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The crossover from fluctuating atomic constituents to a collective state as one lowers tempera-
ture/energy is at the heart of the dynamical mean-field theory description of the solid state. We
demonstrate that the numerical renormalization group is a viable tool to monitor this crossover in a
real-materials setting. The renormalization group flow from high to arbitrarily small energy scales
clearly reveals the emergence of the Fermi-liquid state of Sr2RuO4. We find a two-stage screening
process, where orbital fluctuations are screened at much higher energies than spin fluctuations, and
Fermi-liquid behavior, concomitant with spin coherence, below a temperature of 25 K. By computing
real-frequency correlation functions, we directly observe this spin–orbital scale separation and show
that the van Hove singularity drives strong orbital differentiation. We extract quasiparticle interaction
parameters from the low-energy spectrum and find an effective attraction in the spin-triplet sector.

Introduction.—Atoms with partially filled shells have
a spectrum of many-body eigenstates with degeneracies
associated with fluctuating spin and orbital moments.
For instance, the isolated ruthenium atom in the Ru4+

configuration, subject to an octahedral crystal field, has
a nine-fold degenerate groundstate corresponding to spin
and orbital quantum numbers S=L=1 [1, 2]. In materials
with strong electronic correlations, these local fluctuations
can be observed at high temperature and energy through,
e.g., Curie–Weiss-like spin susceptibilities. In correlated
metals, these fluctuations are suppressed as one reaches
low temperature and energy. In the Fermi-liquid regime, a
nondegenerate collective groundstate is formed, with long-
lived coherent quasiparticle excitations and susceptibilities
displaying Pauli behavior [3].

How the crossover from fluctuating atomic constituents
to a collective state takes place is at the heart of the
dynamical mean-field theory (DMFT) description of the
solid state [4]. In this theory, each atom is viewed as
exchanging electrons with an environment which self-
consistently represents the whole solid. The gradual
suppression of local fluctuations can be thought of as
a self-consistent (multi-stage) Kondo screening process [5]
of both spin and orbital moments [6, 7].

The renormalization group (RG) is the appropriate
framework to describe and monitor these crossovers as
a function of energy scale. Indeed, Wilson’s numerical
renormalization group (NRG) [8] has been a tool of choice
for solving DMFT equations for lattice models with few
orbital degrees of freedom [9], with the additional merit
of providing real-frequency properties at any temperature.
Following a number of two-particle applications [10–15],
recently, even three-orbital studies have become possi-
ble [6, 7, 16–19]. Yet, all of these works operated in the

model context. We demonstrate here that NRG can be
successfully applied to an actual material, accounting for
its electronic structure in a realistic manner using density
functional theory (DFT) and DMFT [20].

The material we focus on, Sr2RuO4, is one of the
more thoroughly studied quantum materials [21] and an
ideal testbed for fundamental developments in quantum
many-body theories. Besides the unconventional super-
conducting state below ∼1.5 K [22, 23], also the normal,
Hund-metal state of Sr2RuO4 [2, 7, 24–27] attracts at-
tention, due to text-book Fermi-liquid behavior below
TFL≈25 K [21, 28–33] (though signatures of quasiparti-
cles are found up to elevated temperatures of ∼600 K [24]).
However, temperatures below TFL could not be reached
with controlled computational methods hitherto.

In this Letter, we show that Sr2RuO4 undergoes a two-
stage Kondo screening process [6, 7, 26], where orbital
fluctuations are screened well before the spin degrees of
freedom. We determine the associated Kondo tempera-
tures to Torb≈6000 K and Tsp≈500 K, respectively, and
show that Fermi-liquid behavior emerges when spin coher-
ence is fully established below a scale of TFL≈25 K [34].
With NRG as impurity solver, the entire DMFT calcu-
lation is performed on the real-frequency axis [35], and
we can compute correlation functions at arbitrarily low
energy scales and temperatures. Hence, we are able to
go beyond previous Monte Carlo-based DFT+DMFT
studies [24, 26, 27, 33, 38–41] and enter deep into the
Fermi-liquid regime, even down to T = 0 [42]. This en-
ables us to explore the counter-intuitive observation that
the more itinerant (xy) orbital has the smaller quasipar-
ticle weight [21, 24, 27, 38, 41, 44, 45]. We show that
this effect is driven by a van Hove singularity close to the
Fermi level, as elaborated in [24].
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FIG. 1. (a) Dynamic spin and orbital susceptibilities, χ′′sp(ω)
and χ′′orb(ω), showing spin–orbital scale separation. Inset:
Static spin susceptibility as a function of temperature. (b)
NRG flow diagram, showing the rescaled eigenenergies (with
quantum numbers given in the legend) as a function of the
energy scale [50], for the impurity model at self-consistency.
The spin and orbital Kondo temperatures (maximum of χ′′)
and the Fermi-liquid scale, TFL, are marked by vertical lines.

