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The pseudo-fermion representation for S = 1/2 quantum spins introduces unphysical states in the
Hilbert space which can be projected out using the Popov-Fedotov trick. However, state-of-the-art
implementation of the functional renormalization group method for pseudo-fermions have so far
omitted the Popov-Fedotov projection. Instead, restrictions to zero temperature were made and
absence of unphysical contributions to the ground-state was assumed. We question this belief by
exact diagonalization of several small-system counterexamples where unphysical states do contribute
to the ground state. We then introduce Popov-Fedotov projection to pseudo-fermion functional
renormalization, enabling finite temperature computations with only minor technical modifications
to the method. At large and intermediate temperatures, our results are perturbatively controlled and
we confirm their accuracy in benchmark calculations. At lower temperatures, the accuracy degrades
due to truncation errors in the hierarchy of flow equations. Interestingly, these problems cannot
be alleviated by switching to the parquet approximation. We introduce the spin projection as a
method-intrinsic quality check. We also show that finite temperature magnetic ordering transitions
can be studied via finite-size scaling.

I. INTRODUCTION

Many quantum systems of current interest, ranging
from frustrated magnets [1] to Rydberg atom arrays
[2] can be described by Hamiltonians consisting of spin
S = 1/2 operators S = (Sx, Sy, Sz) fulfilling the stan-
dard su(2) spin algebra [1]. In theoretical treatments, it
is often useful to switch to an auxiliary particle repre-
sentation of the spin operator. An established represen-
tation in terms of spinful fermions annihilated by fα=↑,↓
goes back to Abrikosov [3],

Sµ −→ S̄µ =
1

2

∑
α,α′

f†ασ
µ
αα′fα′ . (1)

Here, σµ are Pauli matrices (µ = x, y, z) and an overbar
indicates an operator in the fermionic Hilbert space [4].

The pseudo-fermion (pf) representation (1) allows for
a variety of applications. For example, it is one of the
pillars of the theory of spin-fractionalization and spin-
liquids [5] where pf mean-field states are used to de-
scribe highly entangled paramagnetic ground states of
frustrated spin systems. On the other hand, the pf rep-
resentation has been used extensively for numerical meth-
ods as it allows to transfer the well-developed diagram-
matic toolbox for interacting fermions in equilibrium [6]
to quantum spins. These tools are based on the Wick
theorem and perturbation theory. Two popular examples
for more advanced methods are the diagrammatic Monte
Carlo [7–9](pf-diagMC) and the functional renormaliza-
tion group (pf-fRG) [10] in vertex expansion. Whereas
the first method samples diagrams of a perturbative se-
ries in J/T (J is the exchange coupling and T the tem-
perature) [11], the second rests on a hierarchy of flow

equations for pf vertex functions which flow under the
variation of the regularized bare propagator [12, 13]. De-
spite the necessary truncation of this hierarchy, resulting
end-of-flow correlation functions contain infinite-order re-
summations of certain diagram classes.

Crucially, there is a well-known problem that appears
whenever the pf representation (1) is used: While the
left hand side acts in the two-dimensional spin Hilbert
space spanned by {|↑〉 , |↓〉}, the basis of the right hand
side’s Hilbert space is extended, {|↑〉 , |↓〉 , |↑↓〉 , |0〉} and
the pf spin operator is S̄µ = diag(Sµ, 0, 0). It faithfully
represents a spin S = 1/2 operator only on the physical
subspace {|↑〉 , |↓〉} while it acts as a S = 0 operator on
the empty and doubly-occupied subspaces. As the men-
tioned fermionic methods are applied in thermal equilib-
rium, any occupation of the unphysical S = 0 subspaces
will lead to differences between the physical Sµ correla-
tion functions and the pf ones (using Sµ −→ S̄µ) as well
as between the associated partition functions Z and Z̄.

Fortunately, this problem can be circumvented with a
trick found by Popov and Fedotov (PF) in the late 1980s
[14, 15]. We will review the details of the PF trick in
Sec. III. In its most simple incarnation it amounts to the
addition of an imaginary valued chemical potential term
to the pf Hamiltonian, H̄ → H̄ + H̄PF, where

H̄PF =
iπT

2
(n↓ + n↑ − 1) (2)

and nα = f†αfα is the pf number operator.
Whereas the PF trick is routinely and straightfor-

wardly employed in pf-diagMC calculations [7–9], this is
not the case in the pf-fRG literature where only very lim-
ited attention has been paid to the subject [10, 16, 17].
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The justifying narrative for this omission in state-of-the-
art pf-fRG [18–26] is that unphysical S = 0 states would
only occur at energies above the ground state energy and
consequently PF projection would be unnecessary if cal-
culations are restricted to T = 0. However, this state of
affairs comes with a number of problems:

(i) In the following Sec. II, we show that even sim-
ple and generic frustrated spin systems like the antifer-
romagnetic (AFM) Heisenberg trimer have a pf ground
state with sizable occupation of unphysical S = 0 states
if PF projection is omitted. Even if these clusters are
usually not the focus of pf-fRG applications, they are
basic building blocks of highly relevant lattices like tri-
angular or Kagome. For AFM Heisenberg Hamiltonians
on these lattices it is thus questionable if ground states
in pf representation without PF projection are indeed in
the physical subspace. As these systems have been stud-
ied amply with pf-fRG [18, 25, 27–30], this also questions
the quantitative accuracy of these state-of-the-art pf-fRG
results.

(ii) Even for systems where the pf ground state is
faithful, the unavoidable truncation of the hierarchy of
fRG flow equations is an uncontrolled approximation at
T = 0, where, in the absence of magnetic fields h, nei-
ther J/T nor J/h can be used to perturbatively justify
the truncation. Existing arguments appealing to the cor-
rectness of commonly employed pf-fRG truncations in the
large S or large N limit [23, 31] [in the sense of gener-
alizing SU(2) to SU(N)] are not rigorously helpful in
the case S = 1/2, N = 2 most relevant in applications.
At best, it is the presence of the Matsubara cutoff scale
Λ which perturbatively controls the pf-fRG: As Λ flows
from infinity to zero, only ordering tendencies extracted
at Λ & J tend to be reliable, a point of view not em-
phasized in the literature before [32]. However, as the
physical model is only recovered as Λ→ 0, quantitatively
reliable results for observables cannot be guaranteed by
this argument. Another practical difficulty of the pf-fRG
at T = 0 is the continuous nature of Matsubara frequen-
cies, requiring major numerical efforts for a stable and
reliable solution of the flow equations [33], in particular
if multiloop schemes are involved [25, 26].

