ( P; � z ; � 2)�X �q�2 �?���p�2 ���H�`�2���/�v
�2�b�i���#�H�B�b�?�2�/ �i�?�2 �K�Q�b�i �;�2�M�2�`���H �r���p�2 �7�m�M�+�i�B�Q�M �U�9�X�k�V ���M�/ �B�i�b �+�Q�`�`�2�b�T�Q�M�/�B�M�; �R�_�.�J �U�9�X�e�V�X �6�`�Q�K �U�9�X�e�V ���M�/ �U�9�X�j�V�- �r�2
�b�2�2 �i�?���i �i�?�2 �R�_�.�J �B�b �/�B���;�Q�M���H ���M�/ �b���i�B�b�}�2�b �i�?�2 �b�T�B�M �+�Q�M�b�i�`���B�M�i

hp " j 
̂ jp "i = hp # j
̂ jp #i �U�9�X�d�V

���M�/ �i�?�2 �K�Q�K�2�M�i�m�K �+�Q�M�b�i�`���B�M�i

hp� j
̂ jp� i = hP � p � j
̂ jP � p � i ; �U�9�X�3�V

�?�2�M�+�2 �i�?�2�`�2 ���`�2 ���b �K���M�v �H�B�M�2���`�H�v �B�M�/�2�T�2�M�/�2�M�i �U�`�2���H�V �2�M�i�`�B�2�b �Q�7
̂ ���b �i�?�2�`�2 ���`�2 �U�+�Q�K�T�H�2�t�V �r���p�2 �7�m�M�+�i�B�Q�M �+�Q�2�{�+�B�2�M�i�b�X
�h�?�2 �/�Q�K���B�M �Q�7FG �i�?�m�b �?���b �/�B�K�2�M�b�B�Q�MD ���b �/�2�}�M�2�/ �B�M �i���#�H�2�9�X�R�X ���/�/�B�i�B�Q�M���H �M�Q�M�?�Q�H�Q�M�Q�K�B�+ �+�Q�M�b�i�`���B�M�i�b ���`�2
�B�K�T�Q�b�2�/ �#�v �i�?�2 �M�Q�`�K���H�B�x���i�B�Q�M �+�Q�M�/�B�i�B�Q�M

P L � 1
p=0 j p j2 = 1 �X �A�7p 6= P � p �K�Q�/L �- �i�?�2�M �i�?�2 �i�r�Q �+�Q�2�{�+�B�2�M�i�b �B�M �i�?�2

�#���b�B�b �2�t�T���M�b�B�Q�M �K�m�b�i �#�2 �2�[�m���H �#�v �U�9�X�j�V�X �h�Q�;�2�i�?�2�` �r�B�i�? �i�?�2 �M�Q�`�K���H�B�x���i�B�Q�M �+�Q�M�/�B�i�B�Q�M�- �i�?�B�b �B�K�T�H�B�2�bj p j2 � 1/2 �X
�P�M �i�?�2 �Q�i�?�2�` �?���M�/�- �B�7p = P � p �K�Q�/L �- �i�?�2�M �U�9�X�j�V �B�b �i�`�B�p�B���H�- ���M�/ �M�Q�`�K���H�B�x���i�B�Q�M �Q�M�H�v �B�K�T�H�B�2�bj p j2 � 1�X �h�?�2
�`�2�b�m�H�i�B�M�; �M�Q�`�K���H�B�x���i�B�Q�M �+�Q�M�b�i�`���B�M�i �Q�M �i�?�2 �/�B���;�Q�M���H �2�H�2�K�2�M�i�b �Q�7
̂ �B�b

0 � h p� j
̂ jq� i � 1 �B�7p = P � p �K�Q�/L;

0 � h p� j
̂ jq� i � 1/2 �B�7p 6= P � p �K�Q�/L:
�U�9�X�N�V

�q�2 �/�2�}�M�2 �i�?�2 �`�2�b�+���H�2�/ �Q�+�+�m�T���i�B�Q�M �M�m�K�#�2�`�b

� � =

(
h�� j
̂ j�� i �B�7� = P � � �K�Q�/L;

2h�� j
̂ j�� i �B�7� 6= P � � �K�Q�/L:
�U�9�X�R�y�V

�_�2�+���H�H�B�M�; �i�?�2 �/�2�}�M�B�i�B�Q�M �U�9�X�9�V�- �B�i �7�Q�H�H�Q�r�b �7�`�Q�K �U�9�X�e�V ���M�/ �U�9�X�j�V �i�?���i �� �b�2�i �Q�7 �H�B�M�2���`�H�v �B�M�/�2�T�2�M�/�2�M�i �Q�+�+�m�T���i�B�Q�M
�M�m�K�#�2�`�b �B�b �;�B�p�2�M �#�vf � � g� 2 
 P �X �h�?�2 �/�Q�K���B�M �Q�7FG �B�b �i�?�m�b

D(FG ) = P1
N;G '

(

(� � ) � 2 
 P

�
�
�
� 0 � � � � 1;

X

� 2 
 P

� � = 1

)

= � D � 1; �U�9�X�R�R�V

�� (D � 1)�@�/�B�K�2�M�b�B�Q�M���H �?�v�T�2�`�b�B�K�T�H�2�t�X �q�2 �r�B�H�H �?�2�M�+�2�7�Q�`�i�? �r�`�B�i�2FG [� ] �B�M �T�H���+�2 �Q�7FG [
̂ ]�- �r�B�i�? �i�?�2 �m�M�/�2�`�b�i���M�/�B�M�;
�i�?���i� �B�b �� �p�2�+�i�Q�` �i�?���i �T���`���K�2�i�2�`�B�x�2�b �i�?�2 �+�Q�M�b�i�`���B�M�2�/2L � 2L �K���i�`�B�t̂
 2 P 1

N;G �X �_�2�+���H�H �i�?���iG = ( P; � z ; � 2)
�H���#�2�H�b �i�?�2 �b�v�K�K�2�i�`�v �b�m�#�b�T���+�2 ���M�/ �i�?���i �r�2 �?���p�2 �`�2�b�i�`�B�+�i�2�/ �Q�m�`�b�2�H�p�2�b �i�Q �i�?�2 �b�T�B�M �b�B�M�;�H�2�i �b�2�+�i�Q�` �r�?�B�H�2 �H�2���p�B�M�;
�i�?�2 �K�Q�K�2�M�i�m�KP ���`�#�B�i�`���`�v�X �6�`�Q�K �U�9�X�R�R�V ���M�/ �i���#�H�2�9�X�R�- �r�2 �b�2�2 �i�?���i �i�?�2 �/�Q�K���B�M �/�B�z�2�`�b �/�2�T�2�M�/�B�M�; �Q�M �r�?�B�+�?
�b�v�K�K�2�i�`�v �b�2�+�i�Q�` �Q�M�2 �B�b �+�Q�M�b�B�/�2�`�B�M�;�X

�>���p�B�M�; �2�b�i���#�H�B�b�?�2�/ �B�i�b �/�Q�K���B�M�- �r�2 �b�2�2�F �i�Q �/�2�i�2�`�K�B�M�2FG �- �#���b�2�/ �Q�M �i�?�2 �;�2�M�2�`���H �7�Q�`�K�m�H�� �U�k�X�e�y�V�X �:�B�p�2�M
̂ 2
D(FG )�- �r�2 �K�m�b�i �}�`�b�i �+�?���`���+�i�2�`�B�x�2 �i�?�2 �b�2�iP1

N;G (
̂ ) = fj  i 2 H G j 
̂ = �h�Ǹ � 1[j ih j]g�- �r�?�B�+�? �i�?�2 �K�B�M�B�K�B�x���i�B�Q�M
�B�M �U�k�X�e�y�V �B�b �T�2�`�7�Q�`�K�2�/ �Q�p�2�`�X �q�2 �r�B�H�H �/�Q �b�Q �#�v �+�Q�M�b�B�/�2�`�B�M�; �i�?�2 �K�Q�b�i �;�2�M�2�`���H �r���p�2 �7�m�M�+�i�B�Q�M �B�MH G �- �;�B�p�2�M �B�M �U�9�X�k�V�-
���M�/ �/�2�i�2�`�K�B�M�B�M�; �i�?�2 �+�Q�M�b�i�`���B�M�i�b �Q�M p �M�2�2�/�2�/ �i�Q �;�m���`���M�i�2�2
̂ = �h�Ǹ � 1[j ih j]�X �h�?�B�b �B�b �2���b�v�- ���b �r�2 �?���p�2 ���H�`�2���/�v
�7�Q�m�M�/ �i�?�2 �;�2�M�2�`���H �7�Q�`�K �Q�7
̂ �B�M �U�9�X�e�V�X �A�i �b�?�Q�r�b �i�?���i �i�?�2 �K���;�M�B�i�m�/�2�bj � j2 = h�� j
̂ j�� i ���`�2 �}�t�2�/ �Q�M�+�2
̂ �B�b



�9�X�R�X �G�1�o�u �6�l�L�*�h�A�P�L���G �k�N

L �2�p�2�M L �Q�/�/
P �2�p�2�MD = L

2 + 1 D = L +1
2

P �Q�/�/ D = L
2 D = L +1

2

�h���#�H�2 �9�X�R�, �U�+�Q�K�T�H�2�t�V �/�2�;�`�2�2�b �Q�7 �7�`�2�2�/�Q�KD �7�Q�` �i�r�Q�@�6�2�`�K�B�Q�M �b�B�M�;�H�2�i �r�B�i�? �}�t�2�/ �i�Q�i���H �K�Q�K�2�M�i�m�KP �U�r�B�i�?�Q�m�i
�B�K�T�Q�b�B�M�; �M�Q�`�K���H�B�x���i�B�Q�M �+�Q�M�b�i�`���B�M�i�V

�b�T�2�+�B�}�2�/�- ���M�/ �Q�M�H�v �i�?�2 �T�?���b�2�b� � � �2�t�T(i ���`�; � ) �+���M �#�2 �p���`�B�2�/�X �>�2�M�+�2�- �i�?�2 �K�B�M�B�K�B�x���i�B�Q�M �B�M �U�k�X�e�y�V �`�m�M�b �Q�p�2�`
�i�?�2 �T�Q�b�b�B�#�H�2 �p���H�m�2�b �Q�7� � �7�Q�` ���H�H� 2 
 P �X �h�Q �/�2�i�2�`�K�B�M�2 �U�k�X�k�N�V�- �r�2 �+�Q�K�T�m�i�2 �i�?�2 �K���i�`�B�t �2�H�2�K�2�M�i�b

hp " ; P � p #jŴ jq " ; P � q #i =
V
L 2

LX

k;l =1

LX

m;n =1

e2�i (pk +( P � p) l � qm � (P � q)n )/ L
LX

j =1

hk " ; l #jn̂j; " n̂j; # jm " ; n #i

=
V
L 2

LX

j =1

LX

k;l =1

LX

m;n =1

e2�i (pk +( P � p) l � qm � (P � q)n )/ L � jk � jl � jm � jn =
V
L

:

�U�9�X�R�k�V

�h�?�2 �p���`�B���#�H�2�bj; k; l; m; n ���`�2 �B�M �T�Q�b�B�i�B�Q�M �b�T���+�2�- �B�X�2�X�- �i�?�2�v �H���#�2�H �b�B�i�2�b �B�M �i�?�2 �+�?���B�M�X �h�?�2 �K�2���M �B�M�i�2�`���+�i�B�Q�M �2�M�2�`�;�v
�7�Q�` �i�?�2 �b�i���i�2 �U�9�X�k�V �i�?�2�M �7�Q�H�H�Q�r�b ���b

h jŴ j i =
V
L

L � 1X

p;q=0

 �
p  q =

V
L

�
�
�
�

L � 1X

p=0

 p

�
�
�
�

2

=
V
L

�
�
�
�

X

� 2 
 P

p
� � � � � �

�
�
�
�

2

; �U�9�X�R�j�V

�r�?�2�`�2 �r�2 �m�b�2�/ �U�9�X�e�V ���M�/ �U�9�X�R�y�V�- ���M�/ �B�M�i�`�Q�/�m�+�2�/ �i�?�2 �M�m�K�2�`�B�+���H �7���+�i�Q�`�b

� � =

(
2 �B�7� 6= ( P � � ) �K�Q�/L

1 �B�7� = ( P � � ) �K�Q�/L:
�U�9�X�R�9�V

�h�?�2 �K�B�M�B�K�B�x���i�B�Q�M �U�k�X�k�N�V �i�?�2�M �`�2�/�m�+�2�b �i�Q

FG [� ] =
V
L

�K�B�M
� 2 U (1) D

�
�
�
�

X

� 2 
 P

p
� � � � � �

�
�
�
�

2

: �U�9�X�R�8�V

�A�7
p

� � � � �
P

� 6= �

p
� � � � �7�Q�` ���H�H� �- �i�?�2 �b�m�K �+���M �#�2 �K���/�2 �i�Q �p���M�B�b�? �#�v �+�?�Q�Q�b�B�M�; �i�?�2� � �b�m�+�? �i�?���i

p
� � � � � �

���`�2 �i�?�2 �b�B�/�2 �H�2�M�;�i�?�b �Q�7 �� �T�Q�H�v�;�Q�M �B�M �i�?�2 �+�Q�K�T�H�2�t �T�H���M�2�X �J�Q�`�2 �b�T�2�+�B�}�+���H�H�v�-� �
p

� � � � �B�b ���M ���`�`�Q�r �B�M �i�?�2 �+�Q�K�T�H�2�t
�T�H���M�2�- ���M�/ �i�?�2 ���`�`�Q�r�b �+���M �#�2 ���`�`���M�;�2�/ �B�M�i�Q �� �+�H�Q�b�2�/ �H�Q�Q�T �#�v ���/�D�m�b�i�B�M�; �i�?�2�B�` �Q�`�B�2�M�i���i�B�Q�M� � �X �>�2�M�+�2�- �i�?�2 �7�m�M�+�i�B�Q�M���H
FG [� ] �p���M�B�b�?�2�b �B�M �i�?�B�b �+���b�2�X �A�7�- �Q�M �i�?�2 �Q�i�?�2�` �?���M�/�-

p
� � � � >

P
� 6= �

p
� � � � �7�Q�` �b�Q�K�2� �- �i�?�2 �K�B�M�B�K�m�K �B�b ���+�?�B�2�p�2�/

�#�v �+�?�Q�Q�b�B�M�;

� � =

(
1 �B�7� = �

� 1 �B�7� 6= �;
�U�9�X�R�e�V

�B�X�2�X�- �r�2 �Q�`�B�2�M�i �i�?�2 ���`�`�Q�r�b �b�m�+�? �i�?���i �i�?�2 �H�Q�M�;�2�b�i ���`�`�Q�r �B�b �T�Q�B�M�i�2�/ �Q�T�T�Q�b�B�M�;�H�v �i�Q ���H�H �Q�i�?�2�`�b�X �S�m�i�i�B�M�; �i�?�2 �i�r�Q �+���b�2�b
�i�Q�;�2�i�?�2�`�- �r�2 ���`�`�B�p�2 ���i

FG [� ] =

8
<

:

V
L

� p
� � � � �

P
� 6= �

p
� � � �

� 2
�B�7

p
� � � � >

P
� 6= �

p
� � � � �7�Q�` �b�Q�K�2�

0 �Q�i�?�2�`�r�B�b�2
�U�9�X�R�d�V

�L�Q�i�2 �i�?���iFG �B�K�T�H�B�+�B�i�H�v �/�2�T�2�M�/�b �Q�MP�, �P�M �i�?�2 �Q�M�2 �?���M�/�- �B�i�b �/�Q�K���B�M �U�9�X�R�R�V �/�2�T�2�M�/�b �Q�MD�- �r�?�B�+�? �B�M �i�m�`�M
�/�2�T�2�M�/�b �Q�MP �p�B�� �i���#�H�2�9�X�R�c �Q�M �i�?�2 �Q�i�?�2�` �?���M�/�-� � ���H�b�Q �B�K�T�H�B�+�B�i�H�v �/�2�T�2�M�/�b �Q�MP�X

�q�2 �?���p�2 �7�Q�m�M�/ �i�?���iFG �p���M�B�b�?�2�b �Q�M �� �b�m�#�b�2�i �Q�7 �B�i�b �/�Q�K���B�M�X ���M ���H�i�2�`�M���i�B�p�2 �r���v �i�Q �/�2�i�2�`�K�B�M�2 �i�?�B�b �b�m�#�b�2�i �B�b
�i�Q �M�Q�i�2 �i�?���iŴ �B�b �T�Q�b�B�i�B�p�2�@�b�2�K�B�/�2�}�M�B�i�2�- �b�Qh jŴ j i = 0 �B�7 ���M�/ �Q�M�H�v �B�7Ŵ j i = 0 �X �h�?�2�`�2�7�Q�`�2�-

F � 1
G (0) = f 
̂ j �i�?�2�`�2 �2�t�B�b�i�bj i �b�m�+�? �i�?���i �h�`N � 1(j ih j) = 
̂ ���M�/Ŵ j i = 0g �U�9�X�R�3�V

�6�`�Q�K �U�9�X�R�V�- �B�i �B�b �2���b�v �i�Q �b�2�2 �i�?���iŴ j i = 0 �B�7 ���M�/ �Q�M�H�v �B�7 �7�Q�` ���H�Hj �r�2 �?���p�2

0 = hj " ; j #j i =
1
L

L � 1X

p=0

 pe2�iP j / L =
e2�iP j / L

L

X

� 2 
 P

p
� � � � � � ; �U�9�X�R�N�V



�j�y �*�>���S�h�1�_ �9�X �>�l�"�"���_�. �J�P�.�1�G �q�A�h�> �h�q�P �6�1�_�J�A�P�L�a