Model.—The low-energy structure of Sr2RuO4 can be
well described by a local basis of three maximally localized
Wannier functions [46, 47] with Ru-4d t2g symmetry de-
noted by {xy, xz, yz}. The corresponding non-interacting
Wannier Hamiltonian is characterized by the density of
states (DOS) shown in Fig. 3(a) below, reflecting the
quasi-2D tetragonal crystal structure of Sr2RuO4, with
quasi-2D xy orbitals and a strongly one-dimensional char-
acter of the degenerate xz/yz orbitals. We employ the
same Wannier Hamiltonian as in [39, 40, 48] (without
spin-orbit coupling) combined with a local Kanamori in-
teraction [2, 49] parametrized by U=2.3 and J=0.4 [24].
Throughout this work, we use eV = 1 as unit of energy
if not otherwise indicated. In the Hund-metal phase of
Sr2RuO4, the pair-hopping term of the Kanamori interac-
tion is almost inactive and can be neglected to obtain a
model with higher symmetry, more tractable for NRG [50].

Spin–orbital separation, Fermi liquid.—Since NRG can
reach arbitrarily small energy scales, we are able to di-
rectly observe both spin–orbital scale separation and the
onset of Fermi-liquid behavior. The zero-temperature
real-frequency orbital and spin susceptibilities [50], χ′′orb

and χ′′sp, exhibit a separation of their maxima by more
than one decade, see Fig. 1(a). This spin–orbital separa-
tion in Kondo scales, with Torb≈6000 K and Tsp≈500 K
as found from the maxima of χ′′, is distinctive of corre-
lated Hund metals [2, 6, 7, 19], where the Hund coupling
J causes the screening of the respective fluctuations to
occur at disparate energy scales. Further, completed
screening of fluctuations is signaled by linear behavior,
χ′′ ∝ ω, found below roughly 1000 K and 25 K for χ′′orb

and χ′′sp, respectively. The fully coherent, Fermi-liquid
state thus emerges below an energy scale of 25 K. The
Fermi-liquid onset is also seen in the temperature depen-
dence of the static spin susceptibility, χsp(ω=0), which
crosses over from Curie–Weiss- to Pauli-like behavior, sat-
urating below TFL≈ 25 K, see inset of Fig. 1(a). These
results clearly establish spin–orbital scale separation in
the low-temperature Fermi-liquid state of Sr2RuO4, as
proposed by previous studies above TFL [7, 26].

A very direct observation of Fermi-liquid behavior is
possible by studying the renormalization group flow di-
agram of the NRG algorithm [6, 9, 18, 19]. Figure 1(b)
shows the NRG-Hamiltonian’s (lowest) rescaled eigenen-
ergies, ΛN/2Ei(N), depending on the energy scale Λ−N/2

of the RG flow, where Λ is the NRG discretization param-
eter and N the length of the Wilson chain [50]. At high
energy, the states are pure atomic eigenstates, which are
screened by the bath when flowing down in energy. Below
TFL, the Fermi liquid is formed. There, the flow reaches
a fixed point, where the rescaled eigenenergies become
independent of N , ΛN/2Ei(N) = E∗i . The Fermi-liquid
nature of this fixed point is determined by “towers” [9] of
equidistant excitation energies within the same symme-
try sector, where each E∗i is composed of n quasiparticle
excitations, E∗i = n · Eqp.

Each eigenstate has the quantum numbers (Qxy, Qxz +
Qyz, 2S), with orbital-resolved charge, Qm, relative to the
groundstate, and total spin, S. The most prominent tower
of states stems from xz/yz quasiparticles, i.e., eigenstates
with quantum numbers (0, 0, 0), (0, 1, 1), (0, 2, 2), (0, 2, 0),
(0, 3, 1), etc., see solid lines in Fig. 1(b). States with an
additional xy quasiparticle are marked as dash-dotted

0 0.5 1 1.5

0

0.1

0.2

0.3

0.4

10
1

10
2

0

10

20

30

FIG. 2. Orbital-resolved, dynamic spin and angular-
momentum susceptibilities, χ′′(ω). Inset: Temperature de-
pendence of ∂ωχ

′′|ω=0 in the spin sector, with TFL marked as
dashed line.
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FIG. 3. Main panels: Real-frequency correlation functions at zero temperature. Insets: Characteristic values as function of
temperature, converging below TFL (dashed line). (a) Local spectral function, Aloc(ω), from DFT+DMFT (solid lines) and
DFT (dotted lines). Inset: maxω Aloc(ω). (b) Imaginary part of the self-energy, ImΣ(ω). Inset: ImΣ(ω=0). (c) Real part of
the self-energy, ReΣ(ω), with the two linear regimes for ω<0 and the low-energy, positive slope for ω>0 highlighted. Inset:
Z=(1−∂ωReΣ|ω=0)−1; thick horizontal lines show the T =0 result for Z calculated via renormalized parameters.

lines. The Fermi-liquid scale, TFL, is seen in the RG
flow as the point where eigenstates with equal charge but
different spin become degenerate, see the pairs (0, 2, 0),
(0, 2, 2) and (1, 1, 0), (1, 1, 2). Our direct evidence of the
Fermi-liquid scale of Sr2RuO4, which conforms to the
TFL≈25 K found in experiments [21, 28–31], is one of the
main results of this work.

