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1 _n N
- We consider a set of spin-1/2's
» arranged on a square lattice of
size MxN, interacting only with
ml o nearest neighbours, without any
external magnetic field.

FIgLI €. The square lattice
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Introduction - A review

- We consider a set of spin-1/2's
arranged on a square lattice of
size MxN, interacting only with

ml o nearest neighbours, without any

external magnetic field.

J2

- J1 and J, are the coupling
constants along vertical and
M horizontal axes, respectively.

FIgLI €. The square lattice
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Introduction - A review

- The Hamiltonian takes the form:

N,M N,M
_ﬂE(O-) = A Z Tn,mOnm+1 + B2 Z On,mOn+1,m
n,m=1 n,m=1
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- The Hamiltonian takes the form:

N,M N,M
_ﬂE(O-) = A Z Tn,mOnm+1 + B2 Z On,mOn+1,m
n,m=1 n,m=1

- With boundary conditions:
ON+1,m = 01,m

On,M+1 = On,1
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Introduction - A review

- The Hamiltonian takes the form:

N,M N,M
_ﬂE(O-) = A Z Tn,mOnm+1 + B2 Z On,mOn+1,m
n,m=1 n,m=1

- With boundary conditions:
ON+1,m = 01,m

On,M+1 = On,1

- With these conditions, the square lattice is topologically
equivalent to the 2-torus.
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Introduction - A review

- The Hamiltonian takes the form:

N,M N,M
_ﬂE(O-) = A Z Tn,mOnm+1 + B2 Z On,mOn+1,m
n,m=1 n,m=1

With boundary conditions:
ON+1,m = 01,m

On,M+1 = On,1
With these conditions, the square lattice is topologically
equivalent to the 2-torus.
We set:

Ki=BJi, i=1,2
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Introduction - A review

The Hamiltonian takes the form:

N,M N,M
_ﬂE(O-) = A Z Tn,mOnm+1 + B2 Z On,mOn+1,m
n,m=1 n,m=1

With boundary conditions:
ON+1,m = 01,m

On,M+1 = On,1

With these conditions, the square lattice is topologically
equivalent to the 2-torus.

We set:

Ki=BJi, i=1,2

On = (O'n,la -~-7Un,M)

Note: each o, is a classical variable taking value £1
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Transfer Matrix

New form for the Transfer Matrix
Transfer Matrix Transfer Matrix - Consequences

Questions

Transfer Matrix

- Definition of the Transfer Matrix:

I 1., . I 1. .
V(Gn,Gny1) = exp <2K1(0n) + Ko(Gn, 0nt1) + 2K1(0n+1)>
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Transfer Matrix

New form for the Transfer Matrix
Transfer Matrix Transfer Matrix - Consequences

Questions

Transfer Matrix

- Definition of the Transfer Matrix:
R 1., . R 1., ..
V(Gn, Ony1) = exp §K1(0n) + Ko (&', Fpt1) + §K1(0n+1)

- V(Gp,Gny1) is a 2M x 2M symmetric matrix
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Transfer Matrix
New form for the Transfer Matrix

Transfer Matrix Transfer Matrix - Consequences
Questions

Transfer Matrix

- Definition of the Transfer Matrix:
R 1., . R 1., ..
V(Gn, Ony1) = exp §K1(0n) + Ko (&', Fpt1) + §K1(0n+1)

- V(Gp,Gny1) is a 2M x 2M symmetric matrix
- Therefore, we can calculate the partition function in terms of
the transfer matrix:

7 = Z exp(—PE(F1,..-0N))

F1..5N

= Z V(&l,ﬁg)...v UN,O'l ZV 01,0’1 TFVN
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Transfer Matrix

New form for the Transfer Matrix
Transfer Matrix Transfer Matrix - Consequences

Questions

New form for the Transfer Matrix

Eigenvalue of the symmetric transfer matrix:

Zv & Yu(&) = \ihu(7)
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Transfer Matrix

New form for the Transfer Matrix
Transfer Matrix Transfer Matrix - Consequences

Questions

New form for the Transfer Matrix

Eigenvalue of the symmetric transfer matrix:

Zv & Yu(&) = \ihu(7)

- We deduce for the partition function:

v=1

(In the thermodynamic limit (N — oo), only highest eigenvalues contribute to the free energy per particle)
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Transfer Matrix

New form for the Transfer Matrix
Transfer Matrix Transfer Matrix - Consequences

Questions

New form for the Transfer Matrix

- Eigenvalue of the symmetric transfer matrix:

Zv & Yu(&) = \ihu(7)

- We deduce for the partition function:

v=1
(In the thermodynamic limit (N — oo), only highest eigenvalues contribute to the free energy per particle)

- We rewrite this equation in a new form:
matrix V == operator V/ on ®i\/l H(%)
vector i) = 1 € @V Hay
H(%) is the hilbert space of a spin—%.
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Transfer Matrix
New form for the Transfer Matrix

Transfer Matrix Transfer Matrix - Consequences
Questions

- We get:
7Z = Zw(E)Xm(l) ®...0 XUM(M)

. 1 0
with xo—qt1 := 0 and xg=_1 := 1
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Transfer Matrix
New form for the Transfer Matrix

Transfer Matrix Transfer Matrix - Consequences
Questions

- We get:
7Z = Zw(E)Xm(l) ®...0 XUM(M)

with xo—qt1 := <é) and xg=_1 := (g)