�h�?�B�b �b�m�K �+���M �#�2 �K���/�2 �i�Q �p���M�B�b�? �B�7 ���M�/ �Q�M�H�v �B�7 �i�?�2 �m�T�T�2�` �+�Q�M�/�B�i�B�Q�M �B�M �U�9�X�R�d�V �B�b �M�Q�i �K�2�i�- �`�2�+�Q�p�2�`�B�M�; �i�?�2 �x�2�`�Q
�`�2�;�B�Q�M �Q�7 �U�9�X�R�d�V�X

�G�2�i �m�b �/�2�M�Q�i�2 �#�vR D = F � 1
G (0) �i�?�2 �x�2�`�Q �`�2�;�B�Q�M�- �2�t�T�H�B�+�B�i�H�v �`�2�7�2�`�2�M�+�B�M�; �i�?�2 �M�m�K�#�2�` �Q�7 �/�2�;�`�2�2�b �Q�7 �7�`�2�2�/�Q�KD �X

�h�Q �m�M�/�2�`�b�i���M�/R D �#�2�i�i�2�`�- �`�2�+���H�H �i�?���i� 2 S2D � 1 � CD �B�b �K���T�T�2�/ �#�v �U�9�X�e�V ���M�/ �U�9�X�R�y�V �i�Q� 2 � D � 1�X �A�i�bD
�#�Q�m�M�/���`�v �7���+�2�b�-

� D � 2
� � � D � 1 \ f � � = 0g; �U�9�X�k�y�V

���`�2 �i�?�2�K�b�2�H�p�2�b �?�v�T�2�`�b�B�K�T�H�B�+�2�b �Q�7 �/�B�K�2�M�b�B�Q�M �Q�M�2 �H�Q�r�2�`�X �h�?�2 �x�2�`�Q �`�2�;�B�Q�M �+���M �#�2 �2�t�T�`�2�b�b�2�/ ���b

R D =

(

� 2 � D � 1

�
�
�
� 9 2 S2D � 1 : � � = � � j � j2;

X

� 2 
 P

� �  � = 0

)

� � D � 1: �U�9�X�k�R�V

�A�M �T���`�i�B�+�m�H���`�- �B�7 �r�2 �B�M�i�2�`�b�2�+�iR D �r�B�i�? �� �#�Q�m�M�/���`�v �7���+�2�- �r�2 �Q�#�i���B�M

R D \ � D � 2
� =

8
<

:
� 2 � D � 1

�
�
�
� 9 2 S2D � 3 : � � = � � j � j2;

X

� 2 
 P ;� 6= �

� �  � = 0

9
=

;
� R D � 1: �U�9�X�k�k�V

�.�m�2 �i�Q �i�?�2 �T�`�2�b�2�M�+�2 �Q�7� � �- �i�?�2 �`�2�;�B�Q�M�bR D �i���F�2 �/�B�z�2�`�2�M�i �b�?���T�2�b �/�2�T�2�M�/�B�M�; �Q�M �i�?�2 �p���H�m�2�b �Q�7P ���M�/L �X �>�Q�r�2�p�2�`�-
�i�?�2 �/�B�z�2�`�2�M�+�2 ���K�Q�m�M�i�b �i�Q �� �K�2�`�2 �H�B�M�2���` �i�`���M�b�7�Q�`�K���i�B�Q�M�, �h�?�2 �7�Q�`�K �Q�7 �i�?�2 �2�[�m���i�B�Q�M �/�2�}�M�B�M�;R D �Q�M�H�v �/�2�T�2�M�/�b �Q�M
D�X �h�?�B�b �B�b �B�H�H�m�b�i�`���i�2�/ �B�M �6�B�;�X�9�X�R�7�Q�D̀ = 4 �U�i�?�`�2�2 �/�2�;�`�2�2�b �Q�7 �7�`�2�2�/�Q�K �r�?�2�M ���+�+�Q�m�M�i�B�M�; �7�Q�` �M�Q�`�K���H�B�x���i�B�Q�M�V�X

�U���V �*���b�2L = 5 ; P = 2 �X �h�?�2 �v�2�H�H�Q�r �`�2�;�B�Q�M �B�b �Q�#�@
�i���B�M�2�/ �#�v �B�M�i�2�`�b�2�+�i�B�M�; �i�?�2 �`�2�;�B�Q�M �B�M�9�X�R�#�r�B�i�? �Q�M�2 �Q�7
�i�?�2 �#�Q�m�M�/�B�M�; �7���+�2�b�X �U�#�V �*���b�2L = 6 ; P = 2 �X

�6�B�;�m�`�2 �9�X�R�, �a�?���T�2 �Q�7 �x�2�`�Q �`�2�;�B�Q�M �7�Q�` �i�r�Q ���M�/ �i�?�`�2�2 �/�2�;�`�2�2�b �Q�7 �7�`�2�2�/�Q�K�X �h�?�2 �/�Q�K���B�M �Q�7FG �B�b �i�?�2 �b�B�K�T�H�2�t� D � 1�-
�B�M �i�?�B�b �+���b�2 �r�B�i�?D = 2 ; 3�X

�9�X�k �6�B�M�/�B�M�; �i�?�2 �:�`�Q�m�M�/ �a�i���i�2 �1�M�2�`�;�v

�>���p�B�M�; �/�2�i�2�`�K�B�M�2�/ �i�?�2 �7�m�M�+�i�B�Q�M���H�- �Q�M�2 �+���M �}�M�/ �i�?�2 �;�`�Q�m�M�/ �b�i���i�2 �2�M�2�`�;�v�- �b�i���`�i�B�M�; �7�`�Q�K �U�k�X�8�3�V�X �a�B�M�+�2 �i�?�2 �7�m�M�+�@
�i�B�Q�M���H �?���b �#�2�2�M �+�Q�K�T�m�i�2�/ �b�2�T���`���i�2�H�v �7�Q�` �2���+�? �Q�7 �i�?�2L �b�v�K�K�2�i�`�v �b�2�+�i�Q�`�b �H���#�2�H�2�/ �#�vP = 0 ; : : : ; L � 1�- �Q�M�2 �K�m�b�i
�2�t�2�+�m�i�2 �i�?�2 �K�B�M�B�K�B�x���i�B�Q�M �U�k�X�8�3�V �7�Q�` �2�p�2�`�v �b�2�+�i�Q�` ���M�/ �}�M���H�H�v �+�?�Q�Q�b�2 �i�?�2 �H�Q�r�2�b�i �Q�7 �i�?�2L �K�B�M�B�K���- ���b �B�M �U�k�X�8�e�V�X �q�2
�#�2�;�B�M �#�v �+�Q�K�T�m�i�B�M�; �i�?�2 �F�B�M�2�i�B�+ �2�M�2�`�;�v�- �r�?�B�+�? �Q�M�H�v �/�2�T�2�M�/�b �Q�M �i�?�2 �R�_�.�J�,

�h�(̀
̂ ĥ) = � 2t
L � 1X

p=0

X

� = " ;#

hp� j
̂ jp� i �+�Q�b(2�p / L )

= � 2t
X

� 2 
 P

� � (�+�Q�b(2�� / L ) + �+�Q�b(2� (P � � )/ L )) :
�U�9�X�k�j�V

�G�2�i �m�b �+�Q�M�b�B�/�2�` �i�?�2 �b�T�2�+�B���H �+���b�2P = 0 �- �b�Q �i�?�2 �K�Q�K�2�M�i�m�K �K�B�M�B�K�B�x�B�M�; �i�?�2 �F�B�M�2�i�B�+ �2�M�2�`�;�v �B�b� �K�B�M= 0 : �A�M �i�?�B�b
�+���b�2 �U���M�/ ���H�b�Q �7�Q�` �;�2�M�2�`���HP�V�- �i�?�2 �F�B�M�2�i�B�+ �2�M�2�`�;�v �B�b �K�B�M�B�K�B�x�2�/ �r�?�2�M� � = 0 �7�Q�`� 6= � �K�B�M�X �h�?�2 �T�Q�B�M�i�b �r�?�2�`�2 ���H�H
�2�t�+�2�T�i �Q�M�2� � �p���M�B�b�? ���`�2 �i�?�2 �p�2�`�i�B�+�2�b �Q�7 �i�?�2 �b�B�K�T�H�2�tD(FG )�- �r�?�2�`�2 �i�?�2 �7�m�M�+�i�B�Q�M���H �`�2���+�?�2�b �� �H�Q�+���H �K���t�B�K�m�K ���b
�b�2�2�M �7�`�Q�K �U�9�X�R�d�V�c �K�B�M�B�K�B�x�B�M�; �i�?�2 �F�B�M�2�i�B�+ �2�M�2�`�;�v �K�2���M�b �K���t�B�K�B�x�B�M�; �i�?�2 �B�M�i�2�`���+�i�B�Q�M �2�M�2�`�;�v�X



�9�X�k�X �6�A�L�.�A�L�: �h�>�1 �:�_�P�l�L�. �a�h���h�1 �1�L�1�_�:�u �j�R

�J�Q�`�2 �;�2�M�2�`���H�H�v�- �b�m�T�T�Q�b�2ĥ �B�b ���M ���`�#�B�i�`���`�v �b�v�K�K�2�i�`�v�@�`�2�b�T�2�+�i�B�M�; �b�B�M�;�H�2�@�T���`�i�B�+�H�2 �Q�T�2�`���i�Q�`�,

ĥpq = � p� qhp; �U�9�X�k�9�V

�r�?�2�`�2 �r�2 �?���p�2 �/�2�}�M�2�/h �i�Q �#�2 �i�?�2 �p�2�+�i�Q�` �r�B�i�? �2�M�i�`�B�2�b �i�?�2 �/�B���;�Q�M���H �2�H�2�K�2�M�i�b �Q�7ĥ�X �h�?�2 �F�B�M�2�i�B�+ �2�M�2�`�;�v �U�9�X�k�j�V
�`�2�/�m�+�2�b �i�Q

�h�(̀
̂ ĥ) =
L � 1X

p=0

X

� = " ;#

hp� j
̂ jp� i hp =
X

� 2 
 P

� � (hP � � + h� ) = � � ~h; �U�9�X�k�8�V

�r�?�2�`�2 �r�2 �?���p�2 �/�2�}�M�2�/
~h� � h� + hP � � ; � 2 
 P �U�9�X�k�e�V

�a�m�#�b�i�B�i�m�i�B�M�; �i�?�B�b �2�t�T�`�2�b�b�B�Q�M �B�M �U�k�X�j�k�V�- �r�2 �K���v �r�`�B�i�2

E0(~h) = �K�B�M
� 2D (F G )

(FG [� ] + � � ~h): �U�9�X�k�d�V

�9�X�k�X�R �L�Q�`�K���H�B�x���i�B�Q�M

�� �i�2�+�?�M�B�+���H �+�Q�K�K�2�M�i �B�b �B�M �Q�`�/�2�`�X �L�Q�i�2 �i�?���i~h �B�b ���M �2�H�2�K�2�M�i �Q�7RD �r�?�B�H�2� �- �#�2�B�M�; �+�Q�M�}�M�2�/ �i�QD(FG ) = � D � 1 �
RD �- �?���b �Q�M�H�vD � 1 �/�2�;�`�2�2�b �Q�7 �7�`�2�2�/�Q�K�X �>�Q�r�2�p�2�`�- �i�?�2 �/�m���H�B�i�v �#�2�i�r�2�2�M
̂ ���M�/̂h ���`�B�b�B�M�; �7�`�Q�K �i�?�2 �G�2�;�2�M�/�`�2�@�6�2�M�+�?�2�H
�i�`���M�b�7�Q�`�K �U�k�X�j�k�V �T�`�2�b�+�`�B�#�2�b �i�?���i
̂ ���M�/̂h �H�B�p�2 �B�M �i�?�2 �b���K�2 �p�2�+�i�Q�` �b�T���+�2�X �h�?�B�b �/�B�b�+�`�2�T���M�+�v �B�b �`�2�b�Q�H�p�2�/ �#�v �T�B�+�F�B�M�;
� 2 
 P ���i �r�B�H�H�- ���M�/ �K���F�B�M�; �i�?�2 �`�2�T�H���+�2�K�2�M�i� � = 1 �

P
� 6= � � � �b�m�+�? �i�?���i

� � ~h =
X

� 2 
 P

� �
~h� =

X

� 6= �

� �
~h� +

0

@1 �
X

� 6= �

� �

1

A ~h� � � 0 � ~h0 + ~h� ; �U�9�X�k�3�V

�r�?�2�`�2 �r�2 �?���p�2 �/�2�}�M�2�/ �M�2�r �p�2�+�i�Q�`�b� 0 2 RD � 1 ���M�/~h0 2 CD � 1�, �h�?�2 �M�2�r �Q�+�+�m�T���i�B�Q�M �M�m�K�#�2�` �p�2�+�i�Q�`�-

� 0
� = � � ; � 2 
 P n f � g; �U�9�X�k�N�V

�B�b �D�m�b�i� �r�B�i�?�Q�m�i �i�?�2 �2�M�i�`�v �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q� �c �h�?�2 �p�2�+�i�Q�`~h0 �B�b �/�2�}�M�2�/ ���b

~h0
� = ~h� � ~h� ; � 2 
 P n f � g: �U�9�X�j�y�V

�h�?�2 �2�t�T�`�2�b�b�B�Q�M �7�Q�` �i�?�2 �G�2�p�v �;�`�Q�m�M�/ �b�i���i�2 �2�M�2�`�;�v �U�9�X�k�d�V �i�?�2�M �#�2�+�Q�K�2�b

E0(~h) = �K�B�M
� 02M � (D )

(FG [M � 1
�q (� 0)] + � 0 � ~h0) + ~h� ; �U�9�X�j�R�V

�r�?�2�`�2 �r�2 �?���p�2 �/�2�}�M�2�/ �i�?�2 �K���T

M � : � 7! � 0 �U�9�X�j�k�V

�B�K�T�H�2�K�2�M�i�B�M�; �i�?�2 �T���`���K�2�i�2�` �+�?���M�;�2 �7�`�Q�K �#���`�v�+�2�M�i�`�B�+ �i�Q �+���`�i�2�b�B���M �+�Q�Q�`�/�B�M���i�2�b �7�Q�` �i�?�2 �b�B�K�T�H�2�t�X �>�2�M�+�2M � (D)
�B�b �i�?�2D � 1 �/�B�K�2�M�b�B�Q�M���H �b�B�K�T�H�2�t �2�K�#�2�/�/�2�/ �/�B�`�2�+�i�H�v �B�MRD � 1 �`���i�?�2�` �i�?���M �B�MX � RD �X �U�9�X�j�R�V �B�/�2�M�i�B�}�2�b �i�?�2
�2�H�B�K�B�M���i�2�/ �+�Q�Q�`�/�B�M���i�2~h� ���b ���M ���/�/�B�i�B�p�2 �+�Q�M�b�i���M�i �B�M �i�?�2 �;�`�Q�m�M�/ �b�i���i�2 �2�M�2�`�;�v �i�?���i �/�Q�2�b �M�Q�i ���z�2�+�i �i�?�2 �;�`�Q�m�M�/
�b�i���i�2 �Q�+�+�m�T���i�B�Q�M �M�m�K�#�2�` �p�2�+�i�Q�`�X

�h�Q �B�H�H�m�b�i�`���i�2�- �H�2�i �m�b �+�Q�M�b�B�/�2�` �i�?�2 �+���b�2P = 2 ; L = 5 �X �h�?�2 �`�2�H���i�B�Q�M �#�2�i�r�2�2�M �i�?�2 �+�Q�2�{�+�B�2�M�i�b� � ���M�/ �i�?�2
�Q�+�+�m�T���i�B�Q�M �M�m�K�#�2�`�bhp� j
̂ jp� i �7�Q�H�H�Q�r�b �7�`�Q�K �U�9�X�R�y�V�,

h2� j
̂ j2� i = h0� j
̂ j0� i = � 0/2; h1� j
̂ j1� i = � 1; h3� j
̂ j3� i = h4� j
̂ j4� i = � 3/2 : �U�9�X�j�j�V

�h�?�2 �F�B�M�2�i�B�+ �2�M�2�`�;�v �2�p���H�m���i�2�b �i�Q

�h�(̀
̂ ĥ) =
L � 1X

p=0

X

� = " ;#

hp� j
̂ jp� i hp

= � 0(h0 + h2) + 2 � 1h1 + � 3(h3 + h4)

= � 0
~h0 + � 1

~h1 + � 3
~h3

= � 0(~h0 � ~h3) + � 1(~h1 � h3) + ~h3

= � 0 � ~h0 + ~h3;

�U�9�X�j�9�V



�j�k �*�>���S�h�1�_ �9�X �>�l�"�"���_�. �J�P�.�1�G �q�A�h�> �h�q�P �6�1�_�J�A�P�L�a

�r�?�2�`�2 �r�2 �?���p�2 �U���`�#�B�i�`���`�B�H�v�V �+�?�Q�b�2�M� = 3 �X
�_�2�+���H�H �i�?���iE0 �+���M �#�2 �2�t�T�`�2�b�b�2�/ �B�M �i�2�`�K�b �Q�7 �i�?�2 �G�2�;�2�M�/�`�2�@�6�2�M�+�?�2�H �i�`���M�b�7�Q�`�K �Q�7 �i�?�2 �7�m�M�+�i�B�Q�M���H�,

E0(~h0) = �F �
G (� ~h0)