In order to understand how the different orbitals behave
regarding spin–orbital scale separation, we investigate in
Fig. 2 the orbitally resolved spin and angular-momentum
susceptibilities [50]. We find strong orbital differentiation
with larger amplitude in the xy than the xz spin response,
and generally a shift of spectral weight to lower frequencies
in the xy compared to the xz orbital. In nuclear mag-
netic resonance (NMR) spectroscopy, the inverse nuclear
spin-lattice relaxation time, 1/(T1T ), is related to the
zero-frequency slope of the electronic spin susceptibility,
1/(T1T ) ∝ ∂ωχ′′|ω=0 (neglecting matrix elements) [62, 63].
Computing the orbitally resolved ∂ωχ

′′|ω=0 as a function
of temperature, we find that the xy response is about 2.5
times stronger than the xz response, see inset of Fig. 2,
in qualitative agreement with experimental [31, 64, 65]
and theoretical works [66]. The temperature dependence
changes from linear to constant at TFL, in a similar fash-
ion for both orbitals, which we attribute to the strong
orbital mixing on the two-particle level [39].

Single-particle spectrum.—Apart from the RG flow and
the dynamic susceptibilities, our calculations also pro-
vide single-particle spectral information. Although the
single-particle properties of Sr2RuO4 have been studied
extensively [24, 26, 27, 33, 38, 45, 48] using continuous-
time quantum Monte Carlo (CTQMC) solvers [67], these
calculations have a challenging scaling with inverse tem-
perature β, making it hard to reach the Fermi-liquid
regime with T < 25 K, i.e., β > 464 eV−1. Additionally,
the analytic continuation to real frequencies severely ham-
pers spectral resolution [68]. Here, we go beyond previous
works by analyzing Sr2RuO4 deep in the Fermi-liquid
regime at low temperatures, and even T =0, directly on
the real-frequency axis.

The local spectral function, Aloc(ω), of Sr2RuO4 is
considerably renormalized compared to the DFT DOS [24,
45, 48], see Fig. 3(a). When accounting for correlations,
the spectral features are retained but shifted towards the
Fermi level—both for the double peak in the xz/yz orbitals
and the narrow xy peak. The latter is generated by the van
Hove singularity in the xy orbital, which is shifted towards
the Fermi level by electronic correlations. The height of
the van Hove peak grows with decreasing temperature
and saturates below TFL, see inset of Fig. 3(a).

The imaginary part of the self-energy, ImΣ(ω), shown
in Fig. 3(b), determines the lifetime of excitations. It has
larger values at negative compared to positive frequencies,
yielding shorter life times for hole excitations. Fermi-
liquid behavior only emerges at frequencies below TFL.
The real part of the self-energy, ReΣ(ω), displays linear
(Fermi-liquid) behavior on the same small energy scale,
see Fig. 3(c). However, at ω≈−100 meV, it exhibits a
“kink” leading to a second linear regime [lines in Fig. 3(c)],
while, for ω in the range +200 – 400 meV, the slope of
ReΣ(ω) changes sign, “retracting” the renormalization
of the quasiparticle dispersion. Hence, in this energy
range, the quasiparticle velocity is larger than the bare
one [33], as opposed to the usual low-energy reduction due
to strong correlations. These single-particle properties
are in qualitative agreement with previous Monte Carlo
results [24, 26, 27, 33, 38, 45, 48].

The pronounced differentiation between the different
orbitals, seen in Figs. 1(b) and 2, is also reflected in
the self-energy. The xy orbital shows much stronger
correlations than the xz/yz ones, with higher curvature in
ImΣ(ω) and steeper slope in ReΣ(ω) at ω=0, as visible
in Figs. 3(b) and 3(c), respectively. The slope is related
to the quasiparticle weight, Z=(1−∂ωReΣ|ω=0)−1, shown
in the inset of Fig. 3(c). The zero-temperature values of
Z agree with renormalized parameters extracted directly
from the spectrum (horizontal lines, see discussion below)
and are also consistent with experiments [21, 48]. The low-
temperature relation Zxy<Zxz contrasts with Zxy>Zxz

at high temperature. Indeed, when lowering temperature,
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FIG. 4. (a) Spectral function of the hybridization, A∆(ω),
in DFT+DMFT (solid lines) and DFT (dotted lines). Inset:
temperature dependence of the van Hove dip in A∆,xy(ω). (b)
Quasiparticle weight, Z, as a function of Hubbard U , for a
simple two-orbital model with identical half bandwidth, D.
The hybridization functions at U=0 are shown in the inset.

the quasiparticle weights cross at ∼ 350 K, and, while
Zxz levels off at T ∼100 K, Zxy only saturates below TFL.
This shows that the coherence-to-incoherence crossover
and the corresponding coherence scales in Sr2RuO4 are
strongly orbital-dependent [24, 40]. It is only below TFL

that all orbitals are in the coherent Fermi-liquid regime.
At first sight, the stronger correlation in the xy orbital

as compared to the xz/yz orbitals, indicated by Zxy<Zxz,
is rather counterintuitive. Usually, the ratio between local
Hubbard interaction U and the bandwidth W , U/W , is a
good estimator for the strength of correlations. However,
this clearly does not hold for Sr2RuO4, since the xy orbital
has a significantly larger bandwidth, Wxy > Wxz, see
Fig. 3(a). In [24], it has been argued that the strong xy
correlations result from the proximity of its van Hove
singularity to the Fermi level, see Fig. 3(a).