In this work, we tame problem (i) and (ii) of the pf-
fRG by implementing the PF trick in the pf-fRG frame-
work. We term the resulting method ppf-fRG. We show
that this is possible with only minor technical modifica-
tions (see Sec. IV) so that most methodological achieve-
ments from the last decade [23, 25, 26, 34–37] can be
seamlessly adapted. As a result, the ppf-fRG leverages
the pf-fRG to finite temperatures T where quantum and
thermal fluctuations compete, and the numerical imple-
mentation simplifies by the discrete nature of Matsubara
frequencies. In addition, we show that the ppf-fRG is now
perturbatively justified for small J/T and equipped with
a method-intrinsic gauge for the quality of the results.

In Sec. V we benchmark the ppf-fRG using small spin
clusters. Although exact results are obtained trivially
for these systems, diagrammatic approaches are invoked
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Figure 1. Spin projection Ci(T ) = 4〈S̄zi S̄zi 〉 over temperature
calculated via exact diagonalization of the pf Hamiltonian H̄
for Heisenberg spin-clusters ofN = 2, 3, 5 sites as shown in the
legend. A bond represents an anti-ferromagnetic Heisenberg
coupling J = 1. For the bow tie and the centered square,
with inequivalent sites, the site-label i refers to the center
spin. For all clusters except the dimer, the pf ground state
manifold contains unphysical states and the T → 0 limit of
Ci(T ) reduces from the physical value of unity (dashed line)
to 4

5
for the trimer, 7

8
for the bow tie, 2

3
for the centered

square and 13
15

for the centered tetrahedron, respectively.

already at their full complexity, making spin clusters
a valuable testbed. We show that the ppf-fRG indeed
yields quantitatively reliable results at large and moder-
ate T but cannot be trusted for T smaller than about
a third of J , at least for the models studied here. Sur-
prisingly, we find that this situation cannot be improved
by considering solutions of the parquet approximation.
The latter is known to be in equivalence with the loop-
converged limit of the multiloop fRG [38–40] in which the
two-particle vertex is correctly obtained up to errors of
order J4, i.e., one order higher than in one-loop fRG.

By applying the ppf-fRG to a translation invariant
three-dimensional Heisenberg magnet on the cubic lat-
tice, we show that the study of finite-temperature transi-
tions into symmetry-broken (magnetic) phases becomes
possible. In Sec. VI, we conclude and also relate our
results to the recently developed pseudo-Majorana fRG
(pm-fRG) [41] where by construction no unphysical sec-
tors exist in the fermionic Hilbert space.

II. SPIN CONSTRAINT VIOLATION AT T ≥ 0

In this section we substantiate our claim that there
exist simple AFM spin clusters with a ground state of
the pf Hamiltonian H̄ that – without PF projection –
partially resides outside of the physical S = 1/2 sector.
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We use exact diagonalization (ED) of the pf Hamiltonian
H̄ corresponding to the spin Hamiltonian H according to
Eq. (1). Our examples serve to demonstrate the need for
PF projection along with the pf representation [cf. (i)
in Sec. I], but the small system sizes allow to disregard
problems related to the solution of H̄, i.e. the truncation
of the pf-fRG [cf. (ii)].

The most elementary example is the AFM Heisenberg
trimer with N = 3 spins coupled all-to-all (J = 1), see
(b) in Fig. 1,

Htrimer = J(S1 · S2 + S2 · S3 + S3 · S1). (3)

Its degenerate physical ground state manifold is de-
scribed by two of the spins forming a singlet and the
third spin being in any other state. By using the pf rep-
resentation (1), Htrimer → H̄trimer, the state with the
third spin in an unphysical S = 0 configuration has the
same energy (E = −3J/4) as the physical ground state
and is therefore equally populated at T = 0. To quantify
this further we consider

Ci(T ) = 4〈S̄zi S̄zi 〉 = 〈P̄i〉, (4)

first studied in Ref. [25] in the context of pf-fRG. On the
right side, the projector to the local S = 1/2 sector is

P̄i = ni↑ + ni↓ − 2ni↑ni↓. (5)

Only if the (local) pf configuration is entirely in the phys-
ical subspace, S̄zi would be a faithful S = 1/2 operator
squaring to 1/4 and Ci(T ) would be unity. Thus Ci(T )
can be interpreted as a measure for the suppression of
unphysical states and we refer to it as spin projection.
Returning to the trimer, we obtain Ci(T = 0) = 4/5 < 1
signaling the presence of an admixture of unphysical
S = 0 states to the ground state manifold. We plot
Ci(T ) for H̄trimer over a range of temperatures, see Fig. 1.
The spin projection decreases with increasing T reaching
Ci(T →∞) = 1/2, indicating that in the T =∞ state on
the pf Hilbert space the occupation of unphysical states
equals the occupation of physical states.

Besides the trimer we found numerous other AFM
Heisenberg spin clusters with N = 5 where unphysical
states poison the pf ground state. This behavior can be
generally observed when a physical system cannot lower
its ground state energy by adding one more spin and is
thus paradigmatic for frustrated systems. In that case,
preparing the additional site in a physical S = 1/2 or
an unphysical S = 0 state gives the same ground state
energy. In Fig. 1, we show results for the bow tie (c), cen-
tered square (d) and centered tetrahedron (e), which are
qualitatively similar to the trimer case (b). Since these
shapes (including the trimer) are basic building blocks of
the triangular, Kagome, face-centered cubic and centered
pyrochlore lattice [42], respectively, it is questionable if
ground states of AFM Heisenberg pf Hamiltonians H̄ on
these lattices reside entirely in the physical subspace. Fi-
nally, from the clusters considered in Fig. 1, only the
N = 2 dimer (a) has a pf ground state in the physical
subspace.

III. POPOV-FEDOTOV TRICK: A REVIEW

As discussed in Sec. I, the spin operator S̄µ in pf rep-
resentation (1) acts like a spin-1/2 operator on the sub-
space {|↑〉 , |↓〉} but like a spin-0 operator on the sub-
spaces spanned by |↑↓〉 and |0〉, respectively. Thermal oc-
cupation of the latter two sectors of the fermionic Hilbert
space will thus compromise the equivalence between the
spin and pf partition functions, Z 6= Z̄ ≡ tr e−βH̄ , re-
spectively. A straightforward projection to the physical
subspace using P̄ = Πi=1,...,N P̄i with local projectors P̄i
from Eq. (5) becomes unpractical for a large number of
spins N .