�q�2 �M�Q�r �2�K�T�H�Q�v �i�?�2 �;�`���T�?�B�+���H �B�M�i�2�`�T�`�2�i���i�B�Q�M �Q�7 �i�?�2 �G�2�;�2�M�/�`�2�@�6�2�M�+�?�2�H �i�`���M�b�7�Q�`�K �/�B�b�+�m�b�b�2�/ �T�`�2�p�B�Q�m�b�H�v�X �q�2 �}�`�b�i
�+�Q�M�b�B�/�2�` �i�?�2 �T�H���M�2 �/�2�}�M�2�/ �#�v

gc : � 0 7! � 0 � ~h0 + c: �U�9�X�j�8�V

�h�?�2�M�- �r�2 �}�M�/ �i�?�2 �H�Q�r�2�b�i �p���H�m�2c = c�K�B�M�;�m���`���M�i�2�2�B�M�;gc(� 0) = FG (� 0) �7�Q�` �b�Q�K�2� 0�X �A�M �Q�i�?�2�` �r�Q�`�/�b�- �i�?�2 �T�H���M�2 �B�b
�K���/�2 �i�Q �#�2 �i���M�;�2�M�i �i�Q �i�?�2 �;�`���T�? �Q�7FG �- �i�Q�m�+�?�B�M�; �B�i �7�`�Q�K �#�2�H�Q�r ���b �B�M �6�B�;�X�9�X�k�X �>�2�M�+�2�- �i�?�2 �;�`�Q�m�M�/ �b�i���i�2 �2�M�2�`�;�v
�B�bE0 = ~h3 + gc�K�B�M(0)�X

�U���V̂h 6= 0 �+���b�2�X �h�?�2 �/�2�T�B�+�i�2�/ �M�Q�`�K���H �p�2�+�i�Q�` �T�Q�B�M�i�b �B�M �i�?�2
�/�B�`�2�+�i�B�Q�M(� ~h0 ; � ~h1 ; 1)�X

�U�#�V̂h = 0 �+���b�2�X �h�?�2 �`�2�b�m�H�i�B�M�; �;�`�Q�m�M�/�@�b�i���i�2 �2�M�2�`�;�v �B�bE0 =
~h3 = 0 �X
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�x�2�`�Q�X �J�Q�`�2 �;�2�M�2�`���H�H�v�- �B�7� �?���bn �M�Q�M�p���M�B�b�?�B�M�; �+�Q�K�T�Q�M�2�M�i�b�- �i�?�2 �}�`�b�in � 2 �+�Q�K�T�Q�M�2�M�i�b �B�M� �K���v �#�2 �T�B�+�F�2�/ �7�`�Q�K
�b�Q�K�2 �Q�T�2�M �b�m�#�b�2�i �Q�7U(1)n � 2�- �r�?�B�H�2 �i�?�2 �H���b�i �i�r�Q �r�B�H�H �#�2 �m�M�B�[�m�2�H�v �/�2�i�2�`�K�B�M�2�/�c �?�2�M�+�2 �i�?�2�`�2 ���`�2 �B�M �;�2�M�2�`���HD � 2
�`�2���H �/�2�;�`�2�2�b �Q�7 �7�`�2�2�/�Q�K �B�Mj i �- �7�Q�` �}�t�2�/� 2 F � 1

G (0)�X
�h�?�2 �Q�M�H�v �+�?�Q�B�+�2 �Q�7h �v�B�2�H�/�B�M�; �� �;�`�Q�m�M�/ �b�i���i�2 �/�2�M�b�B�i�v� 2 D 0 �B�bh� = h �B�M�/�2�T�2�M�/�2�M�i �Q�7� �- �r�?�B�+�? �+���M �#�2 �b�2�2�M

�7�`�Q�K �U�9�X�j�y�V�X �h�?�2 �M�m�K�#�2�` �Q�7 �`�2���H �/�2�;�`�2�2�b �Q�7 �7�`�2�2�/�Q�K �B�M �+�?�Q�Q�b�B�M�; �i�?�2 �;�`�Q�m�M�/ �b�i���i�2j i �B�b �/�B�K(F � 1
G (0)) = D � 1�-

�B�M ���/�/�B�i�B�Q�M �i�Q �i�?�2D � 2 �.�P�6 �B�M� �- �;�B�p�B�M�;2D � 3 �.�P�6 �B�M �i�Q�i���H�X
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�6�B�;�m�`�2 �9�X�j�, �q�?�2�M �i�`�v�B�M�; �i�Q �`�2���+�? �;�`�Q�m�M�/ �b�i���i�2 �Q�+�+�m�T���i�B�Q�M�b �+�H�Q�b�2 �i�?�2 �#�Q�m�M�/�B�M�; �7���+�2� 0 + � 1 = 1 �- �2�t�+�2�2�/�B�M�;�H�v
�b�i�2�2�T �i���M�;�2�M�i �T�H���M�2�b ���`�2 �`�2�[�m�B�`�2�/�- �K���M�B�7�2�b�i�B�M�; �B�M �H���`�;�2 �p���H�m�2�b �Q�7~h0�X



�9�X�9�X �*�P�L�o�1�s�A�h�u �j�8

�h�Q �+�`�Q�b�b�+�?�2�+�F �i�?�B�b �`�2���b�Q�M�B�M�;�- �M�Q�i�2 �i�?���i �i�?�2 �+�?�Q�B�+�2h� = h �B�b �2�[�m�B�p���H�2�M�i �i�Qĥ = 0 �X �A�M �i�?�B�b �+���b�2�- ���M�v �r���p�2
�7�m�M�+�i�B�Q�M �b���i�B�b�7�v�B�M�; �U�9�X�R�N�V �B�b �� �;�`�Q�m�M�/ �b�i���i�2 �r���p�2 �7�m�M�+�i�B�Q�M�X �h�?�2 �+�Q�M�b�i�`���B�M�i �U�9�X�R�N�V �`�2�K�Q�p�2�b �Q�M�2 �Q�7 �i�?�2 �Q�`�B�;�B�M���H
D �+�Q�K�T�H�2�t �/�2�;�`�2�2�b �Q�7 �7�`�2�2�/�Q�K�X ���+�+�Q�m�M�i�B�M�; �7�Q�` �i�?�2 �Q�p�2�`���H�H �T�?���b�2 �Q�7j i �- �r�2 �?���p�2 ���;���B�M2D � 3 �`�2���H �/�2�;�`�2�2�b �Q�7
�7�`�2�2�/�Q�K�X

���b �� �}�M���H �`�2�K���`�F�- �r�2 �M�Q�i�2 �i�?���i �7�Q�`h� = h�- �i�?�2 �>�B�H�#�2�`�i �b�T���+�2 �/�2�+�Q�K�T�Q�b�2�b �B�M�i�Q �� �Q�M�2�@�/�B�K�2�M�b�B�Q�M���H �b�m�#�b�T���+�2
�r�B�i�? �2�B�;�2�M�p���H�m�2E = V ���M�/ ��(D � 1)�@�/�B�K�2�M�b�B�Q�M���H �b�m�#�b�T���+�2 �r�B�i�? �2�B�;�2�M�p���H�m�2E = 0 �X

�9�X�j�X�k �L�Q�M�/�2�;�2�M�2�`���i�2 �_�2�;�B�Q�M�bS�

�A�7� /2 D 0�- �U�9�X�R�e�V �B�b �i�?�2 �m�M�B�[�m�2 �b�Q�H�m�i�B�Q�M �i�Q �i�?�2 �K�B�M�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K�X �h�?�B�b�- �?�Q�r�2�p�2�`�- �/�Q�2�b �M�Q�i �B�K�T�H�v �i�?���i �2�p�2�`�v
� /2 D 0 �?���b �� �m�M�B�[�m�2 �;�`�Q�m�M�/ �b�i���i�2j 0i �X �P�M �i�?�2 �+�Q�M�i�`���`�v�- �B�7� 2 @D0�- j 0i �K���v �#�2 �i�?�2 �;�`�Q�m�M�/ �b�i���i�2 �Q�7 �i�?�2
�>���K�B�H�i�Q�M�B���MĤ = Ŵ �r�B�i�?̂h = 0 ���M�/ �i�?�m�b �#�2 �T���`�i �Q�7 �i�?�2 �H���`�;�2�` �;�`�Q�m�M�/ �b�i���i�2 �K���M�B�7�Q�H�/ �/�2�}�M�2�/ �#�vŴ j i = 0 �X

�q�2 �r���M�i �i�Q ���`�;�m�2 �i�?���i �i�?�2(D � 1)�@�7�Q�H�/ �/�2�;�2�M�2�`���+�v �Q�M�H�v �Q�+�+�m�`�b �B�M �i�?�2 �+���b�2h� = h�X �h�Q �i�?�B�b �2�M�/�- �M�Q�i�2 �i�?���i
�#�v �U�9�X�R�k�V�-̂W �B�b �;�B�p�2�M �#�vj� ih� j �r�B�i�?

j� i = K
L � 1X

p=0

jp " ; P � p #i �U�9�X�9�j�V

���M�/K �b�Q�K�2 �M�Q�`�K���H�B�x���i�B�Q�M �+�Q�M�b�i���M�i�X �A�M �;�2�M�2�`���H�- �� �?�2�`�K�B�i�B���M �Q�T�2�`���i�Q�`Â 2 �1�M�/(RD ) �r�B�H�H �?���p�2 ��(D � 1)�@
�/�B�K�2�M�b�B�Q�M���H �2�B�;�2�M�b�T���+�2 �B�7 ���M�/ �Q�M�H�v �B�7Â = aP̂ + bÎ �7�Q�` �b�Q�K�2 �`���M�F�@�R �T�`�Q�D�2�+�i�Q�`P̂ ���M�/a; b 2 R�X �a�B�M�+�2Ĥ =
Ŵ + ĥ = j� ih� j + ĥ�- �i�?�B�b �B�b �i�`�m�2 �7�Q�`Ĥ �Q�M�H�v �B�7ĥ = hÎ �r�B�i�?h 2 R�X �U�_�2�K�2�K�#�2�` �i�?���iĥ �B�b ���b�b�m�K�2�/ �/�B���;�Q�M���H�-
�r�?�2�`�2���b̂W = j� ih� j �B�b ���b�b�m�K�2�/ �Q�z�@�/�B���;�Q�M���H�X�V

�A�M �b�m�K�K���`�v�- �i�?�2 ���#�Q�p�2 �B�K�T�H�B�2�b �i�?���i ���H�H �2�B�;�2�M�b�i���i�2�b ���`�2 �M�Q�M�/�2�;�2�M�2�`���i�2 �m�M�H�2�b�bĥ = hÎ �X �G�2�i �m�b�- �7�Q�` �+�Q�M�+�`�2�i�2�M�2�b�b�-
�+�Q�M�b�B�/�2�` �i�?�2 �+���b�2D = 3 �X �A�M �}�;�X�9�X�9�- �r�2 �T�H�Q�i �i�?�2 �b�T�2�+�i�`�m�K �Q�7Ĥ �Q�p�2�`h1 ���M�/h0�- �r�B�i�?h3 = 1 � h1 � h0�X

�6�B�;�m�`�2 �9�X�9�, �1�B�;�2�M�p���H�m�2�b �Q�7Ĥ = Ŵ + ĥ = j� ih� j+ ĥ �T�H�Q�i�i�2�/ �Q�p�2�`h0 ���M�/h1 �7�Q�` �i�?�2 �+���b�2D = 3 ; P = 2 ; L = 5 ; V = 1 �X
�h�?�2 �+�Q�M�/�B�i�B�Q�Mh0 + h1 + h3 = 0 �B�b �2�M�7�Q�`�+�2�/ �#�v ���/�/�B�M�;� �h�(̀ĥ)Î �i�Q �i�?�2 �>���K�B�H�i�Q�M�B���M�X �A�i �B�b ���T�T���`�2�M�i �i�?���i �i�?�2
�b�T�2�+�i�`�m�K �B�b �M�Q�M�@�/�2�;�2�M�2�`���i�2 �7�Q�` ���H�Hĥ 6= 0 �X

�9�X�9 �*�Q�M�p�2�t�B�i�v

�>�2�`�2�- �r�2 ���B�K �i�Q �T�`�Q�p�2 �i�?���iFG �B�b �+�Q�M�p�2�t�X �h�Q �i�?�B�b �2�M�/ �B�i �B�b �+�Q�M�p�2�M�B�2�M�i �i�Q �K���F�2 �i�?�2 �`�2�T�H���+�2�K�2�M�i� � � � ! � � �X
�a�B�M�+�2 �i�?�B�b ���K�Q�m�M�i�b �i�Q �`�2�b�+���H�B�M�; �i�?�2 �/�Q�K���B�M ���M�/ �7�m�M�+�i�B�Q�M���H�- �i�?�2 �7�m�M�+�i�B�Q�M���H�ö�b �+�Q�M�p�2�t�B�i�v �T�`�Q�T�2�`�i�B�2�b ���`�2 �m�M���z�2�+�i�2�/�X

�h�?�2 �7�m�M�+�i�B�Q�M���H �U�9�X�R�d�V �/�2�+�Q�K�T�Q�b�2�bD(FG ) �B�M�i�QD �b�m�#�b�2�i�b�,
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 P �U�9�X�9�9�V

���`�2 �i�?�2D � 1 �`�2�;�B�Q�M�b �r�?�2�`�2 �i�?�2 �7�m�M�+�i�B�Q�M���H �B�b �M�Q�M�i�`�B�p�B���H�- �r�?�B�H�2

R � F � 1
G (0)
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�B�b �i�?�2 �x�2�`�Q �`�2�;�B�Q�M �/�B�b�+�m�b�b�2�/ �2���`�H�B�2�` �U�r�?�2�`�2 �r�2 �/�2�M�Q�i�2�/ �B�iR D �V�X �L�Q�i�2 �i�?���iFG �B�b ���M���H�v�i�B�+ �B�MR ���M�/ �B�MS� �- �r�?�B�H�2
�r�2 �+���M�M�Q�i �2�t�T�2�+�i �B�i �i�Q �#�2 ���M���H�v�i�B�+ ���i �i�?�2 �#�Q�m�M�/���`�v�X

�_�2�K�2�K�#�2�` �i�?���i �i�?�2 �/�Q�K���B�MD = � D � 1 �B�b �B�M �i�?�2 ���{�M�2 �b�m�#�b�T���+�2f
P

� 2 
 P
� � = 1g � RD �X �A�M �i�?�2 �7�Q�H�H�Q�r�B�M�;�-

�r�Q�`�F�B�M�; �B�M �+���`�i�2�b�B���M �`���i�?�2�` �i�?���M �#���`�v�+�2�M�i�`�B�+ �+�Q�Q�`�/�B�M���i�2�b �r�B�H�H �#�2 �K�Q�`�2 �+�Q�M�p�2�M�B�2�M�i�X �q�2 �m�b�2 �i�?�2 �+�Q�Q�`�/�B�M���i�2
�i�`���M�b�7�Q�`�K���i�B�Q�MM � �/�2�}�M�2�/ �B�M �U�9�X�j�k�V�X �_�2�+���H�H �i�?���iM � �`�2�K�Q�p�2�b �i�?�2� �2�M�i�`�v �Q�7� �i�Q �v�B�2�H�/� 0�- ���M�/ �i�?���i �B�i �B�b
�B�M�D�2�+�i�B�p�2 �#�2�+���m�b�2 �i�?�2 �/�2�H�2�i�2�/ �2�M�i�`�v �+���M �#�2 �`�2�+�Q�M�b�i�`�m�+�i�2�/ �m�b�B�M�;� � = 1 �

P
� 6= � � � �X �h�?�2 �2�t�T�H�B�+�B�i �7�Q�`�K �Q�7 �i�?�2

�`�2�T���`���K�2�i�2�`�B�x�2�/ �7�m�M�+�i�B�Q�M���H �B�b �i�?�m�b

FG (M � 1
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�J�Q�`�2�Q�p�2�`�- �H�2�i �m�b �M�Q�i�2 �i�?���i �i�?�2 �T���`���K�2�i�2�`�B�x���i�B�Q�M �Q�7 �U�9�X�9�9�V ���b
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�6�Q�` �i�?�2 �`�2�K���B�M�/�2�` �Q�7 �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �r�B�H�H �/�`�Q�T �i�?�2 �T�`�B�K�2 �7�`�Q�K� 0�- ���H�r���v�b �`�2�7�2�`�`�B�M�; �i�Q� 2 � D � 1 � RD � 1�X
�h�?�2 �?�2���p�v �H�B�7�i�B�M�; �M�2�2�/�2�/ �i�Q �2�b�i���#�H�B�b�? �+�Q�M�p�2�t�B�i�v �B�b �/�Q�M�2 �#�v �i�?�2 �7�Q�H�H�Q�r�B�M�; �G�2�K�K���,

�G�2�K�K�� �9�X�j�X�R�,�G�2�i� �#�2 �B�M �i�?�2 �B�M�i�2�`�B�Q�` �Q�7S� �- �b�m�+�? �i�?���iFG �B�b ���M���H�v�i�B�+ ���i� �- ���M�/ �H�2�i

H �" (� ) =
@2FG

@�� @�"
(� )

�#�2 �i�?�2 �2�M�i�`�B�2�b �Q�7 �i�?�2 �>�2�b�b�B���M �K���i�`�B�t�XH (� ) �B�b �T�Q�b�B�i�B�p�2�@�b�2�K�B�/�2�}�M�B�i�2�X

�S� �̀Q�Q�7�,�1�t�T�H�B�+�B�i �+�Q�K�T�m�i���i�B�Q�M �b�?�Q�r�b

@2FG
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1 �
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�

� �

! � 3/2

+ � �" � � 3/2
� ; �U�9�X�9�3�V

���M�/

B (� ) = ( �;�`���/FG (� ))T �;�`���/FG (� ): �U�9�X�9�N�V

�*�H�2���`�H�v�-B �B�b �T�Q�b�B�i�B�p�2�@�b�2�K�B�/�2�}�M�B�i�2�c �b�B�M�+�2G �B�b �M�Q�M�@�M�2�;���i�B�p�2 �B�MSD �- �B�i �Q�M�H�v �`�2�K���B�M�b �i�Q �#�2 �b�?�Q�r�M �i�?���iA �B�b �T�Q�b�B�i�B�p�2�@
�b�2�K�B�/�2�}�M�B�i�2�X �h�Q �i�?�B�b �2�M�/�- �T�B�+�F ���M ���`�#�B�i�`���`�v�p2 RD � 1�- ���M�/ �2�p���H�m���i�2

