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Multivariate functions of continuous variables arise in countless branches of science. Numerical
computations with such functions typically involve a compromise between two contrary desiderata:
accurate resolution of the functional dependence, versus parsimonious memory usage. Recently, two

promising strategies have emerged for satisfying both requirements: (i) The quantics representation, which
expresses functions as multi-index tensors, with each index representing one bit of a binary encoding of one
of the variables; and (ii) tensor cross interpolation (TCI), which, if applicable, yields parsimonious
interpolations for multi-index tensors. Here, we present a strategy, quantics TCI, which combines the
advantages of both schemes. We illustrate its potential with an application from condensed matter physics:

the computation of Brillouin zone integrals.

DOI: 10.1103/PhysRevLett.132.056501

Introduction.—Let f be a multivariate function of n
continuous real variables u; (i =1, ..., n):

) = fu). (1)

Such functions arise in essentially all branches of science.
In physics, e.g., they could stand for the fields used in
classical or quantum field theories, with u = (x,7) or u =
(k,®) representing space-time or momentum-frequency
variables in n =D+ 1 dimensions, respectively; or for
m-point correlation functions of such fields, with u =
(X1, 81,y Xys 1) @and n = m(D + 1), etc.

Often such functions have structure (peaks, wiggles,
divergences, even discontinuities) on length scales, time-
scales, or momentum or frequency scales differing by
orders of magnitude. Then, their numerical treatment
is challenging due to two contrary requirements: On the
one hand, accurate resolution of small-scale structures
requires a fine-grained discretization grid, while large-scale
structures require a large domain of definition U; and, on
the other hand, memory usage should be parsimonious,
hence a fine-grained grid cannot be used throughout U. In
practice, compromises are needed, sacrificing resolution
and/or restricting U to limit memory costs, or using
nonuniform grid spacings to resolve some parts of U more
finely than others.

Very recently, in different branches of physics, it was
pointed out that if the structures in f exhibit scale
separation, in a sense made precise below, they can be

f: UCR" - C, u=(u,...
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encoded both accurately and parsimoniously, on both small
and large scales [1-5]. This is done using a representation
first discussed in the context of quantum information [6-9],
independently introduced in the mathematics literature by
Oseledets [10], and dubbed the quantics representation by
Khoromskij [11]: it encodes each variable u; through R
binary digits, or bits, and expresses f(u) as a multi-index
tensor f5,, .., with £ = nR, where each index represents a
bit. If f exhibits scale separation, this tensor is highly
compressible, i.e., it can be well approximated by a tensor
train (TT) of fairly low rank. These previous works found
the TT via singular value decomposition (SVD) of the full
tensor, demonstrating that low-rank quantics TT (QTT)
representations exist. It remains to design more practical
algorithms to find them, since the computational costs of
the SVD approach grow exponentially with L.

In an unrelated very recent development [12], TT repre-
sentations were used for multivariate correlation functions
arising in diagrammatic Monte Carlo methods (albeit
without using the quantics encoding). It was found that
these TTs are not only highly compressible, but that the
compression can be achieved very efficiently using the
tensor cross interpolation (TCI) algorithm. This technique,
pioneered by Oseledets and coworkers [13—-15] and
improved by Dolgov and Savostyanov [16,17], is computa-
tionally exponentially cheaper than SVDs (albeit theoreti-
cally less optimal, though with controlled errors [16]).

The purpose of this Letter is to point out that quantics
TTs and TCI can be combined. This leads to a strategy that

© 2024 American Physical Society
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we call quantics tensor cross interpolation (QTCI). It has
several highly desirable properties: (i) Arbitrary resolution
via an exponentially large grid with 2% points for each
variable, obtained at a cost linear in R. (ii) Efficient
construction of the QTCI at cost linear in £ = nR.
(iii) Access to many ultrafast algorithms once the QTCI
has been obtained [1,5,18-20]; for instance, integrals,
convolutions, and Fourier transforms can be computed at
O(L) costs (i.e., exponentially cheaper than standard fast
Fourier transforms) [21]. (iv) More generally, TT repre-
sentations yield access to a whole range of matrix product
states or matrix product operators (MPS/MPO) algorithms
which were devised in the context of many-body physics [18]
and have spawned the mathematical field of TTs.