A more feasible projection scheme was originally pro-
posed by Popov and Fedotov [14] and later generalized
by Prokof’ev and Svistunov [15]. It amounts to replacing
H̄ → H̄ + H̄

φ1,2

PF where

H̄
φ1,2

PF = iT [n↓n↑φ1 + (n↑ − 1)(n↓ − 1)φ2] (6)

with φ1,2 ∈ R and the constraint eiφ1 +eiφ2 = 0. Now, the
partition function in the pf Hilbert space can be split into
a sum over the purely physical part of the Hilbert space
(equivalent to Z since H̄φ1,2

PF = 0 in the S = 1/2 sector)
and a part containing the expectation values of a product
state with N = 1, 2, ..., N unphysical contributions,

Z̄ = tr(e−βH̄−βH̄
φ1,2
PF ) = Z +

N∑
N=1

∑
ξN

(ZξN
∏
j∈ξN

F
φ1,2

j ).

(7)

Here, ξN counts different configurations of sites with un-
physical spin and ZξN is the physical partition function
of the subsystem with the N unphysical sites removed.
Since H̄ acts trivially on unphysical states, we can com-
pute the local trace Fφ1,2

j over the unphysical states at
site j explicitly,

F
φ1,2

j = 〈0|j e−βH̄
φ1,2
PF |0〉j + 〈↑↓|j e−βH̄

φ1,2
PF |↑↓〉j (8)

= eiφ1 + eiφ2 = 0 (9)

and Eq. (7) yields Z̄ = Z. A similar analytic argument
shows the faithfulness of spin correlation functions com-
puted using the pf representation with the PF term (6),
in particular Ci(T ) = 1 for all temperatures.

In the rest of the paper, we make the choice φ1 =
−φ2 = π

2 . This reduces Eq. (6) to Eq. (2), taking the
simple non-interacting form of a potential which is, how-
ever, imaginary.

We emphasize that the PF trick applies also in the limit
T → 0 as easily seen from the fact that in the partition
function (for which the PF term is rigorously defined)
the Hamiltonian is multiplied by β = 1/T and the PF
contribution amounts to phase factors independent of T .
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IV. SYMMETRIES, CORRELATION
FUNCTIONS AND THE FRG

In this technical section we review the symmetries
of the generic pf Hamiltonian H̄ following Buessen et
al. [35]. We then discuss the necessary changes enforced
by the addition of the PF potential term (2). The result-
ing modifications in the parametrization of correlation-
(and vertex-) functions are minor and can easily be im-
plemented into established numerical codes solving the
pf-fRG flow equations [26, 43]. We call the resulting pf-
fRG formalism including the PF potential ppf-fRG and
restrict our focus to one-loop evaluation of the flow equa-
tions (including Katanin truncation) and an iterative so-
lution of the parquet approximation, ppf-PA.

A. Symmetries of the pf Hamiltonian

In analogy to the pf-fRG literature, we restrict our
discussion to spin Hamiltonians with two-spin interaction
across bonds (i, j) and disregard magnetic fields,

H =
∑
(i,j)

∑
µ,ν=x,y,z

Jµν(i,j)S
µ
i S

ν
j . (10)

Using Eq. (1), Sµi −→ S̄µi , and the PF potential term H̄PF
from Eq. (2), we consider the pf Hamiltonian

H̄ + H̄PF =
∑
(i,j)

∑
µ,ν

Jµν(i,j)S̄
µ
i S̄

ν
j +

iπ

2β

∑
j

(n↑j + n↓j − 1).

(11)
For H̄ alone, Buessen et al. [35] have discussed the fol-
lowing properties: H̄ is hermitian (H) and symmetric
with respect to local U(1), local particle-hole (lPH) and
(anti-unitary) time-reversal (TR) transformation. These
symmetries act on Fiα ≡ (f†iα, fiα)T as follows,

Fiα H−→
(
fiα
f†iα

)
∀i, Fiα

U(1)−−−→
(

eiθif†iα
e−iθifiα

)
,

Fiα lPH−−→
(
αfiᾱ
αf†iᾱ

)
, Fiα TR−−→

(
eiπα/2f†iᾱ
e−iπα/2fiᾱ

)
∀i. (12)

Note, that H and TR also involve a complex conjugation
when acting on complex numbers. We denote the spin
index by α = {↑, ↓} = {+1,−1} and ᾱ indicates a spin-
flip, ᾱ = −α.

The PF-term H̄PF is invariant under the local U(1)
symmetry, but changes its sign under hermitian conjuga-
tion, global particle-hole (PH) and time-reversal symme-
try,

H̄ + H̄PF
H,PH,TR−−−−−−→ H̄ − H̄PF. (13)

Therefore, the full Hamiltonian H̄ + H̄PF is only sym-
metric under pairwise combinations of H, PH and TR

symmetry. The lPH symmetry ceases to be useful in the
presence of H̄PF.

Depending on the model-specific Jµν(i,j), we can further
find lattice (L) or spin rotation (S) symmetries of H̄,

Jµν(i,j)

L−→ Jµν(i′,j′), Jµν(i,j)

S−→ Jµ
′ν′

(i,j) . (14)

These symmetries are not broken by presence of H̄PF.

B. Symmetries of correlation functions

The symmetries of the pf Hamiltonian impose symme-
tries on the correlation functions, which constitute the
basic starting point for the fRG treatment. The single-
particle correlation function (or propagator) is

G (1′; 1) =

∫ β

0

dτ ′dτeiτ
′ω′−iτω

〈
Tτf†i′α′(τ

′)fiα(τ)
〉
,

(15)
where we used the imaginary time-ordering and operators
in the Heisenberg picture. The two-particle correlation
function reads

G (1′, 2′; 1, 2) =∫ β

0

dτ1′dτ2′dτ1dτ2e
i(τ1′ω1′+τ2′ω2′−τ1ω1−τ2ω2)

×
〈
Tτf†i1′α1′

(τ1′)f†i2′α2′
(τ2′)fi1α1(τ1)fi2α2(τ2)

〉
. (16)

On the left-hand side of the above equations, we use
multi-indices,

1 ≡ (i1, ω1, α1) ,

−1 ≡ (i1,−ω1, α1) ,

1̄ ≡ (i1, ω1, ᾱ1) .

Following Ref. [35], we summarize the symmetry con-
straints on the correlation functions in Tab. I. For the
two particle correlation function, there is the additional
crossing symmetry (X) related to anticommuting two
fermionic creation or annihilation operators.

G (1′, 2′; 1, 2) = −G (1′, 2′; 2, 1) (17)
=G (2′, 1′; 2, 1) = −G (2′, 1′; 1, 2) .

