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Physical Realizations

Domain-walls in magnets, temperature 7 — 0 (Barkhausen noise)
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cracks - earthquakes - fracture - contact-line wetting



Contact line wetting

/ e jisobutanol on a randomly
silanized silicon wafer

* hydrogen on disordered
Cesium substrate



height jumps = avalanches
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The model

X
Rt ll]l)lBBBEBBBE 888 —
Displacement field xeR — u( )ER
Elastic energy: — Ak | € +/m
gy- T = 5 271_ Uk| Sk
for contact angle 6 = 90°: &~ Vk*+Kk*—
k! = m~? kapillary length (instead of g = k?)
Disorder energy JDo = /dde(x,u(x))

with correlations V(x,u)V(x,u') = 6%x—x)R(u—u)



Simple theory for zero temperature 7 =0
Suppose R(u) is analytic. Then to all orders in perturbation theory:

([u(x) ~ w(0)]*) ~ ~R'(0)x*~*+ O(T)

shift in dimension by two from thermal 2-point function

( [u(x) — u(0)]*) = Tx*~<: dimensional reduction.

Experimentally wrong beyond Larkin length:

L e TN e T elastic energy g = e LY
B ™% disorder Eno = F (L)

R L o El=6épo = L.= (%rd) e

critical dimension is d, = 4

u dimensionless ind. =4 = all powers of u relevant!

Need functional RG!

Old idea: Wegner, Houghton (1973)

for disordered systems: D.S. Fisher (1985)




Functional renormalization group (FRG)
(D. Fisher 1986)

%;[”]:21£[/eluklz+/m ]
—%/x Y R(u“(x)—uﬁ(x))

o,B=1
Functional renormalization group equation (FRG) for the disorder

correlator R(u) at 1-loop order:

_md R(u) = (€ —48)R(u) + CuR'(u) + %R”(u)Z—R”(u)R”(O)

dm
Solution for force-force correlator —R" (u):
_R’)(u) _R})(u)
renormalization
=
= =
u u

Cusp: R"™(0) = « appears after finite RG-time (at Larkin-length)



FRG at 2-loop order

OR(u) = (& —4C)R(u) + CuR'(u) + %R”(M)Z—R”(M)R”(O)
_|_% [R”(u) _R//(O)]R///(u)2 +7L%R"’(O+)2R"(u)

A = —1 statics, A = 1 (depinning)

Universality classes

e periodic disorder

e random field disorder: A(u) = —R"(u) short-ranged
statics: ¢ = £ (exact), depinning { =%£(140.14331e+...)

e random bond: R(u) short-ranged
statics: ¢ = 0.20829804¢ + 0.006858¢2, dynamics — RF



Why is a cusp necessary?
.. calculate effective action for single degree of freedom. ..
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Renormalized Disorder Correlator in FRG

m2

" u] = /%[Vu(x)]z—FV(x,u(x)) +7[u(x) —w]2 dx

Local minimum u,,(x) satisfies:

05"
0= g = —V?u,,(x) — F (x,u,,(x)) +m [u,,(x) — w]

Olty,(X)
Center-of-mass u,, fluctuates around w

1 1
lhy = W = [11,,(x) —w] d%x = T /F(x, ,(x)) d’x
Thus naively
A(w—w')
My = [ty — Wl —w| = —7—

FRG - Legendre-transform ... confirm this picture !
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Measuring the cusp = effective action
PLD+KW+A. Middleton
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A = renormalized disorder correlator

11



Random Bond (short-range correlated potential), d = 1
¢ = 0.208298¢ + 0.006858£%: 0.625 (1 loop), 0.687 (2 loop), 2/3 (exact).
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Random Field Disorder
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Interface in RF Ising model in 2+ 1 dimensions (d =2, =2, N=1)
A. Middleton, P. Le Doussal, KW, PRL 98 (2007) 155701
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Depinning in 1+1 dimensions
{ =£+40.04777¢*: 1.0 (1 loop), 1.2+£0.2 (2 loop), 1.25 (numerics).
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Experiments on contact line
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The renormalized force-force correlator
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Avalanches

e avalanches appear in many systems: contact-lines, vortex
lattices, domain walls, earthquakes, etc.
* Self-Organized Ciriticality (SOC)
* Abelian Sandpile Model (ASM) is best-known example
* ASM is equivalent to:
* uniform spanning trees (UST)
* loop-erased random walks (LERW)
* Mean-Field (MF) treatment available (Galton process)
e conjecture by Middleton-Narayan that Charge-Density
Waves (CDW) are equivalent to ASM
* leads to field-theory conjecture (Fedorenko, Le Doussal
Wiese), with predictions for sub-leading logs in d=4.
* recently checked in numerical simulations by
Grassberger
*Decaying Burgers turbulence
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The Galton process

e old quesstion: survival probability of male line

(Galton,Watson 1873)

 equivalent: driven particle in random force
landscape which itself is a Brownian = records with
drift
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Slope at the cusp and avalanche size moments
AX