To understand this, we consider the spectral part of
the hybridization function, A∆(ω), of the self-consistent
impurity model. The van Hove singularity in Aloc,xy(ω)
generates a dip in A∆,xy(ω) [50] close to zero frequency,
see Fig. 4(a), which implies a reduction of the effective
coupling between impurity and bath at low energies for
the xy orbital. The weaker coupling, in turn, increases the
correlations and reduces the quasiparticle weight. The
temperature dependence of the dip, inset of Fig. 4(a),
matches the one of maxωAloc,xy in the inset of Fig. 3(a).

To disentangle the effect of the van Hove singularity
from other factors, we consider a simple, half-filled two-
orbital model with both orbitals having the same band-
width. We choose a semicircular lattice DOS for one
orbital and set the second one such that its hybridization
function has a dip at zero energy, see Fig. 4(b). Even
in this simplified model, we find that Z is smaller in the
orbital with a dip in the hybridization. This suggests that
the relevant measure of the correlations strength is the
Hubbard interaction divided by the effective low-energy
hybridization strength, U/A∆(ω=0), rather than U/W .

Quasiparticle parameters.—Within the NRG frame-
work, we can extract information about the Fermi liquid

and its quasiparticles not only from correlation functions
but directly from the RG flow. To this end, we com-
pute (zero-temperature) renormalized parameters from
the low-energy spectrum of the (self-consistent) impurity
model [69–71]. The impurity Green’s function has the
low-energy expansion

G(ω) ≈ Z ·
(
ω − ε̃− Z∆(ω)

)−1
, ε̃ = Z ·

(
ε+ Σ(0)

)
.

For a (finite) Wilson chain of length N , G(ω) has first-
order poles at the single-particle excitation energies. Tak-
ing the lowest particle- and hole-excitation energy Ei(N)
from Fig. 1(b), we have two equations that can be solved
for Z and ε̃ and converged in N [69]. The results for Z
[and ε̃ or Σ(0)] are reported in [50] and agree quantita-
tively with those taken from Σ(ω), see inset of Fig. 3(c).

To go beyond the single-particle picture, we exploit
that, at any finite N , there are residual quasiparticle in-
teractions in the form of exponentially small corrections to
the equidistant tower of quasiparticle excitations. By com-
paring two-particle-excitation energies ESmm′ , with orbital
indices m and m′ and spin index S, to two single-particle
excitations Em and Em′ , the quasiparticle interaction
ŨSmm′ is given by [69]

ESmm′ − Em − Em′ = ŨSmm′ |ψm(0)|2 |ψm′(0)|2,

where |ψm(0)|2 is the quasiparticle density at the im-
purity [50]. Hence, we are in the unique position to
compute quasiparticle interactions ŨSmm′ as well as the
zero-energy real-frequency vertex Γ, related via ŨSmm′ =
ZmZm′ΓSmm′ [69, 71], for Sr2RuO4. The results, listed
in [50], show that the orbital dependence of ŨSmm′ is
governed by Zm, while ΓSmm′ displays only weak orbital
dependence. Strikingly, the effective interaction in the
spin-triplet sector is attractive. We attribute this to the
same mechanism as the Hund-metal s-wave spin-triplet su-
perconducting instability found in model studies [72, 73].

Conclusion.—By following the NRG flow starting from
high and proceeding to the lowest temperature and energy
scales, we have analyzed spin–orbital scale separation and
the emergence of the Fermi liquid in Sr2RuO4 within
a real-materials DFT+DMFT setting. Through linear
frequency behavior of zero-temperature dynamic suscep-
tibilities and fixed-point analysis of the NRG flow, we
provide theoretical evidence for a Fermi-liquid scale, in
remarkable agreement with the experimentally observed
TFL≈25 K [21, 28–31]. Characteristic quantities, like χsp

and Z, are found to converge below 25 K. Further, our
real-frequency and zero-temperature results substantiate a
number of features, such as strongly shifted spectral peaks
and the peculiar frequency dependence of the self-energy,
previously found from analytically-continued Monte Carlo
data [24, 26, 27, 33, 38–41]. We showed that the proxim-
ity of the van Hove singularity to the Fermi level drives
strong orbital differentiation in Sr2RuO4. Notably, the
effect of van Hove singularities on the correlated state is
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of importance even in non-transition metal systems like
twisted bilayer graphene [74–76]. Finally, the extracted
quasiparticle interactions ŨSmm′ reveal attractive coupling
in the spin-triplet sector within our ab initio analysis.
This paves the way towards a complete description of
quasiparticles and their interactions in Sr2RuO4, which
are of crucial importance for the understanding of the
still puzzling superconducting state [23, 77].

Generally, our work demonstrates the potential of
DFT+DMFT+NRG as a new computational paradigm for
real-material systems to (i) directly access real-frequency
properties at arbitrarily low temperatures and (ii) reveal
and elucidate the intricate renormalization process that
occurs during the dressing of atomic excitations by their
solid-state environment.
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[58] R. Žitko and T. Pruschke, Phys. Rev. B 79, 085106 (2009).
[59] S.-S. B. Lee and A. Weichselbaum, Phys. Rev. B 94,

235127 (2016).
[60] S.-S. B. Lee, J. von Delft, and A. Weichselbaum, Phys.