�pT A�p= � (1 � k � k1) � 3/2 k�pk2
1 +

X

�

� � 3/2
� v2

� ; �U�9�X�8�y�V

�L�Q�i�2 �i�?���i �i�?�2l �@�M�Q�`�K �Q�MRD � 1 �B�b �/�2�}�M�2�/ ���bk�tkl =
� P

� x l
�

� 1/ l
�7�Q�`l � 1�X �q�2 �K�m�b�i �b�?�Q�r �i�?���i �U�9�X�8�y�V �B�b
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�h�?�2 �7�Q�H�H�Q�r�B�M�; �H�2�K�K�� �B�b �� �i�`�B�p�B���H �+�Q�M�b�2�[�m�2�M�+�2 �Q�7 �1�[�X �U�9�X�R�d�V�,
�G�2�K�K�� �9�X�j�X�k�,F � (� ) = 0 �B�7 ���M�/ �Q�M�H�v �B�7� 2 @D0�- �r�?�2� �̀2 �i�?�2 �H���i�i�2�` �/�2�M�Q�i�2�b �i�?�2 �#�Q�m�M�/���`�v �Q�7D0�X�

���M�Q�i�?�2�` �m�b�2�7�m�H �`�2�b�m�H�i �B�b �i�?�2 �7�Q�H�H�Q�r�B�M�;�,
�G�2�K�K�� �9�X�j�X�j�,���b�b�m�K�2 �i�?���iD > 2�X �A�7F � (� ) = F � (� ) = 0 �7�Q�`� 6= � �i�?�2�M� 2 @� D � 1�X
�S� �̀Q�Q�7�,�h�?�2 �2�[�m���H�B�i�v �B�K�T�H�B�2�b �i�?���i �#�Q�i�?
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 6= �; � �X �h�?�2�`�2�7�Q�`�2�-� �?���b ���i �H�2���b�i �Q�M�2 �p���M�B�b�?�B�M�; �+�Q�K�T�Q�M�2�M�i ���M�/ �H�B�2�b �Q�M �i�?�2 �#�Q�m�M�/���`�v �Q�7 �i�?�2
�b�B�K�T�H�2�t�X

�L�2�t�i�- �r�2 �T�`�Q�p�2 ���M�Q�i�?�2�` ���m�t�B�H�B���`�v �`�2�b�m�H�i�,
�G�2�K�K�� �9�X�j�X�9�,�.�2�}�M�2f : [� 1; 1] ! R �#�v

f (t) =

(
0 �B�7t < 0;

g(t) �B�7t > 0;
�U�9�X�8�3�V

�r�?�2� �̀2g(x) : [� 1; 1] ! R �B�b �i�r�B�+�2 �/�B�z�2� �̀2�M�i�B���#�H�2 ���M�/ �b���i�B�b�}�2�bg0(t) > 0 ���M�/g(0) = g0(0) = 0 �X �h�?�2�Mf (t) �B�b �+�Q�M�p�2�t�X
�S� �̀Q�Q�7�,�q�2 �T�`�Q�p�2 �i�?���if 0(t) �2�t�B�b�i�b �2�p�2�`�v�r�?�2�`�2 ���M�/ �B�b �M�Q�M�/�2�+�`�2���b�B�M�;�X �1�t�B�b�i�2�M�+�2 �7�Q�H�H�Q�r�b �#�2�+���m�b�2 �H�B�Kt #0 f 0(t) =
�H�B�Kt #0 g0(t) = 0 ���M�/ �H�B�Kt " 0 f 0(t) = 0 �X �A�i �B�b �M�Q�M�/�2�+�`�2���b�B�M�; �#�2�+���m�b�2�- �7�Q�`t < 0�- f 0(t) = 0 �#�v �/�2�}�M�B�i�B�Q�M�- �7�Q�`
t > 0; f 0(t) = g0(t) > 0 ���M�/ �7�Q�`t = 0 �-f 0(t) = 0 ���b �r�2 �D�m�b�i �b�?�Q�r�2�/�X�

�S�`�Q�T�Q�b�B�i�B�Q�M �9�X�j�X�8�,FG �B�b �+�Q�M�p�2�t�X
�S� �̀Q�Q�7�,�*�Q�M�b�B�/�2�` �i�r�Q ���`�#�B�i�`���`�v �T�Q�B�M�i�b� 1; � 2 2 �A�M�i� D � 1 ���M�/ �/�2�}�M�2f (t) = FG (� (t)) �r�?�2�`�2� (t) = t� 1+(1 � t)� 2�-
0 < t < 1�X �A�7 �r�2 �+���M �b�?�Q�r �i�?���if (t) �B�b �+�Q�M�p�2�t�- �r�2 �r�B�H�H �?���p�2 �b�?�Q�r�M �i�?���iFG �B�b �+�Q�M�p�2�t �Q�M �i�?�2 �B�M�i�2�`�B�Q�` �Q�7 �B�i�b
�/�Q�K���B�M ���M�/�- �#�v �+�Q�M�i�B�M�m�B�i�v�- �Q�M �i�?�2 �2�M�i�B�`�2 �/�Q�K���B�M�X

�6�Q�h̀(t) �i�Q �#�2 �+�Q�M�p�2�t�- �B�i �b�m�{�+�2�b �7�Q�` �B�i �i�Q �#�2 �/�B�z�2�`�2�M�i�B���#�H�2 �2�p�2�`�v�r�?�2�`�2 ���M�/ �7�Q�`h0 �i�Q �#�2 �M�Q�M�/�2�+�`�2���b�B�M�;�X �h�?�B�b
�7�Q�H�H�Q�r�b �7�`�Q�K �G�2�K�K�� �9�X�j�X�R �7�Q�` ���H�Ht �r�?�2�`�2� (t) �B�b �B�M �i�?�2 �B�M�i�2�`�B�Q�` �Q�7 �2�B�i�?�2�`D0 �Q�S̀� �X �G�2�K�K���b �9�X�j�X�k ���M�/ �9�X�j�X�j
���M�/ �i�?�2 �+�Q�M�p�2�t�B�i�v �Q�7D0 �K���F�2 �+�H�2���` �i�?���i� (t) �+�`�Q�b�b�2�b �i�?�2 �#�Q�m�M�/���`�B�2�b �#�2�i�r�2�2�MD0 ���M�/ �i�?�2S� �ö�b ���i �K�Q�b�i �i�r�B�+�2
�U�B�M �T���`�i�B�+�m�H���`�- �}�M�B�i�2�H�v �K���M�v �i�B�K�2�b�V�X �G�2�it0 �#�2 �� �+�`�Q�b�b�B�M�; �T�Q�B�M�i�- �B�X�2�X� (t0) 2 @D0�- ���M�/ �+�?�Q�Q�b�2� > 0 �b�Q �i�?���i
�M�Q �Q�i�?�2�` �+�`�Q�b�b�B�M�; �T�Q�B�M�i �H�B�2�b �B�M�b�B�/�2[t0 � �; t 0 + � ]�X �A�7 �i�?�2 �+�`�Q�b�b�Q�p�2�` �B�b �7�`�Q�KD0 �B�M�i�QS� �- �i�?�2�Mf (t) = h(t0 + �t )
�7�m�H�}�H�H�b �i�?�2 �+�Q�M�/�B�i�B�Q�M�b �Q�7 �G�2�K�K�� �9�X�j�X�9�X �A�7 �i�?�2 �+�`�Q�b�b�Q�p�2�` �B�b �7�`�Q�KS� �B�M�i�QD0�- �i�?�2�Mf (t) = h(t0 � �t ) �7�m�H�}�H�H�b �i�?�2
�+�Q�M�/�B�i�B�Q�M�b�X �A�M �2�B�i�?�2�` �+���b�2�- �G�2�K�K�� �9�X�j�X�9 �2�b�i���#�H�B�b�?�2�b �i�?���ih0 �2�t�B�b�i�b ���M�/ �B�b �M�Q�M�/�2�+�`�2���b�B�M�; ���it0 ���M�/ �i�?�m�b �Q�M[0; 1]�X�
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�S�`�Q�T�Q�b�B�i�B�Q�M �9�X�j�X�8 �2�b�i���#�H�B�b�?�2�b �i�?���i�- �7�Q�` �i�?�2 �i�r�Q�@�7�2�`�K�B�Q�M �>�m�#�#���`�/ �b�v�b�i�2�K �r�2 ���`�2 �+�Q�M�b�B�/�2�`�B�M�;�- �i�?�2 �G�2�p�v �7�m�M�+�@
�i�B�Q�M���H �+�Q�B�M�+�B�/�2�b �r�B�i�? �i�?�2 �o���H�Q�M�2 �7�m�M�+�i�B�Q�M���H �U�+�X�7�X �b�2�+�i�B�Q�M�k�X�3�V�X �h�?�m�b�- �M�Q�i �Q�M�H�v �/�Q�2�b �B�i �?���p�2 �� �b�i�`���B�;�?�i�7�Q�`�r���`�/
�+�H�Q�b�2�/�@�7�Q�`�K �2�t�T�`�2�b�b�B�Q�M�- �#�m�i �B�i �B�b ���H�b�Q �+�Q�M�p�2�t�X ���b �r�2 �r�B�H�H �b�2�2 �b�?�Q�`�i�H�v�- �i�?�B�b �T�`�Q�T�2�`�i�v �+���M�M�Q�i �#�2 �i���F�2�M �7�Q�` �;�`���M�i�2�/�-
�2�p�2�M �B�M �b�m�+�? �� �b�B�K�T�H�2 �b�v�b�i�2�K�X

�9�X�8 �q�Q�`�F�B�M�; �r�B�i�? �_�2���H �*�Q�2�{�+�B�2�M�i�b

�h�Q �`�2�/�m�+�2 �M�Q�i���i�B�Q�M���H �+�H�m�i�i�2�`�- �r�2 �/�B�b�T�Q�b�2 �Q�7 �i�?�2 �b�m�#�b�+�`�B�T�iG �i�?���i �`�2�K�B�M�/�b �m�b �Q�7 �i�?�2 �b�v�K�K�2�i�`�v �b�m�#�b�T���+�2 ���M�/ �r�`�B�i�2
F �B�M�b�i�2���/ �Q�7FG �X �h�?�2 �7�m�M�+�i�B�Q�M���HeF �- �i�Q �#�2 �/�2�}�M�2�/ �#�2�H�Q�r�- �?���b �i�?�2 �b���K�2 �T�?�v�b�B�+���H �Q�`�B�;�B�M ���bF ���M�/ �b�?�Q�m�H�/�- �b�i�`�B�+�i�H�v
�b�T�2���F�B�M�;�- �#�2 �/�2�M�Q�i�2�/eFG �- �r�?�B�+�? �r�2 �`�2�7�`���B�M �7�`�Q�K �B�M �b�2�`�p�B�+�2 �Q�7 �`�2���/���#�B�H�B�i�v�X

�A�M �K�Q�K�2�M�i�m�K �b�T���+�2�- �i�?�2 �>���K�B�H�i�Q�M�B���M �B�b �� �`�2���H �K���i�`�B�t�- �b�Q �i�?�2 �;�`�Q�m�M�/ �b�i���i�2 �K���v �� �T�`�B�Q�`�B �#�2 ���b�b�m�K�2�/ �i�Q �?���p�2
�� �b�i�`�B�+�i�H�v �`�2���H �#���b�B�b �2�t�T���M�b�B�Q�M�- ���M�/ �Q�M�2 �K���v �`�2�T�H���+�2 �K�B�M�B�K�B�x���i�B�Q�M �B�M �U�9�X�R�8�V �#�v �K�B�M�B�K�B�x���i�B�Q�M �Q�p�2�` �`�2���H �T�?���b�2�b
� k = � 1 �(�k�k�-�k�j�)�,
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�6�Q�` �;�2�M�2�`���HL �- �i�?�2�`�2 �M�Q �H�Q�M�;�2�` �B�b �� �b�i�`���B�;�?�i�7�Q�`�r���`�/ ���M���H�v�i�B�+���H �2�t�T�`�2�b�b�B�Q�M ���b �B�M �i�?�2 �+���b�2 �Q�7 �+�Q�K�T�H�2�t �T�?���b�2�b
� k 2 U(1)�X �h�Q �b�i�B�H�H �;���B�M �b�Q�K�2 �B�M�b�B�;�?�i�b�- �r�2 �+�Q�M�b�B�/�2�` �i�?�2 �+�Q�M�+�`�2�i�2 �+���b�2D = 3 �X �S�?�v�b�B�+���H�H�v�- �i�?�B�b �K�B�;�?�i�- �7�Q�` �2�t���K�T�H�2�-
�+�Q�`�`�2�b�T�Q�M�/ �i�QL = 6 ���M�/P = 1 �- ���b �T�2�` �i���#�H�2�9�X�R�X �A�M �i�?�B�b �+���b�2�- �i�?�2 �U�i�?�`�2�2�V �T�?���b�2 �p���H�m�2�b �M�2�2�/�2�/ �i�Q ���+�?�B�2�p�2 �i�?�2
�K�B�M�B�K�m�K �B�M �U�9�X�8�N�V ���`�2

� � =

(
� 1 �B�7� = � 0

1 �Q�i�?�2�`�r�B�b�2;
�U�9�X�e�y�V

�r�?�2�`�2� 0 �B�b �i�?�2 �K�Q�K�2�M�i�m�K �r�B�i�? �i�?�2 �?�B�;�?�2�b�i �Q�+�+�m�T���i�B�Q�M� � �X �h�?�B�b �/�B�p�B�/�2�b �i�?�2 �b�B�K�T�H�2�tD( eF ) �B�M�i�Q �i�?�`�2�2 �`�2�;�B�Q�M�b�-
���b �b�?�Q�r�M �B�M �6�B�;�X�9�X�8�X ���i �i�?�2 �#�Q�m�M�/���`�v �Q�7 �i�?�Q�b�2 �`�2�;�B�Q�M�b�-eF �B�b �M�Q�M���M���H�v�i�B�+�- ���b �b�2�2�M �B�M �6�B�;�X�9�X�e���X

�6�B�;�m�`�2 �9�X�8�, �a�m�#�/�Q�K���B�M�b �U�e�X�R�V �Q�7 �i�?�2� �@�b�B�K�T�H�2�t �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �/�B�z�2�`�2�M�i �+�?�Q�B�+�2�b �Q�7� = ( � 0; � 1; � 3)�X �h�?�2
�T���`���K�2�i�2�`�b� i ; i = 0 ; 1; 3 �b�2�`�p�2 ���b �#���`�v�+�2�M�i�`�B�+ �+�Q�Q�`�/�B�M���i�2�b�X �h�?�2 �+���b�2 �/�2�T�B�+�i�2�/ �B�bL = 6 ; P = 1 �X

�h�?�2 �i�r�Q �7�m�M�+�i�B�Q�M���H�bF ���M�/ eF �/�Q �M�Q�i ���;�`�2�2 �Q�M �i�?�2 �2�M�i�B�`�2�i�v �Q�7 �i�?�2�B�` �/�Q�K���B�M�X �a�i�B�H�H�- �i�?�2�v ���`�2 �T�?�v�b�B�+���H�H�v
�2�[�m�B�p���H�2�M�i �b�B�M�+�2 �i�?�2 �K�B�M�B�K�B�x���i�B�Q�M �U�k�X�j�k�V �Q�M�H�v �/�2�T�2�M�/�b �Q�M �i�?�2 �+�Q�M�p�2�t �?�m�H�H �Q�7eF �X �q�2 �b�2�2 �i�?���iF ���M�/eF �?���p�2 �i�?�2
�b���K�2 �+�Q�M�p�2�t �?�m�H�H ���M�/ �i�?�m�b �v�B�2�H�/ �i�?�2 �b���K�2 �;�`�Q�m�M�/ �b�i���i�2 �2�M�2�`�;�v �7�Q�` �2�p�2�`�v �+�?�Q�B�+�2 �Q�7h�X

�6�Q�` �;�2�M�2�`���H �p���H�m�2�b �Q�7D �- ���b �B�b �i�?�2 �+���b�2 �7�Q�`D = 3 �- �i�?�2 �/�Q�K���B�M �;�2�i�b �b�m�#�/�B�p�B�/�2�/ �B�M�i�Q �+�2�H�H�b�- �2���+�? �+�Q�`�`�2�b�T�Q�M�/�B�M�;
�i�Q �� �+�?�Q�B�+�2 �Q�7 �b�B�;�M�b� � 2 f� 1gD �X ���i �i�?�2 �+�2�H�H �#�Q�m�M�/���`�B�2�b�- �i�?�2 �7�m�M�+�i�B�Q�M���H �B�b �+�Q�M�i�B�M�m�Q�m�b�- �#�m�i �;�2�M�2�`���H�H�v �M�Q�i
�/�B�z�2�`�2�M�i�B���#�H�2�- �T�`�Q�/�m�+�B�M�; �F�B�M�F�b �B�M �i�?�2 �7�m�M�+�i�B�Q�M���H�ö�b �;�`���T�?�X �q�2 �+���M ���b�b�2�`�i �i�?���i �i�?�2�b�2 �F�B�M�F�b �r�B�H�H ���H�r���v�b �T�Q�B�M�i
�m�T�r���`�/�, �q�?�2�M �K�Q�p�B�M�; ���+�`�Q�b�b �i�?�2 �F�B�M�F �Q�M �� �T���`���K�2�i�`�B�+ �+�m�`�p�2
 (t)�- �i�?�2 �/�2�`�B�p���i�B�p�2 �Q�7F (t) � eF (
 (t)) �D�m�K�T�b �7�`�Q�K
eF 0(t �

0 ) �i�QeF 0(t+
0 ) < eF 0(t �

0 )�X �J�Q�`�2 �T�`�2�+�B�b�2�H�v�- �r�2 �+�H���B�K

�H�B�K
t ! t �

0

eF 0(t) � �H�B�K
t ! t +

0

eF 0(t): �U�9�X�e�R�V

�h�?�B�b �B�K�T�H�B�2�b �i�?���i �B�7eF 0(t0) �B�b �/�B�b�+�Q�M�i�B�M�m�Q�m�b ���it0�- �i�?�2 �H�B�K�B�i�B�M�; �p���H�m�2t ! t �
0 �K�m�b�i �2�t�+�2�2�/ �i�?�2 �H�B�K�B�i�B�M�; �p���H�m�2 �7�Q�`

t ! t+
0 �X �h�Q �T�`�Q�p�2 �i�?�B�b�- ���b�b�m�K�2eF 0(t0) �B�b �/�B�b�+�Q�M�i�B�M�m�Q�m�b ���it0�- �B�X�2�X

�H�B�K
t ! t �

0

eF 0(t) 6= �H�B�K
t ! t +

0

eF 0(t) �U�9�X�e�k�V



�9�X�8�X �q�P�_�E�A�L�: �q�A�h�> �_�1���G �*�P�1�6�6�A�*�A�1�L�h�a �j�N

�U���V �6�m�M�+�i�B�Q�M���H �r�?�2�M �K�B�M�B�K�B�x�B�M�; �Q�p�2�`� = f� 1; 1gD �U�#�V �6�m�M�+�i�B�Q�M���H �r�?�2�M �K�B�M�B�K�B�x�B�M�; �Q�p�2�` �;�2�M�2�`���H� 2
U(1)D

�U�+�V �a�m�#�/�Q�K���B�M�b �Q�7 �i�?�2� �@�b�B�K�T�H�2�t �r�?�2�`�2F �B�b ���M���H�v�i�B�+���H�X
�h�?�B�b �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �6�B�;�X�9�X�8�B�M �+���`�i�2�b�B���M �+�Q�Q�`�/�B�M���i�2�b�X

�U�/�V �a�m�#�/�Q�K���B�M�b �Q�7 �i�?�2� �@�b�B�K�T�H�2�t�- ���b �/�2�}�M�2�/ �B�M �U�9�X�9�9�V
���M�/ �U�9�X�9�k�V�X �h�?�B�b �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �6�B�;�X�9�X�R���B�M �+���`�i�2�b�B���M
�+�Q�Q�`�/�B�M���i�2�b�X

�6�B�;�m�`�2 �9�X�e�, �6�m�M�+�i�B�Q�M���H �7�Q�` �i�?�2 �>�m�#�#���`�/ �K�Q�/�2�H �7�Q�` �i�r�Q �7�2�`�K�B�Q�M�b �Q�7 �i�Q�i���H �K�Q�K�2�M�i�m�KP = 1 �T�Q�T�m�H���i�B�M�; �b�B�t �b�B�i�2�b�X
�h�?�2� 2 U(1)D �+���b�2 �B�b ���M���H�Q�;�Q�m�b �i�Q �� �7�m�M�+�i�B�Q�M���H �7�Q�m�M�/ �7�Q�` �� �/�B�z�2�`�2�M�i �b�v�b�i�2�K �B�M�p�2�b�i�B�;���i�2�/ �B�M �(�R�9�)�X



�9�y �*�>���S�h�1�_ �9�X �>�l�"�"���_�. �J�P�.�1�G �q�A�h�> �h�q�P �6�1�_�J�A�P�L�a

�q�2 �`�2�+���H�H �i�?���i �2���+�? �Q�7 �i�?�22L �+�?�Q�B�+�2�b �Q�7� � �B�M �U�9�X�8�N�V �`�2�T�`�2�b�2�M�i�b �� �+�?�Q�B�+�2 �Q�7 �b�K�Q�Q�i�? �7�m�M�+�i�B�Q�M

eF � [
̂ ] =
V
2L
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�
�
�

X

� 2 
 P

p
� � � �

�
�
�
�

2

: �U�9�X�e�j�V

�h�?�2�`�2�7�Q�`�2�-eF (t) �+���M �#�2 �M�Q�M�@���M���H�v�i�B�+ ���it0 �Q�M�H�v �B�7

eF (t) = eF � (t) �7�Q�`t < t 0;

eF (t) = eF � 0(t) �7�Q�`t > t 0

�U�9�X�e�9�V

�r�B�i�?� 0
� 6= � � �X �_�2�K�2�K�#�2�`�B�M�; �i�?���i �i�?�2 �+�?�Q�B�+�2�b �b�i�2�K �7�`�Q�K �i�?�2 �K�B�M�B�K�B�x���i�B�Q�M �B�M �U�9�X�8�N�V�- �B�i �B�b �+�H�2���` �i�?���i �r�2 �K�m�b�i

�?���p�2
eF � 0

�
(t) � eF � � (t) �7�Q�`t > t 0

eF � 0
�

(t) � eF � � (t) �7�Q�`t < t 0

�U�9�X�e�8�V

�q�?�B�+�? �#�v �b�K�Q�Q�i�?�M�2�b�b �B�K�T�H�B�2�b
eF 0

� 0
�

(t0) � eF 0
� �

(t0): �U�9�X�e�e�V

�A�i �7�Q�H�H�Q�r�b �7�`�Q�K �U�9�X�e�k�V ���M�/ �U�9�X�e�9�V �i�?���i �i�?�B�b �B�M�2�[�m���H�B�i�v �B�b �b�i�`�B�+�i�- �r�?�B�+�?�- �+�Q�K�#�B�M�2�/ ���;���B�M �r�B�i�? �U�9�X�e�9�V �B�K�T�H�B�2�b �i�?�2
�+�H���B�K �U�9�X�e�R�V�X



�*�?���T�i�2�` �8

�h�r�2���F�B�M�; �i�?�2 �A�M�i�2�`���+�i�B�Q�M

�A�M �i�?�B�b �+�?���T�i�2�`�- �r�2 �b�i�m�/�v �?�Q�r �i�?�2 �7�m�M�+�i�B�Q�M���H �T�H�Q�i�i�2�/ �B�M �U�9�X�e�#�V �+�?���M�;�2�b �r�?�2�M �i�?�2 �B�M�i�2�`���+�i�B�Q�M �>���K�B�H�i�Q�M�B���MŴ
�/�B�z�2�`�b �7�`�Q�K �i�?�2 �>�m�#�#���`�/ �B�M�i�2�`���+�i�B�Q�M �U�9�X�R�V�X �A�M �T���`�i�B�+�m�H���`�- �r�2 �+�H���b�b�B�7�v ���H�H �T�Q�b�b�B�#�H�2 �r���v�b �i�?�2 �7�m�M�+�i�B�Q�M���H �+���M �7���B�H �i�Q
�#�2 �b�i�`�B�+�i�H�v �+�Q�M�p�2�t�X �h�?�B�b �+�?���T�i�2�` �Q�M�H�v �/�2���H�b �r�B�i�? �i�?�2 �G�2�p�v �7�m�M�+�i�B�Q�M���H �U�k�X�k�N�V�- ���M�/ �i�?�2 �K�B�M�B�K�B�x���i�B�Q�M �B�b �+���`�`�B�2�/ �Q�m�i
�Q�p�2�` �i�?�2 �2�M�i�B�`�2 �>�B�H�#�2�`�i �b�T���+�2 �Q�7 �r���p�2 �7�m�M�+�i�B�Q�M�b�- �M�Q�i �Q�M�H�v �i�?�Q�b�2 �r�B�i�? �`�2���H �+�Q�2�{�+�B�2�M�i�b ���b �B�M �b�2�+�i�B�Q�M�9�X�8�X �h�?�2 �H���b�i
�+�?���T�i�2�` �/�2���H�b �r�B�i�? �i�?�2 �`�2���H�@�+�Q�2�{�+�B�2�M�i �7�m�M�+�i�B�Q�M���H �B�M �K�m�+�? �;�`�2���i�2�` �/�2�i���B�H�X

�A�M �i�?�2 �T�`�2�p�B�Q�m�b �+�?���T�i�2�`�- �r�2 �?���p�2 �b�2�2�M �i�?���i �i�?�2 �G�2�p�v �7�m�M�+�i�B�Q�M���H �7�Q�` �i�?�2 �>�m�#�#���`�/ �Q�M�@�b�B�i�2 �B�M�i�2�`���+�i�B�Q�M �r�B�i�?
N = 2 �+���M �#�2 �7�Q�m�M�/ ���M���H�v�i�B�+���H�H�v �7�Q�` ���M ���`�#�B�i�`���`�v �}�M�B�i�2 �Q�M�2�@�/�B�K�2�M�b�B�Q�M���H �H���i�i�B�+�2�X �q�2 �r���M�i �i�Q �B�M�p�2�b�i�B�;���i�2 �?�Q�r �i�?�2
���M���H�v�i�B�+���H �b�i�`�m�+�i�m�`�2 �Q�7F �+�?���M�;�2�b �B�7 �b�T�2�+�B�}�+ �i�r�2���F�b ���`�2 �K���/�2 �i�Q �i�?�2 �B�M�i�2�`���+�i�B�Q�M �B�i�b�2�H�7�X �h�Q �i�?�B�b �2�M�/�- �r�2 �+�Q�M�i�B�M�m�2
�B�M �i�?�2 �b�2�i�i�B�M�; �Q�7 �i�r�Q �7�2�`�K�B�Q�M�b �Q�M ���ML �@�b�B�i�2 �H���i�i�B�+�2�- �#�m�i �r�2 �/�`�Q�T �i�?�2 �>�m�#�#���`�/ �Q�M�@�b�B�i�2 �`�2�T�m�H�b�B�Q�M ���b �i�?�2 �B�M�i�2�`���+�i�B�Q�M
�Q�7 �+�?�Q�B�+�2�X �>�Q�r�2�p�2�`�- �r�2 �+�Q�M�i�B�M�m�2 �i�Q �/�B�+�i���i�2 �i�?���iŴ �B�b �� �i�`���M�b�H���i�B�Q�M�@�B�M�p���`�B���M�i �i�r�Q�@�#�Q�/�v �B�M�i�2�`���+�i�B�Q�M �i�?���i �`�2�b�T�2�+�i�b
�b�T�B�M �b�v�K�K�2�i�`�v �b�Q �i�?���i �r�2 �+���M �+�Q�M�i�B�M�m�2 �i�Q �`�2�b�i�`�B�+�i �Q�m�` ���i�i�2�M�i�B�Q�M �i�Q �b�T�B�M �b�B�M�;�H�2�i�b �r�B�i�? �i�Q�i���H �K�Q�K�2�M�i�m�KP�- ���M�/
�b�Q �i�?���i �i�?�2 �7�m�M�+�i�B�Q�M���H �/�Q�K���B�M �B�b ���;���B�M �i�?�2 �b�B�K�T�H�2�t �U�9�X�R�R�V�X �h�?�2�b�2 �b�B�K�T�H�B�}�+���i�B�Q�M�b ���H�b�Q �`�2�[�m�B�`�2 �i�?���iĥ �`�2�b�T�2�+�i�b
�i�?�2�b�2 �b�v�K�K�2�i�`�B�2�b ���b �#�2�7�Q�`�2�- �b�Q �B�i �K���v �#�2 ���b�b�m�K�2�/ �/�B���;�Q�M���H ���b �Q�m�i�H�B�M�2�/ �B�M �b�2�+�i�B�Q�M�k�X�R�y�X

�8�X�R �.�2�;�2�M�2�`���+�v �a�i�`�m�+�i�m�`�2 �7�Q�`D = 3

�q�2 �+�Q�M�b�B�/�2�` �i�?�2 �+���b�2 �r�?�2�`�2 �i�?�2 �b�m�#�b�T���+�2 �/�B�K�2�M�b�B�Q�M �B�bD = 3 �X �6�Q�` �b�T�2�+�B�}�+�B�i�v�- �r�2 �K���v �i���F�2 �i�?�2 �b�T���+�2 �B�M �[�m�2�b�i�B�Q�M
�i�Q �#�2 �i�?�2P = 2 �b�m�#�b�T���+�2 �Q�7 �i�?�2L = 5 �+�?���B�M �/�B�b�+�m�b�b�2�/ �T�`�2�p�B�Q�m�b�H�v ���M�/ ���/�Q�T�i �i�?�2 �M�Q�i���i�B�Q�M

j1i � j 0 " ; 2 #i ; j2i � j 1 " ; 1 #i ; j3i � j 3 " ; 4 #i : �U�8�X�R�V

�q�2 �?���p�2 �b�2�2�M �i�?���i �i�?�2 �Q�M�H�v �Q�M�2�@�T���`�i�B�+�H�2 �>���K�B�H�i�Q�M�B���M �H�2���/�B�M�; �i�Q �� �/�2�;�2�M�2�`���i�2 �;�`�Q�m�M�/ �b�i���i�2 �7�Q�` �i�?�2 �b�B�K�T�H�2 �>�m�#�#���`�/
�Q�M�@�b�B�i�2 �B�M�i�2�`���+�i�B�Q�M �B�bĥ = hÎ �X �q�2 �r���M�i �i�Q �F�M�Q�r �r�?�2�i�?�2�` �`�B�+�?�2�` �#�2�?���p�B�Q�` �B�b �T�Q�b�b�B�#�H�2 �7�Q�` �K�Q�`�2 �;�2�M�2�`���HŴ �X

�_�2�+���H�H �7�`�Q�K �b�2�+�i�B�Q�M�k�X�N�i�?���i �i�?�2 �G�2�p�v �7�m�M�+�i�B�Q�M���HFG �B�b �b�i�`�B�+�i�H�v �+�Q�M�p�2�t�- �2�t�+�2�T�i �Q�M �b�m�#�b�2�i�b �i�?���i ���`�2 �B�K���;�2�b
�Q�7 �/�2�;�2�M�2�`���i�2 �b�m�#�b�T���+�2�b �m�M�/�2�` �i�?�2 �T���`�i�B���H �i�`���+�2 �K���T�X �q�2 �r���M�i �i�Q �b�2�2 �r�?���i �i�?�2�b�2 �b�m�#�b�2�i�b �+���M �H�Q�Q�F �H�B�F�2�X �A�M
�T���`�i�B�+�m�H���`�- �r�2 �r���M�i �i�Q �+�?���`���+�i�2�`�B�x�2 �i�?�2 �b�2�i �Q�7 �b�B�M�;�H�2�@�T���`�i�B�+�H�2 �>���K�B�H�i�Q�M�B���M�bĥ �i�?���i �H�2���/ �i�Q �� �/�2�;�2�M�2�`���i�2 �;�`�Q�m�M�/
�b�i���i�2�X �q�2 �r���M�i �i�Q �+�H���b�b�B�7�v �i�?�2 �7�Q�`�K�b �i�?�B�b �b�2�i �+���M �i���F�2 �#���b�2�/ �Q�M �i�?�2 �T�`�Q�T�2�`�i�B�2�b �Q�7Ŵ �X

�A�M �;�2�M�2�`���H�- �i�?�2 �H�B�M�2���` �Q�T�2�`���i�Q�`Ĥ : C3 7! C3 �r�B�H�H �?���p�2 �� �/�2�;�2�M�2�`���i�2 �2�B�;�2�M�p���H�m�2 �B�7 ���M�/ �Q�M�H�v �B�7 �B�i �?���b �i�?�2 �7�Q�`�K

Ĥ = Ŵ + ĥ = aj� ih� j + bÎ �U�8�X�k�V

�7�Q�` �b�Q�K�2 �`���M�F�@�Q�M�2 �T�`�Q�D�2�+�i�Q�`j� ih� j ���M�/a; b2 R�X �q�2 �T���`���K�2�i�2�`�B�x�2 �i�?�2 �B�M�i�2�`���+�i�B�Q�M ���b

Ŵ =

0

@
0 w3 w2

w�
3 0 w1

w�
2 w�

1 0
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A ; �U�8�X�j�V

�r�?�2�`�2 �r�2 �?���p�2 ���b�b�m�K�2�/ �i�?�2 �/�B���;�Q�M���H �2�H�2�K�2�M�i�b �i�Q �p���M�B�b�? �b�B�M�+�2 �i�?�2�v �+���M �#�2 ���#�b�Q�`�#�2�/ �B�M�i�Qĥ�X �P�M�H�v �i�?�2 �}�`�b�i �i�2�`�K
�B�M �U�8�X�k�V �+���M �+�Q�M�i�`�B�#�m�i�2 �i�Q �i�?�2 �Q�z�@�/�B���;�Q�M���H �2�H�2�K�2�M�i�b �Q�7Ŵ �X �q�`�B�i�B�M�;j� i = � 1j1i + � 2j2i + � 3j3i �- �B�i �7�Q�H�H�Q�r�b �i�?���i

w3 = a� 1� �
2; w2 = a� 1� �

3; w1 = a� 2� �
3: �U�8�X�9�V

�h�Q �b�Q�H�p�2 �7�Q�`� i �- �r�2 �/�B�b�i�B�M�;�m�B�b�? �i�?�`�2�2 �+���b�2�b�,

�9�R



�9�k �*�>���S�h�1�_ �8�X �h�q�1���E�A�L�: �h�>�1 �A�L�h�1�_���*�h�A�P�L

�*���b�2 �R�, ���H�H �Q�z�@�/�B���;�Q�M���H �2�M�i�`�B�2�b ��� �̀2 �M�Q�M�@�x�2� �̀Q�-w1; w2; w3 6= 0 �X
�A�M �i�?�B�b �+���b�2�- �U�8�X�9�V �B�b �2���b�B�H�v �b�Q�H�p�2�/�- �v�B�2�H�/�B�M�;