Table I. Symmetries of H̄ acting on H̄PF and correlation func-
tions: Hermitian (H), local U(1), global particle-hole (PH)
and time-reversal (TR) symmetry.

H̄PF G (1′; 1) G (1′, 2′; 1, 2)

H −H̄PF G(−1;−1′)∗ G(−1,−2;−1′,−2′)∗

PH −H̄PF −α′αG(−1̄;−1̄′) α1α2α
′
1α
′
2G(−1̄,−2̄;−1̄′,−2̄′)

TR −H̄PF α′αG(−1̄′;−1̄)∗ α1α2α
′
1α
′
2G(−1̄′,−2̄′;−1̄,−2̄)∗

U(1) H̄PF e
i(θi′1

−θi1 )
G (1′; 1) e

i(θi′1
+θi′2

−θi1−θi2 )
G (1′, 2′; 1, 2)
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C. Parameterization of correlators and vertices

The local U(1) symmetry (12) constrains the single-
particle correlator to be site-local and the two-particle
correlator to be bi-local in real space. In addition, imag-
inary time translation symmetry reduces the number of
independent frequencies by one. The dependence on the
spin indices α can be parameterized by an expansion in
Pauli matrices σµ with µ = 0, x, y, z and σ0 the identity
matrix. These considerations allow for the parametriza-
tion [35]

G (1′; 1) = δi′iδω′,ω

∑
µ=0,x,y,z

Gµi (ω)σµα′α, (18)

and

G(1′, 2′; 1, 2) = (19)

×[
( ∑
µ,ν=0,x,y,z

Gµνi1i2(s, t, u)σµα1′α1
σvα2′α2

)
δi1′ i1δi2′ i2

− (1′ ↔ 2′)]δω1′+ω2′ , ω1+ω2
,

where the bosonic transfer frequencies are

s = ω1′ + ω2′ = ω1 + ω2, (20)
t = ω1′ − ω1 = ω2 − ω2′ , (21)
u = ω1′ − ω2 = ω1 − ω2′ . (22)

The complex numbers Gµi (ω) and Gµνi1i2(s, t, u) can be
further constrained using the relations in the first three
lines of Tab. I. This is summarized in Tab. II.

Table II. Constraints on the parameterized pf correlation
functions of Eqns. (18) and (19). The constraints are labeled
by the symmetries that have been used.

Gµi (ω) = ξ(µ)Gµi (ω) (H ◦ TR)

Gµi (ω) = −Gµi (ω)∗ (TR ◦ PH)

Gµνi1i2(s, t, u) = ξ(µ)ξ(v)Gµνi1i2(s,−t, u) (H ◦ TR)

Gµνi1i2(s, t, u) = ξ(µ)ξ(v)Gvµi2i1(s, t,−u) (X ◦H ◦ TR)

Gµνi1i2(s, t, u) = ξ(µ)ξ(v)Gµνi1i2(s, t, u)∗ (H ◦ PH)

In these relations, we have introduced the sign function

ξ(µ) =

{
+1 if µ = 0,

−1 otherwise.
(23)

Our results indicate that the propagator takes the simple
diagonal form

G(1′, 1) = δi′,iδω′,ωδα′,αGi(ω) (24)

and we define the real self-energy γi(ω) via

Gi(ω) =
1

iω + iγi(ω)
≡ −igi(ω) ∈ iR. (25)

In comparison to the standard pf-fRG without PF po-
tential term [35], γi(ω) is no longer anti-symmetric in ω.

Likewise, the two-particle correlator has no symmetry re-
lating s ↔ −s or s ↔ u. This reduction of symmetries
amounts to a factor ≈ 4 in memory and computation
time compared to the standard pf-fRG scheme.

Finally, the fRG flow equations in vertex expansion
are written in terms of the (one-particle irreducible) ver-
tices defined from the connected correlators via the tree
expansion [12]. According to Eq. (25), we have for the
self-energy Σ(1′; 1) = δi′,iδω′,ωδα′,α {−iγi(ω)}. The two-
particle vertex Γ(1′, 2′; 1, 2) is defined from the connected
part of −G(1′, 2′; 1, 2) by amputating external propaga-
tors. As the latter take the simple diagonal form (24), the
vertex can be parameterized in analogy to the correlator,
i.e. Eq. (19) with G replaced by Γ and the symmetries
listed in Tab. II are also applicable to Γµνi1i2(s, t, u).

So far, we have made no assumptions on the form of
the spin-spin interaction Jµν(i,j). If present, spin rotation
and lattice symmetries can be used to relate different
site and spin indices of γi(ω) and Gµνi1i2 . From now on we
focus on the SO(3) symmetric Heisenberg case,

Jµν(i,j) = δµ,νJ(i,j), (26)

for µ, ν = x, y, z so that G00
i1i2
≡ Gdi1i2 ∈ R and Gxxi1i2 =

Gyyi1i2 = Gzzi1i2 ≡ Gsi1i2 ∈ R are the only non-vanishing cor-
relation functions. Analogously, Γs,di1i2 are the only non-
vanishing vertices.

D. ppf-fRG

For the (p)pf-fRG, a Matsubara cutoff scheme is
applied to the bare propagator G

(0)
j (ω) = 1/iω →

G
(0),Λ
j (ω) ≡ θΛ(ω)G

(0)
j (ω) [10, 16] with cutoff function

θΛ(ω) smoothly interpolating from unity to zero as the
magnitude of ω drops below the cutoff scale Λ. When
Λ = 0 the bare propagator, G(0),Λ=0

j (ω) = 1/iω, is re-
covered and the action describes the physical system of
interest. At Λ = ∞, however, the modified propaga-
tor vanishes and the vertex functions are trivial and fre-
quency independent,

γΛ=∞
i (ω) =

π

2β
, (27)

Γs,Λ=∞
i1i2

(s, t, u) =J(i1,i2)/4, (28)

Γd,Λ=∞
i1i2

(s, t, u) =0. (29)

The Wetterich equation [44] describes the flow of all
n−particle vertex functions under variation of Λ from
the trivial starting point Λ = ∞ to the physical end-
point Λ = 0. The resulting hierarchy of flow equations
can usually not be solved exactly, but has to be trun-
cated, with multiple truncation schemes available. Here,
we focus on the established one-loop scheme [12] together
with Katanin truncation [45] which partially considers
the effect of the three-particle vertex in the flow of the
two-particle vertex and constitutes the standard choice
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in the pf-fRG literature [10]. We refer to App. A for the
choice of cutoff function and the flow equations which do
not differ from the standard pf-fRG case. We use dis-
crete Matsubara grids for all frequency arguments with
about Nw = 30 (positive) frequencies and ensure that
our results are converged in Nw. The ppf-fRG flows
are smooth in Λ with features appearing around Λ ∼ J
and a plateau towards Λ → 0 from which we obtain the
end-of-flow results reported in the following. In App. B,
we show how imaginary frequency spin susceptibilities
χi1i2(Ω) and equal-time spin correlation functions like
the spin projection Ci(T ) are computed, with a techni-
cal subtlety appearing for the bubble contribution in the
latter case. In summary, the main difference between the
ppf-fRG and the pf-fRG is the slightly reduced symmetry
of the vertex functions discussed in the previous subsec-
tion, the finite initial condition for the self energy and
fRG flows that are smooth and convergent.