We illustrate the power of QTCI by using it to resolve
the momentum dependence of functions defined on the
Brillouin zone of the celebrated Haldane model [29]. We
construct QTClIs for its noninteracting Green’s function and
Berry curvature, and compute the Chern number of a band
with topological properties.

Quantics tensor trains.—For the quantics representation
of f(u), each variable u; is rescaled to lie within the unit
interval 1 = [0, 1), then discretized on a grid of 2% points
and expressed as a tuple of R bits [10,11],

Oip
27; = (6” ...GiR),
1

oip€{0,1}.  (2)

R
u; =
b=

Here, o, resolves the variable u; at the scale 27°.
Arbitrarily high resolution can be achieved by choosing
R sufficiently large. Thus, u is represented by a tuple of
L = nR bits. To facilitate scale separation, the bits are
relabled [10] as o, =0, using a single index
=i+ (b-1)nel,... L. This interleaves them such
that all bits 6;, describing the same scale 27> have
contiguous o, labels. Then, f can be viewed and graphi-
cally depicted as tensor of degree L:

FA0 1} =€, o=(01,...,00) = fo = flu).
fo' = II T T T T T T T T T T II
g11 Onl 012 On2 O1R OnR

= I |

T T T T T T T T T T T T

o1 [op] ayp ar

Alternatively, all same-scale bits can be fused together as
G, =>",2"16,;,€{0,...,2" — 1}, yielding the fused
representation fz = f(u), 6 = (64, ...,65). It employs
only L = R indices, each of dimension d = 2" [30].

Any tensor can be unfolded as a TT [11,13,15,31],
graphically depicted as a chain of ¢ sites connected by
bonds representing sums over repeated indices:

L
fo= ] M7 = [M7% [M2)32 o [M )54
=1
M M, M, M
1 D1 D2 Dp £ 1
o 0w ¢ e
o1 o2 oy or

4)

Each site Z hosts a three-leg tensor M, with elements
M)l a,- Its “local” and “virtual” bond indices, ¢, and
ay_1, 0z, have dimensionsd = 2and D,_;, D, respectively,
with Dy = D, = 1 for the outermost (dummy) bonds.

If f, is full rank, exact TT unfoldings have exponential
bond growth towards the chain center, D, = 2mn{/-£~¢},
implying exponential memory costs, O(2%/%). However,
tensors f, with lower information content admit accurate
TT unfoldings with lower virtual bond dimensions. Such
unfoldings are obtained via iterative factorization and
truncation of bonds with low information content.
Usually, this is done using a sequence of SVDs, discarding
all singular values smaller than a specified truncation
threshold e. The largest D, value so obtained, D,,,, is
the rank of the e-truncated TT. SVD truncation is provably
optimal [15], yielding the smallest possible D,,,, for
specified e. If Dy, < 2%/%, f; is strongly compressible,
implying that it has internal structure. Building on the
pioneering studies of Oseledets [13,31] and Khoromskij
[11], Refs. [2-5] argued that for quantics tensors f = f(u),
strong compressibility reflects scale separation: structures
in f(u) occurring on different scales are only “weakly
entangled,” in that the virtual bonds connecting the
corresponding sites in the TT do not require large
dimensions.

This perspective is informed by the study of one-
dimensional quantum lattice models using matrix product
states (MPSs)—many-body wave functions of the form (4)
[18]. In that context, o, labels physical degrees of freedom
at site 7, and the entanglement of sites £ and £ + 1 is
characterized by an entanglement entropy bounded by 277,
By analogy, if a quantics TT is strongly compressible,
requiring only small D, the sites representing different
scales are not strongly entangled—indeed, D,,,, quantifies
the degree of scale separation inherent in f(u).

The SVD unfolding strategy requires knowledge of the
full tensor f,: it uses 2% function calls, implying exponen-
tially long runtimes, even if f, is strongly compressible.
Thus, this strategy is optimally accurate but exponentially
inefficient: it uncovers structure in f,, but does not exploit
it already while constructing the unfolded TT.

Tensor cross interpolation.—The TCI algorithm
[12,13,15,17] solves this problem. It serves as a black
box that samples f, at some clever choices of ¢ and
iteratively constructs the TT from the sampled values. TCI
is slightly less accurate than SVD unfoldings, requiring a
slightly larger D,,, for a specified error tolerance €. But it
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is exponentially more efficient, needing at most O(D2,,, L)
function evaluations and a run-time of at most O(D3 . L).