� 1 =
r

w2w3

aw1
; � 2 =

r
w3w1

aw2
; � 3 =

r
w1w2

aw3
: �U�8�X�8�V

�q�2 �/�Q �M�Q�i ���b�b�m�K�2 �i�?���iw1;2;3 2 R�- ���M�/ �2�B�i�?�2�` �#�`���M�+�? �Q�7 �i�?�2 �b�[�m���`�2 �`�Q�Q�i �K���v �#�2 �i���F�2�M �B�M �i�?�2 ���#�Q�p�2�X �A�i �i�?�2�M
�7�Q�H�H�Q�r�b �7�Q�`�K �U�8�X�k�V �i�?���ihi = aj� i j2 + b �/�2�}�M�2�b �i�?�2 �m�M�B�[�m�2ĥ �H�2���/�B�M�; �i�Q �� �/�2�;�2�M�2�`���i�2 �;�`�Q�m�M�/ �b�i���i�2�X

�*���b�2 �k�,w1; w2 6= 0 ; w3 = 0 �U�Y �T�2�`�K�m�i���i�B�Q�M�b�V
�h�?�B�b �+�Q�M�i�`���/�B�+�i�b �U�8�X�9�V�- �b�Q �i�?�2�`�2 �B�b �M�Qĥ �b���i�B�b�7�v�B�M�; �U�8�X�k�V�X

�*���b�2 �j�,w1 6= 0 ; w2 = w3 = 0 �U�Y �T�2�`�K�m�i���i�B�Q�M�b�V
�A�i �B�b �+�H�2���` �7�`�Q�K �U�8�X�9�V �i�?���i� 1 = 0 ���M�/� 3 = w1/ a� 2�- �b�Q �i�?���i

Ĥ =

0

@
b 0 0
0 b+ aj� 2j2 w1

0 w1 b+ w2
1 / aj� 2j2

1

A �
�

b 0
0 bÎ 2 + Â

�
�U�8�X�e�V

�A�i �B�b �2���b�v �i�Q �b�2�2 �i�?���iÂ �B�b �b�B�M�;�m�H���`�- �r�B�i�?aj� 2j2 + w2
1 / aj� 2j2 �i�?�2 �Q�M�H�v �M�Q�M�@�x�2�`�Q �2�B�;�2�M�p���H�m�2�X �h�?�m�bĤ �?���b �Q�M�2 �/�Q�m�#�H�v

�/�2�;�2�M�2�`���i�2 �2�B�;�2�M�p���H�m�2b ���M�/ �Q�M�2 �M�Q�M�@�/�2�;�2�M�2�`���i�2 �2�B�;�2�M�p���H�m�2b+ aj� 2j2 + w2
1 / aj� 2j2�X �A�i �B�b ���H�b�Q �+�H�2���` �i�?���i

ĥ =

0

@
b 0 0
0 b+ aj� 2j2 0
0 0 b+ w2

1 / aj� 2j2

1

A ; �U�8�X�d�V

�H�2���p�B�M�;b ���M�/aj� 2j2 ���b �/�2�;�`�2�2�b �Q�7 �7�`�2�2�/�Q�K �B�Mĥ�X �6�Q�` �i�?�2 �;�`�Q�m�M�/ �b�i���i�2 �i�Q �#�2 �/�2�;�2�M�2�`���i�2�- �r�2 �M�2�2�/ �i�?�2 �/�2�;�2�M�2�`���i�2
�2�B�;�2�M�p���H�m�2 �i�Q �#�2 �i�?�2 �H�Q�r�2�` �2�B�;�2�M�p���H�m�2�- �r�?�B�+�? �B�b �i�`�m�2 �B�7 ���M�/ �Q�M�H�v �B�7a > 0�X �"�2�+���m�b�2 ���/�/�B�M�; �� �+�Q�M�b�i���M�i �i�Q �i�?�2
�>���K�B�H�i�Q�M�B���M �B�b �i�`�B�p�B���H�- �r�2 ���H�b�Q �`�2�[�m�B�`�2ĥ �i�Q �#�2 �i�`���+�2�H�2�b�b�- �v�B�2�H�/�B�M�;h1 = b = � 1

3 (aj� 2j2 + w1/ aj� 2j2)�X �>�2�M�+�2�- �i�?�2
�;�`�Q�m�M�/ �b�i���i�2 �B�b �/�2�;�2�M�2�`���i�2 �B�7 ���M�/ �Q�M�H�v �B�7h1 < 0�X �� �K�Q�`�2 �T�`���+�i�B�+���H �T���`���K�2�i�2�`�B�x���i�B�Q�M �B�b�- �i�?�2�`�2�7�Q�`�2�-

ĥ =

0

@
h1 0 0
0 1� h1 � h3 0
0 0 h3

1

A ; �U�8�X�3�V

�`�2�M�/�2�`�B�M�; �i�?�2 �7�m�H�H �>���K�B�H�i�Q�M�B���M �B�M �i�?�2 �7�Q�`�K

Ĥ =

0

@
h1 0 0
0 1� h1 � h3 w1

0 w1 h3

1
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�6�`�Q�K �U�8�X�d�V �B�i �7�Q�H�H�Q�r�b �i�?���i

h1 =
1
3

�
1 � (h3 � h1) �

w2
1

h3 � h1

�
; �U�8�X�R�y�V

�r�?�B�+�? �v�B�2�H�/�b

h1 =
1
4

�
1 + h3 �

q
9h2

3 � 6h3 + 1 + 8 w2
1

�
: �U�8�X�R�R�V

�h�?�2 �;�`�Q�m�M�/ �b�i���i�2 �B�b �/�2�;�2�M�2�`���i�2 �B�7 ���M�/ �Q�M�H�v �B�7h1 < 0�- �b�Q �r�2 ���`�2 �B�M�i�2�`�2�b�i�2�/ �B�M �i�?�2 �H�Q�r�2�` �#�`���M�+�? �Q�7 �i�?�2 �b�[�m���`�2 �`�Q�Q�i�X
�A�i�b �;�`���T�? �B�b �b�?�Q�r�M �B�M �6�B�;�X�8�X�R�#�X

�8�X�k �6�m�M�+�i�B�Q�M���H �7�Q�`D = 3

�q�2 �M�Q�r �+�Q�K�T�m�i�2 �i�?�2 �7�m�M�+�i�B�Q�M���H �U�k�X�e�y�V �7�Q�` �i�?�2 �>���K�B�H�i�Q�M�B���M�b �+�Q�M�b�B�/�2�`�2�/ �B�M �b�2�+�i�B�Q�M�8�X�R�- �i�`�2���i�B�M�; �2���+�? �Q�7 �i�?�2 �i�?�`�2�2
�+���b�2�b �B�M �i�m�`�M�X

�*���b�2 �R�,�l�b�B�M�; �U�8�X�8�V�- �r�2 �+���M �`�2�r�`�B�i�2 �i�?�2 �B�M�i�2�`���+�i�B�Q�M �U�8�X�j�V ���b

Ŵ = aj� ih� j + a

0

@
j� 1j2 0 0

0 j� 2j2 0
0 0 j� 3j2

1
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�8�X�k�X �6�l�L�*�h�A�P�L���G �6�P�_D = 3 �9�j

�U���V �1�B�;�2�M�p���H�m�2�b �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �i�?�2 �>���K�B�H�i�Q�M�B���M
�U�8�X�R�y�V �7�Q�` �i�?�2 �+���b�2w1 = 0 �X �.�2�;�2�M�2�`���+�B�2�b �Q�+�+�m�` �r�?�2�M
�i�r�Q �;�`���T�?�b �B�M�i�2�`�b�2�+�i�X �h�?�2 �B�M�i�2�`�b�2�+�i�B�Q�M �r�B�i�?h1 > 0
�+�Q�`�`�2�b�T�Q�M�/�b �i�Q ���M �2�t�+�B�i�2�/ �b�i���i�2 �/�2�;�2�M�2�`���+�v�- �r�?�B�H�2 �i�?�2
�Q�M�2 �r�B�i�?h1 < 0 �B�b �� �;�`�Q�m�M�/ �b�i���i�2 �/�2�;�2�M�2�`���+�v�X

�U�#�V �S���`���K�2�i�2�`�B�x�2�/ �+�m�`�p�2 �B�Mĥ�@�b�T���+�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q
�/�2�;�2�M�2�`���i�2 �;�`�Q�m�M�/ �b�i���i�2�b�X �h�?�B�b �B�b �i�?�2 �H�Q�r�2�` �#�`���M�+�? �Q�7
�U�8�X�R�R�V�X

�6�B�;�m�`�2 �8�X�R

�q�`�B�i�B�M�; �i�?�2 �;�2�M�2�`���H �r���p�2 �7�m�M�+�i�B�Q�M ���M�b���i�x

j i = � 1

p
� 1j1i + � 2

p
� 2j2i + � 3

p
� 3j3i �U�8�X�R�j�V

�B�M �i�2�`�K�b �Q�7 �i�?�2 �#���b�B�b �U�8�X�R�V�- �r�2 �;�2�i �i�?�2 �2�t�T�2�+�i���i�B�Q�M �p���H�m�2

h jŴ j i = a
�

jh� j ij 2 +
3X

� =1

j� � j2 � �

�
: �U�8�X�R�9�V

�h�?�2 �b�2�+�Q�M�/ �i�2�`�K �B�b �B�M�/�2�T�2�M�/�2�M�i �Q�7 �i�?�2� � ���M�/ �i�?�2�`�2�7�Q�`�2 �B�`�`�2�H�2�p���M�i �7�Q�` �i�?�2 �K�B�M�B�K�B�x���i�B�Q�M �B�M �U�k�X�e�y�V�X �q�2 ���#�#�`�2�p�B���i�2
�i�?�2 �b�2�+�Q�M�/ �i�2�`�K ���bC(� )�X �1�t�T���M�/�B�M�;j i �B�M �i�?�2 �}�`�b�i �i�2�`�K�- �i�?�2 �7�m�M�+�i�B�Q�M���H �7�Q�H�H�Q�r�b ���b

F [� ] = �K�B�M
� 2 U (1) 3
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=
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+

3X

� =1

j� � j2 � � � A (� ) + C(� ): �U�8�X�R�8�V

�h�?�2 �b�m�K �B�M�b�B�/�2 �i�?�2 �#�`���+�2�b �B�b �D�m�b�i �B�/�2�M�i�B�+���H �i�Q �U�9�X�R�8�V �r�B�i�?
p

� � �`�2�T�H���+�2�/ �#�v
p

a� �
p

� � �X �A�7 �i�?�2 �2�M�i�`�B�2�b �Q�7Ŵ ���`�2
�+�Q�K�T�H�2�t�- �b�Q ���`�2 �i�?�2� i �- �#�m�i �i�?�B�b �+���M �#�2 �m�M�/�Q�M�2 �#�v �`�2�/�2�}�M�B�M�;� � ! � � � �

� �X �h�?�2 �K�B�M�B�K�m�K �B�b �i�?�m�b �`�2���+�?�2�/ �#�v

A (� ) =
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a
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j� � j

p
� � �

P
� 6= � j� � j

p
� �

� 2
�B�7j� � j

p
� � >

P
� 6= � j� � j

p
� � �7�Q�` �b�Q�K�2�

0 �Q�i�?�2�`�r�B�b�2
�U�8�X�R�e�V

�h�?�2 �7�m�M�+�i�B�Q�M���H �U�8�X�R�e�V �B�b �b�B�K�B�H���` �B�M �7�Q�`�K �i�Q �i�?�2 �>�m�#�#���`�/ �7�m�M�+�i�B�Q�M���H �U�9�X�R�d�V�X �A�i �Q�M�H�v �/�B�z�2�`�b �#�v �i�?�2 �+�Q�Q�`�/�B�M���i�2
�`�2�b�+���H�B�M�;

p
� � !

p
aj� � j

p
� � �- ���M�/ �i�?�2 ���/�/�B�i�B�Q�M���H �H�B�M�2���` �i�2�`�KC(� )�X �h�?�B�b �T�`�2�b�2�`�p�2�b �i�?�2 ���M���H�v�i�B�+ �b�i�`�m�+�i�m�`�2 �B�M

�U�9�X�R�d�V�X �h�?�2 �/�Q�K���B�M �b�i�B�H�H �/�2�+�Q�K�T�Q�b�2�b �B�M�i�Q �i�?�`�2�2 �+�Q�`�M�2�` �`�2�;�B�Q�M�b �r�?�2�`�2 �i�?�2 �7�m�M�+�i�B�Q�M���H �B�b �b�i�`�B�+�i�H�v �+�Q�M�p�2�t ���M�/ ��
�+�2�M�i�`���H �2�H�H�B�T�b�2 �r�?�2�`�2 �i�?�2 �7�m�M�+�i�B�Q�M���H �B�b ���{�M�2�X �h�?�2A �@�T���`�i �Q�7 �i�?�2 �7�m�M�+�i�B�Q�M���H �B�b �/�2�T�B�+�i�2�/ �B�M �6�B�;�X�8�X�k�X

�*���b�2 �k�,�h�?�2 �B�M�i�2�`���+�i�B�Q�M �>���K�B�H�i�Q�M�B���M �`�2�/�m�+�2�b �i�Q

Ŵ =
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�r�B�i�? �i�?�2 ���M�b���i�x �U�8�X�R�j�V�- �r�2 �Q�#�i���B�M

h jŴ j i = 2 �_�2
�

w1� 2� �
3

p
� 2� 3 + w2� 1� �
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p
� 1� 3
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�9�9 �*�>���S�h�1�_ �8�X �h�q�1���E�A�L�: �h�>�1 �A�L�h�1�_���*�h�A�P�L

�U���Vw1 = 1 ; w2 = w3 = 0 :4

�U�#�Vw1 = 1 ; w2 = w3 = 0 :2

�6�B�;�m�`�2 �8�X�k�,A (� ) ���b �;�B�p�2�M �#�v �U�8�X�R�e�V�- �7�Q�` �i�r�Q �`�2���H�B�x���i�B�Q�M�b �Q�7Ŵ �X �P�M �i�?�2 �`�B�;�?�i�@�?���M�/ �b�B�/�2�- �i�?�2 �v�2�H�H�Q�r �`�2�;�B�Q�M�b �+�Q�M�b�B�b�i
�Q�7 ���H�H �Q�+�+�m�T���i�B�Q�M �M�m�K�#�2�` �p�2�+�i�Q�`�b �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q �/�2�;�2�M�2�`���i�2 �;�`�Q�m�M�/ �b�i���i�2�b�- �K���M�B�7�2�b�i�B�M�; ���b �~���i �T�B�2�+�2�b �Q�7 �i�?�2
�;�`���T�? �Q�7A �X �6�Q�`w1 = w2 = w3 = 1 �- �i�?�2 �7�m�M�+�i�B�Q�M���H �B�b�- �m�T �i�Q �� �+�Q�M�b�i���M�i�- �B�/�2�M�i�B�+���H �i�Q �i�?�2 �Q�M�2 �7�Q�` �i�?�2 �>�m�#�#���`�/
�B�M�i�2�`���+�i�B�Q�M �b�?�Q�r�M �B�M �6�B�;�X�9�X�e�#�X �h�?�2 �v�2�H�H�Q�r �`�2�;�B�Q�M �p���M�B�b�?�2�b �7�Q�`w1 = 1 ; w2 = w3 = 0 �- �`�2�/�m�+�B�M�; �i�?�2 �7�m�M�+�i�B�Q�M �i�Q
�i�?���i �/�2�T�B�+�i�2�/ �B�M �6�B�;�X�8�X�9���X



�8�X�k�X �6�l�L�*�h�A�P�L���G �6�P�_D = 3 �9�8

�U���Vw1 = 0 :5; w2 = 1 �U�#�Vw1 = 1 ; w2 = 1

�6�B�;�m�`�2 �8�X�j�, �6�m�M�+�i�B�Q�M���H �U�8�X�R�N�V �7�Q�` �i�?�2 �B�M�i�2�`���+�i�B�Q�M �>���K�B�H�i�Q�M�B���M �Q�7 �i�?�2 �7�Q�`�K �U�8�X�R�d�V�X �h�?�2 �7�m�M�+�i�B�Q�M���H �B�b �b�i�`�B�+�i�H�v
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�A�M �;�2�M�2�`���H�- �i�?�B�b �B�b �� �M�Q�M�/�2�;�2�M�2�`���i�2 �2�H�H�B�T�b�Q�B�/�X �6�Q�` �`�2���H �r���p�2 �7�m�M�+�i�B�Q�M �+�Q�2�{�+�B�2�M�i�b�- �?�Q�r�2�p�2�`�- �i�?�2 �B�K���;�2 �B�b ���i �K�Q�b�i
�� �U�i�r�Q�@�/�B�K�2�M�b�B�Q�M���H�V �2�H�H�B�T�b�2�X �h�?�2 �#�2���/�b �K���`�F �i�?�2 �Q�+�+�m�T���i�B�Q�M �p�2�+�i�Q�`�b �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Qj 1i ���M�/j 2i �i�?���i �b�T���M
�i�?�2 �b�m�#�b�T���+�2�X