E. ppf-PA

Recently, a lot of effort has been put into generalizing
the one-loop truncation of general fermionic fRG flows
to higher loop orders using multiloop fRG (mfRG) [38–
40]. Applications include the Anderson impurity model
[46] and the two-dimensional Hubbard model [47, 48].
By construction, vertices obtained with mfRG in the
limit of infinite loops converge to solutions of the par-
quet approximation (PA), a complementary diagram-
matic formulation of the many-body problem in which
the self-energy and frequency-dependent contributions
to the two-particle vertex are self-consistently described
by the Schwinger-Dyson and three Bethe-Salpeter equa-
tions, respectively. In-depth discussions of their struc-
ture for pseudo-fermion Hamiltonians can, for example,
be found in Refs. [25, 26]. In contrast to the full parquet
equations, the PA neglects frequency dependent contri-
butions to the fully two-particle irreducible vertex I2PI
which thus reduces to the bare vertex Γ0, with Γ0 ∼ J
for pf systems. Deviations from exact vertices set in at
fourth order in J/T , corresponding to the so-called en-
velope diagram.

Using the very same initial conditions as in the Λ→∞
limit of ppf-fRG (27)–(29), we numerically converge the
algebraic equations of the PA using forward iterations
combined with a mixed update scheme, which determines
the input for the next iteration as

xnew = (1− λ)xold + λf(xold) , (30)

where x = (Σ,Γ) and f schematically denotes the
Schwinger-Dyson and Bethe-Salpeter equations. For
J/T � 1, full updates (λ = 1) were sufficient to meet
the convergence criterion ||f(xold) − xold|| < 10−6 be-
tween subsequent iterations (||.|| is the maximum norm).
For lower temperatures λ had to be reduced from unity
in order to obtain converged results. We choose extended
Matsubara grids with up to 48×242 frequencies in mixed

bosonic-fermionic frequency notation to parameterize the
two-particle vertex as well as 32 frequencies for the self-
energy. For the vertex, we take into account the decom-
position of each channel into its respective asymptotic
functions K1, K2 (K̄2) and R as detailed in Ref. [49]. We
checked convergence with respect to the number of fre-
quencies and, in most cases (see App. C and D), found no
significant changes of our results if more were included.

V. RESULTS

A. Benchmark: Small spin clusters

To benchmark the proposed ppf-fRG and ppf-PA
approaches, we consider the AFM Heisenberg dimer
Hdimer = JS0 · S1 with J = 1 and focus on the static
local and non-local susceptibilities and the spin projec-
tion Ci as a function of T . Exact ED results of the spin
Hamiltonian are shown as solid black lines in Fig. 2, see
Ref. [41] for closed-form expressions. The (end-of-flow)
ppf-fRG results are denoted by orange symbols. For large
and moderate temperatures T & 0.4J , the exact suscep-
tibilities are accurately reproduced by the ppf-fRG. For
lower T , the susceptibilities become unphysically large in
magnitude. This breakdown of accuracy is also reflected
in Ci which considerably drops below unity with decreas-
ing T .

The inaccuracies at low T are due to the truncation of
the ppf-fRG flow equations so that self-energy and (two-
particle) vertex are only correct up to order J2/T , see
App. C for numerical confirmation. However, the advan-
tage of fRG over naive second-order perturbation theory
(SOPT, dotted line in Fig. 2) is the re-summation of cer-
tain diagrams to infinite order [16], which is essential for
the detection of magnetic ordering tendencies (see be-
low). In the dimer case, the re-summation stabilizes the
susceptibilities beyond temperatures where SOPT is ap-
plicable.

As the treatment of the full three-particle vertex is
prohibitively expensive, an interesting question is if the
above truncation problem can be alleviated by invok-
ing higher-loop orders beyond the Katanin truncation.
This has been shown to be numerically feasible in the
pf-fRG [25, 26]. In fact, as explained in Sec. IV, our
finite-temperature application makes it even possible to
converge the ppf-PA equations equivalent to the loop-
converged multi-loop result with an error of order J4/T 3

and J5/T 4 for vertex and self-energy, respectively. Sur-
prisingly, our ppf-PA results (green symbols in Fig. 2)
show no systematic improvement compared to the ppf-
fRG. This unexpected finding also questions the useful-
ness of multi-loop extensions in the context of pf appli-
cations.

For completeness, blue symbols in Fig. 2 show results
of the standard one-loop pf-fRG applied to H̄ (without
PF potential H̄PF) which at large T compare well with
the exact (but unphysical) ED results obtained from H̄
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Figure 2. Heisenberg dimer: Local and non-local susceptibil-
ities (top panel: squares and crosses, respectively) and spin
projection Ci(T ) = 4〈S̄zi S̄zi 〉 (bottom panel) computed with
PF projection using the fRG (ppf-fRG) and the parquet ap-
proximation (ppf-PA). For comparison, we show the exact re-
sults (solid lines), second-order perturbation theory in J (dot-
ted lines), pf-fRG results without PF projection and data from
the pseudo-Majorana fRG (pm-fRG) building on a fermionic
spin representation without unphysical states.

(dashed black line). Like in the ppf-fRG, agreement only
holds for T & 0.4J , suggesting the truncation error in
the fRG flow equations is largely independent of H̄PF.

Finally, in Fig. 3 we consider the Heisenberg trimer,
Eq. (3), where the ppf-fRG and ppf-PA results are qual-
itatively similar to the dimer and strengthen the conclu-
sions given above for the latter case. It is interesting to
note, that, presumably due to the truncation of the flow
equations, the ppf-fRG and pf-fRG converge to the same
result for low T even though the ground state of the pf
trimer is not in the physical Hilbert space.