We refer to [12] for details about TCI in general and its
actual implementation. Here, we just sketch the main idea.
TCI achieves the factorization needed for unfolding by
employing matrix cross interpolation (MCI) rather than
SVD. Given a matrix A, the MCI formula approximates it
as A~ CP~'R = A, graphically depicted as follows:

90000 OGOGOGOOIOODS cee cee 71 [ XXX RN NN N NN NN
PR s e P (333) 7 (ss3szzaaaee),
.......:..2.. ::2 or wzw

Here, the column, row and pivot matrices C, R, and P, are
all constructed from elements of A: C contains D columns
(red), R contains D rows (blue), and P their intersections,
the pivots (purple). The resulting A exactly reproduces all
elements of A contained in C and R; the remaining elements
are in effect interpolated from the “crosses” formed by
these (hence “cross interpolation”). The accuracy of the
interpolation depends on the number and choice of pivots;
it can be improved systematically by adding more pivots. If
D = rank(A), one can obtain an exact representation of the
full matrix, A = A [15].

Tensors can be unfolded by iteratively using MCI while
treating multiple indices (e.g.,0,...0,)asa single composite
index, €.2., fo,0,...0, % [C1]1), [PT"]p, e [R1z; . Tterative
application of MCI to each new tensor on the right ultimately

yields a fully unfolded TT, f, ~ Qrct.

i By Al ae e g ]

g1 02 ...

[A TT of the form (4) is obtained by defining M, = C,P;',
-0-=-1X-.] This naive algorithm is inefficient, but
illustrates how the interpolation properties of MCI
carry over to TCIL In practice, it is more efficient to
use a sweeping algorithm, successively sampling more
function values f,; and adding pivots to each tensor until
the relative error &, which decreases during sweeping,
drops below a specified tolerance ¢ [21]. We define ¢ as

maxoes|fs — fol/maxges|fol.

index values sampled while constructing fQTCI.
Integration.—The integral over a function f in QTT

form is easily accessible in O(D2, L) steps [12,15]. It can

be approximated by a Riemann sum since the quantics grid

is exponentially fine, and all 6, sums can be performed

independently due to the TT’s factorized form:

[nd”uf 2£Zfo'N2£HZMf (5)

1D example.—We first demonstrate QTCI for comput-
ing the integral I[f] = 1“(20 dx f(x) of the function

3 -
Ok
- 1 QTCI
/
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0 T 2728 T 3
2
10 & 100 out-of-sample
S 101 i % 1074 i in-sample
] = T 108 1(c)  integ
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FIG. 1. QTCI representation of a rapidly oscillating function,

for £ = R = 50 with tolerance ¢ = 1078. (a) Plot of f(x) (see
text). Left: the interval x€[0;2723]; red dashed: the actual
function, blue: its QTCI representation. Right: the envelope
structure up to x = log(20) = 3; the rapid oscillations are not
resolvable on this scale. (b) Virtual bond dimensions D, of the
QTT, for R = 30, 40, 50. Gray lines indicate how D%~ would
grow without any truncation. (c) Relative error estimates as a
function of D,,,, = max(Dy,), for R = 50.

f(x) = cos(x/B) cos(x/4V/5B)e™ +2¢™* with B =
2739~ 107°. This function, shown in Fig. 1(a), involves
structure on widely different scales: rapid, incommensurate
oscillations and a slowly decaying envelope. A standard
representation thereof on an equidistant mesh would
require much more than O(1/B) sampling points, as
would the computation of the integral I[f] = (19/10)+
O(e~"/48"). By contrast, for a quantics representation, it
suffices to choose R somewhat larger than 30 (ensuring
2~R <« B); and since the information content of f(x) is not
very high, f, is strongly compressible. We unfolded it
using QTCI with ¢ = 107® and R = 50 (quite a bit larger
than 30, just to demonstrate the capabilities of TCI).
Figure 1(b) shows the resulting profile of D, vs £, revealing
the scale separation inherent in f(x): the initial growth of
the bond dimension, D, ~ ¢, quickly stops at a fairly small
maximum, D,,, = 15, confirming strong compressibility;
thereafter, D, decreases steadily with Z, becoming O(1) for
¢ larger than 30, since f(x) has very little structure at scales
below 273° Remarkably, although f, has 20~ 10"
elements, the TCI algorithm finds the relevant structure
using only 8706 samples, i.e., roughly 1 sample per 59000
oscillations. Nevertheless, it yields an accurate representa-
tion of f(x): the in-sample error, the out-of-sample error
(defined as maximum error over 2000 random samples) [32],
and the error for the integral I[f], computed via Eq. (5), all
decrease exponentially with D, [Fig. 1(c)]. The runtimes
for computing I[f] using QTCI or adaptive Gauss-Kronrod
quadrature are 44 ms vs 6 h on an Intel Xeon W-2245
processor, illustrating the efficiency of QTCI vs conventional
approaches.