Rev. Lett. 119, 236402 (2017).
[61] H. U. R. Strand, github.com/TRIQS/tprf (2019),

doi:10.5281/zenodo.2638059.
[62] H. Alloul, Scholarpedia 9, 32069 (2014), arXiv:1504.06992.
[63] H. Alloul, Scholarpedia 10, 30632 (2015),

arXiv:1505.04699.
[64] H. Mukuda, K. Ishida, Y. Kitaoka, K. Asayama, Z. Mao,

Y. Mori, and Y. Maeno, J. Phys. Soc. Japan 67, 3945
(1998).

[65] K. Ishida, H. Mukuda, Y. Minami, Y. Kitaoka, Z. Q. Mao,
H. Fukazawa, and Y. Maeno, Phys. Rev. B 64, 100501
(2001).

[66] J. Mravlje, M. Aichhorn, T. Miyake, K. Haule, G. Kotliar,
and A. Georges, Phys. Rev. Lett. 106, 096401 (2011).

[67] E. Gull, A. J. Millis, A. I. Lichtenstein, A. N. Rubtsov,
M. Troyer, and P. Werner, Rev. Mod. Phys. 83, 349
(2011).

[68] J. E. Gubernatis, M. Jarrell, R. N. Silver, and D. S. Sivia,
Phys. Rev. B 44, 6011 (1991).

[69] A. C. Hewson, A. Oguri, and D. Meyer, Eur. Phys. J. B
40, 177 (2004).

[70] J. Bauer and A. C. Hewson, Phys. Rev. B 76, 035118
(2007).

[71] Y. Nishikawa, D. J. G. Crow, and A. C. Hewson, Phys.
Rev. B 82, 115123 (2010).

[72] S. Hoshino and P. Werner, Phys. Rev. Lett. 115, 247001
(2015).

[73] S. Hoshino and P. Werner, Phys. Rev. B 93, 155161
(2016).

[74] G. Li, A. Luican, J. M. B. Lopes dos Santos, A. H. Cas-
tro Neto, A. Reina, J. Kong, and E. Y. Andrei, Nat.
Phys. 6, 109 (2009).

[75] A. Kerelsky, L. J. McGilly, D. M. Kennes, L. Xian,
M. Yankowitz, S. Chen, K. Watanabe, T. Taniguchi,
J. Hone, C. Dean, A. Rubio, and A. N. Pasupathy, Nature
572, 95 (2019).

[76] Y. Choi, J. Kemmer, Y. Peng, A. Thomson, H. Arora,
R. Polski, Y. Zhang, H. Ren, J. Alicea, G. Refael, F. von
Oppen, K. Watanabe, T. Taniguchi, and S. Nadj-Perge,
Nat. Phys. (2019).

[77] A. Pustogow, Y. Luo, A. Chronister, Y. S. Su, D. A.
Sokolov, F. Jerzembeck, A. P. Mackenzie, C. W. Hicks,
N. Kikugawa, S. Raghu, E. D. Bauer, and S. E. Brown,
arXiv:1904.00047.

[78] A. Weichselbaum, Ann. Phys. 327, 29723047 (2012).
[79] A. Weichselbaum, Phys. Rev. B 86, 245124 (2012).
[80] O. Parcollet, M. Ferrero, T. Ayral, H. Hafermann,

I. Krivenko, L. Messio, and P. Seth, Comput. Phys.
Commun. 196, 398 (2015).

[81] P. Seth, I. Krivenko, M. Ferrero, and O. Parcollet, Com-
put. Phys. Commun. 200, 274 (2016).

[82] M. Aichhorn, L. Pourovskii, P. Seth, V. Vildosola,
M. Zingl, O. E. Peil, X. Deng, J. Mravlje, G. J. Kraberger,
C. Martins, M. Ferrero, and O. Parcollet, Comput. Phys.
Commun. 204, 200 (2016).