B. Finite temperature magnetization transition in
three dimensions

One of the most remarkable properties of spin systems
at finite T is the possible appearance of a magnetization
transition at a critical temperature Tc. As we consider
(short-range coupled) Heisenberg systems with continu-
ous SO(3) spin rotation symmetry, these transitions only
occur at dimension three. Despite their classical nature,
it is interesting to study magnetic phase transitions in
models of – possibly frustrated – quantum spins. Here we
investigate if ppf-fRG can detect the Néel transition in a
nearest-neighbor cubic lattice Heisenberg AFM (J1 = 1)

T/J

0.0

0.1

0.2

T
χ
ij

ED H
ED H̄

χ00

χ01

0.0 0.5 1.0 1.5

T/J

0.5
0.6

0.8

1.0

C
i(
T

)

ppf-fRG
ppf-PA

pf-fRG
pm-fRG

Figure 3. Heisenberg trimer: The top panel shows the static
susceptibilities that diverge as T → 0 and have been multi-
plied by temperature to obtain finite values at T = 0. The
bottom panel shows the spin projection Ci(T ). The symbols
follow the convention of Fig. 2.

using finite-size scaling of the correlation ratio [50–52],

ξ/L =
1

2π

√
χ(Q)/χ(Q + δ)− 1, (31)

where χ(q) =
∑
j e
−iq·(ri−rj)χij is the momentum space

static susceptibility, Q = (π, π, π) is the ordering wave
vector, δ = (0, 0, 2π/L) and L is a measure of the system
size.

In the ppf-fRG of the cubic lattice AFM we assume a
translation invariant infinite system, but limit the range
of allowed non-trivial correlations by restricting the ver-
tex functions Γs,di1i2 to |ri1−ri2 | ≤ L̃ [10]. The length scale
L̃ can be used for finite-size scaling [53]. To smooth out
discrete-lattice effects, we define L = 2( 3

4πN)1/3 ' 2L̃
to be used in Eq. (31), where N is the number of sites
to which the reference site is connected by a possible
non-trivial vertex (including the on-site vertex). This
particular choice of L corresponds to the diameter of the
smeared-out correlation-sphere including N sites.

Close to the critical temperature Tc, the anticipated
scaling form of the AFM spin correlation length ξ is

ξ/L ∼ g±(L|T − Tc|ν), (32)

so that ξ/L becomes independent of L at T = Tc, the
sign ± refers to the sign of T − Tc and ν is the univer-
sal critical exponent [54]. The ppf-fRG results for the
correlation length, Néel susceptibility χN = χ(Q) and
the spin projection C(T ) are shown in Fig. 4. We in-
deed find a clear line-crossing in the ξ/L data indicat-
ing T fRG

c ' 0.61 significantly below the error controlled
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quantum Monte-Carlo result TQMC
c = 0.946(1) [55]. This

might be related to an underestimation of the spin pro-
jection C(T ). The scaling collapse in Fig. 5 shows consis-
tency with the correct three-dimensional Heisenberg uni-
versality class with ν ' 0.71 [56]. In App. D, we further
investigate the truncation dependence of these quanti-
ties considering analogous simulations using the ppf-fRG
without Katanin truncation and in the random phase ap-
proximation (RPA) where both C(T ) and Tc are overes-
timated and the critical exponent is consistent with the
mean-field value ν = 0.5. We also discuss results ob-
tained from ppf-PA which indicates that this method is
not well suited for the assessment of magnetic ordering
transitions.

T

0.13

0.15

0.17

ξ/
L

Tc ' 0.61

L = 12.1
L = 13.9
L = 15.9

L = 18.0
L = 20.0

101

102

J
χ
N

0.50 0.55 0.60 0.65 0.70 0.75

T/J

0.9

1.0

C
(T

)

Figure 4. ppf-fRG: Correlation length ξ, Néel susceptibil-
ity χN and spin projection C for the nearest neighbor AFM
Heisenberg model on the cubic lattice. We find a line crossing
at T fRG

c ' 0.61. The corresponding scaling collapse can be
found in Fig. 5.

VI. CONCLUSION

In summary, we have considered simple small spin
clusters as examples to show that working with the pf
representation (1) generally requires the PF projection
to the physical S = 1/2 subspace at all temperatures.
This challenges the existing approach in the pf-fRG lit-
erature, which omits the projection and focuses on zero
temperature. We have leveraged the pf-fRG to include
the PF projection in potential form which requires only
minor technical modifications and therefore can be read-
ily adopted to existing variants of the method. The dis-
crete nature of finite-temperature Matsubara frequencies
simplifies the numerical implementation considerably.

0 2 4 6

L|T − Tc|ν
0.12

0.14

0.16

0.18

ξ/
L ν = 0.5

ν = 0.71

L = 12.1
L = 13.9
L = 15.9
L = 18.0
L = 20.0

Figure 5. ppf-fRG: Collapse plot for the data of Fig. 4, as-
suming the mean-field ν = 0.5 (points) or exact ν ' 0.71
(triangles) correlation length critical exponents.

In conclusion, for small benchmark models the pro-
posed ppf-fRG yields quantitatively reliable end-of-flow
results at large and intermediate temperatures but fails
at small temperatures T . 0.4J due to the omission of
higher-order in J/T diagrams, a problem that also could
not be alleviated by adopting a parquet scheme. We
note that a detailed understanding for the surprisingly
poor performance of the latter is lacking at this point.
For forthcoming applications, we suggest that the devia-
tion of the spin projection Ci(T ) from the exact value of
unity by 10% or more signals the quantitative failure of
the ppf-fRG.

This failure of the (p)pf-fRG at low and zero tempera-
ture also questions an earlier proposal to remove unphys-
ical contributions of the pf representation in the context
of the pf-fRG at T = 0. The idea rests on the addition of
an on-site term −J0

∑
µ=x,y,z S̄

µ
i S̄

µ
i [23] with J0 > 0 pe-

nalizing the S = 0 sector energetically versus the S = 1/2
sector. If the treatment of the pf Hamiltonian was exact,
the above idea would be a valid T = 0 alternative to
the PF trick (the latter works at any T ). However, due
to the unavoidable approximations in the diagrammatic
methods at hand, results obtained from the on-site term
[23, 24] should be considered with appropriate care.