- Now, we look for V such that: \71/_1 = 15/
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Transfer Matrix
New form for the Transfer Matrix

Transfer Matrix Transfer Matrix - Consequences
Questions

- We get:
7Z = Zw(E)Xm(l) ®...0 XUM(M)

with xo—qt1 := <é) and xg=_1 := (g)

- Now, we look for V such that: \71/_1 = 15/
- Since,

P(7) =< X0 (1) © -+ @ Xo (M) | P >
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Transfer Matrix
New form for the Transfer Matrix

Transfer Matrix Transfer Matrix - Consequences
Questions

- We get:
7Z = Zw(E)Xm(l) ®...0 XUM(M)

with xo—qt1 := <é) and xg=_1 := (g)

- Now, we look for V such that: \71/_1 = 15/
- Since,

P(7) =< X0 (1) © -+ @ Xo (M) | P >

— <X ()@@, (M) | V) >=2'(F)
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Transfer Matrix
New form for the Transfer Matrix

Transfer Matrix Transfer Matrix - Consequences
Questions

- We get:
7Z = Zw(E)Xm(l) ®...0 XUM(M)

with xo—qt1 := <é) and xg=_1 := (g)

- Now, we look for V such that: \71/_1 = 15/

- Since,

P(7) =< X0 (1) © -+ @ Xo (M) | P >

— <X ()@@, (M) | V) >=2'(F)

- We define 67, =1 ® ... ® 67 ® ... ® 1 where 67 is a Pauli
Matrix at the m position and we define 6%, and 67, in the
same way. For convenience, we write 0%, o, and 0%,
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New form for the Transfer Matrix

Transfer Matrix Transfer Matrix - Consequences
Questions

exp(3K1), exp(Ko) = [Im—y exp(§07,0Z,.1), [Tm-y exp(Ka02,07%,)
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New form for the Transfer Matrix

Transfer Matrix Transfer Matrix - Consequences
Questions

M M !
eXP(%Kl)’ exp(K2) = [[,—1 eXP(%UﬁﬂanH)va:l exp(Kaop,07,)
- For each m, we have this matrix form:

K —K:
2z en? e 2 _
¢ = <e_K2 ek = eKZ(]l +e 2K20X) = .

= /2sinh(2K;)eX2" | with tanh(K3) = e~k
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Transfer Matrix
New form for the Transfer Matrix

Transfer Matrix Transfer Matrix - Consequences
Questions

M M !
eXP(%Kl)’ exp(K2) = [[,—1 eXP(%UﬁﬂanH)va:l exp(Kaop,07,)
- For each m, we have this matrix form:

K —K:
2z en? e 2 _
¢ = <e_K2 ek = eKZ(]l +e 2K20X) = .

= /2sinh(2K;)eX2" | with tanh(K3) = e~k

- Final result:
~ M
2

V = (2sinh(2K>))

X
M M M
K]. z z K* X K]- z z
exp 7 OmOm+1 | €XP 2 Om | €Xp 7 OmIm+1
1 1 1
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Transfer Matrix
New form for the Transfer Matrix

Transfer Matrix Transfer Matrix - Consequences
Questions

exp(3K1), exp(Ka) = [Ty exp(5oZ0Z,,1). [Th—y exp(Ka0Z,0Z)
- For each m, we have this matrix form:

K: —K;
2z en? e 2 _
€7 = <e—K2 | = (e 00 =

= 2sinh(2K,)ef27" | with tanh(K3) = e=2K2

- Final result: "
V = (2sinh(2K3)) 2 x
K, M
1
exp Z OmOmy1 | exp | K5 ZJ ) exp | & Z OmOma1
1
-V represents V in the Fock space ®1 (i.e. matrix elements

of V in Fock space are V(&,7"))
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Transfer Matrix

New form for the Transfer Matrix
Transfer Matrix Transfer Matrix - Consequences

Questions

Transfer Matrix - Consequences

- If K1, K3 << 1, we can neglect noncommutative terms and
we get:

V ~ (2sinh(2K»)) 7 e B

; O — X K1 z z
with H = K3 (— mOm ~ RE mOm0E 1)
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Transfer Matrix

New form for the Transfer Matrix
Transfer Matrix Transfer Matrix - Consequences

Questions

Transfer Matrix - Consequences

- If K1, K3 << 1, we can neglect noncommutative terms and

we get:
A~ M O
V ~ (2sinh(2K3)) 2 e ™
with H = K3 (=3, 0% — % mOTmOms1)

- Now, we want to connect our H to the quantum Hamiltonian
of the second talk about the scaling approximation:

o .
2 m m
ith A = &1
wit K;
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Transfer Matrix

New form for the Transfer Matrix
Transfer Matrix Transfer Matrix - Consequences

Questions

Transfer Matrix - Consequences

- If K1, K3 << 1, we can neglect noncommutative terms and
we get: )
V ~ (2sinh(2K»)) 7 e B
with Al = K3 (=32, 0% — [%21 505 1)
- Now, we want to connect our H to the quantum Hamiltonian
of the second talk about the scaling approximation:

o .
F:H:—ZU;—/\ZO’;U;+1
2 m m
. _ K
Wlth/\—K21
- Last remark:
KlN Ki Ki K _

K<<l = A=—~= = =:
2 << K; — tanh(Ky) e 2K = e2Kr
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