Haldane model.—As an example with relevance in
physics, we apply QTCI to the Green’s function and
Berry curvature of the well-known Haldane model [29].
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It is one of the simplest models with topological properties,
yet produces nontrivial structure with multiple peaks and
sign changes in reciprocal space. Its Bloch Hamiltonian is

H(k) = Z [01 cos(k - a;) + o*sin(k - a,»)}
P

+ 63 {m — 2t 23: sin(k - bi)} , (6)

i=1

where ¢ are Pauli matrices, k = (k,.k,), while a;,;
connect nearest neighbors and b, , ; next-nearest neighbors
of a honeycomb lattice. Compared to Haldane’s more
general version of the model, we fix his parameters
¢ = (n/2),t; = 1 and set t, = 0.1. The parameter m tunes
the model through two phase transitions: |m| < m, =
1,3V/3 yields a Chern insulator with Chern number
C= -1, and |m| > m, a trivial phase with C =0 [29].
At m = £m,, a single Dirac point appears at k =
(F 47.0) and symmetry-related k; there, the Chern num-
ber is C = —3 [34].

Green’s function in reciprocal space.—To illustrate
QTCI for the Haldane model, we study the momentum
dependence of the Green’s function, G(Kk, iwg) = Tr|[(iwy—
H(k) +u)7'], with @y=n/p the lowest fermionic
Matsubara frequency and Tr traces over the 2 x 2 space of H.

Figure 2(a) shows an intensity plot of the QTCI
representation of G in reciprocal space; Fig. 2(b) shows
that the relative error with respect to the exact value is
below 1072 throughout, hence the momentum dependence
is captured accurately. There are small Fermi surfaces
around k = (—=%7,0) and symmetry-related k. To con-
struct QTTs, we define f; = G(k, iz/f), where 6 encodes
k and f is fixed. Figure 2(c) shows the relative in-sample
error as a function of D, for TTs constructed with R = 10
for f = 16, 64, 512, using either SVD or TCI. For both, the
error decreases exponentially as D,,,, increases. Moreover,
TClI is nearly optimal, achieving the same error as SVD for
a D, that is only a few percent larger.

Figure 2(d) shows how SVD and TCI runtimes depend
on the number of bits, R, for a fixed D, at large
p =512, where the features in G are sharp. The times,
including function evaluations, were measured on a
single CPU core of AMD EPYC 7702P. The SVD
runtimes become prohibitively large for R > 10 due to
exponential scaling; by contrast, the TCI runtimes depend
only mildly on R.

Figure 2(e) shows how TCI profiles of D, vs £ depend
on R, for # = 512 and a specified error tolerance € = 107,
The bond dimension initially grows as D, ~ 27, reaches a
maximum near ¢ = 20, then decreases back to 1. The
curves for R = 20 and 30 almost coincide, indicating that a
good resolution of the sharp features at f = 512 requires
R > 20—well beyond the reach of SVD unfoldings.
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FIG.2. Green’s function G(k) of the Haldane model, computed
with error tolerance ¢ = 107> throughout. (a),(b) QTCI of the |G|
and its relative error, |Ggrep — G|/|G|, for p =512, R = 10.
(c),(d) Comparison of QTT unfoldings via SVD and TCI,
showing (c) the relative error vs the maximum bond dimension
for R=10 and f =16, 64, 512; and (d) runtimes vs R for
p =512. (e),(f) QTCI bond dimensions for R = 10, 20, 30,
showing (e) D, vs ¢ for f = 512; and (f) D VS f.