Avalanche > < ’W W,‘ = Ld‘l/tw — uw/‘ — Ld’W — W,‘
>#ava|anches/un|t length
P (S7) lw—w'| ~ L2 uyy — |’
A(0F
m
2
together: § . <S > _ A'(07)]

(exact) 208 mA
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Generating function for avalanche size moments
_ A iasy g
2(2) = ((e )1 ?L(S))

eMuw)—w—u(0)] —1 = Z(A)w+O0(w*) for w>0

--------- ®
@==mumunn= ® ¢ ---0 ® ®
*---9 ® ®
@ =-ssmmsummmsmmnann= ®
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Tree resummation (1)

Rooted trees:

@resssmmnm o @ ===@ @==nmnm

..-? ?----.

Llllllllllllllllllll‘

root: A'(07)

Resummation: ZA) =242 —=A(0M)Z(1)?

sufficient for N=1 avalanche-size distribution



FRG-calculation
calculate the generating function Z(A1) of avalanche-sizes S:

é (%)~ 1-2(5))

eMuw)=w—u(O0)] _1 = Z(A)w+0(w?) for w>0.

Z(A) =

Recursion Relation:

A"(0) L [N Z()]"
1)2"
A/(O+)n§3(n+ ) k\ (k2—|—1)n ) )
loops with n outgoing legs
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Avalanche distribution
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Z)

RF d = 3+1, simulation s
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Driven String

simulation
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Experiments contact line Log o(7)
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Velocity distribution in an avalanche

classical Langevin equation
5H[u(t)]
ou(t)
= Vu(x,t) +m* w—u(x,t)] — 9,V (x,u(x,t))

moments are again trees...

I
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A little field theory
S() — / ﬂxt (77(975 — Vi -+ m2)’L.th
xt

Sdis — T 3 / aa:taxt’atat’A(U(t — t/) + Uyt — ua:t’)
xtt’

Disorder Vertex
ﬁtat/A(v(t — t/) —+ Uqrpt — uwt/)
— (?} T ﬂxt)at/A/(fU(t — t/) -+ Uqrpt — umt/)
= (v + Ugt) A (07)Opsgn(t — ') + ...

simplifies to

Stree = A'(0) / G it (0 + L)
xt

I!! simple cubic theory !!!
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Avalanche Instanton

If A(x,t) =A0(t) then the instanton equation is

higher-point functions also possible.
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Velocity distribution in avalanche: tree + loops

IVOPEW 5Z(N) = / T R2A(R) [Tk, 1) + Toowmter (b, )] = K2(1 — Ind) + i n k"
?\‘tree S (n —3)(n —2)%log(n — 2) N 6log(2) — 2n(n + 1)(log(2) — 1)
-\ " 2n? n?(n+1)
0.8 i \‘ B (n—1)(n((n —6)n+2)+6)log(n —1) N (n? — 8n + 3) log(n)
\ n?(n+1) 2n + 2

I e
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Decaying Burgers

V(7 1) + [V(7,1) - V] ¥(# 1) = vV5(7 1)
/]\

inviscid limit v — 0

curl-free velocity field: V(7,t) = VV(¥,1)
in practice: specify V(7,1 =0)

Solution
1
V(7,1) = min | (i - 7?2+ V (it =0)
/I\

ek

particle in parabola with curvature m* =






Decaying Burgers with random walk initial

condition

d=1: %<[v(r,t = 0) —v(rt = O)F) =Alr—/

A(r) =A(0) —Alr—r]|

FRG magic: A(r) does not renormalize!

= tree result is exact

o—S/Sm
P(S) = §3/2 S — A
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t = 0.045
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Decaying Burgers in 2d

shocks merge upon
Increasing time
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Analytical Results for Decaying Burgers in 2
dimensions
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Analytical Results for Decaying Burgers in 2
dimensions

Funtional RG still exact for

! (77,1 =0) = 5(F,t = 0) ) =AlF— 7

but tree summation becomes difficult, since non-rooted
trees contribute
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Tree resummation (2): several “roots”

— 1 -V .y LL 1 AR
lb_i _ lim = ln o Zl,] L] 8ui 8uJeVZ(l,u)
v—0V
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Tree resummation (3)
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Results

Finite moments
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Probability distribution function for shocks
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f -‘ Conclusions
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12? WHERE ARE THE EXPERIMENTS ?
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