http://dx.doi.org/10.1103/PhysRevLett.116.256401
http://dx.doi.org/10.1080/00018730310001621737
http://dx.doi.org/10.1103/PhysRevB.97.085141
http://dx.doi.org/10.1103/PhysRevB.56.12847
http://dx.doi.org/10.1103/PhysRevB.56.12847
http://dx.doi.org/10.1103/PhysRevB.65.035109
http://dx.doi.org/10.1103/PhysRevB.65.035109
http://dx.doi.org/ 10.1103/PhysRevX.9.021048
http://dx.doi.org/ 10.1103/PhysRevX.9.021048
http://dx.doi.org/10.1143/ptp.30.275
http://dx.doi.org/ 10.1103/PhysRevLett.97.076405
http://dx.doi.org/ http://dx.doi.org/10.1016/j.cpc.2010.08.005
http://dx.doi.org/ https://doi.org/10.1016/j.cpc.2014.05.003
http://dx.doi.org/ https://doi.org/10.1016/j.cpc.2014.05.003
http://dx.doi.org/10.1103/PhysRevLett.99.076402
http://dx.doi.org/10.1103/PhysRevLett.99.076402
http://dx.doi.org/10.1103/PhysRevB.89.121105
http://dx.doi.org/10.1103/PhysRevB.93.235101
http://dx.doi.org/ 10.1103/PhysRevB.79.085106
http://dx.doi.org/10.1103/PhysRevB.94.235127
http://dx.doi.org/10.1103/PhysRevB.94.235127
http://dx.doi.org/10.1103/PhysRevLett.119.236402
http://dx.doi.org/10.1103/PhysRevLett.119.236402
http://dx.doi.org/doi:10.5281/zenodo.2638059
http://dx.doi.org/doi:10.5281/zenodo.2638059
http://dx.doi.org/10.4249/scholarpedia.32069
http://arxiv.org/abs/1504.06992
http://dx.doi.org/10.4249/scholarpedia.30632
http://arxiv.org/abs/1505.04699
http://dx.doi.org/10.1143/JPSJ.67.3945
http://dx.doi.org/10.1143/JPSJ.67.3945
http://dx.doi.org/10.1103/PhysRevB.64.100501
http://dx.doi.org/10.1103/PhysRevB.64.100501
http://dx.doi.org/ 10.1103/PhysRevLett.106.096401
http://dx.doi.org/ 10.1103/RevModPhys.83.349
http://dx.doi.org/ 10.1103/RevModPhys.83.349
http://dx.doi.org/10.1103/PhysRevB.44.6011
http://dx.doi.org/10.1140/epjb/e2004-00256-0
http://dx.doi.org/10.1140/epjb/e2004-00256-0
http://dx.doi.org/10.1103/PhysRevB.76.035118
http://dx.doi.org/10.1103/PhysRevB.76.035118
http://dx.doi.org/10.1103/PhysRevB.82.115123
http://dx.doi.org/10.1103/PhysRevB.82.115123
http://dx.doi.org/10.1103/PhysRevLett.115.247001
http://dx.doi.org/10.1103/PhysRevLett.115.247001
http://dx.doi.org/10.1103/PhysRevB.93.155161
http://dx.doi.org/10.1103/PhysRevB.93.155161
https://doi.org/10.1038/nphys1463
https://doi.org/10.1038/nphys1463
http://dx.doi.org/10.1038/s41586-019-1431-9
http://dx.doi.org/10.1038/s41586-019-1431-9
https://doi.org/10.1038/s41567-019-0606-5
https://arXiv.org/abs/1904.00047
https://arXiv.org/abs/1904.00047
http://arxiv.org/abs/1904.00047
http://dx.doi.org/10.1016/j.aop.2012.07.009
http://dx.doi.org/10.1103/PhysRevB.86.245124
http://dx.doi.org/ 10.1016/j.cpc.2015.04.023
http://dx.doi.org/ 10.1016/j.cpc.2015.04.023
http://dx.doi.org/10.1016/j.cpc.2015.10.023
http://dx.doi.org/10.1016/j.cpc.2015.10.023
http://dx.doi.org/10.1016/j.cpc.2016.03.014
http://dx.doi.org/10.1016/j.cpc.2016.03.014


Supplemental Material for
“Strongly Correlated Materials from a Numerical Renormalization Group Perspective:

How The Fermi-liquid State of Sr2RuO4 Emerges”

Fabian B. Kugler,1 Manuel Zingl,2 Hugo U. R. Strand,2 Seung-Sup B. Lee,1 Jan von Delft,1 and Antoine Georges,3,2,4,5

1Arnold Sommerfeld Center for Theoretical Physics, Center for NanoScience, and Munich Center for
Quantum Science and Technology, Ludwig-Maximilians-Universität München, 80333 Munich, Germany

2Center for Computational Quantum Physics, Flatiron Institute, 162 5th Avenue, New York, NY 10010, USA
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In this Supplemental Material, we first provide the def-
initions of the susceptibilities shown in the main text,
discuss the Hamiltonians and the neglect of pair hop-
ping, and give some algorithmic details. Next, we list
the quasiparticle parameters deduced from the NRG flow.
Finally, we benchmark our NRG results at various tem-
peratures against continuous-time Quantum Monte Carlo
(CTQMC) [67] data obtained in the hybridization expan-
sion (CTHYB) [51, 67, 81]. Citations refer to the list of
references given in the main text.

SUSCEPTIBILITIES

We compute susceptibilities as retarded two-point cor-
relation functions of bosonic operators A, B on the im-
purity, χ(t) = 〈A||B〉(t) = −iΘ(t)〈[A(t), B]〉. Focusing
on their spectral density, we have χ = χ′ − iπχ′′ and
χ′′(ω) = 1

2π

∫
dt eiωt〈[A(t), B]〉. Spin susceptibilities are

computed via the spin operator in z direction,

Sm =
1

2

∑
σσ′

d†mστ
z
σσ′dmσ′ ,

using the Pauli matrix τz = diag(1,−1) and the creation
operator d†mσ of an electron in orbital m with spin σ on the
impurity. Orbital (or angular-momentum) susceptibilities
are computed via

Lm =
i√
2

∑
σm′m′′

εmm′m′′d†m′σdm′′σ

with the Levi-Civita symbol εmm′m′′ . The factor of 1/
√

2
is chosen for convenience, such that χ′′sp and χ′′orb have

roughly the same integral weight
∫∞

0
χ′′(ω) dω. Total

susceptibilities are obtained from Stot =
∑
m Sm and

Ltot =
∑
m Lm. Finally, the orbital susceptibilities,

〈Lm||Lm〉, behave very similar to orbital-resolved charge
susceptibilities [19], 〈Nm||Nm〉 with Nm =

∑
σ d
†
mσdmσ.