The low computational cost of TCI allows us to
investigate the f dependence of D, easily reaching
B = 2% = 16384. Figure 2(f) suggests D, « f* with a ~
1/2 for large . Remarkably, this growth is slower than that,
D ax < B, conjectured for a scheme based on SVD and
patching [5]. A detailed analysis for general models and
higher spatial dimensions is an interesting topic for future
research.

Chern number.—Finally, we consider the Chern
number, C, for the Haldane model at y = 0 and f = co.
To avoid cumbersome gauge-fixing procedures, we use the
gauge-invariant method described in Ref. [35]. First, we
discretize the Brillouin zone (BZ) into 2% x 2R plaquettes.
Then, the Chern number can be obtained from a sum
over plaquettes, C ~ (1/27i) > y cpz F(K), where F(K) =
—iarg((yi, [vi,) (Wio Wi, (Wi v, (Wi, vk, ) is the
Berry flux through the plaquette with corners kK;...Ky,
and |yy) are valence band wave functions.

Close to the transition, for small 6,, = m — m_, the band
gap is 26,,. This induces peaks of width ~§,, in the Berry
flux F(k), shown in Figs. 3(a) and 3(b) for §,, = 107>,
There, we used a fused quantics representation with
R = 20, ensuring a mesh spacing 27% well smaller than
6,,- Whereas a calculation of C via direct summation or
SVD unfolding would require 2?8 = 10'? function evalu-
ations, QTCI is much more efficient: for a relative tolerance
of € = 10719, it needed only 4 x 10> samples (and 20 s
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FIG. 3. Evaluation of the Chern number in the Haldane model

using QTCI for the Berry flux F(k), with error tolerance ¢ =
10710 throughout. (a) QTCI of F(k) on the integration domain
(circles mark peak positions); (b) cuts through F(k) along the
colored lines shown in (a); and (c) errors for F(k) and C as
functions of D,,,, all computed for §, =—107, R =20.
(d) Bond dimension D, for QTTs of length R =10, 12, 14,
20. (e) Chern number C as a function of §,,, for four choices of R.

runtime on a single core of an Apple M1 processor). It
yielded a QTT with maximum bond dimension D, = 50,
and a Chern number within 107® of the expected value
C = -1 (see Figs. 3(c) and 3(d)). When plotted as a
function of §,,, C shows a sharp step from —1to 0 at §,, =
0 if computed using R =20 (Fig. 3(e)), beautifully
demonstrating that the k mesh is fine enough. For smaller
R the mesh becomes too coarse, incorrectly yielding a
plateau at —1/2 instead of a sharp step.

For benchmarking purposes, we deliberately chose a
model that is analytically solvable. However, our prior
knowledge of the peak positions of the Berry curvature was
not made available to TCI. This demonstrates its reliability
in finding sharp structures, provided enough quantics bits
are provided to resolve them. Random sampling misses
these sharp structures, which is why in Fig. 3(c) the out-of-
sample error, obtained from 2000 random samples, lies
well below the in-sample error.

Outlook.—We have shown that the combination of the
quantics representation [1-11] with TCI [12,13,15,17] is a
powerful tool for uncovering low-rank structures in expo-
nentially large, yet very common objects: functions of few
variables resolved with high resolution. Numerical work
with such objects always involves truncations—the radi-
cally new perspective opened up by QTCI is that they can
be performed at polynomial costs by discarding weak

entanglement between different scales. Once a low-rank
QTT has been found, it may be further used within one of
the many existing MPO/MPS algorithms [1,5,18-20].

We anticipate that the class of problems for which QTCI
can be instrumental is actually very large, reaching well
beyond the scope of physics. Intuitively speaking, the only
requirement is that the functions should entail some degree
of scale separation and not be too irregular (since random
structures are not compressible). Thus, a large new research
arena, potentially connecting numerous different branches
of science, awaits exploration. Fruitful challenges: establish
criteria for which types of multivariate functions admit low-
rank QTT representations; develop improved algorithms
for constructing low-rank approximations to tensors;
and above all, explore the use of QTCI for any of the
innumerable problems in science requiring high-resolution
numerics. The initial diagnosis is easy: simply use SVDs or
QTCI [28] to check whether the functions of interest are
compressible or not.
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