For infinite systems in three dimensions, we have
demonstrated that it is possible to robustly detect mag-
netic ordering by finite-size scaling of the ppf-fRG data.
This establishes an alternative to the less physical and
implementation dependent concepts of flow-divergence or
flow-breakdown at cutoff scale Λ? which, by mean-field
arguments, can be related to Tc [19, 22, 24]. However, al-
though the correct type of Néel order has been predicted
by the ppf-fRG for the nearest-neighbor AFM Heisenberg
model on the cubic lattice, it remains unclear why the
transition appears at a critical temperature more than
30% below benchmark results. A possible hint might be
the spin projection Ci(T = T fRG

c ) ' 0.88 which is out of
the range identified as reliable above.

Finally, there exist two alternatives to the PF projec-
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tion scheme that we would like to mention. First, in a
field theory framework, a functional delta-function rep-
resentation can be used to constrain the pf operators to
the physical subspace. This then leads to the notion
of a bosonic gauge field which plays an important role
in the (mean-field) theory of spin liquids [5]. On the
computational side, however, the introduction of such
a bosonic field would require a multitude of additional
vertex functions [12], a formidable challenge yet to be
faced. Second, it is well known that a faithful quantum
spin S = 1/2 representation exists in terms of Majorana
fermions [57, 58]. The associated pseudo-Majorana fRG
(pm-fRG) has been developed only recently [41]. The
data from pm-fRG applied to the benchmark clusters
treated in Sec. VA are shown by the gray lines in Fig. 2
(dimer) and Fig. 3 (trimer). The pm-fRG results are very
similar to those of the ppf-fRG, with the same difficulties
at small T . However, for the detection of the magnetic
phase transition in the cubic lattice case, the pm-fRG
determines Tc much more accurately only 5% below the
exact result [53].
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Appendix A: ppf-fRG flow equations for the Heisenberg case

The one-loop flow equations for the pf-fRG as found in Refs. [16, 59] do not rely on the vertex symmetries that
are broken by the PF potential term (2), see the discussion in Sec. IV. Here, we write these flow equations for the
Heisenberg case where the vertices are parameterized in a density and spin part, Γs and Γd, see Sec. IVC.
The cutoff dependent propagator is defined as GΛ

j (ω) = −igΛ
j (ω) = θΛ(ω)

iω+iθΛ(ω)γj(ω) where Σj(ω) = −iγj(ω) and we

chose the regulator to be Lorentzian θΛ(ω) = ω2

ω2+Λ2 . The flow equation for the spin part of the vertex reads

d

dΛ
Γs,Λi1i2(s, t, u) = T

∑
ω

(A1)

PΛ
i1i2(ω, s− ω)×[−2Γs,ΛΓs,Λ + Γd,ΛΓs,Λ + Γs,ΛΓd,Λ](s, ω1′ − ω, ω − ω2′)i1i2(s, ω − ω1, ω − ω2)i1i2

−
∑
j

PΛ
jj(ω, ω − t)×[2Γs,ΛΓs,Λ](ω1 + ω, t, ω1′ − ω)i1j(ω + ω2′ , t, ω − ω2)ji2

+PΛ
i2i2(ω, ω − t)×[Γs,ΛΓd,Λ − Γs,ΛΓs,Λ](ω1 + ω, t, ω1′ − ω)i1i2(ω + ω2′ , ω − ω2, t)i2i2

+PΛ
i1i1(ω, ω − t)×[Γd,ΛΓs,Λ − Γs,ΛΓs,Λ](ω1 + ω, ω1′ − ω, t)i1i1(ω + ω2′ , t, ω − ω2)i1i2

+PΛ
i1i2(ω, ω + u)×[2Γs,ΛΓs,Λ + Γd,ΛΓs,Λ + Γs,ΛΓd,Λ](ω1′ + ω, ω2 − ω, u)i1i2(ω + ω1, ω − ω2′ , u)i1i2

and the density part flows according to
d

dΛ
Γd,Λi1i2(s, t, u) = T

∑
ω

(A2)

PΛ
i1i2(ω, s− ω)×[Γd,ΛΓd,Λ + 3Γs,ΛΓs,Λ](s, ω1′ − ω, ω − ω2′)i1i2(s, ω − ω1, ω − ω2)i1i2

−
∑
j

PΛ
jj(ω, ω − t)×[2Γd,ΛΓd,Λ](ω1 + ω, t, ω1′ − ω)i1j(ω + ω2′ , t, ω − ω2)ji2

+PΛ
i2i2(ω, ω − t)×[3Γd,ΛΓs,Λ + Γd,ΛΓd,Λ](ω1 + ω, t, ω1′ − ω)i1i2(ω + ω2′ , ω − ω2, t)i2i2

+PΛ
i1i1(ω, ω − t)×[3Γs,ΛΓd,Λ + Γd,ΛΓd,Λ](ω1 + ω, ω1′ − ω, t)i1i1(ω + ω2′ , t, ω − ω2)i1i2

+PΛ
i1i2(ω, ω + u)×[Γd,ΛΓd,Λ + 3Γs,ΛΓs,Λ](ω1′ + ω, ω2 − ω, u)i1i2(ω + ω1, ω − ω2′ , u)i1i2

where

PΛ
ij (ω, ω

′) =
(
−igΛ

i (ω)
)
SΛ
j (ω′) +

(
−igΛ

j (ω′)
)
SΛ
i (ω), (A3)
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and SΛ
i (ω) is the single scale propagator

SΛ
j (ω) = − ∂

∂Λ
GΛ
j (ω) =

(
−igΛ

j (ω)
) ∂

∂Λ

iω

θλ(ω)

(
−igΛ

j (ω)
)

= −i
(
gΛ
j (ω)

)2 ∂

∂Λ

ω

θλ(ω)
. (A4)

Finally, the flow equation for the self energy is

d

dΛ
γΛ
i (ω1) = T

∑
ω2

∑
j

[2Γd(ω1 + ω2, 0, ω1 − ω2)ij − δij(3Γs + Γd)(ω1 + ω2, ω1 − ω2, 0)ii]Sj(ω2). (A5)

In the Katanin truncation scheme, the partial derivative in the single scale propagator becomes a full derivative only
in the flow equations for the vertex [16],

SΛ
j (ω) = − d

dΛ
GΛ
j (ω) = −i(gΛ

j (ω))2

(
∂

∂Λ

ω

θλ(ω)
+

d

dΛ
γΛ
j (ω)

)
. (A6)

Appendix B: Observables from vertex functions

Following Ref. [25] the susceptibilities χij(Ω) ≡ χzzij (Ω) for the Heisenberg case can be computed from the self
energy and vertices

χzzij (Ω) =

∫ β

0

dτeiΩτ
∑

α1,α1′ ,α2,α2′

1

4
σzα1α1′

σzα2α2′
〈Tτf†iα1

(τ)fiα1′ (τ)f†jα2
(0)fjα2′ (0)〉 (B1)

=− δij
2β

∑
ω

Gi(ω)Gi(ω + Ω) (B2)

− δij
2β2

∑
ω,ω′

Gi(ω)Gi(ω + Ω)Gi(ω
′)Gi(ω

′ + Ω)× [Γs,Λ − Γd,Λ](ω + ω′ + Ω, ω − ω′,Ω)ii

− 1

2β2

∑
ω,ω′

Gi(ω)Gi(ω + Ω)Gj(ω
′)Gj(ω

′ + Ω)× 2Γs,Λ(ω + ω′ + Ω,Ω, ω − ω′)ij .