HAMILTONIANS

To construct the non-interacting Hamiltonian, we use
maximally localized Wannier functions [46, 47] for the
three t2g-like orbitals centered on the Ru atoms, employ-
ing the software packages WIEN2K [52] wien2wannier [53],
wannier90 [54] and TRIQS/DFTTools [80, 82]; see [48]
for further details. The resulting Wannier Hamiltonian,
hmm′(k), is nondiagonal in orbital space. However, with-
out spin-orbital coupling, which we neglect in this work,
local single-particle quantities are orbital-diagonal due to
the crystal symmetry of Sr2RuO4. This applies to the
impurity energy levels, εd =

∑
k h(k) (momentum sum

normalized), the local propagator

G(ω) =
∑
k

[ω + i0+ + µ− h(k)−Σ(ω)]−1,

and the hybridization function ∆(ω).

The spectral density of the hybridization is evaluated
as A∆,m(ω) = 1

π Im[G−1
m (ω) + Σm(ω)]. This already in-

dicates the inverse relation between A∆ and the spec-
tral function A = − 1

π ImG, responsible for producing
a dip in the hybridization from a van Hove peak in
the spectrum. Indeed, if consider small frequencies ω,
where |ImΣ(ω)|, |ReG(ω)| � |ImG(ω)|, we directly get
A∆(ω) ∝ A−1(ω).

The widely used, local, SO(3)-symmetric Kanamori
interaction Hamiltonian [2], consisting of a density-density,
spin-flip, and pair-hopping part, is given by

Hint = Hdd +Hsf +Hph,

Hdd = U
∑
m

nm↑nm↓ + U ′
∑
m 6=m′

nm↑nm′↓

+ (U ′ − J)
∑

m<m′,σ

nmσnm′σ,

Hsf = −J
∑
m 6=m′

d†m↑dm↓d
†
m′↓dm′↑,

Hph = J
∑
m 6=m′

d†m↑d
†
m↓dm′↓dm′↑,



2

(a)
Z ε̃ ε Σ(0)

xy 0.17 −0.076 −5.80 5.35
xz 0.26 −0.078 −5.72 5.42

(b) S=0 (singlet) S=1 (triplet)
xy-xy xz-xz xy-xz xz-yz xy-xz xz-yz

Ũ 0.17 0.40 0.27 0.40 −0.085 −0.12
Γ 6.1 5.9 6.1 5.9 −2.0 −1.7

TABLE I. Zero-temperature quasiparticle parameters deduced from the NRG low-energy spectrum. (a) Quasiparticle weight
Z, quasiparticle energy level ε̃, bare energy level ε, and the resulting self-energy at zero frequency, Σ(0). (b) Quasiparticle

interactions ŨSmm′ and the zero-energy vertex ΓSmm′ , revealing an effective attraction in the spin-triplet sector. The two significant
digits in all values give a rough estimate of the numerical accuracy.

with U ′ = U − 2J . The spin-flip term is crucial for the
SU(2) spin symmetry and Hund-metal physics. By con-
trast, we argue in the following that the pair-hopping term
is almost inactive in the Hund-metal phase of Sr2RuO4

and can be neglected to obtain a model with higher sym-
metry that is more tractable for NRG (see below).

PAIR HOPPING

Considering the identical prefactor J of the spin-flip
and pair-hopping term, it seems a priori hardly justi-
fied to neglect Hph. However, it is readily understood
that the effect of Hph is a high-energy process, requir-
ing states with one fully occupied and one completely
empty orbital at the impurity site. At low energies, these
contributions are suppressed; the dominant contributions
instead have an impurity occupation of four electrons
almost equally distributed among the three orbitals in
the case of Sr2RuO4.

Furthermore, we can a posteriori justify neglecting Hph

by evaluating the probability for an empty and doubly
occupied orbital in the thermal state ρ. For this, we use
the projectors

Pm↑↓ = nm↑nm↓, Pm0 = (1− nm↑)(1− nm↓),

to find that the probabilities

probph,m→m′ = Tr[ ρPm↑↓Pm′0]

are all on the level of a few percent. We also compared
imaginary-time CTHYB results with and without pair
hopping and found deviations of similar magnitude.

ALGORITHMIC DETAILS

Combining the quadratic part of the Hamiltonian, with
∆xy(ω) 6= ∆xz(ω) = ∆yz(ω), with the SO(3)-symmetric
interaction Hamiltonian, we have a charge, orbital, and
spin symmetry of U(1)ch ⊗ SO(2)orb ⊗ SU(2)sp. Compu-
tationally, the one-dimensional SO(2) symmetry is rather
weak. However, by neglecting the pair-hopping term,
we obtain the larger symmetry U(1)ch,xy ⊗ U(1)ch,xz ⊗
U(1)ch,yz ⊗ SU(2)sp.