�8�y �*�>���S�h�1�_ �8�X �h�q�1���E�A�L�: �h�>�1 �A�L�h�1�_���*�h�A�P�L



�*�?���T�i�2�` �e

�*�2�H�H�b ���M�/ �*�Q�K�T�H�2�t�B�i�v �Q�7eF

�A�M �i�?�2 �T�`�2�p�B�Q�m�b �b�2�+�i�B�Q�M�- �r�2 �/�2�/�B�+���i�2�/ �Q�m�` ���i�i�2�M�i�B�Q�M �i�Q �i�?�2 �i�`�m�2 �G�2�p�v �7�m�M�+�i�B�Q�M���HF �- �r�?�2�`�2 �i�?�2 �K�B�M�B�K�B�x���i�B�Q�M �B�M
�U�k�X�k�N�V �Q�` �U�k�X�e�y�V �B�b �+���`�`�B�2�/ �Q�m�i �7�Q�`���H�H���H�H�Q�r�2�/ �r���p�2 �7�m�M�+�i�B�Q�M�bj i �X �q�2 �?���p�2 �M�Q�i�2�/ �B�M �b�2�+�i�B�Q�M�9�X�8�i�?���i�- �i�Q �Q�#�i���B�M �i�?�2
�+�Q�`�`�2�+�i �G�2�;�2�M�/�`�2 �i�`���M�b�7�Q�`�K�- �B�i �B�b �b�m�{�+�B�2�M�i �i�Q �`�2�b�i�`�B�+�i �i�?�2 �K�B�M�B�K�B�x���i�B�Q�M �i�Q �r���p�2 �7�m�M�+�i�B�Q�M�b �r�B�i�? �`�2���H �2�t�T���M�b�B�Q�M
�+�Q�2�{�+�B�2�M�i�b �B�M �i�?�2 �+���M�Q�M�B�+���H �#���b�B�b�X �A�M �T���`�i�B�+�m�H���`�- �r�2 �B�M�p�2�b�i�B�;���i�2�/ �� �7�m�M�+�i�B�Q�M���H �Q�7 �i�?�2 �7�Q�`�K

eF [� ] = �K�B�M
� � 2f� 1gD

h � ;� jŴ j � ;� i

���M�/ �?�Q�r �B�i �+�Q�K�T���`�2�b �i�Q
F [� ] = �K�B�M

� � 2 U (1) D
h � ;� jŴ j � ;� i :

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �r�2 �r�B�H�H �7�m�`�i�?�2�` �B�M�p�2�b�i�B�;���i�2eF �X ���b �b�2�2�M �B�M �}�;�X�9�X�e���- �i�?�2 ���M���H�v�i�B�+ �b�i�`�m�+�i�m�`�2 �Q�7eF �B�M �i�?�2D = 3 �+���b�2
�/�B�p�B�/�2�b �i�?�2 �/�Q�K���B�M �Q�7� �B�M�i�Q �i�?�`�2�2 �/�B�b�i�B�M�+�i �+�2�H�H�b�X �P�M�2 �K�B�;�?�i ���b�F �?�Q�r �i�?�B�b �#�2�?���p�B�Q�` �;�2�M�2�`���H�B�x�2�b �B�M �i�?�2 �+���b�2 �Q�7L
�b�B�i�2�b�X �h�?�2 ���M�b�r�2�` �i�Q �i�?�B�b �[�m�2�b�i�B�Q�M �?���b �B�K�T�Q�`�i���M�i �B�K�T�H�B�+���i�B�Q�M�b �7�Q�` �i�?�2 �+�Q�K�T�m�i���i�B�Q�M���H �p�B���#�B�H�B�i�v �Q�7 �U�9�X�8�N�V�X

�e�X�y�X�R �*�?���T�i�2�` �P�m�i�H�B�M�2�,

�h�?�B�b �+�?���T�i�2�` �B�b �b�i�`�m�+�i�m�`�2�/ ���b �7�Q�H�H�Q�r�b�, �h�?�2 �}�`�b�i �7�Q�m�` �b�2�+�i�B�Q�M�b �/�2���H �r�B�i�? �i�?�2 �>�m�#�#���`�/ �K�Q�/�2�H�X �A�M �i�?�2 �}�`�b�i �b�2�+�i�B�Q�M�- �r�2
�T�`�Q�p�2 �i�?���i �i�?�2 �M�m�K�#�2�` �Q�7 �+�2�H�H�b �;�`�Q�r�b �2�t�T�Q�M�2�M�i�B���H�H�v �r�B�i�?D �- ���M�/ �B�M �b�2�+�i�B�Q�M�e�X�k�- �r�2 �2�t�T�`�2�b�b �i�?�2 �i���b�F �Q�7 �+�Q�K�T�m�i�B�M�;
eF ���b ���M �L�S�@�+�Q�K�T�H�2�i�2 �+�Q�K�T�m�i���i�B�Q�M���H �T�`�Q�#�H�2�K�X �a�2�+�i�B�Q�M�b�e�X�j���M�/�e�X�9�/�2���H �r�B�i�? �i�?�2 �b�v�K�K�2�i�`�v �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2
�+�2�H�H�b ���M�/ �i�?�2�B�` �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �B�M�i�Q �7�m�`�i�?�2�` �b�m�#�@�+�2�H�H�b�X �6�B�M���H�H�v�- �b�2�+�i�B�Q�M�e�X�8�B�b �/�2�/�B�+���i�2�/ �i�Q �;�2�M�2�`���H�B�x�B�M�; �i�?�2 �`�2�b�m�H�i�b
�Q�7 �b�2�+�i�B�Q�M�e�X�R�i�Q ���`�#�B�i�`���`�v �i�r�Q�@�7�2�`�K�B�Q�M �B�M�i�2�`���+�i�B�Q�M�b �7�Q�` ���`�#�B�i�`���`�v �b�v�b�i�2�K �b�B�x�2L �X

�e�X�y�X�k �J�Q�i�B�p���i�B�Q�M ���M�/ �a�2�i�m�T

�q�2 �?���p�2 �b�2�2�M �i�?���i �2���+�? �+�2�H�H �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �� �/�B�z�2�`�2�M�i� 2 f� 1; 1gD �#�2�B�M�; �i�?�2 �K�B�M�B�K�B�x�2�` �7�Q�` �i�?�2 �7�m�M�+�i�B�Q�M���H�X
�h�?�2 �b�2�i �+�Q�`�`�2�b�T�Q�M�/�B�M�; �i�Q� �X �A�M �;�2�M�2�`���H�- �i�?�2�`�2 ���`�22D �+�?�Q�B�+�2�b �7�Q�`� �X �A�7�- �?�Q�r�2�p�2�`�-� �/�Q�2�b �M�Q�i �K�B�M�B�K�B�x�2 �U�9�X�8�N�V �7�Q�`
���M�v�+�?�Q�B�+�2 �Q�7� �- �B�i �r�B�H�H �M�Q�i �K���M�B�7�2�b�i ���b �� �/�B�b�i�B�M�+�i �+�2�H�H �B�M �i�?�2 �;�`���T�? �Q�7eF �U�K�Q�`�2 �T�`�2�+�B�b�2�H�v�-D� = ; �V�X �P�M�2 �K���v
�i�?�m�b ���b�F �?�Q�r �K���M�v �+�?�Q�B�+�2�b �Q�7� 2 f� 1; 1gD ���`�2 �`�2�H�2�p���M�i �7�Q�` �+�Q�K�T�m�i�B�M�; �U�9�X�8�N�V�X �G�2�i �m�b �/�2�M�Q�i�2 �i�?�B�b �M�m�K�#�2�` �#�v
NŴ �XNŴ �B�K�T�H�B�+�B�i�H�v �/�2�T�2�M�/�b �Q�MD �#�2�+���m�b�2Ŵ �B�b �/�2�}�M�2�/ �Q�M ��D �@�/�B�K�2�M�b�B�Q�M���H �>�B�H�#�2�`�i �b�T���+�2�X �A�7NŴ �Q�M�H�v �;�`�Q�r�b
�T�Q�H�v�M�Q�K�B���H�H�v �r�B�i�?D �- �Q�M�2 �K���v �2�t�T�2�+�i ���H�b�Q �i�Q �+�Q�K�T�m�i�2 �U�9�X�8�N�V �B�M �T�Q�H�v�M�Q�K�B���H �i�B�K�2�X �q�2 �r�B�H�H �b�?�Q�r �i�?���i �i�?�B�b �B�b �M�Q�i
�i�?�2 �+���b�2�X

�G�2�i �m�b �/�2�}�M�2NŴ �K�Q�`�2 �+�Q�M�+�`�2�i�2�H�v�X �6�B�`�b�i�- �r�2 �K�m�b�i �/�2�}�M�2 �r�?���i �B�b �K�2���M�i �#�v �i�?�2 �`�2�;�B�Q�M ���b�b�Q�+�B���i�2�/ �r�B�i�?� �X
�P�M�2 �T�Q�b�b�B�#�H�2 �/�2�}�M�B�i�B�Q�M �B�b

D� = f � 2 D ( eF ) j eF (� ) = eF � (� )g: �U�e�X�R�V

�h�?�2�MD� 6= ; �B�7 ���M�/ �Q�M�H�v �B�7� �K�B�M�B�K�B�x�2�beF � (� ) �7�Q�`�b�Q�K�2� 2 D( eF )�X �>�Q�r�2�p�2�`�- �i�?�B�b �+�Q�M�/�B�i�B�Q�M �B�b �B�M�b�m�{�+�B�2�M�i�X
�A�M�/�2�2�/�- �B�7 �7�Q�` ���H�H� 2 D � �- �i�?�2�`�2 �2�t�B�b�i�b� 0 6= � �b�m�+�? �i�?���ieF � 0(� ) = eF � (� )�- �B�X�2�X� �B�b �� �M�Q�r�?�2�`�2�@�m�M�B�[�m�2 �K�B�M�B�K�B�x�2�`�-
�Q�M�2 �K���v �/�B�b�+���`�/� 0 �B�M �i�?�2 �K�B�M�B�K�B�x���i�B�Q�M ���M�/ �b�i�B�H�H �Q�#�i���B�MeF �X �q�2 �i�?�2�`�2�7�Q�`�2 �/�2�}�M�2

Du
� = f � 2 D (F ) j eF � (� ) < eF � 0(� ) 8� 0 6= � � g; �U�e�X�k�V

�i�?�2 �b�2�i �Q�7 �Q�+�+�m�T���i�B�Q�M �M�m�K�#�2�` �p�2�+�i�Q�`�b �r�?�2�`�2� �B�b �� �m�M�B�[�m�2 �K�B�M�B�K�B�x�2�`�X �h�?�2 �+�Q�M�/�B�i�B�Q�M� 0 6= � � �B�b �M�2�2�/�2�/
�#�2�+���m�b�2eF � = eF � � �?�Q�H�/�b �2�p�2�`�v�r�?�2�`�2�X �L�Q�i�2 �i�?���i �i�?�2 �b�2�i�bDu

� ���`�2 �/�B�b�D�Q�B�M�i �r�?�B�H�2 �i�?�2D� ���`�2 �M�Q�i�X �h�?�2 �M�m�K�#�2�` �Q�7

�8�R
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� 2 f� 1gD �i�?���i ���`�2 �`�2�H�2�p���M�i �B�M �U�9�X�8�N�V �B�b

NŴ =
1
2

jf � : Du
� (Ŵ ) 6= ;gj : �U�e�X�j�V

�h�?�2 �7���+�i�Q�` �Q�71/2 �+�Q�K�T�2�M�b���i�2�b �7�Q�` �i�?�2 �Q�p�2�`�@�+�Q�m�M�i�B�M�; �/�m�2 �i�Q �i�?�2 �b�v�K�K�2�i�`�vDu
� = Du

� � �X �h�?�2 �`�2�K���B�M�/�2�` �Q�7 �i�?�B�b
�+�?���T�i�2�` �r�B�H�H �T�`�B�K���`�B�H�v �#�2 �/�2�/�B�+���i�2�/ �i�Q �H�Q�r�2�`�@�#�Q�m�M�/�B�M�;NŴ ���M�/ �/�2�i�2�`�K�B�M�B�M�; �i�?�2 �B�K�T�H�B�+���i�B�Q�M�b �i�?�2�`�2�Q�7�X

�e�X�R �L�m�K�#�2�` �Q�7� �@�`�2�;�B�Q�M�b �U�>�m�#�#���`�/ �A�M�i�2�`���+�i�B�Q�M�V

�q�2 �M�Q�r �+���H�+�m�H���i�2NŴ �7�Q�` �i�?�2 �i�r�Q�@�7�2�`�K�B�Q�M �>�m�#�#���`�/ �B�M�i�2�`���+�i�B�Q�M�- �r�B�i�? �i�?�2 �7�m�M�+�i�B�Q�M���H �;�B�p�2�M �B�M �U�9�X�8�N�V�X �6�Q�`
�b�B�K�T�H�B�+�B�i�v�- �r�2 ���b�b�m�K�2� � = 1 �7�Q�` ���H�H� 2 
 P �X �q�2 �r�B�H�H �b�?�Q�r ���7�i�2�` �i�?�2 �7���+�i �i�?���i �Q�m�` ���M���H�v�b�B�b �7�Q�`� � = 1 �2�t�i�2�M�/�b
�i�Q �;�2�M�2�`���H� �X

�q�2 �r�B�H�H �b�?�Q�r �i�?���iDu
� �B�b ���H�r���v�b �M�Q�M�2�K�T�i�v�- �2�t�+�2�T�i �r�?�2�M� = (1 ; : : : ; 1) ���M�/� = ( � 1; : : : ; � 1)�X �A�i �r�B�H�H �#�2

�+�Q�M�p�2�M�B�2�M�i �i�Q �#�2 ���#�H�2 �i�Q �`�2�7�2�`�2�M�+�2 �i�?�2 �+�Q�M�/�B�i�B�Q�M�b �7�Q�` �K�2�K�#�2�`�b�?�B�T �B�MDu
� �2�t�T�H�B�+�B�i�H�v�- �b�Q �r�2 �b�?���H�H �b�i���i�2 �i�?�2�K �?�2�`�2�,

0 < � p < 1 �7�Q�` ���H�Hp 2 f 1; : : : K g; �U�e�X�9�V
X

� 2 
 P

� p = 1 ; �U�e�X�8�V

eF � (� ) < eF � 0(� ) �7�Q�` ���H�H� 0 6= � � �U�e�X�e�V

�h�?�2 �}�`�b�i �i�r�Q �+�Q�M�/�B�i�B�Q�M�b �K�2�`�2�H�v �/�2�}�M�2D( eF )�X�X
�h�Q �#�2�;�B�M�- �M�Q�i�2 �i�?���i �r�2 �+���M �`�2�Q�`�/�2�` �i�?�2 �2�M�i�`�B�2�b �Q�7� �#�v �`�2�H���#�2�H�B�M�; �i�?�2 �#���b�B�b �2�H�2�K�2�M�i�bj� i � j � " ; P � � #i �Q�7

�i�?�2 �b�m�#�b�T���+�2 �Q�7 �B�M�i�2�`�2�b�i�X �h�Q �b�B�K�T�H�B�7�v �M�Q�i���i�B�Q�M�- �r�2 �+�?�Q�Q�b�2 ���M �Q�`�/�2�`�B�M�; �r�?�2�`�2

� = (+1 ; : : : ; +1
| {z }

n �2�M�i�`�B�2�b

; � 1; : : : ; � 1
| {z }

m �2�M�i�`�B�2�b

): �U�e�X�d�V

�G�2�i �m�b �7�Q�` �b�B�K�T�H�B�+�B�i�v ���b�b�m�K�2n; m > 0�X �A�i �B�b �i�?�2�M �2���b�v �i�Q �b�2�2 �i�?���i �i�?�2�`�2 �2�t�B�b�i�b ��� �b���i�B�b�7�v�B�M�; �U�e�X�9�V ���M�/ �U�e�X�8�V�- ���b
�r�2�H�H ���beF � (� ) = 0 �X �A�M �7���+�i�- �+�?�Q�Q�b�2

� = ( � 1; : : : ; � 1| {z }
n �2�M�i�`�B�2�b

; � 2; : : : ; � 2| {z }
m �2�M�i�`�B�2�b

); �U�e�X�3�V

�h�Q ���+�?�B�2�p�2 �U�e�X�8�V ���M�/eF � (� ) = 0 �- �Q�M�2 �M�2�2�/ �Q�M�H�v �b�Q�H�p�2

n� 1 + m� 2 = 1 ;

n
p

� 1 � m
p

� 2 = 0 ;

�i�?�2 �`�2�b�m�H�i �Q�7 �r�?�B�+�? ���H�b�Q �b���i�B�b�}�2�b �U�e�X�9�V �7�Q�` ���H�H �B�M�i�2�;�2�`�bm; n > 1�X �a�B�M�+�2eF � > 0 �#�v �U�9�X�e�j�V�- �r�2 �b�2�2 �i�?���i �Q�m�` �+�?�Q�B�+�2
�U�e�X�3�V �v�B�2�H�/�b �� �K�B�M�B�K�m�K�X �A�M �Q�i�?�2�` �r�Q�`�/�b�- �r�2 �?���p�2 �b�?�Q�r�M �U�e�X�e�V �r�B�i�? �i�?�2 �b�i�`�B�+�i �B�M�2�[�m���H�B�i�v �`�2�H���t�2�/ �i�Q �� �M�Q�M�@�b�i�`�B�+�i
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�T�`�Q�#���#�B�H�B�i�v �/�2�M�b�B�i�v �7�m�M�+�i�B�Q�M �7�Q�`� 1 �B�b �i�?�2�M

f 1(� 1) =
Z a� � 1

0
d� 2 � � �

Z a�
P D

j =1 � j

0
d� D � (a � � 1 � � � � � � D )f (� ) =

j� D � 2
a� � 1

j

j� D � 1
a j

=
(D � 1)(a � � 1)D � 2

a(D � 1)
�U�e�X�k�8�V

�A�M �i�?�2 �b�2�+�Q�M�/ �2�t�T�`�2�b�b�B�Q�M�- �i�?�2 �/�2�M�Q�K�B�M���i�Q�` �B�b �i�?�2 �+�Q�M�b�i���M�i �p���H�m�2 �Q�7f (� )�- �r�?�B�H�2 �i�?�2 �M�m�K�2�`���i�Q�` �B�b �i�?�2 �p�Q�H�m�K�2 �Q�7
�i�?�2 �/�Q�K���B�M �+�Q�p�2�`�2�/ �#�v �i�?�2d�@�7�Q�H�/ �B�M�i�2�;�`���H�X �h�?�2 �+�m�K�m�H���i�B�p�2 �/�B�b�i�`�B�#�m�i�B�Q�M �7�m�M�+�i�B�Q�M �B�b �i�?�m�b

F1(� 1) =
Z � 1

0
d�f 1(� ) = 1 �

(a � � 1)D � 1

aD � 1 : �U�e�X�k�e�V

� 1 �+���M �i�?�2�M �#�2 �+�?�Q�b�2�M �b�i�Q�+�?���b�i�B�+���H�H�v �#�v �}�`�b�i �b���K�T�H�B�M�;x �m�M�B�7�Q�`�K�H�v �Q�p�2�` �b�Q�K�2 �B�M�i�2�`�p���H[x0; x1] ���M�/ �b�2�i�i�B�M�;

� 1 = F � 1
1 (x) = a � a(1 � x)1/( D � 1) : �U�e�X�k�d�V

�h�?�2 �B�M�i�2�`�p���H �i�?���ix �B�b �b���K�T�H�2�/ �7�`�Q�K �B�b �B�K�T�H�B�+�B�i�H�v �/�2�i�2�`�K�B�M�2�/ �#�vF � 1([x0; x1]) = [0 ; a]�- �i�?�2 �H���i�i�2�` �#�2�B�M�; �i�?�2 �`���M�;�2
�Q�7� 1�X �A�i �B�b �M�Q�i �/�B�{�+�m�H�i �i�Q �b�?�Q�r �m�b�B�M�; �U�e�X�k�d�V �i�?���ix0 = 0 ���M�/x1 = 1 �X

�h�Q �b���K�T�H�2� j ; j = 2 ; : : : ; d�- �r�2 �#�2�;�B�M �#�v ���b�b�m�K�B�M�; �i�?���i �i�?�2 �T�`�2�+�2�/�B�M�; �2�M�i�`�B�2�bf � i gi<j �?���p�2 ���H�`�2���/�v �#�2�2�M �T�B�+�F�2�/�X
�A�i �`�2�K���B�M�b �i�Q �b���K�T�H�2 �i�?�2 �2�M�i�`�B�2�bf � i gi � j �m�M�B�7�Q�`�K�H�v �7�`�Q�K �i�?�2 �b�B�K�T�H�2�t� d+1 � j

a0 �r�?�2�`�2a0 = a � � 1 � � � � � � j � 1�X
���T�T�H�v�B�M�; �i�?�2 �`�2���b�Q�M�B�M�; �Q�7 �2�[�X �U�e�X�k�e�V �i�?�2�M �v�B�2�H�/�b �i�?�2 �+�Q�M�/�B�i�B�Q�M���H �*�.�6

Fj (� j jf � i gi<j ) = 1 �
(a0 � � j )D � j � 1

a0D � j �U�e�X�k�3�V

���M�/ �i�?�2 �7�Q�`�K�m�H��
� j = F � 1

j (x) = a0 � a0(1 � x)1/( D � j ) ; �U�e�X�k�N�V



�e�X�k�X �*�P�J�S�G�1�s�A�h�u �U�>�l�"�"���_�. �A�L�h�1�_���*�h�A�P�L�V �8�8

�6�B�;�m�`�2 �e�X�R�, �_�2�H���i�B�p�2 �p�Q�H�m�K�2V �Q�7D� �T�H�Q�i�i�2�/ �Q�p�2�`� 2 f� 1; 1gD �- �r�B�i�?̂W �i�?�2 �>�m�#�#���`�/ �Q�M�@�b�B�i�2 �B�M�i�2�`���+�i�B�Q�M�X �h�?�2
�M�m�K�#�2�`N � �b���K�T�H�2�/ �7�`�Q�K� D � 1 �r���b105�X

�r�?�2�`�2 ���;���B�M�-x �B�b �� �m�M�B�7�Q�`�K �`���M�/�Q�K �p���`�B���#�H�2 �#�2�i�r�2�2�M �y ���M�/ �R�X
���7�i�2�` �b���K�T�H�B�M�;N � �T�Q�B�M�i�b� �m�b�B�M�; �i�?�2 ���#�Q�p�2�@�/�2�b�+�`�B�#�2�/ �K�2�i�?�Q�/�- �r�2 �+�Q�K�T�m�i�2eF � (� ) �7�Q�` ���H�H� 2 f� 1; 1gD ���M�/

�+�Q�K�T���`�2 �i�?�2 �p���H�m�2�b�X �6�Q�` �2���+�?� �- �r�2 �+�Q�m�M�i �i�?�2 �M�m�K�#�2�` �Q�7� 2 � D � 1 �i�?���i �7���H�H �B�M�b�B�/�2D� �X �P�r�B�M�; �i�Q �i�?�2 �b�v�K�K�2�i�`�v
eF � (� ) = eF � � (� )�- �r�2 �M�2�2�/ �Q�M�H�v ���+�+�Q�m�M�i �7�Q�` �i�?�Q�b�2� �r�?�2�`�2� 1 = � 1�X ���b� �B�b �#�2�B�M�; �b���K�T�H�2�/ �m�M�B�7�Q�`�K�H�v�- �i�?�2
�2�t�T�2�+�i�2�/ �M�m�K�#�2�` �7�Q�m�M�/ �B�MD� � � D � 1 �B�b �T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �i�?�2 �p�Q�H�m�K�2jD � j�X

�h�?�2 �`�2�H���i�B�p�2 �p�Q�H�m�K�2�b �Q�7 �i�?�2 �+�2�H�H�b ���`�2 �b�?�Q�r�M �B�M �6�B�;�X�e�X�R�X �P�#�b�2�`�p�2 �i�?���i ���H�H �+�2�H�H�bD� �r�?�2�`�2� �?���b �i�?�2 �b���K�2
�M�m�K�#�2�` �Q�7 �T�H�m�b ���M�/ �K�B�M�m�b �b�B�;�M�b �?���p�2 �i�?�2 �b���K�2 �p�Q�H�m�K�2 ���M�/ �i�?���i �i�?�2 �p�Q�H�m�K�2 �b�?�`�B�M�F�b �/�`���b�i�B�+���H�H�v �r�B�i�? �;�`�2���i�2�`
�b�B�;�M �B�K�#���H���M�+�2�X ���H�b�Q �M�Q�i�2� = ( � 1; : : : ; � 1) �B�b �2�t�+�H�m�/�2�/ �b�B�M�+�2D� = ; �U���b �B�b �2�p�B�/�2�M�i �7�`�Q�K �U�9�X�8�N�V�V�X �*�`�m�+�B���H�H�v�- ���H�H
�Q�i�?�2�` �+�2�H�H�b �?���p�2 �}�M�B�i�2 �p�Q�H�m�K�2 ���b �T�`�2�/�B�+�i�2�/ �#�v �U�e�X�R�3�V�X

�e�X�k �*�Q�K�T�H�2�t�B�i�v �U�>�m�#�#���`�/ �A�M�i�2�`���+�i�B�Q�M�V

�A�M �i�?�2 �T�`�2�p�B�Q�m�b �b�2�+�i�B�Q�M�- �r�2 �b�?�Q�r�2�/ �i�?���i �i�?�2 �M�m�K�#�2�` �Q�7� �@�`�2�;�B�Q�M�b�-jD � j�- �;�`�Q�r�b �2�t�T�Q�M�2�M�i�B���H�H�v �r�B�i�? �i�?�2 �T�?�v�b�B�+���H
�b�v�b�i�2�K �b�B�x�2L �X �>�Q�r�2�p�2�`�- �i�?�B�b �/�Q�2�b �M�Q�i �T�`�2�+�H�m�/�2 �i�?���i �Q�M�2 �+���M �+���H�+�m�H���i�2eF [� ] �B�M �H�2�b�b �i�?���M �2�t�T�Q�M�2�M�i�B���H �i�B�K�2 �m�b�B�M�;
���M �2�{�+�B�2�M�i ���H�;�Q�`�B�i�?�K�X �>�2�`�2�- �r�2 �m�b�2 �i�?�2 �i�?�2�Q�`�v �`�2�p�B�2�r�2�/ �B�M �+�?���T�i�2�`�j �i�Q ���`�;�m�2 ���;���B�M�b�i �i�?�2 �2�t�B�b�i�2�M�+�2 �Q�7 �b�m�+�? ���M
���H�;�Q�`�B�i�?�K�X

�_�2�+���H�H �i�?�2 �a�m�#�b�2�i �a�m�K �T�`�Q�#�H�2�K �/�2�}�M�2�/ �B�M �b�2�+�i�B�Q�M�j�X�y�X�j���M�/ �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K �7�`�Q�K



�8�e �*�>���S�h�1�_ �e�X �*�1�G�G�a ���L�. �*�P�J�S�G�1�s�A�h�u �P�6eF

���H�;�Q�`�B�i�?�K �k�h�?�2 �7�m�M�+�i�B�Q�M �_���M�/�Q�K�S�Q�B�M�i �m�M�B�7�Q�`�K�H�v �b���K�T�H�2�b �� �`���M�/�Q�K �T�Q�B�M�i �7�`�Q�K� D � 1(a)�- �i�?�2(D � 1)�@
�/�B�K�2�M�b�B�Q�M���H �b�B�K�T�H�2�t �r�B�i�?

P D
j =1 � j = a�X �h�?�2 �2�M�i�`�B�2�b �Q�7� ���`�2 �b���K�T�H�2�/ �b�2�[�m�2�M�i�B���H�H�v ���+�+�Q�`�/�B�M�; �i�Q �U�e�X�k�N�V�X

�R�,�7�m�M�+�i�B�Q�M�_���M�/�Q�K�S�Q�B�M�i�UD; a�V�,
�k�, �G�2�i� �#�2 ���`�`���v �r�B�i�?D �2�M�i�`�B�2�b
�j�, �7�Q�`j = 1 :::D � 1 �/�Q
�9�, x  �m�M�B�7�Q�`�K�H�v �b���K�T�H�2�/ �`���M�/�Q�K �M�m�K�#�2�` �#�2�i�r�2�2�M �y ���M�/ �R
�8�, a0  a �

P j � 1
i =1 � i

�e�, � [j ]  a0 � a0(1 � x)1/( D � j )

�d�, �2�M�/ �7�Q�`
�3�, �2�M�/ �7�m�M�+�i�B�Q�M

�b�2�+�i�B�Q�M�j�X�j�X �G�2�i �m�b �b�i���`�i �#�v �`�2�r�`�B�i�B�M�; �i�?�2 �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K �B�M �� �K�Q�`�2 �b�m�B�i���#�H�2 �7�Q�`�K�X �q�2 �/�2�}�M�2 �i�?�2 �p���`�B���#�H�2�b
x j 2 f 0; 1g�- �r�?�2�`�2j 2 f 1; : : : ; ng�X �q�2 �m�b�2f x j g �i�Q �/�2�}�M�2 �i�?�2 �b�m�#�b�2�i�bUx = f j 2 I j x j = 1g � I �X �h�?�2 �b�Q�H�m�i�B�Q�M �i�Q
�i�?�2 �a�m�#�b�2�i �a�m�K �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K �7�`�Q�K �b�2�+�i�B�Q�M�j�X�j�+���M �M�Q�r �#�2 �`�2�r�`�B�i�i�2�M ���b

�K���t

8
<

:

X

j 2 U

aj

�
�
�
� U � I;

X

j 2 U

aj < B

9
=

;
= �K���t

8
<

:

nX

j =1

aj x j

�
�
�
� x 2 f 0; 1gn ;

nX

j =1

aj x j < B

9
=

;
: �U�e�X�j�y�V

�L�Q�r �+�Q�M�b�B�/�2�` �i�?�2f� 1g�@�7�m�M�+�i�B�Q�M���H �U�9�X�8�N�V�- ���M�/ �/�2�}�M�2a� =
p

� � � � �X �G�2�i �m�b ���H�b�Q �m�b�2 �i�?�2 �b�?�Q�`�i�?���M�/
X

� 2 
 P

a� � � � a � � : �U�e�X�j�R�V

�h�?�2 �K�B�M�B�K�B�x���i�B�Q�M

M �
2L
V

eF [� ] = �K�B�M
� 2f� 1gD

ja � � j2 �U�e�X�j�k�V

�/�Q�2�b �M�Q�i �v�2�i �?���p�2 �i�?�2 �7�Q�`�K �U�e�X�j�y�V �#�2�+���m�b�2 �i�?�2 �M�Q�`�K �b�[�m���`�2 �Q�7 �i�?�2 �b�m�K �B�b �i���F�2�M ���M�/ �#�2�+���m�b�2 �i�?�2 �Q�T�i�B�K�B�x���i�B�Q�M �B�b
�m�M�+�Q�M�b�i�`���B�M�2�/�X �>�Q�r�2�p�2�`�- �r�2 �+���M �m�b�2 �i�?�2 �B�/�2�M�i�B�i�v

M = �K�B�M
� 2f� 1gD

ja � � j2 =
�

�K�B�M
� 2f� 1gD

ja � � j
� 2

�U�e�X�j�j�V

���M�/ �/�2�}�M�2x � = 1
2 (1 � � � ) �i�Q �`�2�r�`�B�i�2

p
M = �K�B�M

� 2f� 1gD
ja � � j = �K�B�M

�
ja � � j

�
�
�
� � 2 f� 1; 1gD

�

= �K�B�M
�

a � �

�
�
�
� � 2 f� 1; 1gD ; a � � > 0

�

= � �K���t

(

2a � x �
X

� 2 
 P

a�

�
�
�
� x 2 f 0; 1gD ; � 2a � x +

X

� 2 
 P

a� > 0

)

= � 2 �K���t

(

a � x

�
�
�
� x 2 f 0; 1gD ; a � x <

1
2

X

� 2 
 P

a�

)

�
X

� 2 
 P

a� : �U�e�X�j�9�V

�h�?�2 �}�`�b�i �H�B�M�2 �B�b �D�m�b�i �� �7�Q�`�K���H �`�2�r�`�B�i�B�M�;�X �A�M �i�?�2 �b�2�+�Q�M�/ �H�B�M�2�- �r�2 �`�2�K�Q�p�2 �i�?�2 ���#�b�Q�H�m�i�2 �p���H�m�2 ���`�Q�m�M�/ �i�?�2 �b�m�K ���M�/
�B�M�i�`�Q�/�m�+�2 �B�M �B�i�b �T�H���+�2 �i�?�2 �+�Q�M�b�i�`���B�M�i

P
� 2 
 P

a� � � > 0�X �P�M�2 �+���M �+�Q�M�p�B�M�+�2 �Q�M�2�b�2�H�7 �i�?���i �i�?�B�b �i�`���/�2�Q�z �B�M�/�2�2�/ �v�B�2�H�/�b
�i�?�2 �b���K�2 �K�B�M�B�K�m�K

p
M �X �A�M �i�?�2 �i�?�B�`�/ �H�B�M�2�- �r�2 �2�t�T�`�2�b�b� �B�M �i�2�`�K�b �Q�7 �i�?�2 ���#�Q�p�2�@�/�2�}�M�2�/x �- ���M�/ �i�?�2 �7�Q�m�`�i�? �H�B�M�2 �B�b ��

�b�i�`���B�;�?�i�7�Q�`�r���`�/ �`�2���`�`���M�;�2�K�2�M�i �Q�7 �i�2�`�K�b�X �h�?�B�b �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K �B�b �B�/�2�M�i�B�+���H �B�M �7�Q�`�K �i�Q �U�e�X�j�y�V�- �r�B�i�? �i�?�2 �B�M�/�2�t
�b�2�iI �`�2�T�H���+�2�/ �#�v
 P �-n �`�2�T�H���+�2�/ �#�vD ���M�/B = 1

2

P
� 2 
 P

a� �X �q�2 �?���p�2 �i�?�m�b �2�b�i���#�H�B�b�?�2�/ �i�?�2 �T�?���b�2 �/�B�H�2�K�K��
�U�9�X�8�N�V ���b ���M �B�M�b�i���M�+�2 �Q�7 �i�?�2 �b�m�#�b�2�i�@�b�m�K �T�`�Q�#�H�2�K�X �J�Q�`�2 �B�K�T�Q�`�i���M�i�H�v�- �r�2 �?���p�2 �b�?�Q�r�M �i�?���i �i�?�2 �T�?���b�2 �/�B�H�2�K�K��
�`�2�/�m�+�2�b �i�Q �i�?�2 �b�T�2�+�B���H �+���b�2 �K�2�M�i�B�Q�M�2�/ ���i �i�?�2 �2�M�/ �Q�7 �b�2�+�i�B�Q�M�j�X�y�X�j�- �r�?�B�+�? �B�b �2�[�m�B�p���H�2�M�i �i�Q �i�?�2 �k�@�T���`�i�B�i�B�Q�M �T�`�Q�#�H�2�K�X
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h jŴ j i = �K�B�M
� 2f� 1g

eF � (� ); eF � (� ) = h � ;� jŴ j � ;� i ;  � ;�
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�B�M�/�2�t �b�2�i �#�vf � 1; : : : ; � dg � f 1; : : : ; Dg�X
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S
� H � �X �6�Q�` �2�t���K�T�H�2�- �i�?�2 �b�2�+�i�Q�`�b �;�2�M�2�`���i�2�/
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Ŵ
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Ŵ
j �7�Q�` ���H�K�Q�b�i
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P
� � �

p
� � �X



�e�e �*�>���S�h�1�_ �e�X �*�1�G�G�a ���L�. �*�P�J�S�G�1�s�A�h�u �P�6eF

�h�?�2 ���b�b�2�`�i�B�Q�M �i�?���i� 2 � 0
Ŵ
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Û
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0

@
[

U 2U � nf I; � I g

U(�F�2�`[Ŵ ])
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