To compute the equal time susceptibility we have to sum over all bosonic Matsubara frequencies Ω and use the
infinitesimal positive imaginary time δτ ,

〈Szi Szj 〉 =
∑

α1,α1′ ,α2,α2′

1

4
σzα1α1′

σzα2α2′
〈Tτf†iα1

(+δτ)fiα1′ (+δτ)f†jα2
(0)fjα2′ (0)〉 (B3)

=− δij
2β2

lim
δτ−→0

[
∑
ω

eiδτωGi(ω)][
∑
ω

e−iδτωGi(ω)] (B4)

− δij
2β3

∑
ω,ω′,Ω

Gi(ω)Gi(ω + Ω)Gi(ω
′)Gi(ω

′ + Ω)× [Γs − Γd](ω + ω′ + Ω, ω − ω′,Ω)ii

− 1

2β3

∑
ω,ω′,Ω

Gi(ω)Gi(ω + Ω)Gj(ω
′)Gj(ω

′ + Ω)× 2Γs(ω + ω′ + Ω,Ω, ω − ω′)ij .

In the bubble term, the limit δτ −→ 0 has to be taken with care and can not be straightforwardly computed numerically.
We compute it by adding and subtracting the sum over the bare part of the propagator and calculate the second sum
analytically. The remaining sum can be calculated numerically.

lim
δτ−→0

∑
ω

eiδτωG(ω) =
∑
ω

(G(ω) +
i

ω + T π
2

)︸ ︷︷ ︸
finite

− lim
δτ−→0

∑
ω

eiδτω
i

ω + π
2β

(B5)

=
∑
ω

(G(ω) +
i

ω + π
2β

) + iβ(
1

2
− i

2
).
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Appendix C: Perturbative check for ppf-fRG and ppf-PA at large temperatures

When considering large or intermediate temperatures, the one-loop ppf-fRG and the ppf-PA are error controlled
with respect to the exact solution. In the one-loop truncation, diagrams of order J3

T 2 and higher are neglected when
calculating self energy or vertex. Therefore, the difference of the ED solution with the fRG solution should scale with
J3

T 2 . This behavior can be seen in Fig. 6(a) for the self-energy of the Heisenberg dimer. For small temperatures, when
J
T becomes large, the scaling breaks down. In the ppf-PA, diagrams of order J5

T 4 are neglected for the self energy.
Compared to one-loop, this error scaling in ppf-PA is challenging to observe and can only be seen for very large
frequency grids and at high temperatures, see Fig. 6(b).
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n
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32× 162

48× 242

64× 322
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Figure 6. Error of the pf self energy in the Heisenberg dimer with J = 1: a) In ppf-fRG, the error scales with J3

T2 . For small
temperatures, this scaling breaks down because J/T ceases to be a small parameter. b) In ppf-PA, the observed error scaling
depends on the the frequency grid, three choices are indicated by different colors. For larger frequency grids the self-energy
error approaches the expected scaling with J3

T4 more closely.

Appendix D: Finite temperature phase transitions for other truncation schemes

In Sec. VB the ppf-fRG was applied to asess the magnetic phase transition in the cubic lattice AFM Heisenberg
model. Here, we additionally investigate the ppf-fRG without Katanin truncation, the RPA [10, 16], and the ppf-PA
as further benchmark. The numerical RPA calculation is implemented using the ppf-fRG with Katanin truncation
but a restriction to the terms including a site-sum

∑
j on the right-hand side of Eqns. (A1), (A2) and (A5). The

RPA confirms that the implementation of the PF term can reproduce the analytic spin mean-field result Tc = 1.5 and
ν = 0.5 for Heisenberg spins, see Fig. 7 (a), (c). The one-loop scheme without Katanin truncation yields Tc = 1.29 as
well as a critical exponent consistent with the mean-field result ν = 0.5, see Fig 7 (b), (d). In both the RPA and the
one-loop truncation without Katanin, the spin projection exceeds unity.

We finally consider the ppf-PA formalism. As can be seen in the upper panel of Fig. 8, we indeed find a smeared-
out line crossing for ξ/L, with the three largest system sizes crossing at Tc ' 0.855. However, the corresponding
Néel susceptibilities (see the middle panel in Fig. 8) are substantially smaller than those obtained in ppf-fRG and a
proper scaling collapse can be found neither for ν = 0.5 nor ν = 0.71. On the numerical side, we find that the rate
of convergence drops considerably for T/J . 1.0 and the results, including the location of the intersection point of
the ξ-scaling, become highly sensitive to numerical details such as the specific choice of mixing factors and solution
algorithm. This could indicate that the ppf-PA fixed points in vicinity of the critical regime are strongly repulsive and
hard to access in numerical calculations. In conclusion, for the assessment of magnetic phase transition the ppf-PA
seems less reliable and consistent than the one-loop ppf-fRG scheme.
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Figure 7. Correlation length, Néel susceptibility, spin projection and scaling collapse from the calculations on the nearest
neighbor AFM Heisenberg model on the cubic lattice. For panel (a) and (c) the flow equations were truncated via the RPA and
integrated out numerically. We find Tc ' 1.498 and a critical exponent consistent with the mean-field value ν = 0.5. The spin
projection deviates strongly from the exact result and is greater than 1. For panel (b) and (d) one-loop fRG without Katanin
truncation was used. We find Tc ' 1.29 and a critical exponent also consistent with ν = 0.5. The spin projection exceeds the
exact result of C(T ) = 1.
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Figure 8. ppf-PA: Correlation length ξ, Néel susceptibility χN and spin projection C for the nearest neighbor AFM Heisenberg
model on the cubic lattice. We find a smeared-out line crossing at T ppf−PA

c ' 0.855. A corresponding scaling collapse consistent
with ν = 0.71 or ν = 0.5 could not be found. For C(T ) all five lines lie on top of each other.
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