We employ the full density-matrix (fdm) NRG [55]
and exploit these symmetries using the QSpace tensor li-
brary [78, 79]. For further efficiency, we interleave [56, 57]

the Wilson chains of all orbitals and thereby artificially
break the symmetry between the xz and yz orbitals, but
restore it by averaging results for these orbitals at each
DMFT iteration. We use an NRG discretization param-
eter of Λ = 6 and keep up to 105 SU(2)-spin multiplets
(roughly 4 · 105 individual states) during the iterative
diagonalization. Sufficient resolution at finite energies
is obtained by averaging results over four shifted dis-
cretization grids [58] and by using an adaptive broadening
scheme [59, 60].

In the illustration of the NRG flow in Fig. 1(b), xz and
yz contributions are averaged as well. To understand the
rescaling of the axes in Fig. 1(b), we recall that the itera-
tive diagonalization with a successively increasing Wilson
chain length N sets a characteristic energy splitting of
aΛ−N/2, with a of order unity [9]. The y-axis is thus
rescaled ∝Λ−N/2 to have converged energy levels with
convenient values. Further, in fdm-NRG, temperature-
dependent quantities are computed unambiguously by
including all Wilson shells N (of characteristic energy
scale EN = aΛ−N/2) with their respective, temperature-
dependent weight wTN [78]. Typically, wTN is maximal close
to EN ≈ T [78]. For the x-axis of Fig. 1(b), we fix the pref-
actor a by actually requiring (

∑
N w

T
NEN )/(

∑
N w

T
N ) = T

and thus have a unique assignment of shell index to energy
scale and temperature.

Finally, to obtain a smooth hybridization in the DMFT
self-consistency iteration, performed entirely on the real-
frequency axis, we use a momentum summation with
a large number of 4 · 106 k points in the irreducible
Brillouin zone and manually set −ImΣxy ≥ 0.005 and
−ImΣxz/yz ≥ 0.01.

QUASIPARTICLE PARAMETERS

In the main text, we explained that the quasiparticle
weight Z and energy level ε̃ can be extracted from the low-
energy spectrum. The results are reported in Tab. I(a).
The values for Z agree quantitatively with those obtained
from the dynamic self-energy via Z = [1− ∂ωReΣ(0)]−1;
the same is true when comparing ε̃ = Z ·

(
ε + Σ(0)

)
to

the zero-frequency value of the dynamic self-energy.

The results for the quasiparticle interaction ŨSmm′ and
the zero-energy vertex ΓSmm′ are listed in Tab. I(b). For
their computation, we employed the quasiparticle density
at the impurity, |ψm(0)|2. It is conceptually related to
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FIG. 5. Benchmark of NRG results against imaginary-time CTHYB data at various temperatures. (a) Single-particle Green’s
function in the xy orbital. Inset: Spectral weight at zero frequency, A(0), computed from the NRG real-frequency result (label
ωNRG) and the imaginary-time proxy, −β

π
G(τ = β/2), both in NRG and CTHYB (labels τNRG and τQMC). (b) Analogous plot

for the xz orbital. (c) Total spin susceptibility. Inset: Zero-frequency slope of its spectral density, χ′′sp, computed from the NRG

real-frequency result and the imaginary-time proxy, −(β
π

)2χ(τ = β/2).

the excited state |Em〉 and groundstate |G〉 of the renor-
malized impurity model according to ψm(0) = 〈Em|d†σ|G〉,
and practically evaluated as

|ψm(0)|2 = Resω=Em
Gm(ω) =

1

1− ∂ω∆(ω)|ω=Em

.

BENCHMARKING NRG AGAINST QMC

We benchmark our NRG results against CTHYB
imaginary-time data at various temperatures. All results
are computed without pair hopping and are converged
on their respective DMFT self-consistency cycle. We find
very good agreement for the single-particle Green’s func-
tion Gxy and Gxz, see Fig. 5(a) and (b). The (total) spin
susceptibilities show satisfactory agreement as well, with
slightly higher deviations, see Fig. 5(c).

In the insets of Fig. 5, we show the real-frequency

quantities A(0) and d
dωχ

′′|ω=0 and their imaginary-time
proxies, given by the l.h.s. of the relations

−β
π
G(τ=β/2) = A(0) +

π2

2β2

d2

d2ω
A(0) + O(β−4),(β

π

)2

χ(τ=β/2) =
d

dω
χ′′(0) +

π2

3β2

d3

d3ω
χ′′(0) + O(β−4).

By fitting the corresponding polynomials to the real-
frequency curves, we find that the β−2 corrections on
the r.h.s. amount to roughly 10%, 5%, and 30% for
Gxy, Gxz, χsp, respectively. This is consistent with
the notable deviations between the real-frequency val-
ues and their imaginary-time proxies in the insets of
Fig. 5. The CTHYB results have been obtained using
the TRIQS/CTHYB solver [81] and the TRIQS/TPRF
package [61], which are based on the TRIQS library